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Preface

The main purpose of this book is to investigate the summability of higher
dimensional Fourier series and to generalize the concept of Lebesgue points.

It is a basic question in Fourier analysis whether the partial sums

sn f ðxÞ :¼
X

jkj � n

bf ðkÞeikx ðn 2 NÞ

converge to the integrable function f 2 L1ðTÞ, where T denotes the torus and the
Fourier coefficients are defined by

bf ðkÞ ¼ 1
2p

Z

T

f ðxÞe�ikxdx ðı :¼
ffiffiffiffiffiffiffi
�1

p
Þ:

One of the deepest results in harmonic analysis is Carleson’s theorem ([51],
[174]), i.e., for f 2 LpðTÞ, 1\p\1,

lim
n!1sn f ¼ f a.e.

The convergence holds also in the LpðTÞ-norm. In this book, we do not prove
Carleson’s theorem as it is investigated exhaustively in several books (e.g. Arias de
Reyna [9] or Grafakos [143] or Muscalu and Schlag [242]).

This convergence does not hold for p ¼ 1. However, using a summability
method, we can generalize these results. In this book, we will focus on the well
known Fejér and Cesàro summability. The most known result in summability
theory is Lebesgue’s theorem [197] about the Fejér means [107], i.e., the Fejér
means of an integrable function converge almost everywhere to the function:

lim
n!1

1
n

Xn�1

j¼0

sj f ðxÞ ¼ f ðxÞ a.e.
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The set of convergence was also characterized. A point x 2 T is called a
Lebesgue point of f if

lim
h!0

1
2h

Z h

�h
jf ðxþ tÞ � f ðxÞjdt ¼ 0:

Lebesgue [197] proved that almost every point is a Lebesgue point of f 2 L1ðTÞ
and the Fejér means converge to f in each Lebesgue point. The same holds for the
Cesàro means.

In this book, these results will be generalized to d-dimensional Fourier series and
to different summability means. The generalization of the Lebesgue points is not
straightforward. We will investigate six types of generalizations.

We will consider different summation methods for d-dimensional trigonometric
Fourier series. Basically, two types of summations will be introduced. In the first
one, we take the sum in the partial sums and in the summability means over the
balls of ‘q which is called ‘q-summability. In the literature, the cases q ¼ 1; 2;1,
i.e., the triangular, circular and cubic summability are investigated. In the second
version of summation, we take the sum over rectangles which is called rectangular
summability. In this case, three types of convergence and maximal operators are
considered: the restricted (over a cone and over a cone-like set) and the unrestricted
ones. Under the first one, we mean the convergence over the diagonal or more
generally, over a cone or over a cone-like set. The unrestricted convergence is taken
over Nd . In each version, the three most known summability methods, the Fejér,
Cesàro and Riesz means will be investigated in details. The Fejér summation is a
special case of the Cesàro method. Moreover, in each type of summability, we will
deal with the so-called h-summation as well, which is a general summability
method generated by a single function h : R ! R. This summation contains all well
known summability methods, such as the Fejér, Riesz, Weierstrass, Abel, Picard,
Bessel, Rogosinski, de La Vallée-Poussin summations, however, it does not contain
the Cesàro summation. We consider norm convergence and almost everywhere
convergence of the different summability means.

We introduce two types of Hardy spaces. For the ‘q- and restricted rectangular
summability, we use the Hardy space Hh

p ðTdÞ and for the unrestricted summability,

the Hardy space HpðTdÞ. We do not verify the results about the Hardy spaces, e.g.,
we give the atomic decompositions and the equivalence of the different norms
without proofs, because the readers can find them in several books (see e.g.
Grafakos [143], Yang et al. [361] and Weisz [346]). We prove that the maximal
operators of the summability means are bounded from the corresponding Hardy
space Hh

p ðTdÞ or HpðTdÞ to LpðTdÞ, whenever p[ p0 for some p0\1. The critical
index p0 depends on the summability method and on the dimension. For p ¼ 1, we
obtain a weak type inequality by interpolation, which implies the almost every-
where convergence of the summability means. The one-dimensional version of the
almost everywhere convergence and the weak type inequality are proved usually
with the help of a Calderon-Zygmund type decomposition lemma. However, in
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two- or higher dimensions, this lemma can not be used for all cases investigated in
this monograph. Our method, that can also be applied well in higher dimensions,
can be regarded as a new method to prove the almost everywhere convergence and
weak type inequalities.

In Chap. 1, we give the basic results about the one-dimensional Fourier series.
We prove the Lebesgue theorem mentioned above and some convergence results
for the partial sums of the one-dimensional Fourier series. We prove norm–and
almost everywhere convergence and boundedness results for the ‘q-summability in
Chap. 2, and for the restricted and unrestricted rectangular summability in Chap. 3.
Yet in the same chapter, we give a sufficient and necessary condition for the norm
convergence of the rectangular h-means. In particular, if the function h is in the
Feichtinger’s algebra S0ðRdÞ used in the theory of Gabor analysis, then norm
convergence of the h-means holds.

In Chap. 4, we introduce six types of Lebesgue points for higher dimensional
functions. We need different Lebesgue points and different Hardy-Littlewood
maximal operators for the different summability methods. We study the bounded-
ness of all Hardy-Littlewood maximal operators on the LpðTdÞ spaces. We will
show that the summability means converge to the integrable function in each
Lebesgue point and almost every point is a Lebesgue point. For the ‘2-h-summa-
bility, we give a sufficient and necessary condition for the convergence in Lebesgue
points.

This book was aimed to be written so that it is as nearly self-contained as
possible. However, it is assumed that the reader has some basic knowledge on
analysis, functional analysis and on Hardy spaces. Besides the classical results,
recent results of the last 20–30 years are studied. For simplicity, we will prove all
results for the two-dimensional case. If needed, after the theorems we will give a
guide how we can prove them for higher dimensions and where we can find the
proofs. I am sure, in this way the book is more understandable, easier to read and it
can reach a wider readership. So I hope, the book will be useful not only for
researchers but also for graduate, postgraduate and Ph.D. students.

Budapest, Hungary Ferenc Weisz
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Chapter 1
One-Dimensional Fourier Series

In this chapter, we present some theorems for one-dimensional Fourier series and
for the Hardy-Littlewood maximal function. In Sect. 1.1, we introduce the L p(T)

spaces and prove some basic inequalities. In Sect. 1.2, we prove that the partial sums
of the Fourier series are uniformly bounded on the L p(T) spaces when 1 < p < ∞.
As a consequence, we obtain the norm convergence of the partial sums. We do not
give the proof of the almost everywhere convergence because it can be found at
several places, e.g., in Carleson [51], Grafakos [143], Arias de Reyna [9], Muscalu
and Schlag [242], Lacey [192], or Demeter [80].

In the next section, the Hardy-Littlewood maximal function is considered and
we prove that it is bounded on the L p(T) spaces (1 < p ≤ ∞) and is of weak type
(1, 1). Lebesgue’s differentiation theorem is also proved.We introduce the Lebesgue
points and show that almost every point is a Lebesgue point.

It was proved by Fejér [107] that the Fejér means of the one-dimensional Fourier
series of a continuous function converge uniformly to the function. A similar problem
for integrable functions was investigated by Lebesgue [197]. He proved that for every
integrable function f ,

1

n

n−1∑

k=0

sk f (x) → f (x) as n → ∞

at each Lebesgue point of f , thus almost everywhere, where sk f denotes the kth
partial sum of the Fourier series of f . Later, Riesz [260], Butzer and Nessel [47],
Stein and Weiss [293], and Torchinsky [310] proved the same convergence result
for the Riesz, Weierstrass, Picard, Bessel, and de La Vallée-Poussin summations. In
Sects. 1.4 and 1.5, we will generalize these results to Cesàro summability.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021
F. Weisz, Lebesgue Points and Summability of Higher Dimensional Fourier Series,
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2 1 One-Dimensional Fourier Series

1.1 The L p Spaces

Let us denote the set of complex numbers, the set of real numbers, the set of rational
numbers, the set of integers, the set of non-negative integers, and the set of positive
integers by C, R, Q, Z, N, and P, respectively. The subsets of R and Q containing
only positive numbers are denoted by R+ and Q+, respectively. T denotes the torus,
which can be identified naturally with the interval [−π,π).

In this book, the constants C are absolute constants and the constants Cp are
depending only on p and may denote different constants in different contexts.

Definition 1.1.1 The space L p(X) is consisting of all Lebesgue measurable func-
tions f : X → C, for which

‖ f ‖p :=
(∫

X

| f |p dλ

)1/p

, if 0 < p < ∞

and
‖ f ‖∞ := sup

X

| f |, if p = ∞,

where X ⊂ R is an arbitrary Lebesgue measurable set and λ denotes the Lebesgue
measure.

Two functions in L p(X) will be considered equal if they are equal λ-almost
everywhere. It is known that L p(X) is a Banach space if 1 ≤ p ≤ ∞ and a complete
quasi-normed space if 0 < p < 1. We also use the notation |I || for the Lebesgue
measure of the set I . Most often we will use the notation X = R or X = T. The
functions from the L p(T) space can be extended to R such that they are periodic
with respect to 2π. In case of X = Z, the corresponding space will be denoted by
�p(Z) and it is consisting of all complex sequences c = (ck, k ∈ Z), for which

‖c‖�p :=
(

∑

k∈Z
|ck |p

)1/p

, if 0 < p < ∞

and
‖c‖�∞ := sup

k∈Z
|ck | , if p = ∞.

The space of continuous functions with the supremum norm is denoted by C(X)

and Cc(R) denotes the space of continuous functions having compact support. We
will use the notationC0(R) for the space of continuous functions vanishing at infinity,
i.e.,

C0(R) :=
{
f : R → C : f ∈ C(R), lim|x |→∞ f (x) = 0

}
.

We also introduce the notion of weak L p(T) spaces.
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Definition 1.1.2 A measurable function f is in the weak L p(T) space, or, in other
words, in the L p,∞(T) (0 < p < ∞) space if

‖ f ‖p,∞ := sup
ρ>0

ρ λ(| f | > ρ)1/p < ∞.

In case of p = ∞, let L p,∞(T) := L∞(T).

The weak L p(T) spaces are quasi-norm spaces because

‖ f ‖p,∞ = 0 ⇐⇒ f = 0 a.e.

‖c f ‖p,∞ = |c|‖ f ‖p,∞ (c ∈ C),

‖ f + g‖p,∞ ≤ cp(‖ f ‖p,∞ + ‖g‖p,∞),

where cp = max(2, 21/p).
We show that the weak L p(T) spaces are larger than the L p(T) spaces.

Proposition 1.1.3 If 0 < p < ∞, then L p(T) ⊂ L p,∞(T) and

‖ f ‖p,∞ ≤ ‖ f ‖p.

Proof It is easy to see that

∫

T

| f (x)|p dx ≥
∫

{x :| f (x)|>ρ}
| f (x)|p dx ≥ ρpλ (| f | > ρ) ,

which proves the proposition. �

If h(x) := |x |−1/p, then obviously h /∈ L p(R), but h ∈ L p,∞(R) because

ρpλ
({
x : |x |−1/p > ρ

}) = 2ρpρ−p = 2.

Thus, the inclusion L p(R) ⊂ L p,∞(R) is proper if 0 < p < ∞. Recall that the weak
space L p,∞(R) is also complete for each p.

1.2 Convergence of Fourier Series

We introduce the trigonometric Fourier series and show that the partial sums of
a function f ∈ L p(T) (1 < p < ∞) converge almost everywhere as well in the
L p(T)-norm to the function f .

Definition 1.2.1 For an integrable function f ∈ L1(T), its kth Fourier coefficient is
defined by
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f̂ (k) = 1

2π

∫

T

f (x)e−ıkx dx (k ∈ Z).

The formal trigonometric series

∑

k∈Z
f̂ (k)eıkx (x ∈ T)

is called the Fourier series of f .

Definition 1.2.2 For f ∈ L1(T) and n ∈ N, the nth partial sum sn f of the Fourier
series of f and the nth Dirichlet kernel Dn are introduced by

sn f (x) :=
n∑

k=−n

f̂ (k)eıkx

and

Dn(t) :=
n∑

k=−n

eıkt ,

respectively.

We get immediately that

sn f (x) =
n∑

k=−n

1

2π

∫

T

f (t)eık(x−t) dt

= 1

2π

∫

T

f (x − t)Dn(t) dt (n ∈ N) (1.2.1)

(see Fig. 1.1).

Lemma 1.2.3 For all n ∈ N and t ∈ T, t �= 0,

Dn(t) = sin((n + 1/2)t)

sin(t/2)
. (1.2.2)

Proof Using some simple trigonometric identities, we obtain

Dn(t) = 1 + 2
n∑

k=1

cos(kt)

= 1

sin(t/2)

(
sin(t/2) + 2

n∑

k=1

cos(kt) sin(t/2)

)

= 1

sin(t/2)

(
sin(t/2) +

n∑

k=1

(sin((k + 1/2)t) − sin((k − 1/2)t))

)
,
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−3 −2 −1 0 1 2 3

−2

0

2

4

6

8

10

Fig. 1.1 Dirichlet kernel Dn for n = 5

which shows the lemma. �

The next lemma follows easily from this.

Lemma 1.2.4 For all n ∈ N and t ∈ T, t �= 0, we have

|Dn| ≤ 2n + 1 and |Dn(t | ≤ C/t.

It is easy to see that the L1(T)-norms of Dn are not uniformly bounded, more
exactly ‖Dn‖1 ∼ log n.

Before proving the norm convergence of the partial sums, we need some other
definitions and results. We follow the proof of Grafakos [143].

Definition 1.2.5 For some n ∈ N, the function

n∑

k=−n

cke
ıkx (x ∈ R)

is said to be a trigonometric polynomial.

It is a well-known result that the trigonometric polynomials are dense in L p(T)

for any 1 ≤ p < ∞.

Definition 1.2.6 For a trigonometric polynomial f define the conjugate function f̃
by
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f̃ (x) := −ı
∑

k∈Z
sign (k) f̂ (k)eıkx .

Now we show that f̃ is bounded on L p(T) (1 < p < ∞) (see Riesz [261, 262]).

Theorem 1.2.7 If 1 < p < ∞, then

∥∥ f̃
∥∥
p ≤ Cp ‖ f ‖p ( f ∈ L p(T)).

Proof First suppose that f is a real trigonometric polynomial and f̂ (0) = 0. It is
easy to see that f̃ is also real valued and f + ı f̃ contains only positive frequencies.
Since

∫
T
eıkx dx = 0 (k �= 0), we have

∫

T

(
f (x) + ı f̃ (x)

)2k
dx = 0,

where k is a positive natural number. Taking the real part of the integral and using
that f and f̃ are real valued, we obtain

0 =
k∑

j=0

(−1)k− j

(
2k

2 j

) ∫

T

f (x)2 j f̃ (x)2k−2 j dx

= (−1)k
∫

T

f̃ (x)2k dx +
k∑

j=1

(−1)k− j

(
2k

2 j

) ∫

T

f (x)2 j f̃ (x)2k−2 j dx .

This and Hölder’s inequality imply that

∥∥ f̃
∥∥2k

2k ≤
k∑

j=1

(
2k

2 j

) ∫

T

f (x)2 j f̃ (x)2k−2 j dx

≤
k∑

j=1

(
2k

2 j

)
‖ f ‖2 j2k

∥∥ f̃
∥∥2k−2 j

2k .

Let R = ∥∥ f̃
∥∥
2k / ‖ f ‖2k and divide by ‖ f ‖2k2k to obtain

R2k −
k∑

j=1

(
2k

2 j

)
R2k−2 j ≤ 0.

Then R is smaller than the largest root in absolute value of the polynomial on the
left-hand side, say R ≤ C2k , in other words

∥∥ f̃
∥∥
p

≤ Cp ‖ f ‖p for p = 2k. (1.2.3)



1.2 Convergence of Fourier Series 7

If f̂ (0) �= 0, then apply this inequality to f − f̂ (0). Since | f̂ (0)| ≤ ‖ f ‖p, we get
the preceding inequality with 2Cp. Every general trigonometric polynomial can be
written as the sum of two real-valued trigonometric polynomials. Therefore, (1.2.3)
holds for every trigonometric polynomials and by density for all f ∈ L p(T), p = 2k.
By interpolation (see, e.g., Berg and Löfström [33] or Weisz [346]), (1.2.3) holds for
all 2 ≤ p < ∞. Finally, observe that the adjoint operator of f → f̃ is f → − f̃ ,
which implies by duality that (1.2.3) holds also for 1 < p ≤ 2. �

Definition 1.2.8 For a trigonometric polynomial f , the Riesz projections P+ and
P− are defined by

P+ f (x) ∼
∞∑

k=1

f̂ (k)eıkx

and

P− f (x) ∼
−1∑

k=−∞
f̂ (k)eıkx .

Observe that f = P+ f + P− f + f̂ (0) and f̃ = −ı P+ f + ı P− f .

Theorem 1.2.9 If 1 < p < ∞ and f ∈ L p(T), then

∥∥P+ f
∥∥
p ≤ Cp ‖ f ‖p

and ∥∥P− f
∥∥
p

≤ Cp ‖ f ‖p .

Proof Since

P+ f = 1

2
( f + ı f̃ ) − 1

2
f̂ (0),

and | f̂ (0)| ≤ ‖ f ‖p, the first inequality follows from Theorem 1.2.7. The second one
can be proved similarly. �

The following theorem is a fundamental result and it can be found in most books
about trigonometric Fourier series (e.g., Zygmund [367], Bary [19], Torchinsky
[310], or Grafakos [143]). It is due to Riesz [260].

Theorem 1.2.10 If f ∈ L p(T) for some 1 < p < ∞, then

sup
n∈N

‖sn f ‖p ≤ Cp ‖ f ‖p (1.2.4)

and
lim
n→∞ sn f = f in the L p(T)-norm. (1.2.5)
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Proof Define

P+
n g(x) =

2n∑

k=0

ĝ(k)eıkx .

It is easy to see that

n∑

k=−n

f̂ (k)eıkx = e−ınx
2n∑

k=0

̂( f (·)eın(·))(k)eıkx .

This implies that the norm of sn : L p(T) → L p(T) is equal to the norm of P+
n :

L p(T) → L p(T).
We have

P+
n f =

∞∑

k=0

f̂ (k)eıkx −
∞∑

k=2n+1

f̂ (k)eıkx

=
∞∑

k=0

f̂ (k)eıkx − eı(2n+1)x
∞∑

k=0

f̂ (k + 2n + 1)eıkx

= P+ f (x) − eı(2n+1)x P+(e−ı(2n+1)(·) f ) − f̂ (0)(1 − eı(2n+1)x )

for all trigonometric polynomials. By density this yields that

∥∥P+
n f

∥∥
p ≤ (

2
∥∥P+∥∥ + 2

) ‖ f ‖p

for all f ∈ L p(R) and n ∈ N, which proves (1.2.4). The convergence (1.2.5) is clearly
valid for all trigonometric polynomials and so the convergence follows for all f ∈
L p(T) (1 < p < ∞) by density. �

Since the L1-norms of Dn are not uniformly bounded, Theorem 1.2.10 is not true
for p = 1 and p = ∞.

One of the deepest results in harmonic analysis is Carleson’s theorem that the
partial sums of the Fourier series converge almost everywhere to f ∈ L p(T) (1 <

p ≤ ∞). Since the proof can be found in many papers and books (see, e.g., Carleson
[51], Hunt [174], Arias de Reyna [9], Grafakos [143], Muscalu and Schlag [242],
Lacey [192], or Demeter [80]), we present the result without proof.

Definition 1.2.11 We denote by

s∗ f := sup
n∈N

|sn f |

the maximal operator of the partial sums.

Theorem 1.2.12 If f ∈ L p(T) for some 1 < p < ∞, then
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‖s∗ f ‖p ≤ Cp ‖ f ‖p

and if 1 < p ≤ ∞, then
lim
n→∞ sn f = f a.e.

The inequality of Theorem 1.2.12 does not hold if p = 1 or p = ∞, and the
almost everywhere convergence does not hold if p = 1. Du Bois Reymond [84] and
Fejér [108] proved the existence of a continuous function f ∈ C(T) and a point
x0 ∈ T such that the partial sums sn f (x0) diverge as n → ∞. Kolmogorov gave an
integrable function f ∈ L1(T), whose Fourier series diverges almost everywhere or
even everywhere (see Kolmogorov [186, 187], Zygmund [367], or Grafakos [143]).

Since there are many function spaces contained in L1(T) but containing L p(T)

(1 < p ≤ ∞), it is natural to ask whether there is a “largest” subspace of L1(T) for
which almost everywhere convergence holds. The next result, due to Antonov [7],
generalizes Theorem 1.2.12.

Theorem 1.2.13 If

∫

T

| f (x)| log+ | f (x)| log+ log+ log+ | f (x)| dx < ∞, (1.2.6)

then
lim
n→∞ sn f = f a.e.

Note that log+ u = max(0, log u). It is easy to see that if f ∈ L p(T) (1 < p ≤
∞), then f satisfies (1.2.6). If f satisfies (1.2.6), then of course f ∈ L1(T). For the
converse direction, Konyagin [188] obtained the next result.

Theorem 1.2.14 If the non-decreasing function φ : R+ → R+ satisfies the condi-
tion

φ(u) = o
(
u
√
log u/

√
log log u

)
as u → ∞,

then there exists an integrable function f such that

∫

T

φ(| f (x)|) dx < ∞

and
lim sup
n→∞

sn f (x) = ∞ for all x ∈ T,

i.e., the Fourier series of f diverges everywhere.

For example, if φ(u) = u log+ log+ u, then there exists a function f such that its
Fourier series diverges everywhere and
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∫

T

| f (x)|log+ log+ | f (x)| dx < ∞.

1.3 Hardy-Littlewood Maximal Function and Lebesgue
Points

Before continuing our investigations about the convergence of the Fourier series, we
have to introduce the Hardy-Littlewood maximal function. We will prove that it is
bounded on L p(T) for 1 < p ≤ ∞ and it is of weak type (1, 1). Using this result,
we obtain Lebesgue’s differentiation theorem and the theorem about the Lebesgue
points.

Definition 1.3.1 For f ∈ L1(T), the Hardy-Littlewood maximal function is defined
by

M f (x) := sup
x∈I

1

|I |
∫

I
| f | dλ (x ∈ T),

where the supremum is taken over all open intervals I containing x .

We can also define the centered maximal function,

Mc f (x) := sup
h>0

1

|I (x, h)|
∫

I (x,h)

| f | dλ (x ∈ T),

where I (x, h) (x ∈ T, h > 0) denotes the interval with center x and radius h:

I (x, h) := {y ∈ T : |x − y| < h}.

Obviously, Mc f ≤ M f . If x ∈ I (y, h), then I (y, h) ⊂ I (x, 2h) and so M f ≤
2Mc f . Let r I (x, h) := I (x, rh) for r > 0.

Lemma 1.3.2 (Vitali covering lemma) Let be given finitely many open intervals I j
and let E = ⋃

j I j . Then there exists a finite subcollection I1, . . . , Im of disjoint
intervals, such that

m∑

k=1

|Ik | ≥ |E |
3

.

Proof Let I1 be an interval of the collection {I j } with maximal radius. Next choose
I2 to have maximal radius among the subcollection of intervals disjoint with I1. We
continue this process until we can go no further. Then the intervals I1, . . . , Im are
disjoint. Observe that 3Ik contains all intervals of the original collection that intersect
Ik (k = 1, . . . ,m). From this, it follows that ∪m

k=13Ik contains all intervals from the
original collection. Thus
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|E | ≤
∣∣∣∣∣

m⋃

k=1

3Ik

∣∣∣∣∣ ≤
m∑

k=1

|3Ik | ≤ 3
m∑

k=1

|Ik | ,

which shows the lemma. �

Theorem 1.3.3 The maximal operator M is of weak type (1, 1), i.e.,

sup
ρ>0

ρλ(M f > ρ) ≤ 3‖ f ‖1 ( f ∈ L1(T)). (1.3.1)

Moreover, if 1 < p ≤ ∞, then

‖M f ‖p ≤ Cp‖ f ‖p ( f ∈ L p(T)). (1.3.2)

Proof Let E ⊂ {M f > ρ} be a compact subset. For each x ∈ {M f > ρ}, there exists
an open interval Ix such that x ∈ Ix and

ρ <
1

|Ix |
∫

Ix

| f | dλ. (1.3.3)

Since x ∈ Ix , we can select a finite collection of these intervals covering E . By
Lemma1.3.2, we can choose a finite disjoint subcollection I1, . . . , Im of this covering
with

|E | ≤ 3
m∑

k=1

|Ik |.

Since each Ik satisfies (1.3.3), adding these inequalities, we obtain

|E | <
3

ρ

m∑

k=1

∫

Ik

| f | dλ ≤ 3

ρ

∫

{M f >ρ}
| f | dλ.

Taking the supremum over all compact sets E ⊂ {M f > ρ}, we conclude

λ(M f > ρ) ≤ 3

ρ

∫

{M f >ρ}
| f | dλ ≤ 3

ρ

∫

T

| f | dλ,

which gives exactly (1.3.1).
For p = ∞, obviously

1

|I |
∫

I
| f | dλ ≤ ‖ f ‖∞ ,

and so
‖M f ‖∞ ≤ ‖ f ‖∞ ( f ∈ L∞(R)).
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Now the theorem follows easily for 1 < p < ∞ by interpolation (see, e.g., Bergh
and Löfström [33]). �

The boundedness on L∞(T) and the weak type (1, 1) boundedness of M imply a
finer version of (1.3.1).

Theorem 1.3.4 We have

ρλ(M f > 2ρ) ≤ 3
∫ ∞

ρ

λ(| f | > t) dt (ρ > 0).

Proof Let us decompose f into the sum of f0 ∈ L1(T) and f1 ∈ L∞(T) as follows.
For an arbitrary ρ > 0, set

f1,ρ(t) :=
{
f (t), if | f (t)| ≤ ρ;
ρ/sign f (t), otherwise.

and
f0,ρ(t) = f (t) − f1,ρ(t).

Then ‖ f1,ρ‖∞ ≤ ρ. Since

M f ≤ M f0,ρ + M f1,ρ and
∥∥M f1,ρ

∥∥∞ ≤ C∞
∥∥ f1,ρ

∥∥∞ ≤ ρ,

we have

{M f > 2ρ} ⊂ {M f0,ρ > ρ} ∪ {M f1,ρ > ρ} = {M f0,ρ > ρ}.

Hence

ρλ(M f > 2ρ) ≤ ρλ(M f0,ρ > ρ)

≤ 3
∥∥ f0,ρ

∥∥
1

= 3
∫

{| f |>ρ}
(| f | − ρ) dλ

= 3
∫

T

∫ ∞

0
1{| f |>t>ρ} dt dλ

= 3
∫ ∞

ρ

λ(| f | > t) dt

as desired. �
It is known that inequality (1.3.2) does not hold for p = 1. However, we can prove

that
‖M f ‖1 ≤ C + C

∥∥| f | (log+ | f |)∥∥1 ,

where log+ u := max(0, log u). We generalize this inequality as follows.
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Theorem 1.3.5 For every k ∈ P and f ∈ L1(log L)k(T),

∥∥∥M f
(
log+ M f

)k−1
∥∥∥
1

≤ C + C
∥∥∥| f | (log+ | f |)k

∥∥∥
1
.

Proof First, we handle the case k > 1. Observe that

∥∥∥| f | (log+ | f |)k−1
∥∥∥
1

=
∫ ∞

0
λ(| f | > ρ)

d(ρ(log+ ρ)k−1)

dρ
dρ

=
∫ ∞

1
λ(| f | > ρ)

d(ρ(log+ ρ)k−1)

dρ
dρ.

Theorem 1.3.4 implies

∫ ∞

1
λ(|M f | > ρ)

d(ρ(log+ ρ)k−1)

dρ
dρ

≤
∫ ∞

1

6

ρ

∫ ∞

ρ/2
λ(| f | > t) dt

d(ρ(log+ ρ)k−1)

dρ
dρ

= 6
∫ ∞

1/2
λ(| f | > t)

∫ 2t

1

1

ρ

d(ρ(log+ ρ)k−1)

dρ
dρ dt.

Since
d(ρ(log+ ρ)k−1)

dρ
= (log+ ρ)k−1 + (k − 1)(log+ ρ)k−2,

we conclude

∫ 2t

1

1

ρ

d(ρ(log+ ρ)k−1)

dρ
dρ = 1

k
(log+(2t))k + (log+(2t))k−1

= 1

2k

d(2t (log+ 2t)k)

dt
.

Therefore

∫ ∞

1
λ(|M f | > ρ)

d(ρ(log+ ρ)k−1)

dρ
dρ

≤ 3

k

∫ ∞

1/2
λ(| f | > t)

d(2t (log+ 2t)k)

dt
dt

= C
∥∥∥2| f | (log+ |2 f |)k

∥∥∥
1

≤ C + C
∥∥∥| f | (log+ | f |)k

∥∥∥
1
, (1.3.4)

which completes the proof for k > 1.
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Let k = 1 and notice that λ(M f ≤ 1) ≤ 1. Then

∫

{M f >1}
M f (t) dt =

∫ ∞

0
λ(M f > max(ρ, 1)) dρ

=
∫ ∞

1
λ(M f > ρ) dρ + λ(M f > 1).

Moreover,

λ(M f > 1) ≤ 3‖ f ‖1 = 3
∫

{| f |≤e}
| f | dλ + 3

∫

{| f |>e}
| f | dλ

≤ C + C
∫

T

| f | log+ | f | dλ.

Since (1.3.4) holds for k = 1, too, we obtain

‖M f ‖1 =
∫

{M f ≤1}
M f (t) dt +

∫

{M f >1}
M f (t) dt

≤ C + C
∫

T

| f | log+ | f | dλ,

as we stated in the theorem. �

Now we present a density theorem due to Marcinkiewicz and Zygmund [234].
Let L0(T) denote the set of measurable functions and X ⊂ L0(T). Let the operators
T, Tn : X → L0(T) (n ∈ N) be given.Moreover, we introduce the maximal operator
by

T∗ f (x) := sup
n∈N

|Tn f (x)| ( f ∈ X, x ∈ T).

Theorem 1.3.6 Let X be a normed space of measurable functions and S ⊂ X be
dense in X. Suppose that T and Tn (n ∈ N) are linear operators and

lim
n→∞ Tn f = T f a.e.

for all f ∈ S. If
sup
ρ>0

ρ λ(|T f | > ρ) ≤ C‖ f ‖X ( f ∈ X) (1.3.5)

and
sup
ρ>0

ρ λ(T∗ f > ρ) ≤ C‖ f ‖X ( f ∈ X), (1.3.6)

then for every f ∈ X,
lim
n→∞ Tn f = T f a.e.
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Proof Fix f ∈ X and set

ξ := lim sup
n→∞

|Tn f − T f |.

It is sufficient to show that ξ = 0 a.e. Choose a sequence fm ∈ S (m ∈ N) such that

lim
m→∞ ‖ f − fm‖X = 0.

By the triangle inequality,

ξ ≤ lim sup
n→∞

|Tn( f − fm)| + lim sup
n→∞

|Tn fm − T fm | + |T ( fm − f )|

for all m ∈ N. Since fm ∈ S, we have

lim sup
n→∞

|Tn fm − T fm | = lim
n→∞ |Tn fm − T fm | = 0 a.e.,

so
ξ ≤ T∗( fm − f ) + |T ( fm − f )| a.e.

Applying inequalities (1.3.5) and (1.3.6), we obtain

λ(ξ > 2ρ) ≤ λ(T∗( fm − f ) > ρ) + λ(|T ( fm − f )| > ρ)

≤ Cρ−1‖ fm − f ‖X + Cρ−1‖ fm − f ‖X

for all ρ > 0 and m ∈ N. Since fm → f in the X -norm as m → ∞, we get that

λ(ξ > 2ρ) = 0

for all ρ > 0. This implies immediately that ξ = 0 almost everywhere. �

The next theorem can be proved in the same way.

Theorem 1.3.7 Let X be a normed space of measurable functions and S ⊂ X be
dense in X. Suppose that Tn is a sublinear operator for every n ∈ N and

lim
n→∞ Tn f = 0 a.e.

for all f ∈ S. If
sup
ρ>0

ρ λ(T∗ f > ρ) ≤ C‖ f ‖X ( f ∈ X),

then for every f ∈ X,
lim
n→∞ Tn f = 0 a.e.
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Now we can state Lebesgue’s differentiation theorem mentioned before.

Corollary 1.3.8 For all f ∈ L1(T),

lim
r→0

1

2r

∫ x+r

x−r
f (t) dt = f (x) a.e. x ∈ T.

Proof Let rn > 0 (n ∈ N) and limn→∞ rn = 0. Define

T f (x) := f (x) and Tn f (x) := 1

2rn

∫ x+rn

x−rn

f (t) dt (x ∈ T).

These operators are linear and

sup
ρ>0

ρ λ(|T f | > ρ) = sup
ρ>0

ρ λ(| f | > ρ) ≤ sup
ρ>0

∫

{| f |>ρ}
| f | dλ ≤ ‖ f ‖1

implies (1.3.5). Inequality (1.3.6) follows from Theorem 1.3.3. The result obviously
holds for continuous functions. If S denotes the set of continuous functions, then S
is dense in L1(T). Now Theorem 1.3.6 implies Corollary 1.3.8. �

Similarly, we get

Corollary 1.3.9 For all f ∈ L1(T),

lim
x∈I,|I |→0

1

|I |
∫

I
f dλ = f (x) a.e. x ∈ T.

Corollary 1.3.8 implies that | f (x)| ≤ M f (x) for almost every x ∈ T, and so the
converse of (1.3.2) is also true:

‖ f ‖p ≤ ‖M f ‖p (1 ≤ p ≤ ∞).

Now we introduce the concept of Lebesgue points. Corollary 1.3.8 can be written
in the form

lim
h→0

1

2h

∫ h

−h
f (x − t) dt = f (x)

for almost every x ∈ T and f ∈ L1(T). Thus

lim
h→0

1

2h

∫ h

−h
( f (x − t) − f (x)) dt = 0

for almost every x ∈ T, which is equivalent to

lim
h→0

1

2h

∣∣∣∣
∫ h

−h
( f (x − t) − f (x)) dt

∣∣∣∣ = 0
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for almost every x ∈ T. Though the definition of the Lebesgue point is a stronger
condition, we prove in the next theorem that almost every point is a Lebesgue point.

Definition 1.3.10 A point x ∈ T is called a Lebesgue point of f ∈ L1(T) if

lim
h→0

1

2h

∫ h

−h
| f (x − t) − f (x)| dt = 0.

Theorem 1.3.11 Almost every point x ∈ R is a Lebesgue point of f ∈ L1(T).

Proof For all rational numbers q let

Gq :=
{
x ∈ R : lim

h→0

1

2h

∫ h

−h
| f (x − t) − q| dt = | f (x) − q|

}
.

Applying Corollary 1.3.8 to the function | f (·) − q|, we can see that Bq := R \ Gq is
of Lebesgue measure 0. Observe that f is almost everywhere finite. Set N := {x ∈
R : | f (x)| = ∞}. Then the set

B := N
⋃

⎛

⎝
⋃

q∈Q
Bq

⎞

⎠

has Lebesguemeasure 0.We show that the points ofG := T \ B are Lebesgue points.
Let ε > 0 and x ∈ G be arbitrary. Choose q ∈ Q such that

| f (x) − q| <
ε

2
.

Then

1

2h

∫ h

−h
| f (x − t) − f (x)| dt

≤ 1

2h

∫ h

−h
| f (x − t) − q| dt + 1

2h

∫ h

−h
|q − f (x)| dt

= 1

2h

∫ h

−h
| f (x − t) − q| dt + |q − f (x)| .

Since x /∈ Bq , we have

lim sup
h→∞

1

2h

∫ h

−h
| f (x − t) − f (x)| dt ≤ 2 | f (x) − q| < ε.

Thus, every x ∈ G is a Lebesgue point of f . �
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Lemma 1.3.12 If x is a Lebesgue point of f ∈ L1(T), then f (x) and M f (x) are
finite.

Proof f (x) is clearly finite. For ε = 1 there exists δ > 0 such that for all |h| < δ,

1

2h

∫ h

−h
| f (x − t) − f (x)| dt < 1.

Thus

1

2h

∫ h

−h
| f (x − t)| dt ≤ 1

2h

∫ h

−h
| f (x − t) − f (x)| dt + | f (x)| < 1 + | f (x)|.

On the other hand,
1

2h

∫ h

−h
| f (x − t)| dt ≤ 1

2δ
‖ f ‖1

for all |h| ≥ δ. �

1.4 Summability of One-Dimensional Fourier Series

Though Theorems 1.2.10 and 1.2.12 are not true for p = 1 and p = ∞, with the
help of some summability methods they can be generalized. Obviously, summability
means have better convergence properties than the original Fourier series. Summa-
bility is intensively studied in the literature (see, e.g., the books Stein and Weiss
[293], Butzer and Nessel [47], Trigub and Belinsky [319], Grafakos [143] andWeisz
[332, 346], and the references therein).

One of the first investigated summability methods is the Fejér method. In 1904,
Fejér [107] investigated the arithmetic means of the partial sums, the so-called Fejér
means σn f . He proved for an integrable function f ∈ L1(T) that if the left and right
limits f (x − 0) and f (x + 0) exist at a point x , then the Fejér means converge to
( f (x − 0) + f (x + 0))/2, that is,

lim
n→∞ σn f (x) = f (x − 0) + f (x + 0)

2
. (1.4.1)

One year later Lebesgue [197] extended this theorem and obtained that the conver-
gence holds for every f ∈ L1(T) and every Lebesgue points, i.e.,

lim
n→∞ σn f (x) = f (x) (1.4.2)

at each Lebesgue point of f , thus almost everywhere. In this section, we generalize
these results.
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Fig. 1.2 Fejér kernel Kn for n = 5

Definition 1.4.1 For f ∈ L1(T) and n ∈ N, the nth Fejér means σn f of the Fourier
series of f and the nth Fejér kernel Kn are introduced by

σn f (x) :=
n∑

k=−n

(
1 − |k|

n

)
f̂ (k)eıkx

and

Kn(t) :=
n∑

k=−n

(
1 − |k|

n

)
eıkt ,

respectively.

One can see that

σn f (x) = 1

2π

∫

T

f (x − t)Kn(t) dt

(see Fig. 1.2). We will prove the next result in Lemma 1.4.12.

Lemma 1.4.2 For f ∈ L1(T) and n ∈ N, we have

σn f (x) = 1

n

n−1∑

j=0

s j f (x)

and
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Kn(t) = 1

n

n−1∑

j=0

Dj (t).

Lemma 1.4.3 For n ≥ 1 and t ∈ T, t �= 0,

n−1∑

k=0

sin(k + 1/2)t = 1 − cos(nt)

2 sin(t/2)
(1.4.3)

and
n−1∑

k=0

cos(k + 1/2)t = sin(nt)

2 sin(t/2)
. (1.4.4)

Proof Adding the equalities

2 sin(t/2) sin(k + 1/2)t = cos(kt) − cos(k + 1)t

and
2 sin(t/2) cos(k + 1/2)t = sin(k + 1)t − sin(kt),

we obtain the lemma. �

Lemma 1.4.4 For n ≥ 1 and t ∈ T, t �= 0, we have

Kn(t) = 1

n

(
sin(nt/2)

sin(t/2)

)2

.

Proof By Lemmas 1.2.3 and 1.4.2,

Kn(t) = 1

n

n−1∑

k=0

Dk(t) = 1

n

n−1∑

j=0

sin((k + 1/2)t)

sin(t/2)
.

The lemma follows from (1.4.3). �

Corollary 1.4.5 For n ≥ 1 and −π ≤ t ≤ π, t �= 0,

|Kn(t)| ≤ 2n − 1 and |Kn(t)| ≤ C

n|t |2 .

Proof The inequalities follow from Lemmas 1.2.4 and 1.4.4. �

Now we generalize the Fejér summability.

Definition 1.4.6 For α �= −1,−2, . . ., let Aα−1 := 0 and
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Aα
n :=

(
n + α

n

)
= (α + 1)(α + 2) · · · (α + n)

n! (n ∈ N).

Obviously, Aα
0 = 1 and ifα = 0, then A0

n = 1, ifα = 1, then A1
n = n + 1 (n ∈ N).

Lemma 1.4.7 For any n ∈ N, α,β �= −1,−2, . . ., we have

Aα+β+1
n =

n∑

k=0

Aα
k A

β
n−k .

Proof It is known that, for any x ∈ C, |x | < 1,

(1 − x)−α−1 =
∞∑

n=0

(−α − 1

n

)
(−x)n .

From this, it follows that

(1 − x)−α−1 =
∞∑

n=0

(
n + (−n − α − 1)

n

)
(−x)n =

∞∑

n=0

Aα
n x

n . (1.4.5)

Similarly,

(1 − x)−β−1 =
∞∑

n=0

Aβ
n x

n

and

(1 − x)−α−β−2 =
∞∑

n=0

Aα+β+1
n xn .

However, the last series can be obtained also by multiplying the first two:

(1 − x)−α−β−2 = (1 − x)−α−1(1 − x)−β−1 =
∞∑

n=0

(
n∑

k=0

Aα
k A

β
n−k

)
xn,

which implies the desired result. �

Lemma 1.4.8 For any n ∈ N, α �= −1,−2, . . ., we have

Aα
n =

n∑

k=0

Aα−1
k , Aα

n − Aα
n−1 = Aα−1

n .

Proof We obtain the first equality by replacing α by α − 1 and β by 0 in Lemma
1.4.7. The second one follows easily from the first one. �
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Lemma 1.4.9 For any n, N ∈ N, −N < α ≤ N and α �= −1,−2, . . ., there exist
cN ,CN > 0 such that

cNn
α < |Aα

n | < CNn
α. (1.4.6)

Proof By Taylor’s formula, for x ∈ (−1, 1) there exists ξ ∈ (0, x) such that

ln(1 + x) = x − 1

2(1 + ξ)2
x2.

This implies that ln(1 + x) = x + O(x2) if −N/(N + 1) < x < 1. Then

ln |Aα
n | =

n∑

k=1

ln
∣∣∣1 + α

k

∣∣∣

=
N∑

k=1

ln
∣∣∣1 + α

k

∣∣∣ + α

n∑

k=N+1

1

k
+ α2

n∑

k=N+1

O

(
1

k2

)

=
N∑

k=1

ln
∣∣∣1 + α

k

∣∣∣ + α
(
ln n + O(1)

)
+ α2O(1),

that is,
Aα
n = nαO(1).

This proves the lemma. �

Definition 1.4.10 For f ∈ L1(T), n ∈ N and α ≥ 0, the nth Cesàro means σα
n f of

the Fourier series of f and the nth Cesàro kernel K α
n are introduced by

σα
n f (x) := 1

Aα
n−1

n∑

k=−n

Aα
n−1−|k| f̂ (k)e

ıkx

and

K α
n (t) := 1

Aα
n−1

n∑

k=−n

Aα
n−1−|k|e

ıkt ,

respectively.

Note that the Cesàro means are also called (C,α)-means. Obviously, for α = 1,
we get back the Fejér means and for α = 0, the partial sums. The definition of the
Cesàro kernels implies

Lemma 1.4.11 For α ≥ 0 and n ∈ N, we have

1

2π

∫

T

K α
n (t) dt = 1.
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One can see that

σα
n f (x) = 1

2π

1

Aα
n−1

n∑

k=−n

Aα
n−1−|k|

∫

T

f (t)eık(x−t) dt

= 1

2π

∫

T

f (x − t)K α
n (t) dt (n ∈ N). (1.4.7)

Lemma 1.4.12 For f ∈ L1(T), α > 0 and n ∈ N, we have

σα
n f (x) = 1

Aα
n−1

n−1∑

j=0

Aα−1
n−1− j s j f (x)

and

K α
n (t) = 1

Aα
n−1

n−1∑

j=0

Aα−1
n−1− j D j (t).

Proof By Lemma 1.4.8,

K α
n (t) = 1

Aα
n−1

n∑

k=−n

Aα
n−1−|k|e

ıkt

= 1

Aα
n−1

n∑

k=−n

n−1∑

j=|k|
Aα−1
n−1− j e

ıkt

= 1

Aα
n−1

n−1∑

j=0

Aα−1
n−1− j D j (t),

which shows the lemma. �

The following lemma shows that if the (C,α) means (α > −1) are convergent
then the (C,α + h) means (h > 0) are convergent, too.

Lemma 1.4.13 For α > −1 and h > 0, we have

σα+h
n f = 1

Aα+h
n−1

n∑

k=1

Ah−1
n−k A

α
k−1σ

α
k f.

Proof Indeed, by Lemmas 1.4.7 and 1.4.12,
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1

Aα+h
n−1

n∑

k=1

Ah−1
n−k A

α
k−1σ

α
k f = 1

Aα+h
n−1

n∑

k=1

Ah−1
n−k

k−1∑

j=0

Aα−1
k−1− j s j f

= 1

Aα+h
n−1

n−1∑

j=0

s j f
n∑

k= j+1

Ah−1
n−k A

α−1
k−1− j

= 1

Aα+h
n−1

n−1∑

j=0

Aα+h−1
n−1− j s j f,

which gives the result. �

For Cesàro means, instead of inequalities (1.4.3) and (1.4.4), we will use the
following lemma.

Lemma 1.4.14 For 0 < α ≤ 1, n ≥ 1, and t ∈ T, t �= 0,

∣∣∣∣∣

n−1∑

k=0

Aα−1
n−1−k sin((k + 1/2)t)

∣∣∣∣∣ ≤ C

| sin(t/2)|α + Cnα−1

| sin(t/2)| (1.4.8)

and ∣∣∣∣∣

n−1∑

k=0

Aα−1
n−1−k cos((k + 1/2)t)

∣∣∣∣∣ ≤ C

| sin(t/2)|α + Cnα−1

| sin(t/2)| . (1.4.9)

Proof The inequalities follow fromLemma1.4.3 forα = 1. Let 0 < α < 1. Suppose
that −π ≤ t ≤ π. Then

n−1∑

k=0

Aα−1
n−1−k sin((k + 1/2)t) = �

(
n−1∑

k=0

Aα−1
n−1−ke

ı(k+1/2)t

)

and

n−1∑

k=0

Aα−1
n−1−ke

ı(k+1/2)t = eı(n−1/2)t
n−1∑

k=0

Aα−1
n−1−ke

ı(k+1−n)t

= eı(n−1/2)t
n−1∑

j=0

Aα−1
j e−ı j t , (1.4.10)

where � denotes the imaginary part of the function. We know that

∞∑

j=0

Aα−1
j x j = (1 − x)−α (1.4.11)
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for x ∈ C, |x | < 1. However, this holds also for |x | = 1, x �= 1. Indeed, Aα−2
n ≤ 0

and so by Lemma 1.4.8, (Aα−1
n )n∈N is non-increasing. The left-hand side of (1.4.11)

is convergent because Abel rearrangement implies that

∣∣∣∣∣∣

m∑

j=n

Aα−1
j x j

∣∣∣∣∣∣
=

∣∣∣∣∣∣

m−1∑

j=n

(
Aα−1

j − Aα−1
j+1

) (
j∑

i=n

xi
)

+ Aα−1
m

(
m∑

i=n

xi
)∣∣∣∣∣∣

≤ Aα−1
n sup

n≤ j≤m

∣∣∣∣
xn − x j+1

1 − x

∣∣∣∣

≤ 2Aα−1
n

|1 − x | → 0 (1.4.12)

as n → ∞. The last convergence follows from Lemma 1.4.9. Similarly, if 0 < r < 1
is near to 1, say r0 < r < 1, then

∞∑

j=0

Aα−1
j r j x j = (1 − r x)−α

and
∣∣∣∣∣∣

m∑

j=n

Aα−1
j r j x j

∣∣∣∣∣∣
≤ 2Aα−1

n

|1 − r x | ≤ 4Aα−1
n

|1 − x | → 0

for |x | = 1, x �= 1. This implies that

∣∣∣∣∣∣
(1 − x)−α −

n−1∑

j=0

Aα−1
j x j

∣∣∣∣∣∣
≤ ∣∣(1 − x)−α − (1 − r x)−α

∣∣

+
∣∣∣∣∣∣
(1 − r x)−α −

n−1∑

j=0

Aα−1
j r j x j

∣∣∣∣∣∣
+

∣∣∣∣∣∣

n−1∑

j=0

Aα−1
j r j x j −

n−1∑

j=0

Aα−1
j x j

∣∣∣∣∣∣

< 2ε +
∣∣∣∣∣∣
(1 − r x)−α −

n−1∑

j=0

Aα−1
j r j x j

∣∣∣∣∣∣
< 3ε

if r is near enough to 1 and n is large enough. Thus (1.4.11) is true for |x | ≤ 1, x �= 1.
Using (1.4.10), (1.4.11), (1.4.12), and (1.4.6), we get that
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∣∣∣∣∣

n−1∑

k=0

Aα−1
n−1−ke

ı(k+1/2)t

∣∣∣∣∣ =
∣∣∣∣∣∣
(1 − e−ı t )−α −

∞∑

j=n

Aα−1
j e−ı j t

∣∣∣∣∣∣

≤ |(1 − e−ı t )−α| + 2Aα−1
n |(1 − e−ı t )−1|

≤ C

|t |α + Cnα−1

|t | ,

which proves (1.4.8). Inequality (1.4.9) can be handled similarly. �

The derivatives of the left-hand sides of (1.4.8) and (1.4.9) can be estimated as
follows.

Lemma 1.4.15 For 0 < α ≤ 1, n ≥ 1 and t ∈ T, t �= 0,

∣∣∣∣∣

n−1∑

k=0

k Aα−1
n−1−k sin((k + 1/2)t)

∣∣∣∣∣ ≤ Cn

| sin(t/2)|α + Cnα

| sin(t/2)|

and ∣∣∣∣∣

n−1∑

k=0

k Aα−1
n−1−k cos((k + 1/2)t)

∣∣∣∣∣ ≤ Cn

| sin(t/2)|α + Cnα

| sin(t/2)| .

Proof We apply Lemma 1.4.14 to obtain

∣∣∣∣∣

n−1∑

k=0

k Aα−1
n−1−k sin((k + 1/2)t)

∣∣∣∣∣ ≤
n−1∑

j=1

∣∣∣∣∣∣

n−1∑

k= j

Aα−1
n−1−k sin((k + 1/2)t)

∣∣∣∣∣∣

≤
n−1∑

j=1

(
C

| sin(t/2)|α + C jα−1

| sin(t/2)|
)

≤ Cn

| sin(t/2)|α + Cnα

| sin(t/2)| .

The second inequality can be shown in the same way. �

The following theoremwill be used several times in this book. It can also be found
in Zygmund [367].

Theorem 1.4.16 For 0 < α ≤ 1, n ≥ 1 and −π ≤ t ≤ π, t �= 0,

∣∣K α
n (t)

∣∣ ≤ 2n − 1 and
∣∣K α

n (t)
∣∣ ≤ C

nα|t |α+1
. (1.4.13)

Proof For α = 1, the theorem is exactly Corollary 1.4.5. Let 0 < α < 1. The first
inequality follows from Lemma 1.2.4 and 1.4.12. By Lemmas 1.2.3 and 1.4.12,



1.4 Summability of One-Dimensional Fourier Series 27

K α
n (t) = 1

Aα
n−1

n−1∑

k=0

Aα−1
n−1−k Dk(t)

= 1

Aα
n−1

n−1∑

k=0

Aα−1
n−1−k

sin((k + 1/2)t)

sin(t/2)
.

Now, by Lemma 1.4.14,

|K α
n (t)| ≤ 1

Aα
n−1| sin(t/2)|

(
C

|t |α + Cnα−1

|t |
)

≤ C

nα|t |α+1
+ C

n|t |2 .

If |t | ≥ 1/n, then
1

n|t |2 ≤ 1

nα|t |α+1
.

If |t | < 1/n, then the first inequality of (1.4.13) implies the second one. �

1.5 Convergence at Lebesgue Points of the Cesàro Means

Now we are ready to generalize Lebesgue’s theorem given in (1.4.2) for Cesàro
summability. But first we introduce the Herz spaces which, as we will see later, are
very closely connected to the concept of Lebesgue points.

Definition 1.5.1 The Herz space E∞(T) contains all functions f for which

‖ f ‖E∞ :=
0∑

k=−∞
2k

∥∥ f 1Pk
∥∥∞ < ∞,

where Pk := I (0, 2kπ) \ I (0, 2k−1π), (k ∈ Z).

Recall that I (x, h) := {y ∈ T : |x − y| < h}. TheCesàro kernels are all in E∞(T)

for 0 < α ≤ 1.

Theorem 1.5.2 If 0 < α ≤ 1, then K α
n ∈ E∞(T) and

sup
n∈N

∥∥K α
n

∥∥
E∞

≤ Cα.

Proof By Theorem 1.4.16, |K α
n (t)| ≤ gα

n (t), where

gα
n (t) := C min

(
n,

1

nα|t |α+1

)
.

Since gα
n is non-increasing and integrable, we obtain
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∥∥K α
n

∥∥
E∞

=
0∑

k=−∞
2k

∥∥K α
n 1Pk

∥∥∞ ≤ Cα

∫

T

gα
n (t) dt

≤ Cα

∫ 1/n

0
n dλ + Cαn

−α

∫ π

1/n
|t |−α−1 dt ≤ Cα,

which shows the desired result. �
In the same way, we obtain

Corollary 1.5.3 If 0 < α ≤ 1, then K α
n ∈ L1(T) and

sup
n∈N

∥∥K α
n

∥∥
1 ≤ Cα.

Theorem 1.5.4 If 0 < α < ∞, then

lim
n→∞ σα

n f (x) = f (x)

for all Lebesgue points of f ∈ L1(T).

Proof First suppose that 0 < α ≤ 1. Set

G(u) :=
∫ u

−u
| f (x − t) − f (x)| dt (u > 0).

Since x is a Lebesgue point of f , for all ε > 0, there exists m ∈ Z such that

G(u)

2u
≤ ε if 0 < u ≤ 2m . (1.5.1)

It follows from Lemma 1.4.11 and (1.4.7) that

σα
n f (x) − f (x) = 1

2π

∫

T

( f (x − t) − f (x))K α
n (t) dt.

Thus

|σα
n f (x) − f (x)| ≤ C

∫

Td

| f (x − t) − f (x)| ∣∣K α
n (t)

∣∣ dt

= C
∫ 2mπ

−2mπ

| f (x − t) − f (x)| ∣∣K α
n (t)

∣∣ dt

+ C
∫

T\(−2mπ,2mπ)

| f (x − t) − f (x)| ∣∣K α
n (t)

∣∣ dt

=: A1(x) + A2(x).

We estimate A1(x) by
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A1(x) = C
m∑

k=−∞

∫

Pk

| f (x − t) − f (x)| ∣∣K α
n (t)

∣∣ dt

≤ C
m∑

k=−∞
sup
Pk

∣∣K α
n

∣∣
∫

Pk

| f (x − t) − f (x)| dt

≤ C
m∑

k=−∞
sup
Pk

∣∣K α
n

∣∣ G(2kπ).

Then, by (1.5.1),

A1(x) ≤ Cε

m∑

k=−∞
2k sup

Pk

∣∣K α
n

∣∣ ≤ Cε
∥∥K α

n

∥∥
E∞(T)

≤ Cε.

On the other hand, Theorem 1.4.16 implies

A2(x) ≤ C sup
T\(−2mπ,2mπ)

∣∣K α
n

∣∣
∫

T\(−2mπ,2mπ)

| f (x − t) − f (x)| dt

≤ C

nα2m(α+1)
(‖ f ‖1 + | f (x)|) ,

which tends to 0 as n → ∞. Finally, for 1 < α < ∞, the result follows from Lemma
1.4.13. �

We can weaken the definition of Lebesgue points and we can suppose that

lim
h→0+0

1

h

∫ h

0
| f (x − t) + f (x + t) − 2 f (x)| dt = 0. (1.5.2)

By a triangle inequality, it is clear that if x is a Lebesgue point then (1.5.2) holds.
The following result can be proved similar to Theorem 1.5.4.

Theorem 1.5.5 If 0 < α < ∞, f ∈ L1(T) and (1.5.2) holds for a point x ∈ T, then

lim
n→∞ σα

n f (x) = f (x).

Proof Using (1.4.7), Lemma 1.4.11 and that the function K α
n is even, we obtain

σα
n f (x) − f (x) = 1

2π

∫ π

−π

( f (x − t) − f (x))K α
n (t) dt

= 1

2π

∫ π

0
( f (x − t) + f (x + t) − 2 f (x))K α

n (t) dt.

Thus
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|σα
n f (x) − f (x)| = 1

2π

∫ π

0
| f (x − t) + f (x + t) − 2 f (x)| ∣∣K α

n (t)
∣∣ dt

and the proof can be finished as in Theorem 1.5.4. �

Now we can generalize Fejér’s theorem given in (1.4.1).

Corollary 1.5.6 Suppose that 0 < α < ∞, f ∈ L1(T) and that the left and right
limits f (x − 0) and f (x + 0) exist at a point x. Then

lim
n→∞ σα

n f (x) = f (x − 0) + f (x + 0)

2
.

Proof Choosing

f (x) := f (x − 0) + f (x + 0)

2
,

we can easily see that (1.5.2) holds. The corollary follows from Theorem 1.5.5. �

If f is continuous at a point x , then we get

Corollary 1.5.7 Suppose that 0 < α < ∞, f ∈ L1(T) and f is continuous at a
point x. Then

lim
n→∞ σα

n f (x) = f (x).

In the next theorem, we verify the norm convergence of the Cesàro means.

Theorem 1.5.8 Suppose that 0 < α < ∞ and 1 ≤ p < ∞. If f ∈ L p(T), then

sup
n∈N

∥∥σα
n f

∥∥
p ≤ Cα ‖ f ‖p

and
lim
n→∞ σα

n f = f in the L p(T)-norm.

Proof Again, it is enough to show the result for 0 < α ≤ 1. By (1.4.7), Minkowski
inequality and Corollary 1.5.3,

∥∥σα
n f (·)∥∥

p
≤ 1

2π

∫

T

‖ f (· − t)‖p

∣∣K α
n (t)

∣∣ dt ≤ Cα‖ f ‖p.

The convergence obviously holds for all trigonometric polynomials and so it holds
also for all f ∈ L p(T) (1 ≤ p < ∞) by density. �

We get the next corollary with the same proof.
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Corollary 1.5.9 If 0 < α < ∞ and f ∈ C(T), then

sup
n∈N

∥∥σα
n f

∥∥∞ ≤ Cα ‖ f ‖∞

and
lim
n→∞ σα

n f = f uniformly.



Chapter 2
�q-Summability of Higher Dimensional
Fourier Series

Here, we study the theory of multi-dimensional Fourier series. In the first section,
we introduce different versions of the partial sums of the d-dimensional Fourier
series and the corresponding Dirichlet kernels, i.e., the cubic, triangular, circular and
rectangular partial sums and Dirichlet kernels.We show that the cubic, triangular and
rectangular partial sums converge in the L p(T

d)-norm to the function (1 < p < ∞).
The multi-dimensional version of Carleson’s theorem is also considered.

The summability of Fourier series can be generalized for higher dimensions basi-
cally in twoways. In this chapter, we study the �q -summability of higher dimensional
Fourier series. As in the literature, we investigate the three cases q = 1, q = 2 and
q = ∞. The other type of summability, the so-called rectangular summability will be
investigated in the next chapter. For each type, we investigate the Cesàro and Riesz
summation. In Sect. 2.2, we present the basic definitions of the �q -summability and
prove some estimations for the �q -Cesàro and Riesz kernels. In the next section, we
prove that the �q -Cesàro means and �q -Riesz means of f ∈ L p(T

d) (1 ≤ p < ∞)

converge to f in the L p(T
d)-norm.

In Sect. 2.4, we prove the basic results for Fourier series of distributions. We
introduce the Hardy spaces H�

p (Td) and present the atomic decomposition of these
spaces. We verify also sufficient conditions for an operator to be bounded from
H�

p (Td) to L p(T
d). Applying this result, we show that the maximal operator of the

�q -Cesàro and Riesz means are bounded from H�
p (Td) to L p(T

d) for any p > p0,
where p0 < 1 is depending on the summation and on the dimension. This result
implies the almost everywhere convergence of the summability means. In Sect. 2.6,
we introduce a general summability method, the so-called θ-summability generated
by a single function θ and prove similar results for the �q -θ-means. In the last section,
as special cases, we present some summability methods, such as the de La Vallée-
Poussin, Jackson-de La Vallée-Poussin, Rogosinski, Weierstrass, Picard and Bessel
summations.
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2.1 Higher Dimensional Partial Sums

In this section, we generalize the results of Sect. 1.2, we introduce four types of partial
sums of the d-dimensional trigonometric Fourier series and study their L p(T

d)-norm
and almost everywhere convergence of a function f ∈ L p(T

d).
We introduce the following notations. For x = (x1, . . . , xd) ∈ R

d and u =
(u1, . . . , ud) ∈ R

d set

u · x :=
d∑

k=1

ukxk, ‖x‖p :=
(

d∑

k=1

|xk |p
)1/p

(1 ≤ p < ∞)

and
‖x‖∞ := sup

k=1,...,d
|xk | , |x | := ‖x‖2 .

Definition 2.1.1 The functions

eık·x =
d∏

j=1

eık j x j

are called d-dimensional trigonometric system, where k = (k1, . . . , kd) ∈ Z
d , x =

(x1, . . . , xd) ∈ T
d .

Definition 2.1.2 For an integrable function f ∈ L1(T
d), its kth d-dimensional

Fourier coefficient is defined by

f̂ (k) = 1

(2π)d

∫

Td

f (x)e−ık·x dx (k ∈ Z
d).

The formal trigonometric series

∑

k∈Zd

f̂ (k)eık·x (x ∈ T
d)

is called the d-dimensional Fourier series of f .

We will generalize the one-dimensional partial sums in Definition 1.2.2 for higher
dimensional functions in two ways. In the first generalization, we take the sum over
the indices ‖k‖q ≤ n instead of k = −n, . . . , n, where 1 ≤ q ≤ ∞. These sums
are called �q -partial sums. In the second generalization, we take the sum in each
dimension, i.e., over the indices |k1| ≤ n1, . . . , |kd | ≤ nd . Here, we call the sums
rectangular partial sums. The most natural choices q = 2, q = 1, q = ∞ and the
rectangular partial sums are investigated in several papers and books (for q = 2, see
e.g. Stein and Weiss [290, 293], Davis and Chang [76], Grafakos [143, 145, 146],
Lu and Yan [229], Feichtinger and Weisz [103, 104], for q = 1, Berens, Li and Xu
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[30–32, 356], Weisz [336, 337], for q = ∞, Marcinkiewicz [233], Zhizhiashvili
[366], Weisz [332, 342, 346], for the rectangular sums, Zygmund [367] and Weisz
[332, 342, 346]).

Definition 2.1.3 For f ∈ L1(T
d), 1 ≤ q ≤ ∞ and n ∈ N, the nth �q -partial sum

sqn f of the Fourier series of f and the nth �q -Dirichlet kernel D
q
n are given by

sqn f (x) :=
∑

k∈Zd , ‖k‖q≤n

f̂ (k)eık·x

and
Dq

n (u) :=
∑

k∈Zd , ‖k‖q≤n

eık·u,

respectively.

The next lemma follows easily from the definition.

Lemma 2.1.4 For all n ∈ N, 1 ≤ q ≤ ∞ and t ∈ T
d , we have

|Dq
n (t)| ≤ Cnd .

The partial sums are called triangular if q = 1, circular if q = 2 and cubic if
q = ∞ (see Figs. 2.1, 2.2, 2.3 and 2.4).

Definition 2.1.5 For f ∈ L1(T
d) and n = (n1, . . . , nd) ∈ N

d , the nth rectangular
partial sum sn f of the Fourier series of f and the nth rectangular Dirichlet kernel
Dn are given by

sn f (x) :=
∑

|k1|≤n1

· · ·
∑

|kd |≤nd

f̂ (k)eık·x

and

Fig. 2.1 Regions of the �q -partial sums for d = 2
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Fig. 2.2 The Dirichlet kernel Dq
n with d = 2, q = 1, n = 4

Dn(u) :=
∑

|k1|≤n1

· · ·
∑

|kd |≤nd

eık·u,

respectively.

Similar to (1.2.1), we obtain

Lemma 2.1.6 For f ∈ L1(T
d) and n ∈ N,

sqn f (x) = 1

(2π)d

∫

Td

f (x − t)Dq
n (t) dt

and

sn f (x) = 1

(2π)d

∫

Td

f (x − t)Dn(t) dt.

It is clear that
Dn(u) = Dn1(u1) · · · Dnd (ud),

where Dn j is the one-dimensional Dirichlet kernel (see Fig. 2.5).

Definition 2.1.7 For some n = (n1, . . . , nd) ∈ N
d , the function
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Fig. 2.3 The Dirichlet kernel Dq
n with d = 2, q = 2, n = 4

n1∑

k1=−n1

· · ·
nd∑

kd=−nd

cke
ık·x (x ∈ T

d)

is said to be a trigonometric polynomial.

By iterating the one-dimensional result, we get easily the L p-norm convergence
for the rectangular partial sums.

Theorem 2.1.8 If f ∈ L p(T
d) for some 1 < p < ∞, then

sup
n∈Nd

‖sn f ‖p ≤ Cp‖ f ‖p

and
lim
n→∞ sn f = f in the L p(T

d)-norm.

Here, n → ∞ means the Pringsheim convergence, i.e., min(n1, . . . , nd) → ∞.

Proof By Theorem 1.2.10,
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Fig. 2.4 The Dirichlet kernel Dq
n with d = 2, q = ∞, n = 4
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Fig. 2.5 The rectangular Dirichlet kernel with d = 2, n1 = 3, n2 = 5
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∫

T

|sn f (x)|p dx1

=
∫

T

∣∣∣∣
∫

T

(∫

T

f (t)Dn2(x2 + t2) dt2

)
Dn1(x1 + t1) dt1

∣∣∣∣
p

dx1

≤ Cp

∫

T

∣∣∣∣
∫

T

f (t)Dn2(x2 + t2) dt2

∣∣∣∣
p

dt1.

Again by the same theorem,

∫

T

∫

T

|sn f (x)|p dx1 dx2 ≤ Cp

∫

T

∫

T

∣∣∣∣
∫

T

f (t)Dn2(x2 + t2) dt2

∣∣∣∣
p

dx2 dt1

≤ Cp

∫

T

∫

T

| f (t)|p dt2 dt1,

which gives the desired inequality of Theorem 2.1.8. The convergence is a conse-
quence of this inequality and of the density of trigonometric polynomials. �

In the next theorem, we present the norm convergence of the triangular and cubic
partial sums.We omit the proof since it can be found at several places of the literature
(see e.g., Fefferman [93], Grafakos [143] or Weisz [346]).

Theorem 2.1.9 If q = 1,∞ and f ∈ L p(T
d) for some 1 < p < ∞, then

sup
n∈N

∥∥sqn f
∥∥
p ≤ Cp‖ f ‖p

and
lim
n→∞ sqn f = f in the L p(T

d)-norm.

If q = 2, then the same result is valid for p = 2.

Since the characteristic function of the unit ball is not an L p(R
d) (1 < p �= 2 <

∞, d ≥ 2) multiplier (see Fefferman [95] or Grafakos [143, p. 743] or Lu and Yan
[229, p. 743]), we have

Theorem 2.1.10 If d ≥ 2, q = 2 and 1 < p �= 2 < ∞, then the preceding theorem
is not true.

The analogue of Carleson’s theorem holds also for the triangular and cubic partial
sums in higher dimensions (see Fefferman [93, 94] and Grafakos [143, p. 231]), but
it does not hold for the circular and rectangular partial sums.

Definition 2.1.11 We denote by

sq∗ f := sup
n∈N

∣∣sqn f
∣∣

the maximal operator of the �q -partial sums.
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Theorem 2.1.12 If q = 1,∞ and f ∈ L p(T
d) for some 1 < p < ∞, then

∥∥sq∗ f
∥∥
p ≤ Cp‖ f ‖p

and if 1 < p ≤ ∞, then
lim
n→∞ sqn f = f a.e.

Theorem 2.1.12 does not hold for circular partial sums (see Stein andWeiss [293,
p. 268]).

Theorem 2.1.13 If q = 2 and p < 2d/(d + 1), then there exists a function f ∈
L p(T

d) whose circular partial sums sqn f diverge almost everywhere.

This means that for a general function in L p(T
d) (p < 2) almost everywhere

convergence of the circular partial sums is not true if the dimension is sufficiently
large. It is an open problem, whether Theorem 2.1.12 holds for p = 2 and for cir-
cular partial sums. A counterexample, which proves the next result, can be found in
Fefferman [94].

Theorem 2.1.14 There exists a continuous function f such that for the rectangular
partial sums sn f ,

lim
n→∞ sn f (x) = f (x)

does not hold for any x ∈ T
d .

The generalization of Theorem 1.2.13 for higher dimensions was proved by
Antonov [8].

Theorem 2.1.15 If q = ∞ and

∫

Td

| f (x)|(log+ | f (x)|)d log+ log+ log+ | f (x)| dx < ∞,

then
lim
n→∞ sqn f = f a.e.

2.2 The �q-Summability Kernels

As in the one-dimensional case, Theorems 2.1.8, Theorem 2.1.9 and the inequality
in Theorem 2.1.12 do not hold for p = 1 and p = ∞. Using a summability method,
we can extend the theorems to p = 1 and p = ∞ again. Now we introduce the �q -
summabilitymeans andkernels and showsome results for the kernels.Weconcentrate
on the two-dimensional kernels.
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Definition 2.2.1 For f ∈ L1(T
d), 1 ≤ q ≤ ∞ and n ∈ N, the nth �q -Fejér means

σ
q
n f of the Fourier series of f and the nth �q -Fejér kernel K

q
n are introduced by

σq
n f (x) :=

∑

k∈Zd , ‖k‖q≤n

(
1 − ‖k‖q

n

)
f̂ (k)eık·x

and

Kq
n (t) :=

∑

k∈Zd , ‖k‖q≤n

(
1 − ‖k‖q

n

)
eık·t ,

respectively.

We generalize this definition as we did for the one-dimensional Fourier series and
introduce the �q -Cesàro means.

Definition 2.2.2 Let f ∈ L1(T
d), n ∈ N, α ≥ 0 and q = 1 or q = ∞. The nth �q -

Cesàro means σ
q,α
n f of the Fourier series of f and the nth �q -Cesàro kernel Kq,α

n

are introduced by

σq,α
n f (x) := 1

Aα
n−1

∑

k∈Zd , ‖k‖q≤n

Aα
n−1−‖k‖q f̂ (k)e

ık·x

and

Kq,α
n (t) := 1

Aα
n−1

∑

k∈Zd , ‖k‖q≤n

Aα
n−1−‖k‖q e

ık·t ,

respectively.

We also call the Cesàro means �q -(C,α)-means. For α = 1, we get back the
�q -Fejér means and for α = 0, the �q -partial sums. We introduce also a second
generalization of the Fejér summation. For the circular summability (i.e., for q = 2),
we will investigate rather this generalization.

Definition 2.2.3 For f ∈ L1(T
d), 1 ≤ q ≤ ∞, n ∈ N and 0 < α, γ < ∞, the nth

�q -Riesz means σ
q,α,γ
n f of the Fourier series of f and the nth �q -Riesz kernel K

q,α,γ
n

are given by

σq,α,γ
n f (x) :=

∑

k∈Zd , ‖k‖q≤n

(
1 −

(‖k‖q
n

)γ)α

f̂ (k)eık·x

and

Kq,α,γ
n (t) :=

∑

k∈Zd , ‖k‖q≤n

(
1 −

(‖k‖q
n

)γ)α

eık·t ,

respectively.
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Fig. 2.6 The Fejér kernel Kq
n with d = 2, q = 1, n = 4

We will always suppose that 0 ≤ α < ∞, 1 ≤ γ < ∞. If α = γ = 1, we get
back the �q -Fejér means. In the case q = 2, let γ ∈ N. If α = 0, we get the partial
sums and if q = γ = 2,α > 0, themeans are calledBochner-Rieszmeans. The cubic
summability (when q = ∞) is also calledMarcinkiewicz summability (see Figs. 2.6,
2.7, 2.8, 2.9 and 2.10).

The following two lemmas follow the definition.

Lemma 2.2.4 Let 0 ≤ α, γ < ∞ and n ∈ N. If q = 1 or q = ∞, then

1

(2π)d

∫

Td

K q,α
n (t) dt = 1.

If 1 ≤ q ≤ ∞, then
1

(2π)d

∫

Td

K q,α,γ
n (t) dt = 1.

Lemma 2.2.5 Under the same conditions as in Lemma 2.2.4,

|Kq,α
n (t)| ≤ Cnd and |Kq,α,γ

n (t)| ≤ Cnd (t ∈ T
d).

Proof We have
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Fig. 2.7 The Fejér kernel Kq
n with d = 2, q = ∞, n = 4

|Kq,α
n (t)| ≤ 1

Aα
n−1

∑

k∈Zd , ‖k‖q≤n

Aα
n−1−‖k‖q ≤ C

1

Aα
n−1

n∑

j=0

Aα
n−1− j j

d−1 ≤ Cnd .

The second inequality can be shown in the same way. �
One can easily see that

Lemma 2.2.6 Let f ∈ L1(T
d), n ∈ N and 0 < α, γ < ∞. If q = 1 or q = ∞, then

σq,α
n f (x) = 1

(2π)d

∫

Td

f (x − t)Kq,α
n (t) dt.

If 1 ≤ q ≤ ∞, then

σq,α,γ
n f (x) = 1

(2π)d

∫

Td

f (x − t)Kq,α,γ
n (t) dt.

Lemma 2.2.7 For f ∈ L1(T
d), α > 0, q = 1,∞ and n ∈ N, we have

σq,α
n f (x) = 1

Aα
n−1

n−1∑

j=0

Aα−1
n−1− j s

q
j f (x)
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Fig. 2.8 The Fejér kernel Kq
n with d = 2, q = 2, n = 4

and

Kq,α
n (t) = 1

Aα
n−1

n−1∑

j=0

Aα−1
n−1− j D

q
j (t).

Proof Since ‖k‖q is an integer, Lemma 1.4.8 implies that

Kq,α
n (t) = 1

Aα
n−1

∑

k∈Zd , ‖k‖q≤n

Aα
n−1−‖k‖q e

ık·t

= 1

Aα
n−1

∑

k∈Zd , ‖k‖q≤n

n−1∑

j=‖k‖q
Aα−1
n−1− j e

ık·t

= 1

Aα
n−1

n−1∑

j=0

Aα−1
n−1− j D

q
j (t),

which shows the lemma. �

Obviously, the �q -Fejér means are the arithmetic means of the �q -partial sums
when q = 1,∞:
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Fig. 2.9 The Bochner-Riesz kernel Kq,α
n with d = 2, q = 2, n = 4, α = 1, γ = 2

σq
n f (x) = 1

n

n−1∑

k=0

sqk f (x).

Similar to Lemma 1.4.13, we have

Lemma 2.2.8 For α > −1, q = 1,∞ and h > 0, we have

σq,α+h
n f = 1

Aα+h
n−1

n∑

k=1

Ah−1
n−k A

α
k−1σ

q,α
k f.

Theproofs of the results presented later are very different for the casesq = 1, 2,∞
because the kernel functions are very different. In the next subsections, we give some
estimations for the kernels. Since we will prove later the results basically for d = 2,
we present these estimations in the two-dimensional case.
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Fig. 2.10 The Bochner-Riesz kernel Kq,α
n with d = 2, q = 2, n = 4, α = 1/2, γ = 2

2.2.1 Kernel Functions for q = 1

For the triangular Dirichlet kernel, we need the notion of the divided difference,
which is usually used in numerical analysis.

Definition 2.2.9 The nth divided difference of a one-dimensional function f at the
(pairwise distinct) knots x1, . . . , xn ∈ R is introduced inductively as

[x1] f := f (x1), [x1, . . . , xn] f := [x1, . . . , xn−1] f − [x2, . . . , xn] f
x1 − xn

.

One can see that the difference is a symmetric function of the nodes. The following
theorem is proved in DeVore and Lorentz [82, p. 120]), so we omit the proof.

Theorem 2.2.10 We have

[x1, . . . , xn] f =
n∑

k=1

f (xk)∏n
j=1, j �=k(xk − x j )

. (2.2.1)

If f is (n − 1)-times continuously differentiable on [a, b] and xi ∈ [a, b], then there
exists ξ ∈ [a, b] such that
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[x1, . . . , xn] f = f (n−1)(ξ)

(n − 1)! . (2.2.2)

To give an explicit form of the triangular Dirichlet kernel, we will need the fol-
lowing trigonometric identities.

Lemma 2.2.11 For all n ∈ N and 0 ≤ x, y ≤ π,

n∑

k=0

εk cos(ky) sin((n − k + 1/2)x)

= sin(x/2)
cos(x/2) cos((n + 1/2)x) − cos(y/2) cos((n + 1/2)y)

cos x − cos y
(2.2.3)

and

n∑

k=0

εk cos(ky) cos((n − k + 1/2)x)

= cos(x/2)
sin(y/2) sin((n + 1/2)y) − sin(x/2) sin((n + 1/2)x)

cos x − cos y
, (2.2.4)

where ε0 := 1/2 and εk := 1, k ≥ 1.

Proof By trigonometric identities,

n∑

k=0

εk cos(ky) sin((n − k + 1/2)x)

= sin((n + 1/2)x)
n∑

k=0

εk cos(ky) cos(kx)

− cos((n + 1/2)x)
n∑

k=0

εk cos(ky) sin(kx)

= 1

2
sin((n + 1/2)x)

n∑

k=0

(
εk cos(k(x − y)) + εk cos(k(x + y)

)

− 1

2
cos((n + 1/2)x)

n∑

k=0

(
εk sin(k(x − y)) + εk sin(k(x + y))

)
.

Similarly to (1.2.2), we can show that

n∑

k=0

εk sin(kx) = cos(x/2) − cos((n + 1/2)x)

2 sin(x/2)
.

Using this and (1.2.2), we conclude
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n∑

k=0

εk cos(ky) sin((n − k + 1/2)x)

= 1

4
sin((n + 1/2)x)

(
sin((n + 1/2)(x − y))

sin((x − y)/2)
+ sin((n + 1/2)(x + y))

sin((x + y)/2)

)

− 1

4
cos((n + 1/2)x)

(
cos((x − y)/2) − cos((n + 1/2)(x − y))

sin((x − y)/2)

+1

4

cos((x + y)/2) − cos((n + 1/2)(x + y))

sin((x + y)/2)

)
.

Since

sin((n + 1/2)x) sin((n + 1/2)(x − y))

+ cos((n + 1/2)x) cos((n + 1/2)(x − y)) = cos((n + 1/2)y)

and

sin((n + 1/2)x) sin((n + 1/2)(x + y))

+ cos((n + 1/2)x) cos((n + 1/2)(x + y)) = cos((n + 1/2)y),

we conclude that

n∑

k=0

εk cos(ky) sin((n − k + 1/2)x)

= 1

4

cos((n + 1/2)y) − cos((n + 1/2)x) cos((x − y)/2)

sin((x − y)/2)

+ 1

4

cos((n + 1/2)y) − cos((n + 1/2)x) cos((x + y)/2)

sin((x + y)/2)

= 1

4

cos((n + 1/2)y)
(
sin((x + y)/2) + sin((x − y)/2)

)

sin((x − y)/2) sin((x + y)/2)

− 1

4

cos((n + 1/2)x)

sin((x − y)/2) sin((x + y)/2)
×

×
(
cos((x − y)/2) sin((x + y)/2) + cos((x + y)/2) sin((x − y)/2)

)
.

Using again some trigonometric identities, we get that

n∑

k=0

εk cos(ky) sin((n − k + 1/2)x)

= 1

2

2 cos((n + 1/2)y) sin(x/2) cos(y/2)

cos y − cos x
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− 1

2

cos((n + 1/2)x) sin x

cos y − cos x

= sin(x/2)
cos(x/2) cos((n + 1/2)x) − cos(y/2) cos((n + 1/2)y)

cos x − cos y
.

Formula (2.2.4) can be shown in the same way. �

Define the function Gn by

Gn(cos x) := (−1)[(d−1)/2]2 cos(x/2)(sin x)d−2soc ((n + 1/2)x),

where the function soc is defined by

soc x :=
{
cos x, if d is even;
sin x, if d is odd.

The following representation of the triangular Dirichlet kernel was proved by Herriot
[165] and Berens and Xu [30, 356].

Lemma 2.2.12 For x ∈ T
d ,

D1
n(x) = [cos x1, . . . , cos xd ]Gn

= (−1)[(d−1)/2]2
d∑

k=1

cos(xk/2)(sin xk)d−2soc ((n + 1/2)xk)∏d
j=1, j �=k(cos xk − cos x j )

. (2.2.5)

Proof We will prove this lemma for all dimensions because the main idea of the
proof is induction with respect to the dimension. First, we note that the second
equality follows from the definition of Gn and from the property of the divided
difference described in (2.2.1). In this proof, let us denote the Dirichlet kernel by
D1

d,n(x) := D1
n(x). We have seen in (1.2.2) that in the one-dimensional case

D1
1,n(x) = D1

n(x) = sin((n + 1/2)x)

sin(x/2)

= 2 cos(x/2)(sin x)−1 sin((n + 1/2)x),

thus (2.2.5) holds for d = 1. Suppose the lemma is true for integers up to d and let
d be even. It is easy to see that

D1
d+1,n(x) = 2d+1

∑

j∈Nd , ‖ j‖1≤n

ε j1 cos( j1x1) · · · ε jd+1 cos( jd+1xd+1)

= 2
n∑

l=0

εl cos(lxd+1)Dd,n−l(x1, . . . , xd)
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= (−1)[(d−1)/2]4
d∑

k=1

cos(xk/2)(sin xk)d−2

∏d
j=1, j �=k(cos xk − cos x j )

n∑

l=0

εl cos(lxd+1) cos((n − l + 1/2)xk),

where ε0 := 1/2 and εl := 1, l ≥ 1. Using (2.2.4), we obtain

D1
d+1,n(x) = −(−1)[(d−1)/2]4

d∑

k=1

cos(xk/2)(sin xk)d−2

∏d+1
j=1, j �=k(cos xk − cos x j )

cos(xk/2) sin(xk/2) sin((n + 1/2)xk)

+ (−1)[(d−1)/2]4
d∑

k=1

cos(xk/2)(sin xk)d−2

∏d+1
j=1, j �=k(cos xk − cos x j )

cos(xk/2) sin(xd+1/2) sin((n + 1/2)xd+1)

= −(−1)[(d−1)/2]2

(
d∑

k=1

cos(xk/2)(sin xk)d−1 sin((n + 1/2)xk)∏d+1
j=1, j �=k(cos xk − cos x j )

− sin(xd+1/2) sin((n + 1/2)xd+1)×

×
d∑

k=1

(1 + cos xk)(sin xk)d−2

∏d+1
j=1, j �=k(cos xk − cos x j )

)
. (2.2.6)

Since d is even, the function h(t) := (1 + t)(1 − t2)(d−2)/2 is a polynomial of degree
d − 1. Then, by (2.2.2),

0 = [cos x1, . . . , cos xd+1]h

=
d∑

k=1

(1 + cos xk)(sin xk)d−2

∏d+1
j=1, j �=k(cos xk − cos x j )

+ (1 + cos xd+1)(sin xd+1)
d−2

∏d+1
j=1, j �=d+1(cos xd+1 − cos x j )

.

This and (2.2.6) imply

D1
d+1,n(x) = −(−1)[(d−1)/2]2

(
d∑

k=1

cos(xk/2)(sin xk)d−1 sin((n + 1/2)xk)∏d+1
j=1, j �=k(cos xk − cos x j )

+ sin(xd+1/2) sin((n + 1/2)xd+1)
(1 + cos xd+1)(sin xd+1)

d−2

∏d+1
j=1, j �=d+1(cos xd+1 − cos x j )

)

= (−1)[d/2]2
d+1∑

k=1

cos(xk/2)(sin xk)d−1 sin((n + 1/2)xk)∏d+1
j=1, j �=k(cos xk − cos x j )

,
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which proves the result if d is even. If d is odd, the lemma can be proved similarly.
�

As a special case, for d = 2, we get the next corollary.

Corollary 2.2.13 For x ∈ T
2, we have

D1
n(x1, x2)

= [cos x1, cos x2]Gn

= 2
cos(x1/2) cos((n + 1/2)x1) − cos(x2/2) cos((n + 1/2)x2)

cos x1 − cos x2
.

In what follows, we may suppose that x ∈ T
2 and π > x1 > x2 > 0. We denote

the characteristic function of a set H by 1H , i.e.,

1H (x) :=
{
1, if x ∈ H ;
0, if x /∈ H.

Lemma 2.2.14 If 0 < α ≤ 1 and π > x1 > x2 > 0, then

∣∣K 1,α
n (x1, x2)

∣∣ ≤ C(x1 − x2)
−1(x1 + x2)

−11{x2≤π/2}
+ C(x1 − x2)

−1(2π − x1 − x2)
−11{x2>π/2}, (2.2.7)

1{x2≤π/2}
∣∣K 1,α

n (x1, x2)
∣∣

≤ Cn−α(x1 − x2)
−1(x1 + x2)

−1x−α
2 1{x2≤π/2}

+ Cn−1(x1 − x2)
−1(x1 + x2)

−1x−1
2 1{x2≤π/2}, (2.2.8)

1{x2>π/2}
∣∣K 1,α

n (x1, x2)
∣∣

≤ Cn−α(x1 − x2)
−1(2π − x1 − x2)

−1x−α
2 1{x2>π/2}

+ Cn−1(x1 − x2)
−1(2π − x1 − x2)

−1x−1
2 1{x2>π/2}, (2.2.9)

1{x2≤π/2}
∣∣K 1,α

n (x1, x2)
∣∣ ≤ Cn1−α(x1 + x2)

−1x−α
2 1{x2≤π/2}

+ C(x1 + x2)
−1x−1

2 1{x2≤π/2} (2.2.10)

and

1{x2>π/2}
∣∣K 1,α

n (x1, x2)
∣∣ ≤ Cn1−α(2π − x1 − x2)

−1x−α
2 1{x2>π/2}

+ C(2π − x1 − x2)
−1x−1

2 1{x2>π/2}. (2.2.11)
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Proof By the trigonometric identity,

cos a − cos b = −2 sin((a − b)/2) sin((a + b)/2),

Corollary 2.2.13 can be rewritten as

D1
k (x1, x2)

= −cos(x1/2) cos((k + 1/2)x1) − cos(x2/2) cos((k + 1/2)x2)

sin((x1 − x2)/2) sin((x1 + x2)/2)
. (2.2.12)

We will use that
sin(x1 ± x2)/2 ∼ x1 ± x2 if x2 ≤ π/2

and

sin(x1 − x2)/2 ∼ x1 − x2, sin(x1 + x2)/2 ∼ 2π − x1 − x2 if x2 > π/2.

By Lemma 2.2.7 and (2.2.12), we can see that

K 1,α
n (x1, x2) = 1

Aα
n−1

n−1∑

k=0

Aα−1
n−1−k (2.2.13)

cos(x2/2) cos((k + 1/2)x2) − cos(x1/2) cos((k + 1/2)x1)

sin((x1 − x2)/2) sin((x1 + x2)/2)

≤ 2(x1 − x2)
−1(x1 + x2)

−11{x2≤π/2}
+ 2(x1 − x2)

−1(2π − x1 − x2)
−11{x2>π/2},

which is exactly (2.2.7).
Suppose that x2 ≤ π/2. By (2.2.13) and Lemma 1.4.14,

∣∣K 1,α
n (x1, x2)

∣∣

≤ (x1 − x2)
−1(x1 + x2)

−1 1

Aα
n−1(∣∣∣∣∣

n−1∑

k=0

Aα−1
n−1−k cos((k + 1/2)x2)

∣∣∣∣∣+
∣∣∣∣∣

n−1∑

k=0

Aα−1
n−1−k cos((k + 1/2)x1)

∣∣∣∣∣

)

≤ Cn−α(x1 − x2)
−1(x1 + x2)

−1x−α
2 + Cn−1(x1 − x2)

−1(x1 + x2)
−1x−1

2 ,

which shows (2.2.8).
Lagrange’s mean value theorem and (2.2.12) imply that there exists x1 > ξ > x2,

such that

D1
k (x1, x2) = − H ′

k(ξ)(x1 − x2)

sin((x1 − x2)/2) sin((x1 + x2)/2)
,
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where
Hk(t) = cos(t/2) cos((k + 1/2)t).

Then (2.2.10) follows from

∣∣K 1,α
n (x1, x2)

∣∣ ≤ 1

Aα
n−1

∣∣∣∣∣

n−1∑

k=0

Aα−1
n−1−k

H ′
k(ξ)(x1 − x2)

sin((x1 − x2)/2) sin((x1 + x2)/2)

∣∣∣∣∣

≤ Cn(x1 − x2)(x1 − x2)
−1(x1 + x2)

−1(n−αx−α
2 + n−1x−1

2 ).

The inequalities (2.2.9) and (2.2.11) for x2 > π/2 can be proved in the same way. �

The next estimations of the kernel function come easily from Lemma 2.2.14.

Lemma 2.2.15 If 0 < α ≤ 1, 0 ≤ β ≤ 1 and π > x1 > x2 > 0, then

∣∣K 1,α
n (x1, x2)

∣∣ ≤ C(x1 − x2)
−3/2x−1/2

2 1{x2≤π/2}
+ C(x1 − x2)

−3/2(π − x1)
−1/21{x2>π/2}, (2.2.14)

1{x2≤π/2}
∣∣K 1,α

n (x1, x2)
∣∣

≤ Cn−α(x1 − x2)
−1−βxβ−α−1

2 1{x2≤π/2}
+ Cn−1(x1 − x2)

−1−βxβ−2
2 1{x2≤π/2}, (2.2.15)

1{x2>π/2}
∣∣K 1,α

n (x1, x2)
∣∣

≤ Cn−α(x1 − x2)
−1−β(π − x1)

β−α−11{x2>π/2}
+ Cn−1(x1 − x2)

−1−β(π − x1)
β−21{x2>π/2}, (2.2.16)

1{x2≤π/2}
∣∣K 1,α

n (x1, x2)
∣∣ ≤ Cn1−αx−α−1

2 1{x2≤π/2} + Cx−2
2 1{x2≤π/2} (2.2.17)

and

1{x2>π/2}
∣∣K 1,α

n (x1, x2)
∣∣ ≤ Cn1−α(π − x1)

−α−11{x2>π/2}
+ C(π − x1)

−21{x2>π/2}. (2.2.18)

Proof The basic facts

x1 + x2 > x1 − x2, x1 + x2 > x2

and
2π − x1 − x2 > x1 − x2, 2π − x1 − x2 > π − x1
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together with (2.2.7) imply

∣∣K 1,α
n (x1, x2)

∣∣ ≤ 2(x1 − x2)
−3/2x−1/2

2 1{x2≤π/2}
+ 2(x1 − x2)

−3/2(π − x1)
−1/21{x2>π/2},

which shows (2.2.14). Since 0 ≤ β ≤ 1, (2.2.8) implies

∣∣K 1,α
n (x1, x2)

∣∣ ≤ Cn−α(x1 − x2)
−1−βxβ−α−1

2 + Cn−1(x1 − x2)
−1−βxβ−2

2

if x2 ≤ π/2. The other inequalities can be shown similarly. �

Lemma 2.2.16 If 0 < α ≤ 1 and π > x1 > x2 > 0, then

1{x2≤π/2}
∣∣K 1,α

n (x1, x2)
∣∣

≤ C(x1 − x2)
α−1x−α−1

2 1{x2≤π/2} + Cx−2
2 1{x2≤π/2} (2.2.19)

and

1{x2>π/2}
∣∣K 1,α

n (x1, x2)
∣∣ ≤ C(x1 − x2)

α−1(π − x1)
−α−11{x2>π/2}

+ C(π − x1)
−21{x2>π/2}. (2.2.20)

Proof If β = 0 and n ≥ (x1 − x2)−1, then (2.2.15) implies (2.2.19). On the other
hand, (2.2.19) follows from (2.2.17) if n < (x1 − x2)−1. �

In the next lemma, we estimate the partial derivatives of the kernel function.

Lemma 2.2.17 If 0 < α ≤ 1, 0 ≤ β ≤ 1 and π > x1 > x2 > 0, then for j = 1, 2,

1{x2≤π/2}
∣∣∂ j K

1,α
n (x1, x2)

∣∣

≤ Cn1−α(x1 − x2)
−1−βxβ−α−1

2 1{x2≤π/2}
+ C(x1 − x2)

−1−βxβ−2
2 1{x2≤π/2} (2.2.21)

and

1{x2>π/2}
∣∣∂ j K

1,α
n (x1, x2)

∣∣

≤ Cn1−α(x1 − x2)
−1−β(π − x1)

β−α−11{x2>π/2}
+ C(x1 − x2)

−1−β(π − x1)
β−21{x2>π/2}. (2.2.22)

Proof Let x2 ≤ π/2. By Lagrange’s mean value theorem and (2.2.12),
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∂1D
1
k (x1, x2)

= 1

2

(
sin(x1/2) cos((k + 1/2)x1) + cos(x1/2)(2k + 1) sin((k + 1/2)x1)

)

sin((x1 − x2)/2)
−1 sin((x1 + x2)/2)

−1

+ 1

2
(x1 − x2)

(
sin((x1 − x2)/2)

−2 sin((x1 + x2)/2)
−1 cos((x1 − x2)/2)

+ sin((x1 − x2)/2)
−1 sin((x1 + x2)/2)

−2 cos((x1 + x2)/2)
)
H ′

k(ξ),

where y < ξ < x is a suitable number. Using the methods above,

∣∣∂1K
1,α
n (x1, x2)

∣∣ = 1

Aα
n−1

∣∣∣∣∣

n−1∑

k=0

Aα−1
n−1−k∂1D

1
k (x1, x2)

∣∣∣∣∣

≤ C(x1 − x2)
−1(x1 + x2)

−1(n1−αx−α
2 + x−1

2 )

+ C(x1 + x2)
−2(n1−αx−α

2 + x−1
2 )

≤ C(x1 − x2)
−1−β(n1−αxβ−α−1

2 + xβ−2
2 ),

which proves (2.2.21). The case x2 > π/2, i.e., (2.2.22), can be shown similarly. �

2.2.2 Kernel Functions for q = ∞

Lemma 2.2.18 For x ∈ T
d ,

D∞
n (x) =

d∏

i=1

D∞
n (xi ) =

d∏

i=1

sin((n + 1/2)xi )

sin(xi/2)
.

Proof The proof follows from the definition of the cubic Dirichlet kernels and from
Lemma 1.2.3. �

To estimate the cubic Cesàro kernels, we may suppose again that x ∈ T
2 and

π > x1 > x2 > 0.

Lemma 2.2.19 If 0 < α ≤ 1, x ∈ T
2 and π > x1 > x2 > 0, then

∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cx−1
1 x−1

2 , (2.2.23)

∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cn−αx−1
1 x−1

2 (x1 − x2)
−α

+ Cn−1x−1
1 x−1

2 (x1 − x2)
−1 (2.2.24)

and
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∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cn1−αx−1
1 (x1 − x2)

−α + Cx−1
1 (x1 − x2)

−1. (2.2.25)

Proof The first inequality, (2.2.23) follows easily from Lemma 1.4.8 and from

K∞,α
n (x1, x2) = 1

Aα
n−1

n−1∑

k=0

Aα−1
n−1−k D

∞
k (x1, x2)

= 1

Aα
n−1

n−1∑

k=0

Aα−1
n−1−k

sin((k + 1/2)x1)

sin(x1/2)

sin((k + 1/2)x2)

sin(x2/2)
.

The trigonometric identity

sin a sin b = 1

2
(cos(a − b) − cos(a + b)) (2.2.26)

yields

∣∣K∞,α
n (x1, x2)

∣∣

= 1

2Aα
n−1

∣∣∣∣∣

n−1∑

k=0

Aα−1
n−1−k

cos((k + 1/2)(x1 − x2)) − cos((k + 1/2)(x1 + x2))

sin(x1/2) sin(x2/2)

∣∣∣∣∣ .

Observe that sin(xi/2) ∼ xi ,

sin(x1 ± x2)/2 ∼ x1 ± x2 if x2 ≤ π/2

and

sin(x1 − x2)/2 ∼ x1 − x2, sin(x1 + x2)/2 ∼ 2π − x1 − x2 if x2 > π/2.

Using the facts x1 + x2 > x1 − x2, 2π − x1 − x2 > x1 − x2 and and Lemma 1.4.14,
we conclude that

∣∣K∞,α
n (x1, x2)

∣∣

= C

2Aα
n−1

1

| sin(x1/2) sin(x2/2)|
( 1

| sin(x1 − x2)/2|α + nα−1

| sin(x1 − x2)/2|
+ 1

| sin(x1 + x2)/2|α + nα−1

| sin(x1 + x2)/2|
)

≤ Cn−αx−1
1 x−1

2 (x1 − x2)
−α + Cn−1x−1

1 x−1
2 (x1 − x2)

−1, (2.2.27)

which is (2.2.24). Using Lagrange’s theorem in (2.2.27) and Lemma 1.4.15, there
exists x1 − x2 < ξ < x1 + x2 such that
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∣∣K∞,α
n (x1, x2)

∣∣ = 1

Aα
n−1

∣∣∣∣∣

n−1∑

k=0

Aα−1
n−1−k(k + 1/2)x2 sin((k + 1/2)ξ)

sin(x1/2) sin(x2/2)

∣∣∣∣∣

≤ Cn1−αx−1
1 (x1 − x2)

−α + Cx−1
1 (x1 − x2)

−1.

This finishes the proof of the lemma. �

Lemma 2.2.20 If 0 < α ≤ 1 and π > x1 > x2 > 0, then

∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cxα−1
2 (x1 − x2)

−α−1 + C(x1 − x2)
−2. (2.2.28)

Proof The inequality follows from (2.2.24) if n ≥ x−1
2 and from (2.2.25) if n < x−1

2 .
�

The partial derivatives of the cubic Cesàro kernels can be estimated as follows.

Lemma 2.2.21 If 0 < α ≤ 1, j = 1, 2 and π > x1 > x2 > 0, then

∣∣∂ j K
∞,α
n (x1, x2)

∣∣ ≤ Cn1−αx−1
1 x−1

2 (x1 − x2)
−α.

Proof By Lagrange’s mean value theorem and (2.2.26),

∂1D
∞
k (x1, x2)

= 1

2
(k + 1/2)

(
sin((k + 1/2)(x1 + x2)) − sin((k + 1/2)(x1 − x2))

)

sin(x1/2)
−1 sin(x2/2)

−1

+ 1

4

(
cos((k + 1/2)(x1 − x2)) − cos((k + 1/2)(x1 + x2))

)

cos(x1/2) sin(x1/2)
−2 sin(x2/2)

−1

= 1

2
(k + 1/2)

(
sin((k + 1/2)(x1 + x2)) − sin((k + 1/2)(x1 − x2))

)

sin(x1/2)
−1 sin(x2/2)

−1

+ 1

4
(k + 1/2)x2 sin((k + 1/2)ξ) cos(x1/2) sin(x1/2)

−2 sin(x2/2)
−1,

where x1 − x2 < ξ < x1 + x2 is a suitable number. Similarly as above,

∣∣∂1K
∞,α
n (x1, x2)

∣∣ = 1

Aα
n−1

∣∣∣∣∣

n−1∑

k=0

Aα−1
n−1−k∂1D

∞
k (x1, x2)

∣∣∣∣∣

≤ Cn1−αx−1
1 x−1

2 (x1 − x2)
−α + Cx−1

1 x−1
2 (x1 − x2)

−1

+ Cn1−αx−2
1 (x1 − x2)

−α + Cx−2
1 (x1 − x2)

−1

≤ Cn1−αx−1
1 x−1

2 (x1 − x2)
−α + Cx−1

1 x−1
2 (x1 − x2)

−1,
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which proves the lemma. �

2.2.3 Kernel Functions for q = 2

As we mentioned before, for q = 2, we will consider the Riesz summability. To
this, we have to introduce some special functions. For the sake of completeness, we
prove some elementary properties for these functions. First, we introduce the gamma
function by

�(x) :=
∫ ∞

0
t x−1e−t dt (x > 0).

Integration by parts yields

�(x) =
[ t x e−t

x

]∞
0

+ 1

x

∫ ∞

0
t x e−t dt = 1

x
�(x + 1) (x > 0).

Since �(1) = 1, we have

�(x + 1) = x�(x) (x > 0) and �(n) = (n − 1)!. (2.2.29)

After a substitution, we can see that

�
(1
2

)
=
∫ ∞

0
t−1/2e−t dt = 2

∫ ∞

0
e−u2 du = √

π.

The beta function is defined by

B(x, y) :=
∫ 1

0
sx−1(1 − s)y−1 ds =

∫ 1

0
s y−1(1 − s)x−1 ds,

where x, y > 0. The relationship between the beta and gamma function reads as
follows:

�(x + y)B(x, y) = �(x)�(y). (2.2.30)

Indeed, substituting s = u/(1 + u), we obtain

�(x + y)B(x, y) = �(x + y)
∫ 1

0
s y−1(1 − s)x−1 ds

= �(x + y)
∫ ∞

0
uy−1

( 1

1 + u

)x+y
du

=
∫ ∞

0

∫ ∞

0
uy−1

( 1

1 + u

)x+y
vx+y−1e−v dvdu.
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The substitution v = t (1 + u) in the inner integral yields

�(x + y)B(x, y) =
∫ ∞

0

∫ ∞

0
uy−1t x+y−1e−t (1+u) dt du

=
∫ ∞

0
t x e−t

∫ ∞

0
(ut)y−1e−tu du dt

=
∫ ∞

0
t x−1e−t�(y) dt

= �(x)�(y),

which shows (2.2.30).

Definition 2.2.22 For k > −1/2, the Bessel functions are defined by

Jk(t) := (t/2)k

�(k + 1/2)�(1/2)

∫ 1

−1
eıts(1 − s2)k−1/2 ds (t ∈ R).

Using the Euler formulas, we can see that the Bessel functions are real-valued.

Lemma 2.2.23 We have

J ′
k(t) = kt−1 Jk(t) − Jk+1(t) (t �= 0).

Proof By integrating by parts and by (2.2.29), we conclude

d

dt
(t−k Jk(t)) = ı2−k

�(k + 1/2)�(1/2)

∫ 1

−1
eıtss(1 − s2)k−1/2 ds

= ı2−k

(2k + 1)�(k + 1/2)�(1/2)

(
−
[
eıts(1 − s2)k+1/2

]1
−1

+
∫ 1

−1
ı teıts(1 − s2)k+1/2 ds

)

= −2−k−1t

(k + 1/2)�(k + 1/2)�(1/2)

∫ 1

−1
eıts(1 − s2)k+1/2 ds

= −t−k Jk+1(t),

which proves the desired result. �

Lemma 2.2.24 For k > −1/2 and t > 0,

Jk(t) ≤ Ckt
k and Jk(t) ≤ Ckt

−1/2,

where Ck is independent of t .
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Proof Since 1 − s2 ≥ 1 − |s| for |s| ≤ 1, the first estimate follows from the defini-
tion of Jk . The second one follows from the first one if 0 < t ≤ 1. So wemay assume
that t > 1. Let us integrate the complex valued function

eıtz(1 − z2)k−1/2 (z ∈ C)

over the boundary of the rectangle whose lower side is [−1, 1] and whose height is
R > 0. By Cauchy’s theorem,

0 = ı
∫ 0

R
eıt (−1+ıs)(s2 + 2ıs)k−1/2 ds +

∫ 1

−1
eıts(1 − s2)k−1/2 ds

+ ı
∫ R

0
eıt (1+ıs)(s2 − 2ıs)k−1/2 ds + ε(R),

where ε(R) → 0 as R → ∞. Hence, taking the limit as R → ∞,

∫ 1

−1
eıts(1 − s2)k−1/2 ds = ıe−ı t

∫ ∞

0
e−ts(s2 + 2ıs)k−1/2 ds

− ıeıt
∫ ∞

0
e−ts(s2 − 2ıs)k−1/2 ds

=: I1 + I2.

Observe that
(s2 + 2ıs)k−1/2 = (2ıs)k−1/2 + φ(s),

where
|φ(s)| ≤ Csk+1/2 if 0 < s ≤ 1 or s > 1 and k ≤ 3/2

and
|φ(s)| ≤ Cs2k−1 if s > 1 and k > 3/2.

Indeed, it follows from Lagrange’s mean value theorem that

|φ(s)| = ∣∣(2ıs)k−1/2
∣∣
∣∣∣∣
( s

2ı
+ 1
)k−1/2 − 1

∣∣∣∣ ≤ Cks
k+1/2

∣∣∣∣
ξ

2ı
+ 1

∣∣∣∣
k−3/2

,

where 0 < ξ < s. Hence

∣∣s2 + 2ıs
∣∣k−1/2 ≤ Cks

k−1/2 + |φ(s)|

and
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|I1| ≤
∫ ∞

0
e−ts

(
Cks

k−1/2 + |φ(s)|) ds

= Ck

∫ ∞

0
e−tssk−1/2 +

∫ 1

0
e−ts |φ(s)| ds +

∫ ∞

1
e−ts |φ(s)| ds

= I1,1 + I1,2 + I1,3.

By the substitution ts = u and by the definition of the gamma function,

I1,1 = Ckt
−1
∫ ∞

0
e−u(u/t)k−1/2 du

= Ckt
−k−1/2

∫ ∞

0
e−uuk−1/2 du = Ck�(k + 1/2)t−k−1/2.

The same substitution implies

I1,2 ≤
∫ 1

0
e−ts sk+1/2 ds ≤ t−k−3/2

∫ ∞

0
e−uuk+1/2 ds

= �(k + 3/2)t−k−3/2 ≤ Ckt
−k−1/2. (2.2.31)

If k ≤ 3/2, then

I1,3 ≤ �(k + 3/2)t−k−3/2 ≤ Ckt
−k−1/2

as in (2.2.31). Similarly, for k > 3/2,

I1,3 ≤
∫ ∞

1
e−ts s2k−1 ds ≤ t−2k

∫ ∞

0
e−uu2k−1 ds

= �(2k)t−2k ≤ Ckt
−k−1/2.

The integral I2 can be estimated in the same way. �

Lemma 2.2.25 If k > −1/2, l > −1 and t > 0, then

Jk+l+1(t) = t l+1

2l�(l + 1)

∫ 1

0
Jk(ts)s

k+1(1 − s2)l ds.

Proof Taking into account (2.2.30), we get that

Jk(t) = 2(t/2)k

�(k + 1/2)�(1/2)

∫ 1

0
cos(ts)(1 − s2)k−1/2 ds

=
∞∑

j=0

(−1) j
2(t/2)k t2 j

(2 j)!�(k + 1/2)�(1/2)

∫ 1

0
s2 j (1 − s2)k−1/2 ds
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=
∞∑

j=0

(−1) j
(t/2)k t2 j

(2 j)!�(k + 1/2)�(1/2)

∫ 1

0
u j−1/2(1 − u)k−1/2 du

=
∞∑

j=0

(−1) j
(t/2)k t2 j

(2 j)!�(k + 1/2)�(1/2)
B( j + 1/2, k + 1/2)

= (t/2)k

�(1/2)

∞∑

j=0

(−1) j
�( j + 1/2)

�( j + k + 1)

t2 j

(2 j)! . (2.2.32)

Thus

∫ 1

0
Jk(ts)s

k+1(1 − s2)l ds

=
∫ 1

0

⎛

⎝ (ts/2)k

�(1/2)

∞∑

j=0

(−1) j
�( j + 1/2)

�( j + k + 1)

(ts)2 j

(2 j)!

⎞

⎠ sk+1(1 − s2)l ds

= (t/2)k

�(1/2)

∞∑

j=0

(−1) j
�( j + 1/2)

�( j + k + 1)

t2 j

(2 j)!
∫ 1

0
s2k+2 j+1(1 − s2)l ds.

Substituting s2 = u and using (2.2.30) and (2.2.32), we conclude

∫ 1

0
Jk(ts)s

k+1(1 − s2)l ds

= (t/2)k

�(1/2)

∞∑

j=0

(−1) j
�( j + 1/2)

2�( j + k + 1)

t2 j

(2 j)!
∫ 1

0
uk+ j (1 − u)l du

= (t/2)k

�(1/2)

∞∑

j=0

(−1) j
�( j + 1/2)

2�( j + k + 1)

t2 j

(2 j)! B(k + j + 1, l + 1)

= 2l�(l + 1)

t l+1

(t/2)k+l+1

�(1/2)

∞∑

j=0

(−1) j
�( j + 1/2)

�(k + l + j + 2)

t2 j

(2 j)!

= 2l�(l + 1)

t l+1
Jk+l+1(t),

which proves the lemma. �

Now we can turn back to the circular Riesz means.

Definition 2.2.26 For f ∈ L1(R
d), the Fourier transform is defined by

f̂ (x) := 1

(2π)d

∫

Rd

f (t)e−ı x ·t dt (x ∈ R
d).
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Define

θ(s) :=
{

(1 − |s|2)α if |s| ≤ 1;
0 if |s| > 1

(s ∈ R)

and
θ0(x) := θ(‖x‖2) (x ∈ R

d).

θ0 is called a radial function. No we use another method than for q = 1 or q = ∞.
We will express the Riesz means in terms of the Fourier transform of θ0. As we will
see in the next lemma, θ̂0 can be computed with the help of the Bessel functions.

Theorem 2.2.27 If α > 0 and x ∈ R
d , then

θ̂0(x) = 1

(2π)d/2
2α�(α + 1)‖x‖−d/2−α

2 Jd/2+α(‖x‖2).

Proof The function θ0 ∈ L1(R
d) because

∫

Rd

|θ0(x)| dx ≤ C
∫ ∞

0
|θ(r)|rd−1 dr < ∞.

Using the notation r = ‖x‖2, x = r x ′, s = ‖u‖2 and u = su′, we get that

θ̂0(x) = 1

(2π)d

∫

Rd

θ0(u)e−ı x ·u du

= 1

(2π)d

∫ ∞

0
θ(s)

(∫

�d−1

e−ırsx ′ ·u′
du′
)
sd−1 ds, (2.2.33)

where �d−1 denotes the sphere. In the inner integral, we integrate first over the
parallel

Pδ := {u′ ∈ �d−1 : x ′ · u′ = cos δ}

orthogonal to x ′ obtaining a function of 0 ≤ δ ≤ π, which we then integrate over
[0,π]. If ωd−2 denotes the surface area of �d−2, then the measure of Pδ is

ωd−2(sin δ)d−2 = 2π(d−1)/2

�((d − 1)/2)
(sin δ)d−2.

Hence
∫

�d−1

e−ırsx ′ ·u′
du′ =

∫ π

0
e−ırs cos δωd−2(sin δ)d−2 dδ

= ωd−2

∫ 1

−1
eırsξ(1 − ξ2)(d−3)/2 dξ
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= 2π(d−1)/2

�((d − 1)/2)

�(d/2 − 1/2)�(1/2)

(rs/2)d/2−1
Jd/2−1(rs)

= (2π)d/2(rs)−d/2+1 Jd/2−1(rs).

Taking into account this and (2.2.33), we conclude

θ̂0(x) = 1

(2π)d/2
r−d/2+1

∫ ∞

0
θ(s)Jd/2−1(rs)s

d/2 ds

= 1

(2π)d/2
‖x‖−d/2+1

2

∫ 1

0
Jd/2−1(‖x‖2s)sd/2(1 − s2)α ds.

Applying Lemma 2.2.25 with k = d/2 − 1, l = α, we see that

θ̂0(x) = 1

(2π)d/2
‖x‖−d/2+1

2 Jd/2+α(‖x‖2)‖x‖−α−1
2 2α�(α + 1),

which shows the theorem. �

Theorem 2.2.27, Lemma 2.2.23 and 2.2.24 imply that θ̂0(x) as well as all of its
derivatives can be estimated by ‖x‖−d/2−α−1/2

2 .

Corollary 2.2.28 For all i1, . . . , id ≥ 0 and α > 0,

|∂i1
1 · · · ∂id

d θ̂0(x)| ≤ C‖x‖−d/2−α−1/2
2 (x �= 0).

The same result holds for

θ(s) :=
{

(1 − |s|γ)α if |s| ≤ 1;
0 if |s| > 1

(s ∈ R)

and
θ0(x) := θ(‖x‖2) (x ∈ R

d),

whenever γ ∈ P (see Lu [224, p. 132]). From now on, we assume that γ ∈ P. The
next result is an easy consequence of Corollary 2.2.28.

Corollary 2.2.29 θ̂0 ∈ L1(R
d) if

d − 1

2
< α < ∞.

Now we are ready to express the Riesz means using the Fourier transform of θ0.

Theorem 2.2.30 If n ∈ N, f ∈ L1(T
d), (d − 1)/2 < α < ∞ and γ ∈ P, then

σ2,α,γ
n f (x) = nd

∫

Rd

f (x − t)θ̂0(nt) dt
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for almost every x ∈ T
d .

Proof If f (t) = eık·t (k ∈ Z
d , t ∈ T

d), then

σ2,α,γ
n f (x) = θ0

(−k

n

)
eık·x

= eık·x
∫

Rd

e−ık·t/n θ̂0(t) dt

= nd
∫

Rd

eık·(x−t)θ̂0(nt) dt.

The theorem holds also for trigonometric polynomials. Let f be an arbitrary element
from L1(T

d) and ( fk) be a sequence of trigonometric polynomials such that fk → f
in the L1(T

d)-norm. It follows from Lemma 2.2.6 and from the fact that K 2,α,γ
n ∈

L1(T
d) that

lim
n→∞ σ2,α,γ

n fk = σ2,α,γ
n f

in the L1(T
d) norm.

On the other hand, since θ̂0 ∈ L1(R
d), we have

lim
n→∞

∫

Rd

fk(x − t)θ̂0(nt) dt =
∫

Rd

f (x − t)θ̂0(nt) dt

in the L1(T
d)-norm. �

Lemma 2.2.31 If n ∈ N, (d − 1)/2 < α < ∞ and γ ∈ P, then

K 2,α,γ
n (t) = (2π)dnd

∑

k∈Zd

θ̂0(n(t + 2kπ)). (2.2.34)

Proof Since f is periodic, Theorem 2.2.30 implies that

σ2,α,γ
n f (x) = nd

∑

k∈Zd

∫

2kπ+Td

f (x − t)θ̂0(nt) dt

= nd
∑

k∈Zd

∫

Td

f (x − t)θ̂0(n(t + 2kπ)) dt.

The result follows from Lemma 2.2.6. �
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2.3 Norm Convergence of the �q-Summability Means

In this section, we will prove that the Cesàro and Riesz means, σq,α
n f and σ

q,α,γ
n f are

uniformly bounded on the L p(T
d) spaces and they converge to the original function

f in norm when 1 ≤ p < ∞, q = 1, 2 or q = ∞. Having the results of Sect. 2.2,
we are ready to prove that the L1(T

d)-norms of the kernel functions are uniformly
bounded. We start with the triangular and cubic Cesàro summability.

Theorem 2.3.1 If 0 < α ≤ 1 and q = 1 or q = ∞, then

sup
n∈N

∫

Td

∣∣Kq,α
n (x)

∣∣ dx ≤ C.

Proof of Theorem 2.3.1 for q = 1. It is enough to integrate the kernel function over
the set

{(x1, x2) : 0 < x2 < x1 < π}.

Let us decompose this set into the union ∪10
i=1Ai , where

A1 := {(x1, x2) : 0 < x1 ≤ 2/n, 0 < x2 < x1 < π, x2 ≤ π/2},
A2 := {(x1, x2) : 2/n < x1 < π, 0 < x2 ≤ 1/n, x2 ≤ π/2},
A3 := {(x1, x2) : 2/n < x1 < π, 1/n < x2 ≤ x1/2, x2 ≤ π/2},
A4 := {(x1, x2) : 2/n < x1 < π, x1/2 < x2 ≤ x1 − 1/n, x2 ≤ π/2},
A5 := {(x1, x2) : 2/n < x1 < π, x1 − 1/n < x2 < x1, x2 ≤ π/2}
A6 := {(x1, x2) : x2 > π/2,π − 2/n ≤ x2 < π, 0 < x2 < x1 < π},
A7 := {(x1, x2) : π/2 < x2 < π − 2/n,π − 1/n < x1 < π},
A8 := {(x1, x2) : π/2 < x2 < π − 2/n, (π + x2)/2 < x1 ≤ π − 1/n},
A9 := {(x1, x2) : π/2 < x2 < π − 2/n, x2 + 1/n < x1 ≤ (π + x2)/2},
A10 := {(x1, x2) : π/2 < x2 < π − 2/n, x2 < x1 ≤ x2 + 1/n}.

The sets Ai can be seen on Fig. 2.11.
By Lemma 2.2.5, we can see that

∫

A1

∣∣K 1,α
n (x1, x2)

∣∣ dx +
∫

A6

∣∣K 1,α
n (x1, x2)

∣∣ dx ≤ C.

Inequality (2.2.14) implies

∫

A2

∣∣K 1,α
n (x1, x2)

∣∣ dx ≤ C
∫ π

2/n

∫ 1/n

0
(x1 − 1/n)−3/2x−1/2

2 dx2 dx1 ≤ C

and
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Fig. 2.11 The sets Ai

∫

A7

∣∣K 1,α
n (x1, x2)

∣∣ dx

≤ C
∫ π−2/n

π/2

∫ π

π−1/n
(π − 1/n − x2)

−3/2(π − x1)
−1/2 dx1 dx2 ≤ C.

Observe that x1 − x2 ≥ x1/2 on the set A3. Choosing β such that 0 < β < α, we
get from (2.2.15) that

∫

A3

∣∣K 1,α
n (x1, x2)

∣∣ dx ≤ Cn−α

∫ π

2/n

∫ x1/2

1/n
x−1−β
1 xβ−α−1

2 dx2 dx1

+ Cn−1
∫ π

2/n

∫ x1/2

1/n
x−1−β
1 xβ−2

2 dx2 dx1 ≤ C.

Similarly, x1 − x2 > (π − x2)/2 on the set A8 and so, by (2.2.16),
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∫

A8

∣∣K 1,α
n (x1, x2)

∣∣ dx

≤ Cn−α

∫ π−2/n

π/2

∫ π−1/n

(π+x2)/2
(π − x2)

−1−β(π − x1)
β−α−1 dx1 dx2

+ Cn−1
∫ π−2/n

π/2

∫ π−1/n

(π+x2)/2
(π − x2)

−1−β(π − x1)
β−2 dx1 dx2 ≤ C.

We have x2 > x1/2 on A4, hence (2.2.15) implies

∫

A4

∣∣K 1,α
n (x1, x2)

∣∣ dx

≤ Cn−α

∫ π

2/n

∫ x1−1/n

x1/2
(x1 − x2)

−1−βxβ−α−1
1 dx2 dx1

+ Cn−1
∫ π

2/n

∫ x1−1/n

x1/2
(x1 − x2)

−1−βxβ−2
1 dx2 dx1 ≤ C.

Similarly, π − x1 ≥ (π − x2)/2 on the set A9. Thus

∫

A9

∣∣K 1,α
n (x1, x2)

∣∣ dx

≤ Cn−α

∫ π−2/n

π/2

∫ (π+x2)/2

x2+1/n
(x1 − x2)

−1−β(π − x2)
β−α−1 dx1 dx2

+ Cn−1
∫ π−2/n

π/2

∫ (π+x2)/2

x2+1/n
(x1 − x2)

−1−β(π − x2)
β−2 dx1 dx2 ≤ C.

Finally, by (2.2.19),

∫

A5

∣∣K 1,α
n (x1, x2)

∣∣ dx ≤ C
∫ π

1/n

∫ x2+1/n

x2

(x1 − x2)
α−1x−α−1

2 dx1dx2

+ C
∫ π

1/n

∫ x2+1/n

x2

x−2
2 dx1dx2 ≤ C

and

∫

A10

∣∣K 1,α
n (x1, x2)

∣∣ dx ≤ C
∫ π−1/n

π/2

∫ x1

x1−1/n
(x1 − x2)

α−1(π − x1)
−α−1 dx2dx1

+ C
∫ π−1/n

π/2

∫ x1

x1−1/n
(π − x1)

−2 dx2dx1 ≤ C

which completes the proof of the theorem. �
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Fig. 2.12 The sets Ai

Proof of Theorem 2.3.1 for q = ∞. We integrate again over the set

{(x1, x2) : 0 < x2 < x1 < π}

and decompose this set into the union ∪5
i=1Ai , where

A1 := {(x1, x2) : 0 < x1 ≤ 2/n, 0 < x2 < x1 < π},
A2 := {(x1, x2) : 2/n < x1 < π, 0 < x2 ≤ 1/n},
A3 := {(x1, x2) : 2/n < x1 < π, 1/n < x2 ≤ x1/2},
A4 := {(x1, x2) : 2/n < x1 < π, x1/2 < x2 ≤ x1 − 1/n},
A5 := {(x1, x2) : 2/n < x1 < π, x1 − 1/n < x2 < x1}

(see Fig. 2.12).
First of all, ∫

A1

∣∣K∞,α
n (x1, x2)

∣∣ dx ≤ C.

By (2.2.25),
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∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cn1−α(x1 − x2)
−1−α + C(x1 − x2)

−2

and so

∫

A2

∣∣K∞,α
n (x1, x2)

∣∣ dx1 dx2 ≤ Cn1−α

∫ π

2/n

∫ 1/n

0
(x1 − 1/n)−1−α dx2 dx1

+ C
∫ π

2/n

∫ 1/n

0
(x1 − 1/n)−2 dx2 dx1 ≤ C.

Since x1 − x2 ≥ x1/2 on A3, we get from (2.2.24) that

∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cn−αx−1−α
1 x−1

2 + Cn−1x−2
1 x−1

2

≤ Cn−αx−1−α+β
1 x−1−β

2 + Cn−1x−2+β
1 x−1−β

2 (2.3.1)

for any 0 < β < α. Thus

∫

A3

∣∣K∞,α
n (x1, x2)

∣∣ dx1 dx2 ≤ Cn−α

∫ π

2/n

∫ x1/2

1/n
x−1−α+β
1 x−1−β

2 dx2 dx1

+ Cn−1
∫ π

2/n

∫ x1/2

1/n
x−2+β
1 x−1−β

2 dx2 dx1 ≤ C.

Since x2 > x1/2 and x2 > x1 − x2 on A4, we get from (2.2.24) that

∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cn−αx−1
1 x−1

2 (x1 − x2)
−α + Cn−1x−1

1 x−1
2 (x1 − x2)

−1

≤ Cn−αx−1−β
1 (x1 − x2)

−1−α+β

+ Cn−1x−1−β
1 (x1 − x2)

−2+β (2.3.2)

for any 0 < β < α. Then

∫

A4

∣∣K∞,α
n (x1, x2)

∣∣ dx1 dx2

≤ Cn−α

∫ π

2/n

∫ x1−1/n

x1/2
x−1−β
1 (x1 − x2)

−1−α+β dx2 dx1

+ Cn−1
∫ π

2/n

∫ x1−1/n

x1/2
x−1−β
1 (x1 − x2)

−2+β dx2 dx1 ≤ C.

Finally, x2 > x1/2 also on A5 and so (2.2.23) implies

∫

A5

∣∣K∞,α
n (x1, x2)

∣∣ dx1 dx2 ≤ C
∫ π

2/n

∫ x1

x1−1/n
x−2
1 dx2 dx1 ≤ C,
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which finishes the proof. �

Now we continue with the circular Riesz summability.

Theorem 2.3.2 If q = 2, α > (d − 1)/2 and γ ∈ P, then

sup
n∈N

∫

Td

∣∣K 2,α,γ
n (x)

∣∣ dx ≤ C.

Proof Taking into account Lemma 2.2.31, we can see that

∫

Td

|K 2,α,γ
n (x)| dx ≤ (2π)dnd

∑

k∈Zd

∫

Td

|θ̂0(n(x + 2kπ))| dx = (2π)d
∥∥θ̂0
∥∥
1 .

Now the theorem follows easily from Corollary 2.2.28. �

These imply easily

Theorem 2.3.3 If 1 ≤ p < ∞, 0 < α < ∞ and q = 1 or q = ∞, then

sup
n∈N

∥∥σq,α
n f

∥∥
p ≤ C‖ f ‖p

and
lim
n→∞ σq,α

n f = f in the L p(T
d)-norm for all f ∈ L p(T

d).

Proof For 0 < α ≤ 1, we use Minkowski’s inequality and Theorem 2.3.1 to obtain

∥∥σq,α
n f

∥∥
p ≤ 1

(2π)d

∫

Td

‖ f (· − t)‖pK
q,α
n (t) dt

= 1

(2π)d

∫

Td

‖ f ‖pK
q,α
n (t) dt

≤ C‖ f ‖p.

For 1 < α < ∞, we can use Lemma 2.2.8. The convergence follows easily from this
because the trigonometric polynomials are dense in L p(T

d). �

The next theorem can be proved in the same way.

Theorem 2.3.4 If 1 ≤ p < ∞, q = 2, (d − 1)/2 < α < ∞ and γ ∈ P, then

sup
n∈N

∥∥σq,α,γ
n f

∥∥
p

≤ C‖ f ‖p

and
lim
n→∞ σq,α,γ

n f = f in the L p(T
d)-norm for all f ∈ L p(T

d).
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Theorems 2.3.3 and 2.3.4 were proved in Berens, Li and Xu [30], Oswald [253]
and Weisz [337, 338, 341] for q = 1,∞ and in Bochner [36] and Stein and Weiss
[293] for q = 2.

The situation is more complicated and not completely solved if q = 2 and α ≤
(d − 1)/2. It is clear by the Banach-Steinhaus theorem that limn→∞ σ

q,α,γ
n f = f in

the L p(T
d)-norm for all f ∈ L p(T

d) if and only if the operators σ
q,α,γ
n are uniformly

bounded from L p(T
d) to L p(T

d). We note that each operator σ
q,α,γ
n is bounded on

L p(T
d) because Kq,α,γ

n ∈ L1(T
d). For more about the norm convergence of the

Bochner-Riesz means (i.e., q = 2, γ = 2) see Grafakos [143].

2.4 H�
p (Td) Hardy Spaces

To prove almost everywhere convergence of the Cesàro and Riesz means, we will
need the concept of Hardy spaces and their atomic decomposition. Before studying
Hardy spaces, we have to introduce the concept of distributions.

Let C∞(Td) denote the set of all infinitely differentiable functions on T
d . Then

f ∈ C∞(Td) implies

sup
x∈Td

∣∣∂k f (x)
∣∣ < ∞ for all k = (k1, . . . , kd) ∈ N

d ,

where ∂k = ∂k1
1 · · · ∂kd

d .

Definition 2.4.1 Let n ∈ N, fn, f ∈ C∞(Td). We say that

lim
n→∞ fn = f in C∞(Td)

if
lim
n→∞

∥∥∂k fn − ∂k f
∥∥∞ = 0 for all k ∈ N

d .

Definition 2.4.2 A map u : C∞(Td) → C is called distribution if it is linear and
continuous, more exactly,

u(α1 f1 + α2 f2) = α1u( f1) + α2u( f2)

for all f1, f2 ∈ C∞(Td) and α1,α2 ∈ C and

lim
n→∞ u( fn) = u( f ) if lim

n→∞ fn = f in C∞(Td).

The set of distributions are denoted by D(Td).

If g ∈ L p(T
d) (1 ≤ p ≤ ∞), then
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ug( f ) := 1

(2π)d

∫

Td

f g dλ ( f ∈ C∞(Td))

is a distribution. Indeed, if limn→∞ fn = f in C∞(Td), then limn→∞ fn = f in
L p′(Td) as well. Applying Hölder’s inequality,

∣∣ug( fn) − ug( f )
∣∣ ≤

∫

Td

| fn(x) − f (x)| |g(x)| dx
≤ ‖ fn − f ‖p′ ‖g‖p → 0,

as n → ∞. So every function from L p(T
d) (1 ≤ p ≤ ∞) can be identified with a

distribution u ∈ D(Td) in the previous way.

Proposition 2.4.3 A linear functional u on C∞(Td) is a distribution if and only if
there exist C > 0 and m ∈ N such that

|u( f )| ≤ C sup
|k|≤m

∥∥∂k f
∥∥∞

for all f ∈ C∞(Td).

Proof It is evident that the inequality ensures the continuity of u, thus u is a dis-
tribution. Conversely, suppose that u is a distribution and the inequality is not true.
Then there exists fn ∈ C∞(Td) such that

|u( fn)| > n sup
|k|≤n

∥∥∂k fn
∥∥∞ .

Since the right-hand side is not 0, we may define

gn := fn
n sup|k|≤n

∥∥∂k fn
∥∥∞

.

Then gn ∈ C∞(Td) and

sup
|k|≤n

∥∥∂kgn
∥∥∞ = 1

n
,

which means that gn → 0 in C∞(Td). On the other hand,

u(gn) = u( fn)

n sup|k|≤n

∥∥∂k fn
∥∥∞

> 1.

This contradicts to the continuity of u, i.e., to u(gn) → 0 as n → ∞. �

Definition 2.4.4 The least integer m for which Proposition 2.4.3 holds is called the
order of u.
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Definition 2.4.5 The distributions un tend to the distribution u in the sense of dis-
tributions or in D(Td) if

lim
n→∞ un( f ) → u( f ) for all f ∈ C∞(Td).

The next definition extends the Fourier coefficients to distributions.

Definition 2.4.6 Let

en(x) := eın·x (n ∈ Z
d , x ∈ T

d).

For a distribution u ∈ D(Td), the nth Fourier coefficient is defined by

û(n) := u(e−n) (n ∈ Z
d).

The Fourier series, the partial sums and the summability means of u are defined in
the same way as in Definitions 2.1.2, 2.1.3, 2.1.5, 2.2.2 and 2.2.3.

Theorem 2.4.7 If u ∈ C∞(Td) is of order m, then

û(n) = O(|n|m) as |n| → ∞. (2.4.1)

Moreover, for 1 ≤ q ≤ ∞ and N ∈ N,

sqNu =
∑

n∈Zd , ‖n‖q≤N

û(n)en → u in D(Td) as N → ∞.

Conversely, if cn = O(|n|m), then

sqN :=
∑

n∈Zd , ‖n‖q≤N

cnen

converge to u in D(Td) as N → ∞ and û(n) = cn. The same holds for the rectan-
gular partial sums sN .

Proof Equality (2.4.1) follows immediately from the inequality of Proposition 2.4.3
if we take therein f = e−k . For f ∈ C∞(Td),

sqNu( f ) =
∑

n∈Zd , ‖n‖q≤N

û(n) f̂ (−n) = u

⎛

⎝
∑

n∈Zd , ‖n‖q≤N

f̂ (−n)e−n

⎞

⎠ .

It is easy to see that f̂ (n) = O(|n|−k) for any k ∈ N. Hence

lim
N→∞

∑

n∈Zd , ‖n‖q≤N

f̂ (n)en = f
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in C∞(Td) and so
lim
N→∞ sqNu( f ) = u( f ).

Conversely, if cn = O(|n|m), then

sqN ( f ) =
∑

n∈Zd , ‖n‖q≤N

cn f̂ (−n) (2.4.2)

for all f ∈ C∞(Td). Since the series on the right-hand side is absolutely convergent,
let

u( f ) := lim
N→∞ sqN ( f ) =

∑

n∈Zd

cn f̂ (−n).

Then u is linear andwe can show easily that u is continuous as well.Writing f = e−n

in (2.4.2), we can see that û(n) = cn (n ∈ Z
d). �

Definition 2.4.8 The convolution of two functions f, g ∈ L1(T
d) is defined by

( f ∗ g)(x) := 1

(2π)d

∫

Td

f (x − t)g(t) dt (x ∈ T
d).

It is easy to see that

( f ∗ g)(x) = 1

(2π)d

∫

Td

f (t)g(x − t) dt (x ∈ T
d).

Using Minkowski’s inequality, we obtain Young’s inequality. More exactly, for f ∈
Lr (T

d), g ∈ L1(T
d) and 1 ≤ r ≤ ∞, we have

‖ f ∗ g‖r ≤ ‖ f ‖r‖g‖1.

Lemma 2.4.9 If f, g ∈ L1(T
d), then f̂ ∗ g(n) = f̂ (n)ĝ(n)

Proof We have,

f̂ ∗ g(n) = 1

(2π)2d

∫

Td

(∫

Td

f (x − t)g(t) dt

)
e−ın·x dx

= 1

(2π)2d

∫

Td

(∫

Td

f (x − t) e−ın·(x−t) dx

)
g(t) e−ın·t dt

= 1

(2π)2d

∫

Td

(∫

Td

f (u) e−ın·u du
)
g(t) e−ın·t dt

= f̂ (n) · ĝ(n),

which finishes the proof of the lemma. �
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Now we are able to define the convolution of a distribution and function.

Definition 2.4.10 The convolution of f ∈ D(Td) and g ∈ L1(T
d) is defined by

f ∗ g :=
∑

n∈Nd

f̂ (n)ĝ(n)en in D(Td).

Since ĝ is bounded, the series is convergent by Theorem 2.4.7. Similarly, we can
also define the convolution f ∈ D(Td) and ψ ∈ L1(R

d).

Definition 2.4.11 For f ∈ D(Td) and ψ ∈ L1(R
d) let

f ∗ ψ :=
∑

n∈Nd

f̂ (n)ψ̂(n)en in D(Td),

where ψ̂ denotes the Fourier transform of ψ ∈ L1(R
d).

Similar to Lemma 2.4.9,

f ∗ ψ(x) = 1

(2π)d

∫

Rd

f (x − u)ψ(u) du

if f ∈ D(Td) and ψ ∈ L1(R
d). For t ∈ (0,∞) and x ∈ R

d , let

ψt (ξ) := t−dψ(ξ/t).

It is easy to see that for f ∈ D(Td) and ψ ∈ L1(R
d), we have

f ∗ ψt =
∑

n∈Nd

f̂ (n)ψ̂(tn)en in D(Td). (2.4.3)

To define the Hardy spaces, we need the concept of Schwartz functions.

Definition 2.4.12 The function f ∈ C∞(Rd) is called a Schwartz function if for all
α,β ∈ N

d ,
sup
x∈Rd

∣∣xα∂β f (x)
∣∣ = Cα,β < ∞,

where xα = xα1
1 · · · xαd

d ,α = (α1, . . . ,αd) andβ = (β1, . . . ,βd). The set ofSchwartz
functions are denoted by S(Rd).

Then f ∈ D(Td) andψ ∈ S(Rd) implies that (2.4.3) converges absolutely in each
point as well and so f ∗ ψt ∈ L∞(Td).

Fix ψ ∈ S(Rd) such that
∫
Rd ψ(x)dx �= 0. We define the radial maximal function

and the non-tangential maximal function of f ∈ D(Td) associated to ψ by

ψ∗
�,+( f )(x) := sup

t∈(0,∞)

| f ∗ ψt (x)|
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and
ψ∗

�,�( f )(x) := sup
t∈(0,∞),|y−x |<t

| f ∗ ψt (y)|,

respectively. For N ∈ N, let

FN (Rd) :=
{

ψ ∈ S(Rd) : sup
x∈Rd ,‖β‖1≤N

(1 + |x |)N+d |∂βψ(x)| ≤ 1

}
,

where ‖β‖1 = β1 + · · · + βd . For any N ∈ N, the radial grandmaximal function and
the non-tangential grand maximal function of f ∈ D(Td) are defined by

f ∗
�,+(x) := sup

ψ∈FN (Rd )

sup
t∈(0,∞)

| f ∗ ψt (y)|

and
f ∗
�,�(x) := sup

ψ∈FN (Rd )

sup
t∈(0,∞),|y−x |<t

| f ∗ ψt (y)|,

respectively. We fix a positive integer N > �d(1/p − 1)�, where �x� denotes the
integer part of x ∈ R.

Definition 2.4.13 For 0 < p < ∞ the Hardy spaces H�
p (Td) and weak Hardy

spaces H�
p,∞(Td) consist of all distributions f ∈ D(Td) for which

‖ f ‖H�
p

:= ∥∥ψ∗
�,+( f )

∥∥
p

< ∞

and
‖ f ‖H�

p,∞ := ∥∥ψ∗
�,+( f )

∥∥
p,∞ < ∞.

We will see in the next theorem that the Hardy spaces are independent of ψ and
N , more exactly, different functions ψ and different integers N give the same space
with equivalent norms.

The d-dimensional periodic Poisson kernel is introduced by

Pt (x) :=
∑

k∈Zd

e−t‖k‖2eık·x (x ∈ T
d , t > 0).

Notice that Pt ∈ L1(T
d). In the one-dimensional case, we get back the usual Poisson

kernel

Pt (x) =
∞∑

k=−∞
r |k|eıkx = 1 − r2

1 + r2 − 2r cos x
(x ∈ T),

where r := e−t . For f ∈ D(Td), let
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P∗
�,+( f )(x) := sup

t∈(0,∞)

| f ∗ Pt (x)|

and
P∗

�,�( f )(x) := sup
t∈(0,∞),|y−x |<t

| f ∗ Pt (y)|.

Theorem 2.4.14 Let 0 < p < ∞. Fix ψ ∈ S(Rd) such that
∫
Rd ψ(x)dx �= 0 and fix

a positive integer N > �d(1/p − 1)�. Then f ∈ H�
p (Td) if and only if ψ∗

�,�( f ) ∈
L p(T

d) or f ∗
�,+ ∈ L p(T

d) or f ∗
�,� ∈ L p(T

d) or P∗
�,+( f ) ∈ L p(T

d) or P∗
�,�( f ) ∈

L p(T
d). We have the following equivalences of norms:

‖ f ‖H�
p

∼ ‖ψ∗
�,�( f )‖p ∼ ‖ f ∗

�,+‖p ∼ ‖ f ∗
�,�‖p ∼ ‖P∗

�,+( f )‖p ∼ ‖P∗
�,�( f )‖p.

The same holds for the weak Hardy spaces:

‖ f ‖H�
p,∞ ∼ ‖ψ∗

�,�( f )‖p,∞ ∼ ‖ f ∗
�,+‖p,∞

∼ ‖ f ∗
�,�‖p,∞ ∼ ‖P∗

�,+( f )‖p,∞ ∼ ‖P∗
�,�( f )‖p,∞.

Note that ∼ denotes the equivalence of norms and spaces, more exactly we write
that A ∼ B if there exist positive constants c1 and c2 such that c1A ≤ B ≤ c2A.

Theorem 2.4.15 If 1 < p < ∞, then H�
p (Td) ∼ L p(T

d) and

‖ f ‖p ≤ ‖ f ‖H�
p

≤ Cp ‖ f ‖p .

For p = 1, H�
1 (Td) ⊂ L1(T

d) ⊂ H�
1,∞(Td) and

‖ f ‖1 ≤ ‖ f ‖H�
1

( f ∈ H�
1 (Td)),

‖ f ‖H�
1,∞

≤ C‖ f ‖1 ( f ∈ L1(T
d)).

We omit the proofs of these theorems because they are very similar to the proofs
of the corresponding theorems for Hp(R

d), which can be found in several books and
papers (e.g., in Stein [290], Grafakos [143], Lu [224], Stein [289], Stein and Weiss
[293], Uchiyama [320], Fefferman and Stein [96], Weisz [346]).

We define the reflection and translation operators by

h̆(x) := h(−x), Txh(t) := h(t − x).

Theorem 2.4.16 If K ∈ L1(T
d), 0 < p < ∞ and

lim
k→∞ fk = f in the H�

p (Td)-norm,
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then
lim
k→∞ fk ∗ K = f ∗ K in D(Td).

Proof Observe that for f ∈ Hp(T
d) and h ∈ C∞(Td),

f ∗ h(x) =
∑

n∈Nd

f̂ (n)̂h(n)en(x)

=
∑

n∈Nd

f̂ (n)T̂−xh(n)

=
∑

n∈Nd

f̂ (n)en(Tx h̆)

= f (Tx h̆),

Thus

∣∣∣ f (h̆)

∣∣∣ = | f ∗ h(0)| ≤
(

sup
x∈Td ,‖β‖1≤N

(1 + |x |)N+d |∂βh(x)|
)

f ∗
�(y),

where |y| < 1 and N > �d(1/p − 1)�. Then
∣∣∣ f (h̆)

∣∣∣ ≤ C

(
sup

x∈Td ,‖β‖1≤N
|∂βh(x)|

)
inf|y|<1

f ∗
�(y)

≤ C

(
sup

x∈Td ,‖β‖1≤N
|∂βh(x)|

)(∫

Td

f ∗
�(y)p dy

)1/p

≤ C

(
sup

‖β‖1≤N
|∂β h̆|

)
‖ f ‖Hp

,

which implies that the order of f is at most N and that

lim
k→∞ fk = f in D(Td).

By Theorem 2.4.7 and by the definition of the convolution,

( fk − f ) ∗ K (h) =
∑

n∈Nd

(
f̂k − f̂

)
(n)K̂ (n)en(h)

=
∑

n∈Nd

(
f̂k − f̂

)
(n)K̂ (n)̂h(−n),

where h ∈ C∞(Td) is arbitrary. Observe that the orders of fk and f are at most N ,
K̂ is bounded and

∣∣̂h(n)
∣∣ ≤ C |n|−l for any l ∈ N. Then for all ε > 0 there exists
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m ∈ N
d such that

∣∣∣∣∣∣

⎛

⎝
∑

n∈Nd

−
∑

|n|≤m

⎞

⎠( f̂k − f̂
)
(n)K̂ (n)̂h(−n)

∣∣∣∣∣∣
≤ ε.

On the other hand, since
lim
k→∞( fk − f )(e−n) = 0,

we conclude that
∣∣∣∣∣∣

∑

|n|≤m

(
f̂k − f̂

)
(n)K̂ (n)̂h(−n)

∣∣∣∣∣∣
≤
∑

|n|≤m

∣∣( f̂k − f̂
)
(e−n)

∣∣→ 0

as k → ∞, which finishes the proof. �

The atomic decomposition provides a useful characterization of Hardy spaces.
First, we introduce the concept of an atom.

Definition 2.4.17 Abounded function a is an H�
p -atom if there exists a cube I ⊂ T

d

such that

(i) supp a ⊂ I ,
(ii) ‖a‖∞ ≤ |I |−1/p,
(iii)

∫
I a(x)xk dx = 0 for all multi-indices k = (k1, . . . , kd) with |k| ≤ �d(1/p −

1)�.
In the definition, the cubes can be replaced by balls and (ii) by

(ii’) ‖a‖q ≤ |I |1/q−1/p (0 < p < q ≤ ∞, q > 1).

We could suppose that the integral in (iii) is zero for all multi-indices k for which
|k| ≤ N , where N ≥ �d(1/p − 1)�. The best possible choice of such numbers N is
�d(1/p − 1)�.Hardy spaces have atomicdecompositions. In otherwords, every func-
tion from the Hardy space can be decomposed into the sum of atoms (see e.g. Latter
[195], Lu [224], Coifman and Weiss [62], Wilson [353, 354], Stein [290], Grafakos
[143] and Weisz [346]).

Theorem 2.4.18 A distribution f ∈ D(Td) is in H�
p (Td) (0 < p ≤ 1) if and only if

there exist a sequence (ak, k ∈ N) of H�
p -atoms and a sequence (μk, k ∈ N) of real

numbers such that

∞∑

k=0

|μk |p < ∞ and
∞∑

k=0

μkak = f in D(Td). (2.4.4)

Moreover,
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‖ f ‖H�
p

∼ inf

( ∞∑

k=0

|μk |p
)1/p

,

where the infimum is taken over all decompositions of f of the form (2.4.4).

The following result gives a sufficient condition for an operator to be bounded
from H�

p (Td) to L p(T
d). If I ⊂ T is an interval, then r I denotes the interval with

the same center as I and with length r |I | (r ∈ N). For a rectangle

R = I1 × · · · × Id ⊂ T
d , let r R = r I1 × · · · × r Id .

Instead of 2r Rwewrite Rr (r ∈ N). For operators Vn : L1(T
d) → L1(T

d), we define
the maximal operator

V∗ f := sup
n∈Nd

|Vn f |.

Theorem 2.4.19 For each n ∈ N
d , let Kn ∈ L1(T

d) and Vn f := f ∗ Kn. Suppose
that ∫

Td\r I
|V∗a|p0 dλ ≤ Cp0

for all H�
p0 -atoms a and for some fixed r ∈ N and 0 < p0 ≤ 1, where the cube I is the

support of the atom. If V∗ is bounded from L p1(T
d) to L p1(T

d) for some 1 < p1 ≤ ∞,
then

‖V∗ f ‖p ≤ Cp‖ f ‖H�
p

( f ∈ H�
p (Td)) (2.4.5)

for all p0 ≤ p ≤ p1.

Proof Observe that, under the conditions of Theorem 2.4.19, the L p0 -norms of V∗a
are uniformly bounded for all H�

p0 -atoms a. Indeed,

∫

Td

|V∗a|p0 dλ =
∫

r I
|V∗a|p0 dλ +

∫

Td\r I
|V∗a|p0 dλ

≤
(∫

r I
|V∗a|p1 dλ

)p0/p1

|r I |1−p0/p1 + Cp0

≤ Cp0

(∫

r I
|a|p1 dλ

)p0/p1

|I |1−p0/p1 + Cp0

≤ Cp0

(|I |−p1/p0 |I r |)p0/p1 |I |1−p0/p1 + Cp0

= Cp0 .

There is an atomic decomposition such that
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f =
∞∑

k=0

μkak in the H�
p0 -norm and

( ∞∑

k=0

|μk |p0
)1/p0

≤ Cp0‖ f ‖H�
p0

,

where the convergence holds also in the H�
1 (Td)-norm and in the L1(T

d)-norm if
f ∈ H�

1 (Td). Since Vn : L1(T
d) → L1(T

d) is bounded, we have

Vn f =
∞∑

k=0

μkVnak

and

|V∗ f | ≤
∞∑

k=0

|μk ||V∗ak |

for f ∈ H�
1 (Td). Thus

‖V∗ f ‖p0
p0 ≤

∞∑

k=0

|μk |p0‖V∗ak‖p0
p0 ≤ Cp0‖ f ‖p0

H�
p0

( f ∈ H�
1 (Td)). (2.4.6)

Obviously, the same inequality holds for the operators Vn . This and interpolation
proves the theorem if p0 = 1. Assume that p0 < 1. Since H�

1 (Td) is dense in L1(T
d)

as well as in H�
p0 (T

d), we can extend uniquely the operators Vn and V∗ such that
(2.4.6) holds for all f ∈ H�

p0 (T
d). Let us denote these extended operators by V ′

n and

V ′∗. Then Vn f = V ′
n f and V∗ f = V ′∗ f for all f ∈ H�

1 (Td). We get by interpolation
from (2.4.6) that the operator

V ′
∗ is bounded from H�

p,∞(Td) to L p,∞(Td) (2.4.7)

when p0 < p < p1. For the basic definitions and theorems on interpolation theory,
see Bergh and Löfström [33], Bennett and Sharpley [28] or Weisz [346]. Since
p0 < 1, the boundedness in (2.4.7) holds especially for p = 1, and so Theorem
2.4.15 implies that V ′∗ is of weak type (1, 1):

sup
ρ>0

ρ λ(|V ′
∗ f | > ρ) = ‖V ′

∗ f ‖1,∞ ≤ C‖ f ‖H�
1,∞

≤ C‖ f ‖1 (2.4.8)

for all f ∈ L1(R
d). Obviously, the sameholds forV ′

n . SinceVn is bounded on L1(T
d),

if fk ∈ H�
1 (Td) such that limk→∞ fk = f in the L1-norm, then

lim
k→∞ Vn fk = Vn f in the L1(T

d)-norm.

Inequality (2.4.8) implies that
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lim
k→∞ Vn fk = V ′

n f in the L1,∞(Td)-norm,

hence Vn f = V ′
n f for all f ∈ L1(T

d). Similarly, for a fixed N ∈ N, the operator

VN ,∗ f := sup
|n|≤N

|Vn f |

satisfies (2.4.8) for all f ∈ H�
1 (Td) and its extension V ′

N ,∗ for all f ∈ L1(T
d). Then

sup
ρ>0

ρ λ(|V ′
N ,∗ f − VN ,∗ f | > ρ) ≤ sup

ρ>0
ρ λ(|V ′

N ,∗ f − V ′
N ,∗ fk | > ρ/2)

+ sup
ρ>0

ρ λ(|VN ,∗ fk − VN ,∗ f | > ρ/2)

≤ sup
ρ>0

ρ λ(|V ′
N ,∗( f − fk)| > ρ/2)

+
N∑

n=0

sup
ρ>0

ρ λ(|Vn( fk − f )| > ρ/2N )

≤ C ‖ f − fk‖ → 0

as k → ∞. This shows the equality

V ′
N ,∗ f = VN ,∗ f for all f ∈ L1(T

d).

Moreover, for a fixed ρ,

λ(|V ′
∗ f − VN ,∗ f | > ρ)

≤ λ(|V ′
∗ f − V ′

∗ fk | > ρ/3) + λ(|V∗ fk − VN ,∗ fk | > ρ/3)

+ λ(|VN ,∗ fk − VN ,∗ f | > ρ/3)

≤ λ(V ′
∗( f − fk) > ρ/3) + λ(V∗ fk − VN ,∗ fk > ρ/3)

+ λ(VN ,∗( fk − f ) > ρ/3)

≤ C

ρ
‖ f − fk‖1 + λ(V∗ fk − VN ,∗ fk > ρ/3)

< ε

if k and N are large enough. Hence limN→∞ VN ,∗ f = V ′∗ f in measure for all f ∈
L1(T

d). On the other hand, limN→∞ VN ,∗ f = V∗ f a.e., which implies that

V∗ f = V ′
∗ f for all f ∈ L1(T

d).

Consequently, (2.4.8) holds also for V∗ and (2.4.6) for all f ∈ H�
p0 (T

d) ∩ L1(T
d).

Assume that p < 1, fk ∈ H�
p (Td) ∩ L1(T

d) (k ∈ N) and that limk→∞ fk = f in
the H�

p (Td)-norm. By Theorem 2.4.16,
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lim
k→∞ Vn fk = Vn f in D(Td)

for all n ∈ N
d . Since by (2.4.5), Vn fk is convergent in the L p(T

d)-norm as k → ∞,
we can identify the distribution Vn f with the L p(T

d)-limit limk→∞ Vn fk . Hence the
same holds for VN ,∗ f :

VN ,∗ f = lim
k→∞ VN ,∗ fk in the L p(T

d)-norm.

Moreover,

‖V ′
∗ f − VN ,∗ f ‖p

≤ ‖V ′
∗ f − V ′

∗ fk‖p + ‖V∗ fk − VN ,∗ fk‖p + ‖VN ,∗ fk − VN ,∗ f ‖p

≤ Cp‖ f − fk‖H�
p

+ ‖V∗ fk − VN ,∗ fk‖p + ‖VN ,∗ fk − VN ,∗ f ‖p

< ε

if k and N are large enough. Thus

lim
N→∞ VN ,∗ f = V ′

∗ f in the L p(T
d)-norm

and, on the other hand,
lim
N→∞ VN ,∗ f = V∗ f a.e.,

which implies that V∗ f = V ′∗ f for all f ∈ H�
p (Td). Consequently, (2.4.5) holds for

all f ∈ H�
p (Td). �

Unfortunately, for a general linear operator V , the uniform boundedness of the
L p0 -norms of Va is not enough for the boundedness V : H�

p0 (T
d) → L p0(T

d) (see
[41, 42, 235, 236, 259]). The next weak version of Theorem 2.4.19 can be proved
similarly (see also the proof in Weisz [346]).

Theorem 2.4.20 For each n ∈ N
d , let Kn ∈ L1(T

d) and Vn f := f ∗ Kn. Suppose
that

sup
ρ>0

ρpλ
(
{|V∗a| > ρ} ∩ {Td \ r I }

)
≤ Cp

for all H�
p -atoms a and for some fixed r ∈ N and 0 < p < 1. If V∗ is bounded from

L p1(T
d) to L p1(T

d) (1 < p1 ≤ ∞), then

‖V∗ f ‖p,∞ ≤ Cp‖ f ‖H�
p

( f ∈ H�
p (Td)).

The weak type (1, 1) inequality follows from inequality (2.4.8).

Corollary 2.4.21 For each n ∈ N
d , let Kn ∈ L1(T

d) and Vn f := f ∗ Kn. Suppose
that
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∫

Td\r I
|V∗a|p0 dλ ≤ Cp0

for all H�
p0 -atoms a and for some fixed r ∈ N and 0 < p0 < 1, where the cube I is the

support of the atom. If V∗ is bounded from L p1(T
d) to L p1(T

d) for some 1 < p1 ≤ ∞,
then for all f ∈ L1(T

d),

sup
ρ>0

ρ λ(|V∗ f | > ρ) ≤ C‖ f ‖1.

Proof By Theorem 2.4.19 and interpolation,

V∗ is bounded from H�
p,∞(Td) to L p,∞(Td)

when p0 < p < p1. Since p0 < 1, this holds also for p = 1. Thus, by Theorem
2.4.15:

sup
ρ>0

ρ λ(|V∗ f | > ρ) = ‖V∗ f ‖1,∞ ≤ C‖ f ‖H�
1,∞

≤ C‖ f ‖1

for all f ∈ L1(T
d). �

Theorem 2.4.19 and Corollary 2.4.21 can be regarded also as an alternative tool to
the Calderon-Zygmund decomposition lemma for proving weak type (1, 1) inequal-
ities. In many cases, this method can be applied better and more simply than the
Calderon-Zygmund decomposition lemma.

2.5 Almost Everywhere Convergence of the
�q-Summability Means

Since the kernels Kq,α
n and Kq,α,γ

n are integrable, the definition of the Fejér and Riesz
means can be extended to distributions.

Definition 2.5.1 Let f ∈ D(Td), 1 ≤ q ≤ ∞, n ∈ N and 0 ≤ α, γ < ∞. The nth
�q -Cesàro means σ

q,α
n f and �q -Riesz means σ

q,α,γ
n f of the Fourier series of f are

given by
σq,α
n f := f ∗ Kq,α

n

and
σq,α,γ
n f := f ∗ Kq,α,γ

n ,

respectively.

Definition 2.5.2 We define the maximal Cesàro and maximal Riesz operator by
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σq,α
∗ f := sup

n∈N
|σq,α

n f |

and
σq,α,γ

∗ f := sup
n∈N

|σq,α,γ
n f |,

respectively.

If α = 1, we obtain the maximal Fejér operator and write it simply as σ
q
∗ f :=

σ
q,1
∗ f . Wewill prove that theCesàro andRieszmaximal operators,σq,α

∗ f andσ
q,α,γ
∗ f

are bounded from the Hardy space H�
p (Td) to the Lebesgue space L p(T

d) when
q = 1, 2 or q = ∞ and p is greater than a critical index p0 < 1 which is depending
on q, d and α. If p is equal to this critical index, then weak type inequality holds. As
a consequence, we obtain the almost everywhere convergence of the �q -Cesàro and
Riesz means to the original function. We start again with the triangular and cubic
Cesàro summability.

2.5.1 Almost Everywhere Convergence for q = 1 and q = ∞

Proposition 2.5.3 If 0 < α ≤ 1 and q = 1 or q = ∞, then

∥∥σq,α
∗ f

∥∥∞ ≤ C ‖ f ‖∞ ( f ∈ L∞(Td)).

Proof The proof follows easily from the fact that the L1(T
d)-norms of the kernel

functions are uniformly bounded (see Theorem 2.3.1) and from Lemma 2.2.8. �

In what follows we use the notation a ∧ b := min(a, b).

Theorem 2.5.4 Suppose that q = 1,∞ and 0 < α < ∞. If

p0 := d

d + α ∧ 1
< p ≤ ∞,

then ∥∥σq,α
∗ f

∥∥
p

≤ Cp ‖ f ‖H�
p

( f ∈ H�
p (Td)). (2.5.1)

Corollary 2.5.5 If q = 1,∞, 0 < α < ∞ and 1 < p < ∞, then

‖σq,α
∗ f ‖p ≤ Cp‖ f ‖p ( f ∈ L p(T

d)).

Proof This follows from Theorem 2.5.4 and from the fact that H�
p (Td) ∼ L p(T

d)

for 1 < p ≤ ∞. �
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Proof of Theorem 2.5.4 for q = 1. By Lemma 2.2.8, we may suppose again that
0 < α ≤ 1. It is enough to show that

∫

T2

∣∣σ1,α
∗ a(x1, x2)

∣∣p dx1 dx2

=
∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤ Cp (2.5.2)

for every H�
p -atom a, where 2/(2 + α) < p < 1 and I is the support of the atom.

By Theorem 2.4.19 and Proposition 2.5.3, this will imply (2.5.1). Without loss of
generality, we can suppose that a is a H�

p -atom with support I = I1 × I2 and

[−2−K−2, 2−K−2] ⊂ I j ⊂ [−2−K−1, 2−K−1] ( j = 1, 2)

for some K ∈ N. By symmetry, wemay assume that π > x1 − t1 > x2 − t2 > 0, and
so, instead of (2.5.2), it is enough to show that

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1Ai (x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤ Cp

for all i = 1, . . . , 10, where

A1 := {(x1, x2) : 0 < x1 ≤ 2−K+5, 0 < x2 < x1 < π, x2 ≤ π/2},
A2 := {(x1, x2) : 2−K+5 < x1 < π, 0 < x2 ≤ 2−K+2, x2 ≤ π/2},
A3 := {(x1, x2) : 2−K+5 < x1 < π, 2−K+2 < x2 ≤ x1/2, x2 ≤ π/2},
A4 := {(x1, x2) : 2−K+5 < x1 < π, x1/2 < x2 ≤ x1 − 2−K+2, x2 ≤ π/2},
A5 := {(x1, x2) : 2−K+5 < x1 < π, x1 − 2−K+2 < x2 < x1, x2 ≤ π/2}
A6 := {(x1, x2) : x2 > π/2,π − 2−K+5 ≤ x2 < π, 0 < x2 < x1 < π},
A7 := {(x1, x2) : π/2 < x2 < π − 2−K+5,π − 2−K+2 < x1 < π},
A8 := {(x1, x2) : π/2 < x2 < π − 2−K+5, (π + x2)/2 < x1 ≤ π − 2−K+2},
A9 := {(x1, x2) : π/2 < x2 < π − 2−K+5, x2 + 2−K+2 < x1 ≤ (π + x2)/2},
A10 := {(x1, x2) : π/2 < x2 < π − 2−K+5, x2 < x1 ≤ x2 + 2−K+2}.

These sets are similar to those in Theorem 2.3.1 (see Fig. 2.11). If 0 < x1 − t1 ≤
2−K+5, then −2−K−1 < x1 ≤ 2−K+6 and the same holds for x2. If π − 2−K+5 ≤
x2 − t2 < π, then π − 2−K+6 < x2 ≤ π + 2−K−1 and the same is true for x1. By the
definition of the H�

p -atom and by Theorem 2.3.1,
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∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A1(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤ 22K
∫

T2
sup
n≥1

∣∣∣∣
∫

I

∣∣K 1,α
n (x1 − t1, x2 − t2)

∣∣ 1A1(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤ Cp2
2K2−2K ≤ Cp

and

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A6(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤ Cp2
2K2−2K ≤ Cp.

On the set A2, we have 2−K+5 < x1 − t1 < π and 0 < x2 − t2 ≤ 2−K+2, thus

2−K+4 < x1 < π + 2−K−1 and − 2−K−1 < x2 ≤ 2−K+3.

Using (2.2.14), we conclude

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A2(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cp2
2K/p

∫

I
(x1 − t1 − x2 + t2)

−3/2(x2 − t2)
−1/2

1A2(x1 − t1, x2 − t2) dt1 dt2

≤ Cp2
2K/p1{2−K+4<x1<π+2−K−1}1{−2−K−1<x2≤2−K+3}∫

I
(x1 − 2−K+3)−3/2(x2 − t2)

−1/2 dt1 dt2

≤ Cp2
2K/p−3K/21{2−K+4<x1<π+2−K−1}

1{−2−K−1<x2≤2−K+3}(x1 − 2−K+3)−3/2 (2.5.3)

and

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A2(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤ Cp2
2K−3Kp/2

∫ π+2−K−1

2−K+4

∫ 2−K+3

−2−K−1
(x1 − 2−K+3)−3p/2 dx1 dx2

≤ Cp.

Here we have used that p > 2/3. Similarly, on A7, π/2 < x2 − t2 < π − 2−K+5 and
π − 2−K+2 < x1 − t1 < π, thus

π/2 − 2−K−1 < x2 < π − 2−K+4 and π − 2−K+3 < x1 < π + 2−K−1.
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By (2.2.14),

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A7(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cp2
2K/p

∫

I
(x1 − t1 − x2 + t2)

−3/2(π − x1 + t1)
−1/2

1A7(x1 − t1, x2 − t2) dt1 dt2

≤ Cp2
2K/p1{π/2−2−K−1<x2<π−2−K+4}1{π−2−K+3<x1<π+2−K−1}∫

I
(π − 2−K+3 − x2)

−3/2(π − x1 + t1)
−1/2 dt1 dt2

≤ Cp2
2K/p−3K/21{π/2−2−K−1<x2<π−2−K+4}

1{π−2−K+3<x1<π+2−K−1}(π − 2−K+3 − x2)
−3/2

and

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A7(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤ Cp2
2K−3Kp/2

∫ π−2−K+4

π/2−2−K−1

∫ π+2−K−1

π−2−K+3
(π − 2−K+3 − x2)

−3p/2 dx2 dx1

≤ Cp.

We may suppose that the center of I is zero, in other words I := (−ν, ν) ×
(−ν, ν). Let

A1(u, t2) :=
∫ u

−ν

a(t1, t2) dt1 and A2(u, v) :=
∫ v

−ν

A1(u, t2) dt2.

Observe that
|Ak(u, v)| ≤ Cp2

K (2/p−k) (k = 1, 2).

Integrating by parts, we can see that

∫

I1

a(t1, t2)K
1,α
n (x1 − t1, x2 − t2)1A3∪A8(x1 − t1, x2 − t2) dt1

= A1(ν, t2)K
1,α
n (x1 − ν, x2 − t2)1A3∪A8(x1 − ν, x2 − t2)

+
∫ ν

−ν

A1(t1, t2)∂1K
1,α
n (x1 − t1, x2 − t2)1A3∪A8(x1 − t1, x2 − t2) dt1,

because A1(−ν, t2) = 0. Let us integrate the first term again by parts and use that

A2(ν, ν) =
∫

I1

∫

I2

a(t1, t2) dt1 dt2 = 0
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to obtain
∫

I1

∫

I2

a(t1, t2)K
1,α
n (x1 − t1, x2 − t2)1A3∪A8(x1 − t1, x2 − t2) dt1 dt2

=
∫ ν

−ν

A2(ν, t2)∂2K
1,α
n (x1 − ν, x2 − t2)1A3∪A8(x1 − ν, x2 − t2) dt2

+
∫

I1

∫

I2

A1(t1, t2)∂1K
1,α
n (x1 − t1, x2 − t2)1A3∪A8(x1 − t1, x2 − t2) dt1 dt2.

Note that

x1 − t1 − x2 + t2 > (x1 − t1)/2 (2.5.4)

on the set A3 and

x1 − t1 − x2 + t2 > (π − x2 + t2)/2 (2.5.5)

on the set A8. If n ≤ 2K , we get from Lemma 2.2.17 and (2.5.4) that

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A3(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cpn
1−γ22K/p−2K

∫

I2

(x1 − ν)−1−β(x2 − t2)
β−γ−11A3(x1 − ν, x2 − t2) dt2

+ Cpn
1−γ22K/p−K

∫

I
(x1 − t1)

−1−β(x2 − t2)
β−γ−11A3(x1 − t1, x2 − t2) dt1dt2

≤ Cp2
2K/p−2K−Kγ1{2−K+4<x1<π+2−K−1}1{2−K+1<x2≤x1/2+2−K }

(x1 − 2−K−1)−1−β(x2 − 2−K−1)β−γ−1, (2.5.6)

where 0 ≤ β ≤ 1, γ = α or γ = 1. On A8, we use (2.5.5) to obtain

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A8(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cpn
1−γ22K/p−2K

∫

I2

(π − x2 + t2)
−1−β(π − x1 + ν)β−γ−11A8(x1 − ν, x2 − t2) dt2

+ Cpn
1−γ22K/p−K

∫

I
(π − x2 + t2)

−1−β(π − x1 + t1)
β−γ−11A8(x1 − t1, x2 − t2) dt1dt2

≤ Cp2
2K/p−2K−Kγ1{π/2−2−K−1<x2<π−2−K+4}1{(π+x2)/2−2−K<x1<π−2−K+1}
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(π − x2 − 2−K−1)−1−β(π − x1 − 2−K−1)β−γ−1. (2.5.7)

Similarly, if n > 2K , then we get from (2.2.15) and (2.5.4) that

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A3(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cpn
−γ22K/p

∫

I
(x1 − t1)

−1−β(x2 − t2)
β−γ−11A3(x1 − t1, x2 − t2) dt1 dt2

≤ Cp2
2K/p−2K−Kγ1{2−K+4<x1<π+2−K−1}1{2−K+1<x2≤x1/2+2−K }

(x1 − 2−K−1)−1−β(x2 − 2−K−1)β−γ−1 (2.5.8)

and, by (2.5.5),

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A8(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cpn
−γ22K/p

∫

I
(π − x2 + t2)

−1−β(π − x1 + t1)
β−γ−11A8(x1 − t1, x2 − t2) dt1 dt2

≤ Cp2
2K/p−2K−Kγ1{π/2−2−K−1<x2<π−2−K+4}1{(π+x2)/2−2−K<x1<π−2−K+1}

(π − x2 − 2−K−1)−1−β(π − x1 − 2−K−1)β−γ−1. (2.5.9)

Choosing β = γ/2, we conclude

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A3(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1dx2

≤ Cp2
2K−2Kp−Kγ p

∫ π+2−K−1

2−K+4

∫ x1/2+2−K

2−K+1
(x1 − 2−K−1)−p(1+γ/2)(x2 − 2−K−1)−p(1+γ/2) dx2dx1

≤ Cp2
2K−2Kp−Kγ p2−K (1−p(1+γ/2))2−K (1−p(1+γ/2))

≤ Cp

and

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A8(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1dx2

≤ Cp2
2K−2Kp−Kγ p

∫ π−2−K+4

π/2−2−K−1

∫ π−2−K+1

(π+x2)/2−2−K

(π − x2 − 2−K−1)−p(1+γ/2)(π − x1 − 2−K−1)−p(1+γ/2) dx1dx2

≤ Cp2
2K−2Kp−Kγ p2−K (1−p(1+γ/2))2−K (1−p(1+γ/2))
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≤ Cp,

whenever p > 2/(2 + γ). Recall that γ = α or γ = 1.
Since

x2 − t2 > (x1 − t1)/2 on A4

and
π − x1 + t1 > (π − x2 + t2)/2 on A9,

Lemma 2.2.17 implies

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A4(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cpn
1−γ22K/p−2K

∫

I2

(x1 − ν − x2 + t2)
−1−β

(x1 − t1)
β−γ−11A4(x1 − ν, x2 − t2) dt2

+ Cpn
1−γ22K/p−K

∫

I
(x1 − t1 − x2 + t2)

−1−β

(x1 − t1)
β−γ−11A4(x1 − t1, x2 − t2) dt1dt2

≤ Cp2
2K/p−2K−Kγ1{2−K+4<x1<π+2−K−1}1{x1/2−2−K<x2≤x1−2−K+1}

(x1 − x2 − 2−K )−1−β(x1 − 2−K−1)β−γ−1 (2.5.10)

and
∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A9(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cpn
1−γ22K/p−2K

∫

I2

(x1 − ν − x2 + t2)
−1−β

(π − x2 + ν)β−γ−11A9(x1 − ν, x2 − t2) dt2

+ Cpn
1−γ22K/p−K

∫

I
(x1 − t1 − x2 + t2)

−1−β

(π − x2 + t2)
β−γ−11A9(x1 − t1, x2 − t2) dt1dt2

≤ Cp2
2K/p−2K−Kγ1{π/2−2−K−1<x2<π−2−K+4}1{x2+2−K+1<x1<(π+x2)/2+2−K }

(x1 − x2 − 2−K )−1−β(π − x2 − 2−K−1)β−γ−1, (2.5.11)

whenever n ≤ 2K . If n > 2K , then by (2.2.15),
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∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A4(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cpn
−γ22K/p

∫

I
(x1 − t1 − x2 + t2)

−1−β

(x1 − t1)
β−γ−11A4(x1 − t1, x2 − t2) dt1dt2

≤ Cp2
2K/p−2K−Kγ1{2−K+4<x1<π+2−K−1}1{x1/2−2−K<x2≤x1−2−K+1}

(x1 − x2 − 2−K )−1−β(x1 − 2−K−1)β−γ−1 (2.5.12)

and
∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A9(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cpn
−γ22K/p

∫

I
(x1 − t1 − x2 + t2)

−1−β

(π − x2 + t2)
β−γ−11A9(x1 − t1, x2 − t2) dt1dt2

≤ Cp2
2K/p−2K−Kγ1{π/2−2−K−1<x2<π−2−K+4}1{x2+2−K+1<x1<(π+x2)/2+2−K }

(x1 − x2 − 2−K )−1−β(π − x2 − 2−K−1)β−γ−1. (2.5.13)

Choosing again β = γ/2, we obtain

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A4(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1dx2

≤ Cp2
2K−2Kp−Kγ p

∫ π+2−K−1

2−K+4

∫ x1−2−K+1

x1/2−2−K

(x1 − x2 − 2−K )−p(1+γ/2)(x1 − 2−K−1)−p(1+γ/2) dx2dx1

≤ Cp2
2K−2Kp−Kγ p2−K (1−p(1+γ/2))2−K (1−p(1+γ/2))

≤ Cp

and

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A9(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1dx2

≤ Cp2
2K−2Kp−Kγ p

∫ π−2−K+4

π/2−2−K−1

∫ (π+x2)/2+2−K

x2+2−K+1

(x1 − x2 − 2−K )−p(1+γ/2)(π − x2 − 2−K−1)−p(1+γ/2) dx1dx2

≤ Cp2
2K−2Kp−Kγ p2−K (1−p(1+γ/2))2−K (1−p(1+γ/2))

≤ Cp,

whenever p > 2/(2 + γ).
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Finally, inequality (2.2.19) imply

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A5(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cp2
2K/p

∫

I
(x1 − t1 − x2 + t2)

γ−1

(x2 − t2)
−γ−11A5(x1 − t1, x2 − t2) dt1 dt2

≤ Cp2
2K/p−Kγ1{2−K+4<x1<π+2−K−1}

1{x1−2−K+3<x2≤x1+2−K }
∫

I2

(x2 − t2)
−γ−1 dt2

≤ Cp2
2K/p−Kγ−K1{2−K+4<x1<π+2−K−1}

1{x1−2−K+3<x2≤x1+2−K }(x2 − 2−K−1)−γ−1

and
∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A10(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cp2
2K/p

∫

I
(x1 − t1 − x2 + t2)

γ−1

(π − x1 + t1)
−γ−11A5(x1 − t1, x2 − t2) dt1 dt2

≤ Cp2
2K/p−Kγ1{π/2−2−K−1<x2<π−2−K+4}

1{x2−2−K<x1<x2+2−K+3}
∫

I2

(π − x1 + t1)
−γ−1 dt2

≤ Cp2
2K/p−Kγ−K1{π/2−2−K−1<x2<π−2−K+4}

1{x2−2−K<x1<x2+2−K+3}(π − x1 − 2−K−1)−γ−1.

Hence

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A5(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1dx2

≤ Cp2
2K−Kγ p−Kp

∫ π+2−K−1

2−K+4

∫ x1+2−K

x1−2−K+3
(x2 − 2−K−1)−p(γ+1) dx2dx1

≤ Cp2
2K−Kγ p−Kp

∫ π+2−K+5

2−K+3

∫ x2+2−K+3

x2−2−K

(x2 − 2−K−1)−p(γ+1) dx1dx2

≤ Cp

and
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∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A10(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1dx2

≤ Cp2
2K−Kγ p−Kp

∫ π−2−K+4

π/2−2−K−1

∫ x2+2−K+3

x2−2−K

(π − x1 − 2−K−1)−p(γ+1) dx1dx2

≤ Cp2
2K−Kγ p−Kp

∫ π−2−K+3

π/2−2−K+1

∫ x1−2−K+3

x1+2−K

(π − x1 − 2−K−1)−p(γ+1) dx2dx1

≤ Cp,

whenever p > 1/(1 + γ), which finishes the proof of the theorem. �

Proof of Theorem 2.5.4 for q = ∞. We assume again that α ≤ 1 and a is a cube
H�

p -atom with support I = I1 × I2,

[−2−K−2, 2−K−2] ⊂ I j ⊂ [−2−K−1, 2−K−1] ( j = 1, 2)

for some K ∈ Z. As before, it is enough to show that

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1Ai (x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤ Cp

for all i = 1, 2, 3, 4, 5, where π > x1 − t1 > x2 − t2 > 0 and

A1 := {(x1, x2) : 0 < x1 ≤ 2−K+5, 0 < x2 < x1 < π},
A2 := {(x1, x2) : 2−K+5 < x1 < π, 0 < x2 ≤ 2−K+2},
A3 := {(x1, x2) : 2−K+5 < x1 < π, 2−K+2 < x2 ≤ x1/2},
A4 := {(x1, x2) : 2−K+5 < x1 < π, x1/2 < x2 ≤ x1 − 2−K+2},
A5 := {(x1, x2) : 2−K+5 < x1 < π, x1 − 2−K+2 < x2 < x1}

(see Fig. 2.12). The estimation on the set A1 is the same as before in the proof for
q = 1. Inequality (2.2.28) implies

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A2(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cp2
2K/p

∫

I
(x1 − t1 − x2 + t2)

−1−γ(x2 − t2)
γ−1

1A2(x1 − t1, x2 − t2) dt1 dt2

≤ Cp2
2K/p1{2−K+4<x1<π+2−K−1}1{−2−K−1<x2≤2−K+3}∫

I
(x1 − 2−K+3)−1−γ(x2 − t2)

γ−1 dt1 dt2
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≤ Cp2
2K/p−K−Kγ1{2−K+4<x1<π+2−K−1}

1{−2−K−1<x2≤2−K+3}(x1 − 2−K+3)−1−γ,

where γ = α or γ = 1 in the whole proof. Furthermore,

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A2(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤ Cp2
2K−Kp−Kγ p

∫ π+2−K−1

2−K+4

∫ 2−K+3

−2−K−1
(x1 − 2−K+3)−p(1+γ) dx2dx1

≤ Cp,

provided that p > 1/(1 + γ). For any 0 < β < α, we get from (2.3.1) that

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A3(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cp2
2K/pn−γ

∫

I
(x1 − t1)

−1−γ+β(x2 − t2)
−1−β

1A3(x1 − t1, x2 − t2) dt1 dt2

≤ Cp2
2K/p−2K−Kγ1{2−K+4<x1<π+2−K−1}1{2−K+1<x2≤x1/2+2−K }

(x1 − 2−K−1)−1−γ+β(x2 − 2−K−1)−1−β,

whenever n > 2K . Lemma 2.2.21 and (2.5.4) imply that

∣∣∂ j K
∞,α
n (x1, x2)

∣∣ ≤ Cn1−αx−1−α+β
1 x−1−β

2

on A3, where j = 1, 2. Similar to the proof for q = 1, we get by integration by parts
that
∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A3(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤
∣∣∣∣
∫ ν

−ν

A2(ν, t2)∂2K
∞,α
n (x1 − ν, x2 − t2)1A3(x1 − ν, x2 − t2) dt2

∣∣∣∣

+
∣∣∣∣
∫

I1

∫

I2

A1(t1, t2)∂1K
∞,α
n (x1 − t1, x2 − t2)1A3(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cpn
1−α22K/p−2K

∫

I2

(x1 − ν)−1−α+β(x2 − t2)
−1−β1A3(x1 − t1, x2 − t2) dt2

+ Cpn
1−α22K/p−K

∫

I
(x1 − t1)

−1−α+β(x2 − t2)
−1−β

1A3(x1 − t1, x2 − t2) dt1 dt2

≤ Cp2
2K/p−2K−Kα1{2−K+4<x1<π+2−K−1}1{2−K+1<x2≤x1/2+2−K }
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(x1 − 2−K−1)−1−α+β(x2 − 2−K−1)−1−β

if n ≤ 2K . Thus

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A3(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤ Cp2
2K−2Kp−Kγ p

∫ π+2−K−1

2−K+4

∫ x1/2+2−K

2−K+1
(x1 − 2−K−1)(−1−γ+β)p(x2 − 2−K−1)−(1+β)p dx2dx1

≤ Cp2
2K−2Kp−Kγ p2−K (1−(γ−β+1)p)2−K (1−(1+β)p)

≤ Cp,

whenever p > 1/(1 + β) and p > 1/(γ − β + 1). β = γ/2 implies p > 2
2+γ

.

Using (2.3.2), we see that

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A4(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cpn
−γ22K/p

∫

I
(x1 − t1 − x2 + t2)

−1−γ+β(x1 − t1)
−1−β

1A4(x1 − t1, x2 − t2) dt1 dt2

≤ Cp2
2K/p−2K−Kγ1{2−K+4<x1<π+2−K−1}1{x1/2−2−K<x2≤x1−2−K+1}

(x1 − x2 − 2−K )−1−γ+β(x1 − 2−K−1)−1−β, (2.5.14)

where n > 2K and 0 < β < α. Since x2 > x1/2 and x2 > x1 − x2 on A4, Lemma
2.2.21 implies

∣∣∂ j K
∞,α
n (x1, x2)

∣∣ ≤ Cn1−αx−1−β
1 (x1 − x2)

−1−α+β,

where j = 1, 2. For n ≤ 2K , we get by integration by parts that

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A4(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤
∣∣∣∣
∫ ν

−ν

A2(ν, t2)∂2K
∞,α
n (x1 − ν, x2 − t2)1A4(x1 − ν, x2 − t2) dt2

∣∣∣∣

+
∣∣∣∣
∫

I1

∫

I2

A1(t1, t2)∂1K
∞,α
n (x1 − t1, x2 − t2)1A4(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cpn
1−α22K/p−2K

∫

I2

(x1 − ν)−1−β(x1 − t1 − x2 + t2)
−1−α+β

1A4(x1 − t1, x2 − t2) dt2
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+ Cpn
1−α22K/p−K

∫

I
(x1 − t1)

−1−β(x1 − t1 − x2 + t2)
−1−α+β

1A4(x1 − t1, x2 − t2) dt1 dt2

≤ Cp2
2K/p−2K−Kα1{2−K+4<x1<π+2−K−1}1{x1/2−2−K<x2≤x1−2−K+1}

(x1 − x2 − 2−K )−1−α+β(x1 − 2−K−1)−1−β . (2.5.15)

From this it follows that

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A4(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤ Cp2
2K−2Kp−Kγ p

∫ π+2−K−1

2−K+4

∫ x1−2−K+1

x1/2−2−K

(x1 − x2 − 2−K )(−1−γ+β)p(x1 − 2−K−1)−(1+β)p dx2dx1

≤ Cp2
2K−2Kp−Kγ p2−K (1−(γ−β+1)p)2−K (1−(1+β)p)

≤ Cp,

whenever β = γ/2 and p > 2
2+γ

.
Finally, since x2 > x1/2 also on A5,

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A5(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cp2
2K/p

∫

I
(x1 − t1)

−21A5(x1 − t1, x2 − t2) dt1 dt2

≤ Cp2
2K/p−2K1{2−K+4<x1<π+2−K−1}1{x1−2−K+3<x2≤x1+2−K }(x1 − 2−K−1)−2

and so

∫

T2
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A4(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤ Cp2
2K−2Kp

∫ π+2−K−1

2−K+4

∫ x1+2−K

x1−2−K+3
(x1 − 2−K−1)−2p dx2dx1

≤ Cp.

This completes the proof. �
If p is smaller than or equal to the critical index, then this theorem is not true (see

Oswald [253] and Stein, Taibleson and Weiss [292]). More exactly, we have

Theorem 2.5.6 If q = ∞ and α = 1, then the operator σ
q,α
∗ is not bounded from

H�
p (Td) to L p(T

d) if p is smaller than or equal to the critical index d/(d + 1).

However, if p is equal to the critical index, then we can verify a weak type
inequality.
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Theorem 2.5.7 Suppose that q = 1,∞ and 0 < α < ∞. If

p0 := d

d + α ∧ 1

and f ∈ H�
p0 (T

d), then

∥∥σq,α
∗ f

∥∥
p0,∞ = sup

ρ>0
ρλ(σq,α

∗ f > ρ)1/p0 ≤ C ‖ f ‖H�
p0

. (2.5.16)

Proof of Theorem 2.5.7 for q = 1. We may suppose again that 0 < α ≤ 1. We use
Theorem 2.4.20 and prove that

sup
ρ>0

ρ2/(2+α)λ(σ1,α
∗ a > ρ) ≤ C

for all H�
2/(2+α)-atoms a. In other words, we have to show that

λ

(
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1Ai (x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣ > ρ

)

≤ Cρ−2/(2+α)

for i = 1, . . . , 10 and ρ > 0. Since

ρ2/(2+α)λ(|g| > ρ) ≤
∫

Td

|g|2/(2+α), (2.5.17)

the desired inequality follows from the proof of Theorem 2.5.4 for i = 1, 6, 5, 10.
The same holds for i = 2, 7 if α < 1. So for i = 2, 7, we suppose that α = 1.

For i = 2 and p = 2/3, we have seen in (2.5.3) that

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A2(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ C23K/21{2−K+4<x1<π+2−K−1}1{−2−K−1<x2≤2−K+3}(x1 − 2−K+3)−3/2.

If this is greater than ρ, then

1{2−K+4<x1<π+2−K−1}(x1 − 2−K+3) < Cρ−2/32K1{−2−K−1<x2≤2−K+3}

and
2−K+4 < x1 < Cρ−2/32K + 2−K+4.
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Consequently,

λ

(
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A2(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣ > ρ

)

≤
∫

T2
1{

1{2−K+4<x1<π+2−K−1}(x1−2−K+3)<Cρ−2/32K 1{−2−K−1<x2≤2−K+3}
} dx1 dx2

≤ Cρ−2/32K
∫

T

1{−2−K−1<x2≤2−K+3} dx2

≤ Cρ−2/3.

Similarly,

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A7(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ C23K/21{π/2−2−K−1<x2<π−2−K+4}
1{π−2−K+3<x1<π+2−K−1}(π − 2−K+3 − x2)

−3/2.

If this is greater than ρ, then

1{π/2−2−K−1<x2<π−2−K+4}(π − 2−K+3 − x2)

< Cρ−2/32K1{π−2−K+3<x1<π+2−K−1}.

Let us denote the set of (x1, x2) for which the preceding inequality holds by H7. If
(x1, x2) ∈ H7, then

π − 2−K+3 − Cρ−2/32K < x2 < π − 2−K+3.

Furthermore,

λ

(
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A7(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣ > ρ

)

≤
∫

T2
1H7(x1, x2) dx2 dx1

≤ Cρ−2/32K
∫

T

1{π−2−K+3<x1<π+2−K−1} dx1

≤ Cρ−2/3.

For i = 3, 8, 4, 9, we may suppose that γ = α and p = 2/(2 + α). We get by
(2.5.6) and (2.5.8) that
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∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A3(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ C1{2−K+4<x1<π+2−K−1}1{2−K+1<x2≤x1/2+2−K }
(x1 − 2−K−1)−1−β(x2 − 2−K−1)β−α−1.

If this is greater than ρ, then

1{2−K+1<x2≤x1/2+2−K }(x2 − 2−K−1)

< Cρ− 1
1+α−β 1{2−K+4<x1<π+2−K−1}(x1 − 2−K−1)

− 1+β
1+α−β .

Note that x1/2 + 2−K < x1. Choosing β such that− 1+β
1+α−β

+ 1 < 0, i.e.,α/2 < β ≤
1, we obtain

λ

(
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A3(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣ > ρ

)

≤
∫ ρ−1/(2+α)+2−K−1

2−K+4

x1
2

+ 2−K dx1

+ Cρ− 1
1+α−β

∫ π

ρ−1/(2+α)+2−K−1
(x1 − 2−K−1)

− 1+β
1+α−β dx1

≤ Cρ−2/(2+α) + Cρ− 1
1+α−β ρ

−1
2+α (− 1+β

1+α−β +1)

= Cρ−2/(2+α).

Similarly, by (2.5.7) and (2.5.9),

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A8(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ C1{π/2−2−K−1<x2<π−2−K+4}1{(π+x2)/2−2−K<x1<π−2−K+1}
(π − x2 − 2−K−1)−1−β(π − x1 − 2−K−1)β−α−1.

If this is greater than ρ, then

1{(π+x2)/2−2−K<x1<π−2−K+1}(π − x1 − 2−K−1)

< Cρ− 1
1+α−β 1{π/2−2−K−1<x2<π−2−K+4}(π − x2 − 2−K−1)

− 1+β
1+α−β .

Here (π − x2)/2 + 2−K < π − x2. Choosing β as before, we obtain

λ

(
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A8(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣ > ρ

)

≤
∫ π−2−K+4

π−ρ−1/(2+α)−2−K−1

π − x2
2

+ 2−K dx2



102 2 �q -Summability of Higher Dimensional Fourier Series

+ Cρ− 1
1+α−β

∫ π−ρ−1/(2+α)−2−K−1

−π

(π − x2 − 2−K−1)
− 1+β

1+α−β dx2

≤ Cρ−2/(2+α) + Cρ− 1
1+α−β ρ

−1
2+α (− 1+β

1+α−β +1)

= Cρ−2/(2+α).

For A4, we get from (2.5.10) and (2.5.12) that

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A4(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ C1{2−K+4<x1<π+2−K−1}1{x1/2−2−K<x2≤x1−2−K+1}
(x1 − x2 − 2−K )−1−β(x1 − 2−K−1)β−α−1.

If this is greater than ρ, then

1{x1/2−2−K<x2≤x1−2−K+1}(x1 − x2 − 2−K )

< Cρ− 1
1+β 1{2−K+4<x1<π+2−K−1}(x1 − 2−K−1)

β−α−1
1+β .

Hence

λ

(
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A4(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣ > ρ

)

≤
∫ ρ−1/(2+α)+2−K−1

2−K+4
x1 dx1

+ Cρ− 1
1+β

∫ π

ρ−1/(2+α)+2−K−1
(x1 − 2−K−1)

β−α−1
1+β dx1

≤ Cρ−2/(2+α) + Cρ− 1
1+β ρ

−1
2+α (

β−α−1
1+β +1)

= Cρ−2/(2+α).

Here we have chosen β such that β−α−1
1+β

+ 1 < 0, i.e., 0 < β < α/2.
Finally, by (2.5.11) and (2.5.13),

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A9(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ C1{π/2−2−K−1<x2<π−2−K+4}1{x2+2−K+1<x1<(π+x2)/2+2−K }
(x1 − x2 − 2−K )−1−β(π − x2 − 2−K−1)β−α−1

and
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1{x2+2−K+1<x1<(π+x2)/2+2−K }(x1 − x2 − 2−K )

< Cρ− 1
1+β 1{π/2−2−K−1<x2<π−2−K+4}(π − x2 − 2−K−1)

β−α−1
1+β .

This implies that

x2 + 2−K+1 < x1 < (π − x2 − 2−K−1)
β−α−1
1+β + x2 + 2−K+1

and so

λ

(
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

1,α
n (x1 − t1, x2 − t2)1A9(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣ > ρ

)

≤
∫ π−2−K+4

π−ρ−1/(2+α)−2−K−1

π − x2
2

+ 2−K dx2

+ Cρ− 1
1+β

∫ π−ρ−1/(2+α)−2−K−1

−π

(π − x2 − 2−K−1)
β−α−1
1+β dx2

≤ Cρ−2/(2+α) + Cρ− 1
1+β ρ

−1
2+α (

β−α−1
1+β +1)

= Cρ−2/(2+α)

with the same β as for A4, i.e., 0 < β < α/2. The proof of the theorem is complete.
�

Proof of Theorem 2.5.7 for q = ∞. Similar to the proof for q = 1, we have to show
that

λ

(
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1Ai (x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣ > ρ

)

≤ Cρ−2/(2+α)

for α ≤ 1, i = 1, . . . , 5, for all H�
2/(2+α)-atoms a and ρ > 0. For i = 1, 2, 5, this

inequality follows from (2.5.17) and the proof of Theorem 2.5.4. For i = 3, 4, we
may suppose that γ = α and p = 2/(2 + α). We have seen in (2.5.6) and (2.5.8) that

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A3(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ C1{2−K+4<x1<π+2−K−1}1{2−K+1<x2≤x1/2+2−K }
(x1 − 2−K−1)−1−α+β(x2 − 2−K−1)−1−β .

If this is greater than ρ, then
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1{2−K+1<x2≤x1/2+2−K }(x2 − 2−K−1)

< Cρ− 1
1+β 1{2−K+4<x1<π+2−K−1}(x1 − 2−K−1)

− 1+α−β
1+β .

Since x1/2 + 2−K < x1 and β can be chosen such that − 1+α−β
1+β

+ 1 < 0, i.e., 0 <

β < α/2, we obtain

λ

(
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A3(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣ > ρ

)

≤
∫ ρ−1/(2+α)+2−K−1

2−K+4

x1
2

+ 2−K dx1

+ Cρ− 1
1+β

∫ π

ρ−1/(2+α)+2−K−1
(x1 − 2−K−1)

− 1+α−β
1+β dx1

≤ Cρ−2/(2+α) + Cρ− 1
1+β ρ

−1
2+α (− 1+α−β

1+β +1)

= Cρ−2/(2+α).

Similarly, by (2.5.14) and (2.5.15),

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A4(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣

≤ Cp2
2K/p−2K−Kγ1{2−K+4<x1<π+2−K−1}1{x1/2−2−K<x2≤x1−2−K+1}

(x1 − x2 − 2−K )−1−α+β(x1 − 2−K−1)−1−β,

which implies that

1{x1/2−2−K<x2≤x1−2−K+1}(x1 − x2 − 2−K )

< Cρ− 1
1+α−β 1{2−K+4<x1<π+2−K−1}(x1 − 2−K−1)

− 1+β
1+α−β .

Hence

λ

(
sup
n≥1

∣∣∣∣
∫

I
a(t1, t2)K

∞,α
n (x1 − t1, x2 − t2)1A4(x1 − t1, x2 − t2) dt1 dt2

∣∣∣∣ > ρ

)

≤
∫ ρ−1/(2+α)+2−K−1

2−K+4
x1 dx1

+ Cρ− 1
1+α−β

∫ π

ρ−1/(2+α)+2−K−1
(x1 − 2−K−1)

− 1+β
1+α−β dx1

≤ Cρ−2/(2+α) + Cρ− 1
1+α−β ρ

−1
2+α (− 1+β

1+α−β +1)

= Cρ−2/(2+α),
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where− 1+β
1+α−β

+ 1 < 0, i.e.,α/2 < β < α. This completes the proof of the theorem.
�

Of course, (2.5.16) cannot be true for p < p0, i.e., σ
q,α
∗ is not bounded from

H�
p (Td) to the weak L p,∞(Td) space for p < p0. If the operator was bounded, then

by interpolation (2.5.1) would hold for p = p0, which contradicts Theorem 2.5.6.
Oswald [253] proved a similar theorem to Theorem 2.5.4 for the Riesz means of

the Fourier transforms and for q = ∞. Theorems 2.5.4 and 2.5.7 can be found in
Weisz [330, 339]. For a detailed proof of the multi-dimensional version, see [337,
338, 341, 344].

Marcinkiewicz [233] verified for two-dimensional Fourier series that the cubic
(i.e.,q = ∞) Fejérmeans of a function f ∈ L log L(T2) converge almost everywhere
to f as n → ∞. Later Zhizhiashvili [364, 366] extended this result to all f ∈ L1(T

2)

and to Cesàro means and Berens, Li and Xu [30] to q = 1. The general convergence
result can be found in [330, 337–339, 341].

The next corollary follows easily from Theorem 2.5.4.

Corollary 2.5.8 Suppose that q = 1,∞ and 0 < α < ∞. If f ∈ L1(T
d), then

sup
ρ>0

ρ λ(σq,α
∗ f > ρ) ≤ C‖ f ‖1.

The density argument of Marcinkiewicz and Zygmund implies

Corollary 2.5.9 Suppose that q = 1,∞ and 0 < α < ∞. If f ∈ L1(T
d), then

lim
n→∞ σq,α

n f = f a.e.

Proof Since the trigonometric polynomials are dense in L1(T
d), the corollary fol-

lows from Theorem 1.3.6 and Corollary 2.5.8. �

2.5.2 Almost Everywhere Convergence for q = 2

Theorem 2.5.10 Suppose that q = 2, (d − 1)/2 < α < ∞ and γ ∈ P. If

p0 := d

d/2 + α + 1/2
< p < ∞,

and f ∈ H�
p (Td), then ∥∥σq,α,γ

∗ f
∥∥
p

≤ Cp ‖ f ‖H�
p

.

Proof Let us choose N ∈ N such that N < α − (d − 1)/2 ≤ N + 1. As we men-
tioned in Sect. 2.4, we may suppose that the support of an atom a is a ball B with
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radius β, 2−K−1 < β ≤ 2−K (K ∈ N). Moreover, we may suppose that the center of
B is zero, i.e., B = B(0,β). Obviously,

∫

Td\(r B)

|σ2,α,γ
∗ a(x)|p dx

≤
�d1/22Kπ�−1∑

i=4�d1/2�−1

∫

B(0,(i+2)2−K )\B(0,(i+1)2−K )∩Td

sup
n≥d1/22K+1

|σ2,α,γ
n a(x)|p dx

+
�d1/22Kπ�−1∑

i=4�d1/2�−1

∫

B(0,(i+2)2−K )\B(0,(i+1)2−K )∩Td

sup
n<d1/22K+1

|σ2,α,γ
n a(x)|p dx

=: (A) + (B),

where r = 8d1/2. Note that if K ≤ 3, then the integral is equal to 0.
We use Taylor’s formula for gk(t) = θ̂0(n(x − 2kπ − t)):

gk(t) =
N−1∑

l=0

∑

‖i‖1=l

∂i1
1 . . . ∂id

d gk(0)
d∏

j=1

t
i j
j

i j ! +
∑

‖i‖1=N

∂i1
1 . . . ∂id

d gk(νt)
d∏

j=1

t
i j
j

i j !

for some 0 < ν < 1. Here

∂i1
1 . . . ∂id

d gk(t) = (−1)‖i‖1n‖i‖1∂i1
1 . . . ∂id

d θ̂0(n(x − 2kπ − t)).

Using this with t − 2kπ instead of t , Theorem 2.2.30 and the definition of the atom,
we obtain

σ2,α,γ
n a(x) = 1

(2π)d

∑

k∈Zd

nd
∫

B+2kπ
a(t)θ̂0(n(x − t)) dt

= 1

(2π)d

∑

k∈Zd

nd
∫

B+2kπ
a(t)

⎛

⎝θ̂0(n(x − t)) −
N−1∑

l=0

∑

‖i‖1=l

∂i1
1 . . . ∂id

d gk(0)
d∏

j=1

(t j − 2k jπ)i j

i j !

⎞

⎠ dt

= 1

(2π)d

∑

k∈Zd

nd
∑

‖i‖1=N

(−1)‖i‖1n‖i‖1
∫

B+2kπ
a(t)

∂i1
1 · · · ∂id

d θ̂0

(
n(x − 2kπ) − nvk(t − 2kπ)

) d∏

j=1

(t j − 2k jπ)i j

i j ! dt,

where 0 < vk < 1. Then, by Corollary 2.2.28,



2.5 Almost Everywhere Convergence of the �q -Summability Means 107

∣∣σ2,α,γ
n a(x)

∣∣ ≤ Cp

∑

k∈Zd

n(d−1)/2+N−α2Kd/p2−K N

∫

B+2kπ
‖x − 2kπ − vk(t − 2kπ)‖−d/2−α−1/2

2 dt. (2.5.18)

Moreover,

sup
n≥d1/22K+1

∣∣σ2,α,γ
n a(x)

∣∣ ≤ Cp

∑

k∈Zd

2K ((d−1)/2−α)2Kd/p

∫

B+2kπ
‖x − 2kπ − vk(t − 2kπ)‖−d/2−α−1/2

2 dt

=: A1(x) + A2(x),

where

A1(x) := 2K ((d−1)/2−α)2Kd/p
∫

B+2kπ
‖x − v0t‖−d/2−α−1/2

2 dt

and

A2(x) :=
∑

k∈Zd ,k �=0

2K ((d−1)/2−α)2Kd/p

∫

B+2kπ
‖x − 2kπ − vk(t − 2kπ)‖−d/2−α−1/2

2 dt.

If k = 0, u ∈ B and x ∈ B(0, (i + 2)2−K ) \ B(0, (i + 1)2−K ) ∩ T
d for some i =

4�d1/2� − 1, . . . , �d1/22Kπ� − 1, then

‖x − u‖2 ≥ ‖x‖2 − ‖u‖2 ≥ i2−K .

In case k �= 0, u ∈ B + 2kπ and x ∈ B(0, (i + 2)2−K ) \ B(0, (i + 1)2−K ) ∩ T
d ,

one can see that
‖x − u‖2 ≥ ‖k‖2/4.

Then

A1(x) ≤ Cp2
K ((d−1)/2−α)2Kd/p

∫

B
(i2−K )−d/2−α−1/2 dt

≤ Cp2
Kd/pi−d/2−α−1/2

and
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A2(x) ≤ Cp

∑

k∈Zd ,k �=0

2K ((d−1)/2−α)2Kd/p
∫

B+2kπ
‖k‖−d/2−α−1/2

2 dt

≤ Cp

∑

k∈Zd ,k �=0

2K (−d/2−1/2−α)2Kd/p‖k‖−d/2−1/2−α
2

≤ Cp

∞∑

j=1

2K (−d/2−1/2−α)2Kd/p j (−d/2−1/2−α) j d−1

≤ Cp

for p ≥ d/(d/2 + α + 1/2). Hence,

(A) ≤ Cp

�d1/22Kπ�−1∑

i=4�d1/2�−1

2−Kdid−12Kdi p(−d/2−α−1/2) + Cp

�d1/22Kπ�−1∑

i=4�d1/2�−1

2−Kdid−1 ≤ Cp

if p > d/(d/2 + α + 1/2).
Applying Taylor’s formula for N + 1 instead of N , we get similar to (2.5.18) that

∣∣σ2,α,γ
n a(x)

∣∣ ≤ Cp

∑

k∈Zd

n(d−1)/2+(N+1)−α2Kd/p2−K (N+1)

∫

B+2kπ
‖x − 2kπ − vk(t − 2kπ)‖−d/2−α−1/2

2 dt

and

sup
n<d1/22K+1

∣∣σ2,α,γ
n a(x)

∣∣ ≤ Cp

∑

k∈Zd

2K ((d−1)/2−α)2Kd/p

∫

B+2kπ
‖x − 2kπ − vk(t − 2kπ)‖−d/2−α−1/2

2 dt.

The inequality
(B) ≤ Cp

can be shown as above. �

Corollary 2.5.11 Suppose that q = 2, (d − 1)/2 < α < ∞ and γ ∈ P. If 1 < p <

∞, then
‖σq,α,γ

∗ f ‖p ≤ Cp‖ f ‖p ( f ∈ L p(T
d)).

Theorem2.5.10was proved byStein, Taibleson andWeiss [292] andLu [224]. The
author generalized it for other summabilitymethods inWeisz [332, 334]. The theorem
is not true if p is smaller than or equal to the critical index d/(d/2 + α + 1/2) (see
Stein, Taibleson and Weiss [292]).
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Theorem 2.5.12 If q = 2, (d − 1)/2 < α < ∞ and γ ∈ P, then the operator σ
q,α,γ
∗

is not bounded from H�
p (Td) to L p(T

d) if p is smaller than or equal to the critical
index d/(d/2 + α + 1/2).

If p is equal to the critical index, then we have again a weak type inequality.

Theorem 2.5.13 Suppose that q = 2, (d − 1)/2 < α < ∞ and γ ∈ P. If

p0 := d

d/2 + α + 1/2

and f ∈ H�
p0 (T

d), then

∥∥σq,α,γ
∗ f

∥∥
p0,∞ = sup

ρ>0
ρλ(σq,α,γ

∗ f > ρ)1/p0 ≤ C ‖ f ‖H�
p0

.

Proof We will use Theorem 2.4.20. Let us introduce the set

Eρ := {i ≥ 4�d1/2� − 1 : i−d/2−α−1/2 > C−1ρ2−Kd/p
}
,

where p = d/(d/2 + α + 1/2). Observe that

ρp λ
(
{A1 > ρ} ∩ {Td \ (r B)}

)
≤ Cρp

∑

i∈Eρ

i d−12−Kd .

If k is the largest integer for which k−d/2−α−1/2 > C−1ρ2−Kd/p, then

ρp λ
(
{A1 > ρ} ∩ {Td \ (r B)}

)
≤ ρp2−Kdkd ≤ C.

The same inequality for (A2) is trivial. We can estimate supn<d1/22K+1 |σ2,α,γ
n a(x)|

similarly, which shows the theorem. �

Corollary 2.5.14 Suppose that q = 2, (d − 1)/2 < α < ∞ and γ ∈ P. If f ∈
L1(T

d), then
sup
ρ>0

ρ λ(σq,α,γ
∗ f > ρ) ≤ C‖ f ‖1.

As in the previous subsection, this implies

Corollary 2.5.15 Suppose that q = 2, (d − 1)/2 < α < ∞ and γ ∈ P. If f ∈
L1(T

d), then
lim
n→∞ σq,α,γ

n f = f a.e.



110 2 �q -Summability of Higher Dimensional Fourier Series

2.6 �q-Summability Defined by a Function θ

Now we generalize the �q -Fejér and Riesz means investigated above. We introduce
a general summability method, the so-called θ-summability generated by a given
one-dimensional function θ.

We suppose that θ : R → R and

∑

k∈Zd

∣∣∣∣θ
(‖k‖q

n

)∣∣∣∣ < ∞ (2.6.1)

for all n ∈ N. If θ has compact support, then this holds obviously. As we will see in
Sect. 2.6.1, (2.6.2) implies (2.6.1).

Definition 2.6.1 Suppose that θ satisfies (2.6.1). For f ∈ L1(T
d), 1 ≤ q ≤ ∞ and

n ∈ N, the nth �q -θ-means σ
q,θ
n f of the Fourier series of f and the nth �q -θ kernel

Kq,θ
n are defined by

σq,θ
n f (x) :=

∑

k∈Zd

θ

(‖k‖q
n

)
f̂ (k)eık·x

and

Kq,θ
n (t) :=

∑

k∈Zd

θ

(‖k‖q
n

)
eık·t ,

respectively.

Lemma 2.6.2 Suppose that θ satisfies (2.6.1). For f ∈ L1(T
d) and n ∈ N,

σq,θ
n f (x) = 1

(2π)d

∫

Td

f (x − t)Kq,θ
n (t) dt.

The definition of the �q -θ-means can be extended to distributions as usual.

Definition 2.6.3 Suppose that θ satisfies (2.6.1). For f ∈ D(Td), 1 ≤ q ≤ ∞ and
n ∈ N, the nth �q -θ-means σ

q,θ
n f of the Fourier series of f are given by

σq,θ
n f := f ∗ Kq,θ

n .

Definition 2.6.4 We define the maximal θ-operator by

σq,θ
∗ f := sup

n∈N

∣∣σq,θ
n f

∣∣ .

Note that Kq,θ
n is bounded and integrable. If θ(t) = max((1 − |t |γ)α, 0), then we

get back the Riesz (or in special case α = γ = 1, the Fejér) means. θ-summability
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was considered in many papers and books, such as Butzer and Nessel [47], Trigub
and Belinsky [319], Natanson and Zuk [244], Bokor, Schipp, Szili and Vértesi [38,
272, 274, 300, 301], and Feichtinger andWeisz [103, 104, 332, 337, 338, 342, 346].

2.6.1 Triangular and Cubic Summability

For q = 1 or ∞, instead of (2.6.1), we suppose that
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

the support of θ is [−c, c] (0 < c ≤ ∞),

θ is even and continuous, θ(0) = 1,
∑∞

k=0 k
d
∣∣∣�1θ(

k
n )

∣∣∣ < ∞,

limt→∞ tdθ(t) = 0,

(2.6.2)

where

�1θ

(
k

n

)
:= θ

(
k

n

)
− θ

(
k + 1

n

)

is the first difference. If the support of θ is not compact, then we say that c = ∞.
Abel rearrangement implies

∑

j∈Zd

∣∣∣∣θ
(‖ j‖q

n

)∣∣∣∣ ≤ C
∞∑

k=0

kd−1

∣∣∣∣θ
(
k

n

)∣∣∣∣ ≤ C
∞∑

k=0

kd
∣∣∣∣�1θ

(
k

n

)∣∣∣∣ < ∞,

thus (2.6.1) holds.

Lemma 2.6.5 Suppose that θ satisfies (2.6.2). For f ∈ L1(T
d), q = 1,∞ and n ∈

N, we have

σq,θ
n f (x) =

∞∑

j=0

�1θ

(
j

n

)
sqj f (x).

and

Kq,θ
n (t) =

∞∑

j=0

�1θ

(
j

n

)
Dq

j (t)

Proof The proof follows from

Kq,θ
n (t) =

∑

k∈Zd

∑

j≥‖k‖q
�1θ

(
j

n

)
eık·t =

∞∑

j=0

�1θ

(
j

n

)
Dq

j (t)

�
We need also the following condition:
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⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

θ is twice continuously differentiable on(0, c),
θ′′ �= 0 except at finitely many points and finitely many intervals,
limt→0+0 tθ′(t) is finite,
limt→c−0 tθ′(t) is finite,
limt→∞ tθ′(t) = 0.

(2.6.3)

The norm convergence follows easily from Theorem 2.6.7.

Theorem 2.6.6 Assume that q = 1 or q = ∞ and (2.6.2) and (2.6.3) are satisfied.
If 1 ≤ p < ∞, then

sup
n∈N

∥∥σq,θ
n f

∥∥
p ≤ C‖ f ‖p

and
lim
n→∞ σq,θ

n f = f in the L p(T
d)-norm for all f ∈ L p(T

d).

For the almost everywhere convergence, we introduce some notations. Let X

and Y be two complete quasi-normed spaces of measurable functions, L∞(Td) be
continuously embedded intoX and L∞(Td)bedense inX. Suppose that if 0 ≤ f ≤ g,
f, g ∈ Y, then ‖ f ‖Y ≤ ‖g‖Y. If fn, f ∈ Y, fn ≥ 0 (n ∈ N) and fn ↗ f a.e. as
n → ∞, then assume that ‖ f − fn‖Y → 0. Recall that σ

q
∗ denotes the maximal

Fejér operator.

Theorem 2.6.7 Assume that q = 1 or q = ∞ and (2.6.2) and (2.6.3) are satisfied.
If σq

∗ : X → Y is bounded, i.e.,

‖σq
∗ f ‖Y ≤ C‖ f ‖X ( f ∈ X ∩ L∞(Td)),

then σ
q,θ
∗ is also bounded,

‖σq,θ
∗ f ‖Y ≤ C‖ f ‖X ( f ∈ X).

Proof By Abel rearrangement,

m∑

k=0

�1θ

(
k

n

)
Dq

k (x) =
m−1∑

k=0

�2θ

(
k

n

)
kKq

k (x) + �1θ
(m
n

)
mKq

m(x),

where

�2θ

(
k

n

)
:= �1θ

(
k

n

)
− �1θ

(
k + 1

n

)

is the second difference and Kq
m denotes the Fejér kernel. Observe that for a fixed x ,

we have that Kq
m(x) is uniformly bounded in m. By Lagrange’s mean value theorem

there exists m < ξ(m) < m + 1, such that
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m�1θ
(m
n

)
= −m

n
θ′
(

ξ(m)

n

)

and this converges to zero if m → ∞. Thus,

Kq,θ
n (x) =

∞∑

k=0

k �2θ

(
k

n

)
Kq

k (x).

Now we prove that

sup
n≥1

∞∑

k=0

k

∣∣∣∣�2θ

(
k

n

)∣∣∣∣ ≤ C < ∞. (2.6.4)

If θ′′ ≥ 0 on the interval (i/n, ( j + 2)/n), then θ is convex on this interval and this
yields that

�2θ

(
k

n

)
≥ 0 for i ≤ k ≤ j.

Hence

j∑

k=i

k

∣∣∣∣�2θ

(
k

n

)∣∣∣∣ =
j∑

k=i

k �2θ

(
k

n

)

= θ

(
i

n

)
+ (i − 1)�1θ

(
i

n

)
−

j �1θ

(
j + 1

n

)
− θ

(
j + 1

n

)
.

Applying again Lagrange’s mean value theorem, we have

(i − 1)

∣∣∣∣�1θ

(
i

n

)∣∣∣∣ =
i − 1

n

∣∣∣∣θ
′
(

ξ(i)

n

)∣∣∣∣ =
i − 1

ξ(i)

∣∣∣∣
ξ(i)

n
θ′
(

ξ(i)

n

)∣∣∣∣ ≤ C,

where i < ξ(i) < i + 1. Here, we used the fact that the function x �→ |xθ′(x)| is
bounded, which follows from (2.6.3). If θ′′ = 0 at an isolated point u or if θ′′ is not
twice continuously differentiable at u, u ∈ (k/n, (k + 1)/n), then the boundedness

of k
∣∣∣�2θ

(
k
n

)∣∣∣ can be seen in the same way. Since there are only finitely many

intervals and isolated points satisfying the above properties, we have shown (2.6.4).
Hence

σq,θ
n f (x) =

∫

Td

f (t)Kq,θ
n (x − t) dt

=
∞∑

k=0

∫

Td

k �2θ

(
k

n

)
f (t)Kq

k (x − t) dt
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for all f ∈ L∞(Td). Thus

σq,θ
∗ f ≤ Cσq

∗ f ( f ∈ L∞(Td))

and so ∥∥σq,θ
∗ f

∥∥
Y

≤ C ‖ f ‖X ( f ∈ X ∩ L∞(Td)).

By a usual density argument, we finish the proof of the theorem. �

It is easy to see that X can be chosen to be the Hardy space H�
p (Td) and Y to be

the space L p(T
d) or L p,∞(Td) (0 < p ≤ ∞). Theorems 2.6.7 and 2.5.4 imply

Theorem 2.6.8 Assume that q = 1 or q = ∞ and (2.6.2) and (2.6.3) are satisfied.
If

d

d + 1
< p ≤ ∞,

then ∥∥σq,θ
∗ f

∥∥
p ≤ Cp ‖ f ‖H�

p
( f ∈ H�

p (Td))

and, for f ∈ H�
d/(d+1)(T

d),

∥∥σq,θ
∗ f

∥∥
d/(d+1),∞ = sup

ρ>0
ρλ(σq,θ

∗ f > ρ)(d+1)/d ≤ C ‖ f ‖H�
d/(d+1)

.

Moreover,
sup
ρ>0

ρ λ(σq,θ
∗ f > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T

d)).

Corollary 2.6.9 Assume that q = 1 or q = ∞ and (2.6.2) and (2.6.3) are satisfied.
If f ∈ L1(T

d), then
lim
n→∞ σq,θ

n f = f a.e.

2.6.2 Circular Summability

If q = 2, then we have to assume other additional conditions instead of (2.6.2) and
(2.6.3). Recall that

θ0(x) = θ(‖x‖2).

Let
θ0 ∈ L1(R

d) and θ̂0 ∈ L1(R
d). (2.6.5)

Assume that θ̂0 is (N + 1)-times differentiable (N ≥ 0) and there exists
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d + N − 1 < β ≤ d + N

such that ∣∣∣∂i1
1 · · · ∂id

d θ̂0(x)
∣∣∣ ≤ C‖x‖−β−1

2 (x �= 0), (2.6.6)

whenever i1 + · · · + id = N or i1 + · · · + id = N + 1. If β = d + N , then it is
enough to suppose (2.6.6) for i1 + · · · + id = N + 1.

We recall that the Riesz summability, i.e., if θ(t) = max((1 − |t |γ)α, 0), satisfy
(2.6.5) and (2.6.6) with β = d/2 + α − 1/2 (see Corollary 2.2.28).

The norm convergence can be proved as Theorem 2.3.2.

Theorem 2.6.10 Assume that q = 2, θ(0) = 1 and (2.6.1) and (2.6.5) are satisfied.
If 1 ≤ p < ∞, then

sup
n∈N

∥∥σq,θ
n f

∥∥
p ≤ C‖ f ‖p

and
lim
n→∞ σq,θ

n f = f in the L p(T
d)-norm for all f ∈ L p(T

d).

We can prove the next theorem similar to Theorem 2.5.10. The details are left to
the reader.

Theorem 2.6.11 Assume that q = 2 and (2.6.1), (2.6.5) and (2.6.6) are satisfied. If

d

β + 1
< p ≤ ∞,

then ∥∥σq,θ
∗ f

∥∥
p ≤ Cp ‖ f ‖H�

p
( f ∈ H�

p (Td))

and, for f ∈ H�
d/(β+1)(T

d),

∥∥σq,θ
∗ f

∥∥
d/(β+1),∞ = sup

ρ>0
ρλ(σq,θ

∗ f > ρ)(β+1)/d ≤ C ‖ f ‖H�
d/(β+1)

.

Moreover,
sup
ρ>0

ρ λ(σq,θ
∗ f > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T

d)).

Corollary 2.6.12 Assume that q = 2, θ(0) = 1 and (2.6.1), (2.6.5) and (2.6.6) are
satisfied. If f ∈ L1(T

d), then

lim
n→∞ σq,θ

n f = f a.e.

We note again, that (2.6.2) implies (2.6.1).
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2.6.3 Some Summability Methods

Now we give some examples for the θ-summation.

Example 2.6.13 (Fejér summation). Let

θ(t) =
{
1 − |t | if |t | ≤ 1;
0 if |t | > 1.

Example 2.6.14 (de La Vallée-Poussin summation). Let

θ(t) =
⎧
⎨

⎩

1 if if |t | ≤ 1/2;
−2|t | + 2 if 1/2 < |t | ≤ 1;
0 if |t | > 1.

Example 2.6.15 (Jackson-de La Vallée-Poussin summation). Let

θ(t) =
⎧
⎨

⎩

1 − 3t2/2 + 3|t |3/4 if |t | ≤ 1;
(2 − |t |)3/4 if 1 < |t | ≤ 2;
0 if |t | > 2.

Example 2.6.16 Let 0 = α0 < α1 < · · · < αm and β0, . . . ,βm (m ∈ N) be real
numbers, β0 = 1, βm = 0. Suppose that θ is even, θ(α j ) = β j ( j = 0, 1, . . . ,m),
θ(t) = 0 for t ≥ αm , θ is a polynomial on the interval [α j−1,α j ] ( j = 1, . . . ,m).

Example 2.6.17 (Rogosinski summation). Let

θ(t) =
{
cosπt/2 if |t | ≤ 1 + 2 j;
0 if |t | > 1 + 2 j

for some j ∈ N.

Example 2.6.18 (Weierstrass summation). Let

θ(t) = e−|t |γ for some 1 ≤ γ < ∞.

Note that if γ = 1, then we obtain the Abel means.

Example 2.6.19 Let

θ(t) = e−(1+|t |q )γ for some 1 ≤ q < ∞, 0 < γ < ∞.

Example 2.6.20 (Picard and Bessel summations). Let

θ(t) = (1 + |t |γ)−α for some 0 < α < ∞, 1 ≤ γ < ∞,αγ > d.

Example 2.6.21 (Riesz summation). Let
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θ(t) =
{

(1 − |t |γ)α if |t | ≤ 1;
0 if |t | > 1

for some 0 < α, γ < ∞.

It is easy to see that all of these examples satisfy (2.6.2) and (2.6.3).

Theorem 2.6.22 Suppose that θ is one of the Examples 2.6.13–2.6.21. Then Theo-
rems 2.6.6, 2.6.8 and Corollary 2.6.9 hold.

One can show [334, 343] that Example 2.6.21 with α > (d − 1)/2, γ ∈ P and
β = d/2 + α − 1/2, Example 2.6.18 with 0 < γ < ∞ and β = d + N , Example
2.6.19 with 0 < γ, q < ∞ and β = d + N and Example 2.6.20 with β = d + N
satisfy (2.6.2), (2.6.5) and (2.6.6).

Theorem 2.6.23 Suppose that θ is one of the Examples 2.6.18, 2.6.19, 2.6.20 or
2.6.21with the parameterβ just defined. Then Theorems 2.6.10, 2.6.11 andCorollary
2.6.12 hold.



Chapter 3
Rectangular Summability of Higher
Dimensional Fourier Series

In this chapter, we investigate the rectangular summability of d-dimensional Fourier
series.We consider two types of convergence, the so-called restricted and unrestricted
convergence. In the first case, n ∈ N

d is in a cone or a cone-like set and n → ∞while
in the second case, we have n ∈ N

d and min(n1, . . . , nd) → ∞, which is called
Pringsheim’s convergence. Similarly, we consider two types of maximal operators,
the restricted one defined on a cone or cone-like set and the unrestricted one defined
on N

d . We prove similar results as for the �q -summability. In the restricted case, we
use the Hardy space H�

p (Td) and in the unrestricted case a newHardy space Hp(T
d).

In the first section, we present the basic definitions for the rectangular summability
and verify some estimations for the kernel functions. In the next section, we can find
the L p(T

d) convergence of the rectangular Cesàro and Riesz means. In Sect. 3.3,
we investigate the restricted maximal operators of the rectangular Cesàro and Riesz
means by taking the supremumover a cone.We show that these operators are bounded
from theHardy space H�

p (Td) to L p(T
d) for any p > p0, where p0 < 1 is depending

again on the summation and on the dimension. As a consequence, we obtain the
restricted almost everywhere convergence of the summability means. Similar results
are also shown for cone-like sets.

We introduce the product Hardy spaces Hp(T
d) and present the atomic decompo-

sition and a boundedness result for these spaces. Moreover, we show that the unre-
strictedmaximal operator of the rectangular Cesàro andRieszmeans is bounded from
Hp(T

d) to L p(T
d) for any p > p0. This implies the almost everywhere convergence

of the summability means in Pringsheim’s sense. In the last section, we consider the
rectangular θ-summability and prove similar results as mentioned above. We give a
sufficient and necessary condition for the uniform and L1(T

d) convergence of the
rectangular θ-means.
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3.1 Summability Kernels

Definition 3.1.1 For f ∈ L1(T
d) and n ∈ N

d , the nth rectangular Fejér means σn f
of the Fourier series of f and the nth rectangular Fejér kernel Kn are introduced by

σn f (x) =
∑

|k1|≤n1

· · ·
∑

|kd |≤nd

d∏

i=1

(
1 − |ki |

ni

)
f̂ (k)eık·x

and

Kn(t) :=
∑

|k1|≤n1

· · ·
∑

|kd |≤nd

d∏

i=1

(
1 − |ki |

ni

)
eık·t ,

respectively.

Again, we generalize this definition as follows.

Definition 3.1.2 Let f ∈ L1(T
d), n ∈ N

d and α ≥ 0. The nth rectangular Cesàro
means σα

n f of the Fourier series of f and the nth rectangular Cesàro kernel K α
n are

introduced by

σα
n f (x) := 1

∏d
i=1 A

α
ni−1

∑

|k1|≤n1

· · ·
∑

|kd |≤nd

d∏

i=1

Aα
ni−1−|ki | f̂ (k)e

ık·x

and

K α
n (t) := 1

∏d
i=1 A

α
ni−1

∑

|k1|≤n1

· · ·
∑

|kd |≤nd

d∏

i=1

Aα
ni−1−|ki |e

ık·t ,

respectively.

The Cesàro means are also called rectangular (C,α)-means. If α = 1, then these
are the rectangular Fejér means and if α = 0, then the rectangular partial sums (see
Fig. 3.1).

Definition 3.1.3 For f ∈ L1(T
d), n ∈ N

d and 0 < α, γ < ∞, the nth rectangular
Riesz means σ

α,γ
n f of the Fourier series of f and the nth rectangular Riesz kernel

K α,γ
n are given by

σα,γ
n f (x) :=

∑

|k1|≤n1

· · ·
∑

|kd |≤nd

d∏

i=1

(
1 −

( |ki |
ni

)γ)α

f̂ (k)eık·x

and
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Fig. 3.1 The rectangular
Fejér kernel Kn with d = 2,
n1 = 3, n2 = 5
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K α,γ
n (t) :=

∑

|k1|≤n1

· · ·
∑

|kd |≤nd

d∏

i=1

(
1 −

( |ki |
ni

)γ)α

eık·t ,

respectively.

For α = γ = 1, we get back the rectangular Fejér means. The next results follow
from

K α
n = K α

n1 ⊗ · · · ⊗ K α
nd (3.1.1)

and
K α,γ

n = K α,γ
n1 ⊗ · · · ⊗ K α,γ

nd , (3.1.2)

where K α
n j

and K α,γ
n j are the corresponding one-dimensional kernels.

Lemma 3.1.4 If 0 ≤ α, γ < ∞ and n ∈ N
d , then

1

(2π)d

∫

Td

K α
n (t) dt = 1

and
1

(2π)d

∫

Td

K α,γ
n (t) dt = 1.

Lemma 3.1.5 If 0 ≤ α, γ < ∞ and n ∈ N
d , then

|K α
n (t)| ≤ C

d∏

i=1

ni and |K α,γ
n (t)| ≤ C

d∏

i=1

ni (t ∈ T
d).
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Lemma 3.1.6 For f ∈ L1(T
d), n ∈ N

d and 0 < α, γ < ∞,

σα
n f (x) = 1

(2π)d

∫

Td

f (x − t)K α
n (t) dt

and

σα,γ
n f (x) = 1

(2π)d

∫

Td

f (x − t)K α,γ
n (t) dt.

The rectangular Cesàro means are the weighted arithmetic means of the rectan-
gular partial sums.

Lemma 3.1.7 For f ∈ L1(T
d), α > 0 and n ∈ N

d , we have

σn f (x) = 1
∏d

i=1 ni

n1−1∑

k1=1

· · ·
nd−1∑

kd=1

sk f (x),

σα
n f (x) = 1

∏d
i=1 A

α
ni−1

n1−1∑

k1=0

· · ·
nd−1∑

kd=0

d∏

i=1

Aα−1
ni−1−ki

sk f (x)

and

K α
n (t) = 1

∏d
i=1 A

α
ni−1

n1−1∑

k1=0

· · ·
nd−1∑

kd=0

d∏

i=1

Aα−1
ni−1−ki

Dk(t).

We will use the next estimation of the derivatives of the one-dimensional kernel
functions.

Theorem 3.1.8 For 0 < α ≤ r + 1, n ∈ P and t ∈ T, t �= 0,

∣∣∣
(
K α

n

)(r)
(t)

∣∣∣ ≤ Cnr+1 and
∣∣∣
(
K α

n

)(r)
(t)

∣∣∣ ≤ C

nα−r |t |α+1
.

Proof Similar to Lemma 1.2.4 and Theorem 1.4.16, we have

|D(r)
k | ≤ Ckr+1 (k ∈ P),

which implies the first inequality.
We have seen in Theorem 1.4.16 and Lemma 1.4.14 that
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K α
n (t) = 1

Aα
n−1

n−1∑

k=0

Aα−1
n−1−k

sin((k + 1/2)t)

sin(t/2)

= 1

Aα
n−1 sin(t/2)

	
(

n−1∑

k=0

Aα−1
n−1−ke

ı(k+1/2)t

)

= 1

Aα
n−1 sin(t/2)

	
⎛

⎝eı(n−1/2)t
n−1∑

j=0

Aα−1
j e−ı j t

⎞

⎠ .

In this proof, we use the notation

u(β) :=
n−1∑

k=0

Aβ
k e

−ıkt .

Abel rearrangement and Lemma 1.4.8 imply

u(β) =
n−2∑

k=0

(
Aβ
k − Aβ

k+1

)
Sk + Aβ

n−1Sn−1

= −
n−2∑

k=0

Aβ−1
k+1 Sk + Aβ

n−1Sn−1

= −
n−1∑

k=1

Aβ−1
k Sk−1 + Aβ

n−1Sn−1,

where

Sk :=
k∑

j=0

e−ı j t = 1 − e−ı(k+1)t

1 − e−ı t
.

Then

u(β) = −
n−1∑

k=1

Aβ−1
k

1 − e−ıkt

1 − e−ı t
+ Aβ

n−1

1 − e−ınt

1 − e−ı t

= (
1 − e−ı t

)−1

(
n−1∑

k=1

Aβ−1
k e−ıkt −

n−1∑

k=1

Aβ−1
k + Aβ

n−1 − Aβ
n−1e

−ınt

)

= (
1 − e−ı t

)−1
u(β − 1) − (

1 − e−ı t
)−1

Aβ
n−1e

−ınt .



124 3 Rectangular Summability of Higher Dimensional Fourier Series

Iterating this result s-times (s ∈ N),

u(β) = (
1 − e−ı t

)−2
u(β − 2) − (

1 − e−ı t
)−2

Aβ−1
n−1e

−ınt

− (
1 − e−ı t

)−1
Aβ
n−1e

−ınt

= . . .

= (
1 − e−ı t

)−s
u(β − s) − e−ınt

s∑

j=1

Aβ− j+1
n−1

(
1 − e−ı t

)− j
.

Writing β = α − 1 and using (1.4.11), we conclude

K α
n (t) = 1

Aα
n−1 sin(t/2)

	 (
eı(n−1/2)t u(α − 1)

)

= 1

Aα
n−1 sin(t/2)

	
(
eı(n−1/2)t

(
1 − e−ı t

)−s
u(α − 1 − s)

− e−ı t/2
s∑

j=1

Aα− j
n−1

(
1 − e−ı t

)− j
)

= 1

Aα
n−1 sin(t/2)

	
(
eı(n−1/2)t

(
1 − e−ı t

)−s
n−1∑

k=0

Aα−1−s
k e−ıkt

− e−ı t/2
s∑

j=1

Aα− j
n−1

(
1 − e−ı t

)− j
)

.

The equality

K α
n (t) = 1

Aα
n−1 sin(t/2)

	
(
eı(n−1/2)t (1 − e−ı t

)−α

− (
1 − e−ı t

)−s
∞∑

k=n

Aα−1−s
k e−ı(k−n+1/2)t − e−ı t/2

s∑

j=1

Aα− j
n−1

(
1 − e−ı t

)− j
)

=: I1(t) + I2(t) + I3(t)

follows from (1.4.5). Suppose that |t | ≥ 1/n. The r th derivative of I1 can be estimated
as

∣∣∣I (r)
1 (t)

∣∣∣ ≤ C

Aα
n−1

r∑

l=0

nl

|t |1+α+r−l

≤ C |t |−r−1
r∑

l=0

(n|t |)l−α

≤ C |t |−r−1(n|t |)r−α = Cnr−α|t |−α−1.
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To estimate the second term, we choose s > α + r . Then the r times termwise
differentiated series in I2 is absolutely convergent. Thus

∣∣∣I (r)
2 (t)

∣∣∣ ≤ C

Aα
n−1

r∑

l=0

∞∑

k=n

Aα−1−s
k

(k − n + 1/2)l

|t |1+s+r−l

≤ C

Aα
n−1

r∑

l=0

|t |−1−s−r+l
∞∑

k=n

kα−1−s+l

≤ C
r∑

l=0

|t |−1−s−r+lnl−s

≤ C |t |−r−1
r∑

l=0

(n|t |)l−s

≤ C |t |−r−1(n|t |)r−s ≤ C |t |−r−1(n|t |)r−α = Cnr−α|t |−α−1.

Similarly,

∣∣∣I (r)
3 (t)

∣∣∣ ≤ C

Aα
n−1

s∑

j=1

Aα− j
n−1

1

|t |1+ j+r

≤ C |t |−r−1
s∑

j=1

(n|t |)− j

≤ C |t |−r−1(n|t |)−1 ≤ C |t |−r−1(n|t |)r−α = Cnr−α|t |−α−1,

because 0 < α ≤ r + 1. Finally, if |t | < 1/n, then the first inequality of our theorem
implies the second one. �

The next lemma can be proved as Lemma 1.4.13.

Lemma 3.1.9 For α > −1 and h > 0, we have

σα+h
n f = 1

∏d
i=1 A

α+h
ni−1

n1∑

k1=1

· · ·
nd∑

kd=1

d∏

i=1

Ah−1
ni−ki

Aα
ki−1σ

α
k f.

The same results hold if we choose different exponents αi and γi in the products.

3.2 Norm Convergence of Rectangular Summability Means

The next results follow from (3.1.1), (3.1.2), Theorem 2.3.3 and from the one-
dimensional theorems.
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Theorem 3.2.1 If 0 < α ≤ 1, then

sup
n∈Nd

∫

Td

∣∣K α
n (x)

∣∣ dx ≤ C.

If 0 < α < ∞ and γ ∈ P, then

sup
n∈Nd

∫

Td

∣∣K α,γ
n (x)

∣∣ dx ≤ C.

Theorem 3.2.2 If 1 ≤ p < ∞, 0 < α < ∞ and γ ∈ P, then

sup
n∈Nd

∥∥σα
n f

∥∥
p ≤ C‖ f ‖p

and
sup
n∈Nd

∥∥σα,γ
n f

∥∥
p ≤ C‖ f ‖p.

Moreover, for all f ∈ L p(T
d),

lim
n→∞ σα

n f = f in the L p(T
d)-norm

and
lim
n→∞ σα,γ

n f = f in the L p(T
d)-norm.

Here, the convergence is understood in Pringsheim’s sense as in Theorem 2.1.8.

3.3 Almost Everywhere Restricted Summability
over a Cone

In this section, we investigate the convergence of the rectangular Cesàro and Riesz
summability means taken in a cone. For a given τ ≥ 1, we define a cone by

R
d
τ := {x ∈ R

d
+ : τ−1 ≤ xi/x j ≤ τ , i, j = 1, . . . , d}. (3.3.1)

The choice τ = 1 yields the diagonal. The definition of the Cesàro and Riesz means
can be extended to distributions as follows.

Definition 3.3.1 Let f ∈ D(Td), n ∈ N
d and 0 ≤ α, γ < ∞. The nth rectangular

Cesàro means σα
n f and rectangular Riesz means σ

α,γ
n f of the Fourier series of f are

given by
σα
n f := f ∗ K α

n
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Fig. 3.2 The cone for d = 2

and
σα,γ
n f := f ∗ K α,γ

n ,

respectively.

Definition 3.3.2 We define the restricted maximal Cesàro and restricted maximal
Riesz operator by

σα
� f := sup

n∈Rd
τ

|σα
n f |

and
σ

α,γ
� f := sup

n∈Rd
τ

|σα,γ
n f |,

respectively.

If α = 1, we obtain the restricted maximal Fejér operator σ� f . As we can see
on Fig. 3.2, in the restricted maximal operator the supremum is taken on a cone
only. Marcinkiewicz and Zygmund [234] were the first who considered the restricted
convergence.We show that the restrictedmaximal operator is bounded from H�

p (Td)

to L p(T
d).

The next result follows easily from Theorem 3.2.1.

Theorem 3.3.3 If 0 < α ≤ 1, then

∥∥σα
� f

∥∥∞ ≤ C ‖ f ‖∞ ( f ∈ L∞(Td)).

If 0 < α < ∞ and γ ∈ P, then

∥∥σα,γ
� f

∥∥∞ ≤ C ‖ f ‖∞ ( f ∈ L∞(Td)).

Theorem 3.3.4 If 0 < α ≤ 1 and
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max

{
d

d + 1
,

1

α + 1

}
< p ≤ ∞,

then ∥∥σα
� f

∥∥
p

≤ Cp‖ f ‖H�
p

( f ∈ H�
p (Td)).

Proof We have seen in Theorem 3.1.8 that

∣∣∣K α
n j

(t)
∣∣∣ ≤ C

nα
j |t |α+1

(t �= 0) (3.3.2)

and ∣∣∣(K α
n j

)′(t)
∣∣∣ ≤ C

nα−1
j |t |α+1

(t �= 0). (3.3.3)

Let a be an arbitrary H�
p -atom with support I = I1 × I2 and

2−K−1 < |I1|/π = |I2|/π ≤ 2−K (K ∈ N).

We can suppose again that the center of I is zero. In this case,

[−π2−K−2,π2−K−2] ⊂ I1, I2 ⊂ [−π2−K−1,π2−K−1].

Choose s ∈ N such that 2s−1 < τ ≤ 2s . It is easy to see that if n1 ≥ k or n2 ≥ k,
then we have n1, n2 ≥ k2−s . Indeed, since (n1, n2) is in a cone, n1 ≥ k implies
n2 ≥ τ−1n1 ≥ k2−s . By Theorem 2.4.19, it is enough to prove that

∫

T2\4(I1×I2)

∣∣σα
�a(x1, x2)

∣∣p dx1 dx2 ≤ Cp. (3.3.4)

First we integrate over (T \ 4I1) × 4I2. Obviously,

∫

T\4I1

∫

4I2

∣∣σα
�a(x1, x2)

∣∣p dx1 dx2

≤
2K−1∑

|i |=1

∫ π(i+1)2−K

πi2−K

∫

4I2

sup
n1,n2≥2K−s

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

+
2K−1∑

|i |=1

∫ π(i+1)2−K

πi2−K

∫

4I2

sup
n1,n2<2K

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

=: (A) + (B).

We can suppose that i > 0. Using that
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∫

T

∣∣K α
n2(x2)

∣∣ dx2 ≤ C (n2 ∈ N)

(see Corollary 1.5.3), (3.3.2) and the definition of the atom, we conclude

∣∣σα
n1,n2a(x1, x2)

∣∣ =
∣∣∣∣
∫

I1

∫

I2

a(t1, t2)K
α
n (x1 − t1)K

α
n2(x2 − t2) dt1 dt2

∣∣∣∣

≤ Cp2
2K/p

∫

I1

1

nα
1 |x1 − t1|α+1

dt1.

For x1 ∈ [πi2−K ,π(i + 1)2−K ) (i ≥ 1) and t1 ∈ I1, we have

1

|x1 − t1|ν ≤ 1

(πi2−K − π2−K−1)ν
≤ C2Kν

iν
(ν > 0). (3.3.5)

From this, it follows that

∣∣σα
n1,n2a(x1, x2)

∣∣ ≤ Cp2
2K/p+Kα 1

nα
1 i

α+1
.

Since n1 ≥ 2K2−s , we obtain

(A) ≤ Cp

2K−1∑

i=1

2−2K22K+Kαp 1

2Kαpi (α+1)p
≤ Cp

2K−1∑

i=1

1

i (α+1)p
,

which is a convergent series if p > 1/(α + 1).
To consider (B), let I1 = I2 = (−μ,μ) and

A1(x1, v) :=
∫ x1

−π

a(t1, v) dt1, A2(x1, x2) :=
∫ x2

−π

A1(x1, t2) dt2. (3.3.6)

Then
|Ak(x1, x2)| ≤ Cp2

K (2/p−k). (3.3.7)

Integrating by parts, we get that

∫

I1

a(t1, t2)K
α
n1(x1 − t1) dt1

= A1(μ, t2)K
α
n1(x1 − μ) −

∫

I1

A1(t1, t2)(K
α
n1)

′(x1 − t1) dt1. (3.3.8)

Recall that the one-dimensional kernel K α
n2 satisfies

∣∣K α
n2

∣∣ ≤ Cn2 (n2 ∈ N).
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For x1 ∈ [πi2−K ,π(i + 1)2−K ), the inequalities (3.3.2), (3.3.5) and (3.3.7) imply

∣∣∣∣
∫

I2

A1(μ, t2)K
α
n1(x1 − μ)K α

n2(x2 − t2) dt2

∣∣∣∣

≤ Cp2
2K/p−K2−K 1

nα
1 |x1 − μ|α+1

n2

≤ Cp2
2K/p+Kα−K n1−α

1

1

iα+1
.

Moreover, by (3.3.3), (3.3.5) and (3.3.7),

∣∣∣∣
∫

I2

∫

I1

A1(t1, t2)(K
α
n1)

′(x1 − t1)K
α
n2(x2 − t2) dt2 dt1

∣∣∣∣

≤ Cp2
2K/p−K

∫

I1

1

nα−1|x1 − t1|α+1
dt1

≤ Cp2
2K/p+Kα−K n1−α

1

1

iα+1
.

Consequently,

(B) ≤ Cp

2K−1∑

i=1

2−2K22K+Kαp−Kp2K (1−α)p 1

i (α+1)p
≤ Cp

2K−1∑

i=1

1

i (α+1)p
< ∞,

because p > 1/(α + 1). Hence, we have proved that in this case

∫

T\4I1

∫

4I2

∣∣σα
�a(x1, x2)

∣∣p dx1 dx2 ≤ Cp.

Next, we integrate over (T \ 4I1) × (T \ 4I2):
∫

T\4I1

∫

T\4I2

∣∣σα
�a(x1, x2)

∣∣p dx1 dx2

≤
∞∑

|i |=1

∞∑

| j |=1

∫ π(i+1)2−K

πi2−K

∫ π( j+1)2−K

π j2−K

sup
n1,n2≥2K−s

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

+
∞∑

|i |=1

∞∑

| j |=1

∫ π(i+1)2−K

πi2−K

∫ π( j+1)2−K

π j2−K

sup
n1,n2<2K

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

=: (C) + (D).

We may suppose again that i, j > 0. For x1 ∈ [πi2−K ,π(i + 1)2−K ) and x2 ∈
[π j2−K ,π( j + 1)2−K ), we have by (3.3.2) and (3.3.5) that
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∣∣σα
n1,n2a(x1, x2)

∣∣ ≤ Cp2
2K/p

∫

I1

1

nα
1 |x1 − t1|α+1

dt1

∫

I2

1

nα
2 |x2 − t2|α+1

dt2

≤ Cp
22K/p+Kα+Kα

nα
1 n

α
2 i

α+1 jα+1
.

This implies that

(C) ≤ Cp

2K−1∑

i=1

2K−1∑

j=1

2−2K 22K+Kαp+Kαp

2Kαp+Kαpi (α+1)p j (α+1)p

≤ Cp

∞∑

i=1

∞∑

j=1

1

i (α+1)p j (α+1)p
< ∞.

Using (3.3.8) and integrating by parts in both variables, we get that

∫

I1

∫

I2

a(t1, t2)K
α
n1(x1 − t1)K

α
n2(x2 − t2) dt1 dt2

= −
∫

I2

A2(μ, t2)K
α
n1(x1 − μ)(K α

n2)
′(x2 − t2) dt2

+
∫

I1

A2(t1,μ)(K α
n1)

′(x1 − t1)K
α
n2(x2 − μ) dt1

−
∫

I1

∫

I2

A2(t1, t2)(K
α
n1)

′(x1 − t1)(K
α
n2)

′(x2 − t2) dt1 dt2

=: D1
n1,n2(x1, x2) + D2

n1,n2(x1, x2) + D3
n1,n2(x1, x2). (3.3.9)

Note that A(μ,−μ) = A(μ,μ) = 0. Since |K α
n1 | ≤ Cn1 and (3.3.2) holds as well,

we obtain

|K α
n1(x1)| ≤ C

nη+α(η−1)
1

|x1|(α+1)(1−η)

for all 0 ≤ η ≤ 1. Moreover, the inequality

|(K α
n2)

′| ≤ Cn22 (n2 ∈ N)

and (3.3.3) imply

|(K α
n2)

′(x2)| ≤ C
n2ζ+(α−1)(ζ−1)
2

|x2|(α+1)(1−ζ)
= C

nζ+1+α(ζ−1)
2

|x2|(α+1)(1−ζ)
(3.3.10)

for all 0 ≤ ζ ≤ 1. We use inequalities (3.3.5) and (3.3.7) to obtain
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∣∣D1
n1,n2(x1, x2)

∣∣ ≤ Cp2
2K/p−2K nη+α(η−1)

1

|x1 − μ|(α+1)(1−η)

∫

I2

nζ+1+α(ζ−1)
2

|x2 − t2|(α+1)(1−ζ)
dt2

≤ Cp2
2K/p−3K nη+α(η−1)

1

(
2K

i

)(α+1)(1−η)

nζ+1+α(ζ−1)
2

(
2K

j

)(α+1)(1−ζ)

, (3.3.11)

whenever x1 ∈ [πi2−K ,π(i + 1)2−K ), x2 ∈ [π j2−K ,π( j + 1)2−K ) and 0 ≤ η, ζ ≤
1. If

η + α(η − 1) + ζ + 1 + α(ζ − 1) ≥ 0,

then

sup
n1,n2<2K

∣∣D1
n1,n2(x1, x2)

∣∣ ≤ Cp2
2K/p 1

i (α+1)(1−η)

1

j (α+1)(1−μ)

because (n1, n2) is in a cone. Choosing

η := ζ := max

{
2α − 1

2(α + 1)
, 0

}
,

we can see that
∫

T\4I1

∫

T\4I2
sup

n1,n2<2K

∣∣D1
n1,n2(x1, x2)

∣∣p dx1 dx2

≤ Cp

∞∑

i=1

∞∑

j=1

2−2K22K
1

i3p/2∧(α+1)p

1

j3p/2∧(α+1)p
,

which is a convergent series. The analogous estimate for
∣∣D2

n1,n2(x1, x2)
∣∣ can be

similarly proved.
For x1 ∈ [πi2−K ,π(i + 1)2−K ) and x2 ∈ [π j2−K ,π( j + 1)2−K ), we conclude

that

∣∣D3
n1,n2(x1, x2)

∣∣ ≤ Cp2
2K/p−2K

∫

I1

1

nα−1
1 |x1 − t1|α+1

dt1

∫

I2

1

nα−1
2 |x2 − t2|α+1

dt2

≤ Cp
22K/p−2K+Kα+Kαn1−α

1 n1−α
2

iα+1 jα+1
.

So
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∫

T\4I1

∫

T\4I2
sup

n1,n2<2K

∣∣D3
n1,n2(x1, x2)

∣∣p dx1 dx2

≤ Cp

2K−1∑

i=1

2K−1∑

j=1

2−2K 22K−2Kp+Kαp+Kαp2K (2−α−α)p

i (α+1)p j (α+1)p

≤ Cp

∞∑

i=1

∞∑

j=1

1

i (α+1)p

1

j (α+1)p
< ∞

by the hypothesis. The integration over 4I1 × (T \ 4I2) can be done as above. This
finishes the proof of (3.3.4) as well as the theorem. �

Remark 3.3.5 In the d-dimensional case, the constant d/(d + 1) appears if we
investigate the corresponding term to D1

n . More exactly, if we integrate the term

∫

Id

A(μ, · · · ,μ, td)K
α
n1(x1 − μ) · · · K α

nd−1
(xd−1 − μ)(K α

nd )
′(xd − td) dtd

over (T \ 4I1) × · · · × (T \ 4Id) similar to (3.3.11), then we get that p > d/(d + 1).

Corollary 3.3.6 If 0 < α ≤ 1 and 1 < p < ∞, then

∥∥σα
� f

∥∥
p

≤ Cp‖ f ‖p ( f ∈ L p(T
d)).

Let us turn to the Riesz means.

Theorem 3.3.7 If 0 < α < ∞, γ ∈ P and

max

{
d

d + 1
,

1

α ∧ 1 + 1

}
< p ≤ ∞,

then ∥∥σα,γ
� f

∥∥
p ≤ Cp‖ f ‖H�

p
( f ∈ H�

p (Td)).

Proof Let

θ(s) :=
{

(1 − |s|γ)α if |s| ≤ 1;
0, if |s| > 1

(s ∈ R).

By the one-dimensional version of Corollary 2.2.28,

∣∣θ̂(t)
∣∣ ,
∣∣(θ̂)′(t)

∣∣ ≤ C |t |−α−1 (t �= 0).

Taking into account (2.2.34), we conclude that

∣∣∣K α,γ
n j

(t)
∣∣∣ ≤ C

nα
j |t |α+1

(t �= 0) (3.3.12)
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and ∣∣∣(K α,γ
n j

)′(t)
∣∣∣ ≤ C

nα−1
j |t |α+1

(t �= 0). (3.3.13)

For 0 < α ≤ 1, the inequality can be proved as in Theorem 3.3.4. Now let α > 1.
Since ∣∣θ̂(t)

∣∣ ,
∣∣(θ̂)′(t)

∣∣ ≤ C

trivially and since |t |−α−1 ≤ |t |−2 if |t | ≥ 1, we conclude that

∣∣θ̂(t)
∣∣ ,
∣∣(θ̂)′(t)

∣∣ ≤ C |t |−2 (t �= 0).

Hence ∣∣∣K α,γ
n j

(t)
∣∣∣ ≤ C

n j |t |2 ,

∣∣∣(K α,γ
n j

)′(t)
∣∣∣ ≤ C

|t |2 (t �= 0)

and the theorem can be proved as above. �

Corollary 3.3.8 Suppose that 0 < α < ∞ and γ ∈ P. If 1 < p < ∞, then

∥∥σα,γ
� f

∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T

d)).

As we have seen in Theorems 2.5.6 and 2.5.12, in the one-dimensional case, the
operators σα

� and σ
α,γ
� are not bounded from H�

p (T) to L p(T) if 0 < p ≤ 1/(α + 1)
and α = 1. Using interpolation, we obtain the weak type (1, 1) inequality.

Corollary 3.3.9 If 0 < α ≤ 1, then

sup
ρ>0

ρλ(σα
� f > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T

d).

If 0 < α < ∞ and γ ∈ P, then

sup
ρ>0

ρλ(σ
α,γ
� f > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T

d).

The density argument of Marcinkiewicz and Zygmund (Theorem 1.3.6) implies

Corollary 3.3.10 Suppose that f ∈ L1(T
d). If 0 < α ≤ 1, then

lim
n→∞, n∈Rd

τ

σα
n f = f a.e.

If 0 < α < ∞ and γ ∈ P, then

lim
n→∞, n∈Rd

τ

σα,γ
n f = f a.e.
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This result was proved by Marcinkiewicz and Zygmund [234] for the two-
dimensional Fejér means. The general version of Corollary 3.3.10 is due to the
author [328, 329].

3.4 Almost Everywhere Restricted Summability over a
Cone-Like Set

Now we generalize the results of Sect. 3.3 to so-called cone-like sets (see Fig. 3.3).
Suppose that for all j = 2, . . . , d, κ j : R+ → R+ are strictly increasing and contin-
uous functions such that

lim
j→∞ κ j = ∞ and lim

j→+0
κ j = 0.

Moreover, suppose that there exist c j,1, c j,2, ξ > 1 such that

c j,1κ j (x) ≤ κ j (ξx) ≤ c j,2κ j (x) (x > 0). (3.4.1)

Note that this is satisfied if κ j is a power function. Let us define the numbers ω j,1

and ω j,2 via the formula

c j,1 = ξω j,1 and c j,2 = ξω j,2 ( j = 2, . . . , d). (3.4.2)

For convenience, we extend the notations for j = 1 byκ1 := I, c1,1 = c1,2 = ξ. Here
I denotes the identity function I(x) = x . Letκ = (κ1, . . . ,κd) and τ = (τ1, . . . , τd)
with τ1 = 1 andfixed τ j ≥ 1 ( j = 2, . . . , d).Wedefine the cone-like set (with respect
to the first dimension) by

R
d
κ,τ := {x ∈ R

d
+ : τ−1

j κ j (n1) ≤ n j ≤ τ jκ j (n1), j = 2, . . . , d}.

Figure 3.3 shows a cone-like set for d = 2.
If κ j = I for all j = 2, . . . , d, then we get a cone investigated above. The con-

dition on κ j seems to be natural, because Gát [119] proved in the two-dimensional
case that to each cone-like set with respect to the first dimension there exists a larger
cone-like set with respect to the second dimension and conversely, if and only if
(3.4.1) holds.

Here we have to consider a new Hardy space. We modify slightly the definition
of H�

p (Td). Fix ψ ∈ S(R) such that
∫
R

ψ(x)dx �= 0. For f ∈ D(Td), let

ψκ
+( f )(x) := sup

t∈(0,∞)

∣∣ f ∗ (ψt ⊗ ψκ2(t) ⊗ · · · ⊗ ψκd (t))(x)
∣∣ .
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Fig. 3.3 Cone-like set for
d = 2

Definition 3.4.1 For 0 < p < ∞ the Hardy spaces Hκ
p (T

d) and weak Hardy spaces
Hκ

p,∞(Td) consist of all distributions f ∈ D(Td) for which

‖ f ‖Hκ
p

:= ∥∥ψκ
+( f )

∥∥
p < ∞ and ‖ f ‖Hκ

p,∞ := ∥∥ψκ
+( f )

∥∥
p,∞ < ∞.

We can prove all the theorems of Sect. 2.4 for Hκ
p (T

d). Among others,

‖ f ‖Hκ
p

∼ ∥∥Pκ
+( f )

∥∥
p (0 < p < ∞),

where Pt is the one-dimensional Poisson kernel and

Pκ
+( f )(x) := sup

t∈(0,∞)

∣∣ f ∗ (Pt ⊗ Pκ2(t) ⊗ · · · ⊗ Pκd (t))(x)
∣∣ .

If each κ j = I, we get back the Hardy spaces H�
p (Td). We have to modify slightly

the definition of atoms, too.

Definition 3.4.2 A bounded function a is an Hκ
p -atom if there exists a rectangle

I := I1 × · · · × Id ⊂ T
d with |I j | = κ j (|I1|−1)−1 such that

(i) supp a ⊂ I ,
(ii) ‖a‖∞ ≤ |I |−1/p,
(iii)

∫
I a(x)xk dx = 0 for all multi-indices k with |k| ≤ �d(1/p − 1)�.

The following two results can be proved as Theorems 2.4.18 and 2.4.19.

Theorem 3.4.3 A distribution f ∈ D(Td) is in Hκ
p (T

d) (0 < p ≤ 1) if and only if
there exist a sequence (ak, k ∈ N) of Hκ

p -atoms and a sequence (μk, k ∈ N) of real
numbers such that



3.4 Almost Everywhere Restricted Summability over a Cone-Like Set 137

∞∑

k=0

|μk |p < ∞ and
∞∑

k=0

μkak = f in D(Td). (3.4.3)

Moreover,

‖ f ‖Hκ
p

∼ inf

( ∞∑

k=0

|μk |p
)1/p

,

where the infimum is taken over all decompositions of f of the form (3.4.3).

Theorem 3.4.4 For each n ∈ N
d , let Kn ∈ L1(T

d) and Vn f := f ∗ Kn. Suppose
that ∫

Td\r I
|V∗a|p0 dλ ≤ Cp0

for all Hκ
p0 -atoms a and for some fixed r ∈ N and 0 < p0 ≤ 1, where the rectangle

I is the support of the atom. If V∗ is bounded from L p1(T
d) to L p1(T

d) for some
1 < p1 ≤ ∞, then

‖V∗ f ‖p ≤ Cp‖ f ‖Hκ
p

( f ∈ Hκ
p (T

d))

for all p0 ≤ p ≤ p1.

Definition 3.4.5 For given κ, τ satisfying the above conditions, we define the
restricted maximal Cesàro and restricted maximal Riesz operator by

σα
κ f := sup

n∈Rd
κ,τ

|σα
n f |

and
σα,γ

κ f := sup
n∈Rd

κ,τ

|σα,γ
n f |,

respectively.

The next theorem holds obviously.

Theorem 3.4.6 If 0 < α ≤ 1, then

∥∥σα
κ f

∥∥∞ ≤ C ‖ f ‖∞ ( f ∈ L∞(Td)).

If 0 < α < ∞ and γ ∈ P, then

∥∥σα,γ
κ f

∥∥∞ ≤ C ‖ f ‖∞ ( f ∈ L∞(Td)).

Let H be an arbitrary subset of {1, . . . , d}, H �= ∅, H �= {1, . . . , d} and Hc :=
{1, . . . , d} \ H . Define
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p1 := sup
H⊂{1,...,d}

∑
j∈H ω j,2 + ∑

j∈Hc ω j,1∑
j∈H ω j,2 + 2

∑
j∈Hc ω j,1

, (3.4.4)

where the numbers ω j,1 and ω j,2 are defined in (3.4.2).

Theorem 3.4.7 If 0 < α ≤ 1 and

max

{
p1,

1

α + 1

}
< p ≤ ∞,

then ∥∥σα
κ f

∥∥
p ≤ Cp‖ f ‖Hκ

p
( f ∈ Hκ

p (T
d)).

Proof Since we will prove the result for d = 2, we simplify the notation. Instead
of c2,1, c2,2 and ω2,1,ω2,2, we will write c1, c2 and ω1,ω2, respectively. Let a be an
arbitrary Hκ

p -atom with support I = I1 × I2, |I2|−1 = κ(|I1|−1) and

2−K−1 < |I1|/π ≤ 2−K , κ(2K+1)−1 < |I2|/π ≤ κ(2K )−1

for some K ∈ N. We can suppose that the center of I is zero. In this case

[−π2−K−2,π2−K−2] ⊂ I1 ⊂ [−π2−K−1,π2−K−1]

and

[−πκ(2K+1)−1/2,πκ(2K+1)−1/2] ⊂ I2 ⊂ [−πκ(2K )−1/2,πκ(2K )−1/2].

To prove ∫

T2\4(I1×I2)

∣∣σα
κa(x1, x2)

∣∣p dx1 dx2 ≤ Cp,

first we integrate over (T \ 4I1) × 4I2:

∫

T\4I1

∫

4I2

|σα
κa(x1, x2)|p dx1 dx2

≤
∫

T\4I1

∫

4I2

sup
n1≥2K ,(n1,n2)∈Rd

κ,τ

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

+
∫

T\4I1

∫

4I2

sup
n1<2K ,(n1,n2)∈Rd

κ,τ

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

=: (A) + (B).

If n1 ≥ 2K and x ∈ [πi2−K ,π(i + 1)2−K ) (i ≥ 1), then by (3.3.5),
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∣∣σα
n1,n2a(x1, x2)

∣∣ =
∣∣∣∣
∫

I1

∫

I2

a(t1, t2)K
α
n1(x1 − t1)K

α
n2(x2 − t2) dt1 dt2

∣∣∣∣

≤ Cp2
K/pκ(2K )1/p

∫

I1

1

nα
1 |x1 − t1|α+1

dt1

≤ Cp2
K/p+Kακ(2K )1/p

1

nα
1 i

α+1

≤ Cp2
K/pκ(2K )1/p

1

iα+1
.

From this, it follows that

(A) ≤
2K−1∑

i=1

∫ π(i+1)2−K

πi2−K

∫

4I2

sup
n1≥2K

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

≤ Cp

2K−1∑

i=1

2−Kκ(2K )−12Kκ(2K )
1

i (α+1)p

= Cp

2K−1∑

i=1

1

i (α+1)p
,

which is a convergent series if p > 1/(1 + α).
We estimate (B) by

(B) ≤
∞∑

k=0

∫

T\4I1

∫

4I2

sup
2K

ξk+1 ≤n1<
2K

ξk
,(n1,n2)∈Rd

κ,τ

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

≤
∞∑

k=0

(∫

T\
[
− πξk

2K
,

πξk

2K

]

∫

4I2

+
∫
[
− πξk

2K
,

πξk

2K

]

∫

4I2

)

sup
2K

ξk+1 ≤n1<
2K

ξk
,(n1,n2)∈Rd

κ,τ

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

=: (B1) + (B2).

If (n1, n2) ∈ R
d
κ,τ and

2K

ξk+1 ≤ n < 2K

ξk
, thenn2 < τκ( 2

K

ξk
). The inequality |K α

n2 | ≤ Cn2
and (3.3.2) imply

∣∣σα
n1,n2a(x1, x2)

∣∣

≤ Cp2
K/pκ(2K )1/p−1n2

∫

I1

1

nα
1 |x1 − t1|α+1

dt1

≤ Cp2
K/p−Kκ(2K )1/p−1κ

(
2K

ξk

)(
2K

ξk+1

)−α

|x1 − π2−K−1|−α−1.
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Hence

(B1) ≤ Cp

∞∑

k=0

2K (1−p−αp)κ(2K )−pκ

(
2K

ξk

)p

ξkαp

∫

T\
[
− πξk

2K
,

πξk

2K

] |x1 − π2−K−1|−(α+1)p dx1

≤ Cp

∞∑

k=0

2K (1−p−αp)κ(2K )−pκ

(
2K

ξk

)p

ξkαp(ξk2−K )−(α+1)p+1.

Since κ(x) ≤ c−1
1 κ(ξx) by (3.4.1), we conclude

(B1) ≤ Cp

∞∑

k=0

κ(2K )−pκ(2K )pc−kp
1 ξk(1−p) = Cp

∞∑

k=0

ξk(1−p−ω1 p),

which is convergent if p > 1/(1 + ω1). Note that

1

1 + ω1
<

1 + ω1

1 + 2ω1
≤ p1 < p.

For (B2), we obtain similarly that

∣∣σα
n1,n2a(x1, x2)

∣∣ ≤ Cp2
K/p−Kκ(2K )1/p−1n1n2

≤ Cp2
K/p−Kκ(2K )1/p−1 2

K

ξk
κ

(
2K

ξk

)
(3.4.5)

and, moreover,

(B2) ≤ Cp

∞∑

k=0

ξk

2K
κ(2K )−12Kκ(2K )1−pξ−kpκ

(
2K

ξk

)p

≤ Cp

∞∑

k=0

ξk(1−p)c−kp
1 ,

which was just considered. Hence, we have proved that

∫

T\4I1

∫

4I2

|σα
κa(x1, x2)|p dx1 dx2 ≤ Cp (p1 < p ≤ 1).

The integral over 4I1 × (T \ 4I2) can be handled with a similar idea. Indeed, let
us denote the terms corresponding to (A), (B), (B1), (B2) by (A′), (B ′), (B ′

1), (B
′
2).

If we take the integrals in (A′) over
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4I1 × [
π jκ(2K )−1,π( j + 1)κ(2K )−1

]
( j = 1, . . . ,κ(2K )/2 − 1),

then we get in the same way that (A′) is bounded if p > 1/(1 + α). For (B ′
1), we

can see that

(B ′
1) =

∞∑

k=0

∫

4I1

∫

T\
[
−πκ

(
2K

ξk

)−1
,πκ

(
2K

ξk

)−1
]

sup
2K

ξk+1 ≤n1<
2K

ξk
,(n1,n2)∈Rd

κ,τ

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

≤ Cp

∞∑

k=0

2Kκ(2K )2−K2−Kp
∫

T\
[
−πκ

(
2K

ξk

)−1
,πκ

(
2K

ξk

)−1
]

sup
2K

ξk+1 ≤n1<
2K

ξk
,(n1,n2)∈Rd

κ,τ

(
n1

∫

I2

1

nα
2 |x2 − t2|α+1

dt2

)p

dx2.

Thus

(B ′
1) ≤ Cp

∞∑

k=0

ξ−kpκ(2K )1−pκ

(
2K

ξk+1

)−αp

∫

T\
[
−πκ

(
2K

ξk

)−1
,πκ

(
2K

ξk

)−1
] |x2 − πκ(2K )−1/2|−(α+1)p dx2

≤ Cp

∞∑

k=0

ξ−kpκ(2K )1−pκ

(
2K

ξk

)p−1

≤ Cp

∞∑

k=0

ξ−kpck(1−p)
2

= Cp

∞∑

k=0

ξk(ω2−ω2 p−p)

and this converges if p > ω2/(1 + ω2), which is less than

1 + ω2

2 + ω2
≤ p1.

Using (3.4.5), we establish that
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(B ′
2) =

∞∑

k=0

∫

4I1

∫
[
−κ

(
2K

ξk

)−1
,κ
(

2K

ξk

)−1
]

sup
2K

ξk+1 ≤n1<
2K

ξk
,(n1,n2)∈Rd

κ,τ

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

≤ Cp

∞∑

k=0

2−Kκ

(
2K

ξk

)−1

2Kκ(2K )1−pξ−kpκ

(
2K

ξk

)p

≤ Cp

∞∑

k=0

ξ−kpck(1−p)
2 .

Hence ∫

4I1

∫

T\4I2

∣∣σα
κa(x1, x2)

∣∣p dx1 dx2 ≤ Cp (p1 < p ≤ 1).

Integrating over (T \ 4I1) × (T \ 4I2), we decompose the integral as

∫

T\4I1

∫

T\4I2

∣∣σα
κa(x1, x2)

∣∣p dx1 dx2

≤
∫

T\4I1

∫

T\4I2
sup

n1≥2K ,(n1,n2)∈Rd
κ,τ

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

+
∫

T\4I1

∫

T\4I2
sup

n2<2K ,(n1,n2)∈Rd
κ,τ

∣∣σα
n1,n2a(x1, x2)

∣∣p dx1 dx2

=: (C) + (D).

Notice that

(C) ≤
2K−1∑

i=1

κ(2K )/2−1∑

j=1

∫ π(i+1)2−K

πi2−K

∫ π( j+1)κ(2K )−1

π jκ(2K )−1
sup
n1≥2K

|σα
n1,n2a(x1, x2)|p dx1 dx2.

For x1 ∈ [πi2−K ,π(i + 1)2−K ) and x2 ∈ [π jκ(2K )−1,π( j + 1)κ(2K )−1), we have
by (3.3.2) and (3.3.5) that

∣∣σα
n1,n2a(x1, x2)

∣∣ ≤ Cp2
K/pκ(2K )1/p

∫

I1

1

nα
1 |x1 − t1|α+1

dt1
∫

I2

1

nα
2 |x2 − t2|α+1

dt2

≤ Cp
2K/p+Kακ(2K )1/p+α

nα
1 n

α
2 i

α+1 jα+1

≤ Cp
2K/pκ(2K )1/p

iα+1 jα+1
. (3.4.6)
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Then

(C) ≤ Cp

2K−1∑

i=1

κ(2K )/2−1∑

j=1

1

i (α+1)p j (α+1)p
< ∞

if p > 1/(1 + α).
To consider (D) let us define A1(x1, x2), A2(x1, x2), D1

n1,n2(x1, x2), D
2
n1,n2(x1, x2)

and D3
n1,n2(x1, x2) as in (3.3.6) and (3.3.9), respectively, and let I1 = [−μ,μ], I2 =

[−ν, ν]. Then

|A1(x1, u)| ≤ 2K/p−Kκ(2K )1/p, |A2(x1, x2)| ≤ 2K/p−Kκ(2K )1/p−1. (3.4.7)

Obviously,

∫

T\4I1

∫

T\4I2
sup

n1<2K ,(n1,n2)∈Rd
κ,τ

|D1
n1,n2(x1, x2)|p dx1 dx2

≤
∞∑

k=0

∫

T\4I1

∫

T\4I2
sup

2K

ξk+1 ≤n1<
2K

ξk
,(n1,n2)∈Rd

κ,τ

|D1
n1,n2(x1, x2)|p dx1 dx2

≤
∞∑

k=0

κ(2K )/2−1∑

j=1

∫

T\
[
− πξk

2K
,

πξk

2K

]

∫ π( j+1)κ(2K )−1

π jκ(2K )−1

sup
n1<2K ,(n1,n2)∈Rd

κ,τ

|D1
n1,n2(x1, x2)|p dx1 dx2

≤
∞∑

k=0

κ(2K )/2−1∑

j=1

∫
[
− πξk

2K
,

πξk

2K

]

∫ π( j+1)κ(2K )−1

π jκ(2K )−1

sup
n1<2K ,(n1,n2)∈Rd

κ,τ

|D1
n1,n2(x1, x2)|p dx1 dx2

=: (D1) + (D2).

It follows from (3.3.5), (3.3.10) and (3.4.7) that

|D1
n1,n2(x1, x2)|

≤ Cp2
K/p−Kκ(2K )1/p−2 1

nα
1 |x1 − μ|α+1

nζ+1+α(ζ−1)
2

|x2 − ν|(α+1)(1−ζ)

≤ Cp2
K/p−Kκ(2K )1/p−2+(α+1)(1−ζ)

(
2K

ξk+1

)−α

|x1 − μ|α+1

κ
(
2K

ξk

)ζ+1+α(ζ−1)

j (α+1)(1−ζ)
,

where 0 ≤ ζ ≤ 1. This leads to
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(D1) ≤ Cp

∞∑

k=0

κ(2K )/2−1∑

j=1

∫

T\
[
− πξk

2K
,

πξk

2K

] 2K (1−p−αp)κ(2K )p(−2+(α+1)(1−ζ))ξkαp

|x1 − μ|−(α+1)p
κ
(
2K

ξk

)p(2+(α+1)(ζ−1))

j p(α+1)(1−ζ)
dx1

≤ Cp

∞∑

k=0

κ(2K )/2−1∑

j=1

2K (1−p−αp)ξkαp(ξk2−K )−(α+1)p+1 c
−kp(2+(α+1)(ζ−1))
1

j p(α+1)(1−ζ)

≤ Cp

∞∑

k=0

κ(2K )/2−1∑

j=1

ξk(1−p−ω1 p(2+(α+1)(ζ−1)))

j p(α+1)(1−ζ)
,

which is convergent if

p >
1

1 + ω1(2 + (α + 1)(ζ − 1))
and p >

1

(α + 1)(1 − ζ)
.

After some computation, we can see that the optimal bound is reached if

ζ = α − ω1 + αω1

1 + α + ω1 + αω1
,

which means that

p >
1 + ω1

1 + 2ω1
.

Considering (D2), we estimate as follows:

|D1
n1,n2(x1, x2)| ≤ Cp2

K/p−Kκ(2K )1/p−2n1
nζ+1+α(ζ−1)
2

|x2 − ν|(α+1)(1−ζ)

≤ Cp2
K/pκ(2K )1/p−2+(α+1)(1−ζ)ξ−k

κ
(
2K

ξk

)ζ+1+α(ζ−1)

j (α+1)(1−ζ)

and

(D2) ≤ Cp

∞∑

k=0

κ(2K )/2−1∑

j=1

∫
[
− πξk

2K
,

πξk

2K

] 2Kκ(2K )p(−2+(α+1)(1−ζ))ξ−kp
κ
(
2K

ξk

)p(2+(α+1)(ζ−1))

j p(α+1)(1−ζ)
dx1
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≤ Cp

∞∑

k=0

κ(2K )/2−1∑

j=1

ξk(1−p−ω1 p(2+(α+1)(ζ−1)))

j p(α+1)(1−ζ)

≤ Cp

as above.
The term D2

n1,n2 can be handled similarly. We obtain

∫

T\4I1

∫

T\4I2
sup

n1<2K ,(n1,n2)∈Rd
κ,τ

|D2
n1,n2(x1, x2)|p dx1 dx2 ≤ Cp

if

p >
1 + ω2

2 + ω2
.

Using (3.3.3), we estimate D3
n1,n2 in the same way as (C) in (3.4.6). Now the

exponents of n1 and n2 are non-negative and so they can be estimated by 2K and
κ(2K ) as in (3.4.6). This proves that

∫

T\4I1

∫

T\4I2

∣∣σα
κa(x1, x2)

∣∣p dx1 dx2 ≤ Cp

which completes the proof. �

Remark 3.4.8 In the d-dimensional case, the constant p1 appears if we investigate
the terms corresponding to D1

n1,n2 and D2
n1,n2 . Indeed, let

∏d
j=1 I j be centered at 0

and the support of the atom a, A be the integral of a, I j =: [−μ j ,μ j ] and

t j :=
{

μ j , j ∈ H ;
t j , j ∈ Hc,

H ⊂ {1, . . . , d}, H �= ∅, H �= {1, . . . , d}. If we integrate the term
∫
∏

j∈Hc I j

A(t1, . . . , td)
∏

j∈H
K α

n j
(x j − μ j )

∏

i∈Hc

(K α
ni )

′(xi − ti ) dt

over
∏d

j=1(T \ 4I j ), then we get that

p >

∑
j∈H ω j,2 + ∑

j∈Hc ω j,1∑
j∈H ω j,2 + 2

∑
j∈Hc ω j,1

.

Moreover, considering the integral
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∫
∏

j∈H (T\4I j )

∫
∏

j∈Hc 4I j

|σα
κa(x)|p dx,

we obtain

p >

∑
j∈H ω j,2∑

j∈H ω j,2 + ∑
j∈Hc ω j,1

.

However, this bound is less than p1.

Remark 3.4.9 If ω j,1 = ω j,2 = 1 for all j = 1, . . . , d, then we obtain in Theorem
3.4.7 the bound

max

{
d

d + 1
,

1

α + 1

}
.

In particular, this holds if κ j = I for all j = 1, . . . , d, i.e., if we consider a cone.
This bound was obtained for cones in Theorem 3.3.4.

Corollary 3.4.10 If 0 < α ≤ 1 and 1 < p < ∞, then

∥∥σα
κ f

∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T

d)).

We obtain similar results for the Riesz means (cf. Theorem 3.3.7). The details are
left to the reader.

Theorem 3.4.11 If 0 < α < ∞, γ ∈ P and

max

{
p1,

1

α ∧ 1 + 1

}
< p ≤ ∞,

then ∥∥σα,γ
κ f

∥∥
p ≤ Cp‖ f ‖Hκ

p
( f ∈ Hκ

p (T
d)).

Corollary 3.4.12 Suppose that 0 < α < ∞ and γ ∈ P. If 1 < p < ∞, then

∥∥σα,γ
κ f

∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T

d)).

Corollary 3.4.13 If 0 < α ≤ 1, then

sup
ρ>0

ρλ(σα
κ f > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T

d).

If 0 < α < ∞ and γ ∈ P, then

sup
ρ>0

ρλ(σα,γ
κ f > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T

d).
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Corollary 3.4.14 Suppose that f ∈ L1(T
d). If 0 < α ≤ 1, then

lim
n→∞, n∈Rd

κ,τ

σα
n f = f a.e.

If 0 < α < ∞ and γ ∈ P, then

lim
n→∞, n∈Rd

κ,τ

σα,γ
n f = f a.e.

In the two-dimensional case, Corollaries 3.4.13 and 3.4.14 were proved by Gát
[119] for Fejér summability. In this case, he verified also that if the cone-like set
R

d
κ,τ is defined by τ j (n1) instead of τ j and if τ j (n1) is not bounded, then Corollary

3.4.14 does not hold and the largest space for the elements of which we have almost
everywhere convergence is L log L . This means that under these conditions Theorem
3.4.7 cannot be true for any p < 1.

3.5 Hp(T
d) Hardy spaces

For the investigation of the unrestricted almost everywhere convergence of the rect-
angular summability means, we need a new type of Hardy spaces, the so-called
product Hardy spaces.

Fix ψ ∈ S(R) such that
∫
R

ψ(x)dx �= 0. We define the product radial maximal
function, the product non-tangential maximal function and the hybrid maximal func-
tion of f ∈ D(Td) by

ψ∗
+( f )(x) := sup

ti∈(0,∞),i=1,...,d

∣∣( f ∗ (ψt1 ⊗ · · · ⊗ ψtd ))(x)
∣∣ ,

ψ∗
�( f )(x) := sup

ti∈(0,∞),|xi−yi |<ti ,i=1,...,d

∣∣( f ∗ (ψt1 ⊗ · · · ⊗ ψtd ))(y)
∣∣

and

ψ∗
�i
( f )(x)

:= sup
tk∈(0,∞),k=1,...,d;k �=i

∣∣( f ∗ (ψt1 ⊗ · · · ⊗ ψti−1 ⊗ ψti+1 ⊗ · · · ⊗ ψtd ))(x)
∣∣ ,

respectively, (i = 1, . . . , d).

Definition 3.5.1 For 0 < p < ∞, the product Hardy spaces Hp(T
d), product weak

Hardy spaces Hp,∞(Td) and the hybrid Hardy spaces Hi
p(T

d) (i = 1, . . . , d) consist
of all distributions f ∈ D(Td) for which

‖ f ‖Hp
:= ∥∥ψ∗

+( f )
∥∥
p

< ∞,
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‖ f ‖Hp,∞ := ∥∥ψ∗
+( f )

∥∥
p,∞ < ∞

and
‖ f ‖Hi

p
:= ∥∥ψ∗

�i
( f )

∥∥
p

< ∞.

The Hardy spaces are independent of ψi , more exactly, different functions ψi give
the same space with equivalent norms. For f ∈ D(Td), let

P∗
+( f )(x) := sup

ti∈(0,∞),i=1,...,d

∣∣( f ∗ (Pt1 ⊗ · · · ⊗ Ptd ))(x)
∣∣ ,

P∗
�( f )(x) := sup

ti∈(0,∞),|xi−yi |<ti ,i=1,...,d

∣∣( f ∗ (Pt1 ⊗ · · · ⊗ Ptd ))(x)
∣∣

and

P∗
�i
( f )(x)

:= sup
tk∈(0,∞),k=1,...,d;k �=i

∣∣( f ∗ (Pt1 ⊗ · · · ⊗ Pti−1 ⊗ Pti+1 ⊗ · · · ⊗ Ptd ))(x)
∣∣ ,

respectively (i = 1, . . . , d), where the Poisson kernel Pti was defined before Theo-
rem 2.4.14. The next theorems were proved in Chang and Fefferman [54, 55], Gundy
and Stein [155] or Weisz [346], so we omit the proofs.

Theorem 3.5.2 Let 0 < p < ∞. Fixψ ∈ S(R) such that
∫
R

ψ(x)dx �= 0. Then f ∈
Hp(T

d) if and only ifψ∗
�( f ) ∈ L p(T

d) or P∗+( f ) ∈ L p(T
d) or P∗

�( f ) ∈ L p(T
d). We

have the following equivalences of norms:

‖ f ‖H�
p

∼ ‖ψ∗
�( f )‖p ∼ ‖P∗

+( f )‖p ∼ ‖P∗
�( f )‖p.

The same holds for the weak Hardy spaces:

‖ f ‖H�
p,∞ ∼ ‖ψ∗

�( f )‖p,∞ ∼ ‖P∗
+( f )‖p,∞ ∼ ‖P∗

�( f )‖p,∞

and for the hybrid Hardy spaces:

‖ f ‖Hi
p
∼ ‖P∗

�i
( f )‖p (i = 1, . . . , d).

As we can see from the next theorem, in the theory of product Hardy spaces, the
hybrid Hardy spaces Hi

p(T
d) will play the role of the L1(T

d) spaces in some sense.

Theorem 3.5.3 If1 < p < ∞and i = 1, . . . , d, then Hp(T
d) ∼ Hi

p(T
d) ∼ L p(T

d)

and
‖ f ‖p ≤ ‖ f ‖Hi

p
≤ ‖ f ‖Hp

≤ Cp ‖ f ‖p .

For p = 1, H1(T
d) ⊂ Hi

1(T
d) ⊂ H�

1,∞(Td) ∩ L1(T
d) and
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‖ f ‖Hi
1
≤ ‖ f ‖H1

( f ∈ H1(T
d)),

‖ f ‖H1,∞ ≤ C‖ f ‖Hi
1

( f ∈ Hi
1(T

d)).

Definition 3.5.4 The set L(log L)d−1(Td) contains all measurable functions for
which ∥∥| f |(log+ | f |)d−1

∥∥
1 < ∞.

Theorem 3.5.5 Hi
1(T

d) ⊃ L(log L)d−1(Td) for all i = 1, . . . , d and

‖ f ‖Hi
1
≤ C + C

∥∥| f |(log+ | f |)d−1
∥∥
1 ( f ∈ L(log L)d−1(Td)).

A straightforward generalization of the atoms would be the following:

(i) supp a ⊂ I , I ⊂ T
d is a rectangle,

(ii) ‖a‖∞ ≤ |I |−1/p,
(iii)

∫
T
a(x)xki dxi = 0, for all i = 1, . . . , d.

However, the space Hp(T
d) do not have atomic decomposition with respect to these

atoms (see Weisz [327]). The atomic decomposition for Hp(T
d) is much more com-

plicated. One reason of this is that the support of an atom is not a rectangle but
an open set. Moreover, here we have to choose the atoms from L2(T

d) instead of
L∞(Td).

First of all, we introduce some notations. By a dyadic interval we mean one of
the form [k2−n, (k + 1)2−n) for some k, n ∈ Z. A dyadic rectangle is the Cartesian
product of d dyadic intervals. Suppose that F ⊂ T

d is an open set. LetM1(F) denote
those dyadic rectangles R = I × S ⊂ F , I ⊂ T is a dyadic interval, S ⊂ T

d−1 is a
dyadic rectangle that are maximal in the first direction. In other words, if I ′ × S ⊃ R
is a dyadic subrectangle of F (where I ′ ⊂ T is a dyadic interval) then I = I ′. Define
Mi (F) similarly. Denote by M(F) the maximal dyadic subrectangles of F in the
above sense.

Recall that if I ⊂ T is an interval, then r I is the interval with the same center as
I and with length r |I | (r ∈ N). For a rectangle R = I1 × . . . × Id ⊂ T

d let r R :=
r I1 × . . . × r Id . Instead of 2r R we write Rr (r ∈ N).

Definition 3.5.6 A function a ∈ L2(R
d) is an Hp-atom (0 < p ≤ 1) if

(i) supp a ⊂ F for some open set F ⊂ T
d with finite measure,

(ii) ‖a‖2 ≤ |F |1/2−1/p,
(iii) a can be decomposed further into the sum of “elementary particles” aR ∈

L2(R
d),

a =
∑

R∈M(F)

aR,

satisfying

(a) supp aR ⊂ 5R,
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(b) for all R ∈ M(F), i = 1, . . . , d and almost every fixed
x1, . . . , xi−1, xi+1, . . . , xd ,

∫

T

aR(x)xki dxi = 0 (k = 0, . . . , M(p) ≥ �2/p − 3/2�),

(c) for every disjoint partition Pl (l ∈ P) of M(F),

⎛

⎝
∑

l∈P

∥∥∥∥∥∥

∑

R∈Pl

aR

∥∥∥∥∥∥

2

2

⎞

⎠

1/2

≤ |F |1/2−1/p.

Theorem 3.5.7 A distribution f ∈ D(Td) is in Hp(T
d) (0 < p ≤ 1) if and only if

there exist a sequence (ak, k ∈ N) of Hp-atoms and a sequence (μk, k ∈ N) of real
numbers such that

∞∑

k=0

|μk |p < ∞ and
∞∑

k=0

μkak = f in D(Td).

Moreover,

‖ f ‖Hp
∼ inf

( ∞∑

k=0

|μk |p
)1/p

,

where the infimum is taken over all decompositions of f .

The result corresponding to Theorem 2.4.19 for the Hp(T
d) space is much more

complicated. Since the definition of the Hp-atom is very complex, to obtain a usable
condition about the boundedness of the operators, we have to introduce simpler atoms
(see also the definition right after Theorem 3.5.5).

Definition 3.5.8 Afunctiona ∈ L2(T
d) is a simple Hp-atomor a rectangle Hp-atom

if

(i) supp a ⊂ R for a rectangle R ⊂ T
d ,

(ii) ‖a‖2 ≤ |R|1/2−1/p,
(iii)

∫
T
a(x)xki dxi = 0 for i = 1, . . . , d, k = 0, . . . , M(p) ≥ �2/p − 3/2� and for

almost every fixed x j , j = 1, . . . , d, j �= i .

Note that Hp(T
d) cannot be decomposed into rectangle p-atoms, a counterex-

ample can be found in Weisz [327]. However, the following result says that for
an operator V to be bounded from Hp(T

2) to L p(T
2) (0 < p ≤ 1), it is enough

to check V on simple Hp-atoms and the boundedness of V on L2(T
2). We omit

the proof because it can be found for all dimensions in Weisz [332, 346] (see also
Fefferman [98]).
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Theorem 3.5.9 Let d = 2, 0 < p0 ≤ 1, Kn ∈ L1(T
2) and Vn f := f ∗ Kn (n ∈

N
2). Suppose that there exists η > 0 such that for every simple Hp0 -atom a and

for every r ≥ 1 ∫

T2\Rr

|V∗a|p0 dλ ≤ Cp2
−ηr ,

where R is the support of a. If V∗ is bounded from L2(T
2) to L2(T

2), then

‖V∗ f ‖p ≤ Cp0‖ f ‖Hp ( f ∈ Hp(T
2))

for all p0 ≤ p ≤ 2.

Note that Theorem 2.4.16 holds also for Hp(T
d) spaces with a very similar proof.

Theorem 3.5.10 If K ∈ L1(T
d), 0 < p < ∞ and

lim
k→∞ fk = f in the Hp(T

d)-norm,

then
lim
k→∞ fk ∗ K = f ∗ K in D(Td).

Corollary 3.5.11 If p0 < 1 in Theorem 3.5.9, then for all f ∈ Hi
1(T

2) and i = 1, 2,

sup
ρ>0

ρ λ(|V∗ f | > ρ) ≤ C‖ f ‖Hi
1
.

Proof Using the preceding theorem and interpolation, we conclude that the operator

V∗ is bounded from Hp,∞(T2) to L p,∞(T2)

when p0 < p < 2. Thus, it holds also for p = 1. By Theorem 3.5.3,

sup
ρ>0

ρ λ(|V∗ f | > ρ) = ‖V∗ f ‖1,∞ ≤ C‖ f ‖H1,∞ ≤ C‖ f ‖Hi
1

for all f ∈ Hi
1(T

2), i = 1, 2. �

Note that for higher dimensions, we have tomodify slightly Theorem3.5.9, Corol-
lary 3.5.11 as well as the definition of simple Hp-atoms (see Weisz [332, 346]).

3.6 Almost Everywhere Unrestricted Summability

For the almost everywhere unrestricted summability, we introduce the next maximal
operators.
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Definition 3.6.1 We define the unrestricted maximal Cesàro and unrestricted max-
imal Riesz operator by

σα
∗ f := sup

n∈Nd

|σα
n f |

and
σα,γ

∗ f := sup
n∈Nd

|σα,γ
n f |,

respectively.

For α = γ = 1, the operator is called unrestricted maximal Fejér operator and
denoted by σ∗ f .

We will first prove that the operator σα∗ is bounded from L p(T
d) to L p(T

d) (1 <

p ≤ ∞) and then that it is bounded from Hp(T
d) to L p(T

d) (1/(α + 1) < p ≤ 1).
To this end, we introduce the next one-dimensional operators.

Definition 3.6.2 Let
τα
n f (x) := f ∗ ∣∣K α

n

∣∣ (x),

τα,γ
n f (x) := f ∗ ∣∣K α,γ

n

∣∣ (x)

and
τα
∗ f := sup

n∈N

∣∣τα
n f

∣∣ ,

τα,γ
∗ f := sup

n∈N

∣∣τα,γ
n f

∣∣ .

Obviously,

|σα
n f | ≤ τα

n | f | (n ∈ N) and σα
∗ f ≤ τα

∗ | f |.

The same holds for the operators σ
α,γ∗ and τ

α,γ∗ . The next result can be proved similar
to Theorem 3.3.4.

Theorem 3.6.3 If 0 < α ≤ 1 and 1/(α + 1) < p ≤ ∞, then

∥∥τα
∗ f

∥∥
p ≤ Cp‖ f ‖Hp ( f ∈ Hp(T)).

Proof It is easy to see that

∥∥τα
∗ f

∥∥∞ ≤ C‖ f ‖∞ ( f ∈ L∞(T)).

Let a be an arbitrary Hp-atom with support I ⊂ T and

[−π2−K−2,π2−K−2] ⊂ I ⊂ [−π2−K−1,π2−K−1].
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Then

∫

T\4I1
|τα

∗ a(x)|p dx ≤
2K−1∑

|i |=1

∫ π(i+1)2−K

πi2−K

sup
n≥2K

|τα
n a(x)|p dx

+
2K−1∑

|i |=1

∫ π(i+1)2−K

πi2−K

sup
n<2K

|τα
n a(x)|p dx

=: (A) + (B).

Using (3.3.2) and (3.3.5), we can see that

∣∣τα
n a(x)

∣∣ =
∣∣∣∣
∫

I
a(t)

∣∣K α
n (x − t)

∣∣ dt
∣∣∣∣

≤ Cp2
K/p

∫

I

1

nα|x − t |α+1
dt

≤ Cp2
K/p 1

iα+1

and

(A) ≤ Cp

2K−1∑

i=1

2−K2K
1

i (α+1)p
≤ Cp

as in Theorem 3.3.4.
To estimate (B), observe that by (iii) of the definition of the atom,

τα
n a(x) =

∫

I
a(t)

∣∣K α
n (x − t)

∣∣ dt =
∫

I
a(t)

( ∣∣K α
n (x − t)

∣∣ − ∣∣K α
n (x)

∣∣
)
dt.

Thus,
∣∣τα

n a(x)
∣∣ ≤

∫

I
|a(t)|

∣∣∣K α
n (x − t) − K α

n (x)
∣∣∣ dt.

Using Lagrange’s mean value theorem and (3.3.3), we conclude

∣∣∣K α
n (x − t) − K α

n (x)
∣∣∣ = ∣∣(K α

n )′(x − ξ)
∣∣ |t |

≤ Cp2−K

nα−1|x − ξ|α+1
≤ Cp2K

iα+1
,

where ξ ∈ I and x ∈ [πi2−K ,π(i + 1)2−K ). Consequently,

∣∣τα
n a(x)

∣∣ ≤ Cp2
K/p−K 2K

iα+1
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and

(B) ≤ Cp

2K−1∑

i=1

2−K2K
1

i (α+1)p
≤ Cp,

which proves the theorem. �

We can verify in the same way

Theorem 3.6.4 If 0 < α < ∞, γ ∈ P and 1/(α ∧ 1 + 1) < p ≤ ∞, then

∥∥τα,γ
∗ f

∥∥
p ≤ Cp‖ f ‖Hp ( f ∈ Hp(T)).

The next result can be obtained by interpolation.

Corollary 3.6.5 Suppose that 1 < p ≤ ∞. If 0 < α ≤ 1, then

sup
ρ>0

ρ λ(τα
∗ f > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T))

and ∥∥τα
∗ f

∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T)).

If 0 < α < ∞ and γ ∈ P, then

sup
ρ>0

ρ λ(τα,γ
∗ f > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T))

and ∥∥τα,γ
∗ f

∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T)).

Now, we turn to the higher dimensional case and verify the L p(T
d) boundedness

of σα∗ and σ
α,γ∗ .

Theorem 3.6.6 Suppose that 1 < p ≤ ∞. If 0 < α < ∞, then

∥∥σα
∗ f

∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T

d)).

If 0 < α < ∞, γ ∈ P and 1 < p ≤ ∞, then

∥∥σα,γ
∗ f

∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T

d)).

Proof For 0 < α ≤ 1, let us apply Corollary 3.6.5 to obtain
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∫

T

∫

T

sup
n1,n2∈N

∣∣∣∣
∫

T

∫

T

f (t1, t2)K
α
n1(x1 − t1)K

α
n2(x2 − t2) dt1 dt2

∣∣∣∣
p

dx1 dx2

≤
∫

T

∫

T

sup
n2∈N(∫

T

(
sup
n1∈N

∣∣∣∣
∫

T

f (t1, t2)K
α
n1(x1 − t1) dt1

∣∣∣∣

)
∣∣K α

n2(x2 − t2)
∣∣ dt2

)p

dx2 dx1

≤ Cp

∫

T

∫

T

sup
n1∈N

∣∣∣∣
∫

T

f (t1, x2)K
α
n1(x1 − t1) dt1

∣∣∣∣
p

dx1 dx2

≤ Cp

∫

T

∫

T

| f (x1, x2)|p dx1 dx2.

The inequality for 1 < α < ∞ follows from Lemma 3.1.9. The result for σ
α,γ∗ can

be proved in the same way. �

The next result is due to the author [331, 332].

Theorem 3.6.7 If 0 < α < ∞ and 1/(α + 1) < p ≤ ∞, then

∥∥σα
∗ f

∥∥
p ≤ Cp‖ f ‖Hp ( f ∈ Hp(T

d)).

Proof By Theorem 3.1.8,

∣∣∣∣
(
K α

n j

)(s)
(t)

∣∣∣∣ ≤ C

nα−s
j |t |α+1

(3.6.1)

for 0 < α ≤ s + 1,n j ∈ P and t ∈ T, t �= 0.Choose a simpleHp-atomawith support
R = I1 × I2, where I1 and I2 are intervals with

2−Ki−1 < |Ii |/π ≤ 2−Ki (Ki ∈ N, i = 1, 2)

and
[−π2−Ki−2,π2−Ki−2] ⊂ Ii ⊂ [−π2−Ki−1,π2−Ki−1].

We assume that r ≥ 2 is an arbitrary integer. Theorem 3.6.6 implies that the operator
σα∗ is bounded from L2(T

d) to L2(T
d). By Theorem 3.5.9, we have to integrate∣∣σα∗ a

∣∣p over

T
2 \ Rr = (

T \ I r1
) × I2

⋃
(T \ I r1 ) × (T \ I2)

⋃
I1 × (T \ I r2 )

⋃
(T \ I1) × (T \ I r2 ).

First, we integrate over (T \ I r1 ) × I2:
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∫

T\4I1

∫

I2

∣∣σα
∗ a(x1, x2)

∣∣p dx1 dx2

≤
∫

T\4I1

∫

I2

sup
n1≥2K1 ,n2∈N

∣∣σα
n a(x1, x2)

∣∣p dx1 dx2

+
∫

T\4I1

∫

I2

sup
n1<2K1 ,n2∈N

∣∣σα
n a(x1, x2)

∣∣p dx1 dx2

≤
2K1−1∑

|i1|=2r−2

∫ π(i1+1)2−K1

πi12−K1

∫

I2

sup
n1≥2K1 ,n2∈N

∣∣σα
n a(x1, x2)

∣∣p dx1 dx2

+
2K1−1∑

|i1|=2r−2

∫ π(i1+1)2−K1

πi12−K1

∫

I2

sup
n1<2K1 ,n2∈N

∣∣σα
n a(x1, x2)

∣∣p dx1 dx2

=: (A) + (B).

Here we may suppose that i1 > 0. For k, l ∈ N let A0,0(x) := a(x),

A1,0(x1, x2) :=
∫ x1

−π

a(t, x2) dt A0,1(x1, x2) :=
∫ x2

−π

a(x1, u) du

and

Ak,l(x1, x2) :=
∫ x1

−π

Ak−1,l(t, x2) dt =
∫ x2

−π

Ak,l−1(x1, u) du.

By (iii) of the definition of the simple Hp-atom, we can show that supp Ak,l ⊂ R
and Ak,l(x1, x2) is zero if x1 is at the boundary of I1 or x2 is at the boundary of I2 for
k, l = 0, . . . , M(p) + 1 (i = 1, 2), where M(p) ≥ �2/p − 3/2�. Moreover, using
(ii), we can compute that

∥∥Ak,l

∥∥
2 ≤ |I1|k+1/2−1/p|I2|l+1/2−1/p (k, l = 0, . . . , M(p) + 1). (3.6.2)

We may suppose that M(p) ≥ α + 1 and choose N ∈ N such that N < α ≤ N +
1. For x1 ∈ [πi12−K1 ,π(i1 + 1)2−K1), t1 ∈ [−π2−K1−1,π2−K1−1), inequality (3.6.1)
implies

∣∣(K α
n1)

(N )(x1 − t1)
∣∣ ≤ CnN−α

1 2K1(α+1)

iα+1
1

(3.6.3)

and
∣∣(K α

n1)
(N+1)(x1 − t1)

∣∣ ≤ CnN+1−α
1 2K1(α+1)

iα+1
1

. (3.6.4)

Integrating by parts, we can see that
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∣∣σα
n a(x)

∣∣ =
∣∣∣∣
∫

I1

∫

I2

AN ,0(t1, t2)(K
α
n1)

(N )(x1 − t1)K
α
n2(x2 − t2) dt1 dt2

∣∣∣∣

≤ CnN−α
1 2K1(α+1)

iα+1
1

∫

I1

∣∣∣∣
∫

I2

AN ,0(t1, t2)K
α
n2(x2 − t2) dt2

∣∣∣∣ dt1

whenever x1 ∈ [πi12−K1 ,π(i1 + 1)2−K1). Hence, by Hölder’s inequality and (3.6.3),

(A) ≤ Cp

2K1−1∑

i1=2r−2

2−K1
2K1(N+1)p

i (α+1)p
1

∫

I2

(∫

I1

sup
n2∈N

∣∣∣∣
∫

I2

AN ,0(t1, t2)K
α
n2(x2 − t2) dt2

∣∣∣∣ dt1

)p

dx2

≤ Cp|I2|1−p
2K1−1∑

i1=2r−2

2K1((N+1)p−1)

i (α+1)p
1

(∫

I2

∫

I1

sup
n2∈N

∣∣∣∣
∫

I2

AN ,0(t1, t2)K
α
n2(x2 − t2) dt2

∣∣∣∣ dt1 dx2

)p

.

Using again Hölder’s inequality and the fact that σα∗ is bounded on L2(T), we con-
clude

(A) ≤ Cp|I2|1−p/2
2K1−1∑

i1=2r−2

2K1((N+1)p−1)

i (α+1)p
1

⎛

⎝
∫

I1

(∫

I2

sup
n2∈N

∣∣∣∣
∫

I2

AN ,0(t1, t2)K
α
n2(x2 − t2) dt2

∣∣∣∣
2

dx2

)1/2

dt1

⎞

⎠
p

≤ Cp|I2|1−p/2
2K1−1∑

i1=2r−2

2K1((N+1)p−1)

i (α+1)p
1

(∫

I1

(∫

I2

∣∣AN ,0(t1, x2)
∣∣2 dx2

)1/2

dt1

)p

.

Then (3.6.2) implies
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(A) ≤ Cp|I2|1−p/2
2K1−1∑

i1=2r−2

2−K1 p/2
2K1((N+1)p−1)

i (α+1)p
1

(∫

I1

∫

I2

∣∣AN ,0(t1, x2)
∣∣2 dx2 dt1

)p/2

≤ Cp

2K1−1∑

i1=2r−2

1

i (α+1)p
1

≤ Cp2
−r((α+1)p−1).

To estimate (B), we use (3.6.4):

(B) ≤ Cp

2K1−1∑

i1=2r−2

2−K1
2K1(N+2)p

i (α+1)p
1

∫

I2

(∫

I1

sup
n2∈N

∣∣∣∣
∫

I2

AN+1,0(t1, t2)K
α
n2(x2 − t2) dt2

∣∣∣∣ dt1

)p

dx2

≤ Cp|I2|1−p/2
2K1−1∑

i1=2r−2

2K1((N+2)p−1)

i (α+1)p
1

⎛

⎝
∫

I1

(∫

I2

sup
n2∈N

∣∣∣∣
∫

I2

AN+1,0(t1, t2)K
α
n2(x2 − t2) dt2

∣∣∣∣
2

dx2

)1/2

dt1

⎞

⎠
p

and

(B) ≤ Cp|I2|1−p/2
2K1−1∑

i1=2r−2

2K1((N+2)p−1)

i (α+1)p
1

(∫

I1

(∫

I2

∣∣AN+1,0(t1, x2)
∣∣2 dx2

)1/2

dt1

)p

≤ Cp|I2|1−p/2
2K1−1∑

i1=2r−2

2−K1 p/2
2K1((N+2)p−1)

i (α+1)p
1

(∫

I1

∫

I2

∣∣AN+1,0(t1, x2)
∣∣2 dx2 dt1

)p/2

≤ Cp

2K1−1∑

i1=2r−2

1

i (α+1)p
1

≤ Cp2
−r((α+1)p−1).

Next, we integrate over (T \ I r1 ) × (T \ I2):
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∫

T\4I1

∫

T\I2

∣∣σα
∗ a(x1, x2)

∣∣p dx1 dx2

≤
∫

T\4I1

∫

T\I2
sup

n1≥2K1 ,n2≥2K2

∣∣σα
n a(x1, x2)

∣∣p dx1 dx2

+
∫

T\4I1

∫

T\I2
sup

n1≥2K1 ,n2<2K2

∣∣σα
n a(x1, x2)

∣∣p dx1 dx2

+
∫

T\4I1

∫

T\I2
sup

n1<2K1 ,n2≥2K2

∣∣σα
n a(x1, x2)

∣∣p dx1 dx2

+
∫

T\4I1

∫

T\I2
sup

n1<2K1 ,n2<2K2

∣∣σα
n a(x1, x2)

∣∣p dx1 dx2

=: (C) + (D) + (E) + (F).

We will only consider the term (D):

(D) ≤
2K1−1∑

|i1|=2r−2

2K2−1∑

|i2|=1

∫ π(i1+1)2−K1

πi12−K1

∫ π(i2+1)2−K2

πi22−K2

sup
n1≥2K1 ,n2<2K2

∣∣σα
n a(x1, x2)

∣∣p dx1 dx2,

where we may suppose again that i1 > 0 and i2 > 0. Integrating by parts,

∣∣σα
n a(x)

∣∣

=
∣∣∣∣
∫

I1

∫

I2

AN ,N+1(t1, t2)(K
α
n1)

(N )(x1 − t1)(K
α
n2)

(N+1)(x2 − t2) dt1 dt2

∣∣∣∣

≤ C2K1(N+1)2K2(N+2)

iα+1
1 iα+1

2

∫

I1

∫

I2

∣∣AN ,N+1(t1, t2)
∣∣ dt1 dt2.

Thus

(D) ≤ Cp

2K1−1∑

i1=2r−2

2K2−1∑

i2=1

2−K12−K2
2K1(N+1)p2K2(N+2)p

i (α+1)p
1 i (α+1)p

2
(∫

I1

∫

I2

∣∣AN ,N+1(t1, t2)
∣∣ dt1 dt2

)p

≤ Cp

2K1−1∑

i1=2r−2

2K2−1∑

i2=1

2−K1 p/22−K2 p/2
2K1((N+1)p−1)2K2((N+2)p−1)

i (α+1)p
1 i (α+1)p

2
(∫

I1

∫

I2

∣∣AN ,N+1(t1, t2)
∣∣2 dt1 dt2

)p/2
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≤ Cp

2K1−1∑

i1=2r−2

2K2−1∑

i2=1

1

i (α+1)p
1 i (α+1)p

2

≤ Cp2
−r((α+1)p−1).

All other integrals can be handled in the same way. Consequently,

∫

T2\Rr

∣∣σα
∗ a(x1, x2)

∣∣p dx1 dx2 ≤ Cp2
−r((α+1)p−1),

which finishes the proof of the theorem. �

Theorem 3.6.8 If 0 < α < ∞, γ ∈ P and 1/(α + 1) < p ≤ ∞, then

∥∥σα,γ
∗ f

∥∥
p ≤ Cp‖ f ‖Hp ( f ∈ Hp(T

d)).

Proof Similar to (3.3.13), for s ∈ N, n j ∈ P and t ∈ T, t �= 0, we have

∣∣∣∣
(
K α,γ

n j

)(s)
(t)

∣∣∣∣ ≤ C

nα−s
j |t |α+1

.

The theorem can be proved as Theorem 3.6.7. �

Corollary 3.5.11 implies

Corollary 3.6.9 Let f ∈ Hi
1(T

d) for some i = 1, . . . , d. If 0 < α < ∞, then

sup
ρ>0

ρλ(σα
∗ f > ρ) ≤ C‖ f ‖Hi

1
.

If 0 < α < ∞ and γ ∈ P, then

sup
ρ>0

ρλ(σα,γ
∗ f > ρ) ≤ C‖ f ‖Hi

1
.

By the density argument, we get here almost everywhere convergence for func-
tions from the spaces Hi

1(T
d) instead of L1(T

d). In some sense, the Hardy space
Hi

1(T
d) plays the role of L1(T

d) in higher dimensions.

Corollary 3.6.10 Let f ∈ Hi
1(T

d) for some i = 1, . . . , d. If 0 < α < ∞, then

lim
n→∞ σα

n f = f a.e.

If 0 < α < ∞ and γ ∈ P, then

lim
n→∞ σα,γ

n f = f a.e.
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The almost everywhere convergence is not true for all f ∈ L1(T
d).

A counterexample, which shows that the almost everywhere convergence is not
true for all integrable functions, is due to Gát [119]. Recall that

L1(T
d) ⊃ Hi

1(T
d) ⊃ L(log L)d−1(Td) ⊃ L p(T

d) (1 < p ≤ ∞).

3.7 Rectangular θ-Summability

In this section, we introduce some new function spaces and then we generalize the
rectangular Cesàro and Riesz means. As we will see in Definition 3.7.4, instead
of condition (2.6.2), we have to suppose here that θ : R

d → R is a d-dimensional
function and ∞∑

k1=−∞
· · ·

∞∑

kd=−∞

∣∣∣∣θ
(
k1
n1

, . . . ,
kd
nd

)∣∣∣∣ < ∞ (3.7.1)

for all n ∈ P
d . Wewill see that it is more convenient to suppose that θ is in theWiener

algebra W (C, �1)(R
d). All summability methods considered in the literature satisfy

the condition θ ∈ W (C, �1)(R
d).

Definition 3.7.1 A measurable function f : R
d → R belongs to the Wiener amal-

gam space W (L∞, �1)(R
d) if

‖ f ‖W (L∞,�1) :=
∑

k∈Zd

sup
x∈[0,1)d

| f (x + k)| < ∞.

The smallest closed subspace ofW (L∞, �1)(R
d) containing continuous functions is

denoted by W (C, �1)(R
d) and is called Wiener algebra.

Lemma 3.7.2 If 1 ≤ p ≤ ∞, then

W (L∞, �1)(R
d) ⊂ L p(R

d) and ‖ f ‖p ≤ ‖ f ‖W (L∞,�1).

Moreover, W (L∞, �1)(R
d) is dense in L p(R

d) for 1 ≤ p < ∞.

Proof For p = ∞, the statement is trivial. If 1 ≤ p < ∞, then

‖ f ‖p =
(
∑

k∈Zd

∫

k+[0,1)d
| f (x)|pdx

)1/p

≤
(
∑

k∈Zd

sup
x∈[0,1)d

| f (x + k)|p
)1/p
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≤
∑

k∈Zd

sup
x∈[0,1)d

| f (x + k)|

= ‖ f ‖W (L∞,�1)
.

SinceW (L∞, �1)(R
d) contains the space of continuous functions with compact sup-

port, W (L∞, �1)(R
d) is dense in L p(R

d) if 1 ≤ p < ∞. �

The Wiener amalgam spaces and Wiener algebra are used quite often in Gabor
analysis, because they provide convenient and general classes of windows (see,
e.g., Walnut [323] and Gröchenig [152]).

Theorem 3.7.3 (a) If θ ∈ W (C, �1)(R
d) then (3.7.1) holds.

(b) If the one-dimensional function θ is continuous and |θ| can be estimated by an
integrable function η which is non-decreasing on (−∞, c) and non-increasing
on (c,∞) then θ ∈ W (C, �1)(R).

(c) There exists θ /∈ W (C, �1)(R) such that (3.7.1) holds.

Proof It is easy to see that

∞∑

k1=−∞
· · ·

∞∑

kd=−∞

∣∣∣∣θ
(
k1
n1

, . . . ,
kd
nd

)∣∣∣∣ ≤
∑

l∈Zd

⎛

⎝
d∏

j=1

n j

⎞

⎠ sup
x∈[0,1)d

|θ(x + l)|

=
⎛

⎝
d∏

j=1

n j

⎞

⎠ ‖θ‖W (C,�1) < ∞, (3.7.2)

which shows (a). Under the conditions of (b), ‖θ‖W (C,�1) ≤ ‖η‖1.
To see (c), let θ ≥ 0 be continuous and even on R, θ(0) := 0,

θ(x) := 0 if j + 1

j + 1
≤ x ≤ j + 1 ( j ∈ N)

and

sup
[ j, j+1]

θ = 1

j + 1
( j ∈ N).

Then θ ∈ L1(R),

‖θ‖W (C,�1) = 2
∞∑

k=0

1

k + 1
= ∞

and ∞∑

k=−∞

∣∣∣∣θ
(

k

n + 1

)∣∣∣∣ ≤ 2
n∑

j=0

1

j + 1

n + 1

j + 1
< ∞ (n ∈ N).

This finishes the proof of Theorem 3.7.3. �
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Definition 3.7.4 Suppose that θ ∈ W (C, �1)(R
d). For f ∈ L1(T

d) and n ∈ N
d , the

nth rectangular θ-means σθ
n f of the Fourier series of f and the nth rectangular

θ-kernel K θ
n are introduced by

σθ
n f (x) :=

∑

k1∈Z
· · ·

∑

kd∈Z
θ

(−k1
n1

, . . . ,
−kd
nd

)
f̂ (k)eık·x

and

K θ
n (t) :=

∑

k1∈Z
· · ·

∑

kd∈Z
θ

(−k1
n1

, . . . ,
−kd
nd

)
eık·t ,

respectively.

By Theorem 3.7.3, the θ-kernels K θ
n and the θ-means σθ

n f are well defined. We
suppose often that

θ = θ1 ⊗ · · · ⊗ θd ,

where θi ∈ W (C, �1)(R) for all i = 1, . . . , d. Then θ ∈ W (C, �1)(R
d) and

K θ
n = K θ1

n1 ⊗ · · · ⊗ K θd
nd .

Lemma 3.7.5 Suppose that θ ∈ W (C, �1)(R
d). For f ∈ L1(T

d) and n ∈ N
d , we

have

σθ
n f (x) = 1

(2π)d

∫

Td

f (x − t)K θ
n (t) dt.

The θ-means can also be written as a convolution of f and the Fourier transform
of θ in the following way.

Theorem 3.7.6 If θ ∈ W (C, �1)(R
d) and θ̂ ∈ L1(R

d), then

σθ
n f (x) =

⎛

⎝
d∏

j=1

n j

⎞

⎠
∫

Rd

f (x − t)θ̂(n1t1, . . . , ndtd) dt

for almost every x ∈ T
d and for all n ∈ N

d and f ∈ L1(T
d).

Proof If f (t) = eık·t (k ∈ Z
d , t ∈ T

d), then

σθ
n f (x) = θ

(−k1
n1

, . . . ,
−kd
nd

)
eık·x

= eık·x
∫

Rd

⎛

⎝
d∏

j=1

e−ık j t j /n j

⎞

⎠ θ̂(t) dt
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=
⎛

⎝
d∏

j=1

n j

⎞

⎠
∫

Rd

eık·(x−t)θ̂(n1t1, . . . , ndtd) dt.

Thus, the theoremholds also for trigonometric polynomials. Theproof canbefinished
as in Theorem 2.2.30. �

We extend again the definition of the rectangular θ-means to distributions.

Definition 3.7.7 Suppose that θ ∈ W (C, �1)(R
d). For f ∈ D(Td) and n ∈ N

d , the
nth rectangular θ-means σθ

n f of the Fourier series of f are given by

σθ
n f := f ∗ K θ

n .

3.7.1 Feichtinger’s Algebra S0(Rd)

Theorem 3.7.6 is a fundamental result, so the condition θ̂ ∈ L1(R
d) is of great impor-

tance. In this subsection, we give some sufficient conditions for a function θ to satisfy
θ̂ ∈ L1(R

d). In contrary to the other sections, we do not prove all results here. Some
of them are presented without proof. Several such conditions are already known. The
next one can be found in Bachman, Narici and Beckenstein [15, p. 323].

Theorem 3.7.8 If θ ∈ L1(R) is bounded on a neighborhood of 0 and θ̂ ≥ 0, then
θ̂ ∈ L1(R).

Obviously, θ is bounded on a neighborhood of 0 if θ ∈ L∞(R) or θ is continuous
at 0. Moreover, if θ ∈ L1(R) has compact support and θ ∈ Lip(α) for someα > 1/2,
then θ̂ ∈ L1(R) (see Natanson and Zuk [244, p. 176]).

Nowwe introduce a Banach space, called Feichtinger’s algebra, the Fourier trans-
forms of the elements of which are all integrable. This space was first considered in
Feichtinger [100].

Definition 3.7.9 The short-time Fourier transform of f ∈ L2(R
d) with respect to a

window function g ∈ L2(R
d) is defined by

Sg f (x,ω) := 1

(2π)d

∫

Rd

f (t)g(t − x)e−ıω·t dt (x,ω ∈ R
d).

Definition 3.7.10 Let g0(x) := e−π‖x‖22 be the Gauss function. We define the
Feichtinger’s algebra S0(Rd) by

S0(R
d) :=

{
f ∈ L2(Rd) : ‖ f ‖S0 := ∥∥Sg0 f

∥∥
L1(R2d )

< ∞
}

.
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Any other non-zero Schwartz function defines the same space and an equivalent
norm. It is known that S0(Rd) contains all Schwartz functions. Moreover, S0(Rd)

is isometrically invariant under translation, modulation and Fourier transform (see
Feichtinger and Zimmermann [100, 106]). Actually, S0(Rd) is the minimal Banach
space having this property (see Feichtinger [100]). Furthermore, Feichtinger’s alge-
bra is a subspace of the Wiener algebra, the embedding S0(Rd) ↪→ W (C, �1)(R

d) is
dense and continuous and

S0(R
d) � W (C, �1)(R

d) ∩ F(W (C, �1)(R
d)),

where F denotes the Fourier transform and F(W (C, �1)(R
d)) the set of Fourier

transforms of the functions from W (C, �1)(R
d) (see Feichtinger and Zimmermann

[106], Losert [223] and Gröchenig [152]). Let us define the weight function

vs(ω) := (
1 + ‖ω‖22

)d/2
(ω ∈ R

d , s ∈ R).

Theorem 3.7.11 (a) If θ ∈ S0(Rd), then θ̂ ∈ S0(Rd) ⊂ L1(R
d).

(b) If θ ∈ L1(R
d) and θ̂ has compact support, then θ ∈ S0(Rd).

(c) If θ ∈ L1(R
d) has compact support and θ̂ ∈ L1(R

d), then θ ∈ S0(Rd).
(d) If θvs, θ̂vs ∈ L2(R

d) for some s > d, then θ ∈ S0(Rd).
(e) If θvs, θ̂vs ∈ L∞(Rd) for some s > 3d/2, then θ ∈ S0(Rd).

For more about Feichtinger’s algebra see Feichtinger and Zimmermann [100,
106]).

Sufficient conditions can also be givenwith the help of Sobolev, fractional Sobolev
and Besov spaces. We do not give a detailed description of these spaces. For the
interested readers, we refer to Triebel [313], Runst and Sickel [267], Stein [289] and
Grafakos [143]. The Sobolev space Wk

p(R
d) (1 ≤ p ≤ ∞, k ∈ N) is defined by

Wk
p(R

d) := {
θ ∈ L p(R

d) : Dαθ ∈ L p(R
d), |α| ≤ k

}

and endowed with the norm

‖θ‖Wk
p
:=

∑

|α|≤k

‖Dαθ‖p ,

where D denotes the distributional derivative.
This definition can be extended to every real s in the following way. The fractional

Sobolev space Ls
p(R

d) (1 ≤ p ≤ ∞, s ∈ R) consists of all tempered distributions θ
for which

‖θ‖Ls
p
:= ∥∥F−1

(
(1 + | · |2)s/2θ̂)∥∥

p
< ∞,

where F denotes the Fourier transform. It is known that
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Ls
p(R

d) = Wk
p(R

d) if s = k ∈ N and 1 < p < ∞

with equivalent norms.
In order to define the Besov spaces, take a non-negative Schwartz function ψ ∈

S(R) with support [1/2, 2] that satisfies
∞∑

k=−∞
ψ(2−ks) = 1 for all s ∈ R \ {0}.

For x ∈ R
d , let

φk(x) := ψ(2−k |x |) for k ≥ 1 and φ0(x) = 1 −
∞∑

k=1

φk(x).

The Besov space Bs
p,r (R

d) (0 < p, r ≤ ∞, s ∈ R) is the space of all tempered dis-
tributions f for which

‖ f ‖Bs
p,r

:=
( ∞∑

k=0

2ksr
∥∥(F−1φk

) ∗ f
∥∥r
p

)1/r

< ∞.

The Sobolev, fractional Sobolev and Besov spaces are all quasi-Banach spaces, and
if 1 ≤ p, r ≤ ∞, then they are Banach spaces. All these spaces contain the Schwartz
functions. The following facts are known: in the case 1 ≤ p, r ≤ ∞, one has

Wm
p (Rd), Bs

p,r (R
d) ↪→ L p(R

d) if s > 0,m ∈ N,

Wm+1
p (Rd) ↪→ Bs

p,r (R
d) ↪→ Wm

p (Rd) if m < s < m + 1, (3.7.3)

Bs
p,r (R

d) ↪→ Bs
p,r+ε(R

d), Bs+ε
p,∞(Rd) ↪→ Bs

p,r (R
d) if ε > 0, (3.7.4)

Bd/p1
p1,1 (Rd) ↪→ Bd/p2

p2,1 (Rd) ↪→ C(Rd) if 1 ≤ p1 ≤ p2 < ∞. (3.7.5)

For two quasi-Banach spaces X and Y, the embedding X ↪→ Y means that X ⊂ Y

and ‖ f ‖Y ≤ C‖ f ‖X.
The connection between Besov spaces and Feichtinger’s algebra is summarized

in the next theorem.

Theorem 3.7.12 We have

(i) If 1 ≤ p ≤ 2 and θ ∈ Bd/p
p,1 (Rd), then θ̂ ∈ L1(R

d) and

∥∥θ̂
∥∥
1 ≤ C ‖θ‖Bd/p

p,1
.
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(ii) If s > d, then Ls
1(R

d) ↪→ S0(Rd).
(iii) If d ′ denotes the smallest even integer which is larger than d and s > d ′, then

Bs
1,∞(Rd) ↪→ Wd ′

1 (Rd) ↪→ S0(R
d).

Proof (i) was proved in Girardi and Weis [130] and (ii) in Okoudjou [250]. The first
embedding of (iii) follows from (3.7.3) and (3.7.4). If k is even, then Wk

1 (Rd) ↪→
Lk
1(R

d) (see Stein [289, p. 160]). Then (ii) proves (iii). �

It follows from (i) and (3.7.3) that θ ∈ W j
p (R

d) ( j > d/p, j ∈ N) implies θ̂ ∈
L1(R

d). If j ≥ d ′, then even W j
1 (Rd) ↪→ S0(Rd) (see (iii)). Moreover, if s > d ′ as

in (iii), then

Bs
1,∞(Rd) ↪→ Bd

1,1(R
d) ↪→ Bd/p

p,1 (Rd) (1 < p < ∞)

by (3.7.4) and (3.7.5). Theorem 3.7.12 says that Bs
1,∞(Rd) ⊂ S0(Rd) (s > d ′) and if

we choose θ from the larger space Bd/p
p,1 (Rd) (1 ≤ p ≤ 2), then θ̂ is still integrable.

The embedding W 2
1 (R) ↪→ S0(R) follows from (iii). With the help of the usual

derivative, we give another useful sufficient condition for a function to be in S0(Rd).
As usual, we denote by Ck(Rd) the set of k times continuously differentiable func-
tions.

Definition 3.7.13 A function θ is in V k
1 (R) if there are numbers −∞ = a0 < a1 <

· · · < an < an+1 = ∞, where n = n(θ) depends on θ and

θ ∈ Ck−2(R), θ ∈ Ck(ai , ai+1), θ( j) ∈ L1(R)

for all i = 0, . . . , n and j = 0, . . . , k. The norm of this space is defined by

‖θ‖V k
1

:=
k∑

j=0

∥∥θ( j)
∥∥
1 +

n∑

i=1

∣∣θ(k−1)(ai + 0) − θ(k−1)(ai − 0)
∣∣ ,

where θ(k−1)(ai ± 0) denotes the right and left limits of θ(k−1).

These limits do exist and are finite because θ(k) ∈ C(ai , ai+1) ∩ L1(R) implies

θ(k−1)(x) = θ(k−1)(a) +
∫ x

a
θ(k)(t) dt

for some a ∈ (ai , ai+1). Since θ(k−1) ∈ L1(R), we establish that

lim
x→−∞ θ(k−1)(x) = lim

x→∞ θ(k−1)(x) = 0.

Similarly, θ( j) ∈ C0(R) for j = 0, . . . , k − 2.
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Of course,W 2
1 (R) and V 2

1 (R) are not identical. For θ ∈ V 2
1 (R), we have θ′ = Dθ;

however, θ′′ = D2θ only if limx→ai+0 θ′(x) = limx→ai−0 θ′(x) (i = 1, . . . , n).

Theorem 3.7.14 We have V 2
1 (R) ↪→ S0(R).

Proof Integrating by parts, we have

Sg0θ(x,ω)

= 1

2π

∫

R

θ(t)g0(t − x)e−ıωt dt

= 1

2π

n∑

i=0

∫ ai+1

ai

θ(t)e−π(t−x)2e−ıωt dt

= 1

2π

n∑

i=0

[
θ(t)e−π(t−x)2 e

−ıωt

−ıω

]ai+1

ai

− 1

2π

n∑

i=0

∫ ai+1

ai

(
θ′(t)e−π(t−x)2 − 2πθ(t)e−π(t−x)2(t − x)

) e−ıωt

−ıω
dt.

Observe that the first sum is 0. In the second sum, we integrate by parts again to
obtain

Sg0θ(x,ω) = 1

2π

n∑

i=0

[(
θ′(t)e−π(t−x)2 − 2πθ(t)e−π(t−x)2(t − x)

) e−ıωt

ω2

]ai+1

ai

− 1

2π

n∑

i=0

∫ ai+1

ai

(
θ′′(t)e−π(t−x)2 − 4πθ′(t)e−π(t−x)2(t − x)

− 2πθ(t)
(
−2πe−π(t−x)2(t − x)2 + e−π(t−x)2

))e−ıωt

ω2
dt.

The first sum is equal to

1

2π

n∑

i=1

(
θ′(ai + 0) − θ′(ai − 0)

)
e−π(ai−x)2 e

−ıωai

ω2
.

Hence ∫

R

∫

{|ω|≥1}
|Sg0θ(x,ω)| dx dω ≤ Cs‖θ‖V 2

1
.

On the other hand,

∫

R

∫

{|ω|<1}
|Sg0θ(x,ω)| dx dω ≤ Cs

∫

R

∫

{|ω|<1}

∫

R

|θ(t)|g0(t − x) dt dx dω

≤ Cs‖θ‖V 2
1
,
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which finishes the proof of Theorem 3.7.14. �

The next Corollary follows from the definition of S0(Rd) and from Theorem
3.7.14.

Corollary 3.7.15 If each θ j ∈ V 2
1 (R) ( j = 1, . . . , d), then

θ = θ1 ⊗ · · · ⊗ θd ∈ S0(R
d).

3.7.2 Norm Convergence of the Rectangular θ-Means

First, we investigate the L2(T
d)-norm convergence of σθ

n f as n → ∞ (n ∈ N
d) in

Pringsheim’s sense.

Theorem 3.7.16 If θ ∈ W (C, �1)(R
d) and θ(0) = 1, then

lim
n→∞ σθ

n f = f in the L2(T
d)-norm for all f ∈ L2(T

d).

Proof It is easy to see that the norm of the operator

σθ
n : L2(T

d) → L2(T
d)

can be given by

sup
f ∈L2(Td ), ‖ f ‖2≤1

∥∥ f ∗ K θ
n

∥∥
2 = sup

f ∈L2(Td ), ‖ f ‖2≤1

∥∥ f̂ K̂ θ
n

∥∥
2

= sup
f̂ ∈�2(Zd ), ‖ f̂ ‖2≤1

∥∥ f̂ K̂ θ
n

∥∥
2

= ∥∥K̂ θ
n

∥∥∞

= sup
k∈Zd

∣∣∣∣θ
(−k1

n1
, . . . ,

−kd
nd

)∣∣∣∣

≤ C.

Thus, the norms of σθ
n (n ∈ N

d) are uniformly bounded. Since θ is continuous, the
convergence holds for all trigonometric polynomials. The set of the trigonometric
polynomials are dense in L2(T

d), so the usual density theorem proves Theorem
3.7.16. �

Now, we give a sufficient and necessary condition for the uniform and L1(T
d)

convergence σθ
n f → f .

Theorem 3.7.17 If θ ∈ W (C, �1)(R
d) and θ(0) = 1, then the following conditions

are equivalent:
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(i) θ̂ ∈ L1(R
d),

(ii) σθ
n f → f uniformly for all f ∈ C(Td) as n → ∞ and n ∈ N

d ,
(iii) σθ

n f (x) → f (x) for all x ∈ T
d and f ∈ C(Td) as n → ∞ and n ∈ N

d ,
(iv) σθ

n f → f in the L1(T
d)-norm for all f ∈ L1(T

d) as n → ∞ and n ∈ N
d ,

(v) σθ
n f → f uniformly for all f ∈ C(Td) as n → ∞ and n ∈ R

d
τ ,

(vi) σθ
n f (x) → f (x) for all x ∈ T

d and f ∈ C(Td) as n → ∞ and n ∈ R
d
τ ,

(vii) σθ
n f → f in the L1(T

d)-norm for all f ∈ L1(T
d) as n → ∞ and n ∈ R

d
τ .

Recall the definition of Rd
τ from (3.3.1).

Proof Wemay suppose that d = 1, since themulti-dimensional case is similar. First,
we verify the equivalence between (i), (ii), (iii) and (iv). If (i) holds, then by Theorem
3.7.6, ∥∥σθ

n f
∥∥∞ ≤ ‖ f ‖∞

∥∥θ̂
∥∥
1 ( f ∈ C(T), n ∈ N)

and so the operators σn : C(T) → C(T) are uniformly bounded. Since (ii) holds for
all trigonometric polynomials and the set of the trigonometric polynomials are dense
in C(T), (ii) follows easily. (ii) implies (iii) trivially.

Suppose that (iii) is satisfied. We are going to prove (i). For a fixed x ∈ T, the
operators

Un : C(T) → R, Un f := σθ
n f (x) (n ∈ N)

are uniformly bounded by the Banach-Steinhaus theorem. We get by Lemma 3.7.5
that

‖Un‖ = 1

(2π)d

∫

T

|K θ
n (x − t)| dt = 1

(2π)d
‖K θ

n‖1 (n ∈ N).

Hence
sup
n∈N

‖K θ
n‖1 ≤ C.

Since K θ
n is 2π-periodic, we have for α ≤ n/2 that

∫ 2απ

−2απ

1

n

∣∣∣∣∣

∞∑

k=−∞
θ

(−k

n

)
eıtk/n

∣∣∣∣∣ dt ≤
∫ nπ

−nπ

1

n

∣∣∣∣∣

∞∑

k=−∞
θ

(−k

n

)
eıtk/n

∣∣∣∣∣ dt

=
∫ π

−π

∣∣∣∣∣

∞∑

k=−∞
θ

(−k

n

)
eıkx

∣∣∣∣∣ dx

=
∫

T

|K θ
n (x)| dx ≤ C. (3.7.6)

For a fixed t ∈ R, let

hn(t) := 1

n

∞∑

k=−∞
θ

(−k

n

)
eıtk/n
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and

ϕn(t, u) :=
∞∑

k=−∞
θ

(−k

n

)
eıtk/n1[ kn , k+1

n )(u).

It is easy to see that
lim
n→∞ ϕn(t, u) = θ(−u)eıtu .

Moreover,

|ϕn(t, u)| ≤
∞∑

l=−∞
sup

x∈[0,1)
|θ(x − l − 1)| 1[l,l+1)(u)

and

∫ ∞

−∞

∞∑

l=−∞
sup

x∈[0,1)
|θ(x − l − 1)| 1[l,l+1)(u) du =

∞∑

l=−∞
sup

x∈[0,1)
|θ(x − l − 1)|

= ‖θ‖W (C,�1).

Lebesgue’s dominated convergence theorem implies that

lim
n→∞

∫ ∞

−∞
ϕn(t, u) du =

∫ ∞

−∞
θ(−u)eıtu du = (2π)d θ̂(t).

Obviously, ∫ ∞

−∞
ϕn(t, u) du = hn(t)

and so
lim
n→∞ hn(t) = (2π)d θ̂(t).

Of course, this holds for all t ∈ R. We have by (3.7.2) that

|hn(t)| ≤ ‖θ‖W (C,�1).

Thus

lim
n→∞

∫ 2απ

−2απ

|hn(t)| dt = (2π)d
∫ 2απ

−2απ

∣∣θ̂(t)
∣∣ dt.

Inequality (3.7.6) yields that

∫ 2απ

−2απ

∣∣θ̂(t)
∣∣ dt ≤ C for all α > 0

and so
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∫ ∞

−∞

∣∣θ̂(t)
∣∣ dt ≤ C,

which shows (i).
If θ̂ ∈ L1(R), then Theorem 3.7.6 implies

∥∥σθ
n f

∥∥
1 ≤ ‖ f ‖1

∥∥θ̂
∥∥
1 ( f ∈ L1(T), n ∈ N).

Hence (iv) follows from (i) because the set of the trigonometric polynomials are
dense in L1(T). The fact that (iv) implies (i) can be proved similarly as (i i i) ⇒ (i),
since, by duality, the norm of the operator σθ

n : L1(T) → L1(T) is again

∥∥σθ
n

∥∥ = ∥∥K θ
n

∥∥
1 .

It is easy to see that the equivalence between (i), (v), (vi) and (vii) can be proved
in the same way. �

Note that the statement (i) ⇔ (i i) was shown in the one-dimensional case by
Natanson and Zuk [244] for θ having compact support. The situation in our general
case is much more complicated and can be found in Feichtinger and Weisz [103].
One part of the preceding result can be generalized for L p(T

d) spaces.

Theorem 3.7.18 Assume that θ(0) = 1, θ ∈ W (C, �1)(R
d) and θ̂ ∈ L1(R

d). If 1 ≤
p < ∞ and f ∈ L p(T

d), then

sup
n∈N

∥∥σθ
n f

∥∥
p ≤ C‖ f ‖p

and
lim
n→∞ σθ

n f = f in the L p(T
d)-norm.

Proof For simplicity, we show the theorem for d = 1. Using Theorem 3.7.6, we
conclude

σθ
n f (x) − f (x) = n

∫

R

(
f (x − t) − f (x)

)
θ̂(nt) dt

=
∫

R

(
f

(
x − t

n

)
− f (x)

)
θ̂(t) dt

and
∥∥σθ

n f − f
∥∥
p =

∫

R

∥∥∥∥ f
(

· − t

n

)
− f (·)

∥∥∥∥
p

∣∣θ̂(t)
∣∣ dt.

The theorem follows from the Lebesgue dominated convergence theorem. �

Since θ ∈ S0(Rd) implies θ ∈ W (C, �1)(R
d) and θ̂ ∈ S0(Rd) ⊂ L1(R

d), the next
corollary follows from Theorems 3.7.17 and 3.7.18.
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Corollary 3.7.19 If θ ∈ S0(Rd) and θ(0) = 1, then

(i) σθ
n f → f uniformly for all f ∈ C(Td) as n → ∞ and n ∈ N

d ,
(ii) σθ

n f → f in the L1(T
d)-norm for all f ∈ L1(T

d) as n → ∞ and n ∈ N
d ,

(iii) σθ
n f → f in the L p(T

d)-norm for all f ∈ L p(T
d) (1 < p < ∞) as n → ∞

and n ∈ N
d .

The next corollary follows from the fact that θ ∈ S0(Rd) is equivalent to θ̂ ∈
L1(R

d), provided that θ has compact support (see, e.g., Feichtinger andZimmermann
[106]).

Corollary 3.7.20 If θ ∈ C(Rd) has compact support and θ(0) = 1, then the follow-
ing conditions are equivalent:

(i) θ ∈ S0(Rd),
(ii) σθ

n f → f uniformly for all f ∈ C(Td) as n → ∞ and n ∈ N
d ,

(iii) σθ
n f (x) → f (x) for all x ∈ T

d and f ∈ C(Td) as n → ∞ and n ∈ N
d ,

(iv) σθ
n f → f in the L1(T

d)-norm for all f ∈ L1(T
d) as n → ∞,

(v) σθ
n f → f uniformly for all f ∈ C(Td) as n → ∞ and n ∈ R

d
τ ,

(vi) σθ
n f (x) → f (x) for all x ∈ T

d and f ∈ C(Td) as n → ∞ and n ∈ R
d
τ ,

(vii) σθ
n f → f in the L1(T

d)-norm for all f ∈ L1(T
d) as n → ∞ and n ∈ R

d
τ .

3.7.3 Almost Everywhere Convergence of the Rectangular
θ-Means

Definition 3.7.21 For given κ, τ satisfying the conditions given in Sect. 3.4, we
define the restricted maximal θ-operators by

σθ
� f := sup

n∈Rd
τ

∣∣σθ
n f

∣∣ , σθ
κ f := sup

n∈Rd
κ,τ

∣∣σθ
n f

∣∣ .

The unrestricted maximal θ-operator is defined by

σθ
∗ f := sup

n∈Nd

∣∣σθ
n f

∣∣ .

In this subsection, we suppose that

θ(0) = 1, θ = θ1 ⊗ · · · ⊗ θd , θ j ∈ W (C, �1)(R), j = 1, . . . , d.

(3.7.7)
For the restricted convergence, we suppose in addition that

I θ j ∈ W (C, �1)(R), j = 1, . . . , d. (3.7.8)

Here I denotes the identity function, so
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I(x) = x and (I θ j )(x) = xθ j (x).

Similar to (2.6.6), assume that θ̂ j is (N + 1)-times differentiable (N ≥ 0) and there
exists

N < β j ≤ N + 1

such that ∣∣∣
(
θ̂ j
)(i)

(x)
∣∣∣ ≤ C |x |−β j−1 (x �= 0) (3.7.9)

for i = N , N + 1 and all j = 1, . . . , d.

Theorem 3.7.22 Assume that (3.7.7), (3.7.8) and (3.7.9) are satisfied with N = 0.
If

max

{
d

d + 1
,

1

β j + 1
, j = 1, . . . , d

}
< p ≤ ∞,

then ∥∥σα
� f

∥∥
p ≤ Cp‖ f ‖H�

p
( f ∈ H�

p (Td)).

Moreover,
sup
ρ>0

ρ λ(σθ
� f > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T

d)).

Proof Inequality (3.7.2) implies that

∣∣∣K θ j
n j

∣∣∣ ≤ Cn j (n j ∈ N).

Similarly,

∞∑

k=−∞

∣∣∣∣
k

n j
θ j

(
k

n j

)∣∣∣∣ ≤ n j

∥∥I θ j

∥∥
W (C,�1)

< ∞ (n j ∈ N),

from which we get immediately that

∣∣∣∣
(
K

θ j
n j

)′∣∣∣∣ ≤ Cn2j (n j ∈ N).

By Theorem 3.7.6,

K
θ j
n j (x) = 2πn j

∞∑

k=−∞
θ̂ j
(
n j (x + 2kπ)

)
(x ∈ T)

as in (2.2.34). From this, it follows that
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∣∣∣K θ j
n j (x)

∣∣∣ ≤ C

n
β j

j |x |β j+1
(x �= 0)

and ∣∣∣∣
(
K

θ j
n j

)′
(x)

∣∣∣∣ ≤ C

n
β j−1
j |x |β j+1

(x �= 0).

The proof can be finished as in Theorem 3.3.4. �

Corollary 3.7.23 Assume that (3.7.7), (3.7.8) and (3.7.9) are satisfied with N = 0.
If f ∈ L1(T

d), then
lim

n→∞, n∈Rd
τ

σθ
n f = f a.e.

Combining the proofs of Theorems 3.7.22 and 3.4.7, we obtain

Theorem 3.7.24 Assume that (3.7.7), (3.7.8) and (3.7.9) are satisfied with N = 0.
If

max

{
p1,

1

β j + 1
, j = 1, . . . , d

}
< p ≤ ∞,

then ∥∥σθ
κ f

∥∥
p

≤ Cp‖ f ‖Hκ
p

( f ∈ Hκ
p (T

d)).

Moreover,
sup
ρ>0

ρ λ(σθ
κ f > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T

d)).

We recall that p1 was defined in (3.4.4).

Corollary 3.7.25 Assume that (3.7.7), (3.7.8) and (3.7.9) are satisfied with N = 0.
If f ∈ L1(T

d), then
lim

n→∞, n∈Rd
κ,τ

σθ
n f = f a.e.

For the unrestricted convergence, we can allow more general conditions for θ.
The next theorem can be shown as Theorems 2.6.7 and 3.6.7.

Theorem 3.7.26 If each θ j satisfies (2.6.2) and (2.6.3), then

∥∥σθ
∗ f

∥∥
p

≤ Cp‖ f ‖Hp ( f ∈ Hp(T
d))

for 1/2 < p ≤ ∞. If (3.7.7), (3.7.8) and (3.7.9) are satisfied, then the preceding
inequality holds for

max

{
1

β j + 1
, j = 1, . . . , d

}
< p ≤ ∞.
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In both cases
sup
ρ>0

ρλ(σθ
∗ f > ρ) ≤ C‖ f ‖Hi

1
( f ∈ Hi

1(T
d))

for all i = 1, . . . , d.

Corollary 3.7.27 Under the conditions of Theorem 3.7.26,

lim
n→∞ σθ

n f = f a.e.

for all f ∈ Hi
1(T

d) and i = 1, . . . , d.

Note that these results are proved in Weisz [332, 333, 335].

3.7.4 Some Summability Methods

It is easy to see that θ ∈ V 2
1 (R) ⊂ S0(R) for all examples 2.6.13–2.6.20 of Sect. 2.6.3

and Example 2.6.21 (the Riesz summation) with 1 ≤ α < ∞. Moreover, in Example
2.6.21, θ ∈ S0(R) for all 0 < α < ∞. In the next examples, θ has d variables and
θ ∈ S0(Rd).

Example 3.7.28 (Riesz summation]). Let

θ(t) =
{

(1 − ‖t‖γ
2)

α if ‖t‖2 ≤ 1;
0 if ‖t‖2 > 1

(t ∈ R
d)

for some (d − 1)/2 < α < ∞, γ ∈ P (see Fig. 3.4).

Example 3.7.29 (Weierstrass summation). Let

θ(t) = e−‖t‖22/2 or θ(t) = e−‖t‖2 (t ∈ R
d)

(see Fig. 3.5). In the first case θ̂(x) = e−‖x‖22/2 and in the second one, θ̂(x) = cd/(1 +
‖x‖22)(d+1)/2 for some cd ∈ R (see Stein and Weiss [293, p. 6.]).

Fig. 3.4 Riesz summability
function with d = 2, α = 1,
γ = 2
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Fig. 3.5 Weierstrass
summability function
θ(t) = e−‖t‖22/2

Fig. 3.6 Picard-Bessel
summability function with
d = 2

Example 3.7.30 (Picard and Bessel summations). Let

θ0(t) = 1

(1 + ‖t‖22)(d+1)/2
(t ∈ R

d)

(see Fig. 3.6). Here θ̂0(x) = cde−‖x‖2 for some cd ∈ R
d .

Lemma 3.7.31 Let θ ∈ W (C, �1)(R), I θ ∈ W (C, �1)(R) and θ be even and twice
differentiable on the interval (0, c), where [−c, c] is the support of θ (0 < c ≤ ∞).
Suppose that

lim
x→c−0

xθ(x) = 0, lim
x→+0

θ′ ∈ R, lim
x→c−0

θ′ ∈ R and lim
x→∞ xθ′(x) = 0.

If θ′ and max(I, 1)θ′′ are integrable, then

∣∣θ̂(x)
∣∣ ≤ C

x2
,

∣∣∣
(
θ̂
)′

(x)
∣∣∣ ≤ C

x2
(x �= 0),

i.e., (3.7.9) hold with N = 0 and β j = 0.

Proof By integrating by parts, we have

θ̂(x) = 2

2π

∫ c

0
θ(t) cos t x dt

= 1

πx

∫ c

0
θ′(t) sin t x dt

= −1

πx2
[θ′(t) cos t x]c0 + 1

πx2

∫ c

0
θ′′(t) cos t x dt.
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Similarly,

(θ̂)′(x) = 2

2π

∫ c

0
tθ(t) cos t x dt

= 1

πx

∫ c

0
(tθ(t))′ sin t x dt

= −1

πx2
[(tθ(t))′ cos t x]c0 + 1

πx2

∫ c

0
(tθ(t))

′′
cos t x dt,

which proves the lemma. �

Note that all examples 2.6.13–2.6.21 satisfy Lemma 3.7.31, (3.7.7), (3.7.8) and
(3.7.9). Thus, all results of Sects. 3.7.2 and 3.7.3 hold.



Chapter 4
Lebesgue Points of Higher Dimensional
Functions

In Theorem 1.5.4, we have proved the well known theorem of Lebesgue [197], i.e.,
for one-dimensional Fejér and Cesàro means and for all f ∈ L1(T),

lim
n→∞ σα

n f (x) = f (x)

at each Lebesgue point of f . In this chapter, we generalize this result to higher dimen-
sions and to all summability methods considered in Chaps. 2 and 3. We investigate a
common generalization of the Cesàro, Riesz and θ-means and define

σn f (x) = 1

(2π)d

∫
Td

f (x − t)Kn(t) dt,

where n ∈ N or n ∈ N
d and f ∈ L1(T

d), Kn ∈ L1(T
d) ∩ L∞(Td). We will give

sufficient and/or necessary conditions for Kn such that σn f is convergent at each
Lebesgue point. We will study six versions of Lebesgue points, for different summa-
bility methods different Lebesgue points. We consider again the triangular, circular,
cubic, the restricted (taken on a cone or cone-like set) and unrestricted rectangular
summability as in the previous chapters. The proofs are very different for differ-
ent summability methods, therefore each case needs new ideas. For each type of
Lebesgue points, we introduce different and new type of Hardy-Littlewood maxi-
mal functions. We prove that these maximal operators are bounded from L p(T

d) to
L p(T

d)with 1 < p ≤ ∞ and we prove also a weak type inequality for p = 1. Using
this, we obtain that almost every point is a Lebesgue point of an integrable function.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021
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4.1 �2-Summability

In this section, we use the notation

σn f (x) = 1

(2π)d

∫
Td

f (x − t)Kn(t) dt (n ∈ N),

where f ∈ L1(T
d) and Kn ∈ L1(T

d) ∩ L∞(Td) for all n ∈ N. If Kn = K 2,α,γ
n , K 2,θ

n
or Kn is the one-dimensional Cesàro kernel K α

n , then we obtain the �2-Riesz and θ-
means σ

2,α,γ
n f , σ2,θ

n f or the one-dimensional Cesàro means σα
n f , respectively. The

higher dimensional �2-Riesz kernel K
2,α,γ
n and the one-dimensional Cesàro kernel

K α
n satisfy all conditions in this subsection.Under some conditions on θ, K 2,θ

n satisfies
all conditions, too.

4.1.1 Hardy-Littlewood Maximal Functions

We generalize the Hardy-Littlewood maximal function for higher dimensions. As
in the one-dimensional case, the Hardy-Littlewood maximal function is bounded
on L p(T

d) for 1 < p ≤ ∞ and it is of weak type (1, 1). We denote by Br (c, h)

(c ∈ T
d , h > 0) the r -ball

Br (c, h) := {x ∈ T
d : ‖x − c‖r < h} (1 ≤ r ≤ ∞)

with center c and radius h. For r = 2, we omit the index and write simply B = B2.
Similarly to the one-dimensional case, the Hardy-Littlewood maximal function can
be given by

Mr
p f (x) = sup

x∈Br

(
1

|Br |
∫
Br

| f |p dλ

)1/p
(x ∈ T

d),

where the supremum is taken over all r -balls Br containing x and 1 ≤ p, r ≤ ∞. In
the special case when r = ∞, we have to take the supremum over all cubes I with
sides parallel to the axes. Note that in the one-dimensional case this definition was
given for p = 1, only. In this section, we will rather use the next equivalent centered
version.

Definition 4.1.1 For 1 ≤ p < ∞ and f ∈ L p(T
d), the Hardy-Littlewood maximal

function is defined by

Mp f (x) := sup
h>0

(
1

(2h)d

∫ h

−h
· · ·
∫ h

−h
| f (x − t)|p dt

)1/p
.
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If we take the supremum over all 0 < h < π, then we get an equivalent definition.
It is easy to see that

C1Mp f ≤ Mr
p f ≤ C2Mp f

for all 1 ≤ p < ∞ and 1 ≤ r ≤ ∞ . If p = 1, then we omit the notation p and
write simply M f . The next theorem can be proved exactly as Theorem 1.3.3 in the
one-dimensional case.

Theorem 4.1.2 If 1 ≤ p < ∞, then themaximal operator Mp is ofweak type (p, p),
i.e.,

sup
ρ>0

ρλ(Mp f > ρ)1/p ≤ Cp‖ f ‖p ( f ∈ L p(T
d)).

Moreover, if p < r ≤ ∞, then

∥∥Mp f
∥∥
r ≤ Cr ‖ f ‖r ( f ∈ Lr (T

d)).

Using the density theorem of Marcinkiewicz and Zygmund (see Theorem 1.3.6),
we can formulateLebesgue’s differentiation theorem similarly to Corollary 1.3.8.

Corollary 4.1.3 If f ∈ L1(T
d), then

lim
h→0

1

(2h)d

∫ h

−h
· · ·
∫ h

−h
f (x − t) dt = f (x)

for almost every x ∈ T
d .

This implies that the inequality

‖ f ‖p ≤ ‖M f ‖p (1 < p ≤ ∞)

is trivial. Now we introduce the restricted Hardy-Littlewood maximal function by

M∞
�,p f (x) :=

⎛
⎜⎝ sup

x∈I,τ−1≤|Ii |/|I j |≤τ
i, j=1,...,d

1

|I |
∫
I
| f |p dλ

⎞
⎟⎠

1/p

(x ∈ T
d)

for some fixed τ ≥ 1, where the supremum is taken over all appropriate rectangles

I = I1 × · · · × Id

with sides parallel to the axes. The centered version is given in

Definition 4.1.4 For a fixed τ ≥ 1 and f ∈ L p(T
d), the restrictedHardy-Littlewood

maximal function is defined by
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M�,p f (x) := sup
h∈Rd

τ

(
1

2d
∏d

k=1 hk

∫ h1

−h1

· · ·
∫ hd

−hd

| f (x − t)|p dt
)1/p

.

Recall that

R
d
τ := {x ∈ R

d
+ : τ−1 ≤ xi/x j ≤ τ , i, j = 1, . . . , d}

was defined in (3.3.1). Taking the supremum over all h ∈ R
d+, we get a different

maximal function, the so called strong Hardy-Littlewood maximal function. We will
study this maximal operator in Sect. 4.2.1. Again, it is easy to see that

C1M�,p f ≤ M∞
�,p f ≤ C2M�,p f

and
C1M�,p f ≤ Mp f ≤ C2M�,p f (4.1.1)

for all 1 ≤ p ≤ ∞. From this follows

Corollary 4.1.5 If τ ≥ 1 is arbitrary and 1 ≤ p < ∞, then

sup
ρ>0

ρλ(M�,p f > ρ)1/p ≤ C‖ f ‖p ( f ∈ L p(T
d)).

Moreover, if p < r ≤ ∞, then

∥∥M�,p f
∥∥
r ≤ Cr ‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.1.6 If τ ≥ 1 is arbitrary and f ∈ L1(T
d), then

lim
h→0,h∈Rd

τ

1

2d
∏d

k=1 hk

∫ h1

−h1

· · ·
∫ hd

−hd

f (x − t) dt = f (x)

for almost every x ∈ T.

4.1.2 Lebesgue Points for the �2-Summability

First of all, we generalize the Herz spaces for higher dimensions.

Definition 4.1.7 For 1 ≤ q, r ≤ ∞, the Herz space Er
q(R

d) contains all functions
f for which

‖ f ‖Er
q
:=

∞∑
k=−∞

2kd(1−1/q)
∥∥ f 1Pr

k

∥∥
q

< ∞,
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where

Pr
k := {x ∈ R

d : 2k−1π ≤ ‖x‖r < 2kπ} = Br (0, 2
kπ) \ Br (0, 2

k−1π).

If we modify the definition of Pr
k ,

Pr
k := {x ∈ R

d : 2k−1π ≤ ‖x‖r < 2kπ} ∩ T
d ,

then we get the definition of the space Er
q(T

d).

These spaces are special cases of the Herz spaces [166] (see also Garcia-Cuerva
and Herrero [113]). We immediately obtain the next proposition.

Proposition 4.1.8 For a fixed 1 ≤ q ≤ ∞, the spaces Er
q(X

d) are equivalent for all
1 ≤ r ≤ ∞, where X = R or X = T.

For simplicity, we will use usually the sets P∞
k and the space E∞

q (Xd) (X = R or
X = T). These sets and spaces will be denoted by Pk and Eq(X

d). This means that
we have to take the sum in the Eq(T

d)-norm only for k ≤ 0, i.e.,

‖ f ‖Eq (Td ) =
0∑

k=−∞
2kd(1−1/q)

∥∥ f 1Pk∥∥q < ∞.

It is easy to see that

L1(X
d) = E1(X

d) ←↩ Eq(X
d) ←↩ Eq ′(Xd) ←↩ E∞(Xd)

for all 1 < q < q ′ < ∞, where X denotes either R or T. Moreover,

Eq(T
d) ←↩ Lq(T

d) (1 ≤ q ≤ ∞). (4.1.2)

Indeed,

‖ f ‖Eq (Td ) =
0∑

k=−∞
2kd(1−1/q)

∥∥ f 1Pk∥∥q ≤
0∑

k=−∞
2kd(1−1/q) ‖ f ‖q ≤ ‖ f ‖q .

It is known in the one-dimensional case (see, e.g., Torchinsky [310]) that if there
exists an even function η such that η is non-increasing on R+, |θ̂| ≤ η, η ∈ L1(R),
then σθ∗ is of weak type (1, 1). Under similar conditions, we will generalize this result
to the multi-dimensional setting.

Theorem 4.1.9 For a measurable function f , let the non-increasing majorant be
defined by

η(x) := sup
‖t‖r≥‖x‖r

| f (t)|
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for some 1 ≤ r ≤ ∞. Then f ∈ E∞(Xd) if and only if η ∈ L1(X
d) and

C−1‖η‖1 ≤ ‖ f ‖E∞(Xd ) ≤ C‖η‖1,

where X = R or X = T.

Proof We prove the theorem for X = R. If η ∈ L1(R
d), then

‖ f ‖E∞ ≤ ‖η‖E∞ =
∞∑

k=−∞
2kd
∥∥η1Pk∥∥∞ =

∞∑
k=−∞

2kdη(2k−1π) ≤ C‖η‖1.

For the converse, denote by

ak := sup
Br (0,2kπ)\Br (0,2k−1π)

| f | and ν ′ :=
∞∑

k=−∞
ak1Br (0,2kπ)\Br (0,2k−1π).

Let
ν(x) := sup

‖t‖r≥‖x‖r
ν ′(t) (x ∈ R

d).

Since f ∈ E∞(Rd) implies limk→∞ ak = 0, we conclude that there exists an increas-
ing sequence (nk)k∈Z of integers such that (ank )k∈Z is decreasing and ν can be written
in the form

ν =
∞∑

k=−∞
ank1Br (0,2nk π)\Br (0,2nk−1π).

Thus

‖η‖1 ≤ ‖ν‖1 =
∞∑

k=−∞
ank

∫
Br (0,2nk π)\Br (0,2nk−1π)

dλ

= C
∞∑

k=−∞

(
2dnk − 2dnk−1

)
ank .

By Abel rearrangement,

‖η‖1 ≤ C
∞∑

k=−∞
2dnk−1(ank−1 − ank ) ≤ C‖ f ‖E∞ ,

which proves the theorem. �

The maximal operator is introduced by

σ∗ f := sup
n∈N

|σn f | .
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In the next theorem we show that, under some conditions, the maximal operator can
be estimated by the Hardy-Littlewood maximal function pointwise.

Theorem 4.1.10 If 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈N

‖Kn‖Eq (Td ) ≤ C, (4.1.3)

then

σ∗ f (x) ≤ C

(
sup
n∈N

‖Kn‖Eq (Td )

)
Mp f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

Proof By the definition of σn f ,

|σθ
n f (x)| = 1

(2π)d

∣∣∣∣
∫
Td

f (x − t)Kn(t) dt

∣∣∣∣

≤ 1

(2π)d

0∑
k=−∞

∫
Pk

| f (x − t)||Kn(t)| dt.

Recall that
Pk = P∞

k = {x ∈ R
d : 2k−1π ≤ ‖x‖∞ < 2kπ}.

By Hölder’s inequality,

|σn f (x)| ≤ 1

(2π)d

0∑
k=−∞

(∫
Pk

|Kn(t)|q dt
)1/q (∫

Pk

| f (x − t)|p dt
)1/p

.

It is easy to see that if

G(u) :=
(∫ u

−u
. . .

∫ u

−u
| f (x − t)|p dt

)1/p
(u > 0),

then
Gp(u)

(2u)d
≤ Mp

p f (x) (u > 0).

Therefore

|σn f (x)| ≤ C
0∑

k=−∞

(∫
Pk

|Kn(t)|q dt
)1/q

G(2kπ)

≤ C
0∑

k=−∞
2kd/p

(∫
Pk

|Kn(t)|q dt
)1/q

Mp f (x)
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= C ‖Kn‖Eq (Td ) Mp f (x),

which shows the theorem. �

Note that Kn ∈ L∞(Td) ⊂ E∞(Td) ⊂ Eq(T
d) for all n ∈ N

d , because of (4.1.2).
Theorem 4.1.2 implies immediately

Theorem 4.1.11 If 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈N

‖Kn‖Eq (Td ) ≤ C,

then

sup
ρ>0

ρλ(σ∗ f > ρ)1/p ≤ Cp

(
sup
n∈N

‖Kn‖Eq (Td )

)
‖ f ‖p

for all f ∈ L p(T
d). Moreover, for every p < r ≤ ∞,

‖σ∗ f ‖r ≤ C

(
sup
n∈N

‖Kn‖Eq (Td )

)
‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.1.12 Suppose that 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈N

‖Kn‖Eq (Td ) ≤ C.

If
lim
n→∞ K̂n(k) = 1

for all k ∈ Z
d , then

lim
n→∞ σn f = f a.e.

for all f ∈ L p(T
d).

Proof For f (x) = eık·x , we have

lim
n→∞ σn f (x) = lim

n→∞
1

(2π)d

∫
Td

eık·(x−t)Kn(t) dt = lim
n→∞ eık·x K̂n(k) = eık·x .

This means that the convergence holds for all trigonometric polynomials. The corol-
lary follows from Theorem 4.1.11 and from the density theorem. �

We consider the �2-θ-means given by

σ2,θ
n f (x) :=

∑
k∈Zd

θ

(‖k‖2
n

)
f̂ (k)eık·x ,
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where θ : R → R. As in Sect. 2.6, we suppose that

∑
k∈Zd

∣∣∣∣θ
(‖k‖2

n

)∣∣∣∣ < ∞ (4.1.4)

and we use the notation

θ0(x) = θ(‖x‖2) (x ∈ R
d).

Theorem 4.1.13 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If (4.1.4) is satis-
fied, θ0 ∈ L1(R

d) and θ̂0 ∈ Eq(R
d), then

σ2,θ
∗ f (x) ≤ C

∥∥θ̂0∥∥Eq (Rd )
Mp f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

Proof Similarly to Lemma 2.2.31,

σ2,θ
n f (x) = 1

(2π)d

∫
Td

f (x − t)K 2,θ
n (t) dt = nd

∫
Rd

f (x − t)θ̂0(nt) dt

and
K 2,θ

n (t) = (2π)dnd
∑
j∈Zd

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ)). (4.1.5)

We will prove that θ̂0 ∈ Eq(R
d) implies

∥∥K 2,θ
n

∥∥
Eq (Td )

≤ C
∥∥θ̂0∥∥Eq (Rd )

(n ∈ N). (4.1.6)

First, we investigate the term j = 0 of the norm:

∥∥nd θ̂0(nt1, . . . , ntd)∥∥Eq (Td )

=
0∑

k=−∞
2kd(1−1/q)nd

(∫
Pk

|θ̂0(nt1, . . . , ntd)|q dt
)1/q

≤ Cq

0∑
k=−∞

2kd(1−1/q)nd(1−1/q)

(∫
Qk

|θ̂0(t1, . . . , td)|q dt
)1/q

,

where

Qk :=
d∏
j=1

(
− n2kπ, n2kπ

)
\

d∏
j=1

(
− n2k−1π, n2k−1π

)
.
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Suppose that 2l−1 < n ≤ 2l for some l ∈ N. If

Qk,l :=
d∏
j=1

(
− 2k+lπ, 2k+lπ

)
\

d∏
j=1

(
− 2k+l−2π, 2k+l−2π

)
,

then

∥∥nd θ̂0(nt1, . . . , ntd)∥∥Eq (Td )

≤ Cq

0∑
k=−∞

2kd(1−1/q)2ld(1−1/q)

(∫
Qk,l

|θ̂0(t1, . . . , td)|q dt
)1/q

≤ Cq

0∑
k=−∞

2(k+l)d(1−1/q)

(
k+l∑

i=k+l−1

∫
Pi

|θ̂0(t1, . . . , td)|q dt
)1/q

≤ Cq

0∑
k=−∞

k+l∑
i=k+l−1

2id(1−1/q)

(∫
Pi

|θ̂0(t1, . . . , td)|q dt
)1/q

≤ Cq

l∑
i=−∞

2id(1−1/q)

(∫
Pi

|θ̂0(t1, . . . , td)|q dt
)1/q

≤ Cq

∥∥θ̂0∥∥Eq (Rd )
. (4.1.7)

Moreover,

∥∥∥∥∥∥n
d
∑

j∈Zd , j =0

θ̂0(n1(t1 + 2 j1π), . . . , nd(td + 2 jdπ))

∥∥∥∥∥∥
Eq (Td )

=
0∑

k=−∞
2kd(1−1/q)nd

⎛
⎝
∫
Pk

∣∣∣∣∣∣
∑

j∈Zd , j =0

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ))

∣∣∣∣∣∣
q

dt

⎞
⎠

1/q

=
0∑

k=−∞
2kd(1−1/q)nd

⎛
⎝
∫
Td

∣∣∣∣∣∣
∑

j∈Zd , j =0

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ))

∣∣∣∣∣∣
q

dt

⎞
⎠

1/q



4.1 �2-Summability 189

≤ Cqn
d

⎛
⎝
∫
Td

∣∣∣∣∣∣
∑

j∈Zd , j =0

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ))

∣∣∣∣∣∣
q

dt

⎞
⎠

1/q

.

Let

Ri := { j ∈ Z
d : j = 0, n(T + 2 j1π) × . . . × n(T + 2 jdπ) ∩ Pi = 0

}
.

Since |n(tm + 2 jmπ)| ≥ 2l−1π if jm = 0, we conclude

∥∥∥∥∥∥n
d
∑

j∈Zd , j =0

θ̂0(n1(t1 + 2 j1π), . . . , nd(td + 2 jdπ))

∥∥∥∥∥∥
Eq (Td )

≤ Cqn
d

⎛
⎝
∫
Td

∣∣∣∣∣∣
∞∑
i=l

∑
j∈Ri

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ))

∣∣∣∣∣∣
q

dt

⎞
⎠

1/q

≤ Cq

∞∑
i=l

nd

⎛
⎝
∫
Td

∣∣∣∣∣∣
∑
j∈Ri

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ))

∣∣∣∣∣∣
q

dt

⎞
⎠

1/q

.

Since Ri has at most C2id/n members, we get that

∥∥∥∥∥∥n
d
∑

j∈Zd , j =0

θ̂0(n1(t1 + 2 j1π), . . . , nd(td + 2 jdπ))

∥∥∥∥∥∥
Eq (Td )

≤ Cq

∞∑
i=l

nd

⎛
⎝∑

j∈Ri

(
2id

nd

)q−1 ∫
Td

∣∣θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ))
∣∣q dt

⎞
⎠

1/q

≤ Cq

∞∑
i=l

2id(1−1/q)

⎛
⎝∑

j∈Ri

∫
n1(T+2 j1π)×...×nd (T+2 jdπ)

∣∣θ̂0(t1, . . . , td)∣∣q dt

⎞
⎠

1/q

≤ Cq

∞∑
i=l

2id(1−1/q)

(∫
Pi

∣∣θ̂0(t1, . . . , td)∣∣q dt

)1/q

≤ Cq

∥∥θ̂0∥∥Eq (Rd )
, (4.1.8)

which proves (4.1.6). The theorem follows from Theorem 4.1.10. �

Note that
θ̂0 ∈ Eq(R

d) ⊂ E1(R
d) ⊂ L1(R

d),

thus (2.6.5) is satisfied and θ0 is continuous.
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Theorem 4.1.14 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If (4.1.4) is satis-
fied, θ0 ∈ L1(R

d) and θ̂0 ∈ Eq(R
d), then

sup
ρ>0

ρλ(σ2,θ
∗ f > ρ)1/p ≤ Cp

∥∥θ̂0∥∥Eq (Rd )
‖ f ‖p

for all f ∈ L p(T
d). Moreover, for every p < r ≤ ∞,

∥∥σ2,θ
∗ f
∥∥
r ≤ C

∥∥θ̂0∥∥Eq (Rd )
‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.1.15 Suppose that1 ≤ p < ∞and1/p + 1/q = 1. If θ(0) = 1, (4.1.4)
is satisfied, θ0 ∈ L1(R

d) and θ̂0 ∈ Eq(R
d), then

lim
n→∞ σ2,θ

n f = f a.e.

for all f ∈ L p(T
d).

Nowwe prove some converse type results. We know that the weak type inequality
of Theorem 4.1.11 implies the almost everywhere convergence

lim
n→∞ σn f = f a.e.

for all f ∈ L p(T
d) (see Corollary 4.1.12). Conversely, if 1 ≤ p ≤ 2 and the almost

everywhere convergence holds for all f ∈ L p(T
d), then σ∗ is bounded from L p(T

d)

to L p,∞(Td), as in Theorem4.1.11 (see Stein [288]). The converse of Theorem4.1.10
is given in the next result. More exactly, if σ∗ f can be estimated pointwise by Mp f ,
then (4.1.3) holds. Before proving this theorem, we need the following definition.

Definition 4.1.16 For 1 ≤ p < ∞, we define the space Dp(T
d) with the norm

‖ f ‖Dp(Td ) := sup
0<r≤π

(
1

rd

∫ r

−r
. . .

∫ r

−r
| f (t)|p dt

)1/p
.

Taking the supremum for all 0 < r < ∞, we obtain the space Dp(R
d).

Lemma 4.1.17 For 1 ≤ p < ∞, the norm

‖ f ‖∗ = sup
k≤0

2−kd/p
∥∥ f 1Pk∥∥p

is an equivalent norm on Dp(T
d).

Proof Choosing r = 2kπ (k ≤ 0), we conclude

2−kd/p
∥∥ f 1Pk∥∥p ≤ C

(
1

(2kπ)d

∫ 2kπ

−2kπ
. . .

∫ 2kπ

−2kπ
| f (t)|p dt

)1/p
≤ ‖ f ‖Dp

.
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On the other hand, suppose that 2N−1π ≤ r < 2Nπ for some N ∈ N. Then

1

rd

∫ r

−r
. . .

∫ r

−r
| f (t)|p dt ≤ C2−Nd

∫ 2Nπ

−2Nπ

. . .

∫ 2Nπ

−2Nπ

| f (t)|p dt

= C2−Nd
N∑

k=−∞

∫
Pk

| f (t)|p dt

≤ C2−Nd
N∑

k=−∞
2kd ‖ f ‖p

∗ ≤ C ‖ f ‖p
∗ ,

which shows the lemma. �

We can see that Dp(T
d) ⊂ L p(T

d) and

‖ f ‖p ≤ C‖ f ‖Dp(Td ) ( f ∈ Dp(T
d)).

Theorem 4.1.18 If 1 ≤ p < ∞, 1/p + 1/q = 1 and

σ∗ f (0) ≤ CMp f (0) (4.1.9)

for all f ∈ L p(T
d), then

sup
n∈N

‖Kn‖Eq (Td ) ≤ C.

Proof It is easy to see by Lemma 4.1.17 that

sup
‖ f ‖Dp (Td )≤1

∣∣∣∣
∫
Td

f (−t)Kn(t) dt

∣∣∣∣ = ‖Kn‖Eq (Td ) . (4.1.10)

There exists a function f ∈ Dp(T
d) with ‖ f ‖Dp ≤ 1 such that

‖Kn‖Eq (Td )

2
≤
∣∣∣∣
∫
Td

f (−t)Kn(t) dt

∣∣∣∣ .

Since f ∈ L p(R
d), by (4.1.9),

∣∣∣∣
∫
Td

f (−t)Kn(t) dt

∣∣∣∣ = |σn f (0)| ≤ CMp f (0) (n ∈ N ),

which implies

‖Kn‖Eq (Td ) ≤ CMp f (0) ≤ C‖ f ‖Dp ≤ C (n ∈ N ).
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This proves the result. �

Note that the norm of Dp(T
d) is equivalent to

‖ f ‖ = sup
r∈[0,π]d∩Rd

τ

(
1∏d
j=1 r j

∫ r1

−r1

· · ·
∫ rd

−rd

| f (t)|p dt
)1/p

.

Now, we introduce the first generalization of Lebesgue points for higher dimen-
sions. Corollary 4.1.3 says that

lim
h→0

1

(2h)d

∫ h

−h
· · ·
∫ h

−h
f (x − t) dt = f (x)

for almost every x ∈ T
d , where f ∈ L1(T

d). In other words,

lim
h→0

1

(2h)d

∫ h

−h
· · ·
∫ h

−h
( f (x − t) − f (x)) dt = 0,

which is equivalent to

lim
h→0

1

(2h)d

∣∣∣∣
∫ h

−h
· · ·
∫ h

−h
( f (x − t) − f (x)) dt

∣∣∣∣ = 0.

In the next definition, we describe a stronger condition.

Definition 4.1.19 For 1 ≤ p < ∞, a point x ∈ T
d is called a p-Lebesgue point of

f ∈ L p(T
d) if

lim
h→0

(
1

(2h)d

∫ h

−h
· · ·
∫ h

−h
| f (x − t) − f (x)|p dt

)1/p
= 0.

For p = 1, the points are said to be Lebesgue points. One can see that using the
restricted maximal operator and Corollary 4.1.6, we get an equivalent definition:

lim
h→0,h∈Rd

τ

(
1∏d

j=1(2h j )

∫ h1

−h1

· · ·
∫ hd

−hd

| f (x − t) − f (x)|p dt
)1/p

= 0.

If p < r and x is an r -Lebesgue point of f , then it is also a p-Lebesgue point. Indeed,
by Hölder’s inequality,

(
1

(2h)d

∫ h

−h
· · ·
∫ h

−h
| f (x − t) − f (x)|p dt

)1/p

≤
(

1

(2h)d

∫ h

−h
· · ·
∫ h

−h
| f (x − t) − f (x)|r dt

)1/r
.
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The following two results can be proved as in the one-dimensional case, see
Theorem 1.3.11 and Lemma 1.3.12.

Theorem 4.1.20 Almost every point x ∈ T
d is a p-Lebesgue point of f ∈ L p(T

d)

(1 ≤ p < ∞).

Lemma 4.1.21 If x is a p-Lebesgue point of f ∈ L p(T
d), then f (x) and Mp f (x)

are finite (1 ≤ p < ∞).

The next theorem generalizes Theorem 1.5.4.

Theorem 4.1.22 Suppose that 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈N

‖Kn‖Eq (Td ) ≤ C.

If for all δ > 0
lim
n→∞ ‖Kn‖Lq (Td\(−δ,δ)d ) = 0 (4.1.11)

and
lim
n→∞ K̂n(0) = 1, (4.1.12)

then
lim
n→∞ σn f (x) = f (x)

for all p-Lebesgue points of f ∈ L p(T
d).

Proof Now, set

G(u) :=
(∫ u

−u
. . .

∫ u

−u
| f (x − t) − f (x)|p dt

)1/p
(u > 0),

Since x is a p-Lebesgue point of f , for all ε > 0, there exists m ∈ Z, m ≤ 0 such
that

Gp(u)

(2u)d
≤ ε if 0 < u ≤ 2mπ. (4.1.13)

Observe that

σn f (x) − f (x) = 1

(2π)d

∫
Td

( f (x − t) − f (x))Kn(t) dt

+ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)
.

Thus
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|σn f (x) − f (x)| ≤ C
∫
Td

| f (x − t) − f (x)||Kn(t)| dt + ∣∣ f (x) (K̂n(0) − 1
)∣∣

= C
∫ 2mπ

−2mπ

. . .

∫ 2mπ

−2mπ

| f (x − t) − f (x)||Kn(t)| dt

+ C
∫
Td\(−2mπ,2mπ)d

| f (x − t) − f (x)||Kn(t)| dt
+ ∣∣ f (x) (K̂n(0) − 1

)∣∣
=: A1(x) + A2(x) + A3(x).

We estimate A1(x) by

A1(x) = C
m∑

k=−∞

∫
Pk

| f (x − t) − f (x)||Kn(t)| dt

≤ C
m∑

k=−∞

(∫
Pk

|Kn(t)|q dt
)1/q (∫

Pk

| f (x − t) − f (x)|p dt
)1/p

≤ C
m∑

k=−∞

(∫
Pk

|Kn(t)|q dt
)1/q

G(2kπ).

Then, by (4.1.13),

A1(x) ≤ Cpε

m∑
k=−∞

2kd/p

(∫
Pk

|Kn(t)|q dt
)1/q

≤ Cpε‖Kn‖Eq (Td ).

For 0 < δ < 2mπ, we have

A2(x) ≤ C
∫
Td\(−δ,δ)d

| f (x − t) − f (x)||Kn(t)| dt

≤ C

(∫
Td\(−δ,δ)d

|Kn(t)|q dt
)1/q (

‖ f ‖p + | f (x)|
)
,

which tends to 0 as n → ∞. Moreover, A3(x) → 0 as n → ∞, too. This completes
the proof of the theorem. �

Observe that (4.1.2) and δ′ < 2kπ < δ imply

‖Kn‖Eq (Td\(−δ,δ)d ) ≤ ‖Kn‖Lq (Td\(−δ,δ)d )

≤ ‖Kn‖Lq (Td\(−2kπ,2kπ)d )

≤
(

0∑
l=k+1

∫
Pl

|Kn(t)|q dt
)1/q
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≤ Cδ

0∑
l=k+1

2kd(1−1/q)

(∫
Pl

|Kn(t)|q dt
)1/q

≤ Cδ‖Kn‖Eq (Td\(−2kπ,2kπ)d )

≤ Cδ‖Kn‖Eq (Td\(−δ′,δ′)d ). (4.1.14)

Then condition (4.1.11) is equivalent to

lim
n→∞ ‖Kn‖Eq (Td\(−δ,δ)d ) = 0.

In the case θ̂0 ∈ Eq(R
d), we can formulate a somewhat simpler version of the

preceding theorem.

Theorem 4.1.23 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ(0) = 1, (4.1.4)
is satisfied, θ0 ∈ L1(R

d) and θ̂0 ∈ Eq(R
d), then

lim
n→∞ σ2,θ

n f (x) = f (x)

for all p-Lebesgue points of f ∈ L p(T
d).

Proof We have seen in Theorem 4.1.13 that θ̂0 ∈ Eq(R
d) implies

∥∥K 2,θ
n

∥∥
Eq (Td )

≤ C
∥∥θ̂0∥∥Eq (Rd )

(n ∈ N),

so the first condition of Theorem 4.1.22 is satisfied.
On the other hand, let 2k0π < δ and 2l−1 ≤ n < 2l as in the proof of Theorem

4.1.13. We get similarly to (4.1.7) and (4.1.8) that

∥∥K 2,θ
n

∥∥
Eq (Td\(−δ,δ)d )

≤ Cq

∞∑
i=k0+l−1

2id(1−1/q)

(∫
Pi

|θ̂0(t1, . . . , td)|q dt
)1/q

+ Cq

∞∑
i=l

2id(1−1/q)

(∫
Pi

|θ̂0(t1, . . . , td)|q dt
)1/q

,

which tends to 0 as n → ∞, since θ̂0 ∈ Eq(R
d). Then (4.1.11) follows from (4.1.14).

Finally, by (4.1.5),

1

(2π)d

∫
Td

Kn(t) dt = nd
∑
j∈Zd

∫
Td

θ̂0(n(t1 + 2 j1π), . . . , n(td + 2 jdπ)) dt

= nd
∫
Rd

θ̂0(nt) dt = θ0(1) = 1,

which finishes the proof of our theorem. �
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Since each point of continuity is a Lebesgue point, we have

Corollary 4.1.24 If the conditions of Theorem4.1.22 or Theorem4.1.23 are satisfied
and if f ∈ L p(T

d) is continuous at a point x, then

lim
n→∞ σn f (x) = f (x).

The converse of Theorem 4.1.22 holds also.

Theorem 4.1.25 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If

lim
n→∞ σn f (x) = f (x)

for all p-Lebesgue points of f ∈ L p(T
d) then

sup
n∈N

‖Kn‖Eq (Td ) ≤ C.

Proof The space D0
p(T

d) consists of all functions f ∈ Dp(T
d) for which f (0) = 0

and 0 is a p-Lebesgue point of f , in other words

lim
h→0

(
1

(2h)d

∫ h

−h
. . .

∫ h

−h
| f (t)|p dt

)1/p
= 0.

We will show that D0
p(T

d) is a Banach space. Let ( fn) be a Cauchy sequence in
D0

p(T
d), i.e.,

‖ fn − fm‖D0
p(T

d ) → 0 as n,m → ∞.

Then there exists a subsequence ( fνn ) such that

∥∥ fνn+1 − fνn
∥∥
D0

p(T
d )

≤ 2−n.

Then ∥∥∥∥∥
∞∑
n=0

∣∣ fνn+1 − fνn
∣∣
∥∥∥∥∥
L p(Td )

≤
∥∥∥∥∥

∞∑
n=0

∣∣ fνn+1 − fνn
∣∣
∥∥∥∥∥
D0

p(T
d )

≤ 2,

thus the series ∞∑
n=0

∣∣ fνn+1 − fνn
∣∣

is almost everywhere finite. That is to say the sequence ( fνn ) is almost everywhere
convergent. Let

f := lim
n→∞ fνn and f (0) = 0.
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For all ε > 0, there exists N such that

∥∥ f − fνN

∥∥
D0

p(T
d )

≤
∞∑

n=N

∥∥ fνn+1 − fνn
∥∥
D0

p(T
d )

≤
∞∑

n=N

2−n < ε.

If h > 0 is small enough, then

(
1

(2h)d

∫ h

−h
. . .

∫ h

−h
| fνN (t)|p dt

)1/p
< ε.

Hence

(
1

(2h)d

∫ h

−h
. . .

∫ h

−h
| f (t)|p dt

)1/p

≤ C
∥∥ f − fνN

∥∥
D0

p(T
d )

+
(

1

(2h)d

∫ h

−h
. . .

∫ h

−h
| fνN (t)|p dt

)1/p
< 2ε,

whenever h is small enough. From this it follows that f ∈ D0
p(T

d) and 0 is aLebesgue
point of f . Thus D0

p(T
d) is a Banach space, indeed.

We get from the conditions of the theorem that

lim
n→∞ σn f (0) = 0 for all f ∈ D0

p(T
d).

Thus the operators

Un : D0
p(T

d) → R, Un f := σn f (0) (n ∈ N)

are uniformly bounded by the Banach-Steinhaus theorem. Observe that in (4.1.10),
we may suppose that f is 0 in a neighborhood of 0. Then

C ≥ ‖Un‖
= sup

‖ f ‖D0
p (Td )

≤1

∣∣∣∣
∫
Td

f (−t)Kn(t) dt

∣∣∣∣

= sup
‖ f ‖Dp (Td )≤1

∣∣∣∣
∫
Td

f (−t)Kn(t) dt

∣∣∣∣
= ‖Kn‖Eq (Td )

for all n ∈ N. �
Corollary 4.1.26 Suppose that 1 ≤ p < ∞, 1/p + 1/q = 1, (4.1.11) and (4.1.12)
hold. Then

lim
n→∞ σn f (x) = f (x)
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for all p-Lebesgue points of f ∈ L p(T
d) if and only if

sup
n∈N

‖Kn‖Eq (Td ) ≤ C.

Note that these results can be found in Feichtinger andWeisz [104]. We know that
our results can be applied to the one-dimensional Cesàro summability (see Sect. 1.5).
Moreover, the Riesz, Weierstrass, Picard and Bessel summations given in Sect. 3.7.4
(Examples 3.7.28, 3.7.29, 3.7.30) satisfy all conditions of this section, too.

Corollary 4.1.27 Suppose that θ is one of the Examples 3.7.28, 3.7.29 or 3.7.30.
Then

lim
n→∞ σ2,θ

n f (x) = f (x)

for all Lebesgue points of f ∈ L1(T
d). Moreover,

sup
ρ>0

ρλ(σ2,θ
∗ > ρ) ≤ C

∥∥θ̂0∥∥E∞(Rd )
‖ f ‖1 ( f ∈ L1(T

d))

and, for every 1 < p ≤ ∞,

∥∥σ2,θ
∗ f
∥∥
p ≤ Cp

∥∥θ̂0∥∥E∞(Rd )
‖ f ‖p ( f ∈ L p(T

d)).

4.2 Unrestricted Rectangular Summability

Here we study the operators

σn f (x) = 1

(2π)d

∫
Td

f (x − t)Kn(t) dt (n ∈ N
d),

where f ∈ L1(T
d) and Kn ∈ L1(T

d) ∩ L∞(Td) for all n ∈ N
d . The higher dimen-

sional rectangular Cesàro and Riesz kernels, K α
n and K α,γ

n satisfy the conditions of
this section. The kernel K θ

n is also investigated.

4.2.1 Strong Hardy-Littlewood Maximal Functions

A second generalization of the one-dimensional maximal function is the so-called
strong Hardy-Littlewood maximal function given by

M ′
s,p f (x) := sup

x∈I

(
1

|I |
∫
I
| f |p dλ

)1/p
(x ∈ T

d),
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where f ∈ L p(T
d) and the supremum is taken over all rectangles

I = I1 × · · · × Id ⊂ T
d

with sides parallel to the axes and containing x . This maximal function is different
from Mp and from M�,p defined in Sect. 4.1.1, it remains bounded on L p(T

d) with
1 < p ≤ ∞, but it is not of weak type (1, 1). The reason for this is that in the
definition the ratio of the sides of the rectangles can be large. We will use again the
next centered version of the strong maximal function.

Definition 4.2.1 For 1 ≤ p < ∞ and f ∈ L p(T
d) the strong Hardy-Littlewood

maximal function is defined by

Ms,p f (x) := sup
h∈Rd+

(
1∏d

j=1(2h j )

∫ h1

−h1

· · ·
∫ hd

−hd

| f (x − t)|p dt
)1/p

.

Taking the supremum over all h ∈ (0,π)d , we get an equivalent definition. It is
easy to see that

C1Ms,p f ≤ M ′
s,p f ≤ C2Ms,p f

for all 1 ≤ p < ∞. If p = 1, then we omit the notation p and write simply Ms f . In
the one-dimensional case Ms is the usual Hardy-Littlewood maximal function and
so, it is of weak type (1, 1). For higher dimensions it is known that there is a function
f ∈ L1(T

d) such that Ms f = ∞ almost everywhere (see Jessen,Marcinkiewicz and
Zygmund [177] and Saks [268]). Thus Ms cannot be of weak type (1, 1), however,
with the help of the L p(log L)k(Td) spaces, we can show a weak type inequality. Set
log+ u := max(0, log u).

Definition 4.2.2 For k ∈ N and 1 ≤ p < ∞, a measurable function f is in the set
L p(log L)k(Td) if

‖ f ‖L p(log L)k :=
(∫

Td

| f |p(log+ | f |)k dλ

)1/p
< ∞.

If p = ∞, then set L∞(log L)k(Td) = L∞(Td).

For k = 0, we get back the L p(T
d) spaces. We have for all k ∈ P and 1 ≤ p <

r ≤ ∞ that

L p(T
d) ⊃ L p(log L)k−1(Td) ⊃ L p(log L)k(Td) ⊃ Lr (T

d).

Theorem 4.2.3 If f ∈ L(log L)d−1(Td), then

sup
ρ>0

ρλ(Ms f > ρ) ≤ C + C
∥∥∥| f | (log+ | f |)d−1

∥∥∥
1
.
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Moreover, for 1 < p ≤ ∞, we have

‖Ms f ‖p ≤ Cp‖ f ‖p ( f ∈ L p(T
d)).

Proof Let us denote the one-dimensional Hardy-Littlewoodmaximal function in the
i th dimension by M (i). Then

Ms f ≤ M (1) ◦ M (2) ◦ · · · ◦ M (d) f.

By Theorems 1.3.3 and 1.3.5,

sup
ρ>0

ρλ(Ms f > ρ) = sup
ρ>0

ρλ(M (1) ◦ M (2) ◦ · · · ◦ M (d) f > ρ)

≤ ∥∥M (2) ◦ · · · ◦ M (d) f
∥∥
1

≤ C + C
∥∥M (3) ◦ · · · ◦ M (d) f

∥∥
L1(log L)(Td )

≤ . . . ≤ C + C ‖ f ‖L1(log L)d−1(Td ) .

The second inequality of Theorem 4.2.3 follows similarly. �

Similarly to Corollary 4.1.3, we obtain

Corollary 4.2.4 If f ∈ L1(log L)d−1(Td), then

lim
h→0

1∏d
j=1(2h j )

∫ h1

−h1

· · ·
∫ hd

−hd

f (x − t) dt = f (x)

for almost every x ∈ T
d .

Note that this convergence result does not hold for al f ∈ L1(T
d) (see Jessen,

Marcinkiewicz and Zygmund [177] and Saks [268]). Since Mp
s,p f = Ms(| f |p) for

1 ≤ p < ∞, we have

Corollary 4.2.5 If 1 ≤ p < ∞ and f ∈ L p(log L)d−1(Td), then

sup
ρ>0

ρλ(Ms,p f > ρ)1/p ≤ Cp + Cp ‖ f ‖L p(log L)d−1 .

For p < r ≤ ∞, ∥∥Ms,p f
∥∥
r ≤ Cr ‖ f ‖r ( f ∈ Lr (T

d)).
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4.2.2 Lebesgue Points for the Unrestricted Rectangular
Summability

To formulate the generalization of Lebesgue’s theorem for the unrestricted rectan-
gular summability, we have to modify slightly the definition of the space Eq(R

d).

Definition 4.2.6 For 1 ≤ q ≤ ∞, the Herz space E ′
q(R

d) resp. E ′
q(T

d) contains all
functions f for which

‖ f ‖E ′
q (R

d ) :=
∞∑

k1=−∞
· · ·

∞∑
kd=−∞

⎛
⎝ d∏

j=1

2k j (1−1/q)

⎞
⎠∥∥ f 1Pk∥∥q < ∞

resp.

‖ f ‖E ′
q (T

d ) :=
0∑

k1=−∞
· · ·

0∑
kd=−∞

⎛
⎝ d∏

j=1

2k j (1−1/q)

⎞
⎠∥∥ f 1Pk∥∥q < ∞,

where
Pk := Pk1 × · · · × Pkd (k ∈ Z

d)

and
Pi = {x ∈ R : 2i−1π ≤ |x | < 2iπ} (i ∈ Z).

Again,

L1(X
d) = E ′

1(X
d) ←↩ E ′

q(X
d) ←↩ E ′

q ′(X
d) ←↩ E ′

∞(Xd), 1 < q < q ′ < ∞,

where X = R or T and

E ′
q(T

d) ←↩ Lq(T
d) (1 ≤ q ≤ ∞).

It is easy to see that E ′
q(X

d) ⊃ Eq(X
d) and

‖ f ‖E ′
q
≤ C‖ f ‖Eq (1 ≤ q ≤ ∞).

Here we will estimate pointwise the maximal operator

σ∗ f := sup
n∈Nd

|σn f |

by the strong Hardy-Littlewood maximal function. Since the condition (4.1.11) is
not true for rectangular summability kernels (e.g., for the Cesàro or Riesz kernels,
K α

n , K
α,γ
n ), we use here other conditions and other ideas. We introduce the functions
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K̃n(t) :=
⎛
⎝ d∏

j=1

n j

⎞
⎠

−1 (
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)

=
{(∏d

j=1 n j

)−1
Kn

(
t1
n1

, . . . , td
nd

)
, if |t1| ≤ πn1, . . . , |td | ≤ πnd;

0, else.

Theorem 4.2.7 For all n ∈ N
d ,

c ‖Kn‖E ′
q (T

d ) ≤ ∥∥K̃n

∥∥
E ′
q (R

d )
≤ C ‖Kn‖E ′

q (T
d ) .

Proof We have

∥∥K̃n

∥∥
E ′
q (R

d )
=
⎛
⎝ d∏

j=1

n j

⎞
⎠

−1 ∞∑
k1=−∞

· · ·
∞∑

kd=−∞

⎛
⎝ d∏

j=1

2k j (1−1/q)

⎞
⎠

(∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

=
⎛
⎝ d∏

j=1

n j

⎞
⎠

−1+1/q ∞∑
k1=−∞

· · ·
∞∑

kd=−∞

⎛
⎝ d∏

j=1

2k j (1−1/q)

⎞
⎠

(∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

∣∣(1(−π,π)d Kn
)
(t)
∣∣q dt

)1/q
,

where

Pk j (n j ) := {x ∈ R : 2k j−1π/n j ≤ |x | < 2k j π/n j } ( j = 1, . . . , d).

Choosing l j ∈ N such that 2l j−1 < n j ≤ 2l j , we conclude that

Pk j (n j ) ⊂ {x ∈ R : 2k j−l j−1π ≤ |x | < 2k j−l j+1π} =: Rk j ,l j ( j = 1, . . . , d)

and

∥∥K̃n

∥∥
E ′
q (R

d )
≤ C

∞∑
k1=−∞

· · ·
∞∑

kd=−∞

⎛
⎝ d∏

j=1

2(k j−l j )(1−1/q)

⎞
⎠

(∫
Rk1 ,l1

· · ·
∫
Rkd ,ld

∣∣(1(−π,π)d Kn
)
(t)
∣∣q dt

)1/q
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≤ C
∞∑

i1=−∞
· · ·

∞∑
id=−∞

⎛
⎝ d∏

j=1

2i j (1−1/q)

⎞
⎠

(∫
Pi1

· · ·
∫
Pid

∣∣(1(−π,π)d Kn
)
(t)
∣∣q dt

)1/q

≤ C
∥∥1(−π,π)d Kn

∥∥
E ′
q (R

d )

= C ‖Kn‖E ′
q (T

d ) .

The other inequality can be shown in the same way. �

Now we formulate the analogue of Theorem 4.1.10.

Theorem 4.2.8 If 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Nd

‖Kn‖E ′
q (T

d ) ≤ C, (4.2.1)

then

σ∗ f (x) ≤ C

(
sup
n∈Nd

‖Kn‖E ′
q (T

d )

)
Ms,p f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

Proof Observe that

|σn f (x)|
= 1

(2π)d

∣∣∣∣
∫
Rd

f (x − t)
(
1(−π,π)d Kn

)
(t) dt

∣∣∣∣
= 1

(2π)d

∞∑
k1=−∞

· · ·
∞∑

kd=−∞

∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

| f (x − t)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt.

By Hölder’s inequality,

|σn f (x)|

≤ 1

(2π)d

∞∑
k1=−∞

· · ·
∞∑

kd=−∞

(∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

| f (x − t)|p dt
)1/p

(∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

∣∣(1(−π,π)d Kn
)
(t)
∣∣q dt

)1/q

= 1

(2π)d

∞∑
k1=−∞

· · ·
∞∑

kd=−∞

(∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

| f (x − t)|p dt
)1/p
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⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

If we define

G(u) :=
(∫ u1

−u1

. . .

∫ ud

−ud

| f (x − t)|p dt
)1/p

(u ∈ R
d
+),

then
Gp(u)∏d
j=1(2u j )

≤ Mp
s,p f (x) (u ∈ R

d
+).

Thus

|σn f (x)| ≤ 1

(2π)d

∞∑
k1=−∞

· · ·
∞∑

kd=−∞
G

(
2k1π

n1
, . . . ,

2kdπ

nd

)⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
(4.2.2)

≤ 1

(2π)d

∞∑
k1=−∞

· · ·
∞∑

kd=−∞

⎛
⎝ d∏

j=1

2k j/p

⎞
⎠
⎛
⎝ d∏

j=1

n j

⎞
⎠

−1

Ms,p f (x)

(∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

= C
∥∥K̃n

∥∥
E ′
q (R

d )
Ms,p f (x).

The result follows from Theorem 4.2.7. �

The following result comes from Corollary 4.2.5.

Corollary 4.2.9 If 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Nd

‖Kn‖E ′
q (T

d ) ≤ C,

then

sup
ρ>0

ρλ(σ∗ f > ρ)1/p ≤ Cp

(
sup
n∈Nd

‖Kn‖E ′
q (T

d )

)(
1 + ‖ f ‖L p(log L)d−1

)

for all f ∈ L p(log L)d−1(Td). Moreover, for every p < r ≤ ∞,
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‖σ∗ f ‖r ≤ C

(
sup
n∈Nd

‖Kn‖E ′
q (T

d )

)
‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.2.10 Suppose that 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Nd

‖Kn‖E ′
q (T

d ) ≤ C,

If
lim
n→∞ K̂n(k) = 1

for all k ∈ Z
d , then

lim
n→∞ σn f = f a.e.

for all f ∈ L p(log L)d−1(Td).

Recall that L p(log L)k(Td) ⊃ Lr (T
d) with 1 ≤ p < r ≤ ∞. In this section, we

study the rectangular θ-means,

σθ
n f (x) :=

∑
k1∈Z

· · ·
∑
kd∈Z

θ

(−k1
n1

, . . . ,
−kd
nd

)
f̂ (k)eık·x ,

where θ ∈ W (C, �1)(R
d).

Theorem 4.2.11 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈ W (C, �1)

(Rd) and θ̂ ∈ E ′
q(R

d), then

σθ
∗ f (x) ≤ C

∥∥θ̂∥∥E ′
q (R

d )
Ms,p f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

Proof Since θ̂ ∈ L1(R
d) and, by Theorem 3.7.6,

σθ
n f (x) =

⎛
⎝ d∏

j=1

n j

⎞
⎠
∫
Rd

f (x − t)θ̂(n1t1, . . . , ndtd) dt,

we can repeat the proof of Theorem 4.2.8 step by step. �
Corollary 4.2.12 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈ W (C, �1)

(Rd) and θ̂ ∈ E ′
q(R

d), then

sup
ρ>0

ρλ(σθ
∗ f > ρ)1/p ≤ Cp

∥∥θ̂∥∥E ′
q (R

d )

(
1 + ‖ f ‖L p(log L)d−1

)

for all f ∈ L p(log L)d−1(Td). Moreover, for every p < r ≤ ∞,
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∥∥σθ
∗ f
∥∥
r ≤ C

∥∥θ̂∥∥E ′
q (R

d )
‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.2.13 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈ W (C, �1)

(Rd), θ(0) = 1 and θ̂ ∈ E ′
q(R

d), then

lim
n→∞ σθ

n f = f a.e.

for all f ∈ L p(log L)d−1(Td).

For the converse theorems, we need

Definition 4.2.14 For 1 ≤ p < ∞, we define the space D′
p(T

d) with the norm

‖ f ‖D′
p(T

d ) := sup
r∈(0,π)d

(
1∏d
j=1 r j

∫ r1

−r1

. . .

∫ rd

−rd

| f (t)|p dt
)1/p

.

The next two results can be proved as Lemma 4.1.17 and Theorem 4.1.18.

Lemma 4.2.15 For 1 ≤ p < ∞, the norm

‖ f ‖∗ = sup
k1≤0,...,kd≤0

⎛
⎝ d∏

j=1

2k j/p

⎞
⎠∥∥ f 1Pk∥∥p

is an equivalent norm on D′
p(T

d).

The converse of Theorem 4.2.8 reads as follows.

Theorem 4.2.16 If 1 ≤ p < ∞, 1/p + 1/q = 1 and

σ∗ f (0) ≤ CMs,p f (0)

for all f ∈ L p(T
d), then

sup
n∈Nd

‖Kn‖E ′
q (T

d ) ≤ C.

We are going to study the second generalization of Lebesgue points for higher
dimensions. By Corollary 4.2.4,

lim
h→0

1∏d
j=1(2h j )

∫ h1

−h1

· · ·
∫ hd

−hd

f (x − t) dt = f (x)

for almost every x ∈ T
d , where f ∈ L(log L)d−1(Td). This is equivalent to

lim
h→0

1∏d
j=1(2h j )

∣∣∣∣
∫ h1

−h1

· · ·
∫ hd

−hd

( f (x − t) − f (x)) dt

∣∣∣∣ = 0.
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Definition 4.2.17 For 1 ≤ p < ∞, a point x ∈ T
d is called a strong p-Lebesgue

point of f ∈ L p(T
d) if

lim
h→0

(
1∏d

j=1(2h j )

∫ h1

−h1

· · ·
∫ hd

−hd

| f (x − t) − f (x)|p dt

)1/p
= 0.

For p = 1, the points are called strong Lebesgue points. If p < r , then all strong
r -Lebesgue points are strong p-Lebesgue points. The next result can be proved as
Theorem 4.1.20

Theorem 4.2.18 Almost every point x ∈ T
d is a strong p-Lebesgue point of f ∈

L p(log L)d−1(Td) (1 ≤ p < ∞).

This is not true for f ∈ L p(T
d). The reason for this is again that in the definition

of the strong Lebesgue points the ratio of the sides of the rectangles can be large. To
be able to obtain convergence at strong Lebesgue points, we have to modify slightly
condition (4.2.1).

Theorem 4.2.19 Suppose that 1 ≤ p < ∞, 1/p + 1/q = 1 and

∞∑
k1=−∞

· · ·
∞∑

kd=−∞

⎛
⎝ d∏

j=1

2k j (1−1/q)

⎞
⎠ sup

n∈Nd

∥∥K̃n1Qk

∥∥
q ≤ C. (4.2.3)

If
lim
n→∞ K̂n(0) = 1,

Ms,p f (x) is finite and x is a strong p-Lebesgue point of f ∈ L p(log L)d−1(Td), then

lim
n→∞ σn f (x) = f (x).

Proof Similarly to Theorem 4.2.8, let

G(u) :=
(∫ u1

−u1

. . .

∫ ud

−ud

| f (x − t) − f (x)|p dt
)1/p

(u ∈ R
d
+).

Since x is a strong p-Lebesgue point of f , for all ε > 0, we can find an integerm ≤ 0
such that

Gp(u)∏d
j=1(2u j )

≤ ε if 0 < u j ≤ 2mπ, j = 1, . . . , d. (4.2.4)

Let {π1, . . . ,πd} be a permutation of {1, . . . , d} and 1 ≤ j ≤ d. Then
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|σn f (x) − f (x)| ≤ 1

(2π)d

∫
Rd

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt

+
∣∣∣∣ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)∣∣∣∣
= A1(x) + A2(x) + A3(x),

where

A1(x) := 1

(2π)d

m+�log2 n1�∑
k1=−∞

· · ·
m+�log2 nd�∑
kd=−∞∫

Pk1 (n1)
· · ·
∫
Pkd (nd )

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt

and

A2(x) := 1

(2π)d

∑
π1,...,πd

∞∑
kπ1=m+�log2 nπ1 �+1

. . .

∞∑
kπ j =m+�log2 nπ j �+1

∞∑
kπ j+1=−∞

. . .

∞∑
kπd =−∞∫

Pk1 (n1)
· · ·
∫
Pkd (nd )

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

and

A3(x) :=
∣∣∣∣ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)∣∣∣∣ =
∣∣ f (x) (K̂n(0) − 1

)∣∣ .

It is clear that
lim
n→∞ A3(x) = 0.

As in (4.2.2),

A1(x)

≤ C
m+�log2 n1�∑
k1=−∞

· · ·
m+�log2 nd�∑
kd=−∞

(∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

| f (x − t) − f (x)|p dt
)1/p

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
m+�log2 n1�∑
k1=−∞

· · ·
m+�log2 nd�∑
kd=−∞

G

(
2k1π

n1
, . . . ,

2kdπ

nd

)⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q
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(∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

Inequality (4.2.4) and 2k j /n j ≤ 2mn j/n j = 2m imply

A1(x) ≤ Cpε

m+�log2 n1�∑
k1=−∞

· · ·
m+�log2 nd�∑
kd=−∞

⎛
⎝ d∏

j=1

2k j/p

⎞
⎠
⎛
⎝ d∏

j=1

n j

⎞
⎠

−1

(∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ Cpε
∥∥K̃n

∥∥
E ′
q (R

d )
.

Similarly,

A2(x)

≤ C
∑

π1,...,πd

∞∑
kπ1=m+�log2 nπ1 �+1

. . .

∞∑
kπ j =m+�log2 nπ j �+1

∞∑
kπ j+1=−∞

. . .

∞∑
kπd =−∞(∫

Pk1 (n1)
· · ·
∫
Pkd (nd )

| f (x − t) − f (x)|p dt
)1/p

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Pk1

· · ·
∫
Pkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

We supposed that Ms,p f (x) is finite and x is a strong p-Lebesgue point of f , so we
have

(∫
Pk1 (n1)

· · ·
∫
Pkd (nd )

| f (x − t) − f (x)|p dt

)1/p

≤ Cp

⎛
⎝ d∏

j=1

2k j

n j

⎞
⎠

1/p (
Ms,p f (x) + | f (x)|

)
.

Consequently,

A2(x)

≤ Cp

∑
π1,...,πd

∞∑
kπ1=m+�log2 nπ1 �+1

. . .

∞∑
kπ j =m+�log2 nπ j �+1

∞∑
kπ j+1=−∞

. . .

∞∑
kπd =−∞
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⎛
⎝ d∏

j=1

2k j/p

⎞
⎠(Ms,p f (x) + | f (x)|

)

⎛
⎜⎝
∫
Pk1

· · ·
∫
Pkd

∣∣∣∣∣∣

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1 (
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣∣∣

q

dt

⎞
⎟⎠

1/q

≤ Cp

∑
π1,...,πd

∞∑
kπ1=m+�log2 nπ1 �+1

. . .

∞∑
kπ j =m+�log2 nπ j �+1

∞∑
kπ j+1=−∞

. . .

∞∑
kπd =−∞⎛

⎝ d∏
j=1

2k j/p

⎞
⎠ sup

n∈Nd

(∫
Pk1

· · ·
∫
Pkd

∣∣K̃n(t)
∣∣q dt

)1/q (
Ms,p f (x) + | f (x)|

)
.

Therefore (4.2.3) and the fact �log2 nπ j � → ∞ as T → ∞ imply that A2(x) → 0 as
n → ∞. �

Obviously, (4.2.3) implies

sup
n∈Nd

∥∥K̃n

∥∥
E ′
q (R

d )
≤ C,

which is equivalent to
sup
n∈Nd

‖Kn‖E ′
q (T

d ) ≤ C,

by Theorem 4.2.7. If K̃n can be estimated by a function g ∈ E ′
q(R

d) which is
independent of n, then (4.2.3) holds clearly. This is true for the Cesàro kernel
K α

n = K α
n1 ⊗ · · · ⊗ K α

nd and for theRiesz kernel K
α,γ
n = K α,γ

n1 ⊗ · · · ⊗ K α,γ
nd . Indeed,

for the one-dimensional Cesàro kernel functions

1

n j

∣∣∣∣K α
n j

(
t

n j

)∣∣∣∣ ≤ C

n j
min

{
n j ,

n j

|t |α+1

}

= C min
{
1, |t |−α−1

} ∈ E∞(R) (4.2.5)

by Theorem 1.4.16. Similarly, by (3.3.12),

1

n j

∣∣∣∣K α,γ
n j

(
t

n j

)∣∣∣∣ ≤ C

n j
min

{
n j ,

n j

|t |min(α,1)+1

}

= C min
{
1, |t |−min(α,1)−1

} ∈ E∞(R). (4.2.6)

Hence, by (4.2.7), K α
n , K α,γ

n ∈ E ′∞(Rd).

Corollary 4.2.20 If 0 < α ≤ 1, Ms,p f (x) is finite and x is a strong Lebesgue point
of f ∈ L1(log L)d−1(Td), then
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lim
n→∞ σα

n f (x) = f (x).

Moreover,
sup
ρ>0

ρλ(σα
∗ > ρ) ≤ C

(
1 + ‖ f ‖L1(log L)d−1

)

for all f ∈ L1(log L)d−1(Td) and, for every 1 < p ≤ ∞,

∥∥σα
∗ f
∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T

d)).

The same hold for the Riesz summation σ
α,γ
n if 0 < α < ∞ and γ ∈ P.

Considering different parameters α j in the j th coordinate, we obtain the same
results. The next result can be proved in the same way as Theorem 4.2.19.

Theorem 4.2.21 Suppose that1 ≤ p < ∞,1/p + 1/q = 1, θ ∈ W (C, �1)(R
d)and

θ̂ ∈ E ′
q(R

d). If θ(0) = 1, Ms,p f (x) is finite and x is a strong p-Lebesgue point of
f ∈ L p(log L)d−1(Td), then

lim
n→∞ σθ

n f (x) = f (x).

Corollary 4.2.22 If the conditions of Theorem4.2.19 or Theorem4.2.21 are satisfied
and if f ∈ L1(log L)d−1(Td) is continuous at a point x, then

lim
n→∞ σθ

n f (x) = f (x).

Now we show the partial converse of Theorem 4.2.19.

Theorem 4.2.23 Suppose that 1 ≤ p < ∞ and 1/p + 1/q = 1. If

lim
n→∞ σn f (x) = f (x)

for all strong p-Lebesgue points of f ∈ L p(T
d) then

sup
n∈Nd

‖Kn‖E ′
q (T

d ) ≤ C.

Proof We define D
′0
p (Td) as the set of all functions f ∈ D′

p(T
d) for which f (0) = 0

and 0 is a strong p-Lebesgue point of f , i.e.,

lim
h→0

(
1∏d

j=1(2h j )

∫ h1

−h1

. . .

∫ hd

−hd

| f (t)|p dt
)1/p

= 0.

Then we can show that D
′0
p (Td) is a Banach space and the proof can be finished as

in Theorems 4.1.25 and 4.2.16. �
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In the next subsection, we give some further examples for the θ-summation sat-
isfying the above conditions.

4.2.3 Some Applications

Now we suppose that

Kn = K (1)
n1 ⊗ · · · ⊗ K (d)

nd (n ∈ N
d)

and
θ = θ1 ⊗ · · · ⊗ θd .

For these functions, we have

‖Kn‖E ′
q (T

d ) =
d∏
j=1

∥∥∥K ( j)
n j

∥∥∥
Eq (T)

(n ∈ N
d) (4.2.7)

and a similar formula holds for ‖θ‖E ′
q (R

d ). Hence for these functions, it is enough to
consider the one-dimensional Herz spaces Eq(X) (X = T,R). As we have seen in
Corollary 4.2.20, the rectangular Cesàro and Riesz summation satisfy the conditions
of the preceding subsection.

Now, we present some sufficient condition on θ such that θ̂ ∈ E∞(R). The next
theorem was proved in Herz [166], Peetre [254] and Girardi and Weis [130].

Lemma 4.2.24 If θ ∈ B1
1,1(R), then θ̂ ∈ E∞(R) and

∥∥θ̂∥∥E∞
≤ Cp‖θ‖B1

1,1
.

A function f belongs to the weighted Wiener amalgam space W (L∞, �
vs
1 )(R) if

‖ f ‖W (L∞,�
vs
1 ) :=

∞∑
k=−∞

sup
x∈[0,1)

| f (x + k)|vs(k) < ∞,

where vs(x) := (1 + |x |)s (x ∈ R).

Lemma 4.2.25 If θ ∈ W (L∞, �
v1
1 )(R), then θ ∈ E∞(R) and

‖θ‖E∞ ≤ C‖θ‖W (L∞,�
v1
1 ).

Proof The inequalities
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‖θ‖E∞ =
∞∑

k=−∞
2k sup

Pk

|θ|

≤ 2 sup
(−π,π)

|θ| + C
∞∑
k=0

2k
∑

j :(−π,π)+2 jπ∩Pk =∅
sup

(−π,π)+2 jπ
|θ|

≤ C
∞∑

j=−∞
(1 + | j |) sup

(−π,π)d+2 jπ
|θ|

= C‖θ‖W (L∞,�
v1
1 )

prove the result. �

We generalize Feichtinger’s algebra and introduce its weighted version.

Definition 4.2.26 Let g0(x) := e−π‖x‖22 be the Gauss function. We define the
weighted Feichtinger’s algebra or modulation space Mvs

1 (Rd) (s ≥ 0) by

Mvs
1 (Rd) :=

{
f ∈ L2(Rd) : ‖ f ‖Mvs

1
:= ∥∥Sg0 f · vs

∥∥
L1(R2d )

< ∞
}

,

where vs(x,ω) := vs(ω) = (1 + |ω|)s (x,ω ∈ R
d).

Any other non-zero Schwartz function defines the same space and an equivalent
norm (see, e.g., Feichtinger [100] and Gröchenig [152]).

Lemma 4.2.27 If θ ∈ Mv1
1 (R), then θ̂ ∈ E∞(R) and

∥∥θ̂∥∥E∞
≤ ‖θ‖M

v1
1

.

Proof By Lemma 4.2.25,

∥∥θ̂∥∥E∞
≤ C
∥∥θ̂∥∥W (L∞,�

v1
1 )

≤ C ‖ f ‖M
v1
1

,

where the second inequality can be found in Gröchenig [152, p. 249]. �

Corollary 4.2.28 Suppose that θ = θ1 ⊗ · · · ⊗ θd ∈ W (C, �1)(R
d) and θ(0) = 1.

If θ j ∈ Mv1
1 (R) for all j = 1, . . . , d, Ms f (x) is finite and x is a strong Lebesgue

point of f ∈ L1(log L)d−1(Td), then

lim
n→∞ σθ

n f (x) = f (x).

Moreover,

sup
ρ>0

ρλ(σθ
∗ > ρ) ≤ C

⎛
⎝ d∏

j=1

∥∥θ j

∥∥
M

v1
1

⎞
⎠(1 + ‖ f ‖L1(log L)d−1

)
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for all f ∈ L1(log L)d−1(Td). Also, for every 1 < p ≤ ∞,

∥∥σθ
∗ f
∥∥
p ≤ Cp

⎛
⎝ d∏

j=1

∥∥θ j

∥∥
M

v1
1

⎞
⎠ ‖ f ‖p ( f ∈ L p(R

d)).

In the next theorem, we give a sufficient result for θ to be in Mvs
1 (R).

Theorem 4.2.29 If θ ∈ V k
1 (R) for some k ≥ 2, then θ ∈ Mvs

1 (R) for all 0 ≤ s <

k − 1 and
‖θ‖Mvs

1
≤ Cs‖θ‖V k

1
.

This theorem can be proved aswas Theorem 3.7.14. Note that V k
1 (Rd)was defined

in Definition 3.7.13.
The space V 2

1 (R) is not contained in Mv1
1 (R). However, the same results hold as

in Corollary 4.2.28.

Theorem 4.2.30 If θ ∈ V 2
1 (R), then θ̂ ∈ E∞(R).

Proof The inequality ∣∣θ̂(x)∣∣ ≤ C

x2
(x = 0) (4.2.8)

can be shown similarly to Theorem 3.7.14. θ̂ ∈ E∞(R) follows from Theorem 4.1.9.
�

Corollary 4.2.31 Suppose that θ = θ1 ⊗ · · · ⊗ θd ∈ W (C, �1)(R
d) and θ(0) = 1.

If θ j ∈ V 2
1 (R) for all j = 1, . . . , d, then the results of Corollary 4.2.28 holds.

Note that for all examples of Sect. 2.6.3,we have θ ∈ V 2
1 (R) or (4.2.8). Thismeans

that all results of Sect. 4.2.2 hold if each θ j denotes either the Cesàro summation or
one of the examples of Sect. 2.6.3.

4.3 Restricted Rectangular Summability over a Cone

Let again

σn f (x) = 1

(2π)d

∫
Td

f (x − t)Kn(t) dt (n ∈ N
d),

where f ∈ L1(T
d) and Kn ∈ L1(T

d) ∩ L∞(Td). Here we suppose that n ∈ N
d is in

the cone Rd
τ . Recall that R

d
τ is defined by

R
d
τ := {x ∈ R

d
+ : τ−1 ≤ xi/x j ≤ τ , i, j = 1, . . . , d},

where τ ≥ 1 is fixed. The higher dimensional rectangular Cesàro and Riesz kernels,
K α

n and K α,γ
n satisfy the conditions of this section.
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4.3.1 Hardy-Littlewood Maximal Functions

It would be a straightforward idea that for the restricted rectangular summability,
we use the restricted Hardy-Littlewood maximal function M�,p defined in Theorem
4.1.4. However, this would be not useful because the restricted maximal function is
equivalent to the usual maximal function Mp f (see (4.1.1)). So we have to introduce
a third generalization of the maximal function.

Definition 4.3.1 For ω > 0, 1 ≤ p < ∞ and f ∈ L p(T
d), the Hardy-Littlewood

maximal function Mω,1
p f is given by

Mω,1
p f (x) := sup

i∈Nd ,h>0
2−ω‖i‖1

(
1

(2h)d2‖i‖1

∫ 2i1h

−2i1h
· · ·
∫ 2id h

−2id h
| f (x − t)|p dt

)1/p
.

For p = 1, we write simply Mω,1 f . If ω = 0, we get back the definition of the
strongHardy-Littlewoodmaximal functionMs,p f . In contrary to the strongmaximal
function, due to the weight 2−ω‖i‖1 , the weak type (p, p) inequality will be true for
Mω

p . It is clear that

Mω1,1
p f ≤ Mω2,1

p f for ω1 > ω2 > 0 and 1 ≤ p < ∞.

Let us point out the definition in the two-dimensional case. We have

Mω,1
p f (x1, x2) = sup

i1,i2∈N,h>0
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i1h

−2i1h

∫ 2i2 h

−2i2 h
| f (x1 − t1, x2 − t2)|p dt

)1/p
.

To prove inequalities forMω,1
p f , we need another generalization of the maximal

function Mp f . Let μ(h) and ν(h) be two continuous functions of h ≥ 0, strictly
increasing to ∞ and 0 at h = 0. Let

M1,μ,ν
p f (x1, x2) := sup

h>0

(
1

4μ(h)ν(h)

∫ μ(h)

−μ(h)

∫ ν(h)

−ν(h)

| f (x1 − t1, x2 − t2)|p dt
)1/p

,

where f ∈ L p(T
2). Ifμ(h) = ν(h) = h, thenweget back theusualHardy-Littlewood

maximal function Mp f investigated in Sect. 4.1.1. The next result can be proved in
the same way as Theorem 4.1.2.

Theorem 4.3.2 If 1 ≤ p < ∞, then

sup
ρ>0

ρλ(M1,μ,ν
p f > ρ)1/p ≤ Cp ‖ f ‖p ( f ∈ L p(T

2)).
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Moreover, if p < r ≤ ∞, then

∥∥M1,μ,ν
p f
∥∥
r

≤ Cr ‖ f ‖r ( f ∈ Lr (T
2)),

where the constants Cp and Cr are independent of μ and ν.

Using this theorem, we can prove the inequalities for Mω,1
p .

Theorem 4.3.3 If ω > 0 and 1 ≤ p < ∞, then

sup
ρ>0

ρλ(Mω,1
p f > ρ)1/p ≤ C‖ f ‖p ( f ∈ L p(T

d)).

Moreover, if p < r ≤ ∞, then

∥∥Mω,1
p f
∥∥
r

≤ Cr‖ f ‖r ( f ∈ Lr (T
d).

Proof Applying Theorem 4.3.2 to μ(h) = 2i1h and ν(h) = 2i2h, we obtain

ρpλ(Mω,1
p f > ρ) ≤ ρλ

( ∞⋃
i1,i2=0

2−ω(i1+i2) sup
h>0

(
1

4 · 2i1+i2h2

∫ 2i1h

−2i1h

∫ 2i2 h

−2i2 h
| f (x1 − t1, x2 − t2)|p dt

)1/p
> ρ

)

≤ ρp
∞∑

i1=0

∞∑
i2=0

λ
(
M1,μ,ν

p f > 2ω(i1+i2)ρ
)

≤ Cp

∞∑
i1=0

∞∑
i2=0

2−ω p(i1+i2)‖ f ‖p
p

≤ Cp‖ f ‖p
p

for all f ∈ L1(T
2) and ρ > 0. The inequality

∥∥Mω,1 f
∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T

2), 1 < p ≤ ∞)

can be shown similarly. �

4.3.2 Lebesgue Points for the Summability over a Cone

We briefly write Lω
p(R

d) (ω ≥ 0) instead of the weighted Lebesgue space Lω
p(R

d ,λ)

equipped with the norm
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‖ f ‖Lω
p
:=
(∫

Rd

| f (x)(1 + |x |)ω|p dx
)1/p

(1 ≤ p < ∞),

with the usual modification for p = ∞. If ω = 0, then we get back the L p(R
d)

spaces. Clearly, L p(R
d) ⊃ Lω

p(R
d).

In this subsection, we introduce a new type of Herz spaces, the so-called weighted
inhomogeneous Herz spaces.

Definition 4.3.4 For ω ≥ 0 and 1 ≤ q ≤ ∞, the weighted Herz space Eω
q (Rd) con-

tains all functions f for which

‖ f ‖Eω
q

:=
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1−1/q)

⎞
⎠∥∥ f 1Qk

∥∥
q < ∞,

where
Qk := Qk1 × · · · × Qkd (k ∈ N

d)

and

Qi = {x ∈ R : 2i−1π ≤ |x | < 2iπ} (i ∈ N+), Q0 := (−π,π).

It is clear that
Eω
q (Rd) ⊃ Eω′

q (Rd) 0 ≤ ω < ω′ < ∞

and
L1(R

d) ⊃ Lω
1 (Rd) = Eω

1 (Rd) ⊃ Eω
q (Rd) ⊃ Eω

q ′(R
d) ⊃ Eω

∞(Rd)

for any 1 < q < q ′ < ∞ with continuous embeddings. Moreover,

Eω
q (Rd) ⊂ Lω

q (Rd) and ‖ f ‖Lω
q (Rd ) ≤ Cq ‖ f ‖Eω

q (Rd ) .

Indeed,

∫
Rd

| f (t)|q dt ≤
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1−1/q)q

⎞
⎠
∫
Qk

| f (t)|q dt,

which implies the inequality. The connection between E0
q(R

d) and E ′
q(R

d) is the
following. First of all,

E0
q(R

d) ⊂ E ′
q(R

d) and ‖ f ‖E ′
q (R

d ) ≤ Cq ‖ f ‖E0
q (R

d ) .

We prove this for one dimension, only:
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0∑
k=−∞

2k(1−1/q)
∥∥ f 1Pk∥∥q ≤

0∑
k=−∞

2k(1−1/q)
∥∥ f 1(−π,π)

∥∥
q ≤ Cq ‖ f ‖E0

q (R) .

We get the inequality for higher dimensions similarly. Summarizing these results,
we can see that

E0
q(R

d) = Lq(R
d) ∩ E ′

q(R
d) and ‖ f ‖E0

q (R
d ) ∼ ‖ f ‖q + ‖ f ‖E ′

q (R
d )

with equivalent norms. Usually, θ̂ ∈ L1(R
d) ∩ C0(R

d), thus θ̂ ∈ E ′
q(R

d) if and only

if θ̂ ∈ E0
q(R

d), but ‖θ̂‖E ′
q (R

d ) ≤ Cq‖θ̂‖E0
q (R

d ), (1 ≤ q ≤ ∞).
We show that f ∈ Eω∞(R) if and only if f has a decreasing majorant function

belonging to Lω
1 (R).

Theorem 4.3.5 Let ω ≥ 0 and η(x) := sup|t |≥|x | | f (t)|. Then f ∈ Eω∞(R) if and
only if η ∈ Lω

1 (R) and

C−1 ‖η‖Lω
1

≤ ‖ f ‖Eω∞ ≤ C ‖η‖Lω
1
+ η(0).

Proof If η ∈ Lω
1 (R), then

‖ f ‖Eω∞ ≤
∞∑
k=0

2k(ω+1)
∥∥η1Qk

∥∥∞

=
∞∑
k=1

2k(ω+1)η(2k−1π) + η(0) ≤ C ‖η‖Lω
1
+ η(0).

For the converse, we use the function ν introduced in the proof of Theorem 4.1.9
to obtain

‖η‖Lω
1

≤ ‖ν‖Lω
1

=
∞∑
k=0

ank

∫
B(0,2nk )\B(0,2nk−1 )

(1 + x)ω dx

= C
∞∑
k=0

2nkω
(
2nk − 2nk−1

)
ank ≤ C ‖ f ‖Eω∞ ,

which proves the theorem. �

In this section, we investigate the restricted maximal operator

σ� f := sup
n∈Rd

τ

|σn f | ,

where τ ≥ 1 is fixed. Recall that



4.3 Restricted Rectangular Summability over a Cone 219

K̃n(t) :=
⎛
⎝ d∏

j=1

n j

⎞
⎠

−1 (
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)
.

Theorem 4.3.6 If ω ≥ 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C,

then

σ� f (x) ≤ C

(
sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

)
Mω,1

p f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

Proof We have

|σn f (x)|
= 1

(2π)d

∣∣∣∣
∫
Rd

f (x − t)
(
1(−π,π)d Kn

)
(t) dt

∣∣∣∣
≤ 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0

∫
Qk1 (n1)

· · ·
∫
Qkd (nd )

| f (x − t)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

where
Qi (n j ) := {x ∈ R : 2i−1π/n j ≤ |x | < 2iπ/n j } (i ∈ N+)

and
Q0(n j ) := (−π/n j ,π/n j ).

By Hölder’s inequality,

|σn f (x)|

≤ 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0

(∫
Qk1 (n1)

· · ·
∫
Qkd (nd )

| f (x − t)|p dt
)1/p

(∫
Qk1 (n1)

· · ·
∫
Qkd (nd )

∣∣(1(−π,π)d Kn
)
(t)
∣∣q dt

)1/q

= 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0

(∫
Qk1 (n1)

· · ·
∫
Qkd (nd )

| f (x − t)|p dt
)1/p
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⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
. (4.3.1)

Choose s ∈ N such that 2s−1 < τ ≤ 2s . Since n ∈ R
d
τ , we conclude

|σn f (x)|

≤ 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0

(∫ 2k1+sπ/n1

−2k1+sπ/n1

· · ·
∫ 2kd+sπ/n1

−2kd+sπ/n1

| f (x − t)|p dt
)1/p

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
. (4.3.2)

Let again

G(u) :=
(∫ u1

−u1

. . .

∫ ud

−ud

| f (x − t)|p dt
)1/p

(u ∈ R
d
+).

Then

2−ω(k1+...+kd )pnd1
Gp(2k1+sπ/n1, . . . , 2kd+sπ/n1)

(2π)d2sd2k1+...+kd
≤ (Mω,1

p )p f (x)

and so

|σn f (x)|

≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

G

(
2k1+sπ

n1
, . . . ,

2kd+sπ

n1

)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1/p)

⎞
⎠ n−d/p

1 Mω,1
p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

The fact n ∈ R
d
τ implies
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|σn f (x)| ≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1/p)

⎞
⎠Mω,1

p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1

(∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

= C
∥∥K̃n

∥∥
Eω
q (Rd )

Mω,1
p f (x),

which shows the theorem. �

Taking into account Theorem 4.3.3, we have

Theorem 4.3.7 If ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C,

then

sup
ρ>0

ρλ(σ� f > ρ)1/p ≤ Cp

(
sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

)
‖ f ‖p

for all f ∈ L p(T
d). Moreover, for every p < r ≤ ∞,

‖σ� f ‖r ≤ C

(
sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

)
‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.3.8 Suppose that ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C.

If
lim

n→∞, n∈Rd
τ

K̂n(k) = 1

for all k ∈ Z
d , then

lim
n→∞, n∈Rd

τ

σn f = f a.e.

for all f ∈ L p(T
d).

For the rectangular θ-means

σθ
n f (x) :=

∑
k1∈Z

· · ·
∑
kd∈Z

θ

(−k1
n1

, . . . ,
−kd
nd

)
f̂ (k)eık·x ,



222 4 Lebesgue Points of Higher Dimensional Functions

we obtain

Theorem 4.3.9 Suppose that ω ≥ 0, 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈ W
(C, �1)(R

d) and θ̂ ∈ Eω
q (Rd), then

σθ
� f (x) ≤ C

∥∥θ̂∥∥Eω
q (Rd )

Mω,1
p f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

This inequality can be proved as Theorem 4.3.6 (see also Theorem 4.2.11).

Theorem 4.3.10 Suppose that ω > 0, 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈
W (C, �1)(R

d) and θ̂ ∈ Eω
q (Rd), then

sup
ρ>0

ρλ(σθ
� f > ρ)1/p ≤ Cp

∥∥θ̂∥∥Eω
q (Rd )

‖ f ‖p

for all f ∈ L p(T
d). Moreover, for every p < r ≤ ∞,

∥∥σθ
� f
∥∥
r ≤ C

∥∥θ̂∥∥Eω
q (Rd )

‖ f ‖r ( f ∈ Lr (T
d)).

Corollary 4.3.11 Suppose that ω > 0, 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ(0) =
1, θ ∈ W (C, �1)(R

d) and θ̂ ∈ Eω
q (Rd), then

lim
n→∞, n∈Rd

τ

σθ
n f = f a.e.

for all f ∈ L p(T
d).

We introduce the third generalization of Lebesgue points as follows. Starting from
the maximal function Mω,1

p f , we introduce

Uω,1
r,p f (x) := sup

i∈Nd ,h>0,2ik h<r,k=1,...d
2−ω‖i‖1

(
1

(2h)d2‖i‖1
∫ 2i1h

−2i1h
· · ·
∫ 2id h

−2id h
| f (x − t) − f (x)|p dt

)1/p
. (4.3.3)

In case p = 1,weomit the notation p andwrite simplyUω,1
r f . In the two-dimensional

case this definition reads as

Uω,1
r,p f (x1, x2) = sup

i1,i2∈N,h>0,2ik h<r,k=1,2
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i1h

−2i1 h

∫ 2i2 h

−2i2 h
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt

)1/p
.
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Note that the definitions of the p-Lebesgue points and strong p-Lebesgue points
(see Definitions 4.1.19 and 4.2.17) can be rewritten as

lim
r→0

sup
0<h<r

(
1

(2h)d

∫ h

−h
· · ·
∫ h

−h
| f (x − t) − f (x)|p dt

)1/p
= 0

and

lim
r→0

sup
0<h j<r, j=1,...,d

(
1∏d

j=1(2h j )

∫ h1

−h1

· · ·
∫ hd

−hd

| f (x − t) − f (x)|p dt

)1/p
= 0,

respectively. Similarly to this definition, we introduce a new type of Lebesgue points.

Definition 4.3.12 For 1 ≤ p < ∞ and ω > 0, a point x ∈ T
d is called a (p,ω)-

Lebesgue point of f ∈ L p(T
d) if

lim
r→0

Uω,1
r,p f (x) = 0.

If ω = 0, then the (p, 0)-Lebesgue points are the same as the strong p-Lebesgue
points. It is easy to see that every (p,ω2)-Lebesgue point is a (p,ω1)-Lebesgue point
if ω1 > ω2 > 0. Moreover, if p < r , then every (r,ω)-Lebesgue point is a (p,ω)-
Lebesgue point. If f is continuous at x , then x is a (p,ω)-Lebesgue point of f for
all 1 ≤ p < ∞ and ω > 0.

Theorem 4.3.13 For 1 ≤ p < ∞ andω > 0, almost every point x ∈ T
d is a (p,ω)-

Lebesgue point of f ∈ L p(T
d).

Proof If f is a continuous function, then x is obviously a (p,ω)-Lebesgue point.
By Theorem 4.3.3,

ρpλ

(
sup
r>0

Uω,1
r,p f > ρ

)
≤ ρpλ(Mω,1

p f > ρ/2) + 2ρpλ(| f | > ρ/2)

≤ C ‖ f ‖p
p .

Since the result holds for continuous functions and the continuous functions are
dense in L p(T

d), the theorem follows from the usual density argument of Theorem
1.3.7. �

Theorem 4.3.14 Suppose that ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

∞∑
k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1−1/q)

⎞
⎠ sup

n∈Rd
κ,τ

∥∥K̃n1Qk

∥∥
q ≤ C. (4.3.4)

If
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lim
n→∞, n∈Rd

τ

K̂n(0) = 1,

Mω,1
p f (x) is finite and x is a (p,ω)-Lebesgue points of f ∈ L p(T

d), then

lim
n→∞, n∈Rd

τ

σn f (x) = f (x).

Proof Choose again s ∈ N such that 2s−1 < τ ≤ 2s . Since x is a (p,ω)-Lebesgue
point of f , we can fix a number r < 1 such that

Uω,1
r2sπ,p f (x) < ε,

whereUω,1
r,p f was introduced in (4.3.3). Let us denote by r0 the largest number i , for

which r/2 ≤ 2i/n1 < r . We have

|σn f (x) − f (x)| ≤ 1

(2π)d

∫
Rd

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt

+
∣∣∣∣ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)∣∣∣∣
= A1(x) + A2(x) + A3(x),

where

A1(x) := 1

(2π)d

r0∑
k1=0

· · ·
r0∑

kd=0∫
Qk1 (n1)

· · ·
∫
Qkd (nd )

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

A2(x) := 1

(2π)d

∑
π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0∫

Qk1 (n1)
· · ·
∫
Qkd (nd )

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

and

A3(x) :=
∣∣∣∣ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)∣∣∣∣ =
∣∣ f (x) (K̂n(0) − 1

)∣∣ .

Here {π1, . . . ,πd} denotes a permutation of {1, . . . , d} and 1 ≤ j ≤ d. Obviously,
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lim
n→∞, n∈Rd

τ

A3(x) = 0.

Similarly to (4.3.1) and (4.3.2), we deduce

A1(x)

≤ 1

(2π)d

r0∑
k1=0

· · ·
r0∑

kd=0

(∫
Qk1 (n1)

· · ·
∫
Qkd (nd )

| f (x − t) − f (x)|p dt
)1/p

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ 1

(2π)d

r0∑
k1=0

· · ·
r0∑

kd=0

(∫ 2k1+sπ/n1

−2k1+sπ/n1

· · ·
∫ 2kd+sπ/n1

−2kd+sπ/n1

| f (x − t) − f (x)|p dt
)1/p

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
. (4.3.5)

Setting

G(u) :=
(∫ u1

−u1

. . .

∫ ud

−ud

| f (x − t) − f (x)|p dt
)1/p

(u ∈ R
d
+),

we conclude

2−ω(k1+...+kd )nd/p
1

G(2k1+sπ/n1, . . . , 2kd+sπ/n1)(
(2π)d2sd2k1+...+kd

)1/p ≤ Uω,1
r2sπ,p f (x) (4.3.6)

because n ∈ R
d
τ and so

2k j+s

n1
≤ 2r0+s

n1
< r2s ( j = 1, . . . , d).

Hence

A1(x)

≤ 1

(2π)d

r0∑
k1=0

· · ·
r0∑

kd=0

G(2k1+sπ/n1, . . . , 2
kd+sπ/n1)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
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≤ C
r0∑

k1=0

· · ·
r0∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1/p)

⎞
⎠ n−d/p

1 Uω,1
r2sπ,p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

From this it follows immediately that

A1(x) ≤ C
r0∑

k1=0

· · ·
r0∑

kd=0

⎛
⎝ d∏

j=1

2k j (ω+1/p)

⎞
⎠Uω,1

r2sπ,p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1 (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
∥∥K̃n

∥∥
Eω
q (Rd )

ε.

Similarly to (4.3.5) and (4.3.6), we can see that

A2(x)

≤ 1

(2π)d

∑
π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0(∫ 2k1+sπ/n1

−2k1+sπ/n1

· · ·
∫ 2kd+sπ/n1

−2kd+sπ/n1

| f (x − t) − f (x)|p dt
)1/p

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

and

2−ω(k1+...+kd )nd/p
1

G(2k1+sπ/n1, . . . , 2kd+sπ/n1)(
(2π)d2sd2k1+...+kd

)1/p ≤ Mω,1
p f (x) + | f (x)|.

Since Mω,1
p f (x) is finite, we have

A2(x)

≤ C
∑

π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0
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⎛
⎝ d∏

j=1

2k j (ω+1/p)

⎞
⎠(Mω,1

p f (x) + | f (x)|)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1 (∫
Qk1

· · ·
∫
Qkd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
∑

π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0⎛

⎝ d∏
j=1

2k j (ω+1/p)

⎞
⎠
(∫

Qk1

· · ·
∫
Qkd

∣∣K̃n(t)
∣∣q dt

)1/q (Mω,1
p f (x) + | f (x)|) .

Since r0 → ∞ as n1 → ∞ and (4.3.4) holds, we conclude that

lim
n→∞ A2(x) = 0,

which finishes the proof. �

Note that (4.3.4) implies

sup
n∈Rd

τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C.

If K̃n can be estimated by a function g ∈ Eω
q (Rd) which is independent of n, then

(4.3.4) holds. This holds again for the Cesàro kernel K α
n = K α

n1 ⊗ · · · ⊗ K α
nd and for

the Riesz kernel K α,γ
n = K α,γ

n1 ⊗ · · · ⊗ K α,γ
nd . Indeed, taking into account (4.2.5) and

(4.2.6), we can see that

min
{
1, |t |−α−1

} ∈ Eω
∞(Rd)

if 0 < ω < α ≤ 1 and

min
{
1, |t |−min(α,1)−1

} ∈ Eω
∞(Rd)

if 0 < ω < min(α, 1).

Corollary 4.3.15 If 0 < ω < α ≤ 1,Mω,1 f (x) is finite and x is a (1,ω)-Lebesgue
point of f ∈ L1(T

d), then

lim
n→∞, n∈Rd

τ

σα
n f (x) = f (x).

Moreover,
sup
ρ>0

ρλ(σα
� > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T

d))
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and, for every 1 < p ≤ ∞,

∥∥σα
� f
∥∥
p ≤ Cp‖ f ‖p ( f ∈ L p(T

d)).

The same hold for the Riesz summation σ
α,γ
n if 0 < ω < min(α, 1), 0 < α < ∞ and

γ ∈ P.

The proof of Theorem 4.3.14 shows also

Theorem 4.3.16 Suppose that ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1, θ ∈ W (C, �1)

(Rd) and θ̂ ∈ Eω
q (Rd). If θ(0) = 1, Mω,1

p f (x) is finite and x is a (p,ω)-Lebesgue
point of f ∈ L p(T

d), then

lim
n→∞, n∈Rd

τ

σθ
n f (x) = f (x).

Corollary 4.3.17 If the conditions of Theorem4.3.14 or Theorem4.3.16 are satisfied
and if f ∈ L1(T

d) is continuous at a point x, then

lim
n→∞, n∈Rd

τ

σθ
n f (x) = f (x).

Taking into account Theorem 4.2.30, we obtain

Corollary 4.3.18 Suppose that θ = θ1 ⊗ · · · ⊗ θd ∈ W (C, �1)(R
d), θ(0) = 1 and

θ j ∈ V 2
1 (R) for all j = 1, . . . , d. If 0 < ω < 1,Mω,1 f (x) is finite and x is a (1,ω)-

Lebesgue point of f ∈ L1(T
d), then

lim
n→∞, n∈Rd

τ

σθ
n f (x) = f (x).

Moreover,

sup
ρ>0

ρλ(σθ
� > ρ) ≤ C

⎛
⎝ d∏

j=1

∥∥θ j

∥∥
Eω∞(R)

⎞
⎠ ‖ f ‖1 ( f ∈ L1(T

d))

and, for every 1 < p ≤ ∞,

∥∥σθ
� f
∥∥
p ≤ Cp

⎛
⎝ d∏

j=1

∥∥θ j

∥∥
Eω∞(R)

⎞
⎠ ‖ f ‖p ( f ∈ L p(T

d)).

All examples of Sect. 2.6.3 satisfy the condition θ ∈ V 2
1 (R). This means that all

results of Sect. 4.3.2, especially Corollary 4.3.18 hold if each θ j denotes either the
Cesàro summation or one of the examples of Sect. 2.6.3.
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4.4 Restricted Rectangular Summability over a Cone-Like
Set

In this section, we investigate the operators

σn f (x) = 1

(2π)d

∫
Td

f (x − t)Kn(t) dt

over a cone-like set, i.e., we assume that n ∈ R
d
κ,τ . Recall that R

d
κ,τ was defined in

Sect. 3.4 by

R
d
κ,τ := {x ∈ R

d
+ : τ−1

j κ j (n1) ≤ n j ≤ τ jκ j (n1), j = 2, . . . , d},

where κ1 is the identity function and, for all j = 2, . . . , d, κ j : R+ → R+ are strictly
increasing and continuous functions such that

lim
j→∞ κ j = ∞ and lim

j→+0
κ j = 0.

Instead of (3.4.1), we will suppose that there exist c j , ξ > 1 such that

κ j (ξx) = c jκ j (x) (x > 0). (4.4.1)

The higher dimensional rectangular Cesàro and Riesz kernels, K α
n and K α,γ

n will
satisfy again the conditions of this section.

4.4.1 Hardy-Littlewood Maximal Functions

We generalize the definition of Mω,1
p f as follows.

Definition 4.4.1 For ω > 0, 1 ≤ p < ∞ and f ∈ L p(T
d), the Hardy-Littlewood

maximal function Mκ,ω
p f is given by

Mκ,ω
p f (x) := sup

i∈Nd ,h>0

⎛
⎝ d∏

j=1

κ j (ξ
i j )−ω

⎞
⎠

(
1∏d

j=1(2κ j (ξi j h)π)

∫ κ1(ξ
i1h)π

−κ1(ξi1h)π

· · ·
∫ κd (ξ

id h)π

−κd (ξid h)π

| f (x − t)|p dt
)1/p

.

We show that the operator Mκ,ω
p is of weak type (p, p) as was Mω,1

p .

Theorem 4.4.2 If 1 ≤ p < ∞, then
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sup
ρ>0

ρλ(Mκ,ω
p f > ρ)1/p ≤ Cp‖ f ‖p ( f ∈ L p(T

d)).

Moreover, if p < r ≤ ∞, then

∥∥Mκ,ω
p f
∥∥
r

≤ Cr‖ f ‖r ( f ∈ Lr (R
d)).

Proof Choosing
μ(h) := κ1(ξ

i1h), ν(h) := κ2(ξ
i2h)

in the definition of M1,μ,ν
p f (see Theorem 4.3.2), we get that

ρpλ(Mκ,ω
p f > ρ)

≤ ρpλ

( ∞⋃
i1,i2=0

⎛
⎝ 2∏

j=1

κ j (ξ
i j )−ω

⎞
⎠ sup

h>0

(
1∏2

j=1(2κ j (ξi j h))

∫ κ1(ξ
i1h)

−κ1(ξi1h)

∫ κ2(ξ
i2 h)

−κ2(ξi2 h)

| f (x1 − t1, x2 − t2)|p dt
)1/p

> ρ

)

≤ ρp
∞∑

i1=0

∞∑
i2=0

λ

⎛
⎝M1,μ,ν

p f >

⎛
⎝ 2∏

j=1

κ j (ξ
i j )ω

⎞
⎠ ρ

⎞
⎠

≤ Cp

∑
i∈Nd

⎛
⎝ 2∏

j=1

κ j (ξ
i j )−ω p

⎞
⎠ ‖ f ‖p

p

≤ Cp

∑
i∈Nd

⎛
⎝ 2∏

j=1

c
−ω pi j
j κ j (1)

−ω p

⎞
⎠ ‖ f ‖p

p ≤ Cp‖ f ‖p
p

because c j > 1 ( j = 1, 2). �

4.4.2 Lebesgue Points for the Summability over a Cone-Like
Set

Using the functions κ j , we modify slightly the norm of the Herz spaces Eω
q (Rd).

Definition 4.4.3 For ω ≥ 0 and 1 ≤ q ≤ ∞, the weighted Herz space Eκ,ω
q (Rd)

contains all functions f for which

‖ f ‖Eκ,ω
q :=

∞∑
k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω+1−1/q

⎞
⎠∥∥ f 1Qk

∥∥
q < ∞,



4.4 Restricted Rectangular Summability over a Cone-Like Set 231

where
Qk := Q1,k1 × · · · × Qd,kd (k ∈ N

d),

Q j,0 := Q
κ j

j,0 := (−κ j (1)π,κ j (1)π
)

( j = 1, . . . , d)

and
Q j,i := Q

κ j

j,i := {x ∈ R : κ j (ξ
i−1)π ≤ |x | < κ j (ξ

i )π} (i ∈ N+).

However, these spaces are equivalent to the Herz spaces Eω
q (Rd) studied in

Sect. 4.3.2.

Theorem 4.4.4 The spaces Eω
q (Rd) and Eκ,ω

q (Rd) are equivalent for all 1 ≤ q ≤
∞,ω ≥ 0.

Proof It is enough to show the result for one dimension. Thenwe denote the function
κ j and the corresponding constant c j simply by κ and c, and the sets Q

κ j

j,k by Qκ
k .

For a fixed k, let ν be the smallest natural number l for which κ(ξl) = clκ(1) ≥ 2k

and μ be the largest natural number l for which κ(ξl) ≤ 2k−1. Then

2k(ω+1−1/q)
∥∥ f 1Qk

∥∥
q ≤

ν∑
j=μ+1

κ(ξ j )ω+1−1/q
∥∥∥ f 1Qκ

j

∥∥∥
q
,

which means that
‖ f ‖Eω

q
≤ C ‖ f ‖Eκ,ω

q
.

The other side of the equivalence can be shown in the same way. �

We will investigate a restricted maximal operator depending on the cone-like set:

σκ f := sup
n∈Rd

κ,τ

|σn f | .

Theorem 4.4.5 If ω ≥ 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Rd

κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C,

then

σκ f (x) ≤ C

(
sup

n∈Rd
κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

)
Mκ,ω

p f (x)

for all f ∈ L p(T
d) and x ∈ T

d .
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Proof Obviously,

|σn f (x)| = 1

(2π)d

∣∣∣∣
∫
Rd

f (x − t)
(
1(−π,π)d Kn

)
(t) dt

∣∣∣∣
≤ 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0∫
Q1,k1 (n1)

· · ·
∫
Qd,kd (n1)

| f (x − t)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

where
Q j,0(n1) := (−κ j (1/n1)π,κ j (1/n1)π

)

and

Q j,i (n1) := {x ∈ R : κ j (ξ
i−1/n1)π ≤ |x | < κ j (ξ

i/n1)π} (i ∈ N+).

By Hölder’s inequality,

|σn f (x)|

≤ 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0

(∫
Q1,k1 (n1)

· · ·
∫
Qd,kd (n1)

| f (x − t)|p dt
)1/p

(∫
Q1,k1 (n1)

· · ·
∫
Qd,kd (n1)

∣∣(1(−π,π)d Kn
)
(t)
∣∣q dt

)1/q

= 1

(2π)d

∞∑
k1=0

· · ·
∞∑

kd=0

(∫
Q1,k1 (n1)

· · ·
∫
Qd,kd (n1)

| f (x − t)|p dt
)1/p⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
. (4.4.2)

For

G(u) :=
(∫ u1

−u1

. . .

∫ ud

−ud

| f (x − t)|p dt
)1/p

(u ∈ R
d
+),

we have
⎛
⎝ d∏

j=1

κ j (ξ
k j )−ω p

⎞
⎠ Gp(κ1(ξ

k1/n1)π, . . . ,κd(ξ
kd/n1)π)∏d

j=1(2κ j (ξk j /n1)π)
≤ (Mκ,ω

p )p f (x).

Thus
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|σn f (x)|

≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

G(κ1(ξ
k1/n1)π, . . . ,κd(ξ

kd/n1)π)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω

⎞
⎠
⎛
⎝ d∏

j=1

κ j (ξ
k j /n1)

⎞
⎠

1/p

Mκ,ω
p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

If ξl ≤ n1 < ξl+1 for some l ∈ Z, then by (4.4.1),

κ j (1)c
l
j = κ j (ξ

l) ≤ κ j (n1) ≤ κ j (ξ
l+1) = κ j (1)c

l+1
j

and

κ j

(
ξk j

n1

)
≤ κ j

(
ξk j

ξl

)
= 1

clj
κ j (ξ

k j ) ≤ κ j (1)c j
κ j (ξ

k j )

κ j (n1)
= κ j (1)κ j (ξ

k j+1)

κ j (n1)
.

Choose integers μ and ν such that

τ jκ j (1) ≤ cμ
j and τ−1

j κ j (1) ≥ cν
j

for all j = 1, . . . , d. Using the definition of the cone-like set, we can see that

n jκ j

(
ξk j

n1

)
≤ τ jκ j (n1)κ j

(
ξk j

n1

)
≤ τ jκ j (1)κ j (ξ

k j+1)

≤ cμ
j κ j (ξ

k j+1) = κ j (ξ
k j+μ+1).

On the other hand

κ j

(
ξk j

n1

)
≥ κ j

(
ξk j

ξl+1

)
= 1

cl+1
j

κ j (ξ
k j ) ≥ κ j (1)

c j

κ j (ξ
k j )

κ j (n1)
= κ j (1)κ j (ξ

k j−1)

κ j (n1)

and
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n jκ j

(
ξk j

n1

)
≥ τ−1

j κ j (n1)κ j

(
ξk j

n1

)
≥ τ−1

j κ j (1)κ j (ξ
k j−1)

≥ cν
jκ j (ξ

k j−1) = κ j (ξ
k j+ν−1).

Setting
Q′

j,0 := (−κ j (ξ
μ+1)π,κ j (ξ

μ+1)π
)

and
Q′

j,i := {x ∈ R : κ j (ξ
i+ν−2)π ≤ |x | < κ j (ξ

i+μ+1)π} (i ∈ N+),

we conclude

|σn f (x)| ≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω+1/p

⎞
⎠

⎛
⎝ d∏

j=1

κ j (n1)

⎞
⎠

−1/p

Mκ,ω
p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
Q′

1,k1

· · ·
∫
Q′

d,kd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
∞∑

k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω+1/p

⎞
⎠Mκ,ω

p f (x)

(∫
Q′

1,k1

· · ·
∫
Q′

d,kd

∣∣K̃n(t)
∣∣q dt

)1/q

≤ C
∥∥K̃n

∥∥
Eω
q (Rd )

Mκ,ω
p f (x),

which proves the theorem. �

Theorem 4.4.2 implies

Theorem 4.4.6 If ω ≥ 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Rd

κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C,

then

sup
ρ>0

ρλ(σκ f > ρ)1/p ≤ Cp

(
sup

n∈Rd
κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

)
‖ f ‖p

for all f ∈ L p(T
d). Moreover, for every p < r ≤ ∞,
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‖σκ f ‖r ≤ C

(
sup

n∈Rd
κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

)
‖ f ‖r ( f ∈ Lr (T

d)).

Corollary 4.4.7 Suppose that ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

sup
n∈Rd

κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C.

If
lim

n→∞, n∈Rd
κ,τ

K̂n(k) = 1

for all k ∈ Z
d , then

lim
n→∞,Rd

κ,τ

σn f = f a.e.

for all f ∈ L p(T
d).

For rectangular θ-means, we obtain the next theorems in the same way.

Theorem 4.4.8 Suppose that ω ≥ 0, 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈ W
(C, �1)(R

d) and θ̂ ∈ Eω
q (Rd), then

σθ
κ f (x) ≤ C

∥∥θ̂∥∥Eω
q (Rd )

Mκ,ω
p f (x)

for all f ∈ L p(T
d) and x ∈ T

d .

Theorem 4.4.9 Suppose that ω > 0, 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ ∈ W
(C, �1)(R

d) and θ̂ ∈ Eω
q (Rd), then

sup
ρ>0

ρλ(σθ
κ f > ρ)1/p ≤ Cp

∥∥θ̂∥∥Eω
q (Rd )

‖ f ‖p

for all f ∈ L p(T
d). Moreover, for every p < r ≤ ∞,

∥∥σθ
κ f
∥∥
r

≤ C
∥∥θ̂∥∥

Eω
q (Rd )

‖ f ‖r ( f ∈ Lr (T
d)).

Corollary 4.4.10 Suppose that ω > 0, 1 ≤ p < ∞ and 1/p + 1/q = 1. If θ(0) =
1, θ ∈ W (C, �1)(R

d) and θ̂ ∈ Eω
q (Rd), then

lim
n→∞, n∈Rd

κ,τ

σθ
n f = f a.e.

for all f ∈ L p(T
d).
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We generalize the concept of Lebesgue points as follows. Let

Uκ,ω
r,p f (x) := sup

i∈Nd ,h>0,ξi j h<r, j=1,...d

⎛
⎝ d∏

j=1

κ j (ξ
i j )−ω

⎞
⎠
(

1∏d
j=1(2κ j (ξi j h)π)

∫ κ1(ξ
i1h)π

−κ1(ξi1h)π

· · ·
∫ κd (ξ

id h)π

−κd (ξid h)π

| f (x − t) − f (x)|p dt
)1/p

.

Definition 4.4.11 For 1 ≤ p < ∞ and ω > 0, a point x ∈ T
d is called a (p,κ,ω)-

Lebesgue point of f ∈ L p(T
d) if

lim
r→0

Uκ,ω
r,p f (x) = 0.

If κ is the identity function, then we get back the (p,ω)-Lebesgue points inves-
tigated in the previous section.

Theorem 4.4.12 For 1 ≤ p < ∞ and ω > 0, almost every point x ∈ T
d is a

(p,κ,ω)-Lebesgue point of f ∈ L p(T
d).

We omit the proof, since it is similar to that of Theorem 4.3.13. Our basic theorem
about the convergence at (p,κ,ω)-Lebesgue points reads as follows.

Theorem 4.4.13 Suppose that ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1 and

∞∑
k1=0

· · ·
∞∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω+1−1/q

⎞
⎠ sup

n∈Rd
κ,τ

∥∥K̃n1Qk

∥∥
q ≤ C. (4.4.3)

If
lim

n→∞, n∈Rd
κ,τ

K̂n(0) = 1,

Mκ,ω
p f (x) is finite and x is a (p,κ,ω)-Lebesgue points of f ∈ L p(T

d), then

lim
n→∞, n∈Rd

κ,τ

σn f (x) = f (x).

Proof Since x is a (p,κ,ω)-Lebesgue point of f , we can fix a number r < 1 such
that

Uκ,ω
r,p f (x) < ε.

Let us denote by r0 the largest number i , for which r/ξ ≤ ξi/n1 < r . We use again
the decomposition
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|σn f (x) − f (x)| ≤ 1

(2π)d

∫
Rd

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt

+
∣∣∣∣ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)∣∣∣∣
= A1(x) + A2(x) + A3(x),

where

A1(x) := 1

(2π)d

r0∑
k1=0

· · ·
r0∑

kd=0∫
Q1,k1 (n1)

· · ·
∫
Qd,kd (n1)

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

A2(x) := 1

(2π)d

∑
π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0∫

Q1,k1 (n1)
· · ·
∫
Qd,kd (n1)

| f (x − t) − f (x)| ∣∣(1(−π,π)d Kn
)
(t)
∣∣ dt,

and

A3(x) :=
∣∣∣∣ f (x)

(
1

(2π)d

∫
Td

Kn(t) dt − 1

)∣∣∣∣ =
∣∣ f (x) (K̂n(0) − 1

)∣∣ .

{π1, . . . ,πd} denotes again a permutation of {1, . . . , d} and 1 ≤ j ≤ d. Obviously,

lim
n→∞, n∈Rd

τ

A3(x) = 0.

Taking into account (4.4.2), we can see that

A1(x)

≤ 1

(2π)d

r0∑
k1=0

· · ·
r0∑

kd=0

(∫
Q1,k1 (n1)

· · ·
∫
Qd,kd (n1)

| f (x − t) − f (x)|p dt
)1/p⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
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≤ C
r0∑

k1=0

· · ·
r0∑

kd=0

G(κ1(ξ
k1/n1)π, . . . ,κd(ξ

kd/n1)π)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
, (4.4.4)

where

G(u) :=
(∫ u1

−u1

. . .

∫ ud

−ud

| f (x − t) − f (x)|p dt
)1/p

(u ∈ R
d
+).

It comes from the definition of Uκ,ω
r,p that

⎛
⎝ d∏

j=1

κ j (ξ
k j )−ω

⎞
⎠ G(κ1(ξ

k1/n1)π, . . . ,κd(ξ
kd/n1)π)(∏d

j=1(2κ j (ξk j /n1)π)
)1/p ≤ Uκ,ω

r,p f (x), (4.4.5)

which implies

A1(x)

≤ C
r0∑

k1=0

· · ·
r0∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω

⎞
⎠
⎛
⎝ d∏

j=1

κ j (ξ
k j /n1)

⎞
⎠

1/p

Uκ,ω
r,p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

As in the proof of Theorem 4.4.5,

A1(x) ≤ C
r0∑

k1=0

· · ·
r0∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω+1/p

⎞
⎠

⎛
⎝ d∏

j=1

κ j (n1)

⎞
⎠

−1/p

Uκ,ω
r,p f (x)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
Q′

1,k1

· · ·
∫
Q′

d,kd

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
r0∑

k1=0

· · ·
r0∑

kd=0

⎛
⎝ d∏

j=1

κ j (ξ
k j )ω+1/p

⎞
⎠Uκ,ω

r,p f (x)
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(∫
Q′

1,k1

· · ·
∫
Q′

d,kd

∣∣K̃n(t)
∣∣q dt

)1/q

≤ Cε
∥∥K̃n

∥∥
Eω
q (Rd )

.

In the same way as in (4.4.4), we get that

A2(x)

≤ C
∑

π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0

G(κ1(ξ
k1/n1)π, . . . ,κd(ξ

kd/n1)π)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q
.

Besides (4.4.5), we know also the inequality

⎛
⎝ d∏

j=1

κ j (ξ
k j )−ω

⎞
⎠ G(κ1(ξ

k1/n1)π, . . . ,κd(ξ
kd/n1)π)(∏d

j=1(2κ j (ξk j /n1)π)
)1/p ≤ Mκ,ω

p f (x) + C | f (x)|.

As above, we get that

A2(x)

≤ C
∑

π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0⎛

⎝ d∏
j=1

κ j (ξ
k j )ω

⎞
⎠
⎛
⎝ d∏

j=1

κ j (ξ
k j /n1)

⎞
⎠

1/p (Mκ,ω
p f (x) + | f (x)|)

⎛
⎝ d∏

j=1

n j

⎞
⎠

−1/q

(∫
n1Q1,k1 (n1)

· · ·
∫
nd Qd,kd (n1)

∣∣∣∣
(
1(−π,π)d Kn

) ( t1
n1

, . . . ,
td
nd

)∣∣∣∣
q

dt

)1/q

≤ C
(Mκ,ω

p f (x) + C | f (x)|) ∑
π1,...,πd

∞∑
kπ1=r0+1

. . .

∞∑
kπ j =r0+1

∞∑
kπ j+1=0

. . .

∞∑
kπd =0⎛

⎝ d∏
j=1

κ j (ξ
k j )ω+1/p

⎞
⎠
(∫

Q′
1,k1

· · ·
∫
Q′

d,kd

∣∣K̃n(t)
∣∣q dt

)1/q
.



240 4 Lebesgue Points of Higher Dimensional Functions

Since r0 → ∞ as n1 → ∞, we deduce that

lim
n→∞ A2(x) = 0.

The proof of the theorem is complete. �

Obviously, (4.4.3) implies

sup
n∈Rd

κ,τ

∥∥K̃n

∥∥
Eω
q (Rd )

≤ C.

Since we basically work with the Eω
q (Rd) space, our results can be applied to all

examples of Sect. 4.3.2, amongst others, to the Cesàro and Riesz summability.

Corollary 4.4.14 If 0 < ω < α ≤ 1, Mκ,ω f (x) is finite and x is a (1,κ,ω)-
Lebesgue point of f ∈ L1(T

d), then

lim
n→∞, n∈Rd

κ,τ

σα
n f (x) = f (x).

Moreover,
sup
ρ>0

ρλ(σα
κ > ρ) ≤ C‖ f ‖1 ( f ∈ L1(T

d))

and, for every 1 < p ≤ ∞,

∥∥σα
κ f
∥∥
p

≤ Cp‖ f ‖p ( f ∈ L p(T
d)).

The same hold for the Riesz summation σ
α,γ
n if 0 < ω < min(α, 1), 0 < α < ∞ and

γ ∈ P.

Theorem 4.4.15 Suppose that ω > 0, 1 ≤ p < ∞, 1/p + 1/q = 1, θ ∈ W
(C, �1)(R

d) and θ̂ ∈ Eω
q (Rd). If θ(0) = 1, Mκ,ω

p f (x) is finite and x is a (p,κ,ω)-
Lebesgue point of f ∈ L p(T

d), then

lim
n→∞, n∈Rd

κ,τ

σθ
n f (x) = f (x).

This theorem can be proved exactly as Theorem 4.4.13.

Corollary 4.4.16 If the conditions of Theorem4.4.13 or Theorem4.4.15 are satisfied
and if f ∈ L1(T

d) is continuous at a point x, then

lim
n→∞, n∈Rd

κ,τ

σθ
n f (x) = f (x).
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Corollary 4.4.17 Suppose that θ = θ1 ⊗ · · · ⊗ θd ∈ W (C, �1)(R
d), θ(0) = 1 and

θ j ∈ V 2
1 (R) for all j = 1, . . . , d. If 0 < ω < 1, Mκ,ω f (x) is finite and x is a

(1,κ,ω)-Lebesgue point of f ∈ L1(T
d), then

lim
n→∞, n∈Rd

κ,τ

σθ
n f (x) = f (x).

Moreover,

sup
ρ>0

ρλ(σθ
κ > ρ) ≤ C

⎛
⎝ d∏

j=1

∥∥θ j

∥∥
Eω∞(R)

⎞
⎠ ‖ f ‖1 ( f ∈ L1(T

d))

and, for every 1 < p ≤ ∞,

∥∥σθ
κ f
∥∥
p ≤ Cp

⎛
⎝ d∏

j=1

∥∥θ j

∥∥
Eω∞(R)

⎞
⎠ ‖ f ‖p ( f ∈ L p(T

d)).

We note again that all examples of Sect. 2.6.3 satisfy the condition θ ∈ V 2
1 (R).

4.5 �∞-Summability

Now we consider Lebesgue points for the �∞-summability. We study the �∞-Cesàro
means

σ∞,α
n f (x) = 1

(2π)d

∫
Td

f (x − t)K∞,α
n (t) dt (n ∈ N)

and the �∞-θ-means σ∞,θ
n f . Recall that the Cesàro kernel K∞,α

n was defined by

K∞,α
n (t) := 1

Aα
n−1

∑
k∈Zd , ‖k‖∞≤n

Aα
n−1−‖k‖∞e

ık·t .

In this section, we cannot use the concept of Herz spaces, we will use other ideas.

4.5.1 Hardy-Littlewood Maximal Functions

In this section, we are going to generalize the maximal operatorMω,1
p f investigated

in Sect. 4.3. Under a diagonal, we understand a diagonal of the cube [0,π]d . Let
us denote by P2i1 h,...,2id h a parallelepiped, whose center is the origin and whose
sides are parallel to the axes and/or to the diagonals and whose kth side length is



242 4 Lebesgue Points of Higher Dimensional Functions

2ik+1h if the kth side is parallel to an axis and
√
22ik+1h if the kth side is parallel to a

diagonal (i ∈ N
d , h > 0, k = 1, . . . , d). More exactly, at least one side of P2i1 h,...,2id h

is parallel to one of the axes and the other sides are parallel to the axes and/or to the
diagonals.

Definition 4.5.1 For ω > 0, 1 ≤ p < ∞ and f ∈ L p(T
d), the Hardy-Littlewood

maximal function Mω
p f is given by

Mω
p f (x)

:= sup
P
2i1 h,...,2id h

,i∈Nd ,h>0
2−ω‖i‖1

(
1∣∣P2i1h,...,2id h

∣∣
∫
P
2i1 h,...,2id h

| f (x − t)|p dt
)1/p

,

where the supremum is taken over all parallelepipeds P2i1 h,...,2id h (i ∈ N
d , h > 0)

just defined.

For p = 1, we use the notation Mω f . Obviously,

Mω1
p f ≤ Mω2

p f for ω1 > ω2 > 0 and 1 ≤ p < ∞.

It is easy to see that

Mω
p f (x) ≥ sup

i∈Nd ,h>0
2−ω‖i‖1

(
1

(2h)d2‖i‖1
∫ 2i1h

−2i1 h

∫ δ1t1+2i2 h

δ1t1−2i2 h
· · ·
∫ δd−1(t1−t2−···−td−1)+2id h

δd−1(t1−t2−···−td−1)−2id h
| f (x − t)|p dt

)1/p
,

where δi ∈ {0, 1} (i = 1, . . . , d). If we take the supremum only over all rectangles
with sides parallel to the axes, we get back the definition of the maximal operator
Mω,1

p f from Sect. 4.3.1. Thus

Mω
p f ≥ Mω,1

p f.

In the two-dimensional case, besidesMω,1
p f defined in Sect. 4.3.1, we introduce

Mω,2
p f (x1, x2) := sup

i1,i2∈N,h>0
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i1h

−2i1 h

∫ t1+2i2 h

t1−2i2 h
| f (x1 − t1, x2 − t2)|p dt2 dt1

)1/p
,
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Mω,3
p f (x1, x2) := sup

i1,i2∈N,h>0
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i1h

−2i1 h

∫ −t1+2i2 h

−t1−2i2 h
| f (x1 − t1, x2 − t2)|p dt2 dt1

)1/p
,

Mω,4
p f (x1, x2) := sup

i1,i2∈N,h>0
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i2 h

−2i2 h

∫ t2+2i1 h

t2−2i1 h
| f (x1 − t1, x2 − t2)|p dt1 dt2

)1/p

as well as

Mω,5
p f (x1, x2) := sup

i1,i2∈N,h>0
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i2 h

−2i2 h

∫ −t2+2i1h

−t2−2i1h
| f (x1 − t1, x2 − t2)|p dt1 dt2

)1/p
.

Note that in Mω,1
p f , we take the supremum over rectangles with sides parallel to

the axes and in Mω, j
p f ( j = 2, 3, 4, 5), over parallelograms with at most one side

parallel to one of the axes and with the other sides parallel to the diagonals of the
square [0,π]2. Then we have

Mω
p f (x1, x2) =

5∑
j=1

Mω, j
p f (x1, x2)

for all ω > 0 and 1 ≤ p < ∞. Similarly to M1,μ,ν
p f , we introduce also

M2,μ,ν
p f (x1, x2) := sup

h>0

(
1

4μ(h)ν(h)∫ μ(h)

−μ(h)

∫ t1+ν(h)

t1−ν(h)

| f (x1 − t1, x2 − t2)|p dt2 dt1
)1/p

,

M3,μ,ν
p f (x1, x2) := sup

h>0

(
1

4μ(h)ν(h)∫ μ(h)

−μ(h)

∫ −t1+ν(h)

−t1−ν(h)

| f (x1 − t1, x2 − t2)|p dt2 dt1
)1/p

,
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M4,μ,ν
p f (x1, x2) := sup

h>0

(
1

4μ(h)ν(h)∫ ν(h)

−ν(h)

∫ t2+μ(h)

t2−μ(h)

| f (x1 − t1, x2 − t2)|p dt1 dt2
)1/p

and

M5,μ,ν
p f (x1, x2) := sup

h>0

(
1

4μ(h)ν(h)∫ ν(h)

−ν(h)

∫ −t2+μ(h)

−t2−μ(h)

| f (x1 − t1, x2 − t2)|p dt1 dt2
)1/p

.

Recall that μ(h) and ν(h) are two continuous functions of h ≥ 0, strictly increasing
to ∞ and 0 at h = 0. The next two theorems can be proved in the same way as in
Sect. 4.3.1.

Theorem 4.5.2 If j = 1, . . . , 5 and 1 ≤ p < ∞, then

sup
ρ>0

ρλ(M j,μ,ν
p f > ρ)1/p ≤ Cp ‖ f ‖p ( f ∈ L p(T

d)).

Moreover, if p < r ≤ ∞, then

∥∥M j,μ,ν
p f
∥∥
r

≤ Cr ‖ f ‖r ( f ∈ Lr (T
d)),

where the constants Cp and Cr are independent of μ and ν.

Theorem 4.5.3 If ω > 0 and 1 ≤ p < ∞, then

sup
ρ>0

ρλ(Mω
p f > ρ)1/p ≤ C‖ f ‖p ( f ∈ L p(T

d)).

Moreover, if p < r ≤ ∞, then

∥∥Mω
p f
∥∥
r

≤ Cr‖ f ‖r ( f ∈ Lr (T
d).

4.5.2 Lebesgue Points for the �∞-Summability

Here we introduce a stronger version of Lebesgue points than the (p,ω)-Lebesgue
points. Similarly to Sect. 4.3.2, let



4.5 �∞-Summability 245

Uω
r,p f (x) := sup

P
2i1 h,...,2id h

,i∈Nd ,h>0

2ik h<r,k=1,...d

2−ω‖i‖1
(

1∣∣P2i1h,...,2id h

∣∣
)1/p

(∫
P
2i1 h,...,2id h

| f (x − t) − f (x)|p dt
)1/p

,

where the supremum is taken over all parallelepipeds whose center is the origin and
whose sides are parallel to the axes and/or to the diagonals as in the definition of
Mω

p f . Obviously,

Uω
r,p f (x) ≥ sup

i∈Nd ,h>0,2ik h<r,k=1,...d
2−ω‖i‖1

(
1

(2h)d2‖i‖1

)1/p
×

×
(∫ 2i1h

−2i1 h

∫ δ1t1+2i2 h

δ1t1−2i2 h
· · ·
∫ δd−1(t1−t2−···−td−1)+2id h

δd−1(t1−t2−···−td−1)−2id h
| f (x − t) − f (x)|p dt

)1/p
,

where δi = 0, 1 (i = 1, . . . , d − 1). Taking the supremum in the definition ofUω
r,p f

over all parallelepipeds whose sides are parallel to the axes, we obtain the definition
of Uω,1

r,p f (see Definition 4.3.12). In case p = 1, we omit again the notation p and

write simply Uω
r f . In the two-dimensional case, similarly toMω, j

p f , we can define
Uω, j

r,p f for j = 2, 3, 4, 5 as follows:

Uω,2
r,p f (x1, x2) := sup

i1,i2∈N,h>0,2ik h<r,k=1,2
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i1h

−2i1h

∫ t1+2i2 h

t1−2i2 h
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p
,

Uω,3
r,p (x1, x2) := sup

i1,i2∈N,h>0,2ik h<r,k=1,2
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i1 h

−2i1 h

∫ −t1+2i2 h

−t1−2i2 h
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p
,

Uω,4
r,p f (x1, x2) := sup

i1,i2∈N,h>0,2ik h<r,k=1,2
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i2 h

−2i2 h

∫ t2+2i1h

t2−2i1h
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt1 dt2

)1/p
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and

Uω,5
r,p f (x1, x2) := sup

i1,i2∈N,h>0,2ik h<r,k=1,2
2−ω(i1+i2)

(
1

4 · 2i1+i2h2

∫ 2i2 h

−2i2 h

∫ −t2+2i1h

−t2−2i1h
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt1 dt2

)1/p
.

Definition 4.5.4 For 1 ≤ p < ∞ andω > 0, a point x ∈ T
d is called a strong (p,ω)-

Lebesgue point of f ∈ L p(T
d) if

lim
r→0

Uω
r,p f (x) = 0.

Recall that x ∈ T
d a (p,ω)-Lebesgue point of f ∈ L p(T

d) if

lim
r→0

Uω,1
r,p f (x) = 0.

Since
Uω,1

r,p f ≤ Uω
r,p f (1 ≤ p < ∞, 0 < r < ∞),

Definition 4.5.4 is indeed stronger than the definition of (p,ω)-Lebesgue points.
Note that every strong (p,ω2)-Lebesgue point is a strong (p,ω1)-Lebesgue point
(0 < ω2 < ω1 < ∞), because of

Uω1
r,p f ≤ Uω2

r,p f (0 < ω2 < ω1 < ∞, 1 ≤ p < ∞).

Moreover, if p < r , then every strong (r,ω)-Lebesgue point is a strong (p,ω)-
Lebesgue point. If f is continuous at x , then x is a strong (p,ω)-Lebesgue point of
f for all 1 ≤ p < ∞ and ω > 0. The proof of the next result is the same as that of
Theorem 4.3.13.

Theorem 4.5.5 For 1 ≤ p < ∞ and ω > 0, almost every point x ∈ T
d is a strong

(p,ω)-Lebesgue point of f ∈ L p(T
d).

To be able to prove the main theorem of this section, we need the next lemma.

Lemma 4.5.6 Suppose that 0 < α ≤ 1, x ∈ T
2 and π > x1 > x2 > 0. Then

∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cn2 (4.5.1)

and

∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cx−1
1 x−1

2 . (4.5.2)

Moreover, if x1 − x2 > 1/n, then
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∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cn−αx−1
1 x−1

2 (x1 − x2)
−α (4.5.3)

and

∣∣K∞,α
n (x1, x2)

∣∣ ≤ Cn1−αx−1
1 (x1 − x2)

−α. (4.5.4)

These inequalities come easily from Lemma 2.2.19.

Theorem 4.5.7 If 0 < α < ∞, 0 < ω < min(α, 1)/d,Mω f (x) is finite and x is a
strong (1,ω)-Lebesgue point of f ∈ L1(T

d), then

lim
n→∞ σ∞,α

n f (x) = f (x).

Proof By Lemma 2.2.8, we have to prove the theorem for 0 < α ≤ 1. Let 0 < ω <

α/2. Since (x1, x2) is a strong (1,ω)-Lebesgue point of f , we can fix a number r < 1
such that

Uω
r f (x1, x2) < ε.

Let us denote the square [0, r/2] × [0, r/2] by Sr/2 and let 2/n < r/2.
Since ∫

T2
K∞,α

n (x1, x2) dx = (2π)2,

we have
∣∣σ∞,α

n f (x1, x2) − f (x1, x2)
∣∣

≤ 1

(2π)2

∫
T2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt. (4.5.5)

It is enough to integrate over the set

{(t1, t2) : 0 < t2 < t1 < π}.

We decompose this set into the union of the same sets Ai (i = 1, . . . , 5) as in the
proof of Theorem 2.3.1 (see Fig. 4.1), where

A1 := {(x1, x2) : 0 < x1 ≤ 2/n, 0 < x2 < x1 < π},
A2 := {(x1, x2) : 2/n < x1 < π, 0 < x2 ≤ 1/n},
A3 := {(x1, x2) : 2/n < x1 < π, 1/n < x2 ≤ x1/2},
A4 := {(x1, x2) : 2/n < x1 < π, x1/2 < x2 ≤ x1 − 1/n},
A5 := {(x1, x2) : 2/n < x1 < π, x1 − 1/n < x2 < x1}.

We will integrate the right-hand side of (4.5.5) over the sets
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Fig. 4.1 The sets Ai

5⋃
i=1

(Ai ∩ Sr/2) and
5⋃

i=1

(Ai ∩ Scr/2),

where Sc denotes the complement of the set S. Of course, A1 ⊂ Sr/2. By (4.5.1),

∫
A1

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ Cn2
∫ 2/n

0

∫ 2/n

0
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ CUω,1
r f (x1, x2) < Cε.

Let us denote by r0 the largest number i , for which r/2 ≤ 2i+1/n < r . By (4.5.4),

∫
A2∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

n1−α

(
2i

n

)−1 (
2i

n
− 1

n

)−α
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∫ 2i+1/n

2i/n

∫ 1/n

0
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

2(ω−α)i2−ωi

(
n2

2i

)

∫ 2i+1/n

2i/n

∫ 1/n

0
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

2(ω−α)iUω,1
r f (x1, x2) < Cε.

Since t1 − t2 > t1/2 and t1 − t2 > t2 on A3, we obtain by (4.5.3) that

∣∣K∞,α
n (t1, t2)

∣∣ ≤ Cn−αt−1−α/2
1 t−1−α/2

2 .

Hence
∫
A3∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

i−1∑
j=0

n−α

(
2i

n

)−1−α/2 (
2 j

n

)−1−α/2

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j /n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)2−ω(i+ j)

(
n2

2i+ j

)

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j /n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)Uω,1
r f (x1, x2) < Cε.

Since t2 > t1/2 on A4, (4.5.3) implies

∣∣K∞,α
n (t1, t2)

∣∣ ≤ Cn−αt−2
1 (t1 − t2)

−α , (4.5.6)

and so
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∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

i−1∑
j=0

n−α

(
2i

n

)−2 (
2 j

n

)−α

∫ 2i+1/n

2i/n

∫ t1−2 j /n

t1−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−1)i2(ω+1−α) j2−ω(i+ j)

(
n2

2i+ j

)

∫ 2i+1/n

2i/n

∫ t1−2 j /n

t1−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−1)i2(ω+1−α) jUω,2
r f (x1, x2)

≤ C
r0∑
i=1

2(2ω−α)iUω,2
r f (x1, x2) < Cε.

We get from (4.5.2) that

∣∣K∞,α
n (t1, t2)

∣∣ ≤ Ct−2
1

on the set A5. This implies

∫
A5∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

(
2i

n

)−2 ∫ 2i+1/n

2i/n

∫ t1

t1−1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

2(ω−1)i2−ωi

(
n2

2i

)

∫ 2i+1/n

2i/n

∫ t1

t1−1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

2(ω−1)iUω,2
r f (x1, x2) < Cε.

On the other hand, we get that
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∫
A2∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

2(ω−α)iMω,1 f (x1, x2) + C
∞∑
i=r0

2−αi | f (x1, x2)|

≤ C2(ω−α)r0Mω,1 f (x1, x2) + C2−αr0 | f (x1, x2)|
≤ C(nr)ω−αMω,1 f (x1, x2) + C(nr)−α| f (x1, x2)| → 0

as n → ∞. Similarly,

∫
A3∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

i−1∑
j=0

2(ω−α/2)(i+ j)Mω,1 f (x1, x2) + C
∞∑
i=r0

i−1∑
j=0

2−α(i+ j)/2| f (x1, x2)|

≤ C2(ω−α/2)r0Mω,1 f (x1, x2) + C2−αr0/2| f (x1, x2)| → 0

and
∫
A4∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

i−1∑
j=0

2(ω−1)i2(ω+1−α) jMω,2 f (x1, x2) + C
∞∑
i=r0

i−1∑
j=0

2−i2(1−α) j | f (x1, x2)|

≤ C2(2ω−α)r0Mω,2 f (x1, x2) + C2−αr0 | f (x1, x2)| → 0,

as n → ∞. In the last line, we have used that 0 < α < 1. The same holds for α = 1.
Finally,

∫
A5∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

2(ω−1)iMω,2 f (x1, x2) + C
∞∑
i=r0

2−i | f (x1, x2)|

≤ C2(τ−1)r0Mω,2 f (x1, x2) + C2−r0 | f (x1, x2)| → 0,

as n → ∞. Note that A1 ∩ Scr/2 = ∅. �

Note that Belinsky [20] proved that the convergence does not hold for all p-
Lebesgue points defined in Definition 4.1.19. Since by Theorems 4.5.5 and 4.5.3
almost every point is a strong (1,ω)-Lebesgue point and the maximal operatorMω f
is almost everywhere finite for f ∈ L1(T

d), Theorem 4.5.7 implies the almost every-
where convergence
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lim
n→∞ σ∞,α

n f = f a.e.

if f ∈ L1(T
d) (see Corollary 2.5.9).

In the next theorem, we use only the maximal operator Mω,1
p f and the (p,ω)-

Lebesgue points as in Sect. 4.3.

Theorem 4.5.8 Suppose that 0 < α < ∞, 1 < p < ∞, 1/p + 1/q = 1 and 0 <

ω < min(α/d, 1/(2q)). If Mω,1
p f (x) is finite and x is a (p,ω)-Lebesgue point of

f ∈ L p(T
d), then

lim
n→∞ σ∞,α

n f (x) = f (x).

Proof Suppose that 0 < α ≤ 1. Since (x1, x2) is a (p,ω)-Lebesgue point of f , we
fix again a number 0 < r < 1 such that

Uω,1
r,p f (x1, x2) < ε.

We can prove in the same way as in Theorem 4.5.7 that

∫
Ai

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt → 0,

for i = 1, 2, 3, as n → ∞. So we have to consider the sets A4 and A5, only. It is easy
to see that

∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

∫ 2i+1/n

2i /n

∫ 2 j+1/n

2 j/n

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ 1A4(t1, t2) dt2 dt1.

Hölder’s inequality and (4.5.6) imply

∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

(∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

(∫ 2i+1/n

2i /n

∫ t1−1/n

2i−1/n
n−αq t−2q

1 (t1 − t2)
−αq1A4(t1, t2) dt2 dt1

)1/q
.

If q < 1/α, then
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∫ 2i+1/n

2i /n

∫ t1−1/n

2i−1/n
n−αq t−2q

1 (t1 − t2)
−αq1A4(t1, t2) dt2 dt1

≤ Cn−αq

(
2i

n

)−αq+1 ∫ 2i+1/n

2i/n
t−2q
1 dt1

≤ Cn−αq

(
2i

n

)−αq+1 (
2i

n

)1−2q

dt1

≤ C
( n
2i

)2q−2
2−iαq

and so
∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−α/2)(i+ j)

2−ω(i+ j)

(
n2

2i+ j

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j /n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−α/2)(i+ j)Uω,1
r,p f (x1, x2) < Cpε.

An analogous inequality can also be proved for q ≥ 1/α. Indeed, choose a small
number 0 < β < 1 such that ω < (1 − β)/2q. Since t1 − t2 < t1/2 on A4 and 1 −
αq − β < 0, we conclude

∫ 2i+1/n

2i/n

∫ t1−1/n

2i−1/n
n−αq t−2q

1 (t1 − t2)
−αq1A4(t1, t2) dt2 dt1

≤ C
∫ 2i+1/n

2i /n

∫ t1−1/n

2i−1/n
n−αq t−2q+β

1 (t1 − t2)
−αq−β1A4(t1, t2) dt2 dt1

≤ Cn−αq

(
1

n

)−αq−β+1 ∫ 2i+1/n

2i/n
t−2q+β
1 dt1

≤ C
( n
2i

)2q−2
2−i(1−β)

and
∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt
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≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1−β)/2q)(i+ j)2−ω(i+ j)

(
n2

2i+ j

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1−β)/2q)(i+ j)Uω,1
r,p f (x1, x2) < Cpε.

For the set A5, we obtain

∫
A5∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

(∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

(∫ 2i+1/n

2i/n

∫ t1

t1−1/n
t−2q
1 dt2 dt1

)1/q
.

We can compute that

∫ 2i+1/n

2i/n

∫ t1

t1−1/n
t−2q
1 dt2 dt1 ≤ Cn−1

(
2i

n

)−2q+1

= C
( n
2i

)2q−2
2−i .

Then
∫
A5∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

2(ω−1/2q)(i+ j)2−ω(i+ j)

(
n2

2i+ j

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−1/(2q))(i+ j)Uω,1
r,p f (x1, x2) < Cε.

Similarly, we can see that
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∫
A4∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ Cp

∞∑
i=r0

i∑
j=i−1

2(ω−α/2)(i+ j)Mω,1
p f (x1, x2)

+ Cp

∞∑
i=r0

i∑
j=i−1

2−α(i+ j)/2| f (x1, x2)|

≤ Cp2
(2ω−α)r0Mω,1

p f (x1, x2) + Cp2
−αr0 | f (x1, x2)|

≤ C(nr)2ω−αMω,1
p f (x1, x2) + C(nr)−α| f (x1, x2)| → 0

as n → ∞ and q < 1/α. If q ≥ 1/α, then

∫
A4∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ Cp

∞∑
i=r0

i∑
j=i−1

2(ω−(1−β)/2q)(i+ j)Mω,1
p f (x1, x2)

+ Cp

∞∑
i=r0

i∑
j=i−1

2−(1−β)(i+ j)/2q | f (x1, x2)|

≤ Cp2
(2ω−(1−β)/q)r0Mω,1

p f (x1, x2) + Cp2
−(1−β)r0/q | f (x1, x2)| → 0

as n → ∞. Finally,

∫
A5∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K∞,α

n (t1, t2)
∣∣ dt

≤ Cp

∞∑
i=r0

i∑
j=i−1

2(ω−1/2q)(i+ j)Mω,1
p f (x1, x2)

+ Cp

∞∑
i=r0

i∑
j=i−1

2−(i+ j)/2q | f (x1, x2)|

≤ Cp2
(2ω−1/q)r0Mω,1

p f (x1, x2) + Cp2
−r0/q | f (x1, x2)| → 0

as n → ∞. The proof of the theorem is complete. �

Note that these results were proved in Weisz [345, 349]. Now we turn to the
�∞-θ-means introduced by

σ∞,θ
n f (x) :=

∑
k∈Zd

θ

(‖k‖∞
n

)
f̂ (k)eık·x
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in Sect. 2.6.1. We suppose again that θ : R → R satisfies (2.6.2) and (2.6.3).

Theorem 4.5.9 Suppose that θ satisfies (2.6.2) and (2.6.3). If 0<ω<1/d,Mω f (x)
is finite and x is a strong (1,ω)-Lebesgue point of f ∈ L1(T

d), then

lim
n→∞ σ∞,θ

n f (x) = f (x).

Proof In Theorem 2.6.7, we have proved that

K∞,θ
n (x) =

∞∑
k=0

k �2θ

(
k

n

)
K∞

k (x),

where K∞
k denotes the Fejér kernel. We have verified in (2.6.4) that

sup
n≥1

∞∑
k=0

k

∣∣∣∣�2θ

(
k

n

)∣∣∣∣ ≤ C < ∞.

Hence

σ∞,θ
n f (x) − f (x) =

∫
Td

(
f (x − t) − f (x)

)
K∞,θ

n (t) dt

=
∞∑
k=0

k �2θ

(
k

n

)∫
Td

(
f (x − t) − f (x)

)
K∞

k (t) dt.

The proof can be finished using Theorem 4.5.7. �

This implies also the almost everywhere convergence ofσ∞,θ
n f stated in Corollary

2.6.9. From Theorem 4.5.8, we obtain in the same way

Theorem 4.5.10 Suppose that θ satisfies (2.6.2) and (2.6.3), 1 < p < ∞, 1/p +
1/q = 1 and 0 < ω < min(1/d, 1/(2q)). If Mω,1

p f (x) is finite and x is a (p,ω)-
Lebesgue point of f ∈ L p(T

d), then

lim
n→∞ σ∞,θ

n f (x) = f (x).

4.6 �1-Summability

Finally, we investigate Lebesgue points for the �1-Cesàro means

σ1,α
n f (x) = 1

(2π)d

∫
Td

f (x − t)K 1,α
n (t) dt (n ∈ N)
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as well as the �1-θ-means σ1,θ
n f . The definition of the Cesàro kernel K 1,α

n , i.e.,

K 1,α
n (t) := 1

Aα
n−1

∑
k∈Zd , ‖k‖1≤n

Aα
n−1−‖k‖1e

ık·t ,

can be found in Sect. 2.2. In this section, we use the sameHardy-Littlewoodmaximal
functions Mω

p f and Mω,1
p f and the same (strong) (p,ω)-Lebesgue points as in

Sect. 4.5. In what follows, we have to suppose that f is periodic with respect to π.
Instead of Lemma 2.2.14, we will use the next estimations.

Lemma 4.6.1 Suppose that 0 < α ≤ 1, 0 ≤ β ≤ 1 and π > x1 > x2 > 0. Then

∣∣K 1,α
n (x1, x2)

∣∣ ≤ Cn2, (4.6.1)

∣∣K 1,α
n (x1, x2)

∣∣ ≤ C(x1 − x2)
−1(x1 + x2)

−11{x2≤π/2}
+ C(x1 − x2)

−1(π − x2)
−11{x2>π/2}. (4.6.2)

If 1/n < x2 ≤ π/2, then

∣∣K 1,α
n (x1, x2)

∣∣ ≤ Cn−α(x1 − x2)
−1−βxβ−α−1

2 (4.6.3)

and

∣∣K 1,α
n (x1, x2)

∣∣ ≤ Cn1−αx−α−1
2 . (4.6.4)

If π/2 < x2 < π − 1/n, then

∣∣K 1,α
n (x1, x2)

∣∣ ≤ Cn−α(x1 − x2)
−1−β(π − x2)

β−α−1 (4.6.5)

and

∣∣K 1,α
n (x1, x2)

∣∣ ≤ Cn1−α(π − x2)
−α−1. (4.6.6)

Proof Inequalities (4.6.1) and (4.6.2) follow from Lemma 2.2.5 and (2.2.7), because
2π − x1 − x2 > π − x2, while (4.6.3) and (4.6.4) follow from (2.2.15) and (2.2.17).
Finally, (4.6.5) and (4.6.6) can be proved as (2.2.16) and (2.2.18). �

The main theorem of this section reads as follows.

Theorem 4.6.2 Suppose that 0 < α < ∞, 0 < ω < min(α, 1)/d and Mω f (x) is
finite. If f ∈ L1(T

d) is periodic with respect to π and x is a strong (1,ω)-Lebesgue
point of f , then

lim
n→∞ σ1,α

n f (x) = f (x).
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Proof Again, it is enough to prove the theorem for 0 < α ≤ 1. Let 0 < ω < α/2
and fix a number r < 1 such that

Uω
r f (x1, x2) < ε.

Let

Sr/2 :=
[
− r

2
,
r

2

]
×
[
− r

2
,
r

2

]
, S′

r/2 :=
[
π − r

2
,π + r

2

]
×
[
π − r

2
,π + r

2

]

and 2/n < r/2. We have

∣∣σ1,α
n f (x1, x2) − f (x1, x2)

∣∣
≤ 1

(2π)2

∫
T2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt.

We will integrate on the set

{(t1, t2) : 0 < t2 < t1 < π},

more exactly on

5⋃
i=1

(Ai ∩ Sr/2),
5⋃

i=1

(Ai ∩ Scr/2),
10⋃
i=6

(Ai ∩ S′
r/2),

10⋃
i=6

(Ai ∩ (S′
r/2)

c),

where the sets Ai (i = 1, . . . , 10) are defined by (see Fig. 4.2)

A1 := {(x1, x2) : 0 < x1 ≤ 2/n, 0 < x2 < x1 < π, x2 ≤ π/2},
A2 := {(x1, x2) : 2/n < x1 < π, 0 < x2 ≤ 1/n, x2 ≤ π/2},
A3 := {(x1, x2) : 2/n < x1 < π, 1/n < x2 ≤ x1/2, x2 ≤ π/2},
A4 := {(x1, x2) : 2/n < x1 < π, x1/2 < x2 ≤ x1 − 1/n, x2 ≤ π/2},
A5 := {(x1, x2) : 2/n < x1 < π, x1 − 1/n < x2 < x1, x2 ≤ π/2}
A6 := {(x1, x2) : x2 > π/2,π − 2/n ≤ x2 < π, 0 < x2 < x1 < π},
A7 := {(x1, x2) : π/2 < x2 < π − 2/n,π − 1/n < x1 < π},
A8 := {(x1, x2) : π/2 < x2 < π − 2/n, (π + x2)/2 < x1 ≤ π − 1/n},
A9 := {(x1, x2) : π/2 < x2 < π − 2/n, x2 + 1/n < x1 ≤ (π + x2)/2},
A10 := {(x1, x2) : π/2 < x2 < π − 2/n, x2 < x1 ≤ x2 + 1/n}.

Since A1 ⊂ Sr/2 and A6 ⊂ S′
r/2, we deduce by (4.6.1) that
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Fig. 4.2 The sets Ai

∫
A1

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ Cn2
∫ 2/n

0

∫ 2/n

0
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ CUω,1
r f (x1, x2) < Cε

and
∫
A6

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ Cn2
∫ π

π−2/n

∫ π

π−2/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ Cn2
∫ 0

−2/n

∫ 0

−2/n
| f (x1 − u1 − π, x2 − u2 − π) − f (x1, x2)| du2 du1

≤ CUω,1
r f (x1, x2) < Cε.

Let us denote by r0 the largest number i , for which r/2 ≤ 2i+1/n < r . By (4.6.2),
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∫
A2∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

(
2i

n
− 1

n

)−1 (
2i

n

)−1

∫ 2i+1/n

2i /n

∫ 1/n

0
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

2(ω−1)i2−ωi

(
n2

2i

)

∫ 2i+1/n

2i /n

∫ 1/n

0
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

2(ω−1)iUω,1
r f (x1, x2) < Cε.

Similarly,

∫
A7∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

(
2i

n
− 1

n

)−1 (
2i

n

)−1

∫ π−2i/n

π−2i+1/n

∫ π

π−1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

2(ω−1)i2−ωi

(
n2

2i

)

∫ −2i/n

−2i+1/n

∫ 0

−1/n
| f (x1 − t1 − π, x2 − t2 − π) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

2(ω−1)iUω,1
r f (x1, x2) < Cε.

On the other hand, we get that

∫
A2∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

+
∫
A7∩(S′

r/2)
c

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

2(ω−1)iMω,1 f (x1, x2) + C
∞∑
i=r0

2−i | f (x1, x2)|
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≤ C2(ω−1)r0Mω,1 f (x1, x2) + C2−r0 | f (x1, x2)|
≤ C(nr)ω−1Mω,1 f (x1, x2) + C(nr)−1| f (x1, x2)| → 0

as n → ∞.
Since t1 − t2 > t1/2 and t1 − t2 > t2 on A3, we obtain by (4.6.3) that

∣∣K 1,α
n (t1, t2)

∣∣ ≤ Cn−α(t1 − t2)
−1−α/2(t1 − t2)

−β+α/2tβ−α−1
2

≤ Cn−αt−1−α/2
1 t−1−α/2

2 ,

whenever β > α/2. Hence

∫
A3∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

i−1∑
j=0

n−α

(
2i

n

)−1−α/2 (
2 j

n

)−1−α/2

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j /n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)2−ω(i+ j)

(
n2

2i+ j

)

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j /n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)Uω,1
r f (x1, x2) < Cε.

On A8, t1 − t2 > (π − t2)/2 ≥ (π − t1)/2 and so (4.6.5) implies

∣∣K 1,α
n (t1, t2)

∣∣ ≤ Cn−α(t1 − t2)
−1−α/2(t1 − t2)

−β+α/2(π − t2)
β−α−1

≤ Cn−α(π − t1)
−1−α/2(π − t2)

−1−α/2

if β > α/2. From this it follows

∫
A8∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

i−1∑
j=0

n−α

(
2i

n

)−1−α/2 (
2 j

n

)−1−α/2

∫ π−2i /n

π−2i+1/n

∫ π−2 j/n

π−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2
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≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)2−ω(i+ j)

(
n2

2i+ j

)

∫ −2i /n

−2i+1/n

∫ −2 j /n

−2 j+1/n
| f (x1 − t1 − π, x2 − t2 − π) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)Uω,1
r f (x1, x2) < Cε.

Similarly,

∫
A3∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

+
∫
A8∩(S′

r/2)
c

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

i−1∑
j=0

2(ω−α/2)(i+ j)Mω,1 f (x1, x2) + C
∞∑
i=r0

i−1∑
j=0

2−α(i+ j)/2| f (x1, x2)|

≤ C2(ω−α/2)r0Mω,1 f (x1, x2) + C2−αr0/2| f (x1, x2)| → 0

as n → ∞.
Since t2 > t1/2 on A4, (4.6.3) with β = α/2 implies

∣∣K 1,α
n (t1, t2)

∣∣ ≤ Cn−α(t1 − t2)
−1−α/2t−1−α/2

2

≤ Cn−αt−1−α/2
1 (t1 − t2)

−1−α/2

and so
∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

i−1∑
j=0

n−α

(
2i

n

)−1−α/2 (
2 j

n

)−1−α/2

∫ 2i+1/n

2i/n

∫ t1−2 j /n

t1−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)2−ω(i+ j)

(
n2

2i+ j

)

∫ 2i+1/n

2i/n

∫ t1−2 j /n

t1−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt2 dt1
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≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)Uω,2
r f (x1, x2) < Cε.

Inequality (4.6.5) with β = α/2 yields

∣∣K 1,α
n (t1, t2)

∣∣ ≤ Cn−α(t1 − t2)
−1−α/2 (π − t2)

−1−α/2 .

Thus
∫
A9∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

i−1∑
j=0

n−α

(
2i

n

)−1−α/2 (
2 j

n

)−1−α/2

∫ π−2i/n

π−2i+1/n

∫ t2+2 j+1/n

t2+2 j /n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)2−ω(i+ j)

(
n2

2i+ j

)

∫ −2i /n

−2i+1/n

∫ t2+2 j+1/n

t2+2 j /n
| f (x1 − t1 − π, x2 − t2 − π) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α/2)(i+ j)Uω,4
r f (x1, x2) < Cε.

Similarly,

∫
A4∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

+
∫
A9∩(S′

r/2)
c

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

i−1∑
j=0

2(ω−α/2)(i+ j)
(Mω,2 f (x1, x2) + Mω,4 f (x1, x2)

)

+ C
∞∑
i=r0

i−1∑
j=0

2−α(i+ j)/2| f (x1, x2)|

≤ C2(ω−α/2)r0Mω f (x1, x2) + C2−αr0/2| f (x1, x2)| → 0

as n → ∞.
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Inequality (4.6.4) implies

∣∣K 1,α
n (t1, t2)

∣∣ ≤ Cn1−αt−α−1
1

on the set A5 and so

∫
A5∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣∣K 1,α

n (t1, t2)
∣∣∣ dt

≤ C
r0∑
i=1

n1−α

(
2i

n

)−α−1 ∫ 2i+1/n

2i /n

∫ t1

t1−1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

2(ω−α)i2−ωi

(
n2

2i

)

∫ 2i+1/n

2i /n

∫ t1

t1−1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

2(ω−1)iUω,2
r f (x1, x2) < Cε.

In the same way, by (4.6.6),

∫
A10∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
r0∑
i=1

n1−α

(
2i

n

)−1−α

∫ π−2i/n

π−2i+1/n

∫ t2+1/n

t2

| f (x1 − t1, x2 − t2) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α)i2−ωi

(
n2

2i

)

∫ −2i /n

−2i+1/n

∫ t2+1/n

t2

| f (x1 − t1 − π, x2 − t2 − π) − f (x1, x2)| dt1 dt2

≤ C
r0∑
i=1

i−1∑
j=0

2(ω−α)iUω,4
r f (x1, x2) < Cε.

Finally,
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∫
A5∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

+
∫
A10∩(S′

r/2)
c

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ C
∞∑
i=r0

2(ω−α)i
(Mω,2 f (x1, x2) + Mω,4 f (x1, x2)

)

+ C
∞∑
i=r0

2−αi | f (x1, x2)|

≤ C2(ω−α)r0Mω f (x1, x2) + C2−αr0 | f (x1, x2)| → 0

as n → ∞, which finishes the proof. �

In this way, we obtain Corollary 2.5.9 for the �1-Cesàro means, i.e.,

lim
n→∞ σ1,α

n f = f a.e.

if f ∈ L1(T
d). For 1 < p < ∞, we get again a better result.

Theorem 4.6.3 Suppose that 0 < α < ∞, 1/(min(α, 1) < p < ∞, 1/p + 1/q =
1, 0 < ω < (1 + q min(α, 1) − q)/2q andMω,1

p f (x) is finite. If f ∈ L p(T
2) is peri-

odic with respect to π and x is a (p,ω)-Lebesgue point of f , then

lim
n→∞ σ1,α

n f (x) = f (x).

Proof We prove the theorem again for 0 < α ≤ 1. Note that 1/α < p < ∞ implies
1 < q < 1/(1 − α) and so 1 + αq − q > 0. Moreover,

1 + αq − q

2q
<

α

2
.

Fix a number 0 < r < 1 such that

Uω,1
r,p f (x1, x2) < ε.

In Theorem 4.6.2, we have verified that

∫
Ai

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt → 0,

for i = 1, 2, 3, 6, 7, 8, as n → ∞ and ω < α/2. So we need to consider the sets A4,
A5, A9 and A10, only.

We apply (4.6.3) with β = 0 and that t2 > t1/2 on A4 to obtain
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∣∣K 1,α
n (t1, t2)

∣∣ ≤ Cn−α(t1 − t2)
−1t−α−1

1 .

By Hölder’s inequality,

∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ 1A4(t1, t2) dt2 dt1

≤
r0∑
i=1

i∑
j=i−1

(∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

(∫ 2i+1/n

2i /n

∫ t1−1/n

2i−1/n
n−αq(t1 − t2)

−q t−q(1+α)

1 1A4(t1, t2) dt2 dt1

)1/q
.

Since 1 − q < 0, we have

∫ 2i+1/n

2i/n

∫ t1−1/n

2i−1/n
n−αq(t1 − t2)

−q t−q(1+α)

1 1A4(t1, t2) dt2 dt1

≤ Cn−αq

(
1

n

)1−q ∫ 2i+1/n

2i /n
t−q(1+α)

1 dt1

≤ Cn−αq

(
1

n

)1−q (2i
n

)1−q(1+α)

≤ C
( n
2i

)2q−2
2−i(1+αq−q)

and so
∫
A4∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)

2−ω(i+ j)

(
n2

2i+ j

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)Uω,1
r,p f (x1, x2) < Cpε.

Let us use (4.6.5) with β = 0 to get that
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∫
A9∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

(∫ π−2i/n

π−2i+1/n

∫ π−2 j/n

π−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt1 dt2

)1/p

(∫ π−2i /n

π−2i+1/n

∫ π−2i−1/n

t2+1/n
n−αq(t1 − t2)

−q(π − t2)
−q(1+α)1A4(t1, t2) dt1 dt2

)1/q
.

Therefore,

∫ π−2i/n

π−2i+1/n

∫ π−2i−1/n

t2+1/n
n−αq(t1 − t2)

−q(π − t2)
−q(1+α)1A4(t1, t2) dt1 dt2

≤ Cn−αq

(
1

n

)1−q ∫ π−2i/n

π−2i+1/n
(π − t2)

−q(1+α) dt2

≤ Cn−αq

(
1

n

)1−q (2i
n

)1−q(1+α)

≤ C
( n
2i

)2q−2
2−i(1+αq−q)

and
∫
A9∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)2−ω(i+ j)

(
n2

2i+ j

∫ π−2i/n

π−2i+1/n

∫ π−2 j/n

π−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)Uω,1
r,p f (x1, x2) < Cpε.

Similarly, we can see that

∫
A4∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

+
∫
A9∩(S′

r/2)
c

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ Cp

∞∑
i=r0

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)Mω,1
p f (x1, x2)
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+ Cp

∞∑
i=r0

i∑
j=i−1

2−(1+αq−q)(i+ j)/2q | f (x1, x2)|

≤ Cp2
r0(2ω−(1+αq−q)/q)Mω,1

p f (x1, x2) + Cp2
−r0(1+αq−q)/q | f (x1, x2)|

≤ C(nr)2ω−(1+αq−q)/qMω,1
p f (x1, x2) + C(nr)−(1+αq−q)| f (x1, x2)| → 0

as n → ∞.
On A5, t2 > t1/2 and so (4.6.4) implies

∫
A5∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

(∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

(∫ 2i+1/n

2i/n

∫ t1

t1−1/n
nq(1−α)t−q(α+1)

1 dt2 dt1

)1/q
.

It is easy to see that

∫ 2i+1/n

2i/n

∫ t1

t1−1/n
nq(1−α)t−q(α+1)

1 dt2 dt1 ≤ n−1nq(1−α)

(
2i

n

)1−q(α+1)

≤ C
( n
2i

)2q−2
2−i(1+αq−q).

Then
∫
A5∩Sr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)2−ω(i+ j)

(
n2

2i+ j

∫ 2i+1/n

2i/n

∫ 2 j+1/n

2 j/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)Uω,1
r,p f (x1, x2) < Cε.

Let us use (4.6.6):
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∫
A10∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

(∫ π−2i/n

π−2i+1/n

∫ π−2 j/n

π−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt1 dt2

)1/p

(∫ π−2i/n

π−2i+1/n

∫ t2+1/n

t2

nq(1−α)(π − t2)
−q(α+1) dt1 dt2

)1/q
.

Then

∫ π−2i/n

π−2i+1/n

∫ t2+1/n

t2

nq(1−α)(π − t2)
−q(α+1) dt1 dt2 ≤ n−1nq(1−α)

(
2i

n

)1−q(α+1)

≤ C
( n
2i

)2q−2
2−i(1+αq−q)

and
∫
A10∩S′

r/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤
r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)2−ω(i+ j)

(
n2

2i+ j

∫ π−2i/n

π−2i+1/n

∫ π−2 j/n

π−2 j+1/n
| f (x1 − t1, x2 − t2) − f (x1, x2)|p dt2 dt1

)1/p

≤ Cp

r0∑
i=1

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)Uω,1
r,p f (x1, x2) < Cε.

Finally,

∫
A5∩Scr/2

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

+
∫
A10∩(S′

r/2)
c

| f (x1 − t1, x2 − t2) − f (x1, x2)|
∣∣K 1,α

n (t1, t2)
∣∣ dt

≤ Cp

∞∑
i=r0

i∑
j=i−1

2(ω−(1+αq−q)/2q)(i+ j)Mω,1
p f (x1, x2)

+ Cp

∞∑
i=r0

i∑
j=i−1

2−(1+αq−q)(i+ j)/2q | f (x1, x2)|

≤ Cp2
r0(2ω−(1+αq−q)/q)Mω,1

p f (x1, x2) + Cp2
−r0(1+αq−q)/q | f (x1, x2)| → 0
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as n → ∞. The proof of the theorem is complete. �

Let us point out this result for α ≥ 1. Recall that for α = 1, we get the �1-Fejér
means.

Theorem 4.6.4 Suppose that 1 ≤ α < ∞, 1 < p < ∞, 1/p + 1/q = 1, 0 < ω <

1/2q andMω,1
p f (x) is finite. If f ∈ L p(T

d) is periodic with respect to π and x is a
(p,ω)-Lebesgue point of f , then

lim
n→∞ σ1,α

n f (x) = f (x).

Recall that the �1-θ-means were introduced by

σ1,θ
n f (x) :=

∑
k∈Zd

θ

(‖k‖1
n

)
f̂ (k)eık·x

in Sect. 2.6.1. The next two results can be proved as Theorems 4.5.9 and 4.5.10. For
more details see the papers [325, 326].

Theorem 4.6.5 Suppose that θ satisfies (2.6.2) and (2.6.3), 0 < ω < 1/d and
Mω f (x) is finite. If f ∈ L1(T

d) is periodic with respect to π and x is a strong
(1,ω)-Lebesgue point of f , then

lim
n→∞ σ1,θ

n f (x) = f (x).

Theorem 4.6.6 Suppose that θ satisfies (2.6.2) and (2.6.3), 1 < p < ∞, 1/p +
1/q = 1, 0 < ω < 1/2q and Mω,1

p f (x) is finite. If f ∈ L p(T
d) is periodic with

respect to π and x is a (p,ω)-Lebesgue point of f , then

lim
n→∞ σ1,θ

n f (x) = f (x).
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lic, September 11–17, 2010 (Czech Academy of Sciences, Mathematical Institute, Prague,
2011), pp. 63–104

145. L. Grafakos, Classical Fourier Analysis, 3rd edn. (Springer, New York, NY, 2014)
146. L. Grafakos, Modern Fourier Analysis, 3rd edn. (Springer, New York, NY, 2014)
147. L. Grafakos, Multilinear Calderón-Zygmund singular integrals, in Harmonic and Geometric

Analysis. Lecture Notes of Some of the Courses, Barcelona, Spain, February–July 2009. Edited
by Joan Mateu (Birkhäuser/Springer, Basel, 2015), pp. 57–90

148. L. Grafakos, D. He, Multilinear Calderón-Zygmund operators on Hardy spaces. II. J. Math.
Anal. Appl. 416(2), 511–521 (2014)

149. L. Grafakos, N. Kalton, Multilinear Calderón-Zygmund operators on Hardy spaces. Collect.
Math. 52(2), 169–179 (2001)

150. L. Grafakos, L. Liu, C. Pérez, R.H. Torres, The multilinear strong maximal function. J. Geom.
Anal. 21(1), 118–149 (2011)

151. L.Grafakos, R.H. Torres,Multilinear Calderón-Zygmund theory.Adv.Math. 165(1), 124–164
(2002)

152. K. Gröchenig, Foundations of Time-Frequency Analysis (Birkhäuser, Boston, 2001)
153. H. Groemer, Geometric Applications of Fourier Series and Spherical Harmonics (Cambridge

University Press, Cambridge, 1996)
154. G. Grünwald, Zur Summabilitätstheorie der Fourierschen Doppelreihe. Math. Proc. Cam-

bridge Philos. Soc. 35, 343–350 (1939)
155. R.F. Gundy, E.M. Stein, H p theory for the poly-disc. Proc. Nat. Acad. Sci. USA 76, 1026–

1029 (1979)
156. Y.Han,M.Y. Lee, C.C. Lin, Atomic decomposition and boundedness of operators onweighted

Hardy spaces. Can. Math. Bull. 55(2), 303–314 (2012)
157. Y. Han, G. Lu, Z. Ruan, Boundedness criterion of Journé’s class of singular integrals on

multiparameter Hardy spaces. J. Funct. Anal. 264(5), 1238–1268 (2013)



Bibliography 277

158. Y. Han, G. Lu, Z. Ruan, Boundedness of singular integrals in Journé’s class on weighted
multiparameter Hardy spaces. J. Geom. Anal. 24(4), 2186–2228 (2014)

159. R. Hanks, Interpolation by the real method between B M O , Lα (0 < α < ∞) and Hα (0 <

α < ∞). Indiana Univ. Math. J. 26, 679–689 (1977)
160. G.H. Hardy, J.E. Littlewood, Some new properties of Fourier constants. J. LondonMath. Soc.

6, 3–9 (1931)
161. G.H. Hardy, J.E. Littlewood, The strong summability of Fourier series. Fundam. Math. 25,

162–189 (1935)
162. Y. Heo, Bochner-Riesz means associated with conical surfaces. J. Math. Anal. Appl. 397(2),

715–729 (2013)
163. Y. Heo, Y. Koh, C.W. Yang, Bochner-Riesz means with respect to a generalized cylinder.

Integral Equations Oper. Theory 79(1), 1–21 (2014)
164. Y. Heo, F. Nazarov, A. Seeger, On radial and conical Fourier multipliers. J. Geom. Anal.

21(1), 96–117 (2011)
165. J.G. Herriot, Nörlund summability of multiple Fourier series. Duke Math. J. 11, 735–754

(1944)
166. C. Herz, Lipschitz spaces and Bernstein’s theorem on absolutely convergent Fourier trans-

forms. J. Math. Mech. 18, 283–324 (1968)
167. E. Hewitt, K. Stromberg, Real and Abstract Analysis. A Modern Treatment of the Theory of

Functions of a Real Variable. 3rd printing (Springer, New York - Heidelberg Berlin, 1975)
168. S. Hong, J. Kim, C.W. Yang, Riesz means associated with convex polygons in R

2. J. Math.
Anal. Appl. 331(1), 377–395 (2007)

169. S. Hong, J. Kim, C.W. Yang, Cylinder multipliers associated with a convex polygon. Integral
Equations Oper. Theory 60(1), 53–78 (2008)

170. S. Hong, J. Kim, C.W.Yang, Rieszmeans associatedwith certain product type convex domain.
J. Math. Anal. Appl. 380(2), 585–606 (2011)

171. S. Hong, P. Taylor, C.W. Yang, Weak type estimates for maximal operators with a cylindric
distance function. Math. Z. 253(1), 1–24 (2006)

172. H. Huang, A generalized Fejér’s theorem for locally compact groups. J. Geom. Anal. 28(2),
909–920 (2018)

173. L. Huang, F. Weisz, D. Yang, W. Yuan, Summability of Fourier transforms on mixed-norm
Lebesgue spaces via associated Herz spaces. (preprint)

174. R.A. Hunt, On the convergence of Fourier series, in Orthogonal Expansions and their Contin-
uous Analogues, Proc. Conf. Edwardsville, Ill., 1967 (Illinois University Press, Carbondale,
1968), pp. 235–255

175. R.A. Hunt, W.S. Young, A weighted norm inequality for Fourier series. Bull. Am. Math. Soc.
80, 274–277 (1974)

176. B. Jawerth, A. Torchinsky, A note on real interpolation of Hardy spaces in the polydisk. Proc.
Amer. Math. Soc. 96, 227–232 (1986)

177. B. Jessen, J. Marcinkiewicz, A. Zygmund, Note on the differentiability of multiple integrals.
Fundam. Math. 25, 217–234 (1935)

178. O.G. Jorsboe, L. Mejlbro, The Carleson-Hunt Theorem on Fourier Series, vol. 911, Lecture
Notes in Mathematics (Springer, Berlin-Heidelberg-New York, 1982)

179. B.S. Kashin, A.A. Saakyan, Orthogonal Series, vol. 75, Trans. Math. Monographs (American
Mathematical Society, Providence, 1989)

180. Y. Katznelson, An Introduction to Harmonic Analysis. Cambridge Mathematical Library, 3rd
edn. (Cambridge University Press, 2004)

181. J. Kim, A. Seeger, Riesz means of Fourier series and integrals: strong summability at the
critical index. Trans. Am. Math. Soc. 372(4), 2959–2999 (2019)

182. Y.C. Kim,Weak type estimates of square functions associated with quasiradial Bochner-Riesz
means on certain Hardy spaces. J. Math. Anal. Appl. 339(1), 266–280 (2008)

183. Y.C. Kim, Weighted norm inequalities of the maximal commutator of quasiradial Bochner-
Riesz operators. Acta Math. Sin., Engl. Ser. 29(9), 1743–1756 (2013)



278 Bibliography

184. Y.C. Kim, A. Seeger, A note on pointwise convergence of qusiradial Riesz means. Acta Sci.
Math. (Szeged) 62, 187–199 (1996)

185. V. Kokilashvili, I. Nanobashvili, Boundedness criteria for the majorants of Fourier integrals
summation means in weighted variable exponent Lebesgue spaces and application. Georgian
Math. J. 20(4), 721–727 (2013)

186. A.N. Kolmogorov, Un serie de Fourier-Lebesgue divergente presque partout. Fundamenta
Math. 4, 324–328 (1923)

187. A.N. Kolmogorov, Un serie de Fourier-Lebesgue divergente partout. C. R. Acad. Sci. Paris
183, 1327–1328 (1926)

188. S.V. Konyagin, On the divergence everywhere of trigonometric Fourier series. Mat. Sb. 191,
103–126, Russian. English translation in Sb. Math. 191(2000), 97–120 (2000)

189. P. Koosis, Introduction to Hp Spaces, vol. 40, London Mathematical Society Lecture Note
Series (Cambridge University Press, 1980)

190. T. Körner, Fourier Analysis (Cambridge University Press, Cambridge (UK) etc., 1988)
191. M.T. Lacey, Carleson’s theorem with quadratic phase functions. Stud. Math. 153(3), 249–267

(2002)
192. M.T. Lacey, Carleson’s theorem: proof, complements, variations. Publ. Mat., Barc. 48(2),

251–307 (2004)
193. M.T. Lacey, C. Thiele, A proof of boundedness of the Carleson operator. Math. Res. Lett.

7(4), 361–370 (2000)
194. R. Lasser, Introduction to Fourier Series (Marcel Dekker, New York, NY, 1996)
195. R.H. Latter, A characterization of H p(Rn) in terms of atoms. StudiaMath. 62, 92–101 (1978)
196. R.H. Latter, A. Uchiyama, The atomic decomposition for parabolic H p spaces. Trans. Am.

Math. Soc. 253, 391–398 (1979)
197. H. Lebesgue, Recherches sur la convergence des séries de Fourier. Math. Ann. 61, 251–280

(1905)
198. M.Y. Lee, Weighted norm inequalities of Bochner-Riesz means. J. Math. Anal. Appl. 324(2),

1274–1281 (2006)
199. S. Lee, K.M. Rogers, A. Seeger, Improved bounds for Stein’s square functions. Proc. Lond.

Math. Soc. (3) 104(6), 1198–1234 (2012)
200. S. Lee, K.M. Rogers, A. Seeger, Square functions and maximal operators associated with

radial Fourier multipliers, in Advances in Analysis. The Legacy of Elias M. Stein. Proceedings
of the Conference “Analysis and Applications” held in honor of the 80th birthday of Elias
M. Stein, Princeton, NJ, USA, May 16–20, 2011 (Princeton University Press, Princeton, NJ,
2014), pp. 273–302

201. S. Lee, A. Seeger, On radial Fourier multipliers and almost everywhere convergence. J. Lond.
Math. Soc., II. Ser. 91(1), 105–126 (2015)

202. B. Li, M. Bownik, D. Yang, Y. Zhou, Anisotropic singular integrals in product spaces. Sci.
China, Math. 53(12), 3163–3178 (2010)

203. K. Li, W. Sun, Pointwise convergence of the Calderon reproducing formula. J. Fourier Anal.
Appl. 18, 439–455 (2012)

204. K. Li, W. Sun, Sharp bound of the maximal Bochner-Riesz operator in weighted Lebesgue
spaces. J. Math. Anal. Appl. 395(1), 385–392 (2012)

205. X. Li, C. Muscalu, Generalizations of the Carleson-Hunt theorem. I: The classical singularity
case. Am. J. Math. 129(4), 983–1018 (2007)

206. X. Li, D. Yang, Boundedness of some sublinear operators on Herz spaces. Illinois J. Math.
40, 484–501 (1996)

207. Z. Li, Y. Xu, Summability of product Jacobi expansions. J. Approx. Theory 104, 287–301
(2000)

208. V. Lie, On the pointwise convergence of the sequence of partial Fourier sums along lacunary
subsequences. J. Funct. Anal. 263(11), 3391–3411 (2012)

209. E. Liflyand, On integrability of the Fourier transform of a boundedly supported function and
summability of Fourier series of functions of two variables. Metric Questions in the Theory
of Functions and Mappings 6, 69–81 (1975). (Russian)



Bibliography 279

210. E. Liflyand, On the Bochner-Riesz means of critical order. Proc. Am. Math. Soc. 125(5),
1443–1450 (1997)

211. E. Liflyand, Lebesgue constants of multiple Fourier series. Online J. Anal. Comb. 1 (2006).
Article 5, 112 p

212. E. Liflyand, Hausdorff operators on Hardy spaces. Eurasian Math. J. 4(4), 101–141 (2013)
213. E. Liflyand, Integrability spaces for the Fourier transform of a function of bounded variation.

J. Math. Anal. Appl. 436(2), 1082–1101 (2016)
214. E. Liflyand, Functions of Bounded Variation and Their Fourier Transforms (Birkhäuser,

Cham, 2019)
215. E. Liflyand,A.Miyachi, Boundedness ofmultidimensionalHausdorff operators in H p spaces,

0 < p < 1. Trans. Am. Math. Soc. 371(7), 4793–4814 (2019)
216. E. Liflyand, F. Móricz, The Hausdorff operator is bounded on the real Hardy space H1(R).

Proc. Amer. Math. Soc. 128, 1391–1396 (2000)
217. E. Liflyand, F. Móricz, The multi-parameter Hausdorff operator is bounded on the product

Hardy space H11(R × R). Analysis 21, 107–118 (2001)
218. E. Liflyand,R. Trigub,Conditions for the absolute convergence of Fourier integrals. J.Approx.

Theory 163(4), 438–459 (2011)
219. J. Liu, F. Weisz, D. Yang, W. Yuan, Variable anisotropic Hardy spaces and their applications.

Taiwanese J. Math. 22, 1173–1216 (2018)
220. J. Liu, F. Weisz, D. Yang, W. Yuan, Littlewood-Paley and finite atomic characterizations of

anisotropic variable Hardy-Lorentz spaces and their applications. J. Fourier Anal. Appl. 25,
874–922 (2019)

221. L. Liu, S. Lu, Weighted weak type inequalities for maximal commutators of Bochner-Riesz
operator. Hokkaido Math. J. 32(1), 85–99 (2003)

222. L. Liu, S. Lu, Continuity for maximal multilinear Bochner-Riesz operators on Hardy and
Herz-Hardy spaces. Acta Math. Sin., Engl. Ser. 22(1), 69–76 (2006)

223. V. Losert, A characterization of the minimal strongly character invariant Segal algebra. Ann.
Inst. Fourier Grenoble 30, 129–139 (1980)

224. S. Lu, Four Lectures on Real H p Spaces (World Scientific, Singapore, 1995)
225. S. Lu, Conjectures and problems on Bochner-Riesz means. Front. Math. China 8(6), 1237–

1251 (2013)
226. S. Lu, Y. Jiang, Boundedness of maximal Bochner-Riesz means at critical index on certain

block spaces. J. Beijing Norm. Univ., Nat. Sci. 27(1), 1–5 (1991)
227. S. Lu, X. Xia, A note on commutators of Bochner-Riesz operator. Front. Math. China 2(3),

439–446 (2007)
228. S. Lu, X. Xia, Boundedness for commutators of Bochner-Riesz operators below a critical

index. Sci. China, Ser. A 50(6), 801–813 (2007)
229. S. Lu, D. Yan, Bochner-Riesz Means on Euclidean Spaces (World Scientific, Hackensack,

NJ, 2013)
230. S. Lu,D.Yang, The boundedness ofBochner-Rieszmeans Bδ

R( f ) on the spaces Ḟα,q
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