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Preface to the First Edition

The aim of this monograph is to present for the first time a unified and homogeneous
exposition of the theory of almost automorphic functions and its application to the
fast growing field of differential equations in abstract spaces (Banach and Hilbert
spaces).

It is based essentially on the work of M. Zaki, S. Zaidman and the author during
the last three decades.

The concept of almost automorphy is a generalization of almost periodicity. It
has been introduced in the literature by S. Bochner in relation to some aspects
of differential equations [11-13], and [14]. Almost automorphic functions are
characterized by the following property:

Given any sequence of real numbers (s,), we can extract a subsequence (s,) such
that

lim lim f(t+ sy —sm) = f(2)
n—>oo m—0o0
for each real number ¢. The convergence is simply pointwise while one requires
uniform convergence for almost periodicity.

In his important publication [67], W.A. Veech has studied almost automorphic
functions on groups. We like to mention the contribution by M. Zaki [70] which
provides a clear presentation of the study of almost automorphic functions with
values in a Banach space. Zaki’s work has been done under the supervision of
Professor S. Zaidman of the University of Montreal, Canada, and has since strongly
stimulated investigations in relation to the following problem:

What is the structure of bounded functions of the differential equation x’ =
Ax + f where f is an almost automorphic function?

This equation was originally raised and solved by Bohr and Neugebauer for an
almost periodic function f in a finite dimensional space. The generalization of this
result to the larger class of almost automorphic functions in infinite dimensional
spaces is not a trivial one. Indeed, it sometimes uses sophisticated techniques and
strong tools from functional analysis and operator theory.
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viii Preface to the First Edition

In this monograph we present several recent results from authors who contributed
to solve the above problem and consider some nonlinear cases. We deal with
classical solutions as well as the so-called mild solutions.

The concept of weak almost automorphy as presented by M. Zaki [70] is also
discussed (Chap. 2, Sect. 2).

Also, continuous solutions on the non-negative semi-axis that approach almost
automorphic functions at infinity are studied in Sections 5 and 6 of Chap.2. In
particular semi-groups of linear operators are considered as an independent subject
in section of Chap.3 and discussed in the context of the so-called Nemytskii and
Stepanov theory of dynamical systems.

A wide range of situations is presented in Chaps. 4 through 6.

In Chap. 3, we present some results of the theory of almost periodic functions
taking values in a locally convex space. We use a definition introduced in the
literature by C. Corduneanu and developed by the author for the first time in [54].
Applications to abstract differential equations are given in Chaps.7 and 8. At the
end of each chapter, we have included a Notes section that gives some comments
the main references used.

It is our hope that this monograph will constitute a useful reference textbook for
post-graduate students and researchers in analysis, ordinary differential equations,
partial differential equations, and dynamical systems.

May it stimulate new developments of the theory of almost automotrphic and
almost periodic functions and enrich its applications to other fields.

It is a great pleasure to record our very sincere thanks to Professor Jerome
A. Goldstein, a friend and mentor for over two decades and Professor Georges
Anastassiou, who strongly encouraged us to complete this project.

We express my warm gratitude to Professor Constantin Corduneanu and Pro-
fessor Joseph Auslander for their valuable comments and suggestions. Our thanks
to our friend Professor Thomas Seidman who corrected some errors and Stephanie
Smith for her extraordinary skill and patience in setting this text.

We also express our appreciation to the editorial assistance of Kluwer Academic
Publishers, especially from Ana Bozicevic and Chris Curcio.

Finally, we owe a great deal to Professor Samuel Zaidman, who introduced us
to the exciting world of mathematical research. His experience and outstanding
contributions to mathematics have been a great source of inspiration to several
young mathematicians.



Preface to the Second Edition

Since the publication of our book [55] in 2001, there has been a real rebirth of the
theory of almost automorphic functions and applications to evolution equations as
we expected. An incredible number of researchers have been attracted by this topic.
This leads to a fast-growing number of publications.

We have received many helpful comments from colleagues and students, some
pointing out typographical errors, others asking for clarification and improvement
on some materials. In particular, Zheng, Ding, and N’Guérékata were able to
answer the long-time open problem: what is the “amount” of almost automorphic
functions which are not almost periodic in the sense of Bohr? The answer is
that the space of almost periodic functions is a set of first category in the space of
almost automorphic functions (cf. Chap. 1). Many other problems remain open, for
instance the study of almost periodic functions taking values in non-locally convex
spaces (cf. [30]).

Several generalizations were introduced in the literature including the study
of almost automorphic sequences. The interplay between almost automorphy and
almost periodicity is better known.

Researchers in the field overwhelmingly encouraged us to write a second edition
including some of the fresh and most relevant contributions and references.

As in the first edition, we present the materials in a simplified and rigorous way.
Each chapter is concluded with bibliographical notes showing the original sources
of the results and further reading.

We are most grateful to our numerous co-authors and colleagues who made such
great contributions to the theory of almost automorphy. We will not exhibit a list,
which would be any way incomplete, but we hope our friends will be satisfied with
our thanks and gratitude.

Finally, we thank our students Fatemeh Norouzi and Romario Gildas Foko
Tiomela and our friend and colleague Alexander Pankov for their careful proof-
reading and suggestions.

Baltimore, MD, USA Gaston M. N’ Guérékata
October 2020
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Chapter 1 ®
Introduction and Preliminaries Check for

This monograph presents several recent developments on the theory of almost
automorphic and almost periodic functions (in the sense of Bohr) with values in
an abstract space and its application to abstract differential equations. We suppose
that the reader is familiar with the fundamentals of Functional Analysis. However,
to facilitate the understanding of the exposition, we give in the beginning, without
proofs, some facts of the theory of topological vector spaces and operators which
will be used later in the text.

1 Banach Spaces

We denote by R and C the fields of real and complex numbers, respectively. We will
consider a (real or complex) normed space X, that is a vector space over the field
® = R or C (respectively) with norm || - ||.

Definition 1.1 A sequence of vectors (x,) in X is said to be a Cauchy sequence if
for every € > 0, there exists a natural number N such that ||x, — x,,|| < € for all
n,m> N.

Proposition 1.2 The following are equivalent:

(i) (x,) is a Cauchy sequence.
(ii) xngy — X ll = 0 as k — oo, for every increasing subsequence of positive
integers (ny).

Proposition 1.3 If (x,) is a Cauchy sequence in a normed space X, the sequence
of reals (||x, 1) is convergent.

Definition 1.4 A Banach space X is a complete normed space, that is, a normed
space X in which every Cauchy sequence is convergent to an element of X.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021 1
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2 1 Introduction and Preliminaries

Definition 1.5 A Banach space X is said to be uniformly convex if for every o, 0 <
a < 2, there exists a number § = §(«) > O such that for every x, y € X with
Ixll <1, Iyl < L lx — yll > &, we have |lx + y|| < 2(1 = §).

Now if x, y € X (not necessarily in the open unit ball), the conditions become

= (1 —=8) - max{|lx|l, [y}

xX+y
2

if
lx — yll = o - max{lx]l, [|y]l}.

We observe that Hilbert spaces are examples of uniformly convex Banach spaces.
Definition 1.6 A subset S of a normed space X is said to be open if for every x € S,
there exists € > 0 such that the open ball

B(x,e) :={yeX : [lx -yl <€}

is included in S. § is said to be closed if its complement in X is open.

Proposition 1.7 A subset S of a normed space X is closed if and only if every
sequence of elements of S which converges in X, has its limit in S.

Definition 1.8 The closure of a subset S in a normed space X, denoted S, is the
intersection of all closed sets containing S.

It is easy to verify the following:

Proposition 1.9 Let S be a subset of a normed space X; then
S={xeX:3x,)CS, limx,=x}
n— o0

Definition 1.10 A subset S of a normed space X is said to be

(i) Dense in Xif § = X;
(i) Bounded in X if it is either empty or included in a closed ball;
(iii) Relatively compact in X if S is compact. Equivalently S is relatively compact if
and only if every sequence in S contains a convergent sequence. It is observed
that every relatively compact set is bounded.

Definition 1.11 Let X be a Banach space over the field & = R or C. The
(continuous) dual space of X is the normed space of all bounded linear functionals
¢ : X — ® which we denote X*.

We can rewrite Definition 1.10 (ii) as follows:
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Definition 1.12 A subset S of a Banach space X is said to be bounded if ¢(S) is
bounded in & for every ¢ € X*.

Proposition 1.13 ([54]) Weakly bounded sets are bounded in any Banach space X.
In particular every weakly convergent sequence is bounded in X.

We refer to (X*)* = X**, the bidual of X. X can be considered as embedded in
X** as follows:

Forx € X, let

J(x) : X* - &(=Ror C)
be defined by

J()[gpl = p(x), ¢ € X"
Then J (x) is a linear form. It is continuous since

IJ(O)Iell = le)] < llellixlll, Yo € X*.

Hence J(x) € X** for all x € X. The map J : X — X** defined this way is also
linear and isometric. It is called the canonical embedding of X into its bidual X**.

Definition 1.14 If the canonical embedding J : X — X** is surjective, i.e. X =
X**, we say that X is reflexive.

Proposition 1.15 [f X is a reflexive Banach space and (x,) is a bounded sequence,
then we can extract a subsequence (x,,) which will converge weakly to an element
of X.

2 LP Spaces

Let 7 be an open interval of R and denote by C.(/, X) the Banach space of all
continuous functions I — X with compact support.

Definition 1.16 A function f : I — X is said to be measurable if there exists a set
S C I of measure 0 and a sequence (f,) C C.(I, X) such that f,, () — f(¢) for all
tel\S.

Itis clear that if f : I — X is measurable, then || f| : I — R is measurable too.

Theorem 1.17 Let f, : I — X, n = 1,2,... be a sequence of measurable
functions and suppose that f : I — X and f,(t) — f(t), asn — oo, for almost
allt € I. Then f is measurable.

Proof We have f, — f on I\ S, where S is a set of measure 0. Let (f, %) be a
sequence of functions in C.(I, X) such that f,  — f almost everywhere on I as
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k — oo. By Egorov’s Theorem (cf. [69, p. 16]) applied to the sequence of functions
| fu.k— full, there exists aset S, C I of measure less that % suchthat f, x—f — fu
uniformly on 7 \ S, as k — oo.

Now let k(n) be such that || f;, k)l < % on I\ S, and F, := fj k(n). Also let
B = SU(Np>1 Un>m S,). Then it is clear that B is a subset of I of measure 0.
Taker € I\ B. So we get f,(t) — f(t),as n — oo. On the other hand if n is large
enough, t € I\ S,. It follows that | Fj, — f|| < %, which means that F,, () — f(¢),
as n — oo, and consequently, f is measurable. m|

Remark 1.18 Ttis easy to observe thatif ¢ : I — Rand f : I — X are measurable,
then the product ¢f : I — X is measurable too.

Theorem 1.19 (Pettis Theorem) A function f : I — X is measurable if and only
if the following conditions hold:

(a) f is weakly measurable (i.e. for every x* € X*, the dual space of X, the
function x* f : I — X is measurable).
(b) There exists a set S C I of measure 0 such that (I \ S) is separable.

Proof See [69, p. 131]. O
We also have the following:
Theorem 1.20 If f : I — X is weakly continuous, then it is measurable.

Theorem 1.21 (Bochner’s Theorem) Assume that f : I — X is measurable.
Then f is integrable if and only if || f | is integrable. Moreover, we have

”/If < [

Proof Let f : I — X be integrable. Then there exists a sequence of functions
faneCc(I,X),n=1,2,...such that f, | fn@) — f(@®)|ldt — 0, asn — oo. Using
the inequality || f|| < ||f — full + || fall, for all n, we see that || f|| is integrable.

Conversely assume that || f|| is integrable. Let F,, € C.(I,R), n=1,2,...be
a sequence of continuous functions such that f 1Fe = IIfIIl = O0asn — oo and
|F,| < F almost everywhere for some F : I — R with fl |F| < o0.

Since f is measurable, there exists f, € C.(I,X), n = 1,2,... such that
fn — f almost everywhere.

We now let

R
n--— —la

I full + 5

Then it is obvious thatu, < F, n =1,2,...and u, — f almost everywhere on

1. Therefore | ; lun — fll = 0asn — oo and consequently f is integrable.
Using the Lebesgue—Fatou Lemma (cf. [69]), we get
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Mf [l = [us.

This completes the proof. O

< lim
n—oo

Theorem 1.22 (Lebesgue’s Dominated Convergence Theorem) Let f,, : [ —
X, n = 1,2,... be a sequence of integrable functions and g : I — R be an
integrable function. Let also f : I — X and assume that:

(i) foralln =1,2,..., || full < g, almost everywhere on I.
(ii) fu(t) > f(t),asn — ocoforallt € I.

Then f is integrable on I and

/ f=lim [ f.
I n—oo I

Definition 1.23 Let 1 < p < oco. We will denote by L? (I, X) the space of all
classes of equivalence (with respect to the equality on /) of measurable functions
f : I — Xsuch that || f||? is integrable. If we equip L? (I, X) with the norm

£l = (/, IIf(t)II”dt>p L 1<p<oo

and

[ flloo := esssup [ f()]l, p = oo,
1

then L? (1, X) turns out to be a Banach space.

We shall denote by Ll[; (I, X) the space of all (equivalence classes of) measur-
able functions f : I — X such that the restriction of f to every bounded subinterval
of I 'isin L? (I, X).

3 Linear Operators

Let us consider a normed space X and a linear operator A : X — X. We define the
norm of A by

IIIAll] := sup [[Ax]|.

llxl=1

Definition 1.24 A linear operator A : X — X is said to be continuous at x € X
if for any sequence (x,) C X such that x, — x, we have Ax, — Ax, that is,
|Ax, — Ax|| — O as ||x, — x| = O.
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If A is continuous at each x € Y C X, we say that A is continuous on Y.

Proposition 1.25 A linear operator A : X — X is continuous (on X) if and only if
it is continuous at a point of X.

Based on the above Proposition, we generally prove continuity of a linear operator
by checking its continuity at the zero vector.

Definition 1.26 A linear operator A : X — X is said to be bounded if there exists
M > O such that ||Ax| < M||x|| forall x € X.

We observe that a linear operator A : X — X is continuous if and only if it is
bounded.

Proposition 1.27 (The Uniform Boundedness Principle) Let F be a nonempty
family of bounded linear operators over a Banach space X. If sup ||Ax|| < oo for
AeF
each x € X then sup |[||A]|| < oo.
AeF
Definition 1.28 A linear operator A in a normed space X is said to be compact if
AU is relatively compact, where U is the closed unit ball

U:={xeX: |x|| <1

Proposition 1.29 If X is a Banach space, the linear operator A : X — X
is compact if and only if for every bounded sequence (x,) C X, the sequence
(Axy,) C X has a convergent subsequence; in other words, AS is relatively compact
for every bounded subset S of X.

4 Functions with Values in a Banach Space

We shall consider functions x : I — X where [ is an interval of the real number set
R and X a Banach space.

Definition 1.30 A function x () is said to be (strongly) continuous at a point fy € 1
if ||x(#) — x(#9)|| — 0 as ¢t — ty and strongly continuous on [ if it is (strongly)
continuous at each point of 1. If ¢y is an end point of 7, t — fy (from the right or
from the left), accordingly.

x(¢) is said to be weakly continuous on / if for any ¢ € X*, the dual space of X,
the numerical function (¢x)(¢) : I — R is continuous. It is obvious that the strong
continuity of x implies its weak continuity. The converse is not true in general.

In fact we have
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Proposition 1.31 If x(t) : I — X is weakly continuous and has a range with a
compact closure in X, then x(t) is strongly continuous on I.

In this monograph, continuity will always denote strong continuity, unless otherwise
explicitly specified.

Proposition 1.32 Let I = [a, b]. Then the set C (I, X) of all continuous functions
x(t) : I — Xis a Banach space when equipped with the norm

lxllca,x) == sup [lx @)l
tel

Definition 1.33 A function x(¢) : I — X is said to be differentiable at an interior
point #y of I if there exists some y € X such that ||)%2_x("’) —y|l = O as
At — 0 and differentiable on an open subinterval of / if it is differentiable at each
point of 1. Such y € X, when it exists at 7o is denoted x’(fp) and called the derivative
of x(t) at tg.

Definition 1.34 If the function x(¢) : I — X is continuous on I = [a, b], we
define its integral on / (in the sense of Riemann) as the following limit:

n

Tim I;xak)mk,

where the diameter of the partitiona =ty <t < ... < t, = b of I tends to zero.
When the limit exists we denote it by f ab x(t)dt.

One can easily establish the estimate

b b
/ N / ().

Improper integrals are defined as in the case of classical calculus. For instance, if the
function is continuous on the interval [a, 00), then we define its integral on [a, 00)
as follows:

(o) b
/ x(t)dt = blim x(t)dt

—> 0 Ja

if the limit exists in X. This integral is said to be absolutely convergent if

/OO llx(0)|ldt < oo.
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5 Semigroups of Linear Operators

Definition 1.35 Let A : X — X be a linear operator with domain D(A) C X, a
Banach space. The family 7 = (7'(¢));>0 of bounded linear operators on X is said
to be a Cyp-semigroup if

(i) Forall x € X, the mapping T (¢)x : RT™ — X is continuous.
(ii) T(t+s)=T(@)T(s)forallt,s € R* (semigroup property).
(iii)) T (0) = I, the identity operator.

The operator A is called the infinitesimal generator (or generator in short) of the
Cop-semigroup T if

T@@)x —
Ax — lim L@Ox—x
t—0t t
and
T(t)x —
D(A) := {x €X/ lim Tox—x exists} .
t—0t t

It is observed that S commutes with 7 () on D(A). We define a Co-group in a
similar way, by replacing Rt by R.
For a bounded operator A, we have

o]

tnAi‘l
T(t) := et = Z )

n!
n=0

Theorem 1.36 Let T = (T(¢));>0 be a Co-semigroup. Then there exists K > 1
and o € R such that

IT ()| < Ke*, Vt>0.

If a < 0, we say that T is exponentially stable.
Proposition 1.37

(a) The functiont — | T ()| from RT™ — R* is measurable and bounded on any
compact interval of RT.

(b) The domain D(A) of its generator A is dense in X.

(c) The generator A is a closed operator.

For more details, cf. [35] and [69].
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6 Topological Vector Spaces

Let E be a vector space over the field ® (& = R or C). We say that E is a topological
vector space, which we denote E = E(7), if E is equipped with a topology T which
is compatible to the algebraic structure of E.

It is easy to check that for all @ € E, the translation f : E — E defined by
f(x) = x 4 a is a homeomorphism. Thus if U is a base of neighborhoods of the
origin, U + a is a base of neighborhoods of a. Consequently the whole topological
structure of E will be determined by a base of neighborhoods of the origin.

In this book, we will mainly use neighborhoods of the origin, which we
sometimes call neighborhoods in short.

Another interesting fact is that for every A € @, A # 0, the mapping f : E — E
defined by f(x) = Ax is a homeomorphism, so that AU will be a neighborhood (of
the origin) if U is a neighborhood (of the origin), A # 0.

Let us also recall the following:

Proposition 1.38 If U is a base of neighborhoods, then for each U € U, we have:

(i) U is absorbing, that is for each x € U, there exists A > 0 such that x € aU
for all a with |a| > A;
(ii) There exists W € O such that W + W C U;
(iii) There exists a balanced neighborhood V such that V. C U (A balanced or
symmetric set is a set V such that oV =V if || = 1).

A consequence of the above proposition is that every topological space E possesses
a base of balanced neighborhood.

We will call a locally convex topological vector space (or shortly a locally convex
space), every topological vector space which has a base of convex neighborhoods.
It follows that in a locally convex space, any open set contains a convex, balanced,
and absorbing open set.

A locally convex space whose topology is induced by an invariant complete
metric is called a Fréchet space.

Proposition 1.39 Let E be a vector space over the field ® (& = R or C). A function
p: E — RT is called a seminorm if

(i) p(x) >0 foreveryx € E;
(ii) p(Ax) = |A|p(x), for every x € E and ) € ®;
(iii) p(x +y) < p(x) + p(y), forevery x, y € E.

It is noted that if p is a seminorm on E, then the sets {x : p(x) < A} and
{x / p(x) < A}, where L > 0, are absorbing. They are also absolutely convex. We
recall that a set B C E is said to be absolutely convex if for every x,y € E and
A, € O, with || + || < 1, we have Ax + ny € B.

Theorem 1.40 For every set Q of seminorms on a vector space E, there exists a
coarsest topology on E compatible with its algebraic structure and in which each
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seminorm in Q is continuous. Under this topology, E is a locally convex space and
a base of neighborhoods is formed by the closed sets

{x e E : sup pi(x) <€,

1<i<n

where e > 0and p; € Q,i =1,2,...n.
Also E will be separated if and only if for each x € E, x # 0, there exists a
seminorm p € Q such that p(x) > 0.

An important fact that will be used is the following consequence of the Hahn—
Banach Extension Theorem:

Proposition 1.41 ([69, page 107]) For each non-zero a in a locally convex space
E, there exists a linear functional ¢ € E*, the dual space of E, such that ¢(a) # 0.

A subset S of a locally convex space is called totally bounded if, for every
neighborhood U, there are a; € S,i = 1,2, ...n, such that

SCU_ (@ +U).

It is clear that every totally bounded set is bounded. Also, the closure of a totally
bounded set is totally bounded.

We observe [69, page 13] that in a complete metric space, total boundedness and
relatively compactness are equivalent notions.

Now for functions of the real variable with values in a locally convex space E,
we define continuity, differentiability, and integration as in [54, 56, 69].

We finally revisit Proposition 1.27 in the context of locally convex spaces as
follows (cf. [45, page 199]):

Proposition 1.42 (Uniform Boundedness Principle) Let ¢ = {Ay : « € I'}
where each Ay : E — F is a bounded linear operator and E, F are Fréchet
spaces. Suppose that {Aqx : o € T'} is bounded for each x € E. Then ¢ is
uniformly bounded.

Notes Details on this topic can be found in [66].

7 The Exponential of a Bounded Linear Operator

Let E be a complete, Hausdorff locally convex space.

Definition 1.43 A family of continuous linear operators B, : E — E, o € ' is
said to be equicontinuous if for any seminorm p, there exists a seminorm ¢ such
that

p(Byx) <q(x), foranyx € E, anya €T
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Theorem 1.44 Let A : E — E be a continuous linear operator such that the family
{Ak 1k =1,2,...} is equicontinuous. Then for each x € E, t > 0, the series

(where A° = I, the identity operator on E) is convergent.

Proof Let p be a seminorm on E. By equicontinuity of {Ak :k=1,2,...}, there
exists a seminorm ¢ on E such that

p(A¥x) < g(x), forall k, andx € E.
Therefore we have
k k
(Z ah x) < Z p(A x) <q(x)2k,
k=n
n k

which proves that the sequence Z Akx is a Cauchy sequence in E. It is then

k= 0
convergent and we denote the limit by

fan |

O
Theorem 1.45 The mapping x — e'“x, t > 0, defines a continuous linear
operator E — E.

k
Proof Consider the linear operators A, = Z Ak n =0,1,2,... The family

{A,: n=0,1,2,...}is equicontinuous on any compact interval of R™.
Indeed, by equicontinuity of {A¥ : k = 1,2, ...}, if p is a given seminorm, then
there exists a seminorm ¢ such that

n k
p(Anx) < Z LPA) =g Z = < q)e

kO kO

foreveryn =0, 1,2, .... It follows that

pe'x) < q(x)e',

for every t > 0 and x € E. This completes the proof. O
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Theorem 1.46 Let A and B be two continuous linear operators E — E such that
{A"sn=1,2,...}and {B";n = 1,2, ...} are equicontinuous. Assume that A and
B commute, that is AB = BA; then

tA tB __ t(A+B)
=e s

et e t>0.

Proof The proof is similar to the numerical case, that is for any real numbers a and
b, we have

— (ta)"
nX:(:) n!

Indeed for any integer k and x € E, we have

N (D) A (t(a + b))
DL DT

n=0

k k

k . . k ..
(A+B)kx=Z() ]Bk]xZZ(.) k*]A]x’
k k!
where (]) = T

In the last equality, we used the fact that AB = BA. Let p be a given seminorm
on E. Then there exists a seminorm ¢ such that

k
pUA+B)x) <) (".)p(Bk—f Alx)
— \J
J;O ) |
> ( .)q(Afx)
=N
<2k supg(A’x)
j=0

IA

Lk
since Z < ) =2k,
=0
This last inequality shows that the family {(A;—kB)k tk=1,2,.. } is equicon-

tinuous, so by Theorem (1.44), we can define e (A+5) by

t(A+B) . .__ i (t(A+ B))"x
e X = Z —n‘ .

Now using the Cauchy product formula, we obtain
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oo

(A" X (B &
etA~etB=Z . Z — =20Cn,
-

n=0 n=0

where

n k n—k
C":Z(IA) ~(B)
Ok =k

k=0

o0

That means Z Cp =" AB) The proof is complete. O
n=0

Theorem 1.47 Suppose that A is a continuous linear operator E — E such that
{A";n =1,2,...} is equicontinuous. Then for every x € E, we have

) ehA 7
lim x = Ax.
h—0t h

Proof Let p be a seminorm. Then there exists a seminorm ¢ such that

A '
P(Ehx = Ax) = p(F (Y A" = D)x = Ax)
n=0 "

1 G h"
< PGGQ A"
n=2

X yn—1

<> ——p(a")

And since lim

= 1, we get the result. m]
h—t

From the above, we can deduce that
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d
Eemx =4 Ax = Ae'Ax,

Using the semigroup property above, we get also
e(H—s)A — etA . eSA‘
We can use the same technique to prove similar results if 7 < 0 and establish ¢’4 for

teR
We are now ready to prove the following:

Theorem 1.48 The function e¢'“xy : R — E is the unique solution of the
differential equation

xX'(@t)=Ax@®), teR

satisfying x(0) = xq.

Proof Suppose there were another solution y(#) with y(0) = x¢. Consider the
function v(s) = e =4 y(s), with ¢ fixed in R; then we have

V(s) = —Ae(’_‘Y)Ay(s) + e(t—s)Ayl(S)
= —Ae"™ 94y (5) 4+ eI Ay (s)
= O’

for every s € R. Therefore, v'(s) = 0 on R, so that
v(t) =v0), relR
or
y(t) = €4 y(0) = e'xp, 1 €R.

Since ¢ is arbitrary, this completes the proof. O
Let us recall the following fixed point theorem from [15]:

Theorem 1.49 Let D be a closed and convex subset of a Hausdorff locally convex
space such that 0 € D, and let G be a continuous mapping of D into itself. If the
implication

(V =convG(V),or V.= G(V)U{0}) = Vis relatively compact

holds for every subset V of D, then G has a fixed point.
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8 Non-locally Convex Spaces

It is well known that an F-space (X, +, -, || - ||) is a linear space (over the field
® =Ror K =C)suchthat||x+y|| <||x||+]|y||forallx,y € X, ||x|| = 0if and
only if x = 0, ||[Ax]|| < ||x]|], for all scalars A with |A| < 1, x € X, and with respect
to the metric D(x, y) = ||x — y||, X is a complete metric space (see e.g. [25, p. 52],
or [37]). Obviously D is invariant to translations.

In addition, if there exists 0 < p < 1 with ||Ax]|] = |A|?]|x]||, forall A € K, x €
X, then || - || will be called a p-norm and X will be called p-Fréchet space. (This
is only a slight abuse of terminology. Note that in e.g. [10] these spaces are called
p-Banach spaces). In this case, it is immediate that D(Ax, Ay) = |A|” D(x, y), for
allx,y e Xand 1 € .

It is known that the F-spaces are not necessarily locally convex spaces. Three
classical examples of p-Fréchet spaces, non-locally convex, are the Hardy space
HP? with 0 < p < 1 that consists in the class of all analytic functions f : D — C,
D = {z € C; |z| < 1} with the property

2w
fll= LSllp{/ | f(re™)|Pdt; r € [0, 1)} < 00,
2 0

the sequences space

17 = {x = (s Il = ) Ixal? < oo}

n=1

for0 < p < 1, and the L?[0, 1] space, 0 < p < 1, given by

1
LP=L”[0,1]={f:[O,l]—>R;||f||=/ If(t)l”dt<00}-
0

More generally, we may consider L” (2, X, 1), 0 < p < 1, based on a general
measure space (€2, X, u), with the p-norm given by || f|| = fQ | f1Pdu.

Some important characteristics of the F-spaces are given by the following
remarks:

Remark 1.50

(1) Three of the basic results in Functional Analysis hold in F-spaces too : the
Principle of Uniform Boundedness (see e.g. [25, p. 52]), the Open Mapping
Theorem, and the Closed Graph Theorem (see e.g. [37, p. 9-10]).

But on the other hand, the Hahn—Banach Theorem fails in non-locally convex
F-spaces. More exactly, if in an F'-space the Hahn—Banach theorem holds, then
that space is necessarily locally convex space (see e.g. [37, Chapter 4]).
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(2) If (X, +, -, || - ) is a p-Fréchet space over the field ®, 0 < p < 1, then its dual
X* is defined as the class of all linear functionals & : X — & which satisfy
|h )] < 1Al - [1x]]/7, for all x € X, where [|[A|| = sup{[h(x)[; ||x]| < 1}
(see e.g. [10, pp. 4-5]). Note that ||| - ||| in fact is a norm on X*.

For 0 < p < 1, while (L?)* = 0, we have that (/?)* is isometric to [°°—the Banach
space of all bounded sequences (see e.g. [37, p. 20-21]), therefore (I”)* becomes a
Banach space. Also, if ¢ € (HP)* then there exists a unique g, analytic on D and
continuous on the closure of D, such that

2
$(N) = o lim [ f(regte .
27 r—1 0

for all f € HP (see e.g. [26, p. 115, Theorem 7.5]). Moreover, (H?)* becomes a
Banach space with respect to the usual norm |||¢||| = sup {|@()|; [| f]] < 1} (see
the same paper [4]).

In both cases of /” and H?, 0 < p < 1, their dual spaces separate the points of
corresponding spaces.

(3) The spaces [? and H”, 0 < p < 1, have Schauder bases (see e.g. [37, p. 20],
for I” and [37, 64] for HP). It is also worth to note that according to e.g. [28],
every linear isometry T of H? onto itself has the form

T(f)(2) = ald' @17 f((2)), (8.1)

where « is some complex number of modulus one and ¢ is some conformal
mapping of the unit disc onto itself.



Chapter 2 ®
Almost Automorphic Functions Qs

1 Almost Automorphic Functions in a Banach Space

Definition 2.1 (S. Bochner [11-14]) Let X be a (real or complex) Banach space
and f € C(R, X). We say that f is almost automorphic if for every sequence of
real numbers (s),) there exists a subsequence (s,,) such that

lim Lm f(t 4+ s, — su) = f(1)

m—o00 n—0o0
foreacht € R.
This is equivalent to the following:
Definition 2.2 f € BC(R, X) is said to be almost automorphic if for every
sequence of real numbers (s;,) there exists a subsequence (s,) such that
g(t) = lim f(t +s,)
n—oo
exists for each t € R and

Jim gt —sn) = f(1)

foreachr € R.
Remark 2.3

* The function g in Definition 2.2 is measurable, but not necessarily continuous.

 If the convergence in Definition 2.1 is uniform on compact subsets of R, then we
say that f is compact almost automorphic.

 If the convergence in Definitions 2.1 and 2.2 is uniform in # € R, then f is almost
periodic. This shows that the class of almost automorphic functions is larger than
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the class of almost periodic functions. We will show later that the inclusion is
strict.

Theorem 2.4 ([27, 44, 58]) If the function g in the Definition 2.2 is continuous,
then f is uniformly continuous.

Proof Suppose f is not uniformly continuous on R. Then there exists a number
€ > 0 and two sequences () and (s;,) such that for each n, we have

(s, — 1) — f(spll > €
and

lim 7, = 0.
n—oo

In view of the almost automorphy of f, one can extract subsequences (s,) C (s},)
and (s, +#,) C (s), + ;) such that

g1(t) == lim (1 +s,)
n—oo
exists for each r € R and
g2(t) = lim f@+s,+1t)
n—oo

foreach t € R.
Here g1 and g3 are continuous by assumption. Therefore we have

lg1(0) — g2(0)]| > e.

Define the set

3
Q= {t eR:g1(®) — g2 > ZG}-

Then €2 is an open set in view of the continuity of g; and g». It is also nonempty
since 0 € Q.
Now define for each n the set

Api= {1 €RIFU+5m) = 1 OIT. I+ + 1) =820 < 5, m=n].

I

Each A, is nonempty, because of the convergence to g1 and g» above. Now let
B, =A,NQ, n=1,2,...

It is obvious that each B, is nonempty (since 0 € B;), and
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Upo By = Q.

Let ng be large enough and take ¢ € By,,. Then ¢ € €2 that means

3
) lgi1@®) = 201l > Ze.

But since €2 is open and g; is continuous, we may choose m large enough, m > ng
such that

t+tm€Q

and

g1t +tm) — g1(OI <

Since t € By, we have

N

1 f(t+tm+sm) — g2 <

Also since 2 = UZO:1 By, there exists n1 such thatt+¢,, € B,, impliest+1t, € A,,.
So

Nf@+tm+sm) — 1@+t <

TN

Finally, we obtain

g1 () — g2l < llg1(®) — g1t + )| + 181 + 1) — f (& + 1 + sm) |
+ 1 f @+t + sm) — 20l

_€ n € n €
— — - = _E,

—4 4 4 4
which contradicts (x) and establishes the result. O

Theorem 2.5 If f, f1, fo are almost automorphic functions R — X and A is a
scalar, then the following are true:

(i) Af and f1 + f> are almost automorphic.
(ii) fa(-) := f(a + -) is almost automorphic for every a € R.
(iii) sup || f (D)l < oo.

teR

(iv) The range Ry := {f(t) : t € R} is relatively compact in X.

Proof Statements (i) and (ii) are obvious.
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Let us prove (iii). Suppose by contradiction that sup || f(#)|| = oo. Then there
teR
exists a sequence (s;,) of real numbers such that

lim || f(s,)[l = o0.
n—oo
Since f is almost automorphic, we can extract a subsequence (s,) C (s;,) such that
lim f(sy) =«
n—>oo
for some a € R, that is
lim || f(sp)ll = llall < o0
n— o0

which is a contradiction and establishes (iii).
(iv) Consider an arbitrary sequence (f(s;)) in Ry. Since f is almost automor-
phic, we can extract a subsequence (s,) C (s;,) such that

lim f(s,) = g(0),
n—oQ
where g is the function in Definition 2.2. This proves that R is relatively compact

in X. O

Remark 2.6 1t is easy to observe that sup ||g(#)|| = sup || f(¢)]|, which implies that
teR teR

R, = &;.

Theorem 2.7 Let (f,) be a sequence of almost automorphic functions in a Banach
space X such that lim f,(t) = f(t) uniformly int € R.
n—oo

Then f(t) is also almost automorphic.

Proof Let (s],) be a sequence of real numbers. By the diagonal procedure, we can
extract a subsequence (sy) of (s;,) such that

im0+ ) = gi(0) (1.1)

foreachi =1,2,...andeacht € R.
We claim that the sequence of functions (g;(¢)) is a Cauchy sequence. Indeed if
we write

gi(t) —gj(t) = gi(t) — fi(t +sp) + fi(t +5,) — [t +55)
+ fi(t +s50) —gj ),

and use the triangle inequality, we get
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lgi () —g; I = 1&g () — fit + sl + 11 fi(t +50) — fj (& + sl
+ 1 i +s0) — g @l

Let € > 0 be given. By uniform convergence of the sequence (f;;), we can find a
natural number N such that for alli, j > N,

I1fit +50) = fi(t +s0)] <€,
forallr € Randalln = 1,2,.... Using Eq.(1.1) and the completeness of the
space X, we can deduce the pointwise convergence of the sequence (g;()), say to a

function g ().
Let us prove that

nlglgo ft+sq) =g
and
lim g(t =) = f ()

pointwise on R.
Indeed, foreachi = 1,2, ..., we get

1f 4 s0) —gON < I1f (2 +50) = fi(t +50)|
+ /i +s0) — g Ol + l1gi (1) — gDl

Given € > 0, we can find some natural number M such that
1f(t+s0) = fu(t +s0)ll <€
foreveryt e R,n=1,2,...and ||gy () — g(t)]| < € forevery ¢ € R, so that
| f(t+sn) —g@| <2€+ | faa(t +sn) — g ()l
foreveryt e R,n=1,2,....

Now for every ¢t € R, we can find some natural number K depending on € and
M such that

I/t +s0) —gu )| <€

foreveryn > K.
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Finally, we get

| £+ sp) — g@®)]l < 3e

for n > Np where Ny is some natural number depending on ¢ and €.
We can similarly prove that

Tim g(t —s,) = [(1).

O

Let us denote by AA(X) (resp.AA.(X)) the space of all almost automorphic
functions (resp. compact almost automorphic) f : R — X. It turns out from the
above that AA(X) and AA.(X) are closed subspaces of BC (R, X). Thus they are
themselves Banach spaces under the supnorm

I fllaacx) :==supll (1),
teR
resp.

I fllaa.cx) == sup || f (7).
teR

If we denote by A P(X) the space of all almost periodic functions f : R — X (in
the sense of Bohr, cf. [22], or Chapter 4 below), then it is obvious that

AP(X) C AA(X) C AA(X) (1.2)

and the inclusions are strict.
Let us state the following composition theorem:

Theorem 2.8 Let (X, || - [Ix), (Y, || - |ly) be Banach spaces over the same field O,
feAAX)and Ry :={f(@) : t € R}istherangeof f. If ¢ : Ry — Y bea
continuous and bounded application, then the composite functionpo f : Ry — Y
is also almost automorphic.

Proof Let (s;,) be sequence of real numbers. Since f € AA(X), there exists a
subsequence (s;) such that

g@®) = lim f(t+sy)
n—oo
exists for each t € R and
lim g(t —s,) = f(?)
n—0o0o

foreacht € R.
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Since ¢ is continuous and bounded, we have
lim (po f)(t +s4) =¢o lim f(t+s,) = (dogt)
n—o00 n—0o0
exists for each ¢t € R and
lim (¢ 0 g)(t —sp) =¢o lim g(t —s,) = (¢ o [))
n—o0 n— oo

for each ¢ € R. This shows that ¢ o f € AA(X). |
The following corollary follows immediately:

Corollary 2.9 If A is a bounded linear operator on X and f € AA(X), then
(AF)() € AAX).

Let us now give some examples of almost automorphic functions which are not
almost periodic.

Example 2.10 (Levitan) Let f € AP(R) and ¢ : Ry — Y be continuous and
bounded. Then ¢ o f : Ry — Y may not be almost periodic. For example, let

x(t) = cost + cosv/2t +2

and

1
¢(s) =sin—.
s

_ . 1 . . . .
Clearly ¢ (t) = sin <—cos:+cos ﬁ,+2> is almost automorphic. But since ¢ (s) is not

uniformly continuous on R, then ¢ (¢) is not almost periodic.

Example 2.11 (Veech) Consider the function x : R — C defined by
x(t) = el + eiﬁt + 2.

Let ¢ : C\ {0} — T" where I is the unit circle in C be defined by
X
px)=—.
x|
et + eiﬁt +2
|eit +eiﬁt +2]
Remark 2.12 If f € AAX)and ¢ : Ry C R — Y is not bounded, then ¢po f : Ry
in the proof of Theorem 2.8 is not well-defined for all # € R, therefore ¢ o f : Ry

Thus ¢ (t) = is almost automorphic but not almost periodic.
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is not almost automorphic. For example, replace ¢ (x) = sin)% in the example above
by p(x) = 1.
Theorem 2.13 ([72]) AP (X) is a set of first category in AA(X).

Proof 1t suffices to observe that A P (X) is a closed subset of AA(X) equipped with
the supnorm. Thus its interior is empty. O

Theorem 2.14 Let T = (T (t));cRr be a one parameter group of strongly continuous

linear operators uniformly bounded, i.e. there exists M > 0 such that sup || T (¢)|| <
teR
M. Let f € AAX) and S = f(Q), where Q denotes the set of rational numbers,

with the property that the function T (-)x € AA(X) for each x € §.
ThenT()f(-) € AAX).

Proof Let B = {f(t) : t € R} be the range of f. Then S is a countable and dense
subset of B.

Let S = (x,);then T'(-)x, € AA(X) foreachn = 1, 2, .... Consider an arbitrary
sequence of real numbers (s),). Using the diagonal procedure, we can show that there
exists a subsequence (s;,) of (s;,) such that

lim T (s,)x
n—0o0

exists for each x € S. Pick ¥ € B. For any n, m, k we have

1T (s2)X = T (sm)XIl = T (52)X = T (sn) x|l
+ T (n)xx — T (sm) x|l
+ T Gm)xk = T (sm) x|l

Therefore ||T (s,)x, — T () Xm || — 0O since x, — S and we have

lim |7 (sp)X — T (sm)X[| < 2M||IX — x||.
n,m—>00

Consequently, in view of the density of S in B, we can say that
lim T (s,)x
n—od

exists for every X € B.

Now we observe that lim 7' (s,)x = y defines a mapping F from the linear
n—od

space spanned by B into X, namely
Fx =y if lim T(s;)x = y. (1.3)
n—o0

The map F has the following properties:
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(i) F is linear.
@) [[Fx]l = llyll < lim ||T(sy)x|| < M]x| for every x in the subspace spanned
n—>oo

by B.
(iii) F is one-to-one.
(iv) If (x,) is a given sequence in B such that strong- lim x,, = x exists, then
n—o0

strong- lim T (s,)x, = Fx and strong- lim Fx, = Fx.
n—00 n— 00
Let Rr := {Fx : x € B} be the range of F. Then we observe that
lim T(—sp)y
n—oo

exists for every y € Rp.
It suffices to prove that

im T (=$u)Ym
n— 0o

exists for every y,, € F(S), where y,, = F(x;,),m=1,2,....
Since T (t)x,, € AA(X) foreachm =1, 2, ..., we have

Lim T(t + sp)x, = lim T ()T (sp)xm
n—oQ n— oo
=T(@) lim T(sp)xn,
n—oQo

=T@)Fx,,
=T ym

pointwise on R. Also we have
im T(t — sp)ym =T ) xm
n—oo
=T@) lim T(—s$3)Ym.
n—oQ
Now, for t = 0, we get
lim T (—sp)ym
n—>oo
exists form = 1,2, ... and T (0)x,, = x,,,. Hence, we get
Iim T(—s,)y
n—oo

exists for every y € Rp. This defines a linear map G on the linear subspace spanned
by Rr where
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Gy = lim T(—sp)y.
n— o0
It is easy to verify that G has the same properties as F and we have
GFx=x
for every x € B.
If (s;) is an arbitrary sequence of real numbers, we can extract a subsequence
(s5,) such that
lim f(t+s,) =g@)
n—oo
lim g(r —s,) = f(t)
n—oo
pointwise on R and
lim T(—sp)x =y
n—oo

exists for each x € B.
Now let us observe that for every r € Randn =1, 2, ..., we have

f(t+sy), gt) € B.

Lett € R be arbitrary. Then foreveryn = 1, 2, ...

Tt +s0)f(t+50)=T@T (50) f (1 + 5n)

so that
lim Tt +s) £t +50) = T (1) Fg(t)
n—oo
and
lim T(t —sp)Fg(t —s,) =T @) lim T(—s,)Fg(t —s,)
n—oo n—oo
=T@)GFf(t).
The theorem is proved. O

Theorem 2.15 Let f € AAX). If f(t) = 0 for all t > « for some real number «,
then f(t) =0 forallt € R.

Proof 1t suffices to prove that f(#) = 0 for # < «. Consider the sequence of natural
numbers N = (n). By assumption there exists a subsequence (n;) C (r) such that
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lim f (7 +nk) = g(1)
k—o00
exists for each t € R and
lim g(t —ng) = f(7)
k— 00

for each r € R.

Obviously, for any 7 < «, we can find (ng;) C (ng) with 7 + ng; >
o for all j = 1,2,..., so that f(r + nkj) = 0 foral j = 1,2,....
And since ]li)ngo S (t+ng;) = g(),ityields g(z) = 0. Then we deduce that f(r) = 0.

The proof is complete. O

Theorem 2.16 Let (T (t)):er be a Co-group and suppose that x(t) = T(t)xg €
AA(X) for some xg € D(A), the domain of its infinitesimal generator A. Then

inﬂg lx(®)]| >0, or x(¢) =0 for everyt e R. (1.4)
te
Proof Assume that inﬂg 1T ()xoll = 0 and let (s,) be a sequence of real numbers
te
such that lim ||x(s,’l) | = 0. We can extract a subsequence (s,,) of (s;,) such that
n—oo

lim x(t +s,) = y(t)
n—>oo

exists for each ¢t € R and
lim y(t —s,) = x(¢)
n—oo

for each ¢ € R. We have in fact

y(@)= lim T(t+ sp)xo=T() lim T(sy)xo=T() lim x(s,) =0
n—0oo n—>0oo n—>oo

for each t € R. We deduce that x () = 0 on R, and the proof is complete. O

2 Weak Almost Automorphy

Definition 2.17 A weakly continuous function f : R — X is said to be weakly
almost automorphic (in short w-almost automorphic) if for every sequence of real
numbers (s,,) there exists a subsequence (s;) such that

weak — lim f(t +s,) = g(1)
n—oo
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exists for each t € R and
weak — lim g(t —s,) = f(¢)
n—oo

foreacht € R.
Remark 2.18

(1) Every almost automorphic function is w-almost automorphic.
(i) If f : R — Xis w-almost automorphic, then the function F : R — R defined
by F(t) := (¢f)(t) with ¢ € X* the dual space of X is almost automorphic.

The following results are obvious and we omit the proof:

Theorem 2.19 If f, f1, f>» are w-almost automorphic, then the following also are
w-almost automorphic:

(i) fi+ fo
(ii) cf for an arbitrary scalar c.
(iii) fa(t) := f(t + a), for any fixed real number a.

We denote by W AA(X) the vector space of all w-almost automorphic functions
f:R—>X

Theorem 2.20 If f € WAA(X), then sup || f ()| < oo.
teR

Proof Suppose by contradiction that sup || f(¢)]] = oo. Then there exists a
teR

sequence of real numbers (s),) such that lim | f(s;)|| = oo. Since f is w-almost
n—od

automorphic, then we can find a subsequence (s;) such that
weak — lim f(s,) =« exists.
n— oo

(f(sp)) is then a weakly convergent sequence, hence it is weakly bounded and
therefore bounded by Proposition 1.41. This is a contradiction, and consequently,
the theorem holds. |

Theorem 2.21 If f € WAA(X), then

sup || f ()|l = sup [lg(@)Il,
teR

teR

where g is the function defined in Definition 2.17.

Proof Since every weakly convergent sequence is bounded in norm (Proposi-
tion 1.41), and in particular if

weak — lim x, = «,
n—oo
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then
llell < liminf || x;, ||
n—oo
(cf. [69, Theorem 1, page 120]). Thus, for each r € R, we get

lg@I = liminf || f(z +su)ll < sup [l fO < o0

teR
and
IOl = liminffg(z —su)|| = fgﬂg g < oo.
The equality is now proved. O

The following result is easy to prove:

Theorem 2.22 Let f € WAAX) and A € B(X). Then Af : R — X is also
w-almost automorphic.

Theorem 2.23 Let f € WAA(X) and suppose that its range Ry is relatively
compactin X. Then f € AAX).

Proof Let (s;,) be a sequence of real numbers. We can extract a subsequence (s,) C
(s;) such that

weak — lim f(t +s,) = g(¢)
n— o0
exists for each r € R and
weak — lim g(t —s,) = f(¢)
n— oo
for each t € R. Now fix 79 € R. Then we have
lim (¢f) (10 + sn) = (g)(t0)
n—>oo
and
lim (pg) (10 — sn) = (¢f)(10)
n—oo
for every ¢ € X*.
Observe that the range R of g is also relatively compact in X.
Indeed, for every 7 € R, g(7) is the strong limit of the sequence ( f ( +s,)) which

is contained in the closure of R ; whence g(7) is in the closure of R s, a compact
set in X.
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Also from the weak convergence of the sequence (g(z — s,)) toward f(¢), for
every 1 € R, we have the strong convergence, so f € AA(X). O

3 Almost Automorphic Sequences

Similarly as for functions, we define below the almost automorphy of sequences.
From now on, we will use the notation /°°(X) to indicate the space of all bounded
(two-sided) sequences in a Banach space X with supnorm, that is, if x = (x;,),ez €
[°°(X), then

llx]l == sup [lxn|l.
nez

Definition 2.24 A sequence x € [°°(X) is said to be almost automorphic if for any
sequence of integers (k,), there exists a subsequence (k,) such that

lim lim x —k, =X 3.1
m— 00 n— 00 pkn =k p 3.1

forany p € Z.

The set of all almost automorphic sequences in X forms a closed subspace
of [*°(X), that is denoted by aa(X). We can show that the range of an almost
automorphic sequence is precompact. For each bounded sequence g := (gn)nez
in X, we will denote by S(k)g the k-translation of g in [*°(X), i.e., (S(k)g), =
&n+k, Yn € Z. And S stands for S(1).

3.1 Kadets Theorem

Let co be the Banach space of all numerical sequences (an)fl”il such that lim a, =
- n— oo

0, equipped with supnorm. In the simplest case, the problem we are considering
becomes the following:

when is the integral of an almost automorphic function also almost auto-
morphic?

We can take the same counterexample as in [38] to show that additional
conditions should be imposed on the space X.

Example 2.25 Consider the function f (¢) with values in ¢ defined by

F£(6) = ((1/n) cos(t/n))>>,, ¥t € R.

n=1»
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The integral F(t) = fot f(&)dE of f(r)is F(t) = (sin(t/n))flil. Obviously, f
is almost periodic (so it is almost automorphic), and F is bounded. However, the
range of F, as shown in [38, p. 81-82], is not precompact, so F' cannot be almost
automorphic.

The Kadets Theorem (see e.g. [38, Theorem 2, p. 86]) says that if f is almost
periodic and F is bounded, then F is almost periodic if and only if X does not
contain any subspace isomorphic to cp. An extension of the Kadets Theorem to
almost automorphic functions was given in [9].

The following extension of the Kadets Theorem to sequences will be used later
on:

Lemma 2.26 Assume that x = (x,)nez is a sequence in a Banach space X that
does not contain any subspace isomorphic to co, and the difference

x—Sx=y (3.2)

is almost automorphic. Then, the sequence x itself is almost automorphic.
Proof This lemma is a special case of [9, Theorem 1]. O

As it is well known (see e.g. [38]), a convex Banach space does not contain any
subspace isomorphic to cg. In particular, every finite dimensional space does not
contain any subspace isomorphic to co.

Example 2.27 ([67]) Let6 € Q. Forn € Z, cos(2nnf) # 0. We define
l, =sgncosanb) =1, if cosQanb) >0
l, =sgncos2mnb) = —1, if cos(2mnd) < 0.
Let f be defined by
J@ =+ —=n)nt1—n), 1 €[n,n+1].

It is obvious that f is compact almost automorphic but it is not almost periodic.

4 Asymptotically Almost Automorphic Functions

This section is devoted to the study of continuous functions R — X which approach
almost automorphic functions as ¢ tends to co. This theory was introduced in [52,
53]. The results obtained will be used to investigate the asymptotic behavior of
solutions of differential equations and dynamical systems.
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Definition 2.28 Let X be a (real or complex) Banach space. A function f €
C(R™, X) is said to be asymptotically almost automorphic if it admits a decom-
position

f@) =g@) +h@), t e RT,
where g € AAX) and h € Co(R",X) (ie. h : Rt — X is continuous and

tlim lh(¢)|| = 0). The function g(¢) (resp. h(t)) is called the principal term (resp.
— 00

corrective term) of f(z).

The set of all asymptotically almost automorphic functions f : RT — X will be
denoted AAA(X).

Remark 2.29 Ttis obvious that if f € AA(X), then its restriction to R* will belong
to AAA(X). It suffices totake g = fon Rand h = 0 on R™.

The following is quite obvious:
Theorem 2.30 AAA(X) is a linear vector space.
We also have the following properties:

Theorem 2.31 Let X be a Banach space over the field ® =R or Cand f : Rt —
Xandv : Rt — & be asymptotically almost automorphic. Then the following
functions are also asymptotically almost automorphic:

(i) fu:RT — Xdefined by f,(t) = f(t +a), a € ®;
(i) vf : R* — X defined by Wf)(1) = v(t) f (1),
Proof Obvious. o

Proposition 2.32 ([52,59]) Let f € AAA(X) suchthat f = g+hwithg € AA(X)
and h € Co(RT, X). Then

(i) The decomposition of f is unique.
(ii) {g@t): te Ry C{f@): t e RT}.
(iii) AAA(X) is a Banach space under the norm

[fll« == sup [[f(D)].

teR+

(iv) The range Ry := {f(1);t € RT} of a function f € AAA(X) is relatively
compact.
(v) AAAX) = AAX) ® Co(RT; X).

Proof
(i) Let f € AAA(X) such that

f(@&) = gi(t) +hi(t), t e RT,
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(ii)

where g; € AA(X), h; € Co(RT,X) fori = 1, 2. Then for t € RT we have
81(1) — g2(t) + h1 (1) — ha(2) = 0.
Consequently,
tlgrolo g1(t) — g2(t) = 0.

Consider the sequence of natural numbers (n). Since g; — g2 € AA(X), there
exists a subsequence (nx) C (n) such that

lim g1 (t + ng) — g2(t + nk) = F(1)
k—o00
exists for each r € R and
lim F(t —ng) =g1(t) — g2(t)
k— 00
for each ¢ € R. This proves that F(¢) = 0 on R and consequently g; — g0 =0
as well. It follows that () — ha(t) = 0, for every t+ € R*. This completes

the proof.

Let (s;), be a sequence of reals such that lim s, = +o0. Then consider the
n—oo

subsequence (s,), such that
k(t) := lim g(t + sp)
n—0oo
is well-defined for each r € R and
lim k(t —s,) = g(¢)
—>00

pointwise on R.
Fix 1y € R and consider

St +sn) = g(to + s) + h(to + sp).
Since ty + s, — 00 as n — 00, we get

lim f(to + s,) = k(tp).
n—00

Hence k(t9) € {f(t): t € Rt}; consequently {k(¢) : t € R} C
{f@): t e RT}.

But from the definition and property of & it is obvious that {k(¢) : t € R} =
{g(t): t € R}. Thus
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{g): teRYC{f@): t € Rt}

This ends the proof.
(iii) From (ii), it is clear that

sup [g()] < sup [ f(@)Il.
teR

teR+

Therefore we get

1Al =1fl= sng Ig@ Il + sup || f() —g@I =3 sup | F(ON =3l flls
te +

teR teR+

This shows that the norms || - ||, and | - | are equivalent. But (AAA(X), | - |) is
a Banach space (cf. [57]), thus (AAA(X), || - |l») is a Banach space too.
(iv) Note that the range of g is relatively compact since g € AA(X). It suffices to
prove that range {h(¢) : t € R} of & is relatively compact.
Now let (s),), be a sequence in Rt.

CaseIl: (s),), is bounded. Then there exists a subsequence (s,), such that

lim s, = to for some fyp € RT. Since A is continuous, lim A(s,) =
n—o00 n—oo

h(ty).
CaseIL. (s),), is unbounded. Then there exists a subsequence (si)x such that
sy — +oo. Therefore lim h(s,) = 0.
n—oQ

We deduce from Case I and Case II that the range {h(t) : t € RT} of & is relatively
compact in X. The proof is complete. O

Theorem 2.33 Ler (X, ||-lIx), (Y, ||I-|ly) be two Banach spaces over the field ® and

f e AAAX). Let ¢ : X — Y be a strongly continuous application. Assume that

there exists a compact set B which contains {f(t) : t € Rt} and {g(t) : t € R}.
Then we have ¢ (f(t)) € AAA(Y).

Proof Let f = g + h where g is the principal term of f and £ its corrective term.
Then ¢ (g(¢)) € AA(Y) by Theorem 2.8. Since ¢ (f(¢)) and ¢ (g(¢)) are continuous,
the function I' : R*™ — Y defined by

T =¢(f(t) —p(gt), t e RT
is also continuous.

Let € > 0 be given. By uniform continuity on the compact set B, we can choose
8 > 0 such that

lo(x) —pWlly <€ if [lx —ylx <3,

withx,y € B.
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On the other hand, since tlim h(t) = 0, there exists 7o = 19(8) > 0 such that
— 00

Al = [1f () =gl <8 Vi > 1.

Now if t > fg, we obtain

ITOly = llp(f @) —P(g)lly <€

which proves that tlim ') =0.
— 00

The function ¢ (f(¢)) is then asymptotically almost automorphic; its principal
term is ¢ (g(¢)) and its corrective term is I'(¢). This completes the proof. |

Bibliographical Notes Materials in this chapter are work of N’Guérékata [52, 53,
58, 59] and Zaki [70].

In [31, 34], the author developed the theory of almost automorphic functions in
Fréchet spaces. A Fuzzy version of the theory was also developed in [29, 33].

In [32], and following Veech [67], the authors presented interesting results on
almost automorphic groups and semigroups in Fréchet spaces.



Chapter 3
Almost Automorphy of the Function

f(t, x)

1 The Nemytskii’s Operator

Check for
updates

Definition 3.1 A continuous function f : R x X — X is said to be almost
automorphic if f(¢, x) is almost automorphic in ¢ € R uniformly for all x € K,
where K is any bounded subset of X. In other words for every sequence of real

numbers (s;,) there exists a subsequence (s,) such that
g(t,x) = lim f(t+ sn, x)
n— o0
is well-defined in ¢ € R for all K and
lim g(t —s,,x) = f(t, x)
n—od

forallt e Rand x € K.
We denote by AA(R x X, X) the set of all such functions.
Theorem 3.2 If f, f1, f>» € AAR x X, X), then we have

(i) fi+ fre AAR x X, X).
(ii) Af € AAR x X, X), for any scalar ).

Proof Obvious.
Theorem 3.3 If f € AAR x X, X),then

sup [L.f(z, )|l = sup llg(r, x)|| = C;x < 00
R

teR te

for x in any bounded set K C X where g is the function in Definition 3.1.
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Proof 1t is analogous to the proof of Remark 2.6. O

Theorem 34 If f € AA(R x X, X) is lipschitzian in x uniformly int € R, then the
function g as in Definition 3.1 is also lipschitzian with the same Lipschitz constant.

Proof Let L be a Lipschitz constant for the function f, i.e.

If (@ x) = f& I < Lix =yl

for x, y in any bounded subset K of X uniformly in ¢ € R.
Let t € R be arbitrary and ¢ > 0 and K a bounded set in X be given. Then for
any sequence of real numbers (s;,), there exists a subsequence (s,) such that

£t + . %) — (6, 2)]| < g
and
lg(t = sn. ) — f(1. 0] < g

for n sufficiently large and uniformly in x € K.
Let us write for x, y € K
gt,x) —gt,y) =g, x) — f(t +sp,x)+ ft + 54, %) — f& +50,))
+ [t +sn,y) — 8, y).

For n sufficiently large we get

And since ¢ is arbitrary we obtain

lg@, x) —gt, VIl <e

uniformly for x, y € K, which completes the proof. O

Theorem 3.5 ([39]) Let f € AAR x X, X) and assume that f(t, -) is uniformly
continuous on each bounded set K C X uniformly for t € R; in other words, for
any ¢ > 0 there exists § > 0 such that if x,y € K with ||x — y|| < §, then
Nf@, x)— f@t, )| <eforallt € R. Let p € AA(X).

Then the Nemytskii operator N' : R — X defined by N(-) := f(-, ¢(-)) is in
AACX).

Proof Let (s;) be a sequence of real numbers. Then there exists a subsequence
(sn) C (s,) such that
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(i) lim f(+s,,x) =g, x),foreacht € Rand x € X,

n—oo

(i1) lirrolog(t — Sy, x) = f(t,x),foreacht € Rand x € X,
n—

(iii) lim @(t +s,) = y(t) foreacht € R,
n—>oo

@iv) lim y(t +s,) = ¢(t) foreacht € R.
n—oo

Let us define G : R — X by G(t) = g(¢, y(¢)). Then we obtain
lim N(t +s,) = G(¢)
n—oo
and
lim G(t —s,) =N(@)
n—oo

foreacht € R.
Consider the inequality

IN( +50) = GO < 1f(t + 50, @t +50)) — f(& + 50, ¥ (D)l
+ 1 f @ +sp, @) —g@, yO).
Since ¢ € AA(X), then ¢ and y are bounded. Let us choose K € X such that

¢(t),y(t) € K for all t € R. In view of (iii) and the uniform continuity of f (¢, x)
in x € K, we will have

Jm [ f (8 A+ sp, @(t 4 50)) = f(t 450,y )] = 0.
Now by (i), we get
Jm L f (@ 4 sn, v () — 8@y (0O)] =0,

which proves that for each t € R

lim N (¢ +s,) = G(1).

n—00
Similarly, we can prove that

lim G —s,) =N(@)

n—00

for each ¢ € R. The proof is now complete. O

Theorem 3.6 ([39]) Let f € AAA(RT x X, X) with principal term g(t, x) and
corrective term h(t, x). Assume that g(t, x) is uniformly continuous on any bounded
set K C X uniformly fort € R. Assume also that ¢ € AAA(X). Then the Nemytskii
operator N : R — X defined by N(-) .= f(-, 9(")) is in AAAX).
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Proof Let «(¢) and B(¢) be the principal and corrective terms of ¢(#), respectively.
Let us write

F@, @) =g, a®)+ f(t, @) — g, a)) =g, a)) + g, o))
—g(t, a(t)) + h(t, o(1)).
In view of Theorem 3.5, g(¢, a(¢)) € AAR x X, X).

On the other hand, the uniform continuity of g (¢, ¢(¢)) implies that for any ¢ > 0,
there exists § > 0 such that

g, o) — gt a())| <&

if o(t), a(t) € K for any t+ € R™ and a given bounded set K C X and |l¢(t) —
a(t)]| < 8. Moreover since B(t) € Co(R, X), there exists T > 0 such that

lo@®) —a@®l =IB®OI <9,
for ¢t > T. Consequently, we get
lim gz, (1)) — g(t, ()|l = 0.
t—0o0
We know also that
lim [|2(z, (@))] = 0.
—0o0
This proves that
g(t, (1)) — g(t, (1)) + h(t, (1)) € Co(RT, X),
and consequently
NG = [ 9() € AAAX)

O

Bibliographical Notes Most of this chapter are contained in the first edition of
this book. It is noted that C. Lizama and J.G Mesquita [41-43] and Milcé et al.
[46, 47, 50, 62, 63] studied almost automorphy on time scales and its application to
dynamic equations on time scales. This is another growing field which needs further
investigation.



Chapter 4 )
Differentiation and Integration e

1 Differentiation in A A (X)

Theorem 4.1 Let f € AA(X) and suppose that its derivative f' exists and is
uniformly continuous on R. Then f' € AA(X).

Proof Let & > 0 be given; then using the uniform continuity of f’ we can choose
6 > 0 such that for every pair of real numbers #1, # such that |[t] — #2| < §, we have

I /(1) — f' ()] <e.

Now for arbitrary r € Rand § > %, we get

1 %
R+ ) = fO) = f@0) =n /0 ('t +5) — f©O)ds.

This equality shows that the sequence of almost automorphic functions n( f (¢t + %))
converges uniformly to f’(z) on R. We deduce that /' € AA(X). O

2 Integration in A A (X)

Let us introduce some useful notations due to S. Bochner in order to facilitate the
exposition of the proofs. In what follows if f : R — X is a function and a sequence
of real numbers s = (s,,) is such that we have

lim f(t+s,) =g(t)
n—>oo
pointwise in R, we will write

I,f =g
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Remark 4.2

e Ty is a linear operator.

Indeed, given a fixed sequence s = (s,) C R, the domain of T is D(Ty) =
{f :R—> X/ T;f exists}. D(Ty) is a linear set. Indeed if f, fi, fo € D(Ty),
then f1 + f> € D(Ts) and Af € D(T;) for any scalar A. And obviously T ( f; +
f2) = Tsfl + Tsf2 and Ts()"f) = )\Tsf-

e Letus write —s := (—s,) and suppose f € D(Ty) and T f € D(T—;). Then the
product A; = T_;T; is well-defined. It is easy to verify that A is also a linear
operator.

e A, maps bounded functions into bounded functions, and if f € AA(X), we get
Asf = f

We are now ready to prove the following:

Theorem 4.3 Let f € AA(X) and consider the function F : R — X defined by
F() = f(; f(s)ds. Then F € AA(X) if and only if its range Rr = {F(t) / t € R}
is relatively compact in X.

Proof 1t suffices to prove that F(r) € AA(X) if R is relatively compact. Let
(s;) be an arbitrary sequence of real numbers. Then there exists a subsequence
(s;,) C (s,)) such that

lim f(r +s,) = g(t)
n—>oo
exists for each t € R and
lim g(t +s)) = f(1)
n—0oo
foreacht € R, and
lim F(s,) = a1
n—0o0

for some o) € X.
For every t € R, we get

t+s;, Sy t+s;,
F(t+s,) = f frdr = / fr)dr —I—/ f(rydr
0 0 S
t+s)

= F(s;,)—i—/l " Frr.

n

Using the substitution o = r — s;,, we obtain

t
Fli+s)) = F(s,;)+/ flo +s)do.
0
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If we apply the Lebesgue Dominated Convergence Theorem, we then get

t

lim F(r+s,) = +f g(o)do
n— oo 0

foreacht € R.
Let us observe that the range of the function G(r) = o) + fot g(r)dr is also
relatively compact in X and

sup |G < sup If @I

teR te

so that we can extract a subsequence (s,) C (s;,) such that
Iim G(—s,) = oy
n—oo

for some ap € X.
Now we can write

t
G(t —s) = G(—sp) +/ g(r — sp)dr
0
so that
t
lim Gt —s,) =y + / frydr =ar + F(1).
n—oo 0

Let us prove now that oy = 0, the null vector in X.
Using notation in Remark 4.2 above, we get

ASF = a2 + Fa
where s = (s5,).
Now it is easy to observe that F as well as oy belongs to the domain of Aj.
Therefore A F also is in the domain of Ay, and we deduce the equation
AZF = Ajon + AgF =ap 4+ ap + AgF =20y + F.
We can continue indefinitely the process to get
AYF =nap+ F, Vn=1,2,...

But we have

sup [ASF(t)|| < sup [[F ()|l
teR teR
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and F(¢) is a bounded function. This leads to a contradiction if oy # 6. Hence
ar = 6 and Ay F = F which proves that F(t) € AA(X). The proof is complete. O

Theorem 4.4 Let X be a reflexive Banach space and f € WAA(X). Then the
function F : R — X defined by F(t) = fé f(s)ds is weakly almost automorphic if
and only if it is bounded in norm.

Proof This is similar to the proof of Theorem 4.3 above. It suffices to observe
that in a reflexive Banach space, bounded sets are weakly relatively compact
(Proposition 1.15) o

Theorem 4.5 Let X be a uniformly convex Banach space and let f € AA(X). Then
the function F : R — X defined by F(t) = fot f(s)ds is almost automorphic if and
only if it is bounded.

Proof 1If F € AA(X), then it is bounded.

Conversely let us assume that F(¢) is bounded. Since f € AA(X), then f €
WAA(X). On the other hand X is reflexive since it is uniformly convex. Using
Theorem 4.3, we know that F €¢ WAA(X).

Assume now that

weak — lim F(t +s,) = G(t)
n—oo

pointwise on R. Observe that

sup [[F(0)[| = sup |G ().
teR teR

Let us show that the image of F (¢) is relatively compact in X. Suppose it is not.
Then there exists 0 > 0 and a sequence (s;) of real numbers such that

| F(s;) — F(sp)ll =20, n#m.
Since f € AA(X), we can extract a subsequence (s;,) of (s,) such that
lim f(tr+ s,/l) =g(t)
n—oo
pointwise on R.
Observe that the sequence (F (s),)) is bounded in virtue of the assumption on f.
Since X is also reflexive, we can extract a subsequence (s,,) of (s;,) such that

weak — lim F(s,) =«
n—oo

exists in X. Let # € R be arbitrary. Then we can write
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t+sp t
F(t+sn)=F(sn)+/ f(S)ds=F(sn)+/ f(s+s,)ds
S 0

and deduce that

t
weak — lim F(t +s,) = a + [ g(s)ds
n—oQ 0

pointwise on any finite interval of R. Let

t
H(t):a+/ g(s)ds, teR.
0

We get

sup [[F()|| =sup |[H(@)|| = M < oo. (2.1)
teR teR

Let us fix t € R. Then
t
|E@ +su) — F@E+sp)ll = 1F(sn) —F(Sm)+/0 S +sn) — fs +sp)ds|

t
= [[F(sn) = F(sm)l — II/O (s +50) = f(s+smds|

t

> 20 — ||f Fls 4 s0) — f(s + sm)ds]
0

>0

o
> MmaX{IIF(S + sl I F (s +sm)ll}

forn,m > N = N(¢). Since X is a uniformly convex Banach space, it follows that

H F(t+s,) — F(t +sp)
2

8
=< (1 - %) [max {[| F'(s + sl [|1F (s + sm)l}]

forn,m > N = N(t).
Now let ¢ € X* be arbitrary with ||¢| = 1. We have

(p(F(t-i-sn) _ F(t+sm))‘ <1l

2

F(t+sp) — F(t + sm)
| .
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So
< <1——)M.
M

Take the limit as n, m — oo to both sides of the inequality and obtain

So
lp(H @) < (1 - —) M.

M
Hence
o = (1- 37 )
M
and

H(t) <<1 6—0>M
sup || I <({1- i

teR

<M =sup|[F(T)|
teR

which contradicts (2.3) and prove that F(¢) is relatively compact. Thus, since F €
WAA(X), then F € AA(X).
The proof is complete. O

Proposition 4.6 Let X be a Banach space and x € C(RT,X), f € C(R, X). Let
T = (T(t)),er+ be a Co-semigroup of linear operators. Suppose that

t
x(t) =T(t)x(0) +/ T(t—s)f(s)ds, teR*.
0

Then fort givenin Rand b > a > 0, a +1t > 0, we have

t
x@+b)y=T(t+a)x(b—a)+ / Tt —s)f(s)ds.

—a

Proof Sincet +b >t +a > 0, we get

x(t+b) =T +b)xO) + [’ Tt +b—s)f(s)ds
=T +aT b —a)xO) + [y Tt +b—s)f(s)ds.

We also have
b—a
x(b—a):T(b—a)x(0)+/ T —a—s)f(s)ds,
0

which gives
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b—a
T(b—a)x(O):x(b—a)—f TWbh—a—s)f(s)ds.
0
Substituting this into the expression for x (t + b) gives
b—a
x(t—l—b):T(t—i—a)(x(b—a)—/ T —a—s)f(s)ds
0
t+b
+/ T+b—s)f(s)ds
0
t+b
:T(t—}—a)x(b—a)—}—/ T+ b—s)f(s)ds.
b—a
And putting s = r + b will give
t+b t
/ T(t+b—s)f(s)ds=/ T —r)f(r+b)dr.
b—a —a
The proof is now complete. O

Theorem 4.7 Let T = (T(t));er+ be a Co-semigroup of linear operators on the

reflexive Banach space X. Let f € AA(X) and x € BC(RT, X) with the integral
representation

1
x(t) = T(t)x(0) +/ T(t—s)f(s)ds, t e RT.
0

Then there exists y € BC(R — X) such that

t
y(t) =T (1 —10)y(to) +/ Tt —s)f(s)ds

0]

forallty e Rand all t > 1.

Proof Let x,(t) := x(t +n), n = 1,2,.... Since X is reflexive, every bounded
subset of X is weakly sequentially compact. Also X is weakly sequentially complete,
so there exists a subsequence (”k,O)/iil € N such that

weak — lim xp, ,(0) = weak — lim x(ng0) = xo
k— 00 ’ k—o00

exists in X.
Now we extract a subsequence (r, 1)}:11 C (”k,O)/Sil such that

weak — lim x,, ,(—=1) = weak — lim x(—14ng 1) = x1
k—o00 ’ k—o00
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exists in X. We continue the process and take the diagonal sequence (n j)?il to
obtain

weak — lim Xn; (—N) =xn
j—o0

foreach N =0,1,2,....
Since f € AA(X), we can extract a subsequence (1;);°, C (nj)?":] such that

lim f(t +n;) = g(t)
1—> 00
exists pointwise in R and
lim g(t —ny) = f(1)
1—> 00
pointwise on R and
weak — lim x,,(—N) = xy
11— 00

forN=0,1,2,...
Now let us prove the following three properties:
(i) weak — lim x,,(t) = z(t) pointwise on R.
1—> 00

(i) sup lz(@®)|| < oo.
teR

(iii) z(t) = T —10)z(to) + [ T(t — 5)g(s)ds for every 1 > 1q.

To prove (i), let us fix € R and choose N such that t + N > 0 and consider i
such that n; > N.
Letting a = N and n; = b in Proposition 4.6 we get

t
x(t+n)=Tt+ N)x(nj —N)+ / T —s)f(s+n;)ds.
-N

On the other hand, we observe that for 7y, ¢ fixed in R with r > f9 and for any
sequence of real numbers (s,), the sequence of functions F}, : [fp, f] — X defined
by

F.(s) =Tt —=s)f(s+s,), n=1,2,...
is a uniformly bounded sequence of strongly measurable functions since f €
AAX).

AsT = (T(t));cr+ is a Co-semigroup, then we have

1T < MeP, 1 e RT
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for some constant M > 1 and B € R. Therefore 7 (+ — s) is uniformly bounded for
s € [ty, t]. Observe also that the function F : [fo, ] — R defined by

F(s) =T —5)f(s)

is continuous.

We can now prove that (T'(t — s) f (s — n;)) is a sequence of uniformly bounded
and strongly measurable functions which converge to 7'(t — s)g(s) everywhere on
the interval [— N, t]. Therefore

t t
1lim Tt —s)f(s+nj)ds = / T(t—s)g(s)ds
i—oo J_pN _N

by the Lebesgue Dominated Convergence Theorem. Let us call
weak — lim x,, (1) = weak — lim x(¢t +n;) = z(t)
1—> 00 1—> 00

so that

t

z(t) =T+ N)xy +/ T(t—s)g(s)ds
N

forall t € R and all N suchthatt + N > 0. Also

Iz < liminf |lx(z +n)| < M
11— 00

for all t € R. Therefore

sup [lz()]| = N < oo,
teR

which proves (i).
Now choose ty, t € R with t > #y and choose N € N with t) + N > 0. Then we
obtain

t

z(t+a) =T —to)x(to + a) +f T(t—s)g(s)ds.

fo

Since z(¢) is bounded in norm on R, we may assume that the sequence (z(fy — n;))
is weakly convergent in the reflexive Banach space X.
Let us write

t

z(t —ny)) =T — t9)z(to — n;) +/ T(t—s)g(s —n;)ds.

fo
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Since f € AA(X), then g is bounded in norm and 7 (t — s)f(s) is strongly
measurable. Therefore the sequence (7' (t — s)g (s — n;)) will be uniformly bounded
on [fo, t] and strongly measurable, and

lim Tt —s)gls —n;)) =Tt —s5)f(s)

for every s € [1, t].
Hence

t t
lim T(t—s)g(s —n;)ds = / T(t—s)f(s)ds
1

i— 00 10 0
and

weak — lim z(t —n;) = y(t)

i—00

exists in X for every ¢ € R.
Then

t
V() = Tt — 10)y(t0) + / T( — ) f(s)ds

fo

for every ¢t > t¢, so y(¢) is defined on R and

[yl < liminf ||z(r —n)|| < M
11— 00

forallt € R.
Since we have

sup [|z(D)[| = M,
teR

then we also get
sup [[y(®)[l = M.
teR

The proof is now complete. O
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3 Differentiation in W A A (X)

Definition 4.8 A Banach space X is said to be perfect if every bounded function
f : R — X with an almost automorphic derivative f’ is necessarily almost
automorphic.

Remark 4.9 Every uniformly convex Banach space is a perfect Banach space (cf.
Theorem 4.5)

Theorem 4.10 Let X be a perfect Banach space and f € AAA(X) with principal
term g and corrective term h. Assume that f'(t) exists for everyt € RY and g'(t)
exists for every t € R. If in addition f' € AAA(X), then g'(t) and W' (t) are
respectively the principal and the corrective terms of f'.

Proof We first note that /' (¢) exists on R™. Since f' € AAA(X), let us write
f®)=G@)+ H@), t e R,

where G (¢) and H (¢) are respectively the principal and the corrective terms of f/(z).
We need to show that G(¢t) = g'(¢) for every r € R and H(t) = h'(¢) for every
t e RT.

Let us consider the functions @ : R — X and 8 : RT™ — X defined by

1+n
a(t) = / G(s)ds, t e R
t

t+n
B(1) =f H(s)ds, t € Rt
t

for a fixed real number 5. Note that B is continuous on R™ and we have the
inequality

1B =< Inl-sup [[H ()],

sely

where I, = [t + n,t] or I, = [t,1 + 5] according to the sign of . Since
tlim | H(@)|| = 0, we deduce that tlim 18] = 0.
— 00 —00

Also, « is defined and continuous on R; t is bounded on R since G is bounded
on R. Since X is a perfect Banach space, we deduce that « € AA(X).
Now consider the equalities

f+n—f@) =a@)+B@)

f@+n)—f@) =[gtt+n —g®]+[hE+n) —h@)],



52 4 Differentiation and Integration

where ¢t € RT and 7 is chosen so that t + 1 > 0. By the uniqueness of the
decomposition of the asymptotically almost automorphic function f(t + n) — f(¢),
we get

a(t)=gt+n) —g@), teR

Bt) =h(t+n) —h(), t e RT,

whence
t t — g
G(t) = lim &) — lim w =g (1), teR
n—0 7 n—0
t h(t —h(t
H@ = tim &2 = fim MOED =D e R
B—0 n n—0
The proof is achieved. O

4 Integration in AAA(X)

Theorem 4.11 Let X be a Banach space and f € AAA(X). Consider the function
F : Rt — X defined by F(t) = fé f(@s)ds and G : R — X defined by G(t) =
fot g(s)ds where g is the principal term of f. Assume G has a relatively compact
range in X and fooo lh(s)|lds < oo where h is the corrective term of f.

Then F € AAAX); its principal term will be G(t) + foooh(s)ds, and its
corrective term H(t) = — [ h(s)ds.

Proof We observe that G € AA(X) by Theorem 4.3, so is G(¢t) + fooo h(s)ds since
the improper integral [, i (s)ds exists in X.
Now the continuous function H(t) = —ftooh(s)ds, t € RT satisfies the
property lim ||H(¢)|| = O.
11— 00
Finally, observe that we can write

F(t)=G@) + /ooh(s)ds + H®), t eRT.
t

The theorem is proved. O
Corollary 4.12 Let X be a uniformly convex Banach space and f € AAAX).
Consider the function F : Rt — X defined by F(t) = fot f()dsand G : R - X
defined by G(t) fot g(s)ds where g is the principal term of f. Assume G has a
bounded range in X and fooo lh(s)|lds < oo where h is the corrective term of f.
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Then F € AAA(X); its principal term will be G(t) + foooh(s)ds and its
corrective term H(t) = — ftoo h(s)ds.

Proof Observe that G € AA(X) in view of Theorem 4.5. |

Bibliographical Notes The results of this chapter are the work of N’Guérékata and
were presented in [52, 53] and the first edition of this book.



Chapter 5 ®
Pseudo Almost Automorphy Qs

1 Pseudo Almost Automorphic Functions

Let AAg(X), ¢ € BC(R, X) such that

T

1
lim — t|dt =0,
A o _TH¢()H

(resp. AAp(R x X)) the set of all functions ¢ € BC(R x X, X) such that

T

1
lim — t dt =0
Am oz | 18l

uniformly for x in any bounded set of X.)

Definition 5.1 A function f € BC(R, X) is said to be pseudo almost automorphic
(and we write f € PAA(X)) if it admits the decomposition

f=g+0¢,

where g € AA(X) and ¢ € AA(X). Analogously a function f € BC(R x X, X) is
said to be pseudo almost automorphic (and we write f € PAA(R x X)) if it admits
the decomposition

f=g+¢,

where g € AA(R x X) and ¢ € AAp(R x X) uniformly for x in any bounded set
of X.
In either cases, g is called the principal term of f and ¢ its ergodic term.
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Remark 5.2 The following are obvious:

(i) PAAX) and PAA(R x X) are vector spaces.
(i) AAA(X) C PAAX).

Lemma 5.3 Assume f € AA(X), write
By :={reR : | f(to+71)— fo)ll < e},
where ¢ > 0 and ty € R is fixed. Then there exists s1, 52, . .., S, € R such that
UL, (si + Bo) =R.
Theorem 5.4 Let f € PAA(X) where g € AA(X) and h € AAy(X) such that
f=g+h.
Then
{g) : teRYC{f() : t €R}. (1.1)

Proof Suppose that (1.1) is not true, then there exists fo € R, ¢ > 0 such that

lg(to) — fFOI =2, teR. (1.2)
Let sy, 52, ..., 5, be as in Lemma 5.3 and write
Ti=s—1t, i=1,2,...,m, n= max |5l
1<i<m

For T € R with |T| > n, we let
Bl =[-T+n—5.T—n—nIN(o+B), i=12...m,
where B; is as in Lemma 5.3. It is clear that
UM (i + BY) = [T + 0. T —1l.
Thus we obtain

2(T —n) =mes[—T +n, T —n]

m
< Zmes(ri + Béf)T)
i=1
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m
= Zmes(n + Béf;")
i=1

< m - max {mes(Béi)T)}
1<i<m ’
<m-mes([—T,T]N (to + Be)), (1.3)
if we observe that
By C [-T.T1N (to + Be).

foreachi = 1,2, ..., m. Using Inequality (1.2) we have

[h@I =11 @) — 8Ol = liglto) — f(OI — llg) — gl > &

forany t € 1ty + B;.
This and Inequality (1.3) together give

T

T —n &
= lh@)dt > & — —, as T — oo.
2T J_t mT m
This is a contradiction since 7 € AAy(X) and establishes our claim (1.1). O

Theorem 5.5 P AA(X) is a Banach space if equipped with the supnorm | - ||o.

Proof Let (f,) C PAA(X) be a Cauchy sequence in BC (R, X) with the supnorm.
Then we have

fo=gi+thy, n=12,...,
where g, € AA(X) and h,, € AA)(X) foreachn = 1,2, .... From (1.1) we can
say that (g,) is also a Cauchy sequence in BC (R, X), and consequently (%,) also
is a Cauchy sequence in BC (R, X). Since this latter is a Banach space and both
AA(X) and AAo(X) are closed subspaces of BC (R, X), there exists g € AA(R, X)
and & € AAp(X) such that
llgn —gllo — 0 and ||k, — hl|lp — 0, as n — oo.
This implies that

fn—>g+h, as n— o0

in the supnorm. Since g + h € P AA(X), the conclusion follows: O
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2  u-Pseudo Almost Automorphic Functions

Let B be the Lebesgue o-field of R and 91 the set of all positive measures u on 3
satisfying u([a, b]) < ocoforalla,b € R (a < b).

Definition 5.6 Let u € M. A function f € BC(R, X) is said to be p-ergodic if

. 1
r_l)lflloo D o lf@ldu) =0.

We denote the space of all such functions by (R, X, ).

Definition 5.7 Let u € 91. A function f € C(R x Y — X)) is said to be p-ergodic
if f(-, ) is bounded for each y € Y and

 lim W=D S ILf(, »)lidu(r) =0,

uniformly in y € Y. We denote the space of all such functions by (R x Y, X, ).

For h > 0, consider the following spaces:

eX, p, h)

= {fEBC(R,X): lim o [ ]< sup ]||f(9)||)d,u(t):()};

r—oo u([—r, r]) Oelt—h,t
e(Y, X, u,h):={f e CRxY,X): f(-,y) is bounded foreach y € Y

1
and lim —— sup ||f@, )| ) du(t)=0 uniformlyin y € Y ¢ .
r—o0 w([—r,r]) Ji—r.r \oerr—n.n

Definition 5.8 Let u € 91. A continuous function f : R — X is said to be u-
pseudo almost automorphic if f is written in the form:

f=g+¢,

where g € AAX) and ¢ € e(R, X, w).
We denote the space of all such functions by PAA(R, X, ). Then we have

AAR,X) C PAARR, X, u) C BC(R, X).

Definition 5.9 Let u € 91. A continuous function f : R x Y — X is said to be
u-pseudo almost automorphic if f is written in the form:
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f=g+9,

where g € AAR X Y,X)and ¢ € e(R x Y, X, ).

Definition 5.10 Let u € 9. A function f € BC (R, X) (respectively, f € BC(Rx
Y, X)) is called p-pseudo almost automorphic of class # if it can be expressed as
f =g+ ¢, where g € AA(X) (respectively, AA(R x Y, X)) and ¢ € ¢(X, u, h)
(respectively, e(Y, X, u, h)). We denote by PAA(X, u, h) (respectively, PAA(R x
Y, X, i, h)) the set of all such functions.

Lemma 5.11 Let u € 9. Then (¢(R, X, ), || - lloo) is a Banach space.

Proof 1t suffices to prove that ¢(R, X, ) is a closed subset of BC (R, X). To this
end, let (f;) be a sequence in (R, X, x) such that lim f,(#) = f(¢) uniformly in
n— o0

teR.
Take an arbitrary » > 0. Then we get

/[ ]Ilf(t)lldu(t) 5/[ ]Ilf(t)—fn(f)lldu(t)+f I fa@Nld (1),

[—r.r]
which yields
1
(—r 1) Dlldu(t) < — fulloo + —————— O dp ().
w=rrD S IfOldu®) < I f — full WD S Il fu ) lld ()
Thus we obtain
1
lim sup ———— / 1fOldr@ < 1f = fulloo, ¥n € N.
r—soo M([—r,1]) [=r.r]

Now observing that lim || f — fullcc = 0, we obtain that
n—oo

1
lim —— d =0
tim oy | V@

which proves the result. O
Lemma 5.12 Let u € 9. Then (e(X, w, h), || - llso) is a Banach space.

Proof Like in the Lemma above, it suffices to prove that e(X, i, k) is a closed
subset of e(R, X, n). Let (f;,) be a sequence in e(X, u, k) such that lim f,(¢) =
n—>oo

f () uniformly in ¢ € R. Let » > 0. Then we have

/ ( sup ||f(9)||>du(t)
[—r,r] \O€[t—h,t]
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5/ ( sup ||f(9)—fn(9)||> dM(I)Jr/ ( sup ||fn(9)||> du(t),
[—r,r] \O€[t—h,t] [—r,r] \O€[t—h,1]

we deduce that

1
_ (2] du(t
o o (L o) auo

=If = fallo + sup IIfn(9)I|> du(r);

1
w(=r,r]) Ji=rn <0e[t—h,t]

it follows that

lim Sup; ( sup ||f(9)||> du) < I f = fallo foralln eN.

r—oo M([=r 7)) Ji=rr1 \Geri—n.1
Since lim || f — fullco = 0, we deduce that
n—oo
. 1
lim ——— sup [ f(@)I)du(t)=0.
n—=00 u([—r,r]) Ji—r.r \oefr—nn

We also obtain that
lim ——— lf@ldu) =0.
n—00 u([—=r,r]) [—r.r]

i.e. e(X, u, h) is closed in (R, X, w). |

In view of the definitions of &(X, u, h) and &(Y, X, u, h) and the previous
proof, it is clear that e(X, u, #) and (Y, X, u, h) are continuously embedded into
eR, X, n) and e(R x Y, X, u), respectively. Furthermore, it is not hard to see
that e(X, u, k) and (Y, X, u, h) are closed in ¢(R, X, u) and e(R x Y, X, u),
respectively.

For n € M and v € R, we denote 1, the positive measure on (R, B) defined by

u:(By=nu(a+t:a€B}) for BebB. 2.1

From p € 901, we formulate the following hypothesis:
(A0) For all T € R, there exist 8 > 0 and a bounded interval / such that

ur(B) < Bu(B),

when B € B satisfies BN 1 = @.
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Lemma 5.13 Let © € M. Then it satisfies (AO) if and only if u and p, are
equivalent for all T € R.

Proof 1t is obvious that (AO) holds if 1« and w, are equivalent. Conversely let T € R.
By (A0), we can say that there exists ¢ = ¢(t) > 0 and a bounded interval I = I (7)
such that for all B € B satistfying B N I = () we have

u{a+1t : a € B}) <cu(B) 2.2)
and
u{a—1t : a € B}) <cu(B). (2.3)

We can deduce that there exists a bounded interval J such that for all B € B, we
have

BNJ=0=BNI=40 2.4)
and
fa+t :aeBINI=40. (2.5)

Now from the above (2.2), (2.3), (2.4), and (2.5), we deduce that for all B € B such
that B N J = ¥ we have

u{a+1t : a e B}) <cu(B)and u(B) < cu({a+ v : a € B}). Finally,
combining the above we obtain

1
;M(B) < ur(B) < cu(B)

for all B € B such that BN I = (. This shows that u ~ w; and ends the proof. O

Theorem 5.14 Let u € 9N satisfy (A0). Then (R, X, ) is translation invariant;
therefore PAA(R, X, w) is also translation invariant.

Proof We know that AA(X) is translation invariant. It remains to prove that
e(R, X, u) is also translation invariant, that is if f € e¢(R, X, u), then f; €
e(R, X, n) as well for any 7 € R.

Solet f € e(R, X, u) and T > 0 is given. Since u(R) = 400, then we can find
ro > 0 such that u([—» — |z|,7 + |7]]) > O for all » > r¢. For such r and given
7 € R let us denote by M- the following mean:

1
M (r) = ——— du(1),
(r) elr D /[_m ILf@)lld e (1)

where (1, is defined as in (2.1). By the lemma above, u and p, are equivalent, thus
eR, X, ur)=e@R, X, n). Consequently f € (R, X, ), which implies
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lim M;(r) =0, Vr eR.
r—00

Take an arbitrary B € B and consider its characteristic function xp. Then we can
get

/ xBd (1) =/ xB( — T)du(t)
[—r,r] [—r+T,r+7]

for all B € B. Now since t — || f(¢)|| can be viewed as the pointwise limit of
an increasing sequence of linear combination of characteristic functions, we deduce
that

f 1F Ol () = / 1 = Dlldu().
[—r,r] [—r+t,r+7]

From the above, we obtain

1
MT = _ d .
« w(—r + 7,7+ 7D St If@—o)ldn)

Let us denote T+ := max(t,0) and T~ := max(—r, 0). Then we have || + T =
2tt and |t]| — T = 27 ; thus

[—r+t—ltl,r+t+ltll=[-r—2r",r+2r"]

Consequently, we obtain

1

M (r +2)) =
: u(—r =2t 1 +21%]) Jip o riort]

ILf (e = D)lldu).

Combining this equality with the following:

_ 1
—D)d o Y ’
u([=r,r] A—r,r] I7=oldn) < w([=r,r] /[\—r—2r,r+2f+] L G=o)lidut)

we get

_ b w(—r =277, r+2t%))
— d MT ,
w0 D Ji If@—Dldu@) < D (r+ 1z

which implies

- w(—r =2|t|, r +2||])
WD) S If@—=olldu@) < ) M. (r + 7))
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Now it is clear from all of the above that

. 1
Jim P /[‘r’r] lf@&—oldu() =0,

which means the shift function f_; € &(R, X, u) for all Tt € R. The proof is
complete. O

Theorem 5.15 Let u € IN. Assume that PAAR, X, w) is translation invariant.
Then the decomposition of a u-pseudo almost automorphic function in the form
f=g+¢whereg € AAR,X) and ¢ € e[R, X, u), is unique.

Proof Let f € PAA(R, X, ) and suppose that f = g; 4+ h; where g; € AA(X),
and h; € e(R, X, u), fori = 1,2. Then we have 0 = (g — g2) + (h1 — hp) €
PAAR, X, u) since g1 — g2 € AAX) and h; — hy € e(R, X, ). Now (g1 —
22)(R) C {0}, therefore g1 — g2» € AA(X) and h| —hy € e(R, X, i), which implies
g1 = g2 and hy = hj. The proof is complete. O

Theorem 5.16 Ler u € M. Assume that PAAR, X, w) is translation invariant.
Then (PAAR, X, w), || - lloo) is a Banach space.

Proof Consider an arbitrary Cauchy sequence (f,) € PAA(R, X, u), and let
fn = gn + h, where g, and h, are respectively its principal term and p-ergodic
perturbation of f;,. From a previous result we can say that | g, — gm|l < || fn — full
which shows that (g,) is a Cauchy sequence in AA(X). It implies that (h,) is
also a Cauchy sequence in ¢(R, X, u). Therefore nl;n;o gn = g € AAKX) and

lim hy = h € e®, X, ). Finally, lim f, = g + h € PAA(R, X, ). This
n—>0oo

n— oo
completes the proof. O

Bibliographical Notes The concept in Sect. 1 was suggested by N’Guérékata in
[57, page 40] and developed by Liang et al. in [68]. Section 2 is devoted to a new
approach to this study via measure theory introduced by Blot et al. and leading to a
series of interesting papers [18-21] and many others.



Chapter 6 ®
Stepanov-like Almost Automorphic Qs
Functions

1 Definitions and Properties

Definition 6.1 The Bochner transform f? := f’(t,s), t € R, s € [0,1] of a
function f : R — X is defined by

P, s) = @t +9).

Remark 6.2 A function ¢(t,s), t € R, s € [0, 1], is the Bochner transform of a
certain function f(¢)

o(t,s) = fP(t,9)
if and only if
pt+1t,5s —1)=0,s)

forallt e R, se[0,1]andt € [s — 1, 5].

Definition 6.3 ([65]) Let p € [1, o0). The space BS”(X) of Stepanov bounded
functions, with the exponent p, consists of all measurable functions f : R — X
such that f? € L®(R, L?(0, 1; X)).

Remark 6.4 BSP(X) turns out to be a Banach space if equipped with the norm

1
t+1 7
Ifllsp = I £7 NIz, Lry == sup (/ ||f(s)||§ds) .
teR t

Definition 6.5 ([60]) The space AS?(X) of all SP-almost automorphic functions
consists of all f € BSP(X) such that f” € AA(LP(0, 1; X)).
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66 6 Stepanov-like Almost Automorphic Functions

Equivalently, a function f € Ll’;C(R, X) is said to be S”-almost automorphic if
its Bochner transform f bR > L?(0, 1; X) is almost automorphic in the sense
that for every sequence of real numbers (s;) there exists a subsequence (s,,) and a
function g € L” (R, X)) such that

loc

1
(/ 1f(t~+sn+5) —g(t+s)||Pds)p -0
0

and

B

1
(/ ||g(f—Sn+S)—f(t+s)||pds> -0
0

as n — oo pointwise on R.

Remark 6.6

q
loc

i fl<p<g<ooand f elL
S?-almost automorphic.

@ii) It is clear that f € AA.(X) if and only if fb e AA(L®™(0, 1; X)).
Consequently AA.(X) can be considered as A S (X).

(R, X) is S9-almost automorphic, then f is

Theorem 6.7 The following are equivalent:

(i) feASP(X).
(i) € AA(LP(0, 1;X)).
(iii) For every sequence of real numbers (s,) there exists a subsequence (s,) such
that

g(t) := lim f£(t+s,)
n—>oo
exists in the space L[Ii) (R, X) and
f@) = lim gt —sp)
n—oQ

exists in the sense ole":)C (R, X).
Proof

(ii) = (i) is straightforward.
(iii) = (ii) Letus prove

lim 2+ 5) = 8°(1)

in C(R; LP(0, 1)). Indeed we have



1 Definitions and Properties 67

sup |12t 4 s0) — g2 llr.1:%)

te[—a,a]
4 1
P
< (/ I+ sn) —g(t)ll”dt> — 0.

Similarly, we can prove that
lim "t —sn) = f7(1)
n—oo

in C(R; LP(0, 1)).

Now we prove the statement (i) = (iii). Indeed, suppose
SP+ 52) = (@)

pointwise on R. By definition v is a measurable function with values in L? (0, 1; X).
By Remark 6.2, v(t) = gb(t), where g € L? (R, X). Let

loc

€ = / 1+ s0) — gD 17,

We prove that ¢, — 0asn — oo. Indeed without loss of generality, we may assume
that a is an integer. Then we have

a—1 k+1 a—1
ni= Y. fk 1f t4s)—gONPdt = Y | fPkts)—g" 0N o0 1.3 = O

k=—a k=—a

which proves that
g):= lim f(t+sp,)
n—o00

: p
in the space L,

(R, X). Similarly, we can prove that
f(@) = lim g(t — sn)
n—oo

in the sense of L? (R, X). O

loc

Now we prove the following:
Theorem 6.8 AS?(X) is a closed linear subspace of BS? (X).

Proof Let f € ASP(X) and A a scalar. Then it is obvious that Af € AS?(X).
Now let f1, f» € ASP(X). Then by definition, f?, f2 € AA(LP(0, 1;X)). Now
using the Minkowski’s theorem, we have
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1
P

t+1
I+ e Ly < sup ( / Il f1(s) + fz(s>||§ds>
te t

t+1 % t+1 %
< sup </ Il f1 (s)ll%ds) + sup <f ||fz(s)||§ds)
teR t teR t

= Il rry + 12 Lo, Lr)s

which proves that fi + f> € ASP(X).
Finally, it is easy, using again the Minkowski’s theorem, to prove that if (f,,) isa
sequence in AS? (X) which converges to f in the S” norm, then f € AS?(X).
The proof of the theorem is complete. O

Example 6.9 Let fi € ASP(X) and f>» € AA.(X). Then f1 + fo € ASP(X) and
i+ f2 ¢ AAX).

Example 6.10 Let (x,) be an almost automorphic sequence with values in X and
€ € (0, 1). Let the function f : R — X be defined by

f@®) =x,, t € m—e€g,n+ep) and f(t) = 0 otherwise. Then f € ASP(X) for
all p with 1 < p < co. But f ¢ AA(X).

The following result is easy to prove:
Theorem 6.11 Let f € ASP(X) and A € L(X). Then Af € ASP (X).

Definition 6.12 A function f is said to be weakly S”-almost automorphic if ¢ f €
ASP(X) for every ¢ € X*.

Let us denote by AS?(X) the space of all SP-almost automorphic functions with
values in X. Then we have the following:

AAX) C WAAX)
AA(X) C WAA(X)
ASP(X) C WASP(X).

Proposition 6.13

(a) Suppose f € WAA(X). Then f is bounded and its range is separable. As a
consequence f € L*(R, X).
(b) If f € WASP(X), then f € BSP(X).

Proof

(a) This is Theorem 2.20 in Chap. 2.
(b) Follows from (a).
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Proposition 6.14 Ler Xo C X be a continuous and dense embedding of Banach
spaces.

(a) Let f € L®(R, Xg) be a weakly continuous function. If f € WAA(X}), then
f e WAAX)).
(b) If f € BSP(Xg) and f € WASP (X)), then f € WASP(Xp).

Proof

(a) It is clear that the dual embedding X’f C XS is also continuous and dense.
Therefore for ¢ € X, there exists a sequence ¢, € XJ such that lim ¢, = ¢
n— oo

in XS Obviously, we have

[(@f)(@®) = (en O] =l — @ullll fll Lo ®,%0)-

Since all (¢, f)(¢) are almost automorphic, the result follows.

(b) The proof of this case is similar.
O

Bibliographical Notes The results in this chapter are due to N’Guérékata and
Pankov [60].



Chapter 7 )
Dynamical Systems and Cy-Semigroups e

In this section, we are concerned with the behavior of asymptotically almost
automorphic semigroups of linear operators 7' = (T'(¢));>0 at t — o0o. We present
some topological and asymptotic properties based on the Nemytskii and Stepanov
theory of dynamical systems.

First of all, we present a connection between abstract dynamical systems and
Cop-semigroups of linear operators. X is a (real or complex) Banach space.

1 Abstract Dynamical Systems

Definition 7.1 A mapping u : RT x X — X is called an (abstract) dynamical
system if

(1) u(0,x) = x, forevery x € X;
(i) u(-,x) : RT — Xis continuous for any ¢t > 0 and right-continuous at ¢ = 0,
for each x € X
(iii) u(¢,-) : X — X s continuous for each t € Rt;
Gv) u(t+s,x) =u(t,u(s,x)) forallt,s € Rt and x € X.

If u : RT x X — X s a dynamical system, the mapping u(-, x) : Rt — X will
be called a motion originating at x € X.
Now, we state and prove the following.

Theorem 7.2 Every Co-semigroup (T (t)),cr+ determines a dynamical system and
conversely by defining u(t,x) := T(t)x, t e RT, x e X.

Proof Letu(t, x) be a dynamical system in the sense of Definition 7.1 and consider

T@Hx =u(t,x), teRY, xeX
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72 7 Dynamical Systems and Cp-Semigroups

Then, obviously 7(0) = I, the identity operator on X, since for every x € X,
TO0)x =u(0,x) =x.
Letz,s € RT and x € X; then, we have

Tt +s)x =u(t+s,x)=u(t,u(s,x))
by property (iv) of Definition 7.1. But we have also
THOT(s)x =T u(s,x) =T(,u(s,x))
using the definition of 7' (¢)x. Therefore,
Tt +s)x=TH)T(s)x,
for every t, s € R* and x € X, which proves the semigroup property
T(t+s)x=T@T(s)x,
forallt,s e RT, x e X.
The continuity of T(t)x : X — X follows readily from property (iii) of
Definition 7.1 for every t € RT.

Now, we have

lim T(t)x = lim u(t,x) =u(0,x) =x
t—0t t—o™t

using property (ii) and then property (i) in Definition 7.1. We have proved that
(T (1))ser+ 18 a Cp-semigroup.
Conversely, suppose we have a Cop-semigroup (7 (¢)),cr+ and define

u(t,x) =T({t)x, t e RT, x e X.
Then, all the properties (i)—(iv) in Definition 7.1 are obviously true. Therefore, the

mapping u is a dynamical system. O

Remark 7.3 The above result tells us that the notions of abstract dynamical systems
and Co-semigroups are equivalent. This fact provides a solid ground to study Co-
semigroups of linear operators as an independent topic.

2 Complete Trajectories

In this section, we will consider a Co-semigroup of linear operators (7 (t));cr+ such
that the motion T ()xo : Rt — X s an asymptotically almost automorphic function
with principal term f(¢).
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Let us now introduce some notations and definitions. We recall that x is some
fixed element in X.

Definition 7.4 A function ¢ : R — X is said to be a complete trajectory of T if it
satisfies the functional equation ¢(t) = T (¢t — a)¢(a) foralla € Rand all t > a.

We have the following properties.
Theorem 7.5 The principal term of T (t)xg is a complete trajectory for T.

Proof We have T(t)xg = f(t) + g(t), t € R*. Since f € AA(X), there exists a
subsequence (nx) C (n) = N such that

lim £t + ) = g(t)

k—o00

and
lim gt —ng) = £(1)

k— o0

pointwise on R.
Put ¢(¢) = T(t)x¢. Then, ¢(0) = x¢. Let us fix @ € R and choose k large enough
sothata +n; > 0.If s > 0, then
pla+s+n) =T(a+s+ne)
=T(s)T (a + np)e(0)
=T(s)p(a + ng).
Consequently,
fla+s+ngp) +ha+s+n) =T(s)pla+nyg),
where s > 0 and a + n; > 0. But we have
lim f(a+s+ny) =gla+s)
k— 00

and

lim h(a + s+ ng) =0,

k—o00

SO

Iim @(a+ s+ ng) = lim T(s)p(a + ng) = gla +s).
k— 00 k— 00

We also have
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lim ¢(a + nk) = g(a).
k—o00
Using the continuity of 7'(¢), we get
lim T(s)p(a+nr) =T(s)g(a).
k— 00
We can establish the following equality:

T(s)gla) =gla+s), YaeR, Vs > 0.

But we have
kl_i)rgog(t —ng) = f(@t), te€R
and
gla—ng+s)=T(s)gla—ng), Ya € R, Vs > 0.
Therefore,
kl_i)ngog(a —nr+s)=T(s)f(a), YVaeR, Vs >0,
so that

fla+s)=T()f(a), YaeR, Vs > 0.
Finally, let us put s =t — a with t > 0. Then,
f@)=T(—a)f(a), Ya eR, Vt > a.

The proof is complete. O

Definition 7.6 The set
ot (xy) = {yeX:30<t, - s.t.nli)ngo T (th)xo = y}
is called the w-limit of f (), the principal term of 7 (#)xo.
v (o) ={T(")xo / t €RT)

is called the trajectory of T (¢)xo.
Theorem 7.7 ™ (xo) # 0.
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Proof Welett, =n, n=1,2,...Since f € AA(X), there exists a subsequence
(tnk) C (t,) such that

lim f(,,) = g(0).
k—o00
But
lim T (ty,)xo = lm f(#,,).
k—o00 k— o0
Thus, we get
lim T (t,,)xo = g(0).
k— 00

Consequently, g(0) € w™ (xg), since t,, — 0o as k — 0. So, @™ (xp) # ¥.
This completes the proof. O

Theorem 7.8 w™(xy) = a)}r (x0).

Proof To see that T'(¢)x¢ and its principal term have the same w-limit set, it suffices
to observe that

lim 7T(t)xo = lim f(z).
11— 00 11— 00
O

Definition 7.9 A set B C X is said to be invariant under the semigroup 7 =
(T (t);ep+ if T(t)y € Bforeveryy € Bandt € RT.

Theorem 7.10 w™ (xq) is invariant under T.

Proof Let y € w™(xo), so there exists 0 < t, — oo such that lim T(t,)xg = V.
11— 00

Consider the sequence (s,) where s, =t +1,, n =1,2,..., foragivent € RT.

Then, s, — oo as n — co. We have

T(sp)xo=T@)T (ty)x0, n=1,2,...

and lim T(s,)xo = T(t)y, using the continuity of 7' (t). Therefore, T(t)y €
n—oo
ot (xp).
The proof is complete. O
Theorem 7.11 ™ (xp) is closed.

Proof Let y € wt(xp), the closure of w™(xg). Then, there exists a sequence of
elements y,, € wt(xp), m = 1,2,..., with y,, — y. For each y,,, there exists
0 <t,, — oosuchthat lim T (ty n)x0 = ym.

n—oo
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Recursively choose

1
o > 1 such that [ly1 — T(t1,,)X0ll < >
1
1o, > max(2, 1 ;) such that [ly2 — T (t2,4,)X0ll < ¥
1
13,0y > max (3,1 4,) such that [ly3 — T(13,45)x0ll < 2—3
1
ten, > max(k, ti—1n, ) such that [lyx — T (tk,n ) X0l < Tk

Letsy =g, k=1,2,... Clearly, 0 < sy — oo ask — oo, and we have
1T (s)xo — ¥l < T (si)xo — el + lyk — vl
1
<5 + e — ¥l

Since lim y; =y, we have y € o™ (xq).
k— 00
This achieves the proof. O

Theorem 7.12 w™ (xg) is compact if y T (xo) is relatively compact.

Proof It is obvious that w*(xp) C ¥ ¥ (xg). But yT(x0) is compact by assumption
and @t (xp) is a closed subset (cf. Theorem 7.11). Therefore, w™ (xp) is itself
compact. O

Theorem 7.13 y;(xo) := {f(t) / t € R} is invariant under the semigroup T =
(T()rer+

Proof We recall that yr(xo) is relatively compact since f € AA(X). Let y €
¥r(x0). So, there exists 0 € R such that y = f (o). For arbitrary a € R such
that o > a, we can write

y=f(o)=T(0 —a)f(a),

since f is a complete trajectory (cf. Theorem 7.5). Now, let # > 0. Then,

T)y=T(t+o—a)f(a)
= f(t+o),

ie. T(t)y € yr(xo), for every t > 0, which shows that y(xo) is indeed invariant
under the semigroup 7. O
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Theorem 7.14 Let v(t) := illf T (t)xo — yll. Then,

yew™ (x0)
lim v(¢) = 0.
11— 00

Proof Suppose tlim v(t) # 0. Then, there exists ¢ > 0 such that for every n =
—> 00

1,2,..., there exists #, > n such that v(z)) > ¢, i.e.
3, = n, |IT@)x0—yll > Vy€w(x), Vn=12,...

Let (1,) be a subsequence of (#,) such that (f(#,)) converges, say, to y, as guaranteed
by the relative compactness of y 7 (xo).
Now, since f,, — 00 as n — 00, we get

lim T(t,)xo = lim f(t,) = 3.
n—oo n—oo

Therefore, ¥ € w™ (xp), which is a contradiction. O

Remark 7.15 The minimality property above shows that the w-limit set ™ (xg)
is the smallest closed set toward which the asymptotically almost automorphic
function T (t)xq tends to as t — oo.

Definition 7.16 ¢ € X is called a rest point for the semigroup 7" = (7 (t));er+ if
T(t)e =e, Vt € RT.
Theorem 7.17 If xo is a rest point for the semigroup T = (T (t));cr+, then
@™ (x0) = {xo}.
Proof Since T (t)xo = xo, for every t > 0, then for every sequence of real numbers
(t,) such that 0 < t, — oo, we get lim T (t,)xo = xo, i.e. xg € @™ (xp).
n—oo
Now, let y € w™ (xg). There exists 0 < s, — oo such that lim 7 (s,)xo = .
n— o0

But T'(sp,)xo = xo foralln =1, 2, ... Therefore, xo = y.

The proof is complete. O

Bibliographical Notes The results in this chapter are due to N’Guérékata and
published for the first time in the first edition of this book.



Chapter 8
Almost Periodic Functions with Values in g
a Locally Convex Space

1 Almost Periodic Functions

Definition 8.1 Let E = E(7) be a complete Hausdorff locally convex space. A
function f : R — F is said to be almost periodic if for every neighborhood (of
the origin) U, there exists a real number [ > 0 such that every interval [a, a + []
contains at least one point s such that

ft—s)— f@t) eU, vVt eR.

The numbers s depend on U and are called U-translation numbers, or U-almost
periods of the function f.

Remark 8.2 In the case where E is a Banach space X with norm || - ||, Definition 8.1
can be rewritten as:

f : R — X is said to be almost periodic if for every ¢ > 0, there exists a real
number / > 0 such that every interval [a, a + [] contains at least one point s such
that

sup [ f(t —s) — f(DIl <e.
teR

The numbers s are called the e-almost periods of f.
Remark 8.3

(1) From Definition 8.1, we observe that for each neighborhood U, the set of all
U -translation numbers is relatively dense in R.

(i) It is obvious that every continuous periodic function f : R — FE is almost
periodic.
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We now present some elementary properties of almost periodic functions taking
values in locally convex spaces.

Theorem 8.4 If f, f1, f : R — E are almost periodic and A is a scalar, then the
following functions are also almost periodic:

(D) fi+ f2
(it) Af;
(iii) fdeﬁned by f(t) = f(—t) foreveryt € R.
Proof (i) and (ii) are obvious.
Let us prove (iii). Take U an arbitrary neighborhood of the origin. By almost
periodicity of f, there exists [ > 0 such that every interval [a, a + [] contains at
least a point s such that

f@@—s)— f@)eU, Vt e R.

If we put r = —t, we get

v v

for=s)—fr)=fl=r+s)—f(=r)=f+s)— f.
Therefore f r—s)— f (r) € U for every r € R, which proves almost periodicity
of f with —s as U-translation numbers. O

We will denote by A P(E) the space of all almost periodic functions f : R — E.
The following two results are easy to prove (cf. [51, 54]):

Theorem 8.5 Let f € AP(E). Then f is uniformly continuous on R.

Theorem 8.6 Let f,, € AP(E), n=1,2,...and suppose that f, — f uniformly
int € R.Then f € AP(E).

Theorem 8.7 If f € AP(E), then its range {f(t) / t € R} is totally bounded in
E.

Proof Let U be a neighborhood and V' a symmetric neighborhood such that V +
V C U;letl =[(V) as in Definition 8.1. By the continuity of f, the set {f(¢) /¢ €
[0, I]} is compact in E. But in a locally convex space, every compact set is totally
bounded; therefore there exists x1, x2, ..., x, € E such that for every ¢ € [0, [], we
have

@) eU_ @+ V).

Take now an arbitrary ¢ € R and consider s € [—f, —¢ + [] a V-translation number
of the function f. Then we have

f@+s)— f@)eV.

Choose x; among x1, ..., X, such that
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f+s)ex+V.

Let us write f(t) —xx = (f(@) — f(t +5)) + (f( + 5) — x¢). Then we have
f(t) —xx € V4V, and therefore f(t) —x; € U, or f(t) € x; + U. Since ¢ is an
arbitrary real number, we conclude that

{f@) /teR} CU’}Zl(xj—I-U).

The proof is complete. O

Remark 8.8 If f € AP(E) with E a Fréchet space, then its range is relatively
compact in E, since in every complete metric space, relative compactness and totally
boundedness are equivalent notions. We conclude in this case that every sequence
(f (ty)) contains a convergent subsequence ( f (¢,,))-

Theorem 8.9 Let E be a Fréchet space and f € AP (E). Then for every sequence
of real numbers (s),), there exists a subsequence (sn) such that (f(t + s,)) is
uniformly convergent int € R.

Proof Let (s,) be a sequence of real numbers and consider the sequence of
functions f;, : R — E defined by f;, (t) = f(t +s,), n=1,2,...Let S = (,)
be a countable dense set in R. By Remark 8.8, we can extract from (f (1 + s,)) a
convergent subsequence, since the set { f(¢) / ¢t € R} is relatively compact in E.

Let (f5,,n) be the subsequence of ( f,) which converges at 71.We apply the same
argument to the sequence (fs, ) to choose a subsequence ( fs,,,) which converges
at 172. We continue the process and consider the diagonal sequence ( f5, ,) which
converges at 17, in S.

Call this last sequence ( f;,,). Now let us show that it is uniformly convergent on
R: that is, for every neighborhood U, there exists N = N (U) such that

f@+rm)—ft+m)elU

foreveryt e R,ifn,m > N.

Consider now an arbitrary neighborhood U and a symmetric neighborhood V
suchthat V4+V +V 4+ V4V CU.Letl =I1(V) > 0as in Definition 8.1. Since f
is uniformly continuous on R (Theorem 8.5), we can find § = §(V) > 0 such that

f@o)—fehev

forevery ¢, € R with |t — t'| < 4.

Let us divide the interval [0, /] into v subintervals of lengths smaller than 6 and
choose in each interval a point of §, obtaining So = {&1, ..., &,}. Since Sy is a finite
set, (fr,) is uniformly convergent over Sp; therefore there exists a natural number
N = N (V) such that

fGit+r)—fGi+rm)eV
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foreveryi =1,...,v,and forn,m > N.
Letr € R be arbitrary and s € [—¢, —t 4[] such that f(t +s) — f(¢) € V. Let
us choose &; such that |[r +s — &;| < §; then

f@+s+r)—fE+r)eV

for every n.
Let us write

f@+r)—fa+rm)=0+rn) —fC+rn+))+ 0 +rm+s)
— fGi+r)+ (fGEi+ra)— fE+rm)
+(fGEi+rm) = f+rm+8)+ (f+rm+5)
— [t +rm)).

Then it appears
f+rm) —flt+rm) eV+V+HV+VHV CU

if n, m > N, which proves the uniform convergence of (f (¢t + r,)). O

We are now ready to establish the following important result called also the
Bochner’s criterion:

Theorem 8.10 Let E be a Fréchet space. Then f € AP(E) if and only if for every
sequence of real numbers (s),), there exists a subsequence (s,) such that (f(t + sp))
converges uniformly int € R.

Proof The condition is necessary by Theorem 8.9.

Now we need to prove that it is sufficient. Suppose by contradiction that f ¢
AP(E). Then there exists a neighborhood U such that for every real number / > 0,
there exists an interval of length / which contains no U -translation number of f, or
there exists an interval [—a, —a + [] such that for every s € [—a, —a + [], there
exists t =ty such that f(r +s) — f(¢t) € U.

Let us consider s; € R and an interval (ai, by) with by — a; > 2|s;| which
contains no U-translation number of f. Now let sp = @; then sp —s1 € (ap, b1)
and therefore s, — 51 cannot be a U-translation number of f.

Let us consider another interval (a;, by) with by — ar > 2(|s1| + |s2|), which
contains no U-translation number of f. Let s3 = @; then s3 — 51,853 — 52 €
(az, by) and therefore s3 — 51 and s3 — 52 cannot be U -translation numbers of f.

We proceed and obtain a sequence (s;) of real numbers such that no s, — s, is a
U -translation number of f, that is

f@+sm—sp)— f()€U.

Putting 0 =t — 5, we get
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fo+sm)— flo+s,) &U. (1.1)

Suppose there exists a subsequence (s;) of (s,) such that (f(¢ + s;,)) converges
uniformly in # € R. Then for every neighborhood V, there exists a natural number
N = N(V) such that, if n, m > N (we may take m > n), we have

fe+s,)— ft+s)eV

for every t+ € R. This contradicts (2.1) and so establishes the sufficiency of the
condition.
The proof is complete. O

Theorem 8.11 Let f € AP(E). Then the following hold true:

(i) Af(t) € AP(E) for every linear bounded operator A on E.
(ii) vf € AP(E) where v : R — ® is almost automorphic.

Proof Trivial, cf for instance [51, 54]. O
Using the Bochner’s criterion, one can easily prove the following:

Theorem 8.12 Let E be a Fréchet space and fi, f» € AP(E). Then the function
F :R — E x E defined by F(t) = (f1(t), f2(t)) is also almost periodic.

Corollary 8.13 Let f1, f» € AP(E) where E is a Fréchet space. Then for every
neighborhood U, fi and f> have common U -translation numbers.

Proof Let U be a neighborhood in E. Then by Theorem 8.12 the function f(¢) =
(f1(®), f2(t)) € AP(E x E). Consider now s a U-translation number of f; then
f@+s)— f(@t) € UxU foreveryt € R, and therefore f;(t +s)— fi(t) e U, i =
1,2 for every ¢t € R. s is a U-translation number for f; and f5. O

Theorem 8.14 Let E be a Fréchet space. Then AP (E) is also a Fréchet space.

Proof Consider BC (R, E) the linear space of all bounded and continuous functions
R — E and denote by (p,), n € N, the family of seminorms which generates the
topology of E. Without loss of generality we may assume that p,, < pj41, pointwise
for n € N. Define

gn(f) =sup py(f()), n € N.
teR

Obviously (g,) forms a family of seminorms on BC (R, E). Moreover, it is clear
that g, < gu+1 for n € N. Define the pseudonorm

1)

=2 g

, feBCR,E).

n=1
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Obviously BC(R, E) with the above defined pseudonorm is a Fréchet space. It is
also a closed linear subspace of BC(R, E). This completes the proof. O

2  Weakly Almost Periodic Functions

Definition 8.15 Let E be a complete Hausdorff locally convex space. A weakly
continuous function f : R — E is said to be weakly almost periodic if the
numerical function F(t) = (x*f)(¢) is almost periodic for every x* € E* the
dual space of E.

We will denote by W A P(E) the set of all weakly almost periodic functions R — E.
Remark 8.16

(i) Every weakly almost periodic function is weakly bounded.
(i) Every almost periodic function is weakly almost periodic.

Theorem 8.17 Let f € WAP(E) N C(R, E). Assume that the set {F(t) / t € R}
be weakly bounded where the function F : R — E is defined by F(t) = fé f(s)ds.
Then F € WAP(E).

Proof We first observe that the integral exists in E since f is (strongly) continuous
on R. Take x* € E*, so x*f € AP(R). By the continuity of x*, (x*F)(t) =
x* fot f(s)ds = fot (x* f)(s)ds which is bounded by assumption and so is almost
periodic. The Theorem is proved. O

Theorem 8.18 Let E be a Fréchet space and f : R — E. Then f € AP(E) if and
only if f € WAP(E) and its range is relatively compact.

Proof The condition is necessary by Remarks 8.8 and 8.16. Let us show by
contradiction that it is sufficient.

Suppose there exists #yp € R such that f is discontinuous at ¢y, so we can find a
neighborhood U and two sequences of real numbers (s),) and (s;/) such that

. . ”
lim s, =0= lim s,
n— oo n—oo
and

fto+s,))— fto+s,) ¢U, ¥neN. 2.1

By the relative compactness of {f(¢) / t € R}, we can extract (r},) and (r,) from
(s;,) and (s;)) respectively, such that

lim f(to+r,) =a € E
n—oo

and
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lim f(to+r)) =ar € E.
n—o0

Consequently, a; — a» ¢ U by (2.1), and using the Hahn—Banach Theorem

(Proposition 1.41 Chap. 1), we can find x* € E* such that x*(a; — az) # 0, hence
x*(a1) # x*(ay). By the continuity of x*, we have

x*(ar) = nl_i)rgo(X*f)(to +r) = nl_i)rrgo(x*f)(to +r)) = x*(a2)

which is a contradiction. So we conclude that f is continuous on R. O
To prove the almost periodicity of f we need the following:

Lemma 8.19 Let E be a Fréchet space and ¢ € AP (E). Let (s,) be a sequence of
real numbers such that lim ¢ (s, + ni) exists for each k = 1,2, ... where the set
n—oo

(k) is dense in R. Then the sequence (¢ (t + s,)) is uniformly convergent int € R.

Proof (of Lemma 8.19) Suppose by contradiction that (¢ (¢ + s5,)) is not uniformly
convergent in ¢ € R. Then there exists a neighborhood U such that for every N =
1,2,...thereexistsny, my > N and ty € R such that

d(tn + an) — (N +SmN) ¢ U.

By the Bochner’s criterion (Theorem 8.10), we can extract two sequences (s,, N) C
(Sny) and (s;, ) C (smy) such that

lim ¢(r +s,,) = g1 (t) uniformly in 7 € R
N—o00

and

lim ¢(t +s5,,,) = g2(t) uniformly in 7 € R.
N—o00

Let V be a symmetric neighborhood such that V 4+ V + V C U. Then there exists
Ny = No(V) such that if N > ng, we have

¢ (v +s,,) —g1tn) €V

and

¢ (v +sy,,) — &20N) € V.
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We deduce that g1 (ry) — g2(ty) & V, otherwise we should have

¢ (tn+s,,)—¢(tv+s,,,) €U

which contradicts (2.1).
Indeed if g1(ty) — g2(ty) € V, then by writing
¢ (tn+s,,) — ¢ (tn +s5,,) = (tn +5,,) — g1(tw)
+g1(tn) — g2(tN)
+ g(n) — ¢ (tn +57,,)

we obtain
N +5,,) — PN +5, )€V +V+V CU.

Thus we have found a symmetric neighborhood V with the property that if N is
large enough, there exists #y € R such that

g1tn) — g20n) € V.

But this is impossible, because if we take a subsequence (&) of () with & — 1y,
then we would obtain

Jim ¢ (& +,,) = lim ¢ (& +5,,)

for every k.

Therefore g1(&x) = g2(&x) for every k. By the continuity of g1 and g3, g1(ty) =
g2(tn), thus g1 (tn) — g2(ty) belongs to every neighborhood.

The lemma is proved. O

Proof (of Theorem 8.18 (continued)) Consider a sequence of real numbers (/)
and a sequence of rational numbers (7,-). By the relative compactness of { f(¢) / t €
R}, we can extract a subsequence (%,) (we do not change the notation) such that for
eachr =1,2,...

lim f(nr + hn) = xr

n— oo
exists in E. Now the sequence (f (1, + hy)) is uniformly convergent in 7,, or we
could find a neighborhood U and three subsequences (£,) C (), (h}.) C (h;), and
(k) C (hy) with

fGE +h) = fE+h)&U. 2.2)
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By the relative compactness of { f(¢) / t € R}, we may say that
rl_i)rglof(ér —i—h’r) =b e€E
lim f (& +h) =b" € E.
Then, using (2.2), we get
V—-b"¢U.
By the Hahn—Banach Theorem, there exists x* € E* such that
x*(b') # x*(b").

Now x* f € AP(R), therefore it is uniformly continuous over R.
Let us consider the functions (¢, ) defined on R by

on(t) == (* )t +hy), n=1,2,...
The equality
(pn(t +5) — (pn(t) = (X*f)(t +s54+hy) — (X*f)(t + hy)

shows the almost periodicity of each ¢, n = 1,2,...,if s is seen as a
U -translation number of (x* f)(¢). Also the sequence of functions (¢,) is equicon-
tinuous over R because (x* f)(¢) is uniformly continuous on R.

Since

lim f(n, + hy) = x,,
n— 00
we get
lim (x* f)(n, + hp) = x"x,
n—>00

for every r = 1,2, ... Therefore by Lemma 8.19, ((x* f)(n, + hy)) is uniformly
convergent in ¢.

Consider now the sequences (&, + h).) and (&, + /). By the Bochner’s criterion,
we can extract a subsequence from each sequence, respectively, such that, using
the same notations, ((x* f)(t + & + h,.)) and ((x* f)(¢ + & + h!)) are uniformly
convergent in ¢ € R.

Let us now prove that

Tim (" )0+ & + b)) = Tim (" )@ + & + h).



88 8 Almost Periodic Functions with Values in a Locally Convex Space
Write (x* f)(t + & + hl.) — (x* f)(t + & + h!)) as follows:
(F )+ & +hy) — () + & +hy)

=" )t +E& +h) — &)+ & +hy)
OO+ & +he) — )@+ & +h)

and consider the following inequality (IN):

[(x* f)(t +& +h) — (* )t + & +h)))
<|@Ff)t+E +h) — (O +E + hy)
HF O+ &+ hy) — T+ & + hD

which holds true forr =1, 2, ...
Let & > 0 be given. Since ((x* f)(t + h,)) is uniformly convergent in ¢, we can
choose 1, such that for r, s > n,, we obtain

(& F)(E+ hg) — (FF)(E +h)| < % Vi € R.
So, replacing ¢ by ¢ + &, gives,

(5 1)@+ & +he) = @) +& +hp)l < =,
and consequently

)+ &+ 1) — () + &+ hy)| < g

(") + & + ) = )+ + 7] <5
The inequality (IN) above gives
|(* )+ & +hy) = )+ & +h))| <e, Vi
which proves that
rl_i)Holo(X*f)(t +& +h) = rl_i)rglo(x*f)(t +& +h))
which contradicts x*(b’) # x*(b”) obtained earlier and uniform continuity of

(f (r + hyp)) as well.
Ifi, j > N, we have

f@r+hi)— fr+j)eU.
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This proves that f € AP(E) by the Bochner’s criterion. O

Theorem 8.20 Let E be a Fréchet space. If f € AP(E) and {F(t) / t € R} is
relatively compact in E where F(t) = fot f(s)ds, then F € AP(E).

Proof This is immediate by Theorems 8.17 and 8.18. O

Theorem 8.21 Let E be a complete locally convex space and f € AP(E). If the
derivative f' exists and is uniformly continuous on R, then f' € AP(E).

Proof This is similar to the proof of the almost automorphic case (Theorem 4.1).
We consider the sequence of almost periodic functions (n( f (t + %) — f(t))) and let
U =1U(e; pi, 1 <i <k)beaneighborhood. Since f'(¢) is uniformly continuous
on R, we can choose § = §(U) > 0 such that

f't) — f() eU

for every t1, t such that [t; — #3| < 8. Let us write
1 1
fi®—n (f (r + ;) - f(t)) = n/o (f'(0) = f'(t 4 5))ds.

Thenif N = N(U) > % and n > N, we would obtain

1

pi [f’(t) —n <f (t+ %) - f(t))} < n/OEPi [(f' (1) = flt+5))]ds <&

for every seminorm p; and every ¢ € R. That shows that the sequence of almost
periodic functions (n (f (t+ %) - f (t))) converges uniformly to f/(¢) on R. By
Theorem 8.6, it follows that /' € AP(E). |

Theorem 8.22 If f : R — E (E a Fréchet space) is weakly bounded, then it is
bounded.

Proof For f to be weakly bounded means sup |x* f(t)| < oo for every x* € E*.
teR
Suppose f(R) is not bounded. Then there would exist a seminorm p such that

p(f(t,)) — oo asn — oo for some sequence of real numbers (¢,).

Let £, be the completion of the normed space E/kerp in the norm p. So E), is
a Banach space and f(ta) = f(ty)/kerp is unbounded in E p. Consequently there
exists ¢ € E;’; such that |(p(f(tn))| — oo asn — oo.

The natural map J : E — E) is continuous, so its adjoint J* : E} — E* is
continuous. Finally setting ¢ = J*(¢) € E*, we have

[ (f @) = 1T @) (f @) = lo(F 1)) — o0

as n — oo. This completes the proof. O
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Theorem 8.23 Let E be a Fréchet space, f € WAP(E) and A € L(E) a bounded
linear operator on E. Then Af € WAP(E).

Proof Obvious. We leave it to the reader. O

Proposition 8.24 Let E be a complete locally convex space and f € AP(E). Then
for every sequence of real numbers (sy), there exists a subsequence (s),) such that
for every neighborhood U,

fa+s)—f+s,)eU

for everyt € R and every n, m.

Proof LetU = U(e; pi, 1 <i <n)and V = V(%; pi, 1 <i <n)bea
symmetric neighborhood such that V + V + V C U. By the definition of almost
periodicity, there exists a number / = /(V) > 0 (depending also on U) such that
every compact interval of length / contains a number 7 such that

f+t)—f@t)eV

forevery ¢t € R.

Consider now a given sequence of real numbers (s, ). For each s,, we can find 7,
and o, such that s, = 1, 4+ 0, with 1, a V-translation number of f and o, € [0, [].
In fact it suffices to take t, € [s, — [, s,,] and then 0, = 5,, — T),.

Since f is uniformly continuous, there exists § = 6(¢) such that

fa)—fa"ev
forall ¢/, t” with |’ — t"| < 26.

Note that o, € [0, ] for all n. Hence by the Bolzano—Weierstrass Theorem, the
sequence (o0,) has a convergent subsequence, say (0, ). Let o = klim Op,., which
—00

shows that o € [0, [].
Now consider the subsequence of (o, ) (we use the same notation) with

c—86=<oy, <o+6, k=1,2,...
and let (s,, ) be the corresponding subsequence of (s,) with
Snp =Tng 0, k=1,2,...
Let us prove that
J@+sn)— f@+s2;) €U

for all ¢ and all k, j. For this, let us write
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J@~+sn) = f@+sn)=f+ 0 +o0on) — [t +0n)+ [+ op)
— f@+on)+ f+on)— [+t +0u,).
Because 1,,, and 7, ; are V -translation numbers of f, we have
f+1y +op)— ft+o,) eV
and
fa+on) = f+t;+on) eV
for every ¢ and every k, j. Also
f+on)—ft+on) eV
for every ¢ and every k, j, since
|(t + 0n) — (t + o)) = |op, — On;| < |og, — 0|+ 10 —oy;| <26.

The result is complete if we set s; = s,,, k=1,2,... |

Theorem 8.25 Let E be a Fréchet space and (T (t));ecr be an equicontinuous Coy-
group of linear operators with {T (t)x; t € R} relatively compact in E for every
x € E. Assume also that f : R — E is a function with a relatively compact range
in E. Then {T (t) f(t) : t € R} is relatively compact in E.

Proof Let (1) be a sequence of real numbers. Since the range of f(¢) is relatively
compact in E, we can extract a subsequence (¢,) C () such that

lim f(t;) = x, existsin E.
n—oo

Further, by the assumption on 7 (¢), we can find a subsequence (#,) C (¢;,) such that
(T (t,)x) is convergent, thus a Cauchy sequence in E.
Let us write

T(tn)f(tn) - T(tm)f(tm) = [T(tn) - T(tm)][f(tn) - x] + [(T(tn) - T(tm))x]
+T(tm)[f(tn) - f(tm)]

For an arbitrary seminorm p we have

p(T(tn)f(ln) - T(tm)f(tm)) = p([T(tn) - T(tm)][f(tn) - x])
+p((T (tn) — T (tm))x]D)
+p (T () Lf (tn) — f(tm)]D.

Using the equicontinuity of 7'(¢), we can find a seminorm ¢ such that
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P(T ) f () — f&)]) < q(f () — f(tw))

and

pUT (tn) = T @)ILf (1) — x1) < 2q(f (tn) — x).

Now choose n large enough so that

a(f (t) — f(tw)) < §q<f(rn> —x) < §

and
G(T (1) — T(tw)]x) < §

p(T(tn)f(tn) —T(tw)) <e,
which shows that (7'(¢,) f (t,)) is a Cauchy sequence, thus convergent. The theorem
is proved. o

Theorem 8.26 Let E be a Fréchet space and consider an equicontinuous Co-group
of linear operators (T (t))ser such that T (t)x : R — E is almost periodic for every
x € E. Suppose also that f € AP(E). Then T(t) f(¢t) € AP(E).

Proof Consider U = U(e; p;, 1 < i < n) be a given neighborhood of the
origin. Because of the equicontinuity of 7 (¢), one can find, for each semi-norm p;,
a seminorm ¢; such that

pi(T(H)x) < g;(x)

forevery t € Rand x € E. Consider also the symmetric neighborhood

&
vzv(z; i di. lsisn).

ThenV+V +V 4+ V C U.Since {f(t) : t € R} is totally bounded, there exists
t1, ..., t, such that

fo el Jrw +v)
k=1

forevery ¢t € R.
Consider now the almost periodic functions

JO, TOf (), k=1,2,...,v.
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These are the same V -translation numbers by Corollary 8.13; therefore we can find
anumber/ = [(V) > 0 such that any interval [a, a 4] contains at least one number
s such that

f@+s)— f(s) eV forevery t € R, (2.3)
Tt+s)f(tr) —T@)f(tx) €V foreverytr € R 2.4)

and forevery k = 1,2, ..., v.
Take now an arbitrary ¢ € R. Then there exists (1 < j < v) such that

f@® e fapH+Vv. (2.5)
Write

TE+s)ft+s)—TOfQ)=TE+s)(ft+s5)— f()
+T (@t +s)(f () — f(t))
+T(t+s5)f(@;) —T@) f())
+T (@) (f () — f()).

For every seminorm p;, we can find a seminorm ¢; such that

pilT@+s)ft+5)—TOfDO] = qi(ft+s)— f()
+qi(f () — f(;)) + pi(T( +5)f(t))
=T @) f(j) +qi(f@;) — f©)
<f+i+5+3%
=e

using (2.3), (2.4), and (2.5) above. Thus we have
TE+s)f+s)—-TH)f@) eU

for every ¢t € R, which establishes the almost periodicity of T () f (¢). O

Definition 8.27 A Fréchet space E is said to be perfect if every bounded function
f : R — E with an almost periodic derivative f” is necessarily almost periodic.

Example 8.28 Denote by s the linear space of all real sequences
§ = {S:(xn)/xn eR, n=1,2,...}.

For each n € N, define p, (x) := |x,|, x € s. Obviously p, is a seminorm defined
on s. Now define ¢, := p1 vV p2 V...V p, forn € N. We have g, < ¢, for
n € N. The space s considered with the family of seminorms (g,) is a Fréchet
space. Moreover, it can be proved (cf. [1] 17.7 p. 210) that each closed and bounded
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subset of s is compact. Thus, in particular, s is not a Banach space. Moreover in
view of Theorem 8.20, s is perfect.

Definition 8.29 A function f € C(R, X) is called periodic if there exists [ > 0
such that

f@&+1) = f@), VieR

Here, [ is called a period of f. We denote the collection of all such functions by
P(X). For f € P(X), we call [y the fundamental period if [y is the smallest period

of f.

Remark 8.30 Similar to the proof in [22, p. 1], it is not difficult to show that if
f € P(X) is not constant, then f has the fundamental period.

Theorem 8.31 ([72]) Let X be a Banach space with norm || - ||, then P(X) is a set
of first category in AP (X).

Proof Forn =1,2, ..., we denote
P,={feCR,X) : Al €[n,n+ 1]suchthat f(t +1) = f(¢), Vt € R}.

Then, it is easy to see that
oo
PX) =[] P
n=1

We divide the remaining proof into two steps.

Step 1  Every P, is a closed subset of A P(X).
Let f € AP(X)\P,. Then, for every / € [n, n + 1], there exists #; € R such that
f@ + 1) # f(t). Denote

1
1= I F @+ — F@) >0, 1elnnt1],

In addition, due to the continuity of f, for every! € [n, n+ 1], there exists §; > 0
such that

If@+s)— fll =3e, Vseld—68,1+8). (2.6)

Obviously, we have

mon+1lc | —8.148).
le[n,n+1]

Then, by the Heine-Borel theorem, there exists /1, ...l; € [n,n + 1] such that
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[n.n+11C i — 8.l + 1),
i=1

where k is a fixed positive integer. Letting ¢ = lm_ink{szi }, and
<i<

N(f,e) ={gec APX): g — fllarx) < &},

for every g € N(f, ¢), we claim that g ¢ P,. In fact, for every [ € [n,n + 1],
there exists i € {1, ..., k} such that

Le (i =61 +61).
Then, by (4.3), we have
I f (@ +1 — f@)ll = 3¢, > 3e,

which yields that

lgt, +1) — gl = I f @, +1) — f@)l =1 f (@, +1) — g, + DI
—lf)—g)ll >3 —e—e=¢>0,

where ||g — fllap®) < € was used. So, we know that N(f,s) C AP(X)\ Py,
which means that P, is a closed subset of A P (X).

Step2  Every P, has an empty interior.
It suffices to prove that for every f € P, and § > 0, N(f,8) (J(AP(X)\P,) #
#. Now let f € P, and § > 0. In the following, we discuss by two cases:

Case I  f is constant.
We denote

cos ¢ + cos(+/2t
fa(t)=%~5~m+f(t), teR
where xo € X is some constant with | xo|| = 1. Then f5 € N(f, ), and f5 ¢ P,
since fs is not periodic.
Case I f is not constant.
Let f be a fundamental period /y. We denote

8

B =)+ f (é) i 1€

where My = sup Il f(@®]. Obviously, fs € N(f,5). Also, we claim that f5 ¢ P,.

In fact, if this i 1s not true, then there exists T € [n, n + 1] such that
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S5 +T)= fs(t), tek,

i.e.
t+T 1) t )
f(l+T)+f< p )M—fo(l)'Ff(;)M—f, teR.
Let
) T
Fi(@t)=f@e+T)— f), Fz(t)=M—[f<i>—f(tJr )] teR.
f T T

Then Fi(t) = F>(¢t). If F1(t) = F»(t) = C, where C is a fixed constant, then
f+T)=f@t)+C, teR,

which yields

_JKD) — fO

C
k

— 0, k = o0,

since f is bounded. Thus, we have

fU+D=f®,f<£>=fC+T>,teR

T

Noting that [y is the fundamental period of f and 7l is the fundamental period of
f (;), there exist two positive integers p, g such that

plo =T = qmnly,

ie. 7 = £, which is a contradiction. If F; = F, is not constant, then by
Remark 8.30, we can assume that Tj is the fundamental period of F; and F;. Noting
that [y is a period of F7 and 7l is a period of F,, similar to the above proof, we can
also show that s is a rational number, which is a contradiction.

In conclusion, P(X) is countable unions of closed subsets with empty interior.
So P(X) is a set of first category. O

Theorem 8.32 ([72]) Let X be a Banach space. Then AP(X) is a set of first
category in AA(X).

Proof 1t suffices to note that A P (X) is a proper closed subspace of A A (X) equipped
with the supnorm. Therefore it is of first category in AA(X). O
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3 Almost Periodicity of the Function f (¢, x)

Definition 8.33 Let E be a Fréchet space. A function f € C(R x E, E) is said to
be almost periodic in # € R for each x € E if for each neighborhood of the origin
U, there exists a real number [ > 0 such that every interval [a, a + /] contains at
least a point t such that

f@&+rt,x)— f(t,x) e U, foreacht e Randeachx € E.

In view of the Bochner’s criterion, this definition is equivalent to the following:

f € C(R x E, E) is almost periodic in t € R for each x € E if and only if for
every sequence of real numbers (s;) there exists a subsequence (s,) C (s;) such
that (f (¢ + sy, x)) converges uniformly in7 € Rand x € E.

Theorem 8.34 Let f : R x E — E be almost periodic int € R for each x €
E, and assume that f satisfies a Lipschitz condition in x uniformly in t, that is
d(f(t,x)— f(t,y)) < Ld(x,y)forallt € Randx,y € E, where d is a metric on
E. Let ¢ : R — E be almost periodic. Then the Nemytskii’s operator N defined by
N(©) = f(-, ¢()) is almost periodic.

Proof Trivial. We leave it to the reader. O

4 Equi-Asymptotically Almost Periodic Functions

In this section, we introduce the notion of equi-asymptotically almost periodicity
(cf. [24]), and present some basic and interesting properties for equi-asymptotically
almost periodic functions.

Definition 8.35 Let X be a Banach space. A set F C C(R,X) is called equi-
asymptotically almost periodic if for every ¢ > 0, there exist a constant M (¢) > 0
and a relatively dense set T (F, ¢) C R such that

If+0)=fOl <e,

forall f € F,t e Rwith |[t| > M(¢e) and T € T(F, ¢) with |t 4+ 7| > M(¢).

Theorem 8.36 Let F C AAP(R, X). Then the following assertions are equiva-
lent:

(1) F is precompactin AAP (R, X).
(i) F satisfy the following three conditions:

(a) foreveryt e R {f(t) : f € F}is precompact in X.
(b) F is equi-uniformly continuous.
(¢) F is equi-asymptotically almost periodic.
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(iii) G is precompactin AP (R, X) (in short AP) and H is precompact in Co(R, X)
(in short Cy), where

Proof

() = (i)

(ii) = (iii)

G={fap:feFyandH={fc,: f€F).

Let F be precompact in AA P(R, X). Then, obviously, for every ¢ € R,
{f(@) : f € F}is precompact in X. In addition, for every ¢ > 0, there
exist f1, f2, ..., fx € F such that forevery f € F,

min || f — fill <e,
1<i<k

where k is a positive integer dependent on . Combining this with the
fact that ( f,-)i.‘: | is equi-uniformly continuous and equi-asymptotically
almost periodic, we know that (b) and (c) hold.
Let (g,) C G. For every n, there exist f;, € F and h,, € H such that
fn = gn + hy. By (a) and (b), applying Arzela—Ascoli theorem and
choosing diagonal sequence, we can get a subsequence of (f;;), which
we still denote by (f;,) for convenience, such that ( f,,(¢)) is uniformly
convergent on every compact subsets of R.

Since (f;) is equi-asymptotically almost periodic, for every ¢ > 0,
there exists [(g), M (g) > 0 such that for every r € R with |¢| > M (e),
there is a

e[ME)+1—t,ME)+1—1t+1()]
satisfying
£
I/t + ) — @] < 3 4.1)
for all n € N. Noting that ( f;,(¢)) is uniformly convergent on
[—M(e) —l(e) — 1, M(e) + I(e) + 1],

for the above ¢ > 0, there exists N € N such that forallm >n > N
andr e [-M(e) — () — 1, M(e) +1(g) + 1],

() = fa(OIl < § 4.2)

Combining (4.1) and (4.2), forallm > n > N and ¢t € R with [t] >
M (e), we have

[ fn @) = faOI < 1 fin () = fn @ + )+ fin (€ +70) — fult + )l
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+Hfut + 1) = fu@®l < &,

which and (4.2) yield that ( f;,(¢)) is uniformly convergent on R. In view
of

{gm@®) —gn(@®) it e R} C{fin(@) — fu@®) : 1 €R}

for all m, n € N, we conclude that (g, (¢)) is also uniformly convergent
on R, i.e. (g,) is convergent in AP(R, X). So G is precompact in
AP (R, X). In addition, it follows from the above proof that F is
precompact, and thus H is also precompact.
(iii)) = (1) The proof is straightforward.
O

Remark 8.37 Theorem 8.36 can be seen as an extension of the corresponding
compactness criteria for the subsets of AP (R, X) (cf. e.g., [22]).

Definition 8.38 F C Co(R, X) is called equi-Cy if

lim sup [l £(0)]] = 0.
|t]— 00 feF

Theorem 8.39 The following two assertions are equivalent:

(D) F is equi-asymptotically almost periodic;
(D) G is equi-almost periodic and H is equi-Cy, where

G={fap:feFyandH={fc,: f €F).

Proof The proof from (II) to (I) is straightforward. We will only give the proof from
(D to (IT) by using the idea in the proof of [71, p. 24, Theorem 2.5].

Since F' is equi-asymptotically almost periodic, for every k € N, there exist a
constant M} > 0 and a relatively dense set T (F, k) C R such that

1
IfE+o)=fOl <+ (4.3)

forall f € F,t € Rwith |[t| > My and t € T(F, k) with |t + 7| > M}. Moreover,
forevery f € F C AAP(R, X), noting that f is uniformly continuous, for the
above k € N, there exists 6,{ > ( such that

1
If ) = f)l < ¢ (4.4)

forall #;, tr € R with |t} — 1| < 81{.
Now, for every € R and k € N, we choose t; € T(F, k) witht + 1} > M;.
Also, we denote
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¢/ ()=fu+1). teR keN, fePF.

Next, we divide the remaining proof into eight steps.

Step 1  For every f € F, there holds
5
el a0 —gl ] < (45)

forall k € N, and 1, 1 € R with |t} — 12| < 8 .
In fact, by (4.3) and (4.4), we have
f S _ fy 5]
lgl (t) — gl @) = Il f(t1 + 1) — flt2 + )l
<lft+7H)—f+7 + 0l

+lIft+7 +1) = f+7 + 0
+ft+7 +1) = fl+ D)
+ft+1) = flo+T+TD)

5
+lf+r+1) - fo+7)l < =
where T € T(F, k) satisfying
min{t+7' +1,b+7 +T. 0+ T Hh+T T} > My

Step2 For every k € N, there holds

5
g/ ¢t +1)— gl )] < p (4.6)

forall f € F,t € T(F,k),andt € R.
In fact, by using (4.3), we have
gl + 1) =gl O = I f¢+T+T) — f@e + D
<lfG+r+g™)—fae+r+7"+ )
+lft+t+7T+ )= fa+ T+
+IfC+gT+ ) - fe+ )
+fE+7) = fa+7 + )l

5
+Ife+t+1)— fE+TDl < o
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where ©/ € T (F, k) satisfying
min{t+1+7 T+t T+ T ) > My

Step3  For every n € N, there holds
4
i —gl o] <~ @7

forall f € F,t € R,and m,n € N withm > n.
In fact, without loss of generality, we can assume that My > My for all k € N.
Then, by using (4.3), we have

FEAGEFAG]
=ft+1,)— fe+T)l
SIfe+t) - fe+o, +Ol+1fC+,+1)— fE+T, +T+ T
Hft+z, +t+1) — fE+T+DI+IfE+T+7)— fE+TD
1 1 1 4

<-+-+-+-<-,
n n n n n

where t € T(F, n) satisfying
min{r + ) + T, 0+, Fr 4T+ T 4T} > My
Step4  Let

¢l ()= lim g/ (1), teR, feF.
n—00

By Step 3, we know that for every f € F, g/ is well-defined. Moreover, it
follows from Step 3 that for every n € N, there holds

4
g’ (1) — gl ] < - (4.8)

forall f € F,R,andn € N.
Step5 Forevery f € F, g/ is uniformly continuous on R.
In fact, by (4.5) and (4.8), we have

g () — g/ )l < g/ (1) — g eIl + gt (11) — g ()]
5,4_13

)

f _of < i —_
+lgn (2) — g’ @Il < -+
n n n n
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foralln € Nand t1, 1 € R with |t; — 2] < 8.
Step6  {g/} feF 1s equi-almost periodic.
By (4.6) and (4.8), for every n € N, we get

lg’ 4+ =g/ W < lg’ ¢+ 1) — gl ¢ + DI+ llgil (¢ + ) = & D]
iled 7 4 5 4 13
lgn ) —g' DI <-+-+-=—,
n n o n n
forall f € F,t € T(F,n), and t € R. Then, it follows that {gf}fep is equi-
almost periodic.
Step7  {h'} rer isequi-Co, where b/ (1) = f(t)—g/ () forall f € Fandt € R.
In fact, firstly, by Step 5, i/ € C(R, X) for every f € F; secondly, for every
n € N, by (4.8) and the definition of r,é, we have

185 Ol = 1 f () — g7 @)l
< lf @) —gl O+ llgl @) — g’ )]l

IA

4
LF@) = f@+ o)l + -
1 4 5

<

“n n n

forall f € F,t € Rwith |t| > M,. Thus, {]’lf}fep is equi-Cop. ‘
Step 8 It follows from the above proof that G = {gf}fep and H = {hf }reF.
This completes the proof.
O

Bibliographical Notes Section 1 in this chapter is in [51, 54]. Theorem 8.32 is in
[72] with a different proof. Section 3 is a work by Ding et al. [24].



Chapter 9
Almost Periodic Functions with Values in g
a Non-locally Convex Space

In this section, (X, +, -, || - ||) will be a p-Fréchet space with 0 < p < 1 (over the
field ® = R or C). Also, denote D(x, y) = ||x — y||.

Similarly to [22], p. 137, a trigonometric polynomial of degree < n with
coefficients (and values) in the p-Fréchet space X, is defined as a finite sum of

n
the form T, (¢t) = che’“"’, wherecy € X, k=1,...,n.

k=1
Also, recall that f : R — X is said to be continuous on xo € R if Ve > 0, there

exists § > O such that || f (x) — f (x0) || < €, whenever x € R, |[x — x9| < 8. From
the triangle inequality satisfied by the p-norm || - ||, it easily follows the inequality
I 1lxll =1yl | <l|lx — y|l, which immediately implies that if f is continuous in
Xo as above, then the real-valued function || £ (¢)]| is also continuous at xg.

1 Definitions and Properties

In this section, starting from a Bohr-kind definition for the almost periodicity, we
develop a theory of almost periodic functions with values in a p-Fréchet space,
0 < p < 1, similar to that for functions with values in a Banach space.

The following three points in Definition 3.1 represent the basic concepts in the
theory of almost periodic functions with values in the p-Fréchet space X.

Definition 9.1 Let f : R — X be continuous on R.
(i) We say that f is almost periodic if Ve > 0, there exists / (¢) > 0 such that any

interval of length / (¢) of the real line contains at least one point & with

HfE+E)—-f@Il<e VteR.
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(i1) We say that f is normal if for any sequence F;, : R — X of the form F, (x) =
f (x + hy),n € N, where (h,), is a sequence of real numbers, one can extract
a subsequence of (F},),, converging uniformly on R (i.e. V (h,),, 3 (Fnk), aF :
R — X (which may depend on (%,),), such that kli)ngo [[Fp, () —F (x) || =0,
uniformly with respect to x € R).

(iii)) We say that f has the approximation property, if Ve > 0, there exists

some trigonometric polynomial 7" with coefficients in X, such that || f (x) —
T (x)|] <e€,Vx eR.

Let us denote AP (X) = {f : R — X; f is almost periodic}. The next two theo-
rems show that A P (X) is a subclass of uniformly continuous bounded functions.

Remark 9.2 We can reformulate 9.1(i), as follows: f : R — X is called almost
periodic if for every ¢ > 0, there exists a relatively dense set {7}, such that

sup||f(t +1)— f(1)|| <e, forall T € {r},.
teR

Also, each t € {1}, is called e-almost period of f.

Remark 9.3 Theorems 10.5, 8.5, 8.6, and 8.10 and Remark 8.8 remain valid in p-
Fréchet spaces, 0 < p < 1.

Theorem 9.4 If f has the approximation property, then it is almost periodic.

Proof A function f : R — X is said to be t-periodic if f(t + ) = f(¢) for all
t € R. Obviously, any trigonometric polynomial with values in X is almost periodic.
This with Theorem 8.6 completes the proof. O

Remark 9.5 Letus denote AP (X) = {f : R — X; f is B-almost periodic}, and
for f € AP (X), let us define || f |, = sup{llf ()|l ; ¢t € R}. By Theorem 3.2, we
get || fll, < +oo. It easily follows that || - || is also a p-norm on the space

BC (R, X) ={f : R — X is continuous and bounded on R}.

In addition, since (X, D), where D is defined by D(x, y) = ||x — y||, is a complete
metric space, by standard reasonings, it follows that BC (R, X) becomes complete
metric space with respect to the metric Dy (f, g) = || f —gl|», thatis, (BC(R, X), ||
||») becomes a p-Fréchet space.

Then, Theorems 3.2 and 3.5 show that AP (X) is a closed subset of BC (R, X),
i.e. (AP (X), Dp) is a complete metric space, and therefore (AP (X), || - ||»)
becomes a p-Fréchet space. By similar reasonings with those in the proofs of
Theorems 6.9 and 6.10 in [22], pp. 142-143 (where we define on X" the p-norm

m m

[xllm = Y _ |lx¢|| and the metric Dy, (x,y) = > D (xi, yi), Vx = (X1, ... Xm),
k=1 i=1
y=01,-.--,Ym) € X"™), we can state the following compactness criterion.



1 Definitions and Properties 105

Theorem 9.6 The necessary and sufficient condition that a family A C AP (X) be
relatively compact is that the following properties hold true:

(i) A is equicontinuous;
(ii) A is equi-almost periodic;
(iii) foranyt € R, the set of values of functions from A be relatively compact in X.

In what follows, we consider the concept of Bochner’s transform. Thus, Bochner’s
transform of f in BC(R, X) is denoted by B(f) := f and is defined by f : R —
BC(R, X), f(s) € BC(R, X), f(s)(t) = f(t +s),forall t € R.

The properties of the Bochner transform can be summarized in the following
theorem:

Theorem 9.7 (i) [|f(Ollp = [IfC+Dllp =1fOllp, foralls e R;

(i) IIfGs+1)— fOllp = sup{llft + 1) — fOIl;t € R} = [|f(x) —
fO)|lp, foralls,t € R;

(iii) f is B-almost periodic if and only if f is B-almost periodic, with the same set
of e-almost periods {t}¢;

(iv) f is B-almost periodic, if and only if there exists a relatively dense sequence
in R, denoted by {s,; n € N}, such that the set of functions {f(sn); n € N} is
relatively compact in the complete metric space (BC (R, X), Dp);

v) f is B-almost periodic, if and only f (R) is relatively compact in the complete
metric space (BC (R, X), Dp);

(vi) (Bochner’s criterion) f is B-almost periodic if and only if f(R) is relatively
compact in the complete metric space (BC (R, X), Dp).

Proof 1t is absolutely similar to the proof for Banach space valued functions, see

e.g. [3, pp. 7-9].
Now, we are in position to prove the following sufficient condition for B-almost
periodicity in p-Fréchet spaces, 0 < p < 1. O

Theorem 9.8 Ler f € BC(R, X). Let us suppose that there exists a relatively dense
set of real numbers (sy), such that

(i) the set { f(sp); n € N} is relatively compact in the metric space (X, D) and
(ii) forany n,m € N, the relation

1fGn) = fGmll = cll fCAsa) = FC+sm)llp

holds with ¢ > 0 independent of n, m.
Then, f is almost periodic.

Proof The inequality in statement together with Theorem 9.7, obviously implies

DL (sn)s f(sm)] = I1f ()= F Il = cll £ (sn) = Fsu)llo = Dol F (50), Fsm)].

Since by hypothesis, the set { f(s,); n € N} is relatively compact in the metric
space (X, D), it has a convergent subsequence (f(s),)),, which therefore is a
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Cauchy sequence in the complete metric space (X, D), so it is convergent. The
above inequality implies that (f (s,))n is also a Cauchy sequence in the complete
metric space (C(R, X), D), so it is convergent. Combined with Theorem 3.11(iv),
it follows that f is almost periodic, which combined with Theorem 3.11(iii), implies
that f is almost periodic. The theorem is proved. O

2  Weakly Almost Periodic Functions

In what follows, we will consider the concept of weakly almost periodicity, at least
in the cases of [” and H? spaces, 0 < p < 1. Indeed, according to Remark 9.13(1)
in Sect. 2, the dual spaces (I”)* and (H?)* are non-null. In addition, since {e;,i €
N}, with ¢; = (§i.n)n € P, §i n, Kronecker’s symbol, is a basis in [” (see e.g. [5],
p. 20), and since any e} : [’ — R is linear and continuous (see e.g. [5], p. 12,
Theorem 1.8), it easily follows that {py; ¢ € ([7)*}, with p,(x) = |@(x)|, for all
x € [P, defines a sufficient family of seminorms on /7, which evidently induces a
weak topology on [”, namely a locally convex Hausdorff topology on /7.

Also, since according to e.g. [37, p. 35], the point evaluations ¢, (f) = f(z),z €
D, satisfy ¢, € (H?)*, forall z € D, again it easily follows that { p, (x); ¢ € (H?)*}
with py(x) = |e(x)|, for all x € H?, defines a sufficient family of seminorms on
H?_ which evidently induces a locally convex Hausdorff (weak) topology on H?”.

Definition 9.9 Let X = [” or X = HP with0 < p < 1. Afunction f : R —> X
is called weakly almost periodic, if f : R — X is continuous and almost periodic,
considering X endowed with the (weak) locally convex topology as above (see e.g.
[2, pp. 159-160], or [7, 8]).

Remark 9.10 Obviously that Definition 9.9 has no sense for the p-Fréchet space
L?[0,1],0 < p < 1, whose dual is {0}.

Theorem 9.11 Let X = [P or X = HP, 0 < p < 1. The necessary and sufficient
condition that the function f : R — X be weakly almost periodic is that for any
¢ € X*, the numerical function h : R — R, defined by h(t) = ¢[f(t)], be almost
periodic.

Proof 1t is similar to the proof for Banach space-valued functions (see Theo-
rem 6.1.7, p. 160 in [2]). |

Theorem 9.12 Let X = [P or X = HP, 0 < p < 1. The necessary and sufficient
condition that the function f : R — X be almost periodic is that f be weakly
almost periodic and that f(R) be relatively compact.

Proof Since for any ¢ € X* and all 7, T € R, we have

lolf(t + D1 =@l f O < el - 1 £ +7) = fFO1YP,
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the usual (strong) almost periodicity and continuity of f immediately imply that f
is weakly almost periodic and weakly continuous. This together with Theorem 3.6
immediately proves the necessity of theorem.

To prove the sufficiency, we would need the analogue for p-Fréchet space of the
following result of Philips for Banach space (see the proof of Theorem 6.18, pp.
160-161 in [2]): from any bounded sequence (¢,), in X* defined on a relatively
compact subset A C X, one can extract a convergent subsequence on A. O

Remark 9.13

(1) In the case when X is a p-Fréchet space endowed with the p-norm || - ||, 0 <
p < 1,in [3, p. 102] (see also [1, p. 158]), the integral was introduced as
follows. First, fora = ag < a1 < ... < a, = b, a partition of [a, b], a step

n—1
function on [a, b] is of the form s(x) = Z Yk * Xlag,aps 1) (X) (Where Yo, a 1) 18
k=0
the characteristic function of [ay, ar+1) and yy € X,k =0,1,...,n — 1), and
n—1
its integral on [a, b] is defined by fub s(x)dx = Z Yk (ag+1 — ax). Then, since

k=0
any continuous function f : [a,b] — X is uniformly continuous on [a, b], it

is easy to show that it is the uniform limit on [a, b] of the sequences of step
functions s, (x), n € N defined by

n—1

() =Y f(@) * Kiap.arer) (), ax = a+k
k=0

b—a

k=0,1,....,n—1,

and the integral of f will be defined by | ab f(x)dx € X, where

=0.

b b
nli>Hc>lo H/ f(x)dx—/ Sp(x)dx

(It is easy to see that the above | ab f(x)dx does not depend on the sequence
of step functions uniformly convergent to f.) Unfortunately, the fundamental
theorem of calculus stated in [3, Theorem 2, pp. 104—105] (see also [10], pp.
161-162) seems to be not valid in general, since for a continuous function f :
[a, b] — X, for the integral F(t) = fa' f(x)dx, we have

@) — F@)ldx
h

)

H F(t+h)—F(@)

p —f(t)H =

but we do not get, in general, the estimate
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< |hIPI1f ) = fOII,

t+h
/ LF () — F()ldx
t

with u between ¢ and ¢t + A, as claimed in [10], p. 162 (which would imply that
. ||F@+h) —F@)

Jim | ——————— — f(")
the implication “f’ uniformly continuous and f B-almost periodic imply f’
B-almost periodic” does not hold, although in the case of Banach space-valued
functions, it is valid (see e.g. [3, Theorem VI, p. 6]).

One could also adopt the more particular definition (of Riemann-type) for the
integral on [a, b] of a function f : [a,b] — X, as unique limit of all the

= 0). As a first consequence, it follows that

n—1

Riemann sums Z f (&) (axy1 — ar), with & € [ak, ag+1]. Unfortunately, for
k=0

this kind of integral too, the property ||Ax|| = [A|?[|x]|], where 0 < p < 1,

produces a bad estimate for the difference between the Riemann sums attached
to two functions f, g : [a, b] — X, namely

n—1 n—1
Y FED @ —an) = Y gE) (ay —ar)
k=0 1 k=0
<Y (arpr — an)? | f &) — g
k=0
n—1
£ Y (a1 — apllf E) — g &l

k=0

(in fact, since 0 < p < 1, for ag4+1 —ax < 1, we have (ax+1 — ar)? > (ag+1 —
ay), which is the case for n sufficiently large). This fact that has the similar
effect as for the first integral, namely the fundamental theorem of calculus for
this second integral also does not hold.

From Remarks 9.13(1) and (2), it is evident that for a continuous f : [a, b] —

X, the inequality
b b
f Fdr| < / £ Old
a a

does not hold.

Now, if we introduce (as in the case of Banach space-valued functions) the mean
value

T
M(f)=_lim %/0 f@t)dt e X,

—+00
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where the limit is considered in the metric space (X, D) (i.e. there exists M (f) € X

1 T
with lim D (M f),=- / f@® dt> = 0), then because of Remark 9.13, it
T—+o0 T 0

seems that M (f) does not exist for any f € AP (X), since in the proof for the case
of Banach space-valued functions, the inequality mentioned in Remark 9.13(3) is
essential. This has as an effect the fact that, in general, one cannot attach Fourier
series to a function f € AP(X) and the fact that the almost periodicity of f does
not imply the approximation property mentioned in Definition 3.1(iii).

(4) In [6], a theory of the semigroups of linear and continuous operators is
developed. As one of the applications, it was obtained that the initial value
problem in the p-Fréchet space X,0 < p < 1,

du(t)
dt

=Alu@®)], t >0,u(0)=xe X

(where A : X — X is linear and continuous) has as the unique solution u(t) =
—n

t
T(t)(x), with T(¢t)(x) = lim <I — —A> (x), the limit being in the p-norm
n— 00 n
in X. On the other hand, taking into account Remarks 9.13(1) and 9.13(2), it
follows that the inhomogeneous Cauchy problem

du(t)
Pl Alu@®]+ f@),t >20,u0) =x € X,

in general, seems to not have mild solution, in the sense that, even if we can
define it as usual, it does not satisfy the differential equation.

(5) It is easy to construct almost periodic functions f : R — X for which there
exists M (f) and the fundamental theorem of calculus holds. Indeed, any f of
the form ¢ - g, where ¢ € X and g : R — R is almost periodic, satisfies these
two requirements.

Remark 9.14 The results in this section are contributions from Gal and
N’Guérékata [30].

3 Applications

Firstly, we illustrate the idea of propagation of almost periodicity from the input
data to the solutions of a simple differential equation in a p-Fréchet space (X, ||-|).
In this sense, we present the following.

Theorem 9.15 Let f : R — R be a usual almost periodic function and ¢ € X.
Then, the function y : R — X given by
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t
y®) =c / e fuwydu, t € R,

—00

is B-almost periodic and satisfies the differential equation

Y ) +y@)=c- f@),

forallt € R.
Here, y'(t) is defined as usual, that is, the limit in the metric D(x, y) = ||x — y||,
given by

) — ()
y (@) = lim h '

Proof Let us denote F () = fioo "' f(u)du,t € R. By the classical theory, F is
a usual almost periodic function. Then, by

lle- Ft) —c - Ft+ Dl =|F@) = F@+ &7 |lcll,

it is immediate that y(rf) = c¢ - F(t) is B-almost periodic in the sense of
Definition 3.1(1).
Since

t
F'(t)y= f(@) —/ T fw), Vv eR,
—00
it easily follows that y'(r) = ¢ - [f(t) — fioo e””f(u)du] and that y(z) satisfies
the differential equation, which proves the theorem. O
Bibliographical Notes The materials in this chapter are due to Gal and

N’Guérékata [30]. As one can see, there are some open problems that need further
investigations.



Chapter 10 ®
The Equation x’(t)=A(t)x(t)+f(t) Sk

1 The Equation x’(t)=A(t)x(t)+f(t)
Case I Let us first assume that X is of finite dimension, say X = C”.

Let us consider the inhomogeneous linear evolution equations of the form

dx(t)
dt

=AM)x@®)+ f(@), teR, x(r) eX, (1.1)

where A(-) is a t-periodic (unbounded) linear operator-valued function and f €
AAX).

Theorem 10.1 ([40,55]) Every bounded solution on the whole real line of Eq. (1.1)
isin AA(X).

Proof First, we note that by Floquet theory of periodic ordinary differential
equations and by Proposition 2.11 [40], without loss of generality, we may assume
that A is independent of 7.

Next, we will show that the problem can be reduced to the one-dimensional
case. In fact, if A is independent of 7, by a change of variable if necessary, we
may assume that A is of Jordan normal form. In this direction, we can go further
with the assumption that A has only one Jordan box; that is, we have to prove the
theorem for equations of the form

x1(1) A1 0 ... 0\ [x1(D) fi(®)
X2(t) o x10 x2(t) N f2(0)
(1) 000 ...\, £a(0)

Let us consider the last equation involving x, (). We have
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Xn(t) = Ax, (1) + fu(2), teR, x(r) e C".

If R # 0O, then we can easily check that either

t
y(t) = / MO f(E)de (R < 0)

or
{ = / T perde 0> 0)
t

is a unique bounded solution of Eq.(1.1). Moreover, by Proposition 2.11 [40] in
both cases, y(¢) and z(¢) are in AA(X). Hence, x, is in AA(X).

If XA = 0, then A = in for n € R. By assumption, there is a constant ¢ such that
the function

t
Xn (1) = ce""’+f M=) f(&)dE
0

is bounded on R. This yields the boundedness of fot e 8 £ (£)dE on R. Hence,
fé e~ £ (£)dE is in AA(X). Finally, this yields that x,, is in AA(X).

Let us consider next the equation involving x,_1 and x,,. Since x, is in AA(X), by
repeating the above argument, we can show that x,_; is also in AA(X). Continuing
this process, we can show that all x; (-) are in AA(X). The proof is complete. |

Case II Let us now consider Eq.(1.1) in an infinite dimensional Banach space
X where f € AA(X), and A(r) generates a I-periodic evolutionary process
(U(t, s))r>s in X, that is, a two-parameter family of bounded linear operators that
satisfies the following conditions:

1) U(,t)=1"forallt € R,
) U@,s)U(s,r)=U(t,r)forallt >s>r,
(iii) The map (¢, s) — U(¢, s)x is continuous for every fixed x € X,
iv) Ut +1,s+ 1) =U(t,s) forall t > s (1-periodicity),
V) U@, )| < Ne®®9 for some positive N, o independent of ¢ > s.

We emphasize that the above choice of the period of the equations is merely
for the simplification of the notation but does not mean a restriction. We refer the
reader to [6, 17, 36] for more information on the applications of this concept of
evolutionary processes to partial differential equations.

Definition 10.2 An X-valued continuous function # on R is said to be a mild
solution of Eq. (1.1) if

t
u(t) =U(@, s)u(s) +/ U, &) f(E)dE, Vt=s;t,s eR. (1.2)

N
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Lemma 10.3 ([40]) Let u be a bounded mild solution of Eq.(1.1) on R and f be
almost automorphic. Then, u is almost automorphic if and only if the sequence
(wu(n))nez is almost automorphic.

Proof

Necessity:  Obviously, if u# is almost automorphic, the sequence (u(n)),cz is
almost automorphic.

Sufficiency: Let the sequence (u(n)),cz be almost automorphic. We now prove
that u is almost automorphic. The proof is divided into several steps:

Step 1: ~ We first suppose that (n)) is a given sequence of integers. Then, there
exist a subsequence (nx) and a sequence (v(n)) such that

lim u(n + ng) = v(n); lim v(n —ng) =uln), VneZ (1.3)
k— 00 k—o00

Jim fG+m)=g@:  lim gt —n)=f@). VieR  (14)

For every fixed ¢ € R, let us denote by [¢] the integer part of 7. Then, define

o) = UG, Do (D) + /

n
. U, §)g&)dg, nellr], 11+ D).
1

In this way, we can define v on the whole line R. Now, we show that
Iim u(t + ng) = v(1).
k—o00
In fact,

klggo u(t +np)—v@O| < klinolo 1U @+ni, [1]+n)u(t]+n)=U @, [tDo D]l

t
+ Jim /[ I L +10) = g
— 00 t

= lim (UG (] +ne) = UG Do)
t
+ lim f[ @IS @) = g ldn =0
—o0 Ji

Similarly, we can show that

Iim |[v(t —ng) —u()|| =0.
k— 00

Step 2:  Now, we consider the general case where (s,’()kez may not be an integer
sequence. The main lines are similar to those in Step 1 combined with the strong
continuity of the process and the precompactness of the range of the function f.
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Set n; = [s;] for every k. Since (fx)kez, Where #; = s; — [s;], is a sequence
in [0, 1), we can choose a subsequence (n;) from {n}} such that klim th =ty €
—> 00

[0, 1] and (1.3) holds for a function v, as shown in Step 1.

Let us first consider the case 0 < #y + ¢ — [fg + ¢]. We show that
Iim u(ty +t+ni) = lim u(to+1t+ng) =v(tg + ). (1.5)
k— o0 k— o0

In fact, for sufficiently large k, from the above assumption, we have [fo+1] = [#x+1].
Using the 1-periodicity of the process (U (, 5));>s, we have

lu(tx + 1t +ng) —u(to+1t +np)ll < Alk) + B(k), (1.6)

where A(k) and B(k) are defined and estimated as below. By the 1-periodicity of
the process (U (¢, 5)):>s, we have
Alk) = Ut + 1 + ng, [ + 1] + npu(tx + 1] + ng)
—U(to+t +nyg, [to + t] + np)u([tg + t] + np)|l
= Ut + ¢, [fo + tDulto + 11+ ng) — U(to + 1, [to + tDu([fo + 1+ np) .

Using the strong continuity of the process (U (t, 5));>s and the precompactness of
the range of the sequence (u(n)),cz, we have klim A(k) = 0. Next, we define

00
t+t+ng to+t+ng
B(k) == || U(tx+1t+ng, fl)f(ﬂ)dﬂ—/ U(to+1t+nk, n) f(mdnll.
[t +t]1+nk [to+1]+nk

By the 1-periodicity of the process (U (, s));>s and [to + ¢] = [# + t], we have
tr+t—[tr+t]
B() = H/ Ut + 1+ ni o + 11+ i+ 6) f {10 + 11+ i + 6)d6
0

to+t—[to+t]
—/ U(to+t+nk,[to+t]+nk+9)f([t0+t]+nk+9)d9H
0

tet+t—[to+]
/ Uty +1t —[to+11,0) f([to + t] + nx +6)do
0

to+t—[to+t]
—/ U(to+t—[to+t],9)f([t0+t]+nk+9)d9H.
0

From the strong continuity of the process (U (t, 5));>s and the precompactness of
the range of f, it follows that klim B(k) = 0. So, in view of Step 1, we see that
—00

(1.5) holds.



1 The Equation x”()=A®)x(t)+£(t) 115

Next, we consider the case when 7o+ — [fo +¢] = 0, that is, #o + ¢ is an integer.
If tx +1t > to + ¢, we can repeat the above argument. So, we omit the details. Now,
suppose that 7y + ¢ < 19 + ¢. Then,

lu(tx +t+ni) —uto+t +np)| < Ck) + D(k), (1.7
where C (k) and D (k) are defined and estimated as below:

Ck) = U (& + 1 + nk, [ + 1] + nu(fx + 1] + ng)
—Utg+t+ng,to+t—1+nulto+t—14+np)
= || Ut +t,to0+1t—Dulto+1t—1+ny)
—~U(tg+t,to+t—Du(to+1t—1+ng)l.

Now, using the strong continuity of the process (U (¢, 5));>s and the precompactness
of the range of the sequence (4 (n)),ecz, we obtain klim Ck) =0.
—>00

As for D(k), we have

tr+t+ng
D(k) := ”/ Uty +t +ng,n) f(n)dn
[tg+t]+nk

to+t+ng
_f U(to+t+nk,n)f(n)dnH
[to+t]+nk—1

tr+t+ng
”/ Uty +t +ng, n) f(ndn
[to+1]4+ng—1

fo+t+ng
_f U(t0+t+nk,n)f(n)dnH
[to+t]+nk—1

tk+1—to
/ Utr+t, 0+t —14+0)f(to+t+nr—1+4+6)do
0

1
—/ U(to+t,t0+t—1+9)f(t0+l+nk—1+9)d9H.
0

From the strong continuity of the process (U (f, 5));>s and the precompactness of
the range of f, it follows that klim D(k) = 0. This finishes the proof of the lemma.
—00

O

Theorem 10.4 ([40]) Let A(t) in Eq. (1.1) generate a 1-periodic strongly continu-
ous evolutionary process, and let f be almost automorphic. Assume further that the
space X does not contain any subspace isomorphic to cq, and the part of spectrum
of the monodromy operator U(1,0) on the unit circle is countable. Then, every
bounded mild solution of Eq. (1.1) on the real line is almost automorphic.



116 10 The Equation x’(t)=A(t)x(t)+f(t)

Proof The theorem is an immediate consequence of the results above. In fact, we
need only to prove the sufficiency. Let us consider the discrete equation

n+1
un+ 1) =Um+ 1, n)u(n) +/ Um+1,&fE)dE, nel.

From the 1-periodicity of the process (U (t, 5));>s, this equation can be rewritten in
the form

u(n+1)=Bu(n)+y,, nez, (1.8)

where

n+1
B:=U(1,0); y, :=/ Un+ 1,8 f(&)dE, nelZ.

We are going to show that the sequence (y,),cz defined as above is almost

automorphic. In fact, since f is automorphic, for any given sequence (1), there are

a subsequence (ny) and a measurable function g such that klim f@t+np) =g@)
—00

and lim g(t —n,) = f(¢) for every t € R. Therefore, if we set
m—0Q

n+ng+1
w, = lim Un+ng, &) fE)dE, nelZ,

k=00 Jy

then, by the 1-periodicity of (U (¢, 5));>s and the Lebesgue Dominated Convergence
Theorem, we have

n+1 n+1
w, = lim / Un,n) f(ng +n)dn = / U(n, ngmdn.
k—o00 n n

Therefore, klim Yn4n, = w, for every n € Z. Similarly, we can show that
— 00

lim w,_,, = yn.
k— 00

By Lemma 2.11 [48], since (u#(n)) is a bounded solution of (1.8), X does not
contain any subspace isomorphic to cg, and the part of spectrum of U(1, 0) on the
unit circle is countable, (#(n)) is almost automorphic. By Lemma 10.3, this yields
that the solution « itself is almost automorphic. O

Now, let us consider Eq. (1.1) where A(?) = A.
Theorem 10.5 ([70]) Suppose that A generates an asymptotically stable Cy-
semigroup (T (t)):>0, that is,

lim T(t)x =0, forevery x € X,
11— 00
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and f € AAX). If x(¢t) is a mild solution of Eq. (1.1) with a relatively compact
range in X, then x € AA(X).

Proof x(t) will admit the representation
t
K0 =T - ax@+ [ T -6 Eds

foreacha e Rand ¢t > a.
Let (s,) be a sequence of real numbers. Since f € AA(X), we can find a
subsequence (s,) C (s;,) such that

g(t) == lim_f(t +s,)
n—0oo
is well-defined for each r € R and
lim g(t —s,) = f(t)
n—oo
foreacht € R.

Suppose now that the sequence (x(#y 4 s,)) is not convergent for some 7y € R.
Then, there exist some o > 0 and two subsequences (o,,) and (o,) of (s,) such that

lx(to + 0,) — x(to + 0, )|l > o (1.9)

forn=1,2,....
We have, fora < 1

x(to + 0,) — x(to + 0,) = T (to — a)[x(to + 0,,) — x(to + 0,,)]
+ [ T — O E +0,) — [ —0,)]dé.

Let K = {x(#) / t € R} be the closure of the range of x(¢); by assumption K is
compact in X.
Since tlim T (t)x = 0 for every x € X, it is easy to observe that [lim T)x =0
—00 —0

uniformly in any compact subset of X. Thus we can choose some a < 0 such that

&

IT(to — a)x(a + o)l < 3

and
" &
T (0 —a)x(a+o,) < 3

foralln =1, 2, ... Now, fix a and put
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Fo8) =T —OIfE+s)) — fE+s)]

witha < & < 19. Since sup || f(¢)|| < oo, and || T (#p)|| < M for some M > 0, we
teR
get

IF2 @I < 1T 0 = NS E + s+ 1 E+s)ID <L

for some L < oo.
Also, we observe that lim F,(§) = O in the strong sense for every & since
n—od

lim f (¢t + sy,) exists for every ¢, and (o,) and (o,) both are subsequences of (s).
n— oo

Finally, F,,(£) is measurable for eachn = 1,2, ...
Using Lebesgue’s Dominated Convergence Theorem, we get

t
Jim [ TG =917 + o) - (& +odE =0,
a
This implies the existence of some positive integer N such that
Ix(to + 0,) — x(to + 0,)|| <& if n > N,

which contradicts (1.9).
Consequently, we deduce that the sequence (x(t + s,)) is convergent in X for
teR.
Let y(¢) := lim x(t +s,), t € R. It follows that
n—oo

t
y@) =T —a)y(a) +/ T(r—§)g(§)dé

a

forevery a € Rand ¢ > a. Moreover, I' := {y(¢) / t € R} C K. And consequently,
I" is relatively compact in X. We may assume that

lim y(t —s,) = u(t)
n—oo

pointwise on R.
Using the same argument as above, we can get

t
u(t) = T(z—a)u<a>+/ T( — £)g(€)de

a
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for every a € R and ¢ > a. We also have
{fuit) /JteR}C{y(t)/teR} CK.

It remains to prove that u(t) = x(¢),t € R.
Let us write y(t — s,) —x(t) =T —a)y(a —s,) — T(t —a)x(a)
+ [T —E)(gE —s0) — f(5))dE.

Fix t € R, and let ¢ > 0. Since K is compact, one may choose a < 0 large
enough such that

&
1T —a)yla=sl < 3, vn

and
IT( — a)x(a)]| < §

The second inequality is based on the assumption that tlim T (t)x = 0. Now, fix a,
—00
and let

Hy(§) =Tt —§)(g(E —sn) — [(§)).

Itis clear thateach H,(£), n =1, 2, ..., is bounded in norm since sup || 7 (¢)|| <
>0
oo and sup || f(#)|| < M < oo. By Lebesgue’s Dominated Convergence Theorem,
teR
we get

t
Tim / T( — £)(g(E — sn) — f(E))dE = 0.
We then obtain

ly( —sn) —x(OIl <e,

if n > N for some given positive integer N. This implies that x(t) = u(¢) for each
t € R. The proof is complete. O

Theorem 10.6 (N’Guérékata [55]) Assume that A is bounded and f € AA(X).
Let x(t) be a (strong) solution of Eq.(1.1) with a relatively compact range in
X. Assume also that there exists a finite dimensional subspace X of X with the
properties:

(i) e4u e Xy, VYueX;;

(ii) Ax(0) € Xy;
(iii) (€4 —I)f(s) e X| Vt,s e R.
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Then, x € AA(X).

Proof Consider the projection P : X — X;. Then, we have X = X| & N(P),
where N (P) is the null space of P. Note that Q = I — P is the projection on N (P).
Both P and Q are bounded linear operators.

Let x(¢) be a solution of Eq. (1.1). Then, we can write

x() =x1(1) + y(), 1 €R,
where x1(t) = Px(t) € X; and y(¢t) = Qx(t) € N(P).

Since the range of x (¢) is relatively compact in X, so are the ranges of x;(¢) and
y(t) as we can easily observe. Also,

x'() = xj(@) + y(t) = Ax1(t) + Ay(t) + Pf(t) + Qf (1), t €R. (1.10)
x(t) has the integral representation
x() = x(0) + [y "IN f(&)ds
= e"x(0) + [y f(E)E + [y ("84 — D) f(§)dE.

Using assumption (iii), we can deduce that fé (e"=8A _ 1) f(&)dE € Xy; then,
applying Q to both sides of the last equation above, we get

t t
(1) = 0 x(0) + 0 /0 FE)E = 0 x(0) + /0 0f )de.
Thus,

V(1) = QA x(0) + Qf (1) = Qf (1)

since Ax(0) € X1, so e!4Ax(0) € X by (ii).

Now, Qf(t) : R — X is an almost automorphic function since Q is a bounded
linear operator. Hence, y'(1) € AA(X). Thus, y(r) € AA(X) since its range is
relatively compact in X in view of Theorem 4.3.

Now, if we apply P to both sides of Eq.(1.10), we get in X the following
equation:

x| (t) = PAx (1) + PAy(t) + PP f (1) + PAf(1), t € R.

We observe that the function g(r) := PAy(t) + P3f(t) + PAf(¢) is almost
automorphic.
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Now, the operator P A restricted to the subspace X is a matrix and the function
x1(¢) is bounded since its range is relatively compact. So, we deduce that it is almost
automorphic in view of Theorem 4.5.

Finally, x () € AA(X) as the sum of two almost automorphic functions.

The proof is complete. O

Now we consider in a general Banach space X, the equation:
X®)=A+B)x@), teR (1.11)
and the associated inhomogeneous one

x'(t) = (A+ B)x(t) + f(1), t eR. (1.12)

We make the following assumptions:

(i) A is the infinitesimal generator of a Co-semigroup (7 (¢));>0 such that 7'(¢)x :
R — X is almost automorphic for each x € X
(i) There exists a finite dimensional subspace X; of X such that D(A) N X is
dense in X.
(iii) The projection P : X — X commutes with A.
(iv) B is a continuous linear operator such that B(X) = X].

Theorem 10.7 (N’Guérékata [55]) Under assumptions (i)—(iv), every bounded
solution of Eq. (1.11) is almost automorphic.

Proof We recall that P is a bounded linear operator and has the property
X=X ® N(P),

where N (P) is the kernel of P. Weset Q =1 — P.
Now, if x(¢) is a bounded solution of Eq. (1.11), then it can be decomposed as

x(@®) =x1(t) +x2() t €R,

where x1(f) = Px(t) € Xy and x2(¢) = Qx(t) € N(P) are also bounded.
First, let us show that x2(f) € AA(X). We have

xy(1) = §0x(1) = Q. fx(1) = Q(A + B)x(1)
= QAx(t), since OQBx(t) =0
= AQx(t), since A and Q commute
= Axy(1).

Thus, we can write xp(t) = T(t)x2(0), ¢ € R, which shows that x,(t) €
AAX).



122 10 The Equation x’(t)=A(t)x(t)+f(t)

Now, if we apply P to Eq.(1.11) and use the commutativity of A and P, we
obtain

X1 (1) = (A4 PB)x1 (1) + PBxa(1),

where g(¢) := PBxy(t) € AAX).

Itis clear that A + PB = A + B is a linear operator restricted to D(A) N X =
X1 because of assumption (ii). Since x1(¢) is bounded, it is almost automorphic
(Theorem 4.5). Finally, x(¢) € AA(X) as the sum of two almost automorphic
functions. The proof is complete. O

Theorem 10.8 Assume that assumptions (i)—(iv) above are satisfied and f €
AA(X). Then, every solution of Eq. (1.12) with a relatively compact range is almost
automorphic.

Proof We start the proof as in Theorem 10.7 with the same notations. Consider a
solution x () of Eq. (1.12) with a relatively compact range in X, and let

x() =x1(t) +x2(2), t€R,

as above. Observe that the range of x, () is also relatively compact in X. It is easy
to check that it satisfies the following equation in N (P):

x5(t) = Axa(t) + Qf (1), t € R.

The function Qf(¢) : R — N(P) is almost automorphic since Q is bounded. We
deduce that x;(t) € AA(X) in view of Theorem (4.3).

In applying P to Eq.(1.12), we obtain in the finite dimensional space X; the
equation

X1 () = (A+ PB)xi1(1) + g(1),

where g(t) := PBx(t) + Pf(t) is an almost automorphic function R — Xj.
As in Theorem 10.7, A4+ PB = A + B on D(A) N X1. Now, since x1(¢) has a
relatively compact range and thus it is bounded in the finite dimensional space X,
we conclude in view of Theorem 4.5 that it is almost automorphic. Finally, x(¢) is
almost automorphic as the sum of two almost automorphic functions. The proof is
now complete. O

Bibliographical Notes This section is essentially based on the contributions by
Zaki, Zaidman, and N’Guérékata. Theorem 10.5 is a slight generalization of a
result by Zaki [70]. The results by N’Guérékata and Pankov in [61] provide a
nontrivial interplay between Bohr almost periodicity, Besicovich almost periodicity,
and almost automorphy of solutions of some almost periodic elliptic equations.

The interaction between the spectral theory of functions and mild solutions
of evolution equations with almost automorphic forcing terms was initiated by
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Diagana, N’Guérékata, and Nguyen Van Minh in [23] using the concept of uniform
spectrum; cf. also [48, 49]. That interaction brings more operator theory, harmonic
analysis’ ideas, and complex functions to these differential equations. The reader
can obtain a complete presentation of results in this direction in the recent book by
N’Guérékata [59].



Chapter 11 )
Almost Periodic Solutions of the Qs
Differential Equation in Locally Convex

Spaces

As an application of results obtained in Chap. 3, we will study conditions for almost
periodicity of solutions of the linear differential equation x’'(t) = Ax(t) + f(¢), t €
R and the associated homogeneous equation in locally convex spaces. We will start
with the case of a bounded linear operator A and then study the general case of a
(eventually unbounded) linear operator A which generates an equicontinuous Co-
semigroup of linear operators.

1 Linear Equations

Definition 11.1 A Fréchet space E is said to be perfect if it satisfies the following
property:

(F) Every function f : R — E with a bounded range {f(¢) : ¢ € R} and f’(¢)
almost periodic is necessarily almost periodic.

Example 11.2 Denote by s the linear space of all real numbers s = {x = (x;) :
x, € R, n=1,2,...}. For each n, define
pn(x) = |xy|, x €.

Obviously p, is a seminorm defined on s. Define

qn = p1vVp2V...Vpy, l’l=1,2,~~

We have g, < g,+1, n = 1,2,... The space s considered with the family of
seminorms (g;) is a Fréchet space. Moreover, it can be proved (see [1], 17.7, p.
210) that each closed and bounded subset of s is compact. Thus, in particular, s is a
Banach space. Moreover, in view of Theorem 8.12, s is perfect.
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1.1 The Homogeneous Equation x’ = Ax

Consider in a complete Hausdorff locally convex space E the equation
x'(t) = Ax(t), t € R. (1.1)

Theorem 11.3 ([S1]) Let E be a perfect Fréchet space. Assume that

(i) A is a compact linear operator on E;
(ii) {Ak : k=1,2,...}is equicontinuous;
(iii) for every seminorm p, there exists a seminorm q such that

p(e’Ax) <q(x), foreveryt eR, x € E.

Then, the unique solution of Eq. (1.48) is almost periodic in E.

Proof Let x(t) = e'4xo be the unique solution of Eq.(1.1). Then, by (iii), it is
bounded. Since E is a perfect Fréchet space, it suffices to prove that x’(r) is almost
periodic (cf. Property (F) above).

Now, assumption (i) implies that the set {x’(¢) : € R} is also relatively compact
in E.

Let (s;,) be an arbitrary sequence of real numbers; then, we can extract a
subsequence (s,) such that (x'(s,)) is convergent and thus is a Cauchy sequence
in E.

But we have

xX'(t +sp) = Ax(t +5,)
= AelttsnAx,
= Ae'4e4x
= Ae'x(sy)
=" Ax(sy)
= "X/ (sy)

foreveryn =1,2,...andevery r € R.
If p is a seminorm on E, then there exists a seminorm g on E such that

PO (t + s0) — X' (t +5m)) = pe(x'(sp) — X' (sm)))
< q(x'(sp) — x'(sm))

for every n, m and every ¢ € R.

It follows that (x'(¢ + s,)) is uniformly Cauchy in ¢; therefore, it is uniformly
convergent in .

We conclude by Bochner’s criterion that x’(z) is almost periodic. This completes
the proof. O
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1.2 The Inhomogeneous Case

Now, let us consider in a perfect Fréchet space E the inhomogeneous equation:
x'(t)=Ax(t)+ f(1), t €R, (1.2)

with the following assumptions:

(H1) A is a compact linear operator on E;
(H2) {Ak; k=1,2,...}is equicontinuous;
(H3) for every seminorm p,, there exists a seminorm g, such that

pu(e'dx) < gu(x), foreveryr € R, x € E;

(H4) f € AP(E) and for each p, € P, there exists a function ¢/, : R — R* with

Pa(f($)) < Wp,(s) and / U ($)ds < 00,

Now, let us state and prove the following.

Theorem 11.4 ([16]) Under assumptions (H1)—(H4), every solution of Eq. (1.2) is
almost periodic in E.

Proof By Theorem 11.3, the function ¢'4x(0) € AP(E).

Now, let F(t) := fot =94 f(s)ds. It is also immediate that s — e ™54 f(s)
isin AP (E) based on Theorem 8.26. In view of assumptions (H5) and (H8), F(z)
is bounded over R. We then deduce that fot e A f(s)ds € AP(E) since E is a
perfect Fréchet space. But this last integral is equal to e "4 F(t). Applying again
Theorem 8.26, we obtain ¢’4(e "AF(r)) = F(¢) is almost periodic. The proof is
now complete. O

Let us now consider a Fréchet space in which property () may not hold.

Theorem 11.5 ([51, 55]) Let E be a Fréchet space (not necessarily perfect), and
assume that assumptions (i)—(iii) of Theorem 11.3 are satisfied. Assume also that
the range R(A) of the operator A is dense in E.

Then, every solution of Eq. (1.1) is almost periodic.

Proof Let us observe that the first part of the proof of Theorem 11.3 tells us that if
x(t) = e'4xp is a solution of Eq. (1.48) with xy € D(A) the domain of A, then x'(¢)
will be almost periodic. O

Lemma 11.6 Every solution of Eq. (1.48) with initial data in R(A), the range of
A, is almost periodic.

Proof Let a € R(A) and consider the unique solution y(z) with y(0) = a. There
exists xg € D(A) such that Axg = a. We have
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y(t) = e'da = e Axg = Ae'Axg = Ax(t) = X' (1),

where x(¢) = e'4xg. Therefore, x’(¢), and consequently y(z), is almost periodic.
O
Proof (of Theorem 11.5 (continued)) Consider the solution x (¢) of Eq. (1.48) with
x(0) € E. Since R(A) is dense in E, there exists a sequence (a,) in R(A) such that
lim a, = x(0).
n—o0
Consider a sequence of solutions (y,(¢)) with y,(0) = a,, n = 1,2,... By the
above, each y, (¢) is almost periodic. |
Now, to prove almost periodicity of x(¢), it suffices to prove that (y,(t))
converges to x(¢) uniformly in ¢ € R. We have
x(1) =€x(0), yat) = e"ay.

So, given a seminorm p, there exists a seminorm ¢ by (iii) such that

PO () — x(0)) = p(e'*(an — x(0))) < g(a, — x(0))

foreveryn = 1,2, ... and every ¢t € R. The conclusion follows immediately.

Bibliographical Notes The contributions in this chapter are due to D. Bugajewski
and G.M. N’Guérékata [16, 55].
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The function spaces can be arranged in the following chart:

Type
Almost Automorphic AA
U
Compact Almost Automorhic | AA.
U
Almost Periodic AP
U
w-Periodic P,
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