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Dynamics of a Chemostat-Type Model
with Impulsive Effects in a Polluted Karst
Environment
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Abstract. In this paper, we present a chemostat-type model with
impulsive effects in a polluted karst environment. The globally asymp-
totically stable sufficient condition are gained for a microorganism-
extinction periodic solution. System permanent condition are also pre-
sented. The results are illustrated by simulations.
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1 Introduction

There are wide underground rivers in the underground rock gaps of karst areas.
It easy for pollutants and nutrient of soils to come into aquifers for the thin soil
layers of karst areas [1]. Many authors [2-4] employed SDE,PDE,ODE and IDE
to study chemostat systems. References [5,6] devoted themselves to the effects of
toxicants on population. But there are few authors devoted themselves to karst
environmental chemostat system with impulsive diffusing and pulse inputting.
We mark a notation as N = nT,N + L = (n+ 1)T.

2 The Model

In this paper, we present a chemostat-type model with impulsive effects in a
polluted karst environment
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E = Dl(fﬂ? — "El),
dl‘g
E = Dg(xg — Q':Q)
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5 a4z’
dY
E:—DQ t# (N+L),t#(N+1),

nreY

— Y,

Oé+$2 ﬁcl )
d
% = fica — (g1 +my)e,
ng
=2 _ _p
di 1C2,
l’i‘— =X, (1)
l‘; = T2,
Y=Y, t=(N+1L),
CT = (1,
02+ =(1—01)ca,
l‘i_ = (1 — d).’L‘l + dxo + 65,
vy = dr(1 — d)zo,
Yt =Y, t=(N+1),
CT = (1 — h3)cl,
c; =c9+ 0,

where system (1) is constructed by two patches, patch (1) is a non-polluted envi-
ronment and patch (2) is a polluted environment. The meanings of the variables
and parameters can be consulted from reference [3-5].

3 The Foundation

If Y = 0, there are two subsystems of system (1) as

d.’l?l

—:Dl(x?—xl),

ddt FAN,

2 _p (2§ — )

dt 22 mh (2)

xf:(l—i—d)xl—i—dxg—ké)l,
t=N

)

3 =dz; + (1 —d)x,
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and p
c
7; = fica — (g1 + mi)ey,
d627 h t#Nvt#(N—’—l)a
dt - 1C2,
Acl =0
’ _ 3)
Acy = —b1ca, t=(N+1),
Acy = —03¢q,
Ney =0, t=(N+1)
i) Integrating on system (2)
zi(t) = a0 — [29 — 2(nTH)Je=PiE=D), n

Then,

zi((n+ )T = (1 —d)e P Tay(nTT) 4 de™ P2 T ay (nTT)
+(1—=d)(1 — e P72 + d(1 — e~ P2T)2§ + 64,

zo((n+1)TH) =de P Ty (nT) 4+ (1 — d)e P2 Tz (nT™) (5)
+d(1 — e D120 + (1 — d)(1 — e~ P2T)2Y.

From system (5), we gain

oo Kt K
bKy Ky (©)
.’IJ*: K3+K3
2T Ky + Ky

where K1 = [(1—-d)(1—e " P1T) —(1-2d)(1—e P2T)e=P1T]20 —d(1—eP2T) 2 +
(1 —e T K| =de P2T), Ko =1 — (1 —d)e T — (1 —d)e P27 K} =
—(1—2d)e=PrHDP)T Ky = —d(1—e Pr1T) 2 +[(1—d)(1—eP2T) — (1—2d)(1 -
e P1T)e=D2T)2) K} = de D176y, and Ky =1 — (1 —d)e P27 — (1 — d)e= D171,
K} = —(1 — 2d)e~(P2+D0)T,

The map G : Rf_ — Rﬁ_ coming from system (5) is presented as

Gi(r) = Guiwy + Grawa + Gs,
7
Ga(r) = G171 + Gagwa, 0
where z = (z1,22) € R%, and G11 = (1 — d)e P17, Gip = de P27 G5 = (1 -
d)(1—e P12 +d(1—eP2T)2f 461, Goy = de™ 1T Goy = (1—d)e™ P27, Gz =

+d(1 — e P T)2d + (1 — d)(1 — e~ P2T)2Y.
Being similar to reference [7], two lemmas are gotten.

Lemma 1. G"(z) — (z7,z3) (as n — o0) holds for (z1,x2) of system (7).
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Lemma 2. The solution (z7,x3), which is defined as
Ti=a — (20 —aD)e P N <t < (N +1),
— 8
T3 =29 — (29 — 25)e P2 N <t < (N +1), )

is globally stable.
i1) Integrating on system (3), we have

alln+1)TH) = Cl<nT+)6_(91+7n1)T
Ca(nTH) fy (e~ (@ Fm)A-DT _ o= (hi—gr—m)IT~(g14m1)(1-DT)

(h1 — g1 —my) (9)
(1= 01)ca(nTH) fr(e”M!T — e=(mmgr=m))T))
_|_
(h1 — g1 —ma)
co((n+1DTT) = (1 —601)e M Tey(nT) +6.

9

From (9), we have ¢} and ¢; with

. 10
AT T (1 Gy)e-lmrmT
0f1 (e (9+m)(A=DT _ o= (ha—g1=m)IT—(g1+m1) (1-DT)
. (h1 —g1 —ma)(1— (1 —61)e"MT)(1 — e~ (or+m)T) w0)
+ (1 —61)0f1(e=MIT — e=(hi—g1—m1)T)) ]
(hl — g1 — ml)(l - (]. — 01)e*h1T)(]_ — e*(g1+m1)T) ’
* 0
Co = 1-(1— 01)e*h1T'

Obviously, for (9), (cf,c}) is globally asymptotically stable.

Lemma 3. The globally asymptotically stable (¢1,¢3) of (3) exists. and
C1,C) are in reference [8], cf,ci are as (11), and ¢* = cfe~(@tm)IT 4

fies(l—e”Pmor—mlly —hIT %
(h1—g1—m1) G2 = (1 B 91)6 €2

Remark 4. There exist positive constants mg, My, me, M, it is easy to get
mo < ¢o(t) < My and m, < ¢ (t) < M.
Similar to reference [7], we can obtain

Lemma 5. There exists a positive constant A > 0, we can easily have x1(t) <
[6(D120 + Doal) + LOROT AT 00 (1) < [§(Dya + Doal)) + LSRAT) 1 AT

exp(AT)—1 O T ’
V() < 6(D1af + Doxl) + 228D co(t) < 5(D1af + Doaf) + oobalh and
Ce(t) < 5(D11'(1) + DQZL'(Q)) + %.
4 Dynamical Analysis
Theorem 1. Suppose
1
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and

(77 N DQ)T . arn In ae*DQT 4 (eszT . 1)1,8 + $§
Dy (o + x5) o+ x5
(l— e_(91+m1)lT) fre3lT B fies(1 — e—(hl—gl—ml)lT)
g1 +mq hy—g1 —my (h1 — g1 — my)? 12)
CT*(e—(gl'i‘”rrn)lT _ e—(gl"l‘ml)T) N flcz*(l . l)T
g1 +mq hi1 — g1 —mq
fCS*(e_(hl_gl_ml)lT _ e_(hl—gl—ml)T)

+

<0,

(h1 — g1 —mq)?
hold, the globally asymptotically stable (z7, 73,0, ¢1,¢2) exists, and a3, x3* are
with (6), and ¢, ¢j*,c5, ¢3* are with in (10).

Proof. Doing it asy; = o1 —21,y2 = 29 —22,Y =Y, 21 = ¢1 — €1, 22 = C3 — Ca,
then, linear system with considering for one periodic solution (z71, 3,0, ¢1,C2) is
presented as

dn -D; 0 0 0 0 1
% 0 —D2 K5 0 0 Y2
ay

w|l_| o 0K 0 o [|v],
da 0 0 0 —(91+m1) f1 21
% 0 0 O 0 —hy )

o

where K5 = —1 x QTQ’ZL;%) KL = —[Dy+Ber(t)— %;%] Then, the fundamental

solution matrix is

ePit 0 0 0

0
0 e Pttt 0 o0
B(t) = 0 0 K¢ 0O O ’
0 0 0 K, f
0 0 0 0 et

H(— Dot 222850 TE)d
where Kg = o TP LN P ) g,Ké = e~ (@1+mUt There is no need for

computing T, i.
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When ¢t = (n+ )T, we get

y1 (nTH) 1000 0 y1(nT)
Yo (nTT) 0100 0 ya(nT)
Y(nTT) | = 10010 0 Y (nT)
21 (nT™) 0001 O z1(nT)
zo(nTT) 00001—6; | | z(nT)

When ¢t = (n+ 1)T, we also get

v (nTT) 1—d d 0 0 0\ [yu(nD)
Yo (nTT) d 1-d0 0 0| [ y(nD)
YTty || 0o o0 1 0 o] v®mn
z1(nT™) 0 0 01-650 z1(nT)
2o(nT™) 0 0 0 0 1 29(nT)

The stability of (x71,77,0,¢1, ) is decided by eigenvalues of

1-d d 0 0 0
d 1-d0 0 0
M—] 0 01 0 o0
0 0 01—6; 0
0 00 0 1-6

From condition (12), e?'7 < 1, and e~ P27 < 1, the eigenvalues of M are

presented as
K;+ /K.
v = % << 1’

K; —\/K!
Y2 = % < (1 —d)e_DQT <1,

) o (=Dart B2 —per€))de
3 = )

ya = (1= g)e”@tmT <1,
Y5 = (]. — 01)67}“7 < 1.

where K7 = (1 — d)(e P17 + e P21 KI = (1 — d)?(e P17 4 e D212 — 4(1 —
2d)e~(P1+DP2)T For the Floquet theory [6] and condition (14), it is easily to have
~v3 < 1, then, the locally stable (x7, 2,0, ¢1, ¢3) exists.
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Choosing ¢ > 0, we have

P = exp[/OT Kg — 5(0/1\(?) —e)di] < 1.

where Kg = —Do+ % We get % < Do(29 —5) with considering system
(1). So
dm
d—tl = Dy (2) —my),
dm,  Dyla — ma) t# (n+1)T,
dt 2 ’ (13)
Amq = d(mg — my) + 02,
Am2 = d(m1 - mg), t= (n * I)T
From lemma (2), and [8], we get
T < my < El/ +¢,
x2 <mg < Ty + €. (14)
and _
ca—e<ca<ate,
G-e<c<dte (15)
Therefore,
dY n(zz +¢) -
— <Y[|-D — — —e)l. 16
G < VlDe+ A g e (16)
Then, Y (£) < Y (0%) exp[fy (—Da + 425 — (61 — €))ds], thus
Y((n+1)T) <Y (nTh)
— St )
X exp[/ (—Dy + LA)/) — B(c1(s) —¢))ds].
nT a+ (z2(s) +¢)

Hence Y (n7) <Y (01)p? and Y (nT) — 0 as n — oo. So Y (t) — 0 as t — oo.
For e > 0, it has a tg > 0 such that 0 < Y < e for all t > ty. It is no difficulty
to gain

daDsy + 775[ §(a+ M)Dyz$
0(a+ M) "6(a+ M)Dy + ne
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(v1,v2), (n1,n2) are of

dv

7; = Dl(il?? — ’Ul),

dvy 5(04—1—M)D2+77€[ §(a+ M)Dyx$ o]
dt ~ d(a+M) ‘S(a+M)Ds+ne 2 (19)

Avy = d(Ug — ’01) + 92,

t#nT,

Avg = d(vy — v9), t=nT,
and p
n
cTtl = Di(af —m),
d t #nT,
22 _p (29 —n2)
dt PACS) 2)s (20)
Any = d(nz —ny) + 6,
Ang = d(n1 — n2), t=nT,
respectively, while
o1 = a2 — (29 — vy)e Prlt=nT),
~ 5(CY + M)Dgxg
= (21)
(o + M)Dy + e
Olot M)Dozs vg)e~ “SHadRh s (=),

_(5(a+M)D2 +ne

with

v

8(a+M)Doy+ne 8(a+M)Doy+ne 0

(1= @)L= PT) = (L=2d)(1 - Tt T)e PaTlaf — g1 — e it ) flatinpa
1= (1= d)e-DiT — (1 d)e™ ST _ (1 — 9d)e™ P razsty T

_ S A M)Dytne Sa+M)Dotné

(1—e = e T g de” " it )by
+ 5
— s(atM)Dytne ~ D O(Q+U)D2+/s T
1—(1=—d)e D7 —(1—d)e” s T —(1—2d)e” Pt )
v3
8ot M) Dyt (at M) Do +ne M 0
—Diry,0 — SactM) Dotz — Dy, — Mootz 1 (ad M) Do
B —d(1—e P M)2) +[(1 —d)(1 — e ~ o+ )— (1 —=2d)(1 —e P1h)e™ ™ 2+ ]5(0+M)D2+7fs
- _ 8(a+M)Do+ne _(8(a+M)Do+ne
1—(1—dje 2@ " —(1—d)e-DiT — (1 - 2d)e "~ et@ran TP
i +d€7D‘T02
§(a+M)Do+ne _(0(u+M)Dz+vs +D1)T’

S(at )

1—(1—dje @ T —(1—d)eDiT — (1 - 2d)e

(22)
For €1 > 0, existing a t1,t > t; such that

U1 —e1 < x1 <Ny +e,

and
Vg — &1 < Ty < Mg +£1.
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One will gain the followings with considering e — 0,
5-1/—61 < T <EI+€1,
and
Ty —e1 < XTo < Ty +€1.

This completes the proofs.

Theorem 2. Suppose
d> L
27
and
—D,>T —DsT _ 1 0 *
(n— Dy)T — an hn ae + (e i Yz + a3
Dy(a+ 23) a+
G(l—e @) " e fe(1 - e (nmammai)
g1 +mq hi—g1 —my (h1 — g1 —m1)?
(eI @Il e (l - )T
_|_

g1 +ma h1—g1 —m
fcz*(ef(hlfglfml)lT _ ef(hlfglfml)T)

>0,
(h1 —g1 —my)?

*%

71

hold, system permanence, and x5 and z3* are with (6), ¢f, ci*, ¢}, c3* are with

(10).

Proof. Owing to remark (4), and lemma (5), we have obtain that (z1,z2,Y,
¢1,¢2) is bounded. It can be easily obtained that ¢; > m, and ¢o > m,. with

considering with remark (4).

Therefore,
dz
dil = D1($(1) - xl)a
t t#nT
@>D(xofx)f—Mx ’
de = PN e
Az = d(—xl =+ 332) + 092,
Al‘g = d(xl — xg), t= nT’
with its comparison system
dw
d—l = Dl(x(l) —wi),
¢ t#nT
@ . daDy +nM 60¢D2xg ~ )] ’
dt S daDy + M 2
Awl = d(w2 — wl) + 92,
Awg = d(w1 — wz), t= TLT

(25)

(26)
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With considering (2) and (8), (w1, ws3) of (26) is

w1 = 2) — (29 —w))e P 0T <t < (n+ 1T,

= SaDyx) ( SaDyx$ wi)e oDy n (1) (27)
2 = - — Wy
daDy +nM daDy +nM
nT <t <(n+1)T,
with
_504D2+n1\4 _5o¢D‘+n1W SaD .0
L, la—da—emP1T) —a —2d) - Sa TyemD1T150 — g1 — e g T 3%
w1 = SaDg+nM SaDgtnM
1—(1—deDP1T (1 = aye” = "da T — (G2 — (D1t ——55—)T
3aDatnM . _SaDytnM
N +(1—e Sa + de o )02
504D2+n1\/1 _ SaDo+nM ’
1—(1—dyeDP1T —(-de Tha — (1 - 2d)e (Dl%; Sa T
aDo+nM aDo+nM 0
—D1Ty,0 -5 T —-D ———2T1= 7 JdaDsx
L —d(1 — e 15z +[(1—ad)(1 —e S )— (1 —2d)(1—e 1T)e o W‘H}QNI
2= SaDo+nM SaDo+nM
_ 2 _ 2
1—(1—de Sa T _(1-aeD1T _ (1 -2a)e (T da  tPVT
+de—P170,
+ .
~SaDytnM — SabytnM
1—(1—de Sa T _(1-de P17 _ (1 —2aye (T sa TPUT

(28)
Furthermore, (w7, ws) of (27) is globally asymptotic stable. Then, it exists a
e > 0 such that 7 > wy > w; —e > wf —e = ky and 29 > we > wy — & >
’LU; — &= k2.

Since
—DsT —DyT _ 1 0 *
(n— Do)T + na i ae + (e i V) + ab
Dy(a + x35) a+ 3
Cik(l _ e—(91+m1)lT) fC;lT f1C§(1 _ e_(hl_gl—ml)lT)
g1 +my hi — g1 —my (h1 — g1 —my)? (29)
+C>1k*(e—(gl+m1)lT _ e—(gl+m1)T) f C**(l _ l)
h91+m1lT . hl ;91—m1
7]"103*(67( 2792*7”2) — 67(2 lfglfml) ) < 07
(hl — g1 — ml)
ms > 0 and €1 > 0 can be selected to do as
daD
U:(n_w_g)T_ WMD -
da Dg(a—€+75aD2+;m3x2)
SaD _SaDytnmg SaD *
x In (01 et 5(1D2+72]m3 )6 o B 6aD2+127m3 1‘8) + kQ
a—c+k;
Gl—ermtl) - figgle  figg(L—estmnmmt) g
g1 +m hi—g1—m (h1 — g1 —m1)?
+cf*(e_(91+m1)lT — e_(91+m1)T) fiesx(1 =0T
—(h gL+ m)lT (h hl)?r g1
* 1—g1—ma —(h1—g1—ma
fics* (e ) >0,

(h1—g1 — m1)2
where k3 is defined as (34)
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Y < mg will be proved that it can not be held for ¢ > 0. Otherwise,

dl‘1

—_ = 0 —_
dt Dl(xl x1)7 t#nT
T2 5 Dyl — 2a(t)) — T84 ’
dt ~ 2 Sa 7 (31)
Axy =d(—x1 4+ x2) + 02,
t=nT.
Al‘g = d(xl - 1‘2),
with its comparison system
dkq
It = Dl(l"(f — k1),
dko
- t #nT,
_ daDy +nms daDy 0 (32)
- Lo — k ]a
e daeDy + nms
Ak = d(ka — k1) + o,
Aky = d(k1—s), t=nT.

By lemma (2), we gain z; > ki, 72 > ko and k; — ki, ko(t) — ko, as t — oo,
and

Fr=al — [29 — k3)e DD 0T <t < (n4 1T,

— 50[D2 0 §QD2 0 w1 SaDotnmg (t—nT)

- - e 33
27 saDy + nms 2 daDy + nms 2 2le ’ (33)
nT <t <(n+1)T,

with
1—d)(1— e D7) — (1= 2d)(1 — e~ BT ) e~ DiT]g0 _ (1 — ¢~ Fha2r)_tabs 9
k* = 1 baDa+nms
! 1= (1—d)e=Prm — (1= d)e " 5T — (1 — 2d)e~ (D1 =477
+(1 - EQD%+nm3 T T de- mug;r«,mg T)(Q
—e o le o P
1= (1—d)e-DiT — (1 — dye “Z5"T — (1 — 2d)e~(Dr+ =51
aDg+nm saDo+nm
o A e P Tad (1 - d)(1— e R - (- 2d)(1 - e P e R T e af
o 1 (1—dje BT (1 - @)e=DiT — (1 — 2d)e~ (252400 T
+de= P17,
1— (1 — d)e’ éuD%r,mvtsT — (1 — d)c_DlT — (1 — Qd)c’(m‘D%tmx +o0T’
(34)
Therefore,
1 > k1 > k1 —eq,
— 35
T > ko > kg —e1. (35)
Fort > 1T} o
dY kz — &1 ~
— > [-Da+ ks —en) B(é1 +e1)]Y, (36)
)
dt a+ (ka —e1)
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Let K9 € N* and Kot > T3, integrating (36) on (nT,(n + 1)T),n > Ky, we
have
(n+1)T n(a_ 51)

V(i +0T) = YT esp( [ (02 i B(Es + el
= z(nT)e’,

then Y ((Kg + k)T) > Y (KoT%)e*” — oo, as k — oo, it is an illogicality with
the bounded Y. Hence Y > ms.

5 Discussion

In this work, we present a chemostat-type model with impulsive effects in a
polluted karst environment. If it is supposed that the variables are shown in the
table below:

21(0) | 22(0)| Y (0)|c1(0) |c2(0) | D1 | Do |29 |29 |6|n |o|B |61 |02 03|60 |f1 g1 |m1|hy|d |T
2 2 2 0.13 |0.15 |2 022 |3 1/0.5/2]0.5/0.5/0.8/0.6/0.01/0.4|/0.3/0.1 |0.4/0.2|1

system (1) is permanent (one can see Fig.1). If it is supposed that another
variables are shown in the table below:

21(0) | 2(0) | Y(0) | ¢1(0) | c2(0) | D1 | Do |29 | 2§ 01 |02 |03 |6 filgr |mi|hy|d |T
2 2 2 0.13 |0.15 |2 0.2]2 3 1/0.5/2{0.5/0.5/0.8/0.1/0.01/0.4|/0.3/0.1 |0.4/0.2|1

>
Q
@

—

there exists a globally asymptotically stable solution (x/‘;(t/),ag\(?),o,cl(t),

c/g_\(t/)) of system (1) (one can see Fig.2). If it is supposed that another vari-
ables are shown in the table below:

x1(0) | 22(0) | Y(0) |€1(0)  c2(0) | Dy | Dy |29 |a|6|n |a|B |01 |02 |05 |0 |f1|g1 |mi|hy |d |T
2 2 2 0.13 |0.15 |2 0.16 | 2 3 1/0.5/2/0.5/0.5/0.8/0.1/0.01/0.4/0.3/0.10.4(0.2|1

then, system (1) is permanent (see Fig. 3).
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The simulations show that parameters 0 < 3 < 1 and D5 are very important
for system (1). The parameters Dy, 01, 0,0 and d of system (1) can also be dis-
cussed. The results will guide us how to manage the source of water management

in karst areas.

Fig. 1.
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The permanence of system (1) with parameters in the first table.
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2 2
25 | 23
27
| | 22
26
| | 21
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\ 012
15, \ I ‘
\
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0

Fig. 2. The dynamics of the globally asymptotically stable microorganism-extinction
with parameters in the second table.
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Fig. 3. The dynamics of the globally asymptotically stable microorganism-extinction
with parameters in the third table.
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