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Abstract In this paper, we introduce the generalized Lipschitz and BMO norms
of differential forms and establish the upper bound estimates for the generalized
Lipschitz and BMO norms of operators applied to differential forms. We also
demonstrate applications of our main results using examples.

1 Introduction

The main purpose of this paper is to establish the upper bound estimates for the
generalized Lipschitz and BMO norms of the iterated operators D*G* and D¥*!1G*
applied to differential forms u defined in R” in terms of the L? norms of u,
where k is a positive integer; G is Green’s operator and D = d + d* is the
Hodge-Dirac operator on differential forms. The Dirac operator D and Green’s
operator G are very well studied and widely used in many fields of mathematics and
physics. They play a critical role in the study of the nonlinear problems in PDEs
and nonlinear potential theory. For example, in the case k = 1, the composition
DG is used to define the well-known Poisson’s equation D*Gw) = u — Huw)
(or AG(u) = u — H(u)), where H is the harmonic projection operator. In the
same sense as the L? theory, the estimates for the BMO norms of differential
forms and the related operators are also decisive on the investigation of the solution
properties of PDEs, especially on the study of Harnack’s inequality for solutions
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to certain partial differential equations, see [1] for example. Some estimates for
the BMO norm and local Lipschitz norm of differential forms or related operators
can be found in [2-5]. We should notice that D¥G* and D*+!G* are more general
operators which include the composite operator DG as a special case, see [5] where
DG has been investigated. However, there is no systematic study on the BMO
norm and local Lipschitz norm of the iterated operators D¥G* and D**!G* for the
case k > 1 in the literature. Hence, we are motivated to establish the upper bound
estimates for the generalized Lipschitz and BMO norms of the composite operator in
this paper. We first extend the definitions of the classical locLip, and BMO norms
into the generalized locLip}, and BMO® norms, respectively. Then, we study the
relationship between these two norms and L” norms. The estimates for norms and
comparisons of norms are very important in the investigation of the corresponding
spaces in analysis. For example, it is well known that the BMO space, the dual of
Hardy space, is a substitute of L°° space and has been playing a very indispensable
role in harmonic analysis and exterior differential analysis, as well as in the study
of the characterization of singular integral operators since it was set forth by John
and Nirenberg in 1961. We refer the readers to Chapter IV in [6] and [1, 7] for the
function case of the BMO space, and Chapter 9 in [2] and [8-11] for the case to
differential forms. Our main results are presented and proved in Section 3. These
results will enrich the theory of operators on differential forms.

Unless stated otherwise, we keep using the traditional notation and symbols
throughout this paper. Let £2 be a smoothly bounded domain without the boundary
inR",n > 2,and B = B(x, p) be the ball in R" with radius p centered at x, which
satisfies diam(o B) = odiam(B). Let the direct sum A = A(R") = 69;’=0A1 (R™) be
a graded algebra with respect to the exterior product, and A' = A!(R") be the space
of [-covectors in R", which is spanned by the dual orthogonal basis dx;,, - - - , dx;,,
where x;,, - - -, x;, are the coordinate functions on R". For the set A, we denote the
pointwise inner product by < -, - > and the module by | - |. Then, every differential
form u(x) € Al (R™) can be uniquely written as

ulx) = Zul(x)dxl = Z”i1i2~-i1 (xX)dxi, Ndxiy A+ ANdxg,
I

where the coefficients u;;,..;,(x) are differentiable functions and I =
(i1,i2,---,01), 1 <i1 < ip < --- < i; < n. Actually, differential forms are
the generalizations of the functions, which include functions as their special cases
(functions are called 0-forms). The Hodge-star operator * : ALR™) — AML(R™)
is defined by the rule that x1 = dx;; Adxj, A---Adx;, anda AxB =< o, B > (x])
for every o, € Al, [ = 0,1,---,n. By this definition, it induces that % is an
isometric isomorphism on Al The linear operator d : ID'(£2, Al) — D' (£2, AH‘I),
0 < I < n — 1, is called the exterior differential and d* = (—1)"1‘Irl * dx
D'(2, Aty — D'(2, A), the formal adjoint of d, is known as Hodge
codifferential. The interested readers could see [10-13] for further introduction and
appropriate properties. Also, we use L”(£2, A) to denote the classical L? space for
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1
differential forms, 1 < p < 00, equipped with the norm ||ul| .o = ([, lu|Pdx)? =

(fg Q) lur 122 dx) . WhP(82, A) is the classical Sobolev space for differential

forms with the norm [lully 1.5y = (diam(2))™ ull .2 + ||Vu||,,9 w2, A
is the space of differential /-forms such that du e LP”(£2, A). Analogously,
W[‘;(.Q, Aly is the space of differential /-forms such that d*u € LP($2, Aby.
Inspired by these classical spaces for differential forms, we generalize the BMO
space and local Lipschitz space as follows.

Definition 1.1 For every w € L§ (S2, Al), s > 1, we say w € BMO®($2, Al) with

loc
the norm defined by
lolls,e = sup 1017 o —wolls, 0, (1.1)
ocQCS2
if o satisfies sup, oo |Q17*|lw — wglls,o < oo, where [ = 0,1,---,n and

o > 1 is some expansion factor.

Definition 1.2 For every w € LlOC(Q, A’), s>1,1=0,1,--- ,nand 0 < @ < 1,
we call w € locLip} (£2, A') with the norm denoted by

| (n+oas)/sn

lolliocLips 2) = sup [Q lo—wolls, o, (1.2)

ocQC82

if w satisfies sup, oo |Q|~(ntas)/snqy — wglls,0 < 0o, where o > 1 is some
expansion factor.

Especially, for the case s = 1, the BMO® norm and locLip{, norm just reduce to
the following classical BMO norm and locLip, norm given in [10] by C. Nolder,
respectively.

loll1.2 = llolwe = sup 1017w —wgllio (1.3)
ocQCs2

and

|*(n+0!)/”

lollocLipt(2) = ll@lliocLipa(2) = sup |Q o —woll1.0 (1.4)

ocQCs2

Furthermore, notice that |Q|*/" < [£2|'/" since 0 < @ < 1 andn > 1, which results
in that

|Q|—1/S — |Q|Dl/n|Q|—1/S—C{/n E |Q|1/}1|Q|—1/S—D{/n

So, similarly as the result in [14], we have that there is a constant C > O,
independent of w, such that
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lollk.s.2 < Cll@lliocLips ) (1.5)

for every w € W15 (£2, Al), which enables us to compare the locLip}, norm and the
BMO* norm for D¥G* and D**+!G* simply. In addition, from now on, we point out
that the constants C and C; employed in this paper, i = 1,2, - - -, may differ from
one line to the next.

2 Local Poincaré-Type Inequalities

In this section, as preparation for the principle assertion, we show the explicit
formulas of D¥G* and D*T!G¥ and the Poincaré-type inequalities of D¥G* and
D1 Gk by applying the explicit representation in Lemma 2.4 and Lemma 2.5.
First, let us start with the brief review of Green’s operator G. For any fixed integer
1 =0,1,---,n,let H be the harmonic /-field denoted by

H={ueW(2,A) :du=d'u=0, ueL?, forsomel < p < oco}.

In the meantime, we take the operator § : LP(£2, A)() HL —» wlr(2, A) N H*
defined by Morrey in [15], which satisfies that for every u € LP(£2, A)[) HL, 8(u)
is the unique form in W17 (82, A) N H* such that A8(u) = u, where A = D? =
dd* + d*d is the Laplace operator, and " is the complement space of harmonic
field H. Therefore, we are given the definition as follows.

Definition 2.1 ([16]) Green’s operator G : LP(£2, A) — whkr(2, AHANHL, 1 <
p < 00, is defined by
Gu) =8(u — H(u))

for every u € LP(§2, A), where H : LP(£2, A) — H is the projection operator.
Moreover, observe that A§(u#) = u, so we have that

AGw) =u— H(u). 2.1)
By employing the classical dominated convergence theorem, C. Scott in [16]

further gave the upper bound estimate of Green’s operator G.

Lemma 2.2 Letu € L*(£2, A), 1 < s < oo, be a differential form defined in the
domain S2. Then, there exists a positive constant C, independent of u, such that

ldd*G)lls, p+I1d*dGw)lls, +IdG W) ls, p+Id* G lls, p+I1GWlls, 5 = C5)lulls,o B
(2.2)

for any ball B C 0B C $2 with some constant o > 1, where §2 is a smoothly
bounded domain without boundary.
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Remark I For any v € LP(2, A)(\H*, by the definition of the projection
operator H, it is easy to obtain that H(v) = 0. Since G(u) € whr(e2, A)nH*
forevery u € LP(£2, A), replacing v with G («) yields that H(v) = HG(u) = 0. In
other words, the harmonic projection of Green’s operator G on L?(£2, A) is always
equal to zero.

Remark 2 Also, applying Lemma 2.2 repeatedly, it is obvious to achieve that there
is a constant C > 0, independent of u, such that

IG™ )l p,8 < Cllullp,op. (2.3)

In particular, if u € W} (2, A) (oru € W/.(£2, A)), we know that Green’s operator
G can commute with d (or d*), which implies that

dGu) = G(du) or d*G(u) = G(d*u).
Similarly to the method employed in (2.3), we have that
1dG™ W)lp,p < Clldullp,op or IId*G"wlp,p < Clld*ullp,o8 (2.4)

for any integer m > 1, where o > 1 is some constant.

Meanwhile, to facilitate the upcoming argument about the Poincaré-type esti-
mates in Theorem 2.6 and Theorem 2.7, we need the following results as well.

Lemma 23 ([17]) Let v € L (2, A"), 1 < p < oo, be a differential form

defined in 2 and T : LP (82, A — WYP(2, A'=1) be the homotopy operator,
l=1,2,---,n. Then, we have

v = d(Tv) + T(dv), 2.5)
IV(To)llp,2 < CI2|Ivlpe and [[Tv]p e < C|2|diam($2)||v] .0 (2.6)

hold for any bounded and convex domain S2.

Before starting the primary argument in this section, it is worth to note that the
explicit representations in Lemma 2.4 and Lemma 2.5 are the essential steps for
the argument of the Poincaé-type inequalities. In precise, if our attention is only to
estimate ||Dka(u)||locL,'p;x (or ||Dk+1Gk(u)||,,,CLl-pgt(9)) in terms of the L? norm
lull p,s2, we can prove it directly with the aid of the higher imbedding inequality
given in [18]. Otherwise, while we are concerned on the upper boundedness of
||Dka(u)||1(,cL,-p3(9) (or ||Dk+1Gk(u)||[00Lipgt(g)) in terms of the BMO® norm
lu]|«,s.2, the higher imbedding result is not valid for this case any more. Thus,
to overcome this difficulty, the key tools in our approach are Lemma 2.4 and
Lemma 2.5, which are established by adapting the technique developed in [19] with
the inductive method.
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Lemma 2.4 Letu € Ll’;c(.Q, A), 1 < p < oo, be a differential form in the domain
$2, D be the Hodge-Dirac operator and G be Green’s operator. Then, we have that

D*GFw) = G™ (), (2.7)
DG ) = dG™ () + d*G™ (u), (2.8)

for every even integer k = 2mandm = 1,2, - --.

Proof First, since A = D? = d+ d*? = dd* + d*d, we know that it holds
u=AGw) + H@w) =dd*Gu) +d*dGu) + H(u) (2.9)

for every u € L] (§2, A), which also implies that

dd*Gw) + d*dG(u) = u — H(u). (2.10)

Due to the fact that HG (1) = 0 always holds by Remark 1, replacing u with G (1)
in (2.10) gives that

dd*G(G"w)) + d*dG(G™ () = G™(u) (2.11)
whenever the positive integer m > 1.
Now, we will assert the representation (2.7) by using the inductive method. In the
case of k =2 and m = 1, we have

D*G*(u) = (d + d*)*G*(u) = dd*G(Gw)) + d*dG(G(u)). (2.12)

Substituting 2.11 with m = 1 into (2.12) yields that D?*G?(u) = G(u). Assume that
the desired result holds for any k = 2(m — 1), m = 2,3, - - -, that is,

DFG*(u) = D™V G*m D) = G" N (u). (2.13)
Then, when £ is taken as 2m, it continues with (2.13) and (2.11) that

Dka(l/l) — DZDZ(M71)G2(m*1)(G2(u)) — DZGm+](u)
=dd*G(G"(u)) + d*dG(G" (u)) = G (u). (2.14)

So, the desired result (2.7) holds. Moreover, for the operator DGR ), making
use of (2.7) and the fact D = d + d*, we obtain that

D G* () = D(D*G*(w)) = D(G™(w)) = dG™ () + d*G" (u).

Therefore, we finish the proof of Lemma 2.4. |
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In analogue to the method developed in Lemma 2.4, we also derive the following
results for the case k = 2m + 1.

Lemma 2.5 Letu € LZC(Q, A), 1 < p < oo, be a differential form defined in the
domain $2, D be the Hodge-Dirac operator and G be Green’s operator. Then, we
derive that

DFG* () = dG" ) + d* G (w), (2.15)
DFIGR ) = G™(u) (2.16)

for every odd integer k =2m + 1 andm = 1,2, ---.

Now, we are ready to give the local Poincaré-type estimates of the iterated
operator D¥G* and D*+!G¥ in terms of the L” norms of du and d*u, respectively.

Theorem 2.6 Assume that the differential form u is of the Sobolev class
Wllo’cp(.Q, A), 1 < p < oo, D is the Hodge-Dirac operator and G is Green’s
operator. Then, for any even integer k = 2m, m = 1,2, - - -, there exists a constant
C > 0, independent of u, such that

ID*G* (u) — (D*G* )5l p.8 < CIBI"T"||dullpo 5. (2.17)
I DX GE ) — (DM GR )l p.s < CIBI"™ V™ |d*ull p.o s (2.18)

forall balls B C o B C §2 with some constant o > 1.
Proof Initially, to prove (2.17), applying the decomposition (2.5) to D¥G* (u), we
have

D*GK(u) = dT(D*G*(w)) + Td(D*G*(u)). (2.19)

Since dT (D*G*(u)) = (D*G*(u)), for every p > 1, using (2.19), (2.7) and (2.6),
it follows that
ID*G* () — (D*G* )5l p.5 = ITA(D*G* W)l 5,8

< C1|B|diam(B)||d(D*G* w))| p.5

= C1|B|diam(B)|d(G™ )| p,B

< GBIV d(G™ )| p,5- (2.20)

Due to the definition of the Sobolev space and the facts that ||dull, or <

IVull .o < oo and ||d*ullp o < [Vullp,o < oo for any 2’ CC $2, one

may readily see that Green’s operator G can commute with d and d*. Then,
combining (2.20) with (2.4) follows that
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IDXG* () — (D*G* )l p.5 < C31BI" V™ | dull .oy 8

for any even integer k > 0. Thus, we have (2.17) always holds for all balls B C
o B C §2 with some constant oy > 1.

Now, we turn to the proof of the inequality (2.18). First, applying the commute
property between G and d* and (2.2), we have

ldd*G* )l 5.8 = 1dG* (@* @)l p,8 < Calld*utll p,0r5- 2.21)

Making use of the similar treatment as in the proof of D¥GX with (2.8) and (2.21),
we attain that
1D G*wy — (DGR ) gllp8 = ITAD* ' GH )l .8
< Cs|Bldiam(B)|d(D**' G* )1l 5
< ColBI'"TV"|ld(@G" ) + d* G™ )|, 5
= Co|B|'"*/"|dd*G™ W) .5
< C7IBI"™ 1 d ullp,oy (2.22)
for every even integer k > 0 and some constant oo > 1 withallballs B C 02 B C 2.
Therefore, the proof of Theorem 2.6 is ended. O

Next, it is natural to take the case of the odd integer k£ > 1 into account. Using the
same process as the case k = 2m by Lemma 2.5 instead of Lemma 2.4, we derive
the results for the odd integer k = 2m + 1. Considering the length of the paper, we
only state the results of Theorem 2.7.

Theorem 2.7 Assume that the differential form u is of the Sobolev class
Wllo’cp(Q, A), 1 < p < oo, D is the Hodge-Dirac operator and G is Green’s
operator. Then, for any odd integer k = 2m + 1, m = 1,2,---, there exists a
constant C > 0, independent of u, such that

ID*G* () — (D*G* ) gl p.5 < CIBI" V" \d*ull .05, (2.23)
ID*1GE ) — (DM GR )l p.p < CIBI"™ V™| dull o5 (2.24)

forall balls B C o B C §2 with some constant o > 1.

Remark 3 It should be noticed that the results in Theorem 2.6 and Theorem 2.7
will play a significant role in latter discussion. Specifically, just because of the right
terms du and d*u in Theorem 2.6 and Theorem 2.7, it provides us an effective way
to derive the upper boundedness of the iterated operators D¥G* and D*+'G* in
terms of the BMO® norm for the conjugate A-harmonic tensors u and v.
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3 Estimates for BMO® and locLip;, Norms

In this section, we present our principal results about the estimates for BMO® norm
and locLip{, norm for D¥G* and D*'G* applied to differential forms u and v
associated with some conjugate A-harmonic equation.

During the recent years, the study in the conjugate A-harmonic tensors is of
growing interest and has made much progress, see [2, 10, 20, 21] for examples.
Here, we consider the conjugate A-harmonic tensors of the form as follows.

Definition 3.1 ([10]) Differential formsu € W'7(£2, A) and v € W!9(£2, A) are
called the conjugate A-harmonic tensors if # and v satisfy the conjugate A-harmonic
equation of the form

Adu) = d*v, (3.1

where the operator A : A(2) — A(£2) is restricted by the following structural
assumptions:

(i) the mapping & — A(§) is continuous;
(i) [A@®)| <all€P~!, < A§), & >> by |E|7;
(iii) A(AE) = A|A|P"2A(€) whenever A € R, A # 0;
(iv) the monotonicity inequality: | < A() — A(n)., & —n > | > Li(J&]? +
-2
)7 & = nl?.
for all £ € A(R"). Here, a1, by and L1 > 0 are the positive constants and 1 <
P, q < oo are the conjugate exponents with 1/p + 1/g = 1.

According to Definition 3.1, together with the facts dd = 0 and d*d* = 0, it
is obvious to see that such a differential form u in (3.1) is also a solution to the
A-harmonic equation

d*A(du) = 0. (3.2)

Moreover, if the operator A is invertible, in view of the isometric property of the
Hodge-star operator %, there exists an operator B such that the differential form v
in (3.1) meanwhile satisfies

d*B(d(»v)) =0, (3.3)

where the operator B : A(§2) — A(£2) is given the similar conditions i)—iv) that

(b-1) the mapping & — B(£) is continuous on A(R");
(b-ii) [BE)| < a2l€]77!, < B(&), & >> byl€];
(b-iii) B(k&) = k|« |9"2B(£) whenever k € R, k # 0;
(b-iv) the monotonicity inequality: | < B(§) — B(n),& —n > | > Ly(|&> +

q=2
In?) 7 & — nl>.
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for almost every x € £2 and all £ € /\I(R"). Here, as, by and L, are the positive
constants and 1 < g < oo is associated with (3.3).

Observe that A-harmonic equation is a special case of Dirac-harmonic equation,
so we derive the Caccippoli inequality and the weak reverse Holder inequality,
respectively, by Corollary 2.3 and Theorem 4.3 in [22].

Lemma3.2 Letu € WhP (82, A) and v € WH9(82, A) satisfy the conjugate A-
harmonic equation (3.1), and the operator A be invertible, where 1 < p, q < 00
are the given conjugate exponents with 1/p+1/q = 1. Then, there exists a constant
C > 0, independent of u and v, such that

ldullp.5 < CIBI™""lu = cllp.os, (3.4)
ld*vllg.5 < CIBI™" % v = *llg.on (3.5)
for some constant o > 1 and any ball B C o B C 2, where ¢ and c* are both

closed forms.

Lemma 3.3 Let o € WhP(82, A) be a solution to the homogenous A-harmonic
equation, 1 < p < o0o. Then, for every Q) < s,t < 00, there exists a constant C > 0,
independent of w, such that

lwlls,s < CIBI"*~ Y |wll; 55, (3.6)

where all balls B C o B C §2 and o > 1 is some constant.

In addition, the local higher order inequality is also necessary for our latter
argument.

Lemma 3.4 Letu € L? (82, A), 1 < p < oo, be a differential form, D be the

loc
Hodge-Dirac operator and G be Green’s operator. Then, for any positive integer

k > 1, we have that

(i) if 1 < p < n, for any real number 0 < s < np/(n — p), there exists a constant
C > 0, independent of u, such that

IDXG* () — (D*GFw))plls.p < CI1BI" TV HVS=VP ), 5 5, (3.7)

ID* G ) — (DM GR ) gl p.s < CIBIMV"HVS=VP ), o5 (3.8)

(ii) if p = n, for any real number s > 0, there is a constant C > 0, independent of
u, such that

ID*G* () — (D*GFw))plls.p < CI1BI"TVHVS= VP |, 55, (3.9)

ID* G ) — (DM GR )l p.p < CIBIYMHVS=P |y, o5 (3.10)

forall balls B C o B C §2 with some constant o > 1.
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Now, with these facts in mind, let us first prove Theorem 3.5.

Theorem 3.5 Letu € LP(§2, A), | < p < n, be a differential form defined on the
smoothly bounded domain 2, D be the Hodge-Dirac operator and G be Green’s
operator. Then, for any positive integer k > 1 and any real number 0 < s <
np/(n — p), there exist two constants Cy, Cy > 0, independent of u, such that

ID*G* W) l4.5,2 < CLID*G* @) lliocLips2) < Callullp. 2. (3.11)

ID' GFWlls.2 < CHID GR @ liocLipg @) < Callullp,a. (3-12)

where 0 < a < 1 is some constant.

Proof First, we notice that 1 + % - % -2 = (1 - %) + (% -

O<a <landl < p < oo. Then, for any ball B C §2, we have

%) > 0 because

|B|1+l/n—l/p—a/n < |Q|1+1/”—1/P—“/"' 3.13)

In the meantime, by replacing w with Dka(u) and DkHGk(u) in (1.5), respec-
tively, it is immediate to achieve that

ID*G* ) 45,2 < CLID*G* W) lliocLipg (), (3.14)

ID*G* W) 45,2 < CLIDM T GH W ll10cLips 2)- (3.15)

Thus, to estimate (3.11), applying (3.7) and (3.13) gives

_ ntas
ID*G* W) lliocLipy 2y = sup |BI™ sn [ D*G*w) — (D*GFu))plls.5
0o BCS2

—1/s— 14+1/s+1/n—1
< sup |B|TVSTeney BTS00 p
0o BCS2
1+1/n—1/p—
= sup Co|B|I"TV/mmVr=e/my ), o p
oy BC 2
1+1/n—1/p—
< sup Gyl 6,
0y BC 2

IA

C3 sup |lullp,oB
o, BCS$2

< C4llullp,2, (3.16)

where the constants oo > o1 > l and allballs B C 01 B C 02 B C £2. So, according
to (3.14) and (3.16), we have that (3.11) holds as desired. Moreover, using the same
treatment to the operator D¥1Gk(u) with (3.8) and (3.15), the inequality (3.12)
holds as well. Therefore, the proof of Theorem 3.5 is finished. O
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For the case p > n, repeating the process as in Theorem 3.5 with (3.9) and (3.10),
we obtain the analogue results.

Theorem 3.6 Let u € LP(§2, A), p > n, be a differential form defined on the
smoothly bounded domain 2, D be the Hodge-Dirac operator and G be Green’s
operator. Then, for any positive integer k > 1 and any real number s > 0, there
exist two constants C1, Cy > 0, independent of u, such that

ID*G* W) l1.5,2 < CLID*G* @) liocLips ) < Callullp. 2. (3.17)

ID*MGE @) ls5,2 < CLID T GF @ llocLipy2) < Callullp. (3.18)

where 0 < a < 1 is some constant.

Next, we begin to establish our principle relationship between BMO® norm and
locLip}, norm of the iterated operators in terms of the norms of the conjugate
harmonic tensors u and v. From Theorem 3.7 and Theorem 3.8 to Corollary 3.9
and Corollary 3.10 below, we always assume that £2 C R” is smoothly bounded
domain without boundary, the operator A in (3.1) is invertible.

Theorem 3.7 Letu € WP (2, A) and v € W9(2, A), 1 < p, g < oo with
1/p+1/q = 1, be the conjugate A-harmonic tensors satisfying the Equation (3.1),
D be the Hodge-Dirac operator and G be Green’s operator. Then, for every integer
k = 2m and any real number s > 0, m = 1,2,---, there are two constants
C1, Cy > 0, independent of u and v, such that

ID*G* W) llx5.2 < CLID*G* W) lliocLipy(2) < Collullvp.s2. (3.19)
1D G* )lls.2 < CLID* G WllioeLipyi@) < C2ll % vllwp2.  (320)

where 0 < a, B < 1 are the expansion factors.

Proof First, without loss of generality, we assume that the conjugate A-harmonic
tensor u is a solution to the A-harmonic equation (3.2). Then, it is natural to view
the corresponding v as a solution to Equation (3.3). Next, we will divide our proof
into two parts.

(1) Forevery 1 < p < oo, applying (2.17) into Definition 1.2, we have that

ID*G* W) lliocrips 2y = sup |BI™/ /" | DFG*(u) — (D*G* )y,

o1BC2
< sup Cy|B|7Vs7 B dus 0,8
o1 BCS$2
< Cy sup |BI"PVrEVsmmay s o p (3.21)

o1 BC$2
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Observe that du is a solution for the A-harmonic equation since du is a closed
form. Then, for any real number s > 0, using Lemma 3.3 yields that

Idulls.crp < C2|BI"YSYP)dul| .oy (3.22)

where 03 > o2 > 1. Under the assumption, we know that u satisfies the
Caccippoli inequality (3.4). Especially, choosing ¢ = up in (3.4) follows

Idull p.os < C3I1BI™"" lu — ugll pos (3.23)

for some constant o4 > o3 > 1 with any ball 03B C 04B C £2. Moreover,
combining (3.22) and (3.23) gives

ldulls.op8 < Cal BV VP \lu — upllpou (3.24)
So, substituting (3.24) into (3.21), together with Definition 1.1, yields that

ID*G* ) liocLipy 2y < Cs sup |B|' T n=ls=alm g ls=1n=1p) iy —y |, 5,
o1 BC$2

<Cs sup |BI"™VP7"u —upllpon
o1 BC$2

1— —1
<Cs sup [2/""BI7VPlu —upllpon
o1 BCS2

—1
<Ce sup |B|™VP|lu—uglpo,n
o1 BCS2

< Collull+,p.2 (3.25)

where the constants o1 > o4 > 1. Therefore, we have that (3.19) holds for any
even integer k > 1 and any real number s > 0.
The proof of (3.20) is similar to that of (3.19). Next, we only present the
different steps.
(ii) For every conjugate A-harmonic tensor v € W4 (2, A), employing the same
treatment used in the proof of (3.19), along with (2.18), we have that

105G 0 lioctipy < C1_sup |BIFH" B d s o (3.26)
nBC

According to the isometric property of the Hodge-star operator x, we know that
|d*v| = |d*v|. Notice that d*v is a closed form satisfying A-harmonic equation.
So, for any real number s > 0, using Lemma 3.3 again, we derive that

Id*vlls.nop = lld % Vlls.p < CsIBIY*"Vd % vy 8 (3.27)
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Also, by the comments after Definition 3.1, it implies that v is a solution to
the A-harmonic equation (3.3). Then, by Lemma 3.2, letting ¢* = (xv) g shows
that

Id % vllg.ns5 < ColnzBI™" || % v — (x0)gllg,na5- (3.28)

So, combining (3.27) with (3.28) and plugging it into (3.26), we have that
1D GE ) lioeLipyiay < sup [BI"FMP Nl
nmBCS2
< sup C10|B|1+1/n—1/s—ﬂ/n|B|1/s—1/q—l/n
mBCS2
[ *v—v)Bllg.nB

< sup Ciol2" P BI7V9|| % v — x0)Bllg.nsB
mBCS2

—1
<Ci sup BTV xv — x0)pllg.nn
mBCS$2

=Crll *vllsq.2 (3.29)

as desired, where the constants 1 > n4 > 13 > 12 > 1.
O

Now, in the odd case k = 2m + 1, we have the similar estimates as follows. It
should be pointed out that the proof of Theorem 3.8 is the analogue of Theorem 3.7,
so we only state the results and leave the proof of the odd case k > 1 to the readers.

Theorem 3.8 Let u € WP (22, A) and v € WH9(2, A), 1 < p, q¢ < oo with
1/p+41/q = 1, be the conjugate A-harmonic tensors satisfying the Equation (3.1),
D be the Hodge-Dirac operator and G be Green’s operator. Then, for every odd
integer k = 2m + 1 and any real number s > 0, m = 1,2, ---, there are two
constants C1, C2 > 0, independent of u and v, such that

IDXG* W) llss.2 < CLID G W) locripyi2) < Call # Vllsg. 24 (3.30)

1D G @lls < QLD GH W locLipy(2) < Callullepe, (33D

where 0 < a, B < 1 are the expansion factors.

In particular, if p(e — 1) = g(n — 1), as a consequence of Theorem 3.7 and 3.8,
the following estimates are established simply by means of Theorem 6.6 in [10]. It
is worth to notice that the treatment applied in Corollary 3.9 and Corollary 3.10 are
very similar, so we only give the complete proof of Corollary 3.9 in details.

Corollary 3.9 Letu € W'"P (2, A) and v € WH4(2, A), 1 < p, g < oo with
1/p+1/q = 1, be the conjugate A-harmonic tensors satisfying the Equation (3.1),
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D be the Dirac operator and G be the Green’s operator. If 0 < o, B < 1 satisfy
pla—1) =qg(B—1), for any real s > 0, then there exist two constants C1, Co > 0,
independent of u and v, such that

ID*G*@)lls 5,2 < CLID*G* W) liocLipg(2) < Call *vn;’jc’;pz(m, (332)

k+1 ~k k+1 ~k
I GE W) s = CLIDM GF @) lioeripyian < Collull 2% 0 e (3:33)

wheneverk =2m,m=1,2,---.

Proof First, combining (1.5) and Theorem 6.6 in [10], we have

lulles,.2 < Cillulliocrips 2y < Call * v”?o/chipg(Q)’ (3.34)

I *vilBmo.2 < C3ll * VlliocLipg(2) < C4||l/t||£)/chipu(Q). (3.35)

Then, substituting (3.34) into (3.19) and (3.35) into (3.20), respectively, it yields
that

k k k k a/p
DG W) l+s.2 = CsID"G" () ll1ocLips2) = Cell *v||10cupg(g)’

k+1 ~k k+1 ~k rlq
1D G (W) lx,s,2 < C7ID™"° G (U)”locLipfg(Q) = CS”””lacLipé](.Q)

as desired. m]

Corollary 3.10 Suppose that 0 < «, B < 1 satisfy p(a — 1) = q(B — 1), for any
real number s > 0, then there exist two constants C1, Co > 0, independent of u and
v, such that

IDXG*@)lxs.2 < CLID*G* @llocLipyia < Collull}lf o o (3.36)

k+1 ~k k+1 ~k
1D G Wl = QDM GH @ hoctipyc) = CoAwVI gy BT

wheneverk =2m+1, m=1,2,---.

What is more, for each pair of conjugate A-harmonic tensors # and v, in accord
to the facts that |du|? < |d*v|? < a?|du|1’ and |d*v| = |d % v|, one may easily
establish such a useful L”-equivalence with respect to u and v as follows:

ldullp.or < lld* v 7’5, < al’?|dullp o (3.38)

whenever 2/ C £2, where 1 < p, g < oo are the conjugate Holder exponents. In
view of the equivalence (3.38), if u and v are the conjugate A-harmonic tensors,
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it further reveals the relations (3.39)—(3.42) below. Namely, when k is any positive
even integer, there exist two constants C1, C; > 0, independent of u and v, such
that

ID*GE ) +.s.2 < CLID*GF@)liocLipyi) < Calld * w25, (3.39)

I D GH @)las2 = CHID GF W) loeLipyi) < CalldulllG. (3.40)

for any real number s > 0. As such, when k > 1 is any odd integer, there also exist
two constants Cq, C > 0, independent of u and v, such that

ID¥GEW)llus.2 = CLID*G* @) lineipy () = Calldullyd, (3.41)

1D GH s < CUD GR W lioctipy2) < Colld x w5 (3.42)

It should be pointed out that the proof of the above assertions are parallel to the
those of Theorem 3.7. Therefore, we omit the details.

4 Applications

In this section, we use some concrete examples to illustrate the applications of the
main results obtained in Section 3.
Let the mapping f : 2 — R, f = (f, , ™), be of Sobolev class

loc P(2, A) and J(x, f) = det(Df(x)) be the Jacobian determinant of f. Then,
we have that

u=JXi, Xiy, -+, X3 fjl,fj2,~~~ ,fj’)dx,-l ANdxiy, A Ndxg, 4.1

is a differential I-form, where J (x;, Xy, -+ , Xi;; f/', f72, -+, fJ) is the subde-
terminant of J (x, f) of the form:

fx,l fx,z : fx,l

, , , J2

J(xila Xiys oo o Xif f]l7 sz’ cee f]l) fx,] fx,2 fx,[
ARl

Referring to Chapter 1 in [2], we find that Theorem 3.5 and Theorem 3.6 are
applicable to such sort of the differential form u. Here, take a special case of 2-
dimensional Euclidean space for instance.
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Example 4.1 Assume that u = J(x, y; f!, f2)dx A dy is the differential 2-form
defined on the domain £2 = {(x, y) € R?: 0 < x2 + y2 < r2}, where the mapping

f: £2 — R? is of the Sobolev class Wllo’f (£2, A) denoted by

Fay) =@y 2y = ( T +xy2)1 e +yy2)1 /8) 4.2)

for any r > O and p > 1. After a simple calculation, one may derive that
1 22 3.0 214
u:J(x,y;f,f)dx/\dy:Z(x + y9) dx Ndy.

Thus, by the spherical coordinate transformation, it is easy to see that u €
LP(2, A?) for any p < 4. For example, choosing p = 3/2, we know that
u € L¥?(£2, A®). However, by the direct integral calculation with Definition 1.1
and Definition 1.2, it is quite hard to infer the higher order boundedness of BMO*
norm and locLip{ norm with respect to D*G¥(u) and D**'G*(u). Then, applying
Theorem 3.5 to D¥G* and D**1G*, forany 0 < s < np/(n — p) = % =6, we
have that D*G* (1) € BMO® (£2, A?) and D*T'G* (1) € BMO* (£2, A?). Moreover,
there are two constants C, C2 > 0, independent of u, such that

ID*G*W)ls.5.2 < CLIID*G* W lliocLips () < Car™/4, (4.3)
ID*G* W)y 5.2 < CLID* ' GF @) l1ocLipy2) < Car™* (4.4)

for every 0 < o < 1 and all positive integer k > 1.

Especially, if the homeomorphism f : 2 — RR” of Sobolev class Wllo’f(.Q, R"),
as mentioned above, is the K-quasiregular mapping, K > 1. From [23], we know
that

u=fldf' A Adf! and v = fHAT A A dfT
are the conjugate A-harmonic tensors, whenever! = 1, 2, --- , n— 1. Here, consider

the 4-dimensional space as an example.

Example 4.2 Let f = (f', 2, f3, f*) be the K -quasiregular mapping defined on
the domain 2 = {(x1, x2, x3,x4) : |xi| < a,i =1,2,3,4} C R*, and choose the
conjugate A-harmonic tensors as follows:

u= fzdf1 and v :*f3df4.
where 0 < a < o0 is some real number. If u € BMO?(£2, A) and xv €

BMOY(£2, A), where p and g are conjugate exponents with 1/p + 1/q = 1, by
applying Theorem 3.7 and Theorem 3.8, respectively, we have that for any even
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integer k = 2m and any real number s > 0, m = 1,2, - - -, there are two constants
Cy, Cp > 0, such that

1D G* @52 < CHID* G W liocLipg(2) < Call F2df M wp.s,
I GF W)l 52 < CLIDH GF ) llioeripy2) < C2ll f2df g0,

where 0 < «, B < 1 are two factors. While the integer k =2m +1,m = 1,2, -- -,
it holds that

ID G W)llvs.2 < CLID G ) liocLipyi2) < C2ll f2df*llvq.2.

ID*1G W) 45,2 < CLID* TG W ll1ocLips ) < Coll £2df s pog2

for any real number s > 0, where 0 < «, 8 < 1 are two factors.

Remark 4 In general, all results we establish here provide us an impressive descrip-
tion about the relation between BMO® norm and locLip}, norm for the iterated
operators. Also, from the results, one may realize that locLip{ -norm estimates for
differential forms are fairly essential for the process to derive the BMO® estimate
with respect to D¥G* and D*+1 G* for differential forms.
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