Chapter 5 )

Regression Analysis e
Assume we measure the insulin level Yy, ..., Y, of n persons. Every person has
a different weight X, ..., X,,. Can we somehow explain the insulin level using

the weights? This is the general context of regression analysis. There are different
reasons why such a question might be of interest. For instance, a scientist could
be interested in understanding the mechanics behind insulin level, i.e., which factor
influences the insulin level and how? Other scientists may only be interested in
predicting the insulin level. One common way to achieve this is to find a way to
express the conditional expectation of Y given X. Call the function m(X) = E(Y|X)
the regression function. This chapter is dedicated to methods that estimate parametric
forms m (X, ¥) under various assumptions. We start with the classical linear models
that assume that m (X, ©) = 9 ' X is linear in X while Y follows a normal distribution
firstunder independence assumptions and later under certain correlation assumptions.
Afterward, we allow other distributions for Y like the negative-binomial distribution
which lead to the classical generalized linear models. The chapter concludes with
semi-parametric models, i.e., we do not explicitly assume a distribution for Y but the
regression function m (X, ) still depends on some (multi-dimensional) parameter
v

Beside bootstrapping in the classical manner, that is sampling with replacement,
other options are available. Therefore, after investigating the estimators (asymptotic)
distribution we present resampling techniques that can be used to bootstrap the dis-
tribution. Of course, this allows again to estimate confidence intervals or to derive
other statistics, but these results will also be used (in the next chapter) to construct
goodness-of-fit statistics for the regression function itself. Usually, visual techniques
are used to assess if the model fits the data well. The next chapter provides a more
rigorous approach to that leveraging the results from this chapter.
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5.1 Homoscedastic Linear Regression under Fixed Design

Linear models are important statistical tools and are very common in the scientific
literature. In general, more sophisticated regression techniques originate from linear
models. The purpose of linear models, or regression models in general, is to model
or investigate the influence of some variables, usually called independent variables
or covariates, onto another variable, usually called dependent variable. For instance,
to model the price for a real estate (dependent variable) depending on the land area,
year of construction, and so on (covariates). Here the focus would be to investigate
how the covariates are related to the dependent variable and maybe predict the price
only given the covariates.

In biometrics and epidemiology linear models are often used to account for “con-
founding variables”. Suppose we have two groups and our main goal is to investigate
if there is any difference in the level of a specific hormone. If the persons were
randomized properly into two groups, we could use a two-sample ¢-test to detect
differences in the mean hormone level. But sometimes it is not possible to random-
ize. One reason might be that the two groups are naturally given, for instance, by a
disease state or type. Assume group one is persons with a type 1-diabetes and group
two is persons with type 2-diabetes. These two types of diabetes are very different
from a medical point of view (we do not want to elaborate on this). Nevertheless, the
typical typel-diabetic is young and the typical type2-diabetic is old. If the hormone
level depends on age, the usual two-sample ¢-test will be misleading, i.e., we over
estimate or under estimate the effect of the diabetes status. We need a two-sample test
that accounts for the difference in the age structure of the two groups. In this case,
age is a “confounding variable” and we want to estimate the effect of the diabetes
type on the hormone level “adjusted for” age.

Now, we generate a dataset following

Y =100 — 3.5 - Lgiabetes="Type2’y + 0.1 - age + ¢,

where e ~ N (0, 1) that will be analyzed through the current section. Note, the dataset
also contains the parameter height, which does not contribute to the hormone level.

set.seed (123,kind ="Mersenne-Twister",normal.kind ="Inversion")
hormone_data <-
data.frame (diabetes = gl(2, 50, labels = c("T1l", "T2"))) %>%
dplyr: :mutate (
age = ifelse(diabetes == "T1",
rnorm (50, mean = 25, sd = 5),

rnorm (50, mean 60, sd = 5)),

height = rnorm (100, mean = 180, sd = 10),

hormone = 100 - 3.5 * (diabetes == "T2"
0.1 * age + rnorm(100))

dy

head (hormone_data, n = 2)
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## diabetes age height hormone

## 1 T1 22.19762 172.8959 104.4186

## 2 T1 23.84911 182.5688 103.6973
tail (hormone_data, n = 2)

## diabetes age height hormone

## 99 T2 58.8215 173.8883 102.4031

## 100 T2 54.8679 168.1452 103.2367

Looking at Fig. 5.1, it is obvious that age hides the diabetes effect and the #-test
will not detect any difference in the hormone level with respect to the diabetes status
if age is ignored.

ggplot (hormone_data, aes(x=age, y=hormone, color=diabetes)) +
ylab ("hormone level") +
geom_point ()

Our data follow a general linear regression model where the hormone levels are
given by

p
Y, =) xighy+e, 1<i<n, (5.1)

q=1
and where the residuals ¢, . . ., &, ~ F areii.d. withE(e) = 0and VAR (¢) = 02 <

oo, i.e., homoscedasticity. Note, we consider that the model is based on a fixed
design, i.e., x; , are not random. Although the generation process in our hormone
data sampled age from a normal distribution, x; 4 is not considered as random! It is
not unusual to consider the covariates as fixed. The results are then interpreted as
“given the covariates”.

Equation (5.1) can be written in the following compact form:

Y(n) =x(n)B +en),

where
Yn)=Y =(Y,...,Y,)T  —response vector
xLl'~~pr
x(n) =x = — design matrix
Xn,1 -+ Xnp
e(n) =¢ =(61,...,&)" — vector of residuals
B =i, ...,Bp)"  — vector of parameters.

If the first column of x has 1 at every place, the model has an intercept.



76 5 Regression Analysis

105 -
104 -
g diabetes
© T
103 -
g T2
5]
e
102 -

101 -

20 30 40 50 60 70
age

Fig. 5.1 Simulated hormone data. The different age distributions disguise the diabetes effect

Throughout this section we assume maximal rank of x (1) = x so that x(n) "x(n) =

x Tx is positive definite and hence invertible. The index n will be omitted for nota-
tional convenience.

To estimate the unknown parameter vector 8 based on the n observations, we take
B(n) = B, as the projection of Y onto the vector space {z € R" : z = xy, y € RP}.
Thus for all y € R? we have

(Y —xp)Lxy < (Y —xB, xy)=0.
The right-hand side is equivalent to
YTxy = /§TxTxy.

Since this equality has to hold for all y € R” we get
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A

Y'x =8"x"x.
Now multiply both sides with the inverse of x " x to get finally after transposing
Bm)y=B=x"x)""x"Y. (5.2)
Substitute into this equation the model for Y to get the representation
B=0u"x)""xTxB+e) =B+ (x"x)""x"e, (5.3)

which can easily be handled to prove asymptotic results, as we will see in this chapter
later on.

Remark 5.1 The estimator (5.2) is known as the least square estimator (LSE),
because it minimizes the sum of the squared errors, i.e., Y - (¥; — Zf;zl xi,qﬂq)z.

After the LSE /§ is obtained, we can use ,3 to define the estimated residuals given
by
g=G,L....80)" =Y —xB=x(B—p) +¢ (5.4)

to get with
o X —xp)T¥ —xp)
" n

(5.5)

a biased estimator for 62 = VAR(g).

R-Example 5.2 We now calculate the LSE for our hormone data using R standard
function 1m. This function also automatically calculates the intercept and takes care
of any coding of non-numerical variables:

hormone_fit <- 1lm(hormone ~ diabetes + age + height,

data = hormone_data)
coefficients (hormone_fit)

## (Intercept) diabetesT2 age height
## 1.006844e+02 -2.221115e+00 7.127644e-02 1.698143e-04

Exercises 5.86 and 5.87 are dedicated to reproducing the result using other R-
functions.

5.1.1 Model-Based Bootstrap

If we want to use the bootstrap for testing, we have already discussed the necessity
of a resampling procedure that mimics the null hypothesis. This general resampling
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principle should also be applied if we want to use bootstrapping for some statistical
analysis under model assumptions. To be more precise, the bootstrap data should be
drawn under the given model assumptions or at least very close to them.

In this chapter, we focus on the model (5.1), where the residuals are centered
random variables. The LSE B can be used to substitute the true 8 in our model. Since
the residuals are i.i.d. and therefore not depending on x, we can use the edf. of the
estimated residuals &1, . . ., &, as a base for our resampling. However, we should also
address in our resampling approach that the residuals are centered, that is, E(¢) = 0.

Remark 5.3 If our model (5.1) allows for an intercept, the estimated residuals are
always centered, that is, ) °,_;_, & = 0. But this is not the case in general when the
intercept is excluded!

This remark tells us that the estimated residuals are not centered if our underlying
model does not has an intercept. To face this, we use the centered estimated residuals

glzél_ﬂn"-wgn:én_ﬂn, (5.6)

where u, = 1/n leisn &; as a base for our resampling. Overall, this leads to the
following resampling procedure which defines the model based bootstrap:

Resampling Scheme 5.4

(A) Based on the observations

(Yi, X)1<i<n C R'TP

calculate the LSE ﬁ(n). y

(B) Determine the estimated residuals €, .. ., &, and denote by F, the edf. of the
centered estimated residuals, i.e., of €y, ..., &,, where & = & — pu, and u, =
n= 0 .

(C) Draw an i.i.d. sample €7, ..., &} ~ F, and define

(Y}, X)1<i<n, where Y =x]B(n) + &

(D) Compute the LSE of the bootstrap sample, i.e., determine
B*(n) = (x"'x)"xTY*
In the next example, we apply this approach to a simple model under R.

R-Example 5.5 We now generate 10 bootstrap samples of the coefficient B using
the model fit of the preceding section.
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bootLSE = function(lm_object, R){

}

# 1m_object - a model fit returned by stats::1lm
# R - number of MC simulations

# m is a data.frame containing Y (first column) and all
# necessary/used covariates
m <- model.frame (lm_object)

m[,1] <- fitted.values(lm_object)
# m[,1] equals now the covariates times estimate of beta

# Step (B)
res <- residuals(lm_object)
centered_res <- res - mean(res)

getCoef <- function(d, i) {
# note m[,1] directly after entering getCoef () equals
# fitted.values (Ilm object).

# Step (C)
# here we add an 1id sample of the centered residuals
m[,1] <- m[,1] + d[i]

# Step (D)
# refitting using the same model, but the new locally
# modified dataset m, that exists in the scope of getCoef ()
coefficients (update (1lm_object, data=m))
}

ret <- boot::boot (centered_res, getCoef, R=R)S$t
colnames (ret) <- names (coefficients (lm_object))
ret

set.seed(123,kind ="Mersenne-Twister",normal.kind ="Inversion")

bootLSE (hormone_fit, R=10)

## (Intercept) diabetesT2 age height
## [1,] 102.34053 -2.2475860 0.07826922 -0.010915485
##  [2,] 99.71085 -2.2493330 0.07342633 0.005127545
## (3,1 99.59317 -2.6704092 0.08138058 0.004740870
## [4,] 98.49276 -1.7184202 0.06237397 0.013339298
## [5,] 102.25480 -3.5801511 0.10722537 -0.013701580
## [6,] 99.15882 -1.7457254 0.05083991 0.011253981
##  [7,] 97.88378 -2.3224875 0.07893495 0.014210316
## [8,] 101.89059 -1.5704854 0.04695695 -0.002841336
##  [9,] 101.52333 -0.6861021 0.03155923 0.000668564
## [10,] 100.25149 -1.3005371 0.04135630 0.007025591

79
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In the rest of this section, we will apply the model-based bootstrap to construct
confidence intervals for the single components of § and to test hypotheses about 8,
asymptotically. This inferential part is based upon the assumption that

Vi(Bm) = B), n(B*(n) — B(n)) (5.7)

both tend to the same multivariate normal distribution. We will prove these asymptotic
results later. To get an idea of the variance-covariance structure, recall (5.3) to see
that

,3 —B=(x"x)"xTe.

Therefore, the variance-covariance of ,3 is given by
T -1, T T ' 2, T \—1 2
((x x) 'x )D((x x) " 'x ) =0c"(x x) =X"(n),

where D is a diagonal p x p matrix with o2 as entry in each diagonal component
and O for all other components. This variance-covariance matrix could be estimated
by s2 (x "x)~!. Asymptotically, the Formula (5.5) to estimate o is fine but biased.
Instead, we will use here

2 W=DV —xp) o W —xp)TQ" =2

n—p n—p

where n — p are the degrees of freedom. Thus
2y =607 22y =62 (x"x)7!

will be used here. The diagonal components of these matrices are variance estimates
of the corresponding components of ﬁ and ﬁ* respectively. Denote by

3742 = 22(”)4,17, )7;2 = ZAﬂ(z(’l)ri,ti

the corresponding estimates.
Now we get from (5.7) under proper assumptions that

sup IP((By — B /P <) —Bi((Br — B /P <t)| — 0, asn— o0

and we can proceed as in Sect. 3.1 to construct the confidence intervals for the compo-
nents of 8, see Resampling Scheme 3.3. In the next example, we list the corresponding
R-code.

R-Example 5.6 The following R-function is very similar to the one implemented
in R-Example 5.5 and returns the confidence interval for 8,, (¢ =1, ..., p).
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bootLSE_ci = function(lm object, conf.level=0.95, R=999) {

# 1Im object - a model fit returned by stats
# conf.level - confidence leve
# R - number of MC si

m <- model.frame (lm_object)
m[,1] <- fitted.values(lm_object)
# m[,1] equals now the covariates times estimate of beta

res <- residuals(lm_object)
centered_res <- res - mean(res)

beta_est <- coefficients (lm_object)
scaled_beta <- function(d, 1i){

m[,1] <- m[,1] + d[i]

fit <- update (lm_object, data=m)

(beta_est - coefficients(fit)) / sqrt(diag(vcov(fit)))
boot_scaled_beta <- boot (centered_res, scaled_beta, R=R)S$
a <- (1 - conf.level) / 2
# calculate the gquantiles for the intercept and the covar
# based on the boostrapped (centered and scaled) beta.

glu <- apply(boot_scaled_beta, 2, quantile, probs = c(a,

# calculate the standard deviation for the covariates

# based on the original data set.

sigma_est <- sqrt(diag(vcov(lm_object)))

return the estimate and the confidence intervals

#
# according the formula "est +/- quant

rbind (
lower = beta_est - glu[2,] * sigma_est,
estimate = beta_est,
upper = beta_est - gqlull,] * sigma_est)

81

t

-iates

1 -a))

ile x standard deviation"

Finally, we can calculate a 95% confidence intervals for the estimates of our hormone

data.

set.seed(123,kind ="Mersenne-Twister",normal.kind ="Inversion")

bootLSE_ci (hormone_fit)

## (Intercept) diabetesT2 age
## lower 96.82218 -3.6652859 0.03130904
## estimate 100.68437 -2.2211152 0.07127644
## upper 104.55555 -0.7184826 0.11285184

height
-0.0188421761
0.0001698143
0.0210647928

In multivariate regression analysis, we often want to know whether a certain com-
ponent of the model can be neglected or equals a theoretical known value. If we are
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interested in only a single component, one could simply use the confidence interval
for that component. For instance, if the 95% CI for the parameter height contains
zero, then, given the other covariates, height can be neglected. But sometimes one
has to judge about several components simultaneously. Usually, this is necessary
if one of the covariates is ordinal and has more than two categories. For instance,
a specific type of diabetes is called LADA-diabetes. Hence, if our dataset would
consist of all three types, then, in general, this is coded with two covariates, where
the 2-tuple (0,0), (1,0), and (0,1) represents LADA-diabetes, Typel-diabetes, and
Type2-diabetes, respectively. Thus, our model would have 4 8’s, one parameter for
age, one parameter for height, but now also one parameter for Typel-diabetes and one
parameter for Type2-diabetes. In this case, the question if the diabetes type is neces-
sary to explain the hormone data refers to two parameters simultaneously. Note, we
are not constraint to one variable with more than two categories. Imagine our dataset
would contain several parameters from an electrocardiogram. A reasonable question
would be if these group of (electro-cardio) parameters are necessary to explain the
hormone data. Usually, the likelihood ratio test is used to answer such questions, but
a model-based bootstrap can easily be defined.

Resampling Scheme 5.7 We consider two linear models

M~

(M1) Y, = xi,q,Bq + &
q=1
and
p
(M2)  Yi =) xigBy + i,
g=1
wherei =1,...,nand p < p.

(A) Obtain the LSE, denoted by ,3 M1 under model M1 and calculate the correspond-
ing Mahalanobis distance d (M 1.8), that is

\/(:32{:17 R Bg”)TS_](égillv (33} IBA;V”):

where S is the estimated covariance of (B[{Z_'l, ceey Bg’“).

(B) Fit model M2 and generate m bootstrap datasets according to the fitted model
M2 using (A)—(C) from Resampling Scheme 5.4.

(C) Fit model M1 to each bootstrap dataset and obtain in the k-thfit(k = 1,...,m)
the Mahalanobis distance d(ﬁZ‘Ml, S§), where S} is the covariance of (,BAZ;’%_II,
B

(D) Take

1 m

— ;I{d@;"m,sz»d(ﬁm,sn
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as a p-value for comparing model M1 and M2.

Proving that RSS 5.7 works, i.e., can be used to compare the two models is left to
the reader, see Exercise 5.88.

R-Example 5.8 Assume we want to test if the age and height are necessary to explain
the hormone data, i.e., Hy : (Bage, Bheignt) = (0, 0) versus Hy : (Bages Bheight) 7 (0, 0).
Although height does not influence the hormone level, H, is true because age has an
effect on the hormone level.

boot_cmp_M1_M2 = function(ml_frml, m2_frml, data, R = 999){
# M2 must be the smaller model

# ml_frml - formula for model Ml
# m2_frml - formula for model M2

# data - data to be modeled

# R - number of MC simulations
fit_ Ml = Im(ml_frml, data = data)
fit_M2 = Im(m2_frml, data = data)

# we only need the coefficients that are in M1 an not in M2
names_extra_coef = setdiff (

names (coefficients (fit_M1l)),

names (coefficients (fit_M2)))

# Step (A)

# coefficients, variances and the Mahalanobis distance
# for the additional covariates of the larger model M1
coef_ml = coefficients (fit_Ml) [names_extra_coef]

S = wveov(fit_Ml) [names_extra_coef,names_extra_coef]
S_inv = solve(S)

maha_dist = sqgrt(t(coef_ml) %*% S_inv %$*% coef_ml)[1,1]

# m is a data.frame containing Y (first column) and all
# necessary/used covariates
m = model.frame (fit_M1)

# Step (B)

# m[,1] equals covariates times estimate of beta under M2
m[,1] = fitted.values (fit_M2)

res = residuals(fit_M2)

centered_res = res - mean(res)

get_standardized_beta = function(d, 1i)({
# This following still belongs to Step (B)
# here we add an i1id sample of the centered residuals, 1i.e.
# generating a data set under model M2
m[,1] = m([,1] + d[i]

# Step (C)
# refitting using this new data set under model M1
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refit = update(fit_M1l, data=m)

coef_refit = coefficients(refit) [names_extra_coef]
S_boot = vcov(refit) [names_extra_coef,names_extra_coef]
S_inv_boot = solve (S_boot)

sqrt (t (coef_refit) %$*% S_inv_boot %*% coef_refit)[1,1]

}
boot_maha_dist = boot: :boot (centered_res, get_standardized_beta,
R=R)
# Step (D)
c(pvalue = mean(boot_maha_dist$t > maha_dist))
}
set.seed (123,kind ="Mersenne-Twister",normal.kind ="Inversion")
# checking HO: beta(height) = 0, Hl: beta(height) != 0

# HO holds true
boot_cmp M1 M2 (hormone ~ diabetes + age + height,
hormone ~ diabetes + age, data=hormone_data)

## pvalue
## 0.983984

# checking HO; (beta(age), beta(height)) = (0,0),

# H1: (beta(age), beta(height)) != (0,0)

# H1 holds true

boot_cmp_ M1 M2 (hormone ~ diabetes + age + height,
hormone ~ diabetes, data=hormone_data)

## pvalue
## 0.005005005

5.1.2 LSE Asymptotic

We start this section with an investigation of asymptotic normality of the LSE. In
order to apply Cramér-Wold device later on, we provide the following lemma.

Lemma5.9 Leta' = (ai, ..., ap) be a fixed vector. Assume the linear model (5.1)
as stated in the introduction. In addition we assume that

(i) n~'xTx — V, for some positive definite p x p matrix V.
Then, as n — 00,

n12a"xTe — (0, p?),

where p> = o2a' Va.
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Proof Let(by,...,b,) =a'x",hencea’x e = >"_ b;&;.Sincea’ x " isunivari-
ate with zero mean, we get by (i) that o? Z?:l bi2 = Var(a'x"e) =
E(@'x"e(@a"™x"e)") = 0%a"x"xa = np? + o(n). Thus, in order to verify the Lin-
deberg condition, it suffices to proof

1 n
- Zblz / 8[2d]P’ =o0(1), forall§ > 0.
n

i=1

{lei|>8n"/2/1b; 1}

As we have already seen, n~! > bi2 — a' Va. This entails, for instance, by con-

traposition, that cﬁ =n"! max;—1, n bi2 converges to zero. Furthermore,
n'/? 1 1
= o = T ——> 00, asn — oo.
lbil  n=121bi| T ey

Therefore, Lindeberg’s condition is fulfilled, since the integrals corresponding to
this condition can be bounded by E(&?1.,|>s/c,)) Which tends to 0, as n — oo. This
finally completes the proof. O

Theorem 5.10 Assume the linear model (5.1) as stated in the introduction and that
conditions (i) of Lemma 5.9 is fulfilled. Then

n'2(Bn) — B) — N (0,6*V7), asn — oo,

in distribution.

Proof Use the representation (5.3) to get
nl/z(,é(n) —B) = nil/z(nflex)fles.
According to Cramér-Wold device the last lemma implies
n 2% Te — A0, O'ZV), asn — 00
in distribution. Since (n~'xTx)~! — V!, due to (i), we get in summary
n 2 x0T Te — A(0,0%V7Y) asn — oo

in distribution which completes the proof. ]
Theorem 5.11 Under the assumptions of Theorem 5.10, we get w.p.1

1 A
~x'e — 0 and B(n) — B, asn — oo.
n
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Proof Since
X1,161 + ...+ Xp 160

xle=| + ],

X1,p€1 + ...+ Xn p€n

we can restrict our considerations to the first coordinate of x and set for notational
convenience x; = x; ;. Furthermore, we set

S, =n"" Zx,-s,-, Sen=n"" Z x;g;, for2k <n <2k
i=1 i=2F+1
and apply Kolmogorov’s inequality to get for § > 0
2k+1
]P( max  [Spa| > 5) <5227 3 X’ =02,

2k <p<2k+1
i=2F+1

sincen™! Y " | x? —> vwithv € R.
Similarly,
P(|Szk| > 5) —0@2™.

This, together with the Borel-Cantelli Lemma, yields

Soe —> 0, max [Sg,| — 0O
2k<n§2k+l

w.p.1.
But for 2 < n < 2! we have

1Snl < 1Skl + 82

which finally proves the first assertion.
For the second assertion use representation (5.3) to get

B — p = (%XTX)_ln_lee.

Application of (i) together with the first part completes the proof. (]
Corollary 5.12 Under the assumptions of Theorem5.10 we get w.p.1

, (Y = xBm)T(Y — xB(n)) s
S = —> 0.

n n n— 00
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Proof Note that ﬁ(n) is the LSE and therefore,
(Y —xp(m) Lxy
for all y € R?. Thus
2 _ 2 Ty _ 2 T
ns, =¥ —xpm) Y =F —xpn) xp+e¢

= —xBm) e=x(B-pm)+e)e
=@B-Bm) x"e+e'e

Now divide both sides by n, use Theorem5.11 and the SLLN to complete the
proof. (]

Next, we consider the vector of the estimated residuals given by
=1 ... 8) =Y —xp=x(B—P) +e,
where we suppressed n of B (n). Thus,
E—e=x(B-P)

and therefore

n n p
n! Z(ém —em)=n" szm,j(ﬁj - B».
m=1

m=1 j=1
According to assumption (i) of Lemma5.9 and Cauchy-Schwarz’s inequality we get

1)< I, \12 12
2 | = (5 20) T —

m=1
Furthermore, 8; — ,3 ; —> 0 w.p.1 and therefore we obtain
1,
= @ —em) — 0
n m=1

which finally leads to
1 n
= 8y —0 (5.9)
n
m=1
w.p.1.

In summary, Corollary 5.12 together with (5.9) says

Lemma 5.13 Under the assumptions of Theorem5.10 let F, be the edf. of the esti-
mated residuals &1, . .., &,. Then, w.p.1
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Finally, we want to mention two well-known properties of the LSE.

Lemma 5.14 Under the assumptions of Theorem5.10 we have
E(f) =B, COV(B)=o’x"x)"".

Proof Recall (5.3) .
B=B+ux"x)xTe

and take expectation on both sides to get the first equation, since E(g) = 0. The
second equation we obtain from

COV(B) =E(B— BB —PT) = (x"x)""x Eee Hx(x x)~!
=o’(x'x) !,

since E(ee ") = 01, where I,, denotes the identity matrix of size p x p. O

5.1.3 LSE Bootstrap Asymptotic

In this section, we assume a linear regression model
Y(n) =x(n)B +¢e(n)

such that conditions (i) of Lemma5.9 are fulfilled. For the bootstrap we use the
Resampling Scheme 5.4.

Lemma 5.15 If the assumptions of Theorem5.10 are fulfilled we have w.p.1, as
n— oo,

1. , 1. ) 1 . , I 5
- - = - i — & 0 d — - = — i — & 0.
nlls ell . E (¢ —&)"— 0 an nlls ell . E (& — &) —>

i=1 i=1
Proof Recall from the last section that £ — & = x(8 — B). Thus,
I8 =&l = (B =B x"x(B—P).
Now, apply Lemma5.9 and Theorem5.11 to conclude the first convergence. The

second assertion is an immediate consequence of the first part and Lemma5.13, i.e.,
& — & =, — E(e) = 0w.p.1. O
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Lemma 5.16 Under the assumptions of Theorem5.10 we have w.p.1,

F, — F

in distribution, as n — 00.

Proof Let f be abounded Lipschitz function, i.e., there exists 0 < K < oo such that
forall x,y e R:

[f(x)— fDI < K|x =yl

It follows

_Z|f(8l)_f(81 |< _Z|£’ _81| <K(%Z 81 —81 )1/2—>0,

i=1 i=1

as n — 00, where the last convergence is obtained from Lemma5.15. Hence

/f(x) F,,(dx)—/f(x) F,(dx) — 0, asn — oo,

where F, is the edf. of the true residuals ¢y, . . ., &,. The assertion follows by applying
the SLLN to [ f(x)F,(dx). ]

In the next theorem, we state the bootstrap version of Theorem5.10.

Theorem 5.17 Under the assumption of Theorem5.10 we have, w.p.1,
n'2(B*(n) — B(n)) — N (0,0°V7"), asn — oco.
Proof Note first that

)CL]&‘T + + anlé‘;:
x ' x(B*(n) — f(n)) =x"e* = :

X1,pE] + .o+ Xy pE0
Fix a € R? to obtain, as in the classical situation, i.e., as in the proof of Lemma5.9,
a'x'e* —E E akxmkeng E akxmk_g e bm.
k=1 m=1 m=1 m=1

Sinceef, ..., &) ~ F,, arei.i.d., the summands on the right-hand side are independent
and centered. To prove

n*l/ZaTxTS* N e/‘/(o’ p2)’
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as n — 0o, where ,02 = o2a"Va, we have to verify Lindeberg’s condition

1 & .
—ben/ x> F,(dx) — 0, asn — oo,
n

=1 {Ix[=8n"/2/|by |}

for all § > 0. Compare the proof of Lemma35.9 to see that it suffices to verify for an
arbitrarily chosen fixed §

/ x? 1‘:",Z (dx) — 0
{Ix|=d/cu}

for some ¢, — 0. Thus the proof is completed if we can show that

/ x2 ﬁn (dx)
{lx|=K}

becomes arbitrarily small if » — oo for all constants K large enough.
First observe that according to Lemma5.15 and the SLLN we get

/x2 F,(dx) — /xz F(dx) =02, asn — oo,

w.p.1. Furthermore, Lemma 5.16 and the continuous mapping theorem (Theorem
5.1, Billingsley (1968)) yields for continuity points K of F that, as n — oo,

/ x2 F(dx) — x2 F(dx).
{lx|<K} {Ix|<K}

In summary we therefore conclude that, w.p.1,
2 F _ 2 F 2 F 2
/ x“ F,(dx) —/x Fn(dx)—/ x“ F,(dx) — x“ F(dx),
{lx|>K} {lx|<K} {lx|=K}

as n — oo, which completes the proof since the integral on the right-hand side
decreases to 0, as K — oo. |

5.2 Linear Correlation Model and the Bootstrap

Considering rental prices in Euro, it seems intuitive that rents for small flats differ not
as much as rents for very large flats. In such cases, one could assume that the variance
of a random variable Y, e.g., rent, depends on the covariate X, e.g., size of the flat
in m?. We now generate a very simple dataset that reflects such a heteroscedasticity
using the following structure:
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Fig. 5.2 Simulated rent data

Y = 10 - size + &(size),

where ¢(size) ~ N (0, 4 - size?).

set.seed(123,kind ="Mersenne-Twister",normal.kind ="Inversion")
gen_rents <- function(N = 100) {
data.frame(size = 35 + rexp(n = 100, rate = 1 / 100)) %>%
dplyr: :mutate (price 100 + 10 * size

+ rnorm (100, mean = 0, sd = 2*size))
}

rents <- gen_rents ()

Of course, heteroscedasticity may have many faces but the funnel shape as illustrated
in Fig.5.2 is a very typical one.
The following model, compare Stute (1990), allows such a heteroscedastic situation.
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Definition 5.18 The linear correlation model fulfills:

i) (Y;, X;),i > 1,1i.d. random vectors in R!*7.
) Y, = XiT,B +¢; forsome BT = (B, . .., Bp) e RP.
(iii) The matrix ¥ = E(X; X iT) is finite and positive definite.
(iv) Foralli > 1andg =1, ..., pitholds that E(X; ;&) = 0.
(v) The matrix M = (M, ;)1<4.5<p» Where My, = E(X; ,X; ;&7) exists.

Remark 5.19 By (i) and (ii) from Definition5.18 ¢; is a sequence of i.i.d. random
variables.

Remark 5.20 Condition (i) and (ii) also holds for the homoscedastic linear regres-
sion. Under the fixed design we assumed thatn~'xx T — V,cf. Lemma 5.9 (i), which
is similar to Condition (iii). Moreover, the fixed design implicitly made the covari-
ate and residuals uncorrelated, i.e., Condition (iv). Besides the randomness of the
covariates, the major difference now is the condition (v), i.e., we explicitly allow
dependency between covariates and residuals.

As before we denote the design matrix by

Xl,l Xl,p
Xn1 oo Xap

Although X; may be related to &; somehow, the usually LSE B=X"X)"'XTYis
a reasonable estimator, i.€., as n — 00,

Bn) — B
w.p.1 and
n'?(Bn) = p) — N0, X'MX7, (5.10)

in distribution, cf. Sect.5.2.3. Since X is random, (X " X)~! may not exist for fixed
n. However, the asymptotic results are not affected by this technical issue. For ease
of simplicity, we postpone to address this problem till actually proving the results in
the later sections. From the practical point of view, if (X T X)~! does not exist for a
particular dataset, one could use the Moore-Penrose inverse. It is well known that B
based on the Moore-Penrose inverse minimizes the least square error. However, be
aware of the fact that in this case other B exist that also minimize the least square
error. Hence, interpreting the coefficients is not possible anymore.
Note that the estimator is not unbiased anymore:

EB) =B +E(X ' X)'xTe). (5.11)
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This bias is technically problematic because the determinant of (XTX)~! is the
inverse of det (X" X). Therefore we need that at least the expectation of the inverse
of det(XTX) exists. For instance, assume that X' X = Z is a random variable
in R with finite expectation, then E(1/Z) must not exist. For two dimensions the
complexity increases dramatically. Assume that

Z 7
Ty _ (41 42
vx=(22)

then we need that E((Z;Z3 — Z3)~') must be finite. We will prove, under certain
conditions, that n'/?E((X T X)~' X Te) — 0, confer to Theorem 5.30. This shows that
estimating and bootstrapping the bias is rather an academic exercise than of practical
interest. It also allows us to consider the adjusted estimator B n) —E(XTX)"'xTe),
without interfering the asymptotic distribution (5.10).

Unfortunately, Resampling Scheme 5.4 is not appropriate here since it does not
reflect the dependence between the error term ¢; and the corresponding X;. In order
to illustrate the inappropriateness of this resampling scheme, i.e., simply resample
the residuals, we plot the original generated rent dataset and a dataset that was
bootstrapped using Resampling Scheme 5.4, see Fig.5.3. Especially, the increased
variance of the rent for small flats indicates that the bootstrap is not correct. Of course,
this results from assigning residuals to small flats that in fact belong to large flats.

fit <- Im(price ~ size, data = rents)
rents$type <- "original"

boot_rents <- rents

boot_rents$type <- "residual bootstrap"

boot_rentsS$Sprice <- fitted(fit) + sample(residuals(fit))
ggplot (data=rbind (rents, boot_rents),
aes(y = price, x = size, col = type)) +

xlab("size in m"2") +
vlab("price in Euro") +
geom_point () +
theme (legend.position = "bottom")

The following two sections provide resampling schemes that work under the linear
correlation model.

5.2.1 Classical Bootstrap

Resampling Scheme 5.4 separates the covariates X; and the error term ¢;. This is the
reason why this scheme, in general, does not work for the linear correlation model,
because X; and ¢; is only uncorrelated, but not independent!

An appropriate resampling scheme is the classical bootstrap that resamples from
the set {(Y1, X1), ..., (Y,, X,)}. This scheme implicitly incorporates the error term.
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Fig. 5.3 Simulated rent data and a simple bootstrap using only the residuals

Resampling Scheme 5.21

(A) Based on the observations (Y;, X;)1<i<n calculate the LSE ,3

(B) Draw an i.i.d. sample (Y[, X})1<i<n from (Yi, Xi)1<i<n.

(C) Compute the LSE of the bootstrap sample, i.e., determine B* = (X*Tx"™!
X*Ty*

Remark 5.22 Although resampling the residuals is not part of the Resampling
Scheme5.21, we want to emphasize that the proof makes explicit usage of resampled
residuals defined as ¢ = Y — X;“Tﬁ fori=1,...,n.

With the resampled residuals as defined in Remark 5.22 we obtain the usual sep-
aration A R
ﬂ* — (X*Tx*)—lx*Ty* — ,3 + (X*Tx*)—lx*—rs*'
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This presentation is the key to prove Theorem 5.35, i.e.,
n'2(B*(n) — f(n) — A0, E7'MET")

in distribution which equals the asymptotic distribution of n'/2(8(n) — B(n)). This
shows that the classical bootstrap is a reasonable resampling scheme for the linear
correlation model. For instance, we have now the theoretical tool to construct confi-
dence intervals or test two models under the Definition 5.18. Taking the covariance
matrix for B stated in this section into account, one can follow the approach we
presented for the homoscedastic model, see Sect.5.1.1.

5.2.1.1 Bias in the Bootstrap World

Looking again at the bias in the bootstrap world, we see that the expectation does
not exist, because the probability that all rows of X* equal the covariate vector of
the first sample X is not zero. Therefore, the inverse of X *TX* as well as

E;(;((nflx*-rx*)flnflx*—rs*)

does not exist. An artificial way out could result from the fact that the absolute value
of every component of the inverse of n~! X*T X* is a ratio of a determinant of sub
matrices 77! X*T X* and the determinant of n~! X*T X*. This is based on Cramer’s
rule for solving linear equations. The determinant of n~! X*T X* in the denominator
is causing the trouble. Since we know that det(n~'X*T X*) and det(n™!X " X)
converge both to the determinant of ¥ we could try to substitute the determinant
of n~'X*T X* in the denominator by the determinant of n~! X T X because the last
expression is a constant with respect to [E¥. A more practical way out could be to
use the Moore-Penrose pseudo-inverse as an inverse for X*T X*. A third and more
pragmatic option could be to introduce additionally the indicator function that is one
if and only if the regular inverse of n~! X*T X* exists. In any case one would have to
prove at least that
nl/zEZ(A;ln_lX*Ts*) -0

w.p.1, where A ! is one of the discussed surrogates for the regular inverse. Otherwise,
the bias correction would change the asymptotic distribution.

Under Definition 5.18 for the special case that we have no intercept and only one
covariate that is additionally bounded away from zero, the bias can be estimated
and used for a correction without disturbing the asymptotic distribution. This can
be seen as follows. Note that the assumption 0 < ¢ < X; for all i implies that all
moments of A, = (leisn X;‘z/n)’1 — (IE(XIZ))’1 with respect to [E are finite.
For ZF =%, _;., X‘el we have
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‘nl/zE:(ﬁ*(n) - 3(n))‘ - ‘n'/zlEj(( 3 X2y n'zg)
1<i<n

Ei(EXD ™ 'n™2Z) + Ef(n~'?4,Z))

B (Ann™ 2T, 1<0) + Eﬁ(ﬂn”_l/zzﬁl{mn|>r})‘

IA

tEr(|n7'2Z5]) + 1Aul5 - I~ PZE05 - a0

for all T > 0, where the third equality follows from the fact that E}(Z*) = 0, con-
fer Lemma5.33 and where || - ||¥ denotes the L"-norm with respect to E*. As we
already mentioned || A, ||} is bounded. Furthermore, [[n =/ Z*[I5* = E} ((X}&7)?) —
E((X,&1)?) is also bounded w.p.1. Finally, w.p.1 we have P*(]A,| > t) — 0by the
WLLN for n=' 3", _,_, X}, Altogether we can conclude that the right-hand side
converges to zero.

Interestingly, the next section (much easier) reveals that the bias in the bootstrap
world applying the wild bootstrap is zero.

5.2.2 Wild Bootstrap

The backbone for all resampling schemes so far is drawing with replacement directly
from the observations or from the estimated residuals. The wild bootstrap introduced
in this section has a complete different concept. As we already know, we are not
allowed to separate the error term and covariates. Therefore, we leave the estimated
residuals &; and the corresponding covariates X; together and introduce randomness
by multiplying &; with a standardized random variable t. This idea goes back to Wu
(1986). For our investigations, we only consider Rademacher random variables, i.e.,
T = —1 or T = 1, where both events have probability 1/2.

Resampling Scheme 5.23

(A) Based on the observations (Y;, X;)1<i<n C R™? calculate the LSE ,3(11).

(B) Determine the estimated residuals &§; = Y; — X;'—ﬁ

(C) Define the wild bootstrap residuals by € = & - t;, where 1y, . .., T, is an Li.d.
sequence of Rademacher rvs. which is also independent of (X1, €1), ..., (X, &,)-

(D) Set X* =X, Y*=XTB+er

(E) Compute B*(n) = (X*TX*)~' X*TY*, the LSE of the bootstrap sample.

Of course, other distributions for 7 are also possible, but they should have zero
mean and variance one. For instance, under certain models the third moments of
nl/z(/é — B) can be estimated by the bootstrap if E*(t%) = 1 holds, see Liu (1988).

Changing the way how we resample the data is also reflected by changing from P
to P*. P¥ was the measure that puts equal mass on all observed data points, whereas
P* or E* consider anything beside the random variables t; as constants! For instance,
E*(ef) = [&tP*(dr) = &1/2 — §1/2=0.
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Remark 5.24 It is important to note that X} , and ¢} are independent with respect
toP* forallg =1, ..., p. In Definition5.18 it is only assumed that X; , and &; are
uncorrelated forallg =1, ..., p.

The implementation of the wild bootstrap is rather simple.

WB = function(lm_object) {

res <- residuals(lm_object)

e = 2 * rbinom(length(res), 1, prob = 0.5) - 1
res <- res * e

m <- model.frame (1lm_object)
m[,1] <- fitted.values(lm_object) + res

}

Applying this algorithm to the rent data is visualized in Fig.5.4. Clearly the wild
bootstrap introduces variation into the dataset and does not change the funnel shape
of the original dataset in contrast to the simple algorithm that draws directly from
the residuals, see Fig.5.3. But the bias of least square estimator B , see Eq.(5.11),
vanishes for the estimator 8* when the wild bootstrap is applied. This can be seen as
follows. As usual we have *(n) — B(n) = (X*T X*)~!X*T&*. Due to the Resam-
pling Scheme 5.23 we have X} = X; and

E*((X*TX*)—IX*TE*) — (XTX)*le]E* (8*),
where the expectation on the right-hand side is zero. Despite of the departure from the
original model and the changed properties of the least square estimator, it is shown
in Theorem 5.41 that the wild bootstrap can be used to approximate the asymptotic
distribution of 8, i.e., w.p.1

n2(B*(n) — B(n)) —s N (0, Z"'MEZY), asn — oo,

in distribution with respect to P*.
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Fig. 5.4 Simulated rent data with a dataset obtained by the wild bootstrap

set.seed (123,kind ="Mersenne-Twister",normal.kind ="Inversion")
fit <- Im(price ~ size, data = rents)

rents$type <- "original"
wb_rents <-
fit $>%
WB %>%
dplyr: :mutate(type = "wild bootstrap")
ggplot (data=rbind (rents, wb_rents),
aes(y = price, x = size, col = type)) +
xlab("size in m™2") +
ylab("price in Euro") +

geom_point () +
theme (legend.position = "bottom")
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Finally, we want to remark that the classical bootstrap and the wild bootstrap can
yield under certain circumstances very different bootstrap distributions, see Exercise
5.85.

5.2.3 Mathematical Framework of LSE

As in the regression model, the LSE of 8, denoted again by B(n) = B, equals
B=X"X)"'X"y, (5.12)

where we use the Moore-Penrose inverse if det(X " X) equals zero. Within asymptotic
considerations this is negligible because

n n
S XiaXin o) Xi1Xip
i=1 i=1
n'XTX =n7!
n n
XipXit ... ZXi,pXi,p
=1 i=1

and applying the SLLN gives

Lemma 5.25 Under the assumptions (i) and (iii) of Definition5.18 it holds w.p.1
that
nIXTX — X, asn — o0.

Since X is positive definite, w.p.1 there existsa N = N () such that det(X T X) >
det(X)/2 > O for all » > N. This means that the Moore-Penrose inverse is used at
most N times.

Furthermore, we have

X'X)B-p=X"X(X"X)'XTY - B)

_xTe_ (Xn:xi,lgi, ...,ix,,pgi)T (5.13)
i=1 i=1

and we can apply the multivariate CLT to obtain
Lemma 5.26 Under the assumptions in Definition 5.18 it holds that, as n — oo,

T PXTX)B =B =n""PXTe — N (0, M)

in distribution.
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Combining the last two lemmas we get from a well-known result of Cramér.

Theorem 5.27 Under the assumptions in Definition 5.18 it holds that, as n — 00,
n'?(Bn) - p) — N0, Z7'METh
in distribution.

Finally, we have

Theorem 5.28 Under the assumptions (i) — (iv) in Definition 5.18 it holds w.p. 1 that

~

B(n) — B, asn — oo.
Proof Note that
B)=X"X)'XTY=B84+X"X)'XTe=B+@n"'X"X)"'n ' XTe).

Apply Lemma5.25 and the SLLN, upon observing that E(X; ;&;) = 0, to complete
the proof. (I

Lemma5.26 already provided information about the asymptotic distribution of
n~1/2XTe, but we even have L?-convergence.

Lemma 5.29 Under the assumptions (i)—(iii) and (v) of Definition 5.18 the random
variable n='>X "¢ converge in L*.

Proof Consider the ¢—th component of n~'/2X Te. According to Remark 5.19 and
assumption (i) {X; 4&;}; is a sequence of i.i.d. random variables. Therefore we have

n
E 23" X 60> = E(X2 ) = My,
i=1

The results follow directly from Vitali’s Theorem, see (18) of Theorem 5.5 in Shorack
(2000). O

Theorem 5.30 Denote by S,,(n) the component in the g—th row and r—th column
of(n_lXTX)_l. Assume that E(Sgr(n)) < K <ooforalll <gq,r < p. Under the

Definition 5.18 it holds that nl/zE(ﬁ(n) —pB) = 0,asn — oo.

Proof We have
n'PEBm) — B) =E((n ' X" X)"'n" 12X Te).

For notational convenience denote by Z,, the r—th component of n~2XTe. The
g-th component of n'?E(B(n) — B) equals then
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P P
E(Z Sqr(n)znr) = ZE(Sqr(n)an)
r=1

The result follows if we show that E(S,,(n)Z,,) converges to zero. According to
Lemma5.25 we have that S, (n) converges a.s. to some s € R. Therefore a, =
Sqr(n) — s defines a random variable that converges a.s. to zero. Note, by assumption
(iv) we have E(sZ,,) = 0. Choosing § > 0 gives

|E(Sqr(n)znr)| =0+ E(a,Z,,)]
= |E(an ZuLia, 1<0)) + E(an Zu Lo, 1-5)) |
< SE(1Zul) + [E@) E(Z2, Lo, -5)]

< SE(Z2)'"* + [(K + 2IsIK"2 + s?)E(Z2 g, 1-5)]

By the Lemma of Pratt, we have that E(Z2 1j,,-5)) converges to zero because
Z2 1{j4,1>5) converges a.s. to zero and is bounded by the Z2 which converges in
L2 Since § > 0 can chosen arbitrarily small and E(Z2,) is constant in n, we obtain
altogether that E(S,, (n) Z,,) converges to zero. U

5.2.4 Mathematical Framework of Classical Bootstrapped
LSE

As already indicated in the introduction, the resampling procedure for the correlation
model cannot be the same as the one stated for the regression model, since the error
terms may be correlated to the corresponding design points and therefore it makes
no sense to tear them apart.

In the classical bootstrap approach the resampling is done according to F),, the
edf. of the observations. To be precise:

Resampling Scheme 5.31

(A) Basedonthei.i.d. observations (Y, Xy), ..., (Y,, X,,) determine the LSE,é and
denote with F,, the edf. of the observations. Note that F, nowisa (p + 1)—variate
edf.

(B) Draw the classical bootstrap sample as i.i.d. sample (Y], X7), ..., (Y, X))
according to F,, and denote with X* = X*(n) the corresponding design matrix,

precisely
Xip ..o X7,
X* = Do
Xo1 - X5,

(C) Calculate the LSE of the bootstrap sample according to equation (5.12), i.e.,
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B*(n) — B\* — (X*Tx*)—lx*Ty*

and set

* _ yx *T A .
e =Y"—X B, forl <i<n.

Since the calculation of the LSE is not new and due to the simplicity of step (B),
we omit the implementation of this resampling scheme.

To prove that the bootstrap approximation holds, we follow the approach Stute
(1990) and mimic the proof given in the section above.

Lemma 5.32 Under the assumptions (i) and (iii) of Definition5.18 it holds w.p.1
for Resampling Scheme 5.31 that, as n — oo,

IED:(HVFIX*TX* -2 > 8) —> 0, foreache > 0.

Proof Note that

n n
>XHXE XXX,
i=1 i=1
n—lx*Tx* — n—l . . . ,
n n
* * * *
XXX XXX,
i=1 i=1
where each component of the matrix is an i.i.d. sum with finite first moment given

by the corresponding component of X'. Thus, we can apply WLLN (Theorem 3.7) to
complete the proof. O

Lemma 5.33 Under the assumptions (i) and (ii) of Definition 5.18 and Resampling
Scheme 5.31 it holds w.p.I foralll < q < pand1 <i < n that
EN(X? e =0.

i,q©i

Proof Due to the given Resampling Scheme 5.31 we get

n
By (X;,e0) =n"" Y Xeg(Ye — X/ ).
k=1

But § is by definition chosen such that X B is the projection of Y onto the space
spanned by the columns of X. Thus, if we take column g of X it has to be perpendicular
toY — X /§ . Since the sum on the right-hand side equals the inner product of column
q of X with Y — X,é, this sum has to be 0. O

Lemma 5.34 Under Definition 5.18 it holds for the Resampling Scheme 5.31 w.p.1
that
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—1/2 y*T %
n X*'e* — A0, M), asn — oo,

in distribution with respect to IP;.

Proof To prove the Lemma we will use the Cramér-Wold device, i.e., we have to
show that w.p.1

n2a"X*Te* — A (0,a" Ma), asn — oo,

forall 0 # a € R”.
According to the resampling scheme and the definition of £* we get that

* *
0 Xi&k

X*Tg* — Z

AN et

is a sum of i.i.d. random vectors which are centered as we have seen in Lemma5.33.
Now, for an arbitrarily chosen 0 # a € R? we set

nop

s o —1/2 T y*T % _ —1/2 * *

Zi=n '"a X* & =n E E ag Xy .k
k=1 g=1

. . . .. p * * . * *
which consists, for a given n, of the i.i.d. rvs. (Zqzl aq Xy ,€¢)1=k=n- Since X} &;
is centered, see Lemma 5.33, we obtain

p

VAR, (Z)) = By (D ey Xt 1)) = 30 Y aar B (X1 61 X1, o7)

g=1 g=1 r=1

P p n
= ZZaqar(n_l in,qxi,r(yi - X?B)z)

q=1 r=1 i=1
From 8 — f w.p.1, see Theorem 5.28, we get w.p.1 from the SLLN
P P
VAR (Z)) — ZZ“QQ’M‘I*" =a'Ma, asn— oo.
g=1 r=l1
Thus, it remains to show that Lindeberg’s condition holds, i.e., w.p.1 for every § > 0

P 2
/ (Z@Xﬁﬁ]“) dP; — 0 asn — oo.

=1
XD agX; etzonty 1
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Replace 8n'/? by a constant K > 0. Then, we obtain from the SLLN and Theo-
rem5.28 that w.p.1

/ (Xp:aqx’{,,,sf)zdp: —> / (Zp:aqxl,qsl)zdp
q=1

. =1
10 agXi i1k} 1 1) agXigen|=K)

which can be made arbitrarily small if K — oo. This finally proves the lemma. [

Our final theorem of this chapter together with Theorem 5.27 shows that the boot-
strap approximation based on the Resampling Scheme 5.31 works.

Theorem 5.35 Under Definition 5.18 it holds for the Resampling Scheme 5.31 w.p.1
that

n'2(B*(n) — B(n)) — N (0, X'MEY), asn - oo,
in distribution with respect to IP;.

Proof First note that due to Lemma5.32,
Ldetxs7x=0y = opx(1).
Recall the definition of 8* to verify

n1/2(,3*(n) —Bm)) = I{det(X*TX*)#O}"l/z(/é*(n) — B(n)) + opx (1)
= T Ty 2 (CTX T O 4+ 6%) = B) 4 oy (1
= TgeroeTxny0pn 2OCTXH TIXTe + 0pe (1)

— -1, —
= I{de[(X*TX*);ﬁO} (}’l 1}(*T,X*) (l’l 1/2X*T€*) + 0]?:(1)

Now, apply Lemma5.32 and Lemma 5.34 to complete the proof. (I

5.2.5 Mathematical Framework of Wild Bootstrapped LSE

Recall that the resampling scheme of the wild bootstrap, RSS 5.23, introduces vari-
ability by generating an i.i.d. sequence, (7;);>1, of Rademacher rvs. that is addition-
ally independent of the data we want to analyze. Consequently, P* or E* consider
anything beside the (wild bootstrap) random variables t; as constants! For instance,
E*(ef) = [ &t P*(dt) = 1/2 — &;1/2 = 0. Furthermore, due to the resampling
scheme, X*" X* = X T X, which implies w.p.1 that it is not invertible at most a finite
number of times, see Sect.5.2.3.

Remark 5.36 We want to remark that the classical boostrap and the wild bootstrap
can yield under certain circumstances very different boostrap distributions and there-
fore also very different confidence intervals, see Exercise 5.85
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Lemma 5.37 Under Assumption (i) and (iii) of Definition5.18 using Resampling
Scheme 5.23 it holds w.p.1 that

]P’*(H n' XX — 3| > 8) — 0, asn — o0,

for each ¢ > 0.
The proof is left to the reader in Exercise 5.89.

Lemma 5.38 Under assumption (i) and (iii) of Definition5.18 using Resampling
Scheme 5.23 it holds wp.1 forall1 < q < pand 1 <i <nw.p.l that

E*(X?quj‘) =0.

The proof is left to the reader in Exercise 5.90.

Remark 5.39 Note that Lemma5.38 holds even if the covariates and residuals are
correlated. This means that the wild bootstrap in any case forces the covariates and
residuals to be uncorrelated. In fact, we even have that the covariates and the residuals
are independent!

Lemma 5.40 Under Definition5.18 using Resampling Scheme 5.23 it holds w.p.1
that
RES GIP LN N0, M), asn— o0,

in distribution with respect to P*.

Proof Due to the Cramér-Wold device it suffices to show
n 2T X Te* — N (0,a Ma).

According to Lemma5.40 n='/2a " X*T¢* is centered. We will now verify the Linde-
berg condition. Let Z,; = Y_/_ n~"a, X; s&7;, then n™'PaT X*Te* = 30| Z,.
Setting sf = Z?:l VAR*(Z,;), we have to prove that, w.p.1

1
= Z Z,fidIP’* — 0, asn— oo,

n
—1 Y1 Znil>€sn

holds for all ¢ > 0.
We first show, that s> — a Ma.
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n n P
s2 =) VAR'(Z,) =Y VAR*(Y n~'"a,X; 87
i=1 i=1 g=1

nop
=YY 4, X Xi s EVARY (7)

i=1 gq,s=1

p n
= > 07" ) agaXigXis (Y — X[ B)°.

q.5=1 i=1

From B — B w.p.1, see Theorem 5.28, we get w.p.1 from the SLLN that 52 —
a' Ma. We focus now on the sum of the Lindeberg condition. Due to the very simple
structure of P* we can easily integrate with respect to P*, i.e.,

n

p
Z/ ZZ dP* = Z Z éi)zl{lZgzl"’l/quxi.¢,§/|>88n}

|Zyi|>Esn i=l g=1

n

E E dag lqg ” 1 agXiqi|>n'es, )
i=1 :

As we have justseenn™' 37 (3F_ ayXi 481)* — a” Ma w.p.1. Therefore,

n
E f ZﬁidIP’* — 0, asn — 0o,
=7 1 zZuil>es,

w.p.1, which verifies the Lindeberg condition and finishes the proof. (]

Finally, we show that B* from Resampling Scheme 5.23 has asymptotically the
same distribution as ,é under the linear correlation model, see Theorem 5.27. Using
Lemma5.37 and Lemma 5.40 we can follow the proof of Theorem 5.35 to obtain the
following.

Theorem 5.41 Under Definition5.18 using Resampling Scheme 5.23 it holds w.p.1
that
n'2(B*(n) — () — N (O, ZT'MEZT), asn - oo,

in distribution with respect to P*.

5.3 Generalized Linear Model (Parametric)

In order to motivate the generalized linear model assume we have n independent
univariate outcomes Y1, ..., ¥, with n corresponding p-dimensional covariate vec-
tors xi, ..., x,. Within the framework of a classical linear model it is assumed that
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there exists a vector 8 = (Bi, ..., B,) ' such that Y; = B"x; + & with normal dis-
tributed error terms ¢;. A different way to represent this situation is to say that
the regression function E(Y|X = x) = 8" x holds and Y given X follows a nor-
mal distribution. In a parametric generalized linear model other distributions beside
the normal distributions are allowed. Depending on the distribution, E(Y|X = x)
may be bounded, e.g., E(Y|X = x) € [0, 1] if Y given X is Bernoulli distributed.
Since BT x is unbounded, a so-called link function g ensures that the expectation
and the covariates are related in an appropriate way, i.e., g(E(Y|X = x)) = B x.
The most common distributions used are binomial-, Poisson-, negative-binomial-,
Gaussian-, gamma- and inverse gamma-distribution, which all belong to the larger
family of exponential distributions with dispersion, see Sect.5.3.1 for the definition.
In general, an additional parameter ¢, the “dispersion” parameter, is necessary to fully
specify the distribution of Y. For instance, ¢ = o2 for the Gaussian-distribution. For
this introduction, let F(y|x, B, ¢) denote the distribution function of Y given x,
and ¢.

After fitting the model using the maximum likelihood approach the (estimated)
distribution of Y is fully specified and can be used to generate new observations.
This is the backbone of the resampling scheme that we formulate now.

Resampling Scheme 5.42

(A) Calculate the MLE B, (and if unknown ¢,) for (Y1, X1), ..., (Yu, X,). Note, if
¢ is known, for instance in the binomial model, still denote the parameter by ¢,,.
(B) SetX,’;l. =X;foralli=1,...,nandallk =1, ..., m.

(C) Generate Y['; (independent) according to the distribution F(y| X}, ,én, qAﬁ,,) for
alli = 1,...,nandAallk: 1,...,m.
(D) Calculate the MLE ﬂ,f;nfor (Yk*;l’ X,f;l), el (Yk*;n, X,’;n)for allk =1, ..., m.

Fortunately, R provides a method to generate Y’s from a model fit. This makes the
implementation of this resampling scheme very easy.

model_parametric_boot <- function (model, data, B = 1000) {

data_boot <- data

yv_name <- all.vars(formula(model), max.names = 1)
ret <- sapply(seq len(B), function(i) {
data_boot[[y_name]] <- simulate(model) [, 1]
m_boot <- update (model, formula. = formula (model),
data = data_boot)

coefficients (m_boot)

1)
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ret

R-Example 5.43 Theorem 5.60 shows that the sampling distribution of ﬁn (see The-
orem5.55) can be approximated by the sampling distribution of 3;:‘ We already
implemented the Resampling Scheme5.42 after its definition and reuse it now to
calculate a bootstrap confidence intervals for Bn.

fit = glm(hormone age + diabetes, data = hormone_data,

family = gaussian())
set.seed(123,kind ="Mersenne-Twister",normal .kind ="Inversion")
beta.boot = model_parametric_boot (fit, hormone_data, B = 1000)
For the confidence intervals, we simply calculate the 2.5% and 97.5% quantiles of
each component of 8/’ .,k =1,...,1000.

apply (beta.boot, 1, quantile, ¢(0.025, 0.975)) %>% t

## 2.5% 97.5%
## (Intercept) 99.62433768 101.7633860
## age 0.03263374 0.11240009

## diabetesT2 -3.67543183 -0.7334442

For plausibility purpose, we use the functions R provides to calculate another con-
fidence interval for the components of S,. According to the documentation this
confidence interval is based on the profile (likelihood).

confint (fit)

## Waiting for profiling to be done...

#4# 2.5 % 97.5 %
## (Intercept) 99.65765055 101.7724396
## age 0.03054754 0.1119628

## diabetesT2 -3.71372111 -0.7260019
Obviously, the two methods yield quite similar confidence intervals.

Example 5.44 Bike sharing data, part 1. The following analysis is a bit more
elaborated and we will reuse it in the next chapter to illustrate goodness-of-fit (GOF)
testing for generalized linear models. It is a real-world dataset,' see Fanaee-T and
Gama (2013), that can be downloaded from the Machine Learning Repository at
the University of California, Irvine, see Dua and Graff (2017). The downloaded files
contain information about ridership of registered and casual users in Washington D.C.

!https://archive.ics.uci.edu/ml/datasets/Bike+Sharing+Dataset
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on an hourly and daily basis. For our analysis, we focus on the information per day
and on the ridership of the registered users only. Beside the number of rented bikes
the dataset provides further important information. For instance, it was recorded if
a particular date was a holiday or a working day and various information about the
weather is provided. This is the variable description from the website

instant: record index

dteday: date

season: season (1:springer, 2:summer, 3:fall, 4:winter)
yr: year (0: 2011, 1:2012)

mnth: month (1 to 12)

hr: hour (0 to 23)

holiday: whether day is holiday or not

(extracted from https://dchr.dc.gov/page/holiday-schedule)
weekday: day of the week
workingday: if day is neither weekend nor holiday is 1, otherwise is O.
weathersit:  1:= Clear, Few clouds, Partly cloudy, Partly cloudy
2:= Mist + Cloudy, Mist + Broken clouds, Mist + Few clouds,
Mist
3:= Light Snow, Light Rain + Thunderstorm + Scattered clouds,
Light Rain + Scattered clouds
4:=Heavy Rain + Ice Pallets + Thunderstorm + Mist, Snow + Fog

temp: Normalized temperature in Celsius. The values are derived via
(t = twin)/ Emax — tmin)s tmin = —8, tmax = +39 (only in hourly
scale)

atemp: Normalized feeling temperature in Celsius. The values are derived

via (e tmin)/(tmax - tmin)» tmin = —16, Imax = +50 (Ol’lly in
hourly scale)

hum: Normalized humidity. The values are divided to 100 (max)
windspeed:  Normalized wind speed. The values are divided to 67 (max)
casual: count of casual users

registered:  count of registered users

cnt: count of total rental bikes including both casual and registered

First, we create some model candidates. Since it is a real dataset, a bit of data
wrangling is necessary before we can model the dataset. For instance, one entry
for humidity is zero. We create a new variable hum_imp that replaces this particular
entry by the average humidity for the corresponding month. Furthermore, the feeling
temperature shows a very unusual value of 0.24. From a univariate point of view a
value of 0.24 is not very unusual, but in the context of the other variables, a warm day
in August, that measurement seems to be far too low, see Fig. 5.5. It is reasonable that
the feeling temperature is an important factor for ridership. Fortunately, the feeling
temperature is highly correlated with the variable femp. Therefore, we can easily
restrict the model activities in this initial phase to femp. Renting a bike is probably
less likely if it is too cold or too hot. The same is probably true for humidity, i.e.,
too damp or too dry, therefore quadratic terms may improve the model. The dataset
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temp atemp

dway

dwaje

Fig.5.5 Scatterplot and correlation of normalized temperature and normalized feeling temperature.
The scatterplot reveals a very unexpected point

already provides a variable that is one for holidays. But people tend to take a vacation
on bridge days or take a vacation for certain periods like the days between christmas
and new year. If we assume that most of the registered riders rent bikes on their
workdays a further variable that is one for such days may also improve the model.
In order to keep it simple, only a variable christmas is created that is one for days
between christmas and new year. We now import and preprocess the data

data_preprocess <- function (dt) {
dt %>%
dplyr: :mutate_at (
as. factor,
.vars = dplyr::vars(season, yr, mnth, holiday, weekday,
workingday, weathersit)) %>%
dplyr: :mutate (
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# set 1idity of 0 to missing

hum = ifelse(hum == 0, NA, hum),

christmas = as.factor(

# one between chritmas and new year, zero otherwise
lubridate: :month (dteday) == 12 &

dplyr: :between (lubridate: :day (dteday) ,

dplyr::group_by (yr, mnth) %>%

# rep > mi [ I idity wi the

# average for year and month

dplyr: :mutate (

hum_imp = ifelse(is.na(hum),

mean (hum, na.rm = TRUE),
hum) ) %>%

dplyr: :ungroup() %>%

# rename dependent variable to ‘y’

dplyr: :rename(y = registered) %>%

dplyr::select (-instant, -casual, -cnt)

}

ridership <- readr::read csv("day.csv") %>%
data_preprocess ()

## Parsed with column specification:

## cols(
## instant = col_double(),
## dteday = col_date(format = ""),

## season = col_double(),

## yr = col_double(),

## mnth = col_double(),

## holiday = col_double(),

## weekday = col_double(),

## workingday = col_double(),
## weathersit = col_double(),
## temp = col_double(),

## atemp = col_double(),

## hum = col_double(),

## windspeed = col_double(),
## casual = col_double(),

## registered = col_double(),
## cnt = col_double()

## )

31)))

%

>

%
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Plotting ridership against time reveals (as expected) a seasonal effect but also that
ridership is constantly increasing (taking the season into account), see Fig.5.6. This
could be a result of growing business, where the bike sharing system started around

2011 and getting more popular until the end of 2012.

ridership %>%
ggplot (aes(x = dteday, v = y)) +
geom_point (aes(color = season)) +
geom_vline (x

intercept = lubridate::ymd("2012-10-29"))
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Fig. 5.6 Ridership versus time. Colored according to the seasons. The vertical line shows the date
2012-10-29, when Hurricane Sandy hits the east coast

Therefore an interaction term between yr and season might be helpful. We also see
that a few time points (also left of the vertical line) show unusual low rider ships.
Actually, one should check if those dates are related to certain events in or around
Washington, DC like concerts, sport events, alerts, etc. Instead of checking all of them
we restrict our investigations to the observation with nearly zero ridership. Further-
more, the vertical line indicates that after this observation the ridership recovers only
partly. Of course, one must be careful to not over-interpret such patterns. However,
looking at that odd observation via
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ridership %>%

dplyr::filter(y == 20) %>%
t()

#4# [pdL]

## dteday "2012-10-29"
## season "4

## yr N

## mnth "o

## holiday "o

## weekday "y

## workingday "1"
## weathersit "3"

## temp "0.44"
## atemp "0.4394"
## hum "0.88"
## windspeed "0.3582"
## v "20"

## christmas "FALSE"
## hum_imp "0.88"

The most striking is weathersit= 3 and searching the internet for date 2012-10-29
quickly reveals that hurricane “Sandy” hit the east coast and according to Home-
land Security and Emergency Management Agency, the Mayor of Washington, DC
declared the “state of emergency” on 2012-10-26. This explains the large drop and of
course the effect of this incident lasts at least for few days. But that the ridership did
not recover fully is a bit unexpected. One explanation could be that the infrastructure
of the bike sharing service was partly destroyed so that it was not possible to rent
a bike at a certain places or simple a fraction of the bikes were destroyed during
the hurricane. In order to make a reasonable model even for the time after hurricane
“Sandy” it would be helpful to have a discussion with the people maintaining the
bike sharing system. Anyway, we choose the simple approach and consider only
ridership till hurricane “Sandy”.
ridership <-

ridership %>%

dplyr::filter (dteday < lubridate::ymd("2012-10-29"))

Since ridership is count data, the Poisson- or negative-binomial-distribution are
natural candidates. The univariate distribution of ridership is more or less symmetric.
Hence, we also try the normal distribution as a potential candidate. Itis also acommon
practice to model the logarithm of the dependent variable. Though this is usually done
if the dependent variable is skewed, we want to do it anyway, especially for the GOF
test in the next chapter. Therefore, we also try the normal distribution for the log-
transformed ridership data. The above considerations about the ridership are forged
into a formula that is used for the different models:
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Fig. 5.7 Diagnostic plots for the Poisson model of the ridership

frml <- v 7 temp + I(temp”2) + hum_imp + I(hum_imp~2) +
windspeed + yr*season + workingday +
weathersit + holiday + christmas

For instance, the quadratic term reflects that the ridership is low if it is to damp/dry
or hot/cold. We start with the Poisson model

fit_poi <- glm(frml, data = ridership, family = poisson())
summary (fit_poi)

##

## Call:

## glm(formula = frml, family = poisson(), data = ridership)
#4#

## Deviance Residuals:

## Min 10 Median 30 Max

## -38.828 -4.156 0.631 4.981 20.098

#4#
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Coefficients:

Estimate Std.
(Intercept) 6.045130
temp 4.624398 0
I(temp”2) -3.731145 0
hum_imp 1.204983 0
I (hum_imp~2) -1.306540 0
windspeed -0.577589 0
yrl 0.682619 0
season2 0.357664 0
season3 0.437418 0
season4 0.508134 0
workingdayl 0.263993 0
weathersit?2 -0.077092 0
weathersit3 -0.483941 0
holidayl -0.040959 0

0.
.030017
.028160
.040369
.032813
.009566
.003612

Error
013906

.004114
.004495
.003875
.001525
.001796
.006381
.004735

o
--- 0 Cook's Jistance %
T T T T
0.00 0.05 0.10 0.15
Leverage
z value Pr(>|z|)
434.728 < 2e-16 **x*
154.057 < 2e-16 ***
-132.498 < 2e-16 ***
29.849 < 2e-16 **xx*
-39.818 < 2e-16 **x*
-60.376 < 2e-16 ***
188.972 < 2e-16 ***
86.941 < 2e-16 ***
97.318 < 2e-16 ***
131.117 < 2e-16 ***
173.068 < 2e-16 ***
-42.920 < 2e-16 ***
-75.840 < 2e-16 ***
-8.650 < 2e-16 ***
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christmasTRUE -0.076190 0.009709 -7.847 4.25e-15 ***
vrl:season?2 -0.255720 0.004329 -59.067 < 2e-16 **x*
yrl:season3 -0.252835 0.004255 -59.416 < 2e-16 **x*
yrl:seasond -0.222000 0.004605 -48.214 < 2e-16 ***
Signif. codes:
Q0 "***xr (0.001 "*** 0.01 '** 0.05 *.” 0.1 * " 1
(Dispersion parameter for poisson family taken to be 1)
Null deviance: 473082 on 666 degrees of freedom
Residual deviance: 46065 on 649 degrees of freedom
ATIC: 52718
Number of Fisher Scoring iterations: 4

The fitted negative-binomial model is
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Fig. 5.10 Diagnostic plots for the Gaussian model of the log-transformed ridership

fit_nb <- MASS::glm.nb(frml, data = ridership)
summary (fit_nb)

#4#
#4#
##
##
##
#4#
#4#
##
##
##
#4
#4#
#4#

Call:
MASS: :glm.nb(formula = frml, data = ridership, init.theta =
34.38042658,

link = log)

Deviance Residuals:

Min 10 Median 30 Max
-5.7714 -0.4465 0.0596 0.5007 3.1589
Coefficients:
Estimate Std. Error z value Pr(>|z]|)
(Intercept) 6.16439 0.12836 48.024 < 2e-16 ***



118

#4#
##
##
#4#
#4#
#4#
##
##
##
#4#
#4#
##
##
##
#4#
#4#
#4#
##
##
#4#
#4#
#4#
##
##
#4#
#4#
#4#
##
##
##
#4#
#4#
#4#
##
##

temp 4.
I(temp”2) -3.
hum_imp 1.
I (hum_imp~2) -1.
windspeed -0.
yvrl 0.
season2 0.
season3 0.
season4 0.
workingdayl 0.
weathersit2 -0
weathersit3 =0
holidayl -0.
christmasTRUE -0.
yrl:season2 -0.
yrl:season3 -0.
yvrl:seasond -0.
Signif. codes:

0 "***/ 0.001

(Dispersion parameter for Negative

taken to be 1)

Null deviance:
Residual deviance:

AIC: 10373

kKot

19282
29091
17952
32915
69844
70208
36842
44199
53353
27441
07076
50100
06676
10342
27139
27468
24014

0.01

5267.19
675.41

O O O O O O O O O O O O o o o o o

’

.25926
.25822
.38049
.30569
.09660
.02790
.03263
.03903
.03066
.01486
.01840
.05033
.04260
.06484
.03737
.03749
.04379

0.05

on 666
on 649

16.
. 745
.100
.348
.230
.164
.292
.324
.403
.472
.846
.955
.567
.595
.261 3.83e-13
.326 2.37e-13
.484 4.15e-08

1

Binomial (34.3804)

172

0.1

1.37e-05
4.81le-13
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* kK

< 2e-16
< 2e-16
0.00194 =**

* % %

* k%
* k%

* kK

2e-16
2e-16
2e-16
2e-16
2e-16
.00012
2e-16
.11706
.11072

* % %

* % %

* k%

* k%

* kK

* kK

O O A O A A AN A A

* k%

* kK

* kK

r1

family

degrees of freedom

degrees of freedom

Number of Fisher Scoring iterations:

Theta:
Std. Err.:

2 x log-likelihood:

34.38

-10334.58

The large Theta ~ 34.38 is quite striking and indicates that we have overdispersed
data. It is also a bit surprising that holiday and Christmas are not significant in the
negative-binomial model compared to the Poisson model. One reason for that is the
strong over-dispersion. Therefore, confidence intervals derived from the negative-
binomial model will be much wider compared to confidence intervals derived from
the Poisson model.
Finally, we fit the Gaussian model,
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fit_norm <- glm(frml, data = ridership, family = gaussian())
summary (fit_norm)
#4#
## Call:
## glm(formula = frml, family = gaussian(), data = ridership)
#4#
## Deviance Residuals:
## Min 10 Median 30 Max
## -2260.79 -258.21 36.69 321.36 1401.59
#4
## Coefficients:
## Estimate Std. Error t value Pr(>|t])
## (Intercept) -1643.02 385.07 -4.267 2.28e-05 **x*
## temp 11309.89 776.78 14.560 < 2e-16 **x*
## I(temp”2) -8984.86 774.45 -11.602 < 2e-16 ***
## hum_imp 3674.60 1141.77 3.218 0.001354 *=*
## I(hum_imp~2) -3908.94 917.12 -4.262 2.32e-05 ***
## windspeed -2048.80 290.18 -7.060 4.28e-12 ***
## yril 1502.10 83.58 17.972 < 2e-16 **x*
## season2 572.10 97.76 5.852 7.72e-09 ***
## season3 785.56 117.13 6.707 4.34e-11 ***
## seasond 964.84 91.87 10.502 < 2e-16 ***
## workingdayl 925.47 44.61 20.745 < 2e-16 ***
## weathersit?2 -322.56 55.28 -5.835 8.49e-09 ***
## weathersit3 -1174.80 150.62 -7.800 2.49e-14 =**x*
## holidayl -128.81 127.77 -1.008 0.313762
## christmasTRUE -295.45 193.66 -1.526 0.127582
## yrl:season2 168.14 112.16 1.499 0.134343
## yrl:season3 402.05 112.56 3.572 0.000381 **x*
## yrl:season4d 732.16 131.57 5.565 3.84e-08 ***
#H# -—-
## Signif. codes:
## 0 ’***’/ 0.001 ’'**’ 0.01 *** 0.05 .” 0.1 * " 1
#4#
## (Dispersion parameter for gaussian family taken to be
## 265754.5)
#4
## Null deviance: 1614240514 on 666 degrees of freedom
## Residual deviance: 172474646 on 649 degrees of freedom
## AIC: 10244
#4#
## Number of Fisher Scoring iterations: 2
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and the Gaussian model but with a log-transformed dependent variable,

fit_lognorm <-
ridership %>%

da

0.

P

0
3
4

0

P N PR O O

’

ta = .)

Max
57513

r(>|t])
< 2e-16
< 2e-16
< 2e-16
.004364
.97e-05
.63e-12
2e-16
2e-16
2e-16
2e-16
2e-16
.000271
< 2e-16
.071993
.016691
.60e-11
.37e-12
.80e-07

* kK

* % %

* %k

* %

* k k

* kK

* k k

* % %

* k%

* k k

A AN AN A A

* kK
* kK

* % %

* kK
* kK

* % %

© 1

family taken to be

degrees of freedom

dplyr: :mutate(y = log(y)) %>%

glm(frml, data = ., family = gaussian())
summary (fit_lognorm)

#4#

## Call:

## glm(formula = frml, family = gaussian(),

#4#

## Deviance Residuals:

## Min 10 Median 30

## -1.17838 -0.06295 0.01873 0.09874

#4

## Coefficients:

#4# Estimate Std. Error t value

## (Intercept) 6.14970 0.13762 44.685

## temp 4.22762 0.27762 15.228

## I(temp”2) -3.29088 0.27679 -11.889

## hum_imp 1.16735 0.40807 2.861

## I(hum_imp~2) -1.35617 0.32778 -4.137

## windspeed -0.73103 0.10371 -7.049

## yril 0.71454 0.02987 23.920

## season2 0.36643 0.03494 10.487

## season3 0.44603 0.04186 10.655

## seasond 0.54104 0.03283 16.478

## workingdayl 0.28179 0.01594 17.673

## weathersit?2 -0.07235 0.01976 -3.662

## weathersit3 -0.54895 0.05383 -10.197

## holidayl -0.08229 0.04567 -1.802

## christmasTRUE -0.16609 0.06921 -2.400

## yrl:season2 -0.27502 0.04009 -6.861

## yrl:season3 -0.28757 0.04023 -7.148

## yrl:seasond -0.24809 0.04702 -5.276

#H# -—-

## Signif. codes:

## 0 '***’/ 0.001 ’**’ 0.01 '*’ 0.05 .’ 0.1

#4#

## (Dispersion parameter for gaussian

## 0.03394651)

#4#

## Null deviance: 184.681 on 666

## Residual deviance: 22.031 on 649

degrees of freedom
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## AIC: -343.82
#4#
## Number of Fisher Scoring iterations: 2

The large coefficients of the first Gaussian model result from the fact that we model
ridership on the original scale, while the other models directly transformed ridership
to the log-scale or used a log-link.

In general it is recommended to inspect the models. Usually one starts with some
diagnostic plots. We now present the four standard diagnostic plots produced by R
for all four models, see Fig.5.7, 5.8, 5.9, and 5.10, and discuss them afterward.
Obviously, the Q—Q-plots show that all models have problems with very small obser-
vations. We could expect this a bit because we did not investigate the unusual low
ridership for a pattern that they might have in common, for instance, some kind
of events like football games, concerts, and so on. Anyway, surprisingly the Gaus-
sian model looks best with respect to the Q—Q-plot, though the residual plot shows
quadratic behavior. Whereas the residual plots of the models using the log-link or log-
transformation do not reveal strong non-constant behavior. At this point one could try
to exclude models and try to improve the remaining ones. In the next chapter, we will
come back to this dataset and the model fits and presents a goodness-of-fit test based
on the results of this chapter which provides an additional tool for excluding/rejecting
models.

5.3.1 Mathematical Framework of MLE

Suppose we have n independent univariate outcomes Y1, ..., Y, with n correspond-
ing non-random p-dimensional covariate vectors Xy, ..., X, such that
gEY)) =BT X; (5.14)

and assuming that ¥; has a density function

Oy — £(6;)

6, ) =
JF(16i, ¢) 6XP< %

)h(y, ) (5.15)

with respect to the dominating o -finite measure v, we obtain the GLM, where g, ¢
and & are known functions and g is invertible. Furthermore, it is assumed that ¢ > 0
and ¢ is twice continuously differentiable with ¢”(6) > 0 for all 6 such that (5.15)
is a proper density function. Note, every Y; may have its own parameter 6;. It should
also be noted that the class of all densities of type (5.15) is called an exponential
SJamily with dispersion parameter ¢ with respect to the dominating measure v.

Calculating the moment generating function for a random variable with density
(5.15) is easy:
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0;y — (6;
E(exp(uY)) =/GXP <M}’+yT§()> h(y, ¢)v(dy)
_/ (@(u¢+9i)—c(9i)
= | exp "
_ (C(u¢+9i)—§(9i)>
_exp ¢ .

) FQlugp +6;, d)h(y, p)v(dy)

(5.16)

The first and second derivative of this moment generating function with respect to u
at u = 0 gives the first and second moment of Y. Obviously, this entails

E(Y:) =¢'(6:),  VAR(Y) = ¢ (6)). (5.17)

Thus, the assumptions on ¢ and ¢” assure that the variance is not zero. A natural
choice for g is the inverse of ¢’ because then by (5.14) and (5.17) it holds that

BT X; = g(E(Y)) = 6.

Such a g is usually called the canonical link function.

Classical text books on statistics assume that the covariate vectors X, ..., X, are
non-random or the analysis is conducted “conditioned” on X1, ..., X,. However, in
most scientific fields the covariates are random variables. Hence, we assume that the
covariate vector has distribution function H. In order to emphasize that 6; is actually
a function of x and B8 we use the notation 6, (8) to get

P(Y € A, X € B) =fB/Af(y|9x(ﬂ),</>)V(dy)H(dX)~ (5.18)

By (5.18) the conditional density of ¥ given X = x is f(y|6,(8), ¢) and according
to Shorack (2000, Example 8.5.1) we obtain

E(expuY)|X =x) = /GXP(My)f(yIGX,qb)V(dy)

(((Mﬁ +6:(B)) — C(%(ﬁ)))
= exp p

by applying the same steps that were used to derive the moment generating function
in the classical situation, that is non-random covariates, see (5.16). Again calculating
the first and second derivative of this moment generating function gives

E(Y|X =x) ='(0:(8) and  E(Y?|X =x) ='(6:(B) + $¢"(6:(B)).
This easily leads to

E(Y[X) = ¢'(0x(B)). VARY|X)=E([Y —EY[X)PIX) = ¢¢"0x(B)).
(5.19)
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Assuming that
gEY|X =x)=8"x (5.20)

we directly obtain the relation

g’ 6:(B)) = B x.

That the second derivative of ¢ is greater than zero for all 6 implies that ¢’ is invertible
and therefore 6, (8) = (g o ¢’)~' (B x). In order to have a more compact notation
we define

and denote the true parameters by ¥y = (B, ¢o). For the whole section we assume
that 9 lies in the interior of

g = {ﬁl//f(ywx(ﬂ),cb)V(dy)H(dX) < oo}

In summary, this results in

Definition 5.45 Let 7 = (f(-.6.9)) 4 cox(0.00) D€ N exponential family with
dispersion parameter ¢ > 0 and densities with respect to a o —finite measure v given
by

Oy —£(0)

F06.9) =exp (-

)her. ),

such that ¢ is twice continuously differentiable with ¢”(-) > 0.For (¥, X) € R!*7 Jet
g : R — R be an invertible link function and set 6, (8) = (g o ;")71(,3Tx). Assume
that there exists a (B, ¢o) € & such that the conditional distribution of ¥ given
X = x has v—density

F160<(Bo), do) = f(y, Bo, o, x) = f(,0:(Bo), o),

then (Y, X) follows a parametric generalized linear model with link function g with
respect to the class 2.

The mainframe for the following proofs of the almost sure convergence of the
maximum likelihood estimator is based on Perlman (1972) and the central tool is the
Kullback-Leibler information.

Definition 5.46 Suppose F and G are probability measures with strict positive den-
sities f and g with respect to a o —finite measure v on a measurable space (X, A).
Then

IeL(F : G) = f log(f/g) fdv

defines the Kullback-Leibler information.
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We only need the following two properties of the Kullback-Leibler information.

Lemma 5.47 Suppose F and G are probability measures that are both dominated
by a o —finite measure v on a measurable space (X, ) such that the corresponding
v—densities f and g are strict positive. Then

(l) I](L(F : G) € [0, OO]
(ii) Ik (F : G) =0ifandonly if F = G.

Proof Both assertions follow from Jensen’s inequality, see Shorack (2000, Inequality
4.10). Denote by f and g the densities of F' and G with respect to v. Since the negative
of the logarithm is convex, Jensen’s inequality provides

Ik (F: G) = / ~log(g/f) fdv = — log ( / <g/f)fdv) = log ( / gdv) — 0.

According to the addendum to Jensen inequality Shorack (2000, Inequality 4.10),
equality holdsifand only if g/ f = f(g/f)fdv, F—a.e. Since f(g/f)fdv = 1, this
implies that f Iiay fdv =0, where A = {x : f(x) # g(x)}. Furthermore, since f
is strict positive, we have

1
I)(A) = /I{A}— fd\) =0.
f
Denote by A€ the complement of A in X. For an arbitrarily chosen B € % we get

G(B) Z/I{B}ng:/I{B}I{Ar}ng Z/I{B}I{Ac}fd\) = F(B)

which shows that ' = G. This completes the proof. (]

For our purposes, we need to modify the Kullback-Leibler information as follows.
Definition 5.48 Let ¢, ¥, € Z, then

Ky, %) = / Ix1 (Fo, ), - Fo.(8,).¢,)H (dx)

defines the modified Kullback-Leibler information with respect to H, the df. of the
covariate vector X, where Fy, ()4 denotes the conditional distribution of Y given
X =x.

Remark 5.49 Due to the inner product of 8 and x it may happen that 6, (8,) = 6,(8>),
which imply Fp,(s,).¢6 = Fa,(,).4- Therefore, if P(8 X = B X) = 1 we have no
chance to distinguish 8; and $,, because the (conditional) distribution of ¥ does not
change.

We now establish similar results for the modified Kullback-Leibler information as
we did in Lemma 5.47 for the Kullback-Leibler information.
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Lemma 5.50 Let 9,0, € &, then

(i) Ky (1, 92) € [0, o0].
(i) Kp(D1,92) =0 if and only if [ Iip—g,.0,(p1)=6, (801 H (dx) = 1.

Proof The first assertion follows directly from the definition of the modified
Kullback-Leibler information and from (i) of Lemma 5.47.

If f I{¢]:¢zygx(/3[)zgx(ﬂ2)}H(d.x) = 1, we easily verify that Ky (7.91 y 192) = 0 holds true.
Finally, assume Ky (31, ¥) = 0, then

0=Ky@, )

= /IKL(FGX(ﬂl),@ : Fy,8,).9,) H(dx)
= / Tk (Fo. 80,1 * Foo (82,00 Lig1=0.0, (B1)=0, (B2} H (dx)
+ / Tk (Fo. 80,1+ Fo.(82),00) (1 — Ligy =g 0. (B1)=0.(8))) H (dx)

= /IKL(FHX<;31>,¢1 Do (82),00) (1 — Ligy =, 0. (81)=0. () H (dx),

where the last equality holds by (ii) of Lemma 5.47. Again, by (ii) of Lemma 5.47 we
have that 0 < Iy (Fg (8,).¢, : Fo.(8,),4,) On the complement of {¢; = ¢, 0. (B1) =
0x(B2)}, therefore 1 — Iy, —¢, 6.(81)=6,(8,)} = 0 holds true almost surely with respect
to H. ]

The log likelihood of an i.i.d. sequence (Y1, X1), ..., (Y,, X,,) is
£,(3) = £,(B, P)
= "log(f (36, (B). )

i=1
— 0, (B)yi = £(0:,(B))

+ log(h(yi, ¢)).

i=1
According to SLLN
nlirglonflzn(ﬁ) = Ey, (£1(9))
= / / log(f (¥16x(B), 9)) f (¥16x(Bo). po)v(dy) H (dx)
=: Ly (9o, ¥),
if Ey, (¢1(9)) exists. We will now study L (99, -). The SLLN will allow us to carry

over the results to the corresponding expressions in terms of ¢,,. First, we investigate
when L g (¥, -) has a unique maximum.
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Lemma 5.51 Assume that

(i) Lu@@o, o) <00
(ii) fOV all v € E\{ﬁo} it holds that fI{¢0:¢,9X(,30)=9k(,3)}H(dx) <1

then Ly (D, -) has a unique maximum at 9.

Proof Due to assumption (ii) and Lemma 5.50 (ii) we obtain
0 < Ky, )

:/IKL(FQA(/%),% : Fy8),¢)H (dx)

J(10:(Bo). do)
0 (Bo), dy)Hd

= Ly (¥, B) — LH(ﬁo, 19)-

Note that assumption (i) is necessary to guarantee the last equality, i.e., it prevents
oo — oo. Altogether, this shows the assertion. O

Theorem 5.52 Assume that & is compact and

(i) forall 9* € & exists an open neighborhood V* = V (0™*) of 9* such that

E (SUP log f(Y10x(B), ¢)> <00

HeV*

Under the assumption of Lemma 5.51 it holds that B, — 9o, asn — oo, w.p.1, where
¥y, is the maximum of €, (-).

Proof The continuity of the density functions and the compactness of = assure
the existence of 9, € 5. Denote by V an arbitrary open neighborhood of . Let
U=E\V.Iflimsup,_,  supycy £n(¥) — £,(¥9) < 0, we can find an N € N such
that supy .y £, (%) < £,(d9) foralln > N. Hence, 9, € V foralln > N. Therefore,
it is sufficient to prove

P(im sup sup £,,(9) — £,(¥9) < 0) = 1. 5.21)

n—»oo el

Note that we might have measurability issues because U is uncountable. In this case
we would use the inner probability measure.

We will now find a finite cover Vi, ..., V,, for U, where every V; will have the
property (5.21). Choose ¥ * € U arbitrary and denote by V. (*) open neighborhoods
of ¥* with

(V0 = (97},

e>0

Choosing & > 0 such that V,(¢#*) C V*and 0 < M < oo, we obtain
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sup 1L (Lr(9) — £n(0))
VeV (9%)

n

<n 'Y sup log £(3ilox (B). @) —n 'Y log £ (3il6x (Bo). o)

i—1 V€V (%) i=1
n

<n ™'Y sup  max{log £ (3ilfx (B), #), =M} —n"1 D" log £ (3il0x; (o). b0)-
i=1VEVe@) i=1

Applying a series of convergence theorems will establish that this last expression
is less than zero. By assumption (i) the expectation of the following positive part is
finite:

+
E (( sup max{log f(Y|0x(B), @), —M}) ) < 00.

eV, (9*)

Furthermore, we have

sup log f(yil0x,(B).¢) = sup max{log f (il (B), #), —M}
9V, (9*) DV, (9%)

4
S( sup maX{lng(inOX,-(ﬁ),@,—M}) .

DV, (9%)
First, we apply the SLLN and obtain that

limsup sup n~'(€, () — €, ()
n—-00 YeV.(¥*)

is less or equal to
E ( sup max{log f(yil0x, (B), p), —M}> — Lo, Vo).
DEV. (9%)
By Lebegue’s dominated convergence theorem this converges for ¢ — 0 to
E (max{log f (316x, (8*), ¢*). —=M}) — L(9, o).

Finally, applying Loeve (1977, Fatou-Lebesgue-Theorem, page 126), this converges
for M — oo to
L (0, 9") — Lu(¥o, Do) <O0.

The last inequality is a direct consequence of Lemma 5.51. Since U is compact there
exist &; and ¥ such that U C UL, V;, (¥)). This completes the proof. (]

Note, the next corollary uses the same assumptions as Theorem 5.52 but assumption
(ii) replaces the compactness of ='.
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Corollary 5.53 Assume that
(i) forall 9* € & exists an open neighborhood V* = V (0*) of 9* such that

E (Sup log f(Y]0x (B). ¢)> < 00,

deV*

(ii) there exists a compact set C such that ¥ is an interior point of C and

E ( Suli log f(Y|0x(B), ¢) — log f (¥ [0x(Bo), ¢o)> <0.
YeE\C

Under the assumption of Lemma 5.51 it holds that D, — 9 almost surely, where Dy

is the maximum of €, (-).

Proof Denote by V an arbitrary open neighborhood of 9. Following the proof of
Theorem 5.52 it is sufficient to show

Pdimsup sup £,(9) — €,(dy) <0) = 1.

n—o00 Ye&\V

Since C is compact, using U = C\V, we directly obtain from the proof of Theorem
5.52, that
P(im sup sup £, (%) — £,(¥9) < 0) = 1.

n—oo YelU

Similar as in the proof of Theorem 5.52, but now using (ii), we conclude

sup n' (€, () — €,())
veB\C

n

<n™'Y" sup [log £ 316y, (). ¢) — log £ (3il6x, (Bo). bv)]

‘o veE\C
— E (051;I\>C log f(Y10x(B). #) —log f(Y|60x (o). ¢o)) <0.

Therefore, we obtain

P(imsup sup £,(9) — €,(0y) <0) = 1.

n—o0o YeE\C

Without loss of generality we can assume that V C C. Hence, Z\V = E\C U U,
which finally leads to
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Pdimsup sup £,(%) — £,(%) < 0)

n—oo YeZ\V

({hm sup sup £,() — £,(99) < 0} U {lim sup sup £, () — £,,(F9) < 0})

n—oo PeZ\C n—oo el

=1.

This concludes the proof. (]

The following lemma supports the upcoming proof of the asymptotic normality
of the maximum likelihood estimator.

Lemma 5.54 Let (£2,, <,, P,) be a sequence of probability spaces. Let X, (defined
on §2,) be a random p-vector converging in distribution to X and let A, (defined
on §2,) be a random matrix converging in probability to a constant invertible matrix
A. If X, = A, Y, for all n for some random p-vector Y, (defined on $2,), then
Y, = A7'X, +op, (1).

Proof Let B, = {det(A,) # 0}. Since det(A) # 0 and A, — A in probability, we
have P, (B,) — landIj5,A,' X, =15,Y, = Y, — {5, Y. Obviously, I;5 A, ' =
A+ op,(1) and for all ¢ < 1

Pu(ipey Ynl > €) < Pu(Iipgy > €) = 1 = Pu(B,) = o(1).

Furthermore, since X, converges in distribution to X for all ¢ > 0 there exists a
K > 0 such that P, (|| X,,]|cc > K) < &, where || - || denotes the maximum norm
on R”, which implies that |[(A~! — I;3,)A; 1) X, o = 0p, (1). Altogether, we have

Y, =1L A, X, +op, (1) = A7' X, + op, (D).

This concludes the proof. O

For sake of compactness, for a map m depending on % or only 8 or ¢, denote
by D,(m) and D, (m) the first partial derivative of m with respect to the r—th
component and the second partial derivative of m with respect to the r —th and s—th
component, respectively. Furthermore, if m is a map from R” to R, then D(m)
denotes the gradient of m and if m is a map from R? to R, then D(m) denotes
the Jacobi-matrix of m. For instance, f(y|6;(8), ¢) is a function of ¥, therefore
D(f(y16x(B), ¢)) denotes the gradient with respect to ¢}, whereas 0, (8) is a function
of B only and therefore D(6,(8)) denotes the gradient with respect to 8. Note also
that D, ((f(y|6x(B), ¢)) is the partial derivative of f(y]|6(B), ¢) with respect to
the last component of ¢ which is ¢. For a function like c(y, ¢) that only depends on
¢. we have D(c(y, $)) = Di(c(y, §)).

Theorem 5.55 If

(i) log f(y|6x(B), @) has continuous second derivatives with respect to ¥ and there
exits an open neighborhood V- C E of ¥y such that forall 1 <r,s < p +1
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E <SHP |Dy.s(log f(Y16x (B), ¢))|) < 09,
eV

(ii)
/Dp+1(f()’|9x(,30), ¢o))v(dy)H (dx) =0,

(iii) foralll <r,s < p+1
/ Dy (f (510 (Bo). do))v(dy) H(dx) = 0,

(iv)
A = ¢y 'E (£"(6x (B0) D(Ox (Bo)) (D (Ox (Bo))) )

exist and is positive definite,

(v)

2
0<B=E <<D(log(h(Y, goyy) — 2T “9"(’3"))) ) <o,

o3

(vi) 13,, converges in probability to ¥

holds, then n'/ 2(1§,, — Vo) = Z, where Z is multivariate normally distributed with
zero mean and covariance matrix

-1
1 _(AO
so ()"
Proof Define s, (1) := D(E,, (z?)) and note that

1
50 @) = 51 00) = ( /0 Dy (B0 + 1By = 90)) dr ) (B = 0o).

Note that the right-hand side is a matrix-vector product. First, we substitute the
integral by Ds,, (). Define

1
A, = / Ds, (00 + 1 (D — 90))dt — Ds, (%)
0

and B, := {0 : |9 — ¥l <e}. W.Lo.g. we assume that B, C V. We have by
Markov’s inequality for the r—th and s—th component of A,, denoted by A",
that
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YEB,

P(AYS /n| > &) <P(D, ¢ B.) + 5 'E (sup |D, 501 () — Dr,se1<ﬂo>|> .

(5.22)

Since 9, converges in probability to ¥, the first term on the right-hand side converges
to zero. By the continuity assumption of (i)

lim sup | D,.s€1(®) — Dy,.€;(90)] = 0.

e—0 YeB,
Therefore, by assumption (i) and Lebesgue’s dominated convergence theorem the
second term on the right-hand side of (5.2;) can be made arbitrarily small. Altogether,
we obtain n7' A, = op(1) and since s, (%,) = 0 the initial equality becomes

—n~5y(90) = (0™ D5y (o) + 0p(D)) n' 2Dy — D). (5.23)

The final step is to apply the CTL to s, () and afterward Lemma 5.54. The function
s, consists of two parts, i.e.,

1 n
Dytu(90) = o D i = £'(6x,(B0)) Dy (0, (Bo))
i=1

for] <g < pand

= Qx- i Gx
Dyarba@0) = 3 Dic(y, oy — 2P0l = £ (o)

2 bl
i=1 %o

where c(y, ¢) = logh(y, ¢). Since (¥;, X;);=1,..» is ani.i.d. sequence, we consider
in the following calculations of the first two moments only the i —th summand.
Obviously, the first components, 1 < g < p, of s,(9) are centered:

E ((¥; = ¢'(6x,(Bo)) Dybx, (Bn)) = E ((E(Y:|X:) — ¢'(Ox, (Bo)) Dybx, (o))
(5.24)

:0’

since E(Y;|X;) = ¢’ (0x,(Bo))- By assumption (ii) also the last component of s, ()
is centered:

QX,' (/SO)Yl - ;(QX,' (/30))
%%

E (D(C(Yn $0)) — ) =E (Dp+1(£1(5)))

= / D(f(y16x(Bo). $o))v(dy) H (dx)
=0.
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For the second moments, we start with the covariance of the g —th component and
the last component of s, (). In order to simplify the notation, we write f for the
density of Y. In general, forall 1 <r,s < p + 1, we have

1 1 1
Dy s(log f) = ? (Dr,sf - ?(Drf)(va)> = ? (Dr,sf — fDr(log f)Ds(log f)) .

Therefore, considering the partial derivatives at ¥y, by assumption (iii), we obtain

E (D,s(log f)) = / D, s(f)v(dy)H (dx) — E (D, (log f)D;(log f))
= 0—COV (D, (log f), Ds(log f)) - (5.25)

In particular for » = p + 1, we additional have for the second derivatives at 9, that

2
B <8 logf) 4 <810gf> _o
d¢pap op
by Eq.(5.24), where 0 log f/d8 is the gradient of log f with respect to the vector
B. This shows that the covariance of the g —th component (1 < g < p) and the last
component of s, equals zero. This is not surprising, since the likelihood equation of
B is independent of ¢. Therefore, the covariance matrix of s, consists of two blocks.

According to the equations for the conditional expectation and variance for Y, see
(5.19), the first block is

COV (' (Y = ¢/ (Ox (Bo))D(Ox (B0))) = ¢y °E ((Y — £ (0x (Bo))*S(X))
= ¢ E (E[(Y — E(Y[X))*|X]S(X))

= ¢ 'E(¢" (0x (B0))S(X)),

where

S(X) = D(Ox(Bo)) (DOx (Bo))) " -

Note that ¢, Uin the last line is correct since VAR(Y |X) = ¢oZ” (0x (Bo)). The second
block is

2
. ((1) V. gy — DB ;zc(ex(ﬁo))> ) '
0

Thus, n~'/2s, (By) converges in distribution to a multivariate normally distributed
random variable with zero mean and covariance matrix X' that consists of those two
blocks. Finally, n~'Ds,(9) converges by the SLLN and (5.25) almost surely to — X.
Representation (5.23) and Lemma 5.54 complete the proof. (]

The following corollary will be used later when we investigate goodness-of-fit-
tests.
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Corollary 5.56 Under the assumptions of Theorem 5.55 it holds for

L(X;, Yi, 99) = 27" Dlog(f (Yi16x,(Bo), ¢0)))

that

L n'2@, — %) =n"V2 Y1 L(X;. Yi, Bo. do) + op(1),
2. E(L(X;, Yi, Bos ¢0)) =0,
3. E (L(Xi, Y:, Bo, o) LT (X:, Yi, Bo, ¢0)) exists and is positive definite.

Proof All calculations were already made in the proof of Theorem 5.55. Setting
L(X;, Y;, Bo, o) = £~ D(log(f (Yi10x, (o), $0)))

yield again the representation (5.23) for n'/ 2(5,, — 1%9), where due to the SLLN
n~!Ds, (%) was substituted by —X. Since ¥ is a constant matrix the calculations
of the first and second moment for the components of s, () in the proof of The-
orem 5.55 directly yield the assertions 2 and 3 of the corollary. This concludes the
proof. ]

5.3.2 Mathematical Framework of Bootstrap MLE

Since a GLM makes an explicit assumption about the density of the Y, it is possible
to bootstrap the data in a parametric manner. After estimating the parameters on
the original dataset, for instance in a Poisson regression, we can create/bootstrap
a new dataset according to the fitted model. This is the backbone of RSS5.42. In
the following we investigate the behavior of the MLE estimator in such a bootstrap
world. This will lead to the same consistency results we already obtained in the non-
bootstrapped MLE in Sect. 5.3.1. Furthermore, the results of this chapter are used to
construct goodness-of-fit-tests for GLMs.

Remark 5.57 Bootstrapping in according to Resampling Scheme 5.42 means that
X}.; are constants in the bootstrap world. Therefore, in the bootstrap world the
covariates have not a common distribution Py.

For ease of notation we suppress k in the following and due to Step (B) of the
resampling scheme we obtain X; = X;. Similar as before we obtain that the log
likelihood is
20, (B)yE — C(6y
E:(?}) — Z Xi (ﬂ)yln ¢ é‘( ,(,3))

+ log(h(y;,. #))

i=I

with the corresponding derivatives (components of the score function s,)
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1 n
Dy6,(0) = o > 0 = €04, (B) Dy (B, (B))
i=1

for] <g < pand

9)(,’ (ﬁ)yl*n - {(0)5,‘ (ﬂ))

Dyl (9) =Y D(c(yjy. 9)) — pe

where c(y, ¢) = logh(y, ¢).

Lemma 5.58 Assume 9, — 0 w.p.1 and the density f is continuous in ¥ at 9. If
there are open neighborhoods Vi and V, of ¥y such that

// sup [A(y, x, 91)| sup f(y10:(B2), $2)v(dy) H (dx) < oo,

191 eVy 1726 V2

then under Resampling Scheme 5.42, as n — o0,

*ZE*(A( Y X, 9) — //A(y,x,%)f(ywx(ﬂo),¢o>v(dy>H<dx>

w.p.1 if A is continuous in ¥ at vy.

Proof Obviously by our assumption it also holds true that

/ f sup 4G5 DI Sup 1016 (Br). 42) = F 016 o) o) W) H @) < o0

eV

We have w.p.1

n~t Y B (A, Xi, D)) —n”! ZfA(y, Xi. ) £ (310x; (Bo). do)v(dy)
= i=1

n
<Y [ Ao X b
i=l

| £ 016, (B, ) = £(316x, (Bo), d0)| v(dy)

<n 'y / sup [A(y, Xi, 00| sup | f(y16x; (B2), d2) — f(v16x, (Bo), )| v(dy)
i=1

eV eV

g f/ sup |A(y, x, ?D)| sup |f(¥16x(B2), #2) — f(¥16x(Bo), ¢o)| v(dy) H (dx),

1 eV) heVy

asn — 0o, where the second inequality follows from the fact that D, converges to vy
w.p.1 and the last step follows from the SLLN. By continuity of the density function
with respect to ¢ and Lebegue’s dominated convergence theorem the last expression
converges to zero by shrinking V, toward the point set {%}. In the same manner we
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obtain, as n — 00,

Yy / (A, Xi. ) = Ay, X1, 90)) f (516x, (Bo). do)v(dy)
i=1

<n! Z/ sup [A(y, Xi, 91) — Ay, Xi, Do)| f(y10x,(Bo). po)v(dy)

191€V|

—>// sup |A(y, x, 1) — A(y, x, Do)| f(y10x(Bo), ¢o)v(dy) H(dx),

1316‘/]

which also converges to zero by the continuity of A at ¥y and Lebegue’s dominated
convergence theorem if we shrink V; toward the point set {¢}y}. Finally, one only
needs to observe that

w1 Y [ A X590 £ 10x, B, doyvidy)
i=1
converges by the SLLN to

//A(y,x, D0) f (¥10x (Bo), ¢o)v(dy) H (dx),

which concludes the proof. ]

Theorem 5.59 If & is compact, the density f is continuous in ¥ at ¥y and

(i) there exists an open neighborhood Vy = V (9¢) of ¥y such that for all ¥* € E
exists an open neighborhood V* = V (8%) of v* with

6x(B).
([ e (D)) s o omiaman <o
z?ev* X ’ eV
and

[/{

then under the assumptions of Lemma 5.51 it holds w.p.1, as n — oo, that 19,’1* — By

a2
F 16 (B), ¢)
log| —————2—— 0y (B), dy)H(d ,
05;15* (f(yl@(ﬁo)ﬁo))‘ )ﬁsg‘l/)o F (16 (B), p)v(dy)H (dx) < 00

in probability with respect to P}, where 19,;‘ is the maximizer of £} (-).

Proof Note that we might encounter measurability issues as in Theorem5.52 for
the MLE. Again, if this happens we consider the inner probability measure. The
continuity of the density functions and the compactness of & assure the exis-
tence of 19:[ € E. Denote by V (C Vp) an arbitrary open neighborhood of #y. Since
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13‘,1 — ¥y w.p.1, we can assume that 5‘,1 € Vforalln € N.Let U = E\V. Clearly,
Supycy i (9) < £ (Do) imply 0 € V. Therefore, it is sufficient to proof that w.p.1

P (sup @) — £ (9) < 0> — 1, asn — oco. (5.26)
veU
We will now find a finite cover By, ..., B,, for U, where every B; will have the

property (5.26), i.e.,

P; (sup 00) — £;(99) > 0) =op: (1), asn — oo, (5.27)
l?EBk
w.p.l,fork =1,...,m. For ¥* € U choose V* according to the assumption (i). In

order to have a more compact notation we set

S X7 10x, (Bo), ¢o)

dev*

Win = sup 10g< f(Y;;'eX,(/g)v ¢) ) .

We obtain

- _ ‘ F(YE10x,(B), §)
@) — 05 (D) =n~! 1 in!7Xi
p ) = 6500 =n7sp ) °g(f<Y,-’;|9Xf<ﬁo>,¢o>)

e F(YE10x,(B), §)
1 1 in i
=" ;525* o8 (f(Y;;wx,- (Bo), ¢o>>

n
= I’L_l E Win-
i=l

Equation (5.27) holds if we establish

n n n
P; (n—l D Wi > 0) =P} (n—‘ D Win —Ex (W) = —n”! Zlﬁzmn)) = op; (1).
i=1

i=1 i=1
For ¢ > 0 we get by Chebyshev’s inequality
P; (n—‘ > Win = Ej(Wiy) = e)
i=1

< (ne) 2y En(W2)
i=1
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< (ne)” 22/

which converges w.p.1 to zero by assumption (i) and the SLLN, asn — oo. Itremains
to show that n=! Y7 E*(W;,) converges w.p.1 to a negative constant. Assumption
(i) and Lemma 5.58 yield w.p.1, as n — oo,

FO10x,(B), ¢)

2
A Ox,(B), p)v(dy),
;;15 log (f(ylex,(ﬂo),qﬁo)) sup f(y10x,(B), #)v(dy)

veVy

—IZE*(W,H)_>// sup 1

z?eV*

f10x (Bo)s o)

) F(¥10x (Bo). ¢o)v(dy) H (dx).
(5.28)

By assumption (i) and Lebegue’s dominated convergence theorem the right-hand
side of (5.28) converges to L y (¥, 0*) — Ly (¥0, ¥p) by shrinking V* toward {v*}.
Finally, Lemma5.51 implies L g4 (&9, 9*) — Ly (¥, o) < 0.

In sum, w.p.1, for every ¢ > 0 we can choose for all ¥* an open neighborhood
V* of ¥* and an N such that

P, (sup £,() — £,(%0) > 0) <e¢
veV*

for n > N, where N maybe subject to w. Since & is compact, we can select from
this cover of U a finite cover By, ..., B, which provides (5.26). Since V was chosen
arbitrary, this concludes the proof. (]

Theorem 5.60 If the density f is continuous in ¥ at ¥y and

(i) log f(¥16:(B), ¢) has continuous second derivatives with respectto ¥ and there
exist open neighborhoods Vi, Vo, C E of O such that forall 1 <r,s < p+1

// sup | D, (log f (y16x(B1), I sup f(y16x(B2), d2)v(dy)H (dx) < o0

eV eV,

// sup |Dys(log f(y16x(B1), 61)| sup JF(y10x(B2), $2)v(dy) H (dx) < oo,

Y1eVy eV

(ii) forall ¥ € V, it holds that

/Dp+1(f(y|9x(ﬂ), #)v(dy)H (dx) =0,

(iii) foralll <r,s < p+ landall 9 € V, it holds that

/ Dy (f (3105 (B), #)w(dy) H (dx) = 0,
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(iv) for every x € R? the function

Ri(x, B) = £"(0:(B)DO(B)(D (BT

is continuous in B at By and

/ sup |R;(x, Bi)|H (dx) < o0

HheV;

and
A = ¢y 'E(Ri(X, Bo))

exists and is positive definite,
(v) foreveryx € R and y € R the function

0:(B)y — £(6x(B))

Ry(y, x, 0) = D(log(h(y. ¢))) — e

is continuous in ¥ at 9o and

// sup R3(y, x, %) sup f(y16.(Ba), p2)v(dy) H (dx) < oo,

191€V| l?zEVz

and
0 < B=E(R3(Y, X, ¥)) < oo,

i) OF — O = op: (1) wp.1,
(vii) D converges w.p.1 to ¥y

holds, then n'/ 2(29,’1" — 19,1) — Z, where Z is multivariate normally distributed with
zero mean and covariance matrix

-1
A0
-1 _
o= ( ; B) |
Remark 5.61 Note that the covariance matrix X' of Theorem 5.60 equals the covari-
ance matrix of Theorem 5.55, which is the CLT for the original MLE.

Proof (of Theorem 5.60) Note, this proof is closely in line with the proof of Theo-
rem 5.55 and we partially reuse calculations from that previous proof. In order to have
more compact notation during the proof, define £(y, x, ) = log(f (y|6:(B), ¢)) and
denote by s the gradient of £ and let Ds;’ be the Jacobian matrix of the score func-
tion s;'. As before we also use D to denote by D, g and D, , g the first partial derivative
of g with respect to the r —th component of ¥ and the second partial derivative of g
with respect to the »r —th and s —th component of ¢}, respectively.
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Note that

A

1
i) — (D) = ( /0 Ds? (B + 1 (7 — 19n))dt) (B =),

where the right-hand side is a matrix-vector product. First, we substitute the integral
by Ds;(1,). Define

1
A, = / Ds; (9, +t(9; — 9,))dt — Ds;; (9,)
0

and B, = {0 : |9 — || < ¢}. Wlo.g. we assume that B, C V,. We have by
Markov’s inequality for the r—th and s—th component of A,, denoted by A",
that

PE(JAY /n| > &) < PX(D* ¢ B,) + & 'E (I{éﬂ*eﬂﬁ}m;””/m) . (5.29)

Since 19:[ — z§n = op:(1) w.p.1 and 1§n converges w.p.1 to ¥y, the first term on the
right-hand side converges to zero w.p.1. The second term on the right-hand side
converges also to zero as follows. For the sake of simplicity, we ignore the leading &
since it is simply a constant. Due to the almost sure convergence of 9, to ¥ we can
assume that f?,, € B, almost surely. Therefore, we have

<n 'STUEF| sup |D(YE, Xi,®) — D 0(YE, X, )| )
n p i m kl n
i=1

9, 9€B,

£, (I{é:eBg}Mr(f’S)/ ”')

<Er (sup

veB,

n
I’l71 Z Dr,sz(Y;l, Xi, 19) - Dr,.&'E(YiTw Xi7 'lgn)
i=1

By the assumptions on the second derivatives in (i) and Lemma 5.58, the last expres-
sion converges w.p.1 to

/ / sup ‘Dr,sg(Yv X, 7-9) - Dr,sz(y9 X, 5) f()’|9x(/30), ¢0)V(dy)H(dx),

®,0€B,

which converges to zero if ¢ tends to zero due to the continuity of the second deriva-
tives of log f, see assumption (i), and Lebegue’s dominated convergence theorem.
Altogether, we obtain n='A, = op:(1) and since s,f(f);‘[) = 0 the initial equality
becomes

_n—l/ZS:(l?,n) — (l’l_lDS:(f,ﬂ) + Opﬁ(l)) (’,11/2(1’9;k - l§n)) (530)
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We now prepare the application of the CLT by investigating the limit of the variance
of n’l/zs,’[(ﬂ,,). The function s, consists of two parts, i.e.,

. . 1 < . N
D€ (Dy) = Z D (Y], X;, D) = = > (i = &' (0x,(B) Dy (Ox, (B))

noj=l1

for] <g < pand

. Ox, (B)Y — t(0x, (B 2
Dyt G = ZDPM(Y,H Xi, M—ZD(c(ﬁ;,«pﬂ))f X ”‘¢ X
i=1 n

where c(y, ¢) = logh(y, ¢). Following the proof of Theorem5.55 we easily con-
clude (under assumption (ii)) that every summand of s;f(ﬁn) is centered. Another
relation that can be directly reused (under assumption (iii)) from the proof of Theo-
rem 5.55 is that

E; (Drs(10g fin)) = —COV;; (D, (10g fin), D;s(10g fin)) (5.31)

forall 1 <r,s < p+ 1, where f;, is the density of Y/ . In particular,

COV;} (Dp41(10g fin), Dy(l0g fin))

_E (8210gfm> 3 <8logf,-n> _0
dp0p, 3By
for all 1 < g < p, which is quite expectable because the likelihood equation of g
is independent of ¢. By construction, Y7, ..., Y, is an independent sequence and

therefore, the covariance matrix of n=/2s*(15,,) cons1sts of two blocks, and following
the proof of Theorem5.55 we obtain

equals

cov,, ((n”zénrl > W = ¢ Ox, (B) DO, (ﬁn») = (dn) " Y ER(Ri(Xi, Bu)).

i=I i=l
The right-hand side converges by assumption (iv) and Lemma5.58 w.p.1 to

A = ¢;'E(Ri(X, Bo))- (5.32)

Due to independence, the second block of n~'/2s*(%,,) equals

2
& ( _I/ZZR ( ,n’Xi,ﬁn)> IZE* (RZ( ’”’Xi’é”))'
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By assumption (y) and again Lemma5.58, we conclude that the second block of
COV*(n~'25*(19,)) converges w.p.1 to

B=E(R;(Y, X, )). (5.33)

Note that due to equation (5.31) —n~!Ds?* () converges also to the asymptotic
covariance matrix of n~"/2s*(9,).

The final step is to apply the CLT to s, (19 ) and afterward Lemma 5.54. According
to the Cramér-Wold device, we have to investigate n='/2a T s*(9,) for a € RPT1\{0}
arbitrary. Obviously, every summand of the linear combination is centered because
every component of s, (%,) is centered. Hence, it remains to proof that the Linde-
berg condition holds. But since the variance of n="/2a"s*(3,) converges w.p.1, the
Lindeberg condition simplifies to

p+1 2
nil/ZZanqK(y,X;,ﬁ,,) dPy — 0, asn — oo,
g=1

n

2

i=1 . (
=12 504 4y Dy ey, X, 8,126

w.p.1, where § > 0. The left-hand side is eventually bounded by

2
p+l1

—1
ZE Sup I{lzp+lan e() X; 17)|>5K1/2 Zan E(yv le ﬁ)
q=1

for all K € N which converges w.p.1, as n — o0, to

2
p+1

E ;ugIHZPH%DWH)PBW > a,Dyt(Y. X, )
€ g=1

This expression tends to zero by the assumption on the first derivative in (i) for
K — oo, which proofs that the Lindeberg condition holds.

To sum up, the left-hand side of equation (5.30) is asymptotically normal dis-
tributed with an asymptotic variance consisting of the two blocks (5.32) and (5.33),
i.e., X . Furthermore, we know thatn~! Ds* (%) converges to — X, asn — 0o. Apply-
ing Lemma 5.54 yields the result and concludes the proof. ]

Corollary 5.62 Under the assumptions of Theorem 5.60 it holds for

L(Xi, Y7, By bn) = Z7'D(og(f (Y7 10x, (Bo), $0)))

that

Lo n'2@F —3,) =230 L(Xi, YE,. Bus ) + 0p, (1), as n — oo, wp.1,
2. E*(L(X;, m,,Bn,(ﬁn)) =0foralln e N,
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3 'Y E (L(X,-, v

in’

B, &) LT (Xi, Y, Bn, qAbn)) converges w.p.I1to X!

Proof All calculations were already made in the proof of Theorem 5.60. According
to the representation (5.30) and Lemma 5.54 we can set

L(Xi, Y5, B, ba) = X' Dog(f (Y7 10x,(Bn)s $n)))

to obtain assertion 1, since n~! Ds) (5,,) converges to —X'. Note, these are the sum-
mands of s,*{(f?,l) from the proof of Theorem 5.60 multiplied by X ~!. In the proof it
was shown that the summands of s;‘({?n) are centered and the arithmetic mean of the
covariance of the summands converges w.p.1 to X'. Since X' is a constant matrix the
proof of Theorem 5.60 directly yield the assertions 2 and 3 of the corollary. O

5.4 Semi-parametric Model

Recall the situation of the classical linear model, where Y = /STX + ¢. This was
extended to the parametric generalized linear model assuming that ¥ given X has a
distribution belonging to the exponential family and additionally that there exists a
link function g such that g(E(Y|X = x)) = m(x, B) = B x. Another way to extend
the classical linear model is to consider ¥ = m(B8 " X) + ¢ and leave the distribution
of e unspecified. Hence, we have the parametric component 8 and the non-parametric
component €. In summary, we get

Definition 5.63 Let (Y, X) € R'*” andletg : R — Rbe aninvertible link function.
If there exists By € R? such that for E(Y | X = x), the conditional distribution of Y
given X = x,

E(Y|X =x)=g "(Byx) =m(By x), forallx e R?,

applies, then (Y, X) follows a semi-parametric generalized linear model with link
function g.

Note that we also write m instead of g~! to uniform the presentation.
Most of the time in this section we will only assume

Y =m(X,9) +e,

i.e., we are not restricted to 8T X. One of the model definitions, see Definition 5.68,
is E(e| X) = 0, and therefore yields E(Y |X) = m(X, ¢).

The parametric bootstrap is not applicable anymore here because no parametric
form of ¢ is assumed. In this section, we will focus on the wild bootstrap, where
the resampling scheme is very similar to the resampling scheme we used for linear
models, see RSS 5.23. The only difference is how the estimators for the model
parameter and residuals are determined.
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Resampling Scheme 5.64

(A) Based on the i.i.d. observations (Y;, X;)1<i<n C R'P calculate the D,

(B) Determine the estimated residuals &;, = Y; — m(X;, zA?,,).

(C) Define the wild boostrap residuals by ein =&, tf, wheret{, ..., T isani.id.
sequence of Rademacher rvs. which is independent of (X1, 1), ..., (Xn, €n)-

(D) Set Xf = X,, Y7, = m(X;, D,) + €.

(E) Determine zA?,’: based on (Y, X7).

R-Example 5.65 The dataset in this example follows
m(X,0) + e =0, exp(X/0p) + V. exp(X/0q) + ¢

with 9y = (4, =2, =3, —10), & ~ N(0,0.25%) and X uniformly distributed on
[1, 30]. The following R-code generates 400 samples and fits a model.

set.seed (123,kind ="Mersenne-Twister",normal.kind ="Inversion")
semiparametric_data <-
data.frame (X = runif (400, min = 1, max = 30)) %>%
dplyr: :mutate (
mu = 4 * exp(-X/2) - 3 * exp(-X/10),
epsilon = rnorm (400, sd = 0.25),
Y = mu + epsilon)

fit_sp <- minpack.lm::nlsLM(
formula = Y ~ a * exp(X/b) + ¢ * exp(X/d),
data = semiparametric_data,

start = ¢(a =4, b = -2, ¢ = -3, d=-10),
control = nls.control (maxiter = 1000))
fit_sp

## Nonlinear regression model

## model: Y 7 a * exp(X/b) + ¢ * exp(X/d)
## data: semiparametric_data

#4# a b @ d

## 3.707 -2.105 -3.025 -9.797

## residual sum-of-squares: 23.76

#4#

## Number of iterations to convergence: 3
## Achieved convergence tolerance: 1.49e-08

confint (fit_sp)

## Waiting for profiling to be done...

## 2.5% 97.5%
## a 3.174945 4.269019
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## b -2.824567 -1.609529
## c -3.844516 -2.601336
## 4 -10.959331 -8.551295

These large number of samples are necessary because otherwise estimating the
confidence intervals via confint is problematic and quickly results in an error. This is
also the reason why we started the optimization in %y which is unknown in practice.
Now, we implement the wild bootstrap and apply it to the fitted model.
rrademacher <- function(n) {

2 * rbinom(n = n, size = 1, prob = 1/2) - 1

}

bootstrap_sp <- function(data, fit_obj) {

# Step B

epsilon_hat <- residuals(fit_obj)

# Step C

boot_epsilon <- rrademacher (length(epsilon_hat)) * epsilon_hat
# Step D

boot_X <- data$x
boot_Y <- predict(fit_obj) + boot_epsilon
# Step E
minpack.lm: :nlsLM (
formula = boot_Y 7 a * exp( boot_X/b) + ¢ * exp(boot_X/d),
start = coef (fit_obj),
control = nls.control (warnOnly = T, maxiter = 1000))
}
fit_wb <- lapply(
1:200,
function (dummy) bootstrap_ sp (semiparametric_data, fit_sp))

coef_wb <- sapply(fit_wb, coef) %>%
t() %>%
as.data.frame ()

tail (coef_wb)

#4# a b @ d
## 195 3.988986 -2.127204 -3.145468 -9.381500
## 196 3.925056 -2.417854 -3.346528 -9.234672
## 197 3.892880 -1.869759 -2.908396 -9.994309
## 198 3.573355 -2.123758 -3.050824 -9.367015
## 199 3.997472 -1.589187 -2.686212 -10.280919
## 200 3.552934 -1.917992 -2.792621 -10.195711
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0.5-

Fig.5.11 Simulated non-linear model. Matrix of plots showing the distribution of the bootstrapped
parameters

This allows us to obtain 95% confidence intervals using quantiles

apply (coef_wb, 2, quantile, prob = ¢(0.025, 0.975))

## a b € d
## 2.5% 3.180270 -2.802138 -3.727098 -10.975106
## 97.5% 4.386482 -1.556582 -2.613631 -8.652354

However, there is strong correlation between the four components, see Fig.5.11.

coef_wb %>%
GGally: :ggpairs ()
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With the 200 fitted bootstrap models we can easily visualize the impact on the
estimated function. First, we gather the predictions of all models

pred_wb <- sapply(fit_wb, predict) %>%
as.data.frame() %>%
dplyr::mutate (X = semiparametric_datas$X) %>%
tidyr: :gather (boot_model, y pred_wb, -X)

Here, we see an excerpt of the covariates and the prediction of the first and last
bootstrapped models:

head (pred_wb)

## X boot_model vy_pred_wb
## 1 9.339748 V1l -1.1281292
## 2 23.860849 vl -0.2593153
## 3 12.860331 Vvl -0.8058073
## 4 26.607505 V1l -0.1948618
## 5 28.273551 V1l -0.1638439
## 6 2.321138 vl -1.1879945

tail (pred_wb)

## X boot_model vy_pred_wb
## 79995 4.057115 V200 -1.4473640
## 79996 7.948244 V200 -1.2243636
## 79997 8.845801 V200 -1.1374968
## 79998 3.930696 V200 -1.4415745
## 79999 4.419501 V200 -1.4556303
## 80000 29.745860 v200 -0.1509946

Next, we plot the original observations with the corresponding model fit as well
as all 200 bootstrapped models, see Fig.5.12.

semiparametric_data %>%

dplyr: :mutate(y_pred = predict (fit_sp)) %>%

ggplot(aes(x = X, v = Y)) +

geom_point () +

geom_line (data = pred_wb,
aes(x = X, v = y_pred_wb, group = boot_model),
alpha = 0.1) +

geom_line(aes(y = y_pred), color = "red") +

theme minimal ()
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0.0

-0.5

-2.0

X

Fig. 5.12 Simulated non-linear model. Fitted model as solid red line and 200 bootstrapped models
as solid black lines

5.4.1 Mathematical Framework of LSE

The proofs rely heavily on Jennrich (1969). Especially, Theorem 2 of Jennrich (1969)
will be used multiple times. Therefore, we explicitly state the theorem next.

Theorem 5.66 (Theorem 2, Jennrich 1969) Let m be a function on 2 x © where
X is a Euclidean space and © is a compact subset of a Euclidean space. Let m(x, )
be a continuous function of ¥ for each x and a measurable function of x for each
V. Assume also that |m(x, )| < M(x) for all x and ¥, where M is integrable with
respect to a probability distribution function F on Z". If X1, X», ..., X, isan i.i.d.
sample with distribution function F, then
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— 0, asn — oo,

n! Zm(X,-, 9) — /m(x, 9) F(dx)
i=1

Pe®

wp.l.

Corollary 5.67 Letvy, Vs, ..., v, beasequence of randomvariables with codomain
®. Under the assumptions of Theorem 5.66, but only assuming that there exists an
open neighborhood V of ¥y such that |m(x, )| < M(x) for all x and v € V, then

n=t Y m(Xi, 9,) — E(n(X, %)), asn— oo,
i=1
w.p.1 (in probability), if ¥, converges w.p.1 (in probability) to ¥y € ©.

Proof First assume that 9, converges almost surely to 9. Let V C V be a compact
subset such that ¥ is an inner point of V. Obviously,

n
n! Zm(Xi, L?,,)I{l,né‘;} —> 0, asn — o0,

i=1

w.p.1 because ¥, converges to vy w.p.1.
The corresponding counterpart |n~! Yo m(X;, D)y, ey — E(m(X, 99))| s
bounded by

n' Y m(X;,9) — E(m(X, 9))

i=1

+ EGn(X., 9)y, ey — m(X. Do)

eV

The first term converges to zero by Theorem 5.66 w.p.1 because V is compact. By
the assumption, the difference |m (x, Uy, ey — m(x, Do)l is dominated by 2M (x)
and converges w.p.1 to zero since ¥, converges to ¥y w.p.1. Applying Lebegue’s
dominated convergence theorem to E(|m (X, 19,1)1{1% vy~ m(X, ¥p)|) yields the first
part of the corollary.

Now assume that ¢, converges in probability to ¥%y. Then for every sub-sequence
n exists a further sub-sequence ny such that ,, converges to ¥y w.p.1. Applying
the first part of this corollary, we obtain

nyr
ey m(Xi, 9,,) — E(n(X, 90), as k' — oo,

i=1
w.p.1. This implies the convergence in probability for the original sequence and

completes the proof. (]

We now list some general assumptions (GA) which will be used frequently in this
section.
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General Assumptions 5.68

(i) ® compact.

(ii) X, Xy, ..., X,, is an i.i.d. sample with codomain Z .

(iii) €, €1, ..., &, is an i.i.d. sample, E(e|X) = 0 wp.1, E(e?) = o2

(iv) Y; = m(X;, Vo) + &, Uy € O.

(v) Q@) =E(m(X, %) —m(X, 9))?) has a unique minimum at ¥ = vy.

(vi) m(x,¥) continuous in ¥ for all x € 2 and measurable in x for all ¥ € ©O.
(vii) there exists a measurable function M (x) withm?(x, ) < M(x) forallx € &

and v € ©; E(M(X)) < oo.

(viii) E(M(X)l|e|) < oo.

Lemma 5.69 Under the GA 5.68,

—> 0, asn — oo,

n! Xn:m(x,-, D)e;

i=1

Pe®
wp.1.

Proof By the assumption of continuity and domination, i.e., assumption (vi)—(viii),
we directly obtain from Theorem 5.66 that ™! >oi_ym(X;, 9)e; converges w.p.1 uni-
formly in ¢ to E(m (X, ©)e) = E(m (X, ¥)E(¢| X)) which equals zero by assumption
(iii). O

Lemma 5.70 Under the GA 5.68,

Y (Y = m(Xe, 9)’ - Q@) — o’

i=1

—> 0, asn — oo,

ve®
wp.l.

Proof Setting D(x, ¥) := m(x, 9y) — m(x, ¥), we obtain

Y W = m(X, 90 =01y (X, 90) + & — m(X;, 9))
i=1 i=1

n n
=n! ZDz(Xi, ) +2n"! > D(X; e +n ! Zs?.

i=1 i=1 i=1

Since m? is dominated, i.e., assumption (vii), Theorem 5.66 implies that the first
term converges uniformly in ¥ to Q(¢}) w.p.1. The second term converges uniformly
in ¥ to zero w.p.1 by Lemma 5.69. Finally, the last term, which is independent of ¥,
converges by the SLLN to o> w.p.1. This concludes the proof. (]

Theorem 5.71 Under the GA 5.68, 5‘,, converges to ¥y, as n — oo, w.p.1.
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Proof Let Q,(9) =n~"! Z;’zl(Yi —m(X;, 9))2. Since O is compact and f is con-
tinuous in ¢}, there exists a 15,1 that minimizes Q,. By virtue of Lemma 5.70, Q,
converges uniformly and almost surely to Q + 2. Therefore, it exists a set 2 C £2
with P(£29) = 1 such that Q, converges uniformly and the sequence ¥, minimizes
0, forallw € £20. The followmg arguments are restrlcted toafixedw € .Qo Since @
is compact, D, has a limit point 0. We can assume that 9, converges to 9. By Corol-
lary 5. 67 we have Qn(ﬂ ) —> Q(l?) + 02 and Q,(%) — o2 because Q(J) = 0.
Since 19 mlnlmlzes Qn, it also holds for all » € N that Q,, (1? ) < 0,(9). There-
fore, Q(%) + o2 < o2, which implies Q@) = 0. The uniqueness assumption (v)
yields that & = . Since P(£2y) = 1, this concludes the proof. (]

Corollary 5.72 Under the GA 5.68, n™! Y Y —m(X;, 15,1))2 converges to o2,
asn — oo, wp.l.

Proof Obviously,

n Y = m (X, 90) =0ty m(Xi, 90) + & — m(X;, 9,))

i=1 i=1
E ((m(X, 90) + & — m(X, %))?)

OO

:O‘z

w.p.1, where the convergence is due to the consistence of the estimator d, and
Corollary 5.67. (]

Theorem 5.73 In addition to the GA 5.68, assume

(i) the first and second partial derivatives of [ with respect to ¥ are continuous
in 9 forall x € 2 and measurable in x for all ¥ € O

(it)
p <]E <8m(X, 9o) dm (X, 190)>>
30, v, L<izp

is positive definite

a (g (22X 20) Im(X, Do)
’ 0, v, 1<s,r<p

is positive definite
(iv) there exists § > 0 and M>(x) such that

(iii)

3Zm(x, )

<M
o0.90, | = M)

for all x and ¥ in a closed ball Bs(¥y) with E(M,(X)le|) < oo
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(v) there exists 5§ > 0 and M3(x) such that

‘ om(x, ) dm(x, ) < M)

v, ot

for all x and ¥ in a closed ball Bs(9¢) with E(M3(X)) < 0o
(vi) there exists § > 0 and My(x) such that

- 3%m(x, D)

‘ (x, %) 3597, = My(x)

]ior all x and 9 and ¥ in a closed ball Bs(9) with E(M4(X)) < o0
(vii) B, minimizes Y (m(X;, 9) = Y;)?
(viii) ¥, converges almost surely to Uy and Oy is an inner point of ©,

then
n'/z(ﬁn —0y) > Z, asn — o0,

in distribution, where Z is normally distributed with mean zero and variance
ATTALATT.
Proof Set Q,(9) := (2n)~! Z;’zl(m(Xi, ¥) — Y¥;)2. Since 19,, — ¥y and I is an

inner point of &, we can assume that 1, is also an inner point of ® forn > N. We
have

0=

aQﬂ({?n) _ aQn(ﬁO) aan(lgn) 3
o ( 39907 )(ﬁ"_ﬂo)

with |3, — | < ||2A9,1 — 9ol Consider the first term on the right-hand side,

n1/23Qn(790) am(X 190) _ _1/22 Bm(x 190).
a9

‘1/22(m<x,, %) — ¥i)

i=1

According to the CLT this converges in distribution to a centered normal random
variable with covariance matrix A,.

We now focus on the components of the second partial derivatives of Q, at 9,
i.e.,

F*m(X;, On)
Ehx LAl

320, (Dn) Z am(X Bn) dm(X;:, O)

- e

n
—1 s
ToioT +n7 Y (X, B) — Y)

i=1
n

_ am(x Ba) dm (X, D) - 32m(X;, 9y)
Z Fr Z T avonT

32m(Xi, Bn)

-1 ."’ _ .
+n ;(mon,zm m(X;. 90)) b
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Since z§n converges to ¥y w.p.1 and 1D, — Dol < ||19,, — 99|, we can assume that
U, € Bs(g) for all n > N. By the continuity assumptions and assumption (vi),
Corollary 5.67 implies that the third term converges to

3?m(X, 9)
——— ) =0.
99097

E ((m(X, Do) —m(X, ¥o))

Similar, by the continuity assumptions and assumption (iv), Corollary 5.67 implies
that the second term converges to

5 (a2m(x, Do) 8) _E <82m(X, Do)

E(e|X
9090 T opopT ¢l )>’

which is also zero because E(e|X) = 0. Again, by the continuity assumptions and
assumption (v), Corollary 5.67 implies that the first term converges to

B am(X, ¥y) om(X, ) _a
av Al

At the beginning we stated that

—_nl/2 9 Qn (o) _ (aan(lg\n)

12,5
- o )(n (B — B0)). (5.34)

The left-hand side converges in distribution to a centered normal distributed random
variable with covariance matrix A, . Furthermore, the partial derivatives on the right-
hand side converge to A w.p.1. Since A is positive definite, Lemma 5.54 concludes
the proof. ([

The last theorem gives the following asymptotic representation of the estimator.
Corollary 5.74 Under the assumptions of Theorem 5.73 it holds for

am(x, ¥g)

L(x,y, %) = A~ (y — m(x, 9)) 5

that

102, = 90) = =20 L(X;, i, 90) 4 0p(1), as n — oo,
2. E(L(X,Y,9)) =0,
3. E (L(X, Y, 9L (X,7, 190)) exists and is positive definite.

Proof As shown in the proof of Theorem 5.73, we have that

320, (D)

—> A, asn — o0,
ovav’

w.p.1. Hence, according to Equation (5.34) we obtain the first result, i.e.,
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Im (X, Do)

n!2 @y = Do) = op() + 1712 Y AT —m(Xi, 90—

i=1
as n — 0o. Due to the assumption that E(¢|X) = 0 we obtain the second result.

Finally, E (L (X,Y,9)L7 (X, Y, 190)) =ATA,A T is positive definite since A and
A, are positive definite. (]

5.4.2 Mathematical Framework of Wild Bootstrap LSE

In the wild bootstrap setup, as we have already stated in Sect.5.2.2, we use P* instead
of P for the underlying probability measure of the bootstrap.

Lemma 5.75 Let Zy, Z,, ..., Z, be an i.i.d. sequence of random variables and
assume that ]E(|21 |2+‘3) < 00 for some § > 0. Then

Y (Zi)i) < o0

i>1
wp.1.

Proof Letk = 1/(1 + §/2). We have the following bound

zZ2 1 1
Z v - lz c=2 sl )
i>1

i>1 i>1 i>1

The second sum on the right-hand side converges because « < 1. The first sum on
the right-hand side is finite because lim sup;_, o Zl.2 /i* < 1 w.p.l. This is due to the
Borel-Cantelli lemma and the following inequality,

z; |Zi|>
;P<i_’(>l)§;]?< ; >1)
=Z/ P(1Zi*** > i)dz

i=1 Jli—LD)

<Z/ |Z1|2Jra >z)dz

i>1 [i—1,i)

=f0 P(1Z]** > z)dz

=E(Z**)

< Q.

This concludes the proof. O
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Lemma 5.76 Under the GA 5.68, Resampling Scheme 5.64 and the assumptions

(i) there exists a § > 0 such that for all 9 € © the expectation E(|m(X, 9)e?%)
is finite,
(ii) E(M(X)e?) < oo, compare GA 5.68 (vii) and (viii),
(iii) forall§ > 0 existsad > 0 such that |m(x, 91) —m(x, 9,)| < Sforallx € &
and |91 — | < §,

then

Y mx; ET | = o)

1<i<n

ve®
wp.l.

Proof Define c; () = m(X;(w), ¥)¢&;(w). Due to Definition 5.68 and assump-
tion (ii), Theorem5.66 guarantees that n~! Z, 1 lw(l?) converges uniformly in
¥ w.p.1. Hence, there exist an £2y, independent of ¢, with P(£2p) = 1 such that
n~t Y e?, () converge for all ¥ € @ and w € ). By definition of the
Rademacher rvs. VAR*(7) = 1 and therefore we have by Lemma5.75 that

VAR (0005 m(m
> =2 "

i>1 i1

for all w € §2p and ¥ € ©. This allows to apply Shorack (2000, Theorem 10.4.4)
which implies

n~! Zm(X,- (W), ®)ej(@)Tf (@) — 0, asn — oo, (5.35)
i=1

almost surely with respect to IP*, for all w € §2y and all # € @. The final step is to
extend this result to uniform convergence in . Denote the sum on the left-hand side
of (5.35) by Z,, ,(w™*, ¥). In order to achieve uniform convergence, we have to show
that {Z, (0", ¥), ®* € 2%, n > 1} is equicontinuous. By the equicontinuity of m
there exists for all § > 0 a § such that |m(x, 9) —m(x, 9)| <é8forallx € Z and
91 — 92| < 8. Since |t}| = 1, we obtain

1Z,0(@", 1) = Zno(@", 92)]
n”! Z Im(Xi(w), %1) —m(X;(w), D) lei ()] |7 (@")]

i=l1

< 82E(le]),

where the last inequality holds for n > N(w) and || — ¥, < 8. Since © is com-
pact,forallw € £2y, Yuan (1997, Lemma) yields that || Z,, ., (w*, ©) || sco converges to
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zero almost surely with respect to IP*, which also implies convergence in probability
with respect to IP*. Since P(£2) = 1, this concludes the proof. [l

Lemma 5.77 Under the assumptions of Lemma 5.76,

=op:(1), asn — o0,

n
n~' Y m(X; 0)ef,
i=1

ve®
w.p. 1.

Proof By definition &, = 77¢;, = /' (¥; —m(X;, B)) = ¥ (m(X;, ¥o) + & —
m(X;, l§n)). Hence, for § > 0,

P* ( > 8)
Ved@

=P ( nt Y m(Xp, 9) T (Y — m(X;, D))
i=1

> 8)
i=1 Ved
< P* ( > 8/2)
ved
+P* (

n™' Y m(Xi, D)1 (X, Do) — m(X;, D))
= op.(1) + P* (

n~! 2”: m(X;, 0)e;,

i=1

n! Z m(X;, 0)t’e;

> 5/2)
ve®

> 5/2) ,
ve®

where the last equality is due to Lemma 5.76. It remains to investigate the second
term. Let § > 0 and B; (%) be a ball around . Since ¥, converges to ¥ w.p.1 and
|z*| = 1, the corresponding norm is bound by

i=1

n= Y m(Xi, )T (m(Xi, Do) — m(X;, By)
i=1

Y | )z on(Xi, 90) = m(Xi, )|
P Ve®@

n
<07t Y Im(Xa )l 157 1Im(Xi, Do) = m(Xi. D)

i=1
_1 n 5
<n 'Y llm(Xi, Dllgeo lm(Xi, 90) = m(Xi, D) 5ep. 00
i=1
—> E(Im(X, 9)llpeo Im(X, 90) = m(X, D)ll5ep0, )

— 0,
§—0
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where the last convergence is due to Lebegue’s dominated convergence theorem
because ||m (X, ¥)|seco|lm(X, 9y) — m(X, 19)”5635(190) converges to zero if § con-

verges to zero and is dominated by 2M (X) according to the GA 5.68. Since § was
arbitrary chosen, this concludes the proof. (I

Lemma 5.78 Under the assumptions of Lemma 5.76,

=op+(1), asn — oo,

Y (¥, = m(XE ) - @) — o’
i=1

ve®
wp.1.

Proof Define A(x, ¥, 9,) = m(x, 1) — m(x, ¥), then

nt Y W, = m(XE ) =07 Y (X, D) + £, — m(Xi, 9))
i=1

i=1

=n! Z A2(X;, B, ) + 207" Z AXi. D e,
i=1 =l
e

i=1

Due to Lemma 5.77 we have

-

> 6)
Ve

Y (W, = mXE ) - Q) — o
i=1
<P ( 'Y A D) - 0| > 8/3) + op- (1)
i=1 Ye®
-HP’*( nilzsﬁ—az >8/3>.
i=1 2e)

By definition ;%7 = 1, therefore the third term becomes

I{|n*' 82, —o2|>6/3}>

i=1%i,n

which converges to zero by the strong consistency of the estimated residuals, see
Corollary 5.72. It remains to investigate

’

Ye®

nt Yy AN D 9) — Q)

i=1
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which is bounded by

nl Y AN X 91 90) — O, 92)
i=1

+|0@n. 9) = 030, 9|

(01,02)€6?

9e0

where Q (91, ) = E ((m(X, 0) — m(X, %))?). Note, Q(9) = Q (9, ¥). Since
A2(X, D, 9) is dominated by 4M(X) and ®? is compact, we can apply Theorem
5.66 and obtain

nT' Y ANX, h, 9) — Q) asn — oo,
i=1

uniformly in (¢4, 9,) € ®? w.p.1. Note that Q is a continuous function in (9, ;)
because m? is dominated by M which guarantees the continuity by Lebegue’s domi-
nated convergence theorem. Due to the compactness of @? it is also uniform continu-
ous. Therefore, ” Q(ﬁ‘n, 9) — Q(l?g, 9) ‘ converges to zero because {9” converges
to ¥y w.p.1. This concludes the proof. ree O

Theorem 5.79 Under Resampling Scheme 5.64 and the assumptions of Lemma 5.76,
197 — Dol = op(1), asn — o0,

wp.1.

Proof First observe that for all § > 0 there exists an & > 0 such that | — ¥y| > §
implies |Q () — Q(¥¢)| > &. This can be seen by contradiction. Assume that there
exists ad > 0 such that for all n € N we find a @, with |, — ¥y| > é and |Q(F,,) —
Q)| < n~". Since O is compact we can assume that 9, converges to . By the
continuity of Q we also have 0@ = Q) = 0. By the uniqueness assumption
for 9%, we obtain 9= 9. But this contradicts our assumption that |9, — ¥y| > § for
all n. This yields the bound P*(|9* — 9o| > §) < P*(|Q(D*) — Q(¥)| > €). Let
Qr)=n"" Y[ (Y}, —m(X],9))*. We have w.p.1 that

QW) + 0% = op-(1) + QE (D))
= op-(1) + inf 0}(D)
= op-(1) + inf (op-(1) + Q(?) + o?)
=op-(1) + inf Q) +0?

= op(1) + Q(V9) + 02,

where the first, third and fourth equality are due to the uniform convergence of Oy,
see Lemma 5.78, and the second and last equality are simply the definition of 5;: and
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9. Therefore, P*(| Q(z§,’{) — Q)| > &) converges to zero with probability one for
all ¢ > 0. This concludes the proof. O

Theorem 5.80 Under Resampling scheme 5.64, assuming the GA 5.68 and in addi-
tion

(i) the first and second partial derivatives of m with respect to ¥ are continuous
in ¥ forall x € Z and measurable in x for all ¥ € O,

(ii)
A (]E <8m(X, o) Im(X, 190)))
31% aﬁt I1<s,t<p

is positive definite,

1 - (B 828m(X,ﬁo) am(X, Vo)
7 90, 90, 1<s.r<p

is positive definite,
(iv) there exists § > 0 and My(x), M, (x) and M>(x) such that for k =0, 1, 2 and
s=1,...,p,

(iii)

8m(x 192) < M)

. )|

forallx € 2 and 9, and ¥, ina closed ball Bs (90) withE(M; (X)]e]*%) < oo
fork =0,1,2 and E(My(X)) < o0,

(v) there exists 8 > 0 and My(x), M;(x) and My(x) such that for k =0,1,2,
s=1,...,pandt=1,...,p,

2m(x, ) o
P i B

39,00, k)

)mk(x, 51)‘

forallx € 2 and 9, and ¥, ina closed ball Bs () with]E(Mk(X)|8|2‘k) < 0
fork=0,1,2,

(vi) D converges to Uy w.p.1 and ¥y is an inner point of ®,

(vii) ||l§: — %ol = op«(1), as n — oo, w.p. 1.

Then w.p.1
nl/z(z?,f — ) — Z, asn — o0,
in distribution with respect to P*, where Z is normally distributed with mean zero

and variance A" A, AT,

Proof Set QO (V) = 2n)~! Yo m(XF,9) — Yl.’fn)2 and let V C ® be an open
neighborhood of . Since all points in V are inner points of ®, we have
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30500 3Q§§(l9 ) 9205 (D) fk A
0= 9 I{ﬂ*EV} 9 {19*6\/} + 808'[}1— I{1§:€V} (19 - 29"’)

(5.36)

with |9, — Dy I < ||1§‘;Zk — z§,,||. Note, ||19;1k — 79,,|| = op+(1) due to the convergence of
19: as well as D, to 9. Consider the first term on the right-hand side of (5.36). Since
Y;n =m(X;, én) + Ti*éi,n,

90* (D, "L om(X;, Dy
nl/z—Q"( )=—n71/ZZTi*8i,n—m( ).

5.37
v v (537

i=1

We now apply the Cramér-Wold device and verify the Lindeberg condition to
show that the right-hand side converges to a multivariate normal distribution. Let
a € R? be arbitrary but fixed and define Z;fn = n’l/zri*éi,nam(X,', 5‘,,)/819. Obvi-
ously, E*(a” Z},) = 0and VAR*(a" Z},) = n~'8? (aTOm(X;, 9,)/99)2. The sum
of these variances, denoted by s2, appear in the Lindeberg condition. Therefore, we
investigate its behavior. We have

n
52 = Z VAR*(aTZ;'jn)

i=1

_IZ ( Bm(Xl;,l‘} ))

n A 2
~ . am(X;, 9,)
=n! X, %) —m(X;, 0,)? [aT ———"=
n ;:l (m(X;, 9o) —m( )7 | a a9

n A 2
_ A om(X;, vy,)
2 1 X[, 19 - Xi» 7-9;1 i T
n ;:l (m( 0) —m( )e <a —81‘/‘ )

HE((MT%) ) 15n > 00 539

w.p.1, where the convergence is due to assumption (iv) and Corollary 5.67 applied
to each individual sum.
Now, we check the validity of the Lindeberg condition. For & > 0,

n 1
> 5 / (a'Z},)*dP*
i—1 S,% a'ZF |>Es, ’

in
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becomes

RN TImXi, )\
ns2 Z 90 (8inaTdm(X;.0,) /80 |>n1 2Es, )

I‘li:

because |7| = 1. We now introduce a function J that bounds the indicator in a
continuous way. Let

1 if 1<l
Jy =420t —1 if1/2 < t] <1,
0 if ] < 1/2.

Due to this definition we have that I;,|.,; < J(y/x) forx > 0. According to (5.38),
it is therefore sufficient to show that

R . N2 ) R
1 Zéizn ol om(X;, %) J Si,naTallnz(f(i, V,)/00
ns0/2 ’ 9 n'/2gsy/2

converges to zero, where s3 denotes the limit of s2. For fixed K > 0, this is eventually
bounded by

nso

Z - dm(X;, B,) &ina Om(X;, 0,)/80
~ a0 K ’

which converges w.p.1, as n — oo, by Corollary 5.67, see the argumentation for
>i_i VAR*(a"Z} ), to

2 T
255 E <<8aT—8m(§9’ 190)> J <w am(};’ ﬁ‘))/af’l)) — 0.
—00

The last convergence to zero is guaranteed by the definition of J(#) and assumption
(iv). This verifies the Lindeberg condition. According to the definition of A, in
assumption (iii), s = a" A, A} a which yields w.p.1

30* (D,
nl/ZM

—> 7, asn — oo,
00

in distribution with respect to P*, where Z is a centered multivariate normally dis-
tributed random variable with covariance matrix A, . Note that with assumption (vii)
this also implies

1232500
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We now focus on the components of the second partial derivatives of Q, at 9,,
i.e., second term on the right-hand side of (5.36),

POE@Dy) 3m(x, ) 0m(X; 19) |- - Zm(X;, On)
Z=nt 7 i ’ - X;, 0, — Y ) —— "2
000 T Z apr " ;(m( i On) = Yin) e
Z am(x,,# ) Im(Xi, Bn) - Z F*m(X;, Pn)
T b Sl

9vouT
'y (X, Ba) = m(Xi, b))
i=1

8 m(X[, 1511)

30T (5.39)

Since 9, and B, converges in probability (with respect to P*) to ¥y, the continuity
assumptions, assumption (v) and Corollary 5.67 imply that the third term on the
right-hand side of (5.39) converges w.p.1 to

3?m(X, %)

E ((m(X, o) —m(X, ﬂO))W

):O, asn — 00,

in probability with respect to P*. In a similar way as we handled Y7, VAR*(a " zZr),
assumption (v) and Corollary 5.67 provide w.p.1 that

" N
n! Z & —32m(Xi, ) — E 8—82m(X, %))’ asn — 00
— M awaoT I0 0T ’ ’

in probability with respect to P*. Therefore, by Chebyshev’s inequality, w.p.1 the
second term on the right-hand side of (5.39), i.e.,

‘ 2m(X;, 0,)
—1 A i»Un
orp, OMXi D)
. ; 90T

converges in probability (with respect to IP*) to zero. Finally, by assumption (iv) and
again Corollary 5.67 w.p.1 the first term converges in probability (with respect to
P*) to A. In sum, with assumption (vii), we have w.p.1

Ug NG

and as mentioned before

12905

a9 Mzevy = op(1).

Altogether, we obtain w.p.1 from (5.36)
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10250

22 tor () = (A4 00 (D) (' 2Dy = D). (5.41)

Since A has an inverse we apply Lemma 5.54 to obtain w.p.1 that n'/2(§* — 9,)
converges in distribution to a centered multivariate normally distributed random
variable with covariance matrix A~'A, A~T. This concludes the proof. O

The last theorem shows that the asymptotic covariance of the bootstrapped estimator
is the same as the covariance of Theorem 5.73 and gives the following asymptotic
representation of the estimator.

Corollary 5.81 Under the assumptions of Theorem 5.80 it holds for

om(x, v)

L(x,y,7,9) = A"t (y — m(x, ®)) 5

that

1 n' 2@ - )_n71/221 VL(X, Y, T8, D) + ope(1), as n — oo, wp.1,
2. EX(L(X;, Y7, T t*,9,)) = 0 foralln,
3. n_l Zl IE* (L(Xl’ YI* 7’9 )LT(le Yt*n’ i 7’9 )) -— A_IAJA_T;

n’ l’

asn — oo, wp.l.

Proof According to Eq.5.37 and 5.41 we obtain the first assertion from the proof of
Theorem 5.80. The second result follows directly from E*(z) = 0. Finally, due to
E*(7;?) = 1 we obtain

N T
. amX;, o) (amX; 90\
12 T
(L(X, 2T DL (X, Y, ,z?,,)) 8, ( L 1) AT

Using a similar argumentation as for Equation (5.38) in proof of Theorem 5.80, we
obtain with Corollary 5.67 and assumption (v) of Theorem 5.80 that

,IZAZ am(X,,ﬁ ) (am(x,-,z%)
v

) —> A,, asn — 00,

w.p.1. Since A is a constant matrix, we directly obtain assertion 3, which completes
the proof. O

5.5 Exercises

Exercise 5.82 Simulate observations (Y, X;)1<i<n, With n = 50, according to the
model
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Yi=x; B +¢i, xi=i/n,

where 8 =0.5,02 =4,and e, ..., e, ~ A (0,02) are i.i.d.

(i) Use Theorem 5.10 to construct an approximative confidence interval for g to
the confidence level 0.9.

(i) Use Theorem 5.17 with 1000 bootstrap replications to construct an approxi-
mative confidence interval to the level 0.9.

(iii) Repeat the steps (i) and (ii) 100 times. Determine the mean interval widths
for the 100 intervals based on normal approximation and for the 100 intervals
based on bootstrap approximation. Furthermore, obtain the coverage levels
corresponding to the two approximations.

Exercise 5.83 Take the model given under Exercise 5.82.

(i) Use Theorem 5.17 to construct a bootstrap-based test for
Hy: B=04 against H : > 04

and determine the approximative p—value based on 1000 bootstrap replica-
tions.

(i) Repeat the generation of the observations according to the model 100 times
and use the bootstrap test developed under (i) for each dataset to calculate the
corresponding p—values. Visualize the edf. of the 100 p—values and interpret
the result.

Exercise 5.84 Use the model
Yi=x; 8 +¢, xi=i/n,

wheres; = x; 81, ..., &, = X, 8pandéy, ..., 8, ~ A (0,2 arei.i.d.,f = 0.5,and
0% = 4. Note, in this case the error terms in the model, i.e., &;, are not homoscedastic
anymore! Repeat the simulation studies of Exercises 5.82 and 5.83 with this model.

Exercise 5.85 Let the true model be Y = 10 + 5x + &, where ¢ ~ A47(0, 1) and x
ranges from 1 to 20. Fit a linear model using only the x variable but no intercept.
(Using an R-formula, this can be achieved by Y ~ x - 1). Why would the classical
bootstrap scheme 5.31 and the wild bootstrap scheme 5.23 return very different
bootstrap distributions for ,é?

Exercise 5.86 Try to reproduce the estimation from Example 5.2 using Equation
(5.2). Note, the diabetes status has to be recoded into 0 and 1.

Exercise 5.87 Try to reproduce the estimation from Example 5.2 using Remark 5.1
via the R-functions “stats::optim” or “stats:nlm”. Note, the diabetes status has to be
recoded into O and 1.
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Exercise 5.88 Proof that RSS 5.7 works.
Exercise 5.89 Prove Lemma 5.37.

Exercise 5.90 Prove Lemma 5.38.
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