Chapter 4 ®
Lebesgue Points of Higher Dimensional e
Functions

In Theorem 1.5.4, we have proved the well known theorem of Lebesgue [197], i.e.,
for one-dimensional Fejér and Cesaro means and for all f € L(T),

lim o, f(x) = f(x)

ateach Lebesgue point of f. In this chapter, we generalize this result to higher dimen-
sions and to all summability methods considered in Chaps. 2 and 3. We investigate a
common generalization of the Cesaro, Riesz and §-means and define

1
(2m)4

ouf(x) = fT =K,

where n e N or n € N and f € L1(T%), K, € L{(T?) N Ly (T%). We will give
sufficient and/or necessary conditions for K, such that o, f is convergent at each
Lebesgue point. We will study six versions of Lebesgue points, for different summa-
bility methods different Lebesgue points. We consider again the triangular, circular,
cubic, the restricted (taken on a cone or cone-like set) and unrestricted rectangular
summability as in the previous chapters. The proofs are very different for differ-
ent summability methods, therefore each case needs new ideas. For each type of
Lebesgue points, we introduce different and new type of Hardy-Littlewood maxi-
mal functions. We prove that these maximal operators are bounded from L, (T?) to
L ,,(Td )with 1 < p < oo and we prove also a weak type inequality for p = 1. Using
this, we obtain that almost every point is a Lebesgue point of an integrable function.
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180 4 Lebesgue Points of Higher Dimensional Functions

4.1 {£>-Summability

In this section, we use the notation
f(x) ! ff( NK,t)dt (neN)
o, f(x) = —— X — n n s
(ZTI')d Td

where f € L (T?) and K,, € L,(T9) N Loo(T?) foralln € N.If K, = K7, K2*
or K, is the one-dimensional Cesaro kernel K, then we obtain the £,-Riesz and 0-
means af’a‘” f, 0,2[’9 f or the one-dimensional Cesaro means o, f, respectively. The
higher dimensional ¢,-Riesz kernel K ,f **7 and the one-dimensional Cesaro kernel
K “ satisfy all conditions in this subsection. Under some conditions on §, K >% satisfies

all conditions, too.

4.1.1 Hardy-Littlewood Maximal Functions

We generalize the Hardy-Littlewood maximal function for higher dimensions. As
in the one-dimensional case, the Hardy-Littlewood maximal function is bounded
on L,,(’JTd) for 1 < p < o0 and it is of weak type (1, 1). We denote by B, (c, h)
(¢c € T?, h > 0) the r-ball

Bi(c.h):={xeT':|x—cll, <h} (I1=r=oc0)
with center ¢ and radius &. For r = 2, we omit the index and write simply B = B,.

Similarly to the one-dimensional case, the Hardy-Littlewood maximal function can
be given by

1/p
o =sw (o [ra) T e,
B,

xeB, |Br|

where the supremum is taken over all r-balls B, containing x and 1 < p,r < oo. In
the special case when »r = 0o, we have to take the supremum over all cubes / with
sides parallel to the axes. Note that in the one-dimensional case this definition was
given for p = 1, only. In this section, we will rather use the next equivalent centered
version.

Definition 4.1.1 For1 < p <ooand f € L p(']I‘d), the Hardy-Littlewood maximal
function is defined by

1 h h 1/p
s = (G [ [ o)




4.1 £>-Summability 181

If we take the supremum over all 0 < & < , then we get an equivalent definition.
It is easy to see that
ClMpf =< M[r;f =< CZMpf

foralll < p<ooand 1 <r <oo.If p=1, then we omit the notation p and
write simply M f. The next theorem can be proved exactly as Theorem 1.3.3 in the
one-dimensional case.

Theorem 4.1.2 If1 < p < oo, then the maximal operator M, is of weak type (p, p),
Le.,

sugpA(Mpf > )P < Cylifll, (f €Ly(T).
P>

Moreover, if p < r < o0, then

IM,f|, <Clifl,  (f € L,(TY).

Using the density theorem of Marcinkiewicz and Zygmund (see Theorem 1.3.6),
we can formulateLebesgue’s differentiation theorem similarly to Corollary 1.3.8.

Corollary 4.1.3 If f € L,(T¢), then

) 1 h h
i [, [, =0

for almost every x € T

This implies that the inequality

Ifllp < IMfll, (I <p=o0)
is trivial. Now we introduce the restricted Hardy-Littlewood maximal function by

1/p

M, f(x) := sup T /|f|Pd>\ (x e T9)
xel, T*1<|1|/|1 <t

i,j=1,...

for some fixed 7 > 1, where the supremum is taken over all appropriate rectangles
I=1 x---x1

with sides parallel to the axes. The centered version is given in

Definition 4.1.4 Forafixed7 > land f € L, (T%), the restricted Hardy-Littlewood
maximal function is defined by
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1 hy ha 1/p
Mp,, f(x) := sup —/ .- / |f(x —10)|Pdt .
g heRd 24 HZ=1 hy J—n, —ha

Recall that
RU={xeRL:77" <xi/x; <7,i,j=1,...,d}

was defined in (3.3.1). Taking the supremum over all 7 € R?, we get a different
maximal function, the so called strong Hardy-Littlewood maximal function. We will
study this maximal operator in Sect. 4.2.1. Again, it is easy to see that

CIMD,pf =< M‘%ipf S C2MD,pf

and
CiMp,f <M,f <CMp,f 4.1.1)

forall 1 < p < oco. From this follows

Corollary 4.1.5 If 7 > 1 is arbitrary and 1 < p < 00, then

sup pA(Mo, f > p)'/? < ClIfll, (f € L,(T%)).

p>0

Moreover, if p < r < 0o, then

|Ma,f], <C lIfll,  (f € L(TY).

Corollary 4.1.6 If 7 > 1 is arbitrary and f € L,(T¢), then

1 hy hg
lim —/ f(x—t)dt = f(x)

y d
womess 20T S

for almost every x € T.

4.1.2 Lebesgue Points for the £>-Summability

First of all, we generalize the Herz spaces for higher dimensions.

Definition 4.1.7 For 1 < g, r < oo, the Herz space E; (R9) contains all functions
f for which

1flle, = 32 27 f1gy

k=—00

< 00,
q
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where
Pl = {x e R : 27 < |x|l, < 2¥7} = B,(0,2°7) \ B, (0,25 '7).
If we modify the definition of P/,
Pl={x eR": 2" ' < |x|, < 2"} N T,

then we get the definition of the space E (T9).

These spaces are special cases of the Herz spaces [166] (see also Garcia-Cuerva
and Herrero [113]). We immediately obtain the next proposition.

Proposition 4.1.8 Forafixed 1 < g < oo, the spaces E; (X?) are equivalent for all
1<r<oo where X=RorX=T.

For simplicity, we will use usually the sets P and the space E_° XH X =Ror

X' =T). These sets and spaces will be denoted by P and E, (X4). This means that
we have to take the sum in the E, (T%)-norm only for k <0, i.e.,

0
1w = D 290V | f1p], < oo

k=—00

It is easy to see that
Li(XY) = Ei(X) <« E,(X9) < E;(XY) <2 Ex(X9)
forall 1 < g < g’ < oo, where X denotes either R or T. Moreover,
E (T <> L, (TY) (1 <q < o0). 4.1.2)

Indeed,

0 0
1Ay = D 290V f1p ], < Y 29O fIl, < 1F -

k=—00 k=—00

It is known in the one-dimensional case (see, e.g., Torchinsky/\[3 10]) that if there
exists an even function 7 such that 7 is non-increasing on R, |6] < n, n € L;(R),
then o is of weak type (1, 1). Under similar conditions, we will generalize this result
to the multi-dimensional setting.

Theorem 4.1.9 For a measurable function f, let the non-increasing majorant be

defined by
nx) = sup [f(1)]

lell-=lxll-
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for some 1 <r < oo. Then f € Eo(X9) ifand only if n € L1(X?) and

C Ml < If Nl < Clinlh,

where X =R or X =T.
Proof We prove the theorem for X = R. If € L;(R?), then

o0 (o]
1fle < lnlle. = Y- 24 el = Y- 240@"m) < Clinlh.

k=—o00 k=—o00

For the converse, denote by

o0
ai = sup |f| and V/ = Z aklB,r(O.ka)\B,(O,Zk’IW)'
B, (0,2km)\ B, (0,2k~ 1)

k=—00
Let
v(x):= sup V(1) (xeRY).

el =lxll-

Since f € Eqx(RY) implies limy_, o, @y = 0, we conclude that there exists an increas-
ing sequence (1 )kez of integers such that (a,, )rez is decreasing and v can be written

in the form
o0

v=) anylp 0208025 0.

k=—00

Thus

o0
il < v = > a | ax
B,

(0,27 m)\ B, (0,21 )

k=—o00
—c Y (2 —2m)a,
k=—00

By Abel rearrangement,
o0
Il <€ ) 27 (an, , —an) < Cll f e,
k=—00

which proves the theorem. |

The maximal operator is introduced by

oxf = suplo, f].
neN
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In the next theorem we show that, under some conditions, the maximal operator can
be estimated by the Hardy-Littlewood maximal function pointwise.

Theorem 4.1.10 If1 <p <oo, 1/p+1/q =1and

sup ”Kn”Eq(Td) <C, 4.1.3)
N

ne

then
O'*f(X) = C (SUP ”Kn”Eq('[[‘d)> Mpf(x)
neN

forall f € Lp(']I‘d) and x € T¢.
Proof By the definition of o, f,

1
o £ (x)] = ) /;rd fx =K, (1) dt
1 0
- (ZW)d k;oov/l;k |f(x - t)”K”(t)'dt

Recall that
Po=P® ={x eR: 21 < ||x|l0 < 2F7).
By Holder’s inequality,

0

1/ 1
lo, f(x)] < ! E (/ | K, ()] dt) ' ( |f(x—t)|1’dt> p.
(2m)d i Py Py

—00

It is easy to see that if

u u 1/p
G(u)::(/ / |f(x—t)|”dt) (u > 0),

G?(u)
) <Mf(x) (u>0).

then

Therefore

0 1/q
o f@=C Y (/P |Kn<t)|‘1dt) G@tm)

k=—00

0 1/q
<C ) 2’“’/1’( |Kn(r>|er) M, f(x)
Py

k=—00
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=C ”Kn”Eq('JI‘(’) Mpf(x)a
which shows the theorem. |

Note that K, € Loo(T?) C Ex(T9) C E,(T?) foralln € N?, because of (4.1.2).
Theorem 4.1.2 implies immediately

Theorem 4.1.11 If1 <p <oo, 1/p+1/qg =1 and

sup K, ”Eq('I[‘d <C,
neN

then
sup pA(o. f > p)''? < C, <Sug ”Kn”Eq('JI‘d)> Iy
ne

p>0

forall f € L,,(Td). Moreover, for every p <r < 0o,

lowfll, =C (SUP 1Ky ||E,,ard>) If1- (f € L.(T?).
neN

Corollary 4.1.12 Suppose that 1 < p < oo, 1/p+1/q = 1 and

sup [ Ky |l g, (re) < C.
neN

If .
lim K, (k) = 1

n—o0o

forallk € Z4, then

limo,f = f ae
n— 00

forall f € Lp(']I‘d).
Proof For f(x) = e¢'**, we have

1
@m

lim o, f(x) = lim / RO (1) dt = lim %K, (k) = e**.
n—oo n—oo Td n—o00

This means that the convergence holds for all trigonometric polynomials. The corol-
lary follows from Theorem 4.1.11 and from the density theorem. ]
We consider the £,-0-means given by

oy fx) =) 0 (@) Fyes,

kezd
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where 6 : R — R. As in Sect. 2.6, we suppose that

ShE)

kezd

(4.1.4)

and we use the notation

Oo(x) = O(llx[l)  (x € RY).

Theorem 4.1.13 Suppose that 1 < p < ocoand 1/p+1/q = 1. If (4.1.4) is satis-
fied, 8y € Li(R?) and 0, € E, (RY), then

ot f ) = C 00| g, oy My f (x)

forall f € Lp(Td) and x € T¢.

Proof Similarly to Lemma 2.2.31,

2 f ) = — / fax =KX @y di=n" | fx—0b(nn)dr
(27T)d Td Rd
and R
K20ty = @m)n? Z Oo(n(ty + 2j17), ..., n(tg + 2 jam)). (4.1.5)

jezd

We will prove that 8, € E,(RY) implies

2,0 I
|&; ||Eq @ = C b ||Eq @y (@eN). (4.1.6)
First, we investigate the term j = O of the norm:
s
||n Oo(nty, ..., nty) ”Eq(?rd)
0 . 1/q
= Z 2kd(=1/a)yd (/ |0o(nty, .. .,ntd)|”dt>
k=—00 Py
0 . 1/q
=€, Yy 2Tt ( Nz ...,rd>|qdr> ,
k=—00 Ok

where

d
( — 2k g, n2k_l7r).

=1

d
— Ak k
Qk.—]lj[l( n27r,n27r>\

J
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Suppose that 2/~! < n < 2! for some [ € N. If

d
Ok == 1_[ ( —okH 2k+l7r) \ ( _ k=2 2k+l_27r>,
j:l j:1
then
[n900(nty, ..., ntd)”Eq(Td)
. —~ 1/q
< Cq Z 2kd(1=1/q)nld(1=1/q) (/ 100t ..., t0)|¢ dt)
k=—o00 Ok
0 K+l 1/q
<Cy Z 9 k+)d(1-1/q) ( Z / [Oo(t1, ..., t) dt)
k=—c0 i=k+i—1Y P
0 k+1 R g
=G Z Z 2=l (/ 10o(t1, - .., ta)|? dt)
k=—00 i=k-+I—1 P,
l i —~ 1/q
<Cy Z 9id(1-1/q) (/ 10o(t1, ... 1) dt)
i=—00 P;
= Co Il @.1.7)
Moreover,

nt Y oyt +21m). . nata + 2jam)
jeZdJ?éO Eq (’]I‘d)

0
— Z okd(1-1/q),d
k=—00

q 1/q
[ ¥ G+ 2jimontas+ 200m)|
P\ jen, j20
0
_ Z kd(1=1/q) ,d
k=—o00
q 1/q

L| ¥ fon+2im...on+2imn)
T jeza j0
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q 1/q
d ~ . .
< Cyn / Z Oo(n(t1 + 2j1m), ..., n(ty + 2j4m))| dt
T jezt jo
Let
Ri={jeZ:j#0,nT+2jm) x...xn(T+2j,m) NP #0}.

Since |n(ty, + 2j,m)| = 2717 if j,, # 0, we conclude

nt Y Bt + 217, . nata + 2jam)

jEZd,j;ﬁO Eq (Td)
q 1/q
o
<G [ [0 S Bt + 2monts + 2iam) |
T2l jer
o q 1/q
=C, ot | [ Bttt + 20m. ot + 2iam) |
, Td |4
i=l JER;
Since R; has at most C2/¢ /n members, we get that
nt Y Byt +21m). . nata + 2jam)
jEstj?&O Eq (Td)
1/q
e Zid g—1 . .
<Cyy n Z(—d> /|eo(n<r1+2mr),...,n<td+2jd7r>)\ dt
i=l jer, N T
1/q

<€,y 20l Bo(tr, ... t0)|" dt
i=l

JeR; /r:l(']I‘+2j177)><...><nd(']l'+2jd7r)

o . p 1/q
<c, 22,(1(171/4) (/P Oo(t1, ..., 12)] d;)

i=l

=¢q Hé\O” E,(R?)’ 4.1.8)
which proves (4.1.6). The theorem follows from Theorem 4.1.10. [ |
Note that

0o € E,(RY) C E{(RY) C Li(R),

thus (2.6.5) is satisfied and 6 is continuous.
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Theorem 4.1.14 Suppose that 1 < p < oo and 1/p +1/q = 1. If (4.1.4) is satis-
fied, 0y € L{(R?) and 0, E, (R?), then

sugpk(oi’ef > 0" < Cp o] . ey 1115
P>

forall f € L,,(Td). Moreover, for every p <r < oo,
1027 £l = € 1ol gy 1£1: (f € LT

Corollary 4.1.15 Supposethat1 < p < ooand1/p +1/q = 1.If6(0) = 1, (4.1.4)
is satisfied, 8y € L1(R?) and 8, € E, (R?), then

lim aiﬂf =f ae
n—00

forall f € L,,(’]I'd).
Now we prove some converse type results. We know that the weak type inequality
of Theorem 4.1.11 implies the almost everywhere convergence

limo,f = f ae.
n—00

forall f € L p(’]I‘d) (see Corollary 4.1.12). Conversely, if | < p <2 and the almost
everywhere convergence holds forall f € L, (T4), then o, is bounded from L P (T9)
oL, (T9), asin Theorem 4.1.11 (see Stein [288]). The converse of Theorem 4.1.10
is given in the next result. More exactly, if o, f can be estimated pointwise by M, f,
then (4.1.3) holds. Before proving this theorem, we need the following definition.

Definition 4.1.16 For 1 < p < oo, we define the space D,(T¢) with the norm

1 r r 1/p
”f”Dp(Td) = Osup (r_d[ .. / |f(t)|p dl) .

Taking the supremum for all 0 < r < 0o, we obtain the space D, (RY).

Lemma 4.1.17 For 1 < p < oo, the norm

£ 1l = sup 277 [ f1p, |,
k<0

is an equivalent norm on D, (T9).

Proof Choosing r = 2k7 (k < 0), we conclude

l 2k7r 2k7T 1/])
n—kd/p ||f1Pk||p <C (W /_zk ...</_2k |f(f)|Pdt> = ||f||D,,-
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On the other hand, suppose that 2¥~!7 < » < 2V 7 for some N € N. Then

1 r r 2Ng 2N
7/ |f(t)|pdt§C2’Nd/ / @l
—r —r —2N7

=c2 M Z o

k=—00

<27 Z 2L = CUrIE,

k=—00
which shows the lemma. |

We can see that D,(T¢) € L,(T“) and

Ifl, < Cliflp,@a  (f € Dp(T).

Theorem 4.1.18 If1 < p <oo, 1/p+1/q =1 and
0. f(0) = CM, f(0) (4.1.9)

forall f € Lp(']I‘d), then
sup 1Kl s, iy < C.
neN

Proof 1t is easy to see by Lemma 4.1.17 that

sup
1f 1L vy <1

f(=DK,(@)dt

= 1Kl g, (1) - (4.1.10)
Td

There exists a function f € Dp(’ﬂ'd) with || f]Ip, < 1 such that

I n”E(’]I‘)

‘/ F(=D)K, (1) dt].

Since f € L,(R%), by (4.1.9),

Vw f(=D)Ky ) dt) = o, f(0) = CM, f(0)  (n€N),
which implies

IKnllg, 0ty < CM, f(0) < Cli fllp, =<C  (n€N).
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This proves the result. n

Note that the norm of D, (T9) is equivalent to

1 T Ta
IfIl=sup = / / Lf (1P dt
re[0,m]¢NRY Hj:1 rj J—n —Td

Now, we introduce the first generalization of Lebesgue points for higher dimen-
sions. Corollary 4.1.3 says that

1
lim / / f—ndi = f()

for almost every x € T4, where felL (T9). In other words,

) 1 h h
%%W[h~--[h(f(x—t)—f(x))dt=0,

1/p

which is equivalent to

1
lim ——
h—0 (2h)4

h h
/ / (f(x—1)— fx)dt] =
—h —h

In the next definition, we describe a stronger condition.

Definition 4.1.19 For 1 < p < oo, a point x € T is called a p-Lebesgue point of
f € L,(T9)if

1 h h 1/p
1 J— — 1) — p —
tim (s [ [ s == gwrar) <o

For p = 1, the points are said to be Lebesgue points. One can see that using the
restricted maximal operator and Corollary 4.1.6, we get an equivalent definition:

ha 1/p
h—>10he]R4<l—[j \2h; )/ / If(x—t)—f(x)|pdt) =0.

If p < r and x is an r-Lebesgue point of f, thenitis alsoa p-Lebesgue point. Indeed,
by Holder’s inequality,

1 h h 1/p
(W/h-'/hu(x—z)—f(xnf’dt)
1 h h 1/r
A " d ,
< ((Zh)d /_h /_hlf(x H— ol r)
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The following two results can be proved as in the one-dimensional case, see
Theorem 1.3.11 and Lemma 1.3.12.

Theorem 4.1.20 Almost every point x € T? is a p-Lebesgue point of f € L,,(']I‘d)
(1< p< o).

Lemma 4.1.21 If x is a p-Lebesgue point of [ € L,,(']Td), then f(x) and M, f (x)
are finite (1 < p < 00).

The next theorem generalizes Theorem 1.5.4.

Theorem 4.1.22 Suppose that1 < p < oo, 1/p+1/q = 1 and

sup | Kull g, (rey < C.

neN
If forall § >0
HILH(}O I KnllL, ra\(-s.60) = 0 (4.1.11)
and
lim K,(0) =1, (4.1.12)
n—oQ
then

lim 0, f(x) = ()

for all p-Lebesgue points of f € Lp('JTd).

Proof Now, set

u u 1/p
G(u)::(/ / |f(x—t)—f(x)|”dt> (u > 0),

Since x is a p-Lebesgue point of f, for all € > 0, there exists m € Z, m < 0 such

that Gr
W _

Quyd ~

if 0<u<2mr (4.1.13)

Observe that

1
@m)

+f(X)<

onf(xX) — f(x) = /Td(f(x—l)—f(X))Kn(t)dt

1
2y /w K,(t)dt — 1) .

Thus
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lon f(x) = f)] = Cf 1f = 1) = FONK, (O] dt + | £(x) (K, (0) = 1)
Td

m 2
- c/ e =D = F@IK 0] dr

oma oma

+C/ [fx—1) = fFOlKa(0)] dt
T\ (=2, 2m )

+ £ ) (Ka(0) = 1)
= A1(x) + A2 (x) + A3(x).

We estimate A (x) by

Ailx)=C Z . |f(x —1) = fOIK, (@) dt
k=—00 ¥ 'k

m 1/q
<c ( : |Kn<z>|‘1dr) ( : lf(x—t)—f(x)l”dt)
k=—o00 k k

m 1/q
<Cc )y ( |K,()]? dt) G2 ).
k=—o00

Py

1/p

Then, by (4.1.13),
m o 1/q
A1) < Cpe Y 24P </ |Kn(r)|qdr) < Cpell Kl o)
k=—00 P

For 0 < § < 2™, we have

Az(X)SC/ If(x —1) = fOOIIK. (1) dt

T(/\(_(S’()“)(l

1/q
<C (/ |Kn(r)|‘1dr) (1£1p + 17 1),
TI\(=4,0)¢

which tends to 0 as n — oo. Moreover, Az(x) — 0 asn — 00, too. This completes
the proof of the theorem. |

Observe that (4.1.2) and &' < 2k < & imply

I Knll g, (rav—6.000) < I KnllL, (we\(-6.5))

IA

| K ll 2, (ra\(—2¢ ., 25m))

0 1/q
(Z |Kn<r>|"dz)

I=k+17F

IA
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0 1/q
<G Y 2’<d<“/4>( K, (1)) dr)
Py

I=k+1
< G5l Kl g, (ra\(—2¢ . 25m))
< G5l Kl g, (ra\(~5.6))- (4.1.14)

Then condition (4.1.11) is equivalent to
nli)ﬁolo I K ll £, (1é\(~6.8)7) = 0.

In the case 50 €k, (RY), we can formulate a somewhat simpler version of the
preceding theorem.

Theorem 4.1.23 Supposethatl < p < ocoand1/p+1/q =1.1f6(0) =1, (4.1.4)
is satisfied, 8y € L1(R?) and 8, € E, (R?), then

lim o’ f (x) = f(x)
n—o0
for all p-Lebesgue points of f € L,,(']Td).
Proof We have seen in Theorem 4.1.13 that 50 €k, (R% implies

||K3’0||Eq('[[‘d) <C ”% (ne N),

” E,(RY)
so the first condition of Theorem 4.1.22 is satisfied.

On the other hand, let 27 < § and 2/~! < n < 2/ as in the proof of Theorem
4.1.13. We get similarly to (4.1.7) and (4.1.8) that

° 1/q

2,6 id(1-1/q) T

| K2 sy < Ca D 24071 ( [P |0o(t1,...,rd>|th)
i=ko+l—1 i

N 1/q
+C, 32t (/ |90(t1,...,td)l"df> g
i=l b

which tends to 0O asn — 00, since 50 € E, (R%). Then (4.1.11) follows from (4.1.14).
Finally, by (4.1.5),

/Kn(t)dt:ndZ/ Oo(n(ty +2j17), ..., nlty + 2jum)) dt
Td

2\
(2m)* Jra et

— nd/ Oo(nt)dt = 0y(1) = 1,
R(l

which finishes the proof of our theorem. ]
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Since each point of continuity is a Lebesgue point, we have

Corollary 4.1.24 Ifthe conditions of Theorem4.1.22 or Theorem4.1.23 are satisfied
andif f € L,,(']I'd) is continuous at a point x, then

lim o, f(x) = f(x).

The converse of Theorem 4.1.22 holds also.

Theorem 4.1.25 Suppose that 1 < p <occand 1/p+1/q = 1. If
lim o, f(x) = f(x)
n—o0

for all p-Lebesgue points of f € L ,,(']Td) then

sup | Kull g, (rey < C.
neN

Proof The space DY) (T?) consists of all functions f € D,(T?) for which f(0) = 0
and 0 is a p-Lebesgue point of f, in other words

1 h h 1/p
1 p —
,ELI‘(‘)(@h)d [ Lo ‘”) -

‘We will show that Dg (T%) is a Banach space. Let ( f,,) be a Cauchy sequence in
Dg (T9), i.e.,
”fn_fm”Dg('ﬂ*d) —- 0 as n,m — 0OQ.

Then there exists a subsequence ( f;,) such that

” fl/n+| - fl/,, “Dg(?l‘d) <27

= <2,

DY (T¢)

00
2 Fos = £

n=0

Z ‘fl/nﬂ - an
n=0

L, (T)

thus the series

Z |fl/n+l - an
n=0

is almost everywhere finite. That is to say the sequence (f;,) is almost everywhere
convergent. Let
f=1lm f,, and f(0)=0.
n—0o0
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For all € > 0, there exists N such that

[e ] o0
17 = fonllogeeny = 2 Mfones = Fol gy = D227 <&
n=N n=N

If & > 0 is small enough, then

1 h h 1/p
<—(2h)d // .../h|ﬁ,N(t)|pdt) < €.
Hence

1 h h 1/p
[ P
((2h)d L"'L'ﬂm dt)
1 h h 1/p
SC||f—ny||Dg<w>+(W/h---/hw(r)v’dt) <2,

whenever / is small enough. From this it follows that f € Dg (T?) and Ois a Lebesgue
point of f. Thus DY (T?) is a Banach space, indeed.
We get from the conditions of the theorem that

lim 0, f(0)=0 forall f e D)(T’).
n—oo
Thus the operators
Up: Dy(T) > R, Upf:=0,f(0) (el

are uniformly bounded by the Banach-Steinhaus theorem. Observe that in (4.1.10),
we may suppose that f is 0 in a neighborhood of 0. Then

C = Uyl

f (=D K, (1) dt

Td

= sup
171y e <1

F(=DK, (1) dt

Td

sup
1f 1l eray <1

| Knll £, (o)

forall n € N. |

Corollary 4.1.26 Suppose that1 < p <oo, 1/p+1/q =1, (4.1.11) and (4.1.12)
hold. Then

lim 0, f(x) = f ()
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for all p-Lebesgue points of f € Lp(Td) if and only if

sup ||Kn||E,,('11‘d) <C.
neN

Note that these results can be found in Feichtinger and Weisz [104]. We know that
our results can be applied to the one-dimensional Cesaro summability (see Sect. 1.5).
Moreover, the Riesz, Weierstrass, Picard and Bessel summations given in Sect.3.7.4
(Examples 3.7.28, 3.7.29, 3.7.30) satisfy all conditions of this section, too.

Corollary 4.1.27 Suppose that 0 is one of the Examples 3.7.28, 3.7.29 or 3.7.30.
Then

Jlim ol f(x) = f(x)

for all Lebesgue points of f € Li(T?). Moreover,

sup pA@ > ) = € o]l gy IS (f € L2(T)
p>

and, for every 1 < p < oo,

[o2£1l, < Co B0l gy 1 £, (f € Lp(T).

4.2 Unrestricted Rectangular Summability

Here we study the operators

1

Unf(x) = (27‘(’)”’

/ fx=0K,@)dt (neN),
Td

where f € L, (T9) and K,, € L;(T%) N Loo(T?) for all n € N¢. The higher dimen-
sional rectangular Cesaro and Riesz kernels, K¢ and K,,"" satisfy the conditions of
this section. The kernel K is also investigated.

4.2.1 Strong Hardy-Littlewood Maximal Functions

A second generalization of the one-dimensional maximal function is the so-called
strong Hardy-Littlewood maximal function given by

1 1/p
My, f (x) = sup (m / IfIPdA) (x € TY,
1

xel
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where f € L p(TI‘d) and the supremum is taken over all rectangles
I=Ix---xI;cT!

with sides parallel to the axes and containing x. This maximal function is different
from M), and from Mp , defined in Sect.4.1.1, it remains bounded on L ,,(Td ) with
1 < p < oo, but it is not of weak type (1, 1). The reason for this is that in the
definition the ratio of the sides of the rectangles can be large. We will use again the
next centered version of the strong maximal function.

Definition 4.2.1 For 1 < p < oo and f € L,(T%) the strong Hardy-Littlewood
maximal function is defined by

1 h ha I/p
M; , f(x) := sup —/ |f(x —0)|Pdt .
: nerd \[15=1@hp) J=n Jon,

Taking the supremum over all 2 € (0, )4, we get an equivalent definition. It is
easy to see that
Cle,pf =< Mé,pf =< CZMs,pf

forall 1 < p < oo.If p = 1, then we omit the notation p and write simply M; f. In
the one-dimensional case M; is the usual Hardy-Littlewood maximal function and
s0, it is of weak type (1, 1). For higher dimensions it is known that there is a function
f € Li(T?) such that M, f = oo almost everywhere (see Jessen, Marcinkiewicz and
Zygmund [177] and Saks [268]). Thus M, cannot be of weak type (1, 1), however,
with the help of the L ,(log L)*(T“) spaces, we can show a weak type inequality. Set
log* u := max(0, log u).

Definition 4.2.2 For k € Nand 1 < p < oo, a measurable function f is in the set

L,(log L)*(T9) if

1/p
If N, dog Lyt = (/ | £17 (log™ | f D) dA) < oo0.
T

If p = oo, then set Lo, (log L)*(T¢) = L (T9).

For k = 0, we get back the L,(T?) spaces. We have forall k e Pand 1 < p <
r < oo that

L,(T% > L,(log L)*"'(T?) > L,(log L)*(T?) > L,(T%).

Theorem 4.2.3 If f € L(log L)?~'(T?), then

sup pA(M, f > p) < C +C H|f| (log* 17])"" H

p>0 1
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Moreover, for | < p < oo, we have

1M fll, < Collfll,  (f € Lp(TY).

Proof Let us denote the one-dimensional Hardy-Littlewood maximal function in the
ith dimension by M. Then

Mf <MV oMPo-.. o MDf.
By Theorems 1.3.3 and 1.3.5,

sup pA(M, f > p) = Sllpp)\(M(l) oMPo... o M(d)f > p)
p>0 p>0

< M o 0b ]

<CHC[MP 0 o MDL], o0t

IA

...=C+C ”f”Ll(logL)d*‘(Td) .
The second inequality of Theorem 4.2.3 follows similarly. ]

Similarly to Corollary 4.1.3, we obtain

Corollary 4.2.4 If f € L (log L)' (T%), then

1 hy hy
lim —— —dt =
hl—rf})]—[;?:l(zhj) /h] %ﬂx =71

for almost every x € T

Note that this convergence result does not hold for al f € L;(T%) (see Jessen,
Marcinkiewicz and Zygmund [177] and Saks [268]). Since M_f,,f = M,(| f|?) for
1 < p < oo, we have

Corollary 4.2.5 If1 < p < ocoand f € L,(log L)' (T?), then

Sup pA(MS,pf > p)l/[) 5 Cp + Cp ”f”L,,(logL)d*I .
p>0

Forp <r < o9,
IMspf], < C AN, (f € Lo(T).
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4.2.2 Lebesgue Points for the Unrestricted Rectangular
Summability

To formulate the generalization of Lebesgue’s theorem for the unrestricted rectan-
gular summability, we have to modify slightly the definition of the space E, (RY).

Definition 4.2.6 For 1 < g < oo, the Herz space E; (RY) resp. E :] (T?) contains all
functions f for which

d

oo oo
||f||E,;(Rd) = Z Z szj(lfl/q) HflPqu < 00

k1:—00 kd:—OO ]:l

resp.
0 0 d
£ 1 gy pay = Z Z nzk/(lfl/q) | £1p, ||q < 00,
kj=—00 kg=—00 j=1
where
Ppi= Py x - X Py, (k € Z%
and ) .
P={xeR:27'n<|x| <27} (iel.
Again,

LX) = E{XY) < E,(X)) < E,(X") < E (X!, 1l<q<gq <o,
where X = R or T and
Ej(T?) < Ly(TY) (1 <q <00).
It is easy to see that E/ (X9) D E,(X¢) and
Iflle, = Cliflle, (I =g =<o00).
Here we will estimate pointwise the maximal operator

o« f = sup |o, f|

neNd

by the strong Hardy-Littlewood maximal function. Since the condition (4.1.11) is
not true for rectangular summability kernels (e.g., for the Cesaro or Riesz kernels,
K¢, K;'"), we use here other conditions and other ideas. We introduce the functions

n?’
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ni ng

En([) = 1—[7[/‘ (1(777,7r)dKn) (t—l, ceey t—d>

d
(TTizins) Ko (2 )il < 7, ] < s

-1
— "7 i _1 P 4
0, else.

Theorem 4.2.7 Foralln € N¢,
c ”Kn”E"i(’]I‘d) = || Kn H E(/](Rd) <C ||Kn||E"7(']F"’) .

Proof We have

:&

I
=

J - kg=—00 \ j=I

p q 1/q
/ / (l(—m‘/r)dKn) (—1, Ceey —d) dt
Py Py, ni na

~1+1/g .,
() £ (A
j=1

J kq=—00

/9
(/ |(Lerme Kn) 0] dl) :
PAI("I) Pk,(ﬂd)

.

N - 00 00 d
K, ||E;(RI,) = n; Z Z 1—[ k;(1=1/q)
oo

~

:m

I
=

where
P(nj) =={x eR:2%"'7/n; < |x| <2Y7/n;}  (j=1,....d).
Choosing /; € N such that 2/~ < n; < 2%, we conclude that
P,(nj) C{xeR: 2V lr < x| <25ty =Ry, (j=1,....d)
and

d

E, Rd) = <C Z Z 1_[2(]{/71/)(171/‘1)

kj=—00 kg=—00 \ j=I1

(.

4

1/q
|(1erme Kn) O] dt)

ka-la
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[e9) 00 d
<C Z Z l‘[lzi,nfl/q)
j=

i[ =—00 id:—OO

(/ / |(1er,me Kn) @] dt)
Py Py,

=< C H 1(—7r,7r)"Kn

1/q

” E,(RY)
= CIKull g o) -
The other inequality can be shown in the same way. |
Now we formulate the analogue of Theorem 4.1.10.

Theorem 4.2.8 If1 <p <oo, 1/p+1/q=1and

sup |1K, g ey < C. 4.2.1)
neNd

then

o.f(x) =C (Sup 1 Knll e, mrd)) M, f (x)

neNd
forall f € Lp(Td) and x € T¢.

Proof Observe that

0w f (x)l
(2 )d / f =0 (LrmaKy) (1) dt
(Zﬁ)d Z k _Z_:Oo /;’kl w /Pkd(nd) 16 =D (Lenmea) O] di.
By Holder’s inequality,
low f ()]
1/p
= (zﬂ)d Z k:Z_w (/P " -/Pkd(nd) fx - t)l”dt)

1/q
(f .o f |(1(,71—’77)61Kn) (t)|q dt)
Py, (n1) Py, (ng)

1/p
. —DlPd
(27)d Z Z </Pkl<n1> /Pkd(nd)lf(x gl t)
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a \ 7V RN
n 17}

17 [k () )

j=1 Py Pry i Na

If we define

1/p
G(u) —</ / |f(x—t)|pdt> (ue]R ),

then P
u
Pof(x)  (ueRY).
1—1] ](2 j)
Thus
ki ok d —1/q
1 d,n_
= —_— .
7w f ()] < (27T)dk_2_: _X_) ( o ) Unj
1=—00 kg=—00 j=
t PN /g
/ / (1(—mr>dKn) (—1,- ,—d> dt 4.2.2)
Py, P, ny ng
d d -1
kj/ )
N (27T)d Z Z HZ ! l_[nj M;,p f(x)
hi=—c0  ky=—o0 \j=I j=1
1/q
t t 4
[ [ ()
Py Py, ni ng
=C| K, H E/(RY) M;,p f (x).
The result follows from Theorem 4.2.7. m

The following result comes from Corollary 4.2.5.

Corollary 4.29 If1 <p <oo,1/p+1/q =1and

sup | Kullg ey = C,

neNd

then

sup pA(oy f > P)l/p <Cp| sup ”Kn”E/ @y )\ L+ 1L, gog ys
p>0 eNd rioe

forall f € L,(log L)A=1(T?). Moreover, forevery p <r < 00,
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lowfll, = C (Sup IIKnIIE;(m) Ifl- (f € L(T).

neNd

Corollary 4.2.10 Suppose that1 < p < oo, 1/p+1/q =1 and

sup || Knllgy ey < C,

neNd

If _
lim K, (k) = 1
n—oo

forallk € 74, then
lim o, f =f ae
n—oo

forall f € Lp(logL)d_l(Td).

Recall that L ,(log L)*(T¢) > L,(T¢) with 1 < p < r < oc. In this section, we
study the rectangular 6-means,

—k —k;\ ~
sz(x) = Z ZG(n_ll"“’ n_dd) flk)e™™,

k1€Z kdEZ

where 8 € W(C, £))(R?).

Theorem 4.2.11 Suppose that 1 < p <oo and 1/p+1/q=1.1f 0 € W(C, £))
(RY) and 0 € E, (R?), then

oL @) = C 0], oy Mop f 2)

forall f € L,(T%) and x € T.
Proof Since 56 L;(RY) and, by Theorem 3.7.6,

d
off)y = (]]n /f(x—t)ﬁ(nltl,...,ndtd)dz,
Rd

j=1

we can repeat the proof of Theorem 4.2.8 step by step. |

Corollary 4.2.12 Suppose that 1 < p <ocoand 1/p+1/q=1.1f0 € W(C, )
(R and 6 Ec; (R?), then

sugp)\(aff >p''’<C, ”é\H E/(RY) (1 + ”f”Lp(logL)d’l)
P>

forall f € L,(log LY=1(T9). Moreover, forevery p <r < oo,
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[ol 1, < C 1814, gy 150 (F € Lo(TD).

Corollary 4.2.13 Suppose that 1 < p <ocoand 1/p+1/q=1.1f0 € W(C, {y)
(R%), 8(0) = 1 and 0 € E’ (R?), then

lim o/f = f ae
n—0oo

forall f € L,(log LY=1(T%).
For the converse theorems, we need

Definition 4.2.14 For 1 < p < oo, we define the space D;, (T?) with the norm

1 r rd
”f”D’p(T") = Sup d—/ / |f(1‘)|pdt
re(0,m)4 Hj:l rj J—n —Td

The next two results can be proved as Lemma 4.1.17 and Theorem 4.1.18.

1/p

Lemma 4.2.15 For 1 < p < oo, the norm

Ifl.= su l_[2" P f1e],

k1 <0,..

is an equivalent norm on D;, (T9).
The converse of Theorem 4.2.8 reads as follows.
Theorem 4.2.16 If1 < p <oo, 1/p+1/qg =1 and

0. f(0) = CM;,, £(0)

forall f € Lp(Td), then

sup || Kl g ey < C.
neNd

We are going to study the second generalization of Lebesgue points for higher
dimensions. By Corollary 4.2.4,

ha

1 h
’Hol'[ e )/ » [ —ndr= f(x)

for almost every x € T?, where f € L(log L)?~'(T%). This is equivalent to

hy ha

(fx—1) = f)dt| =

Hj:l( j)
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Definition 4.2.17 For 1 < p < oo, a point x € T¢ is called a strong p-Lebesgue
point of f € L,,(Td) if

1 I hy 1/p
li - . — 1) — P d =0.
iy (Hj_l(zhj) /hl /hd 7Gx =8 = F @) t)

For p = 1, the points are called strong Lebesgue points. If p < r, then all strong
r-Lebesgue points are strong p-Lebesgue points. The next result can be proved as
Theorem 4.1.20

Theorem 4.2.18 Almost every point x € T? is a strong p-Lebesgue point of f €
L,(log L)4=1(T?) (1 < p < o).

This is not true for f € L p(’]I‘d ). The reason for this is again that in the definition
of the strong Lebesgue points the ratio of the sides of the rectangles can be large. To
be able to obtain convergence at strong Lebesgue points, we have to modify slightly
condition (4.2.1).

Theorem 4.2.19 Suppose that1 < p < oo, 1/p+1/q =1 and
00 0o d ~
> []24""9 | sup |K,1g,], < C. 4.2.3)
neNd 1

ky=—00 kg=—00 \ j=1

If _
lim X, (0) = 1,
n—o0

M p, f (x) is finite and x is a strong p-Lebesgue point of f € L,(log L)4=1(T9), then
lim o, f(x) = f(x).
n—oo

Proof Similarly to Theorem 4.2.8, let

u ug 1/p
G(u) = (/ f |f(x—t)—f(x)|”dt) (u GRi).

Since x is a strong p-Lebesgue point of f, forall € > 0, we can find an integerm < 0

such that
GP(u)

—<e if O<wu;<2"mj=1,...,d. 4.2.4)
[Tj_i u;) '

Let {my, ..., my} be a permutation of {1,...,d}and 1 < j < d. Then
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o £ ) — ﬂﬂL_Q)d/|f@—ﬂ—f@ﬂK<me)0ﬂm

1
+ | f(x) ((%)d /;rd K,(t)dt — 1)‘

= A (x) + Ay(x) + Az(x),

where

m+-[log, ny] m+[log, ng]

1
AI(X)::W Z Z

|=—00 kg=—00

/ -~/ Ifx—1) — fFOOI|(1crmiKa) (1) dt
Py, (m1) Py, (na)

and

oo

e YD DD i

T1seensTd kpy =m+[log, nzy |41 k7r =m+|log, N J+1 k

00
k,,d:—oo

f ~~/ 1fx =1 = fFOI|(LcrmaKn) ()] dt,
Py (n1) Py, (nq)

and
1 —
M@%=V@%Q)%/K0Mt N=Uuﬂmmw4»

It is clear that
lim As(x) = 0.

n—00

Asin (4.2.2),

Ap(x)

m+[log, ny | m+[log, ng |

1/p
c - - o
<.k 2 </Pk1 ) /‘;kd () |f e —1) = f@)] t)

ky=—00 ky=—00
1/q
h ta a
@%W«0(<””—>cﬂ
ni ng

d
[In) / 5l
j=1 Py Piy
—1/q

m+log, ny ] m+|log, ng| (2k

L 2d
<C Z Z n_l’ . 7r> 1—[”]

k] =—00 kd=700
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p p q 1/q
f/ (1<_ﬂ,,r)dKn)(_l,...,_d) ar)
Pkl Pkd

ni ng
Inequality (4.2.4) and 2% /n; < 2™n;/n; = 2™ imply

m+|log, ny ] m+|log, ng4| d d
ww=ce 3 oy (112 (1T
kj=—00 kg=—00 j=1 j=1
1/q
| ta \|!
/ . / (1(—71',71')"Kn) (—, e —) dt
Py Py, ni nq
= Cpe ” K"| Ej(RY) *
Similarly,
Az (x)
[ 00 [ [
S N SIS YD D
ThseensTd Ky =m+[log, ny J+1 k,,/:rthLlog2 nﬂjjwtlk,,jH:foo ky,=—00

1/p
(/ - |f<x—z)—f(x>|"dr>
Py, (n1) Py (na)
4 —1/q . .
1 d
l_ln] (/ / (1(_,”,7)5[[(”) (_,..., _>
=1 Py Py, ni ng

g 1/q
dt) .

209

We supposed that M , f(x) is finite and x is a strong p-Lebesgue point of f, so we

have
I/p
(/ a0 reop dt)
Py (n1) Py (na)
d ok v
= (T (Myp @ +1701).
Consequently,
Az (x)

Y Y .y :im

oo Td kg =m+[log, nz J+1 k,,j =m+|log, nﬁjj-&-l kﬂ/.Jrl =—00 kry=—
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d
[T257 ) (Mopf o +1701)
J=1

-c, Y Ly i:i

TseeesTd Ky =m+[log, nyy J+1 k,/.:vaUog2 nﬂjﬁlk,Hl:foo ky,=—00

d 1/q
1257 | sup (/ f IR, dt) (Ms,,,f(x) n |f(x)|).
j=1 neNd Py, Py

Therefore (4.2.3) and the fact [log, n;,] — coas T — oo imply that Ay(x) — 0 as
n— oo. |

Obviously, (4.2.3) implies
sup | K| <C,
neNI?] “ ”Eq(R'i)

which is equivalent to
sup || Knll gy ey < C,

neNd
by Theorem 4.2.7. If K, can be estimated by a function g € E; (RY) which is

independent of n, then (4.2.3) holds clearly. This is true for the Cesaro kernel
KY =K ®---® K} and forthe Riesz kernel K" =Ky ®---® K" Indeed,

nq
for the one-dimensional Cesaro kernel functions

1 a t C . n;
— K, | — )| = —minjn;, ——
n; P \n; n; ¢t
by Theorem 1.4.16. Similarly, by (3.3.12),

Llgen (L
nj | " \nj

Hence, by (4.2.7), Ko, K5 € E/_(R%).

=Cmin{l, [t} € Ex(R) 4.2.5)

< C . I’lj
- _,mln nj |t|min(a,l)+l

= Cmin {1, |f|"™ D"} € E(R). (4.2.6)

Corollary 4.2.20 If0 < o < 1, M, , f (x) is finite and x is a strong Lebesgue point
of f € Li(log L)*~1(T%), then
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lim o) f(x) = f(x).
n—o0

Moreover,

sup pA(@S > p) < C (14 11 £ll1, qog i)
p>0

forall f € Ly(log L)~'(T%) and, for every 1 < p < o0,

lot £, < Col flp (f € Lp(T).

a,y

The same hold for the Riesz summation o, if 0 < o < oo and v € PP.

Considering different parameters «; in the jth coordinate, we obtain the same
results. The next result can be proved in the same way as Theorem 4.2.19.

Theorem 4.2.21 Supposethatl < p < 00,1/p+1/q =1,0 € W(C, £;)(R?) and
0 e E; RY). If 0(0) = 1, My, f (x) is finite and x is a strong p-Lebesgue point of
f € L,y(log L)4=1(T?), then

lim o/ f(x) = f(x).

n—o00

Corollary 4.2.22 Ifthe conditions of Theorem4.2.19 or Theorem 4.2.21 are satisfied
and if f € Li(log L)*~'(T¢) is continuous at a point x, then

Tim oy f (x) = f(x).

Now we show the partial converse of Theorem 4.2.19.

Theorem 4.2.23 Suppose that1 < p <ocoand 1/p+1/q = 1. If
lim o, f(x) = f(x)
n—o0

for all strong p-Lebesgue points of f € Lp(Td) then

sup || K, ||E @y < C.
neNd

Proof We define D;? (T9) as the set of all functions f € D; (T¢) for which f(0) =0
and O is a strong p-Lebesgue point of f, i.e.,

1 n 1/p
- rd =0.
hg(l) (H?zl(Zhj) [hl /hd 7)) t)

Then we can show that D;? (T?) is a Banach space and the proof can be finished as
in Theorems 4.1.25 and 4.2.16. |
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In the next subsection, we give some further examples for the #-summation sat-
isfying the above conditions.

4.2.3 Some Applications

Now we suppose that
K,=KP®---@K?P (neN

n ng

and
0=60® -6,

For these functions, we have

(n € N%) 4.2.7)

d
o %)
1 Knll gy (1ey = 1_[1 H K E,(T)
j=

and a similar formula holds for ||6]| Ej(R4)- Hence for these functions, it is enough to
consider the one-dimensional Herz spaces E,(X) (X =T, R). As we have seen in
Corollary 4.2.20, the rectangular Cesaro and Riesz summation satisfy the conditions
of the preceding subsection.

Now, we present some sufficient condition on 6 such that = Eo(R). The next
theorem was proved in Herz [166], Peetre [254] and Girardi and Weis [130].

Lemma 4.2.24 If0 € B} |(R), then § € E~(R) and

01z = Cplbls,-

A function f belongs to the weighted Wiener amalgam space W (Lo, £]")(R) if

oo
I Wy =Y, sup |f(x+0)vs(k) < oo,
szooxe[o,l)
where v, (x) := (1 + [x])* (x € R).
Lemma 4.2.25 If0 € W(Loo, £]")(R), then 6 € Eo(R) and
101l£, < C”e”w([m,efl)-

Proof The inequalities
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o0
k
10lle, = ) 2" supo]
k=—00 P
o0
<2 sup |6] +C22k Z sup |6]
(=m,m) k=0 ji(—mm+2jnn Py (TTOH2T

o.¢]
<C Y (A+ljh sup 6]

Pl (—mmyi42j

= C”e”W(Lw,g‘]’l)
prove the result. u

We generalize Feichtinger’s algebra and introduce its weighted version.

Definition 4.2.26 Let go(x) := e ™*IZ be the Gauss function. We define the
weighted Feichtinger’s algebra or modulation space M;*(R?) (s > 0) by

My @Y = {f e LR N fllagp =[S0 f - vl oy < 00

where v, (x, w) := v,(w) = (1 + |w|)* (x, w € RY).

Any other non-zero Schwartz function defines the same space and an equivalent
norm (see, e.g., Feichtinger [100] and Grochenig [152]).

Lemma 4.2.27 If € M (R), then § € Eo(R) and

161 < 116110 -
Proof By Lemma 4.2.25,
”ﬂEw =C ”ﬂ W(Looot!) = ClIf gy

where the second inequality can be found in Gréchenig [152, p. 249]. ]

Corollary 4.2.28 Suppose that 0 =0, ® --- ® 0, € W(C, £,)(R?) and 6(0) = 1.
If0; € M{'"(R) forall j =1,...,d, M f(x) is finite and x is a strong Lebesgue
point of f € Li(log L)4=1(T?), then

lim ¢/ f(x) = f(x).

n—o00

Moreover,

d
sup pA(a > p) < C | TT10; 1 | (1 + 102 000 1)

p>0 =1
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forall f € Ly(log L)*~'(T%). Also, for every 1 < p < oo,
d
lolrl, <o {TTHO M | 151, (F € L@,
j=1

In the next theorem, we give a sufficient result for 6 to be in M| (R).

Theorem 4.2.29 If 0 € Vlk (R) for some k > 2, then 6 € M|"(R) for all 0 <s <
k—1and
100 ap < CsllOll .

This theorem can be proved as was Theorem 3.7.14. Note that Vlk (R?) was defined
in Definition 3.7.13.

The space V12 (R) is not contained in M}" (R). However, the same results hold as
in Corollary 4.2.28.

Theorem 4.2.30 If0 € VZ(R), then § € Eq(R).
Proof The inequality
~ C
|6(x)| < =5 G#0 (4.2.8)

can be shown similarly to Theorem 3.7.14. fe E . (R) follows from Theorem 4.1.9.
[ |

Corollary 4.2.31 Suppose that 0 =6, ® --- ® 0, € W(C, £,)(R?) and 6(0) = 1.
If0; € VER) forall j = 1,...,d, then the results of Corollary 4.2.28 holds.

Note that for all examples of Sect.2.6.3, we have § € V12 (R) or (4.2.8). This means
that all results of Sect.4.2.2 hold if each ¢; denotes either the Cesaro summation or
one of the examples of Sect.2.6.3.

4.3 Restricted Rectangular Summability over a Cone

Let again
1

@2m)

onf(x) = /Tdf(x—l)Kn(t)dt (n € N%,

where f € L (T?) and K,, € L;(T%) N Lo (T?). Here we suppose that n € N is in
the cone R?. Recall that R? is defined by

R=f{xeRy:7' <xi/x; <70, j=1,....d},

where 7 > 1 is fixed. The higher dimensional rectangular Cesaro and Riesz kernels,
K and K,,"" satisfy the conditions of this section.
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4.3.1 Hardy-Littlewood Maximal Functions

It would be a straightforward idea that for the restricted rectangular summability,
we use the restricted Hardy-Littlewood maximal function M, defined in Theorem
4.1.4. However, this would be not useful because the restricted maximal function is
equivalent to the usual maximal function M, f (see (4.1.1)). So we have to introduce
a third generalization of the maximal function.

Definition 4.3.1 Forw > 0,1 <p <ooand f €L ,,(’JI‘d), the Hardy-Littlewood
maximal function M;l f is given by

. il 1 2 h 2idfy 1/p
M f(x) := sup 27¢Mh —/ f x—t ”dt) .
) ieNd.E>O ((Zh)dZH’”‘ _2ith —diap ¢ )

For p = 1, we write simply M“! f. If w = 0, we get back the definition of the
strong Hardy-Littlewood maximal function M , f. In contrary to the strong maximal
function, due to the weight 27l | the weak type (p, p) inequality will be true for
M. Ttis clear that

M“Ij"lff/\/l’;jz’lf forw; > wy, >0and 1 < p < oo.

Let us point out the definition in the two-dimensional case. We have

L 1
MOV F(x,x) =  su gl
A PRSI

20h  p22h 1/p
/ f |f(x1—tl,x2—t2)|Pdt) .
—2ip J-202h

To prove inequalities for M“;*l f, we need another generalization of the maximal
function M, f. Let 11(h) and v(h) be two continuous functions of i > 0, strictly
increasing to co and O at &4 = 0. Let

. phy  pvh) 1/p
M LX) 1= —t, X2 — )|’ dt ;
p S x2) = <4u(h)u(h)/ =t 0 = n)l )

h>0 p(h) J—v(h)

where f € L ,,(Tz). If u(h) = v(h) = h,then we get back the usual Hardy-Littlewood
maximal function M, f investigated in Sect.4.1.1. The next result can be proved in
the same way as Theorem 4.1.2.

Theorem 4.3.2 If1 < p < oo, then

sup pAMM Y f > p)P < CplIfll,  (f € Lp(T?).

p>0
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Moreover, if p < r < 0o, then

|y £ < Collfl, (f € Le(T)),
where the constants C, and C, are independent of |1 and v.

Using this theorem, we can prove the inequalities for M‘;*l.

Theorem 4.3.3 [fw > 0and 1 < p < o0, then
sugpA(M;"f > <Clfll, (f € Ly(T).
P>

Moreover, if p < r < 0o, then

|METF| < Cllfl (f € LT

Proof Applying Theorem 4.3.2 to u(h) = 2" h and v(h) = 22h, we obtain

o)
o 1

P w,1 —w(i1+iz) -

PPAMf > p) = p)‘<AU02 o P <4.2i1+i2h2
11,02=!

2ith p22h 1/p
G — 113 — wdt) . p)
—2ith J-22h
o0 oo
< pl’ Z Z)\ (Mll),y,uf - 2w(11+12)p)
i|=0 i2=0
oo o0
<Cp Yy Y 2@ gy
i1=0 [2=0
<GlfI?

forall f € L(T?) and p > 0. The inequality
M), < Colflly (f € Lp(T?), 1 < p < 00)

can be shown similarly. |

4.3.2 Lebesgue Points for the Summability over a Cone

We briefly write L“;(Rd ) (w > 0) instead of the weighted Lebesgue space L'“;(Rd s A)
equipped with the norm
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1/p
Ifllzs = (/Rd [f o)A+ le)’“’lpdx> (1 <p<o0),

with the usual modification for p = oco. If w = 0, then we get back the L ,,(Rd )
spaces. Clearly, L,(R?) > L4(R?).

In this subsection, we introduce a new type of Herz spaces, the so-called weighted
inhomogeneous Herz spaces.

Definition 4.3.4 Forw > 0and 1 < g < oo, the weighted Herz space E;’ (R%) con-
tains all functions f for which

[e'e) o) d
Il =D > [ TT29“ Y ) | £1a, < oo,
k=0  ky=0 \ j=I
where
Q= Qu x-+x 0 (keN)
and

Oi={xeR: 27"t <|x| <27} (G eN), Qp:=(—mn).

It is clear that
E:(Rd)DE;)(Rd) 0<w<uw <00

and
LiR") D L{RY) = EYRY) D EZRY) D E;(RY) > ELR?)

forany 1 < ¢ < ¢’ < oo with continuous embeddings. Moreover,
E;RD CLy®RD  and | fll@e < Co Il fllpsmo) -
Indeed,

o0 d
> ([T / O dr,
1 [

k=0 \ j=

/ If@dr <y -
R k=0

which implies the inequality. The connection between Eg(]Rd) and Ec// (R%) is the
following. First of all,

EJR) CE;®R) and | fllg@y < Cqlfllmes -

We prove this for one dimension, only:
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0 0
D o e D e L e M
k=—00

k=—00

We get the inequality for higher dimensions similarly. Summarizing these results,
we can see that

EJRY) = LyRYNE;RY) and || fllgo@a ~ 1 fllg + 1 f 1l ;o)

with equivalent norms. Usually, § € L;(R%) N Co(RY), thus 8 € E 7 (RY) if and only
iff e ES(IR%"), but 101l g, ®e) < CqllOll orey, (1 < g < 00).

We show that f € E¥ (R) if and only if f has a decreasing majorant function
belonging to LY (R).

Theorem 4.3.5 Let w > 0 and n(x) := sup, > | f(@)]. Then f € EZ(R) if and
only ifn € LY (R) and

C™ Il < 1 fllge < Clinlls +1(0).

Proof 1If n € LY(R), then

oo
Ifllge <Y 2™ Intg, |
k=0
= 2Kt ) 4 (0) < C Il + 0(0).
k=1

For the converse, we use the function v introduced in the proof of Theorem 4.1.9
to obtain

o0
Inllee < vy =Zf1nk/ (1 +x)“dx
=0 B(0,2")\B(0,2"k-1)
(o]
-C Zznkw (2nk _ 2"1{—]) a,, < C ”f”Ego ,
k=0
which proves the theorem. ]

In this section, we investigate the restricted maximal operator

oo f = sup |o, f1,

neR?

where 7 > 1 is fixed. Recall that
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-1

d
~ t t
Ky := [[]ns (1(M)d1<n)(—‘,... —”’).
j=1

ni ’l’ld

Theorem 4.3.6 I[fw>0,1<p<oo, 1/p+1/q=1and

Cv

sup | Kl 520y =

then

oof(x)<C (sup/ H I?,,| EW,(RI,)) MU;,lf(x)
neRd K

forall f € L,,(']I‘d) and x € T¢.

Proof We have

|Unf(x)|
1
~ @ny /Rd fa =0 (nmeKn) () dt
" o0 / /
< |f(x—t)| 177‘_’,”,,[{" ([) d[,
@2m)d ](]2:;) ](HX_% 04, (n1) 01, (n) |(1mmye Kn) (0]
where

Qinj):={x eR:2""n/n; < |x| <2'7/n;} (i eNy)

and

Qo(n;) := (—=m/n;, m/n;).
By Holder’s inequality,

|low f ()1

1 o) oo 1/p
< |f(x—t)|pdt
@2m = 2, (fgmnl) '/‘de(nd)

=0 kq=0

1/q
</ / |(1er,me Kn) O] dt)
Oy, (m1) Oy (na)

oo %) 1/p
1 Jovur )
— | f(x —0)|Pdt
@2m)4 ,(Z 2, ( 00 0,0 )

=0 k=0
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d ; 1/q
e (/ / (1 rmyiKy) ( . —d) dt) . (43.1)
=1 Ok, Oy

Choose s € N such that 27! < 7 < 2%, Since n € R?, we conclude

low f(x)]
o 2kt 2kd+s 7 /ny 1/p
. x —1)|Pdt
(277)d Z dZ (/Zk"ﬁﬂ'/nl /deﬂﬂ‘/nl |f( )l )
d - ; N 1/q
[]n / / (M)dk)<‘,...,—d> dt] . 432
j=l le de }’l] nd
Let again

u g 1/p
G(u)::(/ / |f(x—t)|”dt> (ue]R)

Then
B GP M sm/ny, ..., 2k S /ny)
wlky+...+ka)p ,d ) w,1
2o (@m) T2 a2h ot = MDPT)
and so
low f(x)]
2k1+s 2kd+s,n.
<C .,
Soyo(NT )

fl/q

d

t t
n”f / / 1(M)4K)<1 ...,i)
j=1 Qk| de n nd

<C i i ]“[2“””” ny P M f(x)

k=0  ks=0
151 g
l K e, —
) (G )

q 1/q
dt)

d —1l/q
1 / o /
; Ok, Ok,

The fact n € RY implies

q 1/q
dt) .
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[e'e] oo d
o f@l=C Y T T4 ) Mt foo [ []ng
k1=0

ka=0 \Jj=1 Jj=1

(fQ /Q (k) (f_f_)

ni ng
= C || Ko | po gy M3 (),

H E;;(Rd
which shows the theorem. |
Taking into account Theorem 4.3.3, we have

Theorem 4.3.7 Ifw >0,1<p<oo, 1/p+1/qg=1and

sup | I?,,|

<
neRd ®%) = .

£y

then

neRd

p>0

forall f € L,,(’]I'd). Moreover, for every p < r < 00,

loofl, <C (sup | Kn nEW(Rd)) Ifll (f € L(T).
neRd ¢

Corollary 4.3.8 Suppose thatw > 0,1 < p <oo, 1/p+1/qg =1and

:sﬂg H K, ” E(RY) =C

If _
lim  K,(k) =1

n—00, neR?

forallk € 74, then

lim o,f=f ae
n— o0, n€RY

forall f € L,,(']I‘d).

For the rectangular #-means

ko ki) -
=Y Y0 (n_ll - Tj) Floets.

ki €Z kqa€Z
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we obtain

Theorem 4.3.9 Suppose that w >0, 1 < p <ocoand 1/p+1/g=11f0eW
(C, )R and b € E;’(Rd), then

ol f(x) < C 9]

w,1
E(“]“(R") Mp f(-x)

forall f € Lp(']I‘d) and x € T¢.
This inequality can be proved as Theorem 4.3.6 (see also Theorem 4.2.11).

Theorem 4.3.10 Suppose that w >0, 1 <p <oo and 1/p+1/q=1 If 0 €
W(C, £1)(RY) and 6 € E;’(Rd), then

sugpx\(of’jf >p'? <C, ”5”5%11@/) Iflp
p> !

forall f € Lp(']I‘d). Moreover; for every p <r < 00,
lotaf [, < € 18] oy 170 (F € Li(TY).

Corollary 4.3.11 Suppose that w > 0, 1 < p <ooand 1/p+1/q = 1. If 0(0) =
1,9 e W(C, £)(RY) and 0 € E;“(Rd), then

lim olf=f ae
n— o0, n€RY

forall f € Lp(']I‘d).

We introduce the third generalization of Lebesgue points as follows. Starting from
the maximal function M'};‘*‘ f, we introduce

: 1
U:}’lf(x) = sup 2*“’”1”1 (—
. ieN,h>0,2k h<rk=1,...d (2h)421ih
21 p 2id h 1/p
R If(x—t)—f(x)lpdt) . (4.3.3)
_Dith _Did}

Incase p = 1, we omit the notation p and write simply U*"! f.In the two-dimensional
case this definition reads as

;1 — —w(iy+i
Uy fx, x) = sup 27w 2)<W
i1,i2eN,h>0,2k h<r,k=1,2 :
2n 202

1/p
[ f(x1 —t, x0 — ) — f(x1, x)|? dl) .

—2ith J-22h
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Note that the definitions of the p-Lebesgue points and strong p-Lebesgue points
(see Definitions 4.1.19 and 4.2.17) can be rewritten as

. 1 h h 1/p
im0 (G [, [ b o= s a) o

and

1 n hy 1/p
lim sup —/ / [f(x —1)— f(x)|? dt =0,
r=00<h;<r,j=1,..d ]_[;“’=1 2h;) J-n, ~hg

respectively. Similarly to this definition, we introduce a new type of Lebesgue points.

Definition 4.3.12 For 1 < p < oo and w > 0, a point x € T¢ is called a (p, w)-
Lebesgue point of f € L,(T) if

: w,1 _
lim U f (x) = 0.

If w = 0, then the (p, 0)-Lebesgue points are the same as the strong p-Lebesgue
points. It is easy to see that every (p, w»)-Lebesgue pointis a (p, w)-Lebesgue point
if w; > wy > 0. Moreover, if p < r, then every (r, w)-Lebesgue point is a (p, w)-
Lebesgue point. If f is continuous at x, then x is a (p, w)-Lebesgue point of f for
alll < p<ocandw > 0.

Theorem 4.3.13 Forl < p < coandw > 0, almost every pointx € T¢ isa (p, w)-
Lebesgue point of f € L,(T%).

Proof If f is a continuous function, then x is obviously a (p, w)-Lebesgue point.
By Theorem 4.3.3,

P (sup Uz f > p) < PPAME S = p/2) + 20" M f1 > p/2)
r>0
<ClfI.

Since the result holds for continuous functions and the continuous functions are
dense in L,(T?), the theorem follows from the usual density argument of Theorem
1.3.7. [ |

Theorem 4.3.14 Suppose thatw > 0,1 < p <oo, 1/p+1/q =1and
o0

00 d
oy | TT29“ 2 sup [Kalg], < €. 4.3.4)
k=0 k=0 \ j=1 nery

If
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lim  K,(0) =1,

n— o0, neR?
/\/l’;j’lf(x) is finite and x is a (p, w)-Lebesgue points of f € L,,('JI‘d), then

lim o, f(x) = f(x).
R¢

n—00, ne

Proof Choose again s € N such that 2°~! < 7 < 2°. Since x is a (p, w)-Lebesgue
point of f, we can fix a number r < 1 such that

.1
Ulyer pf (X) <€,

where U}, ! » / was introduced in (4.3.3). Let us denote by ro the largest number i, for
which r/2 <2//ny < r. We have

lon f(x) — f)] = n )d_/ |f =1 = FO|(Ler i Kn) (0] dt

f(x)<(2 )d/ K,At)dt—l)‘

= A1(x) + A2(x) + A3(x),

where
1 ro 7o
A1)
(2m)d ](IX:;) 1;)
/ / |fx—0) = fOOl|(Lerme Kn) 0] dt,
Oy, (n1) Ok, (ng)
Azm:deZ ZZ Z
( ) Tl yeees T kry=ro+1 k,r —r()+1k =0
/ / |f(x_t)_f(x)”(l(—‘/r,ﬂ')dKn) (t)| dt,
Ok, (n1) Ok, (na)
and

1 —
Az(x) = ‘f(X) (W /w K, (1) dt — 1)' = |f ) (Ka(0) = 1)].

Here {rmy, ..., m;} denotes a permutation of {1,...,d} and 1 < j < d. Obviously,
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lim Asz(x) =0.

n— 00, neRY

Similarly to (4.3.1) and (4.3.2), we deduce

Ap(x)

I/p
Z Z(/ / If(x—l)—f(x)l”dt>
k=0 k, Qs (m1) Oy, (na)
- t ta \|! Ha
an (/ / 1(7r7r)dK)<],...,—d> dt)
j=1 QO O, ni ng

K1t/ Ha+s/n, 1/p
[f(x —t)— f(x)|Pdt
(27T)d Z ,;) /;2k1+w/n, /—zww/n.

d q
t f

o | ([ ek (2 2)

j=I Ok Oxy n na

(27r)d

1/q
dt) . (4.35)

Setting

uy g 1/p
G(u):=</ / |f(x—t)—f(x)|pdt> (MER)

we conclude

GQRM S ny, ..., 2K+ /ny)

g—wlkit..tka) ,d/p
((zﬁ)dzsdzkl +otky ) 1/p

< U, f () (4.3.6)

because n € R? and so

2k j+s 270 +s
=

<2 (=1...d).

ni ni
Hence
Aq(x)
1 S k+s kq+s
5(27r)dkz ZG(Z‘ L2k
1

fl/q

d q 1/q
Hnj / / dt
j=1 O Oy

5] tq
(1. M)[,K)<n1 E)
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ro

r2’m,p

Sci...
0

k|: kd:
—1/q

1) (]~

From this it follows immediately that

d
sz_,'(uﬂrl/p) nfd/pr’l £ (x)
0 \j=1

q 1/q
dt) |

(Lrmy o) (’_1 f_d)

I’ll’ ’nd

1o

r d
A(x) <C Z .. XO: szj(W‘H/P) U:Jz',\-;’pf(x)

k=0 k=0 \ j=1
h g
(Lr oy Ko) (_ _)

-1
9 K
ni nq

1) (/1.

< c|&|

q 1/q
dt)

E2 @) €.
Similarly to (4.3.5) and (4.3.6), we can see that

Az (x)

S(Z;)d > i i i i

TseeesTd Ky =ro+1 nj:ro-ﬁ-l kr 0 k=0

=
M+ /) atir/n, 1/p
[ a0 oo ar
_2k1+xﬂ./n] —2k41+577/n]

—1/q 1/

d q q
151 Iq

H”J (/ / (1rmmeKn) (-, —) dt)

j=1 Ok Ok, ni ng

< M)+ | f @)

and

GQM*r/ny, ..., 2k+S 1 /ny)

2—u}(k1 +...+kd)nd/[7
((27r)d23d2k1 +..4+kd) 1/p

Since /\/l;*l £ (x) is finite, we have

Az (x)
o0 o0 o0 o0

<Y ¥ OOY Y Y

ThseeesTd ki =19+1 k,Tj =ro+1 k”j+l =0 kr, =0
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d
sz,(w+1/}7) (M‘;*lf(x) +1f(0)])

—1
d
I 7
[]ni / / 1(T,r)LfK,l)< —)
j=1 Ok, (% ny’ ng

cY > ZZZ

q 1/q
dt

Tl yeees Ty k,,l_r0+1 k-._r0+1 k. = k_ =0

1/q
nzk J@+1/p) (/ / 1K, (0] dt) (MO @) + 1))
j=1 Ok

Since rg — oo as n; — oo and (4.3.4) holds, we conclude that
lim A,(x) =0,
n—0oQ

which finishes the proof. ]
Note that (4.3.4) implies

:;lRpg H K, ” Ee(Rd) = =C.

If fn can be estimated by a function g € E; (RY) which is independent of n, then
(4.3.4) holds. This holds again for the Cesaro kernel K = K ® --- ® K and for

np ng

the Riesz kernel K, = K,,)” ® --- ® K. Indeed, taklng into account (4.2.5) and
(4.2.6), we can see that

min {1, [¢|7*"'} € ELRY)
if0<w<a<1and
min {1, [¢]" ™D e EY (RY)

if 0 < w < min(e, 1).

Corollary 4.3.15 If0 < w < a < 1, M“! f(x) is finite and x is a (1, w)-Lebesgue
point of f € Li(T?), then

lim J” Yf(x) = f(x).

n—o00, neR

Moreover,

suppA(od > p) < Clflli  (f € Li(T?)

p>0
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and, for every 1 < p < oo,
d
lotsfll, = Coll fll, (f € Lp(T)).

The same hold for the Riesz summation oy,"” if0 < w < min(e, 1), 0 < a < 0o and
v el

The proof of Theorem 4.3.14 shows also

Theorem 4.3.16 Suppose thatw > 0,1 <p <oo, 1/p+1/g=10¢€ W(C, )
(RY) and 6 E;J(]Rd). If6(0) =1, ./\/l’“]j’lf(x) is finite and x is a (p, w)-Lebesgue
pointof f € L,,(']I‘d), then

lim ol f(x) = fFx).

n—00, neR4

Corollary 4.3.17 Ifthe conditions of Theorem4.3.14 or Theorem 4.3.16 are satisfied
and if f € L{(T%) is continuous at a point x, then

lim ol f(x) = fx).

n—o00, ne

Taking into account Theorem 4.2.30, we obtain

Corollary 4.3.18 Suppose that 0 =6, ® --- ® 0, € W(C, £,)(R?), 6(0) = 1 and
0; e VIZ(R)forallj =1,...,d. If0 < w < 1, M f(x) is finite and x is a (1, w)-
Lebesgue point of f € L{(T?), then

lim o f(x) = f(x).

n—00, neR4
Moreover,
d

suppA(oty > p) < C | [T 10i gy | I/ (F € Li(TD)

p>0 j=1

and, for every 1 < p < o0,
d
lotafll, < Co [ TTHO oy | 115 (f € Lp(TD).
j=1

All examples of Sect.2.6.3 satisfy the condition 6 € VZ(R). This means that all
results of Sect.4.3.2, especially Corollary 4.3.18 hold if each §; denotes either the
Cesaro summation or one of the examples of Sect.2.6.3.
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4.4 Restricted Rectangular Summability over a Cone-Like
Set
In this section, we investigate the operators

1
@2m)4

onf(x) = /Tdf(x—t)Kn(t)dt

over a cone-like set, i.e., we assume that n € R? . Recall that RY _ was defined in
Sect.3.4 by

R ={xeRy:7'kj(m) <nj <7jkj(ny), j=2,....d},

where £ is the identity function and, forall j = 2,...,d,x; : R — R, arestrictly
increasing and continuous functions such that

lim K; =00  and lim x; =0.
j—o0 j—>+0

Instead of (3.4.1), we will suppose that there exist c¢;, { > 1 such that
Kkj€x) =cjrj(x) (x> 0). “4.4.1)

The higher dimensional rectangular Cesaro and Riesz kernels, K and K" will
satisfy again the conditions of this section.

4.4.1 Hardy-Littlewood Maximal Functions

We generalize the definition of M- ! f as follows.

Definition 4.4.1 Forw > 0,1 <p <ooand f €L p(']Td), the Hardy-Littlewood
maximal function M7:* f is given by

d
MEefx) = sup | []ri€H

ieNh>0 \ i)

1 K1 (€1 )y Ka(€dym 1/p
d - f ‘ f Ifa-nlPadr) .
[T521@r; iy Jom@mn J—ramn

We show that the operator M7 is of weak type (p, p) as was M';"l.

Theorem 4.4.2 [f1 < p < oo, then
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sup AMG“f > P < Cyllfllp - (F & Ly(T).
p>

Moreover, if p < r < oo, then

IME“F] <Gl (f € LARY).

Proof Choosing A .
ph) == k1 (§h),  v(h) = K(E7h)

in the definition of M,"" f (see Theorem 4.3.2), we get that

PPA(M;’wf > p)
00 2 1

= pp)‘< k(€)™ | sup <—
ilE;J:O 11:[1 ! h>0 H?:](znj(ejh))

E1(ETh)  pRa(&2h)

1/p
_ , |f(X1—11,x2—f2)|pdf> >P>
—ra (€1 h) =2

<pPZZA My"f > Hm(gw p

i1=0i,=0
2
<G Y |ATTmiE€ 7 |urne
ieNd \ j=1
2
<G Y | TTe ™ m)P | IFIL < Coll £1IL
ieNd \ j=1
becausec; > 1 (j =1,2). [ ]

4.4.2 Lebesgue Points for the Summability over a Cone-Like
Set

Using the functions ;, we modify slightly the norm of the Herz spaces E;/ (RY).

Definition 4.4.3 For w > 0 and 1 < g < oo, the weighted Herz space E;’“(Rd)
contains all functions f for which

1f g = Z Z Hn,(fk)“’“ Yl f1el, < oo

k=0 ka= j=1
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where
Or = Qs X% Qup, (keN,

Qj0:= Q= (—rj(Hm k;(M7)  (G=1,....d)

and ‘ '
Qi =07 ={xeR:r(¢ Hr<Ix| <rj)m} (i eNp.

However, these spaces are equivalent to the Herz spaces E;J(Rd) studied in
Sect.4.3.2.

Theorem 4.4.4 The spaces E;(Rd) and E";“ (R are equivalent for all 1 < q <
oo, w > 0.

Proof 1tis enough to show the result for one dimension. Then we denote the function
r; and the corresponding constant c¢; simply by « and c, and the sets Q';’k by OF.
For a fixed k, let v be the smallest natural number / for which x(£') = ¢'k(1) > 2F
and y be the largest natural number / for which (&) < 2¢~!. Then

v

2 1], = Y € |1,
J=ptl

’

q

which means that
Iflzs < ClLf e

The other side of the equivalence can be shown in the same way. ]

We will investigate a restricted maximal operator depending on the cone-like set:

opf = sup |o.fl|.

|
neRd

Theorem4.4.5 [fw>01<p<oo, 1/p+1/g=1and

(Rd) S Cv

sup | Kal .

then

0. f(x) < C ( sup ||, | mm) M f(x)
nery - !

forall f € Lp(Td) and x € T¢.
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Proof Obviously,

lon f(x)] =

1
(27{_)d / f(x - t) (1(_77,71—)11[(”) (t) dt
R4
1 ad ad
e G

[ [ e ol o] ar
Q1k, (n1) Qa kg (n1)

Qj.0(m) := (—r;(1/n)m, k;(1/n))T)

where

and

Qi) = {x eR:k;( " /n)m < |x| < K; € /n)m} (€ Ny).

By Holder’s inequality,

low f ()]

1 0 o0 1/p
= |f(x — )7 dt
(27T)d k=0 kdg) </.Qlk1 (n1) /Qd.k[,(nl)
1/q
([ / |(1er,me Kn) O] dt)
Qi (1) Quky(n1)
1/p d —1/q
: |f(x — D)7 dt n;
(27T)d Z Z </Qlkl () /kaé,(zn) 11:[1 !

t W\
/ / ‘(1(W)d1<)< 1,...,—d> dr) . (442
n1 Q1 (n1) 14 Qu kg (n1) ny nq
uj g 1/p
Gu) := (/ / |f(x—t)|”dt> (u e RY),
—Uuy —Ug

For

we have

d G (k1 (€4 /i), . .., ka (€% /ny)m)
.(Ek/)_WP 2 2 S (Mﬁ,w)pf(x)'
(H N ) [T 2k (€5 /n ) ’

Thus
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lon f (%)
—1/q
o0 [ee] d
<C Z Y Gl (€ nom, kg€ nom) [ [ ]
k=0 k=0 j=1
1/q
t ta \|?
’(1(—71' W)dKn) <_17 s _d> dt
lellq(”]) ”dekd(nl) ni nq
o0 [ee) d d /p d —1/q
=C Z S TTm@@ [ | TTm€mo | My<r@ [ []n
=0 kg=0 \ j=I j=1 j=1
1/q
t ta \|?
/ / ‘(1( ﬂ-ﬂ-)dK)(l ,—d> dt .
n1 Q1 (n1) 14 Qaky(n1) n na
If ¢! <ny < &+ for some ! € Z, then by (4.4.1),
rj(Deh = rj (€ < mjm) < w;ETH = k(D
and
kj k; 1 Ki( k,-) ki (D5 i( k»,-+1)
j J\ A

Choose integers p and v such that

i) <cf and ') = ¢
forall j =1, ..., d. Using the definition of the cone-like set, we can see that

kj kj

§ § ,
njK; (Z < 7jkj(n)k; = T (DR (€97
< Cifﬂj(é‘k}._‘_l) — K:j(fk_,‘+,u,+l)'
On the other hand
k;
o (5)=e
ni

and

(51‘ ) - %’fj(f"f) VIO LCONIOLICE)

gt i ¢j ki) kj(ny)
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s & ey . & =1, (k-1
ik > 7, kj(m)K; " > 77K (DKj(E9 T
> (€97 =y,

Setting
Qo= (—r;E T, k()

and
Q) ={x eR: k(" m < x| < 5 Hr) (e Ny,

we conclude

kg=

|anf<x>|<cZ Z 1‘[&(5")”'“’)
ki=0 j=1

-1/p —1/q

d
[[ri0]  Mi©f@
j=1

(L |

h ty
( ﬂ.,r)dK <_ 5 —)
n ng
Lk “d

ECZZ H/Qj(gk/)“H‘l/I’ M';’““f(x)

1/q
(f f 1K, ()| dt)
Qlkl r/k

< C R gy My £ ),

:QQ

nj
1

q 1/q
dt)

(R
which proves the theorem. |
Theorem 4.4.2 implies

Theorem 4.4.6 Ifw>0,1<p<oo, 1/p+1/qg=1and

E;‘(R‘{) S C,

sup ||

ne KT

then

sup pA(o. f > p)'/? < C, ( sup | K, |
neRrd

p>0

forall f € Lp(']I‘d). Moreover, for every p <r < oo,



4.4 Restricted Rectangular Summability over a Cone-Like Set 235

lowfll, <C ( sup |K, E:(Rl,)) I£1: (f € Lo(T%).
nerd

Corollary 4.4.7 Suppose thatw > 0,1 < p <oo, 1/p+1/qg =1and

<C.

sup ” K, Eg (RY)

nek

It _
lim  K,(k) =1

n—o00, n€RY _

forallk € Z4, then

lim o,f=f ae
n—>o0, R¢

forall f € Lp(']I‘d).
For rectangular §-means, we obtain the next theorems in the same way.

Theorem 4.4.8 Suppose that w >0, 1 < p <ooand 1/p+1/qg=1.1f0 €W
(C, )R and b e E;’(Rd), then

oL @) = C ] oy My f )

forall f € Lp(']I‘d) and x € T¢.

Theorem 4.4.9 Suppose that w >0, 1 < p <ooand 1/p+1/g=1.1f0 €W
(C,2)HRY) and 0 € E;J(Rd), then

Su}gp)\(JZf > p)l/p < Cp ||§HE;(]R”1) ”f”[’
P>

forall f € L,(T%). Moreover, for every p < r < 0o,
lot 1, < C 18l o 151 (f € Lo (D).

Corollary 4.4.10 Suppose thatw >0, 1 < p <ocoand 1/p+1/q = 1. If 6(0) =
1,0 € W(C,€)(RY) and § € EZ(R?), then

. 0,
im o,f=/f ae
n—o0, neRd

forall f € Lp(Td).
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We generalize the concept of Lebesgue points as follows. Let

d
) ; 1
ULy f ) = sup [Tri€™ (
d j=1 l_[

: d :
ieN? h>0,¢'i h<r,j=1,... =1 (2K (&'ih)m)

k1 (€T h)T Ka(Edh)m 1/p
/ / | —1) —f(x)|1’dt) .

Ky (E1h)T kg (Ed h)m

Definition 4.4.11 For 1 < p < oo and w > 0, a point x € T¢ is called a (p, &, w)-
Lebesgue point of f € L,(T) if

- A _
}E% U:y fx) =0.
If k is the identity function, then we get back the (p, w)-Lebesgue points inves-
tigated in the previous section.

Theorem 4.4.12 For 1 < p < 0o and w > 0, almost every point x € T¢ is a
(p, K, w)-Lebesgue point of f € L, (T%).

We omit the proof, since it is similar to that of Theorem 4.3.13. Our basic theorem
about the convergence at (p, x, w)-Lebesgue points reads as follows.

Theorem 4.4.13 Suppose thatw > 0,1 < p <oo, 1/p+1/q =1 and

00 e’} d _
- Z 1_[ nj(fk’)w+l_l/q sup ” K.1g, Hq <C. 4.4.3)
k=0 k=0 \j=I nery

If _
lim  K,(0) =1,

n—o00,neRY
M f(x) is finite and x is a (p, k, w)-Lebesgue points of f € L,(T%), then

lim 0, f(x) = f).

:
n—o00, neR?

Proof Since x is a (p, k, w)-Lebesgue point of f, we can fix a number r < 1 such
that

Unyfx) <e
Let us denote by rq the largest number i, for which r/& < &' /n; < r. We use again
the decomposition
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00 () = )1 = - )d/ £ =) = £ |(1nmpKn) O] dt

1
+lron ((Wi /;r Ko () di — 1)‘

= A (x) + Ay(x) + Az(x),

where

=0 kq=

/ |f =) = FOI|(L—rmeKa) (0] dt,
Qi (1) Qaxy(n1)

Al(x) = (2 )

ey LY e B 53

Tseens d k~ =ro+1 k7r —ro+1k =0
/ / |f =) = FOI|(L—mmeKa) (0] dt,
Q1 (n1) Qaky(n1)

and

Az(x) = ‘f(X) ( /w K, (1) dt — 1)‘ = [f(x) (Kx(0) — 1)|.

(2m)d
{my, ..., my} denotes again a permutation of {1, ...,d}and I < j < d. Obviously,

lim ., Az(x) = 0.

n—o00, neR4

Taking into account (4.4.2), we can see that
Aq(x)

1 o 1o
<
= G 2o
(27T) k1=0 kq=0
1/p d
|f(x—1) = f)IPdt n;
</Ql,k| (n1) /Qd,kd(nl) ]1:[1 !

t ta \|? &
/ / (1( 7T7T)le)<l,,—d> dt
n1 Q1 (n1) 14 Qu ky (n1) ny ng

—1/q
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—1/q
ro

<CZ ZG(m(f"‘/m)w s Ka(€/n)m) Hn,

j=1

h la
/ / ’(1(_71.,77)11[(”) <_,...,_)
n1 Q1 (n1) 14 Qd kg (n1) ni na

where

q 1/q
dt) , (444

uy Ugq 1/p
Gu) = (/ f |f(x—t)—f(x)|pdt) u € RY).

It comes from the definition of U,’f},’“’ that

H”J(gk o) G npm, ..o ka(ER/ny)m)

U f), (4.4.5)
1/
= (I14s 2y et /nl)ﬂ)) ’

which implies

Ar(x)

d 1/p J —~1/q
<CZ Z Hn(&")“ [1si€mo | vrereo [[]n
=0 k=0 j=1 j=1

1/q
t ti\|?
[ s ( ) )
n1 Q1 (n1) 14 Qaky (1) ni ng
As in the proof of Theorem 4.4.5,
Al(x)<CZ Z H,{ (51‘ w+l/p
=0 kg=
—l/p —1/q

U

d
[Trxi@D Ure o | T n
j=1 j=1

(f / ( ﬂ-’ﬂ-)dK < . )
Qul Qdk,

<CZ Z ]_[n(ﬁk P U fx)
1=0 ka=

1/q
dt)
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(f / 1K, (1)) dt)
Q' .

< cc| &,

1/q

Es(RY)

In the same way as in (4.4.4), we get that

Az (x)

ey Y ZZZ

Mo Td Ky =ro+1 ke, =ro+1kz;, ;=0

-1
d /q

G nnym, ... kg mpym | []n

Jj=1
(‘/’;lQl.kl("l) /nde.kd(nl)

t f,
(1( ﬂ-’r)dK)<l ,—d>
Besides (4.4.5), we know also the inequality

ni ng

q 1/q
dt> |

= MEEf(x) + CLf )l

d

i | G nD)T, . k(€5 ny)m)
H/-;j(§ ) y 7y
=1 (i rj(€ fnnm)

As above, we get that

Az (x)

ey Y ZZZ

Moo Td ke =ro+1 k7r =ro+1k

i1 = 7'(/

1 -1
d /p d /q

d
[T | (TTmem ) oo rw+1ren (TTn
j=1 j=1 j=1

; ; q /9
/ / (1(M)¢,K)<1,...,—d> dt
ny Q1x, (n1) ngQaky (1) ni na

(o]

cmErwrcro) YO Y Y Z

TonsTa ey =ro+ 1 ke =ro+1 ke =0

d
H,{j(gk/)wrl/p (/ / |1?,,(t)|q dt)
j=1 Q’I,kl Qé!.kd

T+l

/q
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Since rg — oo as n; — oo, we deduce that

lim A(x) = 0.

n—00

The proof of the theorem is complete. ]

Obviously, (4.4.3) implies

sup || I?n C.

on | E@d) =

d
KT

Since we basically work with the E; (R?) space, our results can be applied to all
examples of Sect.4.3.2, amongst others, to the Cesaro and Riesz summability.

Corollary4.4.14 If 0 <w < a <1, M*®Yf(x) is finite and x is a (1, K, w)-
Lebesgue point of f € L\(T?), then

lim o) f(x) = f(x).

I
n—o0, neRY

Moreover,
suppA(cl > p) < Cllflli  (f € Li(TY)

p>0

and, for every 1 < p < o0,
loz fll, < ol (f € Lp(T).

The same hold for the Riesz summation oy, if0 < w < min(o, 1), 0 < o < 00 and
v e P

Theorem 4.4.15 Suppose that w >0, 1<p<oo, l/p+1l/g=1 0eW
(C,¢)HRY) and b e E;J(Rd). If00) =1, /\/l;*’”'f(x) is finite and x is a (p, K, w)-
Lebesgue pointof f € L ,,(Td), then

lim y ol f(x) = fFx).

n—00, neRy

This theorem can be proved exactly as Theorem 4.4.13.

Corollary 4.4.16 Ifthe conditions of Theorem4.4.13 or Theorem4.4.15 are satisfied
and if f € L(T%) is continuous at a point x, then

lim ol f(x) = fx).

n—00, neRY,
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Corollary 4.4.17 Suppose that 0 =6, ® --- ® 0; € W(C, £,)(R?), 6(0) = 1 and
0; € VER) forall j=1,...,d. If 0 <w < 1, M f(x) is finite and x is a
(1, K, w)-Lebesgue point of f € Li(T%), then

lim  o/f(x) = f(x).

d
n—00, n€RY

Moreover,

d
sup pA@l > p) < CTT0 ] poe | 1510 (F € Li(TD)
= j=1

and, for every 1 < p < oo,

d
lotfl, < Co | TTIO o | 151 (F € Lp(TD).
j=1

We note again that all examples of Sect.2.6.3 satisfy the condition 6 € V12 (R).

4.5 {~-Summability

Now we consider Lebesgue points for the £-summability. We study the £,-Cesaro

means 1

0, f(x) = 3

/ fx—K>X%t)dt (neN)
Td

and the £,,-0-means 0°>% f. Recall that the Cesaro kernel K® was defined by

e 1 a k-
Ko@) = A0 Z AL e

"=l kezd, koo <n

In this section, we cannot use the concept of Herz spaces, we will use other ideas.

4.5.1 Hardy-Littlewood Maximal Functions

In this section, we are going to generalize the maximal operator ./\/l;j'1 f investigated
in Sect. 4.3. Under a diagonal, we understand a diagonal of the cube [0, 7]¢. Let
us denote by Py o, a parallelepiped, whose center is the origin and whose
sides are parallel to the axes and/or to the diagonals and whose kth side length is
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261} if the kth side is parallel to an axis and +/22% !/ if the kth side is parallel to a
diagonal (i € N/, h > 0,k = 1, ..., d). More exactly, at least one side of Py, s

is parallel to one of the axes and the other sides are parallel to the axes and/or to the
diagonals.

Definition 4.5.1 Forw > 0,1 <p <ooand f €L ,,(’]I‘d), the Hardy-Littlewood
maximal function M f is given by

M f(x)
1 1/p
= sup 2=l (— |f(x = )P dl) ,
Pyt iy €N4 RS0 | Py ian| Py ia

where the supremum is taken over all parallelepipeds P, o, (i € N, h > 0)

just defined.

.....

For p = 1, we use the notation M* f. Obviously,
M f < Mpf  forwy >w;>0and1 < p < oo.

It is easy to see that

. 1
w —wlill
M= s (e

2ip 61[1+2i2h \/\5‘1]([1[2-~l,1])+2it[h
0,

1/p
|f(x — t)l”dt> ;

—20th J 611, -22h a—1 (i —ty—-—tg_1)—2'd h

where 6; € {0,1} (i =1, ..., d). If we take the supremum only over all rectangles
with sides parallel to the axes, we get back the definition of the maximal operator
M;,"lf from Sect.4.3.1. Thus

MYf =M.

In the two-dimensional case, besides /\/l“;’ ! f defined in Sect.4.3.1, we introduce

L 1
Mw’zf(xly X3) :=  sup 2 —w(ii+iz) (—
: i1,i2€N,h>0 4 . irtia 2

20h pn+22h 1/p
/ | f(xy —tl,xz—t2)|”dt2dt1> ,
—2ith Jy—22h
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. 1
M3 f(x),x0) :=  sup 27@H) (—
r i1,i2eN, >0 4 .20+ p2

2ih p—t 4220 1/p
| f(x1 —t, x2 — t2)|1’dt2dt1> ,

i J =22
- 1
M4 F(x1,x2) == su ety
v il,izeNI,)h>0 4. 20+ p2
220 pt4271h 1/p
/ [ f(x1 —t, x2 — 0)|P dt dlz)
iy J—2ith
as well as
L. 1
Mw,S (x1, x2) := su 2‘“’“‘“2) T r——
v il,izeNI,)h>0 4. 20+ p2
22h  p—ty 4211 h 1/p
/ [ f(x1 —t1, x0 — )7 dty dfz) .
—22p J—r,—20h

Note that in M;"l f, we take the supremum over rectangles with sides parallel to

the axes and in M“,”,’ f (G =2,3,4,5), over parallelograms with at most one side
parallel to one of the axes and with the other sides parallel to the diagonals of the
square [0, 7). Then we have

5

MG f(xr,x0) =Y M f(x1,x2)

j=1

forallw > 0and 1 < p < oo. Similarly to M,l,’“’”f, we introduce also

1
2,u,v — _
My xo) =g <4u(h)l/(h)

wh)  pri+vh)

1/p
[ f(x1 — 11, x0 — )P dty dll) ,
—uhy Jtr—v(h)

1
M3y , Xp) 1= _—
p! O, x2) 2= sup <4u(h)1/(h)

wh)  p—ti+v(h) 1/p
/ If(x1 — 11, %2 — 0)|” dty dll) ,
—p(h) J—t1—v(h)
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NTRY e 1
My, xa) = sup (4u(h)l/(h)

v(h)  ptatuh) 1/p
/ | f(x1 — 11, x2 — 1)|P dny dlz)
—uh) Jis— iy

and

1
MS,/L,V =
p! S x2) 1= sup (zm(h)u(h)

v(h)  p—tat+p(h) 1/p
f f [ f(x1 —t, x2 — 0)|P dty dt2> i

v(h) J =ty —p(h)

Recall that (k) and v(h) are two continuous functions of # > 0, strictly increasing
to oo and 0 at &7 = 0. The next two theorems can be proved in the same way as in
Sect.4.3.1.

Theorem4.5.2 Ifj=1,...,5and 1 < p < oo, then

sugpA(M,f;’“’"f >pP <Cplifll, (f €Ly(T).
p>

Moreover, if p < r < oo, then

|mprr £l < Colfll, (f € LT,
where the constants C, and C, are independent of |1 and v.

Theorem 4.5.3 [fw > 0and1 < p < o0, then

sup PACM f > PP <CIfll,  (f € Lp(T).
p>

Moreover, if p < r < oo, then

IMef] < Collfl (f € LT,

4.5.2 Lebesgue Points for the {.-Summability

Here we introduce a stronger version of Lebesgue points than the (p, w)-Lebesgue
points. Similarly to Sect.4.3.2, let
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1 1/p
U::}pf(x) = sup o=wllilly P—
Pyt iy i €NC >0 | Poin,._.2ian]

2kh<rk=1,...d

(/

21 h,..2dh

1/p
[f(x —1) — f(X)Ipdt) ;

where the supremum is taken over all parallelepipeds whose center is the origin and

whose sides are parallel to the axes and/or to the diagonals as in the definition of
M f. Obviously,

) 1 1/p
UZ, f(x) = sup 2wl (—) X
d

) dn||i
ieNd h>0,2k h<rk=1,... (2my®21ih

ik S22k St (h—tr— e —lg_ 1)+ 20 1/p
X / / f [f(x —1) = f(x)|"dt ,
—2ith Jo,1 =202 Sur (f1—ty—eee—mty_)—2id B

d

where§; = 0,1 (i =1,...,d — 1). Taking the supremum in the definition of U;fpf
over all parallelepipeds whose sides are parallel to the axes, we obtain the definition
of U, ! ., | (see Definition 4.3.12). In case p = 1, we omit again the notation p and

write s1mply U¥ f. In the two-dimensional case, similarly to M, o/ f, we can define
U/, f for j =2,3,4,5 as follows:

1

w,2 o —w(i1+iz)
Upp fxisx2) 1= sup 2 (4.2i1+i2h2

i1,i2€N,h>0,2k h<r,k=1,2

20h pn422h 1/p
/ _ / | f (a1 —ll,)C2—l2)-f()€1,)€2)|pdl2dl1) ;
n

—2'1h —22p

L 1
Uy (x1, x0) o= sup Z_w(llw)(ﬁ
i1,i2€N,h>0,2k h<rk=1,2 4-20%0h

20h p—tj4+22h 1/p
/ / | f(x1 —tl,xz—fz)—f(xl,xz)|pdt2dfl> ,

2i1h —2i2p

o 1
w,4 e —w(iy+is
Ur,p f(xls XZ) = SUP 2 (UREEY <m
i1,1eN,h>0,2"c h<r,k=1,2 :

22h pnp420h 1/p
/ , / If(xl—tl,x2—tz)—f(xl,xz)lpdtldt2>
5]

—2i2h Jt,—=2i1h
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and

L 1
Ui o= s o
i1,i2€N,h>0,2%k h<r,k=1,2 :

Wl a4 2iTh 1/p
[ f(x1 =t x0 — 1) — f(x1,x2)|7 dty dtz) .
=202 J —t,-201h

Definition 4.5.4 Forl < p < coandw > 0,apointx € T iscalleda strong (p, w)-
Lebesgue point of f € L,(T) if

lim U, f (x) = 0.

Recall that x € T¢ a (p, w)-Lebesgue point of f L,,(']Td) if
: w,1 _
}gl}) Uy, f(x) =0.
Since

Uro,dl’ilforLf)pf 1<p<o0,0<r<o0)),

Definition 4.5.4 is indeed stronger than the definition of (p, w)-Lebesgue points.
Note that every strong (p, w»)-Lebesgue point is a strong (p, w;)-Lebesgue point
(0 < wy < wy < 00), because of

U f U5 O<w <w <00, 1 <p<o0).

Moreover, if p < r, then every strong (7, w)-Lebesgue point is a strong (p, w)-
Lebesgue point. If f is continuous at x, then x is a strong (p, w)-Lebesgue point of
fforalll < p < oo and w > 0. The proof of the next result is the same as that of
Theorem 4.3.13.

Theorem 4.5.5 For 1 < p < oo and w > 0, almost every point x € T¢ is a strong
(p, w)-Lebesgue point of f € L,,(']Td).

To be able to prove the main theorem of this section, we need the next lemma.

Lemma 4.5.6 Suppose that0 < a <1, x € T?> and ™ > x; > x5 > 0. Then
|K2% (x1, x0)| < Cn? (45.1)
and
| K2 (xp, x2)| < Cx 'y ! (4.5.2)

Moreover, if x; — x5 > 1/n, then
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|K> ey, x)| < Cn~ %' xy (g — x0) ™ (4.5.3)
and
|K2(xy, x2)| < Cn' =y (g — x0) ™" (4.5.4)

These inequalities come easily from Lemma 2.2.19.

Theorem 4.5.7 If0 < a < 00, 0 < w < min(a, 1)/d, M* f(x) is finite and x is a
strong (1, w)-Lebesgue point of f € Li(T?), then

lim 2 f () = ().

Proof By Lemma 2.2.8, we have to prove the theorem for 0 < o < 1. Let0 < w <
a/2.Since (x1, x;) is a strong (1, w)-Lebesgue point of f, we can fix anumberr < 1
such that

UY f(x1,x) < e

Let us denote the square [0, r/2] x [0, r/2] by S,,» and let 2/n < r/2.
Since

/2 K> (x1, x2) dx = (2m)%,
T

we have
oo f(x1, x2) = f(x1, x%2)]

1
o [1re=tim =) = fnl K3 @] dr @539
']I‘Z

-

It is enough to integrate over the set

{(t1, ) :0 <t <t; <m}.

We decompose this set into the union of the same sets A; (i = 1,...,5) as in the
proof of Theorem 2.3.1 (see Fig.4.1), where

A i={(x1,x):0<x1 <2/n,0<xy <x; <},

Ay = {(x1,x3) :2/n <x; <7, 0<x, <1/n},

Az ={(x1,x) :2/n <x; <7, 1/n <x, <x1/2},

Ay = {(x1,x2) :2/n < x1 <7, x1/2 < x, <x1— 1/n},

As = {(x1,x2) :2/n <x; <7, x1—1/n <xp <x1}.

We will integrate the right-hand side of (4.5.5) over the sets
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Io A
T
As
Ay
S‘r‘/?
Az
A
1 A,
0 2/ /2 T x
Fig. 4.1 The sets A;
5 5

UJ@ins, and | Jinsg,),

i=1 i=1

where §¢ denotes the complement of the set S. Of course, A; C S, 2. By (4.5.1),

|f( =t x2 — 1) — [, x)] |[K2% (1, )| dt
Ay

2/n 2/n
<cn? / f (61— t1ax2 — 1) — £ Gy x)| diy di
0 0

< CU*' f(x1,x2) < Ce.

Let us denote by ry the largest number i, for which r/2 < 21 /n < r. By (4.5.4),

/ |fG =t x2 — 1) — fQxr, x| |[K2 (1, )| dt
Azﬂsr/z

ro 2i —1 2i 1—(1
<C l—a [ 2 - _ -
=) G
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20+ /n 1/n
/ / | f(x1 —t1, x20 —12) — f(x1,x2)| dtadty
/n 0

il . . n?
< sz(wfa)zzfm (E)

i=1
2+

1/n
/ / [ f(x1 —t1, %0 — ) — f(x1,x2)| dirdty
'/n 0
ro

< CY 29U f(xy, x)) < Ce.

i=1
Since t; —t, > t;/2 and t; — t, > t, on Az, we obtain by (4.5.3) that
|KnOO,(l(t1’ t2)| < Cnfutlflftl/zt;l*a/Z.

Hence

/ |f(xr —t1, x2 — 1) — f(xp, x2)| | KO (11, 1)| dt
A3NS, 2

ro i—1 i\ —1—a/2 i\ —1-a/2
2! 2/
= " ( ) ( >
Z Z n n

i=1 j=0

204l /p 20t p
/ [ f(x1 =1, x2 — ) — f(x1,x2)| dty dty
2

i/n J/n
ro i—1 I’lz
(w—a/2)(i+j)y—w(i+j) [
<CcY Y2 2 <2i+j)
i=1 j=0

2 /w20t g
f [ f(x1 —t1, %2 — B) — f(x1,x2)| dty dty
2i/n 27 /n

ro i—1
<CY Y 2PNyl f(x), xy) < Ce.
i=1 j=0
Since t, > t;/2 on Ay, (4.5.3) implies
|kt )| < Cn~t 72 (1 — )™, (4.5.6)

and so
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/ |f(xr —t1,x0 — 1) — flxr, )| |[KO (1, 1) dt
AN,

£S5 ()6

i=1 j=0

24l /n pty—=2//n
/ / | f(x1 —t1, %2 — o) — f(x1,x2)| dtadty
; ;

—2i+l/n
ro i—1 I’l2
(W=Din(w+l-a)jy—wi+j) [ =
<Cy Yoy (1)
i=1 j=0

2 I pt—20 /n
/ | f(x1 — 11, x2 — 1) — f(x1, x2)| dtadty
n—

i/n 21+1/n
ro i—1

<€) N oW higlHlmmiy e £(xy 1)
i=1 j=0

ro
< CY 2% UL2f(xy, xp) < Ce.

i=1
We get from (4.5.2) that
|K>(n, n)| < €12

on the set As. This implies

/ |f G = 11,32 = 1) = f(xr, )| |2 (1, )] dt
AsNS,/
21 21+1/n f
<C2< ) / / | f(x1 —t1,x0 — ) — f(x1,x2)| dtr dty
! t—1/n
< C 2(~U 1)12—ul I’l_
Z >

21+l/n
/ | fGx1 — 11, x2 — 1) — f(x1, x2)| dta dty
'/n t—1/n

<C 22(”_1)iU,’”"2f(x1, 1) < Ce.

i=I

On the other hand, we get that
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/ |f1 =11, — 1) — fQx1, )] |[K2% (1, 12)| dt
A0S,

o0 oo
<CY 29T M f (ki x) + C Y 27 f(x, x))

i=ry i=ry

< C2Wm 0 M@ F (xy, x2) + €277 £ (x1, x2)|
< C(nr)* "M f(x1,x2) + C(nr) ™| f(x1, x2)| = O

as n — oo. Similarly,

/ |f(x1 —t1, X2 — 1) — flxr, )| |[K2 (1, 1) dt
AgﬁS,”/z

oo i—1 oo i—1
SCY Y 2@ PED M f(xy, x0) + C Y Y 27 IR f(xy, x))
i=r0 j=0 i=r0 j:O

< 2@ ML (xy, x2) 4+ C2702| f (x1, x2)| — O

and

/ |f(xr =t x0 — 1) — f(xr, x| |[KO% (1, )] dt
A4NSE,

oo i—1 oo i—1
<CY Y 2D MR f(xy x0) +C )Y 2720V f(xy, 1)
i=ry j=0 i=ro j=0

< C2@m M0 M2 f(xy, xp) + C27| f(x1, x2)| — O,

asn — o0. In the last line, we have used that 0 < o« < 1. The same holds for v = 1.
Finally,

/ |f(xr =t x2 — 1) — fxn, x2)| |[KO% (1, )| dt
AsnSf/z

< CY 29TVIME2 f(xy,x0) + C Y27 f i, )

i=ry i=rgy

< C27DO M= f(xy, x2) + C270| f (x1, x2)| — O,

as n — oo. Note that A; N §7, = 0. n

Note that Belinsky [20] proved that the convergence does not hold for all p-
Lebesgue points defined in Definition 4.1.19. Since by Theorems 4.5.5 and 4.5.3
almost every point is a strong (1, w)-Lebesgue point and the maximal operator M* f
is almost everywhere finite for f € L;(T¢), Theorem 4.5.7 implies the almost every-
where convergence
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lim o,°%f = f a.e.
n—0o0

if f € L1(T%) (see Corollary 2.5.9).
In the next theorem, we use only the maximal operator Mg*' f and the (p, w)-
Lebesgue points as in Sect.4.3.

Theorem 4.5.8 Suppose that 0 < a <00, | <p<oo, I/p+1/g=1and 0 <
w < min(a/d, 1/(2q)). If./\/(“;’lf(x) is finite and x is a (p, w)-Lebesgue point of
f e L,,(Td), then

hm o> f(x) = f(x).

n—

Proof Suppose that 0 < o < 1. Since (xy, x») is a (p, w)-Lebesgue point of f, we
fix again a number 0 < r < 1 such that

U““f(xl,xz) <e.

We can prove in the same way as in Theorem 4.5.7 that
/ |f(xr =t x0 — 1) — f(xr, x| |[K2 (1, 1)| dt — 0,
A;

fori =1, 2,3,asn — oo. So we have to consider the sets A4 and As, only. Itis easy
to see that

/ |f(x1 — 11,50 — 1) — f(x1, x| |[K2% (1, )| dt
AdNS,

2’+]/n 2/’+1/n
<
Z /’/n «éf/n

i=1 j=i—1
[ f(x1 —t1, x2 — ) — f(x1,x2)] ‘K,fo’a(fl, tz)| L4, (t1, ) dtr dty.

Holder’s inequality and (4.5.6) imply

/ |f (1 — 11,52 — 1) — [, x| |[KO% (1, 1)| dt
ANS, 2

2y w20ty 1/p
(/ / |f G =t 00 — 1) — fxg, x2)|” dtzdll)
i= lj i—1 ! 2/n

2 n ati—1/n , 1/q
/ / n= M — 1) 4, (1, ) di dt .
i 21—[/,,

Ifg < 1/, then
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24 at—1/n ,
/ n=t Nt — 1) "4, (1, ) dty diy
2

2i/n i~1/n
i\ —ag+1 2i+1/n
/ 17 dn
2

< Cna (2_>
n i/n
2[ —ag+1 2[ 1-2¢q
e (2 )
n n
2g—-2

and so

/ |f (1 =t %2 — 1) — flxr, x| |[Ko(, )| dt
A4QS,/2

ro i
<C, Z Z 2 W=a/2)(i+))

i=1 j=i—1

. n2 2l 2ty 1/p
2 s / |f@ =113 = ) = fO1, 0)I” dndny
2 25 J2in

ro 14

<Cp Y Y 2PNy f(xy xy) < Cpe.

i=1 j=i—1

An analogous inequality can also be proved for ¢ > 1/c. Indeed, choose a small
number 0 < 3 < 1 such that w < (1 — 3)/2q. Since t| — 1, < t;/2 on As and 1 —
aq — B < 0, we conclude

24 n pty—1/n )
/ = (1 — 1), (11, 1) dby diy
i/n i—l/n

2% n pty—1/n 2048

— - —ag—3

=< C/ O n aqtl a4 /(l‘l — 1) 9= 1A4(l‘1,t2)dl‘2dl‘1
i/n i=1/n

1\ ~@d—F+L p2n ,
< Cn~4 (—) / 1727 any
n 2i /n

< (LY
c(2

and

f |f(xr —t1, x2 — 1) — f(xp, x2)| | KO (11, 1) dt
A4ﬂS,-/z
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ro i
< Cp Z Z 2(w‘7(17@9)/2q)(i+j)27w(i+j)
i=1 j=i—1
2 2t/ a2ty 1/p
2‘_+J/ / |f(x1 — 11, %0 — B) — f(x1, x2)|” dty dty
i/n 27 /n
ro i

<C, Z Z 2(w—(l—ﬂ)/2q)(i+./’)Ur¢tf;Ulf(xl’xZ) < Cye.

i=1 j=i—1
For the set As, we obtain

/ |f(x1 =11, %2 — 1) — fx1, )] |[KO% (1, 1)| dt
AsNS, 2

o i 2y w2ty 1/p
SZ Z (/ /; [f(x1 =t x0 — 1) — f(x1,x2)]” dfzdll)

i=1 j=i—1 \Y2/n I/n

2 /ey 1/q
/ t, dndt .
2i/n n—1/n

We can compute that
2i+l/n

h 2i\ 2! 2q-2 .
/ 17 dtydt, < Cn™! (—) =C (i) 27,
im  Ju—1/n n 2

Then

/ |f(xr —t1,x0 — 1) — flxp, x)| |[K2% (1, 1) dt
Asmsr/z

ro i
<3 3 o206 gt

i=1 j=i—1

2 2ty a2ty 1/p
i+ / / |f(x1 =11, %0 — ) — f(x1, x2)|” dtrdty
i/n 2/ /n
ro i

<C, Z Z Z(M_I/(zq))(i+j)U:j1’,lf(X1,X2) < Ce.

i=1 j=i—1

Similarly, we can see that
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/ |f (1 — 11,0 — 1) — f(x1, x| |[K2 (1, )| dt
AdNSE,

00 i
<C, Z Z 2(w*a/2)(i+j)Mo;,1f(xl’ x2)

i=rg j=i—1
00 i
+Cp Yy Y 2R f ()
i=rq j=i—1

< CR2% M f(x1, x2) + Cp27 7| f (31, x2)|
< Cr)* M f(x1, x2) + Cr) ™| f (x1, x2)| = 0

asn > ooandg < 1/a.If g > 1/a, then

/ |fG =t x0— 1) — f(x1, x| |[K2 (1, )| dt
A4ﬂS;/2

oo i
< Cp Z Z 2(w—(1—ﬂ)/2tl)(i+j)MopJ,lf(xl’ x2)

i=rg j=i—1
0o i
—(1=p)(i+))/2
+Cp Yy D IR f ()]
i=ry j=i—1

< Cp2R27 DI M f (31, 0x0) + €277 f (31, 000) = 0

as n — oo. Finally,

/ |f(x1 — 11, x2 — 1) — f(xp, x2)| | KO (1, 1)| dt
AsNS¢

/2

[e'9) i
< Cp Z Z 2(w_1/2q)(i+j)M;'lf(X1, x2)

i=rg j=i—1

0 i
+CpY o Y 2T £y, )

i=rg j=i—1

< 2%V M f(xy, x2) 4+ Cp27 | f (1, x2)] = O

as n — 00. The proof of the theorem is complete. |

Note that these results were proved in Weisz [345, 349]. Now we turn to the
£ -0-means introduced by

Klloo\ =~
ol )=y 0 (—” | ) Foe

kezd
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in Sect.2.6.1. We suppose again that 6 : R — R satisfies (2.6.2) and (2.6.3).

Theorem 4.5.9 Suppose that 0 satisfies (2.6.2) and (2.6.3). If 0<w<1/d, M f(x)
is finite and x is a strong (1, w)-Lebesgue point of f € L{(T¢), then

lim o7 f () = f(x).

Proof In Theorem 2.6.7, we have proved that

Ko (x) = ;k Ay0 (;> KX (x),

where K° denotes the Fejér kernel. We have verified in (2.6.4) that
- k
sup Z k |A0 -
nz1l k=0

<C < o0.

Hence

o f @) = ) = /T (fa—n—-r@)kr@ar

=Y kA0 (S) /;rd (f(x - f(x))K,’jO(t)dt.
k=0

The proof can be finished using Theorem 4.5.7. ]

This implies also the almost everywhere convergence of 7 f stated in Corollary
2.6.9. From Theorem 4.5.8, we obtain in the same way

Theorem 4.5.10 Suppose that 0 satisfies (2.6.2) and (2.6.3), 1 < p < o0, 1/p +
1/g =1and 0 < w < min(1/d, 1/(2q)). If/\/l;’lf(x) is finite and x is a (p, w)-
Lebesgue pointof f € L p(Td), then

lim o7 f (x) = f(x).

4.6 £1-Summability

Finally, we investigate Lebesgue points for the ¢;-Cesaro means

1

l,a _
o, f(x) = o

/ fx—nK @)ydt  (neN)
'H‘d
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as well as the £;-0-means o,ll’” f. The definition of the Cesaro kernel K,}“, ie.,

1
Lagry k-
Ky =3 > A

=1 kezd, Ikl <n

can be found in Sect. 2.2. In this section, we use the same Hardy-Littlewood maximal

functions M f and /\/l“,j*1 f and the same (strong) (p, w)-Lebesgue points as in

Sect.4.5. In what follows, we have to suppose that f is periodic with respect to 7.
Instead of Lemma 2.2.14, we will use the next estimations.

Lemma 4.6.1 Supposethat0) <o <1,0< G <1landm > x; > x, > 0. Then

|K oy (x1,x0)| < Cn?, (4.6.1)

Ky (e, 2| < €= x0) 7 1+ 02) ey

+ Cx — x2) 1 = x2) M yanya)- (4.6.2)
If1/n < x, < 7/2, then
|K1(x, x0)| < Cn~ e — x0) ™ Py 0! (4.6.3)
and
|Ky*(xr, x)| < Cn'~ox507 " (4.6.4)
Ift/2 < xp <7 —1/n, then
|Kp 2 (x1, x2)| < Cn~(x) — x0) 7 P (m — xp) ! (4.6.5)
and
|Ky 2 (1, x0)| < Cn' = (m —xp) 771 (4.6.6)

Proof Inequalities (4.6.1) and (4.6.2) follow from Lemma 2.2.5 and (2.2.7), because
21 — x| — X > ™ — X, while (4.6.3) and (4.6.4) follow from (2.2.15) and (2.2.17).
Finally, (4.6.5) and (4.6.6) can be proved as (2.2.16) and (2.2.18). |

The main theorem of this section reads as follows.

Theorem 4.6.2 Suppose that 0 < a < o0, 0 < w < min(e, 1)/d and M“ f(x) is
finite. If f € L(T?) is periodic with respect to 7 and x is a strong (1, w)-Lebesgue
point of f, then

lim 0, f(x) = f(x).
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Proof Again, it is enough to prove the theorem for 0 < o < 1. Let 0 < w < a/2
and fix a number » < 1 such that

U f(x1,x) <e
Let
) ror ror ;o r r r r
Syp2 = [_E’ z] X [_E 5] L = [7r— 7T E] X [7r— 2 5]
and 2/n < r/2. We have

|O‘,1’af(x1, x2) — f(xy, x2)|

1
) / |fG =t x2— 1) — f(x,x)] |[Ky (L )| dr.
T2

=<

We will integrate on the set
{(t1, ) :0 <t <t; <},

more exactly on

5 5 10 10
Uwinsn.,  Jainsgy., Jwains,,  [J@ins,)o.
i=1 i=6 i=6

i=1
where the sets A; (i =1, ..., 10) are defined by (see Fig. 4.2)

A i ={(x1,x2):0<x1 <2/n,0 <xp <x1 <T,xy <m/2},

Ay i ={(x1,x2) :2/n <x1 <7, 0 <x, <1/n,xy <m/2},

Az = {(x1,x2) :2/n <x1 <7, 1/n <x2 <x1/2,x <m/2},

Ag = {(x1,x2) :2/n <x1 <, x1/2 <xp <x1—1/n,x, <7/2},
As = {(x1,x2) :2/n <x; <m,x1 — 1/n < x3 < x1,x <7/)2}

Ag i ={(x1,x2) ixy>7/2,m=2/n <xy <7, 0<x <x1 <7},
A7 ={(x1,x) 72 <xpo <mwm—2/n,m—1/n < x; <},

Ag :={(x1,x) :m/2 <xp <7 —2/n,(m+x)/2 <x; <7—1/n},
Ag i ={(x1,x2) :7/2 <xpo <7 —2/n,xo+ 1/n < x; < (m+ x2)/2},

A :={(x1,x) :7m/2 <xo <7 —2/n,x0 <x1 <x,+ 1/n}.

—_

Since A1 C S,/ and Ag C S;/z, we deduce by (4.6.1) that
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T2 )
w
2
g =
n
r/2
mw
2
Ay
A,
Sips As
1
n | /A A,
2 T m =
0 e = — m I
S 2 2

Fig. 4.2 The sets A;

|f (1 — 11, x2 — 1) — f(x1, x2)| | K (11, 1) | dit
Ay

2/n 2/n
ECHZ/ f [ f(x1 =11, x2 — ) — f(x1,x2)| dir dty
o Jo

< CUY' f(x1,x2) < Ce

and

|f G =t x0 — 1) — f(xr, x| | Ky, )| di
Ag

Sanf f [ f(x1 —t1, %2 — o) — f(x1,x2)| dtadty
m—2/n Jn-=2/n

0 40
SCHZ/ / | fGx1 —uy — 7, x0 —us — ) — f(x1,x2)| dusduy
—2/nJ=2/n

< CU*' f(x1,x2) < Ce.

Let us denote by ry the largest number i, for which r/2 < 2! /n < r. By (4.6.2),
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/ |f G =t x — 1) — f(xr, x| |[Ky (1, 1) dt
ANS,2
-1 L1
2[
<C —_ - = —
>0 ()
2+ pl/n
/ / G — 11,30 — 1) — ey, x)] dirdiy
(w=D)i :
< C ZUJ_ 12_(.()1 I
> (5)
2I+'/n 1/n
/ / [ f(x1 —t1, %2 — ) — f(x1,x2)| dtadty
20 0

<cC Z 2@V« £(x1, x) < Ce.
i=1

Similarly,

/ |f 1 — 1,50 — 1) — f(xp, x| [Ky (11, 1) di
ANS

£ C6)

721 /n T
/ / [f(x1 —t1, x0 — 1) — f(x1,x2)| dt1 dtr
T— m—1/n

2‘*'//1
2
< sz(w 1)12 wi (E)

2’/n 0
/ / |f(x1 —t1 —m, %2 —tr — ) — f(x1,x2)| dty dty
—1/n

2’“/11

<cC Zzw—‘)fu;*‘f(xl, x;) < Ce.

i=1
On the other hand, we get that

/ |f( =t x0 — 1) — f, )] Ky (h, )| dt
ANS¢

+/ |f(x1 —ti,x0 — 1) — f(xn, x| |[Ky (1, )| dt
AN

<CY 2CTME (e, )+ C Y27 (1)

i=ro i=rgp
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< C2W7DO M@ f(xy, x2) + C277°) f(x1, X2)|
< Cr)*7' M f(xy, x0) + Car) 7' f (x4, x2)| — O

asn — oo.
Since t; —t, > t;/2 and t; — 1, > 1, on Az, we obtain by (4.6.3) that

iK;,a(tl, t2)| < Cn—a(tl _ tz)—l—(l’/Z(tl _ l‘z)_°6+a/2l§7a71

—a,—1—-a/2 ,—1—a/2
< Cn atl af [2 a/

’

whenever 3 > «/2. Hence

/ |f(x1 —t1, x2 — 1) — f(xp, x2)| |[K (1, )] dt
A3NS, 2

ro i—1 . 21' —1—a/2 2]' —1—a/2
cexye (i) (5)

i=1 j=0

2i+]/n 2/+l/n
/ | f(x1 —t1, %2 — 1) — f(x1, x2)| dtadty
2,

2i/n J/n
ro i—1 n2
W=/ (i+)) A —w(i+)
2i+l/n 2.f+l/n
/ [f(x1 — 11, %2 — 1) — f(x1, x2)| dip dity
2i/n 27 /n
ro i—1
<CY Ny 2@ PEEIYL f(xy, x) < Ce.
i=1 j=0

On Ag, 1) —t, > (m — 1)/2 > (7w — t;)/2 and so (4.6.5) implies

|Kr(t, b)) < Cn(ty — 1) 2 (1) — )P ( — 1) P!

< Cn™m =) TP =)~

if # > a/2. From this it follows

/ |f (1 — 1, %0 — 1) — f(xp, x| [Ky (11, 1) dt
AgﬁS;/z

ro i—1 . 2i —1—a/2 2]~ —1—a/2
<22 (5) (5)

i=1 j=0
72" /n 7—2//n
| f(x1 —t1, x2 — 1) — f(x1, x2)| dty dip

m=2i+1/n Jg—2it1/n
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ro i—1 2
W=/ i+ n—wi+j) [
ey ey ()

i=1 j=0

—2/n —2//n
/ / | fG1—t —m, X —th —m) — f(x1, x2)| dty dtp

2+ /n 20+
ro i—1

< CY N 2@ PENYL f(xy, x)) < Ce.

i=1 j=0

Similarly,

/ |f( =t x0— 1) — flx,x)] [Ky(h, 0| dt
A3NS¢

/2

+/ |f (1=t ;0 — 1) — f(xp, x| [Ky (11, 1) dt
ABQ(S;/z){

oo i—1 oo i—1
=C Z Z T ADED M f(xy, x0) + C Z Z 27D f (xy, x0)|
imry j=0 imry j=0

< C2UWm DM f(xy, xp) + C272| f(x1, x2)| — O

asn — oo.
Since t, > t;/2 on Ay, (4.6.3) with 3 = /2 implies

Kyt )| < Cn (0 — i)™ 70y

<Cn TP (4 — )12

and so

/ |f(x1 — 11,00 — 1) — [, x| |[Ky ()| di
A4S, 2

ro i—1 . 2[- —1—a/2 2j —1-a/2
<exye(z) (5)

i=1 j=0

24 pn=27/n
/ [ f(x1 — 11, x2 — ) — f(x1,x2)| dadty
h

i/n —2i+l/n
ro i—1 n2
(w—a/2)(i+j)n—w(i+])
<cy Y2 e ()
i=1 j=0

24 p—=27/n
/ (1= 132 — 1) — f G, x| diydiy
i/n 1 —2it/n
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ro i—1

<CY Y 2@ PEEDIYL f(xy, x7) < Ce.
i=1 j=0

Inequality (4.6.5) with 8 = «/2 yields
Ky ()| < Cn™0 (0 — )71 72 (m — 1) 7172

Thus

1
/ |f(xr =t %0 — 1) — flxr, x| |[Ky®(t, )| dt
AgﬂS;/z

ro i—1 . 2,' —1—a/2 2j —1-a/2
=22 ()

i=1 j=0

72 /n 1427+ n
/ [f(x1 —t1, %2 — 1) — f(x1,x2)| dty dty
15}

m=2it1/n Jt,+27 /n

ro i—1 o o n2
< €YY plmu iyt (21_ﬂ>

i=1 j=0

—2/n 42/ /n

/ [f(x1 =t =7, x2—ta — ) — f(x1,x2)| dt1 dtp

=21t /n S, 427 /n

ro i—1
<CY Y 2oL f(x), xy) < Ce.

i=1 j=0

Similarly,
/ |f(x1 —ti,x2 — 1) — f(xr, x)| |[Ky* (1, )| dt
A4ﬂSf/2

+/ |f (1=t 60 — 1) — fxp, x| |[Ky (1, )] di
A9N(S)p)°

oo i—1

<C Z Z 2 w=a/2)(i+)) (Mw,Zf(xl’ x3) + Mw'4f(xl, )Cz))
i=ry j=0

oo i—1

+CY Y 2R f(x, x)]

i=ry j=0

< C2(w—u/2)r0wa(xl’ XZ) 4 C2—(1r0/2|f(xl’ )C2)| -0

as n — OQ.
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Inequality (4.6.4) implies
1,a l—a,—a—1
|K,y“(t, n)| < Cn'™0,
on the set As and so
1,
| - m - el ko]
AsNSy 2
ro | 2i —a-l 2i+l/n I
scy i~ _ / |f(xp — 11, x0 —12) — f(xy,x2)| dydry
i1 n i/n n—1/n
S (w—a)i (1
W—Q)lHn—wi
<C ; 2 2 >

2i+l/n tl
/, / [f(x1 —t1,x2 — 1) — f(x1,x2)| diy dip
t/n n—1/n

1o
<Y 2@ DIy f(xy xp) < Ce.
i=l1

In the same way, by (4.6.6),

/ |f(x1 =t x50 — 1) — f(x,x)] [Ky (L )| dt

A]()QST//Z
ro | 21' —1l—a
<C al=o | Z
¥ (5)
i=1
7=2'/n tHh+1/n
/ / [f(er — f1, %0 — 1) — f(x1, x2)| diydt
T=2it1/n J1,
ro i—1 I’l2
(w—a)in—wi [ °
sey Yo (1)
i=1 j=0

—2/n Hh+1/n
/ / [fxi—t =7, x—th —m) — f(x1,x2)| dt1 dty
_ Y

2i+l/n
ro i—1

<CY DY 2Lt f(xy, x)) < Ce.

i=1 j=0

Finally,
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/ |f(1 =11, x0 — 1) — (1, x| |[Ky® (1, 12)| dt
AsNS),
+/ £ G = 10 — 1) — f x| |[KR (1, 1) d
Alom(si/z)(.
o0
< €Y 267 (M2 f (a1, x0) + MO f(x1, x2))
i=r0
o0
+CY 2 f (3
i=ry
< C2WTM f(x1, X2) + C27| f(x1, x2)] — 0
as n — 0o, which finishes the proof.

In this way, we obtain Corollary 2.5.9 for the ¢;-Cesaro means, i.e.,

lim o)“f = f ae.
n—oo

if f € L1(T%).For 1 < p < oo, we get again a better result.

265

Theorem 4.6.3 Suppose that 0 < « < 0o, 1/(min(a, 1) < p <oo, I/p+1/q =
L0<w< (1 +g¢gmin(a, 1) — q)/2q and./\/l'“[;'*lf(x) is finite. If f € L ,(T?) is peri-

odic with respect to  and x is a (p, w)-Lebesgue point of f, then

lim 0, f(x) = f(x).

Proof We prove the theorem again for 0 < o < 1. Note that 1 /o < p < oo implies

l<g<1/(1—-a)andso |+ ag — g > 0. Moreover,

l+aqg—q «
—_— < .
2q 2

Fix a number 0 < r < 1 such that
U:f};lf(xl,xz) <E€.

In Theorem 4.6.2, we have verified that

/ |f (1 =t x2 — 1) — f(x, )] |[Ky (4, )] dt — 0,
A;

fori =1,2,3,6,7,8,asn — oo and w < /2. So we need to consider the sets A4,

A5, A9 and AIO, only.
We apply (4.6.3) with 3 = 0 and that , > #;/2 on A4 to obtain
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Kyt )| < Cn(t — ) 1707

By Holder’s inequality,

/ |f(xr =t x2 — 1) — flxr, x| |[Ky (1, )] dt
ANS,2

o i 2+ /n 20+
i=1 j=i—1 2/n

|f(xr —t1,x0 — 1) — fxp, x| |[Ky @t 1)| 1a, (11, ) dia diy

2% p27* n 1/p
<Z Z (/, /; |f(x1—t1,x2—t2)—f(x1’x2)|17 dtzdh)

i=1 j=i— /n //n

2y an—1/n 1 1/a
/ / n= (= )" 1T, (0, ) didy |
i i— l/n

Since 1 — g < 0, we have

2+ an—1/n (140)
/ n=(t — 1) 1 L4,(t1, ) dtrdty
i/n 21‘—1/"

1 l—q p2it/p
< Cn~™ <;> /2‘./ tl—q(1+a) dty
'/n
1 1—q 9i I—g(1+a)
<Cn %[ - —

<C (i)zq—z p—ill+ag—q)
2i
and so

/ |f(r1— 11,0 — 1) — [, x| |[Ky® (1, 12)| dt
A4DS, 2

ro i
< C”Z Z 2 (w=(+ag=q)/2q)(i+))

i=1 j=i—1
21+l/n 2j+]/n l/p
27D | f(x) —t1, %0 — 1) — f(x1, x2)|P dtr dty
zw i o
/n
ro i
=CpY L ) TS f (v xa) < Ce.

i=1 j=i—1

Let us use (4.6.5) with 3 = 0 to get that
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/ |f 1=t x0 — 1) — f(xr, x| [Ky® (11, 1) di
mS’

m—2"/n T— 2//1‘[ 1/p
<Z Z (/ /77 | f(x) —t1, %0 — 1) — f(x1, x2)|? dtldt2>

i=1 j=i—1 2+t /n 2+t n
7=2"/n —2i=1/n 1/q
/ / n=(t — 1) U(r — ) 1V, ) dndn |
=2+t /n Jn+1/n
Therefore,

=21 /n 7=21"1/n
/ / Tt — 1) U — )1V 1y, (1, 1) dty db
=241 /n Jn+1/n

71' 2i/n
scwq( ) (r — 1)~ 1" dry
n

T— 21+1/n

1 1—q(1+a)
< (1) (7)
n
-2

2g—
< C( ) 2~ i(l4+aq—q)
21
and

/ |f (1 — 11, x2 — 1) — fx1, x2)| | K (11, 1) | dit
AgNS’

ro i
(w—=(+aq—q)/2¢)(i+])y—w(i+))
S IDIE z
i=1 j=i—1

7=2'/n =2/ /n 1/p
577 / / |f (1 — 11,00 — 1) = [, x)|” diydiy
2 J T— 2‘+l/l’l T— 2/+l/n

<C, Z Z 2(“]_(1+(¥q_q)/2q)(’+])U:f’plf(x1,xz) < Cpe.

i=1 j=i—1

Similarly, we can see that
/ |f (1 =t x — 1) — f(x1, x| |Ky® ()| di
AgNS¢

+/ |f (1 — 11, x2 — 1) — f(x1, x2)| | Ky (01, 1) | di
AQO(S,//Q)

00 i
<C, Z Z 2(w—(1+aq—q)/2q)(i+j)MuPJ,lf(xl’ x)

i=ry j=i—1
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o0 i
+ Cp Z Z 2*(1+aq*q)(i+j)/2q|f(xl , x2)|

i=ry j=i—1
< szro(wa(lJraqfq)/q)M;,lf(xl ,x0) + sz*ro(1+aqfq)/q|f(xl’x2)|
< Cnry> W=Dl M f(xy, x7) + Cnr) ™D f(xy, x0)| > 0

asn — oo.
On As, t, > t;/2 and so (4.6.4) implies

/ |f(x1 —ti,x2 — 1) — f(xn, )| |[Ky (1, )| dt
AsNSy 2

o i 2 a2ty 1/p
=y > (/ /2 If G =t — 1) — f(xp, x2)” dlzdh)
1

i=1 j=i— '/n J/n

2i+l/n fn 1/q
/ nd=0p 4O g arn |
2i/n t—1/n

It is easy to see that
20+ n ) 2,' 1—g(a+1)
/ nq(lfa)tl*q(cwr )dlz dll < nflnq(lfoz) (_)
Hh—1/n

i/n n

<C (£>2‘H 5-il+ag—g)
<C(3 :

Then

/ |f (1=t 60 — 1) — fxr, x| |[Ky (1, )] di
AsNS,

ro i
<3 3 22y

i=1 j=i—1

}’12 2i+l/n 20+ 1/p
2’_+J/ / |f =11, x2 — 1) — fx1, x2)|” diadty
'/n 2/ /n
ro i

<C, Z Z 2(w7(1+aq7q)/2q)(i+j)U:’J[,)lf(xl’ x2) < Ce.

i=1 j=i—1

Let us use (4.6.6):
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/ |f(x1 — 11,0 — 1) — f(x1, x| |[Ky ()| dt
Amms’

m—2"/n T— 2//1‘[ 1/p
<Z Z (/ /77 | f(x) —t1, %0 — 1) — f(x1, x2)|? dtldt2>

i=1 j=i—1 2+t /n 2+t n

7=2/n  ptat+l/n 1/q
/ / nq“ @) (m—1t)~ a(a+1) dt, dtp .
T— 21+1/n

Then

7=2"/n nh+1/n i I—g(a+1)
/ / pd-a (T — 1)~ q(a+1) dtydt, <n~ 1,a(1-a) ( )
T=2i+1/n n

< (LYo
=< 5
and

/ If(x1 — 11, %0 — 1) — fx1, x| |[Ky (. )| dt
ApNS’

o i
< Z Z 2 @=(1+ag—q)/2q)i+))y—w(i+))

i=1 j=i—1

7=2'/n =2/ /n 1/p
577 / / |f(xr =t x2 — 1) — f(x1, x2)|” diydny
20+ 720+ /n Jg—2i+1/n

<C, Z Z 2(w—(l+aq—(1)/2!1)(i+j)Uruj,p]f(xhx2) < Ce.

i=1 j=i—1
Finally,

/ |f(x =t x0 — 1) — [l x)] [Ky ()| dt
AsNS¢

/2

+/ |f(x1 =t 50 — 1) — flx, x| Ky, )| dt
Alon(s;/z)v

00 i
<C, Z Z z(w—(1+ﬂq—fl)/2KI)(i+j)M'u;,1f(xl’ x)

i=ry j=i—1

o0 1
+C, Z Z 2_(l+‘¥‘1_q)(i+'7)/2’1|f(x1, x2)|

i=rg j=i—1

< szm(zw—(waq—q)/q)/\/l‘;*1f(m, x2) + Cp2_r°(1+“"_(”/q|f(x1» x)| =0
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as n — 00. The proof of the theorem is complete. |

Let us point out this result for o > 1. Recall that for o = 1, we get the ¢-Fejér
means.

Theorem 4.6.4 Suppose that 1 <a <oo, l <p<oo, 1/p+1/g=10<w<
1/2q and M’“Ij’lf(x) is finite. If f € Lp(Td) is periodic with respect to ™ and x is a
(p, w)-Lebesgue point of f, then

lim 0, f(x) = f(x).

Recall that the £;-6-means were introduced by
1,0 . ”kHI >y 1kex
o' fx) =) 0 —) fke
keZd "

in Sect.2.6.1. The next two results can be proved as Theorems 4.5.9 and 4.5.10. For
more details see the papers [325, 326].

Theorem 4.6.5 Suppose that 0 satisfies (2.6.2) and (2.6.3), 0 <w < 1/d and
M f(x) is finite. If f € Li(T¢) is periodic with respect to T and x is a strong
(1, w)-Lebesgue point of f, then

lim o f(x) = f(x).
n—00
Theorem 4.6.6 Suppose that 0 satisfies (2.6.2) and (2.6.3), 1 < p <oo, 1/p +

l/g=1 0<w<1/2q and ./\/l“;"f(x) is finite. If f € LP(T‘J) is periodic with
respect to  and x is a (p, w)-Lebesgue point of f, then

lim 0,7 f(x) = f(x).
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