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Andreas Savas-Halilaj

Abstract In this survey article, we discuss recent developments on the mean
curvature flow of graphical submanifolds, generated by smooth maps between
Riemannian manifolds. We will see interesting applications of this technique, in
the understanding of the homotopy type of maps between manifolds.>

1 Introduction

Let f: M — N be a smooth map between two manifolds M and N. It is a
fundamental problem to find canonical representatives in the homotopy class of
f. By a canonical representative is usually meant a map in the homotopy class
of the given map f which is a critical point of a suitable functional. In the mid-
1960s, Eells and Sampson [34] introduced the harmonic maps as critical points of
the energy density, to attack the aforementioned problem.

One possible approach to construct harmonic maps is via the harmonic map heat
flow. If M is compact and N is negatively curved, in [34] Eells and Sampson were
able to prove long-time existence and convergence of the flow, showing that under
these assumptions one finds harmonic representatives in a given homotopy class. In
general, one can neither expect long-time existence nor convergence of this flow.
For example, the situation is very complicated in the case of maps between spheres.
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There is another important functional that we may consider in the space of
smooth maps. Given a map f : M — N between Riemannian manifolds, let us
denote its graph in the product space M x N by

I'(f)={x, f(x)) eM x N :x € M}.

Following the terminology introduced by Schoen [79], a map whose graph is
minimal submanifold is called minimal map. Therefore, minimal maps are critical
points of the volume functional.

In this survey, among others, we will discuss deformation of graphical subman-
ifolds via the mean curvature flow. Before stating the problems that we would like
to deal with, let us provide some basic facts and definitions. Let M be a smooth m-
dimensional manifold, 7 > 0 a positive number and F : M x [0, T) — P a smooth
time-dependent family of immersions of M into a Riemannian manifold P. We say
that F evolves in time under the mean curvature flow if it satisfies the evolution
equation

dF ;) (x,t) =H(x,t)

for any (x,1) € M x [0, T'), where H (x, t) stands for the mean curvature vector at
the point x of the immersion F(-,t) : M — P. It is a well-known fact that if M is
compact and Fyp : M — P is an immersion, then the initial value problem for the
mean curvature flow admits a unique smooth solution on a maximal time interval
[0, Tiax), where 0 < Tpax < 00. Suppose now that P is the product manifold M x N
and Fy is the graph of amap f : M — N. Notice that long as the submanifolds
deformed under mean curvature flow remain graphical, one obtains a smooth family
of maps which belong to the homotopy class of the map f. In the case of long-time
existence and convergence of the flow, we obtain a smooth homotopy from f to a
minimal map.

The first result regarding evolutions by mean curvature of graphical submanifolds
is due to Ecker and Huisken [33]. They proved long-time existence of entire
graphical hypersurfaces in R”*!. Moreover, Ecker and Huisken proved convergence
to a flat subspace, if the growth rate at infinity of the initial graphical submanifold
is linear. On the other hand, in higher codimensions, the complexity of the normal
bundle makes the situation more complicated. Results analogous to that of Ecker
and Huisken are not available any more without further assumptions. However, the
ideas developed in the paper of Ecker and Huisken opened a new era for the study
of the mean curvature flow of submanifolds in Riemannian manifolds of arbitrary
codimension; see for example [12, 13, 16-18, 60-62, 64, 75, 77, 78, 85, 87-91, 94—
96, 98-100].

This new deformation of maps between Riemannian manifolds via the mean
curvature flow has been used in order to have a better understanding of the relation
between the k-dilation Dilj and the homotopy type of maps. In order to be precise,
let us recall at first the following definition:
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Definition 1 Let f : M — N be a map between two Riemannian manifolds. We
say that Dily(f) < « if f maps each k-dimensional submanifold ¥ C M to an
image with k-dimensional volume at most « - H*(%), where H*(X) stands for
the k-dimensional Hausdorff measure of ¥. In particular, we say that f is area
decreasing if Dilo(f) < 1, strictly area decreasing if Dil;(f) = 1, and area
preserving if Dil,(f) = 1.

Roughly speaking, the k-dilation measures how much the map f : M — N
contracts k-dimensional volumes. Gromov in [38] realized that there is a close
relationship between the 1-dilation of a map and its homotopy type. For instance, he
proved that if f is a map from S” to S™, then its degree is at most Dil{"'(f) and this
bound is sharp up to a constant factor. Motivated by this result, in [40, 41] Gromov
proposed the following:

Problem 1 Let f : S" — S" be a smooth map between euclidean spheres. Is
there a number ¢(k, m, n) such that if Dili(f) < & would imply that f is null-
homotopic?

Tsui and Wang in [91] proved using the mean curvature flow that smooth strictly
area decreasing maps f : S — S” can be smoothly deformed to a constant map.
Guth [42] proved this result cannot be extended in the case of maps with k-dilation
strictly less than 1, if & > 3. The result of Tsui and Wang was generalized by Lee
and Lee in [60]. In the matter of fact, they proved that any strictly area decreasing
map between compact Riemannian manifolds M and N whose sectional curvatures
are bounded by secy; > o1 and o» > secy, where o1, 0y are two real constants
such that o1 > 03 > 0 or o1 > 0 > o7, is homotopic by mean curvature flow to
a constant map. We would like to point out here that the curvature assumptions can
be relaxed to

secyy > —o and Ricy > (m —1)o > (m — 1) secy,

where o is a positive constant number, as it was shown in [75] by Savas-Halilaj and
Smoczyk.

In the case of a smooth area decreasing map f : M — N between two compact
Riemann surfaces M and N of the same constant sectional curvature o, we have
a complete picture of the behaviour of the mean curvature flow. It turns out that,
under the mean curvature flow, such a map either instantly becomes strictly area
decreasing or it was and remains an area preserving map. Moreover, the mean
curvature flow preserves the graphical property, exists for all time, and converges
to a minimal surface X~ of the product M x N. Additionally:

(D) If the evolved graphs are generated by strictly area decreasing maps then:

(@) If 0 > 0, then X is the graph of a constant map.
(b) If 0 =0, then X« is the graph of an affine minimal map.

(I) If the evolved graphs are generated by area preserving maps then:
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(@) If 0 > 0, then X is the graph of an isometry.
) If 0 =0, then X« is the graph of an affine minimal diffeomorphism.

The first steps in the proof of the above result were made in the seminal works
of Smoczyk [85] and Wang [94, 95, 100], where the area preserving case was
investigated. The strictly area decreasing case was first treated by Tsui and Wang
[91], in the positive case, and completed recently by Savas-Halilaj and Smoczyk
in [78]. The primary goal of this survey is to present a unified proof of this result,
based in [78].

From the results of Wang [94, 95, 100], we get another proof of Smale’s Theorem
[84] which says that any diffeomorphism of S? can be smoothly deformed into an
isometry. Let us mention here that, according to a deep theorem of Hatcher [49],
any diffeomorphism of S? can be deformed into an isometry of S>. Such a result is
not expected for spheres of dimension greater or equal than 4; see for example [28].
However, the following problem is challenging:

Problem 2 Let f : S" — S™, m > 4, be a smooth diffeomorphism. Under which
conditions f can be smoothly deformed into an isometry of the sphere?

Another interesting problem is the investigation of the symplectomorphism
group of the complex projective space CP"*. Gromov [39] proved that the bi-
holomorphic group of CP? is a deformation retract of its symplectomorphism group.
A natural problem is to determine whether a similar result holds for CP” with
m > 3. In the matter of fact, the following problem is still open:

Problem 3 Let f : CP" — CP", m > 3, be a smooth symplectomorphism. Is
it true that the mean curvature flow deforms the graph I"(f) of f smoothly to the
graph I'(g) of bi-holomorphic map g : CP" — CP™? Is it true that any minimal
symplectomorphism f : CP" — CIP" is a bi-holomorphic isometry?

Medos$ and Wang in [64] made some contribution by giving an affirmative answer
to the above problem under the additional assumption that the singular values of the
differential of the symplectomorphism are close to 1.

The paper is structured as follows. In Section 2 we set up the notation and
recall basic facts from submanifold geometry. In Section 3 we discuss minimal
submanifolds in euclidean spaces. We introduce the generalized Gauss map and
prove the Ruh-Vilms Theorem. Section 4 describes the class of graphical sub-
manifolds and review some Bernstein-type theorems. Section 5 is devoted to the
maximum principle for scalar and systems of PDEs. In Section 6, we introduce the
mean curvature flow, prove short-time existence, and derive various basic evolution
equations. Section 7 describes how to built smooth singularity models for the mean
curvature flow. Section 8 combines results from the previous sections to prove our
main result.
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2 Riemannian Submanifolds

In this section we set up the notation and recall some basic facts from submanifold
geometry. We closely follow the exposition in [5, 29, 55, 59, 92, 102].

2.1 Notation and Conventions

Let M be a m-dimensional manifold and (E, r, M) a vector bundle of rank k over
M. We often denote the bundles only by its total space E. The fiber of E at a point
x € M is denoted by E,, the tangent space of M at a point x € M will be denoted
by T, M and the space of sections of E is denoted by I"(E). For the tangent bundle
of M, we use the symbol T M. Sections of the tangent bundle are called vector fields
and usually I' (T M) is denoted by X(M). A smooth map T : E — V between two
vector bundles £ and V over M which maps the fiber E, linearly to V,, for any
x € M is called bundle morphism. If additionally, T is bijective we call it bundle
isomorphism.

Definition 2 A (linear) connection on a vector bundle E is a map VE: X(M) x
I'(E) — I'(E), written VE (v, ¢) = VE¢, satisfying the properties:

(a) Forany vy, vy € X(M) and ¢ € I" (E), it holds
E E E
Vvl+v2¢ = VU1¢ + szd)'
(b) Forany v € X(M), f € C*° (M) and ¢ € I" (E), it holds
Vi =fVEg.
(c) Forany v € X(M), f € C® (M) and ¢1, ¢po € I" (E), it holds
Vy (1 +d2) = Vi1 + Vg,
(d) Forany v € X(M), ¢ € I" (E) and f € C* (M), it holds
Ve (f9) = 0N ¢+ [V 6.

For any ¢ € I'(E) and xo € M, the value VE¢X|XO of the quantity Vfd) at
xo € M depends only on the value of v at x(o and on the restriction of ¢ along a curve
passing through x¢ with speed v. If ¢, ¢» € I'(E) coincide on a neighbourhood of

X0 € M, then

E E
Vvl ¢l |xo = Vv2¢2|x07
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for any pair of vector fields vy, v2 € X (M) with vi|y, = v2]x.

Definition 3 A section ¢ € I'(E) is said to be parallel with respect to V£ if, for
any vector field v on M, it holds V¢ = 0.

We can define higher derivatives of sections of a vector bundle over a manifold
M whose tangent bundle T M is equipped with a connection.

Definition 4 Suppose that M is a smooth manifold and E a vector bundle over M.
Let VM be a connection of TM and V¥ a connection of E. For any pair vy, vy €
X(M), the map V2 . : I'(E) — I'(E), given by

V1,02 "

2 _ wEwE E
VULUZ(Zs - VU] VU2¢ o VVI’)"l’vzd)’
is called the second covariant derivative of ¢, with respect to the directions v; and

v2. By coupling the connections VY and V£, one may define, the k-th derivative
Vk of a section ¢ in I'(E).

To each connection there is associated an important operator, which measures the

non commutativity of the covariant derivatiation.

Definition 5 The operator RE : X(M) x X(M) x I'(E) — I'(E), defined by

RE (vi,v2,0) = V2 ¢ — V2 , &,

V1,02 v2,V1

for any vy, v; € X(M) and ¢ € I'(E), is called the curvature operator of VE.

Now let us turn our attention to vector bundles equipped with a Riemannian metric
structure.

Definition 6 A Riemannian metric on a vector bundle E of rank k over the manifold
M is a smooth map gg : I'(E) x I'(E) — C®°(M), such that its restriction to the
fibers is a positive definite inner product.

Definition 7 A connection V¥ is called compatible with the Riemannian metric gg
or metric compatible if it satisfies

vgE (@1, ¢2) = g6 (VEDL, ¢2) + g6 (o1, VEP),

for any v € X(M) and ¢1,¢2 € I'(E). A vector bundle E endowed with these
structures is called Riemannian vector bundle endowed with a compatible linear
connection.

We say that a set of sections {¢1, ..., ¢r} forms an orthonormal frame, with
respect to gg if and only if gg(¢;, ¢;) = &, forany i,j € {1,...,k}. In
particular, around any point xq of M it is possible to find a local orthonormal frame
{#1, ..., ¢r} such that
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Vv¢i |x0 =0

for any tangent vector v. Such frames are called normal or geodesic frames.

Let us restrict ourselves at the tangent bundle T M of M. Given a Riemannian
metric g on M, there is a unique connection V, referred as the Levi-Civita
connection, which is compatible with the Riemannian metric. More precisely, V
is given by the Koszul formula

2g(Vy,v2, v3) = v1(g(v2, v3)) + v2(g(v1, v3)) — v3(g(V1, v2))
+g([vi, v2l, v3) — g([v1, v3], v2) — g([v2, v3], V1),
for all vy, v2, v3 € X(M). The Levi-Civita also satisfy
V2 — Vy,u1 = [v1, v2],
for any vy, vo € X(M).
Denote by R the curvature operator with respect to the connection V. Combining

R with g we obtain a (4,0)-tensor which, for simplicity, we again denote with the
letter R. More precisely,

R(vy, v2, v3, v4) = —g(R(v1, v2, V3), v4),
for any vq, v2, v3, v4 € X(M). If vy, v are linearly independent vectors, then

R(v1, v2, v1, v2)

sec(vy, v2) = )
g1, v1)g(v2, 12) — g(v1, v2)?

is called the sectional curvature of the plane spanned by the vectors v and v,. By
contracting the operator R with g we obtain the Ricci operator Ric and the scalar
curvature scal, i.e.,

m m
Ric(vy, v2) = Z R(vi,e;, v2,e;) and scal = ZRic(ei, e,
i=1

i=1
where v € X(M) and {ey, ..., e;} is a local orthonormal frame on M.

Remark 1 One can use the operations of Linear Algebra to produce new vector
bundles from given ones. For example, if E and V are vector bundles over a
manifold M, then E*, E x V,EQ V, E® V,Hom(E; V), A"(V) and Sym” (V)
gives rise to new bundles over M. If M is endowed with a Riemannian metric,
then this metric and its Levi-Civita connections extends in a natural way to all the
aforementioned bundles; for more details see [59] or [102].
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2.2 The Pull-back Bundle

Let M and N be two manifolds, (E, r, N) is a vector bundle of rank k over N and
suppose that f: M — N is a smooth map. The map f induces a new vector bundle
of rank k over M. Indeed, take as total space

f*EZ{(X,%')Z)CEM,SGEf(X)}

and as projection the map wy : f*E — M given by ms(x, &) = x. The space
I’ (f*E) contains all sections of E with base point at f(M) and inherit naturally a
vector space structure from E f(y), given by

x, &)+ @x,n=0w,&+n and A(x,&) = (x,ArE).

The triple (f*E, ¢, M) carries the structure of a vector bundle over M. This bundle
is called the pull-back or the induced by f vector bundle on M.

Suppose that / is a Riemannian metric on E and V¥ is a metric compatible
connection. The map f induces a connection V/ “E on the pull-back bundle which
is defined as follows: Let {#1, ..., ¥} be a local orthonormal frame field of E in
a neighbourhood of the point f(x) € N. Then, any section ¢ € I" ( f *E) can be
written in the form

Ble= (5.3 @iulrw) = 3 60l o

where ¢%, o € {l1,...,k}, are the components of ¢ with respect to the given
orthonormal frame field. Define now the induced connection by

k k
VIEGL =) (v8%) Yalrio + D 8 Vipw Pal roo)-

a=1 a=1

forx € M and v € T, M. One can easily show that the curvature operator RIE of
V/ITE is given by

RTE(vy, v, ¢lx) = RE(df (v1). df (v2), B2,
forany x € M, vi,v2 € T, M and ¢ € E|(y).
Let us discuss the case where f : (M, g, V8) — (N, h, Vh) is a map between

Riemannian manifolds. The restriction of 2 on f*T N, induces a Riemannian metric
on f*T N, which is compatible with the pull-back connection, that is

vh(dr, ¢2) = h(V{ Vg1, d2) + (g1, VI TV ).

Moreover, for v, vo € X(M), it holds
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VI TVAf (v) = VETNGf (v1) = df ([v, va)).

Definition 8 The Hessian of amap f : (M, g, V8) — (N, h, Vh) is defined to be
the symmetric tensor B : X(M) x X(M) — ['(f*E) given by

B(vi, v2) = V{ TNdf (v) — df (V& v2),

for any vy, v € X(M). The trace of B with respect to g is denoted by A, 5 f and is
called the Laplacian of f.1If the Laplacian of f is zero, then f is called a harmonic
map.

2.3 The Second Fundamental Form

Consider Riemannian manifolds (M, g, V&) and (N, h, Vh) of dimension m and n,
respectively, withm < n. Amap f : M — N is called an isometric immersion if
and only if f*h = g. For simplicity, we often denote both metrics g and & by (-, ).
At every x € M, we have the orthogonal decomposition

TroN =dfx(TxM) ® Nyx)M,
where N7(yyM is the orthogonal complement of df, (T M) with respect to i. The
union N M of all normal spaces form a vector bundle of rank n — m over M which
is called the normal bundle. According to the above decomposition, any section
v e I'(f*T N) can be decomposed in a unique way in the form

v:vT—i—vl,

where v is the tangent and v is the normal part of v along the submanifold. A
well known fact in submanifold theory is that

(VLTNaf )" = df (VE v2), (1)

for any vy, v2 € X(M). In submanifold theory, the Hessian of f is denoted by the
letter A, i.e., we have

Avr, v2) = VI TNaf (v) — df (V8 va).

The tensor A is called the second fundamental form of f.If & is a normal vector,
then the tensor A% given by

A% (1, v2) = (A(vy, v2), &),
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for any tangent vectors vy, vp, is called shape operator with respect to &. The
Weingarten operator Ag associated with & is defined by

(Agvr, v2) = A% (v1, v2) = (A(vy, ), £).

The Laplacian of f or, equivalently, the trace of A with respect to g is called the
(unormalized) mean curvature and is denoted by the letter H, that is

H = traceg A.

Definition 9 A submanifold with zero mean curvature is called minimal.

The restriction of 7 on NM gives rise to a Riemannian metric on the normal
bundle. Moreover, the restriction of V" on NM induces a connection VX on NM
which is compatible with the metric; i.e., just define

1
Vig= (V)"
The curvature tensor of the normal bundle is denoted by R+ and is given by
1 Lyl 1ol 1
R (vls v2, E) = VUIVUZS - szvylg - V[ulyvz]s'

As usual, we can form from R1 a C®°(M)-valued tensor which we denote again by
RL, that is

R*(vi,v2.6.m) = —(R*(v1, v2.6). ).
The Riemann curvature operator R of M, the curvature operator R of N and

the normal curvature R are related to the second fundamental form A through the
Gauss-Codazzi-Ricci equations:

(a) Gauss equation:

R(v1, v2, v3,v4) = R(df (v1), df (v2), df (v3), df (va))
+(A(v1, v3), A(v2, v4)) — (A(v2, v3), A(Vv1, v4)).

(b) Codazzi equation:
(Vs A) (02, v3) — (Vs A) (01, v3) = (R(df w1)df (v2). df (v3))) "
(c) Ricci equation:

R (vi, v, &) = R(df (v1), df (v2), &, 1)
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+) (A5, @) AT (v, ex) — AT (v1, ) AR (02, en)),
k

where vy, vy, v3,v4 € X(M), E,n € NM and {eq, ..., e} is a local orthonormal
frame field with respect to g.

2.4 Local Representations

Let f : (M,g) — (N, h) be a smooth map between Riemannian manifolds. For
computational reasons, we need expressions for components of various tensorial
quantities. We can express coordinates with respect to local charts or with respect
to orthonormal frames.

Let discuss at first the notation with respect to a local coordinate system. Choose
a chart (U, ¢) around a point x € M and a chart (V, ) around f(x) € N. Assume
that ¢ : U — R™ isrepresented as ¢ = (x1, ..., x;;) and suppose that y : V — R”
is represented as ¢ = (y1, ..., y»). We use Latin indices to describe quantities on
M and Greek indices for quantities on N. From the charts ¢ and v, we obtain for f
the local expression expression

Vofop =l ),
where
fr=y"ofopl.
Denote now the basic vector fields associated with the charts (U, ¢) and (V, v)
by {9y, ..., BXW} and {0y, ..., 0y, }, respectively. Moreover, denote their corre-

sponding dual forms by {dxi, ..., dx,} and {dyy, ..., dy,}. With respect to these
conventions, the Riemannian metrics g and / can be written in the form

g = Zgijdxi ®dx; and h= Zhaﬁd)’a ®dyg.
iJ a.p

The Christoffel symbols 1“11]‘ of the metric g, are defined by the formula
k
vi oy = X,
k
and they can be expressed in terms of the metric as

1
I = 2 Y 8" (= B gij + 3585 + 3, 810).
1
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where g/ are the components of the inverse of the matrix of the metric g, with
respect to the basis {dy,, ..., dy, ). Similarly, are defined the Christoffel symbols
F"‘y of h. The differential of the map f and the pull-back via f of the metric /& are
given by

df = fotah,@dxl and  f*h = hap f3 fL.
o.p

By a straightforward computation, we see that the Hessian B of f can be represented
in the form

B(axl 8)5/)_23 ayot Z fx,x, Z f}g(+zrff§x}/flgfx};)8)/a
B.y

Suppose now that f : M — N is an isometric immersion. Then, the second
fundamental form A and the mean curvature H are represented, respectively, as

x, XJ ZA _Z XiXj Z[‘k a+ZFﬂV fx, Yo

and

H=> H",, =Y g'A%0,
o

i,j,o

= Zg” Z ke +3 g, L)y, 2)

By

Let us discuss now expressions of tensors in local orthonormal frames. Let
{e1, ..., em} be alocal orthonormal frame of the tangent bundle and {&,,+1, . .., &}
a local orthonormal frame of the normal bundle. Here we use Latin indices for
components on the tangent bundle and Greek indices for components on the normal
bundle. For example, we write:

A% = (Alei. €)). &) = (Aij. £a),
iel,kz = R(df(ei), df (ej), df (ex), df (er)),
Rijap = R(df (&), df (¢)), Eus &p).

Now the Gauss-Codazzi-Ricci equations can be written as:

(a) Gauss equation:

Riju = Riji + Z AfAG — AGAT). 3)
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(b) Codazzi equation:
1 4\« 1 4\« ~
(Vei A)jk - (VejA)ik == Z Rijka- “)
o
(c) Ricci equation:

1 > B B
Rijup = Rijop + Z (AR AT, — A A% o)
%

3 Minimal Submanifolds

The theory of minimal submanifolds is one of the most active subjects of differential
geometry. There is a vast of literature, but here we will present rather basic facts
concerning higher codimensional minimal submanifolds. For more details we refer
to [21, 22, 70].

3.1 The Gauss Map of a Minimal Submanifold

One of the most important objects in the submanifold geometry is the Gauss map.
For codimension one oriented submanifolds in the euclidean space, the Gauss
map associates to every point of the hypersurface its oriented unit normal vector.
This concept can be generalized to higher codimensional oriented submanifolds.
Let f : M — R"” be an isometric immersion of a m-dimensional oriented
Riemannian manifold M into the euclidean space. The image df (T, M), can be
taken after a suitable parallel displacement in R”, into a point G(x) of the oriented
Grassmann space G (m, n) of m-dimensional oriented subspaces of R". The map
G : M — G4(m, n) defined in this way, is called the generalized Gauss map.

There is a natural way to visualize the Grassmann space G (m,n). Let us
denote by A™(R") the dual space of all alternative multilinear forms of degree m.
Elements of A™(R") are called m-vectors. Hence, given vectors vy, ..., v, on R",
the exterior product v1 A - - - A vy, is the linear map which on an alternating form £2
of degree m takes the value

WA Av)(82) = 21, ..., Unm)-
The exterior product is linear in each variable separately. Interchanging two
elements the sign of the product changes and if two variables are the same the
exterior product vanishes. An m-vector £ is called simple or decomposable if it

can be written as a single wedge product of vectors, that is

E=VI A Avy.
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Note that are m-vectors which are not simple. Using standard techniques from
Linear Algebra one can verify that the exterior product vy A --- A vy, is zero if
and only if the vectors are linearly dependent. Moreover, if {eq, ..., e,} consists a
basis for R”, then the m-vectors

lei, Ao ne, 1 <ip <o <y <n}

consists a basis of A™(R"). Therefore, the dimension of the vector space of m-
vectors is

dim A™ (R") = (”) __n

m ml(n —m)!’

Each simple vector represents a unique m-dimensional subspace of R". More-
over, if £ and 5 are simple vectors representing the same subspace, then there exists
anon-zero real number such that & = An. Therefore, there is an obvious equivalence
relation on the space of simple vectors such that the space of equivalence classes is
to an one to one correspondence with the space of m-dimensional subspaces of
R”". Additionally, we can consider the following relation on the set of non-zero
simple m-vectors: & and n are called equivalent if and only if &€ = An for some
positive number ). Denote by [£] the class containing all simple m-vectors that
are equivalent to £. The equivalence classes now obtained are called oriented m-
dimensional subspaces of R".

We can equip A™(R™) with a natural inner product, which for simplicity we
denote again by (-, -). Indeed, define

(VI A Avpy, Wy A -+ Awy,) = det ((v,-, wf))lsi,jsm
on simple m-vectors and then extend linearly. Moreover, if {eq, .. ., e,} is an ortho-
normal basis of R” then, the m-vectors

feq, Ao ne, i 1<) <+ <ip <nj

consists an orthonormal basis for the exterior power A™ (R"). Moreover, it turns out
that for vectors vy, ..., v, in R”, the norm

[V A A v

gives the m-volume of the parallelepiped spanned by these vectors.

We can equip G4 (m, n) with a natural differentiable structure. For every m-
dimensional subspace Vy of G (m, n), consider the open neighbourhood U (Vy)
of oriented m-dimensional subspaces whose orthogonal projection into Vj is one-
to-one. Let {eq, ..., e;,} be an orthonormal base spanning Vi and {041, .- ., Mn}
an orthonormal base spanning its orthogonal complement VOJ- in R”. Then, we may
parametrize U (Vp) via & : R""=™) _ [ (Vy) given by
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(-xlm+la e 7-xi0ts e vxmn) - s(xlm-Fls e 7-xiots e vxmn) (6)
= (e1 + Zaxlana) Ao A (Em + Zaxfnozna)~

Two charts U (V;), U(V;) with distinct V;, V; are analytically compatible.
Definition 10 The map ¥ : G (m, n) — S —1 given by

VI A AUy

W([Ul/\'../\Um])z—lvl/\”./\vm|

is called the Pliicker embedding. We regard the Grassmann space G (m, n) as a
Riemannian manifold with the induced by ¥ Riemannian metric.

Theorem 1 The Pliicker embedding is minimal.
Proof Fix a m-dimensional linear space Vy € Gi(m,n) and consider the

parametrization & : R~ — (Vo) C G, (m, n) described in (6). Now

(el + Zaxlotnot) ARRRA (en + Zaxmoﬂ?a)
|(€1 + Zaxlana) ARRRAY (en + Zaxmana)

W =Wt =

’

where the index « run from m + 1 to n and

1 1
W=—= .
El - [(e1 4+ XgXiata) A A (en + X g Xmala)|

Note that
Sr = (14D Xtaa) A A6t + ) Xiclalla) Aa
/\(€i+1 + Zaxi+la77a) ARERRAN (em + Zaxm(xna)
and
Exigxjp = (e1 + Zax]olna) A A (eior + Zaxiflotnoz) A Ny
/\(€i+1 + Zaxi+1a’7a) ARERA (ej—l + Zaxj—lana) ANg
Aej+1 + Zaxj+lot77a) Ao A (em + Zaxmana)(l —8ij),
wherei, j € {1,...,m}and o, B € {m + 1, ..., n}. In particular,
Exig(0) =er N Neimi Ag Aeigt Aee- Nem (M

and
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Exigxjp(0) = €1 A Aeii Ang ANeig I A Aej_1 AngAejr1 A Aem(l—38ij).

(®)
Additionally,
Wy, = —W2 (&, &)
and
Wi = =3W2(E Ex M E Exjp) — W (B Exj) — WIHE Exipy)-
Moreover,
wo)=1, W, (0)=0 and Wx,.axjﬂ (0) = —4;jdup- 9

From (7) and (9) we see that
Vie ) =er Ao ANei_1 Afg ANeig1 A Nep.
Hence, the vectors
{0x1, 1105 - Oxipl0s - - -, O, L0}

form an orthonormal basis of Ty, G (m,n) with respect to the induced by ¥
Riemannian metric. Moreover, from (7), (8), and (9) we deduce that

lpxiax]*/g (0) = _(Sl] 80(/3‘1’(0) + ";:x,-axm (O)

According to (8), the second fundamental form A of the Pliicker embedding at the
point Vj is equal to

A(Ox;ys Oxjp) = €1 Avs ANeim] Alla A iyl

Ao ANejt AngAejrr A Aey (1 —3i5) (10)
and, in particular,
A0y, 0x;,) =0 (11)

foranyi € {1,...,m}and @ € {m + 1, ..., n}. Thus, the mean curvature H of the
embedding ¥ at Vj is given by

H(Vo) =) Ady,. dg,) = 0.

i,a

Consequently, ¥ gives rise to a minimal submanifold of the sphere. O
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In 1970, Ruh and Vilms [74] obtained an important link between minimality of a
submanifold and the harmonicity of its generalized Gauss map. More precisely, the
following result holds:

Theorem 2 Let f : M — R" be a minimal isometric immersion. Then, the
generalized Gauss map G of f is a harmonic map.

Proof Consider the map
F=woG:M— St c aAm®rm
where ¥ is the Pliicker embedding. From the composition formula, we have
Br (v, v2) = d¥ (Bg(vi, 12)) + Ay (dG(v1), dG(v2)) (12)
for any v, v € X(M), where Br and Bg are the Hessians of F and G and Ay
the second fundamental form of ¥, respectively. Fix a local orthonormal frame field
{e1, ..., en} defined on an open neighbourhood U of M and a local orthonormal

frame {1,;,+1, - .., Ny} in the normal bundle of the immersion. Note that since f is
isometric immersion, for any x € U, we have

F(x) =dfx(er) Ndfx(e) A--- Ndfy(en).

Fix now a point xg € U and for simplicity suppose that the frame {eq, ..., e,} is
normal at xg. By straightforward computations we see that at xo we have

dF(ej) = A(ej,er) N--- ANdf(ey) +---+df(er) A--- N Alej, em),

where A is the second fundamental form of f. Hence, in view of (7), we obtain that
the differential of G at x is equal to

dg(ej)=2Aﬁ‘jna/\e2/\-~/\em+m+e1/\ez/\ /\ZAmJ’?a
o

Recall that, from the Codazzi equations (4), we have at xo that

(v T 4), = Z AL AL df (e,

for any j, k,1 € {1, ..., m}. Differentiating d F and estimating at xo we get
v,fj*“'"m")dF(e,-) = —|APF + (V;A)jj Adf(ex) A=+ Adf(em)

+df(e1) A (Vj;A)jj A Adf(em)+ -+ dfe) A A (Vi A)
+A; ANAgj A - Adf(em) - Hdf (@) AN ANAjmo1 AN Aj.

Ji
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Therefore, at xy we have the identity

Br(ej.ej) = (Vi A);; Adf(e) A--- Adf (em)

+df(en) A (Vg A) ;i A Adf(em) +---+df(e) A= A (V0 A)

+A1j /\AZj/\ /\df(em)+"‘+df(el)/\"'/\Ajmfl/\Ajm-

Summing up and using the minimality of f, we see that at x it holds
traceg Br = Y AYing A Y Abing A df(es) A Adf(em)
Ja J.B

+ZA7jna A df(eZ)AZAgjn,B A - Ndf(em)
Jj.a JB

tdf ) Adf(e) A A Y AL A Y A% 1.
ja J

Hence, bearing in mind equation (10) which gives the formula for the second
fundamental form of ¥ it follows that at xo we have

traceg B = ZjAw(dg(e,-), dg(e;)).

Combining the last equality with (12) we get the desired result. O

3.2 Weierstrass Representations

For two dimensional surfaces in the euclidean space, there is a link between
minimality and holomorphicity through a general formula which express a simply-
connected minimal surface in terms of complex functions with certain properties. In
particular, the following result holds:

Theorem 3 Let ¢, ..., ¢, : U C C — C be holomorphic functions, where U is
simply connected, such that <pf 4+ (p% =0and |g1)*>+ -+ |gn|*> > 0. Then,
the map

F(z)=(Re/ <p1(C)d§,---,Re/ <pn(§)d€>, zeU,
20 20

where zo € U, gives rise to minimal surface in R". Conversely, every minimal
surface in R", at least locally, can be described in this form.
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The idea to obtain such a parametrization is the following: Let f : M — R”
be a minimal immersion of a 2-manifold. Choose a local isothermal system of
coordinates (U C C,z = x + iy), where U is simply connected; see [54]. Then,
the induced by f metric g on M has the form g = E|dz|?, where E is a smooth
positive function. Moreover, in these coordinates, the Laplace—Beltrami operator A
with respect to g is expressed by

A= E 13,0, + 8,dy).

With respect to such parameters, minimality is equivalent to harmonicity. Consider
now the map ¢ = (¢1,...,¢,) : U — C", ¢ = fr —if,. One can readily check
that ¢ is holomorphic and its components satisfy

@12+"'+(pr2120 and |g01|2—‘,—-«-+|(pn|2=2E>0.

By fixing a point zo9 € U it is clear that, up to a parallel transport,

(@) =R6/ @)ds, zel.

0

The map ¢ has also a very important geometric interpretation. At first we observe
that the variety

Qn72={[Z1,...,Z,,]€(CPn_1 :Z%+"‘+Z%=0}

is diffeomorphic with G4 (2, n). To see this, consider a 2-plane /T C R” that is
spanned by u A v, where the vectors 1 and v satisfy |u| — |[v| = 0 and (u, v) = 0.
Then, vector w = u + iv belongs to Q,_>. Hence, to each oriented 2-plane we
associate a pointin 9, _». In fact, this correspondence actually is a diffeomorphism.
Consequently, the map ¢ : U — Q,-2, ¢ = fx +ify, is exactly the generalized
Gauss map of the minimal surface.

Let M be a manifold of dimension 2m endowed with a Riemannian metric g and
a metric connection V. An almost complex structure on M is by definition a bundle
isomorphism J : TM — T M satisfying J o J = —1. The pair (M, J) is called
an almost complex manifold. If J is an isometry with respect to g and parallel with
respect to V, then the triple (M, g, J) is called Kdhler manifold. In this case, the
2-form 2 given by

21, v2) = g(Jvi, v2),

where v, v2 € X(M), is closed and is called the Kdihler form. A smooth map
f: M, Jy) — (N, Jy) between Kihler manifolds is called holomorphic if
df oJy = Jyodf and anti-holomorphicifdf o Jyy = —Jyodf.Ifthemap fisa
holomorphic or anti-holomorphic isometric immersion, then f (M) will be called an
immersed complex submanifold of N. Such immersions are automatically minimal.
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With the terminology we just introduced and the discussion above, we can now
state the following result which was originally proved by Chern [20].

Theorem 4 An oriented surface of the euclidean space is minimal if and only if its
generalized Gauss map is anti-homolomorphic.

We will present now another interesting category of submanifolds, the so called
Lagrangian submanifolds.

Definition 11 Let M™ be a Riemannian manifold, (N>, gy, £2) be a Kihler
manifold and f: M™ — N?" an isometric immersion. The immersion f will be
called Lagrangian if and only if f*$2 =0

Let us conclude this section with the following parametrization of minimal
Lagrangian surfaces in R*; see Chen and Morvan [19] and Aiyama [1, 2].

Theorem 5 Suppose that f, g : U — C are two holomorphic maps defined in a
simply connected domain U of the complex plane satisfying | f,|> + |g:|> > 0. Then
the map

/2

V2

F = (f—ig, g+if),

where B is a real number, is a minimal conformal Lagrangian immersion in C2. The
generalized Gauss map G takes values in S* x {(¢'P,0)} ~ C U {00} and is given
by the formula

G=f/g.

Conversely, every minimal Lagrangian immersion f : M — CZ? can be, at least
locally, parametrized as above.

4 Scalar and Vectorial Maximum Principles

The maximum principle is one of the most useful tools employed in the study of
PDEs. All maximum principles rely on the following elementary result of calculus:
Suppose that §2 is an open, bounded domain of R™ and let u : 2 — R be a
continuous function which is C2-smooth in 2. If u attains its maximum at interior
point xq, then

Vu(xo) =0 and VZu(xg) <O.
As an immediate consequence of this fact is that any continuous and C?-smooth up

to the boundary strictly convex function must attain its maximum at the boundary
of £2. In the matter of fact, one can show a little bit more: Any continuous and Cc2-
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smooth up to the boundary weakly convex function either attain its maximum at the
boundary of $2 or otherwise is constant. The above principle holds for a large class
of solutions of partial differential inequalities.

4.1 Hopf’s Maximum Principles

Suppose that £2 is a bounded, open and connected domain of R™. We wish to study
operators L: C%(2) — CY(£2) of the form

m m
L= aijdydy, + ) bidy, (13)

i=1 i=1
where here a;; = a;;, bj: 2 — R,i,j € {1,...,m}, are uniformly bounded
functions and dy;, i € {1, ..., m}, the partial derivatives with respect the cartesian

coordinates of R™. The symmetric matrix A with coefficients the functions a%/ is
called the representative matrix of L.

Definition 12 The operator L is called elliptic if the matrix A is positive at each
point of £2. Moreover, L is called uniformly elliptic if the smallest eigenvalue of its
matrix A is a function which is bounded away from zero.

Theorem 6 (Hopf’s Strong Maximum Principle) Ler 2 C R™ be an open,
connected and bounded domain. Suppose that u € C 2(22) N CO%(2) is a solution of
the differential inequality

Lu+ hu >0,
where L is an uniformly elliptic differential operator with uniformly bounded

coefficients and h a continuous function on S2.

(a) Suppose that h = 0 and that u attains its maximum at an interior point of 2.
Then, u is constant.

(b) Suppose that h < 0 and that u attains a non-negative maximum at an interior
point of $2. Then, u is constant.

For the proof see [35] or [72].

4.2 Maximum Principles for Systems

We would like to have a form of the maximum principle that is applicable for
sections in vector bundles. To generalize, first note that Hopf’s maximum principle
for functions can be re-formulated as follows:
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Let §2 be an open subset of R™ and u : 2 C R™ — [a, b] a C*-smooth function
satisfying the uniformly elliptic differential equation

m m
E a,-jux,.xj—i— E b,-uxl. =0.

ij=1 i=1

If a point of 2 is mapped into a boundary point of [a, b], then any point of 2 is
mapped into the boundary.

From this point of view of the statement of Hopf’s maximum principle, one can
guess how the generalization of the maximum principle for vector valued maps
should be. The interval is replaced by a convex set K and the statement reads:

Let 2 C R™ be open, K C R" closed convex andu : 2 — K a C 2_smooth vector
valued map satisfying the uniformly elliptic differential system

m m
E a,-juxl.xj—i— E b,-uxl. =0.

i j=1 i=1

If a point of §2 is mapped into a boundary point of K then every point is mapped
into the boundary.

4.2.1 Convexity and Distance Functions

A crucial role in the proof of the vectorial maximum principle plays the geometry
of the (signed) distance function from the boundary of a convex set. In this
subsection, we review the basic definitions of the geometry of convex sets in
euclidean space such as supporting half-spaces, tangent cones, normal vectors and
distance functions.

Definition 13 A subset K of R”" is called convex if for any pair of points z, w € K,
the segment

Ew={tz+ (1 —nDweR":1tel0,1]}

is contained in K. The set K is said to be strictly convex, if for any pair z, w € K
the segment &£, ,, belongs to the interior of K.

A convex set K C R” may have non-smooth boundary. It is a well-known fact
in Convex Geometry that the boundary 0K is a continuous hypersurface of R”".
In fact, according to a result of Reidemeister [73], the boundary 0K is Lipschitz
continuous and so almost everywhere differentiable. In particular, there is no well-
defined tangent or normal space of K in the classical sense. However, there is a way
to generalize these notions for convex subsets of R".
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Definition 14 Let K be a closed convex subset of the euclidean space R". A
supporting half-space of the set K is a closed half-space of R” which contains K
and has points of K on its boundary. A supporting hyperplane of K is a hyperplane
which is the boundary of a supporting half-space of K. The tangent cone Cy,K of
K at yp € 0K is defined as the intersection of all supporting half-spaces of K that
contain yy.

Definition 15 Let K C R” be a closed convex subset and yp € K. Then:

(a) A non-zero vector £ is called normal vector of 0K at yy, if £ is normal to a
supporting hyperplane of K passing through yg. This normal vector is called
inward pointing, if it points into the half-space containing K.

(b) A vector 1 is called inward pointing at yy € 0K, if

&, =0

for any inward pointing normal vector £ at yp.

Let K C R” be a closed convex set and d : R” — R the function given by

+dist(z, 0K), if z € K,
d(z) =
—dist(z, 0K), if z ¢ K.

Note that for each x € R”" there is at least one point y € dK such that
dist(z, 0K) = |y — z|.

Moreover, the function d is Lipschitz continuous. For a better understanding of
the properties of d, let us suppose that 3K is C2-smooth. Denote by £ the
inward pointing unit normal vector field along d K and by the A the corresponding
Weingarten operator. Because K is convex, from Hadamard’s Theorem, A is non-
negative definite. In particular, K is strictly convex if and only if A is positive
definite; see for example [29]. Fix a point yo € dK. In an open neighbourhood
U C R”" of yp, the part U N 9K can be parametrized via an embedding f : 2 =
UnNTy,K — R" which assigns to each point of §2 the height of dK from its
tangent plane at yg. Recall from multi-variable calculus that the distance of any
point z € K% to 3K is realized as the intersection of a straight line passing through
z and meeting d K orthogonally. Hence, the level set

Ki={ze€K:d(z)=t},
of d is parametrized locally via the map f; : 2 — R”" given by

fi=f+18.
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Proposition 1 There exists a positive real number ¢, such that f; is an immersion
forallt € (—¢, €). Moreover, the unit normal along f; coincide with the unit normal
& of f. Additionally, the Weingarten operator A; of f; is related to the Weingarten
operator A of f by the formula

A= —tA)" oA

In particular, K; is strictly convex if and only if K is strictly convex.

Proof We have
df; =df +tds =df o (I —tA).
Hence, & is a unit normal vector field along f;. Therefore,
—df oA=dé =—dfioAy=—df o(I —tA)o A;
and so
A= —1tA)o A,

From the above formula we deduce that there exists a positive constant ¢ such that
K; is convex for all ¢ € (—e¢, ¢). In addition, if 0K is strictly convex, the level sets
close to the boundary are also strictly convex. O

Proposition 2 Let K be a closed and convex set in R".

(a) For any yo € 0K there exists a neighbourhood U C R" containing yy, such
that d is C?-smooth function on U N K°.
(b) Letv, w tangent vectors of Kqi;y atz € K 0. Then, the Hessian V*d of d satisfies

A(v, w)

) ___Av,w)
Vid, w) = 1 —d@AW, w)’

where A is the shape operator of 0K associated to the inward pointing unit
normal, and

V2d(v, &) = 0.

Proof Parametrize, locally, the boundary 0K as the image of an embedding f :
2 c R ! - R”. Define the map F : 2 x R ¢ R" — R”, given by

F(x,t) = f(x)+1t&(x).

Then, dF(y, 1 (0;) = &y, and dF(y, (v) = dfx,(v — tAv), for any index i €
{I,....,n — 1} and v € Ty §2. From the inverse mapping theorem, there exists
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an open subset D C £2 and a positive number & such that the map F is a C>-
diffeomorphism for any (x, t) € D x (—¢, ¢). Hence, under a change of coordinates,
d may be regarded as a C2-smooth function defined on D x (—¢, £). In the matter
of fact, in these coordinates, we have

d(x,t) = (F(x,1) — f(x),§(x)) =1.

Therefore, Vd(y ;) = &,. Because |Vd| = 1, we deduce that V2d vanishes on the

normal bundle of any level set K;. Moreover, V2d = —A, on the tangent space of
any level set K;. Now the desired result follows from Proposition 1. This completes
the proof. O

4.2.2 Weinberger’s Maximum Principle

Weinberger [101] established a strong maximum principle for C2-smooth maps u :
2 C R" — K C R" with values in a closed convex set K C R", whose boundary
0K satisfies some regularity conditions that he called “slab conditions”. Inspired by
the ideas of Weinberger, Wang [93] gave a geometric proof of the strong maximum
principle, in the case where the boundary K of K is of class C2. The idea of Wang
was to apply Hopf’s maximum principle to the function d o u : 2 — R, whose
value at x is equal to the distance of u(x) from the boundary d K. Later, Evans [36]
removed all additional regularity requirements on the boundary of K.

Theorem 7 (Weinberger-Evans) Let K be a closed, convex set of R" andu : 2 C
R" - K C R", u = (u',...,u"), a solution of the uniformly elliptic system of
partial differential equations

Lu(x)+¥(x,ulx))=0, x¢€8,

where $2 is a connected open domain of R" and ¥ : 2 x R" — R”" a continuous
map that is Lipschitz continuous in the second variable. Suppose further that ¥ is
pointing into K.

(a) Ifthere is a point xo € 2 such that u(xg) € 0K, then u(x) € oK for any point
x € £2.

(b) Assume additionally that the boundary 0K is strictly convex. If there is a point
xo € 2 such that u(xg) € 0K, then u is constant.

Proof Let us give the proof in the case where the boundary of K is smooth of class
C?, following the ideas in [93]. Consider the function f = dou : 2 — R. We
compute,

n
fxi = Za:lduauii’ (14)

and
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n n
Fiej = Za:lduaugixj + Za,ﬁ:ld“““ﬁ”%”ﬁf'
Consider now the uniformly differential operator L given by

E=£-3%" b,

By a straightforward computation, we get

~ n m m .
Lf = Za:ld“a Zi,j=1aijuzixj + Zi,jzlaijza,ﬂzldu“uﬁ”; ”fj- 15)

Denote the first sum in the right hand side of (15) by I and the second sum by II.
Observe at first that

I(x) = —(Vdyx), ¥ (x, u(x))).

We restrict our selves in a sufficiently small neighbourhood U C R" around u(x()
and in an neighbourhood V of xg such that u(V) C U. For each x € V, denote by
u(x) the unique point on 3K with the property

fx) =dux) = u(x) —u(x)|.

Recall that the integral curves Vd are straight lines perpendicular to each level set
of d. Thus, Vd,,(xy = Vdz(). Since ¥ is inward pointing, we get that

(Vdy(xy, ¥ (x, u(x)) = (Vda), ¥ (x, u(x)) > 0.
Therefore, exploiting the Lipschitz property of ¥, we get that
1) = —(Vdu(x), ¥ (x, u(x)) — ¥ (x, u(x)) + ¥ (x, u(x)))
—(Vdu(x), ¥ (x, u(x)) — ¥ (x,u(x))) = (Vdu(x), ¥ (x, u(x)))
V)| - 1 (x, u(x)) — W (x, u(x))]
R0 |u(x) — u(x)|
h(x) f(x),

where /4 is a non-negative bounded function. Recall from Proposition 1 that U is
foliated by level sets of d. Thus, we can decompose uy, in the form

INIA

Uy,

_ T 1
= Uy + Uy

where (-)T denotes the orthogonal projection into the tangent space and (-)" the
orthogonal projection into the normal space of the foliation. Bearing in mind the
conclusions of Proposition 2, we deduce that
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A(u;,uT,)

Xj

L= f)A(u] ul)

Z:ﬂzlduauﬂu uf = V(. ul) =

Since, A is non-negative definite and A = (g;;) is positive definite, we deduce that
Il = trace (A - Vzd) <0.
In addition, for any x such that u(x) € 9K, we have that

1(x) strictly negative, if 9K is strictly convex in close to u(x), (16)
X) =
Zero if 9K is flat in a neighbourhood of u(x).

Putting everything together, we get

Lf(x)—h(x)f(x) <0,

Since f > 0 and there exists a point xo such that f(xg) = 0, from Hopf’s strong
maximum principle we deduce that f = 0. This implies now that all the values of
u lie in the boundary of K. Moreover, going back to the original equation for f, we
see that II = 0. Consequently, if K is strictly convex, from (16) it follows that u
must be constant. This completes the proof. O

4.3 Maximum Principles for Bundles

To state the maximum principle for sections in vector bundles, we must introduce
an appropriate notion of convexity for subsets of vector bundles. Let us recall at first
the following definition of Hamilton [45]:

Definition 16 (Hamilton) Suppose that E is a vector bundle over the manifold M
and let K be a closed subset of E.

(a) The set K is called fiber-convex or convex in the fiber, if for each x € M, the
set K, = K N E, is a convex subset of the fiber E.

(b) The set K is called invariant under parallel transport, if for every smooth curve
v : [0,b] — M and any vector v € K, (g), the unique parallel section v(t) €
E, @, t €10, b], along y(¢) with v(0) = v, is contained in K.

(c) A fiberwise map ¥ : E — E is a map such that m o ¥ = 7, where 7 denotes
the bundle projection. We say that a fiberwise map ¥ points into K (or is inward
pointing), if for any x € M and any ¢ € dK, the vector ¥ (¢) belongs to the
tangent cone Cy K of K, at v.
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Let E be a Riemannian vector bundle over a manifold M equipped with a metric
compatible connection. We consider uniformly elliptic operators £ that are given
locally by

m m
2
L= E ai./Vei,ej+E bjVe;, B
j=1

i, j=1

where {e1, ..., e} is a local orthonormal frame of M, A = (a;;) a symmetric,
uniformly positive definite tensor and b = Y ", b;¢; is a smooth vector field.

For the proof of the maximum principle, we will use a result due to Bohm and
Wilking [9].

Lemma 1 Let M be a Riemannian manifold and E a Riemannian vector bundle
over M equipped with a metric compatible connection. Let K C E be a closed
and fiber-convex subset which is invariant under parallel transport. If ¢ is a smooth
section with values in K then, for any x € M and v € Ty M, the Hessian

Vg,v¢ =V,Vyop — VVUU¢

belongs into the tangent cone of K, at the point ¢|.

Proof 1t suffices to prove the result in the case where there exists a point xg which
is mapped via ¢ in the boundary of K, since otherwise the result is trivially true.
Consider a unit vector v € Ty, M and an normal coordinate system (X , ..., X;;) in
an open neighbourhood U around a point xo such that 9y, |XO = v. Moreover, pick
a basis {P1lyy . ..., Pklx} of Ex, and extend it into a local geodesic orthonormal
frame field. Then,

¢ =u1dpr + - + updy,

where the components u; : U — R,i € {1, ..., k}, are smooth functions. A simple
computation shows

k
Vo u®lvo = Va, Vo, $lig = Yoy, o0, Sl = D (O, 3y 4) (600

i=1
k
= (i 01)" (0)ilxy,
i=1
where y : (—¢, ) — U is a length minimizing geodesic such that

y(O) =xo and y'(0) = dy], .
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Define now the set
k
K={01 v e R vidilig € Koy .

Clearly K is a closed and convex subset of R¥. Since ¢ € K and K is invariant
under parallel transport, we deduce that the curve o : (—¢, &) — R, given by

o=Wioy,...,upoy),

lies in KC. It suffices to prove that o (0) points into K. Indeed, because K is convex,
for any unit inward pointing normal & of /C at o (0), we have

g(t)=(5,0(1)—0(0) =0,

for any t € (—¢, €). Because g attains its minimum at ¢t = 0, from standard calculus
we get that g”(0) > 0, which implies {¢”(0), £) > 0. This completes the proof. O

Remark 2 According to the above result, it follows that if ¢ is a section lying in a
set satisfying the conditions of Lemma 1 and £ is a uniformly elliptic operator of
second order, then section L¢ always points into K.

Theorem 8 (Strong Elliptic Maximum Principle) Suppose that M is a Rieman-
nian manifold (without boundary) and E a vector bundle of rank k over M equipped
with a Riemannian metric gg and a metric compatible connection. Let K be a closed
fiber-convex subset of the bundle E that is invariant under parallel transport and
¢ e I'(E), ¢ : M — K, a smooth section such that

Lo+ W(¢) =0,

where L is a uniformly elliptic operator of second order of the form given in (E)
and ¥ is a smooth fiberwise map that points into K. If there exists a point xg € M
such that ¢ly, € 0Ky, then ¢|, € 9K, for any point x € M. If, additionally, in
a neighbourhood of ¢|x, the set Ky, is strictly convex and the boundary 0Ky, is
C2-smooth, then ¢ is a parallel section.

Proof We follow the exposition in [76]. Let {¢1, ..., ¢k} be a geodesic orthonormal
frame field defined in a neighbourhood U around xop € M. Hence, ¢ = u1¢p1+---+
urdr, whereu; : U — R,i € {1, ..., k}, are smooth functions. With respect to this
frame we have

k k
Zi:l (Lu; + (gradient terms of u;) + ijluj gp (L), 6i)) i

Lo

Y W@ 0
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Therefore, the map u : U — RF, u = (u1, ..., ug), satisfies a uniformly elliptic
system of second order of the form

Lu+ @) =0, a7

where @ : R¥ — R, @ = (&, ..., &), is given by

@i (u) = gg (¥ (Z. 4j®; +Z uiLd; . i), (18)

forany i € {1, ..., k}. Consider now the convex set

k
K={0n oo €R Y yidily € K.

Claim 1: For any point x € U we have u(x) € K.

Indeed, fix a point x € U and let y : [0, 1] — U be the geodesic curve joining the
points x and xg. Denote by 6 the parallel section which is obtained by the parallel
transport of ¢|, along the geodesic y. Then,

k
Oy = Zi:lyi bily@)s

where y; : [0,1] — R, i € {1,...,k}, are smooth functions. Because, 6 and ¢;,
i €{l,...,k},are parallel along y, it follows that

- k
0= Vf);, 0= Zizlyf(l)¢i|y(r)~

Hence, y; (t) = y;(0) = u; (x), forany ¢t € [0, 1]and i € {1, ..., k}. Therefore,

k
Olyy = 0lyg = ), ui ()il

Since by our assumptions K is invariant under parallel transport, it follows that
Blx, € Kx,- Hence, u(U) C K and this proves Claim 1.

Claim 2: Forany y € oK the vector @ (y) defined in (18) points into IC at y.

First note that the boundary of each slice K is invariant under parallel transport.
From (18) we deduce that it suffices to prove that both terms appearing on the right
hand side of (18) point into K. The first term points into X by assumption on ¥.
The second term is inward pointing due to Lemma 1. This completes the proof of
Claim 2.

Observe now that the solution of the uniformly second order elliptic partial
differential system (17) satisfies all the assumptions of Theorem 7. Therefore,
because u(xg) € 9/ it follows that u(U) is contained in the boundary d/C of /.
Consequently, ¢|; € 0K for any x € U. Since M is connected, we deduce that
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¢ (M) C dK. Note, that if K is additionally strictly convex at u(xg), then the map u
is constant. This implies that

k
le =D ui0)dils

for any x € U. Thus, ¢ is a parallel section taking all its values in 0K . O

4.3.1 Maximum Principles for Symmetric Tensors

Let (E, gg) be a Riemannian vector bundle over a manifold M. For any ¢ €
Sym(E* ® E*), a real number A is called eigenvalue of ¢ with respect to g at
the point x € M, if there exists a non-zero vector v € Ey, such that

¢(U, w) = )\'gE(vv lU),
for any w € Ey. The linear subspace Eig, ,(x) of Ey given by
Eig, 4(x) ={v € Ey : ¢ (v, w) = Agg(v, w), forany w € E,},

is called the eigenspace of X at x. Since ¢ is symmetric, it admits & real eigenvalues
A1(x), ..., Ak(x) ateach point x € M. We will always arrange the eigenvalues such
that 1 (x) < --- < Ax(x). If A1 (x) > O (resp. > 0) we say that ¢ is non-negatively
(resp. positively) definite at x.

Before stating the main results, let us recall the following definition due to
Hamilton [44].

Definition 17 A fiberwise map ¥ : Sym(E* ® E*) — Sym(E* ® E*) is said to
satisfy the null-eigenvector condition, if whenever ¥ is a non-negative symmetric
2-tensor at a point x € M and if v € T, M is a null-eigenvector of ?#, then
v (@)(v,v) > 0.

The next theorem consists the elliptic analogue of the maximum principle of
Hamilton [45]. More precisely:

Theorem 9 Let (M, g) be a Riemannian manifold (without boundary) and suppose
that (E, gg) is a Riemannian vector bundle over M equipped with a metric
connection. Assume that ¢ € Sym(E* ® E™*) is non-negative definite and satisfies

Lo+ W (p) =0,

where W is a smooth fiberwise map satisfying the null-eigenvector condition. If there
is a point of M where ¢ has a zero eigenvalue, then ¢ must have a zero eigenvalue
everywhere.

Proof Denote by K the set of non-negative definite symmetric 2-tensors, i.e.,
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K ={9 € Sym(E* ® E*) : % > 0}.
Each set K, is a closed and convex. Then,
0K, = {9 € K, : exists nonzero v € T, M such that 9 (v, -) = 0}.
The tangent cone of K ata point ¢ € 0K is given by
CoKy ={¢ € Sym(E; ® EY) : ¢(v,v) > 0, forallv € Eig) »(x)}.

Claim 1. The set K is invariant under parallel translation.

Let y : [0, 1] — M be a geodesic, P; the parallel transport operator of vectors
along y and [IT; the parallel transport operator of 2-tensors along the curve y.
Consider ¥ € K, (g). Then, for any v € T, (0)M, we have

| (1) (P, Pv)} = (Vy,I1,9) (P, Prv) + 21,6 (Vy, Piv, Prv) = 0.

Therefore, for any vector v € T,)M, it holds (H,z?)(Ptv, Pv) = 9(v,v).
Consequently, for any w € T,,(-yM, we obtain that

(I1,9) (w, w) = 9(P7'w, P 'w) > 0.

This proves the claim.

Claim 2. Let ¥ : Sym(E* ® E*) — Sym(E* ® E*) be a smooth fiberwise map
satisfying the null-eigenvector condition. Then, for any x € M and ¥ €
0K, the vector ¥ (x, ©) points into K .

Indeed, let ¥ € 0Ky,. Then ¥ points inwards of K, at ¢ if and only if
(V" @V, ¥ (x, ) =¥ (x, M), v) =0,

for any x in M and null-eigenvector v € Ty, M of ¢.
This complete the proof. O

4.3.2 A Second Derivative Test for Symmetric 2-tensors

Theorem 10 Let (M, g) be a Riemannian manifold (without boundary) and
(E, gg) a Riemannian vector bundle of rank k over the manifold M equipped with
a metric connection V. Suppose that ¢ € Sym(E* @ E*) is a smooth symmetric
2-tensor. If the biggest eigenvalue Ay of ¢ admits a local maximum A at an interior
point xo € M, then

(Vo)(v,v) =0 and (Lg)(v,v) =0,
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for all v € Eig, 4(x0) and for all uniformly elliptic second order operators L.

Remark 3 The above theorem is due to Hamilton [44]. Replacing ¢ by —¢ in
Theorem 10, we get a similar result for the smallest eigenvalue A of ¢.

Proof Let v € Eig,\’(b(xo) be a unit vector and V € I'(E) such that V|, = v
and VV|, = 0. Define the symmetric 2-tensor S given by § = ¢ — Agg.
From our assumptions, S is non-positive definite in a small neighbourhood of xg.
Moreover, the biggest eigenvalue of S at xo equals 0. Consider the smooth function
f: M — R, givenby f(x) = S(V|x, Vl|x). The function f is non-positive in the
same neighbourhood around x¢ and attains a local maximum at xo. In particular,
f(x0) = 0,df(xg) = 0and (Lf)(xg) < 0. Consider a local orthonormal frame
{e1, ..., em} with respect to g defined in a neighbourhood of the point x¢. A simple
calculation yields

df (ei)) = (Ve;S) (V, V) +28 (Ve V, V).
Taking into account that g is parallel, we deduce that

0= (Vf)xo) = (VS (v, v) = (Vo) (v, v).
Furthermore,
vji’ejf - (Vi’ejS)(V, V) +28(V, vfi,ej V)
+2(Ve; S) (Ve, V. V) +2(Ve; S) (Ve V. V)
+28(Ve, V, Ve, V).

Bearing in mind the definition of S and using the fact that g is parallel with respect
to V, we obtain

Lf=(LH)(V,V)+2S(V,LV)
+2Z i {S(Ve V. Ve, V) + 296, )(Ve, V., V)

= (£¢)(V V) +28(V,LV)
+2Z i {S(Ve V. Ve, V) +2(V ) (Ve, V. V)

Estimating at xo and taking into account that V|, = v is a null eigenvector of S at
X0, We get

0= (L) (x0) = (L) (v, v).

This completes the proof. O
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5 Graphical Submanifolds

5.1 Definitions

Let (M, gy) and (N, gy) be Riemannian manifolds of dimension m and n,
respectively. The induced metric on M x N will be denoted by g, v = gm X gN-
We often denote the product metric also by (-, -). A smoothmap f : M — N
defines an embedding ' : M — M x N, given by F(x) = (x, f(x)), for any
Xx € M. The graph of f is defined to be the submanifold

r(f)y=FWM)={(x, f(x)) e M x N :x € M}.
Since F is an embedding, it induces another Riemannian metric g = F*g,;, 5 on
M. The two natural projections wpy : M X N - M andny : M x N — N are
submersions, that is they are smooth and have maximal rank. Note that the tangent
bundle of the product manifold M x N, splits as a direct sum
TMxN)=TM&®TN.

The four metrics gy, gn, gy« vy and g are related by

EmxN =Ty8u gy and g = Frgy, v =gm+ frgn. (19)

The Levi-Civita connection V&=~ associated to the Riemannian metric g;,, 5 on
M x N is related to the Levi-Civita connections V& on (M, ga) and V8V on
(N, gn) by

VEMxN = % VEM @ 7% VN

The corresponding curvature operator R on the product M x N is related to the
curvature operators on (M, gy ) and Ry on (N, gy) by

R= NX,IRM &) 7T7<,RN.

The map f : M — N is called minimal if I' (f) C M x N is minimal.

5.2 Singular Value Decomposition

For any fixed point x € M, let A%(x) < ... < )\31 (x) be the eigenvalues of
f*gn with respect to gp. The corresponding values A; > 0,1 € {l,...,m},
are usually called singular values of the differential df of f at the point x. Let
r = r(x) = rankdf (x). Then, r < min{m, n} and A{(x) = -+ = Ayu—r(x) = 0.
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It is well-known that the singular values can be used to define the so-called
singular decomposition of df. At the point x, consider an orthonormal basis

{or, ooy Oy Cp—rt1s - - -, &y} With respect to gy which diagonalizes f*gp.
Moreover, at f(x) consider an orthonormal basis {81, ..., Bu—r; Ba—r+1s---» Bn}
with respect to g such that, forany i € {m —r + 1, ..., m},

df (e;) = 2 (X) Br—mi-

It is well-known fact that, with the above ordering, the singular values give rise
to continuous functions. In the matter of fact, they are even smooth on an open
and dense subset of M. In particular, they are smooth on open subsets where the
corresponding multiplicities are constant and the corresponding eigenspaces are
smooth distributions; see [83].

We may define a special basis for the tangent and the normal space of the graph
in terms of the singular values. The vectors

Q; JA<i<m-—r,
e = o (20)

—  m—r+1=<i=<m,
V1422 (x)

form an orthonormal basis with respect to the metric g;,, , of the tangent space
dF(Ty M) of the graph I"(f) at x. Moreover, the vectors

Bi A <i<n-—r,

& = —Aitm—n(X)%ym—n © Bi 2

n—r+1=<i=<n,
1—i_)tz'2+m—n(x)

give an orthonormal basis with respect to g, ; of the normal space N, M.

5.3 Length and Area Decreasing Maps

Let (M, gp) and (N, gn) be two Riemannian manifolds of dimensions m and n
respectively. For any smooth map f : M — N its differential df induces a map
Akdf  AXTM — AKT N given by

(Ahdf) @is v = df @ A A df o),
for any smooth vector fields vy, ..., vy € TM. The map Akdf is called the k-

Jacobian of f. The supremum norm or the k-dilation | A*df|(x) of the map f at a
point x € M is defined as the supremum of
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\/det ((f*gn (i, vi)i<i,j<k)

when {vy, ..., vy} runs over all orthonormal bases of T, M.

Definition 18 A smooth map f : (M, gy) — (N, gn) between Riemannian
manifolds is called (weakly) k-volume decreasing if |A*df| < 1, strictly k-volume
decreasing if |A*df| < 1 and k-volume preserving if |A¥df| = 1. For k = 1 we
use the term length instead of 1-volume and if k = 2 we use the term area instead
of 2-volume.

There is a way to express the length and area decreasing property of a map in
terms of positivity of symmetric tensors. Define on M the symmetric 2-tensors
Suxn and S given by

Suxn =7ygm —ngy and S = F*Sy.n =gu — f gn-

With respect to the basis of the singular value decomposition, we have

1 —22
Suxn(ei,ej) = ——=8ij, 1<i,j<m. (22)
1+ A;
Hence, the eigenvalues w1, 1z, ..., U, of S with respect to g, are
1-22 1-22
M= SN

Hence, f is length decreasing if S > 0. Additionally let us mention that

—4ij 1 <isn-r,
Suxn (&, &) = 1—22 (23)
_$8U ,n—r+1<i<n.
1+)‘i+m—n
and
2hm—r+i .
SmxN(€m—r+i En—r-i—j) = _m—2r+l5ij, I1<i,j=<r (24)
1_|_)‘m7r+i
Observe now that, for any pair of indices i, j € {1, ..., m}, we have
1—22 133 2(1 = A743)
Wi+ pj= + > =

L+37 1+22 (T +2D0 423
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Hence, the map is strictly area decreasing, if and only if the tensor S is strictly 2-
positive, i.e., the sum of the two smallest eigenvalues is positive. The 2-positivity
of atensor T € Sym(T*M ® T*M) can be expressed as the positivity of another
tensor T2l € Sym(A2T*M ® A?T*M). Indeed, let P and Q be two symmetric
2-tensors. Then, the Kulkarni-Nomizu product P ® Q given by
(PO Q)(vi Awy, v2 Awz) = P(vr, v2) Q(wi, wa) + P(wi, w2) Q (v, v2)
—P (w1, v2) @1, w2) — P(v1, w2) Q(wi, v2)

is an element of the vector bundle Sym(A%T*M ® A>T*M). Now, to every element

T e Sym(T*M ®T*M) let us assign an element T/ of the bundle Sym(A?T*M ®
A2T*M), by setting

TP =TQ®yg.

We point out that the Riemannian metric G of A2T M is given by

G=138@g=38"

The relation between the eigenvalues of the tensor T and the eigenvalues of T1?! is
explained in the following lemma:

Lemma 2 Let T be a symmetric 2-tensor with eigenvalues uy < --- < W, and
corresponding eigenvectors {vy, ..., vy} with respect to the metric g. Then the
eigenvalues of the symmetric 2-tensor T2 with respect to G are j; + j» for any
1 <i < j < m, with corresponding eigenvectors v; Avj, forany 1 <i < j <m.

5.4 Minimal Graphs in the Euclidean Space

Let us discuss the case of graphs generated by smooth maps f : R” — R". The
induced metric g on the graph is given in local coordinates in the form

m n
=t X3
i,j=la=1

As u_s_ual, the components of the inverse matrix of the induced metric g are denoted
by g'/. It is not difficult to show that I"( f) is minimal if and only if the components
of

f:(fl,“,,fm)

satisfy the following system of differential equations
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m
Z gl fe,, =0. (MSE)
i,j=I

The equation is known in the literature as the minimal surface equation. For
graphical hypersurfaces, that is for graphs generated by functions smooth f : U C
R™ — R, minimality is expressed by the equation

giv(—&ds ) _,
V1+ [ grad fP2

There is a long history of attempts to study entire solutions of the minimal surface
equation. Bernstein [8] proved that the only entire minimal graphs in the R3 are
planes. However, there was a gap in the original proof of Bernstein which was fixed
40 years later; see [51, 65]. In the meantime, several complex analysis proofs have
been obtained; for more details see the surveys of Osserman [70, 71].

It was conjectured for a long time that the theorem of Bernstein holds in any
dimension for graphical hypersurfaces. For m = 3, its validity was proved by De
Giorgi [30], for n = 4 by Almgren [3] and for m = 5, 6, 7 by Simons [80]. It was
a big surprise when Bombieri, De Giorgi and Giusti [10] proved that, for m > 8§,
there are entire solutions of the minimal surface equation other than the affine ones.

In higher codimensions, the situation is more complicated. There are plenty of
non-flat entire minimal graphs. For example, the graph of an entire holomorphic
map f : C" — C”" is minimal. Moreover, Osserman [70] has constructed examples
of complete minimal two-dimensional graphs in R*, which are not complex analytic
with respect to any orthogonal complex structure on R*. For instance, the graph
I'(f) over the map f : R> — R?, given by

flx,y)= (e% - 367%) (COS % —sin %)

for any (x, y) € R, is such an example. Now the obvious questions became:

Question 1 If entire solutions of the minimal surface equation need not be linear,
do they have any other distinguishing characteristics? What additional restrictions
on entire solutions would guarantee linearity in all dimensions?

The first result in this direction was obtained by Osserman [69] for two-
dimensional graphs, generated by maps f : R> — R". He proved that if the
differential df of the map f is bounded, then must be a plane. In fact, he proved the
following more general theorem:

Theorem 11 Suppose that X is a complete, oriented minimal surface (not neces-
sarily graphical) in the euclidean space R". Assume that the Gauss map of X omits
an open neighbourhood in the Grassmannian. Then, X is flat.
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Let us restrict now in two dimensional graphs in R*, i.e., minimal graphs
generated by maps f = (f1, f2). For such graphs, Simon [81] proved that if one
component of f have bounded gradient, then f is affine. Later on, Schoen [79]
obtained a Bernstein-type result by imposing the assumption that f : R — R? is
a diffeomorphism. Moreover, Ni [68] has derived a result of Bernstein type under
the assumption that f is an area-preserving map. In this case, area preserving is
equivalent with the condition |det(df)| = 1. The function Jac(f) = det(df) is
called the Jacobian determinant of f. All these result were generalized by Hasanis,
Savas-Halilaj and Vlachos in [47, 48], just by assuming that Jac(f) is bounded. In
fact, the following result is shown:

Theorem 12 Let f : R? — R2 be an entire solution of the minimal surface
equation. Assume that I’ (f) is not a plane. Then, I' (f) is a complex analytic curve
if and only if the Jacobian determinant Jac(f) of f does not take every real value.
In particular if I' (f) is a complex analytic curve, then:

(a) The Jacobian determinant Jac(f) takes every real value in (0, 4+00) or in
[0, +00) if f is holomorphic.

(b) The Jacobian determinant Jac(f) takes every real value in (—o0,0) or in
(=00, 0], if f is anti-holomorphic.

All these proofs use strongly the fact that the Gauss map of a minimal surface in
the euclidean space is anti-holomorphic.

The first Bernstein-type theorem which was valid for arbitrary dimension and
codimension is due to Hildebrandt, Jost, and Widman [50]. They obtained such a
result under the assumption of a certain quantitative bound for the slope, that is a
bound on the norm of the differential of the generating map.

Let us describe here briefly their technique. Note at first that a bound on the
differential of the map forces the Gauss map of the graph to lie in a bounded region
of the Grassmannian manifold. In particular, the first step is to determine which
bounds on the differential will force the Gauss map to have its range in a sufficiently
small convex subset of the Grassmannian. The second step is to find a convex
function defined on the convex set, which contains the Gauss image of the graph,
and to compose it with the Gauss map. By Theorem 2 of Ruh and Vilms, the Gauss
map is harmonic. Consequently, the composition of the Gauss map with the convex
function will give rise to a subharmonic function defined on the graph. The third step
is to show that this particular subharmonic function is constant and the Gauss map
is parallel. Of course, there are many difficulties to overcome to run this program.
The first problem is the complexity of the Grassmannian manifolds. For example,
it is not so easy to identify which are the convex subsets of the Grassmannian and
their corresponding convex supporting functions. One way is to consider distance
balls. In fact, Hildebrandt, Jost, and Widman [50] identified the largest ball in the
Grassmannian manifold on which the square of the distance function is convex.
Another major difficulty is that an entire euclidean minimal graph is complete and
non-compact. Consequently, the standard maximum principle cannot be applied
directly. Let us mention here that the original assumption on the slope was obtained
by Hildebrandt, Jost, and Widman in [50] was
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E(f) = /det(I + df'df) < Bo < cos™P (253)

where B is a constant and p = min{m, n}. Over the years, the bound on E(f) was
improved. Recently, Jost, Xin, and Yang [56] proved the following:

Theorem 13 Let f : R™ — R" be an entire solution of the minimal surface
equation. Suppose that there exists a number By such that

3, if n>=2,

oo, if n=1,

Bo <

and

E(f) = det(I +df'df) < fo.

Then I' (f) is an affine subspace of R™ x R”.

Remark 4 For codimension one graphs, the above theorem was first obtained by
Moser [67].

Question 2 Let f : R™ — R” be an entire solution of the minimal surface equation
such that

E(f) = /det(I + df'df) <.

Is it true that I"(f) is an affine subspace of R”* x R"?

Remark 5 The number 9 in the above conjecture should be the sharp bound. The
reason is that there are examples of Lipschitz minimal maps constructed by Lawson
and Osserman [58] with E(f) = 9; see also [37]. These examples are generated
from the map f : CZ—{0)=R*— {0} > RxC=R3 given by

5
f) = %m% (i) ,

x|

where H{ : C> — R x C is the Hopf-map H(z, w) = (|z]> — |w|?, 2zw).

Let us conclude this section by mentioning some results in special situations. The
first one is due to Fischer-Colbrie [37] and it says that a 3-dimensional complete
minimal graph with bounded differential is totally geodesic. In the matter of fact,
the following holds:

Theorem 14 Ler f : R? — R”" be an entire solution of the minimal surface
equation. If |df | is uniformly bounded, then I' (f) is flat.
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In codimension two, no specific bound on the differential of f is needed.
Recently, Assimos and Jost [6] obtained the following interesting theorem:

Theorem 15 Ler f : R™ — R? be an entire solution of the minimal surface
equation. Suppose that there exists a number By such that

E(f) = ydet(I +df'df) < po.

Then I'(f) is an affine subspace of R™ x R2.

The next result we would like to mention is due to Wang [97]. He obtained the
following theorem for strictly area decreasing minimal graphs.

Theorem 16 Let f : R™ — R" be an entire solution of the minimal surface
equation. Suppose that there exists numbers 81 € (0,1) and 6 > 0 such that
|A2df| <1 — 8y and E(f) < 8. Then I'(f) is an affine subspace of R™ x R".

Remark 6 The above cannot be extended for k-volume decreasing minimal maps
with k > 2. For example, consider f : C> = R* — C? = R*, given by

fz, w) = (Boz + h(w), w),

where z, w € C, h : C — C is a non-affine holomorphic map and By a real
number. Observe that the graph I"( f) is a non-flat minimal submanifold of R® and
|A*df| = |Bo|. Consequently, there exists an abundance of non-flat minimal graphs
in the euclidean space with arbitrary small 4-Jacobian.

6 Mean Curvature Flow

In this section, we introduce the notion of the mean curvature flow. Later, we will
examine how various geometric quantities evolve under the mean curvature flow.
Suppose that M is a manifold of dimension m, let T > 0 be a real number and
F: M x[0,T) - N asmooth time-dependent family of immersions of M into a
Riemannian manifold N of dimension n. We follow the exposition in [5, 32, 63, 86].

Definition 19 Let N be a Riemannian manifold. We say that a family of immer-
sions F: M x [0, T) — N evolves by mean curvature flow (MCF for short) with
initial data the immersion Fop: M — N if it satisfies the initial value problem

dFx1)(8) = H(F(x,1))
F(x,0) = Fo(x)

for any (x,t) € M x [0, T), where H (F (x, t)) denotes the mean curvature vector
of the immersion F'(-,t) : M — N at the point x € M.
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6.1 Basic Facts for Systems of Parabolic PDEs

In this section we recall basic facts about solvability of Cauchy problems; for more
details see [57].

6.1.1 Differential Operators

Let M be a smooth manifold equipped with a Riemannian metric g whose associated
Levi-Civita connection is VM. Suppose that E1 and E; are two vector bundles over
M and assume that E; is equipped with a Riemannian metric # and a compatible
connection VE!, As in Definition 4, from the connections V¥ and V£, one can
form the k-th derivative V¥ of a section ¢ € I"(E}).

Definition 20 A map P: I'(E1) — I'(E») of the form
(PP)(x) = Q(x, V'p(x), ..., Vip(x)) € (E)y,

where Q is smooth in all its variables, will be called differential operator of order
k. In the case where P is R-linear, we say that P is a linear differential operator of
order k. Otherwise, we say that P is non-linear.

Suppose that P: I'(E1) — ['(E») is a linear differential operator of degree k.
Then, in index notation, it can be written in the form

Po = Z Ai1-~-ikV§Xi1maXik¢+..._|_ZA1'1V;X”¢+AO¢’

i1,dg i

where for each x € M, Alt+(x): (E1)x — (E»)y is linear map. These maps are
called the coefficients of the linear operator P.

Definition 21 Let P: I'(E;) — [I'(E;) be a linear differential operator of
order k, let x be a point in M and { = ), {idx; € T,”M. The linear map
or(P;x): (E1)x — (E2)y, given by

or(P;x)¢ = Z Ciy - ;ikAilwik¢|x’

is called the principal symbol of the operator P at the point x and in the direction
¢. In particular, the operator P is called elliptic if its principal symbol is an
isomorphism, for every point x and every non-zero direction ¢.

Definition 22 The differential or the linearization of P at ¢y, if it exists, is defined
to be the linear map D P|y,: I"(E1) — I'(E2), given by the expression

P(¢o +sy) — P(¢o)

N

DP|4 () = lim
s—0
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for any ¥ € I'(Ey).

Definition 23 Let P: I'(E1) — I (E;) be a differential operator of order k.
We say that P is elliptic, undetermined elliptic or overdetermined elliptic if its
linearization is so.

Example 1 Let f: M — N be a smooth map between manifolds endowed
with Riemannian metrics gy and gy, respectively, and consider the operator
A : C®(M) — C°°(M), given by

8M>8N *
AgM,ng = trgy B,

where B stands for the Hessian of f. In local coordinates, we have

gM ng Zg x,x, Z ka+Z fx, xl ya

i,j,0
The linearization of Ag,, o\ f is

Aguan (f +5G) — Agy o ()
s

DAgyonlf(G) =

= Z g” GY. x; 0y, 1 lower order terms.

Hence, for any
g=(§ls"'7§m) and ¢=(¢l’-~-’¢n)
we have

0 (DAgy g )P =), g 5GiCile = 12122,

Consequently, the Laplacian operator Ay, o, is elliptic.

6.1.2 Time-Dependent Vector Bundles

Suppose that I C R is an open interval and let {g(¢)};e; be a smooth family of
Riemannian metrics on a manifold M. This means that for any (x,7) € M x I we
have an inner product g, ;) on Ty M. We can regard {g(#)};c; as a metric g acting
on the spatial tangent bundle H, defined by

={veT(M xR) :dm(v) =0},
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where mp : M x I — I is given by m2(x, t) = . Note that each g(¢) is a metric on
‘H since H ., is isomorphic to Tx M via ;ro. We can even extend g into a metric on
M x I, with respect to which we have the orthogonal decomposition

T(M x I) = H & RJ,.

Since H is a subbundle of T (M x I), any section of H is also a section of T (M x I).
Sections of I'(H) are called spatial vector fields. There is a natural connection V
on M x I.Namely, define V by

Vow = V8w, Vv, =0, Vyd, =0 and Vv = [d, v], (25)

for any v, w € I"(H), where V& stand for the Levi-Civita connection of g(¢). One
can readily check that V is compatible with g, i.e.,

vg(wi, w2) = g(Vywy, wa) + g(wr, Vywn),
for any v € X(M x R) and wi, wy € I'(H). Moreover, for any wy, wy € I'(H),
Vw2 — Vy,wy = [wy, wa].

The situation we discussed above occurs, when we have a family of immersions
F : M x I — N. In this case, F*h gives a family of metrics on M. Endowing
M x I with the connection V, we have for any v € I"(#) that

VITNGF () — VETNGF (3,) = dF([3;, v]) = d F (V3,v).

6.1.3 Parabolic Differential Equations

Let M be a manifold equipped with a family of metrics {g(¢)}0,7). Denote by
% (t)}te[O,T) the corresponding Levi-Civita connections. Let £ and E; be vector
bundles over M and assume that E is equipped with a fixed time independent metric
h and connections {V(#)};¢[0,7) that are compatible with 4, i.e.,

vh($1, ¢2) = h(V()ud1, ¢2) + k(1. V(1)ue2),

for any tangent vector v, sections ¢, ¢2 € I'(E) and any time ¢ € [0, T).

As in Definition 4, by coupling V(1) with V&) we obtain repeated covariant
derivatives V¥ (t) acting on sections of Ej. Suppose now that {¢(¢)};c[0,7) IS a
smooth time-dependent family of sections of £, where smooth means that for any
fixed (x, 1) € M x [0, T), the time-derivative

¢x,t+h)—¢(x,t)
h

(Vo ) (x. 1) = lim
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exists. Hence, {Vj,@}:c[0,7) is another one parameter family of sections on E1. We
are interested now in expressions of the form:

(Va,®)(x, 1) = (PP)(x, 1) = Q(x, 1, VI (P (x, 1), ..., VEO)p(x, 1)), (26)

where now P : I'(E1) — I'(E») is a time-dependent differentiable operator of
order k. If for each fixed ¢ the operator P is linear elliptic, we say that (26) is a linear
parabolic differential equation. We say that (26) represents a non-linear parabolic
differential equation if and only if, for any ¢ € I"(E1), its linearization is parabolic.

Theorem 17 If the differential operator P is parabolic at ¢y € I'(E1), then there
exista T > 0 and a smooth family ¢(t) € I'(E1), fort € [0, T), such that there
exists a unique smooth solution for the initial value problem

Vo = P,
¢ (0) = ¢o.

fort € [0, T, where T depends on the initial data ¢y.
We close this section with an application of this general theory.

Definition 24 Let (M, g)) and (N, gy) be Riemannian manifolds. We say that a
family of smooth maps F: M x [0, T) — N evolves by (harmonic) heat flow, with
initial data Fp: M — N, if it satisfies the initial value problem

Vo, dF =dF(0;) = Agyen F, @7
F(-,0) = Fy.
Theorem 18 Let (M, gyr) be a compact Riemannian manifold and suppose that
Fo: (M, gp) — (N, gn) is a smooth map into a Riemannian manifold (N, gn).

Then, (27) admits a unique, smooth solution on a maximal time interval [0, Tyax),
where 0 < Tyax < 00.

Proof We already computed that for { € T*M, we have

0 (DAgy gy X) = [CI31.

Hence, the parabolic theory can be used to ensure short-time existence. O

6.2 Short-time Existence of the Mean Curvature Flow

A supposed solution F' of MCF can be represented in local coordinates as

F(xl,...,xm,t)=(Fl(xl,...,xm,t),...,F”(xl,...,xm,t)).
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Then, from (2) we have

H=Y g'(F ZEIEF)?Q Z s )0y

i,j,a
where
1
8ij = Zha,sF,‘ijg and F,-]; =3 ngl(axigjl + 0x; &i1 — 0x,&ij)-
a,f 1

Note that g is the induced metric and it depends on F. Hence,

O, gj1 = Z (hﬂny,xJ [ hgy FY i f,q) + lower order terms
By

and consequently

=Y g"hg, Fl fo + lower order terms. (28)
LBy

Combining the formula (28) with equation (2), we obtain

H= " g"(6us— Y ¢"hp, FLFY) )ng dy, + lower order terms.
ij.ap kly

By a straightforward computation, we get

DHIFG) = (F+sG) — H(F)

= Z (8ap — Z g lh,gVFOj{ F)g;)Gfl,xj dy, + lower order terms.
i,j,0,pB k,ly

Denote by w7y and myy the projections of F*TN onto dF(TyM) and NM,
respectively. Then, for any ¢ = )", ¢ 9y, € I'(F*TN), we have

anm (@) = ¢ —nrm (@) = Z Sup — Z 8 lhﬂy Xk x,)d’ﬂaym
o, p

k,l,y
Therefore, the principal symbol is given by

O‘{ (DH; x)¢ = Zl’]gljé‘lé‘jza’ﬂ (Saﬂ - Zk,l klhﬁy Xk xl)d)ﬁah
= ¢l mnm (L)



Graphical MCF 539

Observe that the principal symbol is zero for tangent directions. Thus, MCF is
degenerate and we cannot obtain information from the standard theory about short-
time existence. Short-time existence and uniqueness of MCF was originally proven
using results of Hamilton [43, 44] based on the Nash-Moser iteration method. We
present a proof adapting a variant of the DeTurck’s trick which was first used in
Ricci flow [31]; see also [7, 63, 92].

Theorem 19 (Invariance Under Tangential Variations) Suppose that F: M x
[0, T) — N is a family of immersions satisfying the system of PDEs

(29)
F(x,0) = Fo(x),

{dF(x,,)(at) = H(F(x, 1)) + dFu.n(V(x, 1),
where (x,t) € M x [0, T), the manifold M is compact and V is a time-dependent
family of smooth vector fields. Then, there exists a unique family of diffeomorphisms
v:Mx[0,T) > M, suchthatthemapF M x [0,T) — N given by F(x t) =

(1// (x,1), t), is a solution of

{dﬁx @) = H(Fx.1),
F(x,0) = Fo(¥(x,0)).

Conversely, if F: M x [0,T) — N is a solution of the mean curvature flow and
Y: M x[0,T) - M is a family of diffeomorphisms, then F: M x [0,T) — N
satisfies a system of the form (29).

Proof Consider for the moment an arbitrary family a time-dependent of diffeo-

morphisms ¢ : M x [0,7) — M and define F: M x [0,T) — N given by
F(x,t) = F(¥(x,1),1), for (x,1) € M x [0, T). From the chain rule, we have

dFan@) = H(F @, 1)+ dFyenn (VO 0,0 + die.n @),

for any (x,t) € M x [0, T). Hence, it suffices to find a one-parameter family of
diffeomorphisms ¥ : M x [0, T) — M solving the initial value problem

dYn (@) = =V (¥ (x,0),1),
Yi(x,0) =1,

for any (x,t) € M x [0, T), where I : M — M is the identity map. By Picard-
Lindelof theorem there exists a unique smooth solution of the above initial value
problem. Moreover, because the initial data is the identity, taking 7 > 0 small
enough we can assume that for any ¢ € [0, T] the map ¥ (-,#) : M — Misa
diffeomorphism. The converse is straightforward. O
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Theorem 20 (Short-time Existence) Let M be a compact Riemannian manifold
and Fo: M — N an immersion into a Riemannian manifold N. Then, the mean
curvature flow with initial data the immersion Fy admits a smooth solution on a
maximal time interval [0, Tmax), where 0 < Tpax < 00.

Proof The idea is to modify MCF by adding some tangential component in order
to make it parabolic. Suppose that F' : M x [0, Tax) — N solves MCFE. Fix a
Riemannian metric g on M, denote its Levi-Civita connection by V and consider
the vector field Vp7r on M given by

Vpr = trg(V — V). (30)
Note that in local coordinates, Vp7 has the form

ijk T~k
Vpr =Y g/l = Iy,
ijk
where Fl]]‘ and lej are the Christoffel symbols of the connections V and v,

respectively. Consider now the initial value problem,

dF(;,)=H+dF(Vpr)
F(-.0)= Fy

, (€Y

The first equation of (31) in local coordinates takes the form

Z g xlxj Z 1—;]; F;‘);c Z F)gj F;‘Sj

i,j,o

Since 1/"7; does not depend on time, the principal symbol of (31) is

oc (D(H + Vpr), -) = [¢ 1.
Hence (31) is parabolic and has a unique solution. According to Theorem 19, from
a solution of (31) we obtain a solution of the mean curvature flow. |

Definition 25 Let F: M x [0,T) — N be a solution of MCF. Fix a metric g
and consider the vector field Vp7. The modified flow (31) is called DeTurck mean
curvature flow.

Lemma 3 The vector field Vpr defined in (30) is minus the Laplacian of the
identitymap I: (M, g) — (M, g).

Proof The Hessian B of the map [ is given by
B(1,v2) = Varwpdl (v2) = d1 (Vy,02) = Vyyv2 = V02,

for any vy, v2 € X(M). Hence, Ag 51 = —Vpr. This completes the proof. m]



Graphical MCF 541

Theorem 21 (Uniqueness) Let M be a compact Riemannian manifold and
Fo: M — N an immersion into a Riemannian manifold N. Then, the solution of
MCE, with initial data the immersion Fy: M — N, is unique up to diffeomorphisms.

Proof Suppose that F: M x [0, Tmax) — N is the maximal solution of MCEF, with
initial data the given immersion Fy, and denote the induced metrics by g. As in the
existence part, fix a metric g and denote by V its associated Levi-Civita connection.
Consider the initial value problem

do(9) = Az g

$(.0) =1
Observe that the above problem is a parabolic and thus its solution gives rise to a
unique one parameter family of diffeomorphisms ¢ : M x [0, &) — M, for at least
some short time ¢ > 0. Denote by ¢ : M x [0, &) — M the one parameter family

of diffeomorphisms with the property that, for each ¢, the map (-, t) is the inverse
of ¢(-,1),1.e.,

Ypx, 0, 1) =x =¢(x,0),1)

for any (x, t) in space-time. From the chain rule, we have

AVg 0.0 (90) = =dVip.n.n ((Azd) (). (32)
Define the map F: M x [0,e) — N given by F(x,t) = f(l/f(x,t),t), for any
(x,1) € M x [0, Tjax). The induced time-dependent metric on M is g = ¥*g.
Moreover, the map F satisfies the evolution equation

F, = H+dF (W), (33)
where for any point (x, ¢) in space-time, we have
W@ (x, 1), 1) = d¥ix,n (0)).

Taking into account (32) and the composition formula for the Laplacian (see for
example [24, page 116, equation (2.56)]), we have

W (x,1),t) =dvu,n(Vpr(x)), (34)

for any (x,t) € M x [0, ¢). From (33) and (34), we see that F satisfies the DeTurck
mean curvature flow

dF(3;) = H+dF(Vpr),

with initial data the immersion Fy : M — N.
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Suppose now that F 1 fz: M x [0, Tmax) — N are two solutions of the mean
curvature flow, with the same initial condition Fp: M — N. As before fix a metric
2 on M and denote by 2} and 2> the induced time-dependent metrics on M by F|
and F, respectively. Denote by

qblz M x [0,e) - N and ¢2: M x[0,e) > N
the one-parameter family of diffeomorphisms solving the initial value problem
dn(d;) = Ag, g,
n(-,0)=1.
Then, as we verified above, the maps
F,: M x[0,e) > N, ief{l,?2},
satisfy
Fi(x,t) = Fi(¢' (x,1).1),
for any (x,t) € M x [0, ¢), form solutions of the DeTurck mean curvature flow,

with common initial data the immersion Fp: M — N. Since the DeTurck mean
curvature flow is parabolic, it follows that its solution is unique. m]

6.3 Parabolic Maximum Principles

In this subsection, we state the weak and strong version of the parabolic maximum
principle for scalar functions obeying a diffusion-reaction equation on a manifold
equipped with a smooth time-dependent family of Riemannian metrics. Then we
also present Hamilton’s version [44, 45] of the parabolic maximum principle for
arbitrary sections of a vector bundle; for detailed proofs see also the excellent
monograph [26].

6.3.1 Scalar Parabolic Maximum Principle
Suppose that M is a smooth manifold, possibly with boundary d M, and {g(¢)}:<[0,7)
a smooth family of Riemannian metrics. We will consider the second order time-

dependent operator £ given by

Lu = Agyu + g(t)(X, VEDu) (P)
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where
ueCHMx(0,7)UC’(M x[0,T]).

Note that, for each fixed time, £ is an elliptic operator.

Theorem 22 (Comparison Principle) Suppose that M is a compact, without
boundary, manifold equipped with a smooth family {g(t)}:cj0,1) of Riemannian
metrics and u: M x [0,T) — R a C%-smooth function, which satisfies the
differential inequality

o — Lu <W(u,t),

where L is the (time-dependent) operator defined in (P) and ¥ : R xR — Ra
smooth map. Let ¢ be the solution of the associated ODE

{w/(t) =W (p(t), 1),

©(0) = maxyepm u(x, 0).

Then, the solution u of the differential inequality is bounded from above by the
solution ¢ of the ODE, that is u(x, t) < ¢(t), for every (x,t) € M x [0, T).

As in the elliptic case, there exists a criterion which forces a solution of a
parabolic differential inequality to be constant.

Theorem 23 (Strong Maximum Principle) Suppose that M is a smooth manifold,
possibly with boundary, equipped with a smooth family {g(t)}:c[0,1) of Riemannian
metrics. Let u € C2 (M x (0, T)) U CO(M x [0, T]) be a solution of

oru—Lu+cu<0

where ¢ is a non-negative constant.

(a) If c = 0 and u attains a maximum at point (xo, t9) € M x (0, T) then u is
constant on M x [0, tg].

(b) If ¢ < 0and the function u attains a non-negative maximum at a point (xo, ty) €
M x (0, T), then u is constant on M x [0, ty].

By reversing both inequalities we obtain the corresponding minimum version of the
comparison and strong principle; for the proofs see [5, 35] or [72].

6.3.2 Vectorial Parabolic Maximum Principle
Let M be a smooth manifold, possibly with boundary d M, equipped with a smooth

family of metrics {g(f)};c[0,7) and associated Levi-Civita connections V8" Let
E be a vector bundle over M equipped with a time-independent metric 4 and a
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family {V()};¢[0,7) of connections that are compatible with 4. The time-dependent
Laplacian acting on smooth sections of E is defined by

A0p =Y (VO VD¢ = V1) g0, )

i=1

where {v1, ..., v,} is an orthonormal basis of g(z).
Following the same lines as in the elliptic case, we can derive Weinberger-
Hamilton’s versions of the parabolic maximum principle.

Theorem 24 (Weak Vectorial Maximum Principle) Suppose that M is a compact
manifold, possibly with boundary 0K, equipped with a smooth family {g(t)};c[0,T)
of Riemannian metrics. Let E be a vector bundle over M endowed with time
independent bundle metric h and a family {V(t)};cj0,) of connections that are
compatible with h. Let K be a closed fiber-convex subset of E that is invariant
under parallel transport with respect to each connection V(t), t € [0, T), and let
{¢(®)}icro0,1) be a smooth family of sections such that

Vod — A)¢ = V()xp + ¥ (9)

where X is a smooth time dependent vector field and ¥ is a smooth fiberwise map
that points into K. If ¢x.ry € K for any (x,t) in the parabolic boundary of M x
[0,T), i.e., forany (x,t) € (M X {O}) U (8M x [0, T)), then ¢ 1) € K for any
(x,t) e M x [0, 7).

Theorem 25 (Strong Vectorial Maximum Principle) Suppose that M is a
smooth, not necessarily compact, manifold equipped with a smooth family
{g(D)}ier0,1) of Riemannian metrics. Moreover, let E be a vector bundle over M
endowed with time independent metric h and a family {V (t)};c[0,1) of connections
that are compatible with h. Assume that K is a closed fiber-convex subset of the
vector bundle E that is invariant under parallel transport with respect to each
connection V(t), t € [0, T), and let {¢(t)}ie[0,7) be a smooth family of sections
such that

Vap —A)¢ =V(t)x¢ + ¥ (9)

where X is a smooth time dependent vector field and ¥ is a smooth fiberwise map
that points into K. If there exists a point (xg, to) € M x (0, T) such that ¢(xy,1,) €
0K, then ¢y 1) € 0K forany (x,t) € M x [0, 1p].

Let us describe now the parabolic maximum principle in the special case where
as vector bundle we consider the space of symmetric 2-tensors.

Theorem 26 Let M be a compact manifold equipped with a smooth family
{g(D)}ief0,1) of Riemannian metrics. Suppose that {¢(t)}ie[o,T) is smooth family
of symmetric 2-tensors on M such that
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Vo ¢ — Alt)p = V()xd + V()

where ¥ : Sym(T*M Q T*M) — Sym(T*M ® T*M) is a smooth fiberwise map
satisfying the null-eigenvector condition and X is a smooth time dependent vector
field. If $(0) > 0, then ¢(t) > 0 for all t € [0, T). Additionally, if there is a
point (xo, t9) € M x (0, T) where ¢(to) has a zero eigenvalue then ¢(t) has a zero
eigenvalue for any t € (0, tp).

6.4 Evolution Equations

We will compute the evolution of some important quantities. In order to simplify
the notation, we omit upper or lower indices on connections and Laplacians
which identify the corresponding bundles where they are defined. Most of these
computations can be found in [4, 75-78, 86, 94, 96].

Lemma 4 Suppose that F : M x [0, T) — N is a solution of the mean curvature
flow. Then, the following facts are true:

(a) The induced metrics g evolve in time under the equation
(Va,8) (i, v2) = =2(H, A(v1, v2)) = =2A4" (v1, v2),

for any vy, vo € X(M).
(b) The induced volume form §2 on (M, g) evolves according to the equation

Vs 2 = —|H|*82.

Moreover, the volume of the evolved submanifolds satisfy
& Vol = — / |H|*$2.
M

(c) There exists a local smooth time-dependent tangent orthonormal frame field
and a local smooth time-dependent orthonormal frame field along the normal
bundle of the evolving submanifolds.

Proof

(a) Letuvy, ..., v, be time-independent tangent vector fields. Keeping in mind the
notation introduced in Section 6.1.2, we have

Vi, dF (vi) = Vy,d F(d) + dF (13, vi]) = Vi, H,

forany i € {1, ..., m}. Therefore, for any i, j € {1, ..., m}, we deduce that
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(Vy, 8)(vi, vj) = 0;(g(vi, vj)) — g(Vy,vi, vj) — g(vi, Vo,v5)
= 0(dF(vi),dF(vj)) = (Vy, H,dF(vj)) + (Vy, H,dF(v;))
= —(H, VydF(vj)) — (H, Vy;dF(v;))
= —2(H, A(v;, vj)).

(b) We compute

kl
d;gkr) det g;
Ory/detgi; = Z —U = - Z(H» gklAkl>\/ det g;j

il 2,/detg;; 1

= —|H| Vdetgij.

(c) The associated adjoint operator P: (T M, g) — (T M, g) of A satisfies

A" (1, v2) = g(Pvy, 1) = g(v1, Pv2), (35)

for any vy, v2 € X(M). Consider now the family of bundle isomorphism U () :
(TM, g(0)) — (TM, g(t)), given as the solution of the initial value problem

Vo, U(t) = PoU(),

36
{ uo=1. (36)

By a straightforward computation, we can show that U*(t)g(t) = g(0). Hence,
if {e1(0), ..., e, (0)} is a local orthonormal frame with respect to g(0), then
{e1(t) = U@®)e1(0),...,en(t) = U(t)e,(0)} is a local orthonormal frame of
g(t). By taking the complement of {eq, .. ., e, }, we get a time-dependent frame
field on the normal bundles of the evolving submanifolds.

O

Lemma 5 The time-derivative of the second fundamental form is given by
(Vi A)5 = (V2H), Z HP A% A%, — ZﬁHﬁﬁﬂi,a,

where the indices are with respect to a local orthonormal frame.

Proof Suppose that {eq,...,en; Ent1,--.,&n} is a local adapted orthonormal
frame field around a fixed point (xg, #p). Recall that

V38 =0, V.3 =0 and [8;,ei]=V3,ei=ZjﬁHﬂA5.ej. (37)

In order to simplify the computations, we may assume that {eq, ..., e;} is normal
frame at (xq, t9). Under these considerations, we have that at (xq, #y)
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(Vg A)ij = Vo, Ve,dF(ej) — Vo, dF (Ve ej) — A(Vyei, ej) — Alei, Vaej)
= V., Vy,dF(e;) + R(H,dF (e;),dF (e})) + Vy, ¢, dF (e})
—dF(Vg)[Veiej) — A(Vyei,ej) — Alei, Vyej).
Hence,
(Va,A)ij = Ve, (Ve, H + dF (Vye))) + E(H, dF(e;), dF(e)))
+Vv, ¢ dF(ej) —dF(Vy, Veej) — A(Vyei, ej) — Alei, Vy,e;))
= Vfi’ejH + R(H,dF(e;),dF(e})) + Ve, d F(Vye))
+Vv, ¢ dF(ej) —dF (V3 Veej) — A(Vyei, ej) — Alei, Vy,e;))
=V . H+R(H dF(e),dF(e))) + Ve, dF (Vye))
+Vv, dF(ej) —dF(Vy Veej) — A(Vyei, ej) — Alei, Vae))
and so

(VaA)ij = V2 , H+ R(H,dF(e;),dF(ej)) —dF(RY (3, ¢, e}))

i

where RV is the curvature operator of V on T (M x (0, T)). Consequently, at (xq, ty)
we have

(Va Adij = D (Vo Aij badba = ) (Vo A)ij. )b
=2 Ve Ve, Ho&albu+ 3 HP Rpijaer
On the other hand,
(Ve Ve, Ho £a) = (Vo (Vi H + ) (Ve H dF (e0)d F(ex). €a)
= (V2 )Y - Zk’ﬂHﬂAfk o,

Combining the last two equalities we obtain the result. O

Lemma 6 The mean curvature H evolves in time under the equation

(Vi H)* = (AYH)" =Y HP Ryiio + Y HP AL AL
i.B i,j,B

Moreover,
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O|H? = A|H|> = 2|V HI> +2|A7 P =2 )" H® HP Ryiig,
i,a,p

where the indices are with respect to a local orthonormal frame.

Proof Let (xo,t9) € M x (0,T) and {ey,...,em; Ent1,---,&n} be a local
orthonormal frame field around of (xg, #p). From (37) and Lemma 5, we have

(ViH)" Z (Vi Ai)" Z(V;A);ﬁ +2ZA“(va,ei,e,»)
i i
= (ATH)* + Y HP Rpjja — HﬂAﬂ A% +2Y HPAL AL,
i.B ij.B i.j.B

from where we deduce the evolution equation for H. Moreover

O|H|* =d,(H H)=2(VyH . H) =Y (Vy H)*H"
o

_ZZ(AH)“H"’ 2 HYHPRuip+2 Y H“HﬂA“Aﬁ.
i,a,p i,j.a,B

On the other hand

Z A(HY)? = ZZ(AH)"‘H“ + ZZ |[VH*?

Combining the last two identities we obtain the desired identity. O

6.5 Evolution Equations of Parallel Forms

Let F : M x [0, T) — N be a solution of the mean curvature flow and suppose that
@ is a parallel k-tensor on N. Then, the pullback via F of @ gives rise to a time-
dependent k-form on M. For example, the volume form of N is such a tensor. As we
will see in the next section, interesting situations occurs when N is a Riemannian
product N1 x Ny and we consider the volume forms £21 and £2; of N1 and N>,
respectively.

In the next lemmata, we will compute how these pullback tensors evolve under
the mean curvature flow.

Lemma 7 The covariant derivative of the tensor F*® is given by

(Ve, F*®)iy iy, = Z siy Paiziy T+ + Agi,,,@ilmim—la)’

for any adapted orthonormal frame field {eq, . .., en; Enmt1y -y En—m}.
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Proof As usually let us suppose that {ey, ..., ¢, } is a normal frame at a fixed point
(x0, to) in space-time. By a direct computation, we get that at (xo, fo) we have
(Ve, F*®)j, iy, = es®(dF(ei)), ..., dF (e;,))
= @ (Ve dF(ei), ..., dF(ei,)) + -+ ®(dF(ei), ..., Ve, dF(e;,))
= ¢(A(8Sa ei])a ceey dF(eim)) + et + @(dF(eil), R A(637 eim))

. e 1 . .
§ : siq 0”2~~lk + +Asim¢llmlm—10‘)‘

This completes the proof. O

By a direct computation we can derive the expression for the Laplacian of the
pullback of a parallel k-tensor on N.

Lemma 8 The Laplacian of the k-tensor F*® is given by

(AF*®);, i, = Z(vei,.lm%mz._% +Z( H)*®iy i, 1o
+2 Z AgtlAklzd)D‘ﬂiZWim +2 Z Aktm 1 ll of
k,o,p k,a,B
— Y (AY AN Py i + -+ A AP iy 1)
ko

- Z (ﬁkakilq)aiz...im +- ﬁkaki,,, i iy 1)

for any adapted orthonormal frame field {eq, . .., en; Ent1, -y En—m}.

Proof Let {eq, ..., em; Entils-- -, En—m} be an adapted normal frame at the point
(x0, tp) in space-time. We compute,

(Ve, VekF*Q)il.“imz ex(P(Akiys ... dF(e,) + -+ P(dF (), ..., Aki,))
= & ((Ve Aiiy» -, dF (e;,)) + -+ P(dF(ei)), ..., (Ve Aiiy,)
+2@ (Agiy, Akiys - - - dF(ej,)) + -+ +2@(dF (i), ..., Akip_,» Akiy)
= (Vo Aiys ... dF(ei,)) + -+ PAF(ei), ... (Vo Ai,)
+2@ (Akiy, Akiys - .. dF (ei,)) + -+ 2P (dF (ei), ..., Akipy_y1s Akin)

=D Ak A @ (er, . ei,) == D (A, Au) F*® (e, ... er).

Summing over k and using the Codazzi equation (4), we get the result. O
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Lemma 9 Suppose that F: M x [0, T) — N is a solution of the mean curvature
flow and let @ be a parallel m-form on N. Then, u = *(F*®), where * is the
Hodge star operator with respect to the induced Riemannian metric g, evolves in
time under the equation

8lu — Au = -2 Z AzlA]fij(xﬁZ..m —ee =2 Z Azm_lA]/fmdjl...aﬁ
k,a,B k.o, B
+ Z (AR AP + -+ AR AR P m—11)
ko
+ Z (EkakldjaZ...m +- 1+ ﬁko{km¢l...m—la)»
k.o
for any adapted orthonormal frame field {eq, . .., en; Emt1y -y En—m}

Proof Let us make our computations again, with respect to a time-dependent
orthonormal frame field as in Lemma 4. We compute,

du = 0, (F*®@)(er, ..., em))
= @(VydF(er),....,dF(en))+ -+ @(dF(e), ..., VydF(en)).

Taking into account the formulas (37), we have

Vo, dF(e;) = Ve, dF(3)) + dF (Vo,e1) = Ve, H + Y HPALdF (er)
k.p

=V, H,
forany i € {1, ..., m}. Hence, putting everything together, we deduce that
hu=0(ViH,...,dF(em)) + -+ P(dF(e), ..., Vy H).

Combining with Lemma 8 we obtain the result. O

7 Formation of Singularities Under Mean Curvature Flow

In this section, we present how one can build smooth singularity models for
the mean curvature flow by rescaling properly around points, where the second
fundamental form attains its maximum. The proof relies heavily on a compactness
theorem of Cheeger-Gromov-Taylor [14] for pointed Riemannian manifolds and on
the standard compactness theorem for immersions; see for example [27].
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7.1 Characterization of the Maximal Time of Existence

In the following theorem, we give a characterization of the maximal time of
solutions of the mean curvature flow. Its proof has been done by Huisken in [52, 53]
and is based on the parabolic maximum principle. The key observation is that all
higher derivatives VKA, k € N, of the second fundamental tensor are uniformly
bounded, once A is uniformly bounded. More precisely, the following result holds:

Theorem 27 Let M be a compact manifold and let Fo: M — N a smooth
immersion into a complete Riemannian manifold N. Then, the maximal time Tpyax
of the solution of the mean curvature flow, with initial data Fy, is finite if and only if

lim SUP; 70 (maXMx[(),t] |A|) = 0.

An immediate consequence of the above result is the following theorem.

Theorem 28 Let M be a compact manifold and F : M — [0, Tmax) — N
a solution of the mean curvature flow on a maximal time interval in a complete
Riemannian manifold N. If the norm |A| of the second fundamental form is
uniformly bounded, then the maximal time of solution of the flow is infinite.

Remark 7 When the target space N is compact and the maximal time of solution
of the flow is infinite, due to a deep result of Simon [82], it follows that the flow
converges smoothly and uniformly to a minimal submanifold. However, long-time
existence does not automatically imply convergence. For instance, start with a
latitude circle S' on a complete surface of revolution that does not admit closed
embedded curves as geodesics. Then the flow with initial that particular circle will
run forever, but it will not converge.

Remark 8 Due to a recent result of Cooper [27], it is not necessary to have
boundedness on the full norm of the second fundamental form in order to get long-
time existence of the flow. In the matter of fact, he showed that uniform boundedness
of the second fundamental form only in the direction of the mean curvature also
leads to long-time existence.

7.2 Cheeger-Gromov Compactness for Metrics

Let us recall here the basic notions and definitions. For more details, see [5, 25] and
[66]. We closely follow the exposition in [78].

Definition 26 Let (E, r, X') be a vector bundle endowed with a Riemannian metric
g and a metric connection V and suppose that {£;}rcn is a sequence of sections of
E. Let U be an open subset of X with compact closure U in X . Fix a natural number
p > 0. We say that {&;}ren converges CP-smoothly to £ € I'(E|), if for every
& > 0, there exists kg = kg(¢), such that
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sup sup [V (& —&xo)l < ¢

O<a<pxeU

where k > ko. We say that {£;}eny C°-smoothly converges to £y, € I'(E|p) if
{ék}ken converges in CP to & € I'(E|g), for any p > 0.

Definition 27 Let (E, r, X') be a vector bundle endowed with a Riemannian metric
g and a metric connection V. Let {U,},en be an exhaustion of X' and {&}reny be
a sequence of sections of E defined on open sets Ay of X'. We say that {&; }ren
converges smoothly on compact sets to £x, € I'(E) if:

(a) For every n € N there exists ko such that U, C Ay, for all natural numbers
k > ko.
(b) The sequence {& |ﬁk}k2ko converges in C* to the restriction of the section &,

onU,.

In the next definitions, we recall the notion of the smooth Cheeger-Gromov
convergence of sequences of Riemannian manifolds.

Definition 28 A pointed Riemannian manifold (X, g, x) is a Riemannian manifold
(X, g) with a choice of origin or base point x € X. If the metric g is complete, we
say that (X, g, x) is a complete pointed Riemannian manifold.

Definition 29 We will say that a sequence {(Xy, gk, Xx)}xen Of complete, pointed
Riemannian manifolds smoothly converges in the sense of Cheeger-Gromov to a
complete pointed Riemannian manifold (XYoo, 00, Xc0), if there exists:

(a) An exhaustion {Uy}ren of XYoo With xoo € Uy, for all k € N.
(b) A sequence of diffeomorphisms @ : Uy — @, (Uy) C Xk, with

Pk (Xo0) = Xk

and such that the sequence {@; gi}ren smoothly converges in C* to goo ON
compact sets in Y.

The sequence {(Ux, @i )}ren is called a family of convergence pairs of the sequence
{(Xk, &k» Xk)}xeN, With respect to the limit (Yoo, €00, Xoo)-

When we say smooth convergence, we always mean smooth convergence in the
sense of Cheeger-Gromov. The family of convergence pairs is not unique. Two such
families {(Uk, @) }keN.{(Wk, W) }keN are equivalent in the sense that there exists
an isometry / of the limit (XY, 800, Xo0), Such that for every compact subset K of
Y, there exists a natural number ko, such that for any natural k > ko:

(a) The mapping @, o @ is well defined over K.
(b) The sequence {®, Lo W b=k, smoothly converges to I on K.

The limiting pointed Riemannian manifold (¥, g0, Xoo) Of the Definition 29 is
unique up to isometries.
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Definition 30 Let M be a Riemannian manifold. The injectivity radius at x € M is
the supremum of all values r, such that the expotential map from the unit ball B, (x)
in Ty M, to the manifold M, is injective.

Definition 31 A complete Riemannian manifold (X, g) is said to have bounded
geometry, if the following conditions are satisfied:

(a) For any integer j > 0, there exists a uniform positive constant C;, such that
IV/R| < C;.
(b) The injectivity radius satisfies inj, (X') > 0.

The following proposition is standard and will be useful in the proof of the long-time
existence of the mean curvature flow.

Proposition 3 Suppose (X, g) is a complete Riemannian manifold with bounded
geometry. Suppose that {ay}ren is an increasing sequence of real numbers that
tends to +00 and let {xi}ren be a sequence of points on X. Then, the sequence
{(¥, oz,%g, Xi) }keN smoothly subconverges to the euclidean space (R™, goyc, 0).

We will use the following definition of uniformly bounded geometry for a sequence
of pointed Riemannian manifolds.

Definition 32 We say that a sequence {(X%, gk, xx)}xen of complete pointed
Riemannian manifolds has uniformly bounded geometry, if the following two
conditions are satisfied:

(a) For any integer j > 0, there exists a uniform constant C;, such that for each
k € Nit holds [V/ Ri| < C;, where Ry is the curvature operator of the metric

8k-
(b) There exists a uniform constant co, such that inj,, (Xx) > co > 0.

In the next result, we state the Cheeger-Gromov compactness theorem for sequences
of complete pointed Riemannian manifolds. The version that we present here is due
to Hamilton [46].

Theorem 29 Let {( X%, gk, Xk) }keN be a sequence of complete pointed Riemannian
manifolds with uniformly bounded geometry. Then, the sequence {( Xy, gk, Xr) }keN
subconverges smoothly to a complete pointed Riemannian manifold (X, €00, Xo0)-

Remark 9 We would like to mention here that due to an estimate from Cheeger,
Gromov and Taylor [14], the above compactness theorem still holds under the
weaker assumption that the injectivity radius is uniformly bounded from below
by a positive constant, only along the base points {xi}rcN, thereby avoiding the
assumption of the uniform lower bound for injg, ().
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7.3 Convergence of Immersions

Definition 33 Let Fj: (X, gk, xx) — (Px, hi, yx) be a sequence of isometric
immersions, such that F'(x;) = yx, for any k € N. We say that the sequence { Fj }ren
converges smoothly to an isometric immersion

Foo: (X0, 800» X00) = (Poos hoo, Yoo)

if the following conditions are satisfied:

(a) The sequence {( X, gk, Xx)}xen smoothly converges to (Xoo, 800, Xoo)-

(b) The sequence {( Py, hk, yi)}ren smoothly converges to (Poo, oo, Yoo)-

(¢) If {(Ur, Pr)}ren is a family of convergence pairs of {(X%, gk, xk)}xen and
{(Wr, ¥i) }ken is a family of convergence pairs of {(Px, hx, Yk)}ken, then for
each k € N, we have Fj o @, (Ur) C ¥ (W) and lI/k_l o F o @ smoothly
converges to F, on compact sets.

Lemma 10 Suppose that (P, h) is a complete Riemannian manifold with bounded
geometry. Then, for any C > 0, there exists a positive constant r > 0, such that
injg(X) > r, for any isometric immersion F: (X, g) — (P, h) such that the norm
|AF| of its second fundamental form satisfies |Ar| < C.

The last lemma and the Cheeger-Gromov compactness theorem allow us to deduce
a compactness theorem in the category of sequences of immersions; see for example
[27].

Theorem 30 Let {(X%, gk, xXk)}keNn and {(Px, hi, yi)}ren be two sequences of
complete Riemannian manifolds with dimensions m and I, respectively. Suppose
that Fr: (Xk, gk, xx) — (P, hi, Yx) is a family of isometric immersions, where
Fi(xg) = yk. Assume that:

(a) Each Xy is compact.
(b) The sequence {( Py, hi, Yk)}keN has uniformly bounded geometry.
(¢c) For any integer j > 0, there exists a uniform constant C j, such that

(VI AR, | < Cj,

for any k € N. Here, A, stands for the second fundamental form of Fy.

Then, the sequence { Fy }renN subconverges smoothly to a complete isometric immer-
sion Foo: (Xoos 800s X00) = (Poo, Moo, Yoo)-
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7.4 Modeling the Singularities

In the following theorem, we describe a method of rescaling around points, where
the second fundamental form attains its maximum.

Theorem 31 Let X' be a compact manifold and let F: X X [0, Tmax) — (P, h) be
a solution of mean curvature flow, where P is a Riemannian manifold with bounded
geometry and Tmax < 00 is the maximal time of existence of a smooth solution.
Suppose that there exists a point xoo € X and a sequence of points {(xk, tx)}keN in
X x [0, T) with lim x; = Xeo, limty = Tinax such that

ar = max |A(x,1)| = |A(xg, )| — oo.
Mx[0,1]

Then:
(a) The family of maps Fy: X x [—a,%tk, 0] — (P, afh),k e N, given by

Fi(x,s) = Fs(x) = F(x,s/a} + 1),

form a sequence of mean curvature flow solutions. The mean curvature Hr, and
the norm |Ar,| of the second fundamental form of Fy satisfy the equation

1 1
Hp, = a—zH(x,s/a,% +1) and |Ap(x,s)| = am(x,s/a,% + 1)l
k

Moreover, for any s < 0 we have
A, (x, )| =1 and |Ap (x, 0)f =1,

forany k € N.

(b) For any fixed s < 0, the sequence {(X, F,:is (a,%h),xk)}keN smoothly sub-
converges in the Cheeger-Gromov sense to a connected complete pointed
Riemannian manifold (X, g00(8), Xo0), Where X, does not depend on the
choice of s. Moreover, the sequence {(P, a,%h, Fi (xg, s))}kEN smoothly sub-
converges in the Cheeger-Gromov sense to the standard Euclidean space
(R, geuc: 0).

(c) There is an ancient smooth solution Fsy: Yoo X (—00,0] — R/ of the mean
curvature flow, such that for each fixed time s < 0, the sequence {Fy s}keN
smoothly subconverges in the Cheeger-Gromov sense to F, 5. Additionally,

|AFo| =1 and |Ap, (X0, 0)] = 1.

(d) Ifdim X = 2 and Hf.,, = O, then the limiting Riemann surface X, has finite
total curvature. In the matter of fact, the limiting surface Yoo is conformally
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diffeomorphic to a compact Riemann surface minus a finite number of points
and is of parabolic type.

For the proof see [15] and [66].

8 Graphical MCEF of Surfaces in Four Manifolds

Let (M, gpr) and (N, gn) be compact Riemann surfaces. Recall that a smooth map
f M — N is called area decreasing if | A2df| < 1, where A%df is the 2-Jacobian
of f. Being area decreasing means that the map f contracts 2-dimensional regions
of M. If |A%df| < 1 the map is called strictly area decreasing and if |A%df| = 1
the map is said area preserving.

We will deform area decreasing maps f by evolving their corresponding graphs

F(f)={(x1f(X))€MxN:xeM},
under the mean curvature flow in the Riemannian product 4-manifold

(M X N’ EMxN :n]T/IgM +T[I>I\</gN)’

where myy : M x N - M and ry : M x N — N are the natural projection maps.

Our goal is to give a detailed, unified proof of the following theorem, which was
shown in [78, 85, 95, 100]. For the strictly area decreasing case, we closely follow
the presentation in [78].

Theorem 32 Let (M, gp) and (N, gn) be compact Riemann surfaces and f :
M — N be a smooth area decreasing map. Suppose that the curvatures oy of
gm and oy of gn are related by

minojy; > maxoy.

Then there exists a family of smooth area decreasing maps f; : M — N, t €
[0, 00), fo = f, such that the graphs I (f;) of fr move by mean curvature flow in
(M x N, gpyn)- Furthermore, there exist only two possible categories of initial
data sets and corresponding solutions:

(D) The curvatures oy and oy are constant and equal and the map fy is area
preserving. In this category, each f; is area preserving and I' (f;) smoothly
converges to a minimal Lagrangian graph I' ( fso) in M x N, with respect to the
symplectic form

* *
QMXN =7TM-QM:F77:N~QN,



Graphical MCF 557

depending on whether the map fo is orientation preserving or reversing,
respectively. Here §2); and $2x are the positively oriented volume forms of M
and N, respectively.

(IT) All other possible cases. In this category, for t > 0 each map f; is strictly
area decreasing. Moreover, depending on the sign of ¢ = min oy, we have the
following behavior:

(@) If o > O, then the family I'(f;) smoothly converges to the graph of a
constant map.

(b) Ifo =0, then I' (f;) smoothly converges to a totally geodesic graph I' ( foo)
of M x N.

(c) If o < O, then I'"(f;) smoothly converges to a minimal surface Mo of the
product manifold M x N.

8.1 Jacobians of the Projection Maps

Let £2)s denote the Kihler form of the Riemann surface (M, gjs) and §2 the Kihler
form of (N, gn). We can extend §2)7 and £2 to two parallel 2-forms on the product
manifold M x N by pulling them back via the projection maps s and 7. That is
we may define the parallel forms 2 = 7}, 2y and §£2; = 7}, 2. Define now two
smooth functions u and u; given by

uy = *(F*21) = *{(my o F)*Qu} = «(I*2y)
and
uy = *(F*27) = «{(my o F)*Q2n} = *(f*2n)

where here * stands for the Hodge star operator with respect to the metric g. Note
that u is the Jacobian of the projection map from I"(f) to the first factor of M x N
and u; is the Jacobian of the projection map of I"(f) to the second factor of M x N.
With respect to the basis {e1, e2; &3, £4} of the singular decomposition, we can write

1 A

and |up| = .
VA 22 (1 4 p?) VA +2HA + p?)

Another important quantity that plays a crucial role in the case of maps between
equi-dimensional manifolds is the Jacobian determinant, i.e., the map given by

*(fFR2N) _ uz

R = 2 T
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Moreover, the difference between u| and |u;| measures how far f is from being
area preserving. In particular:

uy — lup| >0 ifandonly if  fis area decreasing,
uy — luz| >0 ifand onlyif  fis strictly area decreasing,

uy — lup| =0 ifandonlyif fis area preserving.

8.2 The Kihler Angles

There are two natural complex structures associated to the product space (M x
N, gy n)>namely Jy =y, Jy —ny Jy and Jp = my, Jy + 73 Jy, where Jy and
Jn are the complex structures on M and N defined by

2y, )=gu(Unu-,) and Qy(,)=gn(n",").

Chern and Wolfson [23] introduced a function which measures the deviation of the
tangent plane d F'(Tx M) from a complex line of the space Tr(y)(M x N). More
precisely, if we consider (M x N, g,s, n) as a complex manifold with respect to J;
then its corresponding Kdhler angle a; is given by the formula

cosa; = ¢ = ngN(JldF(vl),dF(vg)) =u| — us.

For our convenience we require that a; € [0, w]. Note that in general a; is not
smooth at points where ¢ = =%1. If there exists a point x € M such that a;(x) = 0
then d F (T M) is a complex line of Tr(x)(M x N) and x is called a complex point
of F.If a1 (x) = & then d F(Ty M) is an anti-complex line of Tr)(M x N) and x
is said anti-complex point of F. In the case where aj(x) = 7 /2, the point x is called
Lagrangian point of the map F. In this case u; = uj. Similarly, if we regard the
product manifold (M x N, g, 5) as a Kéhler manifold with respect to the complex
structure J;, then its corresponding Kihler angle a5 is defined by the formula

cosay =9 = gy, n(2dF(v1),dF (v2)) = uy + us.

The graph I'(f) in the product Kihler manifold (M x N, g,y Ji) is called
symplectic with respect to the Kéhler form related to J;, if the corresponding Kéhler
angle satisfies cosa; > 0. Therefore a map f is strictly area decreasing if and only
if its graph I"(f) is symplectic with respect to both Kahler forms.
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8.3 Structure Equations

Around each point x € I'(f) we choose an adapted local orthonormal frame
{e1, e2; &3, &4} along the graph. In this special case the Gauss equation reads

20, = 2uioy + 2u3on + |H|* — |A],

where here o, is the Gauss curvature of the induced metric. From the Ricci equation
we see that the curvature o, of the normal bundle of I"(f) is given by the formula

on = Riysy = uiuz(oy + oy) + A} A1, — AL AL + A}, A7, — A AL,

The sum of the last four terms in the above formula is equal to minus the commutator
o1 of the matrices A3 = (A?l.) and A% = (Af/.), that is

ol = ([A%, A*ler, e2) = — A3, AT, + A, A7, — AS, A3, + A3, AT, (38)

In the case where u; = up and oy = o = o, it turns out that the immersion F is
Lagrangian and o, = 0,,. In this case, the following algebraic equality holds

Al> — |H]?
Gl:ll | I‘

5 (39)

8.4 Estimates for the Jacobians and the Kdihler Angles

Let us evolve now by mean curvature flow the graph I"(f). Denote by Tpax the
maximal time of solution of the flow and by 7 the time until graphical property is
preserved. Of course, 0 < T < Tax. We will give here several a priori estimates
for the Jacobians #1 and u; and the Kidhler angles. The proofs are straightforward
and follow directly as special cases of the general formulas of Section 6.5.

Lemma 11 The gradients of the functions ¢, ¥ at a point x € M satisfy the
equations

IVol* = (1 — ¢?)((A], + AT)? + (A3, + A3)7),
Vo2 = (1 - 92)((A], — A1) + (A}, — AD)?).

As long the mean curvature flow remains graphical, the Jacobians u1 and uy satisfy
the following coupled system of parabolic equations

ouyp — Aup = |A|2u1 + ZGJ‘uz +opy(l— u% — u%)ul — 20’]\/141”%,



560 A. Savas-Halilaj

oy — Aup = |A|2u2 + ZGJ'I/H +on(1— u% — u%)uz — ZO'MM%MQ.

Moreover, ¢ and ¥ satisfy the following system of equations

1
dhp — Ap = (JAP* —201)p + 5 (@Ml +9) +onlp =)0 - o),

@ﬂ—Aﬂ=0AP+%¢w+%@M@+ﬁyﬁw@—ﬁ»a—ﬁ%

Lemma 12 Let f : (M,gy) — (N, gn) be an area decreasing map between
compact Riemann surfaces. Suppose that the curvatures of gy and gy satisfy o =
min oy > maxoy. Then the following statements hold.

(a) The conditions Jac(f) < 1 or Jac(f) > —1 are both preserved as long as the
flow remains graphical. In particular, the area decreasing property is preserved
as long as the flow remains graphical.

(b) If there is a point (xg,t9) € M x (0, Tr) where JaC2(f)()C0, to) = 1, then
Jac’(f) = 1 in space and time and oy = 0 = oy.

(c) The flow remains graphical as long as it exists, that is Tr = Tpax.

Proof

(a) From Lemma 11, we deduce that
1
0o — Ag = (1A =20 +on(1 = ¢D)p + S (om —on) (@ + D) (1 = ).

Note that the quantities 1 — ¢ and ¢ + ¥ are non-negative. Hence, because of
our curvature assumptions, the last line of the above equality is positive. Thus,
there exists a time dependent function 4 such that

0o — Ap > ho.

From the maximum principle we deduce that ¢ stays non-negative in time.

(b) From the strong maximum principle it follows that if ¢ vanishes at a point
(x0,%0) € M x (0, Tr), then it vanishes identically in space and time. In this
case, ¥ is positive. Going back to the evolution equation of ¢, we see that oy
and o must be constant equal to o. Similarly, we prove the results concerning
U,

(c) By compactness, initially, we have that minyep u1(x,0) = ¢ > 0. By
continuity, the minimum of u; stays positive for small values of . However,
we will show that the flow remains graphical as long as it exists. As a matter of
fact, we will show that

minuq(x,t) > 0,
xeM
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as long as the flow exists. Suppose to the contrary, that there exists a first time
where the graphical property does not hold. This means that there exists a point
(x0, fo) in space-time with 9 < T, such that u(xg, fp) = O and u;(x,7) > O,
forall (x,t) € M x [0, fp). Since the area decreasing property is preserved by
the flow and |A|? is bounded on M x [0, 7o], there exists a constant c(fp) € R,
such that

Oy — Auy > c(to)uy,

for all (x,¢#) € M x [0, tp). From the parabolic maximum principle, we get
up(x, 1) > e forall (x, ) € Mx[0, tp). Passing to the limit as # approaches
tp, we obtain

u](xo, l‘o) = tli—>ntlo Ml(xo, t) > eC(TO)l() > 0’

which leads to a contradiction.
This completes the proof. O

From the Lemma 12 we see that, under our assumptions, the evolved maps
{fi}re(0. Ty are either strictly area decreasing or area preserving. This fact leads
us to investigate these two cases separately.

8.4.1 Strictly Area Decreasing Case
We will explore the behaviour of p : M x [0, Thax) — R given by p = ¢ ¥ under
the graphical mean curvature flow.

Lemma 13 Let (M, gy) and (N, gn) be compact Riemann surfaces such that their
curvatures oy and oy are related by o = minoy > maxoy. The following hold
true:

(a) If o = 0, then there exists a positive constant co such that

coe’!

V14 cdeor ’
for any (x, t) in space-time.

(b) If o < O, then there exists a positive constant cy such that

p =

COeZUI

0z
1 +C(2)e4at

for any (x, t) in space-time.
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Proof From Lemma 11 we get,
dip — Ap = 2p| AP = 2(V, V) +2(1 — p)oyut — 2(1 + p)oyu3.

Note that
1 1 2
—2p(Ve, V) + EIVPI = E(IV(W‘/‘)I —49¥(Vo, V9))
1
= S (@* VO + 0%IVel® = 200(Ve, V1)
1 2
> i(lfﬂvl‘/‘l — [9Vel)”.
Since by assumption o)y > o > oy, we deduce that
. _ 1 2 )
hp—Ap > %|VP| +20p(1 —uy — u3).

One can algebraically check that

1—p?<2(1 —u? —ud) <201 — p?). (40)

(a) Suppose at first that o > 0. Then
orp— Ap > 7 Vol +op(l — p°).

From the comparison maximum principle we obtain

coe®!

I
J1 +c(2)e2‘”

where cg is a positive constant.
(b) In the case where o < 0, from the Equation (40) we deduce that

1
dp— Ap > —wvmz +20p(1 — p%),

from where we get the desired estimate.

This completes the proof. O



Graphical MCF 563

8.4.2 Area Preserving Case

Suppose that the family of the graphs is generated orientation preserving by area
decreasing maps. This means that ¢ is identically zero. In the next lemma we derive
an estimate for the Kihler angle ¢

Lemma 14 Suppose that M and N are compact with the same constant sectional
curvature o and that f : M — N is an area preserving map. Then, there exists a
positive real number cq such that

coe®!

J14+ cgez‘”

1>9x,1) =

for any point (x, t) in space-time.

Proof Since |A|*> + 20+ > 0, from the evolution equation of ¥, we get
¥ — A9 > o (1 — 2).

According to the parabolic maximum principle, there exist a positive real number
co such that

coe®!

1+ C(Z)eZGI

for any (x, t) in space-time. This completes the proof. O

T(x,t) >

8.5 Curvature Decay Estimates
8.5.1 Strictly Area Decreasing Case

Lemmal5 Let f : (M,gy) — (N, gn) be a strictly area decreasing map.
Suppose that the curvatures of M and N satisfy ¢ = minoy > maxoy. Let
8 : [0,T) — R be a positive increasing real function and t the time dependent
function given by T = log (8|H 1> + 8), where ¢ is a non-negative number. Then,

' 2
|H|

HP AP+ ———|H
A ST

0T — AT < ———
SIHP? +¢

26

1
2 2 2 2
+—8|H|2 +8|H| oy (1 —uy —u3) + 5|Vr| .
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Proof Recall from Lemma 6 that | H|? evolves in time under the equation
& H|?> — AlH|> = 21A" > — 2V H)?

+2R(H,dF(e1), H,dF(e1)) + 2R(H, dF(e2), H, dF (e2)),

where {e1, e2} is a local orthonormal frame with respect to g. Using the special
frames of the singular value decomposition we see that

R(H.dF(e1). H.dF(e))) + R(H.dF(e2), H,dF (7))
= opqui (W + ) H> — (oy — on)ui (W (HY? + p?(H?)?)
<om(1 —uf —u3)|H?

Note that from Cauchy—Schwarz inequality |A#| < |A| - |H|. Moreover, observe
that at points where the mean curvature vector is non-zero, from Kato’s inequality,
we have that

IVEH] > |VIH|.

Consequently, at points where the norm |H | of the mean curvature is not zero the
following inequality holds

o|HI> — AIH P < 2| VIH|[* +2|APIH P + 200 (1 — u] —u3)|H”
Now let us compute the evolution equation of the function t. We have,

S(|HI> — AH)*)  §*|VIH|*)? 8'|\H|?
S|H|2+¢ B|H|2+¢6)?  S§|H|I>+¢
2

0;T — AT =

2 212
| + 8)2’V|H| }

<-————|VIH| —_—
S|IHI? +¢ 8|H|? +

2 PR — ap
S|HI2+¢ S|HI2+¢

+ |H>opm (1 — uf — u3).
&

28|H|? +
Note that

28 1 82 512
—smr s VI + 5 o IVIHP <0,
S|HI? +¢ 21H? +e)
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Therefore,
1 2 2412
9t — At < -|Vr|"+ ———|H||A
, = IV S Pl
8 28
—— |H*+ ————|HPou (1 — u® — u}),
tar e Pt s g HlTom( mui — )
and this completes the proof. O

Theorem 33 Let f : (M, gy) — (N, gn) be an area decreasing map, where M
and N are compact Riemann surfaces. Suppose that the curvatures of M and N
satisfy o = minoy; > sup oy. Then the following statements hold:

(a) There exist a positive time independent constant C such that |H|* < C.
(b) If o = 0, there exist a time independent constant C so that |H |2 <L

Proof Consider the time dependent function ©® = log(8|H|*> + &) — log p, where
§ is a positive increasing function. From Lemmas 6 and 13 and |H|*> < 2|A|?, we
deduce that

5,6 — AO < L (vO,Vr +V >+5/|H|2_8|H|2_2w(1 —ui— )
—AB < — ,Vt .
’ =2 p SIHP? + ¢
Choosing 6 = 1 and ¢ = 0, we obtain that
1
0,0 — AO < E(V@,Vr + Vp).

From the maximum principle the norm |H| remains uniformly bounded in time
regardless of the sign of the constant 0. In the case where o > 0, choosing ¢ = 1
and § = ¢, we deduce that ® remains uniformly bounded in time which gives the
desired decay estimate for H. O

8.5.2 Area Preserving Case
In the sequel, we provide a very important decay estimate due to Wang [91] for the
mean curvature in the area preserving case.

Theorem 34 Suppose that M and N are compact Riemannian manifolds with the
same constant sectional curvature o and that f : M — N is an area preserving
map. Then, the following decay estimate holds:

2
%Q < e‘”’

where 2 is the volume element of the induced metric.
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Proof The idea is to compare | H| with ©. We compute

3 (19—1|H|2) —A (ﬂ_1|H|2> — 01O | H? — AHP) — 9 2| H2 0,0 — AD)
+2907X(V|H|?, V) — 20 3 |H[*|V9 >

But from the evolution equation of ¥ and |H |2, we obtain

3 (ﬂ_1|H|2> —A(z?_1|H|2) (1)

=9~ (—2VtH? + 2Zk’aqﬂHaHﬂ§akﬂk + 221,’](/;5)2)

—0 2 HPP((JAF + 2000 + 09 (1 — 9%)) + 20 H(V|H|%, V9) — 20 |H* |V~

Using the Equation (39) and the formula

~ 02
Y HYH Rup =0 (1 - 7) |H|? (42)
k.o,

the identity (41) becomes
3 (ﬂ_1|H|2> A (19_1|H|2>
_ 19_3<419|H|(Vz?, VIH|) - 2|Vo2|H? - 2192|VLH|2>
+0—1(22i’j(A{})2 —2AHPIAP + |HIY) + 007 |H P

Integrating and using Stokes’ theorem, we have

o </ 19_1|H|2.Q> :/ﬁ—1|H|2vg,9
+2/0‘3(20|H|(V1},V|H|) — |Vo 2 H|? —192|VLH|2).{2
+/ﬁ_1(22_ (AD? —2iHP AP + |H|4)9 +0/1?_1|H|2.Q.
l’.]
Using
[VIHI| < |V*H]

in the first term on the right hand side of the above equation and completing the
square, we have
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20|H|(VY, V|H|) — VO *|H|? — 192|V|H||2 =—|IH|VY — ﬁV|H||2 <0.

Moreover, from Lemma 4, we have Vy, 2 = —|H |2Q. Also, by Cauchy—Schwarz
inequality, we get

H\2 2112 201712
Do A=) JAGPIH? = AP HP,

Therefore, putting everything together, we get

8,(/1‘/‘_1|H|2[2> 50/19_1|H|2.Q

and by integration, we obtain the result. O

8.6 Long-time Existence

We will show now that the graphical MCF exists for all times.

Theorem 35 Let (M, gy) and (N, gn) be compact Riemann surfaces such that
their curvatures oy and oy are related by 0 = minoy > maxoy. Also, let f :
M — N be an area preserving map. Evolve the graph off under the mean curvature
flow. Then, the norm of the second fundamental form of the evolved graphs stays
uniformly bounded in time and so the graphical mean curvature flow exists for all
times.

Proof Suppose that |A| is not uniformly bounded. Then, there exists a sequence
{(xr, i) een in M X [0, Tiax) with lim tp = Thax < 00, and such that

ay = max |A(x,t)| = |A(xg, tr)| — o0.
(x,1)eM x[0, 1]

Let Fi,: M x [—aftk, 0] — (N, a,%gN) be the graph of the “rescaled map"

f:(M,a2gn) — (N,agn).

Claim: The singular values are invariant under parabolic rescalings.

Let {a1, a2} and {B1, B2} orthonormal frames of the singular value decomposi-
tion of f. Then {a; = a1 /ax, &> = ay/a} is an orthonormal frame with respect to
a,%gM and {E 1 = B1/ok, EZ = B> /ax} is orthonormal with respect to gx. Therefore,
the singular values of the rescaled map f are given by

~ 1 ~
df (@) = adf(al) = )»5—: = AB1
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and

~

- 1 B2
df (az) = adf(az) = Ma = upa.

This completes the proof of the claim.
Thus, ¢, = ¢ and ¥, = . Also, from Theorem 31(a) we have

1
Hr, (x,5) = —5 H(x, s/aj + 1),
k
for any (x, s) € M x [—a,%tk, 0].

CASE 1 Suppose that the evolved graphs are generated by strictly area decreasing
maps. Since from the estimate of Lemma 15 the norm | H| of the mean curvature is
uniformly bounded and the convergence is smooth, it follows that Fro : Yoo — R?
is a complete minimal immersion of parabolic type. Hence, any non-negative
superharmonic function must be constant. Since the convergence is smooth, the
corresponding Kihler angles ¢oo, D00 0f Foo With respect to the complex structures
J = (Jp2, —Jp2) and Jo = (Jp2, JR2) of R* are non-negative. As in Lemma 11 we
get that

Agoo + (|AFL 1> — 207 )poo =0, 43)
Ao + (|AFy I* + 207 )90 =0, (44)

where —o FLoo is the normal curvature of Foo. Moreover,

Vol = (1= 02 (At + Aroh)’ + (AR — Arah)?). @9)

2 2
V9ol = (1 =92 (AR = Ar0h) + ((ARh + (Ar0h)?). @6)
Note that from (38) one can easily derive the inequalities
| Ay |* £ 207 > 0.

From (43) and (44) we deduce that ¢, and ¥, are superharmonic and consequently
they must be constants. Thus, the functions (1) and (#2) are also constants. We
will distinguish three subcases:

Sub-case A Suppose at first that oo > 0 and ¥, > 0. Then from (43) and (44)
we deduce that

|Ap > 205 =0
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which implies that |[Af_| = 0. This contradicts the fact that there is a point where
|Ar, | = 1.

Sub-case B Suppose that both constants ¢, and ¥, are zero. Then from the
Equations (45) and (46) we obtain that Az, vanishes identically, which is a again a
contradiction.

Sub-case C Suppose now that only one of the constants ¢, ¥ 1S zero. Let us
assume that oo = 0 and ¥, > 0. The case poo > 0 and Voo = 0 is treated in
a similar way. Since ¢oo = 0, Foo : Zoo — R* must be a minimal Lagrangian
immersion. Note that in this case necessarily (#1)co = (#2)c0 = const > 0. Recall
from Theorem 5 that the minimal Lagrangian F, can be locally reparametrized in
the form

1 . N —
Foo = Eelﬁﬂ(}] —iF2, Fo+ i.7:1),

where $ is a constant and F1, F, : D € C — C are holomorphic functions defined
in a simply connected domain D such that

(FD: +1(F2): > 0.
The Gauss map of Fi is described by G : D — S* = C U {oo} given by
G = (F1):/(F2):.

Because (#1)o = const > 0 we get that F, is the graph of an area preserving map
h. Then

Fi=@+ih)/2, Fr=(—iz4+h)/2 and |h|* - |hz|> = 1.
Therefore
G = (F):/(F2); = (1 —ihz) /h,.

A straightforward computation shows that

Uik 1z 4i(h: —h:)  2Im(hs) B
lh 2 1+ |hz|? B 1+ |hz2 —

1G> =

Hence, the image of G is contained in a bounded subset of C U {co}. But then, due
to Theorem 11 the immersion F,, must be flat, which is a contradiction.
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CASE 2 Let us treat now the area preserving case. In this situation, we have that

|Hp,|* _ 1 |H?
VR alz [

We distinguish two subcases:

Sub-case A Let us suppose that o < 0. Using Lemma 34, we have

2 2
HelPg L [HE G 1 o o L,
O al v T T aq

where ¢ > 0. Since the convergence is smooth, we have

H 2 H 2 H 2
k—00 UR k—oo UF, oo

Therefore, Hr,, = 0. Proceeding exactly in the same way as in CASE 1 we can
prove that F, is flat, something which leads to a contradiction.

Sub-case B Let us treat now the case o > 0. We will show at first that T}, = 00.
To show this, assume in contrary that Tiax < +00. Then,

|H|2 at oT;
T.Qge < ef?'mx < 400,

As in the previous case, we deduce that Hr,, = 0. Performing exactly the same
procedure as above, we get a contradiction. Therefore, there is no finite time
singularity and the flow exists for all times. It remains to show that |A|2 < C,
where C is time independent. Indeed, since A = 1, we obtain

2)
= <1
1422~

On the other hand, from Lemma 14, we have

coe’

J1 —|—c(2)e2’

which tends to 1 as t — oo. Therefore, 9o = 1 and Ao = 1. Therefore, fo is an
isometry and, thus, Fo, must be totally geodesic. The latter implies |[Af. | = 0 and
this is again a contradiction.

1>9 >

This completes the proof. O
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8.7 Convergence and Proof of Theorem 32

We are ready to prove the main theorem stated in the introduction of this section.
We will show that the graphical mean curvature flow of an area preserving map
converges to an isometry in the positive case, to an affine map in the zero case, and
to a minimal surface in the negative case. Recall that from Theorem 35, we already
know that the norm of the second fundamental form stays uniformly bounded in
time. Since

Vo, 2 = —f |H|*2
M

and since the graphical flow exists for all time we have that there exists a time-
independent constant C, such that

/Ooo (fMlHFQ)dzsc.

Therefore, there exists a sequence {# }xcN, such that

lim / |H|?’2 = 0. 47)
M

k—o00

From Theorem 35, the norms of the second fundamental forms of the evolving
submanifolds and their derivatives are uniformly bounded in time. Since the product
manifold M x N is compact, after passing to a subsequence of {f;};cn if necessary,
we deduce that the flow subconverges smoothly to a smooth surface My, of M x N;
see for example [11, Theorem 1.1]. From (47) M, should be minimal. Due to a deep
result of Simon [82], it follows that the flow converges smoothly and uniformly to a
minimal surface Mo, C M x N. Additionally, we have the following situations:

Area Preserving Case Let us treat the case where the evolving maps are area
preserving.

(a) If o > 0, then from Lemma 14(c), we have ¢+ — 1, as t — o00. Therefore, M,
is the graph of an isometry foo: M — N.

(b) If o = 0, then from Lemma 14(c), we have that ¢ > ¢o > 0. Hence, the surface
M is the graph of a map foo: M — N. From Lemma 11 and the fact that
ZGOLO = |Aso|?, We have

— AP = 2|Aco|* Do = 0.

By the strong maximum principle, we get |Ax|> = 0. Hence, M is totally
geodesic.
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Strictly Area Decreasing Case Assume that our maps are area decreasing.

(a) Suppose that o > 0. In this case the flow is smoothly converging to a graphical
minimal surface Mo, = I'(foo) of M x N. Due to Theorem 13(a), the biggest
singular value tends to zero as time goes to infinity. Hence, M, must be totally
geodesic and fo is a constant map.

(b) Assume that 0 = 0. As in the previous case, we have smooth convergence of
the flow to a minimal graphical surface Moo = I'(foo) of M X N, where f is
a strictly area decreasing map. Because of the formula

at/ 9:-/ |H|>’Q <0,
M M
/Qf/ §2) = constant .
M M

From Theorem 33(b), there is a non-negative constant C such that

/|H|2.Q§£/.Q§£/ Q.
M t Jm t Jm

Due to our assumptions we have u% < u% < 1 and minoy > 0 > supoy.

Moreover, recall that

2 =0+ +u2)2u = u; ' 2u.
From the Gauss equation (8.3) and the Gauss-Bonnet formula we get
20 _ 2 2 2
/ |A|=$2 _/ |H| .Q~|—2/ (oMul—i—oNuz)Q—Z/ Og(n)§2
M M M M
< 2/ omur2 —2/ 0e()$2 +/ |H|*$2
M M M
< 2/ opu1 2 —2/ ag(t):2+f |H|*Q
M M M

52/ aM.QM—Zf ag(t)sz+/ |H|2.Q:/ |H |0
M M M M

<cr

we obtain that

where C is a non-negative constant. Passing to the limit, we deduce that

/ |Aco|* 200 = 0.
M
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Thus, M = Fso (M) must be a totally geodesic graphical surface.

This completes the proof. O
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