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Abstract

This chapter collects together the formulae, expressions,
and specific equations that cover various aspects, approx-
imations, and approaches to electron—ion, ion—ion and
neutral-neutral recombination processes. The primary fo-
cus is on recombination processes in the gas phase, both
at thermal energies and in ultracold regimes.
Recombination processes are ubiquitous in nature.
These reactions occur in a wide variety of applications and
are an important formation or loss mechanism of atoms
and molecules. To illustrate the types of problems where
recombination is important, we enumerate six broad areas
in which recombination processes occur: (a) collisional-
radiative recombination processes, involving hydrogen
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and helium, which are important in understanding the cos-
mic microwave background in cosmology [1-3]; (b) radio
recombination lines involving electrons and ions, which
are central to understanding the observed spectra from
interstellar clouds and planetary nebulae [4, 5]; (c) re-
combination processes, involving electrons and holes are
important in semiconductors [6, 7]; (d) electron—ion and
ion—ion recombination processes, which are important in
understanding the properties of plasmas, whether they are
in the upper atmosphere, the solar corona, or industrial
reactors on earth [8-10]; (e) atom—molecule recombina-
tion involving oxygen, which are important mechanism
for forming ozone [11]; and, finally, (f) three-body recom-
bination processes, involving neutral bosons, which are
an important loss mechanism in ultracold Rydberg atom
collisions, leading to the depletion of the Bose Einstein
condensate (BEC) [12—14].

Keywords

radiative recombination - mutual neutralization - dielec-
tronic recombination - dissociative recombination - vibra-
tional wave function

58.1 Recombination Processes

58.1.1 Electron-lon Recombination

This proceeds via the following four processes:

(a) Radiative recombination (RR)

e +AT(i) = A(nl) + hv . (58.1)

(b) Three-body collisional-radiative recombination
e +AT+e A+, (58.2a)
e +AT+M—>A+M, (58.2b)

where the third body can be an electron or a neutral gas.
(c) Dielectronic recombination (DLR)

e+ AT = [A"T k) —eT],

— AT 4 hy, (58.3)
(d) Dissociative recombination (DR)
e +ABt — A+ B*. (58.4)

Electron recombination with bare ions can proceed only
via (a) and (b), while (c) and (d) provide additional path-
ways for ions with at least one electron initially or for
molecular ions AB™. Electron radiative capture denotes
the combined effect of RR and DLR.

Field-assisted:
Electron—ion recombination can also occur by application of
a laser field,

e +ATG@)+hv — Al + ', (58.5)
leading to high-order harmonic generation (HHG).
58.1.2 Positive-lon Negative-lon
Recombination
This proceeds via the following three processes:
(e) Mutual neutralization
AT +B  — A+B*. (58.6)
(f) Three-body (termolecular) recombination
A"+B " +M—> AB+ M. (58.7)
(g) Tidal recombination
ABT +C +M - AC+B+M (58.8a)
—BC+A+M, (58.8b)

where M is some third species (atomic, molecular, or
ionic). Although (e) always occurs when no gas M is
present, it is greatly enhanced by coupling to (f). The de-
pendence of the rate & on density N of background gas
M is different for all three cases, (e)—(g).

Processes (a), (c), (d), and (e) are elementary processes
in that microscopic detailed balance (proper balance) ex-
ists with their true inverses, i.e., with photoionization (both
with and without autoionization) as in (c) and (a), asso-
ciative ionization and ion-pair formation as in (d) and (e),
respectively. Processes (b), (f), and (g) in general involve
a complex sequence of elementary energy-changing mech-
anisms as collisional and radiative cascade and their overall
rates are determined by an input—output continuity equation
involving microscopic continuum-bound and bound-bound
collisional and radiative rates.

58.1.3 Balances

Proper Balances

Proper balances are detailed microscopic balances between

forward and reverse mechanisms that are direct inverses of

one another, as in

(a) Maxwellian: e (v1) + e (v2) = e~ (v]) + e (v5) ,
(58.9)
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where the kinetic energy of the particles is redistributed; Indirect pathways
(b) Saha: e” + H(né) = e +H' + e (58.10) ET
— (A---B)+C—>AB+C
between direct ionization from and direct recombination into A+B+C KEx . (58.14)

a given level n¢;

(¢) Boltzmann: e~ + H(nf) = ¢~ + H®',¢') (58.11)
between excitation and deexcitation among bound levels;
(d) Planck: e~ + H" = H(n{) + hv , (58.12)

which involves interaction between radiation and atoms in
photoionization/recombination to a given level n¥.

Improper Balances

Improper balances maintain constant densities via produc-
tion and destruction mechanisms that are not pure inverses of
each other. They are associated with flux activity on a macro-
scopic level as in the transport of particles into the system for
recombination and net production and transport of particles
(i.e. e, A™) for ionization. Improper balances can then exist
between dissimilar elementary production—depletion pro-
cesses as in (a) coronal balance between electron-excitation
into and radiative decay out of level . (b) Radiative balance
between radiative capture into and radiative cascade out of
level n. (c) Excitation saturation balance between upward
collisional excitations n — 1 — n — n + 1 between adjacent
levels. (d) Deexcitation saturation balance between down-
ward collisional de-excitationsn + 1 — n — n — 1 into and
out of level n.

58.1.4 Neutral-Neutral Recombination

Neutral-neutral reactions, leading to recombination or dis-
sociation, generally proceed via resonances involving transi-
tions among molecular electronic states. At thermal energies,
these reactions are studied via transition state theory, reaction
rate theory, and a wide range of semiclassical techniques.
See Chap. 37 of this Handbook and [15-19] for a general
introduction to this vast literature in chemical physics and
chemistry.

Distinguishable Particles [3]

When one or more reactants in the process are distinguish-
able, the thermal reactions proceed via two broad pathways,
direct and indirect:

Direct pathway

kdirecl

A+B+CESAB +C, (58.13)

where kgireeq iS the reaction rate (cm?/s) for the formation of
molecule AB and reactant C.

indirect

(A---C) +B — AB + C

where (A ---B) indicates an intermediate collision complex
formed between atoms A and B, and kEL . kEx are the
reaction rates (cm?/sec) for the transfer and exchange reac-
tions in Eq. (58.14) (upper/lower), respectively. Prediction
of rates k, in both the direct and indirect pathways, de-
pends upon detailed knowledge of the molecular potential
energy surfaces, curve-crossings, and tunneling probabilities

for specific reactants.

LTE effective rate equation
For systems in local thermodynamic equilibrium (LTE), the
effective rate equations are

1 d

G a7 /AB] = kr[AI[B] — ka[AB].

(58.15)
where the square brackets indicate the number density of the
enclosed species, and k, denotes the rate constant for three-
body recombination, while k, the rate constant for collision-
induced dissociation

[AB(u)]

k=S "k, , 58.16
2 ke A (8160
. [AB(b)]

ky = ;;kb% AB] (58.16b)

with b and u representing bound and unbound states of the
indicated collision complex, respectively. The state-to-state
rate coefficients are defined by

8k T\ /2 r
ki; = ( B ) (kBT)iz/Ui»j(ET)
e
0

X eXp(—ET/kBT)ETdET s

(58.17)

where  is the reduced mass, Ep = E — E; is the translational
energy of the i -th state of the atom, and o is the cross section
for the indicated transition i — j.

NLTE effective rate equations
For systems not in local thermodynamic equilibrium (NLTE)
the effective rate equations are

d
6 [AB(D)] = [C1) (ks [AB ()] — ke [AB(D)])

+[CIY  (kp s [AB®")] = ky—iy [AB(D)]) ,
x
(58.18a)
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d
7 AB)] =(C] > (ky—u[AB(D)] — ki [AB)])
b

+1C ) (kw—u[AB)] = Ky [AB()])

) AB
—%k?ﬁ?ﬁAHB]——L——ng, (58.18b)
u
where 1, is the lifetime of the unbound state u, and k}lﬁgc is

the elastic two-body rate constant.

Identical Particles

At thermal energies, reactions involving identical particles
proceed as detailed above. In ultracold regimes, collisions
involving identical bosons proceed via Fano-Feshbach or
Foster resonances [20-22]. These resonances can be ex-
ploited by varying the applied magnetic or electric fields
used in traps to create and control Bose—Einstein conden-
sates (BEC).

At thermal and higher energies, the rate-limiting step [23]
is generally either collisional or radiative capture into high-
lying Rydberg states (n > 1), followed by radiative decay
into lower lying states via n and n,{ mixing collisions. In
contrast, at ultracold regimes, the rate-limiting step is colli-
sional £ mixing, wherein rapid collisional capture into very
high-lying Rydberg states (n > 200) is followed by slow
collisional-radiative decay. The result is a cloud of Rydberg
atoms that has condensed into a long-lived macroscopic BEC,
which can be controlled via the applied fields used in the trap.

For three identical particles, this proceeds as

A+A+A— A +A(Ey). (58.19)
Time-dependent equation
dna —3an}  before onset of BEC
— = - . (58.20)
dt —5an;y at BEC

where « is the recombination rate coefficient (number of
dimerscm > s~!), and n, is the number density of atoms A.
At the onset of BEC in ultracold traps, the recombination
rate is reduced by the factor 1/3! because of the symmetry of
the macroscopic quantum state the atoms A are then in. See
Sect. 58.4 for explicit closed-form expressions for o.

Heteronuclear Mixtures
For heteronuclear mixtures of particles, this proceeds as

A+B+B—> AB+B(E/) (58.21)

for distinct atoms A and B.

At thermal energies this is analyzed as above using either
LTE or NLTE formulations involving the relevant molecular
potential surfaces. At ultracold regimes [24] the mixtures are

composed of heavy and light bosons, or bosons and fermions,
or of a boson together with heavy and light fermions, and are
analyzed using zero-range methods. See Table 1 of [25] for
details on the various cases where the Efimov effect occurs
in such systems and Sect. 58.4 for explicit expressions for .
For details on the Efimov effect, see Sects. 58.4 and 60.6 in
this Handbook and [25, 26].

Time-dependent equation

d}’lA

- (58.22)

= —anang .

58.1.5 N-Body Recombination [27]

This proceeds, for four identical particles, as

Az + A(Ey) trimer + atom ,
A+A+A+A— 1 A+ A, dimer + dimer ,
Ay tetramer ,
(58.23)

and has been observed [28] in an ultracold sample of Cs
atoms at 30nK. See Fig. 58.1 for an illustration of the al-
lowed regimes for the various reactant branches in (58.23) as
a function of energy and inverse scattering length.

The general problem of N-body recombination is chal-
lenging both experimentally and theoretically. Samples in-
volving alkali atoms at ultracold temperatures currently
provide the best conditions for observing N-body recom-
bination. At present, the hyperspherical method of solving
the N-body Schrodinger equation has been used most ex-
tensively on the problem. See Sect. 58.5 for closed-form
expressions for N-body recombination rates o.

Tetra 1 S

Fig. 58.1 Illustration of allowed regions for 4 bosons (A+A+A+A),
Dimers + 2 bosons (D+A+A), 2 Dimers (D+D) and Trimers + bosons
(T+A). See [28] for details
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58.2 Collisional-Radiative Recombination

Radiative recombination

Process Eq. (58.1) involves a free-bound electronic transition
with radiation spread over the recombination continuum. It is
the inverse of photoionization without autoionization and fa-
vors high-energy gaps with transitions to low n ~ 1,2, 3 and
low angular momentum states £ &~ 0, 1,2 at higher electron
energies.

Three-body electron—ion recombination

Processes Eq. (58.2a,b) favor free-bound collisional transi-
tions to high levels n, within a few kg T of the ionization limit
of A(n) and collisional transitions across small energy gaps.
Recombination becomes stabilized by collisional-radiative
cascade through the lower-bound levels of A. Collisions of
the e~ — A™ pair with third bodies become more important
for higher levels of n, and radiative emission is important
down to and among the lower levels of n. In optically thin
plasmas this radiation is lost, while in optically thick plas-
mas it may be reabsorbed. At low electron densities, radiative
recombination dominates with predominant transitions tak-
ing place to the ground level. For process Eq. (58.2a) at
high electron densities, three-body collisions into high Ryd-
berg levels dominate, followed by cascade, which is collision
dominated at low electron temperatures 7. and radiation
dominated at high 7.. For process Eq. (58.2b) at low gas
densities N, the recombination is collisionally radiatively
controlled while, at high N, it eventually becomes controlled
by the rate of diffusional drift Eq. (58.73) through the gas M.

Collisional-radiative recombination [29]

Here, the cascade collisions and radiation are coupled via the
continuity equation. The population #; of an individual ex-
cited level i of energy E; is determined by the rate equations

dl’li al’l,'
= V- (niv; 24
ar 5 T (niv;) (58.24)
= Z[I’lfl)fl —n,'l),'f] = Pl‘ — I’liDi R (5825)

i#f

which involve temporal and spatial relaxation in Eq. (58.24)
and collisional-radiative production rates P; and destruc-
tion frequencies D; of the elementary processes included in
Eq. (58.25). The total collisional and radiative transition fre-
quency between levels i and f is v;r and the f-sum is taken
over all discrete and continuous (c) states of the recombining
species. The transition frequency v;s includes all contribut-
ing elementary processes that directly link states i and f,
e.g., collisional excitation and deexcitation, ionization (i —
¢) and recombination (¢ — i) by electrons and heavy parti-
cles, radiative recombination (¢ — 1), radiative decay (i —
), possibly radiative absorption for optically thick plasmas,
autoionization, and dielectronic recombination.

Production rates and processes
The production rate for a level i is

P = Z”e”fK_)C‘i +niNTEY
f#i
+ Y np(Asi +Bripy)
f>i

+neNT (@R + Bipy) . (58.26)

where the terms in the above order represent (1) colli-
sional excitation and deexcitation by e —A(f) collisions,
(2) three-body e —A™ collisional recombination into level
i, (3) spontaneous and stimulated radiative cascade, and (4)
spontaneous and stimulated radiative recombination.

Destruction rates and processes
The destruction rate for a level 7 is

I’liD,' = Nen; Z K,Cf + neniSi
S#

+ni ) (A +Birp))
f<i

+n; ZBifpu +niBicpy .
f>i

(58.27)

where the terms in the above order represent (1) collisional
destruction, (2) collisional ionization, (3) spontaneous and
stimulated emission, (4) photoexcitation, and (5) photoion-
ization.

58.2.1 Saha and Boltzmann Distributions
Collisions of A(n) with third bodies such as e~ and M are
more rapid than radiative decay above a certain excited level
n*. Since each collision process is accompanied by its ex-
act inverse the principle of detailed balance determines the
population of levels i > n*.

Saha Distribution
This connects equilibrium densities 7i;, 7i, and N * of bound
levels i, of free electrons at temperature 7, and of ions by

exp(fi/ kTe) ,
(58.28)

i z(g(i)) :
N+t gegn ) Qum kT,)3/?

where the electronic statistical weights of the free electron,
the ion of charge Z + 1, and the recombined e~ — At species
of net charge Z and ionization potential /; are g = 2, g,
and g (i), respectively. Since n; < n; for all i, then the Saha—
Boltzmann distributions imply that n; > n; and n, > n; for
i # 1,2, wherei = 1 is the ground state.
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Boltzmann Distribution
This connects the equilibrium populations of bound levels i
of energy E; by

i/ = [gG)/g(j)exp|—(E; — E;)/kgTe] . (58.29)

58.2.2 Quasi-Steady State Distributions

The reciprocal lifetime of level 7 is the sum of radiative and
collisional components, and this lifetime is, therefore, shorter
than the pure radiative lifetime g ~ 1077Z*s. The life-
time 7 for the ground level is collisionally controlled and
depends on n., and, generally, is within the range of 10°
and 10*s for most laboratory plasmas and the solar atmo-
sphere. The excited level lifetimes 7; are then much shorter
than ;. The (spatial) diffusion or plasma decay (recombina-
tion) time is then much longer than t;, and the total number
of recombined species is much smaller than the ground-state
population n;. The recombination proceeds on a timescale
much longer than the time for population/destruction of the
excited levels. The condition for quasi-steady state, or QSS-
condition, dn; /dt = 0 for the bound levels i # 1, therefore,
holds. The QSS distributions n;, therefore, satisfy P; =n; D;.

58.2.3 lonization and Recombination

Coefficients

Under QSS, the continuity Eq. (58.25) then reduces to a finite
set of simultaneous equations P; = n; D;. This gives a matrix
equation that is solved numerically for n; (i # 1) <7i; in terms
of n; and n.. The net ground-state population frequency per
unit volume (cm~3 s~1) can then be expressed as

dl’l]

dr

where &cr and Scg, respectively, are the overall rate coeffi-
cients for recombination and ionization via the collisional-
radiative sequence. The determined &cr equals the direct
(¢ = 1) recombination to the ground level supplemented
by the net collisional-radiative cascade from that portion of
bound-state population that originated from the continuum.
The determined Scr equals direct depletion (excitation and
ionization) of the ground state reduced by the deexcitation
collisional radiative cascade from that portion of the bound
levels accessed originally from the ground level. At low n.,
Qcr and Scg reduce, respectively, to the radiative recombina-
tion coefficient summed over all levels and to the collisional
ionization coefficient for the ground level.

= I’leN+&CR — I’th]SCR s (5830)

C, E, and S Blocks of Energy Levels
For the recombination processes in Egs. (58.2a), (58.2b), and
(58.7), which involve a sequence of elementary reactions,

the e =A™ or AT—B~ continuum levels and the ground
A(n =1) or the lowest vibrational levels of AB are, therefore,
treated as two large particle reservoirs of reactants and prod-
ucts. These two reservoirs act as reactant and sink blocks C
and S, which are, respectively, drained and filled at the same
rate via a conduit of highly excited levels, which comprise an
intermediate block of levels Z. This C draining and S filling
proceeds, via block Z, on a timescale large compared with
the short time for a small amount from the reservoirs to be
redistributed within block . This forms the basis of QSS.

58.2.4 Working Rate Formulae

For electron—atomic—ion collisional-radiative recombination
Eq. (58.2a), detailed QSS calculations can be fitted by the
rate [30]

dcr = (3.8 10T *°n, + 1.55 x 10710770

+6 x107°T,2180%%) em? s | (58.31)

which agrees with experiment for a Lyman o optically
thick plasma with n, and T, in the range 10°cm™ < n, <
10¥ ecm™3 and 2.5K < T, < 4000 K. The first term is the
pure collisional rate Eq. (58.61), the second term is the ra-
diative cascade contribution, and the third term arises from
collisional-radiative coupling.

For (e"—He; ), recombination in a high-pressure (5—
100 Torr) helium afterglow, the rate for Eq. (58.2b) is [31]

Gcr = [(4 +0.5) x107% e](Te/293)—(4i0.5)
+ [(5 + 1) x107%n(He) + (2.5 + 2.5) x 10—10]

x (Te/293)""*Demd/s .
(58.32)

The first two terms are in accord with the purely collisional
rates Eqs. (58.61) and (58.64b), respectively.

58.2.5 Computer Codes

A large number of computer codes for solving the
collisional-radiative equations in astrophysical plasmas and
fusion plasmas are available. See Table 58.1 for details.

58.3 Macroscopic Methods
58.3.1 Resonant Capture-Stabilization Model:
Dissociative and Dielectronic
Recombination

The electron is captured dielectronically, Eq. (58.53), into an
energy-resonant long-lived intermediate collision complex of
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Table 58.1 Recombination

Name Description
computer codes ACOD

AAID COLLRAD

ADNT CRModel

AATR COLRAD

AEMA RATIP

ABUV TRIP 1

RICO

RECFAST BBN code

HYREC

LASER

superexcited states d, which can autoionize or be stabilized
irreversibly into the final product channel f either by molec-
ular fragmentation

>~

c

e +ABT(i) = AB™ 3 A+B*,

1

(58.33)

<

as in direct dissociative recombination (DR), or by emission
of radiation as in dielectronic recombination (DLR)

— Z+ ke
e +AT() =

Va

[AZF(k)—e], = A%V () +hy .

(58.34)
Production Rate of Superexcited States d
o = NN Tke(d) = njoa@) +vs(d)]; - (58.39)
vald) =Y vo(d — i) (58.36a)
vs(d) = wi(d > f). (58.36b)
1!
Steady-State Distribution
For a steady-state distribution, the capture volume is
g kd) (58.37)

neN+  va(d) + vs(d)

Recombination Rate and Stabilization Probability
The recombination rate to channel f is

qr = Xd:(%) , (58.38a)
and the rate to all product channels is
= Z vf(cgc)i)—il—)sv(j()d) (58.38b)
In the above, the quantities
PS(d) = v(d — f)/va(d) +vs(d)].  (58.39)
P3(d) = vs(d)/[va(d) + vs(d)] , (58.40)

represent the corresponding stabilization probabilities.

Radiative recombination of hydrogenic ions

Machine-learning recombination code for BBN

Primordial hydrogen and helium recombination code
Los Alamos suite of relativistic atomic physics codes

Reference/Link

CPC 1 (1969) 31

CPC 12 (1976) 205

CPC 135 (2001) 135

CPC 44 (1987) 157

CPC 183 (2012) 1525

CPC 16 (1978) 129

ApJSS 181 (2009) 627

AA 475 (2007) 109

Phys. Rev. D 83 (2011) 043513
[61] &
http://aphysics2.lanl.gov/tempweb

Macroscopic Detailed Balance and Saha
Distribution

k(@) |
Kdz(T)— ﬁd\?"’ = l)a(d N l) = kc(d)‘[a(d — l)
(58.41a)
_ n w(d) .
 QQumekgT)3/? (2a)+ ) exp(—E},; /keT)
(58.41b)

where E. is the energy of superexcited neutral levels AB™
above that for ion level AB™ (i), and w are the corresponding
statistical weights.

Alternative Rate Formula

- D (MEEL)
Normalized Excited-State Distributions

pa = n’ /it = % , (58.43)

= Zk (d)PS(d) =) Kuipavs(d) — (58.44a)

d (58.44b)

= Zk (d)[pavs(d)t,(d —1)] .
d

Although equivalent, Egs. (58.38a) and (58.42) are normally
invoked for Egs. (58.33) and (58.34), respectively, since
PS <1 for DR, so that @pg — k.; and vy > vg for DLR
with n < 50 so that & — Ky, vs. For n > 50, vg > v and
& — k.. The above results Egs. (58.38a) and (58.42) can also
be derived from microscopic Breit—Wigner scattering theory
for isolated (nonoverlapping) resonances.

58.3.2 Reactive Sphere Model: Three-Body
Electron-lon and lon-lon Recombination

Since the Coulomb attraction cannot support quasi-bound
levels, three body electron—ion and ion—ion recombination
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do not, in general, proceed via time-delayed resonances but
rather by reactive (energy-reducing) collisions with the third
body M. This is particularly effective for A-B separations
R < Ry, as in the sequence

ke
A+B = AB*(R<Ry), (58452
vd
AB*(R<Ry)+M = AB+M. (58.45b)

Vg

In contrast to Eqs. (58.33) and (58.34), where the stabi-
lization is irreversible, the forward step in Eq. (58.45b) is
reversible. The sequence Eqs. (58.45a) and (58.45b) repre-
sents a closed system where thermodynamic equilibrium is
eventually established.

Steady-State Distribution of AB* Complex

* ( kC
n =
Vs + Vg

Saha and Boltzmann balances

Saha:

Boltzmann:

)nA(t)nB(t) + ( )ns(t) . (58.46)

s
Vs Vd

nangk. = 7
ATBRe N (58.47)
vy = 1
n* is in Saha balance with reactant block C and in Boltzmann
balance with product block S.

Normalized Distributions

n*

p* == = PPy(t) + Pn(0) , (58.48a)
n
t t (1
Ye(t) = M . vs(t) = M : (58.48b)
nang ng
Stabilization and Dissociation Probabilities
S Vs D Vd
- _ =9 58.49
(n Fv0) (n tv0) G8:49)
Time-Dependent Equations
dn, o
£ = ke Piiniglye(t) = ()] (58.502)
dng D~
T —V_ P ai[ys(t) — ye(2)] (58.50b)
dn, .
Frake —a3na(D)ng(t) + kang(t) , (58.51)

where the recombination rate coefficient (cm?/s) and disso-
ciation frequency are, respectively,

k

Gy = k. PS = —< (58.52)

(vs + Vd)

V_sVq
kg =v_ PP = ——— 58.53
S Oy 0833
which also satisfy the macroscopic detailed balance relation
Qafiafig = kyfls . (58.54)

Time-Independent Treatment

The rate &3 given by the time-dependent treatment can also
be deduced by viewing the recombination process as a source
block C kept fully filled with dissociated species A and B
maintained at equilibrium concentrations 7i 5, 7ig (i.e., y. = 1)
and draining at the rate @37iafig through a steady-state in-
termediate block F of excited levels into a fully absorbing
sink block S of fully associated species AB kept fully de-
pleted with ys =0, so that there is no backward redissociation
from block S. The frequency kq is deduced as if the reverse
scenario, ¥s = 1 and y. = 0, holds. This picture uncouples
a and kg and allows each coefficient to be calculated inde-
pendently. Both dissociation (or ionization) and association
(recombination) occur within block E.

If y. = 1 and y;, = 0, then

o =n*/i* = v/ (vs + vq) , (58.55a)
K =7"/fiafig = ke/va = keta (58.55b)
PS = v,/ (v + vq) = p*uts (58.55¢)
and the recombination coefficient is
G =k PS = ko(p*vetg) = Kp*vs . (58.56)

Microscopic Generalization
From Eq. (58.206), the microscopic generalizations of rate in
Eq. (58.52) and probability in Eq. (58.55c¢) are, respectively,

oo b()
=1 / cede / 2mbdbPS(e,b; Ry) | (58.57a)
0 0
Ry
PS(e,b; Ry) = ¢pi (RO (R)dt = (pvg)ta, (58.57b)
R;

where p;(R) = n(e,b; R)/fi(e,b; R); vi(b) is the frequency
Eq. (58.203a) of (A-B)-M continuum-bound collisional
transitions at fixed A-B separation R, R; is the pericenter
of the orbit, (i = ¢, b), and

b = Ri[1 —V(Ry)/E), &= E/kgT, (58.57¢)

& =k(P%),, . v=(8ksT/mMsp)"*. (58.57d)

ke = {wR§[1 — V(Ro)/ kg T]v} (58.57¢)
where Mg is the reduced mass of A and B.
Low Gas Densities
Here p; (R) = 1 for E > 0,

R() R()
PS(e.b: Ry) = 99 v(r)dr = ggds/x,- : (58.58)
R; R;

Ai = (No)~ ! is the microscopic path length towards the (A—
B)-M reactive collision with frequency v = Nva. For A;
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constant, the rate in Eq. (58.57a) reduces at low N to

Ry
a = (vogN) (1 —
/

which is linear in the gas density N.

V(R)
. (58.59)

47R*dR ,
BT) g

58.3.3 Working Formulae for Three-Body
Collisional Recombination at Low Density

For three-body ion—ion collisional recombination of the form
AT +B~ 4 Min a gas at low density N, set V(R) = —e?/R.
Then Eq. (58.59) yields

8kpT )1/ 4

3R
—aR 1+ == N), (58.60
37 0( +2R0)(00 ), ( )

64(T) = (

”MAB

where R, = e?/ kg T, and the trapping radius Ry, determined
by the classical variational method, is 0.41R., in agreement
with detailed calculation. The special cases are the following.

(@)e + AT + e~
Here, 0y = énRﬁ for (e~ — e7) collisions for scattering an-
gles 6 > 7/2, so that

300

4.5
&ge(T)=2.7x10_20(7) neem’s™'  (58.61)

in agreement with Mansbach and Keck [32].

(b)A* +B~ +M

Here, 0yv ~ 1072 cm? s~!, which is independent of T for po-

larization attraction. Then

300 2.5
as(T) = 2 x 1025(7) Nem’s!. (58.62)

(de”+At+M

Only a small fraction § = 2m /M of the electron’s energy is
lost upon (e~ —M) collision, so that Eq. (58.57a) for constant
A is modified to

Ro Em
Gem = UON/4nR2dR/fz(R,E)v dE
0 0

Ry €m
V(R
= 6eooN/4nR2 dR/(l - %)ses de ,
0

0
(58.63b)

(58.63a)

where ¢ = E/kgT, and E,, = §e?/R = ey,kgT is the max-
imum energy for collisional trapping. Hence,

8kpT. \ '/
&SM(T6)=4n5(L) R2Ro[ooN]  (58.64a)
am

[

10726 /300\ >~
~ (—) Nem’s™' (58.64b)

M T

where the mass M of the gas atom is now in a.m.u. This re-
sult agrees with the energy diffusion result of Pitaevskii [33]

when Ry is taken as the Thomson radius Rt = %Re.

58.3.4 Recombination Influenced by Diffusional
Drift at High Gas Densities

Diffusional-Drift Current

The drift current of A* towards B~ in a gas under an AT-B~
attractive potential V(R) is

J(R) = —DVn(R) — [gVV(R)}n(R) (58.652)

o~ d A
. —(DNANB e~V (R)/keT #)R . (58.65b)
Relative Diffusion and Mobility Coefficients
D = Dy + Dy,
K=Kus+Kg, De=KkgT), (58.66)

where the D; and K; are, respectively, the diffusion and mo-
bility coefficients of species i in gas M.

Normalized lon-Pair R-Distribution

n(R)

O B Rep v T O
Continuity Equations for Currents and Rates
an
g—i—V-J:O, R >Ry, (58.68a)
@rn(Ro)p(Ro) = @p(c0) . (58.68b)

The rate of reaction for ion pairs with separations R < R
is arn(Ryp). This is the recombination rate that would be ob-
tained for a thermodynamic equilibrium distribution of ion
pairs with R > Ry, i.e., for p(R > Ry) = 1.

Steady-State Rate of Recombination

@NANg = / (g—'ll)dR = —4wR2J(Ry) . (58.69)
Ro
Steady-State Solution
@
p(R) = ,0(00)(1 " am(®) R)), R> R, (58.70a)
p(Ro) = p(c0)[@/drn(Ro)] - (58.70b)
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Recombination Rate

orn (Ro)atr (R
g = _ORN(Ro)IR(Ro) (58.71a)
arn(Ro) + @rr(Ro)
0 N 0
_>§ RN (58.71b)
OTR, N — o0.
Diffusional-Drift Transport Rate
T V(R kT -
0
With V(R) = —¢?/R,
atr(Ro) = 4w Ke[l —exp(—R./Ro)] ™", (58.73)

where R, = e?/kgT provides a natural unit of length.

Langevin Rate
For Ry < R., the transport rate

atr — A = 4nKe (58.74)

tends to the Langevin rate which varies as N !

Reaction Rate
When Ry is large enough that Ry-pairs are in (E, L?) equi-
librium Eq. (58.206),
bo
cede / 2nbdbPS (e, b; Ry) (58.75a)
0

arn(Ro) =

[
[

=7 | ee*de[nbiP5(e: Ro)] (58.75b)
= vnb?, PS5(Ry) , (58.75¢)
where
V(Ro)
b2 =R 1- 58.76
max 0( kBT ) ’ ( )

and by and ¢ are given by Eq. (58.57¢) and v by Eq. (5§8.57d).

The probability PS and its averages over b and (b, E)
for reaction between pairs with R < R, is determined in
Eq. (58.75a-58.75¢) from solutions of coupled master equa-
tions; PS increases linearly with N initially and tends to
unity at high N. The recombination rate in Eq. (58.71a) with
Eq. (58.75a) and Eq. (58.73), therefore, increases linearly
with N initially, reaches a maximum when &tr ~ &gy, and
then decreases eventually as N ~', in accord with Eq. (58.74).

Reaction Probability
The classical absorption solution of Eq. (58.196) is

Ry
ds;
PS(E.b;Ry) = 1 —exp —¢ Ai (58.77)

R;

With the binary decomposition A;! = A7l + 137 ,

PS5 = Py+ Py — Py P3 . (58.78)

Exact b’-Averaged Probability
With V, = —e?/R for the AT—B~ interaction in Eq. (58.75b),
and at low gas densities N,

_ 3Ve(Ro) )

4Ry 1
3AA.B 2El

[1-Ve(Ro)/E]

Prs(E,Ry) =

(58.79)

appropriate for constant mean free path A;.

(E,bz)-Averaged Probability

PS(Ry) in Eq. (58.75¢) at low gas density is
Pap(Ro) = Pap(E = kpT, Ro) . (58.80)

Thomson Trapping Distance

When the kinetic energy gained from Coulomb attraction is

assumed lost upon collision with third bodies, then bound
(A, B) pairs are formed with R < Rr. Since E = 3kpT —

e?/R, then
Re= 2() = 2R (58.81)
T 3\kT) T3 '
Thomson Straight-Line Probability
The E — oo limit of Eq. (58.77) is
Ply(b:Rr) = 1 —exp[—2(R7 —b*)/Aag]. (58.82)
The b2-average is the Thomson probability
1 _
Pig(Ry)=1-— ﬁ[l —e X (14+2X)]  (58.83a)

for reaction of (A—B) pairs with R < R. As N — 0

4 3 1
T - _2 2_Zy3 ...
P, g(Rr) — 3X(l 4X + =X 6X + )

(58.83b)
and tends to unity at high N; X = Rr/Aap = N(opRy).

These probabilities have been generalized [34] to include hy-
perbolic and general trajectories.

Thomson Reaction Rate

Gt = 7RIV(P, + Py — Py Py)
%HR%(AXI +25'), N—0

58.84
7R3, ( )

N — o00.
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58.4 Zero-Range Methods

Zero-range methods refer to scattering models that make use
of the scattering length to characterize the collision. Zero-
range methods are used in ultracold collisions where the de
Broglie wavelength of the atoms is much larger than the
range of their interactions, and hence the scattering is well
described by the S-wave scattering length, a.

The T-matrix element for S-wave scattering of two iden-
tical particles, mass m and energy E = k?/m, is

8 1

Th)y= -
= k cotdo(k) — ik

(58.85)

where (k) is the S-wave phase shift. In general, one would
solve numerically a couple-channel problem to compute
the phase shifts for all the states of interest. In ultracold
collisions, the low-energy effective range expansion of the
S-wave phase shift can be utilized

kcot8y(k) = —1/a + %rskz +-- (58.86)
to simplify the scattering calculation. The effective range
expansion serves to define the scattering length a and the
effective range r,. See Sect. 47.5.5 and Eq. (47.46b) in this
Handbook, and [35] for details on the scattering length and
effective range. For the typical ultracold collision involving
alkali atoms in specific hyperfine states, the van der Waals
length, £,qw, and energy E,qw, provide natural length and
energy scales, respectively

Lyaw = (mCq/h?)"*
Eyaw = (m*Cg/h%)"/%

(58.87a)
(58.87b)

for atom of mass m and van der Waals constant Cg. For alkali
atom collisions, the scattering lengths are [35]:

®Li(a,)
—2160

**Rb(a;)
2800

133CS(¢2[)

a(ag) 2400

where the subscript s or ¢ refer to singlet or triplet states,
respectively.

Contrast these large values for alkali atom collisions with
the much smaller values for e~ + Rg atom collisions in
Sect. 47.5.5 (Rg = He — Xe). See Table 1 of [26] for a more
complete tabulation. The elastic scattering cross section for
two bosonic atoms in the same spin state is

8ma?

Oclastic (E) = 1T ma’E

(58.88)

where a is the scattering length.

Shallow dimers
When a > 0, there is a single bound state with binding energy
Ep = 1/(ma®), referred to as a shallow dimer state.

The three-body recombination rate o into a shallow
dimer state is [26, 36]

_ 12872 (47 — 3/3) ha*
~ sinh?(rso) + cosh?(rso) tan[so In(ak,) + y] m
(58.89)

where k, is the wave number of the shallow dimer state n,, y
is a constant, and sy is the root of the transcendental equation
TSy 8 . . msy
So cosh - = ﬁ sinh <
with approximate numerical solution of sy ~ 1.00624. The
phase constant y has been computed in [37, 38] and is of
order unity.

The three-body collision, at low energies in reaction
Eq. (58.19), that results in the formation of dimers A, ex-
hibits a universal property, wherein the spacing between
adjacent energy levels of the dimer, E(T” ) follows an expo-
nential scaling independent of system

(58.90)

( h2K2

EYY — (e7hnyr e (58.91)
as n — 0o, and where «, is the wave number associated with
the dimer state labeled by the integer 7,. The scaling rela-
tionship Eq. (58.91) was first described by Efimov [39, 40].
Further details on the universal scaling property Eq. (58.91)
called the Efimov effect can be found in Sect. 60.6 of this
Handbook, and [20, 25, 26, 41].

Deep dimers
Depending on the details of the short-range part of the dimer
molecular potential, governed by the parameters a, «,, and
the inelasticity parameter 7,, the dimer may support multi-
ple states below threshold, called deep dimer states. See [26],
and references therein, for a complete discussion of these pa-
rameters.

The three-body recombination rate oy into a deep dimer
state is [26]

_ Cinax cosh(mso) sinh(rs0) cosh 7, sinh 5, ha*

B sinh? (s + 7.) + sin’[sp In(ak,) +y] m
(58.92)

where 7, is the inelasticity parameter, and C,,x is defined

1287247 — 3+/3)
Cmax =

- , (58.93)
sinh?(7s9)
while sy and y retain their meaning as in Eq. (58.89).

Expressions for scattering lengths and effective ranges for
shallow and deep dimers can be found in Sect. 60.6.
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58.5 Hyperspherical Methods

Hyperspherical methods are techniques of solving the N-
body Schrodinger equation where the coupled partial differ-
ential equations are reformulated in terms of hyperspherical
coordinates. See Chap. 56 of this Handbook and [20] for de-
tails on hyperspherical methods.

d-dimensional coordinates [42]

R=\/x{+xj+x3+-+x5. (58.94)
Xy = Rcosoy_y ,
X4—1 = Rsinay_jcosay_, ,
X4—2 = Rsinoy_;sinoy_,cosoy_3 ,
d—1
X, =R l_[ sing; ,
j=1
d—1
x; =R l_[ sina; cosay , (58.95a)
j=2

where R is the hyperradius, x; the coordinates of the
particles, and «; the corresponding hyperangles. The set
Eq. (58.95a) is usually termed the canonical choice and have
the ranges

i=2,...,d—1.(58.96)

The nonrelativistic kinetic energy operator is then separable

h2 A2

T =Tr+ R (58.97a)

B 1 d_1 0
Tr = 2 R R (58.97b)

where p is the N-body reduced mass
1= (pipping--)/V0 (58.98)

and,

M1z = % , (58.99a)
fppy = Tt ma)ms (58.99b)

b
m1+m2+m3

the usual reduced masses, while A is the isotropic Casimir
operator

9 9
2 _ 2 = —
A =-S5 Ay =x T "y 8100

i>j

Three-particle case

RP=p{+p3, 0<R<o0. (58.101)
pr = (—11)/A, (58.102a)
pr = A[r? - w} (58.102b)
my + my
with,
1
g Lomlmtm) (58.103a)
nmy + my +mj
pr = e (58.103b)

9
m1+m2+m3

for particles i with mass m; and position vector 77, i = 1-3.
The mass-scaled Jacobi coordinates, 0 and p, determine the
hyperangles 6 and ¢ in the body frame x—y plane, yielding
a rescaled Schrodinger equation for three identical particles
— 4+ —— + V(R,0, Vg = EVYg
8K + + V( ®) |V E

1 92 n
211 OR? 2uR?
(58.104)

where the full three-particle interaction potential V' is ex-
pressed in terms of the hyperradius R and hyperangles 6 and
¢, and the angular momentum operator A is given in [20,
equations (22-25)].

15 A2

Coupled-channel expansion

Vev = 30 2D (R — g (RIK
’ (58.105)
where fg,(R) and gk, (R) are the regular and irregular radial
functions, respectively; K, is the real symmetric reaction
matrix, and @ represents the set of hyperangles, while d is
the dimension.
The usual technique is to solve numerically the set of
coupled equations and matching to linear combinations of
regular and irregular functions at a large hyperradius R, to

obtain the reaction matrix K.

58.5.1 Three-Body Recombination Rate

(Identical Particles)

hk 19272 5
a(E) = e ;'SM , (58.106)

where k = /2 E /#2, and the S-matrix is determined from
the reaction matrix using the standard expression Eq. (49.17).
The sum includes all entrance channel v three-body contin-
uum states and exit channel v” two-body bound states of A,.


http://dx.doi.org/10.1007/978-3-030-73893-8_56
http://dx.doi.org/10.1007/978-3-030-73893-8_49
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58.5.2 N-Body Recombination Rate Detailed balance
(Identical Particles) d2oR d2c!
= (58.112)
a)2d.Q,,d.Qk k262d.de.Qn

ay(E) =

d—1
Nv%(z_ﬂ) F(d/2)2|sw|2 (58.107)

k 27rd/2

where I"(x) is the Gamma function and d is the dimension.

58.6 Field-Assisted Methods

Field-assisted methods is a general term to encompass tech-
niques used to compute recombination rates in cases where
the reaction is assisted by the application of an external field.
Currently, the most commonly applied field is laser-assisted
recombination Eq. (58.5) in studying the spectrum in high-
order harmonic generation (HHG). See Sects. 78.3, 78.4 and
80.6 in this Handbook for further details on HHG.

Differential cross section [43]

R
doyg, 47r w?

Toda. = or laa®l (58.1082)
do® 4
aacn — v a) i acn(k)|2 (58_108]:))

d$§2,,dS2, 3k

where o R is the differential cross section for Eq. (58.5), the
subscripts len and acn refer to the length and acceleration
form of the matrix elements, respectively; o is the angular
frequency of the released photon, k the momentum of the re-
combining electron, £2,, §2; the corresponding solid angles,
and c the speed of light.

He
ail (k) = ayere" o0 (u ryuls (58.109a)
as, (k) = —alclzNe’(Sl“L“l)(ugr%)u‘,iﬁ . (58.109b)
Rg (Ar-Xe)
ays (k) = aocoe’(8°+"°)(ugr)uico
+ ayc2e" ) (u ryull (58.110a)
oen (k) = —aof?oZNele”O)(”grl—ﬂui%
— aZCZZNe’w””Z)(ugriz)uiCz , (58.110b)
where the constants a, and ¢, are defined
ar= - 201 , (58.111a)
co = (Y cos )Y"~" (58.111b)

with Y;” the spherical harmonics and Zy the atomic number.

where the superscripts R and [ refer to recombination and
ionization, respectively.

58.7 Dissociative Recombination
58.7.1 Curve-Crossing Mechanisms

Direct Process

Dissociative recombination (DR) for diatomic ions can occur
via a crossing at Ry between the bound and repulsive poten-
tial energy curves V*(R) and V;(R) for AB™ and AB**,
respectively. Here, DR involves the two-stage sequence

ke v
e +AB*(y;)) = (AB™)p —> A+B*.

Va

(58.113)

The first stage is dielectronic capture whereby the free elec-
tron of energy € = V;(R) — VT (R) excites an electron of
the diatomic ion AB™ with internal separation R and is then
resonantly captured by the ion, at rate k., to form a repul-
sive state d of the doubly excited molecule AB**, which in
turn can either autoionize at probability frequency v,, or else
in the second stage, predissociate into various channels at
probability frequency v,. This competition continues until
the (electronically excited) neutral fragments accelerate past
the crossing at Ry. Beyond Ry, the increasing energy of rel-
ative separation reduces the total electronic energy to such
an extent that autoionization is essentially precluded, and the
neutralization is then rendered permanent past the stabiliza-
tion point Ry. This interpretation [44] has remained intact
and robust in the current light of ab initio quantum chemistry
and quantal scattering calculations for the simple diatomics
(O3, N7, Ne7, etc.). Mechanism Eq. (58.113) is termed the
direct process, which, in terms of the macroscopic frequen-
cies in Eq. (58.113), proceeds at the rate

& =k Ps = ke[va/(va +va)], (58.114)

where Pg is probability for AB* survival against autoion-
ization from the initial capture at R. to the crossing point
Ry . Configuration mixing theories of this direct process are
available in the quantal [45] and semiclassical-classical path
formulations [46].

Indirect Process
In the three-stage sequence

e +ABY(v;) - [ABT(vp) — 7| —
— A + B*

(AB™)q ,
(58.115)
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the so-called indirect process [45] might contribute. Here,
the accelerating electron loses energy by vibrational excita-
tion (v;” — vy ) of the ion and is then resonantly captured into
a Rydberg orbital of the bound molecule AB* in vibrational
level vy, which then interacts one way (via configuration
mixing) with the doubly excited repulsive molecule AB**.
The capture initially proceeds via a small effect — vibronic
coupling (the matrix element of the nuclear kinetic energy)
induced by the breakdown of the Born—Oppenheimer ap-
proximation — at certain resonance energies &, = E(vs) —
E(v;") and, in the absence of the direct channel Eq. (58.113),
would therefore be manifest by a series of characteristic very
narrow Lorentz profiles in the cross section. Uncoupled from
Eq. (58.113) the indirect process would augment the rate. Vi-
bronic capture proceeds more easily when vy = v+ 1, s0
that Rydberg states with n ~ 7—9 would be involved [for
HJ (v;" = 0)], so that the resulting longer periods of the
Rydberg electron would permit changes in nuclear motion
to compete with the electronic dissociation. Recombination
then proceeds as in the second stage of Eq. (58.113), i.e., by
electronic coupling to the dissociative state d at the crossing
point. A multichannel quantum defect theory [47] has com-
bined the direct and indirect mechanisms.

Interrupted Recombination
The process

e 4+ ABT(v;) L (AB*), % A +B*
Va
Vnd /]L Vdn

[AB*(v) —e7], (58.116)
proceeds via the first (dielectronic capture) stage of
Eq. (58.113) followed by a two-way electronic transition
with frequency v, and v,,; between the d and n states. All
(n,v) Rydberg states can be populated, particularly those
in low n and high v since the electronic d—n interaction
varies as n~'* with broad structure. Although the dissoci-
ation process proceeds here via a second-order effect (vy,
and v, 4), the electronic coupling may dominate the indirect
vibronic capture and interrupt the recombination, in contrast
to Eq. (58.115) which, as written in the one-way direction,
feeds the recombination. Both dip and spike structure has
been observed [48].

58.7.2 Quantal Cross Section
The cross section for direct dissociative recombination

e +AB*(v) = (AB*), — A+B*  (58.117)

of electrons of energy &, wavenumber k., and spin statistical
weight 2, for a molecular ion AB™ (v;") of electronic statisti-
cal weight ! in vibrational level v;' is

T w* 2
2 ()b

() (552

Here, wjy is the electronic statistical weight of the dissocia-
tive neutral state of AB* whose potential energy curve V,
crosses the corresponding potential energy curve V' of the
ionic state. The transition T-matrix element for autoioniza-
tion of AB* embedded in the (moving) electronic continuum
of AB' + e is the quantal probability amplitude

opr(&) =

(58.118)

[e¢]

apv) = 2n[Vd*€(R)[ JTHR)Y(R)] AR (58.119)
0

for autoionization. Here, ¥,% and v, are the nuclear bound
and continuum vibrational wave functions for AB* and AB*,
respectively, while

Vae(R) = (@a|Ha(r. R(1))|¢e(r, R)), 2
= V2 (R) (58.120)
are the bound-continuum electronic matrix elements cou-
pling the diabatic electronic bound state wave functions
Yq(r, R) for AB* with the electronic continuum state wave
functions ¢.(r, R) for AB' + e~. The matrix element is
an average over electronic coordinates r and all direc-
tions € of the continuum electron. Both continuum elec-
tronic and vibrational wave functions are energy normalized
(Sect. 58.11.3), and
I (R) =27 |Vi(R) (58.121)
is the energy width for autoionization at a given nuclear
separation R. Given I'(R) from quantum chemistry codes,
the problem reduces to evaluation of continuum vibrational
wave functions in the presence of autoionization. The rate
associated with a Maxwellian distribution of electrons at
temperature 7 is

Q@ = 7. / eopr(e)e ™ 87 de/(kgT)? | (58.122)

where v, is the mean speed (Sect. 58.12).

Maximum Cross Section and Rate
Since the probability for recombination must remain less

. 2 . .
than unity, |ao ] < 1, so that the maximum cross section and
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rates are

max _ l wZB _ h2
ol (g) = @ (2w+) = (gnmeg)(ze +1), (58.123)

where wy has been replaced by 2(2¢ + 1)w™ under the as-
sumption that the captured electron is bound in a high-level
Rydberg state of angular momentum ¢, and

Gmax(T) = Ve 00 (e = kpT) (58.124a)

. (300\"? ;
~5x107( S5 ) @+ 1em’/s . (58.124b)

Cross section maxima of 5(2¢ + 1)(300/T) x 10~'*cm?
are therefore possible, being consistent with the rate
Eq. (58.124b).

First-Order Quantal Approximation

When the effect of autoionization on the continuum vi-
brational wave function ¥,(R) for AB* is ignored, then
a first-order undistorted approximation to the quantal ampli-
tude Eq. (58.119) is

o0

Ty(v') = 27 / Vd*g(R)[wj*(R)l/ff’(R)]dR, (58.125)
0

where w;o) is ¥4 in the absence of the back reaction of au-
toionization. Under this assumption, Eq. (58.118) reduces to

oe(e.v) = = (238 |7, (o) 2 (58.126)
o K2\ 20t ' )
which is then the cross section for initial electron capture
since autoionization has been precluded. Although the Born
T-matrix Eq. (58.125) violates unitarity, the capture cross

section Eq. (58.126) must remain less than the maximum
value

max i wZB h2 wZB
= — = , 58.127
T k§(2a)+) (Snmee)(2a)+ ( )

since \agiz < 1. So as to acknowledge after the fact the
effect of autoionization, assumed small, and neglected by
Eq. (58.125), the DR cross section can be approximated as

UDR(s, v+) = oc(s, v+)PS , (58.128)
where Pg is the probability of survival against autoioniza-
tion on the V; curve until stabilization takes place at some
crossing point Ry.

Approximate Capture Cross Section
With the energy-normalized Winans—Stiickelberg vibrational
wave function

OR) = V;(R)|*8(R - R.) (58.129)

where R, is the classical turning point for (A—B*) relative
motion, Eq. (58.126) reduces to

¥ (R
V/(R.)|

3

ou(ev) = (‘“XB )[2nr(Rc>1

_k—g 2wt

(58.130)

where the term inside the braces in Eq. (58.130) is the effec-
tive Franck—Condon factor.

Six Approximate Stabilization Probabilities

m
A unitarized T -matrix is
Ty
=—7, (58.131)
1+ 373
so that Ps = |T|*/|Tg|* to give
Ps(low &)
1, 5\
=1+ -|T;
( + 4| Bl)
o0 2 -2
={1+47x° / Vd*E(R)[l//:*(R)w;O)(R)]dr ,
0
(58.132a)

which is valid at low & when only one vibrational level v,
i.e., the initial level of the ion is repopulated by autoioniza-
tion.

@)
At higher ¢, when population of many other ionic levels v)?L
occurs, then '

-2

2
’ , (58.132b)

Ps(e) = | 1+ % > |Ts()

7
where the summation is over all the open vibrational levels
v_}?L of the ion. When no intermediate Rydberg AB* (v) states
are energy resonant with the initial e~ + AB*(v") state,
i.e., coupling with the indirect mechanism is neglected, then

Eq. (58.128), with Eq. (58.132b), is the direct DR cross sec-
tion normally calculated.
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(3)

In the high-¢ limit, when an infinite number of v}L levels are
populated following autoionization, the survival probability,
with the aid of closure, is then

-2

Ry
2
Ps = 1+n2/|Vd*E(R)|2’w(§O)(R)’ dR| . (58.133)
R.

(4)
On adopting in Eq. (58.133) the JWKB semiclassical wave
function for w;o) s

Rx
1 [ (R

20 ] v(R)
Rc

Ps(highe) =

-2

Iy

1
= 1+§/Ua(l)dl s

Ie

(58.134)

where v(R) is the local radial speed of A — B relative motion,
and where the frequency v, (¢) of autoionization is I" /.

5)
A classical path local approximation for Pg yields

Ix

Pg = exp —[va(t)dt ,

le

(58.135)

which agrees to first order for small v with the expansion of
Eq. (58.134).

(6)
A partitioning of Eq. (58.113) yields
Ps = vg/(va+v4) = (1 +ve1a) " (58.136)

on adopting macroscopic averaged frequencies v; and asso-
ciated lifetimes 7; = v;!. The six survival probabilities in
Eqgs. (58.132a), (58.132b), (58.132a), (58.133)—(58.136) are
all suitable for use in the DR cross section Eq. (58.128).

58.7.3 Noncrossing Mechanism

The dissociative recombination (DR) processes

67+H;_—>H2+H

—H+H+H (58.137)
at low electron energy ¢, and
e +HeH" - He+H (n=2) (58.138)

have spurred renewed theoretical interest because they both
proceed at respective rates of (2 x 1077 to 2 x 107%) cm? s~!
and 1078 cm? s~ at 300 K. Such rates are generally asso-
ciated with the direct DR, which involves favorable curve
crossings between the potential energy surfaces, V*(R)
and V;(R) for the ion AB™ and neutral dissociative AB**
states. The difficulty with Egs. (58.137) and (58.138) is
that there are no such curve crossings, except at ¢ > §eV
for Eq. (58.137). In this instance, the previous standard
theories would support only extremely small rates when elec-
tronic resonant conditions do not prevail at thermal energies.
Theories [49—53] have been developed for application to pro-
cesses such as Eq. (58.137).

58.8 Mutual Neutralization

AT+B - A+B. (58.139)

Diabatic potentials
V?(R) and V" (R) for initial (ionic) and final (covalent)
states are diagonal elements of

where ¥; ; are diabatic states, and H,, is the electronic
Hamiltonian at fixed internuclear distance R.

Adiabatic potentials for a two-state system
+ 2 271/2
VE(R) = Vo(R) + [A (R) + |Viy (R)| ] . (58.141a)
1
Vo(R) = 5[Vi““(R) + V}O)(R)] : (58.141b)
A(R) = [Vi(o)(R) - V;°>(R)] . (58.141¢)

For a single crossing of diabatic potentials at Ry,
Vi(o)(RX) = Vf@(RX) and the adiabatic potentials at Ry are
VE(Ry) = V" (Rx) % Vi (Ry) . (58.142)

with energy separation 2V, (Ry).

58.8.1 Landau-Zener Probability for Single

Crossing at Ry

On assuming A(R) = (R — Ry)A'(Ry), where A'(R) =
dA(R)/dR, the probability for single crossing is

Piy(Ry) = exp[n(Ry)/vx (D)] (58.143a)
_ (2 Wi_f(RX)|2
n(Rx) = (7)W , (58.143Db)
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1/2 2\ i ot .
vy (b) = [1 —VRy)/E - bZ/R;z(] . (58.143¢) (R, E, L?)-distribution

2 2
Overall Charge-Transfer Probability nR.E L )deEde
From the incoming and outgoing legs of the trajectory, (877 /vg)eF/keT ( dR

= 2nMagksT)¥2 \ 47R2

)dEdL2 ) (58.149)
PX(E) =2Pis(1— Py) . (58.144)
Case (b)
(i = R, E, L?)-integrated quantities.
58.8.2 Cross Section and Rate Coefficient

for Mutual Neutralization Current: j = (R) = lvni(k E)= lvni . (58.150)
i 2 ’ 2
bx
om(E) = 4r / Piy(1 = Piy)bdb Flux:  47R?j*(R)AE = [vee*delnb? .  (58.151a)
b2°P nbi = nR*[1 — V(R)/E] . (58.151b)
= TOx M o (R, E)-Distribution:
b2 = n<1 Y ]ng))R)z( n(R,E)dRJE
2 [E - V(R):|1/2 e 4edR
= ——|——— € &
14.4
=all+———|R; (58.145a) val o ksl
Ry (A)E(eV) = Gug(E, R)dR , (58.151¢)
Py is the b*-averaged probability Eq. (58.144) for charge- which defines the Maxwell-Boltzmann velocity distribution
transfer reaction within a sphere of radius Ry. Gup in the presence of the field V(R).
The rate is
o Case (¢)

2 _. ..
Gy = (8kBT/7TMAB)1/2/€OM(E) ede . (58.146) (E, L ) integrated quantities.

0 1
Current: JE(R) = —ve VR/kaT (58.152)
where € = E/kgT. 4
Flux: 47R*jE(R) = nR*ve/W/keT (58 153)
Distribution: n(R) = e V(R keT (58.154)

58.9 One-Way Microscopic Equilibrium
Current, Flux, and Pair Distributions When E-integration is only over dissociated states (E > 0),
the above quantities are
All quantities on the RHS in the Cases (a)—(e) below are to

be multiplied by Na Ng[wap/@aws], where the o; denote the JER) = 15[1 _ V(R kyT] . (58.155)
statistical weights of species i that are not included by the 4
density of states associated with the £, L orbital degrees of 4R F(R) = nR2(1 _VI(R) )6 2T, (58.156)
freedom. kg

n(R) = [1 =V(R)/keT] . (58.157)
Case (a)
(i=R.E L. Case (d)

(E, L?)-distribution. For bound levels
Current:j=(R) = n*(R, E, L*)vg = nivg .
dg2e—E/keT 4r’w(E, L)  _
AR j* 2 2 E,LY)dEdL?> = ———— e E/TqEdL?,
Flux:47R*j=(R)dEdL Mk T) AEdL? . n( ) OxMapkn 7Y

(58.147) (58.158)
This flux is independent of R. For dissociated pairs E > 0, ~Where r = ¢dr = (dJr/IE) is the period for bounded

radial motion of energy E and radial action Jr(E,L) =
47 R*jF(R)AEAL? = [vee *de][2mbdb] . (58.148) Map ¢ vrdR.
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Case (e)
E -distribution. For bound levels

20 fE-V\2
n(E)dE = N —de ( kT ) dR , (58.159)
where R, is the turning point E = V(R,).
Example
For electron—ion bounded motion, V(R) = —Ze?/R, Ry =
Ze?/|E|, = Ze?/kgT = E/kgT. Then 1wz =

2m(m/Ze*) 2 (Rp/2)%?,

ta R 12 w?
[(7 - |g|) dR = TRZ/ZR‘I’/Z , (58.160)
0
and
26_6 7'[2 5/2
n*(E)dE = ( de | —RYRL? (58.161)
T o) TR
2e~® 7R3
= (ﬁde) (W) ) (58.162)

For closely spaced levels in a hydrogenic e”—A%™ system,

n*(p,t) =n(E, Lz)(iE)(ddL;)

dE
n*(p) =n(E)(@) :

Using E = —(2p?)~ (Z2 ?/ap) and L? =

level (p, £) then
()= (G)()
wr(E, L) (58.164)

(58.163a)

(58.163b)

(£ + 1/2)*h? for

= h((2¢ + DA?) . (58.165)
n*(p,f) 22¢+1) n? I,/ksT
= 58.166
neN+t 20 (2amekgT)? ¢  ( 2)
n*(p)  2p? n I,/ksT
= , 58.166b
neN+  20f QumckgT)3/? € ( )

in agreement with the Saha ionization formula Eq. (58.28),
where N+ is the equilibrium concentration of AZ* ions in
their ground electronic states. The spin statistical weights are
Wep = We = 2.

Notation:

MAB reduced mass MA MB/(MA + MB)
R internal separation of A—B

E  orbital energy 2Mv + V(R)

L orbital angular momentum

L?> 2MEb*forE >0

vg  radial speed | R

mean relative speed (8kT /7 Maup)'/?
normalized energy E/kgT

n;  pair distribution function n;” + n;
n* component of n; with R > 0 (+) and R < 0 ().

58.10 Microscopic Methods for Termolecular
lon-lon Recombination

At low gas density, the basic process

AT+B " +M—> AB+M (58.167)

is characterized by nonequilibrium with respect to E. Disso-
ciated and bound A*-B~ ion pairs are in equilibrium with
respect to their separation R, but bound pairs are not in E-
equilibrium with each other; L2-equilibrium can be assumed
for ion—ion recombination but not for ion—atom association
reactions.

At higher gas densities N, there is nonequilibrium in the
ion-pair distributions with respect to R, E, and L2. In the
limit of high N, there is only nonequilibrium with respect to
R. See [54] for full details.

58.10.1 Time-Dependent Method:
Low Gas Density

Energy levels E; of AT—B™ pairs are so close that they form
a quasi continuum with a nonequilibrium distribution over
E; determined by the master equation

oo
dn; (¢
nc;,( ) - / (nivig —ngvyi)dEy .

-D

(58.168)

where n;dE; is the number density of pairs in the interval
dE; about E;, and v;rdEy is the frequency of i-pair colli-
sions with M that change the i -pair orbital energy from E; to
between Er and E; + dEy. The greatest binding energy of
the At-B~ pairis D.

Association Rate

RA(r) = / (dgl)dE (58.1692)
—-D
— GNA(O)Ns (1) — kny(t) , (58.169b)
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where PiS is the probability for collisional stabilization (re-
combination) of i-pairs via a sequence of energy changing
collisions with M. The coefficients for C — S recombination
out of the C-block with ion concentrations Nx(¢), Ng(¢) (in
cm™3) into the S block of total ion-pair concentrations 7(t)
and for S — C dissociation are @ (cm®s™!) and k(s7!), re-
spectively.

One-Way Equilibrium Collisional Rate and Detailed
Balance

where the tilde denotes equilibrium (Saha) distributions.

Normalized Distribution Functions

yi(t) = ni(0)/i . ys(t) = ns(0) /A2 (1) ,
Ye(t) = Na(t)Ng(t)/NaNs

(58.171)
(58.172)

where 7i$ and 72® are the Saha and Boltzmann distributions.

Master Equation for y; (1)

dy; (¢ i
th() == /[%- () = yr(O]vigdEy . (58.173)
-D
Quasi-Steady State (QSS) Reduction
Set
yi(t) = PPye(t) + PSy() =31, (58.174)

where PP and P,-s are the respective time-independent por-
tions of the normalized distribution y;, which originate,
respectively, from blocks C and S. The energy separation be-
tween the C and S blocks is so large that P,-S =0(E; >0,
C block), P5 <1 (0> E; > —S, T block), and P’ = 1
(=S > E; > —D, S block). Since P’ + PP = 1, then

dy; i
th(t) — —[ye(t) = ys(0)] /(PiD _ PP)Cidef )
=p

(58.175)
Recombination and Dissociation Coefficients

Equation (58.174) in Eq. (58.169a) enables the recombina-
tion rate in Eq. (58.169b) to be written as

o0 o0
GNANg = / PPdE; / (PP = PP)CiydE, . (58.176)
-D -D

863
The QSS condition (dn; /dt = 0 in block ) is then
00 E
rP / virdE; = / vis PPAEy | (58.177)
-D -D

which involves only time-independent quantities. Under
QSS, Eq. (58.176) reduces to the net downward current
across bound level — F,

00 —-E
GNANg = [ dE; [ (PP = PP)CydE; . (58.178)
-E -D
which is independent of the energy level (—E) in the range

0> —F > —S of block E.
The dissociation frequency k in Eq. (58.169b) is

-E 00
kng = /dEz /(P,‘S - Pfs)szdEf , (58.179)
-D —E

and macroscopic detailed balance & NaNg = kil is automati-
cally satisfied; & is the direct (C — S) collisional contribution
(small) plus the (much larger) net collisional cascade down-
ward contribution from that fraction of bound levels that
originated in the continuum C; k; is the direct dissociation
frequency (small) plus the net collisional cascade upward
contribution from that fraction of bound levels that originated
in block S.

58.10.2 Time-Independent Methods:
Low Gas Density

QSS rate

Since recombination and dissociation (ionization) involve
only that fraction of the bound state population that origi-
nated from the C and S blocks, respectively, recombination
can be viewed as time independent with

Na Ng = NoNg, ny(t) =0, (58.180a)
oi =n;/ii; = PP (58.180b)
o0 —E
GNANg = /dE,« /(pi —pr)CirdE; . (58.180c)
—E -D
QSS integral equation
o0 o0
Oi / virdEr = [pfvif-dEf- (58.181)
-D -S
is solved subject to the boundary condition
pi=1(E;>0), p =0(-S>E; >-D). (5.182)
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Collisional energy-change moments

oo
1
D"™(E;) = — /(Ef—Ei)mcidef, (58.183)

po _ L d

"= = (AEY) .

(58.184)

Averaged energy-change frequency
For an equilibrium distribution 7; of E;-pairs per unit inter-
val dE; per second,

4 ARy .

pV =
! dt

Averaged energy-change per collision

(AE)y =D /D"

Time-independent dissociation
The time-independent picture corresponds to
oi =n;/ii; = P5, (58.185)

ng(t) = ng,  y(t) =0,

in analogy to the reduction  of

Egs. (58.502,58.50b).

macroscopic

Variational Principle

The QSS condition Eq. (58.174) implies that the fraction P,.D
of bound levels i with precursor C are so distributed over i
that Eq. (58.176) for @ is a minimum. Hence P or p; are
obtained either from the solution of Eq. (58.181) or from
minimizing the variational functional

oo oo
QNN = [ ndE; / — pr)virdE; (58.186a)
-D -D
1 oo oo
=3 [ dE; [ pr)'CirdE; ,  (58.186b)
-D -D

with respect to variational parameters contained in a trial
analytic expression for p;. Minimization of the quadratic
functional Eq. (58.186b) has an analogy with the principle
of least dissipation in the theory of electrical networks.

Diffusion-in-Energy-Space Method

Integral Eq. (58.181) can be expanded in terms of energy-
change moments, via a Fokker—Planck analysis to yield the
differential equation

0 ) 0p;
— | D. =
JoE; ( ' OE; 0

(58.187)

with the QSS analytical solution

0 0 -1
dE dE
pi(E) = (,/ 5OE [ 5OE) (58.188)
i S

of Pitaevskii [33] for (e~ + A" + M) recombination where
collisional energy changes are small. This distribution does
not satisfy the exact QSS condition Eq. (58.181). When
inserted in the exact non-QSS rate Eq. (58.186b), highly ac-
curate & for heavy-particle recombination are obtained.

Bottleneck Method
The one-way equilibrium rate (cm™3s71) across —E, i.e.,
Eq. (58.180c) with p; = 1 and py = 0, is

00 —-E
G(—E)NaNg = / dE; / CirdEys . (58.189)

This is an upper limit to Eq. (58.180c) and exhibits a mini-
mum at —E*, the bottleneck location. The least upper limit
to & is then &(—E™).

Trapping Radius Method

Assume that pairs with internal separation R < Rt recom-
bine with unit probability so that the one-way equilibrium
rate across the dissociation limit at £ = 0 for these pairs is

&(RT)NANg = [ dR / Cif(R)E; , (58.190)

0 V(R)

where V(R) = —e?/R, and C;s(R) =71; (R)v;s (R) is the rate
per unit interval (ARdE;)dE, for the E; — E collisional
transitions at fixed R in

(A+ - B_)E,-,R +M— (A+ _B_)E/ R

+M. (58.191)

The concentration (cm™>) of pairs with internal separation R
and orbital energy E; in the interval dRdE; about (R, E;)
is 1;(R)dRdE;. Agreement with the exact treatment [54]
is found by assigning Rt = (0.48 — 0.55)(e?/kgT) for the
recombination of equal mass ions in an equal mass gas for
various ion—neutral interactions.

58.10.3 Recombination at Higher Gas Densities
As the density N of the gas M is raised, the recombination

rate ¢ increases initially as N to such an extent that there are
increasingly more pairs n; (R, E) in a state of contraction in
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R than there are those ni*(R, E) in a state of expansion; i.e.,
the ion-pair distribution densities n*(R, E) per unit inter-
val dEdR are not in equilibrium with respect to R in blocks
C and . Those in the highly excited block Z, in addition,
are not in equilibrium with respect to energy E. Basic sets
of coupled master equations have been developed [54] for
the microscopic nonequilibrium distributions n* (R, E, L?)
and n*(R, E) of expanding (+) and contracting (—) pairs
with respect to A-B separation R, orbital energy E, and or-
bital angular momentum L?. Withn(R, E;, L?) =n;(R) and
using the notation defined at the beginning of Sect. 58.6,
the distinct regimes for the master equations discussed in
Sect. 58.10.4 are:

Low N equilibrium in R, but not in E, L?
— master equation for n(E, L?).
Pure Coulomb equilibrium in 2
Attraction — master equation for n(E).
High N nonequilibrium in R, E, L?
— master equation for 7 (R).
Highest N equilibrium in (£, L?) but not in R
— macroscopic transport equation
Eq. (58.68a) in n(R).

Normalized Distributions
For a state )i =)E, L2,

ni(R) ni (R)
(R) = = . oH(R) = =L ,
(R == PR =
1
pi(R) = 5(,0,-Jr +07) - (58.192)
Orbital Energy and Angular Momentum
1
E; = EMABUZ +V(R), (58.193a)
1
E; = EMABvﬁ + Vi(R) , (58.193b)
L?
Vi(R)=V(R) + ——, 58.193
(R = V(R) + 5 (58.193c)
L; = |R X Mapv| ,
L? = @MagE;)b*, E; > 0. (58.193d)

Maximum Orbital Angular Momenta
(1) A specified separation R can be accessed by all orbits of
energy E; with L? between 0 and

L%.(E;.R) = 2Map R*[E; — V(R)] . (58.194a)

(2) Bounded orbits of energy E; < 0 can have Li2 between 0

and
L%.(E;) = 2Mag R2[E; — V(R.)] , (58.194b)

where R, is the radius of the circular orbit determined by
aVi/dR = 0,i.e.,by E; = V(R.) + 1 Rc(3V/3R).

58.10.4 Master Equations
Master Equation for n(R) = n*(R, E;, L?) [54]

L9 1R (R) o]

R20R EiLf

2
o0 Lfm

=— [ dE; | dL2|nF(R)vis(R)
V({) fo/ f[” vif

—nf(Ryvsi(R)) (58.195)

The set of master equations [54] for n;" is coupled to the n;”
set by the boundary conditions ny (R) = n; (R[) at the
pericenter R; for all E; and apocenter R;" for E; < 0 of the
E;, L}-orbit.

Master Equations for Normalized Distributions [54]

L
ol —_ [ ag, [ ar2
[vR| R f 0
V(R) 0

x [pii(R) - pjf(R)]v,«f(R) . (58.196)

Corresponding master equations for the L? integrated distri-
butions n~ (R, E) and p= (R, E) have been derived [54].

Continuity Equations

Ji = [0 (R) —ny (R)]|vr| = (o —p; ). (58.197)
L2
[e'e} fm
1o , )
V(R) 0
x [ni(R)vif (R) —ns(R)vsi(R)]
(58.198)
2R aR
o0 L_%m
=— / dEs / dL7[pi (R) — pr (R)]vis (R) . (58.199)
V(R) 0
58.10.5 Recombination Rate
Flux Representation
The Ry — oo limit of
GNoNg = —47R2J(Ry) (58.200)
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has the microscopic generalization

(9] Lizc
GNANg = [ dE; / dL?[47R] jE(Ro)]
V(Ro) 0

x [p7 (Ro) = p;" (Ro)] . (58.201)

where LizC is given by Eq. (58.194b) with R, = R, for bound
states and is infinite for dissociated states, and where

Ry

p7(Ry) — pF (Ry) = 95 pi(R)[V (R) + vE(R)]dr .
R;
(58.202)
with
V(R Lim
P (RW!(R) = / dE, / dL2[pi(R) — py (R)]
V(R) 0
x vir(R) ,
o0 L_;'m
pr(R)WVE(R) = / dE, / dL2[pi(R) — py (R)]
V(Ro) 0
X vir(R) .
(58.203a)
Collisional Representation
[ele] L? Ry
GNANg = / dE,-/dL,?/ﬁ,-(R) dR
V(Ry) 0 R;
x [pi (R (R)], (58.204)

which is the microscopic generalization of the macroscopic
result & = Kp*vs = agy (Ro)p(Ro).
The flux for dissociated pairs E; > 0 is

4 R?*|vrliif (R)dE dL?

= [vee® de][27rb db]NANg | (58.205)
so the rate Eq. (58.204) as Ry — oo is
) by Ry
G=1 / ce*de / 27h dbggpi (R (R)dt , (58.206)
0 0 R;

which is the microscopic generalization Eq. (58.57b) of the
macroscopic result & = k. PS of Eq. (58.56).

Reaction Rate a gy (R))

On solving Eq. (58.196) subject to p(Ry) = 1, according to
Eq. (58.68b), & determined by Eq. (58.201) is the rate &gy
of recombination within the (A — B) sphere of radius Ry.
The overall rate of recombination & is then given by the full
diffusional-drift reaction rate Eq. (58.71b) where the rate of
transport to Ry is determined uniquely by Eq. (58.72).

58.11 Radiative Recombination

In the radiative recombination (RR) process
e (E.0)+ A%t (c) > A¥ D (c,nl) + hv, (58.207)

the accelerating electron e~ with energy and angular mo-
mentum (E,{’) is captured, via coupling with the weak
quantum electrodynamic interaction (e/m.c)A « p associ-
ated with the electromagnetic field of the moving ion, into
an excited state n{ with binding energy /,; about the parent
ion A“ (initially in an electronic state ¢). The simultane-
ously emitted photon carries away the excess energy hv =
E + I,; and angular momentum difference between the ini-
tial and final electronic states. The cross section o{i‘(E) for
RR is calculated (a) from the Einstein A coefficient for free—
bound transitions or (b) from the cross section o'*(hv) for
photoionization (PI) via the detailed balance (DB) relation-
ship appropriate to Eq. (58.207).

The rates (v.or) and averaged cross sections (ogr) for
a Maxwellian distribution of electron speeds v, are then de-
termined from either

o0
&ﬁZ(Te) =7, / 80{{‘3(8) exp(—e¢)de
0

= Te(op!(Te)) . (58.208)

where ¢ = E/kgT,, or from the Milne DB relation
Eq. (58.281) between the forward and reverse macroscopic
rates of Eq. (58.207). Using the hydrogenic semiclassical o}
of Kramers [34], together with an asymptotic expansion [55]
for the g-factor of Gaunt [56], the quantal/semiclassical
cross section ratio in Eq. (58.287), Seaton [57] calculated
ant.
The rate of electron energy loss in RR is

o0
dE
<E> = neUe(kTe) / eopl(e)e™*de,  (58.209)
nt
0

and the radiated power produced in RR is

<d(hv)> = neﬁe/‘ehvo{{’z(s)e_gde.
nt
0

58.210
& ( )
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Standard conversions

E = pl/2m. = h*k:/2m. = k2a{(e?/2aq)

(58.211a)

= K2(22€2/2Cl0) = 8(2282/2a0) , (58.211b)
E,=hv =how =hk,c =, + E) (58.211¢)

= (1 + n’e)(Z%e*/2n’ay) , (58.211d)

hv/I, =1+ n’e, kﬁaé = 2E/(ez/a0) , (58.211e)
k,ag = (hv)ot/(ez/ao) , (58.211f)
k2/ k%= (hv)*/(2Em.c?) (58.211g)
= o’ (hv)*/[2E (e /ay)] . (58.211h)

Iy = e?/2ay, o =e*/hc =1/137.0359895,
a? =mec?/(e?/ag) . I, = (Z*/n*)Iy. (58.2110)

The electron and photon wavenumbers are k. and k,, respec-
tively.

58.11.1 Detailed Balance and

Recombination-lonization Cross Sections
Cross sections o{{f (E) and a{’l(hv) for radiative recombina-
tion (RR) into and photoionization (PI) out of level nf of
atom A are interrelated by the detailed balance relation
gegakiog (E) = guga kiop (hv) , (58.212)
where g. = g, = 2. Electronic statistical weights of A and

AT are g5 and gj{, respectively. Thus, using Eq. (58.211g)
for k2/ k2,

h 2
w0 - () ()

The statistical factors are:

(58.213)

(a) For (AT + e7) state ¢[Sc, Le; e, £/, m']:
gr =S+ D@L+ 1).
(b) For A(nf) state b[S., L¢;n,L]SL
ga=02S+DH2L+1).
(c) For n{ electron outside a closed shell

gr=1.ga=2020+1).

Cross sections are averaged over initial and summed over
final degenerate states. For case (c),

n—1
1
ol = e Z(zz + Dot (58.214a)
(=0
n—1
on = 22(26 + opt . (58.214b)

=0

58.11.2 Kramers Cross Sections, Rates, Electron
Energy-Loss Rates, and Radiated Power
for Hydrogenic Systems

These are all calculated from application of the detailed bal-
ance Eq. (58.212) to the original oy’ (hv) of Kramers [34].

Semiclassical (Kramers) Cross Sections
For hydrogenic systems,

Z2%e?

n = T hy = In E .
2n2aq Y +

(58.215)

The results below are expressed in terms of the quantities

I
b, = —— , 58.216
" T ( )
64maia / n
n o __ 0 o
%0 = 33 (ZZ>
= 7.907071 x10~"%(n/Z*) cm* ,  (58.217)
8rala’\ (Z%e*/ap)
oro(E) = 9 ) : 58.218
ro(E) ( 33 z ( )
8mwala’\ (Z2%€*/ap)
%0 (Te) = 0 58.219
a ) =7 ) (58.219)
Pl and RR cross sections for level n
In the Kramer (K) semiclassical approximation,
n _ I" ’ n o__ nt
koj (hv) = 7y ) 010 = kO (hv), (58.220)
V
"(E) = ogo(E) 2 L (58.221)
KOR = OR0 n In T E .
=3.897x107%
x [ne(13.606 + 112532)]_101112 ,
where ¢ is in units of eV and is given by
e=E/Z>=(2.585x1072/Z%)(T./300) . (58.222)

Equation (58.221) illustrates that RR into low n at low E is
favored.
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Cross section for RR into level n{

kop' = [(2€ + 1)/n?] kop . (58.223)
Rate for RR into level n
GR(Te) = Go(Te)(2/n)bye” Ei(by) , (58.224a)

which for large b, (i.e., kgT. < I,,) tends to

OA‘R(Te — 0) = ao(Te)(2/n)
x (1=b," +2b,2 —6b,° +--+) .
(58.224b)

The Kramers cross section for photoionization at threshold is
Opy» and

ORo = 20ro/n: @y = 28o/n (58.225)

provide the corresponding Kramers cross section and rate for
recombination as £ — 0 and T, — 0, respectively.

RR Cross sections and rates into all levels n > ny

ok (E) = [ (e an
ny
= oro(E) In(1 + I /E) , (58.226a)
ax(Te) = Go(Te)[y +Inby + e E1(by)] . (58.226b)
Useful integrals
e “lnxdx =y, (58.227a)
0
[ x'e™¥dx = E (b) , (58.227b)
b
b
/ e E\(x)dx =y +Inb+e"E|(b),  (58.227c¢)
0
b
/[1 —xe*Eq(x)]dx
0
=y +Inb+ (1 -b)E\(b), (58.227d)

where y = 0.5772157 is Euler’s constant, and E;(b) is the
first exponential integral such that

be’ E\(b)

P b 4 2b b 4 24h 7

Electron Energy Loss Rate

Energy loss rate for RR into level

dE A 1—b,e"E, (bn)
<E>n = neaR(Te)kBTe(ehnE—l(bn)) , (582283)

which for large b, (i.e. (kgT.) < I,) tends to

nebp(Te)ksTe(1— b, +3b,> —13b,7 +---)
(58.228b)

with Eq. (58.224a) for ég.
Energy loss rate for RR into all levels n > ny
dE
dr
= nekpTe@o(Te)[y +Inbs + € Ei(by)(1 — by)]
(58.229a)

= ne(kpTe)[aR(Te) — Go(Te)bs e Er(by)] . (58.229b)
with Egs. (58.226b) and (58.219) for @ and dy.

Radiated Power

Radiated power for RR into level n

d(hv R 4

< (d[ )> = ne@y(Te) I, [bye” E1(by)] . (58.230a)
n

which for large b, (i.e. (kgT.) < I,) tends to
neGp(Te) L, (1 + b, —b,% +3b,° +---) . (58.230b)

Radiated power for RR into all levels n > ny

d(h

< (dtv)> =n.8o(Te)ly . (58.231)

To allow n-summation, rather than integration as in
Eq. (58.226a), 1/20%", 1/2ay', 1/2(dE/dt),,, and
1/2(d(hv)/dt),,, respectively, are added to each of the
above expressions. The expressions valid for bare nuclei of
charge Z are also fairly accurate for recombination to a core
of charge Z. and atomic number Z,, provided that Z is
identified as 1/2(Zx + Z.).

Differential cross sections for Coulomb elastic scattering

o(E.0) = , bl =(Ze*/2E)*.

2
.1)72 (58.232)

1
4sin” 56
The integral cross section for Coulomb scattering by 6 > /2
atenergy £ = (3/2)kgT is

1
0.(E) = nbi = —nR?2

9 e Re=€2/kBT.

(58.233)
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Photon emission probability

P, = og(E)/o.(E) . (58.234a)
This is small and increases with decreasing n as
8*\8 E 1, )
P(EYy=\—7F|-—5—|—]- (58.234b)
® = (55 wan (i

58.11.3 Basic Formulae
for Quantal Cross Sections

Radiative Recombination and Photoionization
Cross Sections

The cross section o} ¢ for recombination follows from the
continuum-bound transition probability P;s per unit time. It
is also provided by the detailed balance relation Eq. (58.212)
in terms of o', which follows from Py;. The number of ra-
diative transitions per second is

[geg;{p(E) dE dl?e]Pif [p(Eu) dE, dl?v]

= gefA Ve (2 h)3 or(ke) = guga c>—5 (2 E Soiky)
(58.235)
where the electron current (cm™2s~!) is
vedp, 2mE A
= dE dk. , 58.236
Qrh)’ ( 73 c (58.236)
and the photon current (cm™2s7!) is
dk, (hv)? .
= dE, dk 58.237
“Cnp T “Qrhey v ( )

Time-dependent quantum electrodynamical interaction

27h 1/2 )
Vir,t) = ‘4. p= ie(n—v) (€ - r)eikvr=en
mc v
= V(r)e .
(58.238)
In the dipole approximation, e *»" ~ 1.
Continuum-bound state-to-state probability
27 2
Py = |V S[E, = (B + 1))
Vi = (Wuem(r) V()i (r. k) . (58.239)

Number of photon states in volume V

= V(hv)?/@2nhc)} dE, dk,
(58.240a)
(58.240b)

p(E,.k,)dE, dk,

= V[w?/Q27c)’]|dw dk,

Continuum-bound transition rate
On summing over the two directions (g, = 2) of polarization,
the rate for transitions into all final photon states is

Ayem (E7 ic\e)

/ Py p(E,) dE,dk,

4e? (hv)? 2
= — WP Wi (ke))|” . (58.241
T heys| nen P I# ) (58.241)
Transition frequency: alternative formula
Awen(E ko) = @r/0)|Dsi| (58.242)

where the dipole atom-radiation interaction coupling is

3

2w 1/2
37[63) (lpnlmlerllpi(ke)) .

Dyi(ke) = ( (58.243)

RR cross section into level (n, £, m)

1 A
oRE) = o~ / oy (ko)dk,

h3p(E) A
= A E k.)dk, .
8nmeE nlm( e) e

(58.244)

RR cross section into level (n, £)

872
Ulgz(E) = T(

RIYE) = /dl@eZ|<%zm|rIsl’i(ke)>|2 :

(ahv)?

2 Jan)E E)p(E)Ri"(E) :

(58.245)

Transition T-matrix for RR

op'(E) = |TR| p(E) (58.246)

(k )2

ITx)? = 4n2/Z|Df,-|2dI€e
m

Photoionization cross section
From the detailed balance in Eq. (58.235), (71’”Z is

o (hv) = (ST”z)ochv(‘zA )p(E)R”Z(E)

Continuum wave function expansion

(58.247)

(58.248)

Wilke,r) =y i €™ R (r) Yo (ke) Yow (7) .

Um’'

(58.249)

Energy normalization
With p(E) =1,

/ Wi (ke r)WF (K;r)dr = §(E — E')§(k.— k) .
(58.250)
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Plane wave expansion

= 4x Zl Jelkr) Y (R) Yo (), (58.251)
=0
1
Jelkr) ~ sin(kr — Eﬁn)/(kr) . (58.252)
For bound states,
Wom (r) = Rn[(r)Ylm(f) . (58.253)
RR and PI cross sections and radial integrals
872 ( (ahv)?
nt
E)=—|——"— |p(E)R(E;nt). (58.254
UE) = (5 PR Ein) . (58254
For an electron outside a closed core,
gi=1, ga=22(+1),
4m’ahvp(E)
nt
hv) = —— = Ry(E;nl) , 58.255
ol ) = =55y RiE O (58.2559)
oo
R = [ (Rop 7 Ryo)r2dr (58.255b)
Ri(E;nl) —z’R“ 1) Y+ 1)’R8“1‘ (58.255¢)

For an electron outside an unfilled core (c) in the process
(AT + e7) — A(nd), the weights are

Statei: [Sc,Le;e], gx = (2Sc + 1)(2Le + 1).
State f: [(Sc, Lc;nl)S, L], ga=2S + 1)L +1).

2L + 1
Ri(E:nt) = ((2L 1))
, ¢ L L
x >y (2L +1) e
U=0+1 L

2

L inax /(Rel/ r Rnf)rz dr (58.256)

This reduces to Eq. (58.255c) when the radial functions R; ¢
do not depend on (S, L, S, L).

Cross Section for Dielectronic Recombination

ont R (E) = |TDLR(E)| P(E)

(k )2
|Tor (E)|* = 4”2[dke

>

J

(W, DY (V) (k) |
(E —&; +il7}/2)

3

(58.257)

which is the generalization of the 7-matrix Eq. (58.247) to
include the effect of intermediate doubly excited autoion-
izing states (¥; in energy resonance to within width I'; of
the initial continuum state ¥;. The electrostatic interaction
V =e2YN (ri —ryy1)”" initially produces dielectronic
capture by coupling the initial state ; with the resonant states
Jj » which become stabilized by coupling via the dipole radia-
tion field interaction D = (2a)3/37tc3)1/2 SV (er;) to the
final stabilized state f. The above cross section for Eq. (58.3)
is valid for isolated, nonoverlapping resonances.

Continuum Wave Normalization and Density of
States

The basic formulae Eq. (58.245) for o{i* depends on the den-
sity of states p(E), which in turn varies according to the
particular normalization constant N adopted for the contin-
uum radial wave,

1
Ree(r) ~ N sin(kr — Een + m)/r , (58.258)
in Eq. (58.249) where the phase is
ne=argl'l+14+if) —BIn2kr + 6, . (58.259)

The phase corresponding to the Hartree—Fock short-range in-
teraction is 8y. The Coulomb phase shift for electron motion
under (— Ze?/r) is (1 — &) with B = Z/(kay).

For a plane wave ¢y (r) = N’ exp(ik - r),

(61 ()¢ (1)) dk = 2)*|N'|* p(k) dke §(k — K
= (£)|N/|2p(E,I€) dE dk 8(E — E')8(k — k') .
mp
(58.260)

On integrating Eq. (58.260) over all E' and k for a single
particle distributed over all |E, k) states, N’ and p are then
interrelated by

IN'Po(E k) = mp/h® . (58.261)
The incident current is
jdEdk. = v|N'|*p(E.k)dEdk. (58.262a)

= 2mE/h®)dE dk. = vdp ./ h® .
(58.262b)

Radial wave connection
From Eqgs. (58.249) and (58.251), N = (4xN'/k), so that
the connection between N of Eq. (58.258) and p(FE) is

(@m/h?) _ (2/m)
rk  kage?

IN[o(E, k) = (58.263)
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RR Cross Sections for Common Normalization
Factors of Continuum Radial Functions (Four
Choices)

Choice a
(@m/%%) _ (@2/m)
N =1; p(E) — ane® (58.264)
8m2al
nl _ 0
o (E) = amyd [Zny,y dk. . (58.265)
where Dy; of Eq. (58.243) is dimensionless.
Choice b
N =k p(E)= (2m/h*)(k/n) . (58.266)
16ma2 [ ahv \’ [(e*/ao) [ Ry
"(E) = 0( ) (—) 58.267
O'R( ) 3ﬁ 6’2/610 E ag ( )

where Egs. (58.255b) and (58.255¢) for R; have dimen-
sion [LS].

Choice c
N =k""% p(E)= @ , (58.268)
ol (E) = 740 ( @)’ )(ﬁj) . (58.269)
3 (e?/ao)"E ) \ g
where R; has dimensions of [L“].
Choiced
N = em/’7’E)* p(E)=1, (58.270)
ot (E) = 4(7Ta0)2( o (ho) )( R ) S8.271)
3 (e2/ao)’ E e2ay

where R; has dimensions of [L2E~"].

58.11.4 Bound-Free Oscillator Strengths

For a transition nf — E to E + dE,

dfue 2 (hv) 1 2
e Sl (58272
dE  3(e*/ag) 2L+ 1) ;; T ntm ( )
Ri(e;nl) = /‘dlge Z|<Wnlm|"|‘1’i(ke))E|2
! n! 2
=2 )ri% ’ (58.273)

m' m'

k2\ (e*\d
Z(E) =27 aaOgA(kz)(_) den‘l 7 (58.274a)
df,
ol (hv) = 27%aalg} Jut (58.274b)
dE
Semiclassical Hydrogenic Systems
gAzgnl=2(2€+l) gi=1,
kZ\ dF,
ol(E) = Zo;;’f(E) = 27%aa ( kz) ., (58.275)
n—1 df df
- Z gty nt 22 ntm (58.276)
Bound-bound absorption oscillator strength
For a transition n — n’,
Fow =23 3 futm (58.277a)
tm U'm’
= 2 ! AN (58.277b)
- 337 n2  n? n3ns’ :
dF, 23 I2 df,
n_ _ g2/t , (58.277¢)
dE ~ 337 (hv) dE
25 3 n[2
op(E) = —— 2 )naz, (58.277d)
; 20 n (I,
o't (hv) = m?(ﬁ) rat, (58.277e)
n I, 3
= 7.907071(?) (E) Mb . (58.277f)

This semiclassical analysis yields exactly Kramers PI and as-
sociated RR cross sections in Sect. 58.8.2.

58.11.5 Radiative Recombination Rate

o0
apl(Te.) = ve / copl(e)e™ de (58.278a)
0
= e(op'(Te)) (58.278b)

where ¢ is given in Eq. (58.57¢), and (0{*(T.)) is the
Maxwellian-averaged cross section for radiative recombina-
tion.

In terms of the continuum-bound A, (E),

h? [ (A .
(2nmekBT)3/2/( de )e de ., (58.279)

(E)Z/ Auen (. ) d.

&ﬁ[ (Te) =

dA,
t (58.280)
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Milne Detailed Balance Relation
In terms of o] " (hy),

apl(Te)

=7 8a kBTe In ? nt
N ve(ﬁ) ( me? )(kBTe) (OI (Te)) ) (58.281)

where, in reduced units @ = hv/1,, T = kgTe/I, = b, the
averaged PI cross section corresponding to Eq. (58.213) is

/T

—/a) o (w)e ™ Tdw .

58.282
T ( )
1

(ort(1)) =

When o7 (w) is expressed in Mb (107'8 cm?),

300\ %/ 1, \?
G (Te) = 1,508 x 10~ 13( ) (—) (—gA+)
Te IH 2gA
x (o' “(T))em*s™" .

(58.283)

When o7 can be expressed in terms of the threshold cross
section oy Eq. (58.217) as

o't (hv) = (I,/ hv)Poo(n); (p = 0,1,2,3),  (58.284)
then (07(T)) = S,(T)oo(n), where
So(T)=1+42T +2T%, S(T)=1+T, (58.285a)
S(T) =1, (58.285b)
Sy(T) = ("7 /T)E\(1/T) (58.285¢)
ST 26T, (58.285d)

The case p = 3 corresponds to Kramers PI cross section
Eq. (58.220) so that

KGR (Te) = L G0(Te)S3(T)

w 2 (58.286a)
n

= @2 (Te — 0)S3(T) , (58.286b)

such that g’ ~ Z2/(n 3Tl/z) asT = (kgT./1,) — 0.

58.11.6 Gaunt Factor, Cross Sections, and Rates
for Hydrogenic Systems

The Gaunt factor G, is the ratio of the quantal to Kramers
(K) semiclassical PI cross section such that

o (hv) = kof ()G (@) ;

w=hv/l,=1+E/I, . (58.287)

(a) Radiative Recombination Cross Section

nl _ g_A a2(hv)2 n
40 = () (s ) St
(58.288a)
= Gu(w)kop (E) (58.288b)
- [%%I)Gn[(w)} ol(E),  (58.288¢)
K
op(E) = G, (w)kog (E) . (58.288d)

where the quantum mechanical correction, or Gaunt factor,
to the semiclassical cross sections

w—1

1,
Gue(®) > § D o (58.289)

favors low n{-states. The £-averaged Gaunt factor is

n—1

Gu(w) = (1/n) Y (2L + DGui(w) . (58.290)
=0
Approximations for G,: as ¢ increases from zero,
28,17
G, (s) = [1 + 3@+ ) + Tga } (58.291a)
~1—(a, +b,) + anb + 6b,§ (58.291b)
where E = &(Z%¢%/2ay), ® = 1 + n’¢, and
a,(e) = 0.172825(1 — nze)c,, (o), (58.292a)
b,(e) = 0.04959(1 + gn% + n482) ci(e), (58.292b)
cn(e) = n_2/3(1 + nzs)_2/3 . (58.292¢)
Radiative Recombination Rate
o (Te) = k@R (Te — 0)Foe(T) . (58.293)
1T, — 0) = (%; D ( )ao(T ). (58.294)
in accordance with Eq. (58.224b).
oo
Fo(T) = # Me—w/ Tdw (58.295)

1

The multiplicative factors F' and G convert the semiclassical
(Kramers) T, — 0 rate and cross section to their quantal val-
ues. Departures from the scaling rule (Z2/ n3T 2) for RR
rates is measured by F,¢(T).
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58.11.7 Exact Universal Rate Scaling Law and 58.12 Useful Quantities

Results for Hydrogenic Systems

R (a) Mean speed
Gri(Z,T.) = Zap (1, Te/ Z7) (58.296) P
ibi ~ 8kpT |/ T \'"?
as exhibited by Eq. (58.281) with Egs. (58.277e) and Ve = ( B ) = 1.076042 x 107(_) cm/s
(58.282). mMe 300
Recombination rates are greatest into low n levels and the = 6.69238 x 107 Te{,/ Zem /s,

w12 variation of G, preferentially populates states with
low £ &~ 2—5. Highly accurate analytical fits for G,¢(w) have
been obtained for n < 20 so that Eq. (58.287) can be ex-
pressed in terms of known functions of fit parameters [58].
This procedure (which does not violate the S, sum rule)
has been extended to nonhydrogenic systems of neon-like Fe
XVII, where a{’z(a)) is a monotonically decreasing function
of w.
The variation of the £-averaged values

n—1

n2 > 20+ 1) Fy(T)

£=0
is close in both shape and magnitude to the corresponding
semiclassical function S3(7°), given by Eq. (58.295) with
G, (w) = 1. Hence the £-averaged recombination rate is

GR(Z.T) = (300/ T)"*(Z?/n) F.,(T) .

x 1.1932 x10"2em’s7" |
where F), can be calculated directly from Eq. (58.295) or be
approximated as G, (1)S(T"). A computer program based on
a three-term expansion of G, is also available [59]. From

a three-term expansion for G, the rate of radiative recombi-
nation into all levels of a hydrogenic system is

Q(Z,T) =52x10""*ZA1?

1
X (0.43 +3 In) + 0.47/11/2) . (58.297)

where A = 1.58 x10°Z?/T and [&] = cm?/s. Tables [60]
exist for the effective rate

oo n'—1

~nl An't!
OC’Z; (T) = Z Zaln{ Cn’[’,nl

n'=n{'=0

(58.298)

of populating a given level n{ of H via radiative recombina-
tion into all levels n’ > n with subsequent radiative cascade
(i — f) with probability C; s via all possible intermediate
paths. Tables [60] also exist for the full rate

oo n—1

G (1) =Y > ¢

n=N (=0

(58.299)

of recombination, into all levels above N = 1,2, 3,4 of hy-
drogen. They are useful in deducing time scales of radiative
recombination and rates for complex ions.

_ s( T 1/2 1/2
v; = 2.51116 x10 300 (mp/m;) ' “em/s,

where (m,/m.)"/? = 42.850352, and T = 11604.45 T,y re-
lates the temperature in K and in eV.

(b) Natural radius

|[V(R.)| = e*/R. = kgT .

e? 300 . 14.4\ .
— =57 — |A = A
kBT T TeV

(¢) Boltzmann average momentum

<p>=/°°

(d) De Broglie wavelength

e_pz/zmkspo = (anekBT)l/2 :

. h h
BT T QameksT)12
_7.453818 x107°
— —T;”
300\"?.  6.919% .
e Ty
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