Canonical Systems of Partial Differential )
Equations Pt

Martin Schechter

Abstract We use critical point theory to find solutions of the nonlinear steady state
Schrodinger equations arising in the study of photonic lattices.

1 Introduction

Systems of partial differential equations arise in many investigations in the physical
sciences. Depending on the application and on the questions asked, different types
of systems emerge. Usually, if one is interested in finding steady states solutions, the
resulting system is elliptic in nature. Such systems may display severe difficulties
when one tries to solve them. Most of the time they admit a trivial solution, where
all of the unknown functions are identically zero. However, the physical application
requires a solution which is not identically zero. In such cases, the methods of
solution may be very difficult. In particular, one has to show that the solution
obtained is not trivial. The system that we study is not only deceptive, but it is
almost impossible to tell if one has solved the whole system or only parts of the
system. I call it “canonical.” I shall elaborate on this later.
Many general systems are the form

dv=f(x,v,w), xe€QCR" (1)
Bw =gkx,v,w), xecQcCR", (2)

where 7, % are linear partial differential operators. I call this system “deceptive”
if (v, 0) is a solution of (1) and (2) whenever v satisfies

v = f(x,v,0), xe€QcCR", 3)
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or (0, w) is a solution whenever w satisfies
PBw=g(kx,0,w), xecQCR" 4)

In this case it is very difficult to determine if both components of a solution are
nontrivial.

The particular system I have chosen consist of nonlinear Schrodinger equations
arising in optics (cf. [16]) describing the propagation of a light wave in induced
photonic lattices. They can be written in the form

iV, + AV PV

l =

! 1+ |V]2+ W2

W, + AW Pw

1 =
! L+ V]2 4+ |W]?

for the periodic wave functions V (x, t), W(x, t) over a periodic bounded spacial
domain £2 C R2, where P, Q are parameters (cf. [2, 21]). To find a steady state
solution, we look for solutions of the form

Vix, 1) = o), W, 1) = wx),

where A is a real constant. This leads to the following system of equations over a
periodic domain £ c R? :

A _ P + A ®)
V= v,
1+ v? +w?
Ow
Aw = ———— +hw, 6
YT e T ©

where P, Q, A are parameters. The solutions v, w are to be periodic in §2 with the
same periods. One wishes to obtain intervals of the parameter A for which there
are nontrivial solutions. This will provide continuous energy spectrum that allows
the existence of steady state solutions. This system was studied in [2], where it was
shown that

1. If P, Q, A are all positive, then the only solution is trivial.

2. If P <0and 0 < A < —P, then the system (5) and (6) has a nontrivial solution.

3. If P, O > 0, there is a constant § > 0 such that the system (5) and (6) has a
nontrivial solution provided 0 < —A < 4.

4. All of these statements are true if we replace P by Q.

Wave propagation in nonlinear periodic lattices has been studied by many reseachers
(cf., e.g., [1-11, 17, 20-23] and their bibliographies.)
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In the present paper, we wish to cover some remaining situations not mentioned
in [2] as well as extending their results to higher dimensions. We shall show that
there are many intervals of the parameters in which nontrivial solutions exist. Our
results are true in any dimension.

In stating our results, we shall make use of the following considerations. Let £2
be a bounded periodic domain in R”, n > 1. Consider the operator —A on functions
in L2(£2) having the same periods as §2. The spectrum of —A consists of isolated
eigenvalues of finite multiplicity:

O=A <A< - <Ag<---,

with eigenfunctions in L*°(£2). Let A¢, £ > 0, be one of these eigenvalues, and
define

N = @E(A), M = Nt
A<Ag

As noted in [2], to prove the existence of a nontrivial solution of system (5) and (6),
it suffices to obtain a nontrivial solution of either

Av= PV )
U_1+v2 v
or
Qw
Aw = Aw. 8
w 1+w2+w (8)

This stems from the fact that (v, 0) is a solution of (5) and (6) if v is a solution of (7)
and (0, w) is a solution of (5) and (6) if w is a solution of (8). The author is unaware
if such solutions are desirable from the physical point of view. However, we have
been able to find values of P, Q, A for which the system (5) and (6) has a solution
(v, w) where v # 0, w # 0.

We shall prove

Theorem 1 If0 < A < —P or0 < A < —Q, then (5) and (6) has a nontrivial
solution.

Theorem 2 If0 < —A < P or0 < —A < Q, then (5) and (6) has a nontrivial
solution.

Theorem3 I[fP > 0,0 >0, 0 = —A > 0, and either 0 <o — P < A < 0 or
0<o0o— Q <A1 <o, then (5) and (6) has a nontrivial solution.

Theorem4 IfP > 0,0 >0, 0 = —A > 0, and either Ay <o — P < ly1 <O
orkg <o — Q < Ag41 < 0 then (5) and (6) has a nontrivial solution.

Theorem S5 [fP >0, 0 =0, A=—Xy <0, —Aw = Apw and
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1
A P — /82|,
¢ < /Qlerz/l |

then (5) and (6) has a nontrivial solution. If w # 0, then the solution has both
components nonzero.

Theorem 6 I[fQ >0, P=0, A= —Xy <0, —Av = Apv and

1
Ao < 21,
¢ Q/91+v2/l |

then (5) and (6) has a nontrivial solution. If v # 0, then the solution has both
components nonzero.

2 Some Lemmas

In proving our results we shall make use of the following lemmas (cf., e.g., [12, 14,
15, 18]). For the definition of linking, cf. [12].

Lemma 1l Let M, N be closed subspaces of a Hilbert space E such that one of
them is finite dimensional and E = M ® N. Take B = 0985 N M, and let wo be any
element in 098, N M. Take A to be the set of all u of the form

u=v+swyg, vVEN,sek,

satisfying the following

(a) Ivlg <R, s=0
(b) llvle < R, s =2Ry
(c) Ivlle =R, 0 <5 < 2Ry,

where 0 < § < min(R, Rg). Then A and B link each other.

Lemma 2 The sets ||ul|g = R > 0 and {e1, ez} link each other provided |le1||g <
R and |le2]|g > R.

Lemma 3 IfG(u) € C'(E,R) satisfies
o= irng > —00, €)
then there is a sequence {uy} such that
Gup) = o,  (I+ [lugll p)IG (o)l — 0. (10)

Lemma 4 IfA links B, and G(u) € CUE,R) satisfies
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ap=supG < by = infG, (11
A B

then there is a sequence {uy} such that
Gug) = c¢=bo, (1+ lullp)IIG" ()]l — 0. (12)

We let E be the subspace of H!2(£2) consisting of those functions having the
same periodicity as §2 with norm given by

2 2 2
lwie = IIVw|® + lw]]*.

Assume P #0, Q # 0, 1 # 0. Let
a(u) = %[ IVoll® + 2 lvl*1+ é[ IVwl®+ A lwl®l, v,weE  (13)
and
G ) :a(u)—i—/gln(l—i—uz)dx. (14)

We have

Lemma 5 If G(u) is given by (14), then every sequence satisfying (10) has a
subsequence converging in E. Consequently, there is a u € E such that G(u)=c
and G'(u) = 0.

Proof The sequence satisfies

1 2, A 2, 1 2 A 2
G(Mk)ZFHVUkH +F||Uk|| +§||Vwk|| +§||wk|| (15)

+/ In{l + ux |2} dx — c.
2

1 A
(G'(ui), 9)/2 =F(Vvk, Ve) + F(Uk, g) (16)

+ é(Vwk, Vh) + %(wk, h)

Uurq
+/ ——dx =0, q=1(g h),
Q l—l—u%

1 A
(G'(ui), v) /2 =75 (Vor, Vo) + 5 (0, ve) A7)
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U Vg
+/ 2dx—>0.
2 T+ug

and
, 1 A
(G'(ur), wi)/2 =§(Vwk, Vuwy) + E(wk, wy) (18)
—i—/ ukwk2 dx — 0.
2 1 +ug
Thus,
/ H(x,uy)dx — c, (19)
Q
where

2

1412

H(x,t) = In(1+1%) — (20)

Let px = llukll#, where
1
lull3, = m[uwu2 + Al vl Q1)

1
+ @[nwn2 + 1A wl?l, u=(v,w) € E.

Assume first that o — o00. Let iy = uy/px. Then |||z = 1. Hence, there is a
renamed subsequence such that y — u in E, and iy — u in L2(£2) and a.e. Now

! 2 2 ! 2 2
W[IIVkaI + (Al ol ]+@[||Vwk|| + AL [lwilI]- (22)

By (17) and (18),

2
il =

lully; < (G (ur), vl /2 + (G (ur), we)l /2

A=A 5 A=A,
el + ———llwell
|P| O]

uz
+ 2dx.
2 1+ug

+

Hence,
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1= llikll < (G (ur), vi)l/2 + (G (ux), wi)1/21/pf + Clik . (23)
In the limit we have,
1< Cll*

This shows that & = 0. Let £2¢ be the subset of £2 where u(x) # 0. Then |£2¢| # O.
Thus

/ H(x,uk)dx=/ H(x,uk)dx—l—f H(x,u)dx
2 20 £2\829

i H(x,uy)dx — oo.
£20

This contradicts (19). Thus, the sequence satisfying (10) is bounded in E. Hence,
there is a renamed subsequence such that uy — ug in E, and uy — wug in L>(£2)
and a.e. Taking the limit in (17), we obtain

1 A
(G' (1), 9)/2 ZF(VUO’ Ve) + F(UO’ g) 24

+é(Vw0, Vh) + %(wo, h)

uoq
+ dx =0, = (g, h),
/.Ql~|-u% 9= & h

Thus, uq satisfies G’ (o) = 0. Since uq € E, it satisfies
, 1 A
(G'(u0), u0)/2 =F(Vvo, Vo) + F(UO’ vo) (25)

+é(va, Vwg) + %(wo, wo)

u2
+/ 02dx=0
2 1+ug

Also, from the limit in (17), we have

1
lim ;nwn2 =1im(G' (ug), vk)/2

2
Vi

A
—lim[—||v 2+/ dx
[PII k|l S ]
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12 ||2+f L
=—[=|v x
P o 1+u?

1
= ;nwuz,

with a similar statement for ||[Vw|?. Consequently, Vuy — Vu in L?(§2). This
shows that G (u;) — G (ug). Hence, G(ug) = c.

Lemma 6 If G’ (u) = 0, then (v,w) is a solution of (5) and (6).

Proof From (24) we see that
|(Vu,Vg)| < Cliqll, q €E.

From the fact that the functions and £2 are periodic with the same period, it follows
that u € H>2(£2) and satisfies (5) and (6) (cf., e.g., [13]).

Lemma 7
/ In(1 + u?)dx/ul} = 0, |lullz — oco. (26)
2

Proof Suppose u; € H is a sequence such that pp = ||ugllg — oo. Let iy =
ur/pr. Then ||lug||g = 1. Hence, there is a renamed subsequence such that iy — u
in H, and ity — @ in L2($2) and a.e. Now

In(1+up)  In(l+ u%)ﬁ

2

5 i~ Oa.e.
P Uy

and it is dominated a.e. by ﬁ% — 7% in L1(£2). Thus

In(1 2
/ %dx—) 0.
Q

Ok

Since this is true for any sequence satisfying |lux|| g — 00, we see that (26) holds.

Corollary 1 If

I(u) = ||u||§,—/ In(1 + u?) dx,
2
then
I1(v) - ocoas ||v|lg — oo. 27)

Proof We have
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L)/ llull} =1 —/Qma +u?ydx/|lull3 = 1, |ullyg — oo

by Lemma 7. This gives (27).

Lemma 8
[ 1 =t iy > 0.l — 0, (28)
Q
Proof Suppose uy € H is a sequence such that py = |juxllg — 0. In particular,
there is a renamed subsequence such that uy — 0 a.e. Let uy = ur/pr. Then

llitx |1z = 1. Hence, there is a renamed subsequence such that u; — # € H, and

dx — @i in L2(£2) and a.e. Now
2

2 2
uy —In(1 + up) uy 2 0ae
p,% _l—i-u,% k

and it is dominated a.e. by #; — @* in L!(£2). Thus

2 2
uy —In(l +u
JRCESLIIET PR
2 Py

Since this is true for any sequence satisfying ||ux||g — 0, we see that (28) holds.

3 Proofs of the Theorems

Proof of Theorem I We let E be the subspace of H'?(£2) consisting of those
functions having the same periodicity as £2 with norm given by

2 2 2
lwie = IIVw|® + lw]]”.

Let u = (v, w), where v, w € E and u? = v+ wk If g = (g,h), we write

uq = vg + wh. Define
2 1 2 2
lleell 7 =m[llvvll + Al [[vllI7] (29)
1 2 2
+ |Q|[||Vw|| + Al wl®], v,weE.

Assume that P, Q, A do not vanish. Then ||u||%_1 isanormon H = E x E having a

scalar product (u, h)g.
Let
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1(u) = ||u||§,—/ In(1 + u?) dx. (30)
2
Then,
, uq
('), q)/2=W,q)n —/ 1—2dx’ q € H. (31)
ol+u
If I’(u) = 0, then
—|Plv + Al (32)
V= —————— v,
14 [v2+ |w|?
—|Qlw
=— = 4w 33
1+ v+ |w|? 1A (33)

This is equivalent to (5) and (6) if P < 0, Q < 0, A > 0. To prove the theorem, we
must show that there is a nontrivial solution of I'(#) = 0 when either 0 < A < —P
or0) <A< —0.

Assume 0 < A < —P. We show that 7 (z) has a minimum u # 0.

Let the sequence uy € H satisfy

I(ug) \(XZI}_]]fI

(which may be —o0). By (27), px = |lux|l g is bounded. Hence, there is a renamed
subsequence such that u;y — ug in H, and ux — ug in L*>(£2) and a.e. Since

2 2 2
lurllyy — 2([uk — uol, w0l = lluolly + llux — uolly,

we have
1(uo) < luly — 2([ug — uol, uo)
— f In(1 + u%)dx
0
=1 (ur) — 2([uk — uol, uo)u
- / [n(1 + u3) — In(1 + u})]ldx
0
— .
Thus,

a < I(ug) <a,
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showing that « is finite and that ug is a minimum. Thus, I'(ug) = 0 and ug is a
solution of
—|Plv
1+ [v]? + |w|?

—|0lw A
= " w.
1+ )%+ |w?

Av + Av, (34)

(35)

Next, we show that #y # 0. We do this by showing that @ < 0. Consider a constant
function u = (s, 0). Then,

Ao 2
I(u):[ms —In(1 +s57)]|82|, s e€R.

This has a negative minimum if A < |P|. Thus 7 (uo9) = « < 0. Since 1(0,0) = 0,
we see that ug # 0. However, ug satisfies (34) and (35), not (5) and (6). To rectify
the situation, we merely note that the same method produces a negative minimum
vo for I (v, 0), and (vo, 0) is a nontrivial solution of (5) and (6). This completes the
proof for the case 0 < A < —P. The case 0 < A < —( is treated similarly.

Proof of Theorem 2 Assume 0 <o < P, 0 <o < Q, and let a(u) and G (u) be
given by (13) and (14), respectively. Then G’ (u) = 0 iff u = (v, w) is a solution of
(5) and (6). We search for a nontrivial solution.

Let px = ||luxll g, where

1

2 2
|P|[||Vvll + (A vl7] (36)

2
lully =

1
+ @[an2 + 1A wl?l, u=(v,w) € E.

Assume that pp — 0. Let ity = ug/pk. Then ||itx ||z = 1. Hence, there is a renamed
subsequence such that iy — i in E, and ity — u in L2(£2) and a.e. We have

+ P

o_ligo 2 2 2
Gu)/of = IV + oAl
1 - A+Q0 5
+ — IVl + =l
0 0

+/ [In{1 + |ug)?} — u,%]dx/p,%.
Q

Since P > o and Q > o, we see in view of Lemma 7 that there are positive
constants &, n such that

G /llul% = e, lully <n.
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Let A be the set of those u € H such that |u||y = n. Consider a constant function
u = (s,0). Then,

2 A -2 2 A
Gu)/s =[F + s “In(1 4+ s9)]|2| — F|Q| <0, s — o0
Hence, there is a u € H such that |[u]|g > 1 and G(u) < en?. Since G (0, 0) = 0,

there is a u € H such that ||lu||y < n and G(u) < en?. The theorem now follows
from Lemmas 2, 4, and 5.

Proof of Theorem 3 Assume P > 0,Q > 0,A < Oand o = —A > max[P, A].
Let

1 1
a@) = Sl Vo> — o [lvl*]+ 2! IVwll* —o wl*l, v,weE (37)
and
G ) =a(u)+f In(1 + u?) dx. (38)
2

Then G’ (1) = 0 iff u satisfies (5) and (6).
First, we note that

Gu) <0, ueN,
ifo > P, 0 > Q. Tosee this, letu = (c,d) € N. Then
i) )
a(c,d) = ——c°|2| — —d~|82|
P 0
and
/ In(1 + ¢ + d®dx < (* + d)|R).
Q
Thus,
o2 .2
G <[l - —=]c’|$2 1——1d°|$2].
(w) <[ P]Cl [+ Q] [£2]
This means that
Gu) <0, ueN, 39)

providedo > P, o0 > Q.
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Next, let ¢ be an eigenfunction of — A corresponding to the eigenvalue A 1. If we
take u = (Y 4+ ¢, ¥ + d), we have

1
a(u) ZF[ IV@ + Ol —o (¥ + )%
+ l[ IV +dDI* — o (¥ + )]
Q 9
and this gives
_ l . 2 2 l _ 2 0
a(u) = P[(M o) I¥ll* —oc ]+ Q[(M o) |[¥ll” —od],
which will be negative if o > A;. Moreover,
/ In(1 4292 + ¢ +d>dx/|ul}, = 0, |ulg — oo.
Q
This follows from the fact that
/ In(1 + u?)dx/|ul} = 0, |z — oo (40)
2

(Lemma 7). Consequently,

lim sup GW+c,¥v+d) <0 41)
I+, y+d) | g— o0

provided o > Aj.
Next, let u = (v, w) be any function in M. Then | Vul||> = ||[Vv|? + |[Vw]|? >
Mlvl? 4+ Atllw|? = Atllul|. Then

1 o—P 1 o—Q
a@) + llul* = —[1 - 5 Vol + ol Vw|?.
Thus, there is an ¢ > 0 such that
a@) + ul® > 2¢|Vul®, ueM, (42)
when o — A1 < min[P, Q].
Now
/Q[»ﬂ —In(1 +ud)ldx/|ulf; — 0, |ulg — 0 43)

by Lemma 8. If we combine (42) and (43), we see that there is an ¢ > 0 such that
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Gw) > ¢||Vul>, ueM, (44)

when ||[Vu||? is small and 0 — A < min[P, Q].

Take A = (N & {¥}), B = 0%s N M. By (39), (41), and (44) one can
apply Lemma 1 to obtain (10) and then Lemma 5 to conclude that (5) and (6) has
a nontrivial solution. To see this, note that aqp = 0 < ¢ < by, showing that the
solution uq satisfies G(ug) > ¢ > 0. Since G(0) = 0, we see that ug # 0. If
max[P,A1] < —A < P + Ay is true, but max[Q, A1] < —A < Q + Ay, is not,
we can apply the argument used in the proof of Theorem 1. The same is true in the
other direction. This completes the proof.

Proof of Theorem 4 First, we note that
Gu) <0, ueNl, (45)

if o > Ay + max[P, Q]. To see this, let u = (v, w) € N. Then |Vu||® = ||Vv|]® +
IVw(|? < Aellvll* + Aellwl|* = A¢llu]|. Then

1 1
G = e =0+ Pl l[vll* + EW — o+ 0] w|* <0.

Next, let g be an eigenfunction of —A corresponding to the eigenvalue Agy . If
we take u = (g + v, g + w), we have

1 2 2
a@) =7 LIV + " =0 lg + vl
! 2 2
+ 5[ V(g +w)lI” — o [[(g +w)lI"],

and this gives
_l _ 2 _ 2
a@) =711 —0) gl + G = ) 1v]°]
+ 5l =) Igll* + (e — D) Iwl?1,

which will be negative if ¢ > Xy1. Moreover, by Lemma 7,
/ In(1 + 2% +v> + whdx/|ul}, = 0, |ullg — oo. (46)
2

Consequently, (46) holds provided o > Ag41.
Next, let u = (v, w) be any function in M. Then IVul?> = |Vv|? + |[Vw]|? >
et 017 + At llwl® = Ag1]lul|>. Then
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o —

o—-0

W+ lul? =~ vl + L 1IVw]?
alu u —_ — v — — w .
- P Aot 0 Aot
Thus, there is an &€ > 0 such that
a(u) + |lul*> = 2| Vul®>, ueM, 47)
when o — A¢41 < min[P, Q].
Now by Lemma 8§,
f [ — In(1 + u)ldx /Il — 0. fullg — 0. 48)
2

If we combine (47) and (48), we see that there is an ¢ > 0 such that
Gw) = | Vul®>, ueM, (49)

when [|Vu||? is small and o — Ae+1 < min[P, Q].

By (45), (46), and (49) one can apply Lemma 1 to obtain (10) and then Lemma 5
to conclude that (5) and (6) has a nontrivial solution u( taking A = d(N®{g}), B =
0%BsNM.Thenay = 0 < & < by, showing that G (ug) > ¢ > 0. Since G(0, 0) = 0,
weseethatug # 0. If Ay <o — P < Ag41 < oistrue,butriy <o —Q < Ag41 <0
is not, we can apply the argument used in the proof of Theorem 1. The same is true
in the other direction. This completes the proof.

Proof of Theorem 5 If w = 0, this follows from Theorem 1 since 0 < Ay < —P.
Otherwise, let

= i 2 _ )‘_@ 2 2 2
I,(v) = —||Vv| lvl|“+ | In{fl +v"+w"}dx, veH. (50)
P P o
Then,
(1), 8)/2 = =(Vv, V) — 24 4 [ 51)
v), = —(Vu, — —(v, ———dx.
wit)» 8 P Ep T T v+ w2
If 1, (v) = 0, then u = (v, w) satisfies
Av= LY A (52)
T T w2
Aw = —low, (53)
which is (5) and (6) for the case Q = 0, A = —A,. If we can find a solution

v # 0of I (v) = 0, then we shall have a solution ¥ = (v, w) of (5) and (6) with
v # 0, w # 0. This was done in Theorem 3 of [19].
The proof of Theorem 6 is similar to that of Theorem 5 and is omitted.



624 M. Schechter

References

1. G. Bartal, O. Manela, O. Cohen, J.W. Fleischer, M. Segev, Observation of second-band vortex
solitons in 2D photonic lattices. Phys. Rev. Lett. 95, 053904 (2005)

2. S. Chen, Y. Lei, Existence of steady-state solutions in a nonlinear photonic lattice model. J.
Math. Phys. 52(6), 063508 (2011)

3. W. Chen, D.L. Mills, Gap solitons and the nonlinear optical response of superlattices. Phys.
Rev. Lett. 62, 1746-1749 (1989)

4. N.K. Efremidis, S. Sears, D.N. Christodoulides, Discrete solitons in photorefractive optically-
induced photonic lattices. Phys.Rev.Lett. 85, 1863—1866 (2000)

5. WJ.W. Fleischer, M. Segev, N.K. Efremidis, D.N. Christodolides, Observation of two-
dimensional discrete solitons in optically induced nonlinear photonic lattices. Nature
422(6928), 147-149 (2003)

6. J.W. Fleischer, G. Bartal, O. Cohen, O. Manela, M. Segev, J. Hudock, D.N. Christodoulides,
Observation of vortex-ring discrete solitons in photonic lattices. Phys. Rev. Lett. 92, 123904
(2004)

7. P. Kuchment, The mathematics of photonic crystals, in Mathematical Modeling in Optical
Science. Frontiers Application of Mathematical, vol. 22 (SIAM, Philadelphia, 2001), pp. 207—
272

8. C. Liu, Q. Ren, On the steady-state solutions of a nonlinear photonic lattice model. J. Math.
Phys. 56, 031501, 1-12 (2015). https://doi.org/10.1063/1.4914333

9. H. Martin, E.D. Eugenieva, Z. Chen, Discrete solitons and soliton-induced dislocations in
partially coherent photonic lattices. Martin et al. Phys. Rev. Lett. 92, 123902 (2004)

10. D.N. Neshev, T.J. Alexander, E.A. Ostrovskaya, Y.S. Kivshar, H. Martin, I. Makasyuk, Z. Chen,
Observation of discrete vortex solitons in optically induced photonic lattices. Phys. Rev. Lett.
92, 123903 (2004)

11. A. Pankov, Periodic nonlinear Schrodinger equation with application to photonic crystals.
Milan J. Math. 73, 259-287 (2005)

12. M. Schechter, Linking Methods in Critical Point Theory (Birkhauser, Boston, 1999)

13. M. Schechter, An introduction to nonlinear analysis, in Cambridge Studies in Advanced
Mathematics, vol. 95 (Cambridge University, Cambridge, 2004)

14. M. Schechter, The use of Cerami sequences in critical point theory theory. Abstr. Appl. Anal.
2007, 28 (2007). Art. ID 58948

15. M. Schechter, Minimax Systems and Critical Point Theory (Birkhauser, Boston, 2009)

16. M. Schechter, Steady state solutions for Schr/”odinger equations governing nonlinear optics. J.
Math. Phys. 53, 043504, 8 pp. (2012)

17. M. Schechter, Photonic lattices. J. Math. Phys. 54, 061502, 7 pp. (2013)

18. M. Schechter, Critical Point Theory, Sandwich and Linking Systems (Birkhauser, Boston, 2020)

19. M. Schechter, Schrodinger equations in nonlinear optics, in Nonlinear Analysis and Global
Optimization, ed. by Th. M. Rassias, P.M. Pardalos (Spriger, 2021), pp. 449-459

20. Y. Yang, Solition in Field Theory and Nonlinear Analysis (Springer, New York, 2001)

21. Y. Yang, R. Zhang, Steady state solutions for nonlinear Schrédinger equation arising in optics.
J. Math. Phys. 50, 053501-053509 (2009)

22.J. Yang, A. Bezryadina, Z. Chen, I. Makasyuk, Observation of two-dimensional lattice vector
solitons. Opt. Lett. 29, 1656 (2004)

23.J. Yang, I. Makasyuk, A. Bezryadina, Z. Chen, Dipole and quadrupole solitons in optically
induced two-dimensional photonic lattices: theory and experiment. Studies Appl. Math. 113,
389-412 (2004)


https://doi.org/10.1063/1.4914333

	Canonical Systems of Partial Differential Equations
	1 Introduction
	2 Some Lemmas
	3 Proofs of the Theorems 
	References


