Chapter 8
Almost Periodic Functions with Values in g
a Locally Convex Space

1 Almost Periodic Functions

Definition 8.1 Let E = E(7) be a complete Hausdorff locally convex space. A
function f : R — F is said to be almost periodic if for every neighborhood (of
the origin) U, there exists a real number [ > 0 such that every interval [a, a + []
contains at least one point s such that

ft—s)— f@t) eU, vVt eR.

The numbers s depend on U and are called U-translation numbers, or U-almost
periods of the function f.

Remark 8.2 In the case where E is a Banach space X with norm || - ||, Definition 8.1
can be rewritten as:

f : R — X is said to be almost periodic if for every ¢ > 0, there exists a real
number / > 0 such that every interval [a, a + [] contains at least one point s such
that

sup [ f(t —s) — f(DIl <e.
teR

The numbers s are called the e-almost periods of f.
Remark 8.3

(1) From Definition 8.1, we observe that for each neighborhood U, the set of all
U -translation numbers is relatively dense in R.

(i) It is obvious that every continuous periodic function f : R — FE is almost
periodic.
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80 8 Almost Periodic Functions with Values in a Locally Convex Space

We now present some elementary properties of almost periodic functions taking
values in locally convex spaces.

Theorem 8.4 If f, f1, f : R — E are almost periodic and A is a scalar, then the
following functions are also almost periodic:

(D) fi+ f2
(it) Af;
(iii) fdeﬁned by f(t) = f(—t) foreveryt € R.
Proof (i) and (ii) are obvious.
Let us prove (iii). Take U an arbitrary neighborhood of the origin. By almost
periodicity of f, there exists [ > 0 such that every interval [a, a + [] contains at
least a point s such that

f@@—s)— f@)eU, Vt e R.

If we put r = —t, we get

v v

for=s)—fr)=fl=r+s)—f(=r)=f+s)— f.
Therefore f r—s)— f (r) € U for every r € R, which proves almost periodicity
of f with —s as U-translation numbers. O

We will denote by A P(E) the space of all almost periodic functions f : R — E.
The following two results are easy to prove (cf. [51, 54]):

Theorem 8.5 Let f € AP(E). Then f is uniformly continuous on R.

Theorem 8.6 Let f,, € AP(E), n=1,2,...and suppose that f, — f uniformly
int € R.Then f € AP(E).

Theorem 8.7 If f € AP(E), then its range {f(t) / t € R} is totally bounded in
E.

Proof Let U be a neighborhood and V' a symmetric neighborhood such that V +
V C U;letl =[(V) as in Definition 8.1. By the continuity of f, the set {f(¢) /¢ €
[0, I]} is compact in E. But in a locally convex space, every compact set is totally
bounded; therefore there exists x1, x2, ..., x, € E such that for every ¢ € [0, [], we
have

@) eU_ @+ V).

Take now an arbitrary ¢ € R and consider s € [—f, —¢ + [] a V-translation number
of the function f. Then we have

f@+s)— f@)eV.

Choose x; among x1, ..., X, such that
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f+s)ex+V.

Let us write f(t) —xx = (f(@) — f(t +5)) + (f( + 5) — x¢). Then we have
f(t) —xx € V4V, and therefore f(t) —x; € U, or f(t) € x; + U. Since ¢ is an
arbitrary real number, we conclude that

{f@) /teR} CU’}Zl(xj—I-U).

The proof is complete. O

Remark 8.8 If f € AP(E) with E a Fréchet space, then its range is relatively
compact in E, since in every complete metric space, relative compactness and totally
boundedness are equivalent notions. We conclude in this case that every sequence
(f (ty)) contains a convergent subsequence ( f (¢,,))-

Theorem 8.9 Let E be a Fréchet space and f € AP (E). Then for every sequence
of real numbers (s),), there exists a subsequence (sn) such that (f(t + s,)) is
uniformly convergent int € R.

Proof Let (s,) be a sequence of real numbers and consider the sequence of
functions f;, : R — E defined by f;, (t) = f(t +s,), n=1,2,...Let S = (,)
be a countable dense set in R. By Remark 8.8, we can extract from (f (1 + s,)) a
convergent subsequence, since the set { f(¢) / ¢t € R} is relatively compact in E.

Let (f5,,n) be the subsequence of ( f,) which converges at 71.We apply the same
argument to the sequence (fs, ) to choose a subsequence ( fs,,,) which converges
at 172. We continue the process and consider the diagonal sequence ( f5, ,) which
converges at 17, in S.

Call this last sequence ( f;,,). Now let us show that it is uniformly convergent on
R: that is, for every neighborhood U, there exists N = N (U) such that

f@+rm)—ft+m)elU

foreveryt e R,ifn,m > N.

Consider now an arbitrary neighborhood U and a symmetric neighborhood V
suchthat V4+V +V 4+ V4V CU.Letl =I1(V) > 0as in Definition 8.1. Since f
is uniformly continuous on R (Theorem 8.5), we can find § = §(V) > 0 such that

f@o)—fehev

forevery ¢, € R with |t — t'| < 4.

Let us divide the interval [0, /] into v subintervals of lengths smaller than 6 and
choose in each interval a point of §, obtaining So = {&1, ..., &,}. Since Sy is a finite
set, (fr,) is uniformly convergent over Sp; therefore there exists a natural number
N = N (V) such that

fGit+r)—fGi+rm)eV
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foreveryi =1,...,v,and forn,m > N.
Letr € R be arbitrary and s € [—¢, —t 4[] such that f(t +s) — f(¢) € V. Let
us choose &; such that |[r +s — &;| < §; then

f@+s+r)—fE+r)eV

for every n.
Let us write

f@+r)—fa+rm)=0+rn) —fC+rn+))+ 0 +rm+s)
— fGi+r)+ (fGEi+ra)— fE+rm)
+(fGEi+rm) = f+rm+8)+ (f+rm+5)
— [t +rm)).

Then it appears
f+rm) —flt+rm) eV+V+HV+VHV CU

if n, m > N, which proves the uniform convergence of (f (¢t + r,)). O

We are now ready to establish the following important result called also the
Bochner’s criterion:

Theorem 8.10 Let E be a Fréchet space. Then f € AP(E) if and only if for every
sequence of real numbers (s),), there exists a subsequence (s,) such that (f(t + sp))
converges uniformly int € R.

Proof The condition is necessary by Theorem 8.9.

Now we need to prove that it is sufficient. Suppose by contradiction that f ¢
AP(E). Then there exists a neighborhood U such that for every real number / > 0,
there exists an interval of length / which contains no U -translation number of f, or
there exists an interval [—a, —a + [] such that for every s € [—a, —a + [], there
exists t =ty such that f(r +s) — f(¢t) € U.

Let us consider s; € R and an interval (ai, by) with by — a; > 2|s;| which
contains no U-translation number of f. Now let sp = @; then sp —s1 € (ap, b1)
and therefore s, — 51 cannot be a U-translation number of f.

Let us consider another interval (a;, by) with by — ar > 2(|s1| + |s2|), which
contains no U-translation number of f. Let s3 = @; then s3 — 51,853 — 52 €
(az, by) and therefore s3 — 51 and s3 — 52 cannot be U -translation numbers of f.

We proceed and obtain a sequence (s;) of real numbers such that no s, — s, is a
U -translation number of f, that is

f@+sm—sp)— f()€U.

Putting 0 =t — 5, we get
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fo+sm)— flo+s,) &U. (1.1)

Suppose there exists a subsequence (s;) of (s,) such that (f(¢ + s;,)) converges
uniformly in # € R. Then for every neighborhood V, there exists a natural number
N = N(V) such that, if n, m > N (we may take m > n), we have

fe+s,)— ft+s)eV

for every t+ € R. This contradicts (2.1) and so establishes the sufficiency of the
condition.
The proof is complete. O

Theorem 8.11 Let f € AP(E). Then the following hold true:

(i) Af(t) € AP(E) for every linear bounded operator A on E.
(ii) vf € AP(E) where v : R — ® is almost automorphic.

Proof Trivial, cf for instance [51, 54]. O
Using the Bochner’s criterion, one can easily prove the following:

Theorem 8.12 Let E be a Fréchet space and fi, f» € AP(E). Then the function
F :R — E x E defined by F(t) = (f1(t), f2(t)) is also almost periodic.

Corollary 8.13 Let f1, f» € AP(E) where E is a Fréchet space. Then for every
neighborhood U, fi and f> have common U -translation numbers.

Proof Let U be a neighborhood in E. Then by Theorem 8.12 the function f(¢) =
(f1(®), f2(t)) € AP(E x E). Consider now s a U-translation number of f; then
f@+s)— f(@t) € UxU foreveryt € R, and therefore f;(t +s)— fi(t) e U, i =
1,2 for every ¢t € R. s is a U-translation number for f; and f5. O

Theorem 8.14 Let E be a Fréchet space. Then AP (E) is also a Fréchet space.

Proof Consider BC (R, E) the linear space of all bounded and continuous functions
R — E and denote by (p,), n € N, the family of seminorms which generates the
topology of E. Without loss of generality we may assume that p,, < pj41, pointwise
for n € N. Define

gn(f) =sup py(f()), n € N.
teR

Obviously (g,) forms a family of seminorms on BC (R, E). Moreover, it is clear
that g, < gu+1 for n € N. Define the pseudonorm

1)

=2 g

, feBCR,E).

n=1
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Obviously BC(R, E) with the above defined pseudonorm is a Fréchet space. It is
also a closed linear subspace of BC(R, E). This completes the proof. O

2  Weakly Almost Periodic Functions

Definition 8.15 Let E be a complete Hausdorff locally convex space. A weakly
continuous function f : R — E is said to be weakly almost periodic if the
numerical function F(t) = (x*f)(¢) is almost periodic for every x* € E* the
dual space of E.

We will denote by W A P(E) the set of all weakly almost periodic functions R — E.
Remark 8.16

(i) Every weakly almost periodic function is weakly bounded.
(i) Every almost periodic function is weakly almost periodic.

Theorem 8.17 Let f € WAP(E) N C(R, E). Assume that the set {F(t) / t € R}
be weakly bounded where the function F : R — E is defined by F(t) = fé f(s)ds.
Then F € WAP(E).

Proof We first observe that the integral exists in E since f is (strongly) continuous
on R. Take x* € E*, so x*f € AP(R). By the continuity of x*, (x*F)(t) =
x* fot f(s)ds = fot (x* f)(s)ds which is bounded by assumption and so is almost
periodic. The Theorem is proved. O

Theorem 8.18 Let E be a Fréchet space and f : R — E. Then f € AP(E) if and
only if f € WAP(E) and its range is relatively compact.

Proof The condition is necessary by Remarks 8.8 and 8.16. Let us show by
contradiction that it is sufficient.

Suppose there exists #yp € R such that f is discontinuous at ¢y, so we can find a
neighborhood U and two sequences of real numbers (s),) and (s;/) such that

. . ”
lim s, =0= lim s,
n— oo n—oo
and

fto+s,))— fto+s,) ¢U, ¥neN. 2.1

By the relative compactness of {f(¢) / t € R}, we can extract (r},) and (r,) from
(s;,) and (s;)) respectively, such that

lim f(to+r,) =a € E
n—oo

and
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lim f(to+r)) =ar € E.
n—o0

Consequently, a; — a» ¢ U by (2.1), and using the Hahn—Banach Theorem

(Proposition 1.41 Chap. 1), we can find x* € E* such that x*(a; — az) # 0, hence
x*(a1) # x*(ay). By the continuity of x*, we have

x*(ar) = nl_i)rgo(X*f)(to +r) = nl_i)rrgo(x*f)(to +r)) = x*(a2)

which is a contradiction. So we conclude that f is continuous on R. O
To prove the almost periodicity of f we need the following:

Lemma 8.19 Let E be a Fréchet space and ¢ € AP (E). Let (s,) be a sequence of
real numbers such that lim ¢ (s, + ni) exists for each k = 1,2, ... where the set
n—oo

(k) is dense in R. Then the sequence (¢ (t + s,)) is uniformly convergent int € R.

Proof (of Lemma 8.19) Suppose by contradiction that (¢ (¢ + s5,)) is not uniformly
convergent in ¢ € R. Then there exists a neighborhood U such that for every N =
1,2,...thereexistsny, my > N and ty € R such that

d(tn + an) — (N +SmN) ¢ U.

By the Bochner’s criterion (Theorem 8.10), we can extract two sequences (s,, N) C
(Sny) and (s;, ) C (smy) such that

lim ¢(r +s,,) = g1 (t) uniformly in 7 € R
N—o00

and

lim ¢(t +s5,,,) = g2(t) uniformly in 7 € R.
N—o00

Let V be a symmetric neighborhood such that V 4+ V + V C U. Then there exists
Ny = No(V) such that if N > ng, we have

¢ (v +s,,) —g1tn) €V

and

¢ (v +sy,,) — &20N) € V.
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We deduce that g1 (ry) — g2(ty) & V, otherwise we should have

¢ (tn+s,,)—¢(tv+s,,,) €U

which contradicts (2.1).
Indeed if g1(ty) — g2(ty) € V, then by writing
¢ (tn+s,,) — ¢ (tn +s5,,) = (tn +5,,) — g1(tw)
+g1(tn) — g2(tN)
+ g(n) — ¢ (tn +57,,)

we obtain
N +5,,) — PN +5, )€V +V+V CU.

Thus we have found a symmetric neighborhood V with the property that if N is
large enough, there exists #y € R such that

g1tn) — g20n) € V.

But this is impossible, because if we take a subsequence (&) of () with & — 1y,
then we would obtain

Jim ¢ (& +,,) = lim ¢ (& +5,,)

for every k.

Therefore g1(&x) = g2(&x) for every k. By the continuity of g1 and g3, g1(ty) =
g2(tn), thus g1 (tn) — g2(ty) belongs to every neighborhood.

The lemma is proved. O

Proof (of Theorem 8.18 (continued)) Consider a sequence of real numbers (/)
and a sequence of rational numbers (7,-). By the relative compactness of { f(¢) / t €
R}, we can extract a subsequence (%,) (we do not change the notation) such that for
eachr =1,2,...

lim f(nr + hn) = xr

n— oo
exists in E. Now the sequence (f (1, + hy)) is uniformly convergent in 7,, or we
could find a neighborhood U and three subsequences (£,) C (), (h}.) C (h;), and
(k) C (hy) with

fGE +h) = fE+h)&U. 2.2)
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By the relative compactness of { f(¢) / t € R}, we may say that
rl_i)rglof(ér —i—h’r) =b e€E
lim f (& +h) =b" € E.
Then, using (2.2), we get
V—-b"¢U.
By the Hahn—Banach Theorem, there exists x* € E* such that
x*(b') # x*(b").

Now x* f € AP(R), therefore it is uniformly continuous over R.
Let us consider the functions (¢, ) defined on R by

on(t) == (* )t +hy), n=1,2,...
The equality
(pn(t +5) — (pn(t) = (X*f)(t +s54+hy) — (X*f)(t + hy)

shows the almost periodicity of each ¢, n = 1,2,...,if s is seen as a
U -translation number of (x* f)(¢). Also the sequence of functions (¢,) is equicon-
tinuous over R because (x* f)(¢) is uniformly continuous on R.

Since

lim f(n, + hy) = x,,
n— 00
we get
lim (x* f)(n, + hp) = x"x,
n—>00

for every r = 1,2, ... Therefore by Lemma 8.19, ((x* f)(n, + hy)) is uniformly
convergent in ¢.

Consider now the sequences (&, + h).) and (&, + /). By the Bochner’s criterion,
we can extract a subsequence from each sequence, respectively, such that, using
the same notations, ((x* f)(t + & + h,.)) and ((x* f)(¢ + & + h!)) are uniformly
convergent in ¢ € R.

Let us now prove that

Tim (" )0+ & + b)) = Tim (" )@ + & + h).
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Write (x* f)(t + & + hl.) — (x* f)(t + & + h!)) as follows:
(F )+ & +hy) — () + & +hy)

=" )t +E& +h) — &)+ & +hy)
OO+ & +he) — )@+ & +h)

and consider the following inequality (IN):

[(x* f)(t +& +h) — (* )t + & +h)))
<|@Ff)t+E +h) — (O +E + hy)
HF O+ &+ hy) — T+ & + hD

which holds true forr =1, 2, ...
Let & > 0 be given. Since ((x* f)(t + h,)) is uniformly convergent in ¢, we can
choose 1, such that for r, s > n,, we obtain

(& F)(E+ hg) — (FF)(E +h)| < % Vi € R.
So, replacing ¢ by ¢ + &, gives,

(5 1)@+ & +he) = @) +& +hp)l < =,
and consequently

)+ &+ 1) — () + &+ hy)| < g

(") + & + ) = )+ + 7] <5
The inequality (IN) above gives
|(* )+ & +hy) = )+ & +h))| <e, Vi
which proves that
rl_i)Holo(X*f)(t +& +h) = rl_i)rglo(x*f)(t +& +h))
which contradicts x*(b’) # x*(b”) obtained earlier and uniform continuity of

(f (r + hyp)) as well.
Ifi, j > N, we have

f@r+hi)— fr+j)eU.
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This proves that f € AP(E) by the Bochner’s criterion. O

Theorem 8.20 Let E be a Fréchet space. If f € AP(E) and {F(t) / t € R} is
relatively compact in E where F(t) = fot f(s)ds, then F € AP(E).

Proof This is immediate by Theorems 8.17 and 8.18. O

Theorem 8.21 Let E be a complete locally convex space and f € AP(E). If the
derivative f' exists and is uniformly continuous on R, then f' € AP(E).

Proof This is similar to the proof of the almost automorphic case (Theorem 4.1).
We consider the sequence of almost periodic functions (n( f (t + %) — f(t))) and let
U =1U(e; pi, 1 <i <k)beaneighborhood. Since f'(¢) is uniformly continuous
on R, we can choose § = §(U) > 0 such that

f't) — f() eU

for every t1, t such that [t; — #3| < 8. Let us write
1 1
fi®—n (f (r + ;) - f(t)) = n/o (f'(0) = f'(t 4 5))ds.

Thenif N = N(U) > % and n > N, we would obtain

1

pi [f’(t) —n <f (t+ %) - f(t))} < n/OEPi [(f' (1) = flt+5))]ds <&

for every seminorm p; and every ¢ € R. That shows that the sequence of almost
periodic functions (n (f (t+ %) - f (t))) converges uniformly to f/(¢) on R. By
Theorem 8.6, it follows that /' € AP(E). |

Theorem 8.22 If f : R — E (E a Fréchet space) is weakly bounded, then it is
bounded.

Proof For f to be weakly bounded means sup |x* f(t)| < oo for every x* € E*.
teR
Suppose f(R) is not bounded. Then there would exist a seminorm p such that

p(f(t,)) — oo asn — oo for some sequence of real numbers (¢,).

Let £, be the completion of the normed space E/kerp in the norm p. So E), is
a Banach space and f(ta) = f(ty)/kerp is unbounded in E p. Consequently there
exists ¢ € E;’; such that |(p(f(tn))| — oo asn — oo.

The natural map J : E — E) is continuous, so its adjoint J* : E} — E* is
continuous. Finally setting ¢ = J*(¢) € E*, we have

[ (f @) = 1T @) (f @) = lo(F 1)) — o0

as n — oo. This completes the proof. O
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Theorem 8.23 Let E be a Fréchet space, f € WAP(E) and A € L(E) a bounded
linear operator on E. Then Af € WAP(E).

Proof Obvious. We leave it to the reader. O

Proposition 8.24 Let E be a complete locally convex space and f € AP(E). Then
for every sequence of real numbers (sy), there exists a subsequence (s),) such that
for every neighborhood U,

fa+s)—f+s,)eU

for everyt € R and every n, m.

Proof LetU = U(e; pi, 1 <i <n)and V = V(%; pi, 1 <i <n)bea
symmetric neighborhood such that V + V + V C U. By the definition of almost
periodicity, there exists a number / = /(V) > 0 (depending also on U) such that
every compact interval of length / contains a number 7 such that

f+t)—f@t)eV

forevery ¢t € R.

Consider now a given sequence of real numbers (s, ). For each s,, we can find 7,
and o, such that s, = 1, 4+ 0, with 1, a V-translation number of f and o, € [0, [].
In fact it suffices to take t, € [s, — [, s,,] and then 0, = 5,, — T),.

Since f is uniformly continuous, there exists § = 6(¢) such that

fa)—fa"ev
forall ¢/, t” with |’ — t"| < 26.

Note that o, € [0, ] for all n. Hence by the Bolzano—Weierstrass Theorem, the
sequence (o0,) has a convergent subsequence, say (0, ). Let o = klim Op,., which
—00

shows that o € [0, [].
Now consider the subsequence of (o, ) (we use the same notation) with

c—86=<oy, <o+6, k=1,2,...
and let (s,, ) be the corresponding subsequence of (s,) with
Snp =Tng 0, k=1,2,...
Let us prove that
J@+sn)— f@+s2;) €U

for all ¢ and all k, j. For this, let us write
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J@~+sn) = f@+sn)=f+ 0 +o0on) — [t +0n)+ [+ op)
— f@+on)+ f+on)— [+t +0u,).
Because 1,,, and 7, ; are V -translation numbers of f, we have
f+1y +op)— ft+o,) eV
and
fa+on) = f+t;+on) eV
for every ¢ and every k, j. Also
f+on)—ft+on) eV
for every ¢ and every k, j, since
|(t + 0n) — (t + o)) = |op, — On;| < |og, — 0|+ 10 —oy;| <26.

The result is complete if we set s; = s,,, k=1,2,... |

Theorem 8.25 Let E be a Fréchet space and (T (t));ecr be an equicontinuous Coy-
group of linear operators with {T (t)x; t € R} relatively compact in E for every
x € E. Assume also that f : R — E is a function with a relatively compact range
in E. Then {T (t) f(t) : t € R} is relatively compact in E.

Proof Let (1) be a sequence of real numbers. Since the range of f(¢) is relatively
compact in E, we can extract a subsequence (¢,) C () such that

lim f(t;) = x, existsin E.
n—oo

Further, by the assumption on 7 (¢), we can find a subsequence (#,) C (¢;,) such that
(T (t,)x) is convergent, thus a Cauchy sequence in E.
Let us write

T(tn)f(tn) - T(tm)f(tm) = [T(tn) - T(tm)][f(tn) - x] + [(T(tn) - T(tm))x]
+T(tm)[f(tn) - f(tm)]

For an arbitrary seminorm p we have

p(T(tn)f(ln) - T(tm)f(tm)) = p([T(tn) - T(tm)][f(tn) - x])
+p((T (tn) — T (tm))x]D)
+p (T () Lf (tn) — f(tm)]D.

Using the equicontinuity of 7'(¢), we can find a seminorm ¢ such that
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P(T ) f () — f&)]) < q(f () — f(tw))

and

pUT (tn) = T @)ILf (1) — x1) < 2q(f (tn) — x).

Now choose n large enough so that

a(f (t) — f(tw)) < §q<f(rn> —x) < §

and
G(T (1) — T(tw)]x) < §

p(T(tn)f(tn) —T(tw)) <e,
which shows that (7'(¢,) f (t,)) is a Cauchy sequence, thus convergent. The theorem
is proved. o

Theorem 8.26 Let E be a Fréchet space and consider an equicontinuous Co-group
of linear operators (T (t))ser such that T (t)x : R — E is almost periodic for every
x € E. Suppose also that f € AP(E). Then T(t) f(¢t) € AP(E).

Proof Consider U = U(e; p;, 1 < i < n) be a given neighborhood of the
origin. Because of the equicontinuity of 7 (¢), one can find, for each semi-norm p;,
a seminorm ¢; such that

pi(T(H)x) < g;(x)

forevery t € Rand x € E. Consider also the symmetric neighborhood

&
vzv(z; i di. lsisn).

ThenV+V +V 4+ V C U.Since {f(t) : t € R} is totally bounded, there exists
t1, ..., t, such that

fo el Jrw +v)
k=1

forevery ¢t € R.
Consider now the almost periodic functions

JO, TOf (), k=1,2,...,v.
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These are the same V -translation numbers by Corollary 8.13; therefore we can find
anumber/ = [(V) > 0 such that any interval [a, a 4] contains at least one number
s such that

f@+s)— f(s) eV forevery t € R, (2.3)
Tt+s)f(tr) —T@)f(tx) €V foreverytr € R 2.4)

and forevery k = 1,2, ..., v.
Take now an arbitrary ¢ € R. Then there exists (1 < j < v) such that

f@® e fapH+Vv. (2.5)
Write

TE+s)ft+s)—TOfQ)=TE+s)(ft+s5)— f()
+T (@t +s)(f () — f(t))
+T(t+s5)f(@;) —T@) f())
+T (@) (f () — f()).

For every seminorm p;, we can find a seminorm ¢; such that

pilT@+s)ft+5)—TOfDO] = qi(ft+s)— f()
+qi(f () — f(;)) + pi(T( +5)f(t))
=T @) f(j) +qi(f@;) — f©)
<f+i+5+3%
=e

using (2.3), (2.4), and (2.5) above. Thus we have
TE+s)f+s)—-TH)f@) eU

for every ¢t € R, which establishes the almost periodicity of T () f (¢). O

Definition 8.27 A Fréchet space E is said to be perfect if every bounded function
f : R — E with an almost periodic derivative f” is necessarily almost periodic.

Example 8.28 Denote by s the linear space of all real sequences
§ = {S:(xn)/xn eR, n=1,2,...}.

For each n € N, define p, (x) := |x,|, x € s. Obviously p, is a seminorm defined
on s. Now define ¢, := p1 vV p2 V...V p, forn € N. We have g, < ¢, for
n € N. The space s considered with the family of seminorms (g,) is a Fréchet
space. Moreover, it can be proved (cf. [1] 17.7 p. 210) that each closed and bounded
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subset of s is compact. Thus, in particular, s is not a Banach space. Moreover in
view of Theorem 8.20, s is perfect.

Definition 8.29 A function f € C(R, X) is called periodic if there exists [ > 0
such that

f@&+1) = f@), VieR

Here, [ is called a period of f. We denote the collection of all such functions by
P(X). For f € P(X), we call [y the fundamental period if [y is the smallest period

of f.

Remark 8.30 Similar to the proof in [22, p. 1], it is not difficult to show that if
f € P(X) is not constant, then f has the fundamental period.

Theorem 8.31 ([72]) Let X be a Banach space with norm || - ||, then P(X) is a set
of first category in AP (X).

Proof Forn = 1,2, ..., we denote
P,={feCR,X) : Al €[n,n+ 1]suchthat f(t +1) = f(¢), Vt € R}.

Then, it is easy to see that
oo
PX) =[] P
n=1

We divide the remaining proof into two steps.

Step 1  Every P, is a closed subset of A P(X).
Let f € AP(X)\P,. Then, for every / € [n, n + 1], there exists #; € R such that
f@ + 1) # f(t). Denote

1
1= I F @+ — F@) >0, 1elnnt1],

In addition, due to the continuity of f, for every! € [n, n+ 1], there exists §; > 0
such that

If@+s)— fll =3e, Vseld—68,1+8). (2.6)

Obviously, we have

mon+1lc | —8.148).
le[n,n+1]

Then, by the Heine-Borel theorem, there exists /1, ...l; € [n,n + 1] such that
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[n.n+11C i — 8.l + 1),
i=1

where k is a fixed positive integer. Letting ¢ = lm_ink{szi }, and
<i<

N(f,e) ={gec APX): g — fllarx) < &},

for every g € N(f, ¢), we claim that g ¢ P,. In fact, for every [ € [n,n + 1],
there exists i € {1, ..., k} such that

Le (i =61 +61).
Then, by (4.3), we have
I f (@ +1 — f@)ll = 3¢, > 3e,

which yields that

lgt, +1) — gl = I f @, +1) — f@)l =1 f (@, +1) — g, + DI
—lf)—g)ll >3 —e—e=¢>0,

where ||g — fllap®) < € was used. So, we know that N(f,s) C AP(X)\ Py,
which means that P, is a closed subset of A P (X).

Step2  Every P, has an empty interior.
It suffices to prove that for every f € P, and § > 0, N(f,8) (J(AP(X)\P,) #
#. Now let f € P, and § > 0. In the following, we discuss by two cases:

Case I  f is constant.
We denote

cos ¢ + cos(+/2t
fa(t)=%~5~m+f(t), teR
where xo € X is some constant with | xo|| = 1. Then f5 € N(f, ), and f5 ¢ P,
since fs is not periodic.
Case I f is not constant.
Let f be a fundamental period /y. We denote

8

B =)+ f (é) i 1€

where My = sup Il f(@®]. Obviously, fs € N(f,5). Also, we claim that f5 ¢ P,.

In fact, if this i 1s not true, then there exists T € [n, n + 1] such that
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S5 +T)= fs(t), tek,

i.e.
t+T 1) t )
f(l+T)+f< p )M—fo(l)'Ff(;)M—f, teR.
Let
) T
Fi(@t)=f@e+T)— f), Fz(t)=M—[f<i>—f(tJr )] teR.
f T T

Then Fi(t) = F>(¢t). If F1(t) = F»(t) = C, where C is a fixed constant, then
f+T)=f@t)+C, teR,

which yields

_JKD) — fO

C
k

— 0, k = o0,

since f is bounded. Thus, we have

fU+D=f®,f<£>=fC+T>,teR

T

Noting that [y is the fundamental period of f and 7l is the fundamental period of
f (;), there exist two positive integers p, g such that

plo =T = qmnly,

ie. 7 = £, which is a contradiction. If F; = F, is not constant, then by
Remark 8.30, we can assume that Tj is the fundamental period of F; and F;. Noting
that [y is a period of F7 and 7l is a period of F,, similar to the above proof, we can
also show that s is a rational number, which is a contradiction.

In conclusion, P(X) is countable unions of closed subsets with empty interior.
So P(X) is a set of first category. O

Theorem 8.32 ([72]) Let X be a Banach space. Then AP(X) is a set of first
category in AA(X).

Proof 1t suffices to note that A P (X) is a proper closed subspace of A A(X) equipped
with the supnorm. Therefore it is of first category in AA(X). O
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3 Almost Periodicity of the Function f (¢, x)

Definition 8.33 Let E be a Fréchet space. A function f € C(R x E, E) is said to
be almost periodic in # € R for each x € E if for each neighborhood of the origin
U, there exists a real number [ > 0 such that every interval [a, a + /] contains at
least a point t such that

f@&+rt,x)— f(t,x) e U, foreacht e Randeachx € E.

In view of the Bochner’s criterion, this definition is equivalent to the following:

f € C(R x E, E) is almost periodic in t € R for each x € E if and only if for
every sequence of real numbers (s;) there exists a subsequence (s,) C (s;) such
that (f (¢ + sy, x)) converges uniformly in7 € Rand x € E.

Theorem 8.34 Let f : R x E — E be almost periodic int € R for each x €
E, and assume that f satisfies a Lipschitz condition in x uniformly in t, that is
d(f(t,x)— f(t,y)) < Ld(x,y)forallt € Randx,y € E, where d is a metric on
E. Let ¢ : R — E be almost periodic. Then the Nemytskii’s operator N defined by
N(©) = f(-, ¢()) is almost periodic.

Proof Trivial. We leave it to the reader. O

4 Equi-Asymptotically Almost Periodic Functions

In this section, we introduce the notion of equi-asymptotically almost periodicity
(cf. [24]), and present some basic and interesting properties for equi-asymptotically
almost periodic functions.

Definition 8.35 Let X be a Banach space. A set F C C(R,X) is called equi-
asymptotically almost periodic if for every ¢ > 0, there exist a constant M (¢) > 0
and a relatively dense set T (F, ¢) C R such that

Ift+0)=fOl <e,

forall f € F,t e Rwith |[t| > M(¢e) and T € T(F, ¢) with |t 4+ 7| > M(¢).

Theorem 8.36 Let F C AAP(R, X). Then the following assertions are equiva-
lent:

(1) F is precompactin AAP (R, X).
(i) F satisfy the following three conditions:

(a) foreveryt e R {f(t) : f € F}is precompact in X.
(b) F is equi-uniformly continuous.
(¢) F is equi-asymptotically almost periodic.
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(iii) G is precompactin AP (R, X) (in short AP) and H is precompact in Co(R, X)
(in short Cy), where

Proof

() = (i)

(ii) = (iii)

G={fap:feFyandH={fc,: f€F).

Let F be precompact in AA P(R, X). Then, obviously, for every ¢ € R,
{f(@) : f € F}is precompact in X. In addition, for every ¢ > 0, there
exist f1, f2, ..., fx € F such that forevery f € F,

min || f — fill <e,
1<i<k

where k is a positive integer dependent on . Combining this with the
fact that ( f,-)i.‘: | is equi-uniformly continuous and equi-asymptotically
almost periodic, we know that (b) and (c) hold.
Let (g,) C G. For every n, there exist f;, € F and h,, € H such that
fn = gn + hy. By (a) and (b), applying Arzela—Ascoli theorem and
choosing diagonal sequence, we can get a subsequence of (f;;), which
we still denote by (f;,) for convenience, such that ( f,,(¢)) is uniformly
convergent on every compact subsets of R.

Since (f;) is equi-asymptotically almost periodic, for every ¢ > 0,
there exists [(g), M (g) > 0 such that for every r € R with |¢| > M (e),
there is a

e[ME)+1—t,ME)+1—1t+1()]
satisfying
£
I/t + ) — @] < 3 4.1)
for all n € N. Noting that ( f;,(¢)) is uniformly convergent on
[—M(e) —l(e) — 1, M(e) + I(e) + 1],

for the above ¢ > 0, there exists N € N such that forallm >n > N
andr e [-M(e) — () — 1, M(e) +1(g) + 1],

() = fa(OIl < § 4.2)

Combining (4.1) and (4.2), forallm > n > N and ¢t € R with [t] >
M (e), we have

[ fn @) = faOI < 1 fin () = fn @ + )+ fin (€ +70) — fult + )l
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+Hfut + 1) = fu@®l < &,

which and (4.2) yield that ( f;,(¢)) is uniformly convergent on R. In view
of

{gm@®) —gn(@®) it e R} C{fin(@) — fu@®) : 1 €R}

for all m, n € N, we conclude that (g, (¢)) is also uniformly convergent
on R, i.e. (g,) is convergent in AP(R, X). So G is precompact in
AP (R, X). In addition, it follows from the above proof that F is
precompact, and thus H is also precompact.
(iii)) = (1) The proof is straightforward.
O

Remark 8.37 Theorem 8.36 can be seen as an extension of the corresponding
compactness criteria for the subsets of AP (R, X) (cf. e.g., [22]).

Definition 8.38 F C Co(R, X) is called equi-Cy if

lim sup [l £(0)]] = 0.
|t]— 00 feF

Theorem 8.39 The following two assertions are equivalent:

(D) F is equi-asymptotically almost periodic;
(D) G is equi-almost periodic and H is equi-Cy, where

G={fap:feFyandH={fc,: f €F).

Proof The proof from (II) to (I) is straightforward. We will only give the proof from
(D to (IT) by using the idea in the proof of [71, p. 24, Theorem 2.5].

Since F' is equi-asymptotically almost periodic, for every k € N, there exist a
constant M} > 0 and a relatively dense set T (F, k) C R such that

1
IfE+o)=fOl <+ (4.3)

forall f € F,t € Rwith |[t| > My and t € T(F, k) with |t + 7| > M}. Moreover,
forevery f € F C AAP(R, X), noting that f is uniformly continuous, for the
above k € N, there exists 6,{ > ( such that

1
If ) = f)l < ¢ (4.4)

forall #;, tr € R with |t} — 1| < 81{.
Now, for every € R and k € N, we choose t; € T(F, k) witht + 1} > M;.
Also, we denote
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¢/ ()=fu+1). teR keN, fePF.

Next, we divide the remaining proof into eight steps.

Step 1  For every f € F, there holds
5
el a0 —gl ] < (45)

forall k € N, and 1, 1 € R with |t} — 12| < 8 .
In fact, by (4.3) and (4.4), we have
f S _ fy 5]
lgl (t) — gl @) = Il f(t1 + 1) — flt2 + )l
<lft+7H)—f+7 + 0l

+lIft+7 +1) = f+7 + 0
+ft+7 +1) = fl+ D)
+ft+1) = flo+T+TD)

5
+lf+r+1) - fo+7)l < =
where T € T(F, k) satisfying
min{t+7' +1,b+7 +T. 0+ T Hh+T T} > My

Step2 For every k € N, there holds

5
g/ ¢t +1)— gl )] < p (4.6)

forall f € F,t € T(F,k),andt € R.
In fact, by using (4.3), we have
gl + 1) =gl O = I f¢+T+T) — f@e + D
<lfG+r+g™)—fae+r+7"+ )
+lft+t+7T+ )= fa+ T+
+IfC+gT+ ) - fe+ )
+fE+7) = fa+7 + )l

5
+Ife+t+1)— fE+TDl < o
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where ©/ € T (F, k) satisfying
min{t+1+7 T+t T+ T ) > My

Step3  For every n € N, there holds
4
i —gl o] <~ @7

forall f € F,t € R,and m,n € N withm > n.
In fact, without loss of generality, we can assume that My > My for all k € N.
Then, by using (4.3), we have

FEAGEFAG]
=ft+1,)— fe+T)l
SIfe+t) - fe+o, +Ol+1fC+,+1)— fE+T, +T+ T
Hft+z, +t+1) — fE+T+DI+IfE+T+7)— fE+TD
1 1 1 4

<-+-+-+-<-,
n n n n n

where t € T(F, n) satisfying
min{r + ) + T, 0+, Fr 4T+ T 4T} > My
Step4  Let

¢l ()= lim g/ (1), teR, feF.
n—00

By Step 3, we know that for every f € F, g/ is well-defined. Moreover, it
follows from Step 3 that for every n € N, there holds

4
g’ (1) — gl ] < - (4.8)

forall f € F,R,andn € N.
Step5 Forevery f € F, g/ is uniformly continuous on R.
In fact, by (4.5) and (4.8), we have

g () — g/ )l < g/ (1) — g eIl + gt (11) — g ()]
5,4_13

)

f _of < i —_
+lgn (2) — g’ @Il < -+
n n n n
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foralln € Nand t1, 1 € R with |t; — 2] < 8.
Step6  {g/} feF 1s equi-almost periodic.
By (4.6) and (4.8), for every n € N, we get

lg’ 4+ =g/ W < lg’ ¢+ 1) — gl ¢ + DI+ llgil (¢ + ) = & D]
iled 7 4 5 4 13
lgn ) —g' DI <-+-+-=—,
n n o n n
forall f € F,t € T(F,n), and t € R. Then, it follows that {gf}fep is equi-
almost periodic.
Step7  {h'} rer isequi-Co, where b/ (1) = f(t)—g/ () forall f € Fandt € R.
In fact, firstly, by Step 5, i/ € C(R, X) for every f € F; secondly, for every
n € N, by (4.8) and the definition of r,é, we have

185 Ol = 1 f () — g7 @)l
< lf @) —gl O+ llgl @) — g’ )]l

IA

4
LF@) = f@+ o)l + -
1 4 5

<

“n n n

forall f € F,t € Rwith |t| > M,. Thus, {]’lf}fep is equi-Cop. ‘
Step 8 It follows from the above proof that G = {gf}fep and H = {hf }reF.
This completes the proof.
O

Bibliographical Notes Section 1 in this chapter is in [51, 54]. Theorem 8.32 is in
[72] with a different proof. Section 3 is a work by Ding et al. [24].
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