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Abstract In this paper we consider the initial-boundary value problem for a fourth
order parabolic equation with gradient nonlinearity. The problem is regarded as the
L?-gradient flow for an energy functional which is unbounded from below. We first
prove the existence and the uniqueness of solutions to the problem via the Galerkin
method. Moreover, combining the potential well method with the Galerkin method,
we study the asymptotic behavior of global-in-time solutions to the problem.
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1 Introduction

We consider the following initial-boundary value problem for a fourth order
parabolic equation with gradient nonlinearity:

du+ (—A)*u=-V-(Vul’>Vu) in 2 x(0,T),
o = d,Au =0 on 0482 x (0,T), P)
u(-,0) =uo(-) in Q.

Here, 2 c RV (N > 2) is a smooth bounded domain, uy € Lz(Q), p > 2,
T > 0, 9, := 9/dt and 9, denotes the outer normal derivative to d£2. In this paper
we show the existence and the uniqueness of local-in-time solutions to problem (P)
and consider the asymptotic behavior of global-in-time solutions to problem (P) via
the Galerkin method.
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Fourth order parabolic equations with gradient nonlinearity appear in a model
of thin film growth. King—Stein—Winkler [8] studied the following continuum
model for epitaxial thin film growth proposed by Ortiz—Repetto—Si [11], based on
phenomenological considerations by Zangwill [15]:

du—+(—A*u=V-fVu)+g in £2x(0,7),
i = dyAu =0 on 982 x (0,7), (1)
u(-,0) =uo(-) in .

In the paper [8], they assumed that (1) has a gradient structure and the corresponding
energy is bounded from below (for example, f(z) = |z|P~%2z — z and g = 0).
Under these conditions, they studied the existence of global-in-time solutions and
large time behavior of solutions to (1). Recently problem (1) was studied in the
mathematical literature (e.g., see [4, 17, 18]). However, the approaches which were
used in these papers cannot be applied directly to problem (P). Indeed, problem (P)
is regarded as the L2-gradient flow for the energy functional

1 , 1
E(u) := |Au|dx — |Vul|? dx
2 /e rJe

and the functional E is unbounded from below due to p > 2.

On the other hand, problem (P) was studied by Sandjo—Moutari—Gningue [13]
via the semigroup approach. They showed the existence of local-in-time solutions
to problem (P) under the condition 3 < p < 4. The assumption for p was required
for the Lipschitz continuity of the nonlinear term and hence this approach cannot be
adapted for the case 2 < p < 3 in problem (P). However, as in the result [7] which
is the whole space case for problem (P), the restriction p > 3 should be eliminated.

In this paper we prove the existence of local-in-time solutions to problem (P) in
the case

(@ uo e HY(2)and2 < p < ps, or (b)uge L?,(2)and2 < p < py,

where
L%, (2) := {v e L*(2) ‘/ vdx = 0} c L*(2)
N = = .
2
HY (@) = [ve @) N L2 @) | v =00n02]| c HX@),

and

2N
if N >3,
4 Y 1 =

) if N=2.
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Moreover, we study the asymptotic behavior of global-in-time solutions to prob-
lem (P) in the case (a). In order to formulate a definition of the solution to
problem (P), we set

v i=lo e H'O.T: 12 (@) N L30T H2 (@) | Vo € (PO, T: LM @)}

Definition 1.1 Letug € LZJV (£2) and T > 0. We say that a function
ueC(0,T]; L2, (£2) NL*0,T; H*/(£2)) with Vu € (LP(0, T; LP(2))Y

is a solution to problem (P) in £2 x [0, T] if u satisfies

/Q[M(T)fp(T) —uop(0)] dx

T T
—/ /u8,(pdxdt+/ /[Aump—wuw*zw-w] dxdi =0
0 2 0 2
()

for ¢ € 7. Moreover, we say that u is a global-in-time solution to problem (P) if u
is a solution to problem (P) in §2 x [0, T’] for all T’ > 0.

The first and the second main results of this paper are the existence and
the uniqueness of local-in-time solutions to problem (P) in the case (a) and (b)
respectively:

Theorem 1.1 Let ug € Hi‘/([)) and assume that 2 < p < ps. Then the following
hold:

(1) There exist T > 0 and a solution u to problem (P) in §2 x [0, T]. Moreover, the
solution u satisfies

ue H'(0,T; L (2)NCw ([0, TT; H%,(2))  with Vu € (C([0, T1; LP (2))V.

(i) If u1 and uy are solutions to problem (P) in 2 x [0, T] for some T > 0 and

satisfy
Vui, Vuay € (L®(0, T; LP(2))",

then it holds that uy = u» in 2 x [0, T].

Theorem 1.2 Let ug € LiV(Q) and assume that 2 < p < ps. Then there exist
T > 0 and a unique solution u to problem (P) in £2 x [0, T].

The precise definition of the space Cy ([0, T']; Hj/ (£2)), see Sect. 2.

The other purpose of this paper is to study the asymptotic behavior of global-in-
time solutions to problem (P) in the case (a). In order to state our main result on
this topic, we introduce several notations. Let 0 < w1 < p2 < --- be the strictly
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monotone increasing divergent sequence of all eigenvalues of the boundary value
problem

—AYy =upuy in £,
Y =0 on 052,

/ Ydx =0.
2

Let Py be the zero map. For each k € N, we define Py as the projection from
L?/V (£2) to the subspace spanned by the eigenfunctions corresponding to w1, Uz,
-+, ug. Let kx € N be the number such that

3

i, < (P = Dpi < 13 4 S

We note that the condition p > 2 implies the existence of the number k.. As a class
of initial data, we set

W= {v e HY(2) | Ew) <d, 1(v) > o},

where I denotes the Nehari functional given by
I1(v) = / |Av|% dx —/ IVolPdx, veH% (),
2 2

and

o1\’ | Av]|?
d = ( _ )S,';2 >0, S,:= inf N} (5)
p veH?, (2),v£0 ”Vv”LP(_Q)

Then the third main result of this paper is stated as follows:

Theorem 1.3 Let ug € W and assume that 2 < p < ps. Then problem (P)
possesses the unique global-in-time solution u such that

AU 20y = O™ as 1 — oo. (6)
Moreover, it holds that

lu(t) = Pecu(®)l 200y = O™ as t—o00, 1<k<k

(N

U(t) — Pou@ 2000 = O(e~1=OP=DIy 4o 4 500, 0<g <1,
* L>(£2)

®)

where k. is the positive integer satisfying (4).
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One of the main ingredients of the strategy in the proof of Theorem 1.3 is the
potential well method introduced by Sattinger [14] and Payne—Sattinger [12]. The
assumption ug € W implies that E is bounded from below along the orbit of the
solution to problem (P) starting from ug. Then, combining the Galerkin method,
one can prove that problem (P) has a global-in-time solution. Indeed, [5] proved
the existence of global-in-time solutions to a related problem by the same strategy.
However, the strategy does not show the existence of local-in-time solutions to
problem (P) with more general initial data. Moreover, it is not clear how to derive
the asymptotic behavior of global-in-time solutions to problem (P), because useful
mathematical tools such as the comparison principle do not hold for fourth order
parabolic problems. In Theorems 1.1 and 1.2, making use of the Galerkin method
and the Aubin-Lions—Simon compactness theorem, we prove the existence of local-
in-time solutions to problem (P) without using the potential well method. To the best
of our knowledge, this is the first paper to prove the solvability of problem (P) for
ug € L*(2) and2 < p < 3. Moreover, our argument based on the Galerkin method
and the potential well method enable to derive the precise asymptotic behavior of
the global-in-time solutions as in Theorem 1.3.

This paper is organized as follows. We introduce some notations and collect
several useful propositions in Sect. 2. We construct a solution to problem (P) with
the Galerkin method in Sect. 3. In Sect. 4, we give the characterization of stable
sets and study the asymptotic behavior of global-in-time solutions which converge
to 0. In appendix, we prove the uniqueness of solutions to problem (P) under the
assumption in Theorems 1.1 and 1.2.

2 Preliminaries

In this section we collect several notations and propositions which are used in this
paper. In what follows, we rewrite the norm || - ||z () as || - |4 for ¢ € [1, oo] and
the L2-inner product (-, -) 120y as (-, -)2.

‘We mention several remarks on LiV(.Q) and Hj/(Q). As stated in [8], the map

A: Hi‘/([)) — LiV(.Q) is a homeomorphism and hence there exists a constant
c1 = ¢1(N) > 0 such that

2
cr DOIVEUIE < Il = lAvI3, v e HE (). ©)
k=0

Moreover, Hj/ (£2) is a Hilbert space with the inner product

W w)ge :=/ AvAwdx, v,w e H%(2).
2
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Let X be a real Banach space and X* denote the dual space of X. We denote
Cw ([0, T]; X) by the set of all X-valued weak continuous functions. Here, we say
that u is an X-valued weak continuous function if for all F € X* the function

[0,T]>s+— x«(F,u(s))x € R

is continuous.
By (5) we see that S, is the best constant for the following inequality:

SpIVols < llAvl5, v e H(82). (10)
We collect several useful propositions. The Gagliard—Nirenberg inequality (cf.
[1, Theorems 5.2 and 5.8]) and (9) lead the following interpolation inequality:
Proposition 2.1 Let 2 < p < ps. Then there exists a positive constant c;
depending only on N, §2 and p such that

1-6
IVvll, < callAvli§livliy ™, v e H (),

where
Np-2) 1 41
0 = e( ,1). 11
e, (11)

Next we mention the property of the space of weak continuous functions (cf. [2,
Lemma I1.5.9]).

Proposition 2.2 Let T > 0, X be a separable and reflexive real Banach space and

Y be a real Banach space such that the embedding X C Y is continuous. Then
L%(0,T; X) N Cw([0, T]; Y) = Cw ([0, T]; X).

We introduce the Aubin-Lions—Simon compactness theorem (cf. [2, Theo-

rem I1.5.16]).

Proposition 2.3 Let Xo, X1, X2 be Banach spaces with the following properties:

o The embedding Xo C X is compact.
e The embedding X1 C X3 is continuous.

LetT > 0, q, r € [1, 0o] and set
Egr:={veLi0,T;Xo) |0ve L (0,T; X2} .

Then the following hold:

» Ifq # oo, then the embedding E; » C L1(0, T; X1) is compact.
* Ifg =00 andr > 1, then the embedding E,; » C C([0, T]; X1) is compact.
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We close Sect. 2 with a remark on the assumption on initial data.

Remark 2.1 Without loss of generality, we may assume that uo and the solution u
to problem (P) satisfy

/udx:/uodxzo, te0,T).
2 2

Indeed, setting
i (x, 1) (x,1) ! / d d uo(x) (x) : / d
u(x,t) :=u(x,t)— uodx and do(x) ;= uo(x) — uodx,
1221 /o 12| Jo

we see that & is a solution to problem (P) with g. Formally, integrating the both
side of the equation in problem (P), we have

ddt/gu(x,t)dx=Z/Qﬁ(x,t)dx:O

for ¢ € (0, T). Hence it holds that

u is a solution to problem (P)

<= u is a solution to problem (P) replaced ug by .

3 Proof of Theorems 1.1 and 1.2

In this section we prove Theorems 1.1 and 1.2. We first construct approximate
solutions we use in the both of proofs. We consider the eigenvalue problem for
the Laplace equation under Neumann boundary condition:

—AYy =AY in £,
Yy =0 on 082,

(12)
/ Ydx =0.
2
Let {(Ak, Y1) )72, be a family of pairs with the following properties:
Foreach k € N, (A, ¥) = (A, Yy) satisfies (12),
O<ti=tr=---,
(13)

{¥)52, : orthonormal basis of L%, (£2),

{)\;1 Vi)ge ¢ orthonormal basis of Hii/ (£2).



254 N. Miyake and S. Okabe

For each m € N, we consider the solution a” = (ai", -+, apm) to the following
ODE system:

dalicn 2 m - m p=2 < m

o ©+ia o= | e vy, ;a,. (VY - Vi dx

(14)
for ke{l,---,m}, t € (0,T),
aZ’(O) = (ug, ¥Yr)2 for ke{l,---,m}.

We remark that there exists a unique solution a” € C ([0, T1; R™) to (14) for some
T > 0 in the classical sense. Moreover, the solution can be uniquely extended if
|a;'| is bounded for each k € {1, --- , m}. Define T,, > 0 as the maximal existence
time of the solution to (14), that is,

T = sup {‘C >0 ‘ 3a™ e C'([0, ]; R™): unique classical solution to (14)} .

Define u™ as

u(x,1) = Za,’("(t)i/fk(x), (x,t) € 2 x [0, T,).

k=1

Since {yx}72  satisfies (12) and (13), u™ satisfies

d
dt W™ (1), yi)2 + (Au™ (1), Ai)2 = /ﬂ IV (0)|P72Vu™ (1) - Vi dx - (15)

fork € {1,--- ,m}and ¢t € [0, T};;). Multiplying B,a,’!’ by (15), summing k from 1
to m and integrating it on (¢, ), we have

t
E@™ (1)) +/ 9™ (Dl3dT = E@™(t)), 0=t <t <Tp. (16)
t/
Similarly, multiplying a;" by (15), we obtain
t
™ (@)113 +/ I@"(v)dt = W™ (@3, 0=t <t <Tp. A7)
t/

In particular, (16) implies that E (™ (¢)) is non-increasing with respect to z.
We prove Theorems 1.1 and 1.2 in Sects. 3.1 and 3.2, respectively.
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3.1 Proof of Theorem 1.1

By a standard argument in [10] we can prove the uniqueness of solutions to
problem (P). Thus we postpone the proof of the uniqueness to Sect. 5.1.
We divide the proof into three steps.

Step1: We derive a priori estimate of {u™}>> . Since ug € Hj/ (£2), (10)and (13)
imply that

K = K(ug) := sup E™(0)) < oo, Ew"(0)) — E(ug) as m — oo.
meN

Moreover, it follows from (10), (12) and (13) that

IVa™ )12 < S, ' [ Au™ )13

m m
=S, Y R0, 3 = 8,1 D (o, A G < 8, Auoll.
k=1 k=1
(18)

Let L > S, "] Aug||? and set

Tp m :=sup {r >0

sup [[Vu" (1)} < L} < Tp.

0<t<t

Since Vu™ € (C([0, T),); LP?(2)))V, we deduce from (18) that Tr.m > 0.By (16)
and the definition of £ we have

lAu™ ()13 = 2E@™ (1)) + illvum(t)llﬁ <2K+ IZ)L, (19)
m 1 m 2 1 m p 1
E™ (1)) = ZIIAM Ol — Ivu"Ollp = — L, (20)
P p
! 1
/ 18,u™ (D)3 dt = E@™(0)) — E@™ (1)) < K + pL, (21)
0

fort € [0, TL ;n], where we used (20) in (21).

Step2: We show a lower estimate for Ty, . It follows from (21) that

t 2
IIu’”(t)—um(t’)H%:/ (/ 8tum(t)dr> dx
2 t’

t
< —r’)/ 18,u™ (T) )13 dv < (K + ;L> t—1)
t/

(22)
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for0 < ¢ <t < Tr ;. Moreover, we observe from Proposition 2.1, (19) and (22)
that

IVu™ (1) — Vu™ () p < call Au™ (1) — Au™ )5 ™ (@) — u™ ()15 ~°

L\ /2 23)
< 230/2¢, (K 4 ) (t —1)1=0)/2
p

for0 <+ <t < T m, wWhere c; is obtained in Proposition 2.1 and 6 is as in (11).
Hence by (18) and (23) we see that

L\ /2
IVu" @)l < V™ 0)], +2%%¢ (K - ) 11072
p
~1/2 L\'? (1-6)/2
< 8, "l Augllz +2%2¢ (K + p) T
fort € [0, Tr ;»]. Combining this estimate with the definition of 7}, ,,, we have

— AN
Sy 21 Augllz + 2%, (K + p) O = e,

that is,
71
. p 1/ -1/2
Ty >Te = (L7 = 5,1 Auoll2 24)
"= [239c§(Kp+L) P )
form € N.

Step3: We construct a solution to problem (P). We observe from (19), (21) and
(24) that

2 L 1
sup [[Au™(@t)|5 <2K + "L, / l3:u™()|3dt < K + L.
t€[0,Ty] p 0 p

Then, up to subsequence, there exists u € L*°(0, Ty; HiV(Q))ﬂHl(O, Ty; LiV(Q))
such that

m * % 1 o0 . 2
u™ —u weakly-*in L0, Ty; H7 (£2)) as m — oo, 25)

u™ —u weakly in H'(0,Ti;L?*,(£2)) as m — oco. (26)
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Moreover, by Proposition 2.3 we have
Vu™ — Vu in (C([0, T,); LP(2))Y as m — oo.

By Proposition 2.2 we see that u belongs to Cy ([0, Tk]; HiV (£2)).
Recalling that u™ satisfies

T
/ / [8[um¢k§ AU AYRE — |V PV Vwk;] didx =0

0o Ja

form € N,k € Nand ¢ € C*([0, Ty]), we deduce from (25) and (26) that
/_(2 [u(T:)¢(T) — uos (0)]ndx
T
+/ / [—un3t§ + AuAne — |VulP">Vu - Vng“] dxdt =0
0 2

for n € Hj/(Q) and ¢ € C*([0,T]). By a density argument (cf. [16,
Proposition 23.23 (iii)]), we see that u satisfies (2) for ¢ € ¥". Hence we complete
the proof of Theorem 1.1.

3.2 Proof of Theorem 1.2

Along the same line as in Sect. 3.1, we postpone the proof of the uniqueness of
solutions to Sect. 5.2. We divide the proof of Theorem 1.2 into three steps.

Step1: We derive a priori estimate of {u™}}>_,. Since ug € LiV(Q), relation (13)
implies that ||u’”(0)||% < ||u0||% form € N. Let L > 0 and set

T
Tpom = sup{r >0 ‘/ IVu™ ()|} dt < L} € (0, Tl
0

By (17) and the definition of I we have

t t
||u’"<t>||%+/0 | Au™ ()13 dv = ||u’”<0>||%+/0 IVu™ (0)|1h dt < lluoll3 + L
27)

fort € [0, T m].
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Step2: We show a lower estimate for f‘L, m- It follows from Proposition 2.1 that
t
/ IVu™ (0)|I5 dt
0

t
0 1-6
<c? /0 1Au™ @IS 1 ()17 dx

a-0p2 (28)
) /O | Au™ (T) |57 d

< ( sup [lu™ (D)3
7€[0,7]

(1-0)p/2 ; 0p/2
< ( sup ||u'"(r)||%) ( / ||Au'”(r>||%dr) t1=0r/2
0

7€[0,]

fort € [0, f‘L,m], where 6 is as ir} (11). Here, we note that the condition 2 < p < p;
is equivalentto 0 < 6p < 2. If T1 ,,, < 00, it follows from (27) and (28) that

fLm
g ~1—6p/2
L =/O IVu™ (D15 dt < b (lluoll3 + L)p/ZTL’mP/ .

that is,

L —(1-6p)/2
f‘L, > 'f* = .
" (cg’(nuou% - L)P/Z)

Step3: We construct a solution to problem (P). We observe from (27) that

T
sup [lu” ()3 < lluoll3 + L. / lAu™ (DI5dT < lluoll3 + L.  (29)
t€[0,Ty] 0
These clearly imply that
m
sup Y | (6), Y)al* < lluoll3 + L. (30)
1€l0,T] 1,

Moreover, by (15) and (29) we have
| (1), Yi)2 — @™ (1), Yi)|
t t
< / | Au™ (2 2l Al d + / /_Q IV 1L IVl d
t t

< (luoll3 + L)Y Al (e — Y2+ LP=VIP Wy | (2 — )P
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forl < k =m and0 <t <1 < f’*. Then, extracting a subsequence, we find
cx € C([0, Ty]) such that

W™ (1), ¥x)2 = cx(t) uniformlyin [0, f‘*] as m— o0

for k € N. Set

() ==Y ca®yr. 1[0, 1]

k=1
Then it follows from (13), (29) and (30) that ||u(¢) II% < ||u()||% + L and

[@™ (@) — u(®), nal

M
<Y 10 2l [ @™ () — u@). Y| +
k=1

k=M+1

(um(t)—u(t), Z (n,lﬁk)zm)
2

M ) 1/2
sD(n,wm!(u’"a)—u(t),wk)z\+21/2(||uo||%+L>1/2( > <n,wk)%>
k=1

k=M+1

forn € LiV(.Q). Hence we see that (u" (t), )2 converges to (u#(¢), )2 uniformly
in [0, T,] forn € L2, (22) and u € Cy ([0, T:.]; L?,(£2)). Along the same argument
as in step 3 in Sect. 3.1, we see that

u™ —u weakly in  L2(0, T,; Hj/(.Q)) as m — 00,

ou™ ou . .
— weaklyin LP(0,Ty; LP(2)) as m—>oo for 1<j<N
ax/' ax/'

and u satisfies (2) for ¢ € #. Moreover, we observe from the same argument as in

[10, Chapter III, Section 4] that u € C ([0, T*]; LiV(Q)). Hence we complete the
proof of Theorem 1.2.

4 Proof of Theorem 1.3

In this section, we prove Theorem 1.3. We first show two lemmas.

Lemma 4.1 Letv e Hj/ (£2) \ {0} and assume that2 < p < ps. Then

1
Av|)2\ 72
B = Il ”i -0
IVullp
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is the unique maximum point of the function
0,0)2 A+~ E(v) € R
and Ay satisfies

>0 if Ae (0,

P
I AP .
<0 if A€ (A, 00).

Moreover, it holds that

d= inf E(Ayv),
veH?,, (2),v7£0

where d is defined in (5).
Lemma 4.1 follows from a direct calculation. Thus we omit the proof.

Lemma 4.2 Let ug € W and assume that2 < p < ps. Then there exists m, € N
such that T, = oo and u™(t) € W fort € (0,00) if m > my, where {u™(t)}>°_,
denotes the family of functions constructed in the proof of Theorem 1.1.

Proof Since ug € W, we find m, € N such that
u"0) e W if m>m,.
This together with (16) implies that E(u"™(t)) < d form > my and t € (0, T,,).

From now on, we let m > m,. Assume that I (1" (t,)) = 0 holds for some ¢, €
(0, T;). Then by Lemma 4.1 we have

V4
11 [ lAum@)l3 "
E(um(t*))=< _ ) | Au (*)”22 >d
2 p) \Ivur@ol?
and it contradicts to E(u™(t,)) < d. Hence u™(t) € W fort € (0, T;;). Moreover,
this together with (17) implies that

m t
> (@) = w013 = " O)lI3 - /O Iw™ () dt < |luoll3
k=1

fort € (0, T,;,). Thus we have T;,, = oo.

We are in a position to prove Theorem 1.3.
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Proof (Theorem 1.3) Let {u™(¢)},°_, be the family of functions constructed in the
proof of Theorem 1.1 and {u};2, be as in (3). By the variational characterization
of eigenvalues, we have
uillv = Pl < A — Pow)ll3, k€N, v e H2p (), 31)
where Py is as in Sect. 1.
Let m, € N be the number obtained in Lemma 4.2. From now on, we letm > m,.
By Lemma 4.2 we have

EW"@) <d, t>0. (32)

Moreover, since

1
E@W" (1) = (

1 1
)T ) lAau™ @5+ T@™ @), >0, (33)
p p

it follows from Lemma 4.2 that

| Au™(1)]|3 < (; — ;>_1 Ew™ @), t>0. (34)
Hence, combining (32) with (34), we have
lAau™ I3 < SH/P72 >0, (35)
where we use (5) in (35).

In the following, we consider the decaying estimate for u™. We divide the proof
into five steps.

Step 1: We show that || Au™(t)|[» — 0 as t — oo. The argument in Step 1 is based
on [6] (see also [9]). Combining with (10), (16) and (34), we see that

_Pr
IVu™ (Ol < Sp > 1 Au™ 015

p—2
2 /1 1\ 2 7
<> (2 - p) E@" )" | 2u" 0)13
_g 1 1 71);2 m p—2 m 2
<S, ) » E@™0)) 2 [|[Au™ ()5

p—2
Ew™ (O 2
( (”d( ))) 1 Au™ (1) 12
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for # > 0. This implies that
1W" @) > yllau" @3, >0, (36)

where

m r2
y:=1— sup (E(ud(O))) ’ e (0, ).

Hence by (33) and (36) we obtain

1

m 1
E@™ @) < [J/ <2

— 1)—|— 1i|1(um(z‘)), t > 0. (37)
p p

On the other hand, we deduce from (17), (31) and (34) that

o m 2 -2 m 2 -2 1 1 ! m
/ T @)de < 1} = ula 01 < (- ) Ewo)
t
(38)

fort > 0. Thus it follows from (37) and (38) that
(o) d + o
/ Ew™(t))dt < AEW™ (1)), ie., it |:eA / E@w™ (1)) dri| <0,
t t
(39)

fort > 0, where

A'_1<1+ 2)
Copi\y  p-2)

Therefore, combining (32) with (39), we have

/Oo E@™ (7)) dt <e' "4 /Oo E@™ (1)) dt < Ae' ™A Eu™(A)) < Ade'™ 4
t A
(40)

for t > A. Since it follows from u" (t) € W and (33) that E(u™(¢)) > 0, by (16)
and (34) we see that

[e'e) A+t
/ Ew™(r))dt > / Ew™(t))dt
t t (41)

> AEW"(A+1) > A <;

1
— p) Il Au™ (A + 0|13
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for r > 0. This together with (40) implies that
P
lAu™ ()3 < 2S5 72e™ A4, 1> 24,
Therefore, recalling (35), we obtain
AU (0)]3 < cae” 4, 1> 0, (42)

where c4 is a constant which is independent of m and .

Step 2: We derive a modified decay rate. Fix ¢ € (0, 1) arbitrarily. We first prove
the following: there exists ¢ > 0 such that

™ (@)l < coe=1=M £ 5 0. (43)

Multiplying a;" by (15) and summing k from 1 to m, we see that

1d

5 dr lu™ (O3 + 1 Au™ (O3 = [Vu™ ()]|h, ¢ > 0. (44)

This together with (10) implies that

1d

5 ds ™ @13 + 1Au™ )13 < S, "1 Au™ )15, 1> 0. (45)

Thanks to (42), we find T, > 0 such that
;PP A O <6, 1> T (46)
Thus we observe from (45) and (46) that
Ll @12 + 201 Au™ ()3 <0 T,
dt lu™ 7 +2(1 —)l[Au™(D)); <0, 1> T
Hence by (31), we have

d 2 2 2
(@ O13) <0, e PCTOM M )3 < T (T 1

for t > T,. This clearly implies (43), because it follows from (9) and (35) that
lu™ ()13 < 185/ P7? for 1 > 0.
Moreover, it follows from (17), (37) and (43) that for ¢ € (0, 1)

o0 1/1 1 1
/ EW™ (1)) dt < ce [ ( — ) + i|ez(15)“%t, t > 0.
1 y\2 p P
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Along the same argument as in (41), we have

o 1 1
/ Emmu»dzz( — )umﬂa+&m§ t>0.
t 2 p
Thus we find that ¢, > 0 such that

lAU™ ()]l < Eee~ (=04 1 >0, 47

Step 3: We derive the precise decay rate: there exist cy, ¢, > 0 such that

™ ()ll2 < cee ', 1> 0, (48)
W (D) < Ee M 1> 0. (49)
Au" (1) "
Fix ¢ € (0, 1) arbitrarily. By (31), (44), (47) and Proposition 2.1 we have
d _
2 N O3 + 26l 013 < 268 &P ==t |y 1y OP s,
that is,
1-6 2
ddt (eZM%r”um (t)”%) < 2csz§Pe(9P£—(P—2))M%I <e2ll%t||um(t)”%)( »/ . t>0,

where 6 is as in (11). Since p > 2 implies that

2N — (N —=2)p
1-0)p= 4 € (0, D),
we have
1—(1-0)p/2 o 40P 0P t
(o) <oty 4, TR /0 OPe—p=D)uls g5

for t > 0. Taking ¢ > O sufficiently small, we see that (48) holds for some positive
constant ¢, > 0. Similarly to (47), we obtain (49).

Step 4: We show the asymptotic behavior of u™. Fix ¢ € (0,1) and 1 < k < ki,
arbitrarily. We first prove the following: there exists ¢, x > 0 such that

™ (t) — Peyu™ (0)]2 < coxe” 1M 1> 0, (50)
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where (i, Py are as in Sect. 1. Similarly to (44), we see that

d
5 g 1O = Peou™ )3 + 1AW@™ (1) — Peyu™ ()11
(51)

= / IVu™ () |P2Vu™ (&) - VW (1) — Pe_1u™ () dx, t> 0.
Q
Combining (51) with (10) and (49) we have
d m m 2 m m 2
2 di lu™ (1) — Pe—1u™ (O ll7 + 1 A@™ (1) — Pe—1u™ ()13

< IVa" OIS V™ (1) — Peu™ @)l

< 5,7 e P A (1) — P ()

—-p=2(p—1)

é
<elAw™ @) - Pk—lblm(l‘))”% + 7 4* e 2(p—Dujt
&
for 7 > 0. Hence by (31) we obtain
-p x2(p—1)
jt (em_sm%t””m(t) - Pkflum(t)H%) = > 62* o~ 2(p=Dpd—pdr
P

and we can find the constant ¢ x > 0 satisfying (50). Along the same line as the
above argument, we find ¢, x,+1 > 0 such that

1™ (1) — Peu™ ()12 < cepprre”17O@DBE 45 0, (52)

On the other hand, we observe from (10), (49), (50) and (51) that

/ |A@™ () — Peru™(0))|I3 dt
t

1 o .
< " (0) = P 013 + / IVu™ 15 IV @™ () — Pu™0O) d
t
1 _ _ o0
< jceie e 2ot 4 gp=lgor/? / e PVRT | AW (1) — P (1)) 2 dT
t
2(p—1) ¢—p
< ICg kefz(lfg)“’%t + & > / 72([771”% dt
=2 2 .

1 o0
+ 2/ IA@™ (t) — Pe_yu™ ()13 dt
t
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and hence there exists ¢, x > 0 such that
e 2
/ IA@™ (t) = Peoqu™ (t)I3 di < & pe 217, 1> 0, (53)
t
We improve the decay rate in (50). By (10), (31), (48) and (51) we have

1d
5 g "0 = Peou™ ()13 + pllu™ (1) — Peoru™ (@013
< S, PP e DI A (1) — oo™ (1) |12

and hence

d

o (0 = P 013)

<28, 72 G DIV A (1) — Peoyu™ (1) 2

o D(p— 2 1y,,2 85,2
< 5, PE VAT L A A (1) = P ()13
for é € (0, 1). Integrating this inequality, we see that
2
M ™ (1) — Pe™ (0113

'
o A(h NP
=< ||M0||%+Sppci(1’ 1)/0 2+ = (p=DuPT 4o

t
+ / PO A" (2) — Py (0|3 d
0

— ~ _ t 2 2
< Juol3 + 5,7 1)/0 L2 —(p=Dudre g

+ /O IA@™ (v) — Pequ™ (1))|13 d7

t oo
+2(1 — a)u,%/ e2(1*5>"%f/ IA@™ () — Pe—1u™ ()13 dnd.
0 T

Taking ¢ > 0, 6 > O sufficiently small, by (53) we find ¢; > 0 such that

U™ (1) — Peoyu™ ()2 < Exe ™', 1> 0. (54)
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Step 5: Letting m — oo, we obtain the conclusion. It follows from the proof of
Theorem 1.1 and Lemma 4.2 that u™ satisfies

W 5w weakly-*in L0, T; HY(R)) as m — oo, (55)
u" = u in C([0,T1; L, (£2)) as m — oo, (56)

for T € (0, o). Combining (56) with (52) and (54), we obtain (7) and (8).
We prove (6). Fix ¢ > 0 arbitrarily. Then (49) and (55) imply that

. L 2
esssup || Au(t)|2 < liminf esssup [|Au™ ()2 < Cye M1’
Te(t,t+1) Mm=>00 re(r,t+1)

and hence there exists N = N; C (¢, t + 1) of measure zero such that
1Au(D) |2 < Ee ™!, et t+1)\ N,

Let {t}?%, C (t,00) \ N; such that iz, — ¢ as k — oc. Since u €
Cw([0, 00); Wj’/z(Q)), we have

lAu(@)ll2 < liminf | Au(z)ll2 < Exe ™.
k— 00

Since ¢ > 0 is arbitrary, we obtain (6). Therefore, Theorem 1.3 follows.

S Appendix

In this section, we prove the uniqueness of solutions to problem (P). Let u; and
uy be solutions to problem (P). In what follows, by the letter C we denote generic
positive constants (which may depend on #1 and u,) and they may have different
values also within the same line.

Let o, 1 € (0, T) with rg < t1, h € (0, min{ztyg, T — t1, 11 — t9}/2). Define

1 t+h B 1 t
Wh(x,t) 1= h/ X1 (Dwx, 1) dt, Wp(x, 1) = I / hWh(x,T)dt,
t 11—

for (x,t) € 2 x [0, T], where w := u; — u» and

1 if t et 1],

X[to,tl](t) = .
0 if 7eR\[t, ]
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We remark that W, belongs to ¥ and satisfies the following properties (cf. [3]):

Wi = Ximw  as kN0 in L*0, T; H%(2)), (57)
VWi = ximVw as h N\ 0 in (LP(0,T; LP(2))"N. (58)

Taking ¢ = Wy, in (2), we see that

T T
—/ / wB,thxdt+/ / AwAW, dx dt
0o Je 0o Je

T
= / / (IVur|P~2Vuy — |Vus|P>Vuy) - VW, dx dt (59)
0 Je

T
<cC /0 UIVur OI5> + 1V O 15 IVwOI, IV Wa (1) dt.

On the other hand, setting

1 t+h
wp(x,t) := I / w(x, 7)dr,
t

we see that

T
—/ / wa,Wh dx dt
0o Je

T
:/ /B,wh(x,t)Wh(x,t)dxdt
Jo J@

t1—h o 1
=/ / oywp (x, Hwp(x, t)dx dt + (/ +/ )/ orwp(x, YWy (x, t)dx dt
J1y J 2 Jto—h Jt1—h 2

1 fo 1
= 2(||wh<n—h)||%—||wh<ro>||§>+(/ +/ )/ dwn(x, )W (x. 1) dx dt
to—h tn—h/ J2
1
= (w3 = w3 as hN\0.

This together with (57), (58) and (59) implies that

t

1 1
2<||w(t1)||%— ||w<ro)||%)+/ Il Aw ()3 dt

fo

., (60)
<cC / IVur 152 + IV O, IVw @)1 dr.
fo

Since fy, t1 € (0, T') are arbitrary, (60) holds for 19, 1 € [0, T].
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We prove the uniqueness of solutions to problem (P) in Theorems 1.1 and 1.2 in
Sect. 5.1 and Sect. 5.2, respectively.

5.1 Uniqueness of Solutions in Theorem 1.1

Since Vuy, Vuy € (L0, T; LP(£2)))" and w(0) = 0, we observe from (60) that

t t
||w(r)||§+2/0 ||Aw<r>||%drsc/o IV (@I dr

fort € [0, T]. By Proposition 2.1 and the Young inequality we have

t ) d _ t
lw®)|3 < C/ lw(D)|3dr, e, i (e CI/ ||w(t)||§dr> < 0.
0 t 0

This implies that w = 0 and we complete the proof of the uniqueness in
Theorem 1.1.

5.2 Uniqueness of Solutions in Theorem 1.2

Fix 19, 1y € [0, T'] arbitrarily. By Proposition 2.1 and u; € C([0, T']; Lii/('Q)) we
have

141
/||Vuj(t)||£_2||Vw(t)llf,dt
0]

=0 61)
< c( sup ||w<t>||%> / 1Au; @)1~ | Aw@) |3 di
1

telto,n] 0
for j =1, 2. Moreover, since 2 < p < py is equivalentto 0 < 6p < 2, it holds that

3]
—-2)0
/ Iau; 12 Aw@) |2 di
I

0

1 (P=2)6/2 ; /1y 0
scm—ro)l—ef’/z(/ ||Au,-(r>||%dt) (/ ||Aw<r>||%dr>
1 1

0 0

1 0
< C(t) —t9)!70/2 (/ IIAw(t)H%dt)
I1

0
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for j = 1, 2. This together with (60) and (61) we have

1 2 2 " 2
o (lwnly = IIw(to)||2)+/ Awll3 dt

fo

1-6
151 0
SC(tl—to)l_e”/z(/ ||Aw<r>||%dr> sup [lw(®) |3
to telro,t]
1 /b
< / | Aw(t)||3 d 4 C(t1 — 19)@~P20=0 sup w ()3,
2 J5 tefto,t]
that is,
w3 < lwto)ll3 + coltr — 10)>~P720=0 sup  JJw(n)|13, (62)

telto,n]

where co > 0 is a constant depending on N, p, £2, u1 and up. Let § > 0 be such
that

cos@-om2a-o _ 1

Since w(0) = 0, we observe from (62) and 0 < 6p < 2 that w(t) = 0 for¢ € [0, §].
Iterating this argument, we obtain w = 0 in [0, 7] and we complete the proof of the
uniqueness in Theorem 1.2.
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