
Chapter 3
Almost Automorphy of the Function
f (t, x)

1 The Nemytskii’s Operator

Definition 3.1 A continuous function f : R × X → X is said to be almost
automorphic if f (t, x) is almost automorphic in t ∈ R uniformly for all x ∈ K ,
where K is any bounded subset of X. In other words for every sequence of real
numbers (s′

n) there exists a subsequence (sn) such that

g(t, x) = lim
n→∞ f (t + sn, x)

is well-defined in t ∈ R for all K and

lim
n→∞ g(t − sn, x) = f (t, x)

for all t ∈ R and x ∈ K .

We denote by AA(R × X,X) the set of all such functions.

Theorem 3.2 If f, f1, f2 ∈ AA(R × X,X), then we have

(i) f1 + f2 ∈ AA(R × X,X).
(ii) λf ∈ AA(R × X,X), for any scalar λ.

Proof Obvious. ��
Theorem 3.3 If f ∈ AA(R × X,X),then

sup
t∈R

‖f (t, x)‖ = sup
t∈R

‖g(t, x)‖ = Cx < ∞

for x in any bounded set K ⊂ X where g is the function in Definition 3.1.
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Proof It is analogous to the proof of Remark 2.6. ��
Theorem 3.4 If f ∈ AA(R×X,X) is lipschitzian in x uniformly in t ∈ R, then the
function g as in Definition 3.1 is also lipschitzian with the same Lipschitz constant.

Proof Let L be a Lipschitz constant for the function f , i.e.

‖f (t, x) − f (t, y)‖ < L‖x − y‖

for x, y in any bounded subset K of X uniformly in t ∈ R.
Let t ∈ R be arbitrary and ε > 0 and K a bounded set in X be given. Then for

any sequence of real numbers (s′
n), there exists a subsequence (sn) such that

‖f (t + sn, x) − g(t, x)‖ <
ε

2

and

‖g(t − sn, x) − f (t, x)‖ <
ε

2

for n sufficiently large and uniformly in x ∈ K .
Let us write for x, y ∈ K

g(t, x) − g(t, y) = g(t, x) − f (t + sn, x) + f (t + sn, x) − f (t + sn, y)

+ f (t + sn, y) − g(t, y).

For n sufficiently large we get

‖g(t, x) − g(t, y)‖ < ε + L‖x − u‖.

And since ε is arbitrary we obtain

‖g(t, x) − g(t, y)‖ ≤ ε

uniformly for x, y ∈ K , which completes the proof. ��
Theorem 3.5 ([39]) Let f ∈ AA(R × X,X) and assume that f (t, ·) is uniformly
continuous on each bounded set K ⊂ X uniformly for t ∈ R; in other words, for
any ε > 0 there exists δ > 0 such that if x, y ∈ K with ‖x − y‖ < δ, then
‖f (t, x) − f (t, y)‖ < ε for all t ∈ R. Let ϕ ∈ AA(X).

Then the Nemytskii operator N : R → X defined by N (·) := f (·, ϕ(·)) is in
AA(X).

Proof Let (s′
n) be a sequence of real numbers. Then there exists a subsequence

(sn) ⊂ (s′
n) such that
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(i) lim
n→∞ f (t + sn, x) = g(t, x), for each t ∈ R and x ∈ X,

(ii) lim
n→∞ g(t − sn, x) = f (t, x), for each t ∈ R and x ∈ X,

(iii) lim
n→∞ ϕ(t + sn) = γ (t) for each t ∈ R,

(iv) lim
n→∞ γ (t + sn) = ϕ(t) for each t ∈ R.

Let us define G : R → X by G(t) = g(t, γ (t)). Then we obtain

lim
n→∞N (t + sn) = G(t)

and

lim
n→∞ G(t − sn) = N (t)

for each t ∈ R.
Consider the inequality

‖N (t + sn) − G(t)‖ ≤ ‖f (t + sn, ϕ(t + sn)) − f (t + sn, γ (t))‖
+ ‖f (t + sn, γ (t)) − g(t, γ (t))‖.

Since ϕ ∈ AA(X), then ϕ and γ are bounded. Let us choose K ∈ X such that
ϕ(t), γ (t) ∈ K for all t ∈ R. In view of (iii) and the uniform continuity of f (t, x)

in x ∈ K , we will have

lim
n→∞ ‖f (t + sn, ϕ(t + sn)) − f (t + sn, γ (t))‖ = 0.

Now by (i), we get

lim
n→∞ ‖f (t + sn, γ (t)) − g(t, γ (t))‖ = 0,

which proves that for each t ∈ R

lim
n→∞N (t + sn) = G(t).

Similarly, we can prove that

lim
n→∞ G(t − sn) = N (t)

for each t ∈ R. The proof is now complete. ��
Theorem 3.6 ([39]) Let f ∈ AAA(R+ × X,X) with principal term g(t, x) and
corrective term h(t, x). Assume that g(t, x) is uniformly continuous on any bounded
set K ⊂ X uniformly for t ∈ R. Assume also that ϕ ∈ AAA(X). Then the Nemytskii
operator N : R → X defined by N (·) := f (·, ϕ(·)) is in AAA(X).
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Proof Let α(t) and β(t) be the principal and corrective terms of ϕ(t), respectively.
Let us write

f (t, ϕ(t)) = g(t, α(t)) + f (t, ϕ(t)) − g(t, α(t)) = g(t, α(t)) + g(t, ϕ(t))

− g(t, α(t)) + h(t, ϕ(t)).

In view of Theorem 3.5, g(t, α(t)) ∈ AA(R × X,X).
On the other hand, the uniform continuity of g(t, ϕ(t)) implies that for any ε > 0,

there exists δ > 0 such that

‖g(t, ϕ(t)) − g(t, α(t))‖ < ε

if ϕ(t), α(t) ∈ K for any t ∈ R
+ and a given bounded set K ⊂ X and ‖ϕ(t) −

α(t)‖ < δ. Moreover since β(t) ∈ C0(R,X), there exists T > 0 such that

‖ϕ(t) − α(t)‖ = ‖β(t)‖ < δ,

for t > T . Consequently, we get

lim
t→∞ ‖g(t, ϕ(t)) − g(t, α(t))‖ = 0.

We know also that

lim
t→∞ ‖h(t, ϕ(t))‖ = 0.

This proves that

g(t, ϕ(t)) − g(t, α(t)) + h(t, ϕ(t)) ∈ C0(R
+,X),

and consequently

N (·) := f (·, ϕ(·)) ∈ AAA(X)

��
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