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Abstract This article is dedicated to study of the initial-boundary value problem
of edge pseudo-hyperbolic system with damping term on the manifold with edge
singularity. First, we will discuss about the invariance of solution set of a class of
edge degenerate pseudo-hyperbolic equations on the edge Sobolev spaces. Then,
by using a family of modified potential wells and concavity methods, it is obtained
existence and nonexistence results of global solutions with exponential decay and is
shown the blow-up in finite time of solutions on the manifold with edge singularities.

1 Introduction

Initial-boundary value problems written for hyperbolic semilinear partial differen-
tial equations emerged in several applications to physics, mechanics and engineering
sciences [9, 24, 25]. Interesting phenomena are often connected with geometric
singularities, for instance, in mechanics or cracks in a medium are described by
hypersurfaces with a boundary. In this cases, configurations of that kind belong to
the category of spaces (manifolds) with geometric singularities, here with edges.
Also, when one asks physics to calculate the self-energy of an electron, or the
structure of space time at the center of a black hole, one encounter with mathe-
matical bad behaviour, that is the singularities from the point view of mathematics.
In recent years, from a mathematical point of view, the analysis on such (in general,
stratified) spaces has become a mathematical structure theory with many deep
relations with geometry, topology, and mathematical physics [10, 15, 23, 25].
In [21], Melrose,Vasy and Wunsch investigated the geometric propagation and
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diffraction of singularities of solutions to the wave equation on manifolds with
edge singularities. Let X be an n-dimensional manifold with boundary, where the
boundary 9X is endowed with a fibration Z — 90X and dX — Y where Y, Z are
without boundary. By an edge metric g on X, we mean a metric g on the interior of
X which is a smooth 2-cotensor up to the boundary but which degenerates there in
a way compatible with the fibration. A manifold with boundary equipped with such
an edge metric also is called an edge manifold or a manifold with edge structure. If
Z is point, then an edge metric on X is simply a metric in the usual sense, smooth up
to the boundary, while if Y is a point, X is conic manifold [4]. A simple example of a
more general edge metric is obtained by performing a real blowup on a submanifold
B of a smooth, boundaryless manifold A. The blowup operation simply introduces
polar coordinates near B, i.e., it replaces B by its spherical normal bundle, thus
yielding a manifold X with boundary. The pullback of a smooth metric on A to X
is then an edge metric [21].

Up to now, elliptic boundary value problems in domains with point singularities
have been thoroughly investigated [1-4, 7, 8, 14]. The natures of the solutions to
these equations have been investigated by several means. For instance, problems
with the Dirichlet boundary conditions were investigated in [1, 2, 7, 10, 14] in
which the unique existence, the multiplicity, the regularity and the asymptotic
behaviour near the conical points of the solutions are established. Finite time blow-
up of solutions of generalized hyperbolic equations have been studied by many
authors [1, 2, 5, 7, 18, 28]. In these references, the authors consider problems either
for negative energy or for weaker conditions than a condition of negative initial
energy. Other authors have assumed a condition of positive energy under other two
conditions on the initial functions. However, the mentioned authors have not studied
the compatibility of these conditions, which is come times hard to understand. These
authors have used the classic concavity Levine’s method [17]. In this article, we
use the edge Sobolev inequality and Poincaré inequality and modified method in
[7, 8] to prove on the global well-posedness of solutions to initial-boundary value
problems for semilinear degenerate pseudo-hyperbolic equations with dissipative
term on manifolds with edge singularities. More precisely, we study the following
initial-boundary value problem for semilinear hyperbolic equation

32u — Apu+ V(@u + y Agdu = g,(2)|ul?'u, zeintE,t > 0,
u(z,0) = up(z), oru(z,0) = ui(2), z €intE
u(z,t) =0, z€dE,t >0,

(D

where,2 < p+1 < nzTnZ = 2* is the critical cone Sobolev exponents, z = (r, x, y),

u = u(z,t) is unknown function and y is a non-negative parameter. Also, ug €
n+1 n+l

%”210 > (E),ur € Ly” (B), N =1+n+g > 3isadimension of E and coordinates
z:=0x,y) = X1,..., %, Y1, --.,Yq) € E. Here the domain Eis [0, 1) x X x
Y, X is an (n — 1)-dimensional closed compact manifold, ¥ C R? is a bounded
domain, which is regarded as the local model near the edge points on manifolds
with edge singularities, and 0E = {0} x X x Y. Moreover, the operator Ag in 1 is
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defined by (rd,)* + 831 +...+ Bfn + (ray1)2 + ...+ (rayq)2, which is an elliptic
operator with totally characteristic degeneracy on the boundary r = 0, we also call
it Fuchsian type edge-Laplace operator, and the corresponding gradient operator
by VE = (rdy, 0y, ..., 0x,, 7Oy, ..., rayq). In the Equation 1, we assume that

V(z) € L% (intE) N C(intE) is a positive potential function such that in]g V(z) >
Z€E

0. For every t > 0, we suppose that g; : E — R is a non-negative function which
g:(2) = g(z,t) for every z € intE and g(z,1) € L*®(intE) N C'(intE). The
through of this paper we consider the following constants:

II«/V(Z)M(Z)IIL%
2

. (E) 1,24
C, = inf 5 ME%O ¢,
IVEUll ni1 *
L,* B
1
g ()P Tull net
c L ® AT ®)
= Su ; ue .
=TT Ve 20

L,? (B

Our investigation is in fact provoked by the study of [20] and we shall apply a
potential method which was established by Sattinger [26]. So based on edge Sobolev
spaces [10, 27], we study the existence and non-existence global weak solutions for
semilinear pseudo-hyperbolic differential equations with respect to variable time
with a positive potential function and a non-negative weighted function. The well-
known operator (Ag+V (x)+ Agd;)u and other special types of it (see [11]) appears
naturally in the nonlinear heat and wave equations [25], nonlinear Schrédinger
equation with potential function [12] and the references therein for a complete
description of the model. In the sitting of parabolic type system, the authors [6, 18]
studied global existence, exponential decay and finite time blow-up of solutions for
a class of semilinear pseudo-parabolic equations with conical degeneration. Also,
our problem can be seen as a class of degenerate hyperbolic type equations in case
that V(z) = 0 and g;(z) = 1 then the problem 1 is reduced to problem 1.1 in [13]
and in the classical sense our problem include the classical problem

u — Au+ ydu = f(u), x€eN,t>0,
u(x, 0) = up(x), du(x,0) = uy(x), x € )
u(t,x) =0, x €082,t>0,

where 2 is bounded domain of R" with smooth boundary 92 and A is the standard
Laplace operator and f is a suitable function [13, 17, 19]. It is well-known that
problem 2 has been studied by many authors, for example [19, 20] and the references
therein.

In Section 2, we recall the definition of the edge Sobolev space and the
corresponding properties. In Section 3, we will give some properties of potential
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wells for problem 1 on the manifold with edge singularity, which is very useful in
the process of our main results. In Section 4, we give the proofs of the results of
global existence and non-existence, exponential decay and finite time blowing-up
of problem 1.

2 Edge Sobolev Spaces

Consider X as a closed compact C*-manifold of dimension n of the unit sphere
in R"*!. We define an infinite cone in R”*! as a quotient space X4 = H{%}: ))((,

with base X. The cylindrical coordinates (r,#) € X4 — {0} in R — {0} are
the standard coordinates. This gives us the description of X — {0} in the form
R4 x X. Then the stretched cone can be defined as R x X = X”. Now, consider
B = X4 with a conical point, then by the similar way in [8, 10, 27], one can
define the stretched manifold B with respect to B as a C°°-manifold with smooth
boundary 0B = X (0), where X (0) is the cross section of singular point zero such
that there is a diffeomorphism B — {0} = B — 9B, the restriction of which to
U — {0} = V — 9B for an open neighborhood U C B near the conic point zero
and a collar neighborhood V C B with V = [0, 1) x X (0). Therefore, we can take
B =1[0,1) x X C Ry x X = X”. In order to consider another type of a manifold
with singularity of order one so-called wedge manifold, we consider a bounded
domain Y in R?. Set W = X4 x Y = B x Y. Then W is a corresponding wedge
in R'*7%4_ Therefore, the stretched wedge manifold W to W is X" x Y which is
a manifold with smooth boundary {0} x X x Y. Set (r, x) € X”. In order to define
a finite wedge, it sufficient to consider the case r € [0, 1). Thus, we define a finite
wedge as

[0, ) x X

<X xYCXAxY=W.
X

E

The stretched wedge manifold with respect to E is
E=[0D)xXxY=BxYCX"xY=W"

with smooth boundary dE = {0} x X x Y.

Definition 1 For (r,x,y) € RY with N = 1 + n + ¢, assume that u(r, x, y) €
2'(RY). We say that u(r, x, y) € L,(RY; dp) if

1
P
it = ([, ) < e,

RY

) d‘
where du = ‘%dxl....dxndri...%andforl <p<o0.
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Moreover, the weighted L, spaces with wight y € Ris denoted by L}/, RY: du),
which consists of function u(r, , y) such that

14
lullpy = (/ rN|r_VM(r,X,y)|”du> < +00.
RN

+

Now, we can define the weighted p-Sobolev spaces with natural scale for all 1 <

N=l+n+q
p <ooonRy .

Definition 2 Form € N, y e Rand N = 1 + n + ¢, the spaces
/ M_
A, (RY) = {u e7®Y)y | o7V (ra) 8% (rdy)Pu e L,RY; du)}

for k € N, multi-indices « € N* and 8 € N? with k + |¢| + |B] < m. In
other words, if u(r,x,y) € "7 (RY) then (r3,)*3%(rd,)Pu e LLRY;duw).
Therefore, %,m’y (Rﬁ ) is a Banach space with the following norm

1

P
lell s> vy = > (/NrN|r—V(ra,)kag(ray)ﬂuv’du).

kol 1Bl <m R+

Moreover, the subspace ,%’;méy (Rﬁ) of ,%’},m’y(Rﬁ) denotes the closure of

CP(RY) in 2,7 (RY). Now, similarly to the definitions above, we can introduce
the following weighted p-Sobolev spaces on X x ¥, where X”* = R4 x X and
X’ x Y is an open stretched wedge.

m,y A ,_ "o A Xy ko B A .
H (X xY)i=que D (X" xY) | rr T(rdp)toy (roy)’u e Lp(X” x Yidp)

for k € N, multi-indices « € N and 8 € N7 with k + || + |8] < m.

Then 7%, (X" x Y) is a Banach space with the following norm

P
rN|r—V(ra,)ka;‘(ray)ﬁu|Pdu> .

s nery = 3 (/x

A
k-tla|+|Bl<m x¥

The subspace jﬁ%y(XA x Y) of 5,7 (X" x Y) is defined as the closure of
C2(XM x V).
Definition 3 Let E be the stretched wedge to the finite wedge E, then J%,"" (E)
form € N, y € R denotes the subset of all u € W, P (intE) such that wu €

loc
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%m’y (X" x Y) for any cut-off function w, supported by a collar neighborhood of
(0, 1) x JE. Moreover, the subspace %”]Z’dy (E) of 7,"" (E) is defined as follows

AT ([B) = [l ) (X" x Y) + [1 — o]Wy"P (intE)

where the classical Sobolev space W(;" P (intE) denotes the closure of Co(intE) in
WP () for E that is a closed compact C* manifold with boundary.

n+1 ntl

Ifue L,,T(E) andv € Lp’/’, (E) with p, p/ € (1, 00) and % + i =1, then one
can obtain the following edge type Holder inequality

1
7

1
/rq|uv|d,u < (/ rq|u|pdu>p(f ri|v|?P d,u)p .
E E E

In the case p = 2, we have the corresponding edge type Schwartz inequality

NV
/rq|uv|du < (/ r?|u| d,u) (rq|v| d,u) .
E E

In the sequel, for convenience we denote

1

)4

<u,v)2=/rquvdu, lull wa = (/rqlul”du> .
E L,” (E) E

P

Proposition 1 (Poincaré Inequality [7]) Let E = [0, 1) X X X Y be a stretched
edge manifold, y € Rand p € (1,00). Ifu € %Ly(E) then

lu@)l Ly @) < clVEUDI LY ®) )

where Vg := (roy, 0y, ..., 0x,, 70y, ..., rayq) and the constant c depending only
onE.

n+l1 n+l
1 0

Proposition 2 ([7]) For 1 < p < 2* the embedding %”210 (E) — ji‘;])’o’i’ (E) is

continuous.

Proposition 3 ([7]) There exist 0 < Ay < A2 < A3 < ... < A; =< ..., and

Aj — 00 such that for all j > 1, the following Dirichlet problem
—AE¢j =)\.j¢j, x € intE, 4)
¢j = 0, X € 3E,
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ntl

2 (E). Moreover, we can choose positive
. . . . 1,24

{#j}j=1 which constitute an orthonormal basis of Hilbert space J, , 2 (E), and

the inequality

. .. . . 1,
admits non-trivial solution in %ZO

1
AMllu@ll 2 (E) < IVEul wp (E),
Lj; L22

holds.

3 Some Auxiliary Results

In this section we give some results about the potential wells for problem 1 and
we obtain some properties of energy functional that we will use to prove the main
results in Section 4.

Similar to the classical case, we introduce the following functionals on the cone
n+1

Sobolev space %”2](’)7 (E):

J(u) = _/”q|VIEu|2dM+ —/qu(z)Iulzdu ——— | g @) ulPdp,
2 2 p+1
E E E

K@ = [ rvaulan+ [ vl - [ @i
E E E

n+l
2

Then J(u) and K (u) are well-defined and belong to space C' (%”210
Now we define

(E), R).

ntl
N = {u e AT ®) . Kw =0, /r%uﬂdmw},
E
1,240 2
d= inf{ sup J (Au) ueA, " ([E), /rq|VEu| du # 0}.
A>0 '

Thus, similar to the results in [20] we obtain that 0 < d = ianV J(u). For0 < § we
ue

define

Ks(u) = 5|:/rq|VE“|2dM + f qu(z)|u|2du] — f rig ()ulPdp,

E E E



46 C. Cattani and M. K. Kalleji

Y@ ; Ksw) =0, /rqIVE|2dM;é0},

Jl{;:{ue%l
E

d®) = inf J(w.

ueN

Proposition4 [f0 < |Vgu| % < r(8) where r(§) = ((Cp%l)a)

L, ®

, then

Ks(u) > 0. In particular, if

0 <IIVEull wp1  <r(l)
Ly,* (B

then K (u) > 0.
Proof We conclude the following

p+1 p+ q Tlr p+1d q P+1d <
llg: (z) P 1ull n+1 r?1g;(z) P u(z)| nw= rt|g(Du(z)l n=
LY ®
p+1 E E

||g,||Loe/r‘f|u|"+‘du =
E

1
lg: @7 Tul”tl, < Collul”l), . 5

Ll ®) LI (®)

Also from definition of C,:

V@, > Vel (6)
L,? (® L,* (B

Then by definition of K and using the assumption we get that
ks =o| [ r9suldn+ [ rvoutan| - [ et
E E E

+1 +1
> 81+ COIVEull wp = CLT I VEul”
L,” (E) L2 (E)

1
=(6<1+C$>— Al A Lo )”VIEMH w1 >0
(E) L

Ly* ) ®

In case that § = 1 then by definition of functional K we obtain that K (1) > 0.
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Proposition 5 [If Ks(u) < 0, then |Vru|| % > r(8). In particular, if K(u) <
Ly~ (E)
0, then ||Veul|| w1 > r(1).
L,* (B)

Proof Since K;5(u) < 0, then by definition of Ks(u), we get that ||V]Eu||2 w1 F

L,* (B)
0. Now, we have
SIVEul® .y < fr‘fgt(z)m(znp“du—8/r’1V<z)|u(z>|2du
L,? (E)
E E
T, Pt 12
< g P Tul” = sV ull -
L"+1 (E) L,* (B)
+1
PNVRUILL Vel — 8C2 VUl
L,? (B) L,? (B L,? (E)
Therefore,

s(1 + C2) _
||V1EM||pn+1 > <T1* =rP71(9).
L22 (E) *%

n+l
Corollary 1 Let u € %”21(’) 2 (E), Ks(u) = 0 and ||Vgu|| ng1 #* 0. Then
’ L,? ®)
> r(8). In particular, if K(u) = 0 and ||Vru || % # 0, then
L= (B)

VeEull ngt
L,? (B)

IVEull wt1 > r(1).
L,? (E)

Lemma 1l (i) The functional J(Au) admits its maximum for A = A, where

IIVIEMIIZi + [ V@@ Pde
,° ® E Pl

Ay =
frqu(z)lu(z)ll’“du
E

Also for 0 < A < Ay, J(Au) is strictly increasing and for L, < A, it is strictly
decreasing.
(ii) K(su) =0and K(Au) > 0if0 < X < Ay. Also if Ly < A then K(Au) < 0.
(iii) By results in i and ii we obtain that

ntl
d:inf{supj(,\u) : uejf 7 (E), /|VEM|2dM7EO}
1>0
P 2 2”;1: 2
I SN = v
20 +1)( + )1 Ve pt

L, (E)
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Proof For proof of i and ii we obtain the following conclusions. Let u €

n+1
%”210 ? (E) and [ |Veu|>d i # 0. Then by definition of J we obtain that
E

1 1
lim JOw) = lim [7‘/rq\V]EAu|2d,u+7/qu(z)|)Lu(z)|2d,u
=400 r—4oo| 2 2
E E

b r"gz(z)lku(X)I”“du]

p+1
E
. i 1 1 2 1 p+
:)\ET *||V]E)~u|| L3 + EHV(Z)ZM(Z)II al 7”8[(2)1’“ Aru) | ,,+1
o L,? (B) L,* (B) L/f':l] (E)
a2 5 22 | ) )L[H»l o ot
ZAETOO EHV]EMH nt +7|\V(z)2u(z)ll T IIgr(z) P u(z)]| m
L L2 (B) L, (B) L,fjll (E)
) M a2 22 pvas Tl
> tim | IVeul® S VB - CL Vel "] ]
Ao | L,? ) L,”>® Pt L2 E)
) r )\,2 )\‘2 A1)+l
= lim | 4+ 5Cl - lci’:‘nvEuH”,,H ]nvmunzm = —c0.
A—>+o00 | p+ Lzz (E) Lzz (E)

Also we have

1 1 1
JQu) = = /IVEAulzdu + - /r"V(z)IM(Z)Isz - /r"zs’t(z)lku(z)l”+1
2 2 p+1
E E E
)\‘2 ) )\2 ) )\p+l |
= —[ |VEu|"du + —/V(z)lu(z)l dp — /gz(z)lu(z)l’”r dpu.
2 2 p+1
E E E
Then
8J (O
a(k ) _» / |VEul*dp + x / riV(@)lu@)*dp — AP / rig () u@)|"Mdu
E E E
L
= M Veul® +KIIV(Z)2u(Z)|I w1 — APllgi(z) P (Z)Ilpn+1
L,2 (B L,? (®) Ll ®)

Now, % = 0, it follows that

IVeull? ., + [V (@lu()*dp
L,> () E
[rig(2)lu@)|P+dp
E

i
A = ( )=t

2
is a maximum of J(Au) since Wb\:;\* < 0.
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(iii) Using of i and ii sup J(Au) = J (Au). Thus,
A>0

JOu) = » f Vi + 5 / PV (@) st ) Pl
E E
- ;/’qgt&)lk*ul”“du
p+1

p—1

1 A
+ 7/r"V(z)\u(z)\2duf - /r"g:(z)\ul”“du]
2 p+1
E E

1
= xi[ 5 IVeul
L, ®

1 1
=22 SIVeul® oy + 3 /ﬂV(z)\u(z)qu
2 L, ) 2 J

IVEul? oy + [V @M@ Pdr ey

_ L> ® E ! q p+l1
PR T r6qg D@ P dp (/r & (@)ulPTduw)
E

1 1 1
=22 SIVeul® oy + 3 /rqwz)\u(z)ﬁdu - —— I Veul* .
2 L,” (® 2 p+1 L,” (®)

- ﬁ / qu(z)Iu(z)lzd/L}
E

— 2 1_# 2 - q
= A (2 erl)IIVMII el ( ) rV(2)u(2)*dp
Ly?

(B)

IVEul? oy + [rIV@u@1Pdr
L,2 () E P

Jrig@lu@)|PHdp
E

x (nvmunzm + f r"V(Z)Iu(Z)Izd/L> x« P
e 2(p+ 1D
= E
| VEu|? i+ C2||Vgul? w 2 ]
L2 ® L,? (B ﬂ*‘[ 2 2 2 P
> IVEul® vy + C2[IVEu|?,
JrigiulPldu Lie L el2e+D
E

p— ptl =2(p+1)
L G+, Vel

2(p +1> e
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Therefore,
d= 1 inf J (Aylt)
n+1l
ue )y 2 ®LIVaul? ., #0
L2 ®
p— ) P+l —Z(lerl)
= Pl Gy ey e Ve :
5o+ D . l ”Lﬁ(E)

Proposition 6 Letr 0 < § < pTH’ then d(8) > a(8)r2(8) where a(8) = <% —
p+1>(1 + C2) Moreover, we have

d@)= inf J(u)=d )»(5)2 a®[1 _i_ci]—l 2(p + 1)‘
ucNs D __1

Proof Letu € A5, so by Proposition 5 we get that || VEu|| i > r(8). Then by
L (E)
definition of J and K5 we obtain that ’

1 1
J(u) = —||vEu|| ot EfﬂV(z)m(z)qu - —frqu(Z)lu(z)lp“du
p+1
E

T
Ly~ (E) =

1
_ —nvEuu w3 / IV () ()2

T
(B &

1
- — <3||VEM||2+ — Ks(u) + 8/qu(z>|u(z)|2du>.
+1 22 (E) g

Since Ks(u) =0,

Jw = G- Vel 4 S Ve bul?
u - — —)||VEu
2 2% 2(p+1) ﬁ(E)
S(p—1) , 2
(———)|| wull? + ———2C|VRul?,
e 2p+D L @
1 1)
=z —— (1 +C)Vgull®,
<2 P+1>( ) L?(E)

Since [ Vul® ., > r*() then,
L,* (B

d(8) > a(d)r*(3).
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Now, we prove the second part of the assertion. By definition of .45 and .4/, for

i € A5 and At € A, we obtain

Vgl 422 / 9V @i Py = P! f Mg @, (D)
(E)

2
L2

E E
and
SIVEal® y  + S/r‘IV(z)Wdu = /rqu(z)litl”“du.
L,? (B)
E E
Then 7 gives
IVgil? ., +[riV@lilde
5= L, () E p-1
B [rig @lalrtldu ’
E

and 8 gives that

[rig ()Pt du
E

T Vel ,., + Jriv@lalde
L,? () E

By 10 and 9, we define

1

1\ 71
L =A(8) = (5) .

Moreover, for such A, Az € .4, so by definition of d we get that

d

IA

} 1 B}
J(Ait) = -||VIW||2i + Z/qu(z)lkulzdu
L 2

/ rd g () hit| " dp

E
)\‘2 2 )
= —||V1EM|| % + ? rtV(z)|ul~du

2
L2

p+1
E

1
— [IIVE/\MII ntl +/r"V(z)|/\ﬁ|2du— K(/\ﬁ)}
(E)

®)

®)

10)

(1)
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1 1
= |:—||VEM||2+ + = /r"V(z)Iulzdu— —Munzi
L,2 (E) 2 p+ L,2 (E)
2 E 2

1
_ﬁ/qu(Z)lﬁlzdu}
E

1 2 [ p— (1-p)C2
< ()P [—||VE & — | Vg .
P 2(p+1) %(E) 2(p+1) ﬁa@)

2

On the other hand,

d(8) J(u)——IIVEullzi +

Ly* B

N =

+1

1 _
/r"V(z)lulsz—— rig ()lalP T dp
E E

1 1
—IIVEMII ntl +2/VqV(Z)|u|2dM—m<5||V1EMII nil

LzT (E) 2

L,* (B

+8/qu(z)|ﬁ|2dM—Ka(ﬁ))
E

1 1)
=G - —Iv Eun2

1
S q 24
P (E)+ G )/i’ V(@)lul"du
2

1 B
> (- — _)(1+c2)||v1gu|| v = a@®)IVeill® .,
L,? (E) L,* (B)

2 +1

Indeed,

B 1 -2 p——l 2 @
d<J(n) < (5) 1 [2(p+ 1) 1+ ]a(t?)'

Hence,

)_% 1+ Cf]—l [M]d.

d(8) = a(®) ( b1

ST

Now, we let 0 < § and & € .4/ is minimizer of d that is

- 1 1 -
d=J@) = —||vEu||2i + 2/r‘IV(z>|u|2du——l rig ()lalPdp.
L,? (B) ’ +



Edge Degenerate Pseudo-Hyperbolic Equations 53

we define 1 = A(5) by

SIVEAI? s+ 8 f 1V (@raldu = / rig @il dp.
L,* (®)
E E
Then for any 0 < 4, there exists a unique A which satisfies

1

A=468r1,

Hence, for such A, Az € 45 by definition of d(§) we get that

1 -
= —||V]E)»I,t||2i +—/qu(Z)|ku|2du
2 2
Lt ® 2J

2
2

<a||vExu|| il +8/qu(z)|kﬁ|2dpL— Ka(m)>
(E)

B 1 ) . -
= (— - —)IIVMMII i + (z———) | rV@rul"du
2 2 p+1
L2 (B J
1 S F)
> [5 - 2(— —~ —)} IVEAG? it
P+ p+1 L2 (B)
On the other hand,
1 1
d($) < J()»M)—*”VIE)\M” el +*/qu(Z)IMt|2du—7/rqu(z)lf\ﬁl"+ldu
L2 (E) 2 p+1
2 E
22 22 ~
= THVIE“”zi + 7/rfiv(z>|u|zdu
L, (®) %
_ 2 q S0 .
1 SIVEALl® . + 8 | rIV(@IMu|"du — Ks(Mit)
p L ® &
— 32 [(1 = g, - *)/qu(z)lulzdu«]
- n+
2 p+1 L E Pt
S7T 8
<57 [ 7)||VEM||ZL - (———)62”%@:”2i }
L,? (E) L,? (E)
4 2
)C IIVlEull ntl —3" 1a(<3)||V]EMII il
P 17

1,2 (E) L,* (B
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Then,
d(8) < 577 a8 d [1 + €2} %
Therefore,
d(8) = inf J (W)uer; = 57T a(8) d [1 + C2]! Z(p—j—ll).

Remark 1 According to d(§) in Proposition 6, we obtain that
i) limd($) =0.
(i) lim d(3)
p+l

) 2(p+1)
(ii) d(8) =d ;7] |: 5P T — méﬂ ] Then

2p+1) 2

d ) = 61 —1]=0=6=1.
©)) 12 [ ] =

Hence, if 0 < § < 1 then d(§) is strictly increasing function and if § > 1 then
d(9) is strictly decreasing function.

4 Invariance of the Solutions

Now, we introduce the following potential wells

W= {u e L%ﬂzf(’)"? B : K@ >0, Ju < d} U {0,

W,g:{ué%” T E) . Kyw) =0, J(u)<d(8)}U{O},

for 0 < §, and corresponding potentials outside of the set that defined as above

E:{ueue%ﬂ;() i K@) <0, J(u)<d},
Eaz{ue% %l() . Ksm) <0, J(u)<d(3)}

for any O < §. According to the definition of potential wells Ws and potential outside
E5 one can get the following inclusions:

I Ws, C Ws, whenever 0 < 81 < 82 <1,
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p+1

() Es, C Es, whenever 1 < 8 < 81 < 55— Furthermore, from the above results
on can define the following sets
1.1l
Vs = {MG% T(E) : Vel wn <)}
L,* (B
- |, nl
Vs =VsUaVs = {u e%” S(E®) (Ve 5 <r@®}
2
L,~ (B)
VE={ue)T ® : IVaul ®)}
=iu € : Eull np1  >r .
s 2,0 L3 @

Then for every 0 < § < pTH one gets that

Viey € Ws C Vi), Es C Vg

where
104t o2 2
Viep={ue Ay (B) : |[Veull wa < min{r(3), r5(8)}}
L,> B
1, d(d)
Va—ueﬁf P @®) : |Veull ap
s(8) { LZJZF ) a(é)}

where r((8) is the unique real root of equatlon =d ().

Definition 4 Suppose that u(¢) is a weak solution of problem 1. Ty, is called
maximal existence time of solution u(¢) if one the following conditions hold:

(1) If u(r) exists for every 0 < t < +00 then Tipax = +00. In this case, we say that
the solution is global.

(2) If there exists a fy € (0, oo) such that u(¢) exists for every 0 < r < g, but does
not exist at t = ty, then Tax = 1.

n+l
1 2

Definition 5 u = u(z,1) € L¥(0, Tuxi H55 * (E)) with € L(0, T
n+

n+l
L22 (]E)) is called a weak solution of the problem 1 on intE x [0, Tinax) if

t t
(ur, v)2 + ¥ (VEuU, VEV)2 +f (VEu, Vgv)odt +f (V(x)u, v)odt
0 0

t
=/0 (gr(2)|ulP " u, v)rdt

117
+ (Yuo, v)2 + (u1, v)2 Yve s, ? (B),
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N
u(z,0) = up in %” 2 (E) and hold the following energy inequality

t
I(t)+)// IVE@cu)? 1y dT < 1(0), Vi€ (0, Tona),
0 L,* ®

where 0 < Thax < o0 and

1
10 = ol at / I8Pl L, dr+ 7.
2 Lp+l (&)
1, ot ntl
We note, since u € L°°<0, Tmax; 76 o 2 (]E)) and 0,u € LOO(O Tinax; Ly” (E))

from the first equation of the problem 1 as similar in [13], one can obtaln that
—1, n+l
02u e 1%(0, Tnus H5 " > (B)).
Now we discuss the invariance of some sets corresponding to the problem 1.

n+l
Proposition 7 Let 0 < J(u) < d foru € %”210 2 (E). Suppose that §; < 1 < &,
be roots of equation d(§) = J(u). Then Ks(u) has no change in its sign for § €
(81, 82).

Proof Since 0 < J(u) < d then by Propositions 1 and 2 we can assume that

||V]Eu||2 it # 0. We assume that there exists a §o € (81, 82) for which K5, (1) =
L’ ®

0. Hence, by definition of d(§) we have J(u) > d(§). But, we have two cases the

following for ¢

51<30<1<82
S51 <1 <8p<édy

Now, by Remark 1 We get that d(51) < d(8g) or d(82) < d(8¢p) then we obtain that
d(81) = d(62) = J(u) < d(8p) that this is contradiction .

+
Theorem 1 Let ug € j‘f 2 (E), 0 < e < d. Suppose that 81 < 8, are roots of
equations d(8) = e then

(i) all solutions of problem 1 with 0 < J(ug) < e belong to set Ws for §1 < § < >
provided K (up) > 0 or ||V[[<;M0||2 w1 =0,
L,* (B)
(ii) all solutions of problem I with 0 < J(ug) < e belong to Es for § € (81, 82)
provided K (ug) < 0.

Proof

(1) Let u(¢) be a solution of the problem 1 with initial value uq for which satisfies

in conditions 0 < J(ug) < e < d, K(up) > 0 or ||VEuo||2i =0.LetT
L,? (B)
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(i)

be existence time for solution u(¢). If ||VEu0||2 bl = 0, then since ug has
L2 (B)

compact support ug = 0, so by definition of W5 we obtain that ug € Ws. If

K (up) > 0 then by assumption we have

0<J(u) =e=d(é1) =d(é2) <d@) =d

for §1 < 8§ < 8. Hence, Ks(uo(t)) > 0 for 61 < 6 < 82, by Proposition 7.
Therefore, by definition of Wy, ug € W;s for §1 < § < 6. Now, we have
to show that for §; < 6 < 6 and 0 < ¢t < T, u(t) € Ws. Suppose that,
there exist 79 € (0, T') such that for §; < § < &2, u(ty) € dWs. Then we can
imply that, Ks(u(t)) = 0 and ||V1[<;u()||2m # 0, or by definition of W,
L,* (B
J (u(tg)) = d(§). Since u(tp) is a solution 2of problem 1, so it satisfies in energy
inequality i.e.

2 1 ! d L p+
—|I3zull ot F o II(d—gr(Z) P n+1 dt + J(u(t))
L,2m® P+l T L2l @)

+y ||VE(8 W, dt
L,? ®

= 1(0) = J(up) = e <d(d),

for any 6 € (81,82) and t € (0, T). Therefore, the equality J(u(t)) = d(8)
for any § € (61,82) and ¢t € (0, T) is not possible. If Ks(u(tp)) = 0 and
IVEuoll® ..,  # 0, then by definition of d(§) we get that d(8) < J(uo(?)),
L,? (B)

that is in 2contradiction with energy inequality. Therefore, u(t) € Ws for any
§€(81,8)andr € (0, 7).

similar to first case it can be prove that uy € Es for 6 € (81, §2) provided
Ks(up) < 0. Now, we should prove u(t) € Es for any § € (61,62) and
t € (0, T). Suppose that there exist #gp € (0, T), such that for t € [0, fp),
u(t) € Es and u(ty) € 0Es, that is, Kg(ug) = 0 or J(u(ty)) = d(5) for
8 € (81,82). According to energy inequality the equality J(u(ty)) = d(5)
is not possible similar to first case. Hence, we assume that Ks(u(f)) = 0,
then Ks(u(t)) < 0 fort € (0, 19), since for t € [0, 19), u(t) € Es, then
by definition of Es, Ks(u(¢)) < 0. Now, using the Proposition 5 we obtain
that ||Veru ()| w1 > r(8) and ||Vru(to)| ntt > r(§) # 0. Hence

L% (B) L,? (B)

2 2
by definition of d(§), J(u(t9)) > d(8) which is in contradiction with energy
inequality.

Remark 2 suppose that all assumptions in Theorem 1 hold. Then for any § €

(61,

82) both seta Ws and Ej are invariant. Moreover, both sets
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Wsis, = |_| Ws, Ess, = |_| Es

§1<8<8y §1<8<8y

are invariant respectively under flow of the problem 1. Hence, we can get for all
weak solutions of the problem 1

u(t) & N, = || s

81<8<8y

To discuss about the invariant of the solutions with negative level energy, we
introduce the following results.

| ol ntl
Proposition 8 Let ug € %”2 o> (B)and uy € L,> (E). Suppose that 1(0) = 0

and ||Vgul| % # 0. Then all weak solutions of the problem 1 satisfy
L,” (B

2
o pEDaCh

muu” 1
@ pleling

v

n+l

. 1,241 .
Proof Let us consider u € f%”zyo 2 (E) as a weak solution of the problem 1.

According to the Definition 5

I(t)+1// IVE@)))? sy dT < 1(0) =0,

22®

Therefore, by definition of constants C, and C

C
—||vEu||2i Ve ul? < —||a,u||2i —Munzi
L,? (]E) L, (B) L, (B) L,? (B
1
+§/qu(z)|u|2d,u
E
p+1
< Vel
p+ L22 (E)

Hence,

(p+ DA +C?
IVEul”,), = T =

1
L,” ® pleling
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1

~‘+

ntl
Theorem 2 Let ug € %”2 o E)andu; €L, 2 (). Suppose that either 1(0) < 0

or I1(0) = 0 and | Vru|| % 0. Then all weak solutions of the problem 1
(E)
belong to Es for any 6 > 0

Proof Let u(t) be an arbitrary weak solution of the problem 1 with expressed
assumptions in face of the Theorem and T be the existence time of u(¢). From
Definition 5, for every § > 0 and ¢ € [0, T'), we can obtain

—||3zu|| w1+ a®Veul® .+

nl gl Ks(u)
L, (B > ® P+l

2 1 4 2 2
= —||31M|| w1 H (5= —=)A 4+ C) )VEUl” it
L,? (B 2 p+l Ly* (B

2
2

1
+ — (anvEun it +8/qu(z)|u|2dM
p+1 L (E) E

- f rqgt(znuw“du)
E
1 1 §C?
= Enatunzm Envﬁunz - —*lnvﬁunzﬂ
L,” (B) L22 ® Pt L% (B

2 8 )
+ —||V ul? .+ —— | FIV@uldu
L,2® PtlJe

1
——— | rlg@lulP T du
E

p+1
2
=—|I3zu|| bl —IIVlEMII ail *lll Rl il
L,” (B) L,> ® P+t L% (B)
c? 1 8
+ SNVl —(———)/qu<z>|u|2du

1
+ —/ riV () ul*du
2 Jr

1 1
— —— [ Fg@lul"Mdu < < 18ul? A+ JTw)
p+1 E 2 L22 (E)

— (= — —= ) ) IIV&ul?

1
)Py P+
p+1/ 15 8= (x))” ”L;f

p+l1

(cﬁ 8C? = 8

(E)

+y/ IVE@ )|, < 1(0). (12)
L,? (E)
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If 1(0) < 0, then 12 implies that Ks(u) < 0 and J(#) < 0 < d(8) for every
8>0andt €[0,T).If I(0) =0 and ||VEul| a1 # 0, then Proposition 8 gives
L,> ()
| Veu]| a1 > M fort € [0, T). Again by relation 12 we get Ks(u) < 0 and
L,” (E)
Jw) < 0 < d(@) for§ > 0and r € [0, T). Therefore, for two cases discussed
above, forevery § > Oand ¢ € [0, T'), we have u € Ej.

5 Global Existence and Finite-Time of the Solutions

In this section, we prove the global existence and nonexistence of solutions and give
a sharp condition for global existence of solutions for problem 1 with 7(0) < d.

n+l

Theorem 3 Lety > 0, ug € %ﬂ (]E) and u; € L (E). Suppose that 1(0) <

d, K(ug) > 0 or ||Vrug|| nil »0 = 0. Then problem 1 admits a global weak
Lz (E)

n+1
solution u(t) € L°°<O o0; 35”1
t € [0, 00).

(E)) with du € L%(E) and u(t) € W for

Proof By Proposition 3 we can choose {w;(z)} as orthonormal basis of space

%”2 02 (B). Then we construct approximation solution u,,(z, ) similar to [20] as
followmg

un(z.1) =Y hjm(Ow;(2),
j=1

form =1, 2, ... that satisfies in problem 1 then,

(O um, w2 + (VEUm, VEW)2 + (V (@, wi)2 + ¥ (VE@im), VEWE)2
= (8 (@Dumum|”~", wi)2, (13)

U (2,0) = > hjmO)w;(z) — uo(2), (14)

j=1

1 ntl
m%” 2 (E) and

dum(z,0) = Zh]m(o)w, () = u1(2), 5)
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ntl
inL,” (E). Multlplylng 13, 14 and 15 by A}, (¢) and forming the crossmarklogo
sum on k=1,2,.

m

D @t w2y (1) + (VEttm, VEWR) 2 (1) + (V (2D, wi)2ht,, ()
k=1

m
+ >y (VE@tm). VEW)2h}, ()
k=1

m
=Z(gz(z)um|um|” s Wi)2h, (1),
k=1
form =1,2,3,... . Therefore,

[rqatzuma,umd,u—i—/quEumE),VEumdu—}—/qu(z)uma,umd,u
E E E

+ )’A;quIE(asz)VlE(azum)dM
:%I;rqgt(z)ummmw_latumdﬂ- (16)

Using The Leibniz rule one can get

1d

S rIV (2)|um|*dp

1d
r‘1|a uml?dp + ——/rq|VEum| du+2d

1 d
+ J// |\ VE@um)Pdp = ridl s 98 (2)|um P dp

1 d
- [ ri= Plap. 17
1 Er (dtgz(z))luml J (17)

By integration of the relation 17 with respect to ¢

1 1 5 1 q 2 ! 2
*Hatum” ntl + E”V]Eum I n4l + 5 rV Q) lum|*dpn +y IVEQ@cup)|” yr  dT
L, 0 2

() (E) L,2 (B
1 L
- — rqg[(z>|um|f’+'du+ — / ||(—gr(z))"+‘umn P
p+1
t
=10 +y | IVE@rum)l* oy dr < 1(0) <d, (18)
0 L,> (B

where the last equal is upon Definition 5. Hence, for sufficiently large m and
0 <t < oo we obtain that u,, € W by Proposition 1. Using 18 and definition
of functional K,
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62
1 2 1 +1
+ rV@Q)lum|“dp — —— | rlg(@)|um!” dp
p+1Je

1
J(tm) = = I1VEUml1? it
2 L22 (E)

1 2
+ = | rIV@luml|“du
2 Jg

—||vEum|| il
2
+/ rIV (2)|um 2y — K(um>>
(E) E

L,

®)

1
—m<|| Vigim |12 2%
+fqu(z)|um|2du}

E

p—1
|:||VIEum|| bl
L,? (B)

> (0
2(p+ 1)
pP—
z—(1+C WNVEuml® -
2(p+ 1D L7 ®
Then
"1 Lo
/ et P gy dt + —— ||<—gr PP de
0 L,? (B) L,fj]‘ (E)
P —
(1 + CHIVEUm|? 1
L,2 (B

2

20 +1)

t
< I(t)+7// IVE@cum)|? s dt < 1(0) < d.(19)
0 L,? (B)

for ¢t € [0, 0o) and sufficiently large m. Now, by relation 19 we can get that

2(p + 1)
IVEumll® wit (1 +chHd (20)
L,? <1E)
fort € [0, c0) and
5/ 10zt 1= pit d +—f II( gr)f’“umllpm dt <d, 21
0 L% (E L ()
fort € [0, 00). Also we obtain that
p+1
ntl
L,? (E)

E
(22)

q = P15 q p+1
r gt () P U |u |V 7 d = | g1 (D) |uml” dp < Ciie " | VEUR |
2 1
(”+ ) 1+cH a5

E
Cp+1(

and
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1
/3J|V<mzumﬁdu/=l/rﬂv«zNumqu<<cﬂuvmumn it
E E L ®

<c%{§ila+c%1df (23)

From 20, 21, 22 and 23, it follows that there exists # and a subsequence still denotes

{u,,} for which as m — oo, u,; — u in L™ (0 00 ; jf (]E)) weakly star and

n+l

a.e. in intlE x [0, 00), 0su,;, — O:u In LZ(O, o0 ; L22 (E)), weakly star. Also we
n+l
have V(2)|um|®> = V(2)|ul? in L°°<O, o0 ,%”210 2 (]E)) weakly star and a.e. in
n+1

intE x [0,00), and g (@it P~ — g @ulul?~ in L2(0,00: 45 > (B))
weakly star and a.e. in intlE x [0, 00). Therefore, in 13 for k fixed and m — oo we
get that

t t
(Yu, wi)z + (us, wr)2 +/ (VEu, VEwy)2dt +/ (V(@)u, wi)dt
0 0
t
=/@mMMPHWMh
0
+ (Yuo, wr)2 + (u1, we)a.

| ntl
On the other hand, from the relation 14, u(z, 0) = up(z) in jf 2 (E) and from
n+1
T ®)
n+l

with d,u € L (0 00 ; L,* (IE)) is global weak solution of problem 1. Since u

15 8,;u(z,0) = uy in L (IE) By density we obtain u € L°°<0 0 ; %”

satisfies problem 1, so by deﬁmtlon of K we have K (u) = 0. Hence, u(¢) € W for
0<t<oo0.

Corollary 2 If we replace the assumption I (0) < d, K(ug) > 0by0 < I(0) < d,
Ks,(wo) > 0 where (81, 62) is the maximal interval including § = 1, (see Remark 1)
such that 1(0) < d(§) for § € (81, 82). Then problem 1 admits a global weak

1 n+1 n+l
solution u(r) € L=(0,00: #50% ®)) with du € 12(0,00,L," (B)) and

u(t) € Ws for s € (61, 82), t € [0, 00).

Proof 1t is immediately implied form Theorems 1 and 3.

Corollary 3 If we replace the assumption Ks,(up) > 0 or ||Viuol| gl = 0,
L,? (B

2
by ||VEuoll % < r(82), then problem 1 admits a global weak solution u(t) €
E
g
2

2
ntl
L°°(o, 00 A5y (E)) with du(t) € L°°(o 00; L,? (IE)) satisfying
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1(0)
IVEul? oy < ——, Ndul*,, <2I0), 0<t<o0 (24)

L22 (E) 0(51)’ L22 (E)

Proof From assumption ||VEug|| ngl < r(82), we can get that Ks,(ug) > 0
L,* (E)
or || Veuo|| a1 = 0. Then it follows from Corollary 2 that problem 1 admits
L, (E)
a global weak solution such that for any §; < § < &, 0 < ¢t < o0,

lnl

ntl
u(t) € L°°(O 00; Ay ? (]E)) with du € LOO(O 00: L,? (E)) and u(r) € W
Moreover, similar of the proof Theorem 2 for every §; < 8 <8,0<t <o0,

1
—||azu||2i +a@®) I Veull® ., + K () < 1(0).
L22 (E) L22 E) p+

If we tend 6 to §; then we achieve 24.
Now we discuss the global non-existence of solutions of the problem 1.

1, kL ntl
Theorem4 Let0 <y < (p—1) 1+C2A , U € %”20 > (B), uy € Ly,” (E).

Suppose that 1(0) < d and K (ug) < O. Then the existence time of solutlon for
problem 1 is finite, where A1 is the first eigenvalue in Proposition 3 i.e.

| IVEUll it
5 . L,~ (E)
A= inf —_—2
g leell w1
uedty s > (B),|Veul , #0 L,? (E)
L22 ®

Proof Let u(t) be any weak solution of problem 1 with /(0) < d and K (ug) < O,
T be the maximal existence time of u(¢). We will prove 7' < oo by contradiction.
Let M(t) := ||ul|® ., ,then

L,? (B

. d 2
M@) = — [ rflu(z, O"dp = 2(3u, u)2,
dt Jg

from definition of functional K,

MO=200ul? .. +20%u, w)p =2[8ul®> ., —2y(VE@u), VEu),—2K (). (25)
L,? ® Ly* ®)

Using proof of Theorem 2 we can get,

1
—||atu||2i +a)|Veul? ., + — K@
L,2 (E) L,> ® P+
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1
= —||atu||2i <(— -0+ Cz))IIVEu||2+
L2 (B) L,* B

1
4 —(n Veul? vy + / FV ()P / rqg,<z>|u|f’“du)
p+1 E E

L,? (E)

I A

1
—||atu||2i 2muuzi
L,2 (E) L,* (B

[(———) ! ]fqu(x)|u|2d,u
p+1 p+1

1
- rig (@ulPdu < ||atu||2i
p+1Jr Ly? (B)

1
)7 u| "L
p+1/ ”( gr( )P ”ij;ll

p+1 (&)
+Jw) + y/ IVE@ )11
L,? (B)
—I(t)+y/ | VE (3;u) 1% i < 1(0). (26)

L,” (B)
Thus inequality 26 implies that

M) = 200ul®

L,* ®

— 2y B, u)2 —2(p + 1)[1(0) - -Ilaxull ntl

L,? (E)

2(p+1) s

2

Pl 4 v }
(E)

(p+3)||atu|| p A+ =DA+CHIVeul? 0

,2 (B L,? (E)
— 2y (VE(0u), VEu)z —2(p + DI1(0). 27)

In first, let us consider 7 (0) < 0. Then,

M@ > (p+3)Noul? s +Pp—DA+CHMIul? oy —2y (VE(Bu), VEu)).
L,% (B Ly,* (B)
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condition y < (p — (1 + Cf))»l implies that, there exists a constant € €
(0 . (p—Da +C$)> such that

yr<(p—1—e)1+CHrr.

Therefore,
M@ > @G+oldul? . + (p—1=oldull® s — 2y (VE@u), VEu):
L,? (B Ly,* (B)
+(p— DA+ CHAul® s - (28)
Ly,? (B
On the other hand,
7’2
2y (VE@u), VEu)r < (p — 1 — ) dul* ., + —||u|| il
L,>® P—1- L,? (E)
< (p=1-Oldul?,.. +(p—DA+CHIul? .,
L22 (E) L, (B)
(29)
From 28 and 29, we can get that
M) > @+ olldul® . - (30)

L,* (E)

By Edge Holder inequality we get

.. 4+€ .
M(t)M(t)—TM(t) > (4+e)(II3zullzn+1 lul? e —(VE@u), V]Eu)2> >0
L2 (E) L,? (E)

(M—Ot)// —

— . .
m(M(t)M(t) —(a+ 1)M(t)2> <0

fora = % and 0 < r < oo. Hence, there exists a 77 > 0 such that

lim M~%(t) =0

t—T

and lim;_, 7, M (t) = +o00, which is contradicts Tiax = +00.

In second case, we consider 0 < 1(0) < d. In this case from Theorem 1 we have
uec EsforO0 <t <ooandd € (1 , &) (see Remark 1) where (81 , &) is
the maximal interval including § = 1 such that d(6) > 1(0) for§ € (61 , &2).
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Therefore, Ks(u) < 0 and ||VEu| 1 > r(§) forl < § < 8,0 <t < oo.

L,* (B
Consequent, Ks(u) < 0 and ||Vgu|| > r(8) for 0 <t < oco. From 25,

diwa(r)) = e <yM<z) + M(z)) = 2ey’<||atu||2n | — K(u))
t L} (E)

L,> (B

:26W<||atu||2n+l I+ (82 — DIIVEul? .. —Kaz(u))
) L,> ®

> 2718y — )12, = C §re"".
Hence,

. ! . C$é .
e’"M(t) > C 82/ e¥'dt + M(0) = —2(6}” — 1)+ M(0),
0 v

. (o) .
M) > —2(1 —e ")+ e 7 M(©).
14
Hence there exists #y > 0 for which
. C 6y
M@)>—— Vi>1
2y
and
C$ (o)
M) = ==2(t — 1) + M(to) = ——(t — 1), 1 = 1o.
2y 2y
From assumption y < (p — 1)(1 + Cf)kl, it follows there exists a constant
€c (0 . (p=Da +cf)>
such that
y?<(p—1-e [(p — DA+ CHr — e]
From 27,

M@) = (p+Ioul? =2y (Ve@rw), Vewa + (p = D(1+ CHMull?
L

L,? (E) 5 (E)

=2(p+ 1DI1(0)

€29
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= |G+ oldul?y  +(p—1—eldul? a1 — 2V (VE(Gru), VEu),
L} (B) L% (B)
+[(p = DA+ CHIZ = elldul? g M) =2p+DIO). (32)
LI (®)

Also we can obtain

2
4
2y (VE@u), Veu)r < (p — 1= Olldul® 0y + —||u||2i
L2 (B p—1- L,2 (B
<(p—1—Oldul* .
Ly* (B
+H(p — DU+ CHAT —€elllull® oy - (33)
L,* (B
From 32 and 33 we get
M@) > G+ e)dul? . +eM@) —2(p+ DI0). (34)
L,* (B
From 31, it follows that there exists a #; > 0 such that
eM(@) > 2(p + 1DI(0) Vi > 1,
and then
M) > @G+ olldul® . vt > 1.

L,* B

Now, similar to first case we can obtain a contradiction. Hence we always have
Tinax < 00.

From Theorems 13 and 4 we can obtain the following theorem for global
existence and non-existence of solutions for problem 1.

1 n+] nt+l
Theorem 5 Let0 <y < (p—1)y/1+ C2A{, up € %”20 (E)andu; € L,* (E).
Suppose that 1(0) < 0. Then, when K (ug) > 0, problem 1 admits a global weak
solution and when K (ug) < 0, problem 1 does not admits any global weak solution.
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