
Chapter 4
Lebesgue Points of Higher Dimensional
Functions

In Theorem 1.5.4, we have proved the well known theorem of Lebesgue [197], i.e.,
for one-dimensional Fejér and Cesàro means and for all f ∈ L1(T),

lim
n→∞ σα

n f (x) = f (x)

at each Lebesgue point of f . In this chapter, we generalize this result to higher dimen-
sions and to all summability methods considered in Chaps. 2 and 3. We investigate a
common generalization of the Cesàro, Riesz and θ-means and define

σn f (x) = 1

(2π)d

∫
Td

f (x − t)Kn(t) dt,

where n ∈ N or n ∈ N
d and f ∈ L1(T

d), Kn ∈ L1(T
d) ∩ L∞(Td). We will give

sufficient and/or necessary conditions for Kn such that σn f is convergent at each
Lebesgue point. We will study six versions of Lebesgue points, for different summa-
bility methods different Lebesgue points. We consider again the triangular, circular,
cubic, the restricted (taken on a cone or cone-like set) and unrestricted rectangular
summability as in the previous chapters. The proofs are very different for differ-
ent summability methods, therefore each case needs new ideas. For each type of
Lebesgue points, we introduce different and new type of Hardy-Littlewood maxi-
mal functions. We prove that these maximal operators are bounded from L p(T

d) to
L p(T

d)with 1 < p ≤ ∞ and we prove also a weak type inequality for p = 1. Using
this, we obtain that almost every point is a Lebesgue point of an integrable function.
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4.1 �2-Summability

In this section, we use the notation

σn f (x) = 1

(2π)d

∫
Td

f (x − t)Kn(t) dt (n ∈ N),

where f ∈ L1(T
d) and Kn ∈ L1(T

d) ∩ L∞(Td) for all n ∈ N. If Kn = K 2,α,γ
n , K 2,θ

n
or Kn is the one-dimensional Cesàro kernel K α

n , then we obtain the �2-Riesz and θ-
means σ

2,α,γ
n f , σ2,θ

n f or the one-dimensional Cesàro means σα
n f , respectively. The

higher dimensional �2-Riesz kernel K
2,α,γ
n and the one-dimensional Cesàro kernel

K α
n satisfy all conditions in this subsection.Under some conditions on θ, K 2,θ

n satisfies
all conditions, too.

4.1.1 Hardy-Littlewood Maximal Functions

We generalize the Hardy-Littlewood maximal function for higher dimensions. As
in the one-dimensional case, the Hardy-Littlewood maximal function is bounded
on L p(T

d) for 1 < p ≤ ∞ and it is of weak type (1, 1). We denote by Br (c, h)

(c ∈ T
d , h > 0) the r -ball

Br (c, h) := {x ∈ T
d : ‖x − c‖r < h} (1 ≤ r ≤ ∞)

with center c and radius h. For r = 2, we omit the index and write simply B = B2.
Similarly to the one-dimensional case, the Hardy-Littlewood maximal function can
be given by

Mr
p f (x) = sup

x∈Br

(
1

|Br |
∫
Br

| f |p dλ

)1/p
(x ∈ T

d),

where the supremum is taken over all r -balls Br containing x and 1 ≤ p, r ≤ ∞. In
the special case when r = ∞, we have to take the supremum over all cubes I with
sides parallel to the axes. Note that in the one-dimensional case this definition was
given for p = 1, only. In this section, we will rather use the next equivalent centered
version.

Definition 4.1.1 For 1 ≤ p < ∞ and f ∈ L p(T
d), the Hardy-Littlewood maximal

function is defined by

Mp f (x) := sup
h>0

(
1

(2h)d

∫ h

−h
· · ·
∫ h

−h
| f (x − t)|p dt

)1/p
.
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If we take the supremum over all 0 < h < π, then we get an equivalent definition.
It is easy to see that

C1Mp f ≤ Mr
p f ≤ C2Mp f

for all 1 ≤ p < ∞ and 1 ≤ r ≤ ∞ . If p = 1, then we omit the notation p and
write simply M f . The next theorem can be proved exactly as Theorem 1.3.3 in the
one-dimensional case.

Theorem 4.1.2 If 1 ≤ p < ∞, then themaximal operator Mp is ofweak type (p, p),
i.e.,

sup
ρ>0

ρλ(Mp f > ρ)1/p ≤ Cp‖ f ‖p ( f ∈ L p(T
d)).

Moreover, if p < r ≤ ∞, then

∥∥Mp f
∥∥
r ≤ Cr ‖ f ‖r ( f ∈ Lr (T

d)).

Using the density theorem of Marcinkiewicz and Zygmund (see Theorem 1.3.6),
we can formulateLebesgue’s differentiation theorem similarly to Corollary 1.3.8.

Corollary 4.1.3 If f ∈ L1(T
d), then

lim
h→0

1

(2h)d

∫ h

−h
· · ·
∫ h

−h
f (x − t) dt = f (x)

for almost every x ∈ T
d .

This implies that the inequality

‖ f ‖p ≤ ‖M f ‖p (1 < p ≤ ∞)

is trivial. Now we introduce the restricted Hardy-Littlewood maximal function by

M∞
�,p f (x) :=

⎛
⎜⎝ sup

x∈I,τ−1≤|Ii |/|I j |≤τ
i, j=1,...,d

1

|I |
∫
I
| f |p dλ

⎞
⎟⎠

1/p

(x ∈ T
d)

for some fixed τ ≥ 1, where the supremum is taken over all appropriate rectangles

I = I1 × · · · × Id

with sides parallel to the axes. The centered version is given in

Definition 4.1.4 For a fixed τ ≥ 1 and f ∈ L p(T
d), the restrictedHardy-Littlewood

maximal function is defined by
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M�,p f (x) := sup
h∈Rd

τ

(
1

2d
∏d

k=1 hk

∫ h1

−h1

· · ·
∫ hd

−hd

| f (x − t)|p dt
)1/p

.

Recall that

R
d
τ := {x ∈ R

d
+ : τ−1 ≤ xi/x j ≤ τ , i, j = 1, . . . , d}

was defined in (3.3.1). Taking the supremum over all h ∈ R
d+, we get a different

maximal function, the so called strong Hardy-Littlewood maximal function. We will
study this maximal operator in Sect. 4.2.1. Again, it is easy to see that

C1M�,p f ≤ M∞
�,p f ≤ C2M�,p f

and
C1M�,p f ≤ Mp f ≤ C2M�,p f (4.1.1)

for all 1 ≤ p ≤ ∞. From this follows

Corollary 4.1.5 If τ ≥ 1 is arbitrary and 1 ≤ p < ∞, then

sup
ρ>0

ρλ(M�,p f > ρ)1/p ≤ C‖ f ‖p ( f ∈ L p(T
d)).

Moreover, if p < r ≤ ∞, then

∥∥M�,p f
∥∥
r ≤ Cr ‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.1.6 If τ ≥ 1 is arbitrary and f ∈ L1(T
d), then

lim
h→0,h∈Rd

τ

1

2d
∏d

k=1 hk

∫ h1

−h1

· · ·
∫ hd

−hd

f (x − t) dt = f (x)

for almost every x ∈ T.

4.1.2 Lebesgue Points for the �2-Summability

First of all, we generalize the Herz spaces for higher dimensions.

Definition 4.1.7 For 1 ≤ q, r ≤ ∞, the Herz space Er
q(R

d) contains all functions
f for which

‖ f ‖Er
q
:=

∞∑
k=−∞

2kd(1−1/q)
∥∥ f 1Pr

k

∥∥
q

< ∞,



4.1 �2-Summability 183

where

Pr
k := {x ∈ R

d : 2k−1π ≤ ‖x‖r < 2kπ} = Br (0, 2
kπ) \ Br (0, 2

k−1π).

If we modify the definition of Pr
k ,

Pr
k := {x ∈ R

d : 2k−1π ≤ ‖x‖r < 2kπ} ∩ T
d ,

then we get the definition of the space Er
q(T

d).

These spaces are special cases of the Herz spaces [166] (see also Garcia-Cuerva
and Herrero [113]). We immediately obtain the next proposition.

Proposition 4.1.8 For a fixed 1 ≤ q ≤ ∞, the spaces Er
q(X

d) are equivalent for all
1 ≤ r ≤ ∞, where X = R or X = T.

For simplicity, we will use usually the sets P∞
k and the space E∞

q (Xd) (X = R or
X = T). These sets and spaces will be denoted by Pk and Eq(X

d). This means that
we have to take the sum in the Eq(T

d)-norm only for k ≤ 0, i.e.,

‖ f ‖Eq (Td ) =
0∑

k=−∞
2kd(1−1/q)

∥∥ f 1Pk∥∥q < ∞.

It is easy to see that

L1(X
d) = E1(X

d) ←↩ Eq(X
d) ←↩ Eq ′(Xd) ←↩ E∞(Xd)

for all 1 < q < q ′ < ∞, where X denotes either R or T. Moreover,

Eq(T
d) ←↩ Lq(T

d) (1 ≤ q ≤ ∞). (4.1.2)

Indeed,

‖ f ‖Eq (Td ) =
0∑

k=−∞
2kd(1−1/q)

∥∥ f 1Pk∥∥q ≤
0∑

k=−∞
2kd(1−1/q) ‖ f ‖q ≤ ‖ f ‖q .

It is known in the one-dimensional case (see, e.g., Torchinsky [310]) that if there
exists an even function η such that η is non-increasing on R+, |θ̂| ≤ η, η ∈ L1(R),
then σθ∗ is of weak type (1, 1). Under similar conditions, we will generalize this result
to the multi-dimensional setting.

Theorem 4.1.9 For a measurable function f , let the non-increasing majorant be
defined by

η(x) := sup
‖t‖r≥‖x‖r

| f (t)|
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for some 1 ≤ r ≤ ∞. Then f ∈ E∞(Xd) if and only if η ∈ L1(X
d) and

C−1‖η‖1 ≤ ‖ f ‖E∞(Xd ) ≤ C‖η‖1,

where X = R or X = T.

Proof We prove the theorem for X = R. If η ∈ L1(R
d), then

‖ f ‖E∞ ≤ ‖η‖E∞ =
∞∑

k=−∞
2kd
∥∥η1Pk∥∥∞ =

∞∑
k=−∞

2kdη(2k−1π) ≤ C‖η‖1.

For the converse, denote by

ak := sup
Br (0,2kπ)\Br (0,2k−1π)

| f | and ν ′ :=
∞∑

k=−∞
ak1Br (0,2kπ)\Br (0,2k−1π).

Let
ν(x) := sup

‖t‖r≥‖x‖r
ν ′(t) (x ∈ R

d).

Since f ∈ E∞(Rd) implies limk→∞ ak = 0, we conclude that there exists an increas-
ing sequence (nk)k∈Z of integers such that (ank )k∈Z is decreasing and ν can be written
in the form

ν =
∞∑

k=−∞
ank1Br (0,2nk π)\Br (0,2nk−1π).

Thus

‖η‖1 ≤ ‖ν‖1 =
∞∑

k=−∞
ank

∫
Br (0,2nk π)\Br (0,2nk−1π)

dλ

= C
∞∑

k=−∞

(
2dnk − 2dnk−1

)
ank .

By Abel rearrangement,

‖η‖1 ≤ C
∞∑

k=−∞
2dnk−1(ank−1 − ank ) ≤ C‖ f ‖E∞ ,

which proves the theorem. �

The maximal operator is introduced by

σ∗ f := sup
n∈N

|σn f | .
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In the next theorem we show that, under some conditions, the maximal operator can
be estimated by the Hardy-Littlewood maximal function pointwise.

Theorem 4.1.10 If 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈N

‖Kn‖Eq (Td ) ≤ C, (4.1.3)

then

σ∗ f (x) ≤ C

(
sup
n∈N

‖Kn‖Eq (Td )

)
Mp f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

Proof By the definition of σn f ,

|σθ
n f (x)| = 1

(2π)d

∣∣∣∣
∫
Td

f (x − t)Kn(t) dt

∣∣∣∣

≤ 1

(2π)d

0∑
k=−∞

∫
Pk

| f (x − t)||Kn(t)| dt.

Recall that
Pk = P∞

k = {x ∈ R
d : 2k−1π ≤ ‖x‖∞ < 2kπ}.

By Hölder’s inequality,

|σn f (x)| ≤ 1

(2π)d

0∑
k=−∞

(∫
Pk

|Kn(t)|q dt
)1/q (∫

Pk

| f (x − t)|p dt
)1/p

.

It is easy to see that if

G(u) :=
(∫ u

−u
. . .

∫ u

−u
| f (x − t)|p dt

)1/p
(u > 0),

then
Gp(u)

(2u)d
≤ Mp

p f (x) (u > 0).

Therefore

|σn f (x)| ≤ C
0∑

k=−∞

(∫
Pk

|Kn(t)|q dt
)1/q

G(2kπ)

≤ C
0∑

k=−∞
2kd/p

(∫
Pk

|Kn(t)|q dt
)1/q

Mp f (x)
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= C ‖Kn‖Eq (Td ) Mp f (x),

which shows the theorem. �

Note that Kn ∈ L∞(Td) ⊂ E∞(Td) ⊂ Eq(T
d) for all n ∈ N

d , because of (4.1.2).
Theorem 4.1.2 implies immediately

Theorem 4.1.11 If 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈N

‖Kn‖Eq (Td ) ≤ C,

then

sup
ρ>0

ρλ(σ∗ f > ρ)1/p ≤ Cp

(
sup
n∈N

‖Kn‖Eq (Td )

)
‖ f ‖p

for all f ∈ L p(T
d). Moreover, for every p < r ≤ ∞,

‖σ∗ f ‖r ≤ C

(
sup
n∈N

‖Kn‖Eq (Td )

)
‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.1.12 Suppose that 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈N

‖Kn‖Eq (Td ) ≤ C.

If
lim
n→∞ K̂n(k) = 1

for all k ∈ Z
d , then

lim
n→∞ σn f = f a.e.

for all f ∈ L p(T
d).

Proof For f (x) = eık·x , we have

lim
n→∞ σn f (x) = lim

n→∞
1

(2π)d

∫
Td

eık·(x−t)Kn(t) dt = lim
n→∞ eık·x K̂n(k) = eık·x .

This means that the convergence holds for all trigonometric polynomials. The corol-
lary follows from Theorem 4.1.11 and from the density theorem. �

We consider the �2-θ-means given by

σ2,θ
n f (x) :=

∑
k∈Zd

θ

(‖k‖2
n

)
f̂ (k)eık·x ,
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where θ : R → R. As in Sect. 2.6, we suppose that

∑
k∈Zd

∣∣∣∣θ
(‖k‖2

n

)∣∣∣∣ < ∞ (4.1.4)

and we use the notation

θ0(x) = θ(‖x‖2) (x ∈ R
d).

Theorem 4.1.13 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If (4.1.4) is satis-
fied, θ0 ∈ L1(R

d) and θ̂0 ∈ Eq(R
d), then

σ2,θ
∗ f (x) ≤ C

∥∥θ̂0∥∥Eq (Rd )
Mp f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

Proof Similarly to Lemma 2.2.31,

σ2,θ
n f (x) = 1

(2π)d

∫
Td

f (x − t)K 2,θ
n (t) dt = nd

∫
Rd

f (x − t)θ̂0(nt) dt

and
K 2,θ

n (t) = (2π)dnd
∑
j∈Zd

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ)). (4.1.5)

We will prove that θ̂0 ∈ Eq(R
d) implies

∥∥K 2,θ
n

∥∥
Eq (Td )

≤ C
∥∥θ̂0∥∥Eq (Rd )

(n ∈ N). (4.1.6)

First, we investigate the term j = 0 of the norm:

∥∥nd θ̂0(nt1, . . . , ntd)∥∥Eq (Td )

=
0∑

k=−∞
2kd(1−1/q)nd

(∫
Pk

|θ̂0(nt1, . . . , ntd)|q dt
)1/q

≤ Cq

0∑
k=−∞

2kd(1−1/q)nd(1−1/q)

(∫
Qk

|θ̂0(t1, . . . , td)|q dt
)1/q

,

where

Qk :=
d∏
j=1

(
− n2kπ, n2kπ

)
\

d∏
j=1

(
− n2k−1π, n2k−1π

)
.
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Suppose that 2l−1 < n ≤ 2l for some l ∈ N. If

Qk,l :=
d∏
j=1

(
− 2k+lπ, 2k+lπ

)
\

d∏
j=1

(
− 2k+l−2π, 2k+l−2π

)
,

then

∥∥nd θ̂0(nt1, . . . , ntd)∥∥Eq (Td )

≤ Cq

0∑
k=−∞

2kd(1−1/q)2ld(1−1/q)

(∫
Qk,l

|θ̂0(t1, . . . , td)|q dt
)1/q

≤ Cq

0∑
k=−∞

2(k+l)d(1−1/q)

(
k+l∑

i=k+l−1

∫
Pi

|θ̂0(t1, . . . , td)|q dt
)1/q

≤ Cq

0∑
k=−∞

k+l∑
i=k+l−1

2id(1−1/q)

(∫
Pi

|θ̂0(t1, . . . , td)|q dt
)1/q

≤ Cq

l∑
i=−∞

2id(1−1/q)

(∫
Pi

|θ̂0(t1, . . . , td)|q dt
)1/q

≤ Cq

∥∥θ̂0∥∥Eq (Rd )
. (4.1.7)

Moreover,

∥∥∥∥∥∥n
d
∑

j∈Zd , j 
=0

θ̂0(n1(t1 + 2 j1π), . . . , nd(td + 2 jdπ))

∥∥∥∥∥∥
Eq (Td )

=
0∑

k=−∞
2kd(1−1/q)nd

⎛
⎝
∫
Pk

∣∣∣∣∣∣
∑

j∈Zd , j 
=0

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ))

∣∣∣∣∣∣
q

dt

⎞
⎠

1/q

=
0∑

k=−∞
2kd(1−1/q)nd

⎛
⎝
∫
Td

∣∣∣∣∣∣
∑

j∈Zd , j 
=0

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ))

∣∣∣∣∣∣
q

dt

⎞
⎠

1/q
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≤ Cqn
d

⎛
⎝
∫
Td

∣∣∣∣∣∣
∑

j∈Zd , j 
=0

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ))

∣∣∣∣∣∣
q

dt

⎞
⎠

1/q

.

Let

Ri := { j ∈ Z
d : j 
= 0, n(T + 2 j1π) × . . . × n(T + 2 jdπ) ∩ Pi 
= 0

}
.

Since |n(tm + 2 jmπ)| ≥ 2l−1π if jm 
= 0, we conclude

∥∥∥∥∥∥n
d
∑

j∈Zd , j 
=0

θ̂0(n1(t1 + 2 j1π), . . . , nd(td + 2 jdπ))

∥∥∥∥∥∥
Eq (Td )

≤ Cqn
d

⎛
⎝
∫
Td

∣∣∣∣∣∣
∞∑
i=l

∑
j∈Ri

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ))

∣∣∣∣∣∣
q

dt

⎞
⎠

1/q

≤ Cq

∞∑
i=l

nd

⎛
⎝
∫
Td

∣∣∣∣∣∣
∑
j∈Ri

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ))

∣∣∣∣∣∣
q

dt

⎞
⎠

1/q

.

Since Ri has at most C2id/n members, we get that

∥∥∥∥∥∥n
d
∑

j∈Zd , j 
=0

θ̂0(n1(t1 + 2 j1π), . . . , nd(td + 2 jdπ))

∥∥∥∥∥∥
Eq (Td )

≤ Cq

∞∑
i=l

nd

⎛
⎝∑

j∈Ri

(
2id

nd

)q−1 ∫
Td

∣∣θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ))
∣∣q dt

⎞
⎠

1/q

≤ Cq

∞∑
i=l

2id(1−1/q)

⎛
⎝∑

j∈Ri

∫
n1(T+2 j1π)×...×nd (T+2 jdπ)

∣∣θ̂0(t1, . . . , td)∣∣q dt

⎞
⎠

1/q

≤ Cq

∞∑
i=l

2id(1−1/q)

(∫
Pi

∣∣θ̂0(t1, . . . , td)∣∣q dt

)1/q

≤ Cq

∥∥θ̂0∥∥Eq (Rd )
, (4.1.8)

which proves (4.1.6). The theorem follows from Theorem 4.1.10. �

Note that
θ̂0 ∈ Eq(R

d) ⊂ E1(R
d) ⊂ L1(R

d),

thus (2.6.5) is satisfied and θ0 is continuous.
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Theorem 4.1.14 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If (4.1.4) is satis-
fied, θ0 ∈ L1(R

d) and θ̂0 ∈ Eq(R
d), then

sup
ρ>0

ρλ(σ2,θ
∗ f > ρ)1/p ≤ Cp

∥∥θ̂0∥∥Eq (Rd )
‖ f ‖p

for all f ∈ L p(T
d). Moreover, for every p < r ≤ ∞,

∥∥σ2,θ
∗ f
∥∥
r ≤ C

∥∥θ̂0∥∥Eq (Rd )
‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.1.15 Suppose that1 ≤ p < ∞and1/p + 1/q = 1. If θ(0) = 1, (4.1.4)
is satisfied, θ0 ∈ L1(R

d) and θ̂0 ∈ Eq(R
d), then

lim
n→∞ σ2,θ

n f = f a.e.

for all f ∈ L p(T
d).

Nowwe prove some converse type results. We know that the weak type inequality
of Theorem 4.1.11 implies the almost everywhere convergence

lim
n→∞ σn f = f a.e.

for all f ∈ L p(T
d) (see Corollary 4.1.12). Conversely, if 1 ≤ p ≤ 2 and the almost

everywhere convergence holds for all f ∈ L p(T
d), then σ∗ is bounded from L p(T

d)

to L p,∞(Td), as in Theorem4.1.11 (see Stein [288]). The converse of Theorem4.1.10
is given in the next result. More exactly, if σ∗ f can be estimated pointwise by Mp f ,
then (4.1.3) holds. Before proving this theorem, we need the following definition.

Definition 4.1.16 For 1 ≤ p < ∞, we define the space Dp(T
d) with the norm

‖ f ‖Dp(Td ) := sup
0<r≤π

(
1

rd

∫ r

−r
. . .

∫ r

−r
| f (t)|p dt

)1/p
.

Taking the supremum for all 0 < r < ∞, we obtain the space Dp(R
d).

Lemma 4.1.17 For 1 ≤ p < ∞, the norm

‖ f ‖∗ = sup
k≤0

2−kd/p
∥∥ f 1Pk∥∥p

is an equivalent norm on Dp(T
d).

Proof Choosing r = 2kπ (k ≤ 0), we conclude

2−kd/p
∥∥ f 1Pk∥∥p ≤ C

(
1

(2kπ)d

∫ 2kπ

−2kπ
. . .

∫ 2kπ

−2kπ
| f (t)|p dt

)1/p
≤ ‖ f ‖Dp

.
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On the other hand, suppose that 2N−1π ≤ r < 2Nπ for some N ∈ N. Then

1

rd

∫ r

−r
. . .

∫ r

−r
| f (t)|p dt ≤ C2−Nd

∫ 2Nπ

−2Nπ

. . .

∫ 2Nπ

−2Nπ

| f (t)|p dt

= C2−Nd
N∑

k=−∞

∫
Pk

| f (t)|p dt

≤ C2−Nd
N∑

k=−∞
2kd ‖ f ‖p

∗ ≤ C ‖ f ‖p
∗ ,

which shows the lemma. �

We can see that Dp(T
d) ⊂ L p(T

d) and

‖ f ‖p ≤ C‖ f ‖Dp(Td ) ( f ∈ Dp(T
d)).

Theorem 4.1.18 If 1 ≤ p < ∞, 1/p + 1/q = 1 and

σ∗ f (0) ≤ CMp f (0) (4.1.9)

for all f ∈ L p(T
d), then

sup
n∈N

‖Kn‖Eq (Td ) ≤ C.

Proof It is easy to see by Lemma 4.1.17 that

sup
‖ f ‖Dp (Td )≤1

∣∣∣∣
∫
Td

f (−t)Kn(t) dt

∣∣∣∣ = ‖Kn‖Eq (Td ) . (4.1.10)

There exists a function f ∈ Dp(T
d) with ‖ f ‖Dp ≤ 1 such that

‖Kn‖Eq (Td )

2
≤
∣∣∣∣
∫
Td

f (−t)Kn(t) dt

∣∣∣∣ .

Since f ∈ L p(R
d), by (4.1.9),

∣∣∣∣
∫
Td

f (−t)Kn(t) dt

∣∣∣∣ = |σn f (0)| ≤ CMp f (0) (n ∈ N ),

which implies

‖Kn‖Eq (Td ) ≤ CMp f (0) ≤ C‖ f ‖Dp ≤ C (n ∈ N ).
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This proves the result. �

Note that the norm of Dp(T
d) is equivalent to

‖ f ‖ = sup
r∈[0,π]d∩Rd

τ

(
1∏d
j=1 r j

∫ r1

−r1

· · ·
∫ rd

−rd

| f (t)|p dt
)1/p

.

Now, we introduce the first generalization of Lebesgue points for higher dimen-
sions. Corollary 4.1.3 says that

lim
h→0

1

(2h)d

∫ h

−h
· · ·
∫ h

−h
f (x − t) dt = f (x)

for almost every x ∈ T
d , where f ∈ L1(T

d). In other words,

lim
h→0

1

(2h)d

∫ h

−h
· · ·
∫ h

−h
( f (x − t) − f (x)) dt = 0,

which is equivalent to

lim
h→0

1

(2h)d

∣∣∣∣
∫ h

−h
· · ·
∫ h

−h
( f (x − t) − f (x)) dt

∣∣∣∣ = 0.

In the next definition, we describe a stronger condition.

Definition 4.1.19 For 1 ≤ p < ∞, a point x ∈ T
d is called a p-Lebesgue point of

f ∈ L p(T
d) if

lim
h→0

(
1

(2h)d

∫ h

−h
· · ·
∫ h

−h
| f (x − t) − f (x)|p dt

)1/p
= 0.

For p = 1, the points are said to be Lebesgue points. One can see that using the
restricted maximal operator and Corollary 4.1.6, we get an equivalent definition:

lim
h→0,h∈Rd

τ

(
1∏d

j=1(2h j )

∫ h1

−h1

· · ·
∫ hd

−hd

| f (x − t) − f (x)|p dt
)1/p

= 0.

If p < r and x is an r -Lebesgue point of f , then it is also a p-Lebesgue point. Indeed,
by Hölder’s inequality,

(
1

(2h)d

∫ h

−h
· · ·
∫ h

−h
| f (x − t) − f (x)|p dt

)1/p

≤
(

1

(2h)d

∫ h

−h
· · ·
∫ h

−h
| f (x − t) − f (x)|r dt

)1/r
.
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The following two results can be proved as in the one-dimensional case, see
Theorem 1.3.11 and Lemma 1.3.12.

Theorem 4.1.20 Almost every point x ∈ T
d is a p-Lebesgue point of f ∈ L p(T

d)

(1 ≤ p < ∞).

Lemma 4.1.21 If x is a p-Lebesgue point of f ∈ L p(T
d), then f (x) and Mp f (x)

are finite (1 ≤ p < ∞).

The next theorem generalizes Theorem 1.5.4.

Theorem 4.1.22 Suppose that 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈N

‖Kn‖Eq (Td ) ≤ C.

If for all δ > 0
lim
n→∞ ‖Kn‖Lq (Td\(−δ,δ)d ) = 0 (4.1.11)

and
lim
n→∞ K̂n(0) = 1, (4.1.12)

then
lim
n→∞ σn f (x) = f (x)

for all p-Lebesgue points of f ∈ L p(T
d).

Proof Now, set

G(u) :=
(∫ u

−u
. . .

∫ u

−u
| f (x − t) − f (x)|p dt

)1/p
(u > 0),

Since x is a p-Lebesgue point of f , for all ε > 0, there exists m ∈ Z, m ≤ 0 such
that

Gp(u)

(2u)d
≤ ε if 0 < u ≤ 2mπ. (4.1.13)

Observe that

σn f (x) − f (x) = 1

(2π)d

∫
Td

( f (x − t) − f (x))Kn(t) dt

+ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)
.

Thus
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|σn f (x) − f (x)| ≤ C
∫
Td

| f (x − t) − f (x)||Kn(t)| dt + ∣∣ f (x) (K̂n(0) − 1
)∣∣

= C
∫ 2mπ

−2mπ

. . .

∫ 2mπ

−2mπ

| f (x − t) − f (x)||Kn(t)| dt

+ C
∫
Td\(−2mπ,2mπ)d

| f (x − t) − f (x)||Kn(t)| dt
+ ∣∣ f (x) (K̂n(0) − 1

)∣∣
=: A1(x) + A2(x) + A3(x).

We estimate A1(x) by

A1(x) = C
m∑

k=−∞

∫
Pk

| f (x − t) − f (x)||Kn(t)| dt

≤ C
m∑

k=−∞

(∫
Pk

|Kn(t)|q dt
)1/q (∫

Pk

| f (x − t) − f (x)|p dt
)1/p

≤ C
m∑

k=−∞

(∫
Pk

|Kn(t)|q dt
)1/q

G(2kπ).

Then, by (4.1.13),

A1(x) ≤ Cpε

m∑
k=−∞

2kd/p

(∫
Pk

|Kn(t)|q dt
)1/q

≤ Cpε‖Kn‖Eq (Td ).

For 0 < δ < 2mπ, we have

A2(x) ≤ C
∫
Td\(−δ,δ)d

| f (x − t) − f (x)||Kn(t)| dt

≤ C

(∫
Td\(−δ,δ)d

|Kn(t)|q dt
)1/q (

‖ f ‖p + | f (x)|
)
,

which tends to 0 as n → ∞. Moreover, A3(x) → 0 as n → ∞, too. This completes
the proof of the theorem. �

Observe that (4.1.2) and δ′ < 2kπ < δ imply

‖Kn‖Eq (Td\(−δ,δ)d ) ≤ ‖Kn‖Lq (Td\(−δ,δ)d )

≤ ‖Kn‖Lq (Td\(−2kπ,2kπ)d )

≤
(

0∑
l=k+1

∫
Pl

|Kn(t)|q dt
)1/q
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≤ Cδ

0∑
l=k+1

2kd(1−1/q)

(∫
Pl

|Kn(t)|q dt
)1/q

≤ Cδ‖Kn‖Eq (Td\(−2kπ,2kπ)d )

≤ Cδ‖Kn‖Eq (Td\(−δ′,δ′)d ). (4.1.14)

Then condition (4.1.11) is equivalent to

lim
n→∞ ‖Kn‖Eq (Td\(−δ,δ)d ) = 0.

In the case θ̂0 ∈ Eq(R
d), we can formulate a somewhat simpler version of the

preceding theorem.

Theorem 4.1.23 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ(0) = 1, (4.1.4)
is satisfied, θ0 ∈ L1(R

d) and θ̂0 ∈ Eq(R
d), then

lim
n→∞ σ2,θ

n f (x) = f (x)

for all p-Lebesgue points of f ∈ L p(T
d).

Proof We have seen in Theorem 4.1.13 that θ̂0 ∈ Eq(R
d) implies

∥∥K 2,θ
n

∥∥
Eq (Td )

≤ C
∥∥θ̂0∥∥Eq (Rd )

(n ∈ N),

so the first condition of Theorem 4.1.22 is satisfied.
On the other hand, let 2k0π < δ and 2l−1 ≤ n < 2l as in the proof of Theorem

4.1.13. We get similarly to (4.1.7) and (4.1.8) that

∥∥K 2,θ
n

∥∥
Eq (Td\(−δ,δ)d )

≤ Cq

∞∑
i=k0+l−1

2id(1−1/q)

(∫
Pi

|θ̂0(t1, . . . , td)|q dt
)1/q

+ Cq

∞∑
i=l

2id(1−1/q)

(∫
Pi

|θ̂0(t1, . . . , td)|q dt
)1/q

,

which tends to 0 as n → ∞, since θ̂0 ∈ Eq(R
d). Then (4.1.11) follows from (4.1.14).

Finally, by (4.1.5),

1

(2π)d

∫
Td

Kn(t) dt = nd
∑
j∈Zd

∫
Td

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ)) dt

= nd
∫
Rd

θ̂0(nt) dt = θ0(1) = 1,

which finishes the proof of our theorem. �
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Since each point of continuity is a Lebesgue point, we have

Corollary 4.1.24 If the conditions of Theorem4.1.22 or Theorem4.1.23 are satisfied
and if f ∈ L p(T

d) is continuous at a point x, then

lim
n→∞ σn f (x) = f (x).

The converse of Theorem 4.1.22 holds also.

Theorem 4.1.25 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If

lim
n→∞ σn f (x) = f (x)

for all p-Lebesgue points of f ∈ L p(T
d) then

sup
n∈N

‖Kn‖Eq (Td ) ≤ C.

Proof The space D0
p(T

d) consists of all functions f ∈ Dp(T
d) for which f (0) = 0

and 0 is a p-Lebesgue point of f , in other words

lim
h→0

(
1

(2h)d

∫ h

−h
. . .

∫ h

−h
| f (t)|p dt

)1/p
= 0.

We will show that D0
p(T

d) is a Banach space. Let ( fn) be a Cauchy sequence in
D0

p(T
d), i.e.,

‖ fn − fm‖D0
p(T

d ) → 0 as n,m → ∞.

Then there exists a subsequence ( fνn ) such that

∥∥ fνn+1 − fνn
∥∥
D0

p(T
d )

≤ 2−n.

Then ∥∥∥∥∥
∞∑
n=0

∣∣ fνn+1 − fνn
∣∣
∥∥∥∥∥
L p(Td )

≤
∥∥∥∥∥

∞∑
n=0

∣∣ fνn+1 − fνn
∣∣
∥∥∥∥∥
D0

p(T
d )

≤ 2,

thus the series ∞∑
n=0

∣∣ fνn+1 − fνn
∣∣

is almost everywhere finite. That is to say the sequence ( fνn ) is almost everywhere
convergent. Let

f := lim
n→∞ fνn and f (0) = 0.
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For all ε > 0, there exists N such that

∥∥ f − fνN

∥∥
D0

p(T
d )

≤
∞∑

n=N

∥∥ fνn+1 − fνn
∥∥
D0

p(T
d )

≤
∞∑

n=N

2−n < ε.

If h > 0 is small enough, then

(
1

(2h)d

∫ h

−h
. . .

∫ h

−h
| fνN (t)|p dt

)1/p
< ε.

Hence

(
1

(2h)d

∫ h

−h
. . .

∫ h

−h
| f (t)|p dt

)1/p

≤ C
∥∥ f − fνN

∥∥
D0

p(T
d )

+
(

1

(2h)d

∫ h

−h
. . .

∫ h

−h
| fνN (t)|p dt

)1/p
< 2ε,

whenever h is small enough. From this it follows that f ∈ D0
p(T

d) and 0 is aLebesgue
point of f . Thus D0

p(T
d) is a Banach space, indeed.

We get from the conditions of the theorem that

lim
n→∞ σn f (0) = 0 for all f ∈ D0

p(T
d).

Thus the operators

Un : D0
p(T

d) → R, Un f := σn f (0) (n ∈ N)

are uniformly bounded by the Banach-Steinhaus theorem. Observe that in (4.1.10),
we may suppose that f is 0 in a neighborhood of 0. Then

C ≥ ‖Un‖
= sup

‖ f ‖D0
p (Td )

≤1

∣∣∣∣
∫
Td

f (−t)Kn(t) dt

∣∣∣∣

= sup
‖ f ‖Dp (Td )≤1

∣∣∣∣
∫
Td

f (−t)Kn(t) dt

∣∣∣∣
= ‖Kn‖Eq (Td )

for all n ∈ N. �
Corollary 4.1.26 Suppose that 1 ≤ p < ∞, 1/p + 1/q = 1, (4.1.11) and (4.1.12)
hold. Then

lim
n→∞ σn f (x) = f (x)



198 4 Lebesgue Points of Higher Dimensional Functions

for all p-Lebesgue points of f ∈ L p(T
d) if and only if

sup
n∈N

‖Kn‖Eq (Td ) ≤ C.

Note that these results can be found in Feichtinger andWeisz [104]. We know that
our results can be applied to the one-dimensional Cesàro summability (see Sect. 1.5).
Moreover, the Riesz, Weierstrass, Picard and Bessel summations given in Sect. 3.7.4
(Examples 3.7.28, 3.7.29, 3.7.30) satisfy all conditions of this section, too.

Corollary 4.1.27 Suppose that θ is one of the Examples 3.7.28, 3.7.29 or 3.7.30.
Then

lim
n→∞ σ2,θ

n f (x) = f (x)

for all Lebesgue points of f ∈ L1(T
d). Moreover,

sup
ρ>0

ρλ(σ2,θ
∗ > ρ) ≤ C

∥∥θ̂0∥∥E∞(Rd )
‖ f ‖1 ( f ∈ L1(T

d))

and, for every 1 < p ≤ ∞,

∥∥σ2,θ
∗ f
∥∥
p ≤ Cp

∥∥θ̂0∥∥E∞(Rd )
‖ f ‖p ( f ∈ L p(T

d)).

4.2 Unrestricted Rectangular Summability

Here we study the operators

σn f (x) = 1

(2π)d

∫
Td

f (x − t)Kn(t) dt (n ∈ N
d),

where f ∈ L1(T
d) and Kn ∈ L1(T

d) ∩ L∞(Td) for all n ∈ N
d . The higher dimen-

sional rectangular Cesàro and Riesz kernels, K α
n and K α,γ

n satisfy the conditions of
this section. The kernel K θ

n is also investigated.

4.2.1 Strong Hardy-Littlewood Maximal Functions

A second generalization of the one-dimensional maximal function is the so-called
strong Hardy-Littlewood maximal function given by

M ′
s,p f (x) := sup

x∈I

(
1

|I |
∫
I
| f |p dλ

)1/p
(x ∈ T

d),
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where f ∈ L p(T
d) and the supremum is taken over all rectangles

I = I1 × · · · × Id ⊂ T
d

with sides parallel to the axes and containing x . This maximal function is different
from Mp and from M�,p defined in Sect. 4.1.1, it remains bounded on L p(T

d) with
1 < p ≤ ∞, but it is not of weak type (1, 1). The reason for this is that in the
definition the ratio of the sides of the rectangles can be large. We will use again the
next centered version of the strong maximal function.

Definition 4.2.1 For 1 ≤ p < ∞ and f ∈ L p(T
d) the strong Hardy-Littlewood

maximal function is defined by

Ms,p f (x) := sup
h∈Rd+

(
1∏d

j=1(2h j )

∫ h1

−h1

· · ·
∫ hd

−hd

| f (x − t)|p dt
)1/p

.

Taking the supremum over all h ∈ (0,π)d , we get an equivalent definition. It is
easy to see that

C1Ms,p f ≤ M ′
s,p f ≤ C2Ms,p f

for all 1 ≤ p < ∞. If p = 1, then we omit the notation p and write simply Ms f . In
the one-dimensional case Ms is the usual Hardy-Littlewood maximal function and
so, it is of weak type (1, 1). For higher dimensions it is known that there is a function
f ∈ L1(T

d) such that Ms f = ∞ almost everywhere (see Jessen,Marcinkiewicz and
Zygmund [177] and Saks [268]). Thus Ms cannot be of weak type (1, 1), however,
with the help of the L p(log L)k(Td) spaces, we can show a weak type inequality. Set
log+ u := max(0, log u).

Definition 4.2.2 For k ∈ N and 1 ≤ p < ∞, a measurable function f is in the set
L p(log L)k(Td) if

‖ f ‖L p(log L)k :=
(∫

Td

| f |p(log+ | f |)k dλ

)1/p
< ∞.

If p = ∞, then set L∞(log L)k(Td) = L∞(Td).

For k = 0, we get back the L p(T
d) spaces. We have for all k ∈ P and 1 ≤ p <

r ≤ ∞ that

L p(T
d) ⊃ L p(log L)k−1(Td) ⊃ L p(log L)k(Td) ⊃ Lr (T

d).

Theorem 4.2.3 If f ∈ L(log L)d−1(Td), then

sup
ρ>0

ρλ(Ms f > ρ) ≤ C + C
∥∥∥| f | (log+ | f |)d−1

∥∥∥
1
.
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Moreover, for 1 < p ≤ ∞, we have

‖Ms f ‖p ≤ Cp‖ f ‖p ( f ∈ L p(T
d)).

Proof Let us denote the one-dimensional Hardy-Littlewoodmaximal function in the
i th dimension by M (i). Then

Ms f ≤ M (1) ◦ M (2) ◦ · · · ◦ M (d) f.

By Theorems 1.3.3 and 1.3.5,

sup
ρ>0

ρλ(Ms f > ρ) = sup
ρ>0

ρλ(M (1) ◦ M (2) ◦ · · · ◦ M (d) f > ρ)

≤ ∥∥M (2) ◦ · · · ◦ M (d) f
∥∥
1

≤ C + C
∥∥M (3) ◦ · · · ◦ M (d) f

∥∥
L1(log L)(Td )

≤ . . . ≤ C + C ‖ f ‖L1(log L)d−1(Td ) .

The second inequality of Theorem 4.2.3 follows similarly. �

Similarly to Corollary 4.1.3, we obtain

Corollary 4.2.4 If f ∈ L1(log L)d−1(Td), then

lim
h→0

1∏d
j=1(2h j )

∫ h1

−h1

· · ·
∫ hd

−hd

f (x − t) dt = f (x)

for almost every x ∈ T
d .

Note that this convergence result does not hold for al f ∈ L1(T
d) (see Jessen,

Marcinkiewicz and Zygmund [177] and Saks [268]). Since Mp
s,p f = Ms(| f |p) for

1 ≤ p < ∞, we have

Corollary 4.2.5 If 1 ≤ p < ∞ and f ∈ L p(log L)d−1(Td), then

sup
ρ>0

ρλ(Ms,p f > ρ)1/p ≤ Cp + Cp ‖ f ‖L p(log L)d−1 .

For p < r ≤ ∞, ∥∥Ms,p f
∥∥
r ≤ Cr ‖ f ‖r ( f ∈ Lr (T

d)).
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4.2.2 Lebesgue Points for the Unrestricted Rectangular
Summability

To formulate the generalization of Lebesgue’s theorem for the unrestricted rectan-
gular summability, we have to modify slightly the definition of the space Eq(R

d).

Definition 4.2.6 For 1 ≤ q ≤ ∞, the Herz space E ′
q(R

d) resp. E ′
q(T

d) contains all
functions f for which

‖ f ‖E ′
q (R

d ) :=
∞∑

k1=−∞
· · ·

∞∑
kd=−∞

⎛
⎝ d∏

j=1

2k j (1−1/q)

⎞
⎠∥∥ f 1Pk∥∥q < ∞

resp.

‖ f ‖E ′
q (T

d ) :=
0∑

k1=−∞
· · ·

0∑
kd=−∞

⎛
⎝ d∏

j=1

2k j (1−1/q)

⎞
⎠∥∥ f 1Pk∥∥q < ∞,

where
Pk := Pk1 × · · · × Pkd (k ∈ Z

d)

and
Pi = {x ∈ R : 2i−1π ≤ |x | < 2iπ} (i ∈ Z).

Again,

L1(X
d) = E ′

1(X
d) ←↩ E ′

q(X
d) ←↩ E ′

q ′(X
d) ←↩ E ′

∞(Xd), 1 < q < q ′ < ∞,

where X = R or T and

E ′
q(T

d) ←↩ Lq(T
d) (1 ≤ q ≤ ∞).

It is easy to see that E ′
q(X

d) ⊃ Eq(X
d) and

‖ f ‖E ′
q
≤ C‖ f ‖Eq (1 ≤ q ≤ ∞).

Here we will estimate pointwise the maximal operator

σ∗ f := sup
n∈Nd

|σn f |

by the strong Hardy-Littlewood maximal function. Since the condition (4.1.11) is
not true for rectangular summability kernels (e.g., for the Cesàro or Riesz kernels,
K α

n , K
α,γ
n ), we use here other conditions and other ideas. We introduce the functions
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K̃n(t) :=
⎛
⎝ d∏

j=1

n j

⎞
⎠

−1 (
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)

=
{(∏d

j=1 n j

)−1
Kn

(
t1
n1

, . . . , td
nd

)
, if |t1| ≤ πn1, . . . , |td | ≤ πnd;

0, else.

Theorem 4.2.7 For all n ∈ N
d ,

c ‖Kn‖E ′
q (T

d ) ≤ ∥∥K̃n

∥∥
E ′
q (R

d )
≤ C ‖Kn‖E ′

q (T
d ) .

Proof We have

∥∥K̃n

∥∥
E ′
q (R

d )
=
⎛
⎝ d∏

j=1

n j

⎞
⎠

−1 ∞∑
k1=−∞

· · ·
∞∑

kd=−∞

⎛
⎝ d∏

j=1

2k j (1−1/q)

⎞
⎠

(∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

=
⎛
⎝ d∏

j=1

n j

⎞
⎠

−1+1/q ∞∑
k1=−∞

· · ·
∞∑

kd=−∞

⎛
⎝ d∏

j=1

2k j (1−1/q)

⎞
⎠

(∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

∣∣(1(−π,π)d Kn
)
(t)
∣∣q dt

)1/q
,

where

Pk j (n j ) := {x ∈ R : 2k j−1π/n j ≤ |x | < 2k j π/n j } ( j = 1, . . . , d).

Choosing l j ∈ N such that 2l j−1 < n j ≤ 2l j , we conclude that

Pk j (n j ) ⊂ {x ∈ R : 2k j−l j−1π ≤ |x | < 2k j−l j+1π} =: Rk j ,l j ( j = 1, . . . , d)

and

∥∥K̃n

∥∥
E ′
q (R

d )
≤ C

∞∑
k1=−∞

· · ·
∞∑

kd=−∞

⎛
⎝ d∏

j=1

2(k j−l j )(1−1/q)

⎞
⎠

(∫
Rk1 ,l1

· · ·
∫
Rkd ,ld

∣∣(1(−π,π)d Kn
)
(t)
∣∣q dt

)1/q
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≤ C
∞∑

i1=−∞
· · ·

∞∑
id=−∞

⎛
⎝ d∏

j=1

2i j (1−1/q)

⎞
⎠

(∫
Pi1

· · ·
∫
Pid

∣∣(1(−π,π)d Kn
)
(t)
∣∣q dt

)1/q

≤ C
∥∥1(−π,π)d Kn

∥∥
E ′
q (R

d )

= C ‖Kn‖E ′
q (T

d ) .

The other inequality can be shown in the same way. �

Now we formulate the analogue of Theorem 4.1.10.

Theorem 4.2.8 If 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Nd

‖Kn‖E ′
q (T

d ) ≤ C, (4.2.1)

then

σ∗ f (x) ≤ C

(
sup
n∈Nd

‖Kn‖E ′
q (T

d )

)
Ms,p f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

Proof Observe that

|σn f (x)|
= 1

(2π)d

∣∣∣∣
∫
Rd

f (x − t)
(
1(−π,π)d Kn

)
(t) dt

∣∣∣∣
= 1

(2π)d

∞∑
k1=−∞

· · ·
∞∑

kd=−∞

∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

| f (x − t)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt.

By Hölder’s inequality,

|σn f (x)|

≤ 1

(2π)d

∞∑
k1=−∞

· · ·
∞∑

kd=−∞

(∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

| f (x − t)|p dt
)1/p

(∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

∣∣(1(−π,π)d Kn
)
(t)
∣∣q dt

)1/q

= 1

(2π)d

∞∑
k1=−∞

· · ·
∞∑

kd=−∞

(∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

| f (x − t)|p dt
)1/p
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⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

If we define

G(u) :=
(∫ u1

−u1

. . .

∫ ud

−ud

| f (x − t)|p dt
)1/p

(u ∈ R
d
+),

then
Gp(u)∏d
j=1(2u j )

≤ Mp
s,p f (x) (u ∈ R

d
+).

Thus

|σn f (x)| ≤ 1

(2π)d

∞∑
k1=−∞

· · ·
∞∑

kd=−∞
G

(
2k1π

n1
, . . . ,

2kdπ

nd

)⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
(4.2.2)

≤ 1

(2π)d

∞∑
k1=−∞

· · ·
∞∑

kd=−∞

⎛
⎝ d∏

j=1

2k j/p

⎞
⎠
⎛
⎝ d∏

j=1

n j

⎞
⎠

−1

Ms,p f (x)

(∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

= C
∥∥K̃n

∥∥
E ′
q (R

d )
Ms,p f (x).

The result follows from Theorem 4.2.7. �

The following result comes from Corollary 4.2.5.

Corollary 4.2.9 If 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Nd

‖Kn‖E ′
q (T

d ) ≤ C,

then

sup
ρ>0

ρλ(σ∗ f > ρ)1/p ≤ Cp

(
sup
n∈Nd

‖Kn‖E ′
q (T

d )

)(
1 + ‖ f ‖L p(log L)d−1

)

for all f ∈ L p(log L)d−1(Td). Moreover, for every p < r ≤ ∞,
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‖σ∗ f ‖r ≤ C

(
sup
n∈Nd

‖Kn‖E ′
q (T

d )

)
‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.2.10 Suppose that 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Nd

‖Kn‖E ′
q (T

d ) ≤ C,

If
lim
n→∞ K̂n(k) = 1

for all k ∈ Z
d , then

lim
n→∞ σn f = f a.e.

for all f ∈ L p(log L)d−1(Td).

Recall that L p(log L)k(Td) ⊃ Lr (T
d) with 1 ≤ p < r ≤ ∞. In this section, we

study the rectangular θ-means,

σθ
n f (x) :=

∑
k1∈Z

· · ·
∑
kd∈Z

θ

(−k1
n1

, . . . ,
−kd
nd

)
f̂ (k)eık·x ,

where θ ∈ W (C, �1)(R
d).

Theorem 4.2.11 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈ W (C, �1)

(Rd) and θ̂ ∈ E ′
q(R

d), then

σθ
∗ f (x) ≤ C

∥∥θ̂∥∥E ′
q (R

d )
Ms,p f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

Proof Since θ̂ ∈ L1(R
d) and, by Theorem 3.7.6,

σθ
n f (x) =

⎛
⎝ d∏

j=1

n j

⎞
⎠
∫
Rd

f (x − t)θ̂(n1t1, . . . , ndtd) dt,

we can repeat the proof of Theorem 4.2.8 step by step. �
Corollary 4.2.12 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈ W (C, �1)

(Rd) and θ̂ ∈ E ′
q(R

d), then

sup
ρ>0

ρλ(σθ
∗ f > ρ)1/p ≤ Cp

∥∥θ̂∥∥E ′
q (R

d )

(
1 + ‖ f ‖L p(log L)d−1

)

for all f ∈ L p(log L)d−1(Td). Moreover, for every p < r ≤ ∞,
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∥∥σθ
∗ f
∥∥
r ≤ C

∥∥θ̂∥∥E ′
q (R

d )
‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.2.13 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈ W (C, �1)

(Rd), θ(0) = 1 and θ̂ ∈ E ′
q(R

d), then

lim
n→∞ σθ

n f = f a.e.

for all f ∈ L p(log L)d−1(Td).

For the converse theorems, we need

Definition 4.2.14 For 1 ≤ p < ∞, we define the space D′
p(T

d) with the norm

‖ f ‖D′
p(T

d ) := sup
r∈(0,π)d

(
1∏d
j=1 r j

∫ r1

−r1

. . .

∫ rd

−rd

| f (t)|p dt
)1/p

.

The next two results can be proved as Lemma 4.1.17 and Theorem 4.1.18.

Lemma 4.2.15 For 1 ≤ p < ∞, the norm

‖ f ‖∗ = sup
k1≤0,...,kd≤0

⎛
⎝ d∏

j=1

2k j/p

⎞
⎠∥∥ f 1Pk∥∥p

is an equivalent norm on D′
p(T

d).

The converse of Theorem 4.2.8 reads as follows.

Theorem 4.2.16 If 1 ≤ p < ∞, 1/p + 1/q = 1 and

σ∗ f (0) ≤ CMs,p f (0)

for all f ∈ L p(T
d), then

sup
n∈Nd

‖Kn‖E ′
q (T

d ) ≤ C.

We are going to study the second generalization of Lebesgue points for higher
dimensions. By Corollary 4.2.4,

lim
h→0

1∏d
j=1(2h j )

∫ h1

−h1

· · ·
∫ hd

−hd

f (x − t) dt = f (x)

for almost every x ∈ T
d , where f ∈ L(log L)d−1(Td). This is equivalent to

lim
h→0

1∏d
j=1(2h j )

∣∣∣∣
∫ h1

−h1

· · ·
∫ hd

−hd

( f (x − t) − f (x)) dt

∣∣∣∣ = 0.
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Definition 4.2.17 For 1 ≤ p < ∞, a point x ∈ T
d is called a strong p-Lebesgue

point of f ∈ L p(T
d) if

lim
h→0

(
1∏d

j=1(2h j )

∫ h1

−h1

· · ·
∫ hd

−hd

| f (x − t) − f (x)|p dt

)1/p
= 0.

For p = 1, the points are called strong Lebesgue points. If p < r , then all strong
r -Lebesgue points are strong p-Lebesgue points. The next result can be proved as
Theorem 4.1.20

Theorem 4.2.18 Almost every point x ∈ T
d is a strong p-Lebesgue point of f ∈

L p(log L)d−1(Td) (1 ≤ p < ∞).

This is not true for f ∈ L p(T
d). The reason for this is again that in the definition

of the strong Lebesgue points the ratio of the sides of the rectangles can be large. To
be able to obtain convergence at strong Lebesgue points, we have to modify slightly
condition (4.2.1).

Theorem 4.2.19 Suppose that 1 ≤ p < ∞, 1/p + 1/q = 1 and

∞∑
k1=−∞

· · ·
∞∑

kd=−∞

⎛
⎝ d∏

j=1

2k j (1−1/q)

⎞
⎠ sup

n∈Nd

∥∥K̃n1Qk

∥∥
q ≤ C. (4.2.3)

If
lim
n→∞ K̂n(0) = 1,

Ms,p f (x) is finite and x is a strong p-Lebesgue point of f ∈ L p(log L)d−1(Td), then

lim
n→∞ σn f (x) = f (x).

Proof Similarly to Theorem 4.2.8, let

G(u) :=
(∫ u1

−u1

. . .

∫ ud

−ud

| f (x − t) − f (x)|p dt
)1/p

(u ∈ R
d
+).

Since x is a strong p-Lebesgue point of f , for all ε > 0, we can find an integerm ≤ 0
such that

Gp(u)∏d
j=1(2u j )

≤ ε if 0 < u j ≤ 2mπ, j = 1, . . . , d. (4.2.4)

Let {π1, . . . ,πd} be a permutation of {1, . . . , d} and 1 ≤ j ≤ d. Then



208 4 Lebesgue Points of Higher Dimensional Functions

|σn f (x) − f (x)| ≤ 1

(2π)d

∫
Rd

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt

+
∣∣∣∣ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)∣∣∣∣
= A1(x) + A2(x) + A3(x),

where

A1(x) := 1

(2π)d

m+�log2 n1�∑
k1=−∞

· · ·
m+�log2 nd�∑
kd=−∞∫

Pk1 (n1)
· · ·
∫
Pkd (nd )

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt

and

A2(x) := 1

(2π)d

∑
π1,...,πd

∞∑
kπ1=m+�log2 nπ1 �+1

. . .

∞∑
kπ j =m+�log2 nπ j �+1

∞∑
kπ j+1=−∞

. . .

∞∑
kπd =−∞∫

Pk1 (n1)
· · ·
∫
Pkd (nd )

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

and

A3(x) :=
∣∣∣∣ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)∣∣∣∣ =
∣∣ f (x) (K̂n(0) − 1

)∣∣ .

It is clear that
lim
n→∞ A3(x) = 0.

As in (4.2.2),

A1(x)

≤ C
m+�log2 n1�∑
k1=−∞

· · ·
m+�log2 nd�∑
kd=−∞

(∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

| f (x − t) − f (x)|p dt
)1/p

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
m+�log2 n1�∑
k1=−∞

· · ·
m+�log2 nd�∑
kd=−∞

G

(
2k1π

n1
, . . . ,

2kdπ

nd

)⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q
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(∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

Inequality (4.2.4) and 2k j /n j ≤ 2mn j/n j = 2m imply

A1(x) ≤ Cpε

m+�log2 n1�∑
k1=−∞

· · ·
m+�log2 nd�∑
kd=−∞

⎛
⎝ d∏

j=1

2k j/p

⎞
⎠
⎛
⎝ d∏

j=1

n j

⎞
⎠

−1

(∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ Cpε
∥∥K̃n

∥∥
E ′
q (R

d )
.

Similarly,

A2(x)

≤ C
∑

π1,...,πd

∞∑
kπ1=m+�log2 nπ1 �+1

. . .

∞∑
kπ j =m+�log2 nπ j �+1

∞∑
kπ j+1=−∞

. . .

∞∑
kπd =−∞(∫

Pk1 (n1)
· · ·
∫
Pkd (nd )

| f (x − t) − f (x)|p dt
)1/p

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

We supposed that Ms,p f (x) is finite and x is a strong p-Lebesgue point of f , so we
have

(∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

| f (x − t) − f (x)|p dt

)1/p

≤ Cp

⎛
⎝ d∏

j=1

2k j

n j

⎞
⎠

1/p (
Ms,p f (x) + | f (x)|

)
.

Consequently,

A2(x)

≤ Cp

∑
π1,...,πd

∞∑
kπ1=m+�log2 nπ1 �+1

. . .

∞∑
kπ j =m+�log2 nπ j �+1

∞∑
kπ j+1=−∞

. . .

∞∑
kπd =−∞
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⎛
⎝ d∏

j=1

2k j/p

⎞
⎠(Ms,p f (x) + | f (x)|

)

⎛
⎜⎝
∫
Pk1

· · ·
∫
Pkd

∣∣∣∣∣∣

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1 (
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣∣∣

q

dt

⎞
⎟⎠

1/q

≤ Cp

∑
π1,...,πd

∞∑
kπ1=m+�log2 nπ1 �+1

. . .

∞∑
kπ j =m+�log2 nπ j �+1

∞∑
kπ j+1=−∞

. . .

∞∑
kπd =−∞⎛

⎝ d∏
j=1

2k j/p

⎞
⎠ sup

n∈Nd

(∫
Pk1

· · ·
∫
Pkd

∣∣K̃n(t)
∣∣q dt

)1/q (
Ms,p f (x) + | f (x)|

)
.

Therefore (4.2.3) and the fact �log2 nπ j � → ∞ as T → ∞ imply that A2(x) → 0 as
n → ∞. �

Obviously, (4.2.3) implies

sup
n∈Nd

∥∥K̃n

∥∥
E ′
q (R

d )
≤ C,

which is equivalent to
sup
n∈Nd

‖Kn‖E ′
q (T

d ) ≤ C,

by Theorem 4.2.7. If K̃n can be estimated by a function g ∈ E ′
q(R

d) which is
independent of n, then (4.2.3) holds clearly. This is true for the Cesàro kernel
K α

n = K α
n1 ⊗ · · · ⊗ K α

nd and for theRiesz kernel K
α,γ
n = K α,γ

n1 ⊗ · · · ⊗ K α,γ
nd . Indeed,

for the one-dimensional Cesàro kernel functions

1

n j

∣∣∣∣K α
n j

(
t

n j

)∣∣∣∣ ≤ C

n j
min

{
n j ,

n j

|t |α+1

}

= C min
{
1, |t |−α−1

} ∈ E∞(R) (4.2.5)

by Theorem 1.4.16. Similarly, by (3.3.12),

1

n j

∣∣∣∣K α,γ
n j

(
t

n j

)∣∣∣∣ ≤ C

n j
min

{
n j ,

n j

|t |min(α,1)+1

}

= C min
{
1, |t |−min(α,1)−1

} ∈ E∞(R). (4.2.6)

Hence, by (4.2.7), K α
n , K α,γ

n ∈ E ′∞(Rd).

Corollary 4.2.20 If 0 < α ≤ 1, Ms,p f (x) is finite and x is a strong Lebesgue point
of f ∈ L1(log L)d−1(Td), then
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lim
n→∞ σα

n f (x) = f (x).

Moreover,
sup
ρ>0

ρλ(σα
∗ > ρ) ≤ C

(
1 + ‖ f ‖L1(log L)d−1

)

for all f ∈ L1(log L)d−1(Td) and, for every 1 < p ≤ ∞,

∥∥σα
∗ f
∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T

d)).

The same hold for the Riesz summation σ
α,γ
n if 0 < α < ∞ and γ ∈ P.

Considering different parameters α j in the j th coordinate, we obtain the same
results. The next result can be proved in the same way as Theorem 4.2.19.

Theorem 4.2.21 Suppose that1 ≤ p < ∞,1/p + 1/q = 1, θ ∈ W (C, �1)(R
d)and

θ̂ ∈ E ′
q(R

d). If θ(0) = 1, Ms,p f (x) is finite and x is a strong p-Lebesgue point of
f ∈ L p(log L)d−1(Td), then

lim
n→∞ σθ

n f (x) = f (x).

Corollary 4.2.22 If the conditions of Theorem4.2.19 or Theorem4.2.21 are satisfied
and if f ∈ L1(log L)d−1(Td) is continuous at a point x, then

lim
n→∞ σθ

n f (x) = f (x).

Now we show the partial converse of Theorem 4.2.19.

Theorem 4.2.23 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If

lim
n→∞ σn f (x) = f (x)

for all strong p-Lebesgue points of f ∈ L p(T
d) then

sup
n∈Nd

‖Kn‖E ′
q (T

d ) ≤ C.

Proof We define D
′0
p (Td) as the set of all functions f ∈ D′

p(T
d) for which f (0) = 0

and 0 is a strong p-Lebesgue point of f , i.e.,

lim
h→0

(
1∏d

j=1(2h j )

∫ h1

−h1

. . .

∫ hd

−hd

| f (t)|p dt
)1/p

= 0.

Then we can show that D
′0
p (Td) is a Banach space and the proof can be finished as

in Theorems 4.1.25 and 4.2.16. �
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In the next subsection, we give some further examples for the θ-summation sat-
isfying the above conditions.

4.2.3 Some Applications

Now we suppose that

Kn = K (1)
n1 ⊗ · · · ⊗ K (d)

nd (n ∈ N
d)

and
θ = θ1 ⊗ · · · ⊗ θd .

For these functions, we have

‖Kn‖E ′
q (T

d ) =
d∏
j=1

∥∥∥K ( j)
n j

∥∥∥
Eq (T)

(n ∈ N
d) (4.2.7)

and a similar formula holds for ‖θ‖E ′
q (R

d ). Hence for these functions, it is enough to
consider the one-dimensional Herz spaces Eq(X) (X = T,R). As we have seen in
Corollary 4.2.20, the rectangular Cesàro and Riesz summation satisfy the conditions
of the preceding subsection.

Now, we present some sufficient condition on θ such that θ̂ ∈ E∞(R). The next
theorem was proved in Herz [166], Peetre [254] and Girardi and Weis [130].

Lemma 4.2.24 If θ ∈ B1
1,1(R), then θ̂ ∈ E∞(R) and

∥∥θ̂∥∥E∞
≤ Cp‖θ‖B1

1,1
.

A function f belongs to the weighted Wiener amalgam space W (L∞, �
vs
1 )(R) if

‖ f ‖W (L∞,�
vs
1 ) :=

∞∑
k=−∞

sup
x∈[0,1)

| f (x + k)|vs(k) < ∞,

where vs(x) := (1 + |x |)s (x ∈ R).

Lemma 4.2.25 If θ ∈ W (L∞, �
v1
1 )(R), then θ ∈ E∞(R) and

‖θ‖E∞ ≤ C‖θ‖W (L∞,�
v1
1 ).

Proof The inequalities
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‖θ‖E∞ =
∞∑

k=−∞
2k sup

Pk

|θ|

≤ 2 sup
(−π,π)

|θ| + C
∞∑
k=0

2k
∑

j :(−π,π)+2 jπ∩Pk 
=∅
sup

(−π,π)+2 jπ
|θ|

≤ C
∞∑

j=−∞
(1 + | j |) sup

(−π,π)d+2 jπ
|θ|

= C‖θ‖W (L∞,�
v1
1 )

prove the result. �

We generalize Feichtinger’s algebra and introduce its weighted version.

Definition 4.2.26 Let g0(x) := e−π‖x‖22 be the Gauss function. We define the
weighted Feichtinger’s algebra or modulation space Mvs

1 (Rd) (s ≥ 0) by

Mvs
1 (Rd) :=

{
f ∈ L2(Rd) : ‖ f ‖Mvs

1
:= ∥∥Sg0 f · vs

∥∥
L1(R2d )

< ∞
}

,

where vs(x,ω) := vs(ω) = (1 + |ω|)s (x,ω ∈ R
d).

Any other non-zero Schwartz function defines the same space and an equivalent
norm (see, e.g., Feichtinger [100] and Gröchenig [152]).

Lemma 4.2.27 If θ ∈ Mv1
1 (R), then θ̂ ∈ E∞(R) and

∥∥θ̂∥∥E∞
≤ ‖θ‖M

v1
1

.

Proof By Lemma 4.2.25,

∥∥θ̂∥∥E∞
≤ C
∥∥θ̂∥∥W (L∞,�

v1
1 )

≤ C ‖ f ‖M
v1
1

,

where the second inequality can be found in Gröchenig [152, p. 249]. �

Corollary 4.2.28 Suppose that θ = θ1 ⊗ · · · ⊗ θd ∈ W (C, �1)(R
d) and θ(0) = 1.

If θ j ∈ Mv1
1 (R) for all j = 1, . . . , d, Ms f (x) is finite and x is a strong Lebesgue

point of f ∈ L1(log L)d−1(Td), then

lim
n→∞ σθ

n f (x) = f (x).

Moreover,

sup
ρ>0

ρλ(σθ
∗ > ρ) ≤ C

⎛
⎝ d∏

j=1

∥∥θ j

∥∥
M

v1
1

⎞
⎠(1 + ‖ f ‖L1(log L)d−1

)
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for all f ∈ L1(log L)d−1(Td). Also, for every 1 < p ≤ ∞,

∥∥σθ
∗ f
∥∥
p ≤ Cp

⎛
⎝ d∏

j=1

∥∥θ j

∥∥
M

v1
1

⎞
⎠ ‖ f ‖p ( f ∈ L p(R

d)).

In the next theorem, we give a sufficient result for θ to be in Mvs
1 (R).

Theorem 4.2.29 If θ ∈ V k
1 (R) for some k ≥ 2, then θ ∈ Mvs

1 (R) for all 0 ≤ s <

k − 1 and
‖θ‖Mvs

1
≤ Cs‖θ‖V k

1
.

This theorem can be proved aswas Theorem 3.7.14. Note that V k
1 (Rd)was defined

in Definition 3.7.13.
The space V 2

1 (R) is not contained in Mv1
1 (R). However, the same results hold as

in Corollary 4.2.28.

Theorem 4.2.30 If θ ∈ V 2
1 (R), then θ̂ ∈ E∞(R).

Proof The inequality ∣∣θ̂(x)∣∣ ≤ C

x2
(x 
= 0) (4.2.8)

can be shown similarly to Theorem 3.7.14. θ̂ ∈ E∞(R) follows from Theorem 4.1.9.
�

Corollary 4.2.31 Suppose that θ = θ1 ⊗ · · · ⊗ θd ∈ W (C, �1)(R
d) and θ(0) = 1.

If θ j ∈ V 2
1 (R) for all j = 1, . . . , d, then the results of Corollary 4.2.28 holds.

Note that for all examples of Sect. 2.6.3,we have θ ∈ V 2
1 (R) or (4.2.8). Thismeans

that all results of Sect. 4.2.2 hold if each θ j denotes either the Cesàro summation or
one of the examples of Sect. 2.6.3.

4.3 Restricted Rectangular Summability over a Cone

Let again

σn f (x) = 1

(2π)d

∫
Td

f (x − t)Kn(t) dt (n ∈ N
d),

where f ∈ L1(T
d) and Kn ∈ L1(T

d) ∩ L∞(Td). Here we suppose that n ∈ N
d is in

the cone Rd
τ . Recall that R

d
τ is defined by

R
d
τ := {x ∈ R

d
+ : τ−1 ≤ xi/x j ≤ τ , i, j = 1, . . . , d},

where τ ≥ 1 is fixed. The higher dimensional rectangular Cesàro and Riesz kernels,
K α

n and K α,γ
n satisfy the conditions of this section.
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4.3.1 Hardy-Littlewood Maximal Functions

It would be a straightforward idea that for the restricted rectangular summability,
we use the restricted Hardy-Littlewood maximal function M�,p defined in Theorem
4.1.4. However, this would be not useful because the restricted maximal function is
equivalent to the usual maximal function Mp f (see (4.1.1)). So we have to introduce
a third generalization of the maximal function.

Definition 4.3.1 For ω > 0, 1 ≤ p < ∞ and f ∈ L p(T
d), the Hardy-Littlewood

maximal function Mω,1
p f is given by

Mω,1
p f (x) := sup

i∈Nd ,h>0
2−ω‖i‖1

(
1

(2h)d2‖i‖1

∫ 2i1h

−2i1h
· · ·
∫ 2id h

−2id h
| f (x − t)|p dt

)1/p
.

For p = 1, we write simply Mω,1 f . If ω = 0, we get back the definition of the
strongHardy-Littlewoodmaximal functionMs,p f . In contrary to the strongmaximal
function, due to the weight 2−ω‖i‖1 , the weak type (p, p) inequality will be true for
Mω

p . It is clear that

Mω1,1
p f ≤ Mω2,1

p f for ω1 > ω2 > 0 and 1 ≤ p < ∞.

Let us point out the definition in the two-dimensional case. We have

Mω,1
p f (x1, x2) = sup

i1,i2∈N,h>0
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i1h

−2i1h

∫ 2i2 h

−2i2 h
| f (x1 − t1, x2 − t2)|p dt

)1/p
.

To prove inequalities forMω,1
p f , we need another generalization of the maximal

function Mp f . Let μ(h) and ν(h) be two continuous functions of h ≥ 0, strictly
increasing to ∞ and 0 at h = 0. Let

M1,μ,ν
p f (x1, x2) := sup

h>0

(
1

4μ(h)ν(h)

∫ μ(h)

−μ(h)

∫ ν(h)

−ν(h)

| f (x1 − t1, x2 − t2)|p dt
)1/p

,

where f ∈ L p(T
2). Ifμ(h) = ν(h) = h, thenweget back theusualHardy-Littlewood

maximal function Mp f investigated in Sect. 4.1.1. The next result can be proved in
the same way as Theorem 4.1.2.

Theorem 4.3.2 If 1 ≤ p < ∞, then

sup
ρ>0

ρλ(M1,μ,ν
p f > ρ)1/p ≤ Cp ‖ f ‖p ( f ∈ L p(T

2)).
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Moreover, if p < r ≤ ∞, then

∥∥M1,μ,ν
p f
∥∥
r

≤ Cr ‖ f ‖r ( f ∈ Lr (T
2)),

where the constants Cp and Cr are independent of μ and ν.

Using this theorem, we can prove the inequalities for Mω,1
p .

Theorem 4.3.3 If ω > 0 and 1 ≤ p < ∞, then

sup
ρ>0

ρλ(Mω,1
p f > ρ)1/p ≤ C‖ f ‖p ( f ∈ L p(T

d)).

Moreover, if p < r ≤ ∞, then

∥∥Mω,1
p f
∥∥
r

≤ Cr‖ f ‖r ( f ∈ Lr (T
d).

Proof Applying Theorem 4.3.2 to μ(h) = 2i1h and ν(h) = 2i2h, we obtain

ρpλ(Mω,1
p f > ρ) ≤ ρλ

( ∞⋃
i1,i2=0

2−ω(i1+i2) sup
h>0

(
1

4 · 2i1+i2h2

∫ 2i1h

−2i1h

∫ 2i2 h

−2i2 h
| f (x1 − t1, x2 − t2)|p dt

)1/p
> ρ

)

≤ ρp
∞∑

i1=0

∞∑
i2=0

λ
(
M1,μ,ν

p f > 2ω(i1+i2)ρ
)

≤ Cp

∞∑
i1=0

∞∑
i2=0

2−ω p(i1+i2)‖ f ‖p
p

≤ Cp‖ f ‖p
p

for all f ∈ L1(T
2) and ρ > 0. The inequality

∥∥Mω,1 f
∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T

2), 1 < p ≤ ∞)

can be shown similarly. �

4.3.2 Lebesgue Points for the Summability over a Cone

We briefly write Lω
p(R

d) (ω ≥ 0) instead of the weighted Lebesgue space Lω
p(R

d ,λ)

equipped with the norm
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‖ f ‖Lω
p
:=
(∫

Rd

| f (x)(1 + |x |)ω|p dx
)1/p

(1 ≤ p < ∞),

with the usual modification for p = ∞. If ω = 0, then we get back the L p(R
d)

spaces. Clearly, L p(R
d) ⊃ Lω

p(R
d).

In this subsection, we introduce a new type of Herz spaces, the so-called weighted
inhomogeneous Herz spaces.

Definition 4.3.4 For ω ≥ 0 and 1 ≤ q ≤ ∞, the weighted Herz space Eω
q (Rd) con-

tains all functions f for which

‖ f ‖Eω
q

:=
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1−1/q)

⎞
⎠∥∥ f 1Qk

∥∥
q < ∞,

where
Qk := Qk1 × · · · × Qkd (k ∈ N

d)

and

Qi = {x ∈ R : 2i−1π ≤ |x | < 2iπ} (i ∈ N+), Q0 := (−π,π).

It is clear that
Eω
q (Rd) ⊃ Eω′

q (Rd) 0 ≤ ω < ω′ < ∞

and
L1(R

d) ⊃ Lω
1 (Rd) = Eω

1 (Rd) ⊃ Eω
q (Rd) ⊃ Eω

q ′(R
d) ⊃ Eω

∞(Rd)

for any 1 < q < q ′ < ∞ with continuous embeddings. Moreover,

Eω
q (Rd) ⊂ Lω

q (Rd) and ‖ f ‖Lω
q (Rd ) ≤ Cq ‖ f ‖Eω

q (Rd ) .

Indeed,

∫
Rd

| f (t)|q dt ≤
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1−1/q)q

⎞
⎠
∫
Qk

| f (t)|q dt,

which implies the inequality. The connection between E0
q(R

d) and E ′
q(R

d) is the
following. First of all,

E0
q(R

d) ⊂ E ′
q(R

d) and ‖ f ‖E ′
q (R

d ) ≤ Cq ‖ f ‖E0
q (R

d ) .

We prove this for one dimension, only:
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0∑
k=−∞

2k(1−1/q)
∥∥ f 1Pk∥∥q ≤

0∑
k=−∞

2k(1−1/q)
∥∥ f 1(−π,π)

∥∥
q ≤ Cq ‖ f ‖E0

q (R) .

We get the inequality for higher dimensions similarly. Summarizing these results,
we can see that

E0
q(R

d) = Lq(R
d) ∩ E ′

q(R
d) and ‖ f ‖E0

q (R
d ) ∼ ‖ f ‖q + ‖ f ‖E ′

q (R
d )

with equivalent norms. Usually, θ̂ ∈ L1(R
d) ∩ C0(R

d), thus θ̂ ∈ E ′
q(R

d) if and only

if θ̂ ∈ E0
q(R

d), but ‖θ̂‖E ′
q (R

d ) ≤ Cq‖θ̂‖E0
q (R

d ), (1 ≤ q ≤ ∞).
We show that f ∈ Eω∞(R) if and only if f has a decreasing majorant function

belonging to Lω
1 (R).

Theorem 4.3.5 Let ω ≥ 0 and η(x) := sup|t |≥|x | | f (t)|. Then f ∈ Eω∞(R) if and
only if η ∈ Lω

1 (R) and

C−1 ‖η‖Lω
1

≤ ‖ f ‖Eω∞ ≤ C ‖η‖Lω
1
+ η(0).

Proof If η ∈ Lω
1 (R), then

‖ f ‖Eω∞ ≤
∞∑
k=0

2k(ω+1)
∥∥η1Qk

∥∥∞

=
∞∑
k=1

2k(ω+1)η(2k−1π) + η(0) ≤ C ‖η‖Lω
1
+ η(0).

For the converse, we use the function ν introduced in the proof of Theorem 4.1.9
to obtain

‖η‖Lω
1

≤ ‖ν‖Lω
1

=
∞∑
k=0

ank

∫
B(0,2nk )\B(0,2nk−1 )

(1 + x)ω dx

= C
∞∑
k=0

2nkω
(
2nk − 2nk−1

)
ank ≤ C ‖ f ‖Eω∞ ,

which proves the theorem. �

In this section, we investigate the restricted maximal operator

σ� f := sup
n∈Rd

τ

|σn f | ,

where τ ≥ 1 is fixed. Recall that



4.3 Restricted Rectangular Summability over a Cone 219

K̃n(t) :=
⎛
⎝ d∏

j=1

n j

⎞
⎠

−1 (
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)
.

Theorem 4.3.6 If ω ≥ 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C,

then

σ� f (x) ≤ C

(
sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

)
Mω,1

p f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

Proof We have

|σn f (x)|
= 1

(2π)d

∣∣∣∣
∫
Rd

f (x − t)
(
1(−π,π)d Kn

)
(t) dt

∣∣∣∣
≤ 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0

∫
Qk1 (n1)

· · ·
∫
Qkd (nd )

| f (x − t)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

where
Qi (n j ) := {x ∈ R : 2i−1π/n j ≤ |x | < 2iπ/n j } (i ∈ N+)

and
Q0(n j ) := (−π/n j ,π/n j ).

By Hölder’s inequality,

|σn f (x)|

≤ 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0

(∫
Qk1 (n1)

· · ·
∫
Qkd (nd )

| f (x − t)|p dt
)1/p

(∫
Qk1 (n1)

· · ·
∫
Qkd (nd )

∣∣(1(−π,π)d Kn
)
(t)
∣∣q dt

)1/q

= 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0

(∫
Qk1 (n1)

· · ·
∫
Qkd (nd )

| f (x − t)|p dt
)1/p
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⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
. (4.3.1)

Choose s ∈ N such that 2s−1 < τ ≤ 2s . Since n ∈ R
d
τ , we conclude

|σn f (x)|

≤ 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0

(∫ 2k1+sπ/n1

−2k1+sπ/n1

· · ·
∫ 2kd+sπ/n1

−2kd+sπ/n1

| f (x − t)|p dt
)1/p

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
. (4.3.2)

Let again

G(u) :=
(∫ u1

−u1

. . .

∫ ud

−ud

| f (x − t)|p dt
)1/p

(u ∈ R
d
+).

Then

2−ω(k1+...+kd )pnd1
Gp(2k1+sπ/n1, . . . , 2kd+sπ/n1)

(2π)d2sd2k1+...+kd
≤ (Mω,1

p )p f (x)

and so

|σn f (x)|

≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

G

(
2k1+sπ

n1
, . . . ,

2kd+sπ

n1

)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1/p)

⎞
⎠ n−d/p

1 Mω,1
p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

The fact n ∈ R
d
τ implies
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|σn f (x)| ≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1/p)

⎞
⎠Mω,1

p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1

(∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

= C
∥∥K̃n

∥∥
Eω
q (Rd )

Mω,1
p f (x),

which shows the theorem. �

Taking into account Theorem 4.3.3, we have

Theorem 4.3.7 If ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C,

then

sup
ρ>0

ρλ(σ� f > ρ)1/p ≤ Cp

(
sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

)
‖ f ‖p

for all f ∈ L p(T
d). Moreover, for every p < r ≤ ∞,

‖σ� f ‖r ≤ C

(
sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

)
‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.3.8 Suppose that ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C.

If
lim

n→∞, n∈Rd
τ

K̂n(k) = 1

for all k ∈ Z
d , then

lim
n→∞, n∈Rd

τ

σn f = f a.e.

for all f ∈ L p(T
d).

For the rectangular θ-means

σθ
n f (x) :=

∑
k1∈Z

· · ·
∑
kd∈Z

θ

(−k1
n1

, . . . ,
−kd
nd

)
f̂ (k)eık·x ,



222 4 Lebesgue Points of Higher Dimensional Functions

we obtain

Theorem 4.3.9 Suppose that ω ≥ 0, 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈ W
(C, �1)(R

d) and θ̂ ∈ Eω
q (Rd), then

σθ
� f (x) ≤ C

∥∥θ̂∥∥Eω
q (Rd )

Mω,1
p f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

This inequality can be proved as Theorem 4.3.6 (see also Theorem 4.2.11).

Theorem 4.3.10 Suppose that ω > 0, 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈
W (C, �1)(R

d) and θ̂ ∈ Eω
q (Rd), then

sup
ρ>0

ρλ(σθ
� f > ρ)1/p ≤ Cp

∥∥θ̂∥∥Eω
q (Rd )

‖ f ‖p

for all f ∈ L p(T
d). Moreover, for every p < r ≤ ∞,

∥∥σθ
� f
∥∥
r ≤ C

∥∥θ̂∥∥Eω
q (Rd )

‖ f ‖r ( f ∈ Lr (T
d)).

Corollary 4.3.11 Suppose that ω > 0, 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ(0) =
1, θ ∈ W (C, �1)(R

d) and θ̂ ∈ Eω
q (Rd), then

lim
n→∞, n∈Rd

τ

σθ
n f = f a.e.

for all f ∈ L p(T
d).

We introduce the third generalization of Lebesgue points as follows. Starting from
the maximal function Mω,1

p f , we introduce

Uω,1
r,p f (x) := sup

i∈Nd ,h>0,2ik h<r,k=1,...d
2−ω‖i‖1

(
1

(2h)d2‖i‖1
∫ 2i1h

−2i1h
· · ·
∫ 2id h

−2id h
| f (x − t) − f (x)|p dt

)1/p
. (4.3.3)

In case p = 1,weomit the notation p andwrite simplyUω,1
r f . In the two-dimensional

case this definition reads as

Uω,1
r,p f (x1, x2) = sup

i1,i2∈N,h>0,2ik h<r,k=1,2
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i1h

−2i1 h

∫ 2i2 h

−2i2 h
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt

)1/p
.
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Note that the definitions of the p-Lebesgue points and strong p-Lebesgue points
(see Definitions 4.1.19 and 4.2.17) can be rewritten as

lim
r→0

sup
0<h<r

(
1

(2h)d

∫ h

−h
· · ·
∫ h

−h
| f (x − t) − f (x)|p dt

)1/p
= 0

and

lim
r→0

sup
0<h j<r, j=1,...,d

(
1∏d

j=1(2h j )

∫ h1

−h1

· · ·
∫ hd

−hd

| f (x − t) − f (x)|p dt

)1/p
= 0,

respectively. Similarly to this definition, we introduce a new type of Lebesgue points.

Definition 4.3.12 For 1 ≤ p < ∞ and ω > 0, a point x ∈ T
d is called a (p,ω)-

Lebesgue point of f ∈ L p(T
d) if

lim
r→0

Uω,1
r,p f (x) = 0.

If ω = 0, then the (p, 0)-Lebesgue points are the same as the strong p-Lebesgue
points. It is easy to see that every (p,ω2)-Lebesgue point is a (p,ω1)-Lebesgue point
if ω1 > ω2 > 0. Moreover, if p < r , then every (r,ω)-Lebesgue point is a (p,ω)-
Lebesgue point. If f is continuous at x , then x is a (p,ω)-Lebesgue point of f for
all 1 ≤ p < ∞ and ω > 0.

Theorem 4.3.13 For 1 ≤ p < ∞ andω > 0, almost every point x ∈ T
d is a (p,ω)-

Lebesgue point of f ∈ L p(T
d).

Proof If f is a continuous function, then x is obviously a (p,ω)-Lebesgue point.
By Theorem 4.3.3,

ρpλ

(
sup
r>0

Uω,1
r,p f > ρ

)
≤ ρpλ(Mω,1

p f > ρ/2) + 2ρpλ(| f | > ρ/2)

≤ C ‖ f ‖p
p .

Since the result holds for continuous functions and the continuous functions are
dense in L p(T

d), the theorem follows from the usual density argument of Theorem
1.3.7. �

Theorem 4.3.14 Suppose that ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

∞∑
k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1−1/q)

⎞
⎠ sup

n∈Rd
κ,τ

∥∥K̃n1Qk

∥∥
q ≤ C. (4.3.4)

If
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lim
n→∞, n∈Rd

τ

K̂n(0) = 1,

Mω,1
p f (x) is finite and x is a (p,ω)-Lebesgue points of f ∈ L p(T

d), then

lim
n→∞, n∈Rd

τ

σn f (x) = f (x).

Proof Choose again s ∈ N such that 2s−1 < τ ≤ 2s . Since x is a (p,ω)-Lebesgue
point of f , we can fix a number r < 1 such that

Uω,1
r2sπ,p f (x) < ε,

whereUω,1
r,p f was introduced in (4.3.3). Let us denote by r0 the largest number i , for

which r/2 ≤ 2i/n1 < r . We have

|σn f (x) − f (x)| ≤ 1

(2π)d

∫
Rd

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt

+
∣∣∣∣ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)∣∣∣∣
= A1(x) + A2(x) + A3(x),

where

A1(x) := 1

(2π)d

r0∑
k1=0

· · ·
r0∑

kd=0∫
Qk1 (n1)

· · ·
∫
Qkd (nd )

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

A2(x) := 1

(2π)d

∑
π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0∫

Qk1 (n1)
· · ·
∫
Qkd (nd )

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

and

A3(x) :=
∣∣∣∣ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)∣∣∣∣ =
∣∣ f (x) (K̂n(0) − 1

)∣∣ .

Here {π1, . . . ,πd} denotes a permutation of {1, . . . , d} and 1 ≤ j ≤ d. Obviously,
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lim
n→∞, n∈Rd

τ

A3(x) = 0.

Similarly to (4.3.1) and (4.3.2), we deduce

A1(x)

≤ 1

(2π)d

r0∑
k1=0

· · ·
r0∑

kd=0

(∫
Qk1 (n1)

· · ·
∫
Qkd (nd )

| f (x − t) − f (x)|p dt
)1/p

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ 1

(2π)d

r0∑
k1=0

· · ·
r0∑

kd=0

(∫ 2k1+sπ/n1

−2k1+sπ/n1

· · ·
∫ 2kd+sπ/n1

−2kd+sπ/n1

| f (x − t) − f (x)|p dt
)1/p

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
. (4.3.5)

Setting

G(u) :=
(∫ u1

−u1

. . .

∫ ud

−ud

| f (x − t) − f (x)|p dt
)1/p

(u ∈ R
d
+),

we conclude

2−ω(k1+...+kd )nd/p
1

G(2k1+sπ/n1, . . . , 2kd+sπ/n1)(
(2π)d2sd2k1+...+kd

)1/p ≤ Uω,1
r2sπ,p f (x) (4.3.6)

because n ∈ R
d
τ and so

2k j+s

n1
≤ 2r0+s

n1
< r2s ( j = 1, . . . , d).

Hence

A1(x)

≤ 1

(2π)d

r0∑
k1=0

· · ·
r0∑

kd=0

G(2k1+sπ/n1, . . . , 2
kd+sπ/n1)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
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≤ C
r0∑

k1=0

· · ·
r0∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1/p)

⎞
⎠ n−d/p

1 Uω,1
r2sπ,p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

From this it follows immediately that

A1(x) ≤ C
r0∑

k1=0

· · ·
r0∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1/p)

⎞
⎠Uω,1

r2sπ,p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1 (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
∥∥K̃n

∥∥
Eω
q (Rd )

ε.

Similarly to (4.3.5) and (4.3.6), we can see that

A2(x)

≤ 1

(2π)d

∑
π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0(∫ 2k1+sπ/n1

−2k1+sπ/n1

· · ·
∫ 2kd+sπ/n1

−2kd+sπ/n1

| f (x − t) − f (x)|p dt
)1/p

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

and

2−ω(k1+...+kd )nd/p
1

G(2k1+sπ/n1, . . . , 2kd+sπ/n1)(
(2π)d2sd2k1+...+kd

)1/p ≤ Mω,1
p f (x) + | f (x)|.

Since Mω,1
p f (x) is finite, we have

A2(x)

≤ C
∑

π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0
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⎛
⎝ d∏

j=1

2k j (ω+1/p)

⎞
⎠(Mω,1

p f (x) + | f (x)|)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1 (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
∑

π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0⎛

⎝ d∏
j=1

2k j (ω+1/p)

⎞
⎠
(∫

Qk1

· · ·
∫
Qkd

∣∣K̃n(t)
∣∣q dt

)1/q (Mω,1
p f (x) + | f (x)|) .

Since r0 → ∞ as n1 → ∞ and (4.3.4) holds, we conclude that

lim
n→∞ A2(x) = 0,

which finishes the proof. �

Note that (4.3.4) implies

sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C.

If K̃n can be estimated by a function g ∈ Eω
q (Rd) which is independent of n, then

(4.3.4) holds. This holds again for the Cesàro kernel K α
n = K α

n1 ⊗ · · · ⊗ K α
nd and for

the Riesz kernel K α,γ
n = K α,γ

n1 ⊗ · · · ⊗ K α,γ
nd . Indeed, taking into account (4.2.5) and

(4.2.6), we can see that

min
{
1, |t |−α−1

} ∈ Eω
∞(Rd)

if 0 < ω < α ≤ 1 and

min
{
1, |t |−min(α,1)−1

} ∈ Eω
∞(Rd)

if 0 < ω < min(α, 1).

Corollary 4.3.15 If 0 < ω < α ≤ 1,Mω,1 f (x) is finite and x is a (1,ω)-Lebesgue
point of f ∈ L1(T

d), then

lim
n→∞, n∈Rd

τ

σα
n f (x) = f (x).

Moreover,
sup
ρ>0

ρλ(σα
� > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T

d))
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and, for every 1 < p ≤ ∞,

∥∥σα
� f
∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T

d)).

The same hold for the Riesz summation σ
α,γ
n if 0 < ω < min(α, 1), 0 < α < ∞ and

γ ∈ P.

The proof of Theorem 4.3.14 shows also

Theorem 4.3.16 Suppose that ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1, θ ∈ W (C, �1)

(Rd) and θ̂ ∈ Eω
q (Rd). If θ(0) = 1, Mω,1

p f (x) is finite and x is a (p,ω)-Lebesgue
point of f ∈ L p(T

d), then

lim
n→∞, n∈Rd

τ

σθ
n f (x) = f (x).

Corollary 4.3.17 If the conditions of Theorem4.3.14 or Theorem4.3.16 are satisfied
and if f ∈ L1(T

d) is continuous at a point x, then

lim
n→∞, n∈Rd

τ

σθ
n f (x) = f (x).

Taking into account Theorem 4.2.30, we obtain

Corollary 4.3.18 Suppose that θ = θ1 ⊗ · · · ⊗ θd ∈ W (C, �1)(R
d), θ(0) = 1 and

θ j ∈ V 2
1 (R) for all j = 1, . . . , d. If 0 < ω < 1,Mω,1 f (x) is finite and x is a (1,ω)-

Lebesgue point of f ∈ L1(T
d), then

lim
n→∞, n∈Rd

τ

σθ
n f (x) = f (x).

Moreover,

sup
ρ>0

ρλ(σθ
� > ρ) ≤ C

⎛
⎝ d∏

j=1

∥∥θ j

∥∥
Eω∞(R)

⎞
⎠ ‖ f ‖1 ( f ∈ L1(T

d))

and, for every 1 < p ≤ ∞,

∥∥σθ
� f
∥∥
p ≤ Cp

⎛
⎝ d∏

j=1

∥∥θ j

∥∥
Eω∞(R)

⎞
⎠ ‖ f ‖p ( f ∈ L p(T

d)).

All examples of Sect. 2.6.3 satisfy the condition θ ∈ V 2
1 (R). This means that all

results of Sect. 4.3.2, especially Corollary 4.3.18 hold if each θ j denotes either the
Cesàro summation or one of the examples of Sect. 2.6.3.
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4.4 Restricted Rectangular Summability over a Cone-Like
Set

In this section, we investigate the operators

σn f (x) = 1

(2π)d

∫
Td

f (x − t)Kn(t) dt

over a cone-like set, i.e., we assume that n ∈ R
d
κ,τ . Recall that R

d
κ,τ was defined in

Sect. 3.4 by

R
d
κ,τ := {x ∈ R

d
+ : τ−1

j κ j (n1) ≤ n j ≤ τ jκ j (n1), j = 2, . . . , d},

where κ1 is the identity function and, for all j = 2, . . . , d, κ j : R+ → R+ are strictly
increasing and continuous functions such that

lim
j→∞ κ j = ∞ and lim

j→+0
κ j = 0.

Instead of (3.4.1), we will suppose that there exist c j , ξ > 1 such that

κ j (ξx) = c jκ j (x) (x > 0). (4.4.1)

The higher dimensional rectangular Cesàro and Riesz kernels, K α
n and K α,γ

n will
satisfy again the conditions of this section.

4.4.1 Hardy-Littlewood Maximal Functions

We generalize the definition of Mω,1
p f as follows.

Definition 4.4.1 For ω > 0, 1 ≤ p < ∞ and f ∈ L p(T
d), the Hardy-Littlewood

maximal function Mκ,ω
p f is given by

Mκ,ω
p f (x) := sup

i∈Nd ,h>0

⎛
⎝ d∏

j=1

κ j (ξ
i j )−ω

⎞
⎠

(
1∏d

j=1(2κ j (ξi j h)π)

∫ κ1(ξ
i1h)π

−κ1(ξi1h)π

· · ·
∫ κd (ξ

id h)π

−κd (ξid h)π

| f (x − t)|p dt
)1/p

.

We show that the operator Mκ,ω
p is of weak type (p, p) as was Mω,1

p .

Theorem 4.4.2 If 1 ≤ p < ∞, then



230 4 Lebesgue Points of Higher Dimensional Functions

sup
ρ>0

ρλ(Mκ,ω
p f > ρ)1/p ≤ Cp‖ f ‖p ( f ∈ L p(T

d)).

Moreover, if p < r ≤ ∞, then

∥∥Mκ,ω
p f
∥∥
r

≤ Cr‖ f ‖r ( f ∈ Lr (R
d)).

Proof Choosing
μ(h) := κ1(ξ

i1h), ν(h) := κ2(ξ
i2h)

in the definition of M1,μ,ν
p f (see Theorem 4.3.2), we get that

ρpλ(Mκ,ω
p f > ρ)

≤ ρpλ

( ∞⋃
i1,i2=0

⎛
⎝ 2∏

j=1

κ j (ξ
i j )−ω

⎞
⎠ sup

h>0

(
1∏2

j=1(2κ j (ξi j h))

∫ κ1(ξ
i1h)

−κ1(ξi1h)

∫ κ2(ξ
i2 h)

−κ2(ξi2 h)

| f (x1 − t1, x2 − t2)|p dt
)1/p

> ρ

)

≤ ρp
∞∑

i1=0

∞∑
i2=0

λ

⎛
⎝M1,μ,ν

p f >

⎛
⎝ 2∏

j=1

κ j (ξ
i j )ω

⎞
⎠ ρ

⎞
⎠

≤ Cp

∑
i∈Nd

⎛
⎝ 2∏

j=1

κ j (ξ
i j )−ω p

⎞
⎠ ‖ f ‖p

p

≤ Cp

∑
i∈Nd

⎛
⎝ 2∏

j=1

c
−ω pi j
j κ j (1)

−ω p

⎞
⎠ ‖ f ‖p

p ≤ Cp‖ f ‖p
p

because c j > 1 ( j = 1, 2). �

4.4.2 Lebesgue Points for the Summability over a Cone-Like
Set

Using the functions κ j , we modify slightly the norm of the Herz spaces Eω
q (Rd).

Definition 4.4.3 For ω ≥ 0 and 1 ≤ q ≤ ∞, the weighted Herz space Eκ,ω
q (Rd)

contains all functions f for which

‖ f ‖Eκ,ω
q :=

∞∑
k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω+1−1/q

⎞
⎠∥∥ f 1Qk

∥∥
q < ∞,
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where
Qk := Q1,k1 × · · · × Qd,kd (k ∈ N

d),

Q j,0 := Q
κ j

j,0 := (−κ j (1)π,κ j (1)π
)

( j = 1, . . . , d)

and
Q j,i := Q

κ j

j,i := {x ∈ R : κ j (ξ
i−1)π ≤ |x | < κ j (ξ

i )π} (i ∈ N+).

However, these spaces are equivalent to the Herz spaces Eω
q (Rd) studied in

Sect. 4.3.2.

Theorem 4.4.4 The spaces Eω
q (Rd) and Eκ,ω

q (Rd) are equivalent for all 1 ≤ q ≤
∞,ω ≥ 0.

Proof It is enough to show the result for one dimension. Thenwe denote the function
κ j and the corresponding constant c j simply by κ and c, and the sets Q

κ j

j,k by Qκ
k .

For a fixed k, let ν be the smallest natural number l for which κ(ξl) = clκ(1) ≥ 2k

and μ be the largest natural number l for which κ(ξl) ≤ 2k−1. Then

2k(ω+1−1/q)
∥∥ f 1Qk

∥∥
q ≤

ν∑
j=μ+1

κ(ξ j )ω+1−1/q
∥∥∥ f 1Qκ

j

∥∥∥
q
,

which means that
‖ f ‖Eω

q
≤ C ‖ f ‖Eκ,ω

q
.

The other side of the equivalence can be shown in the same way. �

We will investigate a restricted maximal operator depending on the cone-like set:

σκ f := sup
n∈Rd

κ,τ

|σn f | .

Theorem 4.4.5 If ω ≥ 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Rd

κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C,

then

σκ f (x) ≤ C

(
sup

n∈Rd
κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

)
Mκ,ω

p f (x)

for all f ∈ L p(T
d) and x ∈ T

d .
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Proof Obviously,

|σn f (x)| = 1

(2π)d

∣∣∣∣
∫
Rd

f (x − t)
(
1(−π,π)d Kn

)
(t) dt

∣∣∣∣
≤ 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0∫
Q1,k1 (n1)

· · ·
∫
Qd,kd (n1)

| f (x − t)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

where
Q j,0(n1) := (−κ j (1/n1)π,κ j (1/n1)π

)

and

Q j,i (n1) := {x ∈ R : κ j (ξ
i−1/n1)π ≤ |x | < κ j (ξ

i/n1)π} (i ∈ N+).

By Hölder’s inequality,

|σn f (x)|

≤ 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0

(∫
Q1,k1 (n1)

· · ·
∫
Qd,kd (n1)

| f (x − t)|p dt
)1/p

(∫
Q1,k1 (n1)

· · ·
∫
Qd,kd (n1)

∣∣(1(−π,π)d Kn
)
(t)
∣∣q dt

)1/q

= 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0

(∫
Q1,k1 (n1)

· · ·
∫
Qd,kd (n1)

| f (x − t)|p dt
)1/p⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
. (4.4.2)

For

G(u) :=
(∫ u1

−u1

. . .

∫ ud

−ud

| f (x − t)|p dt
)1/p

(u ∈ R
d
+),

we have
⎛
⎝ d∏

j=1

κ j (ξ
k j )−ω p

⎞
⎠ Gp(κ1(ξ

k1/n1)π, . . . ,κd(ξ
kd/n1)π)∏d

j=1(2κ j (ξk j /n1)π)
≤ (Mκ,ω

p )p f (x).

Thus
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|σn f (x)|

≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

G(κ1(ξ
k1/n1)π, . . . ,κd(ξ

kd/n1)π)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω

⎞
⎠
⎛
⎝ d∏

j=1

κ j (ξ
k j /n1)

⎞
⎠

1/p

Mκ,ω
p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

If ξl ≤ n1 < ξl+1 for some l ∈ Z, then by (4.4.1),

κ j (1)c
l
j = κ j (ξ

l) ≤ κ j (n1) ≤ κ j (ξ
l+1) = κ j (1)c

l+1
j

and

κ j

(
ξk j

n1

)
≤ κ j

(
ξk j

ξl

)
= 1

clj
κ j (ξ

k j ) ≤ κ j (1)c j
κ j (ξ

k j )

κ j (n1)
= κ j (1)κ j (ξ

k j+1)

κ j (n1)
.

Choose integers μ and ν such that

τ jκ j (1) ≤ cμ
j and τ−1

j κ j (1) ≥ cν
j

for all j = 1, . . . , d. Using the definition of the cone-like set, we can see that

n jκ j

(
ξk j

n1

)
≤ τ jκ j (n1)κ j

(
ξk j

n1

)
≤ τ jκ j (1)κ j (ξ

k j+1)

≤ cμ
j κ j (ξ

k j+1) = κ j (ξ
k j+μ+1).

On the other hand

κ j

(
ξk j

n1

)
≥ κ j

(
ξk j

ξl+1

)
= 1

cl+1
j

κ j (ξ
k j ) ≥ κ j (1)

c j

κ j (ξ
k j )

κ j (n1)
= κ j (1)κ j (ξ

k j−1)

κ j (n1)

and
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n jκ j

(
ξk j

n1

)
≥ τ−1

j κ j (n1)κ j

(
ξk j

n1

)
≥ τ−1

j κ j (1)κ j (ξ
k j−1)

≥ cν
jκ j (ξ

k j−1) = κ j (ξ
k j+ν−1).

Setting
Q′

j,0 := (−κ j (ξ
μ+1)π,κ j (ξ

μ+1)π
)

and
Q′

j,i := {x ∈ R : κ j (ξ
i+ν−2)π ≤ |x | < κ j (ξ

i+μ+1)π} (i ∈ N+),

we conclude

|σn f (x)| ≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω+1/p

⎞
⎠

⎛
⎝ d∏

j=1

κ j (n1)

⎞
⎠

−1/p

Mκ,ω
p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
Q′

1,k1

· · ·
∫
Q′

d,kd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω+1/p

⎞
⎠Mκ,ω

p f (x)

(∫
Q′

1,k1

· · ·
∫
Q′

d,kd

∣∣K̃n(t)
∣∣q dt

)1/q

≤ C
∥∥K̃n

∥∥
Eω
q (Rd )

Mκ,ω
p f (x),

which proves the theorem. �

Theorem 4.4.2 implies

Theorem 4.4.6 If ω ≥ 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Rd

κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C,

then

sup
ρ>0

ρλ(σκ f > ρ)1/p ≤ Cp

(
sup

n∈Rd
κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

)
‖ f ‖p

for all f ∈ L p(T
d). Moreover, for every p < r ≤ ∞,
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‖σκ f ‖r ≤ C

(
sup

n∈Rd
κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

)
‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.4.7 Suppose that ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Rd

κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C.

If
lim

n→∞, n∈Rd
κ,τ

K̂n(k) = 1

for all k ∈ Z
d , then

lim
n→∞,Rd

κ,τ

σn f = f a.e.

for all f ∈ L p(T
d).

For rectangular θ-means, we obtain the next theorems in the same way.

Theorem 4.4.8 Suppose that ω ≥ 0, 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈ W
(C, �1)(R

d) and θ̂ ∈ Eω
q (Rd), then

σθ
κ f (x) ≤ C

∥∥θ̂∥∥Eω
q (Rd )

Mκ,ω
p f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

Theorem 4.4.9 Suppose that ω > 0, 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈ W
(C, �1)(R

d) and θ̂ ∈ Eω
q (Rd), then

sup
ρ>0

ρλ(σθ
κ f > ρ)1/p ≤ Cp

∥∥θ̂∥∥Eω
q (Rd )

‖ f ‖p

for all f ∈ L p(T
d). Moreover, for every p < r ≤ ∞,

∥∥σθ
κ f
∥∥
r

≤ C
∥∥θ̂∥∥

Eω
q (Rd )

‖ f ‖r ( f ∈ Lr (T
d)).

Corollary 4.4.10 Suppose that ω > 0, 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ(0) =
1, θ ∈ W (C, �1)(R

d) and θ̂ ∈ Eω
q (Rd), then

lim
n→∞, n∈Rd

κ,τ

σθ
n f = f a.e.

for all f ∈ L p(T
d).
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We generalize the concept of Lebesgue points as follows. Let

Uκ,ω
r,p f (x) := sup

i∈Nd ,h>0,ξi j h<r, j=1,...d

⎛
⎝ d∏

j=1

κ j (ξ
i j )−ω

⎞
⎠
(

1∏d
j=1(2κ j (ξi j h)π)

∫ κ1(ξ
i1h)π

−κ1(ξi1h)π

· · ·
∫ κd (ξ

id h)π

−κd (ξid h)π

| f (x − t) − f (x)|p dt
)1/p

.

Definition 4.4.11 For 1 ≤ p < ∞ and ω > 0, a point x ∈ T
d is called a (p,κ,ω)-

Lebesgue point of f ∈ L p(T
d) if

lim
r→0

Uκ,ω
r,p f (x) = 0.

If κ is the identity function, then we get back the (p,ω)-Lebesgue points inves-
tigated in the previous section.

Theorem 4.4.12 For 1 ≤ p < ∞ and ω > 0, almost every point x ∈ T
d is a

(p,κ,ω)-Lebesgue point of f ∈ L p(T
d).

We omit the proof, since it is similar to that of Theorem 4.3.13. Our basic theorem
about the convergence at (p,κ,ω)-Lebesgue points reads as follows.

Theorem 4.4.13 Suppose that ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

∞∑
k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω+1−1/q

⎞
⎠ sup

n∈Rd
κ,τ

∥∥K̃n1Qk

∥∥
q ≤ C. (4.4.3)

If
lim

n→∞, n∈Rd
κ,τ

K̂n(0) = 1,

Mκ,ω
p f (x) is finite and x is a (p,κ,ω)-Lebesgue points of f ∈ L p(T

d), then

lim
n→∞, n∈Rd

κ,τ

σn f (x) = f (x).

Proof Since x is a (p,κ,ω)-Lebesgue point of f , we can fix a number r < 1 such
that

Uκ,ω
r,p f (x) < ε.

Let us denote by r0 the largest number i , for which r/ξ ≤ ξi/n1 < r . We use again
the decomposition
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|σn f (x) − f (x)| ≤ 1

(2π)d

∫
Rd

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt

+
∣∣∣∣ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)∣∣∣∣
= A1(x) + A2(x) + A3(x),

where

A1(x) := 1

(2π)d

r0∑
k1=0

· · ·
r0∑

kd=0∫
Q1,k1 (n1)

· · ·
∫
Qd,kd (n1)

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

A2(x) := 1

(2π)d

∑
π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0∫

Q1,k1 (n1)
· · ·
∫
Qd,kd (n1)

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

and

A3(x) :=
∣∣∣∣ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)∣∣∣∣ =
∣∣ f (x) (K̂n(0) − 1

)∣∣ .

{π1, . . . ,πd} denotes again a permutation of {1, . . . , d} and 1 ≤ j ≤ d. Obviously,

lim
n→∞, n∈Rd

τ

A3(x) = 0.

Taking into account (4.4.2), we can see that

A1(x)

≤ 1

(2π)d

r0∑
k1=0

· · ·
r0∑

kd=0

(∫
Q1,k1 (n1)

· · ·
∫
Qd,kd (n1)

| f (x − t) − f (x)|p dt
)1/p⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
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≤ C
r0∑

k1=0

· · ·
r0∑

kd=0

G(κ1(ξ
k1/n1)π, . . . ,κd(ξ

kd/n1)π)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
, (4.4.4)

where

G(u) :=
(∫ u1

−u1

. . .

∫ ud

−ud

| f (x − t) − f (x)|p dt
)1/p

(u ∈ R
d
+).

It comes from the definition of Uκ,ω
r,p that

⎛
⎝ d∏

j=1

κ j (ξ
k j )−ω

⎞
⎠ G(κ1(ξ

k1/n1)π, . . . ,κd(ξ
kd/n1)π)(∏d

j=1(2κ j (ξk j /n1)π)
)1/p ≤ Uκ,ω

r,p f (x), (4.4.5)

which implies

A1(x)

≤ C
r0∑

k1=0

· · ·
r0∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω

⎞
⎠
⎛
⎝ d∏

j=1

κ j (ξ
k j /n1)

⎞
⎠

1/p

Uκ,ω
r,p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

As in the proof of Theorem 4.4.5,

A1(x) ≤ C
r0∑

k1=0

· · ·
r0∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω+1/p

⎞
⎠

⎛
⎝ d∏

j=1

κ j (n1)

⎞
⎠

−1/p

Uκ,ω
r,p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
Q′

1,k1

· · ·
∫
Q′

d,kd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
r0∑

k1=0

· · ·
r0∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω+1/p

⎞
⎠Uκ,ω

r,p f (x)
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(∫
Q′

1,k1

· · ·
∫
Q′

d,kd

∣∣K̃n(t)
∣∣q dt

)1/q

≤ Cε
∥∥K̃n

∥∥
Eω
q (Rd )

.

In the same way as in (4.4.4), we get that

A2(x)

≤ C
∑

π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0

G(κ1(ξ
k1/n1)π, . . . ,κd(ξ

kd/n1)π)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

Besides (4.4.5), we know also the inequality

⎛
⎝ d∏

j=1

κ j (ξ
k j )−ω

⎞
⎠ G(κ1(ξ

k1/n1)π, . . . ,κd(ξ
kd/n1)π)(∏d

j=1(2κ j (ξk j /n1)π)
)1/p ≤ Mκ,ω

p f (x) + C | f (x)|.

As above, we get that

A2(x)

≤ C
∑

π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0⎛

⎝ d∏
j=1

κ j (ξ
k j )ω

⎞
⎠
⎛
⎝ d∏

j=1

κ j (ξ
k j /n1)

⎞
⎠

1/p (Mκ,ω
p f (x) + | f (x)|)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
(Mκ,ω

p f (x) + C | f (x)|) ∑
π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0⎛

⎝ d∏
j=1

κ j (ξ
k j )ω+1/p

⎞
⎠
(∫

Q′
1,k1

· · ·
∫
Q′

d,kd

∣∣K̃n(t)
∣∣q dt

)1/q
.
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Since r0 → ∞ as n1 → ∞, we deduce that

lim
n→∞ A2(x) = 0.

The proof of the theorem is complete. �

Obviously, (4.4.3) implies

sup
n∈Rd

κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C.

Since we basically work with the Eω
q (Rd) space, our results can be applied to all

examples of Sect. 4.3.2, amongst others, to the Cesàro and Riesz summability.

Corollary 4.4.14 If 0 < ω < α ≤ 1, Mκ,ω f (x) is finite and x is a (1,κ,ω)-
Lebesgue point of f ∈ L1(T

d), then

lim
n→∞, n∈Rd

κ,τ

σα
n f (x) = f (x).

Moreover,
sup
ρ>0

ρλ(σα
κ > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T

d))

and, for every 1 < p ≤ ∞,

∥∥σα
κ f
∥∥
p

≤ Cp‖ f ‖p ( f ∈ L p(T
d)).

The same hold for the Riesz summation σ
α,γ
n if 0 < ω < min(α, 1), 0 < α < ∞ and

γ ∈ P.

Theorem 4.4.15 Suppose that ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1, θ ∈ W
(C, �1)(R

d) and θ̂ ∈ Eω
q (Rd). If θ(0) = 1, Mκ,ω

p f (x) is finite and x is a (p,κ,ω)-
Lebesgue point of f ∈ L p(T

d), then

lim
n→∞, n∈Rd

κ,τ

σθ
n f (x) = f (x).

This theorem can be proved exactly as Theorem 4.4.13.

Corollary 4.4.16 If the conditions of Theorem4.4.13 or Theorem4.4.15 are satisfied
and if f ∈ L1(T

d) is continuous at a point x, then

lim
n→∞, n∈Rd

κ,τ

σθ
n f (x) = f (x).
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Corollary 4.4.17 Suppose that θ = θ1 ⊗ · · · ⊗ θd ∈ W (C, �1)(R
d), θ(0) = 1 and

θ j ∈ V 2
1 (R) for all j = 1, . . . , d. If 0 < ω < 1, Mκ,ω f (x) is finite and x is a

(1,κ,ω)-Lebesgue point of f ∈ L1(T
d), then

lim
n→∞, n∈Rd

κ,τ

σθ
n f (x) = f (x).

Moreover,

sup
ρ>0

ρλ(σθ
κ > ρ) ≤ C

⎛
⎝ d∏

j=1

∥∥θ j

∥∥
Eω∞(R)

⎞
⎠ ‖ f ‖1 ( f ∈ L1(T

d))

and, for every 1 < p ≤ ∞,

∥∥σθ
κ f
∥∥
p ≤ Cp

⎛
⎝ d∏

j=1

∥∥θ j

∥∥
Eω∞(R)

⎞
⎠ ‖ f ‖p ( f ∈ L p(T

d)).

We note again that all examples of Sect. 2.6.3 satisfy the condition θ ∈ V 2
1 (R).

4.5 �∞-Summability

Now we consider Lebesgue points for the �∞-summability. We study the �∞-Cesàro
means

σ∞,α
n f (x) = 1

(2π)d

∫
Td

f (x − t)K∞,α
n (t) dt (n ∈ N)

and the �∞-θ-means σ∞,θ
n f . Recall that the Cesàro kernel K∞,α

n was defined by

K∞,α
n (t) := 1

Aα
n−1

∑
k∈Zd , ‖k‖∞≤n

Aα
n−1−‖k‖∞e

ık·t .

In this section, we cannot use the concept of Herz spaces, we will use other ideas.

4.5.1 Hardy-Littlewood Maximal Functions

In this section, we are going to generalize the maximal operatorMω,1
p f investigated

in Sect. 4.3. Under a diagonal, we understand a diagonal of the cube [0,π]d . Let
us denote by P2i1 h,...,2id h a parallelepiped, whose center is the origin and whose
sides are parallel to the axes and/or to the diagonals and whose kth side length is
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2ik+1h if the kth side is parallel to an axis and
√
22ik+1h if the kth side is parallel to a

diagonal (i ∈ N
d , h > 0, k = 1, . . . , d). More exactly, at least one side of P2i1 h,...,2id h

is parallel to one of the axes and the other sides are parallel to the axes and/or to the
diagonals.

Definition 4.5.1 For ω > 0, 1 ≤ p < ∞ and f ∈ L p(T
d), the Hardy-Littlewood

maximal function Mω
p f is given by

Mω
p f (x)

:= sup
P
2i1 h,...,2id h

,i∈Nd ,h>0
2−ω‖i‖1

(
1∣∣P2i1h,...,2id h

∣∣
∫
P
2i1 h,...,2id h

| f (x − t)|p dt
)1/p

,

where the supremum is taken over all parallelepipeds P2i1 h,...,2id h (i ∈ N
d , h > 0)

just defined.

For p = 1, we use the notation Mω f . Obviously,

Mω1
p f ≤ Mω2

p f for ω1 > ω2 > 0 and 1 ≤ p < ∞.

It is easy to see that

Mω
p f (x) ≥ sup

i∈Nd ,h>0
2−ω‖i‖1

(
1

(2h)d2‖i‖1
∫ 2i1h

−2i1 h

∫ δ1t1+2i2 h

δ1t1−2i2 h
· · ·
∫ δd−1(t1−t2−···−td−1)+2id h

δd−1(t1−t2−···−td−1)−2id h
| f (x − t)|p dt

)1/p
,

where δi ∈ {0, 1} (i = 1, . . . , d). If we take the supremum only over all rectangles
with sides parallel to the axes, we get back the definition of the maximal operator
Mω,1

p f from Sect. 4.3.1. Thus

Mω
p f ≥ Mω,1

p f.

In the two-dimensional case, besidesMω,1
p f defined in Sect. 4.3.1, we introduce

Mω,2
p f (x1, x2) := sup

i1,i2∈N,h>0
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i1h

−2i1 h

∫ t1+2i2 h

t1−2i2 h
| f (x1 − t1, x2 − t2)|p dt2 dt1

)1/p
,
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Mω,3
p f (x1, x2) := sup

i1,i2∈N,h>0
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i1h

−2i1 h

∫ −t1+2i2 h

−t1−2i2 h
| f (x1 − t1, x2 − t2)|p dt2 dt1

)1/p
,

Mω,4
p f (x1, x2) := sup

i1,i2∈N,h>0
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i2 h

−2i2 h

∫ t2+2i1 h

t2−2i1 h
| f (x1 − t1, x2 − t2)|p dt1 dt2

)1/p

as well as

Mω,5
p f (x1, x2) := sup

i1,i2∈N,h>0
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i2 h

−2i2 h

∫ −t2+2i1h

−t2−2i1h
| f (x1 − t1, x2 − t2)|p dt1 dt2

)1/p
.

Note that in Mω,1
p f , we take the supremum over rectangles with sides parallel to

the axes and in Mω, j
p f ( j = 2, 3, 4, 5), over parallelograms with at most one side

parallel to one of the axes and with the other sides parallel to the diagonals of the
square [0,π]2. Then we have

Mω
p f (x1, x2) =

5∑
j=1

Mω, j
p f (x1, x2)

for all ω > 0 and 1 ≤ p < ∞. Similarly to M1,μ,ν
p f , we introduce also

M2,μ,ν
p f (x1, x2) := sup

h>0

(
1

4μ(h)ν(h)∫ μ(h)

−μ(h)

∫ t1+ν(h)

t1−ν(h)

| f (x1 − t1, x2 − t2)|p dt2 dt1
)1/p

,

M3,μ,ν
p f (x1, x2) := sup

h>0

(
1

4μ(h)ν(h)∫ μ(h)

−μ(h)

∫ −t1+ν(h)

−t1−ν(h)

| f (x1 − t1, x2 − t2)|p dt2 dt1
)1/p

,
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M4,μ,ν
p f (x1, x2) := sup

h>0

(
1

4μ(h)ν(h)∫ ν(h)

−ν(h)

∫ t2+μ(h)

t2−μ(h)

| f (x1 − t1, x2 − t2)|p dt1 dt2
)1/p

and

M5,μ,ν
p f (x1, x2) := sup

h>0

(
1

4μ(h)ν(h)∫ ν(h)

−ν(h)

∫ −t2+μ(h)

−t2−μ(h)

| f (x1 − t1, x2 − t2)|p dt1 dt2
)1/p

.

Recall that μ(h) and ν(h) are two continuous functions of h ≥ 0, strictly increasing
to ∞ and 0 at h = 0. The next two theorems can be proved in the same way as in
Sect. 4.3.1.

Theorem 4.5.2 If j = 1, . . . , 5 and 1 ≤ p < ∞, then

sup
ρ>0

ρλ(M j,μ,ν
p f > ρ)1/p ≤ Cp ‖ f ‖p ( f ∈ L p(T

d)).

Moreover, if p < r ≤ ∞, then

∥∥M j,μ,ν
p f
∥∥
r

≤ Cr ‖ f ‖r ( f ∈ Lr (T
d)),

where the constants Cp and Cr are independent of μ and ν.

Theorem 4.5.3 If ω > 0 and 1 ≤ p < ∞, then

sup
ρ>0

ρλ(Mω
p f > ρ)1/p ≤ C‖ f ‖p ( f ∈ L p(T

d)).

Moreover, if p < r ≤ ∞, then

∥∥Mω
p f
∥∥
r

≤ Cr‖ f ‖r ( f ∈ Lr (T
d).

4.5.2 Lebesgue Points for the �∞-Summability

Here we introduce a stronger version of Lebesgue points than the (p,ω)-Lebesgue
points. Similarly to Sect. 4.3.2, let
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Uω
r,p f (x) := sup

P
2i1 h,...,2id h

,i∈Nd ,h>0

2ik h<r,k=1,...d

2−ω‖i‖1
(

1∣∣P2i1h,...,2id h

∣∣
)1/p

(∫
P
2i1 h,...,2id h

| f (x − t) − f (x)|p dt
)1/p

,

where the supremum is taken over all parallelepipeds whose center is the origin and
whose sides are parallel to the axes and/or to the diagonals as in the definition of
Mω

p f . Obviously,

Uω
r,p f (x) ≥ sup

i∈Nd ,h>0,2ik h<r,k=1,...d
2−ω‖i‖1

(
1

(2h)d2‖i‖1

)1/p
×

×
(∫ 2i1h

−2i1 h

∫ δ1t1+2i2 h

δ1t1−2i2 h
· · ·
∫ δd−1(t1−t2−···−td−1)+2id h

δd−1(t1−t2−···−td−1)−2id h
| f (x − t) − f (x)|p dt

)1/p
,

where δi = 0, 1 (i = 1, . . . , d − 1). Taking the supremum in the definition ofUω
r,p f

over all parallelepipeds whose sides are parallel to the axes, we obtain the definition
of Uω,1

r,p f (see Definition 4.3.12). In case p = 1, we omit again the notation p and

write simply Uω
r f . In the two-dimensional case, similarly toMω, j

p f , we can define
Uω, j

r,p f for j = 2, 3, 4, 5 as follows:

Uω,2
r,p f (x1, x2) := sup

i1,i2∈N,h>0,2ik h<r,k=1,2
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i1h

−2i1h

∫ t1+2i2 h

t1−2i2 h
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p
,

Uω,3
r,p (x1, x2) := sup

i1,i2∈N,h>0,2ik h<r,k=1,2
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i1 h

−2i1 h

∫ −t1+2i2 h

−t1−2i2 h
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p
,

Uω,4
r,p f (x1, x2) := sup

i1,i2∈N,h>0,2ik h<r,k=1,2
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i2 h

−2i2 h

∫ t2+2i1h

t2−2i1h
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt1 dt2

)1/p
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and

Uω,5
r,p f (x1, x2) := sup

i1,i2∈N,h>0,2ik h<r,k=1,2
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i2 h

−2i2 h

∫ −t2+2i1h

−t2−2i1h
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt1 dt2

)1/p
.

Definition 4.5.4 For 1 ≤ p < ∞ andω > 0, a point x ∈ T
d is called a strong (p,ω)-

Lebesgue point of f ∈ L p(T
d) if

lim
r→0

Uω
r,p f (x) = 0.

Recall that x ∈ T
d a (p,ω)-Lebesgue point of f ∈ L p(T

d) if

lim
r→0

Uω,1
r,p f (x) = 0.

Since
Uω,1

r,p f ≤ Uω
r,p f (1 ≤ p < ∞, 0 < r < ∞),

Definition 4.5.4 is indeed stronger than the definition of (p,ω)-Lebesgue points.
Note that every strong (p,ω2)-Lebesgue point is a strong (p,ω1)-Lebesgue point
(0 < ω2 < ω1 < ∞), because of

Uω1
r,p f ≤ Uω2

r,p f (0 < ω2 < ω1 < ∞, 1 ≤ p < ∞).

Moreover, if p < r , then every strong (r,ω)-Lebesgue point is a strong (p,ω)-
Lebesgue point. If f is continuous at x , then x is a strong (p,ω)-Lebesgue point of
f for all 1 ≤ p < ∞ and ω > 0. The proof of the next result is the same as that of
Theorem 4.3.13.

Theorem 4.5.5 For 1 ≤ p < ∞ and ω > 0, almost every point x ∈ T
d is a strong

(p,ω)-Lebesgue point of f ∈ L p(T
d).

To be able to prove the main theorem of this section, we need the next lemma.

Lemma 4.5.6 Suppose that 0 < α ≤ 1, x ∈ T
2 and π > x1 > x2 > 0. Then

∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cn2 (4.5.1)

and

∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cx−1
1 x−1

2 . (4.5.2)

Moreover, if x1 − x2 > 1/n, then
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∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cn−αx−1
1 x−1

2 (x1 − x2)
−α (4.5.3)

and

∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cn1−αx−1
1 (x1 − x2)

−α. (4.5.4)

These inequalities come easily from Lemma 2.2.19.

Theorem 4.5.7 If 0 < α < ∞, 0 < ω < min(α, 1)/d,Mω f (x) is finite and x is a
strong (1,ω)-Lebesgue point of f ∈ L1(T

d), then

lim
n→∞ σ∞,α

n f (x) = f (x).

Proof By Lemma 2.2.8, we have to prove the theorem for 0 < α ≤ 1. Let 0 < ω <

α/2. Since (x1, x2) is a strong (1,ω)-Lebesgue point of f , we can fix a number r < 1
such that

Uω
r f (x1, x2) < ε.

Let us denote the square [0, r/2] × [0, r/2] by Sr/2 and let 2/n < r/2.
Since ∫

T2
K∞,α

n (x1, x2) dx = (2π)2,

we have
∣∣σ∞,α

n f (x1, x2) − f (x1, x2)
∣∣

≤ 1

(2π)2

∫
T2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt. (4.5.5)

It is enough to integrate over the set

{(t1, t2) : 0 < t2 < t1 < π}.

We decompose this set into the union of the same sets Ai (i = 1, . . . , 5) as in the
proof of Theorem 2.3.1 (see Fig. 4.1), where

A1 := {(x1, x2) : 0 < x1 ≤ 2/n, 0 < x2 < x1 < π},
A2 := {(x1, x2) : 2/n < x1 < π, 0 < x2 ≤ 1/n},
A3 := {(x1, x2) : 2/n < x1 < π, 1/n < x2 ≤ x1/2},
A4 := {(x1, x2) : 2/n < x1 < π, x1/2 < x2 ≤ x1 − 1/n},
A5 := {(x1, x2) : 2/n < x1 < π, x1 − 1/n < x2 < x1}.

We will integrate the right-hand side of (4.5.5) over the sets
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Fig. 4.1 The sets Ai

5⋃
i=1

(Ai ∩ Sr/2) and
5⋃

i=1

(Ai ∩ Scr/2),

where Sc denotes the complement of the set S. Of course, A1 ⊂ Sr/2. By (4.5.1),

∫
A1

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ Cn2
∫ 2/n

0

∫ 2/n

0
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ CUω,1
r f (x1, x2) < Cε.

Let us denote by r0 the largest number i , for which r/2 ≤ 2i+1/n < r . By (4.5.4),

∫
A2∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

n1−α

(
2i

n

)−1 (
2i

n
− 1

n

)−α
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∫ 2i+1/n

2i/n

∫ 1/n

0
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

2(ω−α)i2−ωi

(
n2

2i

)

∫ 2i+1/n

2i/n

∫ 1/n

0
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

2(ω−α)iUω,1
r f (x1, x2) < Cε.

Since t1 − t2 > t1/2 and t1 − t2 > t2 on A3, we obtain by (4.5.3) that

∣∣K∞,α
n (t1, t2)

∣∣ ≤ Cn−αt−1−α/2
1 t−1−α/2

2 .

Hence
∫
A3∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

i−1∑
j=0

n−α

(
2i

n

)−1−α/2 (
2 j

n

)−1−α/2

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j /n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)2−ω(i+ j)

(
n2

2i+ j

)

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j /n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)Uω,1
r f (x1, x2) < Cε.

Since t2 > t1/2 on A4, (4.5.3) implies

∣∣K∞,α
n (t1, t2)

∣∣ ≤ Cn−αt−2
1 (t1 − t2)

−α , (4.5.6)

and so
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∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

i−1∑
j=0

n−α

(
2i

n

)−2 (
2 j

n

)−α

∫ 2i+1/n

2i/n

∫ t1−2 j /n

t1−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−1)i2(ω+1−α) j2−ω(i+ j)

(
n2

2i+ j

)

∫ 2i+1/n

2i/n

∫ t1−2 j /n

t1−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−1)i2(ω+1−α) jUω,2
r f (x1, x2)

≤ C
r0∑
i=1

2(2ω−α)iUω,2
r f (x1, x2) < Cε.

We get from (4.5.2) that

∣∣K∞,α
n (t1, t2)

∣∣ ≤ Ct−2
1

on the set A5. This implies

∫
A5∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

(
2i

n

)−2 ∫ 2i+1/n

2i/n

∫ t1

t1−1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

2(ω−1)i2−ωi

(
n2

2i

)

∫ 2i+1/n

2i/n

∫ t1

t1−1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

2(ω−1)iUω,2
r f (x1, x2) < Cε.

On the other hand, we get that
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∫
A2∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

2(ω−α)iMω,1 f (x1, x2) + C
∞∑
i=r0

2−αi | f (x1, x2)|

≤ C2(ω−α)r0Mω,1 f (x1, x2) + C2−αr0 | f (x1, x2)|
≤ C(nr)ω−αMω,1 f (x1, x2) + C(nr)−α| f (x1, x2)| → 0

as n → ∞. Similarly,

∫
A3∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

i−1∑
j=0

2(ω−α/2)(i+ j)Mω,1 f (x1, x2) + C
∞∑
i=r0

i−1∑
j=0

2−α(i+ j)/2| f (x1, x2)|

≤ C2(ω−α/2)r0Mω,1 f (x1, x2) + C2−αr0/2| f (x1, x2)| → 0

and
∫
A4∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

i−1∑
j=0

2(ω−1)i2(ω+1−α) jMω,2 f (x1, x2) + C
∞∑
i=r0

i−1∑
j=0

2−i2(1−α) j | f (x1, x2)|

≤ C2(2ω−α)r0Mω,2 f (x1, x2) + C2−αr0 | f (x1, x2)| → 0,

as n → ∞. In the last line, we have used that 0 < α < 1. The same holds for α = 1.
Finally,

∫
A5∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

2(ω−1)iMω,2 f (x1, x2) + C
∞∑
i=r0

2−i | f (x1, x2)|

≤ C2(τ−1)r0Mω,2 f (x1, x2) + C2−r0 | f (x1, x2)| → 0,

as n → ∞. Note that A1 ∩ Scr/2 = ∅. �

Note that Belinsky [20] proved that the convergence does not hold for all p-
Lebesgue points defined in Definition 4.1.19. Since by Theorems 4.5.5 and 4.5.3
almost every point is a strong (1,ω)-Lebesgue point and the maximal operatorMω f
is almost everywhere finite for f ∈ L1(T

d), Theorem 4.5.7 implies the almost every-
where convergence
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lim
n→∞ σ∞,α

n f = f a.e.

if f ∈ L1(T
d) (see Corollary 2.5.9).

In the next theorem, we use only the maximal operator Mω,1
p f and the (p,ω)-

Lebesgue points as in Sect. 4.3.

Theorem 4.5.8 Suppose that 0 < α < ∞, 1 < p < ∞, 1/p + 1/q = 1 and 0 <

ω < min(α/d, 1/(2q)). If Mω,1
p f (x) is finite and x is a (p,ω)-Lebesgue point of

f ∈ L p(T
d), then

lim
n→∞ σ∞,α

n f (x) = f (x).

Proof Suppose that 0 < α ≤ 1. Since (x1, x2) is a (p,ω)-Lebesgue point of f , we
fix again a number 0 < r < 1 such that

Uω,1
r,p f (x1, x2) < ε.

We can prove in the same way as in Theorem 4.5.7 that

∫
Ai

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt → 0,

for i = 1, 2, 3, as n → ∞. So we have to consider the sets A4 and A5, only. It is easy
to see that

∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

∫ 2i+1/n

2i /n

∫ 2 j+1/n

2 j/n

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ 1A4(t1, t2) dt2 dt1.

Hölder’s inequality and (4.5.6) imply

∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

(∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

(∫ 2i+1/n

2i /n

∫ t1−1/n

2i−1/n
n−αq t−2q

1 (t1 − t2)
−αq1A4(t1, t2) dt2 dt1

)1/q
.

If q < 1/α, then
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∫ 2i+1/n

2i /n

∫ t1−1/n

2i−1/n
n−αq t−2q

1 (t1 − t2)
−αq1A4(t1, t2) dt2 dt1

≤ Cn−αq

(
2i

n

)−αq+1 ∫ 2i+1/n

2i/n
t−2q
1 dt1

≤ Cn−αq

(
2i

n

)−αq+1 (
2i

n

)1−2q

dt1

≤ C
( n
2i

)2q−2
2−iαq

and so
∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−α/2)(i+ j)

2−ω(i+ j)

(
n2

2i+ j

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j /n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−α/2)(i+ j)Uω,1
r,p f (x1, x2) < Cpε.

An analogous inequality can also be proved for q ≥ 1/α. Indeed, choose a small
number 0 < β < 1 such that ω < (1 − β)/2q. Since t1 − t2 < t1/2 on A4 and 1 −
αq − β < 0, we conclude

∫ 2i+1/n

2i/n

∫ t1−1/n

2i−1/n
n−αq t−2q

1 (t1 − t2)
−αq1A4(t1, t2) dt2 dt1

≤ C
∫ 2i+1/n

2i /n

∫ t1−1/n

2i−1/n
n−αq t−2q+β

1 (t1 − t2)
−αq−β1A4(t1, t2) dt2 dt1

≤ Cn−αq

(
1

n

)−αq−β+1 ∫ 2i+1/n

2i/n
t−2q+β
1 dt1

≤ C
( n
2i

)2q−2
2−i(1−β)

and
∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt
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≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1−β)/2q)(i+ j)2−ω(i+ j)

(
n2

2i+ j

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1−β)/2q)(i+ j)Uω,1
r,p f (x1, x2) < Cpε.

For the set A5, we obtain

∫
A5∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

(∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

(∫ 2i+1/n

2i/n

∫ t1

t1−1/n
t−2q
1 dt2 dt1

)1/q
.

We can compute that

∫ 2i+1/n

2i/n

∫ t1

t1−1/n
t−2q
1 dt2 dt1 ≤ Cn−1

(
2i

n

)−2q+1

= C
( n
2i

)2q−2
2−i .

Then
∫
A5∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

2(ω−1/2q)(i+ j)2−ω(i+ j)

(
n2

2i+ j

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−1/(2q))(i+ j)Uω,1
r,p f (x1, x2) < Cε.

Similarly, we can see that
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∫
A4∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ Cp

∞∑
i=r0

i∑
j=i−1

2(ω−α/2)(i+ j)Mω,1
p f (x1, x2)

+ Cp

∞∑
i=r0

i∑
j=i−1

2−α(i+ j)/2| f (x1, x2)|

≤ Cp2
(2ω−α)r0Mω,1

p f (x1, x2) + Cp2
−αr0 | f (x1, x2)|

≤ C(nr)2ω−αMω,1
p f (x1, x2) + C(nr)−α| f (x1, x2)| → 0

as n → ∞ and q < 1/α. If q ≥ 1/α, then

∫
A4∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ Cp

∞∑
i=r0

i∑
j=i−1

2(ω−(1−β)/2q)(i+ j)Mω,1
p f (x1, x2)

+ Cp

∞∑
i=r0

i∑
j=i−1

2−(1−β)(i+ j)/2q | f (x1, x2)|

≤ Cp2
(2ω−(1−β)/q)r0Mω,1

p f (x1, x2) + Cp2
−(1−β)r0/q | f (x1, x2)| → 0

as n → ∞. Finally,

∫
A5∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ Cp

∞∑
i=r0

i∑
j=i−1

2(ω−1/2q)(i+ j)Mω,1
p f (x1, x2)

+ Cp

∞∑
i=r0

i∑
j=i−1

2−(i+ j)/2q | f (x1, x2)|

≤ Cp2
(2ω−1/q)r0Mω,1

p f (x1, x2) + Cp2
−r0/q | f (x1, x2)| → 0

as n → ∞. The proof of the theorem is complete. �

Note that these results were proved in Weisz [345, 349]. Now we turn to the
�∞-θ-means introduced by

σ∞,θ
n f (x) :=

∑
k∈Zd

θ

(‖k‖∞
n

)
f̂ (k)eık·x
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in Sect. 2.6.1. We suppose again that θ : R → R satisfies (2.6.2) and (2.6.3).

Theorem 4.5.9 Suppose that θ satisfies (2.6.2) and (2.6.3). If 0<ω<1/d,Mω f (x)
is finite and x is a strong (1,ω)-Lebesgue point of f ∈ L1(T

d), then

lim
n→∞ σ∞,θ

n f (x) = f (x).

Proof In Theorem 2.6.7, we have proved that

K∞,θ
n (x) =

∞∑
k=0

k �2θ

(
k

n

)
K∞

k (x),

where K∞
k denotes the Fejér kernel. We have verified in (2.6.4) that

sup
n≥1

∞∑
k=0

k

∣∣∣∣�2θ

(
k

n

)∣∣∣∣ ≤ C < ∞.

Hence

σ∞,θ
n f (x) − f (x) =

∫
Td

(
f (x − t) − f (x)

)
K∞,θ

n (t) dt

=
∞∑
k=0

k �2θ

(
k

n

)∫
Td

(
f (x − t) − f (x)

)
K∞

k (t) dt.

The proof can be finished using Theorem 4.5.7. �

This implies also the almost everywhere convergence ofσ∞,θ
n f stated in Corollary

2.6.9. From Theorem 4.5.8, we obtain in the same way

Theorem 4.5.10 Suppose that θ satisfies (2.6.2) and (2.6.3), 1 < p < ∞, 1/p +
1/q = 1 and 0 < ω < min(1/d, 1/(2q)). If Mω,1

p f (x) is finite and x is a (p,ω)-
Lebesgue point of f ∈ L p(T

d), then

lim
n→∞ σ∞,θ

n f (x) = f (x).

4.6 �1-Summability

Finally, we investigate Lebesgue points for the �1-Cesàro means

σ1,α
n f (x) = 1

(2π)d

∫
Td

f (x − t)K 1,α
n (t) dt (n ∈ N)
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as well as the �1-θ-means σ1,θ
n f . The definition of the Cesàro kernel K 1,α

n , i.e.,

K 1,α
n (t) := 1

Aα
n−1

∑
k∈Zd , ‖k‖1≤n

Aα
n−1−‖k‖1e

ık·t ,

can be found in Sect. 2.2. In this section, we use the sameHardy-Littlewoodmaximal
functions Mω

p f and Mω,1
p f and the same (strong) (p,ω)-Lebesgue points as in

Sect. 4.5. In what follows, we have to suppose that f is periodic with respect to π.
Instead of Lemma 2.2.14, we will use the next estimations.

Lemma 4.6.1 Suppose that 0 < α ≤ 1, 0 ≤ β ≤ 1 and π > x1 > x2 > 0. Then

∣∣K 1,α
n (x1, x2)

∣∣ ≤ Cn2, (4.6.1)

∣∣K 1,α
n (x1, x2)

∣∣ ≤ C(x1 − x2)
−1(x1 + x2)

−11{x2≤π/2}
+ C(x1 − x2)

−1(π − x2)
−11{x2>π/2}. (4.6.2)

If 1/n < x2 ≤ π/2, then

∣∣K 1,α
n (x1, x2)

∣∣ ≤ Cn−α(x1 − x2)
−1−βxβ−α−1

2 (4.6.3)

and

∣∣K 1,α
n (x1, x2)

∣∣ ≤ Cn1−αx−α−1
2 . (4.6.4)

If π/2 < x2 < π − 1/n, then

∣∣K 1,α
n (x1, x2)

∣∣ ≤ Cn−α(x1 − x2)
−1−β(π − x2)

β−α−1 (4.6.5)

and

∣∣K 1,α
n (x1, x2)

∣∣ ≤ Cn1−α(π − x2)
−α−1. (4.6.6)

Proof Inequalities (4.6.1) and (4.6.2) follow from Lemma 2.2.5 and (2.2.7), because
2π − x1 − x2 > π − x2, while (4.6.3) and (4.6.4) follow from (2.2.15) and (2.2.17).
Finally, (4.6.5) and (4.6.6) can be proved as (2.2.16) and (2.2.18). �

The main theorem of this section reads as follows.

Theorem 4.6.2 Suppose that 0 < α < ∞, 0 < ω < min(α, 1)/d and Mω f (x) is
finite. If f ∈ L1(T

d) is periodic with respect to π and x is a strong (1,ω)-Lebesgue
point of f , then

lim
n→∞ σ1,α

n f (x) = f (x).
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Proof Again, it is enough to prove the theorem for 0 < α ≤ 1. Let 0 < ω < α/2
and fix a number r < 1 such that

Uω
r f (x1, x2) < ε.

Let

Sr/2 :=
[
− r

2
,
r

2

]
×
[
− r

2
,
r

2

]
, S′

r/2 :=
[
π − r

2
,π + r

2

]
×
[
π − r

2
,π + r

2

]

and 2/n < r/2. We have

∣∣σ1,α
n f (x1, x2) − f (x1, x2)

∣∣
≤ 1

(2π)2

∫
T2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt.

We will integrate on the set

{(t1, t2) : 0 < t2 < t1 < π},

more exactly on

5⋃
i=1

(Ai ∩ Sr/2),
5⋃

i=1

(Ai ∩ Scr/2),
10⋃
i=6

(Ai ∩ S′
r/2),

10⋃
i=6

(Ai ∩ (S′
r/2)

c),

where the sets Ai (i = 1, . . . , 10) are defined by (see Fig. 4.2)

A1 := {(x1, x2) : 0 < x1 ≤ 2/n, 0 < x2 < x1 < π, x2 ≤ π/2},
A2 := {(x1, x2) : 2/n < x1 < π, 0 < x2 ≤ 1/n, x2 ≤ π/2},
A3 := {(x1, x2) : 2/n < x1 < π, 1/n < x2 ≤ x1/2, x2 ≤ π/2},
A4 := {(x1, x2) : 2/n < x1 < π, x1/2 < x2 ≤ x1 − 1/n, x2 ≤ π/2},
A5 := {(x1, x2) : 2/n < x1 < π, x1 − 1/n < x2 < x1, x2 ≤ π/2}
A6 := {(x1, x2) : x2 > π/2,π − 2/n ≤ x2 < π, 0 < x2 < x1 < π},
A7 := {(x1, x2) : π/2 < x2 < π − 2/n,π − 1/n < x1 < π},
A8 := {(x1, x2) : π/2 < x2 < π − 2/n, (π + x2)/2 < x1 ≤ π − 1/n},
A9 := {(x1, x2) : π/2 < x2 < π − 2/n, x2 + 1/n < x1 ≤ (π + x2)/2},
A10 := {(x1, x2) : π/2 < x2 < π − 2/n, x2 < x1 ≤ x2 + 1/n}.

Since A1 ⊂ Sr/2 and A6 ⊂ S′
r/2, we deduce by (4.6.1) that
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Fig. 4.2 The sets Ai

∫
A1

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ Cn2
∫ 2/n

0

∫ 2/n

0
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ CUω,1
r f (x1, x2) < Cε

and
∫
A6

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ Cn2
∫ π

π−2/n

∫ π

π−2/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ Cn2
∫ 0

−2/n

∫ 0

−2/n
| f (x1 − u1 − π, x2 − u2 − π) − f (x1, x2)| du2 du1

≤ CUω,1
r f (x1, x2) < Cε.

Let us denote by r0 the largest number i , for which r/2 ≤ 2i+1/n < r . By (4.6.2),
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∫
A2∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

(
2i

n
− 1

n

)−1 (
2i

n

)−1

∫ 2i+1/n

2i /n

∫ 1/n

0
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

2(ω−1)i2−ωi

(
n2

2i

)

∫ 2i+1/n

2i /n

∫ 1/n

0
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

2(ω−1)iUω,1
r f (x1, x2) < Cε.

Similarly,

∫
A7∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

(
2i

n
− 1

n

)−1 (
2i

n

)−1

∫ π−2i/n

π−2i+1/n

∫ π

π−1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

2(ω−1)i2−ωi

(
n2

2i

)

∫ −2i/n

−2i+1/n

∫ 0

−1/n
| f (x1 − t1 − π, x2 − t2 − π) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

2(ω−1)iUω,1
r f (x1, x2) < Cε.

On the other hand, we get that

∫
A2∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

+
∫
A7∩(S′

r/2)
c

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

2(ω−1)iMω,1 f (x1, x2) + C
∞∑
i=r0

2−i | f (x1, x2)|
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≤ C2(ω−1)r0Mω,1 f (x1, x2) + C2−r0 | f (x1, x2)|
≤ C(nr)ω−1Mω,1 f (x1, x2) + C(nr)−1| f (x1, x2)| → 0

as n → ∞.
Since t1 − t2 > t1/2 and t1 − t2 > t2 on A3, we obtain by (4.6.3) that

∣∣K 1,α
n (t1, t2)

∣∣ ≤ Cn−α(t1 − t2)
−1−α/2(t1 − t2)

−β+α/2tβ−α−1
2

≤ Cn−αt−1−α/2
1 t−1−α/2

2 ,

whenever β > α/2. Hence

∫
A3∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

i−1∑
j=0

n−α

(
2i

n

)−1−α/2 (
2 j

n

)−1−α/2

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j /n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)2−ω(i+ j)

(
n2

2i+ j

)

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j /n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)Uω,1
r f (x1, x2) < Cε.

On A8, t1 − t2 > (π − t2)/2 ≥ (π − t1)/2 and so (4.6.5) implies

∣∣K 1,α
n (t1, t2)

∣∣ ≤ Cn−α(t1 − t2)
−1−α/2(t1 − t2)

−β+α/2(π − t2)
β−α−1

≤ Cn−α(π − t1)
−1−α/2(π − t2)

−1−α/2

if β > α/2. From this it follows

∫
A8∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

i−1∑
j=0

n−α

(
2i

n

)−1−α/2 (
2 j

n

)−1−α/2

∫ π−2i /n

π−2i+1/n

∫ π−2 j/n

π−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2
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≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)2−ω(i+ j)

(
n2

2i+ j

)

∫ −2i /n

−2i+1/n

∫ −2 j /n

−2 j+1/n
| f (x1 − t1 − π, x2 − t2 − π) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)Uω,1
r f (x1, x2) < Cε.

Similarly,

∫
A3∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

+
∫
A8∩(S′

r/2)
c

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

i−1∑
j=0

2(ω−α/2)(i+ j)Mω,1 f (x1, x2) + C
∞∑
i=r0

i−1∑
j=0

2−α(i+ j)/2| f (x1, x2)|

≤ C2(ω−α/2)r0Mω,1 f (x1, x2) + C2−αr0/2| f (x1, x2)| → 0

as n → ∞.
Since t2 > t1/2 on A4, (4.6.3) with β = α/2 implies

∣∣K 1,α
n (t1, t2)

∣∣ ≤ Cn−α(t1 − t2)
−1−α/2t−1−α/2

2

≤ Cn−αt−1−α/2
1 (t1 − t2)

−1−α/2

and so
∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

i−1∑
j=0

n−α

(
2i

n

)−1−α/2 (
2 j

n

)−1−α/2

∫ 2i+1/n

2i/n

∫ t1−2 j /n

t1−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)2−ω(i+ j)

(
n2

2i+ j

)

∫ 2i+1/n

2i/n

∫ t1−2 j /n

t1−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1
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≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)Uω,2
r f (x1, x2) < Cε.

Inequality (4.6.5) with β = α/2 yields

∣∣K 1,α
n (t1, t2)

∣∣ ≤ Cn−α(t1 − t2)
−1−α/2 (π − t2)

−1−α/2 .

Thus
∫
A9∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

i−1∑
j=0

n−α

(
2i

n

)−1−α/2 (
2 j

n

)−1−α/2

∫ π−2i/n

π−2i+1/n

∫ t2+2 j+1/n

t2+2 j /n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)2−ω(i+ j)

(
n2

2i+ j

)

∫ −2i /n

−2i+1/n

∫ t2+2 j+1/n

t2+2 j /n
| f (x1 − t1 − π, x2 − t2 − π) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)Uω,4
r f (x1, x2) < Cε.

Similarly,

∫
A4∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

+
∫
A9∩(S′

r/2)
c

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

i−1∑
j=0

2(ω−α/2)(i+ j)
(Mω,2 f (x1, x2) + Mω,4 f (x1, x2)

)

+ C
∞∑
i=r0

i−1∑
j=0

2−α(i+ j)/2| f (x1, x2)|

≤ C2(ω−α/2)r0Mω f (x1, x2) + C2−αr0/2| f (x1, x2)| → 0

as n → ∞.
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Inequality (4.6.4) implies

∣∣K 1,α
n (t1, t2)

∣∣ ≤ Cn1−αt−α−1
1

on the set A5 and so

∫
A5∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣∣K 1,α

n (t1, t2)
∣∣∣ dt

≤ C
r0∑
i=1

n1−α

(
2i

n

)−α−1 ∫ 2i+1/n

2i /n

∫ t1

t1−1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

2(ω−α)i2−ωi

(
n2

2i

)

∫ 2i+1/n

2i /n

∫ t1

t1−1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

2(ω−1)iUω,2
r f (x1, x2) < Cε.

In the same way, by (4.6.6),

∫
A10∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

n1−α

(
2i

n

)−1−α

∫ π−2i/n

π−2i+1/n

∫ t2+1/n

t2

| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α)i2−ωi

(
n2

2i

)

∫ −2i /n

−2i+1/n

∫ t2+1/n

t2

| f (x1 − t1 − π, x2 − t2 − π) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α)iUω,4
r f (x1, x2) < Cε.

Finally,
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∫
A5∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

+
∫
A10∩(S′

r/2)
c

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

2(ω−α)i
(Mω,2 f (x1, x2) + Mω,4 f (x1, x2)

)

+ C
∞∑
i=r0

2−αi | f (x1, x2)|

≤ C2(ω−α)r0Mω f (x1, x2) + C2−αr0 | f (x1, x2)| → 0

as n → ∞, which finishes the proof. �

In this way, we obtain Corollary 2.5.9 for the �1-Cesàro means, i.e.,

lim
n→∞ σ1,α

n f = f a.e.

if f ∈ L1(T
d). For 1 < p < ∞, we get again a better result.

Theorem 4.6.3 Suppose that 0 < α < ∞, 1/(min(α, 1) < p < ∞, 1/p + 1/q =
1, 0 < ω < (1 + q min(α, 1) − q)/2q andMω,1

p f (x) is finite. If f ∈ L p(T
2) is peri-

odic with respect to π and x is a (p,ω)-Lebesgue point of f , then

lim
n→∞ σ1,α

n f (x) = f (x).

Proof We prove the theorem again for 0 < α ≤ 1. Note that 1/α < p < ∞ implies
1 < q < 1/(1 − α) and so 1 + αq − q > 0. Moreover,

1 + αq − q

2q
<

α

2
.

Fix a number 0 < r < 1 such that

Uω,1
r,p f (x1, x2) < ε.

In Theorem 4.6.2, we have verified that

∫
Ai

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt → 0,

for i = 1, 2, 3, 6, 7, 8, as n → ∞ and ω < α/2. So we need to consider the sets A4,
A5, A9 and A10, only.

We apply (4.6.3) with β = 0 and that t2 > t1/2 on A4 to obtain
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∣∣K 1,α
n (t1, t2)

∣∣ ≤ Cn−α(t1 − t2)
−1t−α−1

1 .

By Hölder’s inequality,

∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ 1A4(t1, t2) dt2 dt1

≤
r0∑
i=1

i∑
j=i−1

(∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

(∫ 2i+1/n

2i /n

∫ t1−1/n

2i−1/n
n−αq(t1 − t2)

−q t−q(1+α)

1 1A4(t1, t2) dt2 dt1

)1/q
.

Since 1 − q < 0, we have

∫ 2i+1/n

2i/n

∫ t1−1/n

2i−1/n
n−αq(t1 − t2)

−q t−q(1+α)

1 1A4(t1, t2) dt2 dt1

≤ Cn−αq

(
1

n

)1−q ∫ 2i+1/n

2i /n
t−q(1+α)

1 dt1

≤ Cn−αq

(
1

n

)1−q (2i
n

)1−q(1+α)

≤ C
( n
2i

)2q−2
2−i(1+αq−q)

and so
∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)

2−ω(i+ j)

(
n2

2i+ j

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)Uω,1
r,p f (x1, x2) < Cpε.

Let us use (4.6.5) with β = 0 to get that
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∫
A9∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

(∫ π−2i/n

π−2i+1/n

∫ π−2 j/n

π−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt1 dt2

)1/p

(∫ π−2i /n

π−2i+1/n

∫ π−2i−1/n

t2+1/n
n−αq(t1 − t2)

−q(π − t2)
−q(1+α)1A4(t1, t2) dt1 dt2

)1/q
.

Therefore,

∫ π−2i/n

π−2i+1/n

∫ π−2i−1/n

t2+1/n
n−αq(t1 − t2)

−q(π − t2)
−q(1+α)1A4(t1, t2) dt1 dt2

≤ Cn−αq

(
1

n

)1−q ∫ π−2i/n

π−2i+1/n
(π − t2)

−q(1+α) dt2

≤ Cn−αq

(
1

n

)1−q (2i
n

)1−q(1+α)

≤ C
( n
2i

)2q−2
2−i(1+αq−q)

and
∫
A9∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)2−ω(i+ j)

(
n2

2i+ j

∫ π−2i/n

π−2i+1/n

∫ π−2 j/n

π−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)Uω,1
r,p f (x1, x2) < Cpε.

Similarly, we can see that

∫
A4∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

+
∫
A9∩(S′

r/2)
c

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ Cp

∞∑
i=r0

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)Mω,1
p f (x1, x2)
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+ Cp

∞∑
i=r0

i∑
j=i−1

2−(1+αq−q)(i+ j)/2q | f (x1, x2)|

≤ Cp2
r0(2ω−(1+αq−q)/q)Mω,1

p f (x1, x2) + Cp2
−r0(1+αq−q)/q | f (x1, x2)|

≤ C(nr)2ω−(1+αq−q)/qMω,1
p f (x1, x2) + C(nr)−(1+αq−q)| f (x1, x2)| → 0

as n → ∞.
On A5, t2 > t1/2 and so (4.6.4) implies

∫
A5∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

(∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

(∫ 2i+1/n

2i/n

∫ t1

t1−1/n
nq(1−α)t−q(α+1)

1 dt2 dt1

)1/q
.

It is easy to see that

∫ 2i+1/n

2i/n

∫ t1

t1−1/n
nq(1−α)t−q(α+1)

1 dt2 dt1 ≤ n−1nq(1−α)

(
2i

n

)1−q(α+1)

≤ C
( n
2i

)2q−2
2−i(1+αq−q).

Then
∫
A5∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)2−ω(i+ j)

(
n2

2i+ j

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)Uω,1
r,p f (x1, x2) < Cε.

Let us use (4.6.6):
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∫
A10∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

(∫ π−2i/n

π−2i+1/n

∫ π−2 j/n

π−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt1 dt2

)1/p

(∫ π−2i/n

π−2i+1/n

∫ t2+1/n

t2

nq(1−α)(π − t2)
−q(α+1) dt1 dt2

)1/q
.

Then

∫ π−2i/n

π−2i+1/n

∫ t2+1/n

t2

nq(1−α)(π − t2)
−q(α+1) dt1 dt2 ≤ n−1nq(1−α)

(
2i

n

)1−q(α+1)

≤ C
( n
2i

)2q−2
2−i(1+αq−q)

and
∫
A10∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)2−ω(i+ j)

(
n2

2i+ j

∫ π−2i/n

π−2i+1/n

∫ π−2 j/n

π−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)Uω,1
r,p f (x1, x2) < Cε.

Finally,

∫
A5∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

+
∫
A10∩(S′

r/2)
c

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ Cp

∞∑
i=r0

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)Mω,1
p f (x1, x2)

+ Cp

∞∑
i=r0

i∑
j=i−1

2−(1+αq−q)(i+ j)/2q | f (x1, x2)|

≤ Cp2
r0(2ω−(1+αq−q)/q)Mω,1

p f (x1, x2) + Cp2
−r0(1+αq−q)/q | f (x1, x2)| → 0
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as n → ∞. The proof of the theorem is complete. �

Let us point out this result for α ≥ 1. Recall that for α = 1, we get the �1-Fejér
means.

Theorem 4.6.4 Suppose that 1 ≤ α < ∞, 1 < p < ∞, 1/p + 1/q = 1, 0 < ω <

1/2q andMω,1
p f (x) is finite. If f ∈ L p(T

d) is periodic with respect to π and x is a
(p,ω)-Lebesgue point of f , then

lim
n→∞ σ1,α

n f (x) = f (x).

Recall that the �1-θ-means were introduced by

σ1,θ
n f (x) :=

∑
k∈Zd

θ

(‖k‖1
n

)
f̂ (k)eık·x

in Sect. 2.6.1. The next two results can be proved as Theorems 4.5.9 and 4.5.10. For
more details see the papers [325, 326].

Theorem 4.6.5 Suppose that θ satisfies (2.6.2) and (2.6.3), 0 < ω < 1/d and
Mω f (x) is finite. If f ∈ L1(T

d) is periodic with respect to π and x is a strong
(1,ω)-Lebesgue point of f , then

lim
n→∞ σ1,θ

n f (x) = f (x).

Theorem 4.6.6 Suppose that θ satisfies (2.6.2) and (2.6.3), 1 < p < ∞, 1/p +
1/q = 1, 0 < ω < 1/2q and Mω,1

p f (x) is finite. If f ∈ L p(T
d) is periodic with

respect to π and x is a (p,ω)-Lebesgue point of f , then

lim
n→∞ σ1,θ

n f (x) = f (x).
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