Best Hyers—Ulam Stability Constants )
on a Time Scale with Discrete Core and e
Continuous Periphery

Douglas R. Anderson and Masakazu Onitsuka

Abstract Consider a time scale consisting of a discrete core with uniform step
size, augmented with a continuous-interval periphery. On this time scale, we
determine the best constants for the Hyers—Ulam stability of a first-order dynamic
equation with complex constant coefficient, based on the placement of the complex
coefficient in the complex plane, with respect to the imaginary axis and the Hilger
circle. These best constants are then related to known results for the special cases of
completely continuous and uniformly discrete time scales.

1 Introduction

In this paper we explore the Hyers—Ulam stability of a certain dynamic equation
on a new time scale with a discrete, uniform core and continuous periphery. Ulam
inaugurated this type of stability [37], followed by Hyers [22] and Rassias [34].
Since then, there has been wide-spread interest in this type of stability, including
for difference equations, recurrence relations, h-difference equations, quantum
equations, and dynamic equations on time scales. For early papers on difference
equations, see Popa [31, 32]; more current works include Anderson and Onitsuka
[5, 6], Baias and Popa [13], Brzdgk and W¢jcik [16], Onitsuka [29, 30], Rasouli,
Abbaszadeh, and Eshaghi [33], Xu and Brzdgk [38]. A related monograph is
Brzdgk, Popa, Rasa, and Xu [17]. Quantum equations and Hyers—Ulam stability
are investigated in Anderson and Onitsuka [7, 8]. For some work on matrix and
nonlinear difference equations, see Jung and Nam [24, 25], and Nam [26-28]. For
early papers on time scales, see Andrds and Mészéros [12], Hua, Li, and Feng [21];
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contemporary results include Anderson [2], Anderson, Jennissen, and Montplaisir
[10], Anderson and Onitsuka [3, 4, 9], Shen [35], Shen and Li [36]. For recent papers
with non-constant or periodic coefficients, see Anderson [1], Anderson, Onitsuka,
and Rassias [11], Baias, Blaga, and Popa [14], Buse, Lupulescu, and O’Regan [19],
Buge, O’Regan, and Saierli [18].

This work will proceed as follows. In Section 2, we will define the time scale
with discrete core and continuous periphery, introduce the basic derivative and
exponential function for this time scale, and define Hyers—Ulam stability for the
dynamic equation with a complex constant coefficient. In Section 3, we establish
the best Hyers—Ulam stability constants in Theorem 5, based on the location of the
complex coefficient with respect to the imaginary axis, and for negative real part,
with respect to the left Hilger circle. If we expand the discrete core to all of AZ, or
shrink it to recover the continuum R, we are able to relate our new results with the
current literature in the field. As we do this, an interesting case arises when the real
part of the complex coefficient is negative but it lies outside the Hilger circle; this
case is explored in Section 4. After that, we provide a brief conclusion and future
direction.

2 Time Scale with Discrete Core and Continuous Periphery

Let Ny denote the non-negative integers {0, 1,2, ...}, let m € Ny, and let &z > 0.
Define the time scale with discrete core and continuous periphery via

Thm == (—o0, —hm) U {—hm, ..., —h,0,h, ..., him} U (hm, 00).

Here, i > 0 is the uniform step size in the discrete core, with discrete spread m € Ny
out to the continuous periphery. Define the graininess function u : Tp,, — R via

0 :te(—o0,—hm)U][hm,o0),

n(t) =
h :tef{=hm,...,—h,0,h,...,h(m —1)}.
Ash — 0,orif m = 0, we have Ty, = Tj0 = R, and we recover results for
classical differential equations; as m — oo for fixed & > 0, we have T} o = hZ
and we recover results for standard /-difference equations.
In this section we introduce the first-order linear homogeneous equation with
constant complex-valued coefficient

xA() — Ax(t) = 0, Ae@\{%}, t € Thm, (1)
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where

Lx(t) .1 € (—00, —hm) U [hm, o0)

A
x2() =
MWy e {—hm, ..., ~h,0,h, ..., h(m —1)}.

Lemma 1 (Exponential Function) Fix h > 0. Fort € Ty,,, define the function

(1 4+ ha)~mertthm ¢ e (—oco, —hm)
en(t,0) := 3 (1 +hA)h cte{—hm,...,~h,0,h,....,hm}  (2)
(1 + haymert=hm) -t ¢ (hm, c0).

Then, x(t) = xope,(t,0) for e, (t,0) given in (2) is the unique solution of (1)
satisfying x(0) = xg € C.

3 Best Constants for First-Order Equations with Constant
Complex Coefficient

In this section, we consider on Ty, the Hyers—Ulam stability of (1), defined as
follows.

Definition 1 (HUS) Let ¢ > 0 be arbitrary. Equation (1) has Hyers—Ulam stability
(HUS) if and only if given ¢ : Ty, — C satisfying |¢p2(t) — Ap ()| < & for all
t € Ty, there exists a solution x : Tp,,, — C of (1) and a constant K > 0 such that
|p(t) — x(t)] < Ke forall t € Ty,,. Such a constant K is called an HUS constant
for (1) on Ty,,.

Theorem 1 Let A € C\ {_Tl} with Re(A) > 0. Let ¢ > 0 be a fixed arbitrary

constant, and let ¢ be a function on Ty, satisfying the inequality

621) —2p@)| <&, 1€ Thm.

Then, lim exists, and the function x given by
t—00 ¢, (t,0)
®) li ) (t,0)
x() :=( lim e(t,
t~00 ¢,(1,0) )

is the unique solution of (1) with

1
lp(1) —x(@)| < ¢ (Re(k))

forallt € Tpypy,.
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Proof Let ) € (C\{_Tl} with Re(x) > 0. Throughout this proof, as |¢p2(¢) —
Ap(t)] < e forallt € Ty, there exists a function ¢ : Tp,,, — C such that

() —rp() =q(t), lg(0)| <e

for all ¢ € T},,. The variation of constants formula then yields
T oq@

0 en(o(7),0)

Since Re(A) > 0 and |g ()| < &, we can rewrite ¢ as

_ *  q@ 3 *  q@
W)_(d’”/o ex(o(r>,0)m>”(t’o) “(”O)/t ere(@.0°"

¢ (1) = ¢poex(t,0) + e;.(¢,0)

where

. * q(r)
X0 = ¢ +/0 e 0.0 O)AT eC

exists and is finite. Clearly
x(t) :=x0e,(t,0), t€Thy

is a solution of (1), and

O ' oq@ _
Ao A <¢° +fo 61(0(1),0)A1> -

exists, so

x(t):(lim (@) >e;\(t,0).

1> ¢ (t,0)

We take into account three cases based on the three branches of the exponential
function in (2).

(a). ForRe(A) > 0 and ¢ € (hm, 00), using (3) we have that

q(7) AT'

6(1) — x(t)] = ‘—W’O)/t (0 (1), 0)

T

< elexlt 0)|/°o A
e (t, _
=0 L lea(o (1), 0)]

= el 4 haprReta—tm [~ dv

. |1 + hklineRe(k)(T—hm)
. &
" Re())

holds for all r € (hm, 00).
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(b). ForRe(A) >0andt € {—hm, ..., —h,0,h, ..., hm}, using (3) we have
lp(1) — x(0)| =< elex(t, O)I/ —
Iex(a(f) 0)l
|1+hx|z’v(/hm+f ) Ar
=& _—
1 ) lea(o(z),0)
m—1
s /’l o0 d‘L’
= e[l + hAl# 2; e +/hm T o oReGaGe—m)
I=h
(r(I B E =11 ) .
=¢e|l + hAl% 4
[14+hr|—1 |1 4+ hA|™ Re(r)

h 1 1 h
=e|————+|L+hr|s 7" —
[1+hxr —1 Re(A) |1+ hr|—1

&

<
~ Re(A)

forallt € {—hm, ..., —h,0,h,..., hm}, as % < m and Rel()») > W for
Re(A)>0and & > 0.
(c). ForRe(}) > 0 and ¢t € (—oo, —hm), using (3) we have

p(1) —x ()] < elet, 0)'/ m

Re(k)(t+hm) ([—hm [ OO) AT
B |1+h)»|m nm /) lex(o (1), 0)]

e eReQ)(+hm) ( 1 (efRe()L)(t+hm) _ 1)

[14 hx/2m | Re()) + |1 4 hr|=2m Re())

h(|1+hk|2’"—1))

[14+hr|—1
— s ! + eRe@)(t+hm) 1
Re(A) |14+ hA|2m Re(X)

h | 1 1
+<|1+h/\|—1)< B |1+hA|2m> B Re(k))}

&
Re())

IA
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for all t € (—oo, —hm), as t < —hm, and the expression inside the square
brackets is negative.

We next show that x is the unique solution of (1) such that |¢ (#) —x(¢)| < K¢ :=
Rems for all + € Tp,,. Suppose ¢ : Tj, — C is an approximate solution of (1)
such that

62(1) — 2p(1)| < & forall 1 € Ty,

for some & > 0. Suppose further that x1, x, : T, — C are two different solutions
of (1) such that |¢(¢) — x; ()| < Ke forall ¢t € Ty, for j = 1, 2. Then, we have
for constants c; € C that

xj(t) = cjek(t,O), c1 # o,
and
lcr — cal - lexn(®, 0)] = [x1 (1) — x2()] < |x1() — d(@)] + [ (1) — x2(1)| < 2K¢;

letting + — oo yields co < 2Ke, a contradiction Consequently, x is the unique
solution of (1) such that [¢ () — x(¢)| < Re(x) for all t € Ty,,. This completes the
proof. O

Theorem 2 Let . € C\ E_TI} with Re(A) < 0. Let ¢ > 0 be a fixed arbitrary

constant, and let ¢ be a function on Ty, satisfying the inequality

lp2(t) —rp(1)| <&, 1€ Thm

Then, lim

exists, and the function x given by
t—>—00 ¢, (t,0)

x(1) —( im o) )ex(t,O)

=50 €, (1, 0)

is the unique solution of (1) with |¢(¢t) — x(¢t)| < Ke forall t € Tp,,, where

. Loy +2m 1+ Rl =1

- h 2 h 1 .
max{m,m—}-ll—i—hkl m(m—m)} S+ hal # 1

“)
In particular, the following holds.

(i) Ift € (—oo, —hm), then

o) —x(@)| < e (R (;)>

forallt € (—oo, —hm).
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(ii) If[1+hX|=1andt € {—hm, ..., —h,0,h, ..., hm} U (hm, c0), then
N —x@)] < — 2h
() x(>|_e(Re(M+ m)
forallt € {—hm, ..., —h,0,h, ..., hm} U (hm, co).
(iii) If0 < |1 +hi| < landt € {—hm, ..., —h,0,h, ..., hm} U (hm, 00), then
h h 1
1)—x@) < S ——— 1 ]’l)»zm —
o) x()|_8(1—|1+h/\|+| A <|1+hA|—1 Re(z\)))
forallt € {—hm, ..., —h,0,h, ..., hm} U (hm, co).
(iv) If[1+hX| > 1andt € {—hm, ..., —h,0,h, ..., hm} U (hm, 00), then
h h 1
H—x@)] <e|——— + |14+ hr" —
P () x()|_8(1—|1+h/\|+| Al <|1+hA|—1 Re(z\)))
forallt € {—hm, ..., —h,0,h, ..., hm} U (hm, co).

Proof Let ) € C\{_Tl} with Re(L) < 0. Supposing [¢p2(t) — A (1)| < & for all
t € Ty, there exists a function g : Tj,, — C such that

A1) —2p(1) =q(1), lq)] <&
for all t € Tp,,. Then, we have

t

q(7)

¢ (1) = doer(t,0) + ex(t, 0) o ex(0(1),0)

Since Re(A) < 0 and |¢(¢)| < &, we can rewrite ¢ as

0 t
_ o q(7) q(t)
o) = <¢O /_oo NEI) O)A’> . 0) + a0 /_oo o (0), O)Ar’(s)

where

0
o q(7)
%0 == do /_oo TGN

exists and is finite. As in the previous case,
x(t) :=x0e,(t,0), t€Thn

is a solution of (1), and

) 0 q() B
A e 0) M ("’0 B /t er(o (o), 0)“) =0
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exists, so

¢(1)
x(t) = (z» ooe;L( 0))@,\0,0).

We again work our way through the three cases based on the three branches of the
exponential function in (2).

(i). For Re(A) < 0 and ¢ € (—oo, —hm), using (5) we have

NG 0)/ Lm‘

(1) —x()| = 60 (.0

AT

< slex(fv(m/_oom

|1+ hAMdT
_ —m  Re(A)(t+hm) |
=¢ll+hr|""e /_Oo SReO) (z F o)
N I
Re(A)

holds for Re(A) < 0 and for all t € (—o0, —hm).
(ii) (a). ForRe(A) < Owith |1 +hA|=1and?t € {—hm,...,—h,0,h,..., hm},
using (5) we have

At
% lex(o (1), 0)]

—hm
([ L) e
hm Iex(d(t) 0)]

t—h

hm dt h
=¢ /_Oo RGO (thm) T > h

j=—m
-1 +hm+t
= & m
Re(A)

-1
=¢ (Rem * 2hm) ’

forRe(A) < Owith [l +hX| =1andt € {—hm,...,—h,0,h,..., hm}.
(ii) (b). For Re(A) < Owith |1+ hA| =1andt € (hm, c0), using (5) we have

(1) — x(1)| < & eREW—hm) </_h’” +/hm . ' ) ar
: - —hm  Jim/ ler(o(z), 0)]

(1) —x(1)| < elear, 0)I/
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o~ Re()(i—hm)
— g REWC=hm) [ ppp =
Re(})

1
S8<R P hm)

ast > hm and Re(1) < 0.
(iii) (a). For Re(A\) < O with O < |1 +hA| < 1l and ¢t € {—hm,...,—h,0,h,
., hm}, using (5) we have

At
o l€(a (1), 0)]

—s|1+hx|2(/_hm+/ )L
B —o0 _nm) lea(o (1), 0)]

—h
h

—hm m
. Il + hA|™dT h
= ell 4+ hAl? [w eReC) (r+hm) +j_2:m TN

[P (1) = x(1)] < eleat, O)I/

h(|1+h,\|m—|1+hx|—%) 1+ A"
1+ hr] —1 ~ Re(h)

f 1 hafh i !
= & —_— h —
1= |1+ ha| [1+hA —1  Re()

h . h 1
<e|——— + 1+ hAl - ,
1— 1+ hA| 1+hr[—1 Re(r)

< 0forRe(A) <OwithO < |1 +hA| < 1

= e|l + hAlF

h
as 7 < mand A =T Re(x)
and i > 0.
(iii) (b). For Re(A) < O with O < |1 + hA| < 1 and ¢t € (hm, 00), using (5) we
have

ceRe) (t—hm) —hm At
lp(t) —x(1)] < |1+h)x| (/ / hm) lex(o(T), 0)]

— geReG)t=hm) (1 — TR — 1

Re(1)
h (114 ha*™ —1)
IT+hr|—1
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2 2m __
=8< ~1 +6Re(l\)(t_hm)<|1—|—h,\|m_1+h(|1+hk|m 1)))

Re()) —Re(X) 1+ A —1

h h 1
<o — 4R - ,
—8<1—|1+hx|+| + Rl <|1+h/\|—1 Re(k)))

ast > hm, Re(A) < O with O < |1 + hA| < 1, and the expression inside
the square brackets is non-negative.

(iv) (a). For Re(A) < Owith |1 +hA| > landt € {—hm,...,—h,0,h,..., hm},
using the same calculation as in case (iii)(a), we get

6(1) — x(1)] <8<L+|1+hx|f«+M< b1 ))
HOh= 1 — 1+ hAl [1+hr|—1 Re(d)

h - h 1
< e[——— + 11 +h1 - ,
1— 1+ haAl [I1+hr[—1 Re(h)

2s %Ofmand =T — regy > 0 for Re(3) < O with |1+ k| > 1 and

> 0.

(iv) (b). For Re(A) < O with |1 + AX| > 1 and t € (hm, 00), using the same
calculation as in case (iii)(b), we get

_ 2m _ R(|1 4+ ha2m — 1

Re(}) —Re(1) |1+ ha| — 1

h ) h 1
< _ 1+ hr|=™ — s
‘€<1—|1+hx|+' i <|1+hx|—1 Rem))

ast > hm, Re(L) < O with |1 4+ hA| > 1, and the expression inside the
square brackets is positive.

We next show that x is the unique solution of (1) such that [¢(r) — x(t)| < K¢
for all t € Tp,,, where K is given by (4). Suppose ¢ : Tj,,, — C is an approximate
solution of (1) such that

|p2 (1) — 1 (1)| < & forall t € Ty

for some & > 0. Suppose further that xy, xo : Tp,, — C are two different solutions
of (1) such that [¢(#) — x;(¢)| < Ke forall t € Ty, for j = 1, 2. Then, we have
for constants ¢; € C that

xj(t) =cjei(t,0), c1#ca,

and

ler — 2| - lea(r, O)] = [x1 (1) — x2(D)] = [x1(1) — @)+ 1¢(1) — x2()| < 2K;
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letting t — —oo yields co < 2K ¢, a contradiction. Consequently, x is the unique
solution of (1) such that |¢ () — x(¢)| < €K for all + € T},,. This completes the
proof. O

Theorem 3 Let A € C\ {%} with Re(X) = 0. Then, (1) is not Hyers—Ulam stable
on Thp.

Proof Assume Re(r) = 0 for A € C. Let arbitrary ¢ > 0 be given, and let A = if3
for some 8 € R. Then,

o) == 8te,'/3(t, 0) e,
(1 + h2ﬂ2) all "
satisfies the inequality
930) — i) = LA PR O] _ elapt. O

(1+h2f32) 2 N (1~|—h2,32)% o

forall t € Tpy,. Since x(t) = xpe;g(t, 0) is the general solution of (1) when A = i8,
then

m+l1

2

b () — x(1)] = M
(1+h282)" %

et — xo (1 + hzﬁz) — 0

ast — oo fort € Ty, and for any xg € C, 8 € R, h > 0. So, (1) lacks HUS on
Thm if A =iB. O

Using the previous theorems, we can establish the following results.

Theorem 4 Let A € (C\{_Tl}. Equation (1) has HUS on Ty, if and only if
Re(r) # 0.

Proof By Theorems 1, 2 and 3, we obtain the result, immediately. O
Lemma 2 Let i € C\ [—Tl} with Re(.) 0.
(i) IfRe(r) > O, then the HUS constant K for (1) satisfies

1
Re(h)

K>

(ii) IfRe(L) < O, then the HUS constant K for (1) satisfies

1 . _
Z > m+2hm 1+ hAl =1

> 1 h 2 h 1 :
max{m,m+ll+hkl m(m—m” D114 ha| # L
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Proof Since A € C\ {%‘} with Re(1) # 0, Equation (1) has HUS by Theorem 4.
We will proceed by cases.

(i). LetA=a+ip € C\ {%}, and assume Re(A) = o > 0; set

(1) = —atLO L E o),
ot(l —|—h2ﬂ2)2 o

It follows that

1636 — 20| = |saeiﬁ(z,0)|m _ s|eiﬁ(t,0)’|ﬂ —
a(l+h2p%)7  (1+h2B2)2

Since x(t) = Zeu.(t, 0) is a solution of (1),

e leip(t,0)|
o (1+h2B2)?

&
= -,
o

lp(1) —x()| =

with equality at t = hm, so the minimal HUS constant K for (1) satisfies

1

k>t-_1
= o  Re(d)

This ends the proof of case (i).
(ii) (a). Assume Re(A) < O with |1 + AA| = 1. Let

t
q(7) ge(o(t),0)
P@)=er(t,0) | —————A1, q(1) = ———, (6)
R YT N R PYCIC N
for all ¢t € Ty,,. Then,
¢ (D) —rp() =q(), lg)| =¢,
and, employing (6), we see that ¢ takes the form
1 i Im(L) (1+hm) .
(Re(k) - hm) er(t.0) — frmyregy ¢! € (—00, —hm)
d(t) = ¢ 1te,(t,0) it € {—hm,..., hm}

ei Im(X)(t—hm)

1 .
(Re(k) ~|—hm> ex(t,0) — Tt "ReGy L€ (hm, 00).

If we take

1
x(t):=¢ (Re(k) — hm) e (t,0),



Hyers—Ulam Stability for a Discrete Core 29

then x is a solution of (1), and

o) — x(®)] =
. el I+ | Re(a) 1t € (—o0, —hm)
& _Rel()») +1r+ hm‘ - (Re(k) + th) e thm, .. )

e 5+ 2hmeReM = hm)‘ <e Re(k) + 2hm) it € (hm, 00),

Re(k

where we have equality at # = hm. This shows that the HUS constant K
must satisfy

1
> ——+2h
(R " m)
for Re(A) < 0 with |1 + hA| = 1. Here ends the proof of case (ii)(a).

(ii)(b). Assume Re()) < 0 with |1 4 hA| # 1. Again, let ¢ be given by (6) for all
t € Thy,. Then,

A1) — 2 (1) = q(t), gt =,

and in this case ¢ takes the form

o) =
Bl h Bl — B ol MO (t-+hm)
(HI:e(g - (‘\i:hill—ll)) (1, 0) = ey — t € (—o0, —hm)
[-+hA| B —1
uex(h 0) itef{—hm,..., hm)
“Thﬁllﬂ(“hklilh)(|1+hx| 1) (14ha)™ ¢! TG —hm)
Fha|T™ m_ m gi Im(3) (r—hm .
ket |1+hM’"(|1+hM—1)) a(t.0) — ey 11 € (hm, 00)
If we take
L4+ hA™ h(l+hr" -1
x(1):=¢ | 7 | ) er(,0), (7N
Re()) [1+hr]—1
then x is a solution of (1), and
(1) — x(1)] = R_m t € (—00, —hm).
Fort € {—hm,...,—h,0,h, ..., hm},

h ('1 + R~ 1) 1+ A+

lp(r) —xte)| =e 1+ hal — 1 Re(1)
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If 0 < |1 4+ hA| < 1, then as in the proof of Theorem 2 (iii)(a), we have

D) = — gk ! :
(1) — x( |—8(1_|1+M|+' + R (|1+hkl—1_Re()~)))

- h LR h 1
= 1 — |14 hx| [14+hr|—1 Ren)/)/)’

as £ §mandm — ﬁx) <O0forRe(r) <OwithO < |14+ hxr| <1
and 4 > 0, with equality at # = Am. If |1 + hA| > 1, then as in the proof of

Theorem 2 (iv)(a),

t Dl = L imgim " :
(1) — x( |—8(1_|1+m|+' + R (|1+hkl—1_Re()~)))

<e¢ h + |1+ haf>m h !
= 1 — |14 hx| [14+hr|—1 Ren)/)/)’

as%fmandW—#m > 0 for Re(%) < 0 with |1 + hA| > 1 and
h > 0.Fort € (hm,00) and 0 < |1 4+ hA| < 1, then as in the proof of
Theorem 2 (iii)(b),

-1
o) —x(1)| = ¢ ( +e

Re—imy (1LHRAP" =1 h(|L+hA2" — 1)
Re(A)

—Re(V) L+ hA|— 1

h h !
<e|——— |14+ hr™ - ,
_8(1—|1+hk|+| +hil <|1+hk|—1 Re(,\)))

ast > hm, Re(A) < 0 with O < |1 + hA| < 1, and the expression inside
the square brackets is non-negative. For r € (hm, 00) and |1 + hA| > 1,
then as in the proof of Theorem 2 (iv)(b), we have

lp(1) —x(1)] = & (

2n
+ GRe(—hm) L+ hr? =1 h([1+haP" —1)
Re(})

—Re(V) 1L+ hal— 1

h h 1
<el———— 14+ mr? - ,
—8(1—|1+hx|+| +hAl <|1+hk|—1 Re(A)))

ast > hm, Re(A) < 0 with |1 4+ hA| > 1, and the expression inside the
square brackets is positive. This ends the proof of case (ii)(b), and thus the
overall result holds.

O

Theorem 5 Let )\ € (C\{%l}. IfRe(X) # O, then (1) has HUS on Thy,.
(i) IfRe(r) > 0, then

1
" Re())
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is the best (minimal) HUS constant.
(ii) IfRe(X) < 0, then

-1 . _
K — m‘f‘th ‘1+h)»|—1
= ; -1 h 2 I 1 .
de{Re(k)’ =iy T 11+ AAl " (||+hlx\71 - Re(x))} ARl #1

is the best (minimal) HUS constant.

Proof This result follows immediately from the definitions of HUS and HUS
constant, Theorems 1-4, and Lemma 2. m]

Remark 1 If m = 0, then T}, o = R, and the results in Theorems 1 and 2 (i) — (iv)
match exactly the known results for T = R, namely that x’(¢) — Ax () = 0 has HUS
on R, and

K = !
[Re(h)]

is the best possible HUS constant. If 4 — 0, then Tp,, = R, and the results in
Theorems 1 and 2 (i) — (iv) also recover the known results for T = R, because

—1 1 1
lim +2m)=—, lim — = lim —— =
h—0+ \ Re(1) Re(A)’ h—0+ |l +hi|—1 »s—0+Rep(A) Re(r)

hold, where Rey, (1) represents the Hilger real part [20] for A-difference equations.

For fixed & > 0, if m — oo, then T}, oo = hZ, and the results in Theorem 1 and
Theorem 2 (i) and (iii) match exactly the known results for T = hZ, namely that
Apx(t) — Ax(t) = 0 has HUS on hZ, and

h 1
[L—=[1+hil] — [Rep(R)]

is the best possible HUS constant. Theorem 2 (ii) shows an interesting connection;
as m — oo, the HUS constant in (ii) goes to infinity as well. This is accurate,
as Re(A) < 0 with |1 + AX| = 1 makes the h-difference equation version of (1)
Hyers—Ulam unstable on #Z, as A € C is then on the left Hilger circle [5]; see [15,
Chapter 2.1], [20], and [23] for more on the Hilger complex plane, and [2, 5, 10] for
more on the Hilger circle and HUS. On the other hand, in case (iv) Re(A) < 0 with
|1+ hA| > 1, aresult that does not match is obtained, that is,

h h 1
lim (—— |1+ ha2" - -
m1—>m00<1—|1+hk|+| A <|1+hx|—1 Re(/\)>> o

when Re(A) < 0 with |1 4+ hA| > 1, but, we know that Apx () — Ax () = O has
HUS when |1 4+ hA| > 1 (see [5]). Why does this logical gap occur? According
to the information of Theorem 2.5 (i7) in [5], in this case, the unique solution x
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is determined when + — ©00. As you can see from the claim of Theorem 2, even
in this case, the unique solution x is determined by the information of t — oo.
Therefore, we can say that the case Re(A) < 0 with |1 + 2A| > 1 is a distinguishing
characteristic of Hyers—Ulam stability on this time scale with discrete core and
continuous periphery. We explore this anomaly in the next section.

4 Connection with #-Difference Equations in the Case
[1+ AN >1

The following result is effective for clarifying the connection with the h-difference

equation Apx(t) — Ax(t) = 0 with |1 4+ hAA| > 1.

Theorem 6 Let & € C\{—,—j} with Re() < Oand |l +hi| > 1. Lets > 0 be a

fixed arbitrary constant, and let ¢ be a function on Ty, satisfying the inequality
620 = 2] <&, 1€ Thm

Then, the function x given by

_ ¢hm)
x(t) = <—e,\(hm, 0)> ex(t,0)

is a solution of (1) with

R(L—=[1+hA[72) -1 }

() = x(O] = e max { T+hrA—1  Re()

forallt € {—hm, ..., —h,0,h,...,hm} U (hm, 00). In particular, the following
holds.
(i) Ift € {—hm, ..., —h,0,h,..., hm}, then
h(1 =1+ hx|72m)
) —x@) <
| (2) X()I_é‘( T

forallt € {—hm, ..., —h,0,h,..., hm}.
(ii) Ift € (hm, 00), then

—1
lp(t) —x()] < ¢ (Re(k))

forallt € (hm, 00).
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Proof Let 1 € C\ {%} with Re(%) < 0 and |1 4+ k| > 1. Suppose that |4 (1) —
rp(t)| < e forall t € Tp,,, there exists a function ¢ : Tp,,, — C such that

() —rp(t) =q(1), lgt) <e
for all t € Tp,,. Then, we have

toq
o e.(0(1),0)

Let x(#) = xpe, (¢, 0) be the solution of (1) with

hm
. q(t)
0= ¢O+[0 TN ke

¢ () = doen(r,0) +en(r,0)

It follows that

g ()
¢ (1) — x(1) = —ex(t,0) </t mm). (8)
(a) ForRe(A) < Owith|14+hA| > landt € {—hm, ..., —h,0,h, ..., hm}, using
(8) we have
At m—1 h
6(0) — x(0)] < elest, 0>|/ e el Al Y
=

h(1= 11+ ) (h(l i +hk|2’")>
=& S & ’

T TS

as + <m,h > 0,and Re(h) < O with |1 4+ hA| > 1.
(b) ForRe(A) < Owith |1 +AX| > 1 and # € [hm, 00), using (8) we have

g
(5,0 (/hm WAN

< g|1 + ha|meReM - hm)/ AT
wm lex(o (1), 0)]

—1 4 eRe(—hm) 1
=¢ =¢ )
Re(.) (Re(M)

ast > hm and Re(X) < O with |1 4+ hA| > 1. This completes the proof.

lp(1) —x(n)| =
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Remark 2 For fixed h > 0, if m — oo, then Ty oo = hZ, and the result in
Theorem 6 (i) reproduces exactly the known result for T = hZ (see, Theorem
2.5 (ii) in [5]). Actually, we will explain this fact. Since

m—1

hm hm A h h
0o eo(1),0) o lea(o(7),0)] o, [1+hAl/HE [1+hA] — 1

holds, we see that

¢ (hm) lim _2®

m—o0 ¢, (hm,0) _ i—00 e, (t,0)

exists. In addition, an HUS constant is

R (1= 1+ ha72m) h
lim = .
m—oo |1+ hi|—1 114 hr| — 1

Theorem 6 (i) says that the function x given by

)
x(1) = (zlggo o, 0)) e (t,0)

is a solution of (1) with

he

lp () — x ()] < m

for all t € hZ. As m — oo, our exponential function e; (¢, 0) corresponds to (1 +

hk);? for all t € hZ. In this case, we can prove the uniqueness of the solution. Let
e>0,andlet ¢ : {—hm,...,—h,0,h,..., hm} — C satisfy

|92 (t) — rp(1)| < e forall t € {~hm, ..., —h,0,h,..., hm}.
Suppose that x1,xy : {—hm,...,—h,0,h,...,hm} — C are two different
solutions of (1) such that [¢p(r) — x;(¥)] < Ke := Ws for all + €
{=hm,...,=h,0,h,. .., «hm}, for j = 1,2. Then, we have for constants ¢; € C
that
xj(t) =cj(1+h0)F, ¢ #ca,

and

le1 = ealll + hAlF = [x1(1) = x2(0)] < x1(0) = ()] + |§ (1) — x2(1)| < 2Ke;
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letting m — oo and t — oo yields oo < 2K ¢, a contradiction. Consequently, x is
the unique solution of Apx () — Ax(¢) = 0 such that |¢ (1) — x(¢)| < ¢K for all
t € hZ.

5 Conclusion and Future Directions

In this paper we determined the best Hyers—Ulam stability constants for a first-order
complex constant coefficient dynamic equation on a time scale with a discrete core
and continuous periphery. In the future, we will study a time scale with a discrete
periphery and continuous core, whose exponential function for A € (C\{—%} is

(14 ha)itme=hmh e —h(m +2), —h(m + 1)}
e (t,0) ;== § M 1t € [—hm, hm]
(1 4+ hA)Fmehmh - p e th(im + 1), h(m +2), .. .).

onTyy, ={...,—h(m+2), —h(m+ D}U[—hm, hm]U{h(m+ 1), h(m+2), ...},
where i > 0 is the discrete step size and m is a non-negative integer.
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