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Foreword

This bookdealswith the technologyof gearing systemsby looking at theory, research,
and practice with recent updates and results from activity within the IFToMM (the
International Federation for the Promotion of Mechanism and Machine Science)
community with the special aim of being in memory and honor of the late Prof.
Veniamin I. Goldfarb (February 1, 1941–November 12, 2019).

Professor Veniamin I. Goldfarb has been a great IFToMMist and a distinguished
MMS (Mechanism and Machine Science) scientist figure with a gentleman dynamic
attitude in his ideas and activities. He has been a very prolific MMS scientist with a
great reputation worldwide not only within the IFToMM community.

Professor Veniamin I. Goldfarb got his Master’s and Ph.D. degrees in Mechan-
ical Engineering in Izhevsk Mechanical Institute in 1962 and in 1969. In 1988, he
became a professor at the same Institute of Izhevsk State Technical University, where
he served with dedication throughout all his life with successful activity in teaching,
research, and technological transfers. He was a member of the Russian Academy of
Natural Sciences among many honors received worldwide for his significant contri-
butions in engineering. He served IFToMMas Chairman of the Technical Committee
for Gears from 1998 to 2005, member of the Executive Council from 2007 to 2011,
and Vice President from 2011 to 2015. Moreover, he proposed and started the orga-
nization of the IFToMM student Olympiad (SIOMMS) with the first event in 2011
in Izhevsk, and today the fifth one is planned again in Izhevsk in 2021 in conjunction
with the International Forum on MMS. His reputed leadership in Gear Technology
led him also to start the IFToMM bilingual (English–Russian) journal “Gearing and
Transmissions” in 1991.

The main scientific achievements of Prof. Goldfarb can be highlighted in clas-
sification and design of spatial gears with special attention to spiroid gears and a
non-differential design method for envelope profiles, with also practical implemen-
tation in industrial production for pipeline valve applications. As a gentleman he
was a colleague and friend always available to support and help for the progress of
technology toward peace and benefits in the society. Duringmy 2009–2011 IFToMM
presidency I could appreciate his true IFToMM spirit and friendship in collaboration
and share of initiatives and achievements in the whole MMS for the benefits of the
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vi Foreword

world community with impressive strength and open-mind attitudes even in a combi-
nation with his other interests, like the jazz music, to aggregate people in common
challenging subjects.

The gearing systems are important elements with an important interest in MMS
both for design andperformance ofmachines, even in themost sophisticated solutions
with modern mechatronic structures.

This volume is organized within a series to collect surveys, updates, and achieve-
ments by experts within the communities of several IFToMMmember organizations
fromall over theworld. The content of the book ranges fromhistorical surveys to tech-
nical overviews of current challenges in further developments for design and manu-
facturing processes of gears and geared systems. Research issues are also addressed
as per visionary trends in the field.

Therefore, I am sure that readers will find interesting discussions and research
updates that can reinforce and indeed stimulate their attention and activity in the field
of gearing systems for both research and applications.

I congratulate the editors for the successful result of their efforts and time they have
spent in coordinating and preparing this volume as well as connected to a memorial
celebration of Professor Goldfarb. I thank the authors for their valuable contributions
that show clearly that gearing systems are of current fundamental importance in
further developing mechanical and mechatronic systems. This volume can be also
considered as a source of inspiration for still better consideration of gearing systems
also within challenges of modern developments of science and technology within
the activity for teaching, professional activity, design, and research.

Rome, Italy
February 2021

Marco Ceccarelli
IFToMM Past President

ASME Fellow
Doctor Honoris Causa

Editor-in-Chief of MMS Book Series



Preface

Wepresent the fourth contributed volume on the theory and practice of gearingwithin
the MMS series. This book traditionally unites publications of gear scientists from
Russia, China, USA, Japan, Italy, Germany, Canada, Bulgaria, Belarus, Kazakhstan,
Slovenia, and other countries. As time has shown, this gearing series with such a vast
geography contributes to the popularization of both the mechanisms and machine
science, in general, and its component gearing science, in particular.

We dedicate this collection to the memory of the organizer of this series of books
on gears, Prof. Veniamin Goldfarb, who, to our deep regret, left us in 2019. This
serieswas his last important international scientific project among his other numerous
scientific, educational, organizational, and industrial achievements.

Of course, we focus the opening manuscripts of this volume on Prof. Veniamin
Goldfarb, in particular, his biography and bibliography, one of his most essential
publications largely summarizing the approaches to the enveloping process, and
memories about Veniamin from his longtime friends and colleagues.

Behind all the efforts for the multifaceted improvement of gears and their tech-
nology, we should not forget about the educational component of our activities. In
this respect, we welcome the review made by Prof. M. Ceccarelli, which should
certainly be interesting and useful both for the leading gear experts and for their
followers, the detailed work on the classification of gears, and the manuscript on the
role of gears in the MMS university course. It is symbolic that these publications are
present in the contributed volume in memory of Prof. V. I. Goldfarb. We all know
how much importance he paid to the discussed issues and to pass on the scientific
and practical experience to the younger generation within his various activities.

The reader familiar with the previous books on gears [1–3] will find relevant
themes that, in essence, continue the work previously done by the authors of the
contributed volumes to follow and assess their further achieved development.

We would like to specify new issues discussed in the present book related to
cylindrical gears with arched teeth, their history, capabilities, and current trends in
their development and to the organization of chamfering and rounding operations,
although seemingly unimportant, very relevant in view of modern requirements and
possibilities.

vii



viii Preface

We are grateful to all the authors for their efforts and participation in this
contributed volume, and we hope that together we will be able to maintain its high
level and the interest of its readers in the future.

By tradition, we want to express our deep gratitude to Springer publishers, espe-
cially to the chief editor of the MMS series Prof. Marco Ceccarelli for the constant
support of this series of books and also to Dr. Eng. Ph.D. Sergey Lagutin for his
sustained assistance and advice in gear terminology issues.

Izhevsk, Russia Natalya Barmina
Evgenii Trubachev
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Professor V. I. Goldfarb: Life Activity
and Contribution to Gearing Science

Evgenii S. Trubachev, Nataya A. Barmina, and Olga V. Malina

Abstract The life and professional scientific way of Prof. V. I. Goldfarb is consid-
ered. The manuscript touches upon the main milestones of development and main
achievements of the Izhevsk school in the field of gears and, in particular, spiroid ones
and methods of their analysis. The main scientific achievements obtained personally
by Prof. V. I. Goldfarb and scientific problems solved under his supervision are
noted. The section devoted to organizing scientific activity of Professor Goldfarb
describes the development of the Institute of Mechanics, Small Innovative Enter-
prise “Mechanic”, new scientific direction—gears and gearboxes for pipeline valves
control, traditional Izhevsk scientific and technical forums “Theory and practice of
gears and gearbox engineering”, publishing activities, and activities in national scien-
tific communities and IFToMMwhere Prof. Goldfarb chaired the Gearing Technical
Committee for many years and became Vice-President.

Keywords Professor V. I. Goldfarb · Spiroid gears · Institute of mechanics of
Kalashnikov ISTU · IFToMM

1 Ancestry

The future professor Veniamin Iosifovich Goldfarb (Fig. 1) was born on February
01, 1941 in Izhevsk in the family of a professor of medicine—Iosif Veniaminovich
Goldfarb. Professor I.V.Goldfarbwas a famous doctor, but he became adoctor almost
by accident: being mobilized for the First World War, he was attached as an assistant
to a military paramedic, proved himself well there, and this, in fact, determined his
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Fig. 1 Professor Veniamin Goldfarb

entire destiny. His beloved wife, Veniamin’s mother, was also a doctor. His son, our
teacher Professor V. I. Goldfarb, remembered his father with great warmth, and it is
not said just for effect. Whenever V. I. spoke of him, it was a word of affection for
the man who had been with him all his life, and only a bitter regret that he, the son,
had not been able or had not had time to do something for his father, only it gave
away the fact that the latter was no longer with us.

He often cited his father: “If you want to have an interesting and colorful life,
study sciences”. His parents’ influence was so strong that already being a Ph.D. in
Engineering and a well-known scientist in Russia, the future professor V. I. Goldfarb
at the age of 34 was seriously going to leave the engineering profession and… enter
the medical institute to study medical cybernetics. Knowing his teacher, we have no
doubt that he would have risen to eminence in medicine, but… fortunately for us, it
did not happen. However, the subject of medicine turned out to be not at all closed for
Professor Veniamin Goldfarb; both his children—daughters Olga and Irina—studied
medicine and achieved success in it.

2 Becoming a Scientist

By the time he graduated from Izhevsk Mechanical Institute—IMI (now Kalash-
nikov Izhevsk State Technical University—ISTU), V. I. Goldfarbwas one of themost
promising excellent students of the class of 1962. He graduated from the Depart-
ment of Instrument Design where he was transferred when it opened in 1960. The
issues of instruments and everything connected with them, including computers and
their programming were not just popular, but super popular that time. We can say
that through the development and widespread introduction of this technology, the
mankind was looking for new opportunities to organize their lives (and, judging by
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the last decades, found them), and the competition for admission to these specialties
of universities was off the scale. One can imagine that the best pupils went there.
And the future professor V. I. Goldfarb was one of the best and most notable in
this community. It should be said that even then he was distinguished not only by
his intellect and quick wit—his charisma and leadership qualities were evident to
everybody. Just look at the celebratory procession in honor of the first flight of Yury
Gagarin into space (1961) which was spontaneously organized by V. I. Goldfarb!We
emphasize that it was not the Soviet power which used to organize everything and
everyone at the time and did not welcome any activity outside official structures, but
the student himself!

Getting off the chronology, we should note that multifaceted talents of Professor
Goldfarb’s personality, his leadership and unifying qualities, were not limited to
professional activities. Colleagues (and many people in the world) knew him as a
brilliant musician, an indispensable member of IMI/ISTU jazz ensemble, a satirical
student theater of miniatures, and one of the main activists of the IMI/ISTU sports
camp in Galevo on the bank of the Kama River.

One of the lucky cases for us was that the talented student attracted the attention
of the already known by that time gearing scientist (specialized in planetary gears),
the soon-to-be Doctor of Engineering Science and Professor V. M. Yastrebov. He
proposed to make a large series of computer calculations of coordinates of points
of ordinary involutes of circumferences. Nowadays this task seems trivial, but at
that time the issue was so actual for industry (mainly, for gear control purposes)
that a book with the results of the calculations was published by a central Moscow
publishing house. For those days it was a great achievement, especially for a student.
So, “he was caught”, and the graduate of the Instrument Design Department found
gearing calculations so interesting and promising that he went to Prof. Faydor L.
Litvin, the most famous at that time (we can now confidently say—one of the leading
researchers in the whole history of the theory of gearing). Veniamin was welcomed
by him and in response to the question “what can you already do, young man?”
he answered with confidence: “I solved the contact problem!” When learning the
details of the involute calculations, Professor F. L. Litvin smirked and said that the
contact problem was “somewhat” different and much more complicated… Prof. V. I.
Goldfarb himself liked to recall this case with a smile. We cannot say now what went
wrong to the postgraduate course of Prof. Litvin, but there is no doubt that this case
and this conversation were memorable for Professor Goldfarb, and probably one of
the most important events.

That period of 1950–1980s was called by our senior colleague Ph.D. Sergey
Lagutin the period of “Sturm und Drang” in the Soviet gearing science. At that time
an avalanche-like formation of the solid foundation for the beautiful building of the
theory of gearing took place within 30 years; several scientific schools appeared
in Moscow, Leningrad (now Saint-Petersburg), Saratov, Kiev, Odessa, Kharkov,
Minsk, Khabarovsk, Kurgan, Novocherkassk, and other cities of the USSR—which
gave both outstanding scientists and engineers, and multifaceted studies of gears.
However, this is a topic for a separate discussion; different aspect of this process
are considered, for example, in [1–3]. The city of Izhevsk, where one of the largest
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Fig. 2 Spiroid gears. General view

gearbox engineering enterprises in Europe was organized, was also not left out. A
famous professor N. V. Vorobyov moved there from the largest technical university
of the country—Moscow State Technical University named after N. E. Bauman, and
a promising graduate of IMI, who had already become interested in calculations of
gears, Veniamin Goldfarb, was admitted to his postgraduate course.

But what does this have to do with spiroid gears (Fig. 2) which later became the
forte of Professor V. I. Goldfarb and which were invented very shortly before that (in
1954) by the American citizen of Finnish origin Oliver Saari [4, 5]? This is because
almost immediately after their invention the data about them came from American
scientific and technical journals to IMI in Izhevsk. One could say that the powerful
wind of that very “storm” blew it over. How many modern innovations can we name
in the period of global and instantly spreading information, which had not just fallen
into the hands of engineers at the other end of the planet, but were thoroughly studied
within 4–5 years since their appearance? By the time V. I. Goldfarb was enrolled to
the post-graduate course, therewere at least two studiesmade by Izhevsk experts—B.
D. Zotov and N. S. Golubkov. They confirmed the American opinion that the spiroid
gear had a number of objective advantages over its analogs—worm and hypoid ones
[4–7].

Under the supervision of Prof. N. V. Vorobyov, a group of spiroid gears was
created at IMI under the guidance of A. K. Georgiev, a young scientist, soon-to-be
Ph.D. in Engineering, a leader of the Izhevsk gearing school, a teacher and longtime
supervisor of Veniamin Goldfarb. The group soon became a scientific department
of IMI—the Spiroid Gear Laboratory (SGL). The talented and active V. I. Goldfarb,
avidly grasping the wisdom of the geometrical theory of gears and programming
of complicated calculations, practically immediately became the right hand of the
head, the main gearing theorist and calculating engineer in the SGL. His Ph.D. thesis
presented in 1969wasmainly devoted to the study of a new variety of spiroid gears—
with a concave right and convex left flank profile of worm threads (Fig. 3). The gear
was patented in several countries and, in general, corresponded to the general trend
of searching for optimal tooth profiles—it is enough to remember the gears by E.
Wildhaber—Novikov [8, 9], Niemann and Litvin [10, 11], Korostelev and Lagutin
[12]. The studied gear gave some effect in the load-carrying capacity (up to 10–15%),
but, as usual, it was not free: its manufacture was associated with additional techno-
logical difficulties. Apparently, it was the reason to postpone (perhaps, temporarily)
the common implementation of this technical solution. However, the study of the
complicated gear made scientists look for new methods and techniques for solving
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Fig. 3 Spiroid gear with
convex-concave worm
profile

various problems—searching for contact lines, evaluation of undercutting, geomet-
rical and kinematic parameters of meshing, calculating the complex geometry of
teeth. The work undoubtedly contributed to the growth of the scientific skill and
scientific outlook of our teacher. The mathematical and software developed by him
became the calculation basis for many Ph.D. theses presented by the Izhevsk gearing
school, which, it can be said, experienced its own “Sturm und Drang” period in the
1970s.

3 Beginning of Individual Scientific School

By the endof the 1970sPh.D.VeniaminGoldfarb hadobviously outgrownhis teacher,
developed as a scientist so much that he had the potential andmotivation for indepen-
dent work, and in 1980 he began to form his own scientific school at his Instrument
DesignDepartment. Perhaps, one of findings of that timewas the formof organization
of this school—as a Student Design Bureau of the Instrument Design Department.
It was named “Student Design Bureau of Gears” first among the students and then
officially; many promising students got “scientific trial by fire” there. Hundreds of
students’ term and graduation projects and scientific research works, carried out
under the supervision of V. I. Goldfarb, made it possible to polish both his methods
of work with students and his own new methods of calculation. The basis for their
proposal and development was the experience of solving complex geometrical prob-
lems obtained in the 1960s and 1970s. Among these methods, the “non-differential
method” of calculating the generated and meshing surfaces proposed jointly with
Eng. Nesmelov [13] is of a special importance (Fig. 4). The method is based on
application of R-functions apparatus, proposed by the Soviet scientist Rvachev [14];
it is oriented to computer-aided design and provides reliable search, automatically
excluding cases of secondary solutions and physically impossible contact from inside
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Fig. 4 Scheme of
“non-differential method”
(fragment from Doctor of
Science Thesis by V. I.
Goldfarb)

the solid of an enveloping (generating) element, which can arise and require special
diagnosiswhenusing the classical apparatus of thedifferential geometry and common
kinematicmethod. This developmentwas in the general course of aspirations ofmany
specialists in creation of universal methods of gear calculation. For example, Prof.
G. I. Sheveleva proposed the “method of enveloping surfaces” a little earlier [15],
and traditional differential methods were summarized for generating surfaces and
their edges by Babichev [16]. Prof. V. I. Goldfarb himself made the most interesting
theoretical generalization of the methods in his later manuscript “Some exercises
with the equation of meshing” [17].

The second major part of V. I. Goldfarb’s research in the early 1980s was related
to studies of spatial gearing schemes and aimed at predicting the principal properties
of gears at the early stage of design: dimensions and shape of elements, direction
and character of tooth contact (internal or external). The following general solutions
for arbitrary arrangement of axes and shapes of elements were obtained:

– condition for contact of initial surfaces;
– areas of gear scheme existence;
– conditions for determining the type of contact—internal or external;
– condition for choosing a preferred ratio of directions for rotation of elements.

These works were also in tune with the works of other scientists, who were
looking for generalizations: for example, M. L. Erikhov, who classified the schemes
of machine-tool gearing [18], L. V. Korostelev and his students, who generalized the
properties of worm type gearing [19], at last, the Bulgarian researcher K. Minkov,
who classified schemes of spatial gears almost simultaneously with Goldfarb [20].
Prof. V. I. Goldfarb’s classification (Fig. 5) included gears with:
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Fig. 5 Scheme of spatial gear by V. I. Goldfarb and fragment of his classification of single-stage
gears

– bevel and inverse conical elements;
– one flat element;
– one cylindrical element;
– internal meshing with respect to each of the elements.

The number of variants turns out to be one order greater in schemes of two-stage
gears [21].

Here are other interesting schematic solutions obtained by V. I. Goldfarb (of
course, this is only a small part of the proposed solutions):

– gear with ideal-constant helical parameter (axial pitch) of a pinion (worm) [22],
– gear with rotaprint lubrication [23] (self-lubricating gear—in co-authorship with

Prof. V. N. Anferov)—Fig. 6,
– worm type gear with internal meshing relative to the worm [24]—Fig. 7,
– non-orthogonal gear with two meshing zones [25]—Fig. 8.

The third important scientific problem solved by V. I. Goldfarb in 1980s was the
generalization of the approach to computer-aided design of the conjugate worm-type
gear. The main result is a reasonable decomposition of this process [26] into stages:

1. Selection of the gear scheme.
2. Calculation of tooth flank geometry.
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Fig. 6 Spiroid gear with
rotaprint lubrication of
meshing (the lubricating
gearwheel is above the
worm, the operating one is
below)

Fig. 7 Gear with internal
meshing relative to the worm
[17]

Fig. 8 Non-orthogonal gear
with two meshing zones [18]

3. Calculation of geometrical and kinematic contact parameters (sliding velocities,
length and arrangement of lines/points of the conjugate contact, reduced radii
of curvature, velocities of movement of contact points on the tooth flanks).

4. Evaluation of forces acting in the meshing, efficiency, load-carrying capacity of
the gear in accordance with various criteria.
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This sequence aims to streamline the automated design process, to make it more
meaningful for the designer by leading the process “from simple to complex”, giving
the designer an opportunity to consistently narrow down themulti-dimensional space
of parameters and the number of possible and acceptable solutions, to obtain fast gear
estimates at early stages, and it allows a designing engineer to rationally arrange the
computational procedures and data structures. The sequence was implemented in the
first CAD-program for spiroid gears “SPDIAL” developed by Eng. I. P. Nesmelov
under the guidance of Goldfarb 1980s [27]. The calculation in this program was
focused on designing a theoretically accurate conjugate spiroid gear. Later on, the
sequence was developed taking into account the problems of real manufacturing and
real operation of gears, and it was extended to the cases of worm and bevel gears byV.
I. Goldfarb and his pupil, one of the authors of this manuscript, E. S. Trubachev, who
implemented it together with his pupils in the new software complex CAD system
“SPDIAL+” in the period from 1996 to the present [28, 29].

The mentioned three parts of V. I. Goldfarb’s scientific developments became the
basis for his D.Sc. Thesis “Fundamentals of the theory of automated geometrical
analysis and synthesis of general type worm gears”, which was presented in 1986.

4 “Sturm Und Drang-2”. Institute of Mechanics

Soon after that “Perestroika” came down in the USSRwhich ended, as we know, with
the destruction of the USSR and, more importantly for our story, with a complete
change in the economic order of our country. It had a disastrous effect on the tradi-
tional sources of funding and on the traditional order of Russian university science.
Professor V. I. Goldfarb turned out to be one of the best in scientific organiza-
tion having found the practical implementation of his scientific developments and
obtained the practical basis for new ones as well as for new growth of his students at
new conditions. In 1990 and his pupils moved at, one might say, the most productive
department of IMI/ISTU—“TechnologyofRobotics Production”Department (some-
what earlier it was “Technology of Mechanical Engineering”, now it is “Design and
Manufacturing Preparation ofMechanical Engineering Production”). Since 1994 the
former head of this department, Professor I. K. Pichugin persuaded Professor V. I.
Goldfarb to head this department and on February 1, 1994, at the initiative and with
the blessing of ISTURector Professor I.V.Abramov a scientific department “Institute
ofMechanics” was founded (now—“Institute ofMechanics named after Professor V.
I. Goldfarb”) where 20…25 employees worked in different years, both experienced
and having scientific degrees, and young ones, eager to acquire them (Fig. 9). The
Institute of Mechanics became an innovative solution, a new form of organization
of science, when it became integrated in one complex with the educational depart-
ment of the University and commercial production—Small Innovative Enterprise
“Mechanic” (SEI “Mechanic”), which was established soon after formation of the
Institute ofMechanics and became not only a place of approbation for scientific ideas,
but also the founder of new scientific and manufacturing tasks. According to Prof.
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Fig. 9 Scientific department “Institute of mechanics”, 2011

V. I. Goldfarb himself, “The main purpose of its organization was to create condi-
tions for combining scientific research and production of science-intensive products,
in particular, gears and gearboxes, with the educational process and problems of
training qualified engineering and scientific personnel. Such a combination harmo-
niously unites the need for personnel in scientific research and the need to maintain
the educational process at a high scientific level”.

The period from 1995 to 2004 was, in fact, the second wave of the “Sturm und
Drang” in the Izhevsk school—now under the leadership of Professor V. I. Goldfarb.
During this period, 13 Ph.D. theses and 5 D.Sc. theses were presented (that is, on
average, almost 2 theses per year). Their topics covered a broad range of problems
related to the theory of gearing, studying the specific gear types, gearboxes and their
properties, and software tools for their design:

N. V. Isakova, 1994 (Ph.D.)—spiroid gears with the ideal worm pitch;
O. V. Malina, 1995 (Ph.D.), 2002 (D.Sc.)—invariant methods of computer-aided

design of complex objects and processes;
A. I. Abramov, 1996 (Ph.D.)—accuracy and vibration activity of spiroid gears;
D. V. Glavatskikh, 1997 (Ph.D.), 2002 (D.Sc.)—implementation of the “non-

differential method” in studies of helical surfaces;
A. G. Russkikh, 1997 (Ph.D.)—computer-aided synthesis of gear schemes;
E. S. Trubachev, 1999 (Ph.D.), 2004 (D.Sc.)—non-orthogonal spiroid gears,

methods of design of spiroid gears taking into account real manufacturing and
operating conditions;

D. F. Plekhanov, 1999 (Ph.D.)—non-traditional planetary 3 K gears;
R. V. Voznyuk, 1999 (Ph.D.)—software implementation of the “non-differential

method”;
D.V.Koshkin, 1999 (Ph.D.)—accuracy of spiroid gearswith the localized contact;
A. A. Tkachev, 1999 (Ph.D.)—computer-aided design of spur and helical involute

gears by means of Dynamic Blocking Contours;
S. V. Lunin, 2000 (Ph.D.)—computer-aided solid-state modeling of meshing

gears;
A. S. Kuniver, 2001 (D.Sc.)—spiroid gears with the localized contact;
V. N. Anferov, 2002 (Ph.D.)—wear of spiroid gears;
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N. A. Barmina, 2002 (Ph.D.)—double-stage cylindrical-spiroid and spiroid-
cylindrical gearboxes;

E. I. Popova, 2004 (Ph.D.)—study of spiroid gears with plastic gearwheels.

5 Manufacturing Gears and Gearboxes

The individual manufacturing activity organized at the scientific school of Professor
V. I. Goldfarb is a phenomenon unique in its ownway. The enterprise, in fact, emerged
“out of nothing”, relying almost entirely on the activity, energy and qualification of
V. I. Goldfarb himself and his subordinated associates at the Institute of Mechanics.
At first, the old machine-tools available at the department’s training workshop were
used (inmany respects, restored and “revived”).During the first fifteen years (approx-
imately by 2010) the company acquired its own machinery for the comprehensive
support of the production process, its staff increased from 15…20 people to 70…80.

Applications for gears are as varied as they are traditional. Not only technical
solutions, but also specific suppliers and manufacturers are often long-present. It is
difficult for consumers to abandon them in favor of new ones. However, the situa-
tion in the 1990s, with the actual rejection of Soviet methods, bankruptcy of many
enterprises, opening of the foreign market and foreign supplies of more advanced
gear equipment on the one hand, and the galloping exchange rate of the foreign
currency on the other, promoted the search for new solutions for both consumers
and new manufacturers. Actuators for pipeline valves were a great finding for the
team of Professor V. I. Goldfarb. Contrary to the general trend, production of the
latter was constantly growing, first because of Russia’s well-known specialization in
the production and supply of hydrocarbons and then due to a rather rapid recovery
of many other things in the production sphere. In the mid 1990s on the initiative
of Cameronvolgomash enterprise (now Samaravolgomash) there was a meeting in
Izhevskwith gear manufacturers with the issue of creating analogues to foreign prod-
ucts. The gear manufacturers said “definitely”: “No. We do not have such design and
production methods”. And it was Professor V. I. Goldfarb invited to the meeting
who uttered the famous Lenin’s phrase in the USSR: “We have such a party!” The
point here was not so much in V. I. Goldfarb’s determination and vigor, as in his
deep understanding of gears—worm gears, used in analogs, and spiroid ones, which
have a number of favorable properties for the successful application in conditions,
typical for valve control—at low speeds, rare actuating and high overload torques.
From that moment a multifaceted work on research, creation of methods and means
for design, organization of pilot and then serial production of gearboxes for pipeline
valves control began (Figs. 10 and 11). The work started with experimental testing
of future effective solutions. Several prototypes, differing in design, were broken
during the tests. The result of the work (we dare to think, not final at all) was…
let me quote our colleague and a long-time friend Prof. V. I. Goldfarb Dr. S. A.
Lagutin: “A small innovative enterprise “Mechanic” cooperated with the Institute of
Mechanics is producing now up to 1000 gearboxes per month (!), providing almost
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Fig. 10 a Small Innovative Enterprise “Mechanic” (machining site). b Small Innovative Enterprise
“Mechanic” (testing site)

all pipeline valves in Russia with its production. As a manufacturer and supervisor
of the gearbox workshop at Elekstrostal Heavy Engineering Plant, I can only be
envious of such results”. This is the most important practical result of Prof. V. I.
Goldfarb’s initiative, which provided and continues to provide interesting work for
dozens of specialists, for whom it became a great school. No less important scientific
and manufacturing results that became possible due to it are as follows:

– theory of design of heavy-loaded spiroid and worm gears and gearboxes adapted
to production and operating conditions [29, 30];

– invariant methods and software tools for synthesis of complex objects and
processes [31];

– new types of gears [32–34];
– improved methods of gear cutting [35–38].
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Fig. 11 Gearboxes produced by SIE “Mechanic”

To summarize, we must say: thanks to this, the scientific school of Professor V. I.
Goldfarb became inmany respects self-sufficient, well-motivated, capable of stating,
discussing and solving important, useful and interesting problems in the field of gears
and gearbox engineering.
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6 Professor V. I. Goldfarb—Organizer and Leader
of Russian and International Scientific Community

During different periods of his scientific activity V. I. Goldfarb was an active
participant of scientific communities. In particular, he was a member of Technical
Committee TC-258 forMachine Parts andGears of theRussian State Standardization
Committee; he was the Vice-President of Udmurt Association of Scientists, and he
was the initiator and Vice-President of Russian non-profit partnership “Association
of Mechanical Transmission Engineers”.

In difficult economic transition conditions in the 1990s, Russian scientific schools
in the field of gears and gearbox engineering found themselves in an extremely
difficult financial situation. In these conditions, from 1991 to 2004, Professor V.
I. Goldfarb initiated the joint participation of leading Russian scientific schools of
14 Russian technical universities in target programs of Russian state and interstate
financing.

This allowed to soften the blow of shock reforms to a great extent, to preserve
personnel and intellectual potential of Russian technical science. One aspect of these
integration efforts of Prof. V. I. Goldfarb was the organization of scientific and
technical conferences. The first of them were held in Izhevsk in the 1980s. These
conferences and symposia acquired a national and international status in the 1990s.
At the same time, they were traditionally called “Theory and practice of gears and
gearbox engineering” (Fig. 12) and Institute of Mechanics of Kalashnikov ISTU
became de facto the leading Russian center in this field, welcoming leading gear
experts from Russia and other countries. For example, the International Symposium
“Theory and practice of gearing” in 2014 brought together over 100 participants
from 12 countries.

Until the late 1980s, Izhevsk was a so-called partially closed industrial city with
a large share of defense industry, which dramatically complicated international
contacts; such communication was possible, at best, with scientists from Eastern
European countries. Therefore, it is not surprising that Goldfarb’s first publication
was in Europe, published in the Proceedings of the 15th National Seminar in Varna,
Bulgaria [39]. At that time, it became obvious that a certain level of foreign language
proficiency was necessary to initiate international scientific and educational coop-
eration. Having learnt German at school and university, which remained unclaimed,
Veniamin Iosifovich started to study English independently at the age of 50 and
succeeded in it. Within a few years, first with the support of teachers from English
department of ISTU, then with the help of students of the specialty “Interpreter in the
sphere of professional communication”, he began to prepare scientific manuscripts
in English, and then to make presentations independently and speak at English-
language scientific events of the highest level. His organizational talent very quickly
manifested itself in the diverse international cooperation between universities and
scientific schools of different countries. The first foreign guests who came to Izhevsk
to ISTUwere precisely gear experts fromGreat Britain, Czech Republic, Poland, and
Slovakia. Every year the geography of contacts and the number of new joint projects
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Fig. 12 Conferences “Theory and practice of gearing”, 2004, 2008

were expanding rapidly. The first agreements on international cooperation at ISTU
with the universities of Slovakia (Bratislava, Trnava), CzechRepublic (Brno), Poland
(Warsaw), Bulgaria (Sofia), England (Nottingham), and USA (Los Angeles) were
signed on the initiative of Prof. V. I. Goldfarb.

Later on, Professor V. I. Goldfarb became a member of the Technical Committee
for gears of the International Standardization Organization (ISO TC 60), member
of editorial boards of international journals “Mechanism and Machine Theory”,
“Machine Design” and others. He was a frequent chairman and member of scientific
program and organizational committees of international conferences on gears and
transmissions: “Power Transmissions” (Greece, 2009), “Power Gears and Transmis-
sions” (Japan, 2009), “Fundamentals of Machine Design” (Bulgaria, 2009), “Gears”
(Germany, 2010), “Terminology in Mechanisms and Machines Science” (Belarus,
2010), “Development and Study of Mechanical Components and Systems” (Serbia,
2011) and amember of program committees of IFToMMWorld Congresses onMMS
(Finland-1999, China-2004, France-2007, Mexico-2011, Taiwan-2015).
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The International Federation for the Promotion of Mechanism and Machine
Science (IFToMM) was established in 1969 by the initiative of the famous Soviet
scientist, Academician I. I. Artobolevsky. Today the Federation has national MMS
committees in more than 50 countries, and its governing bodies are elected at the
General Assembly. The structure of IFToMM includes 14 Technical Committees and
4 Permanent Commissions. One of the most authoritative is the Technical Commit-
tees for Gearing and Transmissions (TC for Gearing and Transmissions), established
in 1976. Since 1994, Russia has been represented in the TC by Prof. E. L. Airapetov
(Moscow) and Prof. V. I. Goldfarb (Izhevsk). In 1998, Prof. V. I. Goldfarbwas elected
Chairman of the Committee, and in 2001, after the report meeting of the Committee,
his chair term was extended for 4 more years. The main tasks of the Technical
Committee were to establish contacts between scientists and engineers of different
countries in the field of gears and transmissions, development of databases and joint
solution of actual technical problems, promotion of information exchange, etc. The
general concept of its activity within the framework of the International Federation
on MMS, its main objectives, tasks, priorities were published in two languages in
the international journal “Gearing and Transmissions”, No.1, 1998. Prof. Goldfarb’s
active work in this Technical Committee was appreciated by the Executive Council
of the Federation and since 2008 he became one of three Russians in the history of
the Federation who was a member of IFToMM.

In 2010, due to poor reporting of the next Chairman of the Gearing TC (he did not
submit on time annual reports on the activities of the Committee, although the active
work in the Technical Committee continued), the management of the Federation
decided to abolish this TC and merge it with the TC for Cams and Linkages and call
the new Committee “Mechanical Transmissions”. The appropriate changes were
made in the IFToMM Constitution. Prof. Goldfarb did not agree with this decision,
which was taken without thorough discussion with members of the Gearing TC and
leading experts from various countries. He organized this communication and found
support of many colleagues, including Prof. D. Su (Great Britain), Prof. A. Kubo
(Japan), IFToMM President Prof. M. Ceccarelli (Italy) and others. One year later,
the Gearing TC resumed its work as a separate committee with its own specific
theoretical approaches and practical tasks (Fig. 13).

In 2011, Professor Goldfarb was elected the Chairman of the Permanent Commis-
sion for Communications, Publications and Archiving (IFToMM PC CPA). The
crowning achievement of Prof. V. I. Goldfarb’s international activities was his elec-
tion as Vice-President of this prestigious organization from 2011 to 2015. Unfortu-
nately, he did not have time to complete some of the projects he initiated as IFToMM
Vice-President, but they may be of interest to future generations of experts:

• An appeal to UNESCO to hold together with IFToMM a series of international
conferences “Mechanisms and Humans”, “Mechanisms in Medicine”, etc.

• Integration of IFToMM website into various social networks.
• Creation of a forum of young scientists on IFToMM website with the purpose of

their uniting and discussing urgent issues.
• Cooperation of IFToMM with industry.
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Fig. 13 IFToMM World Congress, Poland, 2019

We should tell separately about the first-ever international student subject
Olympiad onMMS,whichwas held in ISTUonApril 19–21, 2011 (Fig. 14). The idea
to organize the Student International Olympiad on MMS (SIOMMS) was proposed
by V. I. Goldfarb in 2009 in Mexico at the IFToMM conference. IFToMM Exec-
utive Council decided to organize the International Student Olympiad (SIOMMS)
in 2011 in Izhevsk State Technical University, Izhevsk, Russia. SIOMMS-2011 was
held on April 19–21, 2011 [40]. 17 student teams from 8 countries took part in this
competition. This Olympiad initiated regular Students International Olympiads on
MMS which were held every two or three years in different parts of the world: 2011
(Izhevsk, Russia), 2013 (Shanghai, China), 2016 (Madrid, Spain) and 2018 (Lima,
Peru).

Understanding the importance of publications in scientific communication,
promotion of interesting ideas, in the growth of young scientific personnel, Prof. V.
I. Goldfarb initiated scientific and technical publications, and contributed volumes.
The earliest of them was the abstracts of the scientific and technical conference
“Development and Implementation of Computer-Aided Design Systems”, Izhevsk,
1981, later such volumes became an integral part of all scientific events.

The journal “Gearing and Transmissions” took a special place among all publica-
tions. Now it has become history, but it was the first and only bilingual journal of its
kind, where the results of scientific research in the field of gears and transmissions
performed by foreign scientists and scientists from Russia were published. All the
manuscripts were published both in Russian and in English, which in itself was a
pioneering decision and served as a powerful impetus to international communica-
tion and cooperation among the scientists involved in gears around the world. It was
thanks to the initiative and efforts of Prof. V.I. Goldfarb, that the acquaintance of
Russian gear scientists with the works of their foreign colleagues began, and also
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Fig. 14 a Organizers and special guests of SIOMMS-2011, Izhevsk, Russia. b Participants of
SIOMMS-2011, Izhevsk, Russia

the international gear scientific community and manufacturers could get acquainted
with the works of Soviet and Russian scientists, who had not published their works
in English before.

In 1991, Prof. Goldfarb initiated its publication first as the edition of the Asso-
ciation of Mechanical Transmission Engineers (AMT) and then, with the election
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Fig. 15 Journals “Gearing and Transmissions”

in 1994 of Prof. Goldfarb as the Russian representative in the IFToMM Technical
Committee on Gearing and Transmissions, it became a permanent publication under
the auspices of IFToMM. Between 1991 and 2004, it was published once, twice,
or three times a year by the Institute of Mechanics, supported by the Associa-
tion of Mechanical Transmission Engineers (AMT), Technical University of Brno
(Slovakia), Slovak Technical University of Bratislava, and Technical University of
Nottingham (UK). It was sent to dozens of Russian and foreign universities and
enterprises, and in 1994 became the official journal of IFToMM (Fig. 15).

In 2014, by the initiative of IFToMM Vice-President, Professor M. Ceccarelli
(Italy), Prof. Goldfarb started a new project—regular publication of books on gears
in the series “Mechanisms and Machine Science” in the largest European publishing
house “Springer”. As editor-in-chief of these books, he united manuscripts of the
leading gear scientists from Russia, China, the United States, Japan, Italy, Germany,
Canada, Bulgaria, Belarus, and other countries. Three contributed volumes have
already been published to date in 2016, 2018, 2020 [41–43].

7 Conclusion

So, it was the scientific life journey and main achievements of Professor Veniamin
Iosifovich Goldfarb. Of course, the scope of the manuscript in a scientific and tech-
nical book does not allow us to fully reflect what this outstanding man left for us and
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what he was for us. He did not just open up the world of gear science to us, including
people of different nations, generations, and activities—he was, in fact, creating that
world (with many other outstanding people). We thank Providence for the gift of
being close to Prof. Goldfarb, of being his students, and, finally, of having the “la
richesse des relations humaines” with him.

Professor Veniamin Goldfarb was a brilliant teacher and instructor, his lectures
were unique, he generously shared his knowledge with his students, and, with his
ability to build up a scientific work and clearly express its essence, he gave help and
support to many Russian scientists. In 2020 the Scientific Department “Institute of
Mechanics” of Kalashnikov ISTU was renamed into “Institute of Mechanics named
after professor V. I. Goldfarb”.

Appendix 1: Memories of Friends, Relatives and Gear
Colleagues—A Tribute to Professor Veniamin Goldfarb

It is impossible to describe all the love, recognition and respect to Prof. Goldfarb
among his friends and colleagues, the coryphaei of the gearing science. His talent,
irrepressible energy, scientific and organizational abilities were always the subject
of admiration and sincere envy.

Sergey Abramovich Lagutin, Ph.D. in Engineering, Senior Researcher, Leading
Gearbox Designing Engineer, Elektrostal Heavy Machine Building Plant JSC
(Elektrostal, Russia):

Dear Veniamin Iosifovich, I remember how in 1993 you shared with me the idea of
establishing the Institute of Mechanics. I always appreciated your scientific talent,
energy, and organizational abilities which allowed you to establish the laboratory of
spiroid gears in Izhevsk, which by that time had already become a recognized leader
in our country and abroad in research, development, and implementation in various
fields of spiroid gears and gearboxes. I was amazed that you managed to implement
such bold and ambitious projects as the organization of the Russian Association of
Mechanical TransmissionEngineers and the publication of the International bilingual
journal “Gearing and Transmissions” in Izhevsk.

However… 1993 was the year, when the collapse of science and industry in
the country occurred, plants were shut down, technical universities were rebuilt for
training managers and economists, young specialists were largely searching for jobs
abroad. In such an atmosphere, the idea of creating a new scientific Institute, frankly
speaking, seemed to me like utopia.

And yet you managed to implement this idea. Institute of Mechanics was created
and has been successfully working for over 25 years. The subjects of its scientific
research went far beyond the initial framework of the study of spiroid gears. The
Institute has become a scientific school of multi-purpose research of various types
of gears, unfortunately, today, practically the only such school in Russia.



Professor V. I. Goldfarb: Life Activity and Contribution … 21

The Small Innovative Enterprise “Mechanic” co-operated with the Institute
produces up to 1000 gearboxes per month (!), providing practically all the pipeline
valves in Russia with its products. As a manufacturer and supervisor of the gearbox
production site at EZTM, I can only envy such results.

The institute successfully trains scientific personnel, suffice it to say that many of
its employees have already prepared and presents D.Sc. theses.

Institute ofMechanics regularly holds conferences and symposiums on the theory
and practice of gears, where Russian specialists can meet each other, exchange expe-
riences, and publish their results in the rated scientific proceedings. Under your
editorship, three contributed volumes of Springer were also published, in which
the latest achievements of Russian and international gearing science are collected
and presented to numerous readers. I wish the Institute of Mechanics new creative
successes for the next 25 years. And I hope for further fruitful cooperation with your
Institute.

Glazunov Viktor Arkadievich, D.Sc. in Engineering, Professor, Director of Institute
of Mechanical Engineering of Russian Academy of Sciences (Moscow, Russia):

Dear friends, I would like to say a few words about our precious person—Veni-
amin Iosifovich Goldfarb, with whom I was fortunate to communicate quite closely
during the World Congress on the Theory of Mechanisms and Machines in 2011 in
Guanohuato (Mexico). Veniamin Iosifovich showed himself to be a very friendly,
sincere and charming person.We talked a lotwith him about literature, art, and played
music together. He played the piano very well and, what is especially important to
me, he could improvise in a jazz style. It seems to me very valuable that a creative
man—Veniamin Iosifovich—manifested his creative nature in many hypostases.

Andrey Erikovich Volkov, D.Sc. in Engineering, Professor, Federal State Budgetary
Educational Institution of Higher Professional Education “Stankin” (Moscow,
Russia):

V. I. Goldfarb was a leading gear expert in Russia and one of the most authoritative
gear specialists in the world. He combined, with remarkable ease, scientific work
in the field of the gearing theory, management of production and implementation of
spiroid gears and gearboxes, organization of international conferences, representing
our country at the international level for a long time, including his work as Vice-
President of IFToMM. His main lifetime project was the founding of the Institute
of Mechanics in ISTU, which he led for more than a quarter of a century. Today,
his scientific school is the leading one in the field of gears in Russia and one of the
leading ones in the world.

For many years, Veniamin Iosifovich kept in touch with the Department of Theo-
reticalMechanics of “Stankin”.Wewere united by a common interest in the develop-
ment of the theory of generating by cutting. Cooperation and scientific competition
between two scientific schools—of Prof. Sheveleva G. I. and Prof. Goldfarb V. I.—
was expressed in the development of the theory of generating bymeans of developing
non-differential methods of analyzing generation processes using software packages.
This made it possible to solve many complex problems set by our industry.
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It is difficult to overestimate the contribution of V. I. Goldfarb to the theory and
practice of gearing. His name has been forever inscribed in the history of Russian
mechanical engineering.

Alexander Kapelevich, Ph.D., AKGears, LLC (USA):

My friendship with Veniaminwas, unfortunately, rather short. Althoughwemet back
in the 1980s at one of the seminars in Moscow organized by Professor Vulgakov, our
real communication began in 2007 at the ASME conference in Las Vegas, USA. He
took the time to listen to my presentation on asymmetrical gears and offered me to
write a joint paper combining two approaches to optimal gear design, his Dynamic
Blocking Contours method and my Direct Gear Design. This manuscript, written
in co-authorship with Ph.D. Alexander Tkachev, was published in August 2008 in
Gear Solutions magazine, USA. Later there were unforgettable meetings at confer-
ences in 2009 in Matsushita (Japan), in 2011 in Xian (China) and in 2013 in Munich
(Germany). In addition to these meetings, there was constant electronic communica-
tion and Skype communication. During the last 3–4 years, when his health condition
noticeably deteriorated, we continued to meet by Skype about once a month. He
was interested in literally everything, not just research and projects, but also my
family, travel, sports, and more. These, sometimes serious, sometimes fun conversa-
tions were essential for both of us, and our Skype communication continued until his
death. Back in September 2019, when our mutual good friend Dr. Franz Joachimwas
looking for opportunities and experts to calculate, design and manufacture spiroid
gears, Veniamin was interested and involved in finding solutions to these issues.

Fyodor Ivanovich Plekhanov, D.Sc. in Engineering, Professor, Kalashnikov ISTU
(Izhevsk, Russia):

Being engaged in the scientific work in 1990s, I didn’t think about writing the D.Sc.
thesis, I considered that the results of my scientific activity did not correspond to the
level required for such degree. But once I made a presentation at an international
scientific conference organized by V. I. Goldfarb. After that, Veniamin Iosifovich
invited me to his office and told me that the results of my research could be the basis
for my D.Sc. thesis, and he was ready to assist me as a scientific supervisor. To do
this, he asked me to show him all my publications. Having brought my published
manuscripts and patents for inventions into the system, I gave them to Professor
Goldfarb, and after a while he answered: “The material you have presented is a
D.Sc. thesis, you only need to edit some of its sections and go out to present it”.
After about a year I became a D.Sc. in Engineering.

Valery Nikolaevich Anferov, D.Sc. in Engineering, Professor, Siberian State Univer-
sity of Railway Transport (Novosibirsk, Russia):

In 1972, I was sent to Izhevsk to assess the possibility of using spiroid gears in our
designs of special hoisting devices. At first I introduced myself to Vice-Rector for
scientific work Mironov—he described me the course of work and then I worked in
the laboratory of spiroid gears (headed by Georgiev A. K.). The businesstrip lasted
a week, so I got acquainted with the main laboratory staff: Goldfarb V. I., Ezerskaya
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S. V., Shibanov E. K., Modzelevsky V. A., Manshin S. D., Kuniver A.S., Ivaykin
V. A. and others. The first impression is the most profound and vivid. It became
clear to me, as a design engineer, that the practical realization of the developments is
“like walking on foot to the Moon”, so after arrival home in Sverdlovsk, I honestly
outlined the situation to my chiefs and proposed to sign a business contract with IMI
on the application of spiroid gears in the nuclear industry with the development of
methodological recommendations. I was entrusted to supervise the business contract,
to design the structures, to master the technology in SverdNIIkhimmash, to conduct
research on the evaluation of gear durability.

Veniamin Iosifovich Goldfarb stood out from all the employees, he was already a
Ph.D. in Engineering, the rest were ordinary laboratory employees. It was clear—he
was a highly educated, intellectual leader, not arrogant, respectful of everyone, at the
same time being at a certain distance and knowing his own worth. I thought then—I
would like to work in science with such a bright man!

Dreams do come true! A conference was held in Sverdlovsk on the application of
gears in industry, and Veniamin Iosifovich and Svetlana Yezerskaya came there to
deliver lectures. Here we had a good talk and got to know each other better. That was
when I made Veniamin Iosifovich a proposal for cooperation. Later this cooperation
grew into a true man’s friendship until the last days. This is my best friend and
authority in life. Veniamin Iosifovich was the scientific advisor of my two scientific
Ph.D. and D.Sc. works.

Unfortunately, not all plans for joint work were implemented, but I hope that
cooperation and research with the Institute of Mechanics of ISTU will be continued,
becauseVeniamin Iosifovich left a good groundwork for the future. I wish all the staff
of the Institute of Mechanics successful work in the future, good health, personal
happiness, and new scientific achievements.

Mark Moiseevich Kane, D.Sc. in Engineering, Professor, Belarusian National
Technical University (Minsk, Belarus):

We met about 1975, when we happened to stay in the same hotel room during
a scientific conference in Kharkov. From the first minutes of our meeting I was
impressed by his charm, intelligence, various interests and hobbies, cheerfulness,
open and friendly character. We became friends and later I always felt his support.
The more I got to know him, the more I understood the scale of his personality, his
ability to unite people, to formulate and solve large problems. He acted in accordance
with a well-known Japanese proverb “think globally, act locally”—he was not only
generating ideas, but also showing ways to implement them. In doing so he almost
never used administrative resources, acted with soft power, i.e., persuasion. He was
highly respected and acknowledged by all his colleagues and friends, and many were
simply in love with him. His home was filled with hospitality, warmth, and love.

I will not talk about the professional achievements of Veniamin Iosifovich. His
former employees will probably speak about this. A few words about his human
qualities. Veniamin Iosifovich had a wonderful gift of always being the soul of any
company or meeting, making them warm and charming. At the same time, everyone
enjoyed the event, enjoyed each other’s company, and remembered it for a long
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time. I remember the “gearing” conferences at ISTU, the get-togethers after each
meeting, the joy of communicating with colleagues and friends. These conferences,
for which Veniamin Iosifovich spent much effort and money, made it possible to
turn ISTU into the International Gearing Center, a ground for information exchange
between researchers of many countries. Thanks to Veniamin Iosifovich many of his
colleagues became friends and will always cherish the memory of him, a remarkable,
bright man, who could still do so much for everyone, but passed away so early and
tragically.

Maxim Nikolayevich Karakulov, D.Sc. in Engineering, Professor, Kalashnikov ISTU
(Izhevsk, Russia):

My first meeting with Veniamin Iosifovich took place only in 2006, when I was
preparing my Ph.D. The first thing that surprised me was his openness to a dialogue
with a complete stranger, which I was at that moment. I was also surprised by his
ability to instantly grasp the essence of the processes described by dry scientific data,
as if he could see the problem from the inside, leading me with his reasoning to its
solution. Therefore, my decision to ask him for scientific supervision for my D.Sc.
thesis was predetermined. Those years of working together from 2007 to 2012 were
and still are the happiest andmost fruitful in myworking activity. During these years,
Veniamin Iosifovich taught me a lot: dedication in promoting my scientific ideas,
openness to new approaches, and respect for opinions of my opponents. All this now
forms the basis of my activity, and I am sincerely grateful to him for this.

Dmitry Tikhonovich Babichev (1940–2020), Tyumen Industrial University (Tyumen,
Russia):

Veniamin Iosifovich Goldfarb was and still is a great man, teacher, outstanding
scientist, skillful leader and organizer. He did more than anyone else for the retaining
and development of the theory of gearing and practice of gear production in Russia.
For me, for almost 50 years he was not only an authoritative expert and a many-sided
decent HUMAN, but also a close friend.

Tesker Yefim Iosifovich (1941–2020), Volgograd State University (Volgograd,
Russia):

Professor Goldfarb was a very cheerful person. I will tell you about one case that
Venya told his colleagues during our meetings. He and I were at a conference in
England in 1998. Due to limited funds, Venya and I asked for a double room. The
organizers were beyond amazed. Twomen in one room. After a rather long pause, we
were given a room (Mr. Goldfarb and Mrs. Tesker). These documents were used in
reporting documents, and an explanation was required on all stages of the reporting
on coming back.

Elena Ivanovna Popova, Ph.D. in Engineering, Associate Professor, Kalashnikov
ISTU (Izhevsk, Russia):

Veniamin Iosifovich Goldfarb was the head of the department when I was a student,
thenmyacademic supervisor andmydirect chief. Inmymemoirs,VeniaminGoldfarb
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easily climbs the steps of the porch of the Building number 4 of ISTU. It seemed
that everything was easy for him! Any work, no matter what he undertook, he turned
out to be a virtuoso. He always radiated enthusiasm. The main thing I learned from
Benjamin Goldfarb was a responsible attitude to his work. He was always busy, but
the door of his office was open almost all the time. One could come in with any
question. He was distracted from his important matters, ready to help, to advise, and
to solve any problem.

Victor Evgenyevich Starzhinskiy, Institute of Mechanics of Metal-Polymer Systems,
National Academy of Sciences of Belarus (Gomel, Belarus):

We met in Kharkov at one of the numerous All-Union conferences that were held in
the USSR. I don’t remember the year. I remember only my feeling of a certain rise
when four unknown, in my opinion, ambitious people pretending to leadership—
V. I. Goldfarb (Izhevsk), M. M. Kane (Minsk), V. E. Starzhinsky (Gomel), and E.
V. Shalobaev (Leningrad), talked to each other ironically and with girls who joined
them. This meeting then grew into a benevolent mutually respectful creative relation-
ship. I consider Veniamin Iosifovich as one ofmy teachers and supporters, alongwith
the principal academician of the BSSR Academy of Sciences, Vladimir Alexeyevich
Beliy, my supervisor. He promoted me into the IFToMM Technical Committee for
Gearing and Transmissions, which he chaired at the time, and organized my partic-
ipation in the work of the IFToMM Permanent Commission for Terminology. I felt
constant support and, one might say, care. We often met at scientific conferences and
meetings of the mentioned Committee in Izhevsk, Sevastopol, Moscow, Bratislava,
Paris, Zlatibor. Together with Professor Eduard Leonovich Airapetov we prepared
the edition of the four-language dictionary on gears, for which in 1997 the three of
us visited the Moscow Center “Science and Technology”, where we made an agree-
ment with the chief scientific editor of the International Engineering Encyclopedia
Professor V. Ya. Karshenbaum about the edition of the dictionary. Later this initiative
was realized bywriting theChap. 12 “Gearing”within the framework of the IFToMM
Permanent Commission for Standardization of Terminology in the Field of Mecha-
nism and Machine Science. Thanks to Veniamin Iosifovich there were no problems
with publication of manuscripts in his journal “Gearing and Transmissions”.

I also remember themeetings of theAll-RussianAssociation ofMechanical Trans-
mission Engineers (AMT) in Moscow, Moscow Region and Izhevsk, the successful
functioning ofwhichwasmainly due to Prof. E. L. Airapetov and Prof. V. I. Goldfarb.
The headquarters of the Association was naturally located in Izhevsk.

In the year of the 60th anniversary of ProfessorGoldfarb in 2001,when theBelaru-
sian delegation headed by the director of the Institute of Reliability and Durability of
Machines of the National Academy of Sciences of Belarus came to congratulate him,
the greeting poem lines were sounded, inspired by the iconic picture on the cover of
his journal “Gearing and Transmissions”—a dwarf (in his place we put Goldfarb)
rotating the globe with the help of the gear transmission:

Like Archimedes but not with a lever,

But with one foot, one left.
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Sixty years and without a day off,

With gears and transmissions

Different kinds, including spiroid ones

You are not only spinning the globe of the Earth

But all around thou axis alone,

Our good friend

Chairman

And editor-in-chief

Son of Iosif

Veniamin!

I cannot pass bymentioning in this context my unrealized dream, which Veniamin
Iosifovich managed to realize—the implementation of his scientific developments
into production by organizing a chain “scientific developments-design office-pilot
production” with necessary manufacturing equipment and control and measuring
instruments. He organized and headed the Institute of Mechanics with the pilot
production as a part of ISTU! Bravo!

I am eternally grateful to Providence, which granted me the pleasure of
communicating with this outstanding man!

The master has gone. But there is a school. Grateful students are left behind. Life
goes on!

Evgeny Lukin, Ph.D. in Engineering, Head of Advanced Engineering Department,
“Concern Kalashnikov JSC” (Izhevsk, Russia):

What distinguishes endlessly talented people? Erudition, tremendous energy, keen
intellect, speed of decision-making and, of course, humor. Veniamin Iosifovich
certainly had it all. His authority was absolute, since it was based on sincere and
deep respect. Every day he taught and fed us with his energy. And when I or my
friends-colleagues were at a standstill or ran out of energy to work on their theses,
they would say: “Go to Goldfarb (Chief) he will help and inspire…”. Separately, I
would like to recall our discussions not only on scientific and engineering topics,
but also on history and everyday topics, which sometimes lasted more than one hour
and involved everyone around us. Wonderful stories connected with Veniamin Iosi-
fovich can be recalled endlessly! There are people, in addition to your parents, who
completely shape your world view and world outlook, remaining in your memory
and heart for life. For me Veniamin Iosifovich Goldfarb was and remains such a man,
a great man and teacher.

I was the last lucky person to have Veniamin Goldfarb as a Ph.D. supervisor.

Olga Veniaminovna Efimova-Goldfarb (Salt Lake City, USA):

Kate (granddaughter of Veniamin Iosifovich) was about 10 years old, she and her
grandfather were sitting in his study and grandfather was showing her his awards
and medal and giving explanations.
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One such badge was “Inventor of the USSR”. Seeing this badge, Katya shouted
in delight: “Grandfather, so it was you who invented the USSR!”

Ludwig Slusky, Ph.D., Professor of Information Systems, California State University
(Los Angeles, USA):

I cannot think about my uncle Vena (a nickname for Veniamin Goldfarb) without
deep sorrow. Hewill be remembered as awonderful human being, dear relative, close
friend, talented scientist, and gifted business person… Yet, he cannot be reached for
sharing, brainstorming ideas and projects, doing them together, just laughing and
seeing each other.

In the turbulent 90 s and after, hemastered his professional life seeing no limits but
only opportunities. Professor then an academician and later the founder of the Insti-
tute of Mechanics and its gearing production branch, a growing business person—he
held a steady course and achieved his lifelong success, as the saying goes, old fashion
way by earning it. With the recognition of his achievements reaching its heights
domestically and internationally, he was awarded as “Honored Scientist of Russia”
and Vice-President of IFToMM.

Veniamin’s intelligence and abundance of energy were the magnets attracting to
him his friends, colleagues, and first-time acquaintances. Above that, his kind eyes
and a charming smile projected that powerful, irresistible sympathy that openedmany
peoples’ hearts.

His talent’s rarity was in being multifaceted, which does not happen too often
among gifted people. There weremanyways in life open to him, and on each of them,
he would find success. Had he chosen to become a politician, musician, doctor, stage
performer … his talent would become immediately evident, and he would celebrate
success in any of them. He was so lucky to have such remarkable gifts from his
parents.

Sometimes in our lives, we are fortunate to meet someone who was (or is) the soul
of many. Veniamin was such a person. First and foremost, his soul flourished in his
loving and devoted family, for which he was the undisputable leader and a shining
example. He cherished his two beautiful daughters, who inhered and carry forward
many of his remarkable qualities with admiration.

Veniamin’s presence had also notably affected the lives of many others. His
numerous followers—students and colleagues—will remember him as a leader and
contributor, compassionate friend, or just a great person connected to in life.

But there are a few forwhomnot having him around is an irreplaceable and painful
loss. I am one of them.

Now looking back at those years, I see the steadily rising unique individual with
captivating charm and an enormous capacity for science, music, kindness.

Irina Veniaminovna Krikova-Goldfarb (Salt Lake City, USA):

Dad, music, and me

Music is one of the biggest things I associate with my dad, it’s the thing, which has
largely helped make me into who I am today….
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… for example let me paint you a picture: I am 3, I am sitting on his knees, dad is
sitting at the piano and is playing something, and I poke at the keys with the utmost
seriousness…

… I also remember how I used to play a game with my dad—play the song
“Kuznechik” from any key, I think back then my dad was trying to my musical ear.

The meaning of “playing by ear”, “jazz” and “Gershwin” was fully inherited by
me.

For me it was always important to share with my dad any song that I liked. My
dad immediately sat at the piano and played his own “jazzy” version. We argued
fiercely! Dad never tried to “lay it down softly.” If he didn’t like something, then he
talked firmly and harshly. But I always knew—he would support it! He would play
it!

And he would tell everyone how amazing Olga and I are! When I became a mom,
I understood how important it is for a daughter to hear that from her dad!

My dad loved people and people loved him. He really liked it when we had
company over at our house, with much thanks to my supportive mom who would
always happily take in guests.

It was always loud in our house when there were meetings and his friends—the
“gear heads”- would come over. Oh but the birthday of the mechanical institute—
that was exceptionally pleasant! After the ceremonial concert, always people would
come over and gather around the table! At a certain moment dad would sit at the
piano… and everyone sang! All of his school songs we could recall from memory.

He adored and cherished his students. I think that he worried about them no less
than he did about Olga and I. For him they were also his kids!

… returning back to music…
Dad was an improviser on a cosmic level. It was meaningless to explain to him

when to step in and how to play a part. Imagine, our performance is starting and
suddenly before the start of the first song my dad asks “Irina, what key are we
playing in?” Covered in cold sweat I angrily whisper to him the key we’re playing
in and what do you think happens next?!! He plays everything perfectly!!! Then we
look at each other and he lays down a magnificent solo.

Now this is a memory from his famous orchestra at the mechanical institute, when
during a practice Mr. Slava Chernoskutov angrily said “what are you playing?!!”

Dad: “what, am I not playing in the right key?” Turns out, there was a 16 measure
rest for the piano. In all truth the concerts of the mechanical institute were grandiose
events. And performances of their legendary orchestra were always sold out. The first
time, when dad took me to perform with them, was definitely a feeling of delight
and pride! From then it was certain. No matter where we were in life, I knew that
performing was something we were going to do! That’s how in Salt Lake City came
about a trio, and then the band “Phonograph Blue.” Even when dad was already sick,
we still managed to pull of performing in a large city festival.

Dad isn’t here anymore… I want to believe that he’s with mom somewhere there,
in the other world… Dad always said, about his parents, that he feels, knows, they
are next to him, looking after and celebrating his successes…

Well dad, let’s play? C Major?
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Appendix 2: List of Awards and Honorary Titles
of Professor Veniamin Iosifovich Goldfarb

• Dedicated Service Award of International Federation for the Pro motion of
Mechanism and Machine Science (IFToMM) (2017)

• Acknowledgment of the Head of Udmurt Republic (2016)
• Order of Honor (2011)
• Laureate of the State Prize of Udmurt Republic in the field of science and

technology (2008)
• Acknowledgment of the President of Udmurt Republic (2011)
• Academician Vernadsky Medal, 2nd degree (2001)
• Medal of Academician Kapitsa “To the Author of Scientific Invention” (2001)
• HonoraryWorker of Higher Professional Education of Russian Federation (2000)
• Veteran of Labor of the USSR (1988)
• Honored Scientist of Udmurt Republic (1993)
• Honored Scientist of Russian Federation (1997)
• Honorary Professor of Izhevsk State Technical University (1994)
• Inventor of the USSR
• St. George Cross of the Russian Academy of Natural Sciences for merit to

economics and science
• Academician of International Academy of Informatization, Russian Academy of

Natural Sciences, New York Academy of Sciences
• Honorary member of the Slovak Union of Mechanical Engineers
• Honorary member of the Bulgarian Union of Mechanical Engineers

Appendix 3: Full Bibliography List of Professor Veniamin
Goldfarb for the Period of 1964–2019

Monographs in Russian

1. Goldfarb, V.I., Tkachev, A.A.: Design of involute spur gears. New approach.
ISTU, Izhevsk (2004).

2. Goldfarb,V.I.,Glavatskikh,D.V., Trubachev, E.S.,Kuznetsov,A.S., Lukin, E.V.,
Ivanov, D.E., Puzanov, V. Yu.: Spiroid gears for pipeline valves,Moscow, Veche
(2011).

3. Starzhinsky, V.E., Antonyuk, V.E., Goldfarb, V.I., Kane, M.M., Shilko, S.V.,
Goman, A.M., Reichman, G.N., Soliterman, Yu.L., Shalobaev, E.V.: Reference
dictionary on gears: Russian-English-German-French. 5th edn, Gomel, IMMS
NASB (2011).

4. Antonyuk, V.E., Basinyuk, V.L., Grazhdanny, V.M., Goldfarb, V.I., Kapelevich,
A.L., Mardosevich, E.I., Starzhinsky, V.E., Tkachev, A.A. et al.: Elements of
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the device drive. Calculation, design, technology. Ed. by Pleskachevskiy Yu.M.
Minsk: Belarusian science (2012).

5. Goldfarb, V.I., Anferov, V.N., Glavatskikh, D.V., Trubachev, E.S.: Spiroid gear-
boxes for operation in extreme conditions. Edited by Goldfarb V. I. Izhevsk,
ISTU, ISBN 978-5-7526-0650-2 (2014).

6. Georgiev,A.K.,Goldfarb,V.I., Rud, L.V.: Russian State StandardGOST22850–
77. Spiroid gears. Terms, definitions and designations (1977).

Monographs in English

1. Goldfarb, V.I., Lunin, S.V., Trubachev, E.S.: Direct digital simulation for gears.
Vol. 1, Izhevsk, ISTU (2004).

2. Theory and practice of gearing and transmissions: in honor of professor Faydor
L. Litvin. Springer International Publishing AG Switzerland, V. Goldfarb, N.
Barmina Eds., Vol. 34, ISBN 978-3-3 19-19739-5, https://doi.org/10.1007/978-
3-319-19740-1, https://www.springer.com/gpbook9783319197395 (2016).

3. Advanced gear engineering. Springer International Publishing AG Switzerland,
V. Goldfarb, E. Trubachev, N. Barmina Eds., Vol. 51, ISBN 978-3-319-60398-8,
https://doi.org/10.1007/978-3-319-60399-5, https://www.springer.com/gpbook
9783319603988(2018).

4. New approaches to gear design and production. Springer International
Publishing AG Switzerland, V. Goldfarb, E. Trubachev, N. Barmina Eds.,
Vol. 81, ISBN978-3-030-34944-8, https://doi.org/10.1007/978-3-030-34945-5,
https://www.springer.com/gpbook9783030349448 (2020).

Patents and Inventor Certificates

1. Goldfarb,V.I., Georgiev,A.K.:Gearwith intersecting axes.Author’s certificate
№208396 dated 16.10.67.

2. Goldfarb, V.I., Georgiev, A.K.: Ortogonal skew axis gearing. Patent of England
№1359550 dated 16.12.71.

3. Goldfarb, V.I., Georgiev, A.K.: Ingranaggio ortogonale con assi incrociati.
Patent of Italy №949487 dated 20.01.72.

4. Goldfarb, V.I., Georgiev, A.K.: Transmissio ortogonale an engrenage a axec
entrecroises. Patent of France N2166643 dated 23.08.73.

5. Goldfarb, V.I., Georgiev, A.K.: Orthogonal skew-axis gearing. Patent of the
USA №3768326 dated 30.10.73.

6. Goldfarb, V.I., Georgiev, A.K.: Orthogonale nonintersecting axis gearing.—
Patent of Canada №954340 dated 10.09.74.

7. Goldfarb, V.I., Georgiev, A.K.: Ortogonal skew axis gearing. Planskruvvaxel.
Swedish Patent №361346 dated 7.02.74.

8. Goldfarb, V.I., Georgiev, A.K.: Orthogonales Radgetriebe. Patent of Germany
№2161666 dated 7.08.75.

9. Goldfarb, V.I., Georgiev, A.K.: Orthogonale nonintersecting axis gearing.
Orthogonale skew-axis gearing. Patent of Japan №5125894 dated 3.08.76.

https://doi.org/10.1007/978-3-319-19740-1
https://www.springer.com/gpbook9783319197395
https://doi.org/10.1007/978-3-319-60399-5
https://www.springer.com/gpbook9783319603988
https://doi.org/10.1007/978-3-030-34945-5
https://www.springer.com/gpbook9783030349448
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10. Goldfarb, V.I., Nikitin, A.S., Nesmelov, I.P.: Double-stage gearbox. Author’s
certificate №875133 dated 23.10.81, bul. N39.

11. Goldfarb, V.I., Nesmelov, I.P.: Non-orthogonal gear transmission with inter-
secting axes. Author’s certificate №806935, dated 23.02.81, bul. №7.

12. Goldfarb, V.I., Nesmelov, I.P., Chistyakov, D.E.: Double-stage gearbox.
Author’s certificate №973973 dated 15.11.82, bul. N42.

13. Goldfarb, V.I., Nesmelov, I.P., Teterin, A.N.: Double-rim gearwith intersecting
axes. Author’s certificate №1059325 dated 7.12.83, bul. N45.

14. Goldfarb, V.I., Solovyov, B.M., Savin, M.N., Gilfanov, R.M.: Device for the
precise displacement of the machine-tool working part.—Author’s certificate
№1199461 dated 23.12.85, bul. N47.

15. Goldfarb, V.I., Chekalkin, G.T., Lagutin, S.A., Borilo, A.M., Galkin, N.I.:
Device for control of longitudinal line of gearwheel teeth. Author’s certificate
№1237896 dated 15.06.86, bul. N22.

16. Goldfarb, V.I., Lagutin, S.A., Kovtushenko, A.A., Verkhovsky, A.V.: Method
of cutting theworm cylindrical gearwheel teeth. Author’s certificateN1231717
dated 15.01.86.

17. Goldfarb, V I., Mardanov, I.I.: Non-orthogonal tooth gear with intersecting
axes. Author’s certificate №1421912 dated 7.09.88, bul. №33.

18. Goldfarb, V.I., Kuniver, A.S., Chekalkin, G.T.: Assembled gear wheel.
Author’s certificate №1744351 dated 30.06.92, bul. №24.

19. Goldfarb, V.I., Kuniver, A.S.: Cylindrical spiroid hob. Patent of Russia
№2095204 dated 10.10.97.

20. Goldfarb, V.I., Osetrov, V.G., Mokretsov, V.N., Kuniver, A.S.: Ball worm gear.
Patent of Russia №2092726 dated 10.10.97.

21. Goldfarb, V.I., Plekhanov, F.I., Mokretsov, V.N., Spiridonov, V.M.: Planetary
gear. Patent of Russia №2092727 dated 10.10.97.

22. Goldfarb, V.I., Russkikh, A.G., Trubachev, E.S.: Internal gear with intersecting
axes. Patent of Russia №2101582 dated 10.01.98.

23. Goldfarb,V.I.,Makarov,V.V.,Gromov,D.P., Trubachev, E.S., Kuznetsov,A.S.,
Fedin, S.A., Shanaurin, A.L.: Drive for stop and regulating valves. Patent of
Russia N46066 U1 dated 10.06.2006.

24. Anferov, V.N., Goldfarb, V.I., Kovalkov, A.A.: Spiroid gear with rotaprint gear
lubrication. Patent of Russia №2306465 C2 dated 20.09.2007.

25. Goldfarb,V.I., Gromov,D.P., Trubachev, E.S., Kuznetsov,A.S.,Makarov,V.V.,
Shanaurin, A.L.: Double-speed manual drive for pipeline valves. Patent of
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Some Exercises with Equations
of Meshing: Review of Fundamental
Manuscript

Veniamin Goldfarb

Abstract The manuscript by Professor V. I. Goldfarb discusses approaches to
obtaining the equation of the enveloping surface for a one-parameter family of
surfaces, which is usually called in the theory of gearing “the equation of meshing”.
Professor V. I. Goldfarb shows, through relatively simple transformations (exer-
cises in the author’s terms), the generality of this condition and the internal relation
between the concepts and techniques used, obtained and used by different authors,
whoworked in different eras and in different fields of science—differential geometry,
higher geometry, theory of gearing and theory of generating. The manuscript is of
both fundamental and educational importance and serves to form a general concept
of the processes of meshing and generating and to better understand these processes.

Keywords Equation of meshing · Theory of enveloping surfaces

1 Editors’ Comments

Dear readers, we offer to your attention a relatively small, but, in our opinion, inter-
estingmanuscript byProf.V. I.Goldfarb,whichwaspublished in the journal “Gearing
and Transmissions” 1, 2001 (Izhevsk, ISTU Publishing house). This edition had a
very limited number, and not everybody had a chance to read it. Dr. Eng. Sergey
Lagutin suggested to review it and reprint in this volume for a wider audience with
this comment. This manuscript briefly describes the history of solving one of the
fundamental questions in the theory of gearing—the question about the search for
generated and meshing surfaces of teeth, the question about the “equation of mesh-
ing”, different versions of its representation and their application for solving the
problems of gear analysis and synthesis are considered. V. I. Goldfarb is one of the
founders of the currently prevailing non-differential methods for studying gears (see,
in particular, the classical work by Nesmelov I. P. and Goldfarb V. I. Non-differential
approach to solving the enveloping problem. Mechanics of Machines 61. Moscow,
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Nauka, pp. 3–10 (1983) or a more recent paper by Goldfarb V. I. The non-differential
method of the geometricalmodeling of the enveloping process. In: Proceedings of 9th
World Congress on the Theory of Machines and Mechanisms, vol. 1, pp. 424–427,
Milano (1995). And it is therefore more interesting for the reader to get acquainted
with his evaluation of analyticalmethods of gearing research. Besides, in our opinion,
the importance of this work is to summarize the efforts of the scientists who worked
on the methods of searching for enveloping surfaces in different fields—basically
higher and differential geometry (towhich the question goes back), theory of gearing,
theory of generating, and theory of cutting tools. Although the question of funda-
mental methods for calculating the meshing surfaces in the modern theory of gearing
and theory of generating is, as we see it, solved with the exhaustive completeness
for common applications, the generalization made by Prof. Goldfarb, finding general
theoretical assumptions, concepts and regularities, in our opinion, serves to better
modern understanding of this issue. We also see the great educational value of the
publishedmanuscript; it is of fundamental importance and allows the contemporaries
who apply and improve numerical methods of simulation not to lose sight of the very
essence of the meshing process. Let us also pay attention to the fact that although
Prof. V. I. Goldfarb stipulated the case of meshing of two gear elements rotating
relative to their stationary axes at the very beginning, in principle the approach and
all calculations are easily extended to more general cases of meshing and generating,
including processes with other motions and multiple coordinate transformations—to
those cases which are reduced to the enveloping process of one-parameter families
of surfaces.

2 Introduction

The role of the equation of meshing in the theory of gearing is well known [1, 2,
3 and many others]. This is the fundamental equation used for solving both the
basic problem of enveloping—the problem of finding coordinates of enveloping
surface points (the enveloping process is of fundamental importance for the theory
and practice of gearing)—and many other problems associated with determination
of geometric and kinematic parameters of meshing for practically all types of gears.
Quite a few modifications of this equation are known; they are based on different
approaches to the equation derivation [1–7 and others]. These modifications made
possible detecting certain properties of lines which take part in generation (the term
‘generation’ implies here first of all the derivation of the equation in the first place)
of enveloping surfaces.

This paper shows certain transformations of the equation of meshing made by the
author on the basis of the classical differential approach, which show opportunities
of different ways to derive and analyze this equation. In author’s opinion, results
described below are mainly of theoretical interest, since in modern practice numer-
ical methods for solution of the above-mentioned enveloping problem are usually
used, which in some cases (and, maybe, more often) simulate the enveloping process
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in a more adequate manner, than the classical differential approach with all its modi-
fications. Nevertheless, classical analytical techniques are, first of all, of fundamental
importance, and, second, sometimes they can be much more efficient, resultant, and
precise than numerical ones (examples of such cases the author learned from a fruitful
discussion with the well-known gear scientist S. A. Lagutin).

3 Classical Differential Approach

Let F1(x1, y1, z1) = 0 be the equation of the enveloped surface in the coordinate
system S1 related to this surface; F2(x2, y2, z2, ϕ1, u12) = 0 is the equation of a
family of surfaces F1 in the system S2 related to the enveloping surface; ϕ1 is the
parameter of enveloping—for gears it is the angle of rotation of S1 along with F1

with respect to some fixed system S; u12 = ϕ1/ϕ2 is the gear ratio of a gear, ϕ2 is
the angle of rotation of S2 with respect to S. Therefore, points which belong to the
enveloping surface are located within the set of solutions of the system [8, 9]

F2(x2, y2, z2, ϕ1) = 0, ∂F2(x2, y2, z2, ϕ1)/∂ϕ1 = 0 (1)

The second equation of this system which is called the condition of attachment
[6] or—in theory of gearing—the equation of meshing, can be represented as

∂F2

∂x2
· ∂x2
∂ϕ1

+ ∂F2

∂y2
· ∂y2
∂ϕ1

+ ∂F2

∂z2
· ∂z2
∂ϕ1

= 0 (2)

Here, at the point of contact of the enveloped and enveloping surfaces, the function
F2 must be differentiable and its partial derivatives ∂F2/∂x2, ∂F2/∂y2, ∂F2/∂z2 must
not turn to zero simultaneously.

At the fixed value of the enveloping parameter ϕ1 Eq. (1) determine the line of
contact of the enveloped and enveloping surfaces. And elimination of ϕ1 from the
Eq. (1) will determine the enveloping surface in S2. In order to find coordinates of
points of the contact line in S1 or in the fixed system S, with respect to which the
arrangement of fixed systems S1 and S2 is assigned, it is necessary to use formulae
of transition from S2 to S1 and S, correspondingly.

The described classical approach appeared in the analysis [8], and it is commonly
applied in the differential geometry [9, etc.].

Improvement of the classical approach proposed by Gochman [1] allows for
deriving the equation of meshing in any coordinate system, and exactly in the system
in which it is preferred to obtain the equation of contact lines (as a rule, in the fixed
system S or S1 with which the initial (enveloped) surface is related). For this purpose,
Kh. I. Gokhman applied formulae of transformation of coordinates and differential
relations derived by differentiating these formulae over the enveloping parameter,
which is the angle of the driving link rotation ϕ1. The obtained set of equations is
equivalent to the system (1) in its mathematical sense, but application of the former
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simplifies determination of lines of contact of mutually enveloped surfaces and the
enveloping surface.

For instance, if we need to obtain the equation of contact lines in S1, then the
system (1) should be rewritten in the form

F1(x1, y1, z1) = 0, a),
∂F1
∂x1

· ∂x1
∂ϕ1

+ ∂F1
∂y1

· ∂y1
∂ϕ1

+ ∂F1
∂z1

· ∂z1
∂ϕ1

= 0, b),
(3)

where r1 = r1(x2, y2, z2, ϕ1, u12), r1 is the position vector of the point in S1,
determined by coordinates x1, y1, z1. u12 is the gear ratio relating ϕ1 and ϕ2. And in
order to replace x2, y2, z2 by x1, y1, z1 in partial derivatives ∂r1/∂ϕ1, one must use
reverse formulae of coordinate transformation r2 = r2(x1, y1, z1, ϕ1, u12).

The method of Ch. I. Gochman was developed and widely applied by Kolchin [2,
4] for analysis of numerous types of specific gearing.

Themethod that gained an extensive application in the theory of gearingwas devel-
oped by Shishkov [10], Davydov [11], and Litvin [3]; this method was called ‘kine-
matic method’ [3]. According to this method, contact points of mutually enveloped
surfaces can be determined by the following equation of meshing

n1 · V S1 = nx1 · VSx1 + ny1 · VSy1 + nz1 · VSz1 = 0, (4)

and which states analytically the fact that in the mentioned contact points the relative
velocity vector V S1 lies in the common plane which is tangent to common surfaces.
Here n1 is the vector of the normal line to the enveloped surface in S1.

It is easy to see that (4) is identical to (3b). Indeed, derivatives
∂F1/∂x1, ∂F1/∂y1, ∂F1/∂z1 are proportional to direction cosines of the normal line
to the surface F1 in the system S1, and ∂x1/∂ϕ1, ∂y1/∂ϕ1, ∂z1/∂ϕ1 are projections
of the relative velocity vector in this system.

The equation of meshing can be derived in any coordinate system by writing
projections of vectors n1 and V S1 . In a fixed coordinate system this equation has the
form n · V S = 0, and in S2 it is n2 · V S2 = 0.

4 Exercises with the Equation of Meshing

Let us consider another form of representation of the equation of meshing by writing
the transition from S1 to S2 as

r2 = Mr1 + A, (5)

where M is the matrix whose elements are cosines of angles between axes S1 and
S2:
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M =
⎛
⎝
c11 c12 c13
c21 c22 c23
c31 c32 c33

⎞
⎠, (6)

A is the position vector of the origin of the system S1 in S2:

A =
⎛
⎝

Ax1

Ay1

Az1

⎞
⎠. (7)

Let us differentiate (5) with respect to ϕ1:

∂r2
∂ϕ1

= ∂M
∂ϕ1

· r1 + ∂A

∂ϕ1
. (8)

Let us multiply (8) by the transposed matrixMT and then scalarwise multiply the
product by n1. Thus we will obtain

MT · ∂r2
∂ϕ1

= MT · ∂M
∂ϕ1

· r1 + MT · ∂A

∂ϕ1
,

n1 ·
(
MT · ∂r2

∂ϕ1

)
= n1

(
MT · ∂M

∂ϕ1
· r1 + MT · ∂A

∂ϕ1

)
(9)

Since n1 ·
(
MT · ∂r2

∂ϕ1

)
= (M · n1) · ∂r2

∂ϕ1
= n2 · ∂r2

∂ϕ1
and n2 · ∂r2

∂ϕ1
= 0 according to

(2), then the equation of meshing will take the form

n1 · (M∗ · r1 + A
∗
) = 0, (10)

where M∗ = MT · ∂M
∂ϕ1

is skew-symmetric matrix of the form

M∗ =
⎛
⎝

0 −R Q
R 0 −P

−Q P 0

⎞
⎠

whose elements Q, R, P are, in accordance with [12], as follows:

Q = c11 · ∂c13
∂ϕ1

+ c21 · ∂c23
∂ϕ1

+ c31 · ∂c33
∂ϕ1

,

R = c12 · ∂c11
∂ϕ1

+ c22 · ∂c21
∂ϕ1

+ c32 · ∂c31
∂ϕ1

,

P = c13 · ∂c12
∂ϕ1

+ c23 · ∂c22
∂ϕ1

+ c33 · ∂c32
∂ϕ1

,

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(11)
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and the vector A
∗
has the form

A
∗ = ∂A

∂ϕ1
· MT =

⎛
⎝

ξ

η

ζ

⎞
⎠ =

⎛
⎜⎝
c11 · ∂Ax1

∂ϕ1
+ c21 · ∂Ay1

∂ϕ1
+ c31 · ∂Az1

∂ϕ1

c12 · ∂Ax1
∂ϕ1

+ c22 · ∂Ay1
∂ϕ1

+ c32 · ∂Az1
∂ϕ1

c13 · ∂Ax1
∂ϕ1

+ c23 · ∂Ay1
∂ϕ1

+ c33 · ∂Az1
∂ϕ1

⎞
⎟⎠. (12)

After substitutingM* and A* in (10) and simple transformations, the equation of
meshing will be derived in the form

n1x1(−Ry1 + Qz1) + n1y1(Rx1 − Pz1) + n1z1(−Qx1 + Py1)
+n1x1 · ξ + n1y1 · η + n1z1 · ζ = 0,

(13)

or, finally,

∣∣∣∣∣∣
n1x1 n1y1 n1z1
P Q R
x1 y1 z1

∣∣∣∣∣∣
+ n1x1 · ξ + n1y1 · η + n1z1 · ζ = 0. (14)

The equation of meshing in the form (14) is derived in [12, 13] in a somewhat
different way, while Yegorov [12] states this equation to be the condition of iden-
tifying the family of lines (characteristics, contact lines) on the enveloped surface
which ‘allow distribution’.

Equations (10), (13), (14) (the first one is in the vector form, the others are in the
coordinate form) are equations of the linear set of normal lines. This can be shown,
in particular, as follows.

Six components of the Eq. (14)

∣∣∣∣
n1y1 n1z1
y1 z1

∣∣∣∣,
∣∣∣∣
n1z1 n1x1
z1 x1

∣∣∣∣,
∣∣∣∣
n1x1 n1y1
x1 y1

∣∣∣∣, n1x1 , n1y1 , n1z1

.

are six Pluecker coordinates [12] of the normal line to the initial surface. Since values
P,Q, R, ξ, η, ζ in [14] depend only on ϕ1, when ϕ1 = const these values are constant,
and the above-mentioned Pluecker coordinates determine a certain family of normal
lines called the linear complex [14], which varies with variation of ϕ1.

We can see then that normal lines n1 belonging to the above-mentioned linear set
coincide with beams of the instantaneous screw of relative movement. To do so, let
us rewrite the Eq. (1) assuming that the initial surface is defined in the explicit form
z1 = z1(x1, y1), in the following manner:

∂z1
∂x1

· (−Ry1 + Qz1) + ∂z1
∂y1

· (Rx1 − Pz1) + (Qx1 − Py1)

+ ∂z1
∂x1

· ξ + ∂z1
∂y1

· η − ζ = 0
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or, after grouping:

∂z1
∂x1

· (−Ry1 + Qz1 + ξ) + ∂z1
∂y1

· (Rx1 − Pz1 + η) = (−Qx1 + Py1 + ζ ) (15)

The Eq. (15) is the equation of a helicoid [15] whose axis coincides with the axis
of the instantaneous screw of relative movement, and the screw parameter [14]

PM = Pξ + Qη + Rζ

P2 + Q2 + R2

coincides with that of the instantaneous screw of the relative movement.
This property of normal lines shown in a different way was commonly used in

papers by Altmann [16], Nikolayev [17], Pismanik [18], Zlatopolsky [19] and other
authors to determine the points of contact lines.

Another property can be found, if one compares the Eq. (13) with the equation of
the so called ‘zero-system’ [14]. It can be shown, that normal lines n1 belonging to
the zero-system defined by (13) must intersect certain lines—conjugate polar lines
[14] whose role in the theory of gearing is played by axes of meshing [3, etc.].

Analysis of equations of meshing written in different forms allows for revealing
of other interesting properties [20] that can be used to develop different methods of
determining points of contact lines and enveloping surfaces. The described methods
can be considered as the development of the classical differential approach to solution
of the enveloping problem.
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Challenges of Mechanical Engineering
and in IFToMM: Yesterday
and Tomorrow

Marco Ceccarelli

Abstract Will mechanical engineering and mechanical systems have an impor-
tant role in the technological development of society in the past? Yes, Of course!
Analyzing the past one can understand future trends, with motivations, situations,
solutions, characters and experiences that have determined the past success of
mechanical engineering as the first engine of society’s development. This lecture
paper illustrates examples of machines with their inventors and developments not
only to emphasize the past role and impact of mechanical engineering, but to moti-
vate the future role of mechanics in an ever more IT-based world. The characteristics
of future machines are discussed (with less mechanical elements, but more essential
ones) and the requirements that mechanical engineering must address (with always
more integrated disciplines) for innovative and / or updated solutionswith attention to
the environment, efficiency, reduced size, affordable cost and attractive forms, inside
and outside of a scientific and professional community in continuous evolution (even
with a fragmentation of identities). An outline of History of IFToMM is presented
on how IFToMM have been evolved and affected also from non-technical aspects
including community and social developments. This paper givesmain information on
mainmilestones in IFToMMHistory, including amemory of prof VeniaminGoldfarb
with his activity and significant role in IFToMM.

Keywords History of mechanical engineering · History of machines · TMM ·
MMS · IFToMM · History of IFToMM

1 Introduction

Challenges in Mechanical Engineering are usually considered in terms of novel
achievements both for knowledge for science developments and solutions for prac-
tical applications to improve production activities andwelfare of diary life, as pointed
out for example in [1]. It is well recognized the impact that modern engineering can
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have in more and more areas of human activities with novel solutions and user/cost-
oriented systems with communities that continuously enlarge the horizons of activity
goals. Novelty is considered a primary target in challenging new achievements and
this addresses a great attention to Innovation as related to protection of intellectual
property, technological transfer, and successful application.

Those challenges for Mechanical Engineering can be considered from several
viewpoints, such as technical or financial ones as reported in a rich literature that is
available even from each aspect of the innovation activity referring to surveys and
trends, since the early days of modern engineering. But also, aspects and impact
in social life are determinant to motivate activities and future plans in engineering.
Particularly, mechanical engineering can be considered of primary interest as related
to mechanical aspects that impact and help the human behavior and life. References
are included in this paper as per its character asmainly based on a personal experience
of the author as in the reference list, although surveys and trends are discussed by
other many authors also form different perspectives.

In this paper a discussion is focused on aspects that are related to the mechan-
ical structure of modern systems as key design issue both in structure and opera-
tion with human-like capabilities and interactions when considering that assigned
tasks are aimed at either substituting or helping human operators with tele-
operated/supervision modes or fully intelligent autonomous work. The paper gives
accounts on aspects of the role of mechanism design in system developments as
based on the fact that the operation of modern systems performing their tasks, either
in coordination or notwith humanoperators, is yet ofmechanical nature due tomotion
and force transmission goals of the operation aims. The challenges of mechanism
design of systems are presented both in terms of technical solutions and community
activity, since each other depends, impacts, and generates the other. Specific attention
is reported on community aggregation as result and source of technical- scientific
activities with a special eye to the IFToMM community, with a vision of still strong
significance for the future.

2 Mechanism Design in Mechatronic Systems
for Innovation

Today, Innovation is stressed as a multidisciplinary activity to produce technological
developments for practical implementations for benefits both of their producers and
users within society improvements. In the last decades Science achievements have
made possible new engineering developments (and vice versa!) in many fields with
evolutions that have been much faster than in the past, as noted for example in [1,
2]. Aspects and trends of multidisciplinary activity are today discussed and solicited
frommany viewpoints towards Innovation sometimeswith overestimation of specific
experience and expertise of the innovation actors.
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Fig. 1 Scheme of activity for: a Innovation; b synergic design of mechanical systems

Figure 1a summarizes concepts related to innovation as produced and exploited by
individual actors within a multidisciplinary frame of several different areas. Indeed,
the success of innovation requires that all these aspects will concur synergically to a
final definition and implementation of an innovative product/idea for the usage by a
large community or public. It is to note the innovation is strongly based on technical
ideas/achievements, but its success can be achieved only thanks other non-technical
factors, as pointed out in [1–3].

Innovation in modern mechanical systems can be recognized in developments
for Science knowledge and novel solutions both with mechatronic systems and their
operations in new areas and public fruition at proper level of complexity and cost by
complementing technical issues with the other aspects and needs coming from the
other disciplines per innovation activities, as summarized in the scheme in Fig. 1b.

3 Examples of Past Designs with Modern Contents

Innovative solutions of machines and mechanisms can also be inspired by solu-
tions from the past as well as from the first century BC. the Roman engineer Fron-
tinus commented with the observation ‘there is nothing new except what has been
forgotten’. Few cases are reported as examples of a rich background in past and
recent solutions, as for example discussed in [4, 5] on practical design and theoretical
developments.

Figures 2 and 3 show emblematic examples of this aspect as related to to concep-
tual solutions that can be identified in past machine designs and solutions as a source
of inspiration for future developments as well as rigorous recognition of the state of
the art in the design of specific systems. In particular, Fig. 2a shows an automatic
wood sawing machine reported by Villard de Honnecourt in the thirteen century
with a mechanism used to guide the saw with a solution that can be interpreted as
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Fig. 2 Examples of modern-like mechanism design form the past: a automatic wood sawing
machine of thirteenth century with a four-bar or five-bar mechanism coupler guiding the saw;
b a crane design of 14th century with belt system as cable parallel manipulator for load handling

Fig. 3 An example of innovation by a four-bar mechanism: a the Watt mechanism design for
linear guiding of steam engine piston; b application of the steam engine with Watt mechanism in
locomotive at the beginning of Industrial Revolution
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a quadrilateral or a five-bar linkage with its coupler curve usage, well before the
innovation attributed to JamesWatt. Figure 2b shows a surprising drawing of a crane
design by Filippo Brunelleschi crane in the fourteen century for the construction of
the Duomo of Florence in which the characteristics of a parallel manipulator can be
recognized with the purpose of controlling the pendular movement and increase of
the load capacity, with a functionality believed to be developed only a few decades
ago.

In the past, as today, innovation can be determined by innovative solutions but
also by innovative uses of existing mechanisms as reported in the example of Fig. 3
that is related to the famousWatt mechanism. It should be noted that the mechanisms
were well known and used extensively but not always used and exploited for all their
capabilities, as well as being often not considered existing analogous solutions (see
for example Fig. 2a). Figure 3a shows the original design of the Watt mechanism
which uses a connecting coupler point to guide the head of a piston of a steam engine,
determining an innovative solution that has increased the efficiency of the engine
with immense repercussions during the industrial revolution. An example of this
technological impact with effects also in the social frames is shown in Fig. 3b where
the Watt mechanism is used with the steam engine to give power to a locomotive
vehicle.

4 Examples of Modern Mechanism Designs for Robotics

Mechanism design can be considered an important item in design procedures for
new robot systems when considering the mechanical nature of the structure and task
to be achieved in application and usage of robots.

Figure 4 summarizes main concepts and activities of the design process of robot
systems considering a central role for mechanism design as related to the challenges
for Innovation expectations from a perspective giving a key role to the mechanical
design for matching operation and design issues in robot features, as also outlined
for example in [1, 3]. Although the scheme shows a sequential order of the activities,
the design process can be considered iterative or even with (reiterative) implications
from one aspect to another. The technical aspects in the first step can be consid-
ered completed with intellectual achievements to be protected either with patents
or publications in order to ensure a technological transfer as well as dissemination
and cultural share with new formation outcomes. Those aspects can be also devel-
oped during the next phase of production exploit with involvement of entrepreneurs
and manufacturing frames. An innovation character is definitively identified when
a market valorization of the well-directed service solution is achieved successfully
with large/proper sales of the innovative product after or because the users’ accep-
tance and satisfaction for a large public fruition. This last aspect refers to the impact
of a proposed innovation both from social and financial viewpoints for an expected
long duration.
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Fig. 4 A flowchart for mechanism design for robots with aspects for innovation aims in Fig. 2

Figures 5, 6, 7 and 8 illustrate examples of how mechanisms play a central role
in the design and functionality of robotic systems for various applications. In partic-
ular, Fig. 5 refers to an emblematic example in which the structure of a deployable
mechanism plays a central role in the robotic structure of systems for various appli-
cations. It should be noted that the innovation proceeding from a solution devel-
oped in mathematical fields with an initial innovative result in the toys of Fig. 5a

Fig. 5 An example of a deployable mechanism source for innovation: a in toy design; b antenna
package for space satellites; c for load lifting machines
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Fig. 6 An example of modern linkage mechanism in robots: a DELTA robot; b its usage in fast
pick-place application in food industry

and subsequently with the concept of general deployable mechanisms also had an
impact in structures of different application areas as represented in the Fig. 5b, c.
Figure 6 shows an example of an innovative application of the articulated structure of
mechanisms in an innovative robot solution such as that of the DELTA robo, which
was conceived and designed by Raymond Clavel in 1988 with immediate effects in
successful applications in industrial fields. and not, like the one shown in Fig. 6b for
the food industry.

Figures 7 and 8 refer to direct experiences of the author, who developed inno-
vative robot solutions by centering the structural design on the use and conception
of mechanisms suitable for the application purposes. In particular, Fig. 7 refers to a
humanoid robot structure such as LARMbot [6–8], that is based on structures with
parallel architecture both for the legs and for the torso thus giving the possibility to
the robot high payload capacities and remarkable stiffness in operation. It should be
noted in this innovative solution of robot humanoid the role not only of the structure
but also functionality of the parallel architecture mechanisms is used with innova-
tive purposes by adapting already well-known structures of parallel manipulators.
Figure 8 shows the design and application experience of cable mechanisms [9–11],
with still parallel structure as per the current hot interest in the development of a
motion assistance exoskeletons as it has been applied in solutions for the elbow
and ankle. The conceptual solution in Fig. 8a emphasizes the essential role of the
mechanism both in the structure of the medical device and in its motion assistance
functionality.
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Fig. 7 An example of modern linkage mechanism in robots by author’s experience: a LARMbot
humanoid robot design; b the trunk design with serial-parallel mechanism

Fig. 8 An example of modern linkage mechanism in medical devices by author’s experience: a
design scheme for cable-driven mechanism; b CADEL prototype;c CableAnkle design

5 Impact and Fame of Inventors: Past Lights and Modern
Limits

A peculiar aspect of innovation activities is linked to the personality and recogni-
tion of this personality of inventors and designers, who today are not duly cele-
brated and repaid for the intellectual, human and financial efforts in their activities.
The examples of Figs. 9 and 10 want to summarize a historical development and
a current state of aspect for which in the past the merit of inventors and designers
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Fig. 9 An example of impact and fame in the past: aDorando Petri, a sport man; b Franz Reuleaux,
mechanism designer figure

Fig. 10 An example of today impact and fame: a Pelè, soccer player; b the Beatles, music players;
c Corradino D’Ascanio, designer of Vespa scooter

was widely and dutifully recognized much more than is done today with respect to
social-media impacting figures, such as sportsmen and musicians considering that
the formers produce well-doing and lasting benefits for individuals and society while
the latters, nowadays over well paid and celebrated, are capable of producing only
limited moments of personal satisfaction. Figure 9 shows how at the end of the
nineteenth century Professor Franz Releuax, inventor and mechanical engineering
scientist, was much better known and celebrated than the sportsman Dorando Petri
even though he was the winner of the first modern Olympics. In Fig. 10 that is related
to our days in the modern era, the ephemeral merits of cocker player like Pelè and
musicians like the Beatles are much more recognized, who still produce ephemeral
results without producing lasting and structured well-being for an improvement in
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society and lifestyles as they can in reality to achieve the products of a technical-
scientific innovation by inventors and scientists such as the one shown in the figure
for the Vespa scooter of planetary success by the engineer of D’ascanio.

Figure 10 actually poses a crucial question and addresses considerations especially
in the context of a large public and of the new generations for which the figures of
inventors and scientists are of lesser importance and less attractive than those social-
media impacting figures such as those cited by soccer player and musicians. What
actions can be planned, and even which consequences of scientific technological
innovation can re-establish a correct evaluation of merits and therefore attract the
best forces of society for the improvement of society itself?

6 Aggregation in Societies and IFToMM Role

Innovations is produced by inventors both coming from a community and producing
community. Significance of innovation is produced and supported by a corresponding
community and particularly significant example can be considered the history and
role of IFToMM in Robotics and MMS at large, as outlined for example in [2, 3].

Processes of aggregation in communities of people with specific interests and
needs are motivated by being able to have a greater visibility and impact in the recog-
nition of results and in their influence on the aspects in which the community works.
Aggregation is also an index of how significant the corresponding activity is both
numerically and socially and therefore it is also a reason and at the same time a source
of innovation.Unfortunately, recently itmust be noted that the newgenerations do not
fully understand the benefits and potential of a community aggregation also consid-
ering that today’s (internet) communication technology allows a virtual aggregation,
even temporal, which seems to satisfy the new generations without the need for a
legalized and lasting forms of aggregation. In the field of mechanical engineering,
however, the aggregation is significant and of important reference in national and
international societies in specific and even broad-ranging technical-scientific fields
for which IFToMM can be indicated as an important example.

The structure of IFToMM worldwide federation is summarized in Fig. 11a in
terms of IFToMM bodies (www.iftomm.net) with mission to provide leadership for
cooperation and development of modern results in MMS at international levels with
technological transfers for the benefit of the society with clear aims toward innova-
tion. The bodies of IFToMM are the General Assembly (GA), Executive Council,
GA Committees on Constitution, Nominating, and Honours, Technical Committees
(TCs), and Permanent Commissions (PCs). The structure and activities of PCs and
TCs are aimed at promoting and improving specific MMS fields with researchers
and practitioners, including young individuals as outlined in Fig. 11b.

IFToMMitself can be considered an innovation result (as founded in 1969)when it
is recognized as a product of new attention to a communityworking for developments
ofMMS. Significant examples of contributions of IFToMMwith innovation contents
can be summarized both in community aggregation and identification for research

http://www.iftomm.net
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Fig. 11 A scheme of IFToMM: a bodies in the federation structure; b TC organization and activity

trends of large interest, new forums and publication frames, with new formation
characters in research and profession. Specifically, in Robotics, the TC of Robotics
and Mechatronics is the innovative community result that since the early days of
IFToMM searches for new horizons looking at main mechanical implications of the
mechatronic design and operation of robots.

Figure 12 aims to summarize the impact and source of innovation as related to
publication frames of technical-scientific activities in the context of specific commu-
nities. In particular, an indication of the proceedings of the first congress in robotics
in 1972 is shown in Fig. 12a and the success of a specific series on the specific topic
of theMechanismDesign for robots in Fig. 12b referring to theMEDER conferences
as an example of role and source of innovation of a scientific-technical community
in terms of publications.

6.1 A Short Presentation of Late Prof Veniamin I. Goldfarb

Prof. Veniamin Iosifovich Goldfarb (1 February 1940–12 November 2019), Fig. 13a,
was a worldwide reputed scientist of gearing systems with a successful activity
of technological transfer also with a production of industrial products, at Institute
of Mechanics of Kalashnikov Izhevsk State Technical University. He was also a
leader in IFToMMas beingmember of Executive Council (2008–11), Vice-President
(2012–15) and Chair of Technical Committee for Gears (1998–005) with several
international activities among which it is to note that in 2011 he was the initiator of
SIOMMS, the IFToMM Student Olympiad on MMS [12], Fig. 14.

He has been a great IFToMMist as a distinguished MMS scientist figure with a
gentleman dynamic attitude in his ideas and proposals, as in Fig. 13b. He has been
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Fig. 12 Example of community results in terms of publications in Robotics as specific published
proceedings of: a Romansy, the first conference in 1972; b MEDER a new conference series on
mechanism design for robots with last event in 2018

a very prolific MMS scientist with a great reputation worldwide not only within the
IFTOMM community. He has been awarded with several honors by local, national
and international institutions, among which it may be heighted the membership in
the Russian Academy of Natural Sciences. He has been member of several scientific
committees for international conferences and journals as result of his reputation of
an intense scientific activity that is documents by papers, books (for teaching and
with research results) as those in Fig. 15, and patents.

The main scientific achievements of Prof. Goldfarb can be recognized in a clas-
sification and design of spatial gears with special attention to spiroid gears and a
non-differential design method for envelope profiles, with also practical implemen-
tation in an industrial production for pipeline valve applications by even starting and
directing a company for an industrial production, Fig. 16.

Prof. Veniamin Goldfarb has been a prestigious figure, who has been admired
worldwide also for his unique attitude to combine friendships and scientific activity
in working the true spirit of IFToMM for collaboration, sharing, and improving the
technology for the benefit of the society in the welfare of human beings.
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Fig. 13 Prof. Veniamin Goldfarb (1940–2019): a portrait; b playing music during a social break
during 2010 EC meeting; c at the 2011 EC meeting in Guanajuato Mexico

Fig. 14 SIOMMS 2011, the first IFToMM Student Olympiad on MMS: a the poster; b cover page
of the book with problems and solutions
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Fig. 15 Title pages of the Springer published books by Prof. Veniamin Goldfarb: a In 2016; b in
2018

Fig. 16 A technological transfer activity by prof. Veniamin Goldfarb: a the international Journal
on Gearing and Transmissions; b a catalog of product by Izhevsk company
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7 Conclusions

In this paper, the various aspects of innovation activities have been illustrated, espe-
cially in the field of theMechanismDesign for Robotics, also considering a particular
attention to social aspects in the technical-scientific community. The roleMechanism
Design is presented with successful results since the past also discussing the outcome
of inventions in terms of figures and their fame for recognition in society at large. It
is noted that today, although the role of Mechanism Design in the development of
mechatronic and robotic systems is still decisive, adequate recognition is not prop-
erly given not only to the corresponding technical-scientific communities but even to
individual inventors and designers. It is hoped that a better activity of the technical-
scientific communities also in communication and dissemination to a large public
will be able to recover such a recognition and central role of the technical-scientific
aspects for a healthy development of society itself.
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Abstract A review of sources regarding classification of the gear trains with toothed
wheels on fixed axes is given.A variety of classification systems and criteria are under
consideration, which relate to the type of gears and gear pairs, meshing systems,
axes position, etc. These specific characteristics overtake the variations in the type
of initial surface and the angle of inclination of the tooth at the designed point; in
the form of initial body on which tooth surface should be formed; by the relative
position of initial bodies; according to the tooth shape and the types of tooth profile
(involute, cycloid, epy- or hypocycloid, complete of circle arcs and straight lines),
accordingly with relative positions of the axes. Gear pairs with the flat gear wheels
are distinguished in the shape-generated surfaces. Involute gears are classified by the
virtual number of teeth, different for spur, helical, crossed helical, straight bevel, etc.
Hyperboloid gears are differentiated by the number of meshing zones and location
of them relatively to the line of centers, as well as in according to the shape of initial
surfaces of the conjugate links and type of meshing. Orthogonal worm gear pairs are
classified in the form of the original body of the worm—cylindrical worm, globoid
worm, flat worm gear pairs—with flat worm, with shifted axes; hypoid gear pairs;
spiroid gear pairs—properly spiroid one and cylindrical spiroid gear pair—helicon.
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1 Introduction

As is known, three-link toothed mechanisms are represented three-link kinematic
chain (KCH), where two toothed links, generating the higher pair of kinematic
elements (HKP), are jointed with third, another link, by lower kinematic pair. The
last ones could be either both of rotational, or one of them—rotational one, whereas
another—progressive (translational) one. For the formation of mechanism from the
HKP, it is necessary due one of the few of links convert to the fixed member (FM).
If by way of FM to use a non-tooth link, then we obtain the mechanism with the
immovable axis of rotation of gear wheels, which is named of simple three-links
toothed mechanism (STM). At intended axis location and gear ratio translation of
motion could be per-formed by external or internal meshing. In the external meshing
both gear wheels have external teeth, in the internal—one of gear wheel has external
teeth, other—internal ones.

2 Classification of Gears on the Kind of Pitch Surfaces
and Helix Angle in the Center of the Action

Along the criterion of the helical angle of longitudinal line in the center of the action
and form of pitch surfaces it is distinguished the gear wheels with the helix angle β =
0°,with inclined teeth β0 > |β| > 0 andwormsπ/2 > |β|≥ β0, where β0 is a conventional
boundary value of helix angle, which is divided essentially gear wheels against the
worms, which have helix anglemore β0 = 80…85°. Charts of gear wheels of external
and internal meshing are presented in Figs. 1 and 2 correspondingly, where on the
conventional gear figures the location of the center of the action and direction of the

Fig. 1 Classification of gears with external teeth on the kind of pitch surface and the helix angle
in center of action in accordance with [1]
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Fig. 2 Classification of gears with internal teeth on the kind of pitch surface and the helix angle in
center of action in accordance with [1]

tangent to the tooth line at that point. Gear wheels, for which pitch surface is flatness
carried off to gears with external teeth only [1].

In the frame of idem classification, it is possible further specification. So, along
with the form of the longitudinal line, the gears with spur (right), bevel (spiral),
screw, circular, arch, and herringbone teeth are distinguished. Along with the form
of tooth flank the involute, cycloid (epicycloid and hypocycloid) pin-gear tooth
form, approximately epicycloidal tooth form, circumscribe of circular arc, etc. are
distinguished.

3 Generalized Classification of Toothed Mechanisms Along
the Form of Initial Bodies, on the Surface of Which
the Teeth Are Shaped

In accordance with [2], the main problem of geometrical synthesis of the surfaces
of non-orthogonal gearing is the selection of forms most compliant to require-
ments and calculation of optimal sizes. Because of the most widely used surfaces
(discus, cylinder, cone, and toroid), it is offered generalized classification for external
(Table 1) and internal (Table 2) gearing. To the exclusion from the common data array
the similar variants (2 and 5, 3 and 9, etc.) from Table 1 and analogous ones from
Table 2, we have 9 variants of external gears and 5 of internal ones.
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Table 1 The generalized classification of external gearing along the form of initial bodies [2]

Table 2 The generalized classification of internal gearing along the form of initial bodies [2]
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4 Classification of Contrate (Flat Bevel, Flat Cylindrical)
Gears

In this section the classification of gears according to the source [3] is presented,
where above gears named collectively as a facial one (in standard [4] gears of this
type it is conferred term flat bevel gears).

For the facial gears the terminology, covering geometrical elements and parame-
ters of gears and gear wheels, terms and definitions of techniques and means of face
teeth, classification of gearing and gears, are developed in [5–11].

In accordance with [3] toothed links and mechanisms consisted of these links
can be di-vided on the criterion of form shape-generating surfaces on three classes:
surface, flatness, and flatness-surface. The notion flatness tooth mechanism is intro-
duced with toothed links, located on the flatness, and flat tooth mechanism, conju-
gated links of which take part in the parallel-planemotion, parallel certainmotionless
flatness.

Class flatness mechanisms are consisted of cylindrical and bevel gears, gearing
(meshing), gear trains; class flat mechanisms consist of flat toothed and worm trains,
toothed belts, spiroid gears, flat wave mechanisms. The main types of such toothed
mechanisms are presented in Fig. 3 and Table 3.

Let us note that considered type of meshing opens the multifold possibilities
for arrangement of gear units with undirected (whereas sometimes impossible for

Fig. 3 Themain types of flat gear pairs: a—flat-hypoid,b—flat-cylindrical, c—flat-conical,d—flat
worm, e—flat external and internal gearing [3]
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cylindrical and worm reducers) relative location of input and output axles. Universal
technology, providing on the unified principles of manifold arrangements of gear
pairs with cylindrical pinion and, accordingly, cylindrical, bevel and face gear wheels
is proposed by corporation Crown Gear B.V. under proprietary trade name Cylkro
Gears® [12, 13].

Developers of Cylkro Gears System [12, 13], based on the early proposed [14,
15] basic principles of geometry and technology of flat-cylindrical gear trains, create
mathematical methods and computer-aided software for the complex design of such
trains, included computation of their geometrical and kinematic parameters, evalu-
ation of load capacity, special cutting tool and manufacturing equipment, optimiza-
tion of production parameters, as well as measuring means for the inspecting cutting
instrument and finished products.

Cylkro Gears® geometry is determined with pinion geometry (spur or helical
one), a relative location of the pinion and gear wheel axes (trains with parallel or
intersecting axes), and gear ratio. In this system, the pressure angle varied along the
gear width, smaller at the inner diameter and greater at the outer one. The details of
the arrangement of gear units of the Cylkro Gears® System can become acquainted
according to reference [16].

5 Classification of Gears on the Criterion of Virtual Tooth
Number

Authors suppose that one of the criteria of the classification of involute gears it is
possible to take the virtual tooth numbers. As is known, tooth profile any involute gear
can be considered as a tooth profile of the virtual spur gear. Virtual numbers of teeth
are usually real numberswith the decimal parts and alongwith this parameter onemay
to classify involute gears with sufficient accuracy. Types of gears and formulae for
calculation tooth numbers of virtual spur gear with tooth profile identical to the tooth
profile in the normal plane different types of involute gears are shown in Table 4 [17].

6 Classification of Simple Three-Links Toothed
Mechanisms on the Relative Axis Location

On the kind and location of lower kinematic pairs STM are divided to the following
groups:

(1) Mechanisms with parallel axes of gear rotation.
(2) Mechanisms with crossing axes of gear rotation.
(3) Mechanisms with skew (non-crossing) axes of gear rotation (cross axed gear

pairs).
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Table 4 Classification of gears on virtual tooth numbers of spur gear [17]

Type of gear Number of teeth of virtual spur gears
Spur

Helical

Crossed 
helical

Straight 
bevel

Spiral
and 

skewed 
bevel

Hypoid

Worm 

(continued)
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Table 4 (continued)

Type of gear Number of teeth of virtual spur gears

Face 
spur

Face 
helical

Face 
spiral

Note z1,2—number of teeth of the real pinion and gear; z1v, 2v—number of teeth of virtual spur pinion and gear; zw and
zwg—number of starts of real worm and number of teeth of real worm gear; zwv and zwgv—number of teeth of virtual
gears that replace real worm and worm gear; β—helix angle of helical or worm gears and spiral angle of spiral bevel
gears; γ—pitch angle of bevel gears

(4) Rack-and-pinion gear pairs, where one of lower kinematic pair is rotating one,
whereas other link is translation one—toothed rack.

The relative position of gear rotation axes for the first group of mechanisms is
determined with center distance a, for the second one—with shaft angle �, for the
third one—with both of indicated parameters.

Let us consider more detailed above classification, following [18]. Denote that
division “Variety of Gears” from the [18] was reproduced without alterations in [19],
then was announced in Russian-English version in [20] and was included, with some
amendments, in monograph [21].

6.1 Gears with Parallel Axes

Gears with parallel axes (Fig. 4)—cylindrical, which in turn are distinguished from
each other:

• As was mentioned earlier, by the shape of initial (original) bodies where teeth are
formed: cylindrical (Fig. 4a), bevel (Fig. 4b), toroidal (Fig. 4c), flat (Fig. 4d).

• By the relative arrangement of bodies: external (Fig. 4) and internal (Fig. 5).
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a b c d

e f g h

k l m n o

Fig. 4 External gears with parallel axes [18]

a b c d

Fig. 5 Internal gears with parallel axes [18]
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• By tooth shape, according to which gearwheels are called: spur (Fig. 4f); helical
(Fig. 4g)—tooth line is screw here; herring-bone (Fig. 4h); with arch teeth
(Fig. 4k)—here several types of gears with arch teeth are known depending on the
way of tooth cutting and the type of cutting tool (in particular, four variety of arch
cylindrical gearing and technological processes of their tooth forming are studied
and proposed by Sidorenko [22]). Correspondingly, tooth form of internal gears,
as well as external ones, may be cylindrical, spur or helical (Fig. 5a), straight
bevel (Fig. 5b) or arched (Fig. 5c, d).

• By the tooth profile.

The last feature should be especially commented since the subset of gears distin-
guished according to this characteristic is very numerous. The involute gears which
have the involute as the tooth profile (Fig. 4e) got the widest application.

Originally the involute gearing was preceded by cycloid one (Fig. 4m) whose
profile is enveloped by different types of cycloid curves. The classic cycloid gearing
(Fig. 4m) has an epicycloid profile of the addendum and hypocycloid profile of the
dedendum. One of its varieties is a pin gear (Fig. 4n), one of its gearwheels has a
circular tooth profile and the tooth itself is a cylinder.

In this context, it is pertinent to note the matter of the relative location of the right
and left tooth profiles in the asymmetric involute meshing. It is proposed [23] to call
the drive side of tooth profile the Basic Side and the coast side one the Adjacent Side.
For manufacturing terminology authors [23] propose to use term Flat side for drive
profile and term Abrupt (Bluff) Side for the coast one. Along the profile basic side
(with greater pressure angle) the basic calculation is carried out, location of profile
adjacent side can be changed according to rules due to improving gear pair quality
parameters [23, 24].

Gears with the so-called Novikov meshing are well known and very popular. In
some cases, this gearing is called Novikov-Wildhaber and sometimes—Wildhaber-
Novikov. Both authors, who are outstanding experts in the field of gears, suggested
in various times to profile teeth with segments of circular arcs of different diameters.
The curvature sign of meshing profiles should be the same here, that is, one profile
is convex and the other is concave.

Gearwheel tooth profiling with circle arches is interesting so that the contact zone
could be closed (gears with closed-loop contact lines). Implementation of this idea
allows to increase the carrying capacity of the lubrication layer within the contact
zone and to increase the loading capacity of the gear. One of the representatives of
this gear is shown in Fig. 4n [25].

We did not exhaust the manifold of cylindrical gears distinguished by the tooth
profile. Perspective evolution ideas also arise nowadays. We showed only the most
popular examples.

Fall back on Novikov gears let us noted that their load capacity significantly
determined with the basic rack tooth profile parameters. Upon appearance in the
middle of 50th of manifold basic rack tooth profiles are elaborated, varying with
form and parameters, and pursued the aim to increase the load capacity of that sort



96 V. E. Starzhinsky et al.

of gear trains. The fullest analysis of the references in this field of investigations is
fulfilled by V.I. Korotkin with coauthors (refer to the issue of the 2007 year [26]).

According [26] authors made the attempt to give a classification of Novikov gears
along different criteria.

6.2 Novikov Gearing Classification

1. Classification on the number of line of action criterion:

• Novikov gear pair—with one line of action (OLA);
• Novikov gear pair—with two line of action (TLA):
• Basic rack tooth profiles TLA, where active arc sections of addendum of

tooth and dedendum one is connected by rectilinear transition sections [26];
• Basic rack tooth profiles TLA, where mentioned transition section is fulfilled

of concave in consequence of shifting active profiles of addendum and
dedendum relative of tooth axis [26].

2. Novikov gear TLAon the criterion of tooth height are classified on the following
ones [27]:

• Height ones h = (2÷3) mn;
• Middle ones h = (1.7÷2) mn;
• Small ones h = (1.35÷1.7) mn.

3. Novikov gears on the location of centers of fillet arcs on the reference line are
classified on [28]:

• Novikov gear of the first kind (ρa < 0.5πmn);
• Novikov gear of the second kind (ρa > 0.5πmn), where ρa is radius of active

section of tooth addendum.

4. Novikov gears on the criterion of arrangement of fillet arcs on relative to axis
of symmetry of tooth space are classified on [27]:

• Normal ones (la = 0);
• Positive corrected ones (la > 0);
• Negative corrected ones (la < 0),

where la is distance from the center of the arc of the active section of the tooth
addendum of radius ρa to the axis of symmetry of the tooth.

5. Novikov gears OLA and TLA on the form of basic rack profile are classified on
[28]:

• With equally divided one;
• With unequally divided one.
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6. Cylindrical Novikov gears are classified on [26]:

• With rectified teeth (gears with reduced axial force);
• With herringbone teeth (variety of gears with rectified teeth).

7. On the criterion of Novikov gears contact type are classified on [26]:

• Novikov gears with linear contact;
• Novikov gears with close to linear contact.

6.3 Gears with Crossing Axes

Gears with crossing axes (Fig. 6)—bevel gears. The number of varieties of bevel
gears is greater than of cylindrical ones. This is caused by the following: the change
of angles between axes (these angles are equal to 0 for cylindrical gears) leads to the
change of the shape of initial surfaces. Particularly, when the initial surface shape of
one component is predetermined as bevel, the initial surface can be bevel (Fig. 6a, d),
cylindrical (Fig. 6b) and flat (Fig. 6c) for external (Fig. 6a–d) and internal (Fig. 6e–g)
meshing. A bevel gear is practicable with the flat first component and the cylindrical
second one (Fig. 6h). This gear is called a face gear drive. When the initial bodies
are torus (Fig. 6k, l), the following gears are known: either one torus is convex and
the other is concave (Fig. 6k) or both torus are convex (Fig. 6l). In the last case,
the performance is possible which allows some variation of the angle between axes
during the operation process. These gears are known as Beveloid ones [29].

Another characteristic—tooth shape depends on the way method of bevel gears
cutting and on the type of cutting tool. Gears are possible with the following types
of gearwheel teeth: spur (Fig. 6m), helical (Fig. 6n), circular (Fig. 6o), and spiral
(Fig. 6p). The last ones may be different depending on the cutting tool type and its
motion during tooth cutting. The so-called Zerol bevel gears are also known which
have curvilinear teeth with zero slope angle at the mean value (Fig. 6r).

Evidently, the tooth profile of a bevel gear wheel is also an important feature
distinguishing bevel gears from each other. Let us take an example of a bevel gear
with straight teeth and a circular-arc form, i.e., Rivacycle [4]. Notice that in a general
case the bevel gear teethmay be of any regular curvilinear form, for example, involute
or cycloid ones. The bevel gear pairs are distinguished by the formof their tooth flank,
in particular, so-called half-generated bevel gear pair Formeit or Helixform is known,
having the main tooth flank surfaces either flat, conical, spherical or helicoidal [4].
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a b с d

e f g h

k l

m n o p r

Fig. 6 Gears with crossing axes [18]

6.4 Gears with Skew (Non-crossing) Axes (Cross Axed Gear
Pairs)

Gears with skew (non-crossing) axes—hyperboloid gears. They got the last name
according to the shape of so-called axoid surfaces which are hyperboloids of rotation
[30, 31].

The opportunity to vary twomounting dimensions—the distance aw and the angle
� between axes in combination with the arrangement of components with respect to
each other and to the common interaxial line of a gear increases tenfold the number
of varieties of hyperboloid gears compared with bevel and cylindrical gears.
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Figure 7 shows themain varieties of hyperboloid gears: screw (Fig. 7a); cylindrical
worm (Fig. 7b); globoidworm (Fig. 7c)which has several names—double enveloping
worm gear, hourglass worm gear, cone drive (cone is the name of the engineer who
proposed this gear); worm gear with flat worm (Fig. 7d); hypoid gear (Fig. 7e); face
gear with shifted axes (offset face gear) (Fig. 7f); spiroid gear (Fig. 7g); helicon—
cylindrical spiroid gear (Fig. 7h).

Several types of hyperboloid gears classification are known. In accordance with
one of them [32], hyperboloid gears are distinguished depending on the location of
the meshing zone with respect to the gear center line O1O2 (Fig. 8). In compliance
with this feature the pointed gears are divided into three classes:

– 1 class—the meshing zone intersects the line O1O2—screw, worm, cylindrical
worm and globoid worm gears (Fig. 7a–c);

– 2 class—the meshing zone is shifted relative to the line O1O2 along the axis of
one of the components—worm gear with flat worm (Fig. 7d);

– 3 class—the meshing zone is shifted relative to the line O1O2 along the axes of
both components—hypoid, spiroid, face gears (Fig. 7e–h) and their varieties.

In [33] orthogonal worm gears are classified in three groups (Fig. 9) depending
on the shape of the worm body:

– 1 group (Fig. 9a)—the initial body of the worm is bounded by a bevel surface
(worm gears themselves);

– 2 group (Fig. 9b)—the initial body of the worm is bounded by the concave toroid
surface (toroid worm gears);

– 3 group (Fig. 9c)—the initial body of the worm is bounded by the convex toroid
surface (toroid worm gears).

Classification of certain kinds of worm gear general view on the relative location
of axes, type of worm (on the form of the reference surface and the form of generating

a b c d

e f g h

Fig. 7 Main types of hyperboloid gears [18]
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Fig. 8 Classification of hyperboloid gears depending on the location of meshing zone [32]

element), arrangement and characteristics of contact are reporting in [34], standard
[35] designates 4 certain kinds of worm gear drive, 4 types of the worm gears and
43 variety of worms. In international standard [36] all together 6 positions, relative
to kinds of worm gear drives, are reported.

A detailed description of the kinds of spiroid drives, the variety quantity of which,
in accordance with [37], compile 29 types (varieties of spiroid gears—3, cylindrical
spiroid worms—15, bevel and reverse-bevel spiroid worms—11) is reported in [38].

In that context, it is pertinent to know to the presence in dictionary [20] terms on
spiroid drives on French and German.

Without commenting here the possibility of practical implementation of enumer-
ated gears (generally speaking, this requires special studies), note, that the variation of
the angle� between axes, at the first, increases the number of varieties of hyperboloid
gears, and firstly second, makes this pointed possibility of practical implementation
real.

Figures 10 and 11 shows the fragment of classification [39, 40] of hyper-
boloid gears of the 3rd class with auxiliary (including orthogonal) arrangement of
components axes.

The features distinguishing one gear from others are:

• the shape of initial surfaces of components—cylindrical, bevel, flat (others are
possible, for example, toroid);

• the meshing type—external (Fig. 10a), internal (Fig. 10b, c), flat (Fig. 10d, e);
the internal meshing can be of two types—the pinion is inside the gearwheel
(Fig. 10b); the gearwheel is inside the pinion (Fig. 10c); the flat meshing can also
be of two types—the pinion is flat (Fig. 11, d) or the gearwheel is flat (Fig. 10, e);

• the relative arrangement of components which determines the value of the sliding
speed in the meshing zone [40];
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Fig. 9 Types of worm gears according to [33]
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Fig. 10 Hyperboloid gears of the 3rd class with one meshing zone [39, 40]

Fig. 11 Hyperboloid gears of the 3rd class with two meshing zones [39, 40]

• the number of meshing zone—Fig. 10 presents gears with one meshing zone,
Fig. 11—gears with two meshing zones.

The given enumeration of hyperboloid gears is already enough to show their
multitude. This multitude will many times increase if the opportunities are added
connected with the variation of tooth profile or method of gear manufacturing.

The described above gears are intended to convert rotational motion into a rota-
tional one. There are gears, which are called a rack, which convert rotational motion
into translation one (or otherwise, the translation motion into rotational one). Some
of them are shown in Fig. 12.

There is another interesting feature, which distinguishes one gear from the other—
constancy or variability of gear ratio—the ratio i12 of angular velocities ω1 of the
driving ω2 and driven components. All the gears described above are gears with a
constant value of i12. There are gears, which have a constant value ofω1 and variable
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Fig. 12 Some types of rack gears [18]

Fig. 13 Examples of gears with non-circular wheels [18]

value ofω2. They are called gears with non-circular wheels (Fig. 13). All the features
described above can also be applied to them.

The review of different systems and criteria of gear mechanism classification is
given. It is shown that one can get almost any configuration of the gear meshing,
satisfying the operating conditions by varying the shape of the surfaces of conjugated
links (cylindrical, conical, toroidal, flat) on which the teeth are formed, and meshing
parameters (shaft angle; variable along the tooth length, pressure angle; helical angle).

7 Conclusions

The review of different systems and criteria of gear mechanism classification is
given. It is shown that one can get almost any configuration of the gear meshing,
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satisfying the operating conditions by varying the shape of the surfaces of conjugated
links (cylindrical, conical, toroidal, flat) on which the teeth are formed, and meshing
parameters (shaft angle; variable along the tooth length, pressure angle; helical angle).
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Abstract Application of non-contact metrology constitutes a promising technique
that may complement the application of contact metrology for gear inspection. Point
clouds with the coordinates of the gear tooth surfaces can be generated as a rate of
millions of points per second. These point clouds obtained from non-contact metrol-
ogy machines in combination with computational procedures to regenerate the gear
tooth surfaces permit the determination of the most relevant tooth flank deviations to
assess the flank tolerance classification according to the ISO Standard 1328-1:2013.
Computational procedures to predict each type of deviation for reconstructed heli-
cal gears from point clouds are presented and applied for inspection of two appar-
ently similar helical gears measured and regenerated from their corresponding point
clouds. The influence of application of a guided 3D point cloud filtering algorithm
on the results of tooth contact analysis and class classification assessment of the
reconstructed gears from point clouds is also revealed. Results show that filtering the
point clouds is necessary for a better estimation of the contact pattern and function of
transmission errors of the reconstructed gears from point clouds when in mesh with
a master gear. However, the assessment of the gear class classification number might
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1 Introduction

The application of non-contact metrology for gear inspection constitutes a promising
technique that could complement the actual process based on contactmetrology.Non-
contact metrology allows gear tooth surfaces to be quickly measured and yields a
wealth of data to determine the pitch, profile, helix, and tooth thickness deviations
as well as the runout of the to-be-inspected gear.

The actual machines for non-contact metrology of gear drives are based on laser
technology that allows a fast measurement of gear tooth surfaces with high precision.
As a result, point clouds with the coordinates of the gear tooth surfaces are generated.
Based on them, the gear tooth surfaces can be regenerated computationally and tooth
surface deviations determined.

The first known attempt to regenerate gear tooth surfaces from point clouds was
presented in [1] to reconstruct a helical gear. The point clouds of just one tooth were
considered and the need of application of a filtering process was revealed. In [2],
the point clouds of all the teeth were considered for the whole reconstruction of a
helical gear that enabled tooth contact analysis and stress analysis when in mesh with
a master gear to be performed. The need of application of a filtering approach was
also revealed in this work. Later, in [3], the reconstruction of a whole spiral bevel
gear was performed from the points clouds corresponding to one tooth and a bilateral
filter was applied to the point clouds for a more accurate determination of the contact
pattern and function of transmission errors.

In this work, the application of point clouds obtained from non-contact metrol-
ogy machines in combination with computational procedures to regenerate the gear
tooth surfaces will permit the reconstruction of all tooth surfaces of a helical gear
and the determination of the most relevant deviations of the gear tooth surfaces to
assess the flank tolerance classification according to ISO Standard 1328-1:2013 [4].
The tooth surface deviations to be determined prior to obtaining the flank tolerance
classification are:

• The pitch deviations given by the single pitch deviation f p, the individual cumu-
lative pitch deviation Fpi , and total cumulative pitch deviation Fp.

• The profile deviations given by the profile form deviation f f α , the profile slope
deviation fHα , and the total profile deviation Fα .

• Thehelix deviations given by the helix formdeviation f fβ , the helix slope deviation
fHβ , and the total helix deviation Fβ .

• The runout of the gear.

After reconstruction of all the gear tooth surfaces, the tooth thickness deviations
can also be determined. For contact-based metrology, thickness deviations can be
obtained through a chordal measurement, a measurement over pins, or the span
measurement of the gear teeth. For non-contact metrology, thickness deviations can
be derived through a computational procedure to predict the normal tooth thickness
at each reconstructed tooth. Therefore, the tooth thickness allowance and tolerance
according to the Standard DIN 3967 can also be determined.
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Presented in the following sections are several computational procedures to predict
each type of deviation for reconstructed helical gears from point clouds. The results
will show the effect of filtering the point clouds prior to the computation of the
deviations and tolerance classification of the reconstructed gears.

2 Regeneration of Gear Tooth Surfaces

Regeneration of helical gear tooth surfaces from points clouds obtained with non-
contact metrology machines is performed following the ideas exposed in [1, 2].
Each tooth is regenerated from the point clouds provided for its left and right sides.
The regeneration is based on the application of NURBS (Non-Uniform Rational
B-Spline) surfaces [5] that are built from a grid of points that belong to each point
cloud. Previously, each point cloud may be filtered as explained in detail in [3] for
the case of a reconstructed spiral bevel gear. Here, a bilateral filter is considered.
The points of the filtered point cloud are selected using a K-D tree algorithm [6] to
determine the closest points whose radial projections are the nearest to those of a
preestablished structured grid.

Figure 1 shows a regenerated gear model comprising twenty teeth and their cor-
responding forty point clouds (two for each tooth). The fillets were obtained using
Hermite curves as proposed in [1] to adjust the regenerated fillet geometry to some
points selected from the point cloud presented in the fillet area.

3 Determination of Pitch Deviations

For each tooth of a total of N teeth, single pitch deviations f pi , i = {0, . . . , N − 1},
are obtained for each tooth side through the application of the following steps (see
Fig. 2):

1. Coordinate system Sg fixed to the gear will be considered with origin in the
point of intersection of the axis of rotation with the middle transverse section
along the face width of the gear. Points Pi are obtained at the intersection of the
pitch circle defined at the transverse plane with zg = 0 and the regenerated gear
tooth surfaces �i of each tooth side (left or right). Assuming that the gear tooth
surfaces are determined in coordinate system Sg by position vector rg(u, v),
surface parameters (ui , vi ) of point Pi can be derived considering the following
system of two equations with two unknowns, ui and vi :

f1(ui , vi ) = zg(ui , vi ) = 0 (1)

f2(ui , vi ) = x2g (ui , vi ) + y2g (ui , vi ) − r2p = 0 (2)

where rp is the pitch radius of the reconstructed gear.
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Point cloud for the right side

Fig. 1 Point clouds for each tooth and gearmodel obtained from the regenerated gear tooth surfaces

Fig. 2 Towards derivation of
pitch deviations at right side
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2. Unit vectors ei, i = {0, . . . , N − 1}, directed from the origin of coordinate sys-
tem Sg to each point Pi , are derived as

ei =
−−→
OgPi

|−−→
OgPi |

(3)

3. Based on unit vectors ei, the pitch angle ψi is determined as

ψi = arccos(ei · ei+1), i = {0, . . . , N − 2} (4)

ψN−1 = arccos(eN−1 · e0) (5)

4. The pitch deviation for each tooth is determined by

f pi = rpψi − πm

cosβ
, i = {0, . . . , N − 1} (6)

Here, m is the normal module and β is the helix angle of the reconstructed gear.
The single pitch deviation is obtained as the maximum absolute value of all the
individual single pitch deviations

f p = max(| f pi |) (7)

The individual cumulative pitch deviations Fpi , i = {0, . . . , N − 1}, are deter-
mined as

Fpi =
i∑

0

f pi (8)

The total cumulative pitch deviation, Fp, is determined as

Fp = max(Fpi ) − min(Fpi ) (9)

According to Standard ISO 1328-1:2013, the flank tolerance class due to the
single pitch deviation, A fp , is assessed as

A fp =
2 log

(
f p

0.001d + 0.4m + 5

)

log 2
+ 5 (10)

Here, d is the pitch diameter. Furthermore, the flank tolerance class due to the
total cumulative pitch deviation, AFp , is assessed as

AFp =
2 log

(
Fp

0.002d + 0.55
√
d + 0.7m + 12

)

log 2
+ 5 (11)
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Finally, the flank tolerance class due to the pitch deviations will be determined
as

Apitch = max
{
A fp,l , A fp,r , AFp,l , AFp,r

}
(12)

Here, subindex l is applied to the left sides of the teeth and subindex r is applied
to the right sides of the teeth.

4 Determination of Profile Deviations

Profile deviations consist of the total profile deviation, Fα , the profile form devia-
tion, f f α , and the slope form deviation, FHα . Algorithms to determine these profile
deviations are presented below.

4.1 Determination of Total Profile Deviation

The total profile deviation, Fα , is determined through the application of the following
algorithm (see Fig. 3):

Fig. 3 Towards derivation
of total profile deviation
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1. Eachmeasured profile i , i = {0, 1, . . . , N − 1}, is determined as the intersection
of each regenerated gear tooth surface, rg(u, v), with the transverse plane zg = 0.

2. The reference profile will be an involute curve. The algorithm is independent of
the location of the reference profile in coordinate system Sg where the regenerated
gear tooth surface is obtained.

3. The start point of the measured profile, Em , belongs to the regenerated active
profile, and provides the following roll path length

LEm =
√

ρ2
Em

− r2b (13)

Here, rb is the base radius of the regenerated helical gear in the transverse section.
4. Considering as given the roll path length of the profile evaluation range, Lα ,

the radius of the end point of the measured profile for evaluation, point A’m , is
determined as

ρA′
m

=
√

(LEm + Lα)2 + r2b (14)

The ISO Standard 1328-1:2013 recommends a value of 0.95 times the tip form
radius for ρA′

m
. Instead of the tip form radius, the radius of the end point of the

measured profile, point Am , will be considered.
5. A set of sample points between point Em and point A′

m is defined in the measured
profile considering as input data a profile form filter cutoff length λα (see [4])
in order to avoid consideration of deviations with a short period as those due
to surface roughness. The ISO Standard 1328-1:2013 recommends λα = Lα/30
but not less than 0.25mm. Then, the number of sample points is obtained by

n j = Int

(
Lα

λα

)
+ 1 (15)

Here, Int() is a function that provides an integer number by trimming all decimals
of a real number.

6. For each sample point M j , j = {0, 1, . . . , n j − 1}, its counterpart R j in the
reference profile is found. Unit vectors em, j and er, j , j = {0, . . . , n j − 1}, are
derived as follows

em, j =
−−−→
OgMj

|−−−→
OgMj |

(16)

er, j =
−−−→
OgR j

|−−−→
OgR j |

(17)

7. Phase angles α j , j = {0, 1, . . . , n j − 1}, are determined as

α j = arccos(em, j · er, j ), j = {0, . . . , n j − 1} (18)
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8. The maximum and minimum values of the phase angles α j are determined for
each measured profile i

αmax,i = max(α j ) (19)

αmin,i = min(α j ) (20)

9. The total profile deviation for each measured profile i , i = {0, 1, . . . , N − 1}, is
obtained as

Fαi = (αmax,i − αmin,i )rb (21)

10. The total profile deviation is given by

Fα = max(Fα,0, Fα,1 . . . , Fα,N−1) (22)

and its mean value will be obtained as

Fα,m =
∑N−1

0 Fαi

N
(23)

The flank tolerance class due to the total profile deviation, AFα
, is assessed as

(see [4])

AFα
=

log

(
F2

α

(0.4m + 0.001d + 4)2 + (0.55m + 5)2

)

log 2
+ 5 (24)

4.2 Determination of Profile Form Deviation

Once the profile deviations respect to the reference profile are determined, a func-
tion of profile deviations Dm can be provided for the measured profile as the one
represented in Fig. 4.

Dm(α j ) = k[α j − min(α j )]rb j = {0, 1, . . . , n j − 1} (25)

where each value of α j (determined as described in the previous subsection) corre-
sponds to a known value of radius ρ j (see Fig. 3) and therefore to a known value

of roll path length Lα j through the relation Lα j =
√

ρ2
j − r2b . Here, k = +1.0 if

the deviation of the measured profile respect to the reference profile represents an
increment in material and k = −1.0 if it represents a removal of material.
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Fig. 4 Towards derivation of profile form deviation

Factor k is determined after rotation of the reference profile through the angle
min(α j ) to get the measured and the reference profiles in touch. Then, if component
z of vector em, j × er, j is positive, k = −1.0 for the left side and k = +1.0 for the
right side.

In order to determine the profile form deviation of the measured profile, the
objective is to obtain first the function of deviations of a mean profile respect to
the reference profile. Figure 4 shows the function of the mean profile deviations,
which can be expressed as a second order function

Dmean = c0 + c1Lα + c2L
2
α (26)

that relates deviations Dmean to rolling path length Lα .
An optimization process can be set up to find the variable vector x = [c0, c1, c2]T

that minimizes the function

f (x) =
n j−1∑

j=0

[Dm(α j ) − Dmean(x, Lα j )]2 (27)

Once x = [c0, c1, c2]T is known, the profile form deviations are obtained through
the function

f f α, j = Dm(α j ) − Dmean(Lα j ) (28)

The profile form deviation is then obtained as

f f α = max( f f α, j ) − min( f f α, j ) (29)

The corresponding flank tolerance class due to the profile form deviation, A f f α ,
is assessed as (see [4])

A f f α =
2 log

(
f f α

0.55m + 5

)

log 2
+ 5 (30)
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This flank tolerance is obtained for each profile i , i = {0, 1, . . . , N − 1}, and for
both tooth sides.

4.3 Determination of Slope Form Deviation

The slope form deviation fHα is determined as the distance between two copies of
the reference profile intersecting the extrapolated mean profile at the radii of the start
point Em and the tip point Aa (see Fig. 5). Since the deviations of the extrapolated
mean profile line respect to the reference profile at such locations are given by

Dmean,o = c0 + c1Lα,o + c2L
2
α,o Lα,o =

√
ρ2
Em

− r2b (31)

Dmean,a = c0 + c1Lα,a + c2L
2
α,a Lα,a =

√
ρ2
Am

− r2b (32)

the slope form deviation fHα is given by

fHα = Dmean,a − Dmean,o (33)

Fig. 5 Towards derivation
of slope form deviation
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The corresponding flank tolerance class due to the slope formdeviation is assessed
as (see [4])

A fHα
=

2 log

(
fHα

0.4m + 0.001d + 4

)

log 2
+ 5 (34)

This flank tolerance is obtained for each profile i , i = {0, 1, . . . , N − 1}, and for
both tooth sides.

5 Determination of Helix Deviations

Determination of total helix deviations, helix form deviations, and helix slope devi-
ations follow computational procedures that are similar to those related to profile
deviations. The measured helix for each tooth surface is determined as the inter-
section of the corresponding regenerated gear tooth surface, rg(u, v), with the pitch
cylinder with radius rp. The helix evaluation range cover a flank area shortened in
axial direction at each end by the smaller of 5% of the face width or a length equal
to one module (see [4]). A helix form filter cutoff length λβ allows the number of
sample points in the measured helix to be determined as

n j = Int

(
Lβ

λβ

)
+ 1 (35)

where Lβ is the length of the helix evaluation range.
Relations similar to (16), (17), (18), (19), (20) are applied here for each point Mj

of the measured helix and its counterpart point, R j , in the reference helix, allowing
determination of total helix deviation Fβ,i , i = {0, 1, . . . , N − 1}, as

Fβ,i = (αmax,i − αmin,i )rp (36)

where rp is the pitch radius.
The total helix deviation is given by

Fβ = max(Fβ,0, Fβ,1 . . . , Fβ,N−1) (37)

and its mean value determined as

Fβ,m =
∑N−1

0 Fβi

N
(38)

The flank tolerance class due to the total helix deviation is assessed by the fol-
lowing formula (see [4])
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AFβ
=

log

(
F2

β

(0.07
√
d + 0.45

√
b + 4)2 + (0.05

√
d + 0, 35

√
b + 4)2

)

log 2
+ 5 (39)

where d is the pitch diameter and b is the face width. Furthermore, a function of
helix deviations can be provided for the measured helix as

Dm(α j ) = k[α j − min(α j )]rp j = {0, 1, . . . , n j − 1} (40)

where factor k = +1when the deviationmakes the absolute value of the helix angle of
the measured helix larger than that of the reference helix and k = −1 when it makes
such absolute value smaller. Prior to the determination of factor k, it is required
the reference helix to be rotated the angle min(α j ) to touch the measured helix. A
procedure similar to that applied to determine the profile form deviations is applied
here to obtain the helix form deviation f fβ considering a second order function of
the mean helix deviations

Dmean = c0 + c1Lβ + c2L
2
β (41)

where Lβ is the length along the axial direction with its origin at the middle of the
face width.

The corresponding flank tolerance class due to the helix form deviation is assessed
by (see [4])

A f fβ =
2 log

(
f fβ

0.07
√
d + 0.45

√
b + 4

)

log 2
+ 5 (42)

This flank tolerance is obtained for each profile i , i = {0, 1, . . . , N − 1}, and for
both tooth sides.

The slope helix deviation fHβ is determined as the distance between two copies of
the reference helix intersecting the extrapolated mean helix at both face ends. Since
the deviations of the extrapolated mean helix line respect to the reference helix at
such locations are given by

Dmean,I = c0 + c1(0.5b) + c2(0.5b)
2 (43)

Dmean,I I = c0 + c1(−0.5b) + c2(−0.5b)2 (44)

the deviation fHβ can be determined as

fHβ = Dmean,I I − Dmean,I (45)

The corresponding flank tolerance class due to the slope helix deviation is assessed
by (see [4])
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A fHβ
=

2 log

(
fHβ

0.05
√
d + 0.35

√
b + 4

)

log 2
+ 5 (46)

This flank tolerance is obtained for each profile i , i = {0, 1, . . . , N − 1}, and for
both tooth sides.

6 Determination of Radial Runout

Radial runout is the maximum difference on radial direction around the gear of the
measurement over balls or rollers that are assembled into the tooth space near the
pitch circle. It accounts for pitch errors, profile errors, tooth thickness deviations, out
of roundness and eccentricity errors. The radial runout of the to-be-inspected gear
can be determined using the radial distances ρi , i = {0, 1, . . . , N − 1} (see Fig. 6),
from the gear axis to the center of a ball of radius ρb. The following algorithm is
proposed:

1. Each tooth i , i = {0, 1, . . . , N − 1}, provides two measured profiles, the left
side profile and the right side profile, that are determined as the intersection of
the regenerated gear tooth surfaces with the transverse plane zg = 0.

2. A ball is located in the space between the right side profile of tooth i , i =
{0, 1, . . . , N − 1}, and the left side profile of tooth i + 1. The right side profile
of tooth i = N − 1, will be considered with the left side profile of tooth 0.

3. Profile parameters uRS and uLS of points PRS and PLS (see Fig. 6) are considered
as unknowns in the proposed algorithm.

4. The tangent vectors to the measured profiles at points PRS and PLS are derived
as

tRS = ∂r(RS)
g

∂u

∣∣∣∣∣
u=uRS

(47)

tLS = ∂r(LS)
g

∂u

∣∣∣∣∣
u=uLS

(48)

5. The normal vectors to the measured profiles at points PRS and PLS are derived
as

nRS = tRS
|tRS| × k (49)

nLS = k × tLS
|tLS| (50)
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Fig. 6 Towards derivation
of the gear runout Profile RS
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6. TheNewton-Raphson algorithm is applied to determine uRS and uLS considering
the following two equations

f1(uRS, uLS) = r (PRS)
g,x + rb · n(PRS)

RS,x − r (PLS)
g,x − ρb · n(PLS)

LS,x = 0 (51)

f2(uRS, uLS) = r (PRS)
g,y + rb · n(PRS)

RS,y − r (PLS)
g,y − ρb · n(PLS)

LS,y = 0 (52)

7. Radii ρi , i = {0, 1, . . . , N − 1} are determined as

ρi =
√(

r (PRS)
g,x + ρb · n(PRS)

RS,x

)2 +
(
r (PRS)
g,y + ρb · n(PRS)

RS,y

)2
(53)

8. The runout is then computed as

Fr = max(ρi ) − min(ρi ) (54)

9. The corresponding flank tolerance class due to the runout is assessed by (see [4])

AFr =
2 log

(
Fr

0.9(0.002d + 0.55
√
d + 0.7m + 12)

)

log 2
+ 5 (55)
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7 Determination of Tooth Thickness Deviations

The transverse and normal tooth thicknesses are determined using the following
algorithm (see Fig. 7):

1. Each tooth i , i = {0, 1, . . . , N − 1}, provides two measured profiles, the left
side profile and the right side profile, that are determined as the intersection of
the regenerating gear tooth surfaces with the transverse plane zg = 0.

2. Profile parameters uLS and uRS of points PLS and PRS are determined through
the applicaton of the Newton-Raphson algorithm that requires the following
equations to be satisfied

fLS(uLS) = (
r (PLS)
g,x

)2 + (
r (PLS)
g,y

)2 − r2p = 0 (56)

fRS(uRS) = (
r (PRS)
g,x

)2 + (
r (PRS)
g,y

)2 − r2p = 0 (57)

where rp is the pitch radius.
3. Angle ϕi , i = {0, 1, . . . , N − 1}, is determined as

ϕi = arccos

( −−−−→
OgPLS · −−−−→

OgPRS

|−−−−→
OgPLS| · |−−−−→

OgPRS|

)
(58)

Fig. 7 For derivation of
tooth thickness deviations
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4. The transverse tooth thickness, sti , for the tooth i , i = {0, 1, . . . , N − 1}, is
obtained by

sti = ϕi r p (59)

5. The normal tooth thickness sni , for the tooth i , i = {0, 1, . . . , N − 1}, is given
by

sni = sti cosβ (60)

where β is the helix angle of the regenerated gear.
6. The expected upper and lower allowances for the normal tooth thickness of the

to-be-inspected gear are determined as

Esns = max(sni ) − πm

2
− 2χ1m tan αn (61)

Esni = min(sni ) − πm

2
− 2χ1m tan αn (62)

Here, m is the normal module, χ1 is the profile shift coefficient and αn is the
normal pressure angle of the to-be-inspected gear.

7. The expected tolerance for the normal tooth thickness of the to-be-inspected
gear is determined as Tn = Esns − Esni .

8 Numerical Examples

Two apparently similar gears referred to henceforth as Gear A and Gear B are
inspected based on their corresponding point clouds obtained by a non-contact
metrology machine. Unfortunately, the gear quality was not known and no further
information about the gears apart from the point clouds was provided for this work.
Application of reverse engineering allows the main parameters of the gears (see
Table 1) to be determined (see [1]).

A guided 3D point cloud filtering algorithm has been applied to the point clouds
corresponding to each tooth of a total of twenty teeth for gears A and B. A detailed
description of this filtering algorithm can be found in [7]. The following two param-
eters are required for the application of this filtering algorithm, namely a sphere
radius, r , and a parameter to control the filtered effects, ε. To choose appropriate
values of these parameters, tooth contact analysis (TCA) of the regenerated gear in
mesh with a master gear is carried out following the directions given in [2]. Master
gear refers to a theoretically generated virtual gear. This process of TCA can be con-
sidered as part of the gear inspection process that complements the results of tooth
surface deviations (see [4]). The master gear is based on the same basic parameters
of the to-be-inspected gears, but with 29 teeth and a left helix hand. The gears will
be mounted at the nominal center distance.
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Table 1 Results of reverse engineering applied to gears A and B [1]

Gear parameter Value

Tooth number 20

Module [mm] 3.0

Normal pressure angle [◦] 20.0

Helix angle [◦] 20.0

Helix hand Right

Face width [mm] 26.845

Profile shift coefficient 0.055

Addendum coefficient 0.915

Dedendum coefficient 1.398

Figure 8 shows the contact patterns obtained for gear A in mesh with the master
gear, considering the regenerated gear tooth surfaces from non-filtered point clouds
and filtered point clouds using a sphere radius r = 50.0 µm and a filter control
parameter ε = 0.45. When considering these parameters for the filtering algorithm,
the contact pattern is spread over the active tooth surface of the inspected gear
without the isolated areas that the contact pattern obtained without application of the
filtering algorithm shows (see Fig. 8a). Furthermore, the function of transmission
errors shows a reduced level of peak-to-peak transmission errors compared to the
functionof transmission errors obtainedwithout applicationof thefiltering algorithm.
Similarly, Fig. 9 shows the results obtained for gear B. A virtual making compound
thickness of 0.0065mm is considered for representation of the contact patterns on

Fig. 8 Contact patterns of the to-be-inspected gear A in mesh with a master gear in case of: a
no-filtered point clouds and b filtered point clouds with r = 50.0 µm and ε = 0.45
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Fig. 9 Contact patterns of the to-be-inspected gear B in mesh with a master gear in case of:
a no-filtered point clouds and b filtered point clouds with r = 50.0 µm and ε = 0.45

the gear tooth surfaces, being this value the one that is commonly used for TCA of
perfect (theoretical) gears.

Figures 10 and 11 show the comparison of the unloaded functions of transmission
errors for a whole revolution of the to-be-inspected gear A and gear B, respectively,
in mesh with the master gear.

The contact pattern obtained for the regenerated gear A with filtered point clouds
(Fig. 8b) seems to correspond to the case when profile crowning is applied to one
of the gears of the gear set, in this case the to-be-inspected gear. The contact pat-
tern obtained for gear B with filtered point clouds seems to correspond to the case
when longitudinal crowning is provided. Although the intended modifications can
be visualized, the exact amount of crowning is not easy to be verified.

Application of the developed algorithms for determination of tooth surface devi-
ations and flank tolerance classification for gears A and B regenerated from non-
filtered and filtered point clouds provides the following results. Table 2 summarizes
de input data for evaluation of the deviations.

Figures 12 and 13 show the single pitch deviations f pi and the individual cumu-
lative pitch deviations Fpi for gears A and B, respectively, when the left tooth side
is considered and no filtering of the point clouds is applied. Table 3 illustrates the
maximum single pitch deviation f p and the total cumulative pitch deviation Fp either
for the left tooth side (LS) or the right tooh side (RS). It is observed that filtering the
point clouds lowers substantially the obtained class classification numbers in both
gears. We recall that lower class classification numbers mean lower tolerances.

Table 4 shows the profile deviations and class tolerance classification related to
this type of deviation for gears A and B. Lower class classification numbers are
observed in both gears as a result of the filtering process. However, gear A gets a
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Fig. 10 Unloaded functions of transmission errors of the to-be-inspected gear A
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Fig. 11 Unloaded functions of transmission errors of the to-be-inspected gear B
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Table 2 Variables for evaluation of the flank deviations of the to-be-inspected gears A and B

Variable [mm] Gear A
(non-filtered)

Gear A (filtered) Gear B
(non-filtered)

Gear B (filtered)

Lα 14.416 14.321 9.180 9.159

λα 0.481 0.477 0.306 0.305

Lβ 26.845 26.845 26.845 26.845

λβ 0.895 0.895 0.895 0.895

ρb 5.25 5.25 5.25 5.25
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Fig. 12 Single and cumulative pitch deviations of the to-be-inspected gear A when no filtering is
applied to the point clouds of the left tooth side
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Fig. 13 Single and cumulative pitch deviations of the to-be-inspected gear B when no filtering is
applied to the point clouds of the left tooth side
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Table 3 Pitch deviations and class classification of the to-be-inspected gears A and B

Deviations/
Class

Gear A (non-filtered) Gear B (non-filtered) Gear A (filtered) Gear B (filtered)

LS RS LS RS LS RS LS RS

f p [µm] 8.785 12.230 8.314 36.117 2.573 2.680 2.424 5.467

A fp 6 7 6 11 2 3 2 5

Fp [µm] 13.357 20.890 11.560 46.220 3.190 4.825 3.050 6.480

AFp 4 5 4 8 1 1 1 2

Class 7 11 3 5

Table 4 Profile deviations and class classification of the to-be-inspected gears A and B

Deviations/
Class

Gear A (non-filtered) Gear B (non-filtered) Gear A (filtered) Gear B (filtered)

LS RS LS RS LS RS LS RS

Fα [µm] 27.013 57.123 35.943 56.190 15.682 16.714 13.666 10.491

AFα 8 11 9 10 7 7 6 6

f f α [µm] 17.426 43.123 23.046 43.169 7.288 8.805 6.511 4.999

A f f α 8 10 9 10 5 6 5 4

fHα [µm] +34.098 –35.742 +54.903 +37.907 +16.149 +15.151 +5.638 +8.931

A fHα
10 11 11 11 8 8 5 7

Class 11 11 8 7

Table 5 Helix deviations and class classification of the to-be-inspected gears A and B

Deviations/
Class

Gear A (non-filtered) Gear B (non-filtered) Gear A (filtered) Gear B (filtered)

LS RS LS RS LS RS LS RS

Fβ [µm] 31.233 25.948 41.832 56.684 5.848 6.256 25.183 10.491

AFβ
9 8 9 10 4 4 8 6

f fβ [µm] 28.607 25.485 20.574 42.718 4.454 5.175 5.618 19.568

A f fβ 9 9 8 10 4 4 4 8

fHβ [µm] –13.8 –10.02 –13.964 –20.528 +6.765 –5.378 +4.269 –11.062

A fHβ
7 6 7 8 5 5 4 7

Class 9 10 5 8

larger class classification number than gear B due to the fact that an involute profile
has been considered as a reference profile instead of a crowned profile.

Table 5 shows the helix deviations and their corresponding class tolerance classi-
fication numbers for gears A and B. The filtering of the point clouds also lowers the
class classification number for both gears. Gear B shows a larger class classification
number than gear A due to the fact that a standard helix was considered in gear B as
a reference helix instead of a lead crowned helix.
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Table 6 Runout deviations and class classification of the to-be-inspected gears A and B

Deviations/Class Gear A
(non-filtered)

Gear B
(non-filtered)

Gear A (filtered) Gear B (filtered)

Fr [µm] 23.0 56.0 5.0 9.0

AFr 6 8 2 3

Table 7 Tooth thickness tolerances of the to-be-inspected gears A and B

Tolerance Gear A
(non-filtered)

Gear B
(non-filtered)

Gear A (filtered) Gear B (filtered)

Tn [µm] 25.0 48.0 5.0 6.0

Table 6 shows the runout deviations. The filtering process also lowers the class
classification number related to runout deviations in both gears. The same occurs
with the normal tooth thickness tolerance, Tn , as shown in Table 7.

9 Conclusions

The performed research work allows the following conclusions to be drawn:

1. Computational approaches to estimate the main gear flank deviations as defined
in the ISOStandard 1328-1:2013 (pitch deviations, profile deviations, helix devi-
ations, runout deviations, and normal tooth thickness variation) are proposed and
applied to reconstructed helical gears from point clouds obtained with a non-
contact metrology machine.

2. Results show that filtering the point clouds is necessary for a better estimation
of the contact pattern and function of transmission errors of the reconstructed
gears from point clouds when in mesh with a master gear. Preliminary results
of the assessment of the gear class classification according to the ISO Standard
1328-1:2013 by virtual metrology have been obtained. However, this assessment
requires further verification and comparison with results obtained with a contact
metrology machine.
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Cylindrical Arc Gears: History,
Achievements, and Problems

Vladimir N. Syzrantsev

Abstract The article reflects the results of the study of geometry, contact and
bending strength, as well as failure probability associated with contact and bending
endurance of progressive gears, i.e. cylindrical arc teeth gears, achieved within the
framework of national scientific schools (USSR and Russia). These gears in the
conditions of machine unbraced drive bodies can significantly increase the dura-
bility of both contact and bending strength and endurance. Modern lines of study of
cylindrical arc gears are shown.

Keywords Cylindrical gears · Arc teeth · Studies · Russia

1 Introduction

In Russian technical literature, reference is made to patents obtained abroad in the
early twentieth century when describing the history of cylindrical arc (curvilinear in
length, circular, arched) gears (Fig. 1). At the same time, Radzevich (USA) [73, 74]
has found, apparently, the first ever patent for gears with a circular “tooth line” [67],
Fig. 2.

In the USSR, and then in the Russian Federation, researchers began developing
the geometry of cylindrical arc gears, ways of cutting with various tools and shaping
motions in the second half of the twentieth century. Over the past seventy years,
almost a couple of dozen methods of manufacturing cylindrical wheel arc teeth, orig-
inal tools, machines for cutting arc teeth, various designs of gearboxes and drives
based on these progressive meshing gears have been proposed [8–18, 20, 22–34, 37–
39, 42, 68–70, 78, 80–82, 84–93]. This is not a complete list of defended technical
solutions that facilitate manufacturing cylindrical arc gears. 25 candidate’s disserta-
tions have been defended [3, 4, 6, 47, 49, 53–57, 59, 60, 62–64, 71, 72, 75, 97, 99,
102, 104, 106, 127, 128] as well as 6 doctoral theses [5, 50, 66, 98, 107, 121].
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Fig. 1 Cylindrical arc gears

Fig. 2 The first patent for gears with a circular tooth shape

The development of this type of cylindrical gear results from the need to increase
the load capacity and contact and bending endurance of gears in conditions of
unbraced machine bodies and occurrence of unavoidable errors in the manufacture
and assembly of gear elements.

Unlike other machine parts, the required performance of cylindrical gears is only
provided by meeting a set of different criteria: bending strength of wheel and gear
teeth, bending endurance of the teeth, contact strength and endurance of tooth flanks,
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deep contact strength and wear of tooth flanks and avoidance of exceeding the noise
and vibration characteristics specified in the technical documentation. At the same
time, in real operating conditions of high-loaded, energy-saturated machines, when
the external torque and actual twist angle of wheel teeth flanks (it depends on both
manufacturing errors of wheels, shafts and body parts and their strain during the
operation) change according to the laws of random variables, traditional cylindrical
gears with straight, helical, double helical, barrel-shaped teeth do not provide the
required load capacity and durability. Moreover, in the above-mentioned operating
conditions, the transmission ratio is to be as close as possible to a constant value, a
deviation from which increases the vibration of the gear, leads to additional dynamic
load inmeshing and, ultimately, loss of its performance.With the correct geometry of
arc teeth, the cylindrical gear can increase the contact strength and bending endurance
of the teeth by 1.5–4 times in real operating conditions.

As an example, we present test results of the cylindrical gear of a tractor on-board
gearbox, which has the following parameters: the number of gear teeth is, the number
of wheel teeth is, the module is mm and the tooth face is mm. The required spur gear
life is 11,000h.The calculationof the gear contact strength at themaximumamount of
teeth misalignment in meshing during two minutes (the misalignment caused by the
manufacturing accuracy of the part constituents comprised by the on-board gearbox
was taken in account) showed that the gear durability is ensured. The result of the tests
of on-board gearboxes on the closed-loop stand, showed that the actual gear life is
5600–6000 h. During the tests, using integral type strain gauges [109, 110, 115], the
actual teeth misalignment in meshing was 7′, caused not only by technological errors
in the manufacture of parts, but also by strains caused by the cantilever load of the
gearbox output shaft from the track tension.With thismagnitude ofmisalignment, the
calculated life of the spur gear corresponds to 6000 h. Note that at a twist angle of 8′,
the contact area in meshing of the studied gear, under the influence of load, does not
extend to the entire wheel tooth face. This fact excludes a possibility of calculating
the strength and durability of the cylindrical gear according to GOST 21354-75. To
achieve the service life of the on-board gearbox required by the technical requirement
specification, a cylindrical arc gear was installed in the gearbox (the calculated tool
radius is 220 mm), which has geometric parameters similar to a spur gear.

The on-board gearbox with a cylindrical arc gear was tested on the stand for
11,000 h. The check of the gear that had worked out the required service life showed
no signs of fatigue damage (pitting, wear) on the surfaces of the gear and wheel teeth.

In order for the transmission ratio in a cylindrical spur gear in any phase ofmeshing
to be constant, the profile in any end section of the tooth is the same section of the
involute; the gear is matched, and all its geometric and kinematic characteristics are
calculated on the basis of the theory of gear tooth action in a plane. Depending on the
forming method, arc teeth can be manufactured both involute-profiled in the middle
section only [5, 50, 53, 59, 75, 99, 107], and involute-profiled in any end section of
the arc tooth [6, 62, 71, 81, 100, 101, 108, 127]. In the absence of misalignment, an
alignment error of the gear and wheel axes and gear and wheel displacement in the
axial direction, the arc gear remains matched regardless of the teeth forming method
applied and is described with models developed in the framework of the theory of
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gear tooth action in a plane. A completely different situation occurs in arc teeth
meshing in the presence of the above errors in the relative position of the gear and
wheel axes or the displacement of the gear and wheel in the axial direction. In these
conditions, meshing becomes spatial, generally mismatched, and its study is only
possible on the basis of the methods developed in the theory of spatial gearing by
meshing [7, 50, 61, 107].

Close to the described one, the problem of matching determination has already
arisen for cylindrical involute helical gears, involute bevel gears, involute face gear
pairs, when, within the framework of the theory of gear tooth action in a plane, it
became impossible to prove matching of these gears, which have the spatial nature
of meshing. The solution was obtained by Erikhov [50] based on the use of special
methods developed by him within the theory of spatial gearing: two-parameter enve-
lope and sequential envelope. An important consequence of the work [50] is the
proof of the following. If the flanks of the wheel and gear teeth (including arc ones)
are envelopes of families of generating surfaces which are an involute helicoid, then
the gear is matched and not sensitive to position and assembly errors, if the gear and
wheel teeth flanks are in correct contact.

2 Issues of Determining Geometric Parameters of Arc
Teeth Flanks of Cylindrical Wheels

The beginning of the twentieth century was marked by the emergence of a number of
companies that specialized in the production of machines and tools for cutting spiral
bevelwheel teeth:Gleason (USA),Klingelnberg (Germany),Oerlikon (Switzerland).
The experience of using these gears has shown that in order to obtain the required
performance and load capacity of spiral bevel gears, it is necessary to localize the
meshing contact both in the cross-sectional and longitudinal direction of the teeth.
These gears are mismatched; the instant transmission ratio, equal to, only remains
unchanged in the center of the pressure spot and alters during the meshing phase.
The law of the transmission ratio cannot be of any type; the regularity of alterations
in the meshing phase must be of such type which will compensate the geometric
mismatch of the gear with the wheel and gear teeth contact and bending strains that
occur when the gear is under load. Bevel gears with spiral teeth, the flank geometry of
which is determined taking into account the maximum approximation to the constant
law of the gear ratio when the gear is under load, in contrast to matched gears, are
called approximate gears, and the problem of determining geometric parameters of
the tooth flanks is the synthesis of gears.

The given problem is the most difficult in the theory of spatial gearing. Its solution
requires the use of specialmathematical tools, numericalmethods for solving systems
of transcendental equations, andmethods for optimizing ravine functions, taking into
account the restrictions of equations and inequations [61, 107]. In our country, F. L.
Litvin, M. G. Segal, K. I. Gulyaev, K. M. Pismanik, M. L. Erikhov, V. I. Goldfarb,
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D. T. Babichev, I. I. Dusev, G. I. Sheveleva, V. I. Medvedev, B. P. Timofeev, E. S.
Trubachev, S. A. Lagutin, B. A. Lopatin, V. N. Syzrantsev, A. E. Volkov and their
disciples and followers [7]were involved in the development of various approaches to
solving problems of geometric synthesis of gears with spatial gearing (bevel, worm,
spiroid), including semi-rolled bevel gears.

In the process of cutting spiral bevel gears, meshing (circular in shape for the
Gleason method, in a cycloid form in the Oerlikon method, in the form of an involute
in the Klingelnberg method) of a generating crown gear and a blank is reproduced.
At the same time, if we direct the radius of the generating crown gear to infinity, it
turns into a rack; and reducing the face angle of the cut wheel to zero in the extreme
case we get a spiral cylindrical gear. That is, a spiral cylindrical gear is essentially
a special case of gear, both in terms of forming methods and problems inherent to
spiral bevel gears.

A transition from cylindrical gears with gear tooth action in a plane (spur) to the
gears with spatial gearing (with arc teeth and localized contact) has raised a number
of issues, primarily associated with the peculiarities of choosing the wheel teeth flank
geometry providing an increased lifetime of the gear.

Firstly, if the geometric parameters of the flanks of cylindrical wheel straight
and helical teeth practically do not depend on the methods of their manufacture,
then the processes of forming arc teeth, corresponding to various methods of their
processing significantly affect both the magnitude and nature of changes in the
geometric parameters of the active teeth flanks and kinematic gear indicators.

Secondly, in cylindrical spur and helical gears, regardless of the methods of
forming their teeth, if there is a twist angle of the gear axes, the contact point moves to
the tooth end.A different situation occurs in gearswith a localized contact. Here, each
method of teeth forming corresponds to meshing geometric and kinematic character-
istics that define the position of the teeth contact points in the gear, the distribution of
backlashes between the teeth flanks in the finite vicinity of this point and alteration
of instant transmission ratio within one-pair and multiple contacts.

The third issue of localized-contact gears is calculation of the load distributed
over the contact area. Here it is necessary to have such calculation methods that,
along with bending-shear and contact strains of the teeth, would take into account
the position of the initial contact point of the teeth flanks and their actual integrity, as
well as the effect of “transfer” of the contact area onto one or both ends of the tooth.

Finally, the variation of the gear teeth contact conditions in cylindrical arc gears
determined by a random nature of external factors (transmitted load) raises the
problemof evaluating theprobability of the gear failure-free operationbothby contact
and bending endurance of arc teeth.

https://www.multitran.com/m.exe?s=generating+crown+gear&amp;l1=1&amp;l2=2
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3 Characteristics of Arc Teeth Cylindrical Gears Formed
in Various Ways

The analysis of manufacturing methods for cylindrical wheel arc teeth shows that
they are divided into the following groups, close to the methods of cutting spiral
bevel gears, depending on the tools and shaping motions used. The first group of
methods (analogous to the Gleason methods) includes a circular cutter head (Fig. 3),
the generating surface of which is a hyperboloid [37], in a general way, and a straight
circular cone [13, 18, 27, 32, 91] or a cylinder [16, 17, 22, 29, 30, 80, 87], in
particular cases. The transition to cutting each subsequent tooth space is carried out
with interruption of the cutting process—by the single indexing method. The second
group of methods [9, 10, 15, 39] is based on the use of cutter heads similar to those
proposed by Oerlikon (Fig. 4) for cutting cyclopoloid teeth of bevel wheels by the
continuous generating method. The third group methods use such tools as [8, 20, 25,
26, 28, 33, 37] a spiral-discmilling cutter, Fig. 5 (spiral-disc grinding wheel or hone).
The generating surfaces are involute, Archimedean, convolute helicoid, or spiral ones

Fig. 3 Circular cutter head

Fig. 4 Oerlikon cutter head
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Fig. 5 Spiral-disc milling
cutter (sharpened)

of a more general type. Wheel teeth processing in this group of methods is carried
out with continuous generation. These methods can be considered as a special case
of tooth forming, using bevel spiral milling cutters developed by Klingelnberg.

When describing the groups of teeth cutting methods briefly discussed above,
we note the following. The obvious advantage of the first group methods is tool
simplicity. Technical solutions for cutter head manufacturing has been perfected
during the production process of circular bevel gears. This is the only group of
methods the tools of which are not correlated with the module of the cut wheels—
the most important circumstance for manufacturing arc teeth gears. However, the
discontinuity, which requires a creation of special tooth-cuttingmachines of complex
kinematic structure, that are currently absent, and limited (as shown by the accu-
mulated experience of cutting circular bevel gears) productivity of the process are
constraining reasons for the development of the first group methods.

The second group methods use a more complex tool, in which the blades are
arranged in groups so that their cutting edges form a series of repeated spirals (entries)
on the tool. The continuity of the process allows increasing the productivity of tooth
processing up to two times compared to the methods of the first group. At the same
time, the methods of the second group do not allow finishing gear teeth, and their
application also requires a serious modernization of existing machine designs, since
they do not have the required shaping motions.

The spiral-disc milling cutters used in the third group of methods are quite similar
to the tools of the second group methods by design features. The principal difference
between these cutters is the locationof the cutting edges on a spiral generating surface,
which allows manufacturing spiral-disc tools for finishing operations. Spiral-disc
milling cutters can be made with both sharpened [57] and relieved teeth [53, 106].
A serious advantage of the third group methods is a possibility of implementing the
gear cutting process according to a one-parameter scheme, which not only provides
high productivity of tooth processing, but also requires minimal modernization of
gear milling machines, allows to dramatically reduce the length of kinematic chains
of machines and increase their rigidity.
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Among the third group methods, we choose using the tool the generating surface
of which is an involute helicoid. During the process of cutting arc teeth of the gear
pair with this tool, as shown in [107], the pair turns out to be matched regardless of
assembly errors. There are no other options for manufacturing cylindrical arc gears
insensitive to errors in the relative position of the gear pair teeth in meshing, among
all known methods of forming arc teeth.

The disadvantage of the third group methods is toughening restrictions for some
parameters of the tools (mainly by the value of the calculated radius), caused by
cutting the gear teeth from the end sides. The tools of this group of methods, as well
as hob cutters, can only cut the wheels of a specific module.

The fourth group is represented by one method [34], in which a shaver is used,
which is the tool made in the form of a multiple-thread spiral line. This is a way
to effectively finish arc teeth in the process of continuous generation. Its peculiarity
is that there are all the prerequisites to implement the effect of “shaving cut” in the
processing operation. And, finally, the fifth group of methods is represented by a tool
in the form of a circular broach with blades of an involute profile (a cup grinding
wheel sharpened along the involute), and processing is generating-free, in conditions
of single indexing.

The introduction of cylindrical arc gears into a practical creation of reliable gear-
boxes and drives of heavily loaded mechanisms and machines is connected with a
comprehensive elaboration of technological processes of their production, creation
of highly efficient tools and implementation of cutting teeth processes on universal
CNC machines rather than on dedicated ones. The main scope of scientific research
carried out over the past decades is related to the solution of numerous problems of
technological support of cylindrical arc gear manufacture in the framework of arc
teeth forming methods corresponding to the first group.

A research team at the State University of Tula is engaged in the development
of various designs of circular blades, cutting technologies for cylindrical circular
gears with the middle section involute profile of the tooth on CNC machines. These
studies, initiated under the guidance of Prof. Koganov, are on their way and reflected
in the works of his disciples and followers [4, 5, 19, 21, 36, 41, 56, 66, 72, 102,
128]. It should be noted that it was at this university where the study of semi-rolled
cylindrical arc gears was first started [3] under the scientific leadership of Koganov
and continued in the works [5, 72], which allows to implement transmission ratios
in a gear pair up to ten while reducing the machine time of cutting gear teeth.

A particular variant of the first group methods for cutting arc teeth is a method
that uses a circular cutter head with blades having a zero-profile angle. Initially, this
method of cutting arc teeth was proposed in [100, 101] and further improved in [42,
79–82, 86–90, 92, 93]. The peculiarity of this method is that in any end section,
the arc tooth profile is an involute [108]. According to the authors, this geometry is
theoretically correct in comparison with other methods of forming arc teeth flanks.
This is a big misconception. It is a result of considering the geometric characteristics
of arc teethmeshing using the theory of gear tooth action in a plane, rather than spatial
gearing, which includes the cylindrical arc gear. In this case, the theory of gear tooth
action in a plane is only applicable if there are no errors in the relative position of
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the wheels in the gear (twist angle, alignment error, and axial displacement of the
wheels relative to each other). Only under these conditions, the active path of action
(working line) in the gear is located in the middle section of the arc tooth and the
gear is matched with both linear and point contact.

Arc teeth are 20–30% stronger than straight ones; that is why a cylindrical arc
gear is more effective in bending strength and endurance than a spur gear. As for the
contact strength and endurance, the effectiveness of the cylindrical arc gear is not so
obvious. The value of contact stresses in a gear is determined in each meshing phase
by the length of contact lines. In comparison with the spur gear, the contact lines
in the arc gear (with linear contact) are longer by 3–5%, while in the helical gear,
the length of contact lines, comparable to the arc gear, is provided at an angle of
inclination of about 10° due to the overlap ratio. I.e., the contact strength of the arc
gear will always be lower in the absence of teethmisalignment inmeshing, compared
to the helical gear with a tooth angle of inclination of more than 10°, and especially
with the herringbone gear, in which a tooth angle is 25° or more. In addition, unlike
spur and helical gears, in cylindrical arc gears during a linear contact in the areas
adjacent to the teeth ends, there is a differential friction effect, which is the greater the
larger the arc tooth longitudinal curvature, which also reduces the contact strength
of the arc gear.

The situation changes dramatically when the required performance of cylindrical
gears is to be ensured at their operation in unbraced bodies, when the resulting twist
angle of teeth flanks is a random value and reaches 10′–30′. In such conditions,
rear-axle drives of locomotives, tractors, and drilling rig top drives are operated. As
noted above, the angle of misalignment (7′) in meshing, which occurs during the
operation of a tractor on-board gearbox, leads to a twofold decrease in durability of
the spur gear, due to the edge contact and a significant increase in contact stresses at
the tooth end. At a twist angle of 10′ or more (such values have been recorded when
operating locomotive gears), it is a big challenge to ensure the required performance
of cylindrical gears with the teeth linear contact. It is in these operating conditions
that the use of cylindrical arc gears is effective and allows ensuring the required
durability of the gears.

There is a traditionally widespread opinion that the arc gear has the property of
compensating the twist angle by self-adjustment of one of the gear pair elements
(if it is possible to move them along the shaft). Indeed, in the presence of a twist
angle, the contact point in middle section meshing, where the helix angle is zero,
is shifted to one of the arc teeth ends. In the linear contact, as in the spur gear, the
presence of a twist angle immediately leads to the edge contact. With a localized
contact along the arc tooth length, the displacement of the contact point to the end of
the tooth, where the helix angle is different from zero, depends on the localization
value. Due to the arc tooth helix angle at the end, when the gear is loaded, an axial
force occurs in meshing, which ensures self-adjustment of the gear or wheel. In the
course of axial displacement, e.g. of the gear, the contact point moves along the arc
tooth flank towards the middle section of the gear tooth. Since the maximum helix
angle at the tooth end gradually decreases to zero in the middle section of the tooth,
then as the gear shifts, the acting axial force decreases (to zero in the extreme case).
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As a consequence of the above, as shown by experimental studies, the value of the
twist angle achieved in the process of gear self-adjustment under a constant external
load is not <3′. Further compensation of the twist angle becomes impossible due to
a decrease in the axial force, which is insufficient to overcome the friction force in
the coupling of the gear elements with the shaft. There are no available studies of the
self-adjustment effect in conditions where position errors and external torque alter
according to the laws of random variables.

Regarding the gears, the arc teeth flanks of which have an involute profile in
each end section [100, 101, 108], we can note the following facts. In the absence of
gear and wheel axes misalignment, both with linear and point (localized along the
length) contact, the gear is matched, the instantaneous transmission ratio (position
function) is constant and the geometric and kinematic characteristics of the gear can
be calculated on the basis of the theory of gear tooth action in a plane. If there is
a twist angle, the contact of the gear and wheel active tooth flanks occurs rather
at points where the normals to the tooth flanks coincide than in the end sections
of the teeth. In this case, gear matching is disrupted and the position function not
only becomes variable [127], but also takes the form in which it is only possible to
provide a given transmission ratio at one contact (calculated) point of the tooth flank.
A similar situation occurs in the synthesis of spiral bevel and hypoid gears geometry
[61], in which the calculated point is located either in the middle of the active tooth
flank, or with a slight offset to its inner end.

In a cylindrical arc gear [100, 101], the position of the calculated point depends on
the value of the twist angle; and its coordinates can be determined only on the basis
of the spatial gearing theory [50, 61, 107]. In bevel and hypoid gears, the reduction
of the negative impact of gearing mismatching and the “transfer” of gears to the class
of approximate gearing achieved by using in teeth cutting circular cutter heads, the
blades of which are made with profile angles different from the nominal one (blade
number corrections). A similar method [127] of modifying the arc teeth active flank
is also applicable to gears with an involute teeth profile in their end sections. Since
in these gears, the deviation of the blade profile angle from zero depends on the
value of the expected twist angle [127], at which the gear will operate, then, it is
necessary to have a set of blades with angles other than zero as in the manufacture of
bevel and hypoid gears. Taking this circumstance into account, as well as the need
to solve the synthesis problem by the methods of the theory of spatial gearing by
meshing [7, 107, 111], i.e. determination of the optimal values of the cutter head
profile angle and the value of contact localization in the longitudinal direction of
the teeth, providing a minimum deviation of the transfer function from the nominal
value with a given value of the twist angle and the required gear durability, we can
state that arc gears with an involute profile in the end sections of the teeth have no
advantages, in comparison with other methods of cutting arc teeth. Moreover, it is
in these gears where the transfer function error at identical twist angles reaches a
maximum value, compared to other ways of forming arc teeth; and to consider this
gear the only theoretically correct one, which is stated in a number of advertising
materials, is to mislead both the consumers and research workers.
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Features of the geometry and processes of cutting arc teeth by the second method
[9, 10, 15, 39] are considered in papers [76, 77].

A comprehensive study of gears, the arc teeth formation of which is carried out
by spiral tools (the third group of methods), were carried out under the scientific
guidance of Prof. Erikhov at the Kurgan Machine-Building Institute (now the State
University of Kurgan) since the 1970s, and has been continued by Prof. Syzrantsev
and their disciples [50, 53, 54, 57, 59, 60, 63, 64, 75, 97, 104, 106, 107, 127].
Within the framework of these studies, original designs of spiral-disc tools have
been proposed and manufactured: sharpened and relieved spiral-disc milling cutters
and spiral-disc hones [53, 57, 75, 106]. A theory of profiling relieved spiral-disc
milling cutters has been developed [106]. Special slides for gear milling machines
have been developed and manufactured (Fig. 6), which accomplish the process of
cutting cylindrical arc teeth [53, 57, 75]. For the first time for cylindrical arc gears,
based on the actual integrity of the contacting surfaces, the presence of the twist
angle and the possibility of moving out of the contact area onto one or both ends of
the tooth, a complex of theoretical and experimental works to determine the stress
distribution in the contact area in arc teeth meshing, required for arc gear contact
strength and endurance calculation has been implemented [51, 54, 64, 107]. To
calculate the stress distribution over the contact area [1, 51, 54, 107], taking into
account the teeth internal and contact strains in meshing, the mathematical apparatus
of the boundary value problem theory has been used. The results of the calculation
have been proved by agreement with the figures of the numerical calculation of the
contact load according to the program [103] and experimental studies [2].

Fig. 6 Cutting a gear with a
spiral-disc milling cutter
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In the process of the arc gear operation, there have been obtained experimental
data on alteration of its element position function when varying transmission ratios,
twist angles and torque values, proving the adequacy of the developed mathemat-
ical models [64, 107]. These studies are unique; they have no analogues either in our
country or abroad. Theoretical and experimental studies of arc teeth bending strength
and endurance have been carried out [63, 97, 123]. Based on the mathematical appa-
ratus of nonparametric statistics [107, 113, 114, 116, 117], some approaches [119,
120, 122, 124] have been proposed to estimate a probability of failure-free operation
of arc teeth cylindrical gears with random external load. A synthesis method has been
developed for gear geometric parameters to ensure theirmaximumdurability in terms
of contact endurance [107] with the random nature of a teeth misalignment angle in
meshing and external load. For three main types of cylindrical arc gears, taking into
account geometric features of their contact in meshing, engineering design methods
by contact and bending strength and durability have been developed [118] for various
conditions of their loading in operation.

Within the framework of this scientific school, theoretical and experimental
studies of loading and geometry of other types of cylindrical arc gears as well have
been carried out [59, 60, 104, 127].

4 Modern Lines of Research of Cylindrical Arc Gears

The analysis Currently, a number of creative teams are involved in the study of cylin-
drical arc gears in the Russian Federation. The State University of Tula, Ryazan Insti-
tute (branch of the Technical University of Moscow) and OOO “Gears of MGOU”
havebeenperforming research onworkingout newproduction technologies for cylin-
drical arc gears on four-axis CNC machines, providing modification of teeth flanks
and on improving the designs of various types of circular cutter heads, including zero
profile blades. At OOO “STC-Reductor” in St. Petersburg, a process of cutting cylin-
drical arc gears with circular cutter heads onCNCmachines using the single indexing
method has been mastered. The State University of Kurgan goes on improving cylin-
drical arc teeth roller pinion gear (system) [35, 40, 43, 83, 94, 95]. This type of
gear is effective for ball mill drives, cement kilns and other low-speed but highly
loaded drives operating in an atmosphere with a high content of abrasive particles.
The dimensions of the elements of these gears reach several meters. The use of arc
rollers here allows not only to compensate for the inevitable teeth misalignment in
meshing, but also to significantly increase the maintainability of gears by replacing
worn rollers with new ones.

The scientific research of arc teeth cylindrical gears, which began at the Kurgan
Machine-Building Institute, is currently continued at the Industrial University of
Tyumen [108, 115, 118–124]. The features of the work performed is as follows.

In meshing arc teeth, flank shaping of which is performed by circular cutter heads,
the linear or point contact may be implemented. If the arc teeth are cut spirally with
a disc tool, then a local-linear contact can be obtained in meshing. With this type of



Cylindrical Arc Gears: History, Achievements, and Problems 143

contact, the bearing capacity of the gear is close to that with a linear contact, but the
danger of edge contact in the presence of a twist angle is significantly reduced.

For a local-linear contact, the backlash function in meshing cannot be described
using principal relative curvatures, which required development of special methods
to estimate meshing loading [1, 7, 54, 64, 107].When performing the work [6], it was
found that in meshing of bevel arc gears cut with spiral-disk tools by the method of
continuous generation, in each phase of meshing, the gear and wheel teeth flanks can
correctly contact at two points spaced along the tooth length rather than at one. I.e.,
two contact lines are implemented in meshing and the load is distributed between the
two contact areas. Based on the above, in work [104], a cylindrical arc gear cut by
spiral-disc milling cutters and having two contact areas distributed along the length
in meshing, has been theoretically and experimentally studied. The principal feature
of this gear is that in the process of its loading, two axial forces directed against each
other occur in meshing arc teeth. It is the equilibrium of these forces that ensures
the self-adjustment of one of the gear elements (gear or wheel) in the presence of
teeth misalignment in meshing. Essentially, this gear is similar to a gear with double
helical teeth, but with localized contact in their meshing. If the generating surface
of a spiral-disk tool is an involute helicoid, then the gear remains matched [50] even
when the twist angle of the teeth in meshing is different from zero. Experimental
studies of this gear have shown that at a twist angle of up to 30′, the teeth always
mesh in two areas due to self-adjustment of the gear.

For the first time, an adaptive arc gear allows self-adjustment of the pinion (gear)
or wheel in the conditions of a random error field and external load [96], Fig. 7.

An adaptive cylindrical arc gear has a body which contains an input shaft with
a mounted gear and an output shaft with a mounted wheel, which has a possibility
of axial movement. On the input shaft, between the gear and bearings, distance

Fig. 7 Adaptive arc gear
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sleeves are installed. Thewheel is made of two half-wheels, betweenwhich an elastic
element is installed. Between each half-wheel and the bearing, elastic elements and
a bushing to prevent axial movement are installed. This gear can be manufactured in
both generated and semi-rolled versions. Forming adaptive gear arc teeth is possible
by any of the methods discussed above, including cutter heads on CNC machines.
The principal feature of this gear is a presence of two contact points located outside
the middle section of the arc tooth in each meshing phase. At a given value of semi-
wheel displacement, determination of the contact point coordinates, calculation of
their principal and principal relative curvatures and, the instant transmission ratio
is only possible by methods of the theory of spatial gearing [7, 50, 61, 107]. In
general, the gear is mismatched. To determine optimal geometric parameters of the
adaptive gear, it is necessary to implement a solution of the synthesis problem, as
it is performed for circular bevel gears. In order to reduce noise and vibration, the
profile of the adaptive arc gear is to be modified in the contact area. To modify the
arc tooth flank, the method considered in [112] can be used. For its implementation,
a circular cutter head is used, the straight cutter edges of which are offset relative to
the axis of the head rotation and have a corrected profile angle.

Figure 8 shows the working lines and the contact braking zones of the semi-
rolled [119] adaptive arc gear with: z1 = 23; z2 = 73; mn = 10 mm; x1 = 0.440;
x2 = 0.041; bw = 120mm; α0 = 20◦; aw = 480mm. The calculated diameter of the
cutter head when cutting the convex side of the wheel arc tooth is Rg2 = 215.0 mm;
the concave side of the gear arc tooth is Rg1 = 220.0 mm; the axial displacement of
the semi-wheels relative to each other is �S = 1.36 mm.

Figure 9 shows the working lines and contact braking zones of the same gear
with a higher integrity of the arc teeth flanks. The estimated diameter of the cutter
head when cutting the convex side of the wheel arc tooth is Rg2 = 218.0 mm; the
concave side of the gear arc tooth is Rg1 = 220.0 mm; the axial displacement of the
semi-wheels relative to each other is �S = 0.55 mm.

Fig. 8 Working lines (continuous curves) andboundaries of the contact braking zones (circles—left,
triangles—right), Rg2 = 215.0 mm; Rg1 = 220.0 mm
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Fig. 9 Working lines (continuous curves) andboundaries of the contact braking zones (circles—left,
triangles—right), Rg2 = 218.0 mm; Rg1 = 220.0 mm

Currently, the IndustrialUniversity of Tyumen is developingmathematicalmodels
for rolled and semi-rolled versions of the adaptive arc teeth gears to calculate:
geometric characteristics of areas of contact, stress distribution throughout contact
areas, stress estimation in the arc teeth roots, determination of contact and bending
strength, and the probability of failure-free operation in conditions of a given gear
duty.

Since the end of the previous century, Chinese scientists have been actively
involved in the study of cylindrical arc gears [44, 48, 52, 58, 65, 105, 125, 126]. Their
work ismainly devoted to the study of the gear geometry, separate issues of estimating
the bending and contact strength of arc teeth, forming of which is performed with
circular cutter heads. An exception is research papers [45, 46], which proposed and
considered an original method of cutting arc teeth; but, in our opinion, this method
has no prospects for industrial application.
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Gear Tooth Edge Deburring
and Chamfering in 5Axis CnC
Manufacturing

Claude Gosselin

Abstract The intent of this chapter is (i) to review the major chamfering and debur-
ring possibilities currently available on themarket and (ii) to present howoff-the-shelf
tools can be used on a 5, 4+1 or 4 Axis CnC machine to do part or all of the cham-
fering for a given gear production. The installation of End Mill, Ball Mill, Conical
Side Milling and Chamfer tools is presented with the issues to consider in terms of
interference and collision risks.

Keywords Gears · Deburring · Chamfering · Cylindrical gear · Bevel gear

1 Introduction

Deburring and chamfering of gears is widely seen as a less than glamorous task.
Indeed, what paper in the gear literature champions the “optimization” of deburring
and chamfering?

Yet deburring is fundamental in gear quality since it allows removing cutting
burrs that through harden at heat treatment and are then likely to be released in the
lubricant and cause damage to the tooth meshing surfaces and bearings, all of which
may eventually lead to the failure of the gearbox [2, 3]. Even if the parts are not heat
treated, remaining cutting burrs released in the lubricant are likely to cause damage.

Beyond this fundamental point, burrs can cut the hands of the manipulating
personnel. And in case of contact between a tooth edge and a hard object, a dent
may appear rendering the part unacceptable.

While deburring is the process of removing remaining material burrs caused by
the cutting process—for example Face Milling of spiral-bevel or Coniflex1 straight-
bevel gears—chamfering is the process of removing material along a tooth edge, at
tooth tip, Toe or Heel, such as to eliminate sharp edges. Therefore, a chamfering
operation of very small depth will do pretty much the same as a deburring operation.

1Coniflex is a registered trademark of the Gleason Works, Rochester, NY.
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Chamfering has many advantages in that it removes any remaining burrs, and
therefore eliminates the need for a deburring operation, and at the same time provides
a smooth entry for the tool used at hard finishing. Chamfering also reduces the risk
of tip edge contact where high contact stresses are caused.

Chamfering can be performed using different tools such as Ball Mill, End Mill,
Chamfer tools, disks and, in some cases, special tools. Ball Mill tools are sometimes
the only possibility to chamfer, for example at tooth Toe or Heel, where the head of
the machine cannot reach using other tools; however, Ball Mills will leave a double
edge caused by their spherical form. End Mill tools can easily be used to chamfer
the tip of the teeth, but are of a more limited use at Toe or Heel if the helix or spiral
angle is large.

Disks can be used to chamfer at tooth tip; at Toe and Heel, they are cumbersome
and when the tooth profile curvature is large, such as when the tooth number is low,
it is more difficult to ensure a constant chamfer. On the other hand, Chamfer Tools,
i.e. End Mill tools with a conical end, are well adapted to chamfer the tooth tips, the
Toe edges (for bevel pinions with a small pitch cone angle) and the Heel edges (for
bevel crown gears). Given that Chamfer Tools are available off-the-shelf in various
dimensions and cone angles, they are an inexpensive response to a delicate issue.

This paper presents a general approach at the use of Ball Mil, End Mill, Disk and
Chamfer tools for chamfering in a 5Axis CnC machine. The approach is based on
the HyGEARS [1] software and is applied to spur, helical, straight and spiral bevel
gears. Results show that End Mill and Chamfer tools provide excellent flexibility,
involve only minimal cycle time and generally allow for even chamfering of both
tooth flanks.

2 Review of [some] Existing Chamfering/Deburring
Methods

The most basic deburring machine, and possibly the most widely used, is a pair of
human hands holding the part and moving a small grinding tool along the gear tooth
edges. This of course is a tedious job for anyone, beside being unhealthy because of
the volatile grind residue. And the deburring quality is definitely a function of the
worker’s fatigue level, the worker’s sight, and the size of the part: thus, consistency
is far from guaranteed (Fig. 1).

Several manufacturers offer either dedicated machines for the debur-
ring/chamfering of gear teeth, or machines incorporating a secondary process to
clean up after the part has been generated. A good example is Gleason’s spur and
helical hobbing machines [4] producing clean parts with a secondary operation after
tooth hobbing (Fig. 2).

Gleason also offers “chamfer rolling” where special tools for a given tooth geom-
etry—face width, module, pressure angle—mesh with the soft cut part to remove
any burr and chamfer the tooth ends in one operation.
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Fig. 1 Manually chamfering a spiral bevel gear

Fig. 2 Gleason secondary Toe and Heel chamfering of a cylindrical gear

Klingelnberg also uses a secondary process [5] with a special tool to deburr the
Toe and Heel of spiral bevel gears. The process takes place on the same machine
after the teeth have been cut, which saves alignment time when the part is deburred
on a different machine, and therefore ensures excellent quality. And as is shown in
Fig. 3, both the Toe and Heel can be chamfered. This of course implies a special tool
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Fig. 3 Klingelnberg Toe and Heel chamfering of a spiral bevel pinion

and a Klingelnberg machine. Note however that the chamfer is not of constant size
and tapers off before reaching the tooth fillet which is untouched.

There are also dedicated chamfering machines such as Liebherr’s [6] where the
work piece is moved from the hobbing machine to the deburring machine. A special
tool then deburrs each tooth end and the tooth tips. Of course, two machines are
required, which increases floor space, and there are handling steps adding to the
overall cycle time; on the other hand, should onemachine be down, the othermachine
can continue operating (Fig. 4).

An interesting approach by RedinMachine [7] uses an end-mill like tool to follow
the Toe and Heel tooth edges, as shown in Fig. 5. The movement is continuous and
the angle between the tool and work axes ensures a sufficient bevel at the tooth edge.
The tool diameter is dictated by the width of the tooth gap at the root. The process
can be used on spur, helical, straight and spiral bevel gears but there are limits as will
be shown later on.

Fig. 4 Liebherr Toe and Heel chamfering of a helical gear



Gear Tooth Edge Deburring and Chamfering … 157

Fig. 5 RedinMachine End
Mill chamfering of a spur
pinion

The above methods can all be considered “chamfering” methods since a cutting
tool is used to both remove burrs and some material after the cutting process. This
material removal when chamfering is beneficial for the life of the grinding tools when
hard finishing as it ensures a smooth tool entry.

Another approach (Fig. 6) offered by Weiler Abrasives [8] uses wire brushes
running either parallel or perpendicular to the tooth gap to remove the burrs at tooth
tip or Toe and Heel. Of course, when the brush is parallel to the tooth gaps, the
hardness and depth into the tooth gaps of the brush wires must be selected such as
to avoid damaging the surface finish while removing the burrs.

Curtiss-Wright offers yet another approach using glass beads [9] in a shot peening-
like operation which is well tailored to very small and delicate parts. Yet, in some
cases burrs remain after the operation and a secondary hand operation may be
required. Fig. 7 shows a 0.45 mm module straight bevel pinion where significant
burrs can be seen after the teeth were cut. Glass bead peening was used to clean

Fig. 6 Brush deburring by
Weiler Abrasives
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Fig. 7 Straight bevel pinion before and after glass bead deburring

the part and, although the result is spectacular, some burrs remain at Toe and Heel
which must still be cleaned by hand. In addition, the surface finish of the part was
altered by the peening action which may affect the behavior of the gearset if there is
no finishing operation.

The above paragraphs intended to give a glimpse on the wide variety of methods
that are available to chamfer and deburr gear teeth, but do not pretend to either cite
all the manufacturers or all the methods.

However, one comment that springs out is that these methods generally require
dedicated equipment; one can also say that these methods are not directly applicable
to all of spur, helical, face, straight and spiral bevel gears.

Given the increased requirements for “clean” parts, given the fact that many
manufacturers have a varied production in terms of gear types and sizes, and given
that, increasingly, gear manufacturers are drawn to 5Axis CnC machines because of
their flexibility, a more general approach to chamfering and deburring is required
which is the focus of the next sections.

3 A General Approach to CnC Chamfering

In the following paragraphs, several definitions are made:

• the term “chamfering” is used in a general sense and can also describe deburring
when the chamfer depth is very small;

• the gear manufacturer has a 5, 4+1 or a 4 Axis CnC machine available;
• standard “off-the-shelf” tools are used;
• the chamfering operations follow the tooth cutting operations, whether shaping,

milling or face-milling on the same CnCmachine such that no additional handling
is required;
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Fig. 8 End Mill tool

Fig. 9 Ball Mill tool

Fig. 10 Chamfer tool

• all the figures below are based on “AC” type CnC machines, i.e. Vertical Milling
Centers. The paragraphs below also apply to “BC” type machines, i.e. Horizontal
Turning Centers.

3.1 Off-the-Shelf Tools

In what follows, the considered off-the-shelf tools include:

• End-Mill tools; these are available in a wide range of diameters from many
manufacturers, and are typically inexpensive (Fig. 8);

• Ball-Mill tools; these are also available in a wide range of sizes from many
manufacturers, and are also inexpensive (Fig. 9);

• Chamfer tools; these are more specialized, but are easily found at low prices in
different sizes; cone angles of 60 and 90° are common (Fig. 10);

• CoSIMT tools; CoSIMT is an acronym for Conical Side Milling Tool, and may
refer to a disk-like slotting tool, or to tools such as Sandvik’s InvoMill2 and
CoroMill where a solid body is fitted with cutting blade inserts that are changed
when worn out; the blade inserts can have parallel cutting edges, (left, Fig. 10)
such as for a slotting tool, or non parallel cutting edges as used in the InvoMill
tools (right, Fig. 11) for spiral bevel gears; while strictly not always off the shelf,
these are available easily enough to be considered here;

• Wire-brush tools; these come from many manufacturers, in a large range of sizes
and wire hardness (Fig. 12).

Given the variety in the shapes of these tools, the movements and the tooth edges that
can be chamfered will be different. We will therefore look at each tool and see how
it can be applied to different gear types. (Wire brushes are omitted in the following
given their comparatively simple installation).

2Trade Marks, Sandvik Corp.
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Fig. 11 Conical side milling Tool—CoSIMT

Fig. 12 Wire brush for
deburring

3.2 End Mill Chamfering

Because of its shape the End Mill (EM) appears to be more limited for some
gear geometries and tooth areas. However, given its typically low price and wide
availability, it can also be a tool of choice.

Straight Bevel and Spur Gears

In this section, straight bevel and spur gears are treated together because of the
similarity in shape.

EM tools can be used to access the Toe, Heel and Tip edges of spur and straight
bevel gears, for both small and large pitch cone angles.

When chamfering the Toe or Heel edges, the EM tool must be angled relative to
the tooth edge (left, Fig. 13) in order to create a beveled chamfer.

Beyond the coordinates of the local point, five unit vectors (right, Fig. 13) are
required at any point along the tooth edge:

�T : the local tangent vector,
�N : the local normal vector,−→
Vo: �N X �T ,
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End Mill

Tooth Edge

Pivot Angle

Fig. 13 Typical end mill installation for Toe/Heel chamfering—spur and straight bevel gears

−−−→
Trans: the axis about which the tool vector is pivoted,−−→
Tool: the tool vector.

−→
Vo is obtained from the cross product of �N and �T . Vector −−−→

Trans is obtained by
pivoting �T about

−→
Vo of π

2 – the local pressure angle; then, pivoting �T about
−−−→
Trans

by the desired pivot angle gives vector
−−→
Tool. The pivot angle is a user input which

depends in part on the length of theEMand the size of tool holder to avoid interference
with the work.

However, depending on the pitch cone angle, the CnC machine’s turn-table tilt
capability may be exceeded, as is the case for the straight bevel pinion (left, Fig. 14)
when chamfering the Toe: the turntable angle reaches −140˚ for a 50˚ pivot angle,
which is beyond the typical limit of −105˚ and the tool spindle collides with the turn
table. Reducing the pivot angle to 25˚ brings the turn table angle to −112˚ which is
amenable to most AC type machines.

On the other hand, chamfering the Heel would cause no issue (right, Fig. 14) as
the turntable tilt is now −25˚, well within the machine’s range.

The situation is likely to be different when the pitch cone angle of the work piece
is large, as shown in Fig. 15 where both Toe and Heel chamfering can be performed
since the turn table tilt remains within the machine’s limits.

Tip deburring can be addressed in 2 ways: using either the tip of the EM tool or
its cutting edges.

When the EM’s cutting edges are used, large work piece rotation angles are to
be expected when changing tooth flanks (left and center, Fig. 16) and therefore the
operation should be split such that all the tips on one tooth flank are done and then
all the tips on the opposite tooth flank are chamfered, which would improve cycle
times.
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Collision

Turn Table

End Mill

Tool Spindle

Work Piece

Fig. 14 “AC” type CnC machine limits for Toe/Heel chamfering—small pitch cone angle bevel
gear

Tool Spindle

Work Piece
End Mill

Turn Table

Fig. 15 “AC” type CnC machine limits for Toe/Heel chamfering—large pitch cone angle bevel
gear

The same comments apply when the pitch cone angle of a straight bevel gear is
large, as is shown in Fig. 17.

Tip chamfering can also be performed using the EM tool’s tip which, in most
cases, is a better approach since the turn table tilt is less and there are no risks of tool
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End Mill

Work Piece

Fig. 16 Tip chamfering of a small pitch cone angle bevel gear—EM tool side is used

Work Piece

Tool Spindle

End Mill

Turn Table

Fig. 17 Tip chamfering of a large pitch cone angle bevel gear—EM tool side is used

interference. However, the tool diameter becomes a limiting factor to avoid damaging
the opposite tooth flank.

When chamfering the Tip edges, the EM toolmust be tangent to the axial direction
of the tip and angled to provide the desired chamfer (Fig. 18).

Again, five unit vectors (left, Fig. 18) are required at any point along the tooth
Tip edge:

�T : the local tangent vector,
�N : the local normal vector,
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End Mill

Tooth Tip

Pivot Angle

Fig. 18 Typical End Mill installation for Tip chamfering—Spur and straight bevel gears

−→
Vo: �N X �T ,−−−→
Trans: the axis about which the tool vector is pivoted,−−→
Tool: the tool vector.

−→
Vo is obtained from the cross product of �N and �T . Vector −−−→

Trans is obtained by
pivoting �T about

−→
Vo of π

2 – the local pressure angle; pivoting �T about
−→
Vo to bisect

the Tip edge (right, Fig. 18), and about
−−−→
Trans by the required pivot angle to ensure

that the tool is perpendicular to the axial direction of the Tip edge yields vector
−−→
Tool

(Fig. 19).
In the above, Toe and Heel chamfering are performed with neither rotation of the

work piece—apart from indexing—nor change in turn table tilt which improves the
predictability of the movements, especially when the work piece is large and heavy.
This also implies that 4 and 4+1 axes machines can be used.

By contrast, Tip chamfering of bevel gear teeth requires a continuous reorientation
of the tool axis in reference to the work piece axis and, therefore, a 5 Axis CnC
machine is required.

Helical Gears

Helical gears are treated separately because the helix angle introduces peculiarities
not found on spur and straight bevel gears. The same considerations apply to spiral
bevel gears.

While Tip chamfering can be performed in the same way as for spur and straight
bevel gears, i.e. either with the side of the tool or its tip end, the Toe and Heel tooth
ends present different angles on each tooth flank, as described in Fig. 20 where flank
L shows obtuse angle αL and flank R shows acute angle αR.
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End Mill

Work Piece

Risk of interference

Fig. 19 Tip chamfering of a large pitch cone angle bevel gear—EM tool tip is used

ψ

αL

αR

L R 

βR
βL 

PL 

PR

Tooth Toe 

Fig. 20 Toe/Heel chamfer angles for helical and spiral bevel gears

Vectors βL and βR divide angles αL and αR in 2 equal halves. Lines PL and PR,
perpendicular to vectors βL and βR, are at an equal depth from the tip point and
clearly do not have the same lengths. This means that chamfering for equal depth
will not produce equal chamfers on the L and R flanks.

While in itself this is not dramatic, in practice the appearance suffers and the
effective face width is reduced on one tooth flank relative to the other.

In addition, the acute side, R in Fig. 20, presents a small pointed edge that is likely
to through harden and be brittle, so easy to break if stressed.

Therefore, when chamfering the Toe and Heel tooth ends, it is good practice to
adjust the chamfering depth of the obtuse angle to produce the same chamfer length
as on the acute angle, or vice-versa.

Now, six unit vectors (right, Fig. 21) are required to orient the EM at any point
along the tooth edge:
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End Mill

Tooth Edge

Pivot Angle 
Helix Angle

Fig. 21 End Mill installation for Toe/Heel chamfering—helical and spiral bevel gears

�T : the local tangent vector,
�N : the local normal vector,−→
Vo: �N X �T ,−−→
Tool: the tool vector,−−−→
Trans: axis about which vector

−−→
Tool is rotated by the Pivot Angle,−−−→

Pivot : axis about which vector
−−→
Tool is rotated by the local helix angle.

−→
Vo is obtained from the cross product of �N and �T . Again, vector −−−→

Trans is obtained
by pivoting �T about

−→
Vo by π

2—the local pressure angle; vector
−−−→
Pivot is obtained

from the cross product of
−−−→
Trans and

−→
Vo; then, pivoting

−−−→
Pivot about

−−−→
Trans by the

user inputted Pivot Angle gives vector
−−→
Tool which is then pivoted about axis

−−−→
Pivot

to account for the local helix/spiral angle.
We also see in Fig. 22 that one tooth end typically cannot be reached easily because

of the risk of interference between the tool spindle and the turn table. Then, either the
Pivot Angle must be reduced or an alternate solution is required, which is presented
further in the text.

Spiral Bevel Gears

Spiral bevel gears have the most complex shapes in terms of tooth flank topography
and blank. These gears therefore call for a general solution that is applicablewhatever
the local spiral angle, face width, generating process, module or pressure angle.

And again, End Mills can be used to chamfer some tooth edges, but now the
options are more limited because the spiral angle can become quite significant at the
Heel tooth edge for large offset hyoid pinions.

For example, consider tip chamfering with the cutting edge of the End Mill as
shown in Fig. 23. While chamfering the convex flank causes no issue (left, Fig. 23),
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Tool Spindle

Turn Table

End Mill

Work Piece

Collision

Fig. 22 Toe/Heel chamfer limits for helical gears

Tool Spindle

Turn Table

End Mill

Work Piece

Collision

Fig. 23 Tip chamfering with EM cutting edge—spiral bevel pinion

chamfering the concave flank (right, Fig. 23) causes a collision risk between the tool
spindle and the turn table.

This approach is therefore not acceptable and the EM tool tip is to be used which,
as shown in Fig. 24, causes no issue on either flank.

Figure 25 shows the Tip edges of a small spiral bevel pinion chamfered using an
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Tool Spindle

Turn Table

End Mill

Work Piece

Fig. 24 Tip chamfering with EM tip end—spiral bevel pinion

Fig. 25 Sample Tip chamfering with EM tip end—spiral bevel pinion

EM. The chamfers are almost small enough to confuse with deburring.
When chamfering tooth Toe and Heel edges, other considerations arise. For one,

when chamfering the Toe of a pinion with a small pitch cone angle, again the turn
table angle is likely to exceed the machine’s limit and collide with the tool spindle
(left, Fig. 26).
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Collision

Interference

Fig. 26 Toe chamfering with EM—spiral bevel pinion

No Interference

Fig. 27 Heel chamfering with EM—spiral bevel pinion

Beyond this, even a small diameter EndMill is likely to interfere with the concave
tooth flank when chamfering the bottom of the tooth (right, Fig. 26) and therefore
either the Pivot Angle must be reduced, or else this solution becomes unacceptable.

Tool spindle to turn table collision is not likely to occur at Heel (left, Fig. 27);
and if the Pivot Angle is correctly chosen, tool interference with the tooth flank can
be avoided (right, Fig. 27).
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3.3 Ball Mill Chamfering

The Ball Mill tool (BM), thanks to its spherical end, can be fitted in places where an
End Mill tool would not do an acceptable job.

Consider for example the spiral bevel pinion shown in Fig. 28, left. The Ball Mill
tool can be plunged vertically along the Toe and Heel edges without any risk of tool
spindle to turn table interference. And by carefully selecting the Ball Mill diameter,
the fillet area can also be chamfered.

Five unit vectors (left, Fig. 29) are required to control the BM at any point along
a tooth edge:

�T : local tangent vector,
�N : local normal vector,−→
Vo: �N X �T ,−−→
Tool: the tool vector,−−−→
Trans: axis about which vector

−−→
Tool is rotated by the Pivot Angle.

−→
Vo is obtained from the cross product of �N and �T . Again, vector −−−→

Trans is obtained
by pivoting �T about

−→
Vo by π

2 + the local pressure angle; vector
−−→
Tool is obtained

from the cross product of
−−−→
Trans and

−→
Vo; vector

−−→
Tool can be pivoted parallel to itself

about the local tooth edge point by the Chamfer Angle—left, Fig. 29—and about
vector

−−−→
Trans by the user inputted Pivot Angle.

However, there is a potential issue with this type of tool in that if the diameter
of the spherical end is small, which is required to fit in the fillet area, a double lip

Tool Spindle

Turn Table

Ball Mill

Work Piece

Fig. 28 Heel chamfering with BM—spiral bevel pinion
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Ball Mill

Tooth Edge

Chamfer Angle

Fig. 29 End Mill installation for Toe/Heel chamfering—helical and spiral bevel gears

Lip

Lip

Lip

Lip

Fig. 30 Heel chamfering with BM—double lip edge created

is created where the tool enters and exits the tooth edge, as Fig. 30 shows. In many
instances, this is unacceptable and either an alternative solution is required, or else
the BM diameter is increased to minimize the double lip and the fillet area is not
targeted.
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3.4 Chamfer Tools

Chamfer Tools (CT) are widely available and come in varied sizes. They offer an
interesting, and inexpensive, alternative to End Mill tools since they can be used
along tooth tips and, at least, at one tooth end, Toe or Heel.

For example, the case of Fig. 30 would rather appear as shown in Fig. 31, left,
with a result similar to what appears in Fig. 31, right: the quality of a CT tool chamfer
is obvious.

Seven unit vectors (Fig. 32) are required to orient the CT at any point along the
tooth edge:

�T : the local tangent vector,
�N : the local normal vector, pivoted about

−−−→
Pivot such as to face the cutting

edge of the Chamfer Tool,−→
Vo: �N X �T ,−−→
Tool: the tool vector,−−−→
Trans: axis about which vector

−−→
Tool is rotated by the Pivot Angle,−−−→

Pivot : axis about which vector
−−→
Tool is rotated by the local spiral angle,−−−−−→

VnCone: perpendicular to vector
−−→
Tool and the tooth edge and used to control the

movement along the tool axis caused by Ds.

−→
Vo is obtained from the cross product of �N and �T . Again, vector −−−→

Trans is obtained
by pivoting �T about

−→
Vo by π

2 + the local pressure angle; vector
−−−→
Pivot is obtained

from the cross product of
−−−→
Trans and

−→
Vo; then, pivoting

−−−→
Pivot about

−−−→
Trans by the

user inputted Pivot Angle gives vector
−−→
Tool which is then pivoted about axis

−−−→
Pivot

to account for the local helix/spiral angle. Since the tool cannot be used on its tip, it

Chamfer Tool

Work Piece

Fig. 31 Heel chamfering with Chamfer Tool—smooth chamfer edge
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Chamfer Tool

Tooth Edge

Ds 

Pivot Angle

Spiral Angle

Fig. 32 Chamfer Tool installation for Toe/Heel chamfering—Spiral Bevel Gears

is moved by distance Ds along its cutting edge and vector
−−−−−→
VnCone is used to guide

the movement.
As can now readily be deducted, Ds, the tip diameter and the cone angle of the

CT are prime variables in the chamfering operation.
Consider, for example, the CT at nearly the bottom of the 4.8 mm module pinion

tooth (left, Fig. 33) where Ds= 2 mm, the tip diameter is 0.1 mm, and the cone angle
is 60˚: while still chamfering the convex Toe tooth edge, the CT is already gouging
into the concave Toe tooth edge.

By reducing Ds to 1.5 mm (right, Fig. 33) gouging on the opposite tooth flank is
avoided altogether. Therefore, the allowable amount of penetration Ds is a function
of the current point on the tooth edge, the local spiral or helix angle, and the tip
diameter and cone angle of the CT.

One disadvantage of the Chamfer Tool is that it must attack the Toe or Heel tooth
edges from outside the part, which means that for bevel gears with a small pitch cone
angle, the Toe end of the teeth can be chamfered, and for gears with a larger pitch
cone angle, the Heel end of the tooth can be chamfered. At the opposite end, it is
likely a collision will result between the turn table and the tool spindle unless some
adjustments are made to the operation parameters.
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Fig. 33 Chamfer Tool gouging on the opposite tooth flank

Tool Spindle

Chamfer Tool

Work Piece

Collision

Fig. 34 Chamfering Toe and Heel—Large pitch cone angle spiral bevel gear

For example (left, Fig. 34) the Chamfer Tool is set up for the Heel on a spiral bevel
gear with a large pitch cone angle; it is clear that using a tool holder long enough
allows avoiding any collision between the machine’s tool spindle and the turn table.

If the Toe end of the tooth is to be chamfered, the tool spindle clearly collides
with the work and turn table (center, Fig. 34). The “Pivot Angle” controls the angle
between the Chamfer Tool’s axis and the tooth Toe or Heel edge; in both the left and
middle Fig. 34, the Pivot Angle is set to 90˚. If the Pivot Angle is now set to, say,
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The operation must be 
stopped later to remove 

the remaining burr

Fig. 35 Sample Heel chamfer—large pitch cone angle spiral bevel gear

65˚, we rather get what appears in Fig. 34, right, and now, any risk of collision has
disappeared and the chamfering operation can proceed.

Figure 35 shows a typical chamfer at the Heel of a large pitch cone angle spiral
bevel gear. The teeth are non generated. The chamfers on each flank show comparable
sizes. However, at the root, the CT movement needs to continue deeper since a burr
has remained.

The main disadvantage of a non 90˚ Pivot Angle is that the bottom part of the
Chamfer Tool may become parallel to the bottom of the tooth or, even worse, its
cutting edge may make a negative angle with the tooth gap root. In such a case, the
tool movement must be stopped before it reaches the bottom of the tooth gap and a
small area is not chamfered or deburred. Fig. 36, left, shows the Chamfer Tool with
a 65˚ Pivot Angle; there is still a positive angle between the cutting edge and the
bottom of the tooth gap; by opposition, Fig. 36 right, the Pivot Angle is rather 45˚
and clearly the movement must be stopped before the tool reaches the bottom of the
tooth gap to avoid damaging the tool and creating a dent in the root.

If the work piece has a small pitch cone angle, and this applies to cylindrical
gears as well, then it is clear that while the Toe end of the tooth poses no issue,
left Fig. 37, the Heel end cannot be chamfered with this tool because of collision
risks between the tool spindle and the turn table, and also likely excessive turn table
tilt—right Fig. 37, unless the work holding support is long enough to allow sufficient
clearance; otherwise, one must resort to using either End Mill, a Ball Mill or a
CoSIMT tool.

Of course, chamfering the tooth Tip causes no issue, either on the pinion or gear,
as is shown in Figs. 38 and 39.
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Chamfer Tool

Work Piece
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Negative Angle

Fig. 36 Clearance angle—cutting edge to tooth root

Tool Spindle

Chamfer Tool

Work Piece Turn Table

Fig. 37 Chamfering Toe and Heel—small pitch cone angle spiral bevel gear

3.5 CoSIMT Tools

A CoSIMT, or Conical Side Milling Tool, is a disk-shaped tool whose cutting edges
can take different profiles: Involute, circular arc, or a more standard straight edge. In
the latter case, the cutting edges may be parallel to, or make an angle with the radial
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Tool Spindle

Chamfer Tool

Work Piece

Turn Table

Fig. 38 Pinion Tip chamfering with Chamfer Tool

Tool Spindle

Chamfer Tool
Work Piece

Turn Table

Fig. 39 Gear Tip chamfering with Chamfer Tool

direction. Such tools come in several base geometries, and tool manufacturers such
as Sandvik, P. Horn, Iscar, Ingersoll Rand make disk bodies to different diameters
on which blade inserts are screwed. The CoSIMT could also be a grinding disk.

These tools can be used to chamfer pretty much any gear type, given the blade
angles are chosen correctly. For example, the tooth tips of a spur gear can be cham-
fered using a CoSIMT with 15˚ blade angles (left, Fig. 40) or 0˚ (right, Fig. 40) and
both will give the same results.

The same comment applies to helical gears (left, Fig. 41), where the cutting edges
are angled relative to the CoSIMT radius, and straight bevel gears (right, Fig. 41)
where the cutting edges are parallel to the CoSIMT radius.
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Conical Edges

Parallel Edges

Fig. 40 Spur gear Tip chamfering with a CoSIMT

Conical Edges

Parallel Edges

Fig. 41 Helical and straight bevel gear Tip chamfering with a CoSIMT

However, for spiral bevel gears, the CoSIMTmust have a convex side that is used
to chamfer the concave tooth tip, and normally a flat or concave side that is used
to chamfer the convex tooth tip, although a convex blade will also work as Fig. 42
shows.

Four unit vectors (Fig. 43) are defined to orient the CoSIMT at any point along
the tooth Tip edge of a spur or straight bevel gear:

�T : the local tangent vector; the cutting edge slides along this vector such that
the cutting blades work away from their tips;

�N : the local normal vector,−→
Vo: unit vector along the tooth tip edge,−−→
Tool: vector parallel to the tool axis.

−→
Vo is obtained from the local partial derivative along the tooth tip. Vector �N is pivoted
about

−→
Vo by half the difference between the local pressure angle and 90˚ to yield the
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Conical Edge 
for Concave Tip

Conical or Flat Edge 
for Convex Tip

Fig. 42 Spiral bevel gear Tip chamfering with a CoSIMT

Ds 

Tool Arbor Outside Blade

Fig. 43 CoSIMT Tool installation for Tip chamfering—spur and straight bevel gears

tool axis vector
−−→
Tool. To avoid working on the blade tips, the CoSIMT slides along

vector �T by distance Ds.
A similar approach is used for Tip chamfering of spiral bevel gearswith aCoSIMT,

Fig. 44, although the tooth geometry is decidedly more complex.
Although the above show that it is relatively easy to chamfer tooth tips using a

CoSIMT, the same cannot be said of Toe and Heel tooth edge chamfering. The main
reason is tool size which must be limited in order not to damage the tooth flank
behind the tooth Toe or Heel edge; this therefore limits the CoSIMT diameter and
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Inside Blade

Fig. 44 CoSIMT Tool installation for Tip chamfering—spiral bevel gears

the chamfer angle. On the other hand, the sturdiness of CoSIMT tools ensure a long
service life and makes them choice tools.

In addition, while chamfering the left tooth edge with the CoSiMT’s outside
blade—i.e. the blade on the opposite side of the arbor—causes no risk of interference
between the tool’s arbor and the work piece (left, Fig. 45), using the inside blade—
the blade on the same side as the arbor—requires an elongated arbor (right, Fig. 45)
to avoid interference and this is likely to lead to vibrations and uneven results.

Interference
Tool arbor

Outside blade

Inside blade

Fig. 45 CoSIMT Toe/Heel chamfering with different blades—straight bevel gears
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This implies that, for practical reasons, the CoSIMT outside blade should be used
to chamfer both the left and right tooth Toe and Heel edges, as shown in Fig. 46. This
also implies that the process is not continuous: all the Toe/Heel edges on one tooth
flank are done, and then all the edges of the other tooth flank. In practice, this does
not involve excessive cycle time and is well worth given all the chamfering can be
done using a single tool.

Five unit vectors (left, Fig. 47) are defined to orient the CoSIMT at any point
along the Toe/Heel edge of a spur or straight bevel gear:

�T : local tangent vector; the cutting edge slides of distance Ds along this vector
such that cutting blades work away from their tips;

�N : the local normal vector,

Tool arbor

Outside blade

Outside blade

Fig. 46 CoSIMT Toe chamfering both tooth flanks using the outside blade—straight bevel gear

Ds 

Chamfer Angle

Fig. 47 CoSIMT Tool installation for Toe/Heel chamfering—straight bevel gears
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−→
Vo: �N X �T ,−−→
Tool: vector parallel to the tool axis,−−−→
Pivot : axis about which vector

−−→
Tool is rotated by the desired chamfer angle.

−→
Vo is obtained from the cross product of �N and �T . To avoid working on the blade
tips, the CoSIMT slides along vector �T by distance Ds; this is therefore a “Moving
Contact Point” that ensures evenwear along the cutting edge of the tool and improves
tool life.

In the case where the CoSIMT OD is too large, the tool can be pivoted out of the
mesh around axis

−−→
Tool, as shown in Fig. 48.

Finally, by carefully selecting the CoSIMT tool dimensions, it is also possible to
target the root area of the Toe and Heel edges.

Fig. 49 shows—in several different positions—a CoSIMT chamfering a straight
bevel pinion tooth Toe edge: it is clear that the fillet and root areas of the tooth gap
can be targeted by carefully selecting the CoSIMT dimensions, Chamfer Angle and
Pivot Angle.

The sameapproach is used for spur, helical and spiral bevel gears andwill therefore
be omitted here.

Pivot Angle 

Interference No Interference

Fig. 48 CoSIMT pivot to avoid interference—Toe/Heel chamfering

Fig. 49 CoSIMT chamfering at Toe: tooth flank and root
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4 Conclusion

The intent of this chapter was to explore some of the deburring and chamfering
options that are offered to gear manufacturers.

As was shown, most gear machine manufacturers already offer several possibil-
ities, either integrated to their gear cutting machines or in separate embodiments.
These solutions offer excellent results and cycle times, and are intended for mass
production.

For small to medium volumes, and for a varying production in terms of gear types
and sizes, such machines often are not economically viable, especially so that most
require special tools matching the module, face width, pressure angle and helix angle
of the parts to chamfer or deburr.

Given the increasing use of 5, 4+1 and 4 Axis CnC machines in the gear industry,
where small tomediumgear volumes are an everyday task, andwherewidely different
gear types can be produced on the samemachine, there is a need for different avenues
allowing efficient chamfering—and thus deburring—of spur, helical, straight bevel
and spiral bevel gears using off-the-shelf tools, which was the focus of this chapter.

The considered off-the-shelf tools include End Mills, Ball Mills, Chamfer Tools
and Conical Side Milling Tools, i.e. CoSIMT.

In all cases, it is possible to chamfer either, or both, the Toe andHeel edges, and the
Tip edges. In many instances, adjusting chamfer parameters such as the Pivot Angle
allows chamfering every part of the tooth; this is especially true of EndMill and Ball
Mill tools, although Ball Mill tools leave a double lip because of their spherical tip.

Overall, the CoSIMT tool may be the best all around chamfering tool in that, if
its dimensions are well selected, it can access all edges of a gear tooth, be it spur,
helical, straight or spiral bevel.

As was demonstrated in the above paragraphs, while deburring and chamfering
is an unloved task, it is by far not a trivial task since the targeted geometries are
complex and varied.

Themethods presented in this paper are all integrated into theHyGEARSsoftware,
whose post-processor generates the G-Codes for any CnC machine and controller
on the market. Therefore, an unused, or lightly used, 4, 4+1 or 5 Axis CnC machine
could be put to good use chamfering parts.
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Worm-Type Gear with Steel Gearwheel

Evgenii S. Trubachev

Abstract The manuscript presents a study of a variety of a worm gear having a
truncated gear rim as compared to the common worm gear. This gear has been orig-
inally invented by Egorov and Iofik and, as shown here, it has a number of favorable
geometrical and kinematic, power, strength, layout, and manufacturing properties.
It is offered to name it “QN-gear” and to use hardened steel as the material of its
gear rim that sharply raises its strength. The quantitative and qualitative comparison
with the nearest analogues—worm and spiroid gears has shown the perspective of
applying such a gear design, first of all, for the case of low rotation speeds. Equa-
tions are obtained for calculation of the worm axial module and dependences for
prevention of tooth undercutting and sharpening, which are, in fact, limitations at
optimization design. Proposals are made to improve the performance and production
characteristics of QN-gears with hardened steel gearwheel rims by gear optimization
and contact localization. To improve the economic efficiency of gear production, it is
proposed to produce gearwheels with curvilinear and asymmetric profiles by means
of standard involute hobs and multi-cutter running heads. An example of a gearbox
based on the steel QN-gear is given showing high load characteristics in testing.

Keywords Worm gear · Spiroid gear · Load capacity · Strength

1 Introduction

The problem of applying hardened steel to produce worm gearwheels [1] is one of
promising and nowadays insufficiently used possibilities to improve the durability
and economic performance of worm gears. The preventing property that forces to use
antifrictionmaterials enabling relatively fast running-in is the poor contact conditions
in the pitch point of a cylindrical worm gear, because this point is always a regular
node one [2]; the speed of its movement along the surface of the worm thread is
equal to zero, the contact line is located extremely unfavorably, the angle between its
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tangent and the vector vs of the relative speed is also almost equal to zero. A radical
way to eliminate this disadvantage is known—to remove a part of the gearwheel
rim adjacent to the pitch point. Perhaps, Grubin and Lytskhier were the first Russian
(Soviet) researchers to propose this method [3]—see Fig. 1.

This ideawas developed in gears,whichwere namedby authors (Egorov and Iofik)
as cylindricalwormones [4, 5] having larger gearwheel diameters in comparisonwith
the Grubin-Litskhier gearwheel—see Fig. 2.

The gear version in accordance with the scheme in Fig. 2a has exterior benefits:
the total width of the gear rim is greater, respectively, the total length of contact lines
is greater, and the load transmitted by their segments is lower. However, there still
remain two other disadvantages in this version of the worm gear:

Fig. 1 The axial profile of the Grubin-Litskhier worm gearwheel

(a) gear in accordance with [4] 

(b) gear in accordance with [5] 

Fig. 2 Worm gears by Egorov and Iofik with the removed central part of the gearwheel rim
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– the repeated contact of worm threads [6], which causes their higher heat load;
– the high sensitivity of the gear to the error of the gearwheel axial arrangement.

Probably, it is caused by the fact that at practical implementation of this gear
in gearboxes for general purpose mechanical engineering [7] its gearwheel, like a
gearwheel of a common worm gear, was made of bronze—the antifriction material
that provides fast running-in.

In [8], a version of solving the problem of applying hardened steel for worm
gears is presented for a non-orthogonal worm gear without the so-called meshing
axes, and the result of practical implementation of this solution in a serially produced
low-speed heavy-loaded gearbox for pipeline valves is shown. However, the non-
orthogonal arrangement of axes is not a “great pleasure” for production. Therefore,
the version for the scheme in Fig. 3b seems to become an effective solution to the
above problem at the orthogonal arrangement of axes, because it provides:

– elimination of the repeated contact;
– possibility of a simple and easily controlled contact localization along the tooth

length;
– lower sensitivity to the action of errors.

Exactly this version is a subject of consideration in this manuscript, particularly,
the features of selecting gear parameters, obtained gear properties in comparison
with its analogues, and results of practical cutting and testing. The presented results
confirming and developing the initial conclusions made by authors of the gear are
proving the gear originality and significant difference from its analogues. Therefore,

Fig. 3 QN-gear and the note “Quarter note”
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it seems that the gear is worth giving its own name. Further in the manuscript the
name “QN-gear” will be used for short (Quarter-note gear—see Fig. 3).

2 Some General Comments

The presence of the meshing axis in the meshing zone (in the orthogonal unshifted
worm cylindrical gear it passes parallel to the gearwheel axis contacting the pitch
cylinder of the worm) forces the contact lines to draw along teeth; this situa-
tion is fundamentally kept for almost any profile of the worm and gear ratio [9].
Figure 4a shows as an example the lines of the conjugated contact for an orthogonal
Archimedean worm gear with the gear ratio equal to 40 and interaxial distance equal
to 100 mm (the lines are extended beyond the meshing zone to demonstrate their
shape evolution). It can be seen that as you move away from the middle plane of the
gearwheel (plane y = 0), angles between the vector of relative velocity (it practi-
cally coincides with the circumferential direction of the worm) and the tangent to the
contact line are increasing. This well-known fact is the main motive for removal of
the central part of the gear rim. Having left, in fact, one third of the gear rim, Egorov
and Iofik, developed the gearwheel for greater use of the meshing surface area with
favorable properties—they moved the face of the gearwheel towards greater values
of y coordinate, increased the maximum diameter, and introduced a negative shift
of the worm (Fig. 4b). These techniques allow to increase the overlap factor and, as
a consequence, to compensate the negative effect of the acquired reduction of the
worm gearwheel face width. In accordance with the classification by Georgiev and
Goldfarb [10], the worm gear is thus transferred to a higher class, and its gearing
zone is shifted relative to the interaxial line along the gearwheel axis.

Fig. 4 Meshing surfaces of worm gears with Archimedes worms
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3 Gear Scheme

As it is usually done [11, 12], it is reasonable to start the calculation of the QN-gear
by choosing the gear scheme, i.e. by defining the pitch surfaces. The first question
here is: which cylinder of the worm is reasonable to be chosen as the initial one? In
the case of common worm cylindrical gears it is the pitch cylinder, and for spiroid
ones it is the outer cylinder, because in this case:

– greater completeness of contact is provided (contact lines are stretched along the
worm profile);

– conditions of tooth undercutting are adequately evaluated.

In the QN-gear the situation is almost the same: contact lines can be evaluated
from Fig. 4; and undercutting, as it will be shown below, is one of the restrictions
for parameter selection. Therefore, it is suggested to choose the outer cylinder with
a diameter of da1 as the worm initial cylinder in the QN-gear. The initial surface
of the gearwheel in the orthogonal case will be a torus surface contacting with this
cylinder and limited by two end faces, the position of which is set by the parameters
B2 and b2—see Fig. 5, while contacting of initial surfaces takes place in the plane
z = 0 along the arc of the circumference x2 + y2 = (0.5da1)2.

Reasons for selecting the worm diameter of the QN-gear are almost the same as
for a conventional worm cylindrical gear. The issue of optimal ratio of the gearwheel
rim displacement from the interaxial line, the width and the largest diameter of the
gearwheel rim remains open in many respects and may depend, for example, on the
required ratio of tooth contact and bending strength. Based on the experience in gear

Fig. 5 Initial surfaces and scheme of QN-gear
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design and testing, it is possible to accept:

B2 = 0.15da1. (1)

It allows providing the minimum angle between the tangent to a contact line and
the vector of relative speed not <11°…15°, and the average one—bout 40°…45°, and
it is well agreed with this recommendation in [4, 5] (0.2…0.0.4 from outer radius of
the worm). For obvious reasons, the following inequalities should also be kept:

(B2 + b2) → (≤)0.5da1, (2)

dM2 → (≤)2

[
aw −

√
(0.5da1)

2 − (B2 + b2)2
]

(3)

Selection of the worm axial module mx should be made from the condition of
collinearity of the helical line and the relative velocity vector, in the general case it
gives the expression [13]:

mx id = 2

z(1)

(0.5da1)
2(x + aw) sin�

[(0.5da1)2(i − cos�) − zy sin� − xaw cos�] , (4)

where z(1) is the number of worm threads; aw, Σ are the distance and angle between
the axes; i is the gear ratio; x, y, z are the Cartesian coordinates of the point of contact
of the pitch surfaces in the coordinate system shown in the Fig. 5.

In the orthogonal case:

mx id = 2(x + aw)

z(2)
(5)

or—for the convenience of correlating the variable coordinate with the assigned
parameters B2 and b2 and taking into account x2 + y2 = (0.5da1)2:

mx id =
2
(
aw −

√
(0.5da1)

2 − y2
)

z(2)
(6)

As you can see, the value of mx id depends on the selection of the point position
on the line of the initial surfaces contact (x or y coordinates).
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4 Restrictions of Parameter Selection—Tooth Undercut
and Sharpening

The practice of calculations shows that the QN-gear is characterized by undercutting
of the 1st type (Fig. 6) caused by the appearance of the so-called singular line of
the enveloping surface in the meshing zone. It is the geometrical place of singular
points of the enveloping surface. To predict and prevent this phenomenon at the
stage of selecting parameters of the gear scheme, we use the method and algorithm
thoroughly described in [14]. The main analytical expression here is a system of
equations solved at points of the worm pitch surface:

{
nvs = Fm(x, y, z) = 0,
Nv2 = Fu(x, y, z) = 0.

(7)

Here, the first equation is the meshing equation (n(x, y, z, pγ, αlim) is the limiting
contact normal, pγ = 0.5mxz(1) is the helical parameter of the worm, αlim is the sought
limiting axial angle of the worm profile), and the second one is the condition of
intersection of the normal N = {∂Fm/∂x, ∂Fm/∂y, ∂Fm/∂z} to the meshing surface
with the gearwheel axis (v2 is the speed of the contact point at joint motion with the
gearwheel).

The solution (αlim) for which the mentioned singular points and, consequently,
the tooth undercut appear in the meshing is usually not single. The resulting set of
solutions is used to select maximum and minimum values, and the profile angles
of the right and left flanks of worm threads should be selected as their largest and
smallest (taking into account the sign) values, respectively. The main factors that
affect the values of angles αlim are:

– removal of the gearwheel B2;
– worm diameter da1;
– worm axial module mx;
– gear ratio i.

undercut area 
contact lines 

Fig. 6 Undercutting of gearwheel teeth in the QN-gear
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(c) gear ratio(a) worm diameter (b) worm axial module

Fig. 7 Main factors of tooth undercutting in the QN-gear

Figure 7 shows the dependencies of limiting angles on the last three factors (B2,
taken to be equal to 0.15da1) for the orthogonal gear with the interaxial distance
of 100 mm. Evidently, the risk of undercutting goes up with increasing the worm
diameter, its axial module and decreasing the gear ratio, and it is higher for one of
the flanks (the left one facing the positive values of z coordinate—for the coordinate
system shown in Fig. 6). Considering this fact, one can recommend the introduction
of an asymmetric worm thread profile to avoid undercutting if necessary, and the less
the gear ratio is, the larger the asymmetry should be.

The second limitation is the tooth sharpening that occurs at the intersection of the
torus and cylindrical sections of the tooth vertex edge. Of course, this sharpening
can be eliminated by an additional chamfer on this tooth vertex, as it is shown in the
original patent [4, 5]. However, this technique reduces the area of contact surfaces
and the length of contact lines, so we will consider further how it can be done by
choosing the gear parameters. The main influencing factors here are as follows:

– the thickness sx of the worm thread;
– the axial module mx of the worm;
– the largest diameter dM2 of the gearwheel.

Due to the obvious influence of the first of the factors, the main interest is to
improve the gear by two latter ones. And here lies one of the main contradictions for
the designing engineer: on the one hand, the gearwheel diameter should be increased
to use the gear possibilities more completely—to increase the overlap factor and
length of contact lines, and to reduce contact stresses. On the other hand, the risk
of tooth sharpening is increased in this case (in Fig. 8b it can be recognized by the
intersection of opposite flanks). The general thoughts here are as follows:

– to increase the diameter dM2 one should choose larger values mx (larger values y
in (6)), see Fig. 8c;

– this increases the risk of tooth undercutting (see Fig. 7b) which may require an
increase in axial profile angles above the commonly accepted value of 20°;

– there is some limit of the gear diameter dM2 in terms of increasing the gear
performance.
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Fig. 8 Tooth undercutting sharpening in the QN-gear (please, replace the word "undercutting"with
"sharpening"

In summary, one can recommend the range dM2 = (1.8…1.9)aw and the value y
= (0.30…0.43)da1 to calculate the axial worm module by (6) which results in the
expression:

mx = 2aw − (0.5 . . . 0.8)da1
z(2)

(8)

The values mx obtained by this expression turn to be a little larger than worm
modules for the common worm cylindrical gear with the same gear ratio, inter-
axial distance and worm diameter, and they proximately correspond to the negative
coefficients of its worm shift in the range –0.5…–2.5. This increase of the module
(reduction of the shift coefficient) leads to an increase in the risk of undercutting and
reduction of contact stresses in the meshing.

5 Contact Localization

Themanuscript’s title focuses on the fact that it is reasonable to use a steel gearwheel
subjected to thermal or chemical thermal hardening treatment in theQN-gear. This, to
our opinion, is not obligatory, but gives a better implementation of the gear potential
in terms of tooth strength and economy. In this regard, the issue of providing the
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contact localization is more relevant than for common worm gears with gearwheels
allowing for relatively fast running-in.

In conventional worm gears, the contact is usually localized in the central area of
the tooth flankwith adversemeshing conditions. For gears shown in Fig. 3a and b, the
localized contact can only be achieved by cutting each of the half-rim individually (at
least if the traditional method of forming by the generating worm is used): each rim
should have the assigned design point and properly chosen number of machine-tool
settings. In general, this results in at least two different sets and two gear machining
operations. In this context, the QN-gear has the advantage: contact localization along
both flanks can be achieved per one setting of the cutting tool. For this purpose, the
method is applicable which has been first proposed in [15] and stated in detail in [16]
and which involves the following basic steps:

– selection of design points on opposite tooth flanks;
– specifying a number of machine-tool setting parameters—the machine-tool inter-

axial angle, number of threads, axial module and the radii of the curvature of the
generating worm profile;

– calculation of the remaining parameters—the machine-tool interaxial distance,
diameter, angles and thicknesses of the generating worm profile—for conditions
assigned at the design points [15, 17]:

nv01 = 0

tan γ = −net
nk

,

tan αx = −ner
nk

, (9)

where v01 is the velocity of the generating worm relative to the operating worm in
their joint virtual meshing at the design point, γ is the helix angle, et , er and k are
unit vectors of circumferential, radial and axial directions with respect to the axis of
the generating worm.

Contact localization by the tooth height (profile) is provided mainly by the selec-
tion of the proper ratio of profile curvatures for the operating and generating worm,
and by the length—by the selection of the module and the number of threads for the
generating worm, and the machine-tool angle.

Similar to common worm gears, it is reasonable to provide contact localization
in QN-gears by applying:

– a single- or double-thread hob (in particular, a standard involute hob) [18];
– an assembled running-in tool cutter head with 2, 3 or 4 carbide cutters [16]

The question still remains:What is the best place for contact localization—placing
the design point in the middle of the tooth or shifting it to one of its face ends, apex
or root? The answer to this question should take into account the asymmetry of
the modification field (Fig. 11), gearwheel deformations during heat treatment and
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under load in the gearbox, and the necessity to provide the preferable initial load
concentration within the area of more favorable contact conditions.

6 Comparison of the QN-Gear with Classical Worm
and Spiroid Gears

The QN-gear can be competitive within a wide range of operating conditions, but if
we talk about the gear with a steel gearwheel, to our opinion, the most promising
implementable application here is the case of low speeds and heavy loads. Figure 9

Right side

Left side
a) QN-gear 

b) Worm gear

Right side Left side
c) Spiroid (Helicon) gear 

Fig. 9 Lines of conjugated contact in compared gears
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and Table 1 show some results for such a gear as compared with analogues of the
same dimension (plan view areas taken by gears are said to be equal)—classical
worm cylindrical and spiroid gears. Calculations are made by means of the program
complex “SPDIAL+” [12]. Pairs of assessments are given for theQN-gear and spiroid
one: for right flanks—in numerator, for left flanks—in denominator.

The main conclusions of gear comparison are as follows:

1. Indicators that determine the gear resistance to scuffing.

1.1 Contact stresses in the classical worm gear are lower than in the QN-gear
and spiroid one (right flanks are meshing that are usually chosen as the
main operating ones due to higher efficiency, lower forces that deform
the structure and cause the stress concentration; see also [19]).

1.2 Gears are comparable in the sliding speed: at a relatively large gear ratio,
its main component—the worm speed—linearly depends on the diameter
of the latter, and it is selected almost equal in all three gears.

a) worm gear             b) QN-gear   c) spiroid gear 

Fig. 10 To comparison of layout features of gears

Fig. 11 The gearbox based on the QN-gear
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Table 1 Main parameters and performance of compared gears

QN-gear Worm gear Spiroid gear

Frequency of worm rotation, rev/min 35

Torque at the gearwheel, Nm 5000

Gear ratio 50

Interaxial distance, mm 105 110 60

Maximum diameter of the gearwheel,
mm

195 191 211

Outer diameter of the worm, mm 50 50 48

Axial module of the worm, mm 3.48 3.55 2.50

Gearwheel face width, mm 16 38 30.5

Overlap factor 4.2/4.7 2.75 5.7/5.8

Total length of contact lines, mm 30.3/35�6 55.9 25.3/29�1

Sliding speed, m/s 0.082 0.082 0.074

Average angle between the tangent to
the contact line and the vector of
relative velocity, °

43/38 23 82/77

Average speed of
contact points
displacement, m/s

Worm 0.051/0.050 0.031 0.078/0.076

Gearwheel 0.0023/0.0018 0.0023 0.0047

Contact stresses, MPa (maximum in
phases)

1600/1700 1150 1650/850

Efficiency (friction coefficient 0.1) 0.420/0.425 0.428 0.402/0.370

Axial force at the worm, H 57,000 56,300 72,000

Axial force at the gearwheel, H 5800/21,300 9300 13,300/39,600

Sensitivity to the error of the
gearwheel axial position

Low High Low

Possibility to adjust the backlash by
the gearwheel axial displacement

Yes No Yes

1.3 The QN-gear and the classical worm one have a higher efficiency (see
also [18]), which determines less heat generation in the contact.

1.4 With regard to the arrangement of contact lines and velocities of contact
point displacement along flanks (related parameters), the QN-gear actu-
ally takes an intermediate position between the classical worm gear and
the spiroid one; in this case, contact points with these parameters equal
to zero are excluded at meshing zones of the QN-gear and spiroid one.

Therefore, in the QN-gear there are objective reasons to obtain a higher resis-
tance to tooth scuffing than in the classical worm one, and when added to the
reduced sensitivity to the action of errors, it is the argument for applying the
hardened steel as the QN gearwheel material.
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2. Parameters that determine the tooth strength.

2.1 Worm axial modules for the QN-gear and classical worm one are almost
one and a half as much as that for the spiroid worm.

2.2 The overlap factor of the QN-gear and the spiroid one are considerably
higher than that of the worm gear.

2.3 Forces acting in the meshing of the QN-gear and the classical worm one
are more than a quarter less than those acting in the spiroid gear (see also
[19]).

Therefore, there are objective reasons to obtain a higher resistance to tooth
breakage in the QN-gear than in both other compared gears.

3. With regard to gear layout properties, the QN-gear also has an intermediate
position between the classical worm and spiroid gears. Thus, the following is
true for this gear (Fig. 10):

3.1 Similar to the classic worm gear, there are better options for positioning
a large central hole in the gearwheel than in the spiroid gear.

3.2 Similar to the spiroid gearwheel, the QN-gearwheel is flatter than the
classical worm gearwheel, which allows saving its cost, and, additionally,
reducing the corresponding size of the casing.

3.3 Worm bearings arranged on either side of the gearwheel can be placed
closer to the meshing area than in the case of a spiroid gear, and their
dimensions can be reduced due to lower meshing forces.

3.4 Gearwheel bearings are also a little less loaded with axial forces than in
the case of a spiroid gear.

4. The influence of the worm profile. An additional benefit can be obtained if
the QN-gear worm profile is made asymmetrical and convex (i.e., the risk of
undercutting is reduced). Table 1 shows the parameters of a symmetrical QN-
gear with worm profile angles 18.2°, and contact stresses in meshing the left
flanks are higher than in meshing of the right ones by 7% (1710 and 1600 MPa,
respectively). If we make the profile asymmetrical and convex (profile angles
are 23° and 20°, profile radii are 80 mm each), it is possible to equalize and
reduce contact stresses to the value of 1580 MPa. Thus, along with the varying
mx, dM2, B2 the change of the worm thread profile for the QN-gear provides an
effective tool for the gear optimization.

7 Example of Practical Implementation: Cutting
and Testing Results

The QN-gear with the parameters listed in Table 1 was implemented in the low-
speed (worm speed 35 rpm) gearbox1 (Fig. 11) of the agricultural machine bogie

1The design is made by eng. A. I. Shutkina.



Worm-Type Gear with Steel Gearwheel 199

drive. The worm and the gearwheel were made of 40X steel with volume hardening
to the hardness of HRC 45–50. A grease with the addition of 10% mass fraction of
lubricated graphite and 5% molybdenum disulfide (MoS2) was used in the gearbox.
The contact in the gear was localized, and the gearwheel was cut with a standard
involute hob with a normal module of 3.5 mm. The actual contact pattern generally
showed a good match with the calculated one (Fig. 12). After a short (20 revolutions
of the gearwheel in each direction) running-in with a gradual increase in the load,
the gear was subjected to peak torques 5000 Nm acting during one quarter revolution
at a relative duty factor of 25% within 20 cycles. Then a long testing was carried
out (the total time was about 1000 h) for the output torque smoothly varied within
1200…2400 Nm with the period of 8 h. The contact pattern increased during the
test, taking up finally most of the active part of the tooth flank. In the steady heat
mode, the gearbox heating reached 68°…70°, with an average efficiency of 0.40–
0.43 (the resulting test diagrams of the efficiency variation versus torque are shown
in Fig. 13). Next, the gear was subjected to peak loads of 5300 Nm acting throughout

Ease off 

Simulated total contact pattern (TCA, “virtual running-in”) 

Actual total contact pattern (little load) 

Actual total contact pattern (torque 3000 Nm) 

0.04 mm 

Fig. 12 Contact localization in the sample QN-gear
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––, + – right side; ––, o – left side

Tout, Nm 

Efficiency
Dynamic loading Static loading

Fig. 13 Experimental values of efficiency for the gearbox with QN-gear

the gearwheel turning by 20°, with the total number of reversible loading of about
1000 cycles. No critical damage of the gear appeared. Finally, the gear was brought
to failure at reversible static loading. The breakage occurred at 9000 Nm, and it was
the gearbox shaft that fractured, mainly because of torsion stresses.

Of course, such a short first experience cannot be the basis for the calculated
evaluation of the gear load capacity, but it has shown that the QN-gear with a steel
gearwheel can become an effective alternative to the classical worm and spiroid
ones. The obtained torques of 5300 Nm at short-term loading, and not <9000 Nm at
static loading are not inferior (probably, surpass) to torques of the best samples of
gearboxes for controlling the pipeline valves with similar dimensions [20–22].

8 Conclusion

The analysis made in the manuscript has shown the perspective application of a
worm gear with a truncated gear rim made of hardened steel, which is proposed to
be called “QN-gear”. The perspective concerns, at least, the case of low rotational
speeds, although this gear can be considered as an alternative to the classic worm and
spiroid ones in other cases, as it combines many favorable geometric and kinematic,
force, strength, layout, and manufacturing properties.

The obtained dependences for calculation of the worm axial module and depen-
dences for prevention of tooth undercutting and sharpening are, in fact, limita-
tions at the optimization design. Besides, in comparison with the basic solution
of Egorov and Iofik, the following improvements allowing to increase operational
and manufacturing characteristics of the gear are offered:

– to apply the hardened steel for manufacturing of QN-gearwheels, which provides
the increased tooth strength;

– to go beyond worms with ruled surfaces and, moreover, apply a curvilinear and
asymmetrical profile for gear optimization;

– to use standard involute hobs or multi-cutter running heads for gearwheel cutting
to localize contact and increase the gear production efficiency.
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Parametric Synthesis of Technological
Systems for Gear Finishing

M. Storchak

Abstract Service properties of gears are formed at the stages of their finishing
processes, such as gear grinding, shaving, gear honing, lapping, running-in, etc.
Determining the optimal parameters and structure of the technological system that
provide the specified gear properties is the task of synthesizing such a system. These
task is multivariate and limited by the lack of general principles for their solution.
The article proposes the synthesis principles of a technological system based on a
systematic approach by representing the technological system as a generalized design
object. The synthesis is implemented as a logical design scheme, which is interpreted
by the morphological model. This model regulates the process of synthesis by infor-
mation, optimization and algorithmic systems of a design object, regardless of the
processing type. Developed objects of the information system: simulation models
of the machining geometry, tooth profile shaping, the dynamic interaction of the
technological system links and the model of the process technological characteris-
tics, describe the relationships between real objects of the technological system. An
optimization system was selected from the information system by which an algo-
rithmic design system was developed. Using the developed method, a number of
technological systems have been synthesized for the gears finishing.

Keywords Computer-aided engineering · Gear finishing · Technological system ·
Synthesis

1 Introduction

The main properties of technological systems (TS), which determine their technical
and economic characteristics and the output parameters of the machined products,
are laid down at the time of these systems synthesis (design).

The methodology of the system design requires that the process of synthesis itself
is considered as a system [1, 2]. Belonging to such a system model is the logical
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scheme for the design of technological systems (LSDTS). Even the synthesis process
of technological systems for the finishing of gears is considered here as a totality of
logically arranged project procedures and operations, seen from the point of view of
the methodology for the system design. The decomposition of the initial task with
regard to the synthesis of technological systems is carried out according to particular
principles. These principles are formulated by experts on a corresponding subject
area of the planning task. The following principles are postulated in order to conduct
the decomposition in the synthesis of technological systems for the finishing of gears
[2, 3]:

• Resulting from their viability, correlations between real physical objects of the
technological system for the finishing of gears are described as models of machine
engagement by means of abstract objects of the information system. An optimiza-
tion system follows from these models in such a way that the function of its objects
guarantees the synthesis:

∀
M

P ∃
M

P : {(R ⇔ IS) ⊂ OS ⇒ (Σ ∧ X)}, (1)

where IS and OS are the corresponding information and optimization systems.

• By choosing a rational structure of the technological system and optimizing inde-
pendent parameters of machine engagement, it is possible to realize the synthesis
of technological systems for the machining of gears as intersection of its sets in
the range of possible optimal values, which are determined by the functioning of
the optimization system and the boundary conditions:

∀
M

P ∃
M

P :
{

(R ∧ X)

[(
Σ

Qd

⇒ Σ

)
∧ opt

(
X ∩ Ẑ

)]}
, (2)

where Ẑ is the set of the boundary conditions.
According to these demands, a decomposition of the original task is carried out

with regard to the planning of technological systems for the finishing of gears. The
following fundamental principles are postulated for carrying out the according level
of decomposition [3]:

• Serving as functional (sufficient) relations of the technological system are objects
of an information system: models imitating the geometry of machine engagement,
the formation of the tooth profiles of the gears to be cut, the dynamic interaction
between members of the technological system, as well as a regression model
regarding the formation of the technological characteristics in the finishing of
gears:
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∀
M

P ∃
M

P : {
min

(
RIS

) ⇔ (DG ∧ DF ∧ DD ∧ DT )
}

(3)

where RIS are the relations of the information system; DG, DF, DD, DT are the
correspondingmodels imitating the geometry of machine engagement, the formation
of the tooth profiles of the gears to be cut and the dynamic interaction between the
elements of the technological system as well as a regression models regarding the
formation of the technological characteristics in the finishing of gears;

• The local quality criteria reflecting the efficiency of the technological system are
realized bymeans of objective functions. These objective functions are determined
during the functioning of the imitationmodels. The local quality criteria reflecting
the operating characteristics of the technological system are realized by means of
regression models of the technological characteristics worked out in experimental
tests:

∀
M

P ∃
M

P : {(
FIS ⊂ K E

i j

) ∧ (
FIS ⊂ KD

i j

)}
(4)

where FIS is the set of objective functions; K E
i j , K

D
i j are the local quality criteria

reflecting the efficiency and the operating characteristics of the gears to be cut.
As a result of previous developments, the information system IS [2] was created,

the objects of which: a simulation model of the machine gearing geometry [3], the
tooth profile shaping [4], the dynamic interaction of TS links [5] and a full-scale
model of the machining process technological characteristics [2], describe connec-
tions of TS real objects. In accordance with the developed synthesis method [3], it
is necessary to select the optimization system OS from IS, on the basis of which the
algorithmic system AS should be developed, which provides software implementa-
tion of the design (synthesis) process. As a rule, optimization problems for complex
objects, which include technological systems, are multi-criteria with contradictory
objective functions [6]. In this regard, it is extremely difficult for a developer to
choose a well-grounded solution (and it, of course, should be a compromise), since
the well-known classical methods for finding extrema and newest search optimiza-
tionmethods are designed to solve single-criterion problems. The successful solution
of a multicriteria problem, with contradictory and sometimes incompatible criteria,
which takes place in our case, is based on the creation of an optimization system
(2). In accordance with the postulated propositions (3) and (4) of the original TS
synthesis problem decomposition, the main tasks of the optimization system are:
determination of TS objects, the choice of the optimization method, and the choice
of the convolution method of the local quality criteria vector. The creation of the
OS ensures the development of a general algorithm for the synthesis of TS, and the
development of principles for choosing its structure will provide the synthesis of the
desired TS.
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2 Optimization System of Design Process

In accordance with the postulated proposition (1), the optimization systemOS should
be separated from the information system IS. The selection process provides for the
identification of the optimization system objects. With regard to the consideration
technological systems, OS objects are: the vector of system quality criteria Wv, the
vector of objective functions Fv, the vector of design parameters Xv and the vector
of boundary conditions Zv [2, 7]:

∀
M

P ∃
M

P : {
OS ⊂ ZOS ⇒ (Wv ∧ Fv ∧ Xv ∧ Zv)

}
, (5)

where v = 1, 2, 3, …, k, ….
Multiparameter optimization is performed in the presence of a local quality criteria

Wv(x) set, forming a vector of quality criteria Wv, and the set of local design param-
eters x is a vector of design parameters Xv. This vector changes in n-dimensional
parameter space, which consists of points x with Cartesian coordinates x (α1, α1, …,
αn). Thus, each set α1, α1, …, αn corresponds to a point x in the parameter space.
The quality criteria vector is formulated by the developer on the basis of existing
experience, well-known researches and expert opinions in the consideration area.
This is how the following postulate can be formulated:

• The quality criteria vector consists of local quality criteria reflecting the efficiency
of synthesized technological system functioning and the service properties of the
machined gears:

∀
M

P ∃
M

P : {
Wv ⊂ (Kef f

v ∧ Ksp
v )

}
(6)

It should be noted here that the more local criteria the developer introduces, the
more complete understanding of the synthesized system and the results of its func-
tioning he can get [1, 7]. However, with an increase in the number of various local
quality criteria, the eforts for synthesizing such a TS increase significantly. The
multicriteria formulation of the problem is more close to the real system and less
abstraction [1]. The choice of the quantity and internal content of quality criteria in
the synthesis of technological systems is the most difficult and least orderly stage,
which practically does not lend itself to automation in modern conditions. Therefore,
the result of the synthesis is determined by the art and preparedness of the developer
to solve such problems. The quality criterion can be determined by any character-
istic of the system. When choosing it, there is only one limitation—the criterion
must have a monotonic connection with the system characteristics. Based on the
previously performed analysis [2, 8–11], operational and technological local quality
criteria for the technological systems synthesis in the gears finishing are postulated.
The following local quality criteria are proposed as operational ones: potential energy
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of shape change W1, contact strength of machined gears W2, bending strength of
machined gears W3. Technological local quality criteria are the following: produc-
tivity of finishing W4, tool life W5, error of the machined gear rim W6 , generalized
parameter of the surface layer quality of the machined gears teethW7 .

Technological local quality criteria W4, W5 and W7 are determined by the char-
acteristics of previously developed models of the machine gearing geometry [3],
the profile teeth shaping [4] and the dynamic interaction of TS links [5], as well
as the regularities obtained as a result of experimental studies of the gearing error
conversion W6 and the surface layer quality W7 in the finishing process [2]. These
criteria are determined as a result of the developedmodels functioning and regression
experimental dependencies. Optimization according to technological local criteria
is a prerequisite for the synthesis of highly efficient technological systems that
ensure their implementation in modern conditions. A sufficient condition for the
TS synthesis is optimization according to the criteria of service (operational) prop-
erties. The most common operational criterion for the quality of a TS is the criterion
reflecting the energy effect of the system on the surface layer bearing capacity of the
machined gears teeth. The damage of the teeth surface layers is mainly of a fatigue
(cyclic) nature, therefore, to determine the influence of the technological system
parameters on the fatigue strength, it is necessary to use the corresponding fatigue
strength criteria. However, despite a significant number of these criteria, there is still
no generally accepted and reliable criterion. This is explained by the fact that verifi-
cation of any strength criterion (especially fatigue) requires numerous experimental
data, which are very laborious and time-consuming. In addition, the cyclic strength
is significantly influenced by the loading pattern, the type of test material, the rigidity
of the loading machine, etc. In this regard, the researchers get different results, which
causes a mismatch of criteria. Therefore, most theories of fatigue strength are based
on the corresponding provisions of the static strength theory. The commonality of
the processes of static and fatigue (cyclic) destruction is confirmed by the presence
of a correlation relationship between the characteristics of their strength. The assess-
ment of fatigue strength from the limiting values of normal or tangential contact
stresses can be considered only a first approximation, since it is valid only for a one-
dimensional stress state.Whereas in the vicinity of the contact surface, the stress state
of the tooth is essentially three-dimensional. Therefore, it is preferable to assess the
strength of the gears teeth surface layer according to some of the most reliable theory
of strength corresponding to the reduced equivalent stresses, taking into account the
three-dimensional nature of the teeth stress-strain state. For this, the most applicable
criterion for the specific potential energy of shaping [12]. This is explained by the
fact that this theory, on the one hand, is free from restrictions associated with the
scope of Hooke’s law (i.e., it remains valid for inelastic bodies), and on the other
hand, it makes it possible to establish the conditions for the onset of not only plastic
deformations, but also damage. According to this criterion, a dangerous state occurs
when the value of the specific potential energy of shapingUS reaches a critical value
[12]:
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US =
√
0.5 · [

(σ1 − σ2)
2 + (σ1 − σ3)

2 + (σ2 − σ3)
2
] ≤ [US]cr (7)

where σ 1, σ 2, σ 3 are principal stresses.
To increase the limit of the cyclic strength of the teeth surface layer, it is necessary

to reduce the acting equivalent stresses. In all likelihood, this can be achieved by
changing the friction parameters of the contact surfaces of the mating gears teeth
and the magnitude of residual stresses in the near-surface layers of the tooth profile.
The solution of the contact problem of mating tooth profiles tangency [2] provides
the determination of such initial stresses at which the resulting stress state of the
tooth profile surface layer has the lowest potential energy of shaping. In this case, the
bearing capacity of the gear teeth has the greatest strength. The Fig. 1 presents the
numerical analysis of the shaping in the potential energy of the gear teeth surface layer
as a local quality criterion TS. This figure shows the dependence of the dimensionless
equivalent stress in the center of the tooth profiles contact area along their depth for
various values of the dimensionless residual stresses and the friction coefficient. As
can be seen from the above graphical dependencies, by introducing residual stresses
(σRS) along the depth of the tooth surface layer, it is possible to significantly reduce
the most dangerous depth stresses. In the absence of residual stresses in the surface
layers of the teeth, these stresses reach their highest value at a relative depth of y =
0.7·a (a—width of contact area). The friction coefficient (kFC) also has a significant
effect on the stress distribution, especially at shallow depths from the tooth profile
surface.

Fig. 1 Dependence of the shaping potential energy over the depth of the gears surface layer on the
value of residual stresses and the friction coefficient between mating teeth
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The most common failure cause of high-speed and high-stress gears is contact
damage of the gear teeth working surfaces, sometimes called pitting [13]. This type
of fracture is common in enclosed gears, which generate high contact stresses in
the contact zone. The maximum permissible contact stress τmax is taken in most
cases as a criterion for the endurance of the teeth surface layer of such gears [9,
11]. The magnitude of this stress depends on the position of the contact point on the
engagement line. For gears with external engagement, this value is determined by
the relationship [9, 13]:

τmax = 0.142 ·
√

F · E · A · sin α

ρ1 · ρ2
≤ [τmax], (8)

where F normal force acting in engagement, E Young’s modulus, α pressure
angle, ρ1, ρ2 profile curvature radii at the contact point respectively, [τmax] highest
permissible contact stress.

Thus, the quantity τmax is proportional to the value of
√

ρ1 · ρ2. If the influence of
the engagement of adjacent teeth pairs of the mating gears on the contact conditions
is not taken into account, then the value of τmax takes the greatest values at the
beginning and end of the engagement phase. However, when external gearing of
gears, the contact ratio is usually greater than 1. Consequently, the greatest shear
stresses occur at the beginning and end of a one-pair engagement. This is consistent
with experimental data [13]. With a criterion constraint, dependence (8) can be used
as a local quality criterion for the operational properties of the machined gears.

One of the main reasons for the performance loss in heavy-loaded low-speed and
medium-speed gears is tooth breakage as a result of insufficient bending strength of
the teeth. This often happens in gearboxes and final drives of various machines and
mechanisms [3, 11]. Obviously, the highest bending stresses σmax, in the gear tooth
during its loading, can be used as a local performance criterion of quality TS. In this
case, the criterion boundary condition is the condition σmax ≤ [σmax]. As a result of
numerical modeling of the stress state of gear teeth [2, 11], it was established:

• the greatest bending stresses occur in the area of the fillet curve of the active and
adjacent teeth profile;

• the main influence on the stresses distribution in the tooth body is exerted by the
shape and curvature radius of its fillet curve, as well as the profile shape and the
ratio of its geometric dimensions;

• bending stresses can be controlled by changing the gears geometry, in particular
the shape, radius of curvature and the geometric dimensions of the fillet curve.

The latter result makes it possible to use the developed model to determine the
objective function of the corresponding local or generalized quality criterion for
the operational properties of the machined gears. Naturally, the use of such quality
criteria does not provide for a change in the geometric parameters of the active part of
the gear tooth profile. This profile is the initial value for TS synthesis. Changes in the
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shape, curvature and geometric dimensions of the fillet curve andmodification curves
are not the initial values for the TS synthesis and can be used as design parameters.

The proposed local criteria for the operational (service) properties of themachined
gears are most expedient to use in the TS synthesis as criterion boundary conditions,
since the gears operational properties are essentially determined by the technical
requirements for the machined gears. The allocation of the objective functions vector
is the central point in determining the optimization system. This vector is extracted
from the information system during the functioning of its models (see Eq. 3). The
methodology for identifying the vector of design parameters is given in [3]. One of
the essential points in the definition of the optimization system is the identification
of the boundary conditions vector [2, 3]. This makes it possible to select their real
values from the area of design parameters optimal values and, thereby, to relate
abstract optimal values with real TS. The boundary conditions vector that defines
the set of constraints Ẑ is subdivided into a set of parametric Zα , functional Z f and
criterion constraints ZW :

∀
M

P ∃
M

P :
{
Zv ⇒ Ẑ ⊂ (

Zα ∧ Z f ∧ ZW
)}

, (9)

Parametric boundary conditions are specified in the form of inequalities:

{
α∗
j

} ≤ {
α j

} ≤ {
α∗∗
j

}
(10)

for j = 1, 2, …, n. Boundary conditions (10) are divided into constraints on the
technological capabilities of tool manufacturing, on the technical implementation
of the machining process, on the quality parameters of machining, etc. A set of
parametric boundary conditions defines an n-dimensional parallelepiped P in the
common parameter space. Thus, each point of the parallelepiped P corresponds to a
certain state of the information system, the parameters of which satisfy the system of
constraints and vice versa. Functional constraints are set by an inequalities system
of the form:

{
c∗
i

} ≤ { fi (X)} ≤ {
c∗∗
i

}
(11)

for i = 1, 2, …, m. This type of constraints is divided according to the number
and content of information system models, according to their technical implemen-
tation, according to the conditions for the models functioning, etc. The system of
functional constraints selects in the parallelepiped P a certain region G, consisting
of vector X points of a parameters set and simultaneously satisfying the system of
functional constraints (11). The most difficult stage of vector Ẑ identification is the
determination of the vector of criteria constraints. This vector is defined as:

Wv(X) ≤ W ∗∗
v (12)
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for v = 1, 2,…, k;Wv—the worst acceptable value of the quality criterion.
Often, at the initial stage, the developer cannot determine the criteria constraints

when synthesizing complex systems. This becomes possible after several iterative
steps of solving the parametric optimization problem.

The introduction of several local quality criteria at the same time significantly
complicates the optimization process. In these cases, it is necessary to apply the
convolution of the local quality criteria vector by artificially transforming them into a
single scalar compromise criterion. Determination and formulation of quality criteria
for the developedmodels is themost difficult and crucial stage of TS synthesis. These
criteria are usually compromise. When creating compromise criteria, there are no
and, perhaps, cannot exist, pre-developed recommendations. That is why, the local
quality criteria convolution and the determination of the individual criteria weight
coefficients can be carried out only by a developer who is sufficiently aware of
the synthesized TS content. The examples discussed below require the combina-
tion of several conflicting criteria. For example, increasing machining productivity
while increasing the gears precision. There are various methods of quality criteria
convolution into a single compromise scalar criterion [2, 14, 15]: additive,multiplica-
tive, minimax, etc. By analyzing various convolution methods, two main synthesis
methods of the considered TSs are determined: multiplicative and additive. The
multiplicative method is used with conflicting technological local quality criteria,
and the additive method is used with a significant number of local quality criteria
reflecting both the technological and operational properties of the machined gears.

Determination of local quality criteria vectorsWv, objective functions Fv, design
parametersXv and constraints vectorZv in accordancewith propositional Eqs. (3)–(6)
and (9) as objects allows the developer to assert about the creation of an optimization
system OS. Thus, the problem of multicriteria optimization is postulated [14, 15],
which has the form:

n∀
X∈G⊂P⊂Rn

X (αi )
n∃

X∈G⊂P⊂Rn
X = (α1, α2, . . . , αn) → Wv(X) = extr

α∈G
Wv(X),

(13)

where P =
〈
X

∣∣∣ α∗
j ≤ α j ≤ α∗∗

j , j = _____
1, n

〉
—initial n-dimensional paral-

lelepiped of design parameters; G =
〈
X

∣∣∣ fi ≤ 0, i = _____
1,m

〉
—existence area of

system.
For the functioning of the optimization system, it is necessary to determine the

optimizationmethod. It is determined by the type of target and compromise functions,
the number of design parameters, the technical capabilities of the developer, etc.
Based on the well-known developments in this area, expert assessments and our
own experience, it has been established that to solve the problem (13) in relation
to determining the optimal values range of the technological systems parameters
for finishing gear, it is most expedient to use the LP-search method [2, 14, 16].
The LP-search method is based on probing a multidimensional parallelepiped of
the P-space of independent parameters by an LPτ-sequence, any binary section of
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which is a Pτ-mesh [16]. The test points selection in a multidimensional space is
made using uniformly distributed LPτ-sequences, which are distinguished by the
best properties of uniformity and allow, with a minimum number of tests, to obtain a
fairly complete picture of the models resource capabilities for each quality criterion.
In this case, the test points have the property that their projections onto any coordinate
axis in the parameter space are different and are located quasi-uniformly. The LP-
search method provides a uniform overview of the entire parameter space with a
relatively small number of tests. This provides an effective application of this method
in the multicriteria systems synthesis, which include technological systems for gear
finishing. The completed identification of the optimization system, including the
choice of the optimizationmethod and themethod of local quality criteria convolution
of the system, provide the transition to the development of the algorithmic system
for TS design process.

3 Algorithmic System of the Design Process

The objects of the algorithmic system are the structural optimization algorithm A� ,
the software-implemented parametric optimization (parametric synthesis) algorithm
AX, and the auxiliary software-implemented parametric optimization algorithmsAH:

∀
M

P ∃
M

P : {
AS ⊂ ZAS ⇒ (AΣ ∧ AX ∧ AH )

}
, (14)

The result of structural synthesis from the view point of cutting processes is a tech-
nological process scheme, a scheme of an object and production means movement
(in this case, a workpiece and a tool) with the necessary discontinuities in motion, a
schemeof interaction between themain objects of the productionprocess, and, finally,
a scheme of a specific TS. The latter is hierarchically a subsystem to the mentioned
objects. In terms of its internal content, this scheme is in a certain way independent, if
the designed object is considered as a system. In this case, the result of the structural
synthesis is the TS scheme for finishing the gears. It includes a kinematic scheme of
the machining process, which determines the tool relative position in space and the
gear being machined, the vectors of their movement including additional and setting
ones, a set of tools, the type of connection between the movements of the tools and
the gear, the processing method in the case of multi-tool settings using. Structural
synthesis of technological systems for the gears finishing, like any other structural
synthesis, operates with abstract mental concepts. Objects of structural synthesis are
abstract, do not have a numerical equivalent, and therefore, structural synthesis, as a
rule, cannot be automated. There are the following methods of structural synthesis
[1, 2, 16]:

• exhaustive search of known solutions (combinatorial exhaustive search methods);
• combinatorial methods of partial enumeration (random sampling, heuristic

methods in the dialogue mode);
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• search for variants of structures in countable sets of unknown or unlimited
cardinality;

• problematic methods of synthesis problems.

In principle, the structures number of technological systems for gears finishing is
limited. Taking into account this circumstance and the absence of a numerical equiv-
alent of the sought TS structure, for the structural synthesis enumeration methods
were selected, in particular, the method of expert estimates and rank correlations of
expert advice was used. In this case, well-known structures available in the data bank
were used. Based on the available experience and on the analysis of the technological
systems structures for gears finishing, the following structures are entered into the
data bank:

• one-tool finishing, the kinematic scheme of which implements the engagement
of the tool and the gear being machined as the engagement of a helical and/or
hyperboloid gear pair;

• parallel and/or sequential two-tool machining with free rolling of the tool and
gear, as well as rigid kinematic connection between them and between tools;

• combined grinding and surface plastic deformation.

These technological systems are the most optimal in their structure. The final
conclusion about the optimality of this or that structure can be made only after para-
metric synthesis of these structures. A scheme of the structural choice organization
of technological systems is shown in Fig. 2. When performing parametric synthesis,

Fig. 2 Organization schema of the structural selection of technological systems for gears finishing
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it is assumed that the structural optimization algorithm A� has been developed and
the structural synthesis has already been performed.

As a result, the processing scheme and all other necessary objects of the TS
structure � are determined. The basis of the parametric optimization algorithm is
the software implementation of the LP-search method as applied to the design of the
required technological systems, aimed at solving the problem (13). As a rule, the
solution to this problem involves several iterative processes for probing the entire
region of the system’s G existence. This is due to the fact that with a fairly close
coincidence of the model and the real system, i.e. with a significant number of
quality criteria, the structure of the set G turns out to be very complex and has
discontinuities. In this case, the preliminary assignment of criterion constraints is
very valuable, which makes it possible to determine the set D of admissible points
of the design parameters vector X that satisfy boundary conditions (10)–(12). This
achieves a set constraint and the best solution to problem (13) can be sought in the
set D, which is much more profitable.

By definition [16], the point of the design parameters vector is called optimal to
Pareto if there is no other similar point, at which at least one of the quality criteria
Wv(X) took the best value while the values of all other criteria did not deteriorate. A
set P ⊂ G is called Pareto set if it consists optimal to Pareto points. The definition of
the set P is performed using the mathematical apparatus of the LPτ-sequence, which
has the best characteristics of uniformity among all known sequences. This allows
220 points of the sequence to be calculated using only 20 guide points, and therefore
significantly reduces the amount of computation. Any other choice of test points in
multidimensional areas leads to unsatisfactory results due to the fundamental lack
of multidimensional geometric intuition in human thinking. At the first stage of
the LP-search, a test table is drawn up. Testing is understood as the calculation of
the objective functions of the information system models at a certain value of the
parameters that satisfy the selected LPτ-sequence. For this, n initial points α1, α2, …,
αn are sequentially selected, uniformly distributed in the initial parallelepiped with
coordinates Xi = (αi1, αi2, …, αin). When constructing them, the first n points of the
LPτ-sequence Q0, Q1,…,Qn,… are used, uniformly distributed in the n-dimensional
unit cubeKn.Moreover, n= 2 m is an integer power of 2. TheCartesian coordinates of
the next point of the sequence Qi = (q1, q2,…, qin) are used to calculate the Cartesian
coordinates of the points Xi belonging to the parallelepiped P. When constructing
points Qi of an LPτ-sequence, the following condition must be met: the sequence of
points Qi must be uniformly distributed to the cube Kn, and any binary section of
this sequence containing at least 2τ+1 points must be a Pτ-mesh. For this, equality
must be satisfied:

lim
n → ∞

Sn(P)

n
= Vn, (15)

whereVn volume of n-dimensional parallelepiped P, points quantityQi with numbers
1 ≤ i ≤ n belonging to P.
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In the parametric synthesis of the soughtTS, an ultrafast algorithm for constructing
LPτ-sequences [14] is used,which provides a significant acceleration of the optimiza-
tion process. For this, the order of Qi points is chosen such that each subsequent point
is easily calculated from the previous one and so that the binary sections of the new
sequence coincide with the binary sections of the initial sequence. The last condi-
tion guarantees the preservation of all basic and additional properties of uniformity.
In addition, such an algorithm ensures that calculations are performed using only
logical operations [14, 15]. For large n, this algorithm is much faster than standard
algorithms using a random number generator. Using the developed program, it is
possible to quickly and efficiently construct points of LP-sequences for probing the
multidimensional hyper parallelepiped of the technological system parameters. The
LP-search algorithm consists of three main stages [2, 16]:

• compilation of test tables with parameter values corresponding to the LPτ-
sequence conditions, according to which the current values of the system quality
criteria are calculated;

• selection of criterion boundary conditions;
• checking the problem solvability and optimization itself.

At the first stage, the parameters space of the synthesized system is probed and
at each point the system model, criteria for its quality are determined, and a test
table is compiled, characterizing the capabilities of each criterion. The second stage
is central to solving the entire synthesis problem. It requires the participation of a
specialist who enters the quality criteria and criterion constraints in the interactive
mode. A specialist can also change the system quality criteria and their limitations
if the local optimum does not meet the technical requirements. At this stage, the
test table is studied and the limits of change in the numerical values of the quality
criteria are determined. At the third stage, an admissible set D of possible solutions
the problem (13) is determined when criterion constraints (12) are satisfied. When
using trade-off criteria for the quality of the system, criterion constraints should
also be compromise with a similar convolution. Quite often the set D is empty. In
this case, the algorithm returns to the second stage for additional probing, or, if
this does not help, then for the introduction of other types of convolution or other
initial approximation of quality criteria. When using unmatched quality criteria, the
return of the algorithm requires a change in the criteria constraints, or the algorithm
returns to the first stage and increases the number of sounding points n. The latter is
highly undesirable, since it significantly increases the computation time, and when
using compromise criteria, the problem may not be solved. Based on the above, an
algorithm AX has been developed for the software implementation of determining
the optimal to Pareto parameters set X. The block diagram of the algorithm is shown
in Fig. 3.

The developed algorithmic system was tested in the synthesis of technological
systems for gear honing of hardened gears. Based on the specific gears undergoing
the finishing process, the TS structure was initially selected by the enumeration
method—single-tool processing with diamond gear hons with an elastic connec-
tion of the gear rim with the tool hub. It is accepted that the quality criteria vector
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Fig. 3 Scheme of an algorithm for parametric optimization (synthesis) of technological systems
for gears finishing

consists of two local criteria: the maximum processing productivity and the greatest
tool life. The convolution of the selected criteria into one scalar function is carried
out by the additive method with the weights introduced by the developer. The objec-
tive functions vector reflecting the introduced local quality criteria consists of the
dependence of the working layer tool volume [3], the total length of the contact lines
in the machine gearing of the tool-machined gear [4] and the vibration activity of
the machining process [5]. The design parameters vector consists of the gear hone
geometric and design parameters, machining modes, the parameters of the connec-
tion stiffness between the tool gear rim and the tool hub, etc. When determining the
constraints vector, a boundary conditions criterionwas introduced for the generalized
quality parameter of the gears teeth surface layer.

Parametric constraints consist of constraints on the technological capabilities
of tool manufacturing, constraints determined by the adopted equipment, and
constraints due to the specifics of the finishing process. The specific values of these
quantities are determined by the developer. In this case, functional boundary condi-
tions define the lower bound of the used target functions. After determining all
objects of the algorithmic system, the optimal values of the design parameters vector
are calculated. The design parameters values determined by the developed software
algorithm AX are shown in Table 1.

where z0—teeth number of gear hone, β0, [°]—inclination angle of the gear hone
teeth line, b0, [mm]—tool rimwidth, da0, [mm]—tool tooth tip diameter, d10, [mm]—
initial diameter of gear hone, m0, [kg]—tool mass, I0, [kg·m2]—inertia moment of
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Table 1 Optimum design parameters for the gear honing process

No. z0 β0 b0 da0 d10 m0 I0 cec hec ce he n0

1 41 25 40 245 221 1.5 8·10−3 2.4·10−3 10 0.43·104 8 400–500

2 43 15 235 210 2.0 2·10−3 4.7·10−3 16 0.27·104 10 500–600

gear hone, cce, [N/m]—elastic connection stiffness between the tool gear rim and the
tool hub, hec, [kg/sec]—damping coefficient of elastic connection between the tool
gear rim and the tool hub, ce, [N/m]—engagement stiffness, he, [kg/sec]—damping
coefficient of engagement, n0, [sec−1]—tool spindle speed;

β1 = 0°—inclination angle of the machined gear teeth line, b1 = 30 [mm]—
width of machined gear rim, da1 = 127.2 [mm]—tooth tip diameter of machined
gear, da2 = 182.43 [mm]—tooth tip diameter of the mating gear, x1 = 0—basic
rack displacement coefficient of machined gear, x2 = 0.53—basic rack displacement
coefficient of the mating gear.

Successful laboratory and industrial tests of the synthesized technological gear
honing system [2] make it possible to recommend the developed synthesis method
for other types of technological systems.

4 Synthesized Technological Systems

The developed software-implemented algorithm was used in the synthesis of various
technological systems for gears finishing with a rigid kinematic connection between
the tool and the gear being machined, with free rolling and combined processing.
Below are some examples of synthesized technological systems.

4.1 Systems with a Rigid Kinematic Connection

The overwhelming majority of gear grinding systems are synthesized technolog-
ical systems with a rigid kinematic connection. A significant increase in processing
productivity while ensuring the required accuracy of the product is achieved by using
worm gear grinding. A general view of the technological system of this processing
process is shown in Fig. 4.

A significant increase in accuracy and a decrease in the complexity of machining
gears is achieved when using a continuous process of gear grinding with a worm
wheel, followed by finishing processing by the free rolling method, for example,
gear shaving or gear honing. For this, the value of the removed allowance must be
not less than the absolute value of the kinematic error of the gear being machined
and not more than the sum of the reduced kinematic error and the radial runout of its
gear rim. As a result of such gear grinding, the highest possible positioning accuracy
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Fig. 4 Technological system
of worm globoid grinding

of the same tooth profiles is achieved. After gear grinding, a free rolling finishing
operation is performed. The teeth same profiles, the positioning accuracy of which
was ensured in the previous operation, are used as an additional technological base.
This is realized by force closure along the same tooth profiles.

The synthesized TS of gear grinding by continuous rolling provides the highest
possible accuracy of the tooth profiles relative position of the gears being machined,
however, the components of cyclic errors, for example, the errors of the tooth profile,
remain significant. The smallest possible error in the teeth profile is provided by the
methods of unit division, in which the production circle is the base circumference
of the gear being machined. When grinding with this method, the conditions of tool
contact with the machined gear for forward and reverse travel are different. This is
due to the fact that with a forward stroke, cutting is carried out by the circle butt,
and with the opposite, by its periphery. Due to the significantly different stiffness TS
in these directions, there are both different cutting forces [17, 18] and significantly
different thermal loads [19, 20] are arised. This results in significant and uneven tool
wear. When synthesizing this TS, the quality criteria are a compromise criterion for
tool wear under various cutting conditions at the entry and exit of the tool into the
gear cavity. The cutting edge of the tool is formed by the intersection of two conical
surfaces A and B, the axis of which coincides with the tool rotation axis—Fig. 5.
The tip of the cutting edge is located on a straight line tangent to the base circle of
the gear being machined. Depending on the specified machining conditions, various
types of curves can be used as generators of the conical surfaces. During the relative
movement of the tool from the tooth root to the tooth tip of the gear being machined,
the cutting process is carried out by the edge A, and from the tooth tip to the tooth
root—by the edge B.

The use of such a TS ensures the same cutting conditions during the entire engage-
ment phase. However, the presence of tapered working surfaces located at an angle
to the end of the tool leads to its displacement relative to the machined gear in the
direction of the tool rotation axis. This creates an additional error in the tooth profile.
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Fig. 5 Scheme of gear grinding by the zero method ensuring the same cutting conditions when the
tools enter and exit the machined tooth slot

This error can be eliminated if the resultant cutting force was constant and directed
perpendicular to the axis of tool rotation. To do this, it is necessary to change the
direction of the cutting force vector during the period when the tool leaves the tooth
cavity. To synthesize such a TS, a compromise condition for the constancy of the
cutting force and the vector of its direction is used as a local quality criterion. For this,
the cutting elements of the tool are limited by two concentric circles B and C with
diameters d1 and d2, the axes of which coincide with the axis of tool rotation—Fig. 6.

The half of the difference between these diameters should be between 0.5 and 3.5
of the selected depth of cut. The tool is set so that the line tangent to the base circle
of the gear to be machined is located between the edges B and C—Fig. 6a.

During the movement of the tool from the tooth root to the tooth tip of the gear,
cutting is carried out with the edge C, and during its movement from the tooth tip
to the tooth root—with the edge B. In both cases, the cutting is performed with the
periphery of the grinding wheel that provides the greatest tool rigidity. The linear
size of the work items, which should be located between the mentioned edges, is
relatively small. To implement such a tool, polycrystalline superhard materials are
used, in particular, dense modifications of boron nitride—Fig. 6b.
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Fig. 6 Scheme of gear grinding (a) and tool (b) by the zero method with a constant direction of
the resultant cutting force vector

4.2 Systems with Free Rolling

The synthesis of technological systems with free rolling was carried out on specific
examples of the gear honing process. The results obtained are not limited only to this
process and can be extended to other types of free rolling machining, such as gear
shaving, final dimensional calibration, lapping, etc. As a result of the TS synthesis,
the optimal geometric parameters of theworking elements and the design dimensions
of the diamond gear hones, as well as the requirements for the design features of
the tool, were determined. On the basis of these recommendations, diamond gear
hones with an elastic connection of the gear rim with the tool hub and glued working
elements on a metal bond have been developed—Fig. 7.

These tools provide significant material removal for gear honing from 0.04 to
0.06mmper tooth side of themachined gear. The use of a combined tool structure and
glued diamond elements cause significant tool errors. Therefore, such gear hones are
used mainly for machining gear with low accuracy degrees. For the gears machining
of high accuracy degrees, diamond elastic gear hones on deeply vulcanized rubber
bonds have been synthesized—Fig. 8. The gear rim of the tool is made of a rubber
bond of substantially lower hardness than a bond of working elements. This ensures
an elastic connection between the gear rim and the tool hub. Working diamond
elements consist of two plates connected by a bridge and forming opposite profiles
of gear hone teeth—Fig. 8b. This greatly simplifies the manufacturing technology of
the tool and provides the possibility of applying a significant positive correction of the
teeth profile. The latter contributes to an increase in the teeth strength, the efficiency
of using superhard materials and a decrease in tool wear. Manufacturing the body
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Fig. 7 Design of a diamond
gear hone with an elastic
connection of the gear rim
with the hub and glued
working elements on a metal
bond

of the gear hone rim from a more elastic material provides a significant increase in
the contact ratio in the engagement of the tool with the gear being machined. The
applied rubber bond is easily dressened by means of gear grinding along the tooth
profile. This makes it possible to use elastic diamond gear hones for machining gears
of high accuracy degrees, including machining after gear grinding.

When machining gear of significant dimensions with a deep defect layer, large
nicks and burrs, the efficiency of elastic diamond gear hones using is significantly
reduced. This is due to the insufficient size of the removed allowance, ineffective
removal of nicks and burrs, and insufficient reliability of the tool as a whole. The high
cutting ability and strength of the diamond gear hones teeth on metal bonds ensures
their effective use when processing gears with the specified properties. However, the
desire to remove a significant amount of allowance along with a constant cutting
ability compared to elastic tools leads to a significant increase in the cyclic errors
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Fig. 8 Design of a diamond elastic toothed hon (a) and a working diamond element (b)

components of the machined gears teeth. Gears of high accuracy degrees are espe-
cially susceptible to this. To increase the efficiency of the use of diamond elastic
gear hons, tool designs have been synthesized that combine the advantages of both
diamond toothed hons with a metal bond and elastic toothed hons and are free from
the above disadvantages. Such tools are called diamond combinated gear hons—
Fig. 9. The basic design of these tools is the design of elastic diamond toothed hons.
The gear rim of diamond combined gear teeth consists of working elements with
different abrasive ability and alternating both in the circumferential direction and
along the width of the gear rim. Technologically, this is ensured by pressing one or
more elements on a metal bond into each tooth of an elastic hone—Fig. 9a. Different

Fig. 9 General view (a) and design (b) of a combined gear hone with working diamond elements
of a special shape
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cutting ability of tool working elements is provided by their manufacture from a
metal and rubber-containing bond—Fig. 9b. The ratio in the tool of the working
elements number with different cutting ability, as well as the ratio of the cutting
ability intensity of different bonds are determined by the required roughness of the
machined surface, the specified amount of material removal, the size of nicks and
burrs, etc.

Diamond working elements on a metal bond have a special shape that approaches
the shape of ideal tool wear, inherent in the shape of wear of hyperboloidal engage-
ment links [3, 21]. In addition, this shape ensures reliable holding of the working
elements in the elastic hone teeth. The presence of working elements in the combined
toothed hones simultaneously on the metal and rubber-containing bonds, located on
the elastic base of the tool gear rim, provides high cutting ability and wear resis-
tance of the tool with low roughness of the machined gear teeth profiles and effective
removal of nicks and burrs.

5 Conclusions

In accordance with the decomposition scheme of the initial problem of the synthesis
of technological systems for gears finishing [3], an optimization system of the
synthesis process is separated from the information system and its objects are deter-
mined as elements of the optimization problem. On the basis of thus determined
optimization system, an algorithmic system of the synthesis (design) process has
been developed. The objects of the algorithmic system are the structural synthesis
algorithm and the software implemented algorithm for multiparameter optimization
of design parameters by the LP-search method. The structural design algorithm is
based on the method of enumerating the data bank structures. To organize such a
data bank, a structures set of technological systems for gear finishing is proposed.

On the example of the synthesis of technological systems for gear honing of hard-
ened gears, the expediency of using the developed method is shown and a number
of systems for the gears finishing by rigid kinematic connection of the tool with the
machined gear and the systems with free rolling are synthesized. For the implemen-
tation of synthesized technological systems, methods of gears finishing and tools for
their implementation are proposed.
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Gears in Russian University Courses
on Mechanism and Machine Science

Eduard G. Krylov and Natalya A. Barmina

Abstract The paper provides a survey of a gear section in a typical Theory of
Machines and Mechanisms (TMM) course taught in Russian Universities. This
course is called Mechanism and Machine Science (MMS) in foreign universities.
Aspects of teaching/learning the theory of gearing, delivering lab classes, andmaking
a design project present the logics of the topic. All the mentioned issues are illus-
trated with examples and problems. Some recommendations are given to improve
students’ comprehension of the studied material and its mastering. It is shown that
organizing and holding Students International Olympiads on Machine and Mecha-
nism Science (SIOMMS) is important to keep students motivated towards studying
gears. The paper also provides some perspectives, among which the harmonization
of MMS study courses in different countries is considered as an important challenge
for the mechanical engineering community in the nearest future. Such harmoniza-
tion is necessary with regard to unification of concepts and notation, review of the
content of foreign courses and their comparison with the Russian one, and studying
the successful international engineering practice. If this work is successful, the gear
graduates will be able to work freely in industrial enterprises operating in inter-
national markets, participate in the international scientific research, conferences,
symposia and other events.
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1 Introduction

In recent decades there has been a trend of increasing gear production; the Euro-
pean production of gears reached e13.4 billion in 2014 [1]. Gear mechanisms are
used in almost all branches of engineering, including industry, construction, trans-
port and many others. Therefore, a modern mechanical engineer must have general
knowledge of the design, manufacture and operation of toothed mechanisms and
their components.

In the curricula of technical universities, toothed mechanisms are represented in
special courses and in the Theory ofMachines andMechanisms (TMM). This course
is called Mechanism and Machine Science (MMS) in foreign universities.

Special study courses for future gear engineers deal with complex issues that
require coordinated solution of many interrelated problems. These include choice of
the gearbox structure anddesign, synthesis of the gearmechanism’s acceptable geom-
etry, assessment of the link quality, geometry optimization, and design of manufac-
turing processes, selection or design of tools, testing, repair, recycling and others [2].
The tasks listed refer to the IntegratedGear Design (IGD), which is based on complex
advanced theoretical positions based on sophisticated mathematical methods and
practical recommendations.

The theory of machines andmechanisms (hereinafter –MMS) as a training course
has the generalized character. MMS presents the basic physical laws to develop
approaches to real object modeling, considers math description of the models, and
basic concepts characterizing the properties of object models, such as, for example,
kinematic pairs. Mechanisms, including gears, are then classified, and their analysis
and synthesis are considered. Thus, the MMS course can be seen as an introduction
to the design of specific types of mechanisms (linkages, gears, cams and others). In
addition to the noted main objectives of the course, it provides rich opportunities
to develop qualities necessary for the modern engineer - qualities of an analyst,
researcher, and designer [3].

This manuscript sets out the logic of the MMS course with regard to analysis
and synthesis of toothed mechanisms, gives an overview of the content of the Gears
section in the course, as well as the methods, ways, and peculiarities of students’
education. Examples are given for the theoretical issues, labs, practical exercises and
problems. It is shown how the section under discussion is presented at MMS student
Olympiads.

2 Gears Section in the MMS Standard Academic Program

The MMS standard academic program [4] gives 68 contact hours for lectures, 34 h
for labs and practical work, and a course design project. Unfortunately, in recent
years, there has been a significant reduction in the total number of MMS hours,
with a particularly sharp reduction in the number of contact hours. For example,
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Table 1 General gear
mechanism topics

No. Topic

1 Fundamental law of toothed meshing

2 Spur gearing

3 Involute properties. Standard proportions of gear systems

4 Manufacture of gear teeth

5 Interference and undercutting. Radial shift

6 Fundamentals of meshing actions

7 Additional conditions at involute gearing synthesis

8 Internal gearing

9 Parallel-axes helical gears

10 Crossed-axes helical gears

11 Worms and worm gears

12 Epicyclic gear trains

13 Allowable number of planetary gearwheels

14 Structural synthesis of planetary gear trains

15 Synthesis of closed-circuit differential gear trains

following the recommendations of the Ministry of Higher Education and Science of
the Russian Federation, the number of contact hours for all mechanical engineering
academic programs in Kalashnikov Izhevsk State Technical University (ISTU) was
reduced: 34 h for lectures, 17 for labs, and 4 h for the course design project.

In section «2.11. Synthesis of toothed mechanisms» of the standard academic
program it is proposed to study the topics specified in Table 1.

Technical universities expand the content of these topics andmake itmore specific.
Thus, Bauman Moscow State Technical University organizes the study of issues
related to the synthesis of toothed mechanisms in the form of six large units [5], see
Table 2.

The sequence of topics and subtopics listed in Table 2 corresponds to the logic
of presentation of the theoretical material in classical textbooks of Artobolevsky [6]
and Frolov [7]. International MMS textbooks have similar sections related to gear
design [8, 9].

The theory of a higher kinematic pair is usually one of the first topics related
to gears. Based on the analysis of the relative motion of the points A and B of the
links forming the higher kinematic pair, the position of the instantaneous center P
of relative rotation of the conjugate profiles 1 and 2 is found, see Fig. 1 [7]. This
introduces the concept of a pitch point, which is fundamental to Gears section of
the MMS course. In particular, the students are shown in the coming topics that the
relative sliding velocity VBA of the conjugate tooth profiles is proportional to the
distance from the pitch point to the point of the profiles contact.

The analysis makes it possible to formulate the fundamental law of the in-plane
toothed meshing.



228 E. G. Krylov and N. A. Barmina

Table 2 Study units

No. Title of educational unit Content

1 Fundamentals of the theory of the higher
kinematic pair

Introduction to the theory of the higher pair,
basic concepts and definitions. Mechanisms
with higher kinematic pairs (KP) and their
classification. Coupling and coupling
transfer. Fundamental law of toothed
meshing. The notion of centrodes and the
pitch point. Conjugate profiles in higher KP.
The sliding velocity of profiles in the higher
KP. The center of rotation of the moving
link. Pressure angle in mechanisms with
higher KP. Gears and their classification.
Involute gear. Involute of a circle and its
parametric equations. Meshing of two
involute gearwheels

2 Involute gearing (part I) Standard proportions of an involute
gearwheel. The thickness of the tooth of the
gearwheel measured at any profile point.
Methods of manufacture of involute gear
teeth. Counterpart rack, basic rack tooth
profile. Basic dimensions of a gearwheel.
Types of gearwheels. Gearwheel
undercutting and sharpening. Involute spur
gearing and its parameters. Basic equations
of the involute gearing

3 Involute gearing (part II) Classification of gears. Blocking contours
(diagrams) for the cutter shift choice.
Indicators of an involute gearing quality.
Contact ratio. Tooth shape ratio. Specific
pressure ratio. Specific sliding coefficient.
Optimal geometric synthesis of gears. CAD
software for gear design. Helical gears,
design of helical gearing. Overlap ratio
(axial contact ratio) in helical gears

4 Novikov gears, bevel gears, worm gears Novikov gears, bevel gears, worm gears,
cycloidal gears

5 Kinematics of planetary gear trains Simple and compound gear trains. Planetary
gear trains. Graphical and analytical analysis
of planetary gear trains using Willis’s
method (formula method)

6 Synthesis of typical planetary gear trains Synthesis of typical planetary gear trains as a
design problem. Selection of numbers of
teeth according to method of matching
multipliers. Condition of coaxiality,
condition of neighborhood for planetary
gears, condition of assembly of planetary
gear trains. Examples of synthesis.
Optimization and CAD software for
synthesis of planetary gear trains
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Fig. 1 Layout of rotating links forming a higher kinematic pair. Position of the pitch point. Velocity
diagram

All MMS courses consider the geometry of involute gearing in detail. Students
then learn the principles of gear tooth manufacturing by form cutters and generating
(running-in) cutters. Animation, slides and video training are extremely useful. This
makes it possible to illustrate the variety of tools used, as well as the relative move-
ments of the gearwheel workpiece and the tool. The animation of movements of teeth
and movement of the contact point along the pressure line facilitate understanding
of the involute gear functioning.

It should be noted that, with rare exceptions, the MMS course is usually limited
to considering the external meshing of involute gearwheels.

The phenomenon of tooth undercutting near the tooth root is closely related to
tooth cutting. Students are explained the physical nature of this phenomenon, given
formulas for the minimum tooth number to avoid undercutting, and are told about
positive and negative shifts of the cutter tool.

Great attention is paid to the consideration of the gearing qualitative parameters
influencing the smooth and silent operation of the gearbox, possiblewear and strength
of teeth. The MMS courses deal with the following qualitative parameters: contact
ratio, specific sliding ratio, and specific pressure ratio. The concept of blocking
contours (diagrams) for the selection of the cutter shift is given based on the provision
of optimal quality parameters of gearing.

It is rather hard for students to master a large amount of complicated information
on the geometry and kinematics of gears without solving problems and doing labs.
One of the most recognized textbooks for this purpose is the collection of MMS
problems by Artobolevsky and Edelstein [10].

The geometrical synthesis of an involute gearing requires knowledge of the basic
parameters of conjugate profiles and understanding of their possible changes caused
by the manufacturing process (cutter shift) and assembly (variation of the center
distance) as well as the ability to calculate the qualitative indicators. Many textbooks
provide recommendations for step-by-step calculation of corrected (cut with a shift)
gearing [10–12], in particular those based on formulas suggested by Gavrilenko [13].
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Second-year students (who aremainly taughtMMS)find it rather difficult to dealwith
educational material containing a large number of geometrical parameters, formulas
and drawings often overloaded with information. It is therefore very useful to give
students a large number of easy-to-solve problems for every aspect of the geometrical
synthesis of gearing. This provides the necessary practical skills to promote a better
understanding of the topic.

Below are some examples of the problems of this sort.

Problem 1 Point A belongs to an involute and is located at the radius vector of rA
= 50 mm, the profile angle is αA = 20˚. What is the profile angle at point C lying on
the same curve if the radius vector is rC = 70 mm? Make a picture [14].

Problem 2 For a gearwheel cut by a standard rack cutter, the following is given:
module m = 5 mm, diameter of the dedendum circle df = 85 mm, diameter of the
pitch circle d = 100 mm. Determine the tooth thickness S measured along the pitch
circle [14].

Problem 3 For the external meshing of two involute gears it is known: pressure
angle α = 20˚, modulem= 10 mm, the number of teeth z1 = 20, z2 = 30. Both gears
are cut without shift. Then, if the center distance increases by 5 mm relative to the
designed one, what will the modified angle of pressure α* and the new radii of pitch
circles be [15]?

Problem 4 A pair of involute spur gearwheels should have the module m = 12 mm
and tooth numbers z1 = 10, z2 = 14. Make a modification (shifting of a cutter) to
avoid tooth undercutting and determine all sizes of both gearwheels [13].

The geometric proportions and manufacturing of crossed-helical, bevel, hypoid,
and worm gears are considered in textbooks [7, 10, 13, 16, 17 etc.]. However, due to
the limited contact time, these issues are often not discussed at classes.

In the kinematics section, the main issues are related to determining the gear
ratio of gear trains (including those with planetary and differential stages—epicyclic
gear trains), and finding absolute and relative angular speeds. These problems are
not challenging for students. On the contrary, selecting the number of teeth by a
given gear ratio requires a large number of mathematical operations, and presents
considerable difficulties for students. It is recommended to solve such tasks using
computer programs.

The problems of kinematics of gear trains with fixed axes are solved analytically
or graphically (by velocity diagrams), see Fig. 2 [18]. For spatial gear trains vector
diagrams are used, see Fig. 3 [18].

The next major topic is the kinematics of planetary and differential mechanisms.
In RussianMMS courses the gear ratio is mainly found byWillis method (in interna-
tional textbooks it is known as the formula method). Two modifications of the Willis
formula are used for planetary mechanisms.

The firstmodification considers every gear stage provided the handleH is stopped:
ωa−ωH
ωb−ωH

= ± zb
za
, where H is the handle, a and b are gearwheels, z is the tooth number.
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Fig. 2 Compound gear train: a linear velocities on the scheme, b angular velocity diagram

Fig. 3 Bevel gear train: a scheme, b vector diagram of angular velocities
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Using the second modification, it is possible to determine the gear ratio of the
whole mechanism according to the formula:

ibaH = 1− iHab.

In the latter formula, the upper index refers to an element that is fixed.
The gear ratio of the differential mechanism can be determined using the first

modification of the Willis method.
The topic of determining the gear ratio of epicyclic mechanisms is widely

presented in textbooks. Since in these mechanisms gearwheels can rotate around
moving axes, it is important to teach students to distinguish absolute and relative
angular speeds, and to determine them. Examples of angular velocity problems are
given below [14].

Problem 5 The handle OAB of a planetary mechanism (see Fig. 4) rotates with an
angular speed ωH = 15 rad/s, while the central wheel 1 is stationary. Determine the
angular velocities of gears 2 and 3 provided the number of teeth are z1 = z3 = 30, z2
= 20.

Problem 6 Assuming that the gear ratio (with the stopped handle H2) is i
H2
56 = 4,

find the relative rotational speed n5H2(speed of the gearwheel 5 relative to the handle
H2), if the output shaft rotates with the speed nB = -20 rpm, see Fig. 5.

Problem 7 In the gearbox having the total gear ratio iAB = 40, the shaft Amakes nA
= 1500 rpm (see Fig. 6). Find the angular speed of the gearwheel z4 relative to A, if
|i47| = 12.

The problems of angular speeds and gear ratios of epicyclic mechanisms can also
be solved graphically. An example is shown in Fig. 7 [18].

Fig. 4 Planetary mechanism
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Fig. 5 Double-handle planetary mechanism

Fig. 6 To the problem 7

Fig. 7 Planetary gearbox: a scheme of mechanism; b angular velocity diagram
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Fig. 8 Bevel planetary gearbox: a scheme of mechanism; b angular velocity diagram

Similar investigations are also carried out for crossed-axes planetary gearboxes
[7, 13, 18]. Figure 8 shows the velocity diagram for a bevel gear differential with
two degrees of freedom.

Some MMS study courses deal with the kinematics of biplanetary epicyclic gear
trains with an additional gear-linkage group between the twin satellites, see Fig. 9
[19]. Such mechanisms are analyzed by both analytical and graphic methods [7, 18].

The topic “Synthesis of planetary gear trains” is presented in the MMS courses
by the condition of coaxiality, condition of neighborhood for planetary gears, and
condition of assembly of the planetary gear train. The example is given below.

Problem 8 For the combined gear train shown in Fig. 10 determine the number of
teeth of all gearwheels. What is the maximum possible number of satellites 2 in this
mechanism? The gear ratio is i17 = 11.

The efficiency of gears and gearboxes is given in most textbooks, but hardly
discussed in the classes due to the lack of contact hours.

Today gear mechanisms, like many others, are designed using automated design
(CAD) systems. And yet, the wide variety of gear mechanisms used in industry
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Fig. 9 Biplanetary gear train and its kinematic scheme

Fig. 10 Combined gear train

and transport along with rapidly changing approaches to the mathematical modeling
make it difficult to create universal CAD systems for the synthesis and design of
gears [1]. Therefore, it is particularly important to enable students in the course of
their studies to master various types of software:

• to make robust calculation of traditional types of gear drives;
• to research the impact of various kinematic, structural, technological and

operational parameters on different quality characteristics of the studied gear
sets;

• to make optimization search.

Many Russian technical universities have developed computer programs for anal-
ysis and synthesis of involute gears [20–22]. For example, theDepartment of Applied
Mechanics of the Tyumen Industrial University uses software developed mainly
on the basis of MS Excel, using VBA (Visio Basic for Application) [23]. These
computer programs are used for: design and comparative analysis of different types
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of involute gears and gear trains; lab classes “Manufacturing of gears by a gener-
ating cutter”; demonstration at lectures; practical lessons on gear cutting; scien-
tific research; calculations for industry; making diagrams and schemes for scientific
papers and presentations, as well as for student books and many others [23].

The computer programs like these are developed in many technical universities.
However, the issue of applying the gear software in theMMS course has not yet been
raised in the most general way, linking the motivation of students to their acquisition
of knowledge, skills, participation in quasi-professional and activities.

3 Gears in Labs and Design Projects

Because of the shortage in contact hours there are only three gear labs inMMS course
at Kalashnikov Izhevsk State Technical University (ISTU), see Table 3. The first two
are related to geometric analysis and synthesis of involute gears (Figs. 11 and 12).
The third lab examines the kinematics of the planetary gear train.

Gear design is an important part of the MMS course project. The typical points
of the design are as follows.

1. Synthesis of a machine drive scheme. In most cases, the drive of the machine
consists of a serial connection of one or two pairs of fixed-axes gears, plus a planetary
gear train. The total gear ratio of the drive is assigned, it is necessary to divide it
up between the gears and to select the number of gearwheel teeth. The method of
multipliers is used.

2. Synthesis of involute spur gearing. The basic geometric parameters, including
the shift of a cutting rack, are calculated for two gearwheels being in an external
meshing. The cutter shift should be selected using blocking contours (diagrams)
according to the conditions of: no undercut of teeth or maximum contact strength
or specified center distance or specified sliding of conjugate contours or maximum
bending strength.

3. Calculation of qualitative parameters of meshing. For the gearing under
design, the contact ratio and the specific sliding coefficient should be calculated.

4. Drawing of the gearing. At the Bauman Moscow State Technical University,
most of the calculations for the design project are made using universal commercial
software Excel, MathCad etc. In particular, these programs are used for the selection
of the cutter shift and for the kinematic synthesis of the planetary gear train [24].

4 Gears in Student International Olympiads
on Mechanism and Machine Science

The section of gears is usually one of the most difficult in the MMS study course.
Therefore, motivation is of the utmost importance for students to successfully master
it. Solving non-standard problems, performing creative tasks, competitions canmake
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Table 3 Gear labs

Lab Title Content Method Tools

1 Decoding geometric
parameters of
involute spur
gearwheels by
measuring the length
of the common
normal

Calculation of basic
geometric
parameters for a
gearwheel with the
absent marking (no
information printed
on the gearwheel).
The shift of the
cutter is among these
parameters

Measurement of the
length of the
common normal

Gearwheel, slide
gage, gear tooth
caliper

2 Manufacturing of
gears by generating
cutters

Simulation of cutting
of involute spur
gearwheels by a
generating cutting
rack. Study of the
effect of the cutter
shift on tooth shape
and dimensions

Calculation of the
cutter shift in order
to avoid the
undercutting of teeth.
Imitation of the tooth
cutting method on
the paper blank

Device for imitating
the cutting of
involute spur
gearwheels by a rack
cutter, paper blank

3 Kinematics of
planetary gear trains

Drawing a kinematic
diagram of the
proposed
mechanism;
calculating its
mobility, gear ratio,
verifying the
fulfillment of the
condition of
coaxiality,
determining the
maximum number of
satellites from
neighboring and
assembly conditions

The method of
motion reversion
(Willis’ method),
formulas for
conditions of
coaxiality,
neighborhood,
assembly

Material models of
planetary gear trains

a big contribution to the development of student motivation to study gears, and
development of interest towards gearing science. One possible way to realize such
opportunities is through student Olympiads. The All-Russian Student Olympiads on
MMS have been held in Russia for the last 30 years. Following its mission of promo-
tion of Mechanism and Machine Science among young people all over the world,
the Executive Council of IFToMM in Guanajuato, Mexico, June 2009, has resumed
establishing the regular Student International Olympiad on MMS (SIOMMS) [25,
26]. In 2011–2018 four International Olympiads were held [27].

Traditionally, two topics related to gears are included in the Olympic problem set:
geometry of toothed meshing (SIOMMS2011, SIOMMS2013, SIOMMS2016), and
gear trains (SIOMMS2011, SIOMMS2013, SIOMMS2016, SIOMMS2018). Below
is the text of a typical contest problem [28].
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Fig. 11 Diagram for determining the length of the common normal (lab 1)

Fig. 12 Imitation of tooth cutting on a paper blank (lab 2)
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Fig. 13 The gearbox of the
Contest problem

Contest problem. A gearbox used to drive the drum in a hoisting mechanism (see
Fig. 13) has been destroyed because of overloading. Since the drawings of gears
were lost, the only information below is available about the gearbox:

• all mating gears are of the same module m;
• gears 4, 5, 7 have tooth numbers z4 = 63, z5 = 24, z7 = 72, respectively;
• gears 1 and 3 have an equal tooth number z1 = z3;
• all gears are cutwith a standard tool (angle of pressure 20˚, the length of addendum

is equal to the module ha = m; the radial clearance coefficient is c* = 0.25, no
shift).

Questions:

1. Calculate the mobility of the gearbox. Reveal idle degrees of freedom, if any.
2. Determine the number of teeth for all unknown gears provided the gear ratio

of the mechanism is to be 22.
Usually, the gear ratios of combined gearboxes, with the exception of biplanetary

epicyclic mechanisms, are relatively easy to solve by participants in the Olympics.
Yet the selection of tooth numbers and especially the geometric study of meshing
gearwheels cut with shift are muchmore difficult for students. It is natural that, under
conditions of the limited time and stress, participants make mistakes even in simple
calculations [28].

In any case, preparation and participation in the Olympiad give students a very
strong motivation to study this challenging section of the MMS and contribute to
its mastering by them. Some former members of Kalashnikov ISTU student teams
in SIOMMS are working now at the Institute of Mechanics named after Professor
V. I. Goldfarb, the leading scientific and production institution for spiroid gears in
Russia. This demonstrates once again the usefulness of student Olympiads.
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5 Conclusion

Thegear section of theMMScourse is usually studied in the secondyear of a technical
university curriculum. It provides basic information, which is then used in the course
ofMachineDesign, aswell as in specialized gearing courses.Knowledge of the basics
of gear mechanisms is absolutely necessary for a mechanical engineer specializing
in any narrow field. The MMS course in the discussed aspect has great educational
significance in the general professional sense for all mechanical engineers. This
course can also be seen as an introduction section for future designers, process
engineers, manufacturing engineers, and field engineers – all experts involved in the
gear industry.

There are strong scientific and educational schools in Russian universities to
provide high-level teaching of the toothedmechanism section. Scientific conferences
are held regularly, andRussian scientists work successfully in the IFToMMTechnical
Committee for Gearing and Transmissions.

Harmonization of MMS study courses offered in different countries is an impor-
tant task for themechanical engineers community in the near future. Such harmoniza-
tion is necessary with regard to the unification of concepts and notation, investigation
of foreign courses material and comparison it with a native one, familiarization with
successful international engineering practices. If this work is successful, the gear
specialists will be able to work freely in industrial enterprises operating in interna-
tional markets, participate in international scientific research, conferences, symposia
and other events. IFToMM activity [26] objectively contributes to this process.
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Geared Designs from the Past for Today
Inspiration

Marco Ceccarelli and Fernando Viadero Rueda

Abstract This paper is a short-illustrated survey of past designs in gearing systems
as a tribute to the memory of Prof. Veniamin Goldfarb, who included in his expertise
on Gearing Technology also its History. The paper outlines main gear designs that
can be considered milestones in the development of Gearing Technology up today.
Design aspects and evolutions are discussed with illustrative examples to show main
aspects of the evolution of design solutions and expertise in geared systems with
indication of challenges and future trends for a successful development of the field
and its application to modern machine technology.

Keywords Gearing technology · History of gears · History of MMS · History of
IFToMM · Prof goldfarb

1 Introduction

Gear transmissions are mechanical systems used in various applications to transform
and transmit power or motion.1 The objective of gear transmissions is to allow the
transmission of movement between shafts through the contact of different elements

1Prof. Veniamin Goldfarb (1940–2019) was a worldwide reputed scientist of gearing systemswith a
successful activity of technological transfer also with a production of industrial products, at Institute
ofMechanics ofKalashnikov IzhevskState TechnicalUniversity.Hewas also a leader in IFToMM—
International Federation for the International Federation for the Promotion of Mechanism and
Machine Science (MMS) as being Vice-President and Chair of Technical Committee for Gears
with several international activities among which it is to note that he was the initiator of SIOMMS,
the IFToMM Student Olympiad on MMS.
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called teeth. These transmissions are present in sectors such as automotive, energy,
agriculture, manufacturing or aerospace. Gears have always been considered funda-
mental for machines and for the innovative development not only of mechanical
transmissions but also of new machine solutions and their evolution. This impor-
tance is also recognized on a historical level as it is outlined in the history of engi-
neering both in technical or specific monographs in the history of transmissions, for
example [1–3], as in encyclopedic works on the history of machines and inventions,
for example [4–6].

In the general treaties, however, a fundamental role of gear technology is not
clearly recognized, so much so that even today in the research funding programs the
issues relating to mechanical transmissions and particularly gears are not considered
of priority but they tend to think that this technology is now so mature that it does not
require further funding and can only be left to commercial industrial development for
the design and application of gears. Historical development, however, indicates that
gears have always had to support both the design of the machines and the materials
used in them with innovative solutions as well as responding to the needs of greater
functional and energy efficiency which today is evenmore stringent, especially when
designed as linked to problems of sustainable energy and pollution that are due
precisely to the intrinsic dissipative phenomena in power transmission.

Among the classic authors of research on gear drives are famous names such as
Olivier, Willis, Giulio, Buckingham,Wildhaber, Dudley, orMusser, who contributed
significantly to gear developments since the early days of Industrial Revolution up
today. However, in the last forty years and due, among other things, to the growing
demand for quieter transmissions, with lower development and maintenance costs, it
has led to a huge amount of researches and publications on gears whose wide variety
in this paper is shortly described as per the future trends in the field of gear research.

In this work with an illustrative approach we want to outline this fundamental
role and the evolution of concepts and solutions for gears that have led to a signif-
icant development in the technology of mechanical systems up to today’s robotic
and mechatronic systems in which a functionality can still be recognized essential
due to mechanical transmissions when such systems perform mechanical functions
with transmission of movement and force. The examination that is reported in this
paper also wants to indicate how solutions of the past contain concepts and even
solutions of current interest that can be used and further elaborated to obtain new
solutions and also to update the successful designs of the past towards applications
with increasingly higher structural and functional characteristics.

2 Gear Solutions and Applications

Gears have been fundamental since the first mechanical transmissions which led to
the development of the first machines both in terms of efficiency and functionality.
The solutions of antiquity remain mostly bibliographic sources with few archaeo-
logical findings which, however, surprisingly show technological levels that were
unthinkable for those times until recently.
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An emblematic example is shown in Fig. 1 regarding the Antikythera mechanism,
dated of 2nd century B.C., for which studies of a few decades, [7, 8] have highlighted
with the high technological levels in antiquity, being this mechanism recognized as
a first digital computer based on the operation of trains of gears. In addition to the
complexity of the assembly of the gear trains, Fig. 1a, the specific design of the tooth
profiles is remarkable, resulting in triangular profiles, Fig. 1b of precise execution
well suited to low speed operation as the typical one for the instrument for which
they were designed. This example demonstrates that already in ancient times the
design of gears not only had a wide use in machines as emphasized also in the first
specific treatises such as that by Vitruvius, but they were considered fundamental for
the design and operation of systems with high precision and efficiency.

The re-flourish ofmachines during theRenaissance, [9], also sawan intense design
activity on mechanical transmissions with traditional structures and with solutions

Fig. 1 Antikythera gearbox, an example of gears in Antiquity: a museum exposition of remains in
Athens; b a detail of a geared sector; c a modern model [8]
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Fig. 2 Example of geared systems designed at the beginning of Renaissance in 13th century by
Filippo Brunelleschi: a a composed gear train; b a powered capstan

made of new solutions in order to improve both the operating conditions and the
efficiency of old and new machines. Emblematic examples are shown in Figs. 2 and
3. In particular, Fig. 2 shows examples of mechanical transmissions for weightlifting
systems in traditional and innovative cranes with gear systems that are adapted to the
specific needs and specific structures of the tower crane. Figure 2a shows the work of
Filippo Brunelleschi for his cranes in the construction of the Duomo of Florence in
the mid-13th century as the combination of a traditional pin wheel with an innovative
roller toothed wheel with remarkable, concept of high modernity, in the such as the
sturdiness of the pin gear wheel is combined with the high efficiency of the roller
gear wheel to limit the effects of friction in power transmission. In Fig. 2b it should

Fig. 3 Example of geared systems designed during Renaissance in: a steering vehicle by Francesco
di Giorgio in 14th century; b a selection of geared solution by anonymous in 15th century
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be noted how gear trains with toothed wheels of different nature are combined for the
efficiency in the operation of a hoist whose functionality is not detailed to indicate
the versatility of the proposed solution.

Figure 3 shows how the renewed interest in gear transmission systems has also
produced innovative and widely practiced solutions. Figure 3a, [10], shows the appli-
cation of gear sectors for the steering of vehicles of innovative design, as well as
mechanical transmissions with orthogonal axes for the actuation of the wheels. This
activitywas also source andmotivation of an identification of a community of experts,
with anonymous and famous experts like the case of Francesco di Giorgio, [10].

In Fig. 3b practical solutions of transmissions for lifting loads by an anonymous
engineer are reported as a result of a practice widespread at the end of the Renais-
sance. This interest in innovation and the dissemination of practical solutions can be
recognized with the distinctive features of modern approaches which in the field of
gears are concretized on the one hand in research activities and on the other in the
industrial development of extensive production of solutions. This need for dissemi-
nation has given rise to manuals as in the case of Fig. 4 where we represent the first
manual of 1588, [11], and a modern manual in 1961, [12], which report the centrality
of gear solutions in the design of machines and mechanisms.

Fig. 4 Examples of collections of geared transmissions in: a first handbook of mechanical designs
by Agostino Ramelli in 1588 [11]; b a modern handbook of machine design [12]
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The explosive development of machines during the Industrial Revolution required
and gave rise at the same time to considerable developments in the design and func-
tionality of gears, leading to theoretical developments and manufacturing processes
still valid today. Remarkable are, for example, the definition of involute profiles and
various other geometric topologies as well as the notching manufacturing processes
for mass production. The application of gears in all types of machines has been a
source of functionality and robustness of the machines in a large variety of solutions
that starting from structures for flat transmissions have also reached solutions with
skewed transmission axes giving rise to the solutions shownaccording to the diagrams
modern in Fig. 5. Furthermore, the ever-increasing need for high performance has
also given rise to innovative gear inventions both in terms of train structures such
as planetary solutions, as well as radically different solutions such as the harmonic
drive in Fig. 6, [13]. The complexity and robustness of modern mechanical gear
transmissions can be summarized by the gearbox represented in Fig. 7 with the high
efficiency that can be obtained today, [14].

Fig. 5 Gear designs for power transmission between skew axes

Fig. 6 The geared design of Harmonic Drive invented in 1960s [13]
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Fig. 7 A gearbox as gear train for transmission in modern vehicles

Such a significative activity with inventions by inventors and engineers can be
recognized as produced by a worldwide disseminated community that today is
expresses also in thematic technical-scientific committed like the IFToMMTechnical
Committee on Gears [15].

3 Modelling and Analysis

Together with the development of practical and constructive solutions, an interest
was directed to a rationalization and a theory for designing the functionality of gears
since the beginning of machine design. An emblematic example is a first study of
mechanics in the functioning of the thread of a gear by Guidobaldo del Monte,
recovering the concepts of Archimedes’ mechanics in Fig. 8a [16]. The gear theory
has been developing over the centuries as an application of descriptive and then
analytical geometry with relevant developments not only on a theoretical but also
practical level as in the example of the beginning of the 19th century shown in Fig. 8b
[17], regarding the profile geometry and a study of the phenomenon of interference
in involute profiles.

Figure 9 wants to summarize the further theoretical development for the design
and characterization of complex gear systems using abstraction techniques and the
mathematization of functionalities by reporting a current example that is relative to
an epicycloid train with a representation in the form of a graph [18].
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Fig. 8 Modelling and analysis of gear characteristics: a an early modern analysis of worm char-
acteristics in geared system by Guidobaldo Del Monte in 1577, [16]: (a) a scheme of 19th century
for operation analyse of gear profile under the risk of interference, [17]

Fig. 9 A modern modelling for epicycloid gear characteristics using graph theory [18]

4 Modern Design Problems and Research Activities

Next some of the research lines in the field of gear transmission dynamics, which
have been developing from themiddle of the last century to the present, are presented

Özgüven andHouser [19] carried out a reviewof the dynamicmodels, establishing
the following as ultimate objectives: bending and/or contact stresses in the teeth, de-
termination of the loads acting on other elements (especially on the supports), emitted
noise level, transmission efficiency, reliability, durability, tooth defects such as pitting
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and scoring, natural system frequencies, vibratory movement and stability. Parey and
Tandom [20], approached the simulation of the behavior of gear transmissions under
fault conditions, in order to develop new maintenance strategies and procedures. To
do this, they made a compilation of dynamic spur gear models that incorporate the
existence of defects. Wang [21] also carried out a compilation work, focused on the
non-linear aspects that characterize the dynamic behavior of gear drives. Among
other aspects, he addressed the non-linearities due to variable stiffness, the presence
of clearance and friction. However, as indicated in [19] it is difficult to group the
different mathematical models used in the analysis of the dynamic behavior of gears
given the wide variety of models proposed.

The study of the dynamic behavior of gear transmissions requires addressing
different approaches related to the design and analysis of this type of elements, such
as: description of the geometry of the wheels, location of contact points or areas,
definition of contact forces or the formulation and resolution of dynamic equations.

Determining the geometry of the tooth profiles, as well as the development of
tools and procedures for their manufacture and verification, is a fundamental aspect
of gear drives. The procedure for the construction of tooth profiles that is widely
accepted, using generation tools, is based on Litvin’s proposal collected in various
texts [22, 23], which have been evolving, incorporating new developments.

The determination of the contact points or areas between profiles can be carried
out following a similar procedure to that used to obtain their geometry [24–26],
in order to analyze the path or path of contact and define manufacturing settings
that provide trans- missions with low noise and vibration. At this point, we want to
highlight the contributions of V. Goldfarb [27] on investigation of spiroid gears as
well as on general issues of theory of gearing.

Regarding the study of contact efforts, different approaches must be distinguished
depending on the objective pursued. Thus, on the one hand, there are thosewho intend
to study local phenomena at the level of the contacts between teeth, such as the
distribution of the load on the contact surface, the influence of the shape of the tooth
on said distribution, or the tension level, with an approach it is of the quasi-static type
[28, 29]. On the other hand, there are the more global approaches whose objective
is to know the interaction between the different elements of the transmission and
ultimately to study the dynamic behavior of the system as in [30–34].

Five different groups in the dynamic models of gear transmissions can be consid-
ered [19]: models with simple amplification factors, models with tooth flexibility,
dynamic models, rotor-dynamic models and torsional models. The first proposal that
considered the vibratory behavior of the transmissions has been attributed to Tuplin
[35], who proposed a mass-spring model excited by means of a wedge that repre-
sented the possible shape errors of the profiles as in Fig. 10. However, thismodel does
not consider a fundamental aspect such as the periodic nature of the excitement. Soon
the need arose to incorporate this factor and the first formulations appeared that took
into account the variable contact stiffness because of the oscillation in the number
of pairs of teeth supporting the load as in Fig. 11.
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Fig. 10 Dynamical models of gears, [19]: a a rotational scheme; b a rotational-translational
dynamic scheme

Fig. 11 A torsional model with contact in a single pair of teeth [32]

The main characteristic of this type of problem is the presence of a parametric
excitation that arises as a consequence of the fluctuation in the contact stiffness, so
the way to approach this aspect allows the different models developed to be classified
more reasonably [36].

5 Conclusions

This paper presents a very brief account of the history but of the importance of
gears with illustrative examples of design solutions and issues addressed for the
development of the theory and practice of gears in machine applications. The work,
even if limited in the analytical examination of the contributions and in the temporal
developments, may be of interest to recognize ideas for professional practice and
research activities as inspired by solutions and problems of the past.
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Theory of Adaptive Transmission

Konstantin Ivanov

Abstract The adaptive transmission (AT) represents the gearing with constant
meshing of toothed wheels and with a variable gear ratio. Animation model AT
is placed on an author’s site (https://adaptation.kz). The transmission has a simple
design. It works without a control system. It corresponds to a modern line of creation
of the independent self-controlling car. The transmission is created on the basis of
an author’s invention «Effect of Force Adaptation in Mechanics» . The essence of
the invention—a planetary kinematic chain with two degrees of freedom in which
toothed wheels form the mobile closed contour adapted for a variable load. Defin-
ability of the motion is attained by introduction of the closing transmission jamming
the closed contour and the hydrostatical converter (dashpot) which is wedging out
the closed contour strictly definitely. The converter provides relative motion of links
with the speed depending on loading (creates the constraint of speed and force). The
principle of definability ofmotion of the kinematic chainwith two degrees of freedom
and with one input on the basis of interconnection of parameters of the hydrostatical
converter and closing transmission is developed. In the paper the theory of force
adaptation in a combination with the definability principle which allows creating the
effective and reliable stepless self-controlled gearbox is presented.

Keywords Self-regulation · Adaptive transmission · Hydrostatical converter

1 Introduction. Adaptive Transmissions

The adaptive transmission (AT) is a mechanism that independently changes the gear
ratio depending on the resistance to motion. The AT contains a kinematic chain with
twodegrees of freedomand an additional constraint that ensures the definability of the
movement. Nowadays, the continuously varying transmission (CVT)—an automatic
step transmission has becomewidespread [1]. But the stepped CVT is not an adaptive
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transmission as it requires the use of a control system. Self-regulation in CVT within
one stage is provided by a hydrodynamic converter.

The author suggested using a self-braking transmission to create AT without a
converter [2], but the design was not tested experimentally. Attempts by Crockett [3]
and Volkov [4] to use a hydrodynamic converter in combination with constant-mesh
transmission were unsuccessful—the transmission was not widely used due to its
low control range. Harris patented the AT in the form of a planetary mechanism
with two degrees of freedom and one input without a hydrodynamic converter [5].
However, a mechanism with two degrees of freedom cannot work reliably without
an additional constraint.

The author developed the theory of force adaptation [6–9] based on the use of the
principle of virtual work. It has been proven that a closed contour in a two-mobile
kinematic chain creates an additional constraint and provides force adaptation to
variable external load. The found regularities constituted the scientific discovery
“Effect of force adaptation in mechanics”. However, the force adaptation determines
only necessary adaptation condition that takes place in the motion mode with two
degrees of freedom.

At the start in one-mobilemodeofmovement to overcome the starting resistance, it
was proposed to use a schemewith an approximately dead position of themechanism
(two-row planetary gear with input and output carriers of the AT length), which
creates a sufficient adaptation condition [10–12]. On the basis of this theory, a number
of copyright patents were created [13–15]. However, the experiment showed that
adaptation is possible only if there is sufficient internal friction in themechanism [16].

The further researches have been directed on search of conditions of reliable start
with transition to a two-mobile regime of motion. Earlier in the course of research
of the circuit design of the mechanism some point theoretically connecting divided
links (the centre of coincidence of speeds) [10, 11, 17] has been detected. Use of
this point allows to keep relative mobility of links at superposition of restriction on
their motion, or to create real constraint at conservation of number of a degree of
freedom.With that end in view the initial kinematic chainwith two degree of freedom
is carried out in the form of the mechanism in a dead position. The additional mobile
constraint is inducted into thismechanism in the formof the gearingwith a pitch point
in the centre of coincidence of speeds. This additional mobile constraint provides a
continuous exit of the mechanism from a dead rule and allows to create the reliable
self-controlled mechanism [17, 18]. However such way simply inducts redundant
constraint which does not change power interacting.

The analysis of the force interaction of the parameters of the two-movable kine-
matic chain showed that the principle of virtual work does not guarantee equilibrium,
since the reaction in the motionless instant center of speeds of some link remains
unbalanced [19]. The author proposed to introduce an additional frictional force into
the two-mobile chain, replacing the unbalanced reaction [19, 20].

To ensure the reliability of themechanism, a power activation of the closed contour
by adding real force constraint is required. However, this connection must keep the
closed contour mobility. Consequently, the additional constraint must be a constraint
of a fundamentally new type. Itmust impose a strictly defined limitation ofmovement
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whilemaintaining the relativemobility of the links. It is advisable to develop a general
principle of definability of the motion of the two-movable kinematic chain of the AT.

The paper presents the theoretical foundations for the creation of adaptive trans-
mission in the formof the theory of force adaptation in combinationwith the principle
of definability of motion.

2 Stages of Creating of Adaptive Transmission

The simplest adaptive transmission (see Fig. 1) is a two-movable gear mechanism
with a closed contour. The mechanism contains the rack 0, input carrier H1, closed
contour of gears 1-2-3-6-5-4 and output carrier H2. The closed contour contains
the input satellite 2, block of sun wheels 1–4, block of ring wheels 3–6 and output
satellite 5.

The basis for the creation of AT is the theory of force adaptation of a two-mobile
mechanism with one input, using the effect of force adaptation [6…9]. This theory

Fig. 1 The simplest
adaptive transmission



258 K. Ivanov

is based on performing a force analysis of a mechanism using the principle of virtual
work. The performed strength analysis leads to obtaining the main condition of force
adaptation

The effect of force adaptation has the following essence: for a given constant
parameters of the input power MH1, ωH1 and a given output moment of resistance
MH2, the output angular velocity ωH2 is inversely proportional to the variable output
moment of resistance MH2. This is a necessary adaptation condition, which theoreti-
cally determines the creation of an additional connection in a two-movable kinematic
chain.

The interaction of kinematic and power parameters is carried out according to the
principle of possible work using real displacements.

As a result of the force analysis, the equilibrium condition for external forces was
obtained

MH1ωH1 + MH2ωH2 = 0. (1)

Equation (1) analytically represents a connection between the parameters of the
kinematic chain, additional to the conditions of statics.

The combination of two degrees of freedom with an additional constraint ensures
that the output angular velocity depends on the external load. This property follows
from Eq. (1) taking into account the negative sign of the output power

ωH2 = MH1ωH1/MH2. (2)

Equation (2) expresses the effect of force adaptation in mechanics—the output
angular velocity is inversely proportional to the output moment of resistance at
constant input power.

The following stages of the creation of the AT theory take place.

(1) Development of the theory of force adaptation based on the use of a two-lift
mechanismwith amovable closed contour. The basis is the necessary condition
for force adaptation—the presence of a closed contour.

A two movable gear mechanism with a closed contour, developed by the author
[2], is an adaptive gear variator that implements the scientific discovery “The effect
of force adaptation in mechanics” [6–8].

The definability of this mechanism must be provided with a closed contour.
The mechanism theoretically fulfills the necessary condition for force adaptation

(Eq. 2).
However, the mechanism cannot provide reliable operation due to the presence of

two degrees of freedom. It limits the ability to start movement (start) in the presence
of starting resistance.

(2) Development of a sufficient condition for force adaptation based on the use of
redundant constraint. The basis is a gear mechanism with a closed contour and
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Fig. 2 Adaptive
transmission with a closed
contour and redundant
constraint

redundant constraint in the form of a dead position (Fig. 2). This redundant
connection determines a sufficient condition for force adaptation.

For stage 2, theoretical and experimental studies were carried out [16, 17].
The structure of the mechanism is similar to the previous diagram (Fig. 1). The

mechanism has a redundant connection in the form of a dead position created by
the equality of the lengths of the input H1 and output H2 carriers rH1 = rH2. As
a result, the lines of action of external forces coincide. This leads to the creation
of an additional connection and to jamming at the start. After the start, wedging is
performed by an additional backup gear 8-7, which transfers the movement from the
input carrier H1 to the satellite 5.

A prototype of the mechanism has been developed (Fig. 3), a spatial image of the
parts is presented (Fig. 4), and a test bench has been created to test the effect of force
adaptation (Fig. 5).

The followingdevices are shownon the test bench: base (traction)motor 1, variator
with adaptive transmission 2, auxiliary (braking) motor 3, dashboard 4, monitor 5.

Based on the data obtained, the traction characteristic of the variator was built
(Fig. 6).

The effect of force adaptation takes place (Fig. 6): for given constant parameters
of the input power MH1, ωH1 and a given output torque of resistance MR = MH2

the output angular velocityωR = ωH2 is inversely proportional to the variable output
torque of resistance MR = MH2.

The analysis of the definability ofmovement showed that a closed contour imposes
a connection only theoretically (based on the principle of virtual work). In this case,
the effect of force adaptation ismanifested only due to the presence of internal friction
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Fig. 3 Assembly drawing of adaptive transmission

Fig. 4 Spatial image of adaptive transmission parts. 9—input carrier, 2—input satellite, 1–4—
block of solar wheels, 8—toothed wheel of doubling transfer 8–7 with a disk affiliated to the carrier
9, 3–6—block ring wheels, 4—solar wheel with the shaft to which the solar wheel 1 is affiliated, 7—
toothed wheel of doubling transfer 8–7, 5—output satellite in the block with a wheel 7 of doubling
transfers, 10—output carrier
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Fig. 5 Test bench of the adaptive transmission (toothed variator)

Fig. 6 Experimental
traction characteristic of the
adaptive transmission
(toothed variator)

in the relative movement of the transmission links within narrowly limited limits.
Obviously, to activate the closed contour, a real link must be added to it. However,
this connection must keep the closed contour mobility. Consequently, the additional
link must be a link of a fundamentally new type. It must impose a restriction on
movement while maintaining the relative mobility of the links.
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Conclusion: the mechanism fulfills the necessary and sufficient conditions for
force adaptation in the form of a closed contour and additional redundant constraint.
However, the definability of the movement takes place within limited limits.

3 Analysis of Determinability of Motion of Two-Mobile
Chain

First, let us analyze the determinability of the movement of a lever two-movable
kinematic chain with one input. The kinematic chain (Fig. 7) contains a rack 0, an
input link 1, an intermediate link 2, and output links 3 and 4.

To the right of the mechanism is a plan of the linear speeds Vi i = 1, 3, 4 of the
links of the mechanism. S—instantaneous center of speeds of link 2;ω2 = V1/SB—
angular velocity of link 2. Linear dimensions of links BC = BD. External forces
act on the mechanism: F1—input driving force, R3, R4—output resistance forces.
Forces and speeds are parallel to the axis Ox .

Themechanism has two degrees of freedom,which correspond to the translational
and rotational motion of link 2.

Let us formulate the condition of equilibrium of the mechanism according to the
principle of possible works.

F1V1 − R3V3 − R4V4 = 0. (3)

Equation (3) reflects the functional essence of the two moving mechanism: for
the given constant parameters of the input power and the given resistance forces, the
speeds of the two output links are unknown (to be determined).

The speeds of the points of the mechanism are related by the equation

Fig. 7 Lever two movable kinematic chain
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V3 − V1

V4 − V1
= u(1)

34 . (4)

Here u(1)
34 —gear ratio from link 3 to link 4 with fixed link 1. u(1)

34 = −BD/BC .
The system of two Eqs. (3) and (4) determines the relationship of the parameters

of the mechanism with two degrees of freedom and allows for the given parameters
of the mechanism F1, V1, R3, R4 to determine two kinematic parameters—the speed
of the two output links V3, V4.

Solving the system of two Eqs. (3) and (4), we obtain

V4 = V1
F1 + R3(u

(1)
34 − 1)

R3u
(1)
34 + R4

, (5)

V3 = (1 − u(1)
34 )V1 + u(1)

34 V4. (6)

Thus, Eqs. (5) and (6) confirm the status of the principle of possible displacements
as a necessary and sufficient condition for equilibrium [17].

However, contrary to this statement, there is no definability of motion in the two
movablemechanism. If R3 = R4, then there is no torque on link 2 and themechanism
will go into a state with one degree of freedom.

If R3 �= R4, then the more loaded output link will be motionless and the
mechanism will also go into a state with one degree of freedom.

To resolve this contradiction, let us analyze the interaction of parameters in two
moving mechanisms.

Equation (5) corresponds to the equilibrium equation of link 2 in the form of
the sum of moments relative to the instantaneous center of velocities S, taking into
account the substitutions V1 = ω2 · SB, V3 = ω2 · SC, V4 = ω2 · SD and equality of
external forces to the reactions at the points B,C, D:F1 = R12, R3 = R32, R4 = R42.
After substituting these values and canceling ω2, we obtain the equation of moments
about the point S

F1 · SB − R3 · SC − R4 · SD = 0. (7)

Equation (7), corresponding to Eq. (3), is not a necessary and sufficient condition
for the equilibrium of the statics for link 2. In addition to the Eq. of moments for the
equilibrium of link 2 and the entire mechanism, the condition of equality of forces
to zero should also be used

∑
F = 0

F1 − R3 − R4 + R02 = 0,

where R02 is the reaction at a fixed point S.

R02 = R3 + R4 − F1. (8)



264 K. Ivanov

Therefore, the equilibrium equation of the mechanism, according to the principle
of possible displacements, must also take into account the force R02. However, this
force in Eq. (5) is excluded, since the velocity of the point of application S is zero.

Consider what happens if it turns out R4 > R3. Tomove the point D of application
of greater force R4, it is necessary to fulfill the equilibrium condition

∑
MC = 0 (or

F1 · BC + R02 · SC − R4 · DC = 0) which includes the force R02. However, in the
absence of real support at the point S, the force R02 does not exist.

As a result, the point D of application of the greater force will be fixed.
In connection with this circumstance, an insoluble contradiction arises: on the

one hand, in two moving mechanism, link 2 must have a fixed reference point with
a reaction R02, on the other hand, the addition of this connection will lead to the
transition of the mechanism into a one-movable state.

It would seem that the presence of two inputs (links 3 and 4) and one output (link
1) would make the chain in question definable. However, changing the status of the
links does not eliminate the need to have a real fixed point S of link 2 to achieve
equilibrium.

The analysis of the relationship between the parameters of the two-moving kine-
matic chain shows that the two-moving kinematic chain is a statically indeterminate
system.

However, it is quite possible to create a fixed position of the free (not connected
with the rack) link 2 by external forces. On Fig. 8, the input hydraulic cylinders set
in motion the pistons and links 3 and 4. The positions of the pistons depend on the
speed and determine the positions of the points C and D of link 2 in the absence of
its connection with the rack. The displacements of the points of application of forces
corresponding to time will be called forced. The motors create forced displacements.

Hence, the conclusion follows: the static indeterminacy of a two-moving kine-
matic chain causes an intermediate free link with an instantaneous center of veloc-
ities, which must have a fixed support. Quite definite forced displacements of the
free link, not connected with the rack, can be provided only by forces that have an
unambiguous fixed position of the points of application at any time.

The force of resistance can create forced displacement by means of a cataract
(Fig. 9). The cataract contains a piston 1 with calibrated bypass holes and a hydraulic
cylinder 2.

Fig. 8 Creation of a forced
position of an uncontrollable
chain by external compelling
forces
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Fig. 9 Linear dashpot (cataract)

The principle of operation of a cataract is to create a forced relative movement
of the links by passing a viscous fluid between the links using internal friction. The
position of the point of application of the resistance force depends on the liquid flow
rate through the bypass holes.

If in Fig. 8 the driving hydraulic cylinders 3 and 4 should be replacedwith cataracts
connected to the rack by translational kinematic pairs E and F then the resulting
kinematic chain with an input link 1 and two output links in the form of cataracts
will acquire a definite motion, since the output speeds of the cylinders depend on the
resistance forces. In this case, the intermediate link 2 will be completely balanced,
and the reaction will be at the instantaneous center of speeds R02 = 0.

Cataract works as follows.
The input force F1 (Fig. 9) moves the piston 1 at a speed V1. The resistance force

R2 > F1 prevents the movement of cylinder 2, which moves at a speed V2 < V1

due to the liquid bypass through the bypass holes. There is a relative movement of
the links with speed V12 = V1 − V2 under the action of the force of the cataract
F12 = R2 − F1. The relative velocity is related to the liquid flow through the bypass
holes

V12 = v/A, (9)

where A is the cross-sectional area of the cylinder,
v is the liquid flow rate through the bypass holes.
The fluid flow rate v is directly proportional to the pressure p generated by the

forces.
Power of cataract

PC = F12V12. (10)

The power of the cataract is spent on overcoming the internal friction of the fluid
and performs a useful function—creating a forced movement of the output link 2.

The characteristic of cataract is an experimental relationship F12 = f (V12) and
depends on the ratio of the cross-sectional area of the piston to the area of the bypass
holes. Simplified F12 = kV12 (k is the experimental coefficient).
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The relationship between the parameters of movement of the cataract is deter-
mined by the principle of possible movements, taking into account the power of the
cataract

F1V1 − R2V2 − F12V12 = 0. (11)

After substituting the values V12 = V1 − V2, F12 = F2 − F1 and transformations
into Eq. (11) we obtain

V2 = V1
2F1 − F2

F1
. (12)

From here we determine the limits of changes in the output force and output speed
of the cataract F1 < F2 < 2F1, 0 < V2 < V1.

Gear ratio cataract u12 = V1/V2 or u12 = F1/(2F1 − F2). Here 1 < u12 < 2.
Efficiency of cataract taking into account the loss factor ε = F12V12/F1V1

η = 1 − F12V12/F1V1. (13)

Thus, the forced relative translational movement of the links is created by a
cataract, which performs this action by spending energy.

Forced relative rotational movement of the links can be created in a similar way
using a rotary cataract.

Rotational cataract (Fig. 10) contains an input shaft 1 with a rotating piston in the
form of a blade having bypass openings, and an output shaft 2 with a cylinder also
having blades that allow free rotation of the piston blade. The cylinder is filled with
a viscous liquid.

Fig. 10 Rotational dashpot (cataract)
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The input shaft 1 of a rotating cataract with a driving moment M1 rotates a piston
with a blade, which carries with it a viscous liquid. A viscous liquid located between
the blades of the cylinder carries with it the cylinder, on the shaft 2 of which there
is a moment of resistance M2. Bypass holes in the piston blade provide a bypass
of rotating fluid when the piston rotates relative to the cylinder. Rotating cataracts
allow rotation of the input and output shafts at different angular velocities ω1 and
ω2. In the operating mode of movement, the moment of resistance to the movement
of the cylinder M2 exceeds the driving moment M1. The moment of cataract is
M12 = M2 − M1. The input shaft with a driving moment M1 provides a rotational
movement of the output shaft 2 with an angular velocity ω2 < ω1 due to the liquid
bypass through the bypass holes. Under the influence of the moment M12 the cataract
moves links 1 and 2 with a relative angular velocity ω12 = ω1 − ω2.

Power cataract

PC = M12ω12 = (M2 − M1)(ω1 − ω2). (14)

The characteristic of a cataract is determined by the capacity of the bypass holes
(the ratio of the area of the blade of the rotating piston 1 to the area of the bypass
holes), depending on the pressure. In a cataractwith a given characteristic, the relative
angular velocity corresponds to the applied external moments.

Rotational cataract provides a fixed position of the output shaft with a moment
of resistance M2 applied to it, depending on the fluid flow through the bypass holes.
The fixed position of the output shaft 2 is determined by the angle of rotation ϕ2

which depends on the speed of the cataract.
The relative angular velocity is related to the fluid flow rate through the bypass

holes

ω12 = v/r A, (15)

where A is the area of the blade of the rotating piston,
v is the fluid consumption,
r is the radius of the location of the bypass holes.

The fluid flow rate v is directly proportional to the pressure p generated by the
input and output torque.

The power of the cataract is spent on overcoming the internal friction of the fluid,
but it performs a useful function—creating time-fixed movements of the output link.

The relationship between the parameters of movement of a cataract is determined
by the principle of possible displacements, taking into account the power spent on
internal friction

M1ω1 − M2ω2 − PC = 0. (16)

Here the moment of the cataract is equal to the moment of internal friction of the
fluid, which ensures the overflow of the fluid through the bypass holes M12 = M f .
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Substituting the value Pk into Eq. (16), we obtain after transformations the depen-
dence of the output angular velocity on themoment of resistance (adaptation equation
for cataract)

ω2 = ω1(2M1 − M2)/M1. (17)

Equation (17) expresses the analytical relationship that a cataract with a given
characteristic imposes on the variable parameters M2 and ω2. With constant input
power parameters M1, ω1 the torque reference M2 determines the value of the
angular velocity ω2 and the angular displacement of the output link 2, fixed in time.

From Eq. (17) implies:
When M2 = M1 we have ω2 = ω1. When M2 = 2M1 we have ω2 = 0.
Resistance torque range

M1 ≤ M2 ≤ 2M1.

There is also a feedback

M1 ≤ M2 ≤ 2M1. (18)

Efficiency cataract η = 1 − PK /M1ω1. Or

η = 1 − (M2 − M1)(ω1 − ω2)

M1ω1
. (19)

In the range of variation of the moment of resistance, the efficiency varies from 0
to 1.

Intermediate value at M2 = 2M1, ω2 = 0.5ω1 , η = 0.75.
The use of a cataract,which imposes an additional connection on one of the speeds,

in a system with two degrees of freedom leads to definability of motion without loss
of properties associated with the presence of two degrees of freedom.

4 Principle of Determinability of Motion of Adaptive
Transmission

The essence of the method of definiteness of movement: definiteness of the move-
ment of twomovable kinematic chain Self-adjusting transmission provides cataracts,
which imposes an additional connection in the form of a function of the relative posi-
tion of cataract links from speed. In this case, energy is consumed for the relative
movement of the links (for the internal friction of the fluid).
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In order to provide the specified range of Self-regulation, it is necessary to combine
the force adaptation with the hydrostatic converter (cataract). The closed loop must
provide force adaptation, and the hydrostatic transducer ensures motion definability.
In this case, the range of self-regulation increases in the presence of small required
relative displacements of cataract links by creating a stressed power state of a closed
loop with the introduction of an additional redundant connection.

Structurally, themotion determinabilitymethod is implemented as follows. First, a
jamming link is introduced into themovable closed loop,which imposes an additional
connection. The wedge link is then replaced by a cataract, adding a functional degree
of freedom (relative position dependent on speed).

The jamming link should be made in the form of a link that introduces an excess
geometric connection, which turns into a real connection by minimally changing the
corresponding geometric parameter. In this case, a small geometric deviation leads
to the appearance of a large force on the wedge link. After replacing the wedge with
cataract, the wedge force will self-adapt to the minimum relative speed of movement
according to the characteristic of the cataract. Cataracts have a direct effect on the
closed loop,which transmitsmovement to the output link of the transmission. Placing
a cataract in a closed loop provides an indirect effect on the output link, which leads
to a high control range with high efficiency.

5 Creation of Definable Adaptive Transmission

Definable adaptive transmission (Fig. 11a) contains the basic adaptive two-mobile
kinematic chain in an aspect two-row planet gear H1-1-2-3-6-5-4-H2 and additional
force-speed constraint in the form of a rotational dashpot 9 with closing transmission
8-7. On Fig. 11b the plot of linear speeds of the gearbox is presented.

The blade 9 of the cataract in composition of AT (Fig. 11a) is connected with input
carrier H1 and the cylinder is connected with a wheel 8 of closing transmissions 8-7
passing motion on the satellite 5. This constraint becomes active and calls the forced
power interacting in the closed contour if the pitch point P of wheels 8 and 7 does
not coincide with point S5—the centre of coincidence of speeds of links H1 and 5.
Further for simplification we will use designation S instead of S5. (A dot line shows
the wheel 8 creating passive constraint when point P coincides with point S. In this
case, the peripheral speeds of the blade and cylinder coincide and the cataract does
not work). An additional link in the form of a cataract with the 8-7 gear provides the
definition of the movement of the two-way chain.
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Fig. 11 Self-controlled gearbox SCG

6 Kinematic and Force Analysis of Basic Two-Mobile
Kinematic Chain. Force Adaptation

The kinematic analysis of the basic two-mobile kinematic chain (Fig. 11a) is carried
out by traditional way [6, 7 and 8] and consists in definition of all kinematic
parameters.

The force analysis is based on use of the virtual work principle for the kinematic
chain containing a mobile closed contour [6, 7 and 8]. Analytically constraint of
parameters of the two-mobile kinematic chain containing a mobile closed contour is
expressed by formulas

FH1VH1 + FH2VH2 = 0, (20)

MH1ωH1 + MH2ωH2 = 0. (21)

From here

ωH2 = MH1ωH1/MH2. (22)

Here F is the force, M is the moment, V is the linear speed, ω is the angular
velocity. Indexes match to designations of links.
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Equation 22 connects force and kinematic parameters and expresses the Effect of
Force Adaptation: output angular velocity directly proportional to input power and
inversely proportional to variable output moment of resistance.

The main feature of calculation of a two-mobile chain consists that constraint of
external parameters in the form of the Eq. 22 provides definability of calculation
on a condition of force adaptation. This equation allows to gain preliminary two
initial kinematic parameters—ωH1 and ωH2 for mechanical system with two degree
of freedom at the set parameters of input power and output moment of resistance.
After that all kinematic and force parameters of SCG will be definable.

7 Principle of Motion Definability of Two-Mobile
Kinematic Chain

The virtual work principle does not provide equilibrium of a two-mobile kinematic
chain as an unbalanced reaction in the motionless instant centre of speeds of the link
which has been not connected with a rack occurs [19]. Definability of motion can be
attained if the mechanical system is completely counterbalanced. The principle of
definability ofmotion characterizes an achievement of full equilibriumofmechanical
system.

It is possible to present the equilibrium equation of basic planetary kinematic
chain of AT (Eq. 20) in the form of an equilibrium equation of a link 5 by a virtual
work principle. For this purpose superposed forces of the kinematic chain FH1 and
FH2 should be carried on the output satellite 5. Force FH1 will be enclosed to a link
5 in the form of reactions R65 = FH1r3/r6 and R45 = FH1r1/r4. Force FH2 will be
enclosed to a link 5 in the form of reaction RH2−5 = FH2.

Then Eq. 20 of the basic kinematic chain equilibrium will become

R35V6 + R45V4 − RH2−5VH2 = 0. (23)

The Eq. 23 by a virtual work principle generally does not provide the equilibrium
of a link 5 as the unbalanced reaction R05 will be enclosed in the instant centre of
speeds P5 of link 5. It is defined on a condition of equality of the link 5 sum forces
to null: R05 = R35 + R45 − RH2−5. Or

R05 = FH2 − FH1. (24)

The link 5 is rotated in relative motion round point S5 together with force R05 in
point P5. Such situation occurs on start, when the output carrier is motionless, and
also in operating conditions.

On start, when the output carrier is motionless, the input force FH1 carried from
the input carrier on a link 5 should overcome resistance of force FH2. It would be
possible in the presence of a real support in point P5 with force R05.
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For an equilibration of the link 5 in the absence of a support it is necessary to inject
into the kinematic chain additional constraint in the form of the closing transmission
8-7 connecting the carrier H1 with the satellite 5. This constraint will appear passive
if pitch point P coincides with point S.

Transmission 8-7 transfers force FP to the satellite 5 in pitch point P from the
carrier H1. Such constraint will appear active if pitch point P does not coincide with
point S. But active constraint will chock the closed contour 1-2-3-6-5-4-1 and will
eliminate force adaptation. To keep mobility in the closed contour, it is necessary to
inject in completing a circuit the rotational dashpot 9 providing disconnecting and
strictly certain relative mobility depending on carried force.

From condition of equilibrium
∑

MS5 = 0 for link 5 we will gain the closing
(jamming) force in the additional transmission, providing definability of motion of
the kinematic chain of AT

FP = FH2 · K S/PS5. (25)

This force should be carried from input carrier H1 to a link 5 through the
converter—the rotational dashpot keeping two degree of freedom strictly definitely.
The inputmoment of dashpotM1 on the blade 1 (Fig. 10) is equal to the inputmoment
on input carrierM1 = MH1 and outputmomentM2 on the cylinder 2 (Fig. 10) is equal
to the moment of force FP overcoming resistance on output link 5—M2 = FPr8.

Let’s observe the dashpot interconnection of parameters (Fig. 10).
In the dashpot (cataract) the of resistance to cylinder motion M2 exceeds driving

moment M1. The dashpot moment M12 = M2 − M1. The input shaft with driving
moment M1 provides a rotary motion of the output shaft 2 with angular velocity
ω2 < ω1 at the expense of liquid by-way through drain ports. Under the influence of
the dashpot moment M12 the motion of links 1 and 2 with relative angular velocity
ω12 = ω1 − ω2 occurs.

Power of the dashpot

PC = M12ω12 = (M2 − M1)(ω1 − ω2). (26)

The dashpot characteristic is defined by carrying capacity of drain ports (the
relation of the square of the blade of the rotated piston 1 to the square of drain ports)
depending on pressure. In the cataract with the set characteristic the relative angular
velocity matches to the applied external moments. The rotational dashpot provides
the position of the output shaft fixed on a time with moment of resistance M2 applied
to it which is depending on the liquid charge through drain ports.

Power of the dashpot is spent for overcoming of an internal friction of a liquid but
carries out useful function—creation of the displacements of output link fixed on a
time.

The interconnection of the dashpot parameters motion is defined by a virtual work
principle taking into account the power of the dashpot spent for an internal friction

M1ω1 − M2ω2 − PC = 0. (27)
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Let’s substitute value Pk from the Eq. 26 into Eq. 27, we will gain after trans-
formations the dependence of output angular velocity on a resistance moment (the
equation of the dashpot adaptation)

ω2 = ω1(2M1 − M2)/M1. (28)

From here we define limits of change of the dashpot output parameters: M1 <

M2 < 2M1, 0 < ω2 < ω1.
Transmission ratio of dashpot u12 = ω1/ω2 or u12 = M1/(2M1 − M2). Here

1 < u12 < 2.

8 Synthesis of AT

Synthesis of AT contains definition of parameters of the basic two-mobile kinematic
chain on a condition of force adaptation [8, 11] and definition of parameters of the
closing kinematic chain by a principle of definability of motion.

Definition of geometrical, kinematic and force parameters of the basic two-mobile
kinematic chain on a condition of force adaptation is carried out by a technique stated
in sources [8, 11] on the basis of use of the formula of force adaptation (Eq. 24)
defining the constraint created by the closed contour.

The parameters of AT closing chain definition is carried out on a condition of the
maximum tractive resistance overcoming on start at the motionless output carrier.

Statement of problem of the closing chain synthesis (Fig. 11).
The circuit design of the basic two-mobile kinematic chain providing force adap-

tation is given. The kinematic parameters (plot of linear speeds) and force parameters
MH1, MH2 = MH2max, MH2max = 3MH1 are given.

It is necessary to define geometrics of closing transmission r8, r7 and parameters
MC , ωC of the dashpot creating the force-speed constraint at breaking.

The solution:

1. We search out a position of the instant centre of relative turn of a link 5
concerning input carrier H1 (a position of point S5 or S) on the plot of linear
speeds (Fig. 11b) as the point of intersection of angular velocities lines of these
links.

2. We set a position of pitch point P of closing transmission 8-7 and define radiuses
of wheels 7, 8:r7 = K P = K S, r8 = rH2 + r7.

3. We define a wedging out force of dashpot FP from equilibrium condition of
link 5

∑
MS5 = 0: FP = FH2 · K S/PS = MH2 · K S/rH2PS.

If accept K S = r7, PS = 2r7, MH2max = 3MH1 then

FPmax = 3MH1

2rH2
. (29)
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4. We define the moment of dashpot placed between input carrier H1 and a wheel
8

MC = M8 − MH1. (30)

Here M8 = FPr8—the output moment of the dashpot.

M8 = MH2r8
2rH2

. (31)

Or M8 = 3MH1r8
2rH2

.
The output moment of the dashpot cannot exceedmaximum value M8 ≤ 2MH1.
From here we will gain geometrical restriction r8 ≤ 4rH2/3 which for the
observed circuit design is carried out.

5. We define angular velocity of the dashpot

ωC = ωH1 − ω8. (32)

Here ω8 = ω7u87, ω7 = ω5, u87 is the transmission ratio, ω5 is the angular
velocity of a wheel 5 at the motionless output carrier.

6. We define the maximum (starting) power of the dashpot.

PC = MCωC . (33)

Or PC = 0.16MH1ωH1max.
7. We define a minimal transmission efficiency with account only the dashpot at

the moment of start

ηmin = (MH1ωH1 − PC)/MH1ωH1. (34)

Or ηmin = (MH1ωH1 − PC)/MH1ωH1 = 0.84.
The maximal efficiency at ω8 = ωH1 has value ηmax = 1.

9 Force-Speed Interacting of AT Links in Operating
Condition

In adaptive self-controlled transmission (Fig. 11a) interacting of links of basic two-
mobile kinematic chain H1-1-2-3-6-5-4-H2, additional jamming transmission 8-7
and dashpot links (the piston is rigidly connected with carrier H1, the cylinder is
rigidly connected with a wheel 8) occurs.
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Constraint of links of basic two-mobile kinematic chain is presented by the Eq. 21.
Constraint of links of the dashpot is presented by the equation Eq. 27. In this

equation it is necessary to execute the replacements connected with a notation of
Fig. 11:

PC = MH1−8ωH1−8 = (M8 − MH1)(ωH1 − ω8). (35)

In closing transmission it is necessary to consider constraint of wheels 8-7without
efficiency

M8 = M7ω7/ω8 = M5u78. (36)

Here M5 is the moment on the output satellite 5,
u78 is the transmission ratio expressed through numbers of teeth of wheels, u78 =

z8/z7.
Equations (21) and (35) define the interconnection of AT parameters.
The general equation of parameters interconnection by a virtual work principle

looks like

MH1ωH1 − PC = MH2ωH2. (37)

From here we define a basic formula of force adaptation

ωH2 = (MH1ωH1 − PC)/MH2. (38)

The formula (37) is a basis of calculation of self-controlled transmission with the
dashpot.

The minimal efficiency of the mechanism taking into account losses only in a
cataract makes about 90% and is defined by formula

η = (MH1ωH1 − PC)/MH1ωH1. (39)

10 Bases Properties of AT

1. The adaptive transmission (or gear variator) represents the two-mobile two-row
planetary train with constant catching of toothed wheels and with additional
force-speed constraint.

2. AT works in the set control range independently (without control system).
3. Control range of AT depends on geometrics of the basic adaptive two-mobile

kinematic chain (according to the theory of force adaptation) and from dashpot
parameters (according to a definability principle). Theoretically at efficiency
of the dashpot equal 0, 9 the range of change of a transmission ratio has limits
from 1 to 5.
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4. The dashpot unlike the fluid converter is the low-speed hydrostatical energy
converter working in the conditions of statics equilibrium that defines its high
reliability and efficiency.

5. AT is the low-speed transmission which is not requiring high-speed engines.
6. AT has doubtless advantages before CVT: simplicity of a design, absolute

adequacy of work of not switched transmission, high reliability, an off-line
operation in a wide control range.

11 Conclusion

The executed researches allow to formulate following general principles of creation
of definable self-controlled mechanisms of AT:

(1) The basis of the self-controlled mechanism is the kinematic chain with two
degree of freedom, having one input, one output and the mobile closed contour
placed between them.

(2) The definability ofmotion of themechanism is providedwith forcing constraint
of force and speed in an aspect of the dashpot with closing transmission into
the mobile closed contour.

Force-speed constraint is the brand new constraint of force and speed (themoment
and angular velocity). The closing additional transmission in combination with the
dashpot can provide this constraint.

The stated material defines a technology of the brand new AT creation.
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Load State of Low-Speed Spiroid Gears
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Abstract The problem of analyzing a heavy-loaded low-speed multi-pair spiroid
gear with account of the influence of elastic and elastoplastic contact, bending and
shearing interaction of spiroid gearwheel teeth and spiroid worm threads is consid-
ered. The main steps of the developed algorithm for calculating the load distribution
and plastic strain of flanks taking into account the elastic and elastoplastic nature
of the contact, multi-pair character of meshing, and macro- and micro-roughness of
flanks of gear elements are briefly described. For the case of elastoplastic contact,
zones of plastic contact on spiroid gear tooth flanks are determined, and the value of
plastic strain is calculated. Flanks of spiroid gear teeth are presented in the algorithm
as a set of areas (cells) with coordinates of centers calculated taking into account
the analyzed factors influencing the load distribution in the spiroid gearing, such as
manufacturing and (or) assembly errors, macro- and micro-roughness, and deforma-
tion of spiroid gear supports. The manuscript presents numerical results of studying
real spiroid gears for gearboxes of pipeline valves (PV) having the elastic and elasto-
plastic character of contact, presented in the form of summary tables and diagrams
of torque distribution, load concentration factors in contact areas and plastic strain
areas, demonstrating the efficiency of the algorithm. Results of comparing the gear-
boxes of different generations are given that show theways of applying this algorithm
at the design stage and results of improving load characteristics of new generations
of gearboxes. Numerical results of the algorithm operation correlate well with the
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1 Introduction

Analysis of load-carrying capacity is an integral and one of the most complex prob-
lems in gear design, since it allows for predicting the serviceability and reliability of a
gear within the limits of a given service life at the design stage. This analysis becomes
significantly more complicated when studying gears with the multi-pair contact and
with complex spatial arrangement of flanks. A spiroid gear is related exactly to these
gears; it got wide application in gearboxes for pipeline valves (PV)—see Fig. 1.
These gearboxes are characterized by heavy loading mode and almost static mode
at overloads, duty factor 25%, low frequency of input shaft rotation (usually below
100 rpm and almost always not more than 220 rpm), short operating life of several
thousands of control cycles in the “OPEN-CLOSE” mode or dozens of thousands
in the regulating mode. The experience of spiroid gear operation in gearboxes for
pipeline valves has shown that at the very first cycles of operation a certain plastic
strain appears on flanks (see Fig. 1) [1, 2] influencing the stress-strain state (SSS) of
the gear and, as a consequence, its load-carrying capability. This influence should be
taken into account at the stage of gear design, since it irreversibly breaks the initial
tooth geometry and leads to redistribution of load transmitted by teeth.

A common method for the DM analysis is the finite element method (FEM), but
it has a number of significant drawbacks:

– an increase in calculation errors when estimating stresses on relatively non-
smoothly conjugated transition sections of teeth at their roots;

– a sharp increase in computational complexity for the case of themulti-pair contact,
which is typical for spiroid gears.

These drawbacks are worsened by the necessity of evaluation in several meshing
phases and choosing the most risky phase, as well as by the necessity of evaluation
of many design solutions (many gears and their layout designs, many combinations
of errors and strains) at the design stage.

Fig. 1 General view of
multi-turn gearbox
RZAM-S-500
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Fig. 2 Plastic strain on spiroid gearwheel teeth

Fig. 3 To deformations of gear elements

The problem is mainly solved by methods proposed and developed in works of
Zablonskii [3], Sheveleva [4], Airapetov [5], and others, that are reduced to solving a
system of linear equations of simultaneous displacement of contacting surface points
and equilibrium of loaded elements. Assumption of an elastic tooth contact model
is not always justified in the case of heavy-loaded spiroid gears. This disadvantage
is eliminated in the algorithm proposed in works [6–8]. This manuscript presents
the results of applying the proposed algorithm at the analysis of the load state of
heavy-loaded spiroid gears taking into account manufacturing and assembly errors,
as well as at the design of gearboxes for pipeline valves (Fig. 2).

2 Algorithm for Analysis of Elastically and Plastically
Loaded Multi-Pair Contact

Let us mention that in this manuscript the study will be conducted primarily to
determine the load distribution after the first operating cycles, when tooth wear is
a negligible running-in factor and during the action of peak loads. This assumption
is based on the practice of testing and operating the PV gears and gearboxes. Wear
on contact surfaces is possible further and is not a dominant factor in gear operation
when properly designed, manufactured and operated. The tooth geometry obtained
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by elastoplastic loading simulations can be used as initial information for calculating
the evolution of contact surfaces with regard to wear.

The algorithm itself is described in detail in [6–8]; below we present only a
summary of its main steps and the incorporated assumptions. The loaded gear under
study is a discretely loaded system in which the condition of joint displacement
of cells of flanks of worm threads and gearwheel teeth and the condition of force
equilibrium are described by the following system of equations:

⎧
⎨

⎩

wkm + S0km − �ϕ2km = 0
∑

D
Fk ′m ′

�

r2k ′m ′ − T2 = 0 (1)

where wkm is the elastoplastic displacement; S0km is the initial (before calculating
the load distribution) clearance between kmth cells of flanks, �ϕ2km is the relative
displacement of kmth cells as a result of mutual approach for the elements at gear
loading, ř2k’m’ is the arm of the resultant force Fk’m’ applied in the k’m’th cell relative
to the gearwheel axis, T 2 is the assigned torque at the spiroid gearwheel.

Thenumber of equations of the system (1) is not knownbeforehand and is specified
during calculation. Also during calculation all sought parameters are specified: the
contact area D, the value �ϕ2 of approaching the links and the value of discretely
applied forces.

In a little simplified form the algorithm consists of the following steps:

(1) input (calculation) of initial data: initial clearances S0km, physical and
mechanical properties of materials of elements, the torque T 2;

(2) input and calculation of data for the first approximation: approach of elements,
the set of loaded interfered cells (of the area D), forces in these cells;

(3) extraction of elastoplastically strained cells in the area D by the excess of
contact pressure above the specified limit; calculation of plastic displacement
in these cells which is proportional to this excess;

(4) correction of forces in elastoplastically strained cells from the condition that
the pressure is equal to the limiting one; correction of forces in other loaded
cells by the condition of force equilibrium;(the next algorithm steps refer to
both the first and all following iterations)

(5) calculation of the elastic displacement in each cell as a linear combination of
displacements from all discretely applied forces;

(6) calculation of clearances/interferences (hereinafter—discontinuities ξ )
formed between teeth after taking into account elastic and plastic displace-
ments at the assigned approach; correction of the approach value depending
on the average discontinuity ξ cp;

(7) correction of plastic displacements according to the value of average discon-
tinuity ξ cp; herewith, a part of elastoplastically loaded cells, in which the
plastic displacement became negative, returns to the number of elastically
loaded cells;
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(8) correction of the contact area D; those cells are added, in which the value of
discontinuity turned out to be negative (the calculated interference of surfaces
occurred, the cell came into contact and started transmitting the torque);

(9) correction of forces in every elastically loaded cell depending on the value
of its discontinuity; in this case, if the calculated value of force turned out to
be less than zero, the cell is excluded from the contact area, and if the force
causes the pressure greater than the limiting one, the cell passes to the number
of elastoplastically loaded cells; correction of forces in those cells from the
condition of equality of the pressure to the limiting one;

(10) correction of forces in elastically loaded cells to provide the equilibrium
condition (the last equation of the system (1));

(11) determination of the total strain area based on the set of strain areas in all the
design phases of meshing;

(12) checking the termination condition of the algorithm for the selected crite-
rion of the calculation accuracy and performing the stress-strain state (SSS)
analysis.

One of the main assumptions made in the algorithm is that the increments of
plastic strain and the value of exceeding the allowable contact stress (pressure) are
proportional, the deformations are directed along the normal to the surface and are
caused by a normal force, the influence of the oil layer in meshing is not considered
[9]. As shown in [8], such assumptions do not have a significant impact on the result
of the algorithm operation and the obtained data are quite reliable.

The algorithm can be used to estimate load distribution under short-term action of
the maximum torque, when the valve internal diameter is blocked, and the resistance
to rotation of the locking element in its seals and shaft supports is due to one-sided
medium pressure in the valve. In addition, the peak torque is possible in pipeline
valves when the locking element is initiated after long standing with little or no
lubrication of rubbing contact surfaces, often with elements of their corrosion or
adhesion, or during abnormal loading situations of the valve with a gearbox. The
peak torque is the most risky, it is the most probable instant of gear failure and
causes the greatest plastic strain of teeth. Exactly the case of this torque action is
under the study discussed below (Tables 1, 2, 3, 4, 5 and 6).

3 Effect of Manufacturing and Assembly Errors
on the Load State of Spiroid Gears

Tables 3, 4, 5, 6 and 7 and Figs. 4, 5, 6 and 7 show the results of numerical studying
the following factors affecting the gear load state:

– manufacturing and assembly errors;
– strain of structural elements.

To take them into account we have chosen the following errors:



284 A. Kuznetsov and A. Sannikov

Table 1 Parameters and performance characteristics of the studied gears

Parameter RZA-S-4000 RZA-S-2000

Value

Interaxial distance, mm 70 60

Worm axial module, mm 2.249 2.275

Number of gearwheel teeth/worm threads 1/65 1/46

External diameter of spiroid worm, mm 47 45

External/internal diameters of the gearwheel, mm 213/160 138/175

Addendum/dedendum factors 1/1.2 1/1.2

Theoretical overlap factor 5.8 3.4

Profile angles for right/left flanks 9.81°/29.93° 11.76°/28.78°

Maximum torque at the output shaft, Nm 4000 2000

Peak torque at the output shaft, Nm 8000 4000

Material for gear elements/surface hardness Steel 40X/45…50 HRC

Table 2 Sets of errors involved in the study

Number of the set Errors, mcm

f ar fΣr f px f fr Ho/i f xr

0 – – – – – –

1 450 – – – – –

2 −450 – – – – –

3 – 200 – – – –

4 – −200 – – – –

5 – – 120 – – –

6 – – −120 – – –

7 – – – 30 – –

8 – – – −30 – –

9 – – – – 100/6 –

10 – – – – – 340

11 – – – – – −340

12 450 200 120 30 100/6 340

13 −450 −200 −120 −30 100/6 −340

14 450 200 120 30 – 340

15 −450 −200 −120 −30 – −340
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Table 7 Basic parameters for the first group of gearboxes

Parameter RS1-60 RZA-S-2000

Value

Interaxial distance, mm 60 60

Worm axial module, mm 2.75 2.748

Number of gearwheel teeth/worm threads 46/1 46/1

External diameter of spiroid worm, mm 42 42

External/internal diameters of the gearwheel, mm 200/145 175/138

Addendum/dedendum factors 1/1.2 1/1.2

Profile angles for right/left flanks 10°/30° 11.76°/27.87°

Maximum torque at the output shaft, Nm 1500 2000

Peak torque at the output shaft, Nm 2469 4000

Material for gear elements/surface hardness Steel 40X/45…50 HRC

f ar , mcm 50

f px , mcm 100

fΣ , mcm 50

fx, mcm −10

set of errors N0 for phase 1 set of errors N12 for phase 1 set of errors N14 for phase 1 

Fig. 4 Distribution of torque over contact areas for the gear of the gearbox RZA-S-4000

set of errors N12 set of errors N12

Fig. 5 Plastic strain distribution over the gearwheel tooth flank for the gearbox RZA-S-4000 in
phase N2
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set of errors N0 for phase 1      set of errors N12 for phase 2    set of errors N14 for phase 3 

Fig. 6 Torque distribution over contact areas in the gear of the gearbox RZA-S-2000

set of errors N12                              set of errors N14

Fig. 7 Plastic strain distribution over the gearwheel tooth flank for the gearbox RZA-S-2000 in
phase N2

– interaxial angle error (f Σr , Fig. 3);
– error of the interaxial distance (f ar);
– pitch error of the worm (f px, for the single-thread gears it is actually the

accumulated error of the helical line);
– profile error of worm thread flanks (ff r);
– faceting (Ho);
– error of the gearwheel axial position (f xr) (Fig. 3).

When simulating the DM, the error of interaxial angle includes two components:
the manufacturing error itself and the misalignment of positions of the worm shaft
and the gearwheel rim due to deformations of structural elements (Fig. 3).

The first part of the study includes the analysis of influence of errors taken sepa-
rately.Values of the selected errors are presented inTable 2 and correspond to the limit
deviations for the 12th degree of accuracy (RF Standard classification) of the studied
gears. The second part discusses combinations of errors which (according to the
calculations results in the first part) have the greatest influence on load concentration
in unfavorable zones:

– for interaction of transient zones at roots of teeth and threads;
– for interaction of two edges of teeth and threads including the apical and face

edges.
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Each of these cases can lead to breakage or a defect contributing to breakage:
in the first case it is the chippage at the apex, in the second case it is the bending
breakage.

The evaluation was performed for 6meshing phases (combinations of positions of
instantaneous contact areas) with the worst one selected with respect to the following
factors:

– factor of load concentration on teeth and threads for the whole phase (Kf ), calcu-
lated as the ratio of the maximum torque transmitted by the instantaneous contact
area (T 2j) to the average torque (T 2av) calculated by the condition of uniform load
distribution:

Kf = max
{
T2j

}

T2av
, j = 0,Nj, (2)

where max{T 2j} is the maximum torque for all areas in the considered meshing
phase, Nm;

Nj is the number of instantaneous contact areas in the considered meshing phase;

T2av = T2

Nj
, (3)

– redistribution of the torque (�T 2j) in instantaneous contact areas caused by the
appearance of plastic strain on flanks of the tooth and thread calculated according
to the formula

�T2j =
(
T2jE − T2jEP

T2jE

)

100%, (4)

where T 2jE is the calculated torque transmitted by the jth instantaneous area when
considering the elastic character of the contact, Nm;

T 2jEP is the calculated torque transmitted by the jth instantaneous area when
considering the elastoplastic character of the contact, Nm;

– values of plastic displacement (wp) on flanks of the tooth and thread.

Basing on researches by A. V. Kirichek [10] and the recommendations presented
in [11], the allowable value of wp for steel 40X worms and gearwheels subjected to
volume hardening to 45… 50 HRC, will be taken 30…. 50 mcm.

The research was carried out by “SPDIAL+” CAD system. Spiroid gears for two
representatives of a number of quarter-turn gearboxes for pipeline valves (models
RZA-S-4000 and RZA-S-2000) were chosen as study objects. On the one hand,
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dimension proportions of these gearboxes elements are similar. On the other hand,
gears differ significantly in the overlap ratio (the number of tooth pairs in simulta-
neous meshing)—by almost 1.6 times. Parameters of the gearboxes are presented in
Table 1.

As mentioned above, the load concentration on teeth and threads was the first to
be evaluated by the concentration factor (Kf ) (see Tables 3 and 5). Values of torque
and concentration factors in tooth pairs with the most noticeable change of these
values when taking into account the elastoplastic character of contact rather than the
elastic one are shown there in bold type for clarity.

Redistribution of torque over the instantaneous contact areas caused by plastic
strain of the gearwheel tooth and worm thread flanks was the second to be evaluated.
Because of the large number of data in Tables 4 and 6, diagrams (see Figs. 4 and
6) present the detailed results only for the meshing phase with the maximum torque
redistribution. In diagrams, the letter “E” represents the test data for the elastic
contact and letters “EP” are for the elastoplastic contact. Figures 5 and 7 also show
the distribution of plastic strain centers on the development view of the spiroid
gearwheel tooth flanks, where black points indicate the centers of plastic strain in the
considered phase and at the specified set of errors; r is the spiroid wheel radius, h is
the spiroid gearwheel tooth height (0 is the root). The maximum change in the torque
at the area and its consequent plastic strain are shown there in bold type for clarity.
Additionally, the cells in which plastic strain exceeded our assigned allowable value
of 30 μm are framed in these tables.

Summarizing the results of the above calculations, the following conclusions can
be made:

(1) redistribution of torque on instantaneous contact areas, caused by plastic strain
of teeth is the most noticeable in gears containing errors, especially at such
unfavorable combinations, when the contact comes out on tooth edges. In
particular, these are errors of the interaxial angle and gearwheel axial position
(sets of errors N12, N14) or when the load is concentrated in one area, as for
the case of the pitch error (set of errors N5) and the interaxial angle error (set
of errors N4);

(2) appearance of plastic strain on tooth flanks at peak loads strengthens the advan-
tage of the spiroid gear—its relatively low sensitivity to manufacturing and
assembly errors. In particular, even at the assigned low level of accuracy (12th
degree of accuracy) and unfavorable combination of errors described in the
previous paragraph, the contact pattern has an acceptable shape and location;

(3) the character of torque distribution between instantaneous contact areas and,
consequently, the degree of load concentration is mainly influenced by the
worm axial pitch error and the interaxial angle error, and their influence is
intensified with an increase of the overlap factor (load concentration for RZA-
S-4000 gearbox is higher than that for RZA-S-2000);

(4) unfavorable edge contact at the tops and roots of gearwheel teeth and worm
threads is caused by a combination of the positive error in the axial position
of the gearwheel (the gearwheel is close to the worm) and the interaxial angle
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Fig. 8 Chippage on a gearwheel teeth, b worm threads

error. Here, the sign of the latter depends on the initial position of the contact
pattern (its displacement to the heel or toe of the tooth);

(5) plastic strain of top edges enables load leveling, but it can be the reason of their
chipping (Fig. 8). In order to reduce the load concentration on tooth edges we
propose:

– to limit the approach of the spiroid gearwheel to the worm (while assigning
appropriate requirements to the axial position of the gearwheel and the meshing
adjustment);

– to provide contact localization that compensates the appearance of a systematic
error or structural deformation that lead to the edge contact;

– to increase the radial clearance in the gear (this measure requires checking that
the tooth bending strength is retained);

(6) faceting on the tooth flank of the gearwheel does not lead to an increase in the
load concentration in meshing as a whole; in combination with other errors,
faceting promotes more uniform load distribution between tooth pairs and
exclusion (or reduction) of the edge contact at the tooth toe and heel; the
highest level of faceting should be limited after assessing the plastic strain and
its comparison with the allowable value.

4 Comparison of Gear Load State for Different
Generations of Gearboxes

One of the trends of the advanced mechanical engineering is to make products more
compact [2]. Reducing the size itself usually leads to the producing cost reduction
and, consequently, to an increase in competitiveness. It is highly desirable, but, of
course, it is not always possible: there are factors that limit the possibility of reduction.
In case of low-speed heavy-loaded gears, one of the main factors is the loss of tooth
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strength due to the reduction of their size and increase in the load acting on teeth. It is
possible to quantitatively estimate the possibility of reducing the size and/or changing
the ratio of gear parameters just by applying the developed method and software.
The second aspect is to determine the load allowable for each gear dimension size.
In this work, we considered an allowable level of contact load state of gears (bending
strength of teeth was not considered), at which:

– plastic strain of contact surfaces does not progress with the increasing number of
loading cycles, i.e. plastic strain in a short period of operation leads to a certain
established form of contact surfaces;

– plastic strain does not exceed a certain assigned value determined by plastic
properties of tooth materials.

Two pairs of quarter-turn and multi-turn gearboxes analogous to those of gener-
ation 1 and 3 (developed in 2000–2005 and 2010–2016) were selected for the
evaluation.

Torques transmitted by instantaneous contact areas, the factor of load distribution
over instant contact areas in the considered meshing phase (Kff ) (5) and the plastic
strain in these areas at the action of the maximum and peak torque with and without
errors (results will bemarkedwith “err” in the text) were calculated for each gearbox.
To determine the magnitude of errors, a sample of serial products was taken and the
average value of each error was determined. The following errors were chosen as
simulated ones: f ar , f xr , f Σr , f x, their values will be given below for each group of
gearboxes.

K f f = T2 j
T2av

, (5)

The first group of gearboxes are quarter-turn ones designed to control ball valves
and butterfly valves. Gearboxes RS1-60 andRZA-S-2000were chosen, their geomet-
rical characteristics are given in Table 8, and their layout design is shown in Fig. 9.
The main differences of RSA-S-2000 gearbox from the comparable predecessor
RS1-60 are as follows:

– the reduced gearwheel diameter: from 200 mm to 175 mm (1.14 times);
– the reduced facewidth of the gearwheel: from 27.5 mm to 18.5 mm (1.49 times);
– contact localization by the tooth height is introduced.

Calculation results are presented in Table 9, and diagrams are shown in Fig. 10.
In all considered cases (both gears and both levels of their loading) the calculation

gave a limited zone of plastic strain of teeth (of course, when it was present). This
gives grounds to predict: the process of plastic strain of contact surfaces in gears will
not progress.

The change in the size of the 3rd generation gearboxes resulted in:

– a reduction of the overlap factor;
– a slight decrease in the arm of the force action in the meshing.
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Table 8 Simulation results for the first group of gearboxes

N area RS1-60 RZA-S-2000

Torque transmitted by the area, Nm

At T2 = 2000 Nm At T2 = 4000 Nm At T2 = 2000 Nm At T2 = 4000 Nm

– err – err – err – err

0 3 104 53 57 – – – –

1 395 785 781 744 486 476 958 897

2 442 613 879 852 562 555 1128 1106

3 439 362 871 876 535 540 1093 1121

4 434 135 855 891 417 426 820 876

5 288 0 561 580 – – – –

– Kff

0 0 0.3 0.1 0.1 – – – –

1 1.0 2.0 1.0 0.9 1.0 1.0 1.0 0.9

2 1.1 1.5 1.1 1.1 1.1 1.1 1.1 1.1

3 1.1 0.9 1.1 1.1 1.1 1.1 1.1 1.1

4 1.1 0.3 1.1 1.1 0.8 0.9 0.8 0.9

5 0.7 0.0 0.7 0.7 – – – –

– Value of plastic strain in the area, mcm

0 0.00 9.90 9.74 9.12 0.00 0.00 – –

1 1.75 8.39 7.85 7.44 0.00 0.00 5.61 2.82

2 2.69 5.76 10.28 12.16 0.00 0.00 6.12 3.35

3 3.73 1.72 11.83 14.1 0.00 0.00 2.6 2.11

4 3.83 0.00 12.87 15.62 0.00 0.00 0.00 2.52

5 0.00 0.00 8.28 10.12 – – – –

As can be seen from the presented data, all this led to the fact that the torque
transmitted by individual instant contact areas increased, but the load concentration
did not occur. The growth was almost uniform for all most loaded areas, which are
concentrated in the central (stronger) part of the tooth. At the peak load, the plastic
displacement of tooth flanks is on average 1.3…2 times less due to the introduced
profile contact localization, which helps to eliminate the edge contact at the tops
and roots, where the plastic strain was concentrated for the 1st generation gearbox.
The values of the maximum plastic displacement 15.62 μm for the 1st generation
gearboxes and 6.12 μm for the 3rd generation gearbox do not exceed the allowable
value taken above (30 μm).

Typical tests of the 3rd generation gearboxes showed their operability during the
whole specified service life under the action of the mentioned (peak, maximum and
nominal) rated loads.
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Fig. 9 Section view of the gearbox a RS1-60 and b RZA-S-2000

Table 9 Basic parameters for the second group of gearboxes

Parameter RZAM-S-2500 (generation 1) RZAM-S-2500 (generation 3)

Value

Interaxial distance, mm 77 65

Worm axial module, mm 5.04 4.005

Number of gearwheel
teeth/worm threads

35/2 37/2

External diameter of spiroid
worm, mm

55 59,5

External/internal diameters of
the gearwheel, mm

250/190 224/170

Addendum/dedendum factors 0.8/1.0 0.8/1.0

Profile angles for right/left
flanks

8.82°/24.37° 10.56°/27.38°

Maximum torque at the output
shaft, Nm

2500

Peak torque at the output
shaft, Nm

5000

Material for gear
elements/surface hardness

Steel 40X/45…50 HRC

f ar , mcm 60

f px , mcm −30

fΣ , mcm −80

fx, mcm 20



Load State of Low-Speed Spiroid Gears 297

Fig. 10 Torque distribution over instant contact areas in the gear of the first group of gearboxes at
a T2 = 2000 Nm and b T2 = 4000 Nm

The second group of gearboxes are multi-turn ones intended to control gate
and wedge gate valves, which are characterized by higher duration of one operating
cycle—from 5 to 60 minutes.

Therefore, multi-turn gearboxes have a slightly lower load-carrying capacity than
quarter-turn ones at similar weight and size characteristics. To estimate the load-
carrying capacity, RZAM-S-2500 (generation 1) and RZAM-S-2500 (generation 3)
gearboxes were chosen; their geometrical characteristics are presented in Table 10,
and their design layouts are shown in Fig. 11. Themain differences of RZAM-S-2500
(generation 3) gearbox are:

– the reduced gearwheel diameter: from 250 mm to 224 mm (1.11 times);
– the reduced interaxial distance: from 77 mm to 65 mm (1.18 times);
– the increased worm outer diameter: from 55 mm to 59.5 mm (1.11 times).

Calculation results are presented in Table 11, and diagrams are shown in Fig. 12.
Similar to the case of quarter-turn gearboxes, one can say that the process of

plastic strain of contact surfaces in gears will not progress.
When reducing the size of the 3rd generation gearboxes, the overlap factor was

decreased; nevertheless, a more balanced contact localization allowed for achieving
the uniform torque distribution over instant contact areas. It led to reduction of the
value of plastic displacement as compared to the 1st generation gearboxes. This
torque distribution caused a 70% decrease in plastic displacement, with the values
of the largest calculated plastic displacement being 19 μm for the 1st generation
gearboxes and 6 μm for the 3rd generation ones, which also do not exceed the
allowable value (30 μm).

Typical tests of the 3rd generation gearboxes showed their operability during the
whole specified service life under thementioned (peak,maximum and nominal) rated
loads.
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Table 10 Simulation results for the second group of gearboxes

N area RZAM-S-2500 (generation 1) RZAM-S-2500 (generation 3)

Torque transmitted by the area, Nm

At T2 = 2500 Nm At T2 = 5000 Nm At T2 = 2500 Nm At T2 = 5000 Nm

– err – err – err – err

0 496 0 1015 0 565 0 1014 0

1 981 958 1926 1652 727 994 1473 1819

2 971 924 1893 1833 703 886 1521 1763

3 52 618 167 1515 505 619 991 1417

– Kff

0 0.8 0.0 0.8 0.0 0.9 0.0 0.8 0.0

1 1.6 1.5 1.5 1.3 1.2 1.6 1.2 1.5

2 1.6 1.5 1.5 1.5 1.1 1.4 1.2 1.4

3 0.1 1.0 0.1 1.2 0.8 1.0 0.8 1.1

– Value of plastic strain in the area, mcm

0 0.00 0.00 6.47 0.00 6.1 8.11 5.64 0.00

1 0.00 8.54 8.61 18.89 0.00 0.00 1.07 4.12

2 0.00 4.31 9.39 16.05 0.00 0.00 0.85 3.20

3 0.00 0.00 15.12 7.84 0.00 0.00 4.39 1.16

Fig. 11 Section view of the gearbox a RS1-60 (PS 28) and b RZA-S-2000 (PS 142)
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Table 11 Results of manual gearbox simulation

N area RRZA-S-3500

Torque transmitted by the area, Nm

N phase

3 3err 4 4err

0 381 390 149 160

1 941 959 893 913

2 1034 1038 1009 1013

3 976 966 961 952

4 169 147 487 463

– Kff

0 0.54 0.56 0.21 0.23

1 1.34 1.37 1.28 1.30

2 1.48 1.48 1.44 1.45

3 1.39 1.38 1.37 1.36

4 0.24 0.21 0.70 0.66

– Plastic strain in the area, mcm

0 11.71 12.73 7.75 9.35

1 1.37 1.55 1.24 1.54

2 1.16 32.20 1.27 32.77

3 0.00 23.07 0.00 23.43

4 2.56 0.82 3.83 3.46

Fig. 12 Torque distribution over instant contact areas in the gear of the second group of gearboxes
at a T2 = 2500 Nm and b T2 = 5000 Nm
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5 Load State of 3rd Generation of Manual Gearboxes

In recent years, there has been a clear trend towards a separate gearbox layout version
for pipeline valve gearboxes—exclusively formanual operation. These gearboxes are
characterized by:

– an increased maximum torque;
– a shorter, often unrated service life;
– a smoother application of torque at the input shaft;
– a lower rotation speed, not more than 10…30 rpm.

In particular, global manufacturers such as AUMA [12], Rotork [13], Pro-Gear
[14], based on their general gearbox range, have developed individual ranges exclu-
sively for manual operation with the increased torque while maintaining the original
gear dimensions. In response to this trend, a new range ofmanual quarter-turn spiroid
gearboxes was developed based on the 3rd generation of gearboxes. While retaining
the basic gear parameters, the design of the gearbox has been slightly modified:

– the worm radial bearing supports were replaced with sliding bearings, which
increased the static load; it also allowed to develop the worm journal parts in the
cross-section, which increased the worm bending strength;

– the scheme of gearwheel bearing supports has been changed: the radial load is
taken by radial supports which are holes in the casing and base; the axial load
is transmitted to the base along the whole area of its contact with the spiroid
gearwheel, which allows to eliminate such a negative factor as the deflection of
the spiroid gearwheel.

These changes made it possible to strengthen the gearbox layout design while
retaining its original overall dimensions.

These layout changes were largely technical and did not pose any particular
problem. The main problem was assessing the possibility of heavier loading of the
main elements of gearboxes—spiroid gears. For this purpose, two series of calcula-
tions were performed to determine the maximum torque while designing the range
of manually controlled gearboxes:

– In the first series, using the described above algorithm, the maximum torque was
determined by contact loading, at which the value of plastic strain does not exceed
the allowable value, and the area of plastic strain does not progress;

– In the second one, the maximum torque by bending loading was determined in
the ANSYS system [15–19]. In this case, the surfaces imported into the system
took into account the plastic strain which occurred after running-in and which was
calculated during the first series of calculations. We took the value of 1100 MPa
calculated according to Russian Standard GOST 21354 as the allowable bending
stress.

At the peak torque the same level of loading is assumed for the gearboxes of both
ranges, that leads to failure (risk of failure) of gearbox elements. The purpose of
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Fig. 13 Section view of the gearbox RRZA-S-3500

the calculation was to establish/verify the acceptability of increasing the maximum
torque of the gear. At simulation of the first series of calculations, two states were
considered—without the influence of errors and with their influence. In particular,
for RZA-S-3500 model gearbox it was the mentioned above RZA-S-2000. We will
also use this gearbox to demonstrate the example of the performed calculations. The
layout of the designed gearbox is shown in Fig. 13, the results of the first series of
calculations are summarized in Table 11, and the second series is shown in Fig. 14
and summarized in Table 12.

The torque increase resulted in a slight increase in load concentration at the tooth
center. The maximum load concentration factor was 1.48 which can be explained
by smaller bending compliance at the central part of the tooth, as it was previously
demonstrated in [6].

The table shows that bending and shearing stresses do not exceed allowable values
with the safety factor of 1.8. Typical tests of the gearbox model RRZA-S-3500
showed its operability during the whole specified service life under the action of
rated loads, and a specially performed “crash-test” of the gearbox showed that the

Fig. 14 Graphic
representation of ANSYS
calculation results
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Table 12 Results of
calculation by ANSYS

N area Maximum bending and shearing stress at the tooth
root, MPa

0 600

1 520

2 498

3 553

4 180

RRZA-S-550 RRZA-S-12500 RRZA-S-48000

Fig. 15 General view of manual quarter-turn spiroid gearboxes

meshing retains its strength even under the statically applied torque of 6050 Nm (the
worm cover fastening proved to be the weakest element of the gearbox as a whole).

Similar calculations for other representatives of the gearbox range for manual
control gave similar results. The main technical characteristics of the designed new
range of manual control gearboxes (Fig. 15) and the value of maximum plastic strain
calculated at the highest torque are shown in Table 13.

6 Conclusion

The presented calculation algorithm for analyzing the load distribution in the multi-
pair spiroid gearing will make it possible to evaluate the elastoplastic contact area,
the value of plastic strain of tooth flanks, and to specify the values of loads acting
on individual teeth. The calculation results should become the basis for evaluating
the strength of a multi-pair heavy-loaded gear by the conditions of allowable contact
surface strain and the strength of worm threads and gearwheel teeth under the action
of maximum and peak loads.
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Uncertainties in Modeling
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S. V. Shil’ko, and V. E. Starzhinsky

Abstract Typical cases of problem situations associated with uncertainties in
modeling properties of gears and transmissions of cars, tractors and other similar
technically complicated items are considered. Such items work in a changing envi-
ronment, consist ofmanyheterogeneous non-standard components and are controlled
by the operator. Typical uncertainties include: isomorphism, incorrect schematiza-
tion, lack of detailed data about the item, variation of the environment, the presence
of a variety of calculation (modeling) methods, etc. Ways of resolving problem
situations associated with uncertainties are developed. Reducing the uncertainty in
modeling the individual lifetime of an item can be achieved through digitalization
(diagnostic data, recognition of item state). When uncertainty is unavoidable, it is
recommended to create a decision-making space that is convenient for stakeholders
to analyze and assess the degree of risk resulting from their decisions. It is shown
that situations in decision-making can be significantly enhance by introducing an
indicator that successfully describes a set of basic properties of an item. The main
provisions of the article are accompanied with examples from the authors’ own prac-
tice. The considered approaches are methodologically typical for many complex
mechanical and combined items based on mechanical systems.

Keywords Gear train · Transmission · Uncertainty ·Modeling · Operation
conditions · Functional properties · Reliability · Solution space

V. B. Algin (B) · S. M. Paddubka
The State Scientific Institution “The Joint Institute of Mechanical Engineering of the National
Academy of Sciences of Belarus”, Minsk, Belarus

M. A. Kananovich
LLC “Sababa Labs+K”, Minsk, Belarus

U. M. Sarachan
LLC “Sababa Labs”, Minsk, Belarus

S. V. Shil’ko · V. E. Starzhinsky
The State Scientific Institution “V.A. Belyi Metal-Polymer Research Institute of National
Academy of Sciences of Belarus”, Gomel, Belarus

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021
N. Barmina and E. Trubachev (eds.), Gears in Design, Production and Education,
Mechanisms and Machine Science 101, https://doi.org/10.1007/978-3-030-73022-2_14

305

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-73022-2_14&domain=pdf
http://orcid.org/0000-0003-2422-7982
https://doi.org/10.1007/978-3-030-73022-2_14


306 V. B. Algin et al.

1 Introduction

Any activity is associated with uncertainty. Even more uncertainty arises when
modeling activities. Scientific research is a search for patterns that are formulated
using intuitive basic concepts/terms. Basic concepts are not strictly defined, they are
introduced, otherwise a closed circle is created when concepts are expressed through
each other. Moreover, the basic concepts themselves always contain uncertainty.

The simplest definition of uncertainty is given in [1], where it is noted that many
specialists in decision theory, statistics and other quantitative fields have defined
uncertainty, risk, and their measurement as: Uncertainty is the lack of certainty, a
state of limited knowledgewhere it is impossible to exactly describe the existing state,
a future outcome, or more than one possible outcome. The problem of uncertainty
attracts many authors and it is studied from various points of view.

The book [2] is about understanding uncertainty, about handling it and, above all,
about helping you to live comfortably with uncertainty so that you can better cope
with it in your everyday life.

In [3], sources of uncertainty and a method to propagate uncertainty throughout a
project analysis are investigated. Propagating uncertainty allows the impact of adding
information about an input parameter to carry through to the result. A probabilistic
model that explicitly includes probability distributions for parameters can indicate
the degree of uncertainty reduction to be expected by obtaining more information.

Many types of uncertainty affect the design and operation of complex systems [4].
Uncertainty is not always a negative to be mitigated; robust, versatile and flexible
systems not only mitigate uncertainties, they can also create additional value for
users. A framework to aid in the understanding of uncertainties and techniques for
mitigating and even taking positive advantage of them is presented. Current and
developing methods for dealing with uncertainties are projected onto the framework
to understand their relative roles and interactions [4].

Theproblemsof quantifyinguncertainty in computational science and engineering
are presented in the proceedings of the UNCECOMP 2019 conference [5]. The
aim of the conference is to reflect the recent research progress in the field of anal-
ysis and design of engineering systems under uncertainty, with emphasis in multi-
scale simulations. Some characteristic papers from these proceedings are considered
below.

In [6], a hybrid surrogate modeling approach is proposed for the uncertainty
quantification of nonlinear stochastic dynamical systems in the time domain. The
model is constructed using a nonlinear system identification tool, the Nonlinear
Auto Regressive with eXogenous (NARX) input model, and the Kriging approach
for uncertainty propagation.

In [7], two types of uncertainty (aleatory and epistemic) are distinguished.
Aleatory uncertainty arises from the natural variability in dynamical environments
and material properties, errors in manufacturing processes or inconsistencies in the
realisation of systems. Aleatory uncertainty cannot be reduced by empirical effort.
Epistemic uncertainty is caused by measurement imperfections or lack of perfect
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knowledge of a system. This could be due to not knowing the full specification of a
system in the early phases of engineering design.

Imperfect scientific understanding of the underlying physics involved, would
cause uncertainty in the future performance of a system even after the design spec-
ifications have been decided. If uncertainties are small they can often be neglected
or swept away by looking at the worst-case scenarios. However, in situations where
the uncertainty is large, or would affect an engineering decision, this approach is
suboptimal or impossible. Instead, a comprehensive strategy of accounting for the
two kinds of uncertainty is needed that can propagate imprecise and variable numer-
ical information through calculations. Paper [7] describes a software tool, named
puffin, that takes existing code and converts into uncertainty aware code in the same
language making use of intrusive uncertainty propagation techniques. It can work
either automatically or with user specification of the uncertainties involved in the
system.

In [8] it is indicated that when developing a mathematical model to simulate
the fatigue damage of steel members, many sources of uncertainty are identified.
First, the model input parameters have a wide range of variability. Furthermore,
additional uncertainty arises by the simplification of mathematical models adopted,
as well as, field measurement errors and varying application conditions. The material
response to applied stress is considered complicated since there are several factors
that can alter the endurance limit. These factors include: surface finish, size, type of
loading, temperature, corrosive, and other aggressive environments, mean stresses,
residual stresses, and stress concentrations. Also, fatigue data must be obtained from
specimens and used in design for structural safety as mentioned in design codes.
However, this information is not often available. Therefore, study [8] presents a
structural health monitoring approach to overcome the limitation and inaccurate
estimation of damage quantification models. The suggested framework relies on
fatigue damage prediction models incorporated with real time damage records. All
sources of uncertainty are incorporated in the health monitoring scheme to guarantee
an optimal statistical identification of the state damage. The accuracy and robustness
of the presented scheme will be assessed through a set of controlled experiments and
numerical simulation of real case scenario.

In fact, the work [8] is based on digitalization, that is, the use of a digital twin
(DT), which is currently the most effective tool for reducing uncertainty by obtaining
data on the operating conditions and loading modes of a particular item.

In [9], a DT approach was developed for performing mission optimization under
uncertainty aimed at ensuring system safety with respect to fatigue cracking. This is
achieved by designing mission load profiles for the mechanical component such that
the damage growth in the component is minimized, while the component performs
the desired work. The proposed approach has three components: damage diagnosis,
damage prognosis, and mission optimization. All of them are affected by uncertainty
regarding system properties, operational parameters, loading and environment, as
well as uncertainties in sensor data and prediction models. Therefore, the proposed
methodology includes the quantification of the uncertainty in diagnosis, prognosis,
and optimization, considering both aleatory and epistemic uncertainty sources.
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Under considering DT for the topic of gears and transmissions, it should be noted
the following studies:

– simulation of the tooth root strength under consideration of material quality,
finishing process and size effects [10],

– improved tooth contact analysis by using virtual gear twins [11],
– standardized gear unit model and creating an industry-wide standard for simple

data exchange in transmission development under the name REXS (Reusable
Engineering EXchange Standard) [12],

– Digital Twin of gear measuring center [13],
– combining gear designing with manufacturing process [14].

The analysis of publications leads to the conclusion that models and methods
associatedwith the problem of uncertainty are very individual and difficult to transfer
from one object to another.

The aim of this study is to systematize typical cases of problem situations asso-
ciated with uncertainty in modeling basic properties of gear trains and transmissions
and to substantiate approaches and methods for resolving these problem situations.

The properties of gears and transmissions are realized when they function as
part of machines. Therefore, it is necessary to consider the operating conditions of
machines and the actions of their operators, which are largely uncertain in nature.

2 Examples of Uncertainties in the Life Cycle of Gears
and Transmissions

2.1 A Plurality of Representations of the Same Object

Isomorphism is a plurality of representations of the same object that endowed with
structure. A typical example is the problem of isomorphism in the synthesis of the
structure of gear transmission systems.

A practical task is to describe the set of structures for the subsequent synthe-
sizing diagrams (schemes) of planetary gearboxes. The main idea is to transfer the
isomorphism problem from the “graph” sphere to the area of constructing matrices
of a certain kind. The number of inputs of the link Vi into planetary mechanisms is
called the degree of the link degVi (a link can enter one or more mechanisms). All
variants of the distribution of the degVi should be described in advance. Usually,
these variants are few.

When constructing a matrix of incidents for describing structure, several rules
(conditions) are used. The basic rule that ensures the construction of the original
canonical matrix is as follows: it is necessary to use parts (links) with the lowest
numbers for each structure. Additional ones are: (1) integrity (except for individual
cases when the initial structure is represented by several fragments), (2) no blocking,
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Fig. 1 Canonical matrix A (left) and non-canonical one B (right) describing the same structure

Fig. 2 Structure (left) and diagram (right) corresponding to the matrices in Fig. 1

Fig. 3 Variants of the computer construction of canonical matrices for four mechanisms containing
seven links with the different distribution of degrees by links: variant 1 (distribution 4-2-2-1-1-1-1),
variants 2 and 3 (distribution 3-3-2-1-1-1-1)

(3) variety: using all different options for selecting parts (links) with different status
of degVi [15].

Figure 1 showsmatricesA and B describing the structure of the planetary block of
three three-link mechanisms U1–U3 and six links V1–V6. Figure 2 shows the struc-
ture and diagram corresponding to the matrices in Fig. 1. Figure 3 shows examples
of computer construction of canonical matrices [16].

2.2 Schematization of Gears and Transmissions to Simulate
Their Dynamics

Ulf Grenander notes: “The search for regularity is a dominant theme inman’s attempt
to understand the world around him. Any such attempt is based on an assump-
tion, tacitly made or explicit, that phenomena in nature and in the man-made world
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are governed by laws that result in order and structure” [17]. Below this idea is
concretized in relation to the considered objects of mechanics.

A mechanical system with elementary mechanical components (the concentrated
masses and themassless joining links) is essential idealization which imposes certain
restrictions on possible combinations of joints for mentioned items.

Typical errors in schematization are: (1) drawing up equationswithout a calculated
mechanical system; (2) arbitrary connection of components of mechanical systems.

Before modeling, it is necessary to move from a real-world object to its model,
which includes components idealized within a certain scientific discipline. Without
such a transition, a situation is possible when the composed equations may not
correspond to any object considered in a given scientific discipline, which means
that these equations do not make sense.

However, the use of the accepted idealized components is not a sufficient condi-
tion for correct modeling. Typical examples of errors that arise with an arbitrary
connection of force, inertial and elastic components are analyzed in [16, 18]. Some
examples of such errors are in Fig. 4. It is shown that regardless of the software
package in which the simulation is performed, the program hangs due to uncertainty
in the choice of parameters in the course of calculations, although the initial model
of the object is formed by the program, and it proceeds to dynamic calculation.

With this in mind, it is proposed to form mechanical systems according to certain
rules and with certain restrictions, which are caused by mechanical systems with
concentrated parameters and the use of a computer as a discrete computing device.
For this, the concept of a “regular mechanical system (RMS)” has been developed.

The RMS concept considers that mechanical system consists of the concentrated
masses (inertial components) and massless (non-inertial) devices-connectors: shafts,
clutches, brakes, gears, motionless links, and other devices imposing kinematic
connections for masses.Masses can be in contact interaction. For devices-connectors
the direct connecting (not through inertial component) is prohibited. External force
(torque) can effect only on the masses.

This is a principle of regularity, which is used for the representation of a real
object. Its violation can lead to wrong schematizations and errors in calculations or
impossibility of mathematical model realization by the computer.

A general view of a regularmechanical system is shown in Fig. 5. Other provisions
of the RMS concept and examples of the use of regular mechanical systems in
practical calculations of the dynamics ofmulti-mass systems (MultibodyDynamics),
including those with a variable structure, are given in [16, 18–20].

Fig. 4 Incorrect mechanical models: application of a torque to a massless elastic link (left), model
with a massless friction clutch (right)
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Fig. 5 General
representation of regular
mechanical system

2.3 Environment Variation

A common way to determine the reliability indicators of items is to monitor them
in operation. However, for highly reliable products, this is long time consuming. A
shorter way is to determine the load modes of their main elements, and then carry out
probabilistic calculations in which the variation of load modes for these elements is
reproduced.

The problem of structuring and reflection in the calculations of the load modes
of transmissions of mobile machines is most deeply considered in the works of the
scientific school of Corresponding Member of the Belarussian Academy of Sciences
Igor Tsitovich [21].

There are known proposals for the use in the calculations of generalized data
obtained by “mixing” the load distribution curves for individual conditions (taking
into account their shares) into a generalized curve. However, such proposals are
wrong. The approach of the scientific school of Igor Tsitovich is that in the calcula-
tions it is necessary to take into account the variety of loadmodes and the generalized
curve cannot correctly replace the variation.

An illustrative example demonstrating the fallacy of mixing load curves. Figure 6
shows the load curves for a transmission part obtained in two typical operating
conditions 1 and 2, with a relative duration of α1 and α2, while α1 + α2 = 1. The
averaged curve 3 is obtained by mixing curves 1 and 2 under the condition α1 =
α2 = 0.5. In practice, the durations α1 and α2 vary from machine to machine. An
estimate is given below to show that the measure of damage caused by the variation
of α1 and α2 is significantly different from the measure of damage obtained on the
average curve 3.

To assess the damage measure of a part, you can use the formula

D = (pi )
m� fi (1)
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Fig. 6 Load curves 1 and 2
for typical conditions and
curve 3 as a result of their
averaging

This formula is specific to the measure of damage caused by the accumulation
of fatigue damage. In this formula: m is an exponent of stress-cycle diagram of a
typical part; pi is load, �f i is the duration (number of loading cycles of the part) at
the considered load pi.

The measure of damage caused by the action of curves 1 and 2 is

D12 = α1D1 + α2D2 (2)

The values of D12 calculated for the variable duration of α1 (and α2 = 1 − α1,
respectively) and the case m = 3 (contact fatigue) are given in Table 1. Besides the
damage measures from the considered curves at typical values of m are shown in
Table 2.

From the presented data, it can be seen that the use of the averaged curve leads to
significant errors, especially if the gamma percentage resource is estimated at high
gammavalues. The use of variation of loading conditions in probabilistic calculations
is considered below for a more general case: variation of operation conditions.

Table 1 Total damage measures for different contribution of the curves for m = 3

α1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

D12 1.36 1.34 1.31 1.29 1.27 1.24 1.22 1.20 1.17 1.15 1.13

Table 2 Damage measures
from the considered curves
for typical m

m Curve 1 Curve 2 Curve 3 (mix)

3 1.13 1.36 1.24

6 1.81 4.38 3.09

9 4.08 20.89 12.49
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Fig. 7 Representation of operation conditions (left) and Lifetime-strength curves (right)

Reliability calculation with taking into account the operation conditions as
common factor. In the widespread practice of probabilistic calculations of systems,
distributions of the lifetimes of elements are used as initial information, and load
indicators are not taken into account. In calculating the lifetimes of mechanical
components based on the characteristics of their loads and load-carrying ability, the
load indicators are considered as independent, which is incorrect. This is especially
important when calculating transmission planetary trains, reducers and driving axles,
for which the load level of all elements is determined by the input torque. And the
input torques differ according to the operating conditions. This problem is considered
in [22, 23].

Loading concepts are different for different elements of the machine. But all loads
are caused by operation conditions. The operation conditions are probabilistically
described in terms of relative durations for generally accepted typical conditions
(see Fig. 7, left). To assess loaded systems, in the general case, the calculation can be
carried out using data on lifetimes of their elements for certain operation conditions.
For this, lifetime-strength curves of the elements are used (Fig. 7, right). These
curves should be previously obtained by deterministic calculations of mechanics of
machines.

The relative durations of operation conditions αk and the load-carrying ability
of elements are random variables. Using a method of statistical modeling (Monte-
Carlo), in each cycle of modeling the durations of the operation conditions αk (k
= 1, 2, …, K) and load-carrying abilities of elements are reproduced. Then using
lifetime-strength curves the lifetimes of elements can be found at these conditions.

This forms the distributions of the lifetimes for the elements and the system as a
whole under all conditions at the end of the simulation. To obtain the condition �αk

= 1 in each cycle, the special correction is used. When the statistical modeling is
carried out, the characteristics of the initial and corrected values, related to the total
sum, are different. Therefore, closeness of parameters of distributions αk to the given
values is provided by means of a special computational procedure that performed
before the main procedure [16, 18].
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Fig. 8 Dual-mass (J1–J2) diagram of a machine unit with applied torques (left) and graphical
interpretation of the free traction coefficient kfc (right)

Driving style. Inmodern sources, driving style is evaluatedmainly in terms of energy
efficiency. At the same time, driving style is one of the most significant factors in
assessing load and lifetime.

It is proposed to evaluate the driving style by the free traction coefficient kfc [16,
18]. This is the fraction of free traction that the driver uses to accelerate the vehicle
(see Fig. 8).

In the figure, T 1 is the torque coming from the engine, T 2 is the torque from the
drag forces, T 12 is the torque that loads the transmission, Tj is the torque that is used
to accelerate the vehicle.

It makes sense to distinguish three main driving styles: Quiet (kfc= 0.25), Active
(kfc= 0.5), and Sporting (kfc= 0.75). These kfc values refer to the lowest transmission
gear. Top gear is mainly used to maintain an acceptable driving speed. Therefore,
for the top gear, it can be assumed that the kfc has lower values: 0.05 (Quiet style),
0.1 (Active style), and 0.5 (Sporting style). Intermediate values of the kfc are used
for intermediate gears.

Some calculations have been performed and their results are presented below. The
design object was Sport Utility Vehicle (SUV). This SUV, like SsangYong Rexton,
has gross weight 2550 kg, a maximum capacity of the engine 165 hp/4000 rpm. Road
condition is “Country” with an average rolling resistance coefficient f 0 = 0.025. The
values of the free coefficient kfc are given in Table 3.

Results of lifetime calculations in relation to groups of parts (gears, bearings) of
the input shaft (1 Input) and of the output shaft (2 Output) of the gearbox are in
Fig. 9.

Table 3 Distribution of kfc by gears (gear ratios) from first to V (top) gear and driving style for the
SUV

Driver style I (4.315) II (2.475) III (1.536) IV (1.000) V (0.807)

Quiet 0.25 0.145 0.092 0.061 0.05

Active 0.50 0.290 0.183 0.122 0.10

Sporting 0.75 0.619 0.552 0.514 0.50
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Fig. 9 Lifetime vs. driving style

These results show that that lifetimes of transmission parts in the sporting driving
style is 4–7 times less than in the quiet one. Thus, driving style is an important factor
when lifetime calculating and designing a vehicle transmission.

2.4 Lack of Detailed Data on Unit Design

A modern vehicle contains many units supplied by third parties. The supplier indi-
cates the characteristics of this unite in the catalogs of its products, but does not
provide the data required to estimate the lifetime. In such cases, a comparative life-
time assessment technique based on the use of available data can be applied. The
main idea is to assess the damage measures of the unit when it is installed on the
vehicle under study and vehicles-analogs that already use this unit.

It is known from the practice of operation that the gearbox ZF6S-850R has suffi-
cient lifetime when it works in vehicles DAF FAN LF 55 and MAN TGL 8.180. The
forward gear ratios of this gearbox U1 … U6 are known: 6.72; 3.68; 2.15; 1.41; 1.0;
0.79.

It is necessary to evaluate the gearbox lifetime when the gearbox ZF6S-850R will
be used in the vehicle MAZ-447131.

Basic parameters of the vehicle MAZ-447131 and vehicles-analogs with gearbox
ZF 6S-850R are presented in Table 4. For a detailed description of the parameters,
see [24]. Additional data on vehicles and their loading modes are given in [25].

The total damage per km Q is determined by taking into account the damaging
effect of the torque at the gearbox output by summing the damages (�Qi) at six
forward gears (i = 1…6). In general, Q is an integral estimate that may not always
be associated with a particular transmission part. As a rule, the limiting elements
are transmission parts (gears, bearings), the loading of which is determined by the
torque acting on the gearbox output shaft. The limiting state for such parts is the
accumulation of contact fatigue damage. The exponent of stress-cycle diagram for



316 V. B. Algin et al.

Table 4 The basic parameters of the investigated vehicle and vehicles-analogs with gearbox ZF
6S—850R

Parameter MAZ-447131 (haul
car-van)

DAF FAN LF 55 (haul
car-van)

MAN TGL 8.180
(dump truck)

Maximum engine
torque, Nm

700 820 700

Gross weight, kg 19450 24500 18700

Rolling radius of a tire,
m

0.38 0.45 0.38

Axle ratio 3.90 4.56 4.11

Number of loading
cycles per km on gears
N1…N6, 1/km

2.53…1.27 × 102 2.16…1.08 × 102 2.53…1.27 × 102

Relative runs on gears
ξ1 … ξ6

0.006…0.300 0.006…0.300 0.006…0.300

Calculated torques on
gearsMp1 …Mp6, Nm

4230…498 4960…583 4230…498

Run factors on gears
Kp1 … Kp6

0.175…0.32 0.17…0.38 0.20…0.35

Total damage measure Q
= �Qi, (Nm)3/km

4.21 × 109 6.56 × 109 4.80 × 109

Relative damage
measure, %

100 156 114

such parts m = 3. In considered case, the resulted damage measure is analogous to
the damage measure for a bearing of output shaft of the gearbox.

Taking into account that the considered damage measure is inversely proportional
to the lifetime, it can be assumed that the lifetimes of gearboxes on the vehicles under
consideration will be in the same inverse relationship, and the considered gearbox
ZF 6S-850R is suitable for operation at the MAZ-447131.

3 Main Types of Uncertainties in the Life Cycle of Gears
and Transmissions. Methods and Approaches
to Overcome Them

Based on the above examples and other data, the following types of uncertainties in
the life cycle of gears and transmissions can be distinguished:

– Isomorphism (see Sect. 2.1),
– Fuzzy rules for object schematization (see Sect. 2.2),
– Environment variation (see Sect. 2.3),
– Lack of item data (see Sect. 2.4),



Uncertainties in Modeling the Lifetime-and-Functional Properties … 317

– Variety of calculation methods,
– Lack of an indicator that integrally reflects the various properties of the item.

The variety of calculation methods leads to epistemological uncertainty when
there are different approaches and methods for modeling the same object or process.
Thus, in [26], a description of nine high-cycle fatigue models is given for calculating
the components of mechanical systems. And among them, five models belong to the
linear version, three models are based on the revised version, and one model takes
into account the endurance limit reduction.

An important condition for analysis and decision-making is to bring all calculation
(modeling) methods to a single form of results presentation. In [26], for this, the
lifetime form was used for all the indicated options, although many of them in their
original form worked with effective and working stresses and other indicators not
related to the lifetime.

The uncertainty of the environment can be partially eliminated through digital-
ization.

With unavoidable meaningful uncertainty, it is proposed to use the representation
of the decision-making space in a form convenient for analyzing by the interested
responsible parties.

3.1 Digitalization

Individualization of an item and its information model (Digital twin) from stage
“making and assemblage” is presented in Fig. 10. Individualization takes place is
due to the supplied components; used equipment and personnel (stage of making
and assemblage); operation conditions, the operator and the maintenance (operation
stage) [27, 28].

The current level of development of sensors and computer facilities also allows
recognizing the state of the environment and transferring data for management
systems and forecasting models that use data from the environment. In this case,
the environment model also refers to the item digital twin.

When installing the sensors, the principle of minimum multiplicity should be
adhering. Sensors, even in the minimum number, should reflect the force and speed
constituents of the unit operation modes. In the ideal case, a one sensor can be used
to obtain a load (force) spectrum, by which the load processes of all the limiting
components are reconstructed.

Since it is not always possible to install a sensor to generate a signal about
the loading the limiting element, the task of reconstructing local loads of limiting
elements arises. To solve it, models that allow to reconstruct the stresses (or other
loads) of the limiting elements from the signals of existing sensors, should be
developed and used.
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Fig. 10 Individualization of an item and its information model (Digital twin) from stage “making
and assemblage”

It is rational to use the data on the loading in the form of general power flows,
and individualize the loads for the limiting components to conduct when considering
their limiting states.

The feature of the developed diagnostic method is using conceptual modeling
the oscillating process for the gear drive and the propagation of vibrations in the
transmission [27, 28]. It is advisable to applicate together integral diagnostic models
and predictive ones based on damage accumulation (Fig. 10, block “State models”).
Such a “two-coordinate” approach (from twopoints of view) ensures a higher veracity
of the individual lifetime forecast.

The main variable individual component of any transmission unit is the level
of its internal dynamic loading. Changes in this level are due to the peculiarities
of the manufacture of the unit and the operating conditions of the machine, which
includes the transmission unit. The most sensitive components to changes in the
internal dynamic load of the unit are gears and bearings. The greatest damage to the
clutches is associated with short-term transient processes, which requires individual
monitoring of the modes of these processes.
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3.2 Visible Representation of the Decision-Making Space

Representation of the entire space of possible solutions in a form convenient
for responsible persons allows taking into account the probabilistic nature of the
problem and assessing the risk of decision-making. This approach is an alternative
to approaches based on the search for optimal solutions, in which a rigid fixation of
constraints on parameters, which in reality vary significantly, is inevitable.

Typical representations of the solution space are:

(1) probabilistic representation of a one-dimensional indicator/criterion,
(2) clustering (for a small number of interrelated indicators),
(3) introduction of an indicator that can integrity and reliably reflect the analysed

properties of a complex item.

An example of using the first form is described in [29, 30], where a method is
given for determining and representing energy consumption by an electric bus in
the form of energy consumption distribution along the route, taking into account
operational, weather and other conditions. factors.

An example of using clustering is given in [31]. Based on the results of the
simulation of transient transmission processes, the areas of the diagram with the
characteristic values of the parameters are identified and visually presented. These
are the maximum dynamic torques on the input and output shafts, specific work and
power of the clutch when it is engaged.

The ways of introducing indicators to reflect the properties of a complex object
are considered below.

Introduction of a multidimensional indicator to reflect the heterogeneous
properties of the product by an example a radar chart [16, 32]. The perfection
of mechanical systems is determined on the basis of a set of indicators character-
izing the basic their technical properties. These key features include: functionality
(quality of set of gear ratios KFN and range KD), energy efficiency KEF, weight
and size (compactness KP and design complexity KSMP) and durability KDL. All
these indicators are formed as a result of calculations under the kinematic diagram.
They are then normalized by dividing by the best values for the transmissions under
consideration. The obtained values are used to build a radar chart and form a general
indicator (Table 5).

The construction of a radar chart is accompanied not only by the image of the
“radar”, but also by a general quantitative assessment of the transmission in the form
of a complex quality indicator KQ. This indicator is equal to the area of the formed
polygon.

From presented results follows that the transmission 9G-Tronic has best value of
KQ. This fact confirms the high reputation of this transmission and as well as the
reliability of the developed methodology.



320 V. B. Algin et al.

Table 5 Assessment of gear transmissions: [41] = EP 3011190, [42] = RU 2549344, [43] = US
7699741

Transmission Ratios Evaluation
1. Mercedes 9G-Tronic [41] 5,503

3,333
2,315
1,661
1,211
1,0

0,865
0,717
0,601
−4,932

KQ1=2,52

2. КАТЕ [42] 5,85
2,95
2,0
1,5
1,2
1,0
0,85
0,74
0,65
−5,7

KQ2=1,20

3. General Motors [43] 4,60
3,067
2,013
1,600
1,244
1,0

0,848
0,667
−3,653

KQ3=1,52

Implementation of an indicator that reflects the homogeneous properties of
parts of an item by example lifetime expense. The concept of the term “con-
sumption of lifetime” for the single component is obvious, as well as the under-
standing of its additional term “residual life”. The assessment of the state of life for a
complex object, consisting of several components, is ambiguous. And besides, some
components can be replaced or repaired.

To eliminate this uncertainty and evaluate this property, the term “lifetime
expense” for a technically complicated item (TCI) is introduced, as well as a new
indicator. This indicator has the value of the life potential of theTCI and is determined
as follows



Uncertainties in Modeling the Lifetime-and-Functional Properties … 321

KA = ξ1KP1 + ξ2KP2 + · · · ξnKPn (3)

where KPi= lifetime expense of the ith main part of the TCI (presented as relative
value); ξi = the weight factor that determines the contribution of the main part to the
total lifetime expense of the TCI. It is proposed to consider ξi as the relative mass of
the main part (the fraction of this part mass in the total mass of n parts that determine
the TCI lifetime) [25, 28].

The next fundamental point is lifetime expense of the main part:

KP = 1− (1− KL)(1− KT ) (4)

where KL= lifetime expense by lifelength (mileage, operating time); KT= lifetime
expense by time (age); KL relates to damage processes under loads during working;
KT relates to damage processes under time (ageing processes).

The values of KL and KT are determined at the time of monitoring/evaluating the
technical condition of the TCI. Usually, the processes responsible for KL and KT

can be considered as independent. Then, KL can be interpreted as the probability of
failure in the running hours (under the influence of loads in the duty cycle), and KT

as the probability of failure in age (time). Then KP is the probability of failure of the
main part of the TCI under the combined action of loads and age at the considered
time.

The developed methodology is realized in the State standard of the Republic of
Belarus [33].

Formulas for typical calculations of the lifetime expense of transmission and other
units of mobile technics as well as examples of calculations are given in [25, 33].

Figure 11 shows the graphs of KL= KL, KT= KT , and KP= KP. It is estimated
that 100% lifetime expense by age occurs over 30 years. The same period corresponds
to 100% lifetime expense by lifelength (mileage). This case is illustrative; in real
practice, the full expenditure of the lifetime in mileage and age, as a rule, is not
simultaneously achieved.

Fig. 11 Lifetime expense
KP for linear law KL and
exponential KT [25]
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4 Conclusions

For the first time, main types of uncertainties in the life cycle of gears and
transmissions are presented, as well as the methods and approaches to reduced them.

A specific type of uncertainty for planetary transmissions is isomorphism in struc-
ture description. To overcome this the canonical matrices are proposed, the construc-
tion of which ensures the unambiguous representation of transmission structures for
the subsequent synthesis of their kinematic diagrams (schemes).

Uncertainty in schematizing the transmission as a mechanical system is more
general. Overcoming it is based on the use of the concept of a regular mechanical
system. This concept takes into account the features of modeling the transmission
as a mechanical system with concentrated parameters and using a computer as a
discrete calculating device.

It is also quite commonwhen there is no detailed data for the lifetime calculation of
gears andother transmission elements.Acomparative assessmentmethod is proposed
based on calculating the damage measure to the transmission during its operation on
the vehicle under consideration and similar vehicles. In this case, damage measures
are calculated using the available data from the vehicle specifications.

Variation of load conditions in the operation of the same type of items is inevitable.
It is shown that to mix load modes related to a set of transmissions of the same type
into a generalized curve is incorrect. Variation of load modes should be presented
when performing probabilistic calculations of lifetimes for transmission parts.

Reducing uncertainty inmodeling an individual lifetime of a technical item can be
achieved through digitalization (diagnostic data, recognition of item state). In some
cases, uncertainties are inevitable. In such situations, it is recommended to create a
decision-making space that is convenient for stakeholders to consider and assess the
degree of risk resulting from their decision.

A typical situation is the probabilistic presentation of the indicator, while the
decision-maker must choose the probability corresponding to the calculated (design)
value of the indicator.

With a small number of considered indicators, clustering can be used with the
selection of characteristic areas in which the values of interrelated parameters are
grouped.

Uncertainty in decision-making can be significantly reduced due to the successful
introduction of an indicator that generally describes the totality of object properties.
For example, for a comprehensive description of heterogeneous properties, a radar
chart can be used with a quantitative indicator determined on its basis to describe
various properties.

Homogeneous indicators related to item parts of different significances can be
reduced to a single indicator taking into account the weight factors of the parts. This
is shown by the example of estimating the lifetime expense of an item consisting of
several parts with different lifetime expenses.

The considered approaches are methodologically typical for many complex
mechanical and combined items based on mechanical systems.
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twins for gears and transmissions based on lifetime mechanics and composites mechanics. In.:
Topical Issues of Mechanical Engineering 8, pp. 172–184. JIME NASB, Minsk (2019)

33. State standard of the Republic of Belarus STB 2578–2020. Dependability in technics.
Estimation of lifetime expense for technically complicated items. Gosstandart, Minsk (2020)



Minimization of Contact Pressure
in the Straight Bevel Gear with Saving
of Its Size

A. E. Volkov, S. S. Biryukov, and S. A. Lagutin

Abstract The article focuses on straight bevel gears with localized contact. The
problem of minimization of contact pressures without changing the size of the bevel
gear is solved. The contact pressures are calculated by solving the contact problem
of elasticity theory using the Hertz solution. The degree of contact, and, hence, the
amount of contact pressure depends on the choice of synthesis parameter values. The
synthesis parameters determine the position of the center of the bearing contact and its
size. Optimal synthesis parameter values are calculated by solving a constrained opti-
mization problem. The target function to be minimized is the maximum contact pres-
sure. Absence of edge contact is a constraint. To solve the constrained optimization
problem a heuristic algorithm is developed. A numerical example is given.

Keywords Constrained optimization problem · Contact pressure · Straight bevel
gear

1 Introduction

It is well known that for a real gear transmission the strict conjugation of the active
flanks is a disadvantage rather than an advantage. To compensate unavoidable manu-
facturing errors, as well as force and temperature deformations of the links, the
gearing has to be designed as approximate. This is done by introducing an intentional
transmission error function [1–3].

The approximate gearing is automatically created, if relative movements between
the generating gear and the workpiece are different in the cutting pinion and gear.
This is the case, for example, for the bevel and hypoid spiral gears. The problems of
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analysis and synthesis of such gears are thoroughly studied in works of M. Baxter,
F. Litvin, M. Segal, G. Sheveleva and many other authors [4–13].

In straight bevel gears aswell as in spur andwormgears, the identity of theworking
and machine meshing allows theoretically strict meshing of the active surfaces.
Therefore, the meshing approximation has to be introduced artificially by modifying
one of the active surfaces relative to another [14]. Usually, longitudinal and profile
modifications of the surfaces are used. The longitudinal modification of the surface
should prevent the possibility of edge contact for any allowable manufacturing and
assembly errors. The profile modification has to compensate for pitch errors and
maintain the tooth-to-tooth accuracy within the limits allowed by the norms of the
respective standard.

Usually, the tooth meshing algorithm under no load is used to determine the shape
and location of the contact area. This is done interactively so that the contact area does
not extend over the tooth edges. The calculation of the contact characteristics, namely
the shape and position of the contact area at a given load, the maximum contact
pressure and the distribution of pressure over the contact zone, is done as the last step
in the gear design in order to verify the performance of the gear, but is not included
in the optimization algorithm. This leads to orienting in the calculation process on
the calculated contact pressure. If the contact pressure exceeds the allowable value,
the design has to be changed.

This paper deals with straight bevel gears with localized contact. A technique
for minimizing the contact pressure without changing the size of a spur bevel gear
is proposed. Contact pressures are calculated by solving the contact problem of
elasticity theory using the Hertz solution. The problem of finding a minimum of
maximum contact pressure under condition of no edge contact is stated and solved
in this paper. To solve the problem of conditional optimization, a heuristic algorithm
has been developed.

2 Synthesis of Straight Bevel Gear Flanks

2.1 Conical Involute Surface

Kinematically accurate meshing and linear tooth contact in a straight bevel gear
is ensured by the use of gears with conical involute flanks. Detailed derivation of
equations of such surfaces is given in Kolchin [15]. Main results of the derivation
are given below.

We connect with each of the elements of the gear pair its own reference system
Oxyz, the origin O of which is located at the apex of pitch cone, z axis is directed
along its axis, and return points Q of spherical involutes QA are located in Oxz plane
(see Fig. 1).
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Fig. 1 The conical involute
surface plotting scheme

In this reference system the coordinates xi (Li, ϕi), yi (Li, ϕi), zi (Li, ϕi) of points
of conical involute surface are determined by two parameters: cone distance Li and
angle ϕi

xi = xi (Li , ϕi ) = Li (sin ϕi sinψi + cosϕi cosψi sin δbi );
yi = yi (Li , ϕi ) = Li (− cosϕi sinψi + sin ϕi cosψi sin δbi );
zi = zi (Li , ϕi ) = Li cosψi cos δbi .

(1)

Here the bottom index i = 1 refers to gear, i = 2 to pinion. The angles δbi of base
cones are calculated through the angles δpi of pitch cones and pressure angle α

δbi = arcsin(cos α sin δpi ). (2)

The parameter ψi is related to parameter ϕi with the dependence

ψi = ϕi sin δbi . (3)

2.2 Modified Conical Involute Surface

The flanks of the meshing teeth defined by Eqs. (1), (2) and (3) ensure a constant
gear ratio during meshing, but they do not produce a localized contact. Without
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Fig. 2 The synthesis
parameters

localization, the bearing contact can, in the presence of unavoidable errors, extend to
the edges of the teeth. This can lead to an abrupt concentration of contact pressures
on the edges and facilitate rapid wear and tooth breakage. In order to localize the
contact, we introduce profile and longitudinal crowning of the flanks into the gear
teeth from the surface, defined by Eqs. (1), (2) and (3) at i = 1. The crowning is
determined by the synthesis parameters.

In Medvedev et al. [16] the following synthesis parameters of the modified active
flanks are introduced (Fig. 2):

Lc – radius of the sphere, on which the center of bearing contact located;
d – distance from the center of the bearing contact to the pitch cone generatrix;
a0 – half of the width of the contact area;
C – profile modification factor.

The modified gear tooth active flank is determined as follows. The radius-vector
of each point of the modified gear flank is obtained by rotating the radius-vector of
the corresponding point of involute flank around the rotation axis of the gear by an
angle [16]

�θm = �θL(Lc, a0) + �θP(C, d)

Here �θL is the rotation angle of radius-vector of point, corresponding to the
longitudinalmodification of the activeflank;�θP is the rotation angle of radius-vector
of point, corresponding to the profile modification.

The choice of synthesis parameter values is an important technological task, that
cannot be solved without simulating the operation of the gearing under load.

The modified active surface of a gear tooth is defined by relations

x∗
1 = x1 cos�θm − y1 sin�θm; y∗

1 = x1 sin�θm + y1 cos�θm; z∗
1 = z1 (4)

The pinion surface is not modified, hence



Minimization of Contact Pressure in the Straight Bevel Gear · · · 329

x∗
2 = x2; y∗

2 = y2; z∗
2 = z2 (5)

The Eqs. (4) and (5) define the active flanks of the gear teeth to be manufactured.

3 The Mathematical Model of Tooth Contact in Gears

The performance of the gear is verified by calculating the contact characteristics of
the teeth. The contact analysis in gears is carried out using the Hertz solutions of
the problem of contact between two bodies bounded by surfaces of the second order
[17]. The calculated parameters are the maximum contact pressures over meshing
phase (Fig. 4); the bearing contact under load (Fig. 5), the transmission error curve.

The contact problem of elasticity theory is solved at each phase θ1 of meshing.
The input is the following parameters:

• tooth surfaces of meshing gears written as Eqs. (4) and (5);
• Young’s modules E1 and E2 of gear teeth material;
• Poisson’s coefficients ν1 and ν2;
• torque M0 on the gear shaft.

3.1 The Calculation of Contact Pressure Using the Hertz
Solution

In a nutshell, the algorithm for determination of contact pressure is as follows:

1. For a given meshing phase θ1 the parameters of contact points C of surfaces
ϕ1 and ϕ2 as well as the angle θ2 of pinion rotation to the moment of contact
are determined. The calculation of the contact point parameters is described in
detail in Medvedev et al. [16].

2. Representation of the backlash δt between the surfaces at the moment of their
touching at point C as a quadratic form of coordinates u, v

δt = kuuu
2 + kvvv

2

This step of the algorithm is presented in detail in Sheveleva [8].

3. Determination of the ratio of the semi-axes of the instantaneous contact ellipse.
The ratio μ = b/a of the minor semi-axis of the instantaneous contact ellipse to
its major semi-axis is calculated from equation [18]

J2(μ)kuu − J1(μ)kvv = 0,
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where

J1(μi ) =
π/2∫

0

cos2 λ · dλ

(sin2 λ + μi cos2 λ)1/2
;

J2(μi ) =
π/2∫

0

cos2 λ · dλ

(sin2 λ + μi cos2 λ)3/2

3.2 The Mathematical Model of Two-Pair Contact

The determination of the number of pairs of teeth in contact at a givenmeshing phase.
The solution of the contact problem of the elasticity theory in gears, taking into
account multi-pair contact, has been given in the works of many scientists [19–24].

Experience in applying the Hertz solution to the two-tooth contact problem in
bevel gear shows [25], that usually the maximum contact pressure occurs on the
border between the single-pair and two-pair contact. Therefore, it is crucially impor-
tant to determine the boundaries of the single-pair contact. For this purpose, it is
necessary to obtain the distribution of the transmitted torque in the area of the two-pair
contact.

In order to calculate the contact pressures for two-pair contact, it is necessary to
establish how the transmitted torque is distributed over the two pairs of teeth.

The torque distribution problem for each meshing phase can be represented as the
problem of determining the forces on each of the springs (Fig. 3) compressed by the
two plates. Each of the springs simulates the teeth pair contact. One of the plates is
stationary; the other can rotate around the O-axis. In the initial position, the plate A
touches the spring 1.

In order to make the plate touch spring 2 it is necessary to compress spring 1 by
an amount of �. Let’s assume that the given torque M0 is the torque with relative to
the O-axis, that is applied on the movable plate. Under the action of this torque the
movable plate A has moved to the position B.

In equilibrium position the sum of torques M1 and M2, compressing spring 1 and
spring 2, and torque M0 relative to the axis O should become zero

M1 + M2 − M0 = 0 (6)

The torques M1 and M2 are related to the spring compression by relations

M1 = C1w
3/2
τ 1 ; M2 = C2[(wτ1 − �)r2/r1]3/2 (7)
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Fig. 3 Two-pair contact
calculation scheme

Here C1 and C2 are spring stiffness that correspond to the two pairs of
simultaneously contacting teeth.

The Eq. (6) with respect to (7) is an equation relative to elastic convergence wτ1on
an arc of circle of radius r1.

The relationship between the elastic convergence wτ1 in the circumferential direc-
tion of the considered teeth pair and some contact characteristics is described by the
following relations [24]:

P = γw3/2
τ i ; a = χ P1/3; b = μa; M1 = C1w

3/2
τ i .

Here P is the normal force on the tooth contact zone; M1 is the torque transmitted
by the considered tooth pair. The values of coefficients γ, χ, μ, C1 depend on the
rotation angle θ1 of the gear. Calculation of these coefficients is given in [24].

Finally, the maximum contact pressure at the considered meshing phase θ1 in the
Hertz solution is determined by the formula

σH (θ1) = σH (Lc, d, a0,C, θ1) = 3P

2S
.

The normal force P between the teeth depends on themagnitude of the transmitted
torque and is calculated for each meshing phase. The area S of the instantaneous
contact ellipse also depends on themeshing phase and the curvature of the contacting
tooth flanks at that moment. Since the flank shape of one of the gears is determined
by the synthesis parameters, the maximum contact pressure also depends on the
synthesis parameters.

By solving the contact problem on each meshing phase, we obtain the maximum
contact pressure function σH(θ1)1 of the meshing phase (Fig. 4). We also determine
the largest value of maximum contact pressures



332 A. E. Volkov et al.

Fig. 4 The maximum
contact pressure of the
meshing phase

Fig. 5 The bearing contact
on the gear flank

σH max = max
θ1

σH (θ1).

Figure 5 shows the contour of the flank in the form of a trapezium, and the bearing
contact inside the trapezium. Also, the point location on the flank where contact
pressure equals σHmax is calculated (the point in Fig. 5 is near the upper boundary of
the bearing contact).

4 Reduction of Contact Pressures in the Straight Bevel
Gear with the Same Overall Dimensions

4.1 Constrained Optimization Problem Statement

In the paper the problem of minimization of σHmax by selection of values of synthesis
parameters under constraint of edge contact absence is stated. In this case the size
of the gear remains the same. The similar problem for spiral bevel gears was solved
in [26].
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The values of the synthesis parameters are determined by solving the constrained
optimization problem. The objective function is themaximum contact pressure of the
synthesis parameters. The constraint is the absence of edge contact. To accomplish
this condition, the distances from the bearing contact to the tooth edges must be
positive.

The maximum contact pressure depends on four synthesis parameters: Lc, d, a0,
C. A study of the effect of synthesis parameters on the objective function shows that
two parameters, Lc and a0, decrease the value of the objective functionmonotonically
when increasing. These two parameters affect the bearing contact and the position
of the bearing contact center across the tooth width.

The bearing contact width value is selected based on the restrictions on the bearing
contact established in GOST 1758–81 [27]. The required bearing contact width is
achieved by varying the parameter a0. By varying the parameter Lc, the specified
distances from the bearing contact to the inner and outer ends of the gear tooth can
be achieved.

By varying the remaining two parameters—d and C—the contact pressures in the
gear are minimized at fixed values of the parameters Lc and a0.

To solve the optimization problem, we use heuristic algorithm, which essentially
is as follows. At each stage of the solution the values of parameters Lc, a0 are
sequentially searched and then values of parameters d and C are selected.

4.2 Algorithm for Selection of Parameters d and C

Let’s consider in detail one of the steps of the algorithm. It is assumed that the values
of Lc and a0 are chosen and fixed. Then we need to find the minimum of the function

f (d,C) = σH max

with the constraints

gi (d,C) ≥ 0, i = 1 . . . n; (8)

where n is the number of constraints. The point (d′, C′), for which the constraints (8)
are satisfied, is chosen as the initial estimate.

At each iteration, 12 candidates are considered to continue the search for a
solution. For this purpose, the values of the function f(dk, Ck) at the points are
calculated:

{
dk = d ′ + �d ∗ cosφk

Ck = C ′ + �C ∗ sinφk
, (9)
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where �d and �C are the increments of parameters d and C; ϕk is the angle
determined at the current iteration by the formula

φk = π

6
∗ (k − 1), k = 1 . . . 12.

Among the points calculated by the formula (9), those are selected that satisfy the
constraints (8). For them, the value of the objective function f(dk, Ck) is calculated
and compared with the value at the point of initial approximation f(d′, C′). Finally,
the point is chosen with the lowest value of f(dk, Ck) at the given iteration, for which
the following condition is satisfied

f (dk,Ck) < f (d ′,C ′). (10)

It becomes the initial estimate at the next iteration:

d ′ = dk,C
′ = Ck .

In case the point that satisfies constraints (8) and condition (10) is not found on
the iteration, the steps �d and �C are reduced by half, and the iteration is repeated.
The search stops when at least one of the conditions �d < ε, or �C < ε, is fulfilled,
where ε is some given value.

Thus, the point (d′, C′) is an intermediate solution to the constrained optimization
problem at the considered stage of solution. At this stage, the dimensions and position
of the bearing contact in relation to the tooth edges are checked. The values of
parameters Lc and a0 are corrected if necessary. Next the parameters d and C are
selected according to the algorithm described above.

The problem of constrained optimization is considered to be solved if each change
of the synthesis parameters results in either an increase of contact pressure or an edge
contact.

As a result of iterative selection of synthesis parameter values the gear with local-
ized contact is obtained. The shape of tooth flanks is determined using Eqs. (1), (4)
and (5). This shape is used in construction of 3D gear models.

5 Numerical Example

Consider a straight bevel gear with number of teeth z1 = 15; z2 = 30; outer module
5 mm; face width 25 mm; pressure angle 20°. Nominal torque on the shaft of
driving gear is 160 Nm. The strength characteristics of the gear material are E =
210,000 MPa; ν = 0.3.

The following initial values of synthesis parameters are chosen: Lc = 71.36 mm;
d = -0.9 mm; a0 = 8 mm; C= 0.02. At these values there is no edge contact (Fig. 5),
and objective function is f(d, C) = 1434 MPa (Fig. 4).
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Fig. 6 Positions of an
optimum bearing contact on
gear tooth

Fig. 7 The maximum
contact pressure of the phase
of meshing, obtained as a
result of the solution of
constrained optimization
problem

As a result of solution of optimization problem, the following values of synthesis
parameters were obtained: Lc = 73.11 mm; a0 = 9.28 mm; d = −1.24 mm; C =
0.0094. The value of the objective function is f(d, C)= 1242MPa. Figure 6 shows the
optimum bearing contact obtained by solving the constrained optimization problem.
According to the requirements of contact norms GOST 1758–81 [27] the bearing
contact occupies about 70% of tooth width. There is no edge contact. The maximum
contact pressure of the meshing phase is shown in Fig. 7. Thus, as a result of using
heuristic algorithm the pressure in gear is reduced by 13.4%.

6 Conclusion

For the successful operation of straight bevel gears, contact localization is necessary
just as for spiral bevel gears. However, in this case it is achieved by significantly
different methods. These methods include building 3Dmodels of straight bevel gears
whose active tooth flanks are conical involute surfaces, followed by longitudinal and
profile crowning of one of the surfaces from the conical involute surface and then
determination of the contact pressures duringmeshing of one teeth pair. The crowning
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parameters,whichdetermine the positionof the center of the localizedbearing contact
and its size, are derived from the solution of the constrained optimization problem.
The objective function is the maximum contact pressure obtained from the Hertz
solution. The problem solution constraint is the prevention of tooth edge contact.
The implementation in metal of the described contact localization method requires
machining of at least one of the gears on a multi-axis CNC machine.

Thus, the presented algorithm for solving the problem of constraint optimization
allows minimizing contact pressures while maintaining the size of the straight bevel
gear.
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Conic Linear Helicoids: Part 1. Synthesis
and Analysis of the Basic Geometric
Characteristics

Valentin Abadjiev and Emilia Abadjieva

Abstract An object of the current study is special surfaces with adequate and impor-
tant applications in the synthesis and design of engineering devices. To thementioned
surfaces belong cylindrical, conic, and plane ones. The authors of this work put an
accent on the synthesis and concrete analytical studies of the essential for engi-
neering practice geometric characteristics of the most common type of conic helical
surfaces—conic linear helicoids. Geometric results are obtained from the realized
researches, and their application in the creation of different types of drives is clarified.
In particular, researches show how conic helical surfaces serve as a technical basis
for the creation of algorithms for the synthesis of spatial gear transmissions (Spiroid
and Helicon gears of the convolute, involute and Archimedean type) (Spiroid and
Helicon are trademarks registered by the Illinois Tool Works, Chicago, Ill.).

Keywords Conic linear helicoids · Synthesis and analysis · Mathematical
modelling · Basic geometric characteristics

1 Introduction

Helical surfaces are one of the surfaces (after the cylindrical, conic, and plane ones)
that are most widely used in engineering practice. In the most common case, they
have two main applications in the industry:

• for the construction of active tooth surfaces in different types of gear mechanisms
and as elements of the working bodies of numerous technological and transport
mechanical systems (screw pumps, mixers of concrete-mixers, screw conveyor,
press, etc.) [1–6],

• as basic elements of the cutting tools, different in their designation (hobs, twist
drills, shavers with helical flutes, etc.) [7–10].
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There is a big number of specialized literature dealing with the geometry of so-
called cylindrical linear helical surfaces. They are surfaces generated by generatrix
straight line, when it realizes a helical motion relative to an axis, with a constant
axial pitch [11–14]. Typical for the cylindrical helical surface is that when the helical
motion of the generatrix line is realized, all its points form a helix with the same
pitch, located on coaxial circle cylinders. Because of this, the helical surfaces are
called also cylindrical ones. Depending on the geometric character of the generatrix
line, the helical line, generated by it, can be rectilinear or with curvilinear generatrix
(part of a circle, ellipse, parabola, etc.). In the first case here and hereafter we will
assume the helical surface to be called linear (instead of rectilinear for simplicity),
and in the other cases, we will use the name of the geometric shape of the generatrix
line—circular, elliptical, parabolic, etc. In the most common case, the second type
of helical surfaces should be called curvilinear.

The linear helical surfaces are widely applied as active surfaces of the hob’s teeth
in the worm gears and gears of helical gear pairs with parallel and crossed axes [15,
16]. At the same time, they are the main constructive element of the teeth of the tools,
applied in the elaboration of the wormgears and helical gear sets, as well as in the
modular cutters, which are used for hobbing using the method of enveloping of the
straight and helical gears.

In the current stage of the development of gearmanufacturing, from the curvilinear
tooth surfaces, the curvilinear helical surfaces have found the widest application
concerning the appearance and the introduction in the industrial practice of gears of
type Novikov [11].

Also, curvilinear helical surfaces represent the transition surfaces between the
active tooth surfaces and the corresponding cylindrical surfaces at the bases of the
teeth of the respective cylindrical gear pairs with helical teeth. The curvilinear helical
surfaces have an application in the synthesis and the design of the root surfaces [1,
17] included in the elements of specialized cutting instruments.

In the scientific literature, one can find information about helical surfaces with an
axial parameter that varies following a preliminary given law [13].

The present study is devoted to the synthesis of helical surfaces generated by
a straight line, which in the most general case performs two helical motions [18].
The first helical motion consists of rotational motion around a constant axis and
a translational motion parallel to this axis. The axis, in this case, will be called the
longitudinal helical axis, and the helical motion—longitudinal axial helical motion
or only axial helical motion. The second helical motion also consists of rotation
with respect to a helical axis and crossed translational motion, perpendicular to the
helical axis. The crossed translational displacement, in the most common case, has
a directrix, which is an orthogonal crossed axis of the longitudinal helical line. This
helical motion is called a crossed helical motion. In the described case, a helical
surface is generated, depending on two helical parameters: axial and cross one (a
parameter of cross displacement). It should be noted here, in themost common case,
parts of these linear helical are used as flanks of the gears’ teeth when these teeth
are limited by co-axial conic rotational surfaces having a geometry different than a
cylindrical surface.
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In the concrete case, we will consider only linear helical surfaces with two helical
parameters, forwhich the cross helical parameter is a constant one or varies according
to a law which ensures that the shape of the co-axial surfaces is rotational cones or
surfaces, which optimal approximation is realized with rotational cones. This is the
reason that these linear surfaces are called conic linear helical surfaces or conic
linear helicoids.

2 Synthesis of Conic Convolute Helical Surfaces

Generation of Conic Convolute Helicoids

The linear helicoids are widely applicable as active tooth surfaces of the spatial
gear mechanisms with crossed-axes, both in the conditions of work-meshing and
in the instrumental-gearing. Such choice of the active tooth surfaces for these gear
mechanisms, especially when their synthesis is realized by the second principle of
T. Olivier, is determined by the manufacturability, and in many cases, which include
the manufacture of classic cylindrical worm gears, Spiroid and Helicon ones-they
are the dominant alternative. The reason is that in these gear sets one of the gear
coincides in geometry and basic dimensions with the instrument used to generate the
other conjugate gear.

It is known that from a constructive and technological viewpoint, when imple-
menting worm, Spiroid, and Helicon gears (especially in small production series)
it is appropriate to use Archimedean helicoids, as their tooth flanks. For example,
the studied and manufactured in the USA, Spiroid, and Helicon gear set [19–26],
as well as a large part of the analogs created outside the USA, is equipped with the
above-mentioned type of tooth surfaces [1, 25, 26].

The most common implementation of this type of helicoids is by turning on a
lathe with a turning lathe tool in such a way that both of its cutting edges lie in a
plane containing the geometric axis of the elaborated gear (longitudinal helical axis).
When the gear sets of the considered group of spatial gear transmissions have small
gear ratios (i.e. when a large number of helicoids has to be generated on the gear)
the generation of the flanks is realized with worsening conditions of cutting because
of the large helical angles of the helical lines (the longitudinal lines of the teeth)
of the corresponding helicoids (i.e. the active tooth surfaces). This technological
problem is solved by situating the plane containing the cutting edges of the instrument
perpendicularly or close to perpendicularly to the helical line, which defines the
longitudinal orientation of the synthesized helical teeth. In this case, the generation
of conic convolute helicoids is achieved [1, 17, 27].

In Figs. 1, 2, and 3 three possible cases of generation of right-hand oriented
conic convolute helicoids �

( j)
1 ( j = 1, 2), that are determined by different possible

geometric characteristics of the helical teeth (threads) [18, 28, 29] of the concrete
gear, are shown. The process of generation of these helical surfaces is considered in

the fixed coordinate system S( j)
p

(
O( j)

p , x ( j)
p , y( j)

p , z( j)
p

)
and consists of the following.
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Fig. 1 Generation of conic
convolute helicoids of I type

Fig. 2 Generation of the
conic convolute helicoid of II
type
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Fig. 3 Generation of the
conic convolute helicoid of
III type

The generatrix line L( j) doesn’t cross the axis O( j)
p z( j)

p , which coincides with the
geometric axis of the gear and forms with it an angle 0, 5π < ξ( j) < π. At the same
time, the line L( j) lies in a plane T ( j), which is tangential to the directed circle cylinder
C ( j). The generation of the conic convolute helicoid �

( j)
1 by the line L( j) is realized

by its following motions [1, 18, 30]: an axial helical motion with a longitudinal axis
O( j)

p z( j)
p with a parameter p( j)

s = constant ; cross helical motion in the plane T ( j),
which is perpendicular to the axis O( j)

p z( j)
p with a parameter p( j)

t . We will remind one
more time that the value of the p( j)

t is related to the conic form of the gear. The three
cases of a generation of conic helicoids �

( j)
1 ( j = 1, 2), illustrated in Figs. 1, 2, and

3, are determined by different geometric characteristics of the helical teeth of the
conic gear. Here is the place to mention that�( j)

1 ( j = 1) is a conic convolute helical
surface, which is oriented towards the positive direction of the axis O(1)

p z(1)
p and�

( j)
1

( j = 2) is the helicoid oriented towards the negative direction of the O(2)
p z(2)

p . As

it has already been said, parts of the �
(1)
1 and �

(2)
1 are used as work-surfaces of the

helical teeth of the gear.
According to Figs. 1, 2, and 3, the vector equation of conic convolute helical

surface �
(1)
1 is of the type [30]:

ρ
( j)
1 = r ( j)

0 + s( j) + t ( j) + u( j), (1)
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where

ρ
( j)
1 is the radius-vector of the point N ( j) from the conic convolute

helicoid �
( j)
1 ;

r ( j)
0 radius of the directed cylinder C ( j);

ϑ( j), u( j) coordinates of the helical surface �
( j)
1 ;

s( j) = p( j)
s ϑ( j) axial displacement of the generatrix line L( j);

t ( j) = p( j)
t ϑ( j) crossed (tangential to the directed cylinder C ( j)) displacement of

the generatrix line L( j).

When (1) is projected in the coordinate system S( j)
p , the following is obtained:

• for the case shown in Fig. 1:

x ( j)
p = r ( j)

0 cosϑ( j) ± (u( j)sinξ ( j) − p( j)
t ϑ( j))sinϑ( j),

y( j)
p = r ( j)

0 sinϑ( j) ∓ (u( j)sinξ ( j) − p( j)
t ϑ( j))cosϑ( j),

z( j)
p = p( j)

s ϑ( j) ± u( j)cosξ ( j);
(2)

• for the case shown in Fig. 2:

x ( j)
p = r ( j)

0 cosϑ( j) + (u( j)sinξ ( j) − p( j)
t ϑ( j))sinϑ( j),

y( j)
p = r ( j)

0 sinϑ( j) − (u( j)sinξ ( j) − p( j)
t ϑ( j))cosϑ( j),

z( j)
p = p( j)

s ϑ( j) ± u( j)cosξ ( j);
(3)

• for the case shown in Fig. 3:

x ( j)
p = r ( j)

0 cosϑ( j) ∓ (u( j)sinξ ( j) − p( j)
t ϑ( j))sinϑ( j),

y( j)
p = r ( j)

0 sinϑ( j) ± (u( j)sinξ ( j) − p( j)
t ϑ( j))cosϑ( j),

z( j)
p = p( j)

s ϑ( j) ± u( j)cosξ ( j).

(4)

In the equation systems (2), (3), and (4) the upper signs and j = 1 refer for the
�

(1)
1 , while the lower signs and j = 2—for the �

(2)
1 .

When substitute

R( j)
0 = u( j) − p( j)

t ϑ( j)

sinξ ( j)
and p( j) = p( j)

s ± p( j)
t cotξ ( j), (5)

in the (2), (3), and (4), they obtain the following expression:
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• for the case shown in Fig. 1:

x ( j)
p = r ( j)

0 cosϑ( j) ± R( j)
0 sinξ ( j)sinϑ( j),

y( j)
p = r ( j)

0 sinϑ( j) ∓ R( j)
0 sinξ ( j)cosϑ( j),

z( j)
p = p( j)ϑ( j) ± R( j)

0 cosξ ( j);
(6)

• for the case shown in Fig. 2:

x ( j)
p = r ( j)

0 cosϑ( j) + R( j)
0 sinξ ( j)sinϑ( j),

y( j)
p = r ( j)

0 sinϑ( j) − R( j)
0 sinξ ( j)cosϑ( j),

z( j)
p = p( j)ϑ( j) ± R( j)

0 cosξ ( j);
(7)

• for the case shown in Fig. 3:

x ( j)
p = r ( j)

0 cosϑ( j) ∓ R( j)
0 sinξ ( j)sinϑ( j),

y( j)
p = r ( j)

0 sinϑ( j) ± R( j)
0 sinξ ( j)cosϑ( j),

z( j)
p = p( j)ϑ( j) ± R( j)

0 cosξ ( j).

(8)

Equations (6), (7), and (8) represent the conic convolute helical surface �
( j)
1 , as

a cylindrical one with a helical parameter p( j) and coordinates ϑ( j) and R( j)
0 . The

coordinate R( j)
0 is with accounting origin– point K ( j) (the point of intersection of L( j)

with the generatrix of the directed cylinder C ( j), along which the cylinder tangents
to the plane T ( j)). The point K ( j) should be treated as a point of the directed helical
line ρ

( j)
0 = ρ

( j)
0 (ϑ( j)) on the cylinder C ( j).

3 Basic Geometric Characteristics of the Conic Convolute
Surface

Parameter of Distribution

It is known [13, 14] that a basic characteristic of the surfaces with straight-line gener-
atrix is their parameter of distribution. When generating surfaces of such type, the
straight-line generatrix passes from its initial position towards another one, infinites-
imal close to it by a rotation with some angle and some translation. These two
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Fig. 4 Transition of the
generatrix straight-line L in
the infinitely closed position
L ′

displacements are infinitely small but their ratio has a limit which is called a param-
eter of distribution. In accordance with Fig. 4 [14], when the generatrix L, character-
ized with the parameter ϑ , passes into a position L ′, characterized with an infinitely
close value ϑ + �ϑ , then the same line

(
L ′) rotates with an angle �ϕ and displaces

from the previous position by �λ = MM ′. These two values are infinitely small but
their ratio has a limit called a parameter of distribution [14]:

h = lim
�ϑ→0

�λ

�ϕ
(9)

In order to determine the parameter of distribution h( j) of the conic convolute
helical surface �

( j)
1 , we represent the vector Eq. (1) in the form:

ρ
( j)
1 = ρ

( j)
0 (ϑ( j)) + R( j)

0 l
( j)

, (10)

where

ρ
( j)
0 (ϑ( j))

{
χ

( j)
1 , χ

( j)
2 , χ

( j)
3

}
is an equation of the directed helical line on the

directed cylinder C ( j);
χ

( j)
1 , χ

( j)
2 , χ

( j)
3 projections of the vector ρ( j)

0 in the coordinate system
S( j)
p ;

l
( j)

{
l( j)1 , l( j)2 , l( j)3

}
directed unit vector of the generatrix line L( j);

l( j)1 , l( j)2 , l( j)3 projection of the vector l
( j)

in the coordinate system
S( j)
p .

For the cases illustrated in Figs. 1, 2, and 3, we have:

• for Fig. 1:
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χ
( j)
1 = r ( j)

0 cosϑ( j), χ
( j)
2 = r ( j)

0 sinϑ( j), χ
( j)
3 = p( j).ϑ( j),

l( j)1 = ±sinξ ( j)sinϑ( j), l( j)2 = ∓sinξ ( j)cosϑ( j), l( j)3 = ±cosξ ( j);
(11)

• for Fig. 2:

χ
( j)
1 = r ( j)

0 cosϑ( j), χ
( j)
2 = r ( j)

0 sinϑ( j), χ
( j)
3 = p( j).ϑ( j),

l( j)1 = sinξ ( j)sinϑ( j), l( j)2 = −sinξ ( j)cosϑ( j), l( j)3 = ±cosξ ( j);
(12)

• for Fig. 3:

χ
( j)
1 = r ( j)

0 cosϑ( j), χ
( j)
2 = r ( j)

0 sinϑ( j), χ
( j)
3 = p( j).ϑ( j),

l( j)1 = ∓sinξ ( j)sinϑ( j), l( j)2 = ±sinξ ( j)cosϑ( j), l( j)3 = ±cosξ ( j);
(13)

Then after application of the (9), the parameter of distribution for the studied
conic convolute helical surface is [13]:

h( j) = [dρ
( j)
0 , l

( j)
, dl

( j)]
(dl

( j)
)2

=

∣∣∣∣∣∣∣

dχ
( j)
1 l( j)1 dl( j)1

dχ
( j)
2 l( j)2 dl( j)2

dχ
( j)
3 l( j)3 dl( j)3

∣∣∣∣∣∣∣
(dl( j)1 )2 + (dl( j)2 )2 + (dl( j)3 )2

.

(14)

For the cases illustrated on Figs. 1, 2, and 3, then h( j) obtains the following
expressions:

• for Fig. 1:

h( j) = p( j) + r ( j)
0 cotξ ( j); (15)

• for Fig. 2:

h( j) = p( j) ± r ( j)
0 cotξ ( j); (16)

• for Fig. 3:

h( j) = p( j) − r ( j)
0 cotξ ( j). (17)
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Cross Section of the Conic Convolute Helicoid

The equation of the crossed section of the conic convolute helical surfaces (shown
on Figs. 1, 2, and 3) with the plane O( j)

p x ( j)
p y( j)

p , i.e. when z( j)
p = 0, has the following

parametric form:

ρ( j)
p =

√
(r ( j)

0 )2 +
(
p( j)ϑ( j)

cotξ ( j)

)2

. (18)

In Descartes coordinates, when z( j)
p = C ( j)

z p = constant , the cross-section of the

three types pairs of conic convolute helicoids �
( j)
1 ( j = 1, 2) is described by the

following equations’ systems:

• for Fig. 1:

x ( j)
p = r ( j)

0 cosϑ( j) + [tanξ ( j)

(
C ( j)

z p

ϑ( j)
− p( j)

s

)
∓ p( j)

t ]ϑ( j)sinϑ( j),

y( j)
p = r ( j)

0 sinϑ( j) − [tanξ ( j)

(
C ( j)

z p

ϑ( j)
− p( j)

s

)
∓ p( j)

t ]ϑ( j)cosϑ( j);
(19)

• for Fig. 2:

x ( j)
p = r ( j)

0 cosϑ( j) ± [tanξ ( j)

(
C ( j)

z p

ϑ( j)
− p( j)

s

)
∓ p( j)

t ]ϑ( j)sinϑ( j),

y( j)
p = r ( j)

0 sinϑ( j) ∓ [tanξ ( j)

(
C ( j)

z p

ϑ( j)
− p( j)

s

)
∓ p( j)

t ]ϑ( j)cosϑ( j);
(20)

• for Fig. 3:

x ( j)
p = r ( j)

0 cosϑ( j) − [tanξ ( j)

(
C ( j)

z p

ϑ( j)
− p( j)

s

)
∓ p( j)

t ]ϑ( j)sinϑ( j),

y( j)
p = r ( j)

0 sinϑ( j) + [tanξ ( j)

(
C ( j)

z p

ϑ( j)
− p( j)

s

)
∓ p( j)

t ]ϑ( j)cosϑ( j).

(21)
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Equations (19)–(21) can be represented in the form:

x ( j)
p = r ( j)

0 cosϑ( j) + b( j)ϑ( j)sinϑ( j),

y( j)
p = r ( j)

0 sinϑ( j) − b( j)ϑ( j)cosϑ( j);
(22)

x ( j)
p = r ( j)

0 cosϑ( j) ± b( j)ϑ( j)sinϑ( j),

y( j)
p = r ( j)

0 sinϑ( j) ∓ b( j)ϑ( j)cosϑ( j);
(23)

x ( j)
p = r ( j)

0 cosϑ( j) − b( j)ϑ( j)sinϑ( j),

y( j)
p = r ( j)

0 sinϑ( j) + b( j)ϑ( j)cosϑ( j).
(24)

where b( j) = tanξ ( j)

(
C ( j)
z p

ϑ( j) − p( j)
s

)
∓ p( j)

t .

The character of the cross-section of the conic convolute helicoid can be clarified
when the circular vector functions l

( j) = l
( j)

(ϑ( j)) and g( j) = g( j)(ϑ( j)) [9] are
introduced, such that the condition

l
( j) = i

( j)
p cosϑ( j) + j

( j)
p sinϑ( j), g( j) = −i

( j)
p sinϑ( j) + j

( j)
p cosϑ( j). (25)

is fulfilled.
Because of dl

( j)
/
dϑ( j) = g( j)(ϑ( j)), then the direction of the vector g( j)(ϑ( j))

is determined by the counterclockwise rotation, determined by the positive direction
of the axis O( j)

p z( j)
p and it is tangent to the directed circle (defined by the directed

cylinder C ( j)). Expressing with r ( j)
p = x ( j)

p i
( j)
p + y( j)

p j
( j)
p , for the cross-section of the

conic convolute surface �
( j)
1 (in accordance with Eqs. (22), (23) and (24)) we can

write:

r ( j)
p = r ( j)

0 l
( j)

(ϑ( j)) − b( j)ϑ( j)g( j)(ϑ( j)), (26)

r ( j)
p = r ( j)

0 l
( j)

(ϑ( j)) ∓ b( j)ϑ( j)g( j)(ϑ( j)), (27)

r ( j)
p = r ( j)

0 l
( j)

(ϑ( j)) + b( j)ϑ( j)g( j)(ϑ( j)), (28)

Let us illustrate the cross-section of the �
( j)
1 in the coordinate plane O( j)

p x ( j)
p y( j)

p ,

i.e. for the case C ( j)
z p = 0, when b( j) = − p( j)

1
cotξ ( j) > 0.

The above condition and the vector Eqs. (26), (27), and (28) determine the
type/form of the cross-section of the type three pairs conic convolute helicoids �

( j)
1

( j = 1, 2) are shown in Figs. 5, 6, and 7 respectively.

Axial Section and an Axial Angle of �
( j)
1
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Fig. 5 Cross-sections of the
conic convolute helicoids
�

( j)
1 ( j = 1, 2) of I type:

CS( j)—line of the crossed
section of �

( j)
1

Fig. 6 Cross-sections of the
conic convolute helicoids
�

( j)
1 ( j = 1, 2) of II type:

CS( j)—line of the crossed
section of �

( j)
1

Fig. 7 Cross-sections of the
conic convolute helicoids
�

( j)
1 ( j = 1, 2) of III type:

CS( j)—line of the crossed
section of �

( j)
1
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A. Conic convolute helicoid �( j), described by the equations’ systems (2) and
illustrated in Fig. 1

When we substitute y( j)
p = 0 in (2), then we obtain:

x ( j)
p = r ( j)

0

cosϑ( j)
= r ( j)

0 secϑ( j), z( j)
p = −p( j)conv(ϑ( j), k( j)),

k( j) = − r ( j)
0

p( j)
.cotξ ( j) > 0, conv(ϑ( j), k( j)) = k( j)tanϑ( j) − ϑ( j).

(29)

Following [13], to clarify the character of the axial section of the studied conic
convolute helicoid we will first determine the derivatives:

dx ( j)
p

dϑ( j)
= r ( j)

0

sinϑ( j)

cos2ϑ( j)
,

dz( j)
p

dϑ( j)
= −p( j) k

( j) − cos2ϑ( j)

cos2ϑ( j)
,

dz( j)
p

dx ( j)
p

= − p( j)

r ( j)
0

k( j) − cos2ϑ( j)

sinϑ( j)
,

d2z( j)
p

dx ( j)2
p

= − p( j)

(r ( j)
0 )2

cos3ϑ( j)(1 − k( j) + sin2ϑ( j))

sin3ϑ( j)
.

(30)

According to the fact, that in the most common case, the axial section�
( j)
1 is non-

symmetric, then we realize the study when ϑ(1) ∈ [
0, π

/
2
)
and ϑ(2) ∈ (−π

/
2, 0

]
.

When ϑ( j) = 0, x ( j)
p = r ( j)

0 and z( j)
p = 0, then this point corresponds to the tip of

the curve “axial section”.Whenϑ( j) varies from0 to ±π
/
2, then x ( j)

p augments from

r ( j)
0 to +∞, and z( j)

p is changed to ±∞. Hence, the function of the axial section (29)
has asymptotes of the type:

z( j)
p = A( j)x ( j)

p + B( j),

A( j) = lim
x ( j)
p →∞

z( j)
p (x ( j)

p )

x ( j)
p

= ±cotξ ( j),

B( j) = lim
x ( j)
p →∞

[
z( j)
p − A( j)x ( j)

p

] = ±p( j) π

2
.

(31)

Then the equations of the asymptotes of the curves representing the axial section
of �

( j)
1 are

z( j)
p = ±cotξ ( j)x ( j)

p ± p( j) π

2
, ( j = 1, 2), (32)

Here the upper signs correspond to j = 1 while the lower ones—to j = 2.
If we introduce the angle δ( j) = ξ ( j) − π

2 , then the Eq. (32) becomes
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z( j)
p = ∓tanδ( j)x ( j)

p ± p( j) π

2
. (33)

The points of intersection of the asymptotes with the coordinate axis O( j)
p z( j)

p

determine from (33) and have applicatas:

z( j)
p = ±p( j) π

2
, (34)

and the points of intersection of the asymptotes with the axis O( j)
p x ( j)

p have abscissas
defined by equality

x ( j)
p = p( j)

tanδ( j)
.
π

2
= r ( j)

0 π

2k( j)
(35)

The points of the inflection of the curve with the axial section, we obtain from the
condition:

d2z( j)
p

dx ( j)2
p

= 0. (36)

Taking into account (30), the condition (36) is fulfilled, if cos3ϑ( j)(1 − k( j) +
sin2ϑ( j)) = 0, i.e. when

ϑ( j) = ±π

2
and ϑ( j) = ± arcsin

√
k( j) − 1. (37)

If the first equation in (37) is realized, then the inflection points of the curve of
the axial section will be in ±∞. When the second condition from (37) is fulfilled
then the inflection points of the curve of the axial section will exist when,

1 < k( j) < 2. (38)

Let’s analyze the curves of the axial section of the conic convolute helicoid �
( j)
1

as for the case defined by the condition (38), and outside of the defined interval, i.e.
when 0 < k( j) < 1 and k( j) ≥ 2.

Case k( j) = π
2 . According to (37) and (38), for this case, points of inflectionwill exist

on the curves of the axial section and they correspond to ϑ( j) = ±arcsin
√

π
2 − 1

( j = 1, 2). From equality (35) it follows that through the tips of the curves of the
axial section �

( j)
1 ( j = 1, 2), pass their asymptotes. This case of the axial section is

illustrated in Fig. 8.

Case 1 < k( j) < π
2 . When we apply the above considerations it can easily be seen

that the curves of the axial section �
( j)
1 have the form illustrated in Fig. 9.
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Fig. 8 Curves of the axial
section of the conic
convolute helicoids �

( j)
1

( j = 1, 2) for the case
k( j) = π

2

Fig. 9 Curves of the axial
section of the conic
convolute helicoids �

( j)
1

( j = 1, 2) for the case
1 < k( j) < π

2

Case k( j) ≥ 2. Following (37) and (38), points of inflection do not exist on the curves
of the axial section of the conic convolute helicoid �

( j)
1 . The analytical condition

corresponding to it, is

r ( j)
0

p( j)
tanδ( j) ≥ 2 (39)

or h( j) − p( j) ≥ 0. The form of the curves of the axial section, in this case, is shown
in Fig. 10.
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Fig. 10 Curves of the axial
section of the conic
convolute helicoids �

( j)
1

( j = 1, 2) for the case
k( j) ≥ 2

Case 0 < k( j) < 1. Analyzing the last two equalities of (30) we establish that the
curves of the axial section of �

( j)
1 have extremum when

ϑ( j) = ϑ
( j)
0 = ± arccos

√
k( j). (40)

From the last equality of (30) it can be seen that if ϑ( j) = ϑ
(1)
0 , then d2z(1)

p

dx (1)2
p

< 0,

i.e. the curve of the axial section of the conic convolute helicoid �
(1)
1 has maximum

in a point determined by condition (40), while if ϑ( j) = ϑ
(2)
0 , then d2z(2)

p

dx (2)2
p

> 0, i.e.

the curve of the axial section of �
(2)
1 , has a minimum in the point determined by

the condition (40). Each one of the theoretical curves of the axial section of the
linear convolute helicoid �

( j)
1 , considered in the whole interval of ϑ( j) (i.e. when

ϑ( j) ∈ [
0, π

/
2
)
and ϑ( j) ∈ (−π

/
2, 0

]
( j = 1, 2)) is symmetric with respect to the

axis O( j)
p x ( j)

p and has an ordinary node, for the ϑ( j) = ϑ
( j)
1 ( j = 1, 2) that has the

following coordinates:

x ( j)
p = r ( j)

0

k( j)
.

ϑ
( j)
1

sinϑ
( j)
1

,

z( j)
p = 0.

(41)

In this case, the asymptotes of the axial section �
( j)
1 , defined by the Eqs. (32)

and (33), cross the axis O( j)
p x ( j)

p ( j = 1, 2) at points determined by the expression
(35). Comparing (35) and (41) it can be concluded that abscissas of the points of
intersection between the curves of the axial section of the conic convolute helicoid
�

( j)
1 with the axes O( j)

p x ( j)
p ( j = 1, 2) are smaller than the abscissas of the points
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Fig. 11 Curves of the axial
section of the conic
convolute helicoids �

( j)
1

( j = 1, 2) for the case
0 < k( j) < 1

of intersection with the abscissas with the same axis, since 1 > sinϑ( j)

ϑ( j) ≥ 2
π
, when

ϑ( j) ∈ [−π
2 , 0

)
and ϑ( j) ∈ (

0, π
2

]
.

The realized analysis for the character of the curve of the axial section of �
( j)
1 for

the case 0 < k( j) < 1 is illustrated in Fig. 11. Here it should be specially mentioned
that the case k( j) = 1 transforms the conic convolute helicoid into conic involute
helicoid, which case will be discussed separately.

The axial angle in an arbitrary point of the axial section of the studied conic
helicoid is obtained from the equations’ systems (30) [1]:

tanα( j)
s =

∣∣∣∣∣
dz( j)

p

dx ( j)
p

∣∣∣∣∣ =
∣∣∣∣∣−

p( j)

r ( j)
0

.
k( j) − cos2ϑ( j)

√
1 − cos2ϑ( j)

∣∣∣∣∣,

k( j) = − r ( j)
0

p( j)
cotξ ( j), cosϑ( j) = r ( j)

0

x ( j)
p

.

(42)

or

α( j)
s = arctan

∣∣∣∣∣∣∣

p( j) r
( j)
0

x ( j)
p

+ x ( j)
p cotξ ( j)

√
x ( j)2
p − r ( j)2

0

∣∣∣∣∣∣∣
, ( j = 1, 2) (43)

Substituting x ( j)
p = r ( j)

p in (43), we receive the axial angle of �
( j)
1 in the point of

an arbitrary conic surface co-axial of the outer surface of the conic gear, which has
convolute helical teeth of the studied type.

B.Conic convolutehelicoid�
( j)
1 describedwitha systemofEq. (3) and illustrated

in Fig. 2
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From the system (3), after a substitution of y( j)
p = 0, we receive:

x ( j)
p = r ( j)

0 secϑ( j),

z( j)
p = −p( j)conv(ϑ( j), k( j)),

k( j) = ∓ r ( j)
0

p( j)
cotξ ( j).

(44)

From the system (44) it can be seen, that for j = 1 − k(1) > 0, and when j = 2-
k(2) < 0. Hence, the character of the axial section of the �

( j)
1 we study only for the

case j = 2, i.e. when k(2) < 0. The cases j = 1 are identical for the studied in
paragraph A. As it can be seen from Fig. 2, here ϑ( j) > 0.

When ϑ(2) = 0, x (2)
p = r (2)

0 and z(2)
p = 0, and when ϑ(2) = π

/
2, x (2)

p = +∞ and
z(2)
p = +∞. The asymptote of the curvature of the cross-section of the conic linear

helicoid �
(2)
1 has the form:

z(2)
p = A(2)x (2)

p + B(2),

A(2) = −cotξ (2), B(2) = p(2)π

2
,

(45)

i.e.

z(2)
p = −cotξ (2)x (2)

p + p(2)π

2
, (46)

or

z(2)
p = tanδ(2)x (2)

p + p(2)π

2
. (47)

The intersection point of the asymptote (47)with the axisO(2)
p z(2)

p , is obtained from

(44), after substituting of x (2)
p = 0 and it has applicatas z(2)

p = p(2)π

2 . Analogically
we determine the point of intersection of the same asymptote with the axis O(2)

p x (2)
p

and it has the abscissa x (2)
p = − p(2)π

2tanδ(2) .

Then, the graphic form of the axial section of the conic convolute helicoid �
(2)
1

is shown in Fig. 12.
The axial angle of �

( j)
1 in an arbitrary point of the axial section is

α( j)
s = arctan

∣∣∣∣∣∣
p( j) ± x ( j)

p cotξ ( j)

√
x ( j)2
p − r ( j)2

0

∣∣∣∣∣∣
. (48)
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Fig. 12 Curve of the axial
section of the conic
convolute helicoid �

(2)
1

when k(2) < 0

The upper sign in the Eq. (48) refers to the helicoid�
(1)
1 , and the bellow sign—for

�
(2)
1 .

C. Conic convolute helicoid �
( j)
1 , described by the equations’ systems (4) and

illustrated in Fig. 3

From the system of Eq. (4), after substituting y( j)
p = 0, we receive

x ( j)
p = r ( j)

0 secϑ( j), z( j)
p = −p( j)conv(ϑ( j), k( j)),

k( j) = r ( j)
0

p( j)
cotξ( j) < 0.

(49)

Analogously to the realized study up to now, the curves of the axial section of the
pairs of conic convolute helicoids �

( j)
1 ( j = 1, 2) we study when ϑ(1) ∈ (−π

2 , 0
]

and ϑ(2) ∈ [
0, π

2

)
. From (49) it is obvious, that for ϑ( j) = 0, x ( j)

p = r ( j)
0 and z( j)

p = 0,

and for ϑ( j) = ∓π
/
2, x ( j)

p = ∞ and z( j)
p = ∓∞.

Asymptotes of the curves of the cross-section of the conic convolute helicoids are
sought from the form (32) and (33), and it is not difficult to establish that they are
described by equations:

z( j)
p = ±cotξ ( j)x ( j)

p ∓ p( j)π

2
, (50)

z( j)
p = ∓tanδ( j)x ( j)

p ∓ p( j)π

2
. (51)

The form of the axial section of �
(1)
1 for the studied case is illustrated in Fig. 13.

The axial angle of the profile is determined by the expression
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Fig. 13 Curves of the axial
section of the conic
convolute helicoids �

( j)
1

( j = 1, 2) for the case
k( j) < 0

α( j)
s = arctan

∣∣∣∣∣∣∣

p( j) r
( j)
0

x ( j)
p

− x ( j)
p cotξ ( j)

√
x ( j)2
p − r ( j)2

0

∣∣∣∣∣∣∣
. (52)

4 Conclusion

A synthesis of three types of conic convolute helicoids is realized. The obtained
equations show a theoretical possibility, depending on the basic geometrical charac-
teristics of the designed conic convolute worm/pinion, to be generated the flanks of
its helical teeth as parts of the studied pairs of conic convolute helicoids.

The derived analytical dependencies of the cross-section and the axial section,
as well as the realized studies of the graphic images of these sections, precede the
process of constructing algorithms for computer synthesis and design of these conic
helical surfaces.

All of the obtainedmathematical relations, treating the synthesis and design of the
most common type of linear helicoid—conic convolute are basic for obtaining the
corresponding ones for the pairs of conic involute and conic Archimedean helicoids.

The derived equations of the conic convolute helicoids, as well as the analytical
descriptions of their cross-sections and axial sections, are important geometrical
characteristics of the active tooth surfaces of the conic worms (respectively of the
conic hobs). They are related to the technological synthesis of gear pairs with the
application of these new types of helical surfaces, operating in the condition of
work and/or instrumental meshing. Last but not least, it should be noted that the
obtained analytical dependencies can be used in the organization of the procedures
for measurement and control of parameters of these surfaces in the process of their
manufacture.
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Conic Linear Helicoids: Part 2.
Applications in the Synthesis and Design
of Spatial Motions Transformers

Emilia Abadjieva and Valentin Abadjiev

Abstract The current work presents authors’ researches over the years oriented
in the elaboration of geometric and analytical processes, dedicated to the synthesis
and design of special spatial gear mechanisms. These mechanisms are applicable
for quantitative and qualitative motions’ transformation of one of the movable links
depending on the implemented technological requirements. Based on the performed
vector analysis of spatial motions transformation of type rotation into translation, a
kinematic theory of this transformation is constructed. Using this kinematic theory
the basic geometric-kinematic characteristics of spatial rack mechanisms, applicable
to their synthesis are introduced. This study is dedicated to the synthesis of spatial
rack mechanisms when the rotating link has linear (conic and cylindrical) helicoids.
Based on a worked-out mathematical model, a surface of action/mesh region is
synthesized respectively, of a transmission which geometric elements of the joints
firmly connected with the rotating link are linear helicoids (conic and cylindrical
ones). The surface of action/region of mesh are obtained analytically and are studied,
and visualized for conic and cylindrical spatial rack drives.

Keywords Synthesis · Design · Geometric basic characteristics · Computer
programs · Spatial rack drives

1 Introduction

The current work is dedicated to the, used by authors, principles of creation of spatial
mechanical motions transformers. Over the years, the authors have devoted part of
their theoretical researches to the synthesis and design of spatial motion transformers
with two types of applications:
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• Spatial gear mechanisms realizing the change of rotation motions between shafts
with crossed axes;

• Three-links spatial closed mechanical system, in which at a given rotational
motion of one of the movable links, relative to the fixed link of the system, the
other realizes a unique rectilinear translation, as the transformation of the given
rotation into a rectilinear translation is realized by a set high kinematic joints,
formed by the movable links (the velocities of rotation and translation of the links
have an arbitrary placement in space).

The second group of the spatial mechanical systems is known in the techniques as
spatial rack drives. Thesemechanisms are the object of the realized further researches.

2 Kinematic Theory of Spatial Rack Meshing

2.1 Mathematical Model of the Kinematic Contact at Rack
Meshing

The study is consistent with the kinematic scheme of a spatial rack mechanism,
given in Fig. 1. The motions transformation, realized by the rack mechanism, is
characterized by the following conditions:

ω1 = constant, V2 = constant,

δr = ∠
(
ω̄1, V̄2

) = π − �r= constant,

j12 = ω1

V2
= 1

j21
= constant,

(1)

where ω1 is value of the angular velocity vector ω1 of the rotating link i = 1; V 2—
value of the translation velocity vector V 2 of link i = 2; δr—crossed angle between
themotions transformation vectors;�r—angle between themotion directions of rack
mechanism; j12, j21—velocity ratio of motion transformation of type (R ↔ T ).

The transformation of motions of type rotation into translation and vice versa
(R ↔ T ) is realized by high kinematic joints (�1:�2) which elements �1 and �2

at any moment have conjugate instantaneous contact points P (the points of tangen-
tial contact P can belong to the conjugate instantaneous contact line). It has to be
mentioned that for the rack mechanism in every moment of motions transformation
more than one high kinematic joint (�1:�2) takes part in the process of transforma-
tion. When a rotation with angular velocityω1 is applied to the link i = 1, the second
motion link i = 2 obtains a translation velocity V 2. According to (1) the condition
V2 = j21ω1 is accomplished for the value of V 2. Hence, the joints (�1:�2) shown in
Fig. 1 are kinematicaly conjugated, and the rack mechanism, respectively. The study
is realized by the right-hand coordinate systems S(O, x, y, z), S0(O0, x0, y0, z0) and
Si(Oi, xi, yi, zi) (i = 1, 2) (see Fig. 1). S(O, x, y, z) and S0(O0, x0, y0, z0) are fixed
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Fig. 1 Kinematic scheme of motion transformation of type (R ↔ T )

coordinate systems and S1(O2, x1, y1, z1) and S2(O2, x2, y2, z2) are connected with
the motion links of the rack mechanism.

Let the elements �1 and �2 of high kinematic joints (�1:�2), shown in Fig. 1 are
defined parametrically in the fixed coordinate system S:

ρ1,s = ρ1,s(u1, ϑ1, ϕ1), ρ2,s = ρ2,s(u2, ϑ2, j21ϕ1),

n1,s = n1,s(u1, ϑ1, ϕ1), n2,s = n2,s(u2, ϑ2, j21ϕ1),
(2)

where ρ i,s is a radius-vector of the contact point P, as a point of �i; ni,s—normal
vector to the �i in the same point; ui, ϑi—independent parameters, determining the
position of the point P.

For �1 and �2 the following conditions are fulfilled, because �1 and �2

are elements of high kinematic joints, which take part in a process of motion
transformation:

ρ1,s(u1, ϑ1, ϕ1) = ρ2,s(u2, ϑ2, j21ϕ1),

n1,s(u1, ϑ1, ϕ1) = n2,s(u2, ϑ2, j21ϕ1),
(3)

ρ̇1,s(u1, ϑ1, ϕ1) = ρ̇2,s(u2, ϑ2, j21ϕ1),

ṅ2,s(u1, ϑ1, ϕ1) = ṅ2,s(u2, ϑ2, j21ϕ1).
(4)

where ρ̇ i,s is an absolute velocity vector of the contact point P, as a point from �i;
ṅi,s—an absolute velocity vector of the top of the normal vector ni,s in the contact
point P, as a point from �i.
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The first vector equation from (4), we can write as [9]:

V 12 = V 1 − V 2 = V r,2 − V r,1. (5)

Here V 12 is the relative (sliding) velocity vector of the contact point P; V 1—
transference velocity vector of P, joined to the surface �i;V r,i—relative velocity
vector of a point P, when P moves on the surface �i.

The vector Eqs. (5) show that the coplanar vectors V 12, V 1 and V 2 define a plane
Tm, which determines the transference motion of the contact point P. V 12, V r,1 and
V r,2 are contained in a tangential plane Tn of �1 and �2 in the contact point P. The
plane Tn defines the relative motion of P.

The displacement of sliding velocities V 12 in common contact points P of the
geometrical elements �1 and �2 of the joints (�1:�2) is important for the kinematic
conjugation of high kinematic joints.

2.2 Vector Analysis of the Relative (Sliding) Velocity

The study is based on the vector analysis of the vector function of the sliding
velocity vector V 12 of the contact point P of the conjugate surfaces �1 and �2

of the rack mechanism (the contact point P can belong to the contact line D12),
which is illustrated in Fig. 1 [1, 2]:

V 12 = V 12(x, y, z) = V 1 − V 2 = ω1 × ρ1,s − V 2. (6)

According to the condition of transformation (1), and the given in Fig. 1 symbols,
for the function (6), which is written in a coordinate system S(O, x, y, z), we obtain:

V 12 = V 12(x, y, z) = V12,xi + V12,yj + V12,zk,
V12,x = −y, V12,y = x + j21 sin�r, V12,z = j21 cos�r,

(7)

where V12,x, V12,y, V12,z are coordinates of V 12 in the coordinate system S(O, x, y, z);
i, j, k,—are unit vectors of the axes of the coordinate system S(O, x, y, z).

In Eq. (7) without disturbing the community of arguments is accepted ω1 = 1
rad/s and therefore V2 = j21 m/s. The vector analysis of the vector function (7) is
realized by defining its scalar and vector field.

Scalar field of the relative velocity V 12 of the conjugate tooth surfaces �1 and
�2 in their common contact points P is a scalar function of the following type:

V12 = V12(x, y, z) =
√
V 2
12,x + V 2

12,y + V 2
12,z, (8)

with its definition area.
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Hence the surfaces of type

V12(x, y, z) = Vc, Vc = constant , (9)

are surfaces of level of the studied scalar field and they define it geometrically.
It is easy to determine their canonical type in the static coordinate system

S0(O0, x0, y0, z0) from (7), (8), and (9):

x20 + y20 = R2
0, z0 = H ,H ∈ (−∞,+∞),

x0 = x + j21 sin�r, y0 = y, z0 = z,

R0 =
√
V 2
c − (j21 cos�r)

2.

(10)

Equation (10) shows that the surfaces of level of the defined scalar field V12 =
V12(x0, y0, z0) represent a family of coaxial cylinders with a family parameter Vc.
These cylinders are called kinematic cylinders of level [1]. The axis of the family
coaxial cylinders is O0z0 of the coordinate system S0(O0, x0, y0, z0), which in the
fixed coordinate system S(O, x, y, z) has the following equations:

x = −j21 sin�r, y = 0, z = H , H ∈ (−∞,+∞). (11)

According to Eq. (10) the surfaces of level of the studied scalar field will exist if
the parameter Vc is chosen so that it fulfills the condition:

Vc ≥ j21 cos�r. (12)

The parameter Vc multiplied with ω−1
1 , defines the module of the sliding velocity

vector V 12. Every point, belonging to a concrete kinematic cylinder of level is char-
acterized by this parameter Vc. The velocity ratio j21 is realized by every point of
the cylinders of level. When in (12) the equality is fulfilled, then the Eq. (10) is
transformed into a system of Eqs. (11), which describe the zero kinematic cylinder
of level [1]. It contains those points from the static space, which are characterized by
the smallest values of relative velocity motion. The locus of these points is the axis
O0z0 of S0(O0, x0, y0, z0).

A computer program is created. It is oriented to the synthesis and visualization
of the basic elements of the scalar and vector field of the sliding velocity of the rack
mechanisms. The kinematic surfaces of level of the rack transmissions with concrete
basic kinematic and geometric parameters are illustrated in Fig. 2.

The kinematic cylinders of level shown in Fig. 2 are RVc,1 corresponding with
Vc,1 = 23 mm/rad, RVc,2 corresponding with Vc,2 = 22 mm/rad, RVc,3 corresponding
with Vc,3 = 21 mm/rad by �r = 60

◦
and j21 = 42 mm/rad.

Vector field of the relative velocity vector V 12 is that part of three-dimensional
space:

V 12 = V 12(x, y, z). (13)
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Fig. 2 Set of kinematic surfaces of level (kinematic cylinders of level)

The vector V 12 is defined in every point of the vector field. Let (13), respectively
(7) is presented in the coordinate system S0(O0, x0, y0, z0) :

V 12,s0 = V12,x0 i0 + V12,y0 j0 + V12,z0k0,
V12,x0 = −y0, V12,y0 = x0, V12,z0 = j21 cos�r,

(14)

where V12,x0 , V12,y0 , V12,z0 are Cartesian coordinates of the vector V 12 in S0;
i0, j0, k0—unit vectors of the axes of the coordinate system S0(O0, x0, y0, z0).

It is known [3] that every vector field is characterized by its own vector lines. The
vector lines of the vector function (14) represent curves. The tangential lines in every
point P(x0, y0, z0) to these curves coincide with the direction of the vector V 12 at the
same point. They are defined by the following system of differential equations:

dx0
V12,x0

= dy0
V12,y0

= dz0
V12,z0

. (15)

From the first and the third equation of (15) we obtain respectively:

x20 + y20 = R2
0 = constant , z0 + pz0 .t = C0 = constant, (16)

where pz0 = j21 cos�r, t = arcsin x0/R0.
Obviously, the vector lines of the vector field of the functionV 12 = V 12(x0, y0, z0)

are a family of helical lines. They are obtained as intersections of the family of coaxial
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cylinders with radius R0 with a family of conoids with a helical parameter pz0 . The
following is fulfilled for pz0 :

pz0 = V12,z0

ω12
= V12,z0

ω1
= V12,z0 , (17)

because of the fact that for the examined mechanical system ω2 = 0 , and ω1 = 1
rad/s.

The conoids are called kinematic conoids [1]. The helical lines described by
systems (16) and (17) are named kinematic relative helices. They are characterized
by parametersR0, pz0 ,C0(i) (i = 1, 2). It is evident when the kinematic relative helices
are defined, then a relative helical motion of surfaces �1 and �2 is defined, which
arises in the process of transformational motion (R ↔ T ).

When in the Eqs. (16) is substituted R0 = 0, they describe the equation of the axis
O0z0 .

According to the values of the Cartesian coordinates of the sliding velocity V 12

in S0(O0, x0, y0, z0) from (14), for the value of sliding velocity, we can write

V12,s0 =
√
x20 + y20 + (j21 cos�r)

2. (18)

It is evident from (18) that the sliding velocity vector V 12 value in an arbitrary
point from the axis O0z0 has minimal value:

V12,min = V12,z0 = pz0 = j21 cos�r. (19)

For this reason, the axis O0z0 is called a minimal kinematic relative helix.
According to (17) and (19), if �r ∈ (−π/2, π/2) pz0 > 0, therefore

Eqs. (16) describe all the right-oriented kinematic relative helices, and when �r ∈
(π/2, 3π/2) pz0 < 0, (16) and (17) define all the left-oriented kinematic relative
helices. The kinematic surfaces of level and kinematic relative helical lines of the rack
transmissions with concrete basic kinematic and geometric parameters are illustrated
in Fig. 3.

The kinematic cylinder of level RVc,i and kinematic conoid Cd,i, when j21 = 42
mm/rad and Vc = 44 mm/rad and �r = 60

◦
are shown in Fig. 3.

2.3 Normalized Kinematic Relative Helices

The value of the sliding velocity vector is a characteristic that takes part in the
construction of important quality criteria, which is applied to mechanical trans-
formers’ synthesis by using high kinematic joints. This requires normalizing the
module of the sliding velocity vector [1, 4, 6]. The study applies a method, which
is based on the symbiosis between the vector and scalar fields of the function
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Fig. 3 Kinematic scheme of
the relative helix generation
of the vector function
V 12 = V 12(x, y, z)

V 12 = V 12(x0, y0, z0). It is realized when in (16) is substituted:

R0 =
√
V 2
c − j221 cos

2 �r =
√
V 2
c − p2z0 . (20)

Then the normalized kinematic relative helices are described by the following sets
of equations:

x20 + y20 = (
V 2
c − p2z0

)
, z0 + pz0 · t0 = Co,

pz0 = j21 cos�r, t0 = arcsin x0
R0

.
(21)

2.4 Synthesis of Kinematic Pitch Surfaces

Kinematic pitch surfaces, are surfaces that are treated as envelopes of the normalized
relative helices of the vector function V 12 = V 12(x0, y0, z0) by their relative motion
toward the typical axes of the transformation of the type (R ↔ T ). But the sets of
normalized relative helices are placed on concretely defined kinematic cylinders of
level. In other words, the kinematic pitch surfaces should be treated as envelopes of
the corresponding kinematic cylinders of level. These surfaces are firmly connected
with the coordinate systems Si(Oi, xi, yi, zi)(i = 1, 2).

Here we will present the set of Eqs. (10) in the form:

x0 = R0 sin t, y0 = R0 cos t, z0 = H ,

H ∈ (−∞,+∞), t = arcsin x0
R0

.
(22)
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Let us write the canonical form (22) of kinematical cylinders of level in the
coordinate systems Si(Oi, xi, yi, zi)(i = 1, 2) (see Fig. 3). For this purpose we use
the following matrix equalities:

∥∥ x1 y1 z1 t1
∥∥T = MS1S0

∥∥ x0 y0 z0 t0
∥∥T

, (23)

where MS1S0 =

∥∥
∥∥∥∥∥∥

cosϕ1 sin ϕ1 0 −j21 sin�r cosϕ1

− sin ϕ1 cosϕ1 0 +j21 sin�r sin ϕ1

0 0 1 0
0 0 0 1

∥∥
∥∥∥∥∥∥

,

and

∥∥ x2 y2 z2 t2
∥∥T = MS2S0

∥∥ x0 y0 z0 t0
∥∥T

, (24)

where MS2S0 =

∥∥∥∥∥∥
∥∥

1 0 0 −j21 sin�r

0 1 0 j21 sin�rϕ1

0 0 1 j21 cos�rϕ1

0 0 0 1

∥∥∥∥∥∥
∥∥

.

By solving (23) and (24), we obtain respectively:

x1 = R0 sin(t + ϕ1) − j21 sin�r cosϕ1,

y1 = R0 cos(t + ϕ1) + j21 sin�r sin ϕ1,

z1 = H , H ∈ (−∞,+∞),

(25)

and

x2 = R0 sin t − j21 sin�r,

y2 = R0 cos t + j21 sin�rϕ1,

z2 = H + j21 cos�rϕ1, H ∈ (−∞,+∞).

(26)

The sets of Eqs. (25) and (26) describe families of enveloped kinematic
surfaces of level. Their envelopes are treated as a locus of the contact lines of
enveloped and enveloping surfaces, which are written in the coordinate systems
Si(Oi, xi, yi, zi) (i = 1, 2). They are obtainedwhen is added the following condition
to (29) and (30):

e0,si V i,si = 0, i = (1, 2), (27)

where e0 is the unit vector to the arbitrary kinematic cylinder of level in its arbi-
trary point P0(x0, y0, z0); V i—transference velocity vectors (i = 1—rotational and
i = 2—translational) of an arbitrary point P0 of an arbitrary kinematic cylinder
of level;Si, i = (1, 2)—coordinate systems, connected with movable links i = 1,
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realizing rotation with an angular velocity ω1 and i = 2, realizing translation with
velocity V 2.

For the cases i = 1 and i = 2 of the Eq. (27), the following equations of the
relations between the parameters of the family of surfaces of level:

j21 sin�r cos t = 0, j21 cos�r cos t = 0. (28)

The solution of (28) is

t = π/2 + nπ, n = 0, 1, 2, 3, 4, . . . (29)

Hence the kinematic pitch surfaces of rack mechanisms are two pairs of the
rotational pitch cylinders (30) contacting with corresponding pitch plane (31):

x21 + y21 = (R0 − j21 sin�r)
2, z1 = H ,

x2 = R0 − j21 sin�r,

cot�ry2 − z2 + H = 0, H ∈ (−∞,+∞).

(30)

x21 + y21 = (R0 + j21 sin�r)
2, z1 = H ,

x2 = −(R0 + j21 sin�r),

cot�ry2 − z2 + H = 0, H ∈ (−∞,+∞).

(31)

It is evident from (30) and (31) that when R0 = 0 the axoids of rack mechanisms
are obtained. These axoids are a cylinder and a plane, which are tangential to the
zero kinematic surface of level O0z0.

The kinematic pitch cylinders are visualized, when the created computer program
is used. They are defined for the concrete case of motion transformation by the first
two equations from the system (30) (see Fig. 4) and (31) (see Fig. 5).

Fig. 4 Kinematic pitch
cylinder I1 with radius
|R0 − j21 sin�r | : RVc,i—
kinematic cylinder of level;
Sc,i—normalized relative
helix
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Fig. 5 Kinematic pitch
cylinder I1 with radius
|R0 + j21 sin�r | : RVc,i—
kinematic cylinder of level;
Sc,i—normalized relative
helix

The shown in Figs. 4 and 5 are transformations of type (R ↔ T ), when j21 =
42 mm/rad, Vc = 44 mm/rad and �r = 60

◦
.

3 Mathematical Modelling of Spatial Rack Drives

3.1 Synthesis of Spatial Rack Drives, Which Rotating Link
Has Conic Linear Helicoids

When synthesizing spatial rack mechanisms with a linear contact it is necessary
to control their quality in the whole mesh region. Such approaches to synthesis’
problems require an adequate mathematical model. The kinematic scheme of such
mechanism is shown in Fig. 6. A mathematical model based on a mesh region is not
universal one.

The reason is that the specific geometrical and kinematic characteristics of the
mesh region depend on its position in space and the geometrical characteristics of
the tool surface �J generating the flanks �i(i = 1, 2).

This mathematical model is based on the second Olivier’s principle and the link,
performing rotation, andhaving surfaces�1, is chosen as a generating link.Generated
surfaces �2 belong to link 2, which realizes rectilinear translation.

The synthesis of spatial rack drives based on the second Olivier’s principle,
involves solving two main tasks:

• Synthesis of the tooth surfaces�1 of the rotatingmovable link, which are identical
to the instrumental surfaces �J . Solving this mathematical problem provides the
technology of manufacturing the rotating link of the rack drive.
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Fig. 6 Kinematic scheme of
spatial rack drive with linear
contact between tooth
surfaces �1 and �2
synthesized using a mesh
region (MR): �i—surface of
the flank of links
(i = 1, 2); ω1—rotation
velocity of link i = 1;
V 2—velocity of rectilinear
translation of link i = 2;
AS—action surface;
D12—contact line; L1—a
longitudinal line of �1

• Synthesis of the mesh region and definition of the dimensions and location of the
mesh region on the surface of action. This task realizes the generation of active
tooth surfaces�2 of the movable link of rack mechanisms, which performmotion
translation.

The synthesis of these types of mechanical transmissions, in accordance with the
second Olivier’s principle, leads to solving two main tasks: synthesis of the active
tooth surfaces of the base (instrumental) movable link—conic worm and synthesis
of the surface of action/mesh region of the studied mechanism. The active tooth
surfaces of the basic link are conic linear helicoids.

3.1.1 Synthesis of the Surface of Action/ Mesh Region of the Conic
Rack Drives

The action surface, considered as a locus of the lines of the tooth contact in the
fixed space, defines conjugate tooth surfaces of the second movable link—tooth
rack. Based on the realized study and the developed algorithms for synthesis of three
types of spatial rack drives—cylindrical with cylindrical linear rotating helicoids,
face (with face linear rotating helicoids), and with conic (with conic linear rotating
helicoids) are written three computer programs with analogical (typified) structure
and organization of the calculated process. The developed programs illustrate the
cases of the spatial conic, cylindrical, and face rack drives synthesis.

The offered here study is consistent with shown in Fig. 7 symbols.
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Fig. 7 Geometric-kinematic scheme of spatial rack drive having rotating linear conic helicoids

Conic convolute rackmechanism.TheEqs. (6) from the “Conic LinearHelicoids:
Part 1. Synthesis and Analysis of the Basic Geometric Characteristics” (which is Part
1 of this study) of the linear helicoid �

(j)
1 are presented as:

x(j)
p = r(j)

0 cosϑ(j) ± U (j) sin ϑ(j),

y(j)
p = r(j)

0 sin ϑ(j) ∓ U (j) cosϑ(j),

z(j)
p = p(j)ϑ(j) ± U (j) cot ξ (j),

(32)

where U (j) = R(j)
0 sin ξ (j) = u(j) sin ξ (j) − p(j)

t ϑ(j), p(j) = p(j)
s ± p(j)

t cot ξ (j).
The set of Eqs. (32) describes the conic convolute helicoid as a cylindrical one

with helical parameter p(j).
The normal vector in an arbitrary point of �

(j)
1 is described by equations system:
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n(j)
1,xp = ∓h(j) sin ξ (j) cosϑ(j) − U (j) cos ξ (j) sin ϑ(j),

n(j)
1,yp = ∓h(j) sin ξ (j) sin ϑ(j) + U (j) cos ξ (j) cosϑ(j),

n(j)
1,zp = U (j) sin ξ (j).

(33)

It is known [5–7] that conic helicoids�(j)(j = 1, 2) are cylindrical helical surfaces
with constant helical parameter p(j) = p(j)

s ± p(j)
t cot ξ (j) = constant .

Hence, for these surfaces is valid the equation of meshing [5, 7]:

tan
 = n1,y
n1,z

= p + j21 cos δr

j21 sin δr
= constant. (34)

Then the action surface of the conic convolute helicoid is described by using
the Eqs. (32) and (33) (written in the fixed coordinate system S(O, x, y, z)) and the
analytical type (34) of equation of meshing (see Fig. 8), i.e.

x(j) = r(j)
0 cos θ(j) ± U (j) sin θ(j),

y(j) = r(j)
0 sin θ(j) ∓ U (j) cos θ(j),

z(j) = p(j)ϑ(j) ± U (j) cot ξ (j),
∓h(j) sin ξ (j) sin θ(j)+U (j) cos ξ (j) cos θ(j)

U (j) sin ξ (j) = p(j)−j21 cos�r

j21 sin�r
.

(35)

where θ(j) = ϑ(j) + ϕ1, U (j) = u(j) sin ξ (j) − p(j)
t ϑ(j) �= 0, p(j) = p(j)

s ±
p(j)
t cot ξ (j), h(j) = p(j) + r(j)

0 cot ξ (j).
The conjugated with �

(j)
1 (j = 1, 2) tooth surfaces �

(j)
2 (j = 1, 2) of the tooth rack

i= 2 are obtained from the system (35), after writing it in the fixed coordinate system
S2(O2, x2, y2, z2), firmly connected with link i = 2:

x(j)
2 = r(j)

0 cos θ(j) ± U (j) sin θ(j),

y(j)
2 = r(j)

0 sin θ(j) ∓ U (j) cos θ(j) + j21ϕ1 sin�r,

z(j)
2 = p(j)ϑ(j) ± U (j) cot ξ (j) + j21ϕ1 cos�r,

∓h(j) sin θ(j)+U (j) cot ξ (j) cos θ(j)

U (j) = p(j)−j21 cos�r

j21 sin�r
.

(36)

Conic Archimedean rack mechanism. The analytical representation of the action
surface of the conicArchimedean rack drive (see Fig. 9) is obtained from the equation
systems (35) after a substitution r(j)

0 = 0, whence h(j) = p(j), i.e.

x(j) = ±U (j) sin θ(j),

y(j) = ∓U (j) cos θ(j),

z(j) = p(j)ϑ(j) ± U (j) cot ξ (j),
±p(j) sin θ(j)+U (j) cot ξ (j) cos θ(j)

U (j) = p(j)−j21 cos�r

j21 sin�r
.

(37)
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Fig. 8 Spatial conic convolute mechanism with velocity ratio j21 = 2, 29; number of the teeth z1
= 1: a conic convolute worm �

(1)
1 ⇒ ξ (1) = 98

◦
, r(1)0 = 0.08 mm; u(1) ∈ [0, 10], ϑ(1) ∈ [0, 5π ];

b �
(2)
1 ⇒ ξ (2) = 120

◦
, r(2)0 = 0.94 mm; u(2) ∈ [0, 10], ϑ(2) ∈ [0, 5π ]; c region of mesh MR(1);

d MR(2)

Active tooth surfaces �
(j)
2 (j = 1, 2) of the tooth rack of the Archimedean rack

mechanism are obtained from the system (37) with applying already mentioned
substitutions:

x(j)
2 = ±U (j) sin θ(j),

y(j)
2 = ∓U (j) cos θ(j) + j21ϕ1 sin�r,

z(j)
2 = p(j)ϑ(j) ± U (j) cot ξ (j) + j21ϕ1 cos�r,

∓p(j) sin θ(j)+U (j) cot ξ (j) cos θ(j)

U (j) = p(j)−j21 cos�r

j21 sin�r
.

(38)

Conic involute rack mechanism. From equations systems (35) after substituting
h(j) = 0, we obtain the analytical form of action surfaces (see Fig. 10) of the studied
involute rack mechanism.

x(j) = r(j)
0 cos θ(j) ± U (j) sin θ(j),

y(j) = r(j)
0 sin θ(j) ∓ U (j) cos θ(j),

z(j) = p(j)ϑ(j) ± U (j) cot ξ (j),

cot ξ (j) cos θ(j) = p(j)−j21 cos�r

j21 sin�r
.

(39)
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Fig. 9 Spatial conic Archimedean drive with velocity ratio j21 = 2, 29; number of the teeth z1 = 1:
a conic Archimedean right-handed worm �

(1)
1 ⇒ ξ (1) = 98

◦
, u(1) ∈ [5, 10], ϑ(1) ∈ [π/2, 10π ];

b conic Archimedean right-handed worm �
(2)
1 ⇒ ξ (2) = 120

◦
, u(2) ∈ [5, 10], ϑ(2) ∈ [π/2, 10π ];

c mesh region MR(1); d mesh region MR(2)

Bellow (39) is written in the fixed coordinate system, connected with the link i
= 2. Thus, the active tooth surfaces �

(j)
2 (j = 1, 2) of the spatial involute conic rack

drive are obtained:

x(j)
2 = r(j)

0 cos θ(j) ± U (j) sin θ(j),

y(j)
2 = r(j)

0 sin θ(j) ∓ U (j) cos θ(j) + j21ϕ1 sin�r,

z(j)
2 = p(j)ϑ(j) ± U (j) cot ξ (j) + j21ϕ1 cos�r

cot ξ (j) cos θ(j) = p(j)−j21 cos�r

j21 sin�r
.

(40)

3.1.2 Analysis of the Geometry of the Action Surfaces of the Conic
Linear Rack Mechanisms

Here, the upper indexes “j” will be omitted when this analysis is performed. The
analytical type of the action surfaces of the spatial conic convolute rack mechanism
is described by the equation systems (35). Using the third equation of the same
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Fig. 10 Spatial conic involute mechanism with velocity ratio j21 = 2, 29; number of the teeth
z1 = 1: a conic involute right-handed worm �

(1)
1 ⇒ ξ (1) = 98

◦
, r(1)0 = 12, 93mm, u(1) ∈

[0, 10], ϑ(1) ∈ [0, 10π ]; b conic involute right-handedworm�
(2)
1 ⇒ ξ (2) = 120

◦
, r(2)0 = 3, 44

mm, u(2) ∈ [0, 10], ϑ(2) ∈ [0, 10π ]; c mesh region MR(1); d mesh region MR(2)

system, for the curvilinear coordinate ϑ of the conic convolute helicoid �1 we can
write:

ϑ = z ∓ u cos ξ

p ∓ pt cot ξ
= f1(z, u). (41)

Here we will remind that in (35) are performed the substitutions θ = ϑ + ϕ1,
U = u sin ξ − ptϑ �= 0. Let from the first equation of (35) we define:

U = ±u − r0 cos θ

sin θ
, (42)

and the obtained Eq. (42) substitutes in other two equations. Then:

y = r0 sin θ − (x − r0 cos θ) cot θ,
∓h sin2 θ±(x−r0 cos θ) cos θ cot ξ

x−r0 cos θ
= A,

(43)
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where A = p−j21 cos�r

j21 sin�r
= constant.

Let multiply both sides of the first equation of (43) with sin θ and the obtained
result is reduced to the quadratic equation regarding to cos θ , i.e.:

(
x2 + y2

)
cos2 θ − 2r0x cos θ + r20 − y2 = 0. (44)

The solution of (44) is of the type:

(cos θ)1,2 =
r0x ± y

√
x2 + y2 − r20

x2 + y2
. (45)

From (45) it follows:

(cos θ)1,2 = f2(x, y),

(sin θ)1,2 =
√
1 − [

f2(x, y)
]2 = f3(x, y).

(46)

Substituting (46) in the second equality of (43) we obtain the following equation:

F(x, y) = 0, (47)

which is the analytical description of the action surface in the most common
case of spatial conic linear rack mechanism—the convolute one. The equality (47)
shows that the action surface of these type rack mechanisms is a cylindrical surface
with generatrices, parallel to the z-coordinate axis Oz of the fixed coordinate system
S(O, x, y, z).

The conic Archimedean and involute rack drives are special cases of the conic
convolute rack mechanism. Their action surfaces are described analytically by the
system (35), after substituting r0 = 0 (for the Archimedean rack drive) and h =
0 (for involute rack mechanism). Hence, in the most common case their action
surfaces/mesh regions have characteristics, similar to those characteristics of the
conic rack drive. In other words, the conic, Archimedean, and involute rack mech-
anisms have action surfaces that are related (from a geometric viewpoint) to the
cylindrical (by form) action surfaces of the conic convolute rack drive.

For the case of rack mechanism, which rotating link has conic Archimedean
helicoids, the equalities (45) and (46) are:

(cos θ)1,2 = ± y
√

x2+y2

x2+y2 = f2(x, y),

(sin θ)1,2 =
√
1 − [

f2(x, y)
]2 = f3(x, y).

(48)

Then the mesh region is:

F(x, y) ≡ pf3(x, y) ± xf2(x, y) cot ξ

x
− A = 0. (49)
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The spatial conic rack drive has an action surface, for which the parameter of
meshing is h = 0, when the rotating link of the conic rack mechanism is equipped
with conic involute helicoids. For this case the action surface is described by the
equation systems (39). There the equation of meshing is of the form:

cos θ1 = cos(ϑ + ϕ1) = p − j21 cos�r

j21 sin�r
tan ξ = A tan ξ = constant. (50)

From (50) follows that when the parameter of meshing ϕ1 = constant has a fixed
value, the curvilinear coordinate ϑ keeps the constant value for all points from a
single contact line, i.e. the contact line of this type conic linear rack mechanisms is a
straight line. Thus, if the contact lines of the cylindrical action surface, representing
its directrices, are transformed into a straight line, then the action surfaces from
cylindrical ones are transformed into a plane.

3.2 Synthesis of Rack Mechanisms with a Rotating Link
Having Cylindrical Linear Helicoids

The synthesis of spatial rack drives having cylindrical linear helicoids is analogous
to the synthesis of the conic rack mechanisms. Therefore, all obtained equations
and analytical relations, that treat rack mechanisms with conic linear helicoids, are
transformed into those relating to the rack transmissions equipped with cylindrical

helical surfaces, if p(j)
t = 0

(
p(j)
s �= 0

)
is substituted there. Their synthesis is illus-

trated graphically (Figs. 11, 12 and 13) using the above mentioned typified computer
program.

4 Computer Programs for Visualization of Spatial Rack
Mechanisms’ Synthesis

4.1 Aspects of the Computer Programming of Gear Sets

The wide variety of gear transmissions, applied as transformers in quantitative and
qualitative aspects ofmotions for different branches of technology, and the permanent
tendency of researchers to create new and improved gearings and also the different
and changing approaches to their mathematical modeling determine the difficul-
ties in designing universal CAD systems with such a purpose. Because of that, the
extremely dynamic development of modern technical computing devices and soft-
ware applications should be noted. For realizing the scientific research in the field of
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Fig. 11 Spatial cylindrical convolute rack mechanisms with velocity ratio j21 = 2,29; number of
teeth (z1 = 1): a cylindrical convolute right-handed helicoid �

(1)
1 ⇒ ξ (1) = 98

◦
, r(1)0 = 4, 15

mm; u(1) ∈ [24, 03 − 35, 34], ϑ(1) ∈ [0 − 10π ]; b cylindrical convolute right-handed helicoid
�

(2)
1 ⇒ ξ (2) = 120

◦
, r(2)0 = 17, 68 mm; u(2) ∈ [24, 03 − 35, 34], ϑ(2) ∈ [0 − 10π ]; c region

of meshMR(1); d MR(2)

gearing theory and also to ensure adequate scientific service for this type of mechan-
ical transmissions, the computer synthesis has been developed, forming three types
of software applications [1]:

First type. The programsof this type help to study the influence of various kinemat-
ical, dynamical, strength, design, technological, operational, and other parameters on
various quality characteristics of the studied gear mechanisms. Essentially this type
of software is not subjected to a specific strategy, related to CAD system construc-
tion. The developed mathematical models, algorithms, and computer programs are
designed to establish the influence of actually existing parameters on the quality char-
acteristics of specific gearings. Programs, created for these purposes can be used as
modules, representing elements of criteria systems for determining the quality of
gear mechanisms.

The above mentioned program is applied to study the vector field of sliding
velocity in contact points of mesh region of spatial rack mechanisms and to define
their kinematic pitch configurations belong to this type software.
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Fig. 12 Spatial cylindrical Archimedean drive with velocity ratio j21 = 2,29 ; number of the
teeth z1 = 1: a cylindrical Archimedean right-handed helicoid �

(1)
1 ⇒ ξ (1) = 98

◦
, u(1) ∈

[24, 03−35, 34], ϑ(1) ∈ [0, 10π ]; b cylindrical Archimedean right-handed helicoid�
(2)
1 ⇒ ξ (2) =

120
◦
, u(2) ∈ [24, 03 − 35, 34], ϑ(2) ∈ [0, 10π ]; c mesh region MR(1); d mesh region MR(2)

Second type. This group includes computer programs organized on the basis of
algorithms, contained in specialized standardization documents, company methods
(standards and manuals) [8, 9, etc.]. The programs belonging here are designed on
algorithms for geometric and strength calculation of the traditional types of gear
mechanisms, conic and hypoid gears, plane rack mechanisms, etc. Algorithms, used
in these cases usually do not optimize design but ensure the technological and instru-
mental requirements for gear pairs manufacturing, and also perform strength control
of the geometrical and technologically synthesized gears.

Third type. Programs that belong to this category are those based on mathemat-
ical models developed on specific scientific researches. Modern gear mechanisms,
including even classical gear drives that are treated from the point of view of current
scientific (engineering) research, require the design of newmathematical approaches
to their geometrical, technological, and strength synthesis. In this case, the optimiza-
tion process can be realized by applying the “method of directed search” [1]. This
way, the number of calculated variants of the synthesized gearmechanism is reduced.
The essence of this method is:
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Fig.13 Spatial cylindrical involute drive with velocity ratio j21 = 2,29; number of the teeth z1 =
1: a cylindrical involute right-handed helicoid �

(1)
1 ⇒ ξ (1) = 98

◦
, r(1)0 = 14, 23mm;; u(1) ∈

[24, 03 − 35, 34], ϑ(1) ∈ [0, 10π ]; b cylindrical involute right-handed helicoid �
(2)
1 ⇒ ξ (2) =

120
◦
, r(2)0 = 3, 46mm; u(2) ∈ [24, 03−35, 34], ϑ(2) ∈ [0, 10π ]; cmesh regionMR(1); dmesh

region MR(2)

• The input parameters, including those, that are unchangeable during the optimiza-
tion process, are defined.

• The type of the variable parameters and the way of their variation is determined.
• The process of variation of the defined input variables is performed until the input

optimization criteria are satisfied.
• The optimal variant of the synthesized gear set is chosen, for which there is an

optimal satisfaction of the additional conditions, input to the mathematical model.

Hence, the process of optimization synthesis in the third type of software is based
on adequate procedures, by which the needed solution is obtained through changing
some parameters.
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4.2 Computer Programs for Visualization of the Synthesis
of Spatial Rack Drives

On the basis of this study and the defined algorithms for synthesis of three types of
spatial rackmechanisms—cylindrical (with cylindrical linear and curvilinear rotating
helicoids), face (with linear rotating helicoids), and conic ones (with conic linear
rotating helicoids) three computer programs with similar (typified) structure and
organization of their calculation process are written. We briefly present this product
here.

The program described below should be considered as a symbiosis between the
first and third types of software. It has the characteristics of the “directed search”
method for synthesis but also this program realizes the visual study of the character of
the geometry of active geometric elements�

(j)
i (i = 1, 2), (j = 1, 2) of the kinematic

joints �
(j)
1 : �

(j)
2 , by which the defined law for the transformation of type (R ↔

T ) is realized. The program is written in MATLAB. It contains a description and
declaration of input parameters and equation systems. From solving these systems,
the basic characteristics of the spatial rack mechanisms are obtained. The content of
the programs is illustrated in Figs. 14, 15, and 16.

The input parameters of the programs are:

• Geometric parameters

– shaft angle �r [grad] (for face rack mechanisms �r = 90◦);

Calculation block ( ) 

Visualization block (

31I

31I ) 

INPUT: Kinematic and 
geometric parameters, identifier 
for the rack mechanism type 
( I )

END 

START

Fig. 14 Common block-scheme
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Calculation of the basic parameters of 
the directed cylinder and choice (cal-
culation) of the independent coordi-
nates  of the helicoid 

Determination of the interval of variation of  
meshing parameter 1

Singularity of the 
mesh region 

N

Y

Fig. 15 Calculation block: u(j), ϑ(j)—independent coordinates of the linear �(j)(j = 1 for the
low-side helicoids, j = 2 for the high-side helicoids)

Visualization of the Visualization of Visualization of the 

Fig. 16 Visualization block: MR(j)(j = 1, 2)—mesh regions of the synthesized rack mechanism

– crossed angle δr [grad];
– radius of the pitch circle of the rotating link—r1 [mm];
– an obtuse angle between linear generatrix of the helicoid and axis of the rotating

link ξ (j) [deg];
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– tooth module m [mm];
– axial helical parameter ps [mm/rad] (for cylindrical rack drive);
– crossed tangential parameter pt [mm/rad] (for face rack drive);
– number of helicoids �

(j)
1 of the rotating link i = 1;

• Kinematic parameters

– velocity ratio j12/j21 [mm/rad]/ [mm/rad];
– parameter of meshing ϕ1 [deg];

• Identifier

– for the convolute rack mechanism (cylindrical, face, conic)—I = 1;
– for Archimedean rack mechanism (cylindrical, face, conic)—I = 2;
– for involute rack mechanism (cylindrical, face, conic)—I = 3;

Diagrammatically, the calculation block of the program is organized in accordance
with Fig. 15, and the visualization block is shown in Fig. 16.

The studied rack drives can be synthesized and visualized by using the described
computer programs and AutoCAD [10]. Three specific representatives of the studied
mechanical motion transformers are illustrated in Figs. 17, 18, 19.

Fig. 17 Archimedean conic rack mechanism
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Fig. 18 Archimedean cylindrical rack mechanism

Fig. 19 Archimedean face rack mechanism
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5 Conclusion

This article contains the basis of the kinematic theory of rack mechanisms. The
kinematic-geometric essence of the basic constructive elements of the mathematical
models for the synthesis of these gear mechanisms is defined in this context. In this
study, they are called kinematic pitch surfaces and they are treated as essence and
terminology of a special direction of the spatial meshing theory. All the mentioned
pitch configurations are of great significance for defining those basic characteristics
such as structure and geometry of gear set, longitudinal, and cross-orientation of the
active tooth surfaces, module values of the teeth, coefficient of efficiency, a loading
capacity of the gear mechanism, etc.

The current work is dedicated to the synthesis of spatial rack mechanisms having
rotating linear helicoids—conic and cylindrical ones.

Typical for the studied type transmissions is the non-orthogonal crossed placement
of the rotation axis of one of the movable link to the directrix of the velocity of the
rectilinear translation of the secondmovable link. This is a premise for the presence of
more free parameters. When we search adequate combination among them, it allows
us to control the exploitation characteristics of the rack drives in their synthesis.
On the base of the elaborated models and algorithms, a typified computer program
for analysis, synthesis, and visualization of the basic geometric elements of the
spatial rack drives is developed. It visualizes the basic elements of spatial rack drives
when the rotating link has conic and cylindrical helicoids of the type: convolute
Archimedean and involute.
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Automation of Engineering Design
and Configuration of Medium
Complexity Products by Example
of Spiroid Gearboxes

Olga V. Malina

Abstract The paper presents theoretical foundations of formalization and opti-
mization of two basic traditional approaches to designing low-formalized objects
of medium and high complexity: “bottom-up” when there is only technical speci-
fication as input data and “top-down”, when the process of structural synthesis is
reduced to modification of existing layout designs. Unlike traditional approaches to
the design with their logic based on subject algorithms, it is proposed to use enumer-
ation algorithms as a synthesis apparatus. It allows to create a program system of
structural synthesis invariant to the design object due to the fact that formalized
knowledge of the subject domain is transformed from the process-forming one into
data used by the system to check the correctness of the obtained results. The main
information units of the proposed approach of structural synthesis implementation
are the data of the domain classifier that unites sets of classification features of the
design and their possible values, and also a set of restrictions stated as forbidden
figures. The concept of configuration as the process of changing the prototype in
order to obtain a new quality is introduced. It is shown that the task of configuration
can arise in different statements both at the stage of development (when designing a
new gearbox) and at the stage of operation (in the process of repair). The key issue of
the configuration problem is outlined and an approach to the solution of this problem,
which is also based on enumeration algorithms, is proposed.

Keywords Automation of design engineering · Structural synthesis · Classifier ·
Engineering design and configuration · Empirical and functional forbidden figures

1 Introduction

Designingmechanical engineering objects ofmediumor high complexity is a creative
process due to the lack of knowledge about the unambiguous sequence of operations
leading to finding the desired structure of the future product. Technical creativity
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in this interpretation is the process of finding a new technical solution that meets
the requirements of the technical assignment based on knowledge, experience and
intuition in the absence of direct end-to-end algorithms of the layout design synthesis.

Analysis of the design process of spiroid gearboxes [1–8] and already existing
layout designs allows us to make the following observations which will have a signif-
icant impact on the development of the model of the automated structural synthesis
process.

1. The design process begins with the problem statement, which stipulates critical
values of consumer characteristics of the future gearbox. Such characteristics
maybe, for example, load capacity, dimensions and layout, operating conditions,
operating mode, price, etc.

2. Specifications of the set of parameters specified by the customer may differ
significantly from each other.

3. One and the same gearbox can be structurally suitable for different applications.
4. Implementation of a single problem statement can be a multitude of layout

solutions.
5. There is no end-to-end algorithm that unambiguously describes the process

of structural synthesis of a future layout design that meets the technical
specification requirements.

6. The time of the gearbox layout development and its design quality largely
depends on the experience and qualifications of the designing engineer.

Obviously, the design problem is a multi-criteria problem, in the absence of end-
to-end solution algorithms and the presence of fuzzy restrictions.

It is also obvious that the designer’s knowledge, experience, and intuition play a
significant role in the design process implementation. Although today the scope of
the design knowledge which is present in drawing albums, reference books, software
products implementing the formalized engineering calculations, three-dimensional
modeling, documenting and solving other engineering problems is quite large.Never-
theless, the design remains a process in which the subjective influence of a particular
developer remains significant and sometimes even determinative.

2 Basic Concepts of the Task of Structural Synthesis
Automation

Automation of the design process in terms of structural synthesis is primarily
an attempt to provide a specific developer with the accumulated and formalized
experience in the design of mechanical engineering products, in particular, spiroid
gearboxes.

The solution of the automation problem forced researchers to look at the design
process, data and knowledge involved in this process in a completely different way.

Traditional criteria and parameters were combined into a set of attributes
describing the class of objects to be designed [9]; impossible combinations of values
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of these attributes were formalized as forbidden figures [10–23]. The design process
began to be considered as determination of values of all attributes describing the
class of objects for a given instance, and development of a design corresponding to a
specific technical specification—the additional definition of those attributes whose
values are not defined by a technical specification [24]. The basic algorithm of the
synthesis process was not the algorithms of the subject domain, but the enumeration
algorithms for the set of features, while the subject algorithms perform the role of
restrictions—forbidden figures—to be added in the synthesis process. And the main
tasks demanding research and solution were, firstly, the generation of the qualitative
set of features describing the class of designed objects, secondly, the synthesis of
the set of forbidden figures, and, thirdly, the development of optimization methods
which allow to realize the enumeration process for the sets described above.

The set of features of the subject domain is arranged in the form of a classifier
[25–34].

The classifier has a faceted-hierarchical structure. The hierarchicalmethod divides
an object into functional elements, the facet method describes each functional
element. Methods for creating such a classifier are described in detail in [35, 36]. A
fragment of the classifier for a spiroid gearbox is shown in Table 1.

On the one hand, a classifier is such a set of features and their values, which allows
to uniquely identify any layout version by a finite set of characteristics (linguistically,
a characteristic is a feature plus value) defined for a given class of objects.On the other
hand, it is the formalized knowledge about the class of objects - data for enumeration
in the synthesis process.

Forbidden figures are the formalized restrictions of the subject domain imposed on
the enumeration process. Structurally they can be either empirical or functional. An
empirical forbidden figure is an impossible feature value or an impossible combina-
tionof feature values of the classifier.A functional forbiddenfigure is a certain formal-
ized mathematical relation of the subject domain, cutting off impossible combina-
tions of feature values. For example, the mathematical expression Z = X+Y can be
considered a forbidden figure because for the set of features X = {1,2,3} Y = {5,6}
and Z = {6, 7,8,9} the sets {(1,5,7), (1,5,8), (1,5,9), (2,5,6), (2,5,8), (2,5,9), (3,5,6),
(3,5,7), (3,5,9)}, (1,6,6)6, (1,6,8), (1,6,9), (2,6,6)6, (2,6,7), (2,6,9)}, (3,6,6)6, (3,6,7),
(3,6,8)} are forbidden.

Besides, empirical forbidden figures can be atomic and composite.
Atomic forbiddenfigures appearwhen imposing the technical requirements results

in specification of the value of some attribute, making the other values of this attribute
impossible—that is, forbidden ones.

Classification of forbidden figures is a tool of the structural synthesis process
optimization.

In spite of the fundamentally different apparatus of implementing the automated
process of structural synthesis, the proposed approach allows to fulfill both design
ideologies familiar to the designing engineer:

– “bottom-up”—without a prototype;
– “top-down”—by changing the prototype.
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Table 1 Fragment of the classifier for spiroid gearboxes

Functional apex Feature Value

Gearbox Gear ratio p1 60 a11

40 a12

65 a13

Other …

Overall dimension p2 100 a21

150 a22

Other …

Bearing support 1 Number of bearings p3 2 a31

Other …

Bearing 1 Type of bearing p4 N a41

B a42

Other …

Bearing 2 Type of bearing p5 M a51

C a52

Other …

Bearing support 2 Number of bearings p6 1 a61

Other …

Gearwheel unit Presence of the 3rd bearing
support

p7 Yes a71

No a72

Bearing support 3 Number of bearings p8 1 a81

Other …

NILL a82

Presence of the bearing support p16 Yes a161

No a162

Shaft and gearwheel assembly Method of gearwheel and shaft
coupling

p9 Press fit a91

By the key a92

Other …

Presence of the key p10 Yes a101

No a102

Shaft of the gearwheel unit Length p11 L a111

Other a112

Gearwheel Gearwheel type p12 Solid a121

Assembled a122

Gearwheel hub Diameter p13 D1 a131

D2 a132

NILL a133

(continued)
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Table 1 (continued)

Functional apex Feature Value

Other …

Assembled gearwheel hub Diameter p14 D3 a141

NILL a142

Other …

Assembled gearwheel Presence of screws p15 Yes a151

No a152

3 “Bottom-Up Design”: Basic Approach

Optimization of the “bottom-up” structural synthesis processwas considered in detail
in [37]. It was shown that optimization of a computational process that implements
structural synthesis by enumeration for a set of features depends on a number of
factors:

– howmuch one can minimize the number of intermediate variants after multiplica-
tion by the next feature in the synthesis process, in particular, due to the performed
earlier analysis of intermediate variants by forbidden figures;

– how much it is possible to minimize the computational load at forbidden figures
analysis, taking into account that the main resources are spent on exclusion of
functional forbidden figures.

To achieve the feasibility of the “bottom-up” structural synthesis, it was proposed
to:

– alternate the stages of synthesis (additional multiplication by some set of features)
and analysis (elimination of intermediate structures containing forbidden figures
already obtained at this step) [38];

– to order the features for multiplication at synthesis [39], which will allow to
control the rate of increasing the number of intermediate variants;

– to classify functional forbidden figures and generating functional relations by
the level of computational complexity and to obtain new relations with lower
computational complexity, which contributes to minimizing the computational
complexity in analyzing intermediate variants for forbidden figures.

– to prevent the possibility of generating forbidden variants instead of analyzing
the set of variants for forbidden figures [40].

The “bottom-up” synthesis algorithm can be represented in this case as a sequence
of steps:

1. For each computational relation Pn = f1(P1, P2, . . . , Pn−1) participating
in the synthesis process, it is necessary to generate a maximally complete
family of F = {Pn = f1(P1, P2, . . . , Pn−1) , P1 = f2(P2, . . . , Pn), P2 =
f3(P1, P2, . . . , Pn), Pn−1 = fn(P1, P2, . . . , Pn−2, Pn))
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2. To select the functional relation forwhich the power of featureswith the assigned
values is maximum, and the most effective function is selected from the family
of functions. At first the features—arguments are multiplied, and then the calcu-
lation is carried out to obtain the value of the feature—the value of the function.
In turn, the order of multiplication of features-arguments is determined by the
set of forbidden figures with the participation of these features and is carried
out in accordance with the following algorithm:

(a) to find the set of forbidden figures Zij for each pair of features (Pi, Pj)
for which it is possible to perform analysis for the intermediate variants
obtained by multiplication of these features.

(b) to choose the first pair of multiplied features (Pa, Pb) such that |Zab| =
max

(∣∣Zi j

∣∣).
(c) to find the set of forbidden figures Zabk for each disordered feature Pk.
(d) to choose the next feature Pc for multiplication among the disordered

features such that |Zabc| = max(|Zabk |).
(e) if all features are ordered, then the desired order ofmultiplication is found,

otherwise repeat from the item c) by selecting the most efficient one from
the family of considered functions.

3. To repeat steps 2–3 for all functional relation generating functionally forbidden
figures within the class of synthesized objects, with the order of multiplication
of families of functions depending both on the number of features of the new
family of functions whose values are specified in the previous step and on the
number of empirical component forbidden figures that include feature values
belonging to different functional relations.

4. Next, the set of intermediate variants is multiplied by features that are not part
of the functional forbidden figures, the order of multiplication of features being
determined by the power of the set of empirical forbidden figures built on the
set of sequentially multiplied features. Variants potentially containing these
forbidden figures are not generated.

5. The resulting set of intermediate variants is multiplied by features whose values
do not participate in forbidden figures.

It is obvious that at structural synthesis implementing the “bottom-up” ideology
the set of features participating in the process is defined before the beginning of
synthesis, even if we synthesize the structure of only some part of it with the help
of the developed object model. For example, having a model of a class of spiroid
gearboxes, we can design a worm unit by separating a subgraph with the root vertex
“Worm unit” from the model, which will show us all the features describing this
structural unit of the gearbox.
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4 “Top-Down” Design: Configuration Tasks

In practice, the ideology of “top-down” design is implemented much more often.
Moreover, the problem in this statement is solved not only at the design stage when
creating products, but often at the stage of operation during repair or upgrade.

The task of modifying an existing design will hereinafter be referred to as the
configuration task, and the process of evaluating a change in a prototype andobtaining
an updated structure will be referred to as configuration.

In order to formulate possible statements of the configuration problem, let us recall
once again that in the proposed ideology a particular design is a set of characteristics,
the number of which is determined by the set of features of the classifier of a given
class of objects, and each characteristic is a feature and its value.

Let us consider the possible statements of the configuration process problem.

1. The system answers the question whether the given layout design corresponds
to the new requirements of the specification.

2. The system answers the question what should be changed to make the prototype
conform to the new requirements of the specification.

3. The system answers the question if it is possible to replace some part and keep
the whole layout design operable.

4. The system answers the question what else is to be changed to retain the design
operable after replacing a certain part.

The solution of a problem in the first statement is in fact an examination of the
existing structure for its conformity with the new specification requirements.

A change in the specification can be as follows:

A. changing the value of some design parameter specified in the prototype
specification;

B. supplementing the prototype’s specification with the value of additional
parameters or introducing new criteria.

In spite of the principally different changes of the specification, the solution of
the configuration problem in this statement will be the same, because the prototype
that we are modifying is a set of features. The replacement of some feature’s value
by another one will require checking for forbidden figures, which include the value
of the new characteristic feature.

Implementation of this check is as follows:

1. From the set of empirical forbidden figures a subset Za j
i

= {za j
i
} is selected

consisting of figureswhich include the newvaluea j
i of the feature being changed

Pj = {a j
k }.

2. The set of characteristic values A = {ak}, describing the modified layout design
(i.e., a j

i ∈ A) is intersected sequentially with each forbidden figure. If the design
layout contains at least one forbidden figure (∃za j

i
for which za j

i
∩ A = za j

i
) then

the modification is impossible.
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3. An analysis is performed to find out if the feature Pj whose value has been
changed as part of the modification of at least one functionally forbidden figure
zPj .

4. If no, then the analysis process ends; if yes, then arguments are substituted
into the functional relation and the function value is calculated, and then the
resulting set (arguments + function value) is intersected with the set describing
the layout design. If the obtained specified set is a subset of the set describing the
layout design, then the analysis of the following functional relation is performed,
otherwise the modification is considered impossible.

The second statement of the problem means that if the modification performed
by the user is recognized as impossible, the system must propose further changes to
the layout design to make modification implementable.

There are two fundamentally different approaches to solving the problem in this
statement.

1. The system actually solves the “bottom-up” synthesis problem, obtains a set of
layout design versions, and then calculates the degree of identity of each newly
obtained version with respect to the originally modified layout design.

2. The system solves the problem in the first statement, determines which new
forbidden figures have emerged as a result of the modification and tries to annul
them.

The advantage of the first statement is the presence of the developed, tested and
giving good results method of synthesis by optimized enumeration.

The disadvantage is the unreasonable use of the whole set of features in the
framework of object modification.

When considering the “bottom-up” ideology of structural synthesis, the starting
points of implementation of the enumerative synthesis algorithm were the features,
the set of which was defined when creating the model, before the synthesis. Mean-
while, when solving the problem in thementioned statement, the problem of defining
the set of those features, which should participate in the analysis when modifying
the object structure, comes first.

Todetermine the specified set of features, themethodological basis of the approach
is that the set of features involved in the synthesis will be determined by the set of
forbidden figures arising in the process of modification.

Let us consider the simplest version of the implementation of this approach.
So, we have a prototype Ap = {ak}, which is mathematically described as a set of

values of characteristics, and each characteristic contains the value of an individual
characteristic related to the classifier of this object.

We are given the task to replace one characteristic of this object (initiallya j
i /∈ Ap).

Obviously, changing a characteristic is the inclusion of another value of the same
characteristic in the description of the synthesis object (the field of which a j

i ∈ Am ,
where Am is the description of the modified version).

Obviously, the performed manipulation can lead to forbidden figures.
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To describe this approach, let us introduce several concepts that will allow us to
simplify process understanding.

A modified characteristic is a new value a j
i of some feature Pj that must be

included in the description of the structure. The value of the modified characteristic
is a fixed (by the user) value of some feature.

The set of features of future synthesis P f s is the set of attributes from the object
classifier, the values of which can undergo changes in the description of structure
due to modification of a certain characteristic, i.e. with fixation of a new value of the
feature by a user within the existing structure.

Thus, implementation of this approach will contain the following steps:

I. The value of the modified characteristic gets the status of the active key (sw =
a j
i ).

II. A subset of forbidden figures is selected from the set of forbidden figures
Zsw = {zsw} that meet one of the following conditions:

1. The forbidden figure contains the value of the active key
(∀zsw , zsw ∩ sw = sw ).

2. All the features whose values are included in the forbidden figure are
present either in the description of the modified structure as characteristics
or in the set of features of the future synthesis (zsw ∩ (Am ∪ P f s − sw) =
zsw).

III The modified variant is checked for the presence of each forbidden figure
included in the selected subset. The check is performed as follows:

1. If all the features whose values are included in the forbidden figure being
checked are present in the structure description of the object as some
of their values, and the intersection of the structure description and the
forbidden figure does not equal the forbidden figure, then this forbidden
figure is absent in the description (zsw∩Am �= zsw)∧(zsw∩P f s = ∅) = 1.

2. The remaining forbidden figures are checked again for the formation of
the set of features of the future synthesis:
If all features whose values are included in the forbidden figure being
checked are present in the set of feature values obtained by combining the
set of feature values describing the structure and the set of future synthesis
features, then the features, whose set of values is obtained by crossing the
description of the object and the forbidden figure, are added to the set
of future synthesis features, and the feature values obtained from the last
crossing are excluded from the structure description (1. Az = Am ∩ zsw; 2.
∀ank ∈ Az such a value of Pn is found that ank ∈ Pn; 3. P f s = P f s ∪ {Pn};
4. Am = Am + {Pn}).
When this step is performed for the first time, the features with the original
modified value are excluded from the set of future synthesis features.

3. Forbidden figures, which have already participated in the analysis, are
marked, which allows to avoid the repeated analysis of their presence in
the description of the object.
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IV Further, the next value of the feature placed in the set of features of the future
synthesis acts as an active key.

V The process comes to an end in the case when there is no single feature value
in the set of the future synthesis that would not serve as an active key.

As a result of the above iterative process, we get a set of features, themultiplication
ofwhichwill allow us to look for the correctmodification of the changeable structure.

Obviously, the synthesis process in this case can be implemented according to
the “bottom-up” synthesis ideology, but on the truncated set of features, which
significantly optimizes the process.

If the resulting set contains a sufficient number of versions, the designing engineer
has the right to state the target function to find the “best version”. Thus, the following
objectives can be set as the specified target function:

– a version that has undergone the minimum number of changes;
– a version in which a part of the structure (a given subset of characteristics) has

remained unchanged;
– maximum or minimum of some critical parameters, etc.

The result of structural synthesis may also be an empty set. Such a situation occurs
when the designing engineer has chosen impossible combinations of initial data at
the design and all versions have been found to be forbidden as a result of the analysis.

The advantage of the proposed method of synthesis is that it, on the one hand,
allows to avoidmultiple traversals of dynamically changing treemodels whose struc-
ture is modified with each modification of the synthesis object, on the other hand,
using the best features of the “bottom-up” synthesis algorithm, limits the set of
features involved in the enumeration.

The third formulation of the problem is the need to obtain an answer to the
question of replacing one part (sub-unit, unit) by another. In fact, the solution of the
configuration problem in this statement is reduced to the solution of the first problem
with some additions and is presented in the following steps.

1. The subset consisting of figures with new values of all changeable features is
selected from the set of empirical forbidden figures provided that the forbidden
figure does not consist only of values of features which have been modified as a
result of replacement of a part of structure (part, unit, sub-unit). The addition of
the first step described above in comparison with the analogous step in the first
statement of the problem is a consequence of the fact that the part to be replaced
as the part to which the replacement is made is a correct, free of forbidden
figure set of features. The exclusion of the above mentioned subset of forbidden
figures from the analysis reduces the analysis time, and hence the configuration
as a whole.

2. The set of characteristics describing the modified layout design intersects
sequentially with every forbidden figure. If the layout design contains at least
one forbidden figure the modification is impossible.
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3. The analysis is performed to find out, whether a feature, the value of which has
been changed within modification, is an element of at least one functionally
forbidden figure, which contains other features besides the modified ones.

4. If no, then the analysis process is finished; if yes, then the arguments are substi-
tuted into the functional relation and the function value is calculated, and then the
resulting set (arguments + function value) is intersected with the set describing
the construction. If the obtained set is a subset of the set describing the layout
design, then the analysis of the following functional relation is performed,
otherwise the modification is impossible.

Actually the solution of the problem in the fourth statement is reduced to a more
complicated version of the second problem solution.

5 Conclusion

Configuration as a methodological approach to creating new structures of complex
objects by changing the prototype is the direction familiar to the real design and
at the same time promising in terms of formalizing the development of automation
systems of structural synthesis.

Automation of the problem of configuration by using enumerative algorithms as
the apparatus of synthesis makes the system-configurator a software product that can
configure the structures of the most diverse objects, if the classifier of knowledge as
well as the set of functional and empirical prohibited shapes are correctly stated.

The considered algorithms to solve the problems of configuration can be
optimized, but even in this version they already allow to speak about the first
approximation to solving the problem of the configuration process automation.
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Meshing Limit Line of Normal
Arc-Toothed Cylindrical Worm Drive

Qingxiang Meng, Yaping Zhao, and Gongfa Li

Abstract The main purpose of this article is to establish the theory for determining
the meshing limit line of the normal arc-toothed cylindrical worm drive. According
to the meshing theory for gearing, the vector equations of the worm helicoid and the
worm gear tooth surface, the unit normal vector of the worm helicoid, the meshing
function, themeshing limit function of thewormdrive, and so on are all acquired. The
meshing limit points are determined by solving the nonlinear equation set, in which
the iteration needs to be performed for determining the meshing limit point on the
worm gear addendum while the iteration needs not to be performed for determining
other meshing limit points. The numerical outcomes reflect that the meshing limit
line divides the worm helicoid into the meshing zone and non-meshing zone, and the
working length of the worm cannot reach half of its total thread length. The conjugate
line of meshing limit line is roughly located in the middle of the worm gear tooth
surface. The meshing limit line of the worm drive cannot be eliminated via adjusting
the designing and operating parameters, and therefore the existence of the meshing
limit line is an inherent feature for the normal arc-toothed cylindrical worm drive.
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1 Introduction

The normal arc-toothed cylindrical worm drive is composed of a normal arc-toothed
cylindrical worm and a worm gear. The so-called normal arc-toothed cylindrical
worm is turned by a turning tool having the circular arc cutting edge, and the cutting
edge is located in the normal section of the worm during turning it [1, 2]. Therefore,
the tooth profile of the worm in its normal section is a standard circular arc and
the worm helicoid is a normal circular helicoid. The worm gear is machined by a
cylindrical hob whose generating surface is the same as the normal arc helicoid of
the worm, and thus the cutting meshing of the worm gear is the same as the working
meshing between the worm and the worm gear.

According to the formation principle of the worm drive, the worm gear tooth
surface is the enveloped surface of the family of the hob generating surfaces. Due to
the same shape between the generating surface of the hob and the normal circular heli-
coid of the worm, the worm gear tooth surface can also be regarded as the enveloped
surface of the family of the normal circular helicoids. For an envelope process, the
generating surface and the enveloped surface contact with each other along a curve
at every instant, i.e. along an instantaneous contact line. Generally, the instantaneous
contact lines have an enveloping line on the generating surface, namely, the meshing
limit line or the second type of limit line [3]. Thus, the meshing limit line can divide
the generating surface into two parts: the meshing zone and the non-meshing zone.
For the normal arc-toothed cylindrical worm drive, the position of the meshing limit
line on the worm helicoid will determine the working length of the worm. Further-
more, the conjugate line of meshing limit line can divide the worm gear tooth surface
into two sub-meshing zones and the meshing performance in the neighborhood of
the conjugate line generally is poor [4]. As a result, it can be seen that determining
the meshing limit line for the normal arc-toothed cylindrical worm drive is of great
significance for its geometric design.

The determination of the meshing limit line can be performed via connecting
some meshing limit points which are determined by solving the nonlinear equation
sets. The nonlinear equation set generally is composed of the meshing equation,
the meshing limit equation, and a complementary equation. The complementary
equation can be the location equation of the meshing limit point or the boundary
equation of the member. Based on this method, the authors determined the meshing
limit lines for some kinds of worm drives [5–7] and investigated the characteristics
of the meshing limit line. The solving of the preceding equations was by means of
the elimination method and geometric drawing to judge the existence of its solution
and to determine the nice initial value for its iteration. However, if the parameters of
the meshing limit point can be figured out without the help of the iteration, i.e. can
be figured out from the algebraic formula, the determinations of the meshing limit
points will be greatly simplified.

In this paper, the geometric model is established for the normal arc-toothed cylin-
drical worm drive. Some important formulas are obtained for the worm drive, for
example, the vector equations of the worm helicoid and worm gear tooth surface, the
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unit normal vector of the worm helicoid, the meshing function, the andmeshing limit
function of the worm drive. The nonlinear equation sets to determine the meshing
limit line are built. The meshing limit points are determined from the algebraic
formula and without the help of iteration except the meshing limit point on the worm
gear addendum. Finally, the numerical results are provided for verification.

2 Generation of Normal Arc-Toothed Cylindrical Worm
Drive

2.1 Generation of Worm Helicoid

The worm helicoid, i.e. the normal circular helicoid, is lathed by a lathe tool with
the circular arc cutting edge and the cutting edge is located in the normal section
of the worm as shown in Fig. 1. In this paper, the turning direction of the discussed
worm is right-hand, and the helical angle of the worm at its reference cylinder is

denoted by the symbol β. As shown in Fig. 1, a coordinate system σ1

{
O1;�i1,�j1, �k1

}

is established for the worm, in which the coordinate origin O1 is coincident with the
middle point of the worm thread length and the vector �k1 is coincident with the axis
of the worm. At the initial position, the unit vectors �j1 and �m1(0, 90◦ − β) expand
the normal section of the normal circular helicoid [3], and in this section, the radius
of the circular arc cutting edge is denoted by the symbol ρ and its centerOc is on the
axis �j1. The distance between the two points O1 and Oc along the axis �j1 is equal to
the operating center distance ac of the lathe tool.

Fig. 1 Relative location and motion between worm and lathe tool
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The worm rough is fixed while the lathe tool makes the helical motion during the
generation of the normal circular helicoid. At the current location, the rotating angle
of the worm around the axis �k1 is denoted by the symbol θ and the moving distance

of the lathe tool is met
−−−→
O1O ′

1 = pθ �k1. Here, p is the helix parameter of the worm.
At the current location, the unit vectors �g1(θ) and �m1(θ, 90 − β) expand the normal
section of the normal circular helicoid, and the center Oc of circular arc cutting edge

turns to the axis �g1(θ), and
−−−→
O ′

1Oc = ac �g1(θ). The point P is an arbitrary point of
the circular arc tooth profile in the normal section of the normal circular helicoid,
and the angle between �m1(θ, 90 − β) and

−−→
OcP is denoted by the symbol φ. Based

on this, the vector equation of the normal circular helicoid can be expressed in σ1 by
means of the two curvilinear coordinates θ and φ as below

(�r1)1 =
(−−→
O1P

)
1

=
(−−−→
O1O

′
1

)
1
+

(−−→
O ′

1P
)
1

= pθ �k1 + (ac − ρ sin φ)�g1(θ) + ρ cosφ �m1(θ, 90◦ − β)

= x1�i1 + y1�j1 + z1�k1 (1)

where x1 = ρ cosβ cosφ cos θ + (ρ sin φ − ac) sin θ , y1 = ρ cosβ cosφ sin θ −
(ρ sin φ − ac) cos θ , and z1 = pθ + ρ sin β cosφ.

The unit normal vector of the normal circular helicoid can be obtained based on
the method in differential geometry [8] as follows

(�n1)1 =
∂(�r1)1

∂θ
× ∂(�r1)1

∂φ∣∣∣ ∂(�r1)1
∂θ

× ∂(�r1)1
∂φ

∣∣∣
= ne

D0
�e1(θ) + ng

D0
�g1(θ) + nk

D0

�k1 (2)

in which the two symbols ∂(�r1)1
∂θ

and ∂(�r1)1
∂φ

are the two first-
order partial derivatives of �r1 in regard to θ and φ; D0 =√(

ρ2 sin 2β − C2
1

)
sin2 φ − 2C2ρ sin β sin φ + a2c + p2, C1 = ac cosβ − p sin β,

C2 = ac sin β + p cosβ, ne = (p − ρ sin β cosβ sin φ) cosφ,
ng = (ρ sin β1 sin φ − C2) sin φ, and nk = (

ac − ρ sin2 β1 sin φ
)
cosφ.

2.2 Generation of Worm Gear Tooth Surface

During the generation of the worm gear tooth surface, two static coordinate systems

σo1

{
O1;�io1,�jo1, �ko1

}
and σo2

{
O2;�io2,�jo2, �ko2

}
are respectively used to denote the

initial positions of the worm and worm gear as shown in Fig. 2. The unit vector �ko2 is
along the axial line of the worm gear and the origin O2 is coincident with the middle
point of worm gear tooth width. The two vectors �ko1 and �ko2 are perpendicular to
each other. The two vectors �io1 and �io2 are coincident and are along the common
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Fig. 2 Coordinate systems used in generation of worm gear tooth surface

perpendicular line of �ko1 and �ko2. The distance between the two points O1 and O2 is
equal to the center distance a of the worm pair. The two rotating coordinate systems

σ1

{
O1;�i1,�j1, �k1

}
and σ2

{
O2;�i2,�j2, �k2

}
are respectively used to denote the current

positions of the worm and worm gear. When the rotating angle between σo1 and σ1

is equal to angle ϕ, the rotating angle between σo2 and σ2 will be equal to ϕ
/
i12, in

which the symbol i12 is the transmission ratio of the worm drive.
When theworm rotates around �ko1 by the angleϕ, a family {Σ1} of normal circular

helicoids will be formed and denoted in σo1 as

(�r1)o1 = R
[�ko1, ϕ

]
(�r1)1 = xo1�io1 + yo1�jo1 + z1�ko1 (3)

where xo1 = ρ cosβ cosφ cos(θ + ϕ) + (ρ sin φ − ac) sin(θ + ϕ) and yo1 =
ρ cosβ cosφ sin(θ + ϕ) − (ρ sin φ − ac) cos(θ + ϕ). The symbol R

[�ko1, ϕ
]

is

the rotation transformation matrix [3], and its expression is R
[�ko1, ϕ

]
=

⎡
⎣
cosϕ − sin ϕ 0
sin ϕ cosϕ 0
0 0 1

⎤
⎦.

By using the rotation transformation matrix R
[�ko1, ϕ

]
, the unit normal vector of

{Σ1} can also be obtained and denoted in σo1 as

(�n1)o1 = R
[�ko1, ϕ

]
(�n1)1 = nx

D0

�io1 + ny

D0

�jo1 + nk
D0

�ko1 (4)

where nx = ne cos(θ + ϕ)−ng sin(θ + ϕ) and ny = ne sin(θ + ϕ)−ng cos(θ + ϕ).
Without loss of generality, it can be assumed that the worm rotates around the

axis �ko1 with the angular velocity | �ω1 |= 1 rad
/
s during the generation. Thus, the



408 Q. Meng et al.

angular velocity of the worm gear is met | �ω2 |= 1
/
i12 rad

/
s. The relative angular

velocity vector of the worm drive can be achieved in σo1 as

( �ω12)o1 = ( �ω1)o1 − ( �ω2)o1 = ( �ω1)o1 − R
[�io1, 90◦

]
( �ω2)o2 = 1

i12
�jo1 + �ko1 (5)

in which R
[�io1, 90◦

]
=

⎡
⎣
1 0 0
0 0 −1
0 1 0

⎤
⎦.

In σo1, the relative velocity vector [3] of the worm drive can be obtained as

( �V12

)
o1

= ( �ω12)o1 × (�r1)o1 − ( �ω2)o1 ×
(−−−→
O2O1

)
o1

+
d
(−−−→
O2O1

)
o1

dϕ

= V (x)
12

�io1 + V (y)
12

�jo1 + V (z)
12

�ko1 (6)

where
d
(−−−→
O2O1

)
o1

dϕ
= 0, V (x)

12 = z1
i12

cosϕ − y1, V
(y)
12 = x1 − z1

i12
sin ϕ, and V (z)

12 =
1
i12

(a − xo1).
By means of Eqs. (4) and (6), the meshing function of the worm drive can be
acquired according to the definition in the gear meshing theory [3] as

Φ(θ, φ, ϕ) =
( �V12

)
o1

· (�n1)o1 = 1

i12D0
[A sin(θ + ϕ) + B cos(θ + ϕ) + C] (7)

where A = −ngz1 − nk(ρ sin φ − ac), B = nez1 − nkρ cosβ cosφ, and C =
nk(a − i12 p).

The vector equation of the worm gear tooth surface can be obtained from Eq. (3)
after letting Φ = 0 in Eq. (7) and can be denoted in σ2 as below

(�r2)2 = R
[�k2,−ϕ2

]{
R
[�io2,−90◦

][
(�r1)o1 +

(−−−→
O2O1

)
o1

]}

= x2�i2 + y2�j2 − yo1�k2, Φ(θ, φ, ϕ) = 0 (8)

where x2 = (xo1 − a) cosϕ2 + z1 sin ϕ2 and y2 = −(xo1 − a) sin ϕ2 + z1 cosϕ2.
According to the definition of the meshing limit function [3], the meshing limit

function of the worm drive can be ciphered out from Eq. (7) as

Φϕ(θ, φ, ϕ) = ∂Φ

∂ϕ
= 1

i12D0
[A cos(θ + ϕ) − B sin(θ + ϕ)]. (9)
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3 Computing Method of Meshing Limit Line of Worm Pair

Generally, the meshing limit line of a cylindrical worm pair is from the worm
addendum to the worm gear addendum along the worm tooth depth [5, 6]. From
Eqs. (7) and (9), the parameters of the meshing points on the limit line should satisfy
the following equations

{
A sin(θ + ϕ) + B cos(θ + ϕ) + C = 0
A cos(θ + ϕ) − B sin(θ + ϕ) = 0

. (10)

The trigonometric functions sin(θ + ϕ) and cos(θ + ϕ) can be denoted by the
components A, B, and C as below

sin(θ + ϕ) = − A

C
, cos(θ + ϕ) = − B

C
(11)

Taking the quadratic sum between sin(θ + ϕ) and cos(θ + ϕ) in Eq. (11) results
in

A2 + B2 − C2 = 0. (12)

After substituting the expressions of the components A, B, and C into Eq. (12),
this equation can be regarded as a quadratic equation with the unknown z1 as follows

(
n2e + n2g

)
z21 − 2Bzz1 + Cz = 0, (13)

where Bz = nk
[
ρne cosβ cosφ − ng(ρ sin φ − ac)

]
and Cz =

n2k
[
ρ2 cos2 β cos2 φ+(ρ sin φ − ac)

2
] − C2.

The solution of Eq. (13) can be obtained as

z1(φ) = ẑ1
n2e + n2g

, (14)

where ẑ1 = Bz ±
√
B2
z − Cz

(
n2e + n2g

)
. According to the numerical simulation, the

symbol ± in ẑ1 should take + to ensure the results are reasonable.
Equation (14) is equivalent to Eq. (10) and can be used to determine the meshing

limit points.
For themeshing limit point on theworm addendum, the value ofφ can be firsthand

computed out from the equation of worm addendum fw =
√
x2o1 + y2o1 − ra1 = 0

without the help of the iteration as below
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φw = arcsin
ac −

√
a2c cos

2 β − (
ρ2 cos2 β − r2a1

)
sin2 β

ρ sin2 β
, (15)

in which the symbol ra1 is the radius of the worm addendum circle.
Then the θ value of themeshing limit point on thewormaddendumcan be obtained

from Eq. (14) after replacing the variable φ in Eq. (14) with φw in Eq. (15) as below

θw = 1

p

(
ẑ1

n2e + n2g
− ρ sin β cosφw

)
. (16)

Finally, the ϕ value of the meshing limit point on the worm addendum can be
obtained from Eq. (11) by mean of Eqs. (15) and (16). Based on this, such a meshing
limit point can be determined.

For the meshing limit point on the worm gear addendum, its determination should
be realized via solving a unary nonlinear equation iteratively. Substituting Eq. (14)
into the components A and B of Eq. (7), and then substituting the obtained results
into Eq. (11) lead up to

A(φ) = Aφ

n2e + n2g
, B(φ) = Bφ

n2e + n2g

sin(θ + ϕ) = −Aφ

C
(
n2e + n2g

) , cos(θ + ϕ) = −Bφ

C
(
n2e + n2g

) (17)

where Aφ = −ng ẑ1 − nk
(
n2e + n2g

)
(ρ sin φ − ac) and Bφ = ne ẑ1 −

nkρ cosβ cosφ
(
n2e + n2g

)
.

The components xo1 and yo1 in Eq. (3) can be denoted by the variable φ after
substituting the last two expressions of Eq. (17) into Eq. (3), and the results are

xo1(φ) = − x̂o1

C
(
n2e + n2g

) , yo1(φ) = − ŷo1

C
(
n2e + n2g

) , (18)

where x̂o1 = ρ cosβ cosφBφ + (ρ sin φ − ac)Aφ and ŷo1 = ρ cosβ cosφAφ −
(ρ sin φ − ac)Bφ .

Substituting Eq. (18) into the equation of worm gear addendum leads up to a
nonlinear equation with the unknown φ to determine the meshing limit point on the
worm gear addendum as follows



Meshing Limit Line of Normal Arc-Toothed Cylindrical Worm Drive 411

fg(φ) =
√[

x̂o1 + ac
(
n2e + n2g

)]2 + C2 ẑ21

+
√
C2r2g2

(
n2e + n2g

)2 − ŷ2o1 − a|C |
(
n2e + n2g

)
= 0

, (19)

in which the symbol rg2 is the throat form radius of worm gear.
After obtaining the values of φ, θ , and ϕ from Eqs. (19), (14), and (11),

respectively, the meshing limit point on the worm gear addendum can be determined.
Moreover, the parameters of the meshing limit points between the worm

addendum and the worm gear addendum can be obtained from Eqs. (15) and (11)
without the help of the iteration after the value of φ is given according to its obtained
value range. Then the meshing limit line can be determined for the worm drive by
means of the interpolation method.

4 Numerical Example

The design parameters of the normal arc-toothed cylindrical worm drive discussed
in this paper and the operating parameters of the lathe tool are provided in Table 1.

Table 1 Parameters of worm drive

Description Symbol and unit Value

Transmission ratio of worm drive i12 33/4

Center distance of worm drive a (mm) 160

Number of worm threads Z1 4

Modulus of worm m (mm) 7

Tooth number of worm gear Z2 33

Helix parameter of worm p = mZ1/2 (mm) 14

Reference radius of worm r1 (mm) 38

Pressure angle of worm αn (°) 23

Reference helix angle of worm β = arctan
(
2r1

/
mZ1

)
(°) 69.7751

Modification coefficient of worm gear ξ = (a − r1)
/
m − Z2

/
2 0.9286

Tip radius of worm ra1 = r1 + m (mm) 45

Reference radius of worm gear r2 = mZ2
/
2 (mm) 115.5

Throat radius of worm gear ra2 = r2 + m(1 + ξ) (mm) 129

Throat form radius of worm gear rg2 = a − ra2 (mm) 31

Radius of the circular arc cutting edge ρ = 8m (mm) 56

Operating center distance of lathe tool ac = r1 + ρ sin αn (mm) 59.8809
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Fig. 3 Curve of fg(φ)

According to the parameters of the worm drive listed in Table 1, the values of the
angles φ, θ , and ϕ are respectively computed from Eqs. (15), (16), and (11) for the
meshing limit point F1 on the worm addendum.

In order to determine the meshing limit point F7 on the worm gear addendum, i.e.
the intersection point between the meshing limit line and the worm gear addendum,
Eq. (19) should befirstly solved iteratively. The curve of the function fg(φ) inEq. (19)
is drawn in Fig. 3 to judge the existence of solution of the equation fg(φ) = 0 and to
seek the iterative initial value. The interval of the angle φ in Fig. 3 is set as

[
0, π

/
2
]

according to its definition. Figure 3 reflects that an intersection point exists between
the curve of fg(φ) and the abscissa axis, i.e. the function fg(φ) has a zero point over
the given interval. The value φ = 0.6 rad which is near the zero point of fg(φ) can
be utilized as the initial value to solve Eq. (19) iteratively. Based on this, the solution
of the equation fg(φ) = 0 can be obtained, and then the values of θ and ϕ can be
figured out from (14) and (11), respectively. The numerical results of the preceding
two meshing limit points are all listed in Table 2.

From Table 2, the interval of the angle φ from the meshing limit point on the
worm addendum to the meshing limit point on the worm gear addendum is equal
to [19.5558°, 34.1196°]. After giving the angle φ some values in its interval, the
values of θ and ϕ can be respectively figured out from Eqs. (14) and (11) for the
meshing limit points F2-F6 between the preceding two endpoints. The numerical
results of these meshing points are also provided in Table 2.

According to the numerical results in Table 2, all the meshing limit points are
drawn in the axial sections of the worm and the worm gear as shown in Figs. 4
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and 5, respectively. The meshing limit line on the worm helicoid and its conjugate
line on the worm gear tooth surface are acquired via connecting these meshing limit
points by means of the interpolation method. Moreover, the line DF1E in Fig. 5 is
the conjugate line of the worm addendum on the worm gear tooth surface.

Figure 4 displays that the meshing limit line of the normal arc-toothed cylindrical
worm drive is roughly located in the middle of the worm helicoid along the worm
axis. The worm helicoid is divided into the meshing zone and non-meshing zone by
the meshing limit line as shown in Fig. 4 so that the whole thread length of the worm
cannot be used in the meshing of the worm drive. The right side of the limit line
is the meshing zone due to the positive value of the function A2 + B2 − C2 in this
side. In Fig. 4, the length between the two points F1 and D along the worm axis is
the working length of the worm and obviously, the ratio of the working length of the
worm to its whole thread length is less than 1/2. The conjugate line of meshing limit
line is roughly located in the middle of the worm gear tooth surface and divides the
meshing zone into two sub-meshing zones as shown in Fig. 5.

Table 2 Parameters of meshing limit points

Point Parameter

φ (°) θ (°) ϕ (°) z1
(mm)

√
x2o1 + y2o1

(mm)

−yo1
(mm)

√
x22 + y22

(mm)

F1 19.5558 −210.8656 145.5859 −2.0081 45 −0.6318 115.0220

F2 21.9831 −177.0141 109.4738 5.4740 42.8591 1.7222 117.3033

F3 24.4104 −152.0025 82.8943 10.7087 40.7486 3.3690 119.8702

F4 26.8377 −132.4765 62.2256 14.5172 38.6715 4.5672 122.4627

F5 29.2650 −116.6444 45.5351 17.3389 36.6309 5.4549 124.9861

F6 31.6923 −103.4395 31.6726 19.4364 34.6297 6.1148 127.4058

F7 34.1196 −92.1788 19.9017 20.9786 32.6706 6.6000 129.7107

Fig. 4 Meshing limit line in worm axial section
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Fig. 5 Conjugate line of meshing limit line in worm gear axial section

In addition, a large number of numerical examples indicate that the meshing limit
line of the normal arc-toothed cylindrical worm drive cannot be removed from the
tooth surfaces. Thus, the existence of the meshing limit line is an inherent feature
for the normal arc-toothed cylindrical worm drive.

5 Conclusions

The theory for determining the meshing limit line of the normal arc-toothed cylin-
drical worm drive is established. The vector equations of the worm helicoid and the
worm gear tooth surface, the unit normal vector of the worm helicoid, the meshing
function, the meshing limit function of the worm drive, and so on are all obtained.

The meshing limit point on the worm gear addendum is determined by solving a
nonlinear equation iteratively which is acquired bymeans of the elimination method.
The iteration is not needed to perform in the determination of other meshing limit
points, and therefore the corresponding computer program can be simpler.

The numerical example is implemented and the obtained results reflect that the
wormhelicoid is divided into themeshing zone andnon-meshing zoneby themeshing
limit line, and the working length of the worm cannot reach half of its total thread
length. The conjugate line of meshing limit line is roughly located in the middle of
the worm gear tooth surface and divides it into two sub-meshing zones. The existence
of the meshing limit line is an inherent feature for the arc-toothed cylindrical worm
drive since the meshing limit line cannot be eliminated via adjusting the designing
and operating parameters.
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Improving the Efficiency of Gear Milling
of Cylindrical Gears with Worm Cutters
When Using Pulse Feed

M. M. Kane

Abstract The urgency of the problem of improving the efficiency of gear milling
of cylindrical gears with worm cutters is shown. Cylindrical gears are among the
most common, complex and critical machine parts. Gear milling of cylindrical gears
with worm cutters is used for gear cutting approximately 90% of cylindrical gears.
This method is characterized by low productivity and durability of worm cutters (the
cost and complexity of this operation reach 60% of the values of these indicators
in the manufacture of gears in General). This operation makes a great contribution
to the formation of quality parameters of finished gears. The author shows that the
share of this operation in the dispersion of quality indicators of teeth of finished
gears reaches 49%. A cheap and effective way to improve the tooth-cutting process
under consideration is to improve the cutting conditions during its implementation.
To solve this problem, the author proposed a method for gear milling cylindrical
gears with worm cutters with pulse feed. In this method, the axial feed of the cutter
or workpiece does not occur continuously, but in pulses. This impulse is produced
during the re-conjugating of the hob teeth with the workpiece when the cutter is
rotated by a number of teeth that is not a multiple of the number of hob teeth. This
allows you to reduce the specific cutting forces, the temperature in the cutting zone,
and increase the rigidity of the workpiece-hob system when cutting. The author’s
experimental studies of the proposed method have shown that its application can
reduce the average wear of the milling teeth by 1.43 times, the maximum possible
wear of the milling teeth by 1.64 times, the intensity (speed) of wear of the milling
teeth by 1.79 times, and increase the accuracy of the teeth by an average of 1.2 times.
While maintaining the stability of worm mills in comparison with continuous feed
gear milling, this method allows you to intensify the gear milling modes by about 1.6
times and increase the productivity of gear milling by about 1.5 times. The method
can also be used for processing slots, grooves, and other surfaces with disc cutters.

Keywords Gear milling of cylindrical gears with worm cutters · Pulse feed of the
cutter or workpiece · Improvement of cutting conditions · Improving gear milling
performance · Worm mill durability · Gear tooth accuracy
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1 Introduction

Cylindrical gears are among the most mass-produced, complex and critical machine
parts. Cutting the teeth of these gears for about 90% of standard sizes is performed
on gear milling machines with continuous feeding of the workpiece or tool with
worm cutters. The main disadvantages of this process are the low processing perfor-
mance and durability of worm cutters. For this reason, the cost and labor intensity
of this operation reaches 60% of the values of these indicators for the entire gear
manufacturing process. The accuracy of finished cylindrical gears is largely formed
by the operation of their gear cutting. Our research has shown that for gears that
have passed after gear cutting operations of shewing, chemical-heat treatment, gear
honing or gear rolling, the contribution of the gear cutting operation to the dispersion
of the quality parameters of the finished gears reaches 49%. The above confirms the
urgency of improving the productivity and accuracy of the gear milling process of
cylindrical gears with worm cutters.

2 Description of the Method of Gear Milling of Cylindrical
Gears with Worm Cutters with Pulse Feed

2.1 Kinematics of the Process

To achieve these goals, we proposed to improve the cutting conditions when gear
cutting cylindrical gears with worm cutters by using pulse feed. In accordance with
the proposed method [1], the axial feed of the workpiece or cutter during gear cutting
occurs not at a constant speed, but in pulses. The pulse of the axial feed of the
workpiece 2 or the cutter 1 (Fig. 1) occurs at the moment of re-conjugating of the
adjacent teeth of the cutter with the workpiece, i.e. at the moment when one tooth
(for example, tooth 3) completely (its vertex is at point A) or mostly (vertex at point
A′) has finished cutting, and the next tooth has not yet started it (the vertex of tooth 4
is at point b or b′ outside the workpiece). This method can be used when cutting teeth
or splines with worm or disk modular cutters, preferably with associated milling.

The proposed method of cutting the teeth of cylindrical gears can signifi-
cantly improve the cutting conditions in comparison with existing methods. This
is explained by the following:

1. After each feed pulse, the maximum thickness of the chip is removed by a
new cutter tooth, since the feed pulse occurs when the cutter is rotated by the
number of teeth K, not a multiple of the number of worm cutter teeth z0. This
allows you to increase the thickness of the chips removed by each tooth, reduce
the temperature of the worm cutter and the workpiece, and evenly distribute
the load between the cutter teeth, since they all perform the same work. When
cuttingwith a constant feed, the teeth of the cutter in its cross-section teeth of the
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Fig. 1 Diagram of milling cylindrical gear wheels with a pulse feed

worm cutter are loaded unevenly. The first tooth that starts cutting removes the
maximum thickness of the chips. The remaining teeth clean the treated surface
and,with a small chip thickness, often do not cut, but rumples the treated surface.
This increases the cutting forces and temperature, and causes unevenwear of the
worm cutter teeth [2]. The experimental implementation of the proposedmethod
for gear milling with a worm cutter showed that the workpieces were practically
not heated, while with the traditional cutting scheme their temperature reached
50 °C;

2. No relative axial movement of the cutter and the workpiece during the cutting
process allows to increase the rigidity of the system workpiece-tool by about
40% compared to traditional cutting scheme (as many times as it is known, the
stiffness of any system in the more static stiffness of the system in dynamic
condition). Increasing the rigidity of the technological system allows you to
reduce system deformations and vibrations during cutting, improve the accuracy
of processing and the quality of the treated tooth surfaces.

3. Increasing the chip thickness, as is known from the experience of milling with
a passing feed and using a progressive cutting scheme for various processing
methods, helps to reduce the specific cutting force and leads to increased tool
life.

4. Cutting with variable feed, as shown by studies for various types of processing
[3], reduces the intensity of tool wear and increases processing productivity.

5. The use of this method makes it easier to automate the control of the minute
feed rate by changing the K value.
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2.2 Interrelations of Characteristics of Gear Milling Modes
of Cylindrical Gears with Pulse Feed

The main characteristics of the proposed method are:

1. The number of pulses of feed of the workpiece or tool in a minute

nimp = n0z0
K

,min−1 (1)

where n0 is the frequency of rotation of the cutter, min−1; z0 is the number of strips
of worm cutter or teeth of the disc cutter; K is an integer, not a multiple of z0.

2. The value of the feed pulse l, mm

l = S0
n

nimp
= S0

K

zz0i
,mm (2)

where S0 is the feed per revolution of the workpiece, mm/turn; n is the frequency of
rotation of the workpiece, turn/min; z is the number of teeth of the gear being cut; i
is the number of threads of the worm millπ

3. The valid duration of the impulse feed from condition its realization at the time
of re-conjugating adjacent teeth of the worm cutter with the workpiece, i.e. on
the site of bc (Fig. 1)

timp = L

vr1000
,min (3)

where L is the path length of the top of tooth 4 (Fig. 1) mills, on which the pulse of
the feed happens, mm; vr—rotation speed of cutter, m/min.

The value of L (the length of the arc bc in Fig. 1) can be found with sufficient
accuracy as the difference between the chords ab and ac (Fig. 1) according to the
formula:

L = ab − ac = √
2ra0h − 2ra0sin

(
π
/
z0

)
,mm (4)

4. The speed pulse feed, m/min
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Vs = L

timp.act1000
,m/min (5)

where timp.act—actual duration of the feed pulse

5. Minute feed of the workpiece or worm cutter

Smin = lnimp = ln0
z0
K

,mm/min (6)

The use of pulse gear milling for the specified dimensions of the gear being
processed and the cutter used is possible if one of the following conditions is met:
L > 0 or ω > ε (Fig. 1). Calculations have shown that the proposed method can be
implemented when cutting the teeth of cylindrical gears with a module m = 3 . . . 5
mm, with an outer diameter da0 = 80 . . . 150 mmwhen using standard worm cutters

3 Experimental Study of the Gear Milling Process
Cylindrical Gears with Pulse Feed

3.1 Conditions and Methods of Experimental Research

We performed an experimental study of this method on a modernized gear milling
semi-automatic mod. 5B312 of Vitebsk Machine Tool Plant “VISTAN”, Belarus at
the Minsk Gear Plant when processing det. 130-1701112 (m = 4.25 mm, z = 45,
h = 7.896mm) using a worm mill that had z0 = 10, ra0 = 50mm. The following
processing modes were adopted: n0 = 100 min−1, vr = 30 m/min, K = 3, nimp =
333 imp/min, S0 = 4 mm/turn. In these modes, the following parameters of the
pulse-fed gear cutting process took place: timp = 0.0058 s, l = 0.026mm, vS =
0.43m

/
min, L = 2.9mm. The values of Smin for the accepted modes by changing

K can be in the range of 3… 26mm/min. Analysis of these data shows the following:

1. The speed of the pulse feed movement is many times (about 72 times) less
than the speed of the main cutting movement. Therefore, the impulse of the
feed movement without deterioration of the cutting conditions can occur ahead
of time, i.e. until one tooth of the cutter comes to the point A. This will only
slightly reduce the instantaneous cutting speed. In Fig. this position of the cutter
is shown as a dotted line. In this case, the cutting force acting on the tooth
3 should be reduced to the maximum permissible in terms of the necessary
increase in the resistance of the cutter when using this method. The value of
this force is determined experimentally. Using this phenomenon allows you to
significantly increase the value of L and expand the scope of this method for
these conditions (Smin = 8.9 mm/min). This indicates a wider range of changes
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in the cuttingmodes of the proposedmethod compared to the traditional one and
the expansion of the capabilities of the new method to increase the productivity
of the gear cutting process.

2. The Maximum value of Smin, which can be achieved when using pulsed gear
milling at n0 = 100 turn/min, z = 45, S0 = 0.4 mm/turn is 26 mm/min,
which is approximately 3 times more than traditional gear milling for the same
conditions (n0 = 100 turn/min, z0 = 45, Smin = 8.9 mm/min).

The durability of the cutting tool is a comprehensive indicator of the effectiveness
of the processing method, the tool’s performance. Therefore, when studying new
processingmethods and tool designs, first of all, their impact on tool life is evaluated.
Depending on the tasks and conditions of the study, different characteristics of the
resistance of worm cutters when cutting cylindrical gears are used.

1. The Average amount of wear of the cutter teeth when processing one wheel ūn,
as the ratio of the average wear of the cutter teeth to the number of n wheels cut
by it.

2. The working time of the cutter until one of its teeth wears out to a certain limit
value.

3. Maximum wear on one of the cutter teeth.
4. The total length of the processed teeth L = zb (where z is the number of teeth

of the cut wheel, b is the height of the wheel tooth) before the cutter teeth wear
by a given amount.

5. The Average wear of the cutter teeth per unit length of one tooth of the cut
wheels ūnzb, defined as the ratio of the average wear of the cutter teeth to the
product of nzb (the designations n.z.b are given above).

6. Average wear of the cutter teeth depending on the processing time or the number
of parts processed.

In our research, the tool durability characteristics were mainly taken as 1 and 5 of
the above indicators, since they are the most versatile and suitable for comparative
durability tests. When using the indicator ūnzb as a characteristic of tool durability,
studies can be carried out when processing gears with different numbers of teeth and
different tooth heights.

The study was performed using experimental planning methods. As shown in [2,
4] and others, when gear milling cylindrical gears with a worm cutter, there is a
linear character relationships of cutting modes S S and V with the durability of the
cutters. Assuming that this nature of these relationships will continue with pulse-fed
gear milling, we conducted research using a first-order plan based on the scheme of
a complete factor experiment (CFE). The number of experiments in the experiment
plan was increased to 9, so that the graphs of paired relationships y = f (S) and
y = f (v) (here y is an indicator of mill durability) it was possible to build not on
two, but on three results of experiments. This increases the accuracy of determining
the type of relationships specified.

The dependence y = f (S, v) was described by the expression:

y = b0 + b1x1 + b2x2 (7)
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Paired dependencies y = f (S) and y = f (v) were calculated as:

y = b0 + b1x (8)

He dependence of the form (8), where the time of operation of the cutter or cutting
path was taken as x , was also used to estimate the wear intensity. The characteristic
of the wear intensity in this case is the value of the coefficient b1.

In order to exclude the influence of the quality of worm cutters on the results
of experiments, all gears were processed with two cutters. Each cutter was used to
cut from 10 to 25 gears at a single installation until a reliably determined wear of
0.5–0.7 mm was achieved.

A one-piece wormmill made of P6M5 steel (proportions, %, C= 0.8− 0.9; W=
5.5− 6.5; Cr= 3.8− 4.4; V= 1.7− 2.1;Mo= 5.0− 5.5 byGOST 19265-73) with a
diameter of 100 mm,m = 4.25 mm, with 10 rails and 7 working turns was used. The
tests were carried out when processing gears made of 25XGM steel (proportions,%,
C = 0.23 − 0.29; Si = 0.17-0.37; Mn = 0.9 − 1.2; Cr = 0.9 − 1.2; Mo = 0.2 − 0.3
by GOST 4543-2016) m = 4.25 mm, z = 45, b = 31 mm (ring gear width) with a
spline hole.

When studying the effect of S and v on the resistance of worm cutters during gear
milling with pulse feed, the values of S varied within 5–8 mm/min, and the values
of v-within 31.4–50.24 m/min. The pulse of the axial feed of the workpiece was
produced after each rotation of the cutter on 7 teeth.

The adequacy of the obtained dependencies to experimental data was evaluated
using the Fisher criterion.

Milling of teeth with a continuous feed of the workpiece was performed on the
same machine as processing with a pulse feed of the workpiece, usually with the
same cutter, but with a different position, i.e. with a different turn of the cutter. In
both cases, the same number of wheels were processed. 8 series of experiments
with pulse feed and 5 series of experiments with continuous feed were performed.
The average values ū of wear of the worm cutter teeth when processing the same
number of N gears by each of the compared methods, the coefficient b1 depending
on the type (8) ū = f (L), where L is the length of the cutting path when processing
N gears, the value of the maximum possible wear of the cutter teeth under these
conditions umax = 6σ , where σ is the average square deviation of the mill wear
values determined when processing N gears by this method. The ratio umax = 6σ
was assumed based on the assumption of the normal distribution of the values of
wear of the cutter teeth over the period of its durability [5, 6].

3.2 Research Result

First, we studied the effect of cutting modes S and v on the resistance of worm cutters
during gear milling with pulse feed. The following dependencies were obtained:
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ūn = 0.0237 + 0.0075v + 0.005S

ūnzb = 0.0170 + 0.0054v + 0.0031S

The main results of this study are shown in Fig. 2. The following notation is
accepted here: u1 = ūn , u2 = ūnzb. u1 values are shown as solid lines, and u2 values
are shown as dashed lines.

Comparison of the resistance of worm cutters during gear milling with pulsed
and continuous feeds is desirable for optimal cutting conditions. We have optimized
the modes of gear milling with pulse feed. It is established that for the considered

Fig. 2 The Dependencies of the wear characteristics of the teeth of the worm cutter on the speed
V (a) and the feed S (b) when gear cutting with a pulse feed of the workpiece
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Fig. 3 Tthe Dependencies
of the average wear u of the
teeth of the worm cutter on
the cutting path L when
processing with continuous
(solid lines) and pulsed
(dashed lines) feed of the
workpiece; 1 and 2-the
results of two experiments

processing conditions, the optimal values are v = 30 − 35 m/min, S = 5.5 − 6.5
mm/min. It was decided to conduct comparative resistance tests for the considered
processing methods at the cutting modes: v = 31.4 m/min, S = 6.5min

/
mm. At

the specified modes, the considered gear is currently being processed in production
conditions.

The main results of comparative studies of the resistance of worm cutters during
gear milling of cylindrical gears with continuous and pulsed feeds are shown in
Fig. 3.

The average values of the wear characteristics of the teeth of worm cutters when
working with continuous and pulsed feed were ū = 0.489 and 0.343 mm, b1 =
0.0226 and 0.0126, σ = 0.185 and 0.113 mm, respectively.

Further research has shown that gear milling with pulse feed can significantly
improve the accuracy of the wheels: during gear milling by an average of 20%, with
subsequent shaving by an average of 35%.

Thus, the study showed:

• Dependencies of resistance factors of hobs from gear milling of cylindrical gears
in the gear industry with continuous and pulse flows are linear with sufficient
accuracy described by the polynomial of the first degree.

• Gear milling with pulse feed reduces the average wear of the teeth of the worm
cutter by 1.43 times, the maximum possible wear of the teeth-by 1.64 times and
the wear rate of the teeth of the cutter-by 1.79 times compared to gear milling
with continuous feed of the workpiece.
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• While maintaining the requirements for the quality of gears and the durability of
worm mills, the proposed method allows you to intensify the gear milling modes
of cylindrical gears by about 1.6 times and increase the productivity of this process
by 1.5 times. This indicates the effectiveness of this method and the prospects of
its application.

4 Conclusions

1. Analysis of the process of gear milling of cylindrical gears with a worm cutter
with pulse feed shows that it allows, in comparison with gear milling with
continuous feed, to improve cutting conditions by reducing the specific cutting
forces, the temperature in the cutting zone, a more uniform load on the cutter
teeth, increasing the rigidity of the technological systemduring cutting, reducing
its deformations and vibrations. The use of this method also makes it easier to
automate the control of cuttingmodes.All this helps to increase tool life, increase
productivity and accuracy of processing.

2. Experimental studies of this process have confirmed its effectiveness: the
average wear of the worm cutter teeth has been reduced by 1.4 times, the
maximum possible wear by 1.6 times, the wear rate of the teeth by 1.8 times,
and the accuracy of the teeth has been increased by 1.2 times. By intensifying
the gear milling modes with a worm cutter, its productivity can be increased by
1.5 times.

3. The Method can be implemented on existing gear milling machines with
numerical control after a small upgrade.
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Advanced Lifetime Tests of Plastic Gears
with E- and S-Geometry

Gorazd Hlebanja, Matija Hriberšek, Miha Erjavec, and Simon Kulovec

Abstract Plastic gears became inevitable in many industries, numerous material
pairs are available to fit any design needs. Material data bases and data sheets infor-
mation is insufficient in this context, so on-site testing is necessary. Many applica-
tions use steel pinions and plastic gear, e.g., in speed reducers, where the pinion
can be rather small, and they can run dry. Therefore, a combination alloy steel/POM
became of interest and S-N diagrams were determined experimentally on testing rigs
in company’s lab, which are presented briefly. Yet another consideration is improved
gear geometry; S-gears are proposed in this paper due to their experimentally proven
qualities. Some information on this gear type is provided. Lifetime tests for this
material combination and both gear types are shown in a diagram. It was also shown
that the process temperatures never exceed permanent temperature limit of POM.
Optical observations show several developed failuremechanisms. However, to assess
quantitative wear levels a 3D measuring microscope is used.

Keywords S-gears · E-gears · Wear characterization · Fatigue · Lifetime tests

1 Introduction

Plastic gears are becoming crucial not only in consumer industries but also in quality
demanding industries, e.g., in precision or medical devices, and even in power appli-
cations. It is almost unnecessary naming their qualities (like low mass and inertia,
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vibration dampening, running without external lubrication, etc.). However, their
problems are thermal stability, precision of moulded parts, lower load, etc. On the
other side, new materials with improved characteristics are emerging with increased
rate. So, to design such gear pairs optimally, their fatigue data are becoming vital,
whereas such data are unknown without experimental support. To summarize, there
is a lack of reliable data in this context, even similar materials can differ, and various
additives even enlarge this difference. So, a possibility to test gear pairs, made of
potential material combination, on site can be the advantage for a company since it
makes possible faster and independent evaluation and optimal material combination
for each application. It is necessary to assess materials in terms of their mechanical,
thermal and tribological properties. Despitemany data can be extracted frommaterial
data sheets, the fatigue life of a gear pair depends on geometry, loading conditions,
materials, working temperature, etc., which all originate from a particular application
and its scenario. Such data are essential in plastic gear design.

The paper presents experimental results of lifetime tests under prescribed load
conditions for selected combinations of thermoplastic gear pairs. Tests were repeated
several times to gain statistically relevant result. Testbenches used in this context
enabled controlled rotational speed and torque, whereas the spot temperature was
monitored by a thermal camera.

The material combination of interest was alloy steel driving gear and driven POM
(H) gear. Tests were produced for both, the involute and S-gear geometry. Results of
this material combination shows an obvious advantage of S-gears in terms of dura-
bility. Data were imported in the KissSoft gear design software (for involute gears).
This enabled the determination of Wöhler curves for these material combinations
for root/flank areas. E-gears suffered a high temperature rise for the material combi-
nation steel and POM at high loads, which is due to highly deformed plastic gear
teeth. A tip relief was proposed for E-gears for the next cycle of testing. Also, a 3D
scanning topography was used to evaluate wear of tested gears.

2 Properties of the S-Gears

Many papers discussed various aspects of S-gears: theway they are defined [1], possi-
bilities to design and produce various gear types (e.g., helical, crossed, worm gears,
planetary gears, etc.) [2], radii of curvature, contact pressure, relative and sliding
velocities, oil thickness, (initial) pressure angles, contact stress, etc. [3–5], thermal
properties [6]. How do S-gears differ from the involute gears was also discussed in
these papers. Important properties of S-gears can be summarized below:

1. Two parameters defining the rack flank curve can be used to modify gear tooth
shape to improve its design, e.g., to acquire proper pressure angle, increase tooth
root thickness, etc.

2. Cylindrical spur S-gears can operate with a low number of teeth down to 6 or
even 4.
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3. S-gears exhibit convex-concave contact in the vicinities of the meshing start and
end zones.

4. S-gears feature comparatively higher radii of curvature, which implies lower
contact pressure.

5. S-gears develop higher contact oil film thickness, which is due to higher relative
velocities in the contact.

6. S-gears exhibit relatively longer dedendum part of a pinion tooth flank
(comparing to the involute gear) which is meshing with a gear addendum.
Difference between the pinion dedendum length and the gear addendum length
indicates amount of sliding. And less sliding implies less frictional work and
less developed heat, which is of special importance for plastic gears.

As stated in [1], S-gears are defined through the rack profile y(x), where a
coordinate system origin lies in the kinematic pole C:

y(x) =
{

apm
(
1 − (

1 − x
m

)n)
, x ≥ 0

−apm
(
1 − (

1 + x
m

)n)
, x < 0

(1)

and lim
x→0+

y′(x) = lim
x→0−

y′(x). x, y are Cartesian coordinates of the rack profile, m is

module in mm, whereas factors ap and n, namely the height factor and the exponent
act as form factors, which affect the tooth shape properties. And the module acts
as a scaling factor. The definition of the rack in Eq. (1) is necessary due to the half
symmetry of the profile. The rack tooth can be regarded as a cutting tool.

The trigonometric procedure defining the path of contact and gears of an arbitrary
number of teeth was described in detail in [1]. This procedure is valid for external
as well as for internal gears. So, for an arbitrary point P on the rack tooth flank a
unique point U on the path of contact is defined, provided that the normal to the rack
profile curve in U passes through C. Similarly, a single point on a flank of a gear
with an arbitrary defined number of teeth is produced. The transformations from
the rack profile flank through the path of contact to gear flanks are bijective, that is
they always give the same rack flank in the reverse direction. These transformations
could also have been represented by object translations and rotations in appropriate
coordinate systems, of course by employing the basic law of gearing.

As already stated, the gear flank and tooth shape influencing factors are ap and
n, however, one of them can be replaced by the initial pressure angle αw0. Two gear
pairs are shown here to illustrate the tooth shape variability in Fig. 1, both with zp =
10 and zw = 30. The first gear pair is with αw = 22° and ap = 1.3 and the second one
with αw = 18° and ap = 1.5. All gears were designed with the module m = 50 mm
and since the module acts only as a scaling factor, its size is of no importance in
this context. Both rack profiles do not differ much, apart from the inclination and
corresponding pressure angles. But the derived paths of contact apparently differ in
their length and curvature in themeshing starting and end zones, as it can be observed
in Fig. 1. The active parts of both paths of contact delimited by gear tip circles are
designated as ˜A1E1 and ˜A2E2. So, for the higher pressure angle, the path of contact
shortens and becomes more curved and inversely (longer and less curved path of
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Fig. 1 Gear pair forms with pinion zp = 10 and wheel zw = 30. The generating rack 1 with (initial)
pressure angle aw = 22° and rack 2 with aw = 18°

contact) for lower pressure angles. The tooth root becomes stronger and tooth tip
thinner for the larger pressure angle and inversely for smaller pressure angles. The
active length of the path of contact ÃE, the length ÃDwhich corresponds to the base
pitch and the contact ratio are collected in Table 1.

The mating gear teeth flanks start meshing with the pinion dedendum tip and the
gear addendum root and proceed from the meshing start to the kinematic pole C and
to the pinion addendum and the gear dedendum from C towards the meshing end
point. The contact is propagating on the path of contact by rolling and sliding. The
active size of the pinion dedendum is smaller than that of the gear addendum. This
implies amount of sliding of the addendum on the shorter pinion dedendum, which
can be deducted from Fig. 2, which represents the racks, the paths of contact, and the
mating flanks of the S- and the E-gear pair. Amount of sliding also implies thermal
impact. In general, the dedendum-addendum size difference depends on module,
number of teeth, pressure angle. For S-gears the said difference also depends on
forming factors—the height and the exponent. The size difference in the case of S-
gears is comparatively more convenient, so less sliding is produced along the contact
propagation compared to the involute case. The starting pressure angle for the S-
gears is 18° and that of the E-gears 20°, and both gears with the same number of
teeth, z = 20. As Fig. 2 implies:

Table 1 Path of contact
characteristics for the S-gear
pairs (zp = 10, zw = 30, m =
50 mm)

Initial pressure angle αw0 18 22

Active length, l ÃE [mm] 190.7 162.92

Base pitch, l̃ AD [mm] 148.2 144.5

Contact ratio, ε [/] 1.29 1.13



Advanced Lifetime Tests of Plastic Gears with E- and S-Geometry 431

F
ig
.2

C
om

pa
ri
so
n
of

th
e
E
an
d
S
pa
th
s
of

co
nt
ac
t,
ra
ck

pr
ofi

le
s
an
d
m
at
in
g
pi
ni
on

an
d
ge
ar

fla
nk
s,
m

=
1
m
m
,z

p
=

z w
=

20
,α

w
E

=
20
°,
an
d

α
w
S

=
18
°



432 G. Hlebanja et al.

�lE = l
(

˜AEABEA

)
− l

(
˜AEDBED

)
> �lS = l

(
˜ASABSA

)
− l

(
˜ASDBSD

)
(2)

Near the meshing start point, involute gears feature small radii of curvature of the
driving pinion and rather high radii of curvature of the driven gear, which implies
high sliding velocities in this area. This phenomenon can be observed also in Fig. 2,
whereas it becomes distinct when the numbers of teeth are notably apart.

The normal force FN is transmitted through the contact, which causes the force
of friction Ffr oriented tangentially to the contact and the corresponding power of
friction, Pfr = μ FN vg. The power of friction generated in the contact representing
losses transforms to the heat flow, distributed to both involved flanks. A greater part
of the heat is therefore distributed to the slower driving gear and the rest to the longer
contacting area of the driven gear. The friction force grows to high levels already at
the meshing start, which negatively influences (braking) the contact point velocity
along the path of contact and induces negative sliding on the driving gear flank.

Based on the S-gear rack profile, the path of contact, the pinion and inner or
outer gear can be calculated by a program. The same program was improved to
enable calculation of power, work, flank pressure, contact width, velocities, and
flash temperatures. All the parameters can be represented along the path of contact
or the active flank profile. Power of friction is therefore given by:

Pf r = μ · FN · vg = (μ · Ft/ cosαW ) · vg (3)

The work of friction along the active contact from the meshing start in A in time
tA = 0 to the meshing end in E (tE) is given by:

A f r =
t E∑
t A

Pf ri · �ti (4)

So, the frictional work in a single pinion rotation is zp · A f r , and multiplied by
the rotational frequency frictional work accomplished in a minute ν · z p · A f r . The
average frictional power is then Pf rav = ν · z p · A f r/60. Table 2 collects data for
torque 1.5 Nm for both, E- and S-spur gear pairs with m = 1 mm, zp = zw = 20, αwE

= 20°, αwS = 18°, and b = 6 mm and steel/POM material combination. Values for
E-gears are higher for 25%.

Table 2 Frictional work and average frictional power for S- and E- gear pair (zp = zw = 20, m =
1 mm, T = 1.5 Nm, ν = 1400 min−1, Pt = 219.9 W)

S-gears E-gears

Work in a single contact [J] 0.0135 0.0169

Work in a single rotation [J] 0.2697 0.3389

Work in a minute [J] 377.6 474.5

Average frictional power [W] 6.294 7.909
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3 Experimental Arrangement and Tested Gears

Material combinations for gear pairs to be tested are based on existing and potential
applications. Due to importance of optimal material selection the company decided
to develop and produce own testbenches. The necessity to acquire comparable results
which could be input for plastic gear design software, a testbench according to VDI
2736, Part 4 [7] was designed and manufactured. This device is already in trial oper-
ation. Nevertheless, smaller devices proved to be useful and were used in this set of
experiments. Based on test duration and rotational speed of the selected thermoplastic
gears, lifetime cycles were calculated and imported together with flank/root temper-
ature into KISSsoft Software, module Plastics Manager [8]. Based on the processed
input data in PlasticsManager,Wohler Curves (S-N) for a selectedmaterial combina-
tion were obtained. After each experimental lifetime test, the wear characterization
has been performed according VDI 2736, Part 2 [9] with Alicona device and evalu-
ation of the gear failure mode. Wear was as well evaluated during testing to acquire
wear development data along gear tooth flank.

3.1 Gear Geometry

Small spur S- and E-gears of module 1 mm, width 6 mm, both gears with 20 teeth,
were used in these tests. Figure 3 shows their geometrical features. The pinion mate-
rial in this experimental series was 42CrMo4QT, alloy steel. Plastic gears weremade
of acetal homopolymer POM H. Technical data of gears are presented in Table 3.
The pressure angle for S-gear in this case amounts to 26.8° in the meshing start point,
decreases to 20° in C, and gradually increases to 26.8° for an ideal contact (Fig. 2).

Fig. 3 Comparison of actual E and S gears provided for testing
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Table 3 Basic data on S and E gears

Gear type E-gears S-gears

Pressure angle α [°] 20 18

Tip diameter, da[mm] 22 22

Reference diameter, d [mm] 20 20

Root diameter, df [mm] 17.4 17.7

Base diameter, db [mm] 18.79 –

Dedendum limit, dact [mm] 18.95 18.59

Critical section sfn [mm] 1,88 1,96

Table 4 Roughness and quality data of metal gears

Gear type E-gear S-gear

Left Right Left Right

Arithmetic mean deviation Ra [μm] 0,16 0,255 0,187 0,206

Maximum height of the profile, Rz[μm] 1,08 2,27 1,28 1,36

Profile Q (DIN 3961/62) 6 4 5 7

Lead Q (DIN 3961/62) 5 5 7 6

Cumulative pitch Fp (DIN 3961/62) 4 4 1 1

As Fig. 3 and Table 3 disclose, E-gears (for these data) have smaller root, a bit
thinner tooth and a bit thicker tip. It is also important that the active dedendum side
of S-gears is larger.

Sincemetal gear surface roughness influences wear, corresponding data, inclusive
gear quality according to DIN 3961/62 are presented in Table 4.

Manufacturing means of plastic gears can be injection moulding or cutting. Cut
gears are of industrial interest for smaller lots and when a more precise tooth flank
shape is prescribed or if alternative gear tooth flanks are of interest. Comparing cut
and moulded gears of the same module and number of teeth by measurements of
the quality Q according to DIN 3961/62 discloses at least for two grades higher Q
of cut gears. Measuring gears on Wenzel GearTec coordinate measurement machine
in our case showed the difference of two quality grades in favour of cut gears [10].
So, the quality of cut plastic gears is Q = 8…9 and that of moulded Q = 10…11,
which also depends on a cutting tool. Basic disks made of POM without fillers are
injection moulded, using an axial sprue enabling higher material flow to gain quality
uniform physical characteristics. Disks are then cut by a HSS cutting hob on the
CNC Koepfer machine tool as to enable effective manufacturing.
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3.2 Experimental Arrangement

Testing results presented in this paper are based on experiments performed on two
small testing rigs, which were used to acquire gear durability data. The testing rig is
illustrated in Fig. 4. It consists of a framework on which two 4 poles asynchronous
squirrel cage electro-motors (P = 0.37 kW and M = 1.8 Nm) are mounted. On the
motor rear side two fans are mounted to remove redundant heat. Two small gears
are mounted in such a way to precisely adapt centre distance. Power transmission
from the motors to the shafts is by belts. Motors are controlled by two frequency
inverterswhich acquire proper rotational frequency and load. The testing rigwas cali-
brated based on laser measurement of shaft deformations with prescribed excitation
frequency differences between both inverters. Based on shaft torsional deformation,
torque, which is controlled based on current measurement, was calculated. A PLC
based counter measures experiment duration time. The testing rig stops when gear
failure appears. This is conditioned by nominal current drop for 5%.

It is important to have possibility of measuring contact temperature by a fast
thermal camera, so the testing device was designed in such a way to enable frontal
view. So, measurements of spot temperatures and temperature field of meshing gears
were provided by a thermal camera Optris Xi80. Spot temperature was acquired
during entire loading cycle of the lifetime tests, which was facilitated by Optris PIX
Connect software.

Fig. 4 Testing rig with the thermal camera focusing on a gear pair
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4 Experimental Results

Lifetime gear tests were performed under standard environmental conditions with
a temperature of 23 °C and a relative humidity of 50%. The experiments were
performed at three different load levels, i.e., torques (1.5; 1.3; 1.1 Nm) at the same
rotational frequency of the driving and driven gear, which was 1400 rpm. The selec-
tion of torques was furthermore based on the preliminary lifetime testing of different
types of polymer gears reported in [11]. A computer program for temperature visu-
alization was used to represent the average temperature in the meshing zone during
testing. At the end of the test, an evaluation of the average temperature at which a
gear failure occurred, was completed.

4.1 Lifetime Tests—Wöhler Diagrams

Manymaterial pairswere submitted lately to lifetime tests,mostly based on acetal and
nylonmaterials, with andwithout fillers [11, 12]. As already stated, this experimental
set is focused on alloy steel (42CrMo4 quenched and tempered) driver, and acetal
driven gear.

Wöhler diagrams, plotted based on achieved numbers of cycles in three load levels
with three repetitions, are presented in Fig. 5. Results show better performance of

Fig. 5 Comparison of lifetime tests for alloy steel/POM E and S gears
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S-gears, which is based on already discussed S-gear properties. This is especially
notable with highly loaded gears. Similar results were gained in several attempts,
variousmaterial combinations and in different labs, e.g., [13, 14]. In the research [13]
it was also discovered that S-gears (POM/POM) have better thermal performance
with lower loads, below 1 Nm.

An important aim of performing durability tests of thermoplastic gears is expor-
tation of acquired temperature data (tooth flank and root) and lifetime test data,
material mechanical and thermal properties, and temperature dependent modulus of
elasticity into the program system KISSsoft plastic manager and build the material
base, which then aids in building an advanced model to search an optimal solution
for a particular application.

4.2 Thermal Measurements

Thermal camera was used to monitor and record spot temperatures of the loaded gear
pair in operation. The available Optris Xi80 camera acquires the highest temperature
in a 2× 2 mm spot. The meshing zone, the driver flank and root, and the driven flank
and root spot temperatures were observed in this research. This is diagrammatically
presented for the involute gear pair with load 1,5 Nm in Fig. 6.

The courses of temperatures clearly distinguish between the metal driver and
driven plastic gear. Temperatures are significantly higher for the plastic gear. The
temperature-time (number of cycles) dependency consists of three main sections,
which are: (a) running-in area where thermoplastic driven gear fits to steel gear in

Fig. 6 Temperature-number of cycles (time) profiles for the E-gear pair loaded by 1.5 Nm
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terms of toothflanks; (b) a phase of a quasi- stationary operating at stable temperature;
(c) a phase of increasing gear wear that, in combination with fatigue, causes failure
of the thermoplastic gear. These phases are clearly distinguished in Fig. 6, which,
beside meshing spot, also shows temperature diagrams of flank and root spots for
both, the driver, and the driven gear.

Thermal behaviour of steel/POM gear pairs was discussed in [15] and it was
observed that E-gear pair at 1.5Nmexhibits an extraordinary temperature peakduring
running-in phase. This phenomenon can be attributed to the unmodified involute
tooth tip profile and plastic gear tooth deformation due to a high load [16], whereas
the steel gear can be regarded as a rigid body in this context. So, a driven gear
suffers an additional impact at a meshing start point A and the temperature rise. The
consequence is rather high initial wear of a driven plastic gear. The solution of this
problem can be tip relief. No such trend during running-in phase was observed at
lower load levels for E-gears. S-gears do not exhibit such temperature rise at all.

In the next phase, relatively stationary conditions prevail. For E gears the initially
high temperature drops and prevails until the final phase. Uniform wear occurs in
this phase for both gear types, thermal camera snapshots are shown in Fig. 7. The last
phase of the lifetime test shows significant changes of the gears. This is due to the
increased wear above the critical limit in connection with the fatigue of the material,
which causes degradation of the bonds between the molecules in the material and
the subsequent teeth failure. Process temperatures do not increase up to the constant
working limit, which is for POM between 90 and 100 °C [17].

Fig. 7 Thermal camera snapshots for the meshing 42CrMo4/POM gear pairs in a stable region, T
= 1,5 Nm (left); T = 1,3 Nm (centre); T = 1,1 Nm (right); E-gear (above), S-gear (below)
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4.3 Optical Observation

The purpose of optical observations is to detect forms of gear failure in provided
experiments. VDI 2736, Part 1 describes thermal overheating, root fracture, flank
fracture, pitting, wear, and deformation as damage forms of plastic gears [17]. Worn
gears exhibit at least some of the above-mentioned failure forms. And it is reasonable
to expect to some extent different prevailing failure forms depending on load of gears
with the same material combination.

The worn involute and S-gear after being loaded by 1.5 Nm until failure were
examined optically to observe visible signs of damage. So, several photos were
taken from the gear front, back, and face side. Some of the remaining teeth have
rather long root and flank cracks, which are always near the pitch circle, which can
be detected from the front side (seen by an observer whenmounted on the testing rig).
Some flank wear and flexural deformation appear as well. Tooth tips are also worn.
And there are signs of thermal damage of flanks. From the back side, almost all teeth
have rather long flank cracks, which initially proceed in the circumferential direction
and then change the direction towards the opposite root. Some of root cracks spread
over the entire face width. Figure 8 shows damage forms of the worn E-gear after its
failure.

Damage forms of the S-gear run under the same conditions as E-gear pair are
represented in Fig. 9. The front view shows regular, rather long cracks in the pitch
circle zone or slightly below. Lowerwear and flexural deformation, and some thermal
damage are also present. Only several short root cracks can be observed from the
rear side.

Fig. 8 Failure modes of the E-gear after experiment with load 1.5 Nm. (front—left, back—right,
face side—below)
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Fig. 9 Failure modes of the S-gear after experiment with load 1.5 Nm. (front—left, back—right)

4.4 Wear Measurement

It is necessary to access wear data quantitatively, and if possible, to access wear rate
along the gear tooth flank. The basic idea is to detect a shape of a new plastic gear
teeth shape and compare this reference shape to the worn gear teeth shapes. This can
be done in successive manner as a process proceeds. Such an analysis is facilitated by
an optical 3D measurement microscope, Alicona Infinitive Focus SL. The Alicona
3D microscope is also used for precise measurements of cutting tools wear [18].

Some preliminary results for POMgears of both gear types are presented in Fig. 10
for the E-gear and in Fig. 11 for the S-gear. Two samples were scanned, both gears
were loaded by torque of 1.1 Nm. The S-gear failed after 7.851 × 106 cycles and the
E-gear after 7,780,156 cycles. Comparison of the new and the worn profile for both
gear types shows severe wear. It appears as if fatigue is principal with higher loads
and wear with lower loads.

So, wear development of the same gear pair during several stages from the new
to the failed polymer gear is of interest. This can be processed for various loads
from 1.5 down to 1.0 Nm or even lower. This is time consuming and a task to be
accomplished later this year together withwear analysis according toVDI 2736. First
results for the POM gears of both gear types loaded by 1.5 Nm, after 0.58 × 106

cycles are presented in Fig. 12. So, amount of wear for e.g., tip circle, pitch circle,
active dedendum limit, etc. could be easily deducted. Some more wear is produced
in E-gear pair in this case.

5 Conclusion

The presented chapter deals with testing and comparing E- and S-gears. S-gears are
defined with a half parabolic function of the rack flank, which then defines a single
path of contact which then defines external and internal gear geometry with any
number of teeth. The height parameter ap and the exponent n (form parameters) or the
initial pressure angle αw in C facilitate shaping of the gear, which was demonstrated
in the chapter. Thermal properties of S-gears, i.e., their advantage over E-gears is in
the fact that the former mesh with less sliding and more rolling, so S-gears reveal
less frictional force and frictional losses or heat.
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Fig. 10 E-gear teeth profile of the new (above) and worn gear (below)

The basic aim of durability tests, thermal and wear behaviour of gears made of
various polymer materials and materials with fillers (fibres, stabilizers, lubricants,
etc.) is to create a knowledge basewhichwould facilitate propermaterial selection for
demanding applications. As well it is necessary to improve knowledge on differences
between E- and S-gear behaviour in applications.

The examined gear pairs were a combination of an alloy steel driving gear and
a driven POM gear (POM contained some heat resistant additives). The tests with
loads of 1.5, 1.3 and 1.1 Nmwere repeated at least three times. They were conducted
on small testbenches with thermal camera coverage and data logging. The testbench
automatics registered failure time. There was a clear distinction between the S- and
E-gears in favour of the former. Also, thermal characterization of S- and E-gears,
based on continuous thermal records of the meshing, root, and flank areas of both
gears, always shows lower temperatures of S-gears.

Regarding failure mechanisms, qualitative optical observations show fatigue
cracks and fractures in root and flank area, flexural deformation, and wear. So, a
tool for quantitative assessment was used, i.e., a precise 3D measurement micro-
scope. 3D scanning is off-line, so the testing process is interrupted. First results are
presented in the paper and show less wear of the S-gears, which could be attributed
to lesser friction. The systematic research of wear started recently to improve the
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Fig. 11 S-gear teeth profile of the new (above) and worn gear (below)

Fig. 12 S-gear teeth profile of the new (above) and worn gear (below)
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understanding of the wear mechanisms and influences, e.g., gear geometry, load,
number of cycles, etc.

The basic aim of durability tests, thermal and wear behaviour of gears made of
various polymer materials and materials with fillers (fibres, stabilizers, lubricants,
etc.) is to create a knowledge basewhichwould facilitate propermaterial selection for
demanding applications. As well it is necessary to improve knowledge on differences
between E- and S-gear behaviour in applications.
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