Factorization and Solution of Linear and )
Nonlinear Second Order Differential e
Equations with Variable Coefficients and

Mixed Conditions

E. Providas

Abstract This chapter deals with the factorization and solution of initial and
boundary value problems for a class of linear and nonlinear second order differential
equations with variable coefficients subject to mixed conditions. The technique
for nonlinear differential equations is based on their decomposition into linear
components of the same or lower order and the factorization of the associated
second order linear differential operators. The implementation and efficiency of the
procedure is shown by solving several examples.

1 Introduction

One of the most important categories of ordinary differential equations is the
second order differential equations with variable coefficients. Many problems from
engineering and science are within this large class of differential equations. These
equations, in addition to their natural significance, have also been used as a vehicle
for the study of other higher order differential equations. Both exact and numerical
methods have been developed for the their solution [2]. Most of the explicit
techniques rely on the knowledge of fundamental solutions. The factorization
method does not require any fundamental solution of the given second order
differential equation, but its applicability is limited to certain problems. For a review
of the factorization of differential operators the interested reader can look at the
selected articles [1, 3-9, 14-16].

Following the work in [10—13] and [17], this paper is concerned with the exact
solution of a class of linear and nonlinear differential equations of second order with
variable coefficients subject to nonlocal boundary conditions by direct factorization
of the differential equation as well as the boundary conditions. Specifically, in
Section 2, we recall some basic results and consider linear first order problems with
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a mixed boundary condition. In Section 3, we present the operator factorization
method for solving, under certain conditions, the linear second order differential
equation

u”"(x) + pu(x) + g(x)ux) = f(x), x € (a,b), (1)

where the coefficients p(x), g(x) € Cla, b] and the forcing function f(x) €
Cla, b], subject to general boundary conditions
pnu(a) + pipu(b) = B,
paru’ (@) + pazu' (b) + pazu(a) + paau(b) = pa, (2)
where w;j, Bi € R, i = 1,2, j = 1,2,3,4. In Section 4, we deal with the
construction of explicit solutions to two kinds of nonlinear differential equations of

second order, which can be decomposed initially into linear second order differential
equations. First, we consider the equation of the form

w ()’ (x) + [ 0u' () + g ()] u(x) + g (x)g(x)u*(x) = 0, 3)

for x € (a,b) and g(x), g(x) € Cla,b], along with the general boundary
conditions (2). Also, we consider the nonlinear differential equation of the type

( ((x))’ ) (w( )’ ) w2( ) ( )w( ) ( )— , X € (a,b),
u ‘ X alx x) +b(x 0
“4)

where the nonlinear function F is a second degree polynomial of w(x) =

u” (x)/u(x) and the coefficients a(x), b(x) € Cla, b], subject to general boundary
conditions (2). Finally, some conclusions are quoted in Section 5.

2 Preliminaries

We first recall some basic results. A linear operator P : Cla, b] — Cla, b] is said
to be correct if P is injective, R(P) = Cla, b] and its inverse P~! is bounded on
Cla, b]. Let A : Cla, b] — Cla, b] be the linear first order operator

Ay(x) =y (x) + a(x)y(x), D(A) = C'[a,b], )

where a(x) € Cla, b], and A be its restriction on

D(A) = {y(x) € D(A) : y(x0) = Yo}, (6)
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where xo € [a,b] and yp is an arbitrary real initial value. Then the following
fundamental theorem holds.

Theorem 1 The linear operator Ain (5) and (6) is correct and the unique solution
of the initial value problem

Ay(x) = f(x), Yf(x) € Cla,b], )

is given by
~ X x 1
Yoy = A1 f ) = & ot (yo + / f (t)effo“(”””dt>. ®)
X0

Accordingly, let B : Cla, b] — Cla, b] be the linear second order operator
By(x) = y"'(x) + b1(x)y'(x) + b2(x)y(x), D(B) = C*[a, b], ©)
where b1 (x), by(x) € Cla, b], and B be its restriction on
D(B) = {y(x) € D(B) : y(x0) = 0, ¥'(x0) = ¥;} . (10)

where xo € [a, b] and yy, y(’) is a couple of given real numbers. Then we have the
next fundamental theorem.

Theorem 2 The linear operator B in (9) and (10) is correct and the initial value
problem

By(x) = f(x), Vf(x) € Cla,bl, (11)

has exactly one solution y(x) = B! f(x).

We now consider a problem for a first order differential equation and a nonlocal
boundary condition, which we will encounter below. For this, we prove the next
theorem.

Theorem 3 Let the general linear first order problem with a nonlocal boundary
condition

0y(x) = y'(@) +q(0)y() = f ),
D@) = [y € C'la,b1: p1y(@) + uay(b) = B, (12)

where the operator @ : Cla,b] — Cla,b), the given functions q(x), f(x) €
Cla, b], and the constants 1, uz, B € R.If

b
1 + pae™ Ja 104 £ o, (13)
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then the operator @ is correct and the unique solution of problem (12) is given by
Y =07 f(x) = e g (C + / i f(,)e/;qa)drdt) : (14)
a
where

. -1 ) b :
C— (Ml n Mze_r/ahq(t)dt) (/3 _ MZe_f‘: q(t)dt / f(t)efa q(r)drdt> )
a

Proof 1t is known that the general solution of the first order differential equation
in (12) is

y() = ¢ bt (C * / " fweln qmdtd’) : (15)
x0

where x¢ € [a, b]. For xo = a, we have

b i1
y@=C, yb) = e~ I ati (C +/ f(t)efaq“)d’dt)

Substituting these values into the boundary condition in (12), we obtain

b b b ot
(m + pge” o "(’)dt) C =B — pge Ja 104 / F@)elad®dr gy,
a

If relation (13) holds, then

—1 b .
C = (o1 + pae™ J a0 (/3 — ppe i awar / f(t)efaq“)dfdr). (16)
a

From (15) and (16) it is implied (14). m|

3 Factorization Method for Linear Differential Equations

Let the linear differential operators of first order L : Cla, b] — Cla, b] and L, :
Cla, b] — CJa, b] be defined by

Liu(x) = [D +r(x)]u(x), D(L;) = C[a,bl, a7
Lou(x) = [D +s(x)u(x), D(Ly) = C'[a, b], (18)
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respectively, where D = %, and the coefficients r(x) € Cla, b] and s(x) €

Clla, b]. Consider the composition,
LiLau(x) = L1 (Lau(x))
= [D+r@1(D +50]u(x)
=[P+ ¢+ 56D D+ ')+ ros@n Ju@. (19)

This gives rise to the following proposition.

Proposition 1 Let the linear differential operator of second order L : Cla, b] —
Cla, b] be defined by

Lu(x) = [D2 +p(x)D + q(x)] u(x), D(L) = C2[a.b], (20)

where the coefficients p(x), q(x) € Cla, b]. If there exist two functions r(x) €
Cla,bland s(x) € C'a, b] satisfying the relations

r(x) +s(x) = p(x), (21)

s'(x) +r(x)s(x) = g(x), (22)

then the operator L can be factorized into a product of the two linear differential
operators of first order L1, Ly in (17) and (18), respectively, such that

Lu(x) = LiLou(x). 23)

Remark 1 By solving equation (21) with respect to r(x) and then substituting
into (22), we get

r(x) = px) —s(x), (24)

s (x) 4+ p(x)s(x) — s2(x) = q(x), (25)

where (25) is the nonlinear Riccati equation.

Consider the linear second order initial value problem

Lu(x) = f(x), u(xo) =p1, u'(x0) = pa, (26)

where f(x) € Cla, b] is a forcing function, xg is a pointin [a, b], B; € R, i = 1,2,
and u(x) € C?[a, b] is the unknown function describing the response of the system
modeled by (26). If (21) and (22) hold true, then this problem can be factorized and
solved in closed form as it is shown in the next theorem.
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Theorem 4 Let L be the linear differential operator of second order in (20) and L
be its restriction on

D(L) = {u(x) € D(L) : u(xo) = 1, u'(x0) = B2}, 27)

where xo € [a, b] and B1, B» € R. If the prerequisites (21) and (22) are fulfilled
then:

(i) The operator L can be factorized as
Lu(x) = L1 Lou(x), (28)

where Zl, 22 are correct restrictions of the linear first order differential
operators L1, Lo, defined in (17) and (18), on

D(Ly) = {z(x) € D(L1) : z(x0) = B2 + s(x0)B1}, (29)
D(Ly) = {u(x) € D(Ly) : u(xo) = B1}, (30)

respectively.
(ii) The operator L is correct and the unique solution of the initial value problem

Lu(x) = fx), Vfx)eClla,b], (31)
is given in closed form by
u@x) =L u@) = L' LT o) = L3 2(x)

- X g
= ¢ fipr @t (m + f z(t)elo “”‘“dr) : (32)
X0

where

X X t
) =Ly flx) = ¢ nr O (/32 + s(x0)B1 +/ f(t)ef’or(r)drdl> .
X
' (33)
Proof
(i) From the definition of L and Proposition 1, we have
Lu(x) = LiLou(x) = f(x), u(xo) =1, u'(x0) = 2. (34)

By setting

Lou(x) = u'(x) + s()u(x) = z(x), (35)
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(i)

we get
Liz(x) =72/ (x) + r(x)z(x) = f(x). (36)

From (35) it is implied that

u' (xo) = z(x0) — s(xo)u(xo),

which when is substituted into the second condition in (34) yields

z(x0) = B2 + s(x0)B1.

Whence, we have the two linear first order initial value problems

Liz(x) = f(x), z(x0) = B2 + s(x0)B1, (37)
Lou(x) = z(x), u(xo) = B1. (38)
That is Lu(x) = LLou(x). It remains to show that D(L) = D(L;L»). By
using (29) and (30), we obtain
D(LLy) = {u(x) € D(Ly) : Lou(x) € D(Ly)}
{u(x) € D(Ly) : u(xg) = P, u'(x) + s(u(x) € D(L)}

= {u) & Cla b1 s uo) = 1. W' (xo) + soutxo) = B + 5(x0) 1 |

= {ut) € C?1a. b1 utwo) = 1. W' o) = o} (39)

The linear first order initial value problem (37) possesses exactly one solution
z(x), which can be found by using the standard means, such as the method
of integrating factors [2], and is given in (33). Having obtained z(x), we can
solve the linear first order initial value problem (38) in like manner to obtain
the solution u(x) in (32), which is the solution of the linear second order initial
value problem (31). The operator L= El Zz is correct because }:1 and Zz are
correct.

O

The factorization method also applies to some types of boundary value problems,

although it is more complicated. Let the linear second order differential equation,

wh
the

Lu(x) = u"(x) + p(Ou(x) + gxux) = f(x), x € (a,b), (40)

ere the coefficients p(x), g(x) € Cla, b] and f(x) € Cla, b], and assume that
operator L : Cla, b] — Cla, b] is factorable, i.e. there exist r(x) € C[a, b] and
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s(x) € C'[a, b] such that r(x) + s(x) = p(x) and s'(x) + r(x)s(x) = g(x). Let
also the two boundary conditions
pru(a) + pipu(b) = pr,
pailu' (@) + s(@yu(a)] + polu’ (b) + s(b)u(b)] = pa, (4D

where w;;, Bi € R,i =1,2, j =1, 2. Notice that (41) are the boundary conditions
as in (2) when

m23 =s(a)por, pos = sb)uon. (42)

We claim that the boundary value problem for the differential equation (40) and
the boundary conditions (41) can be factorized and solved explicitly. We prove the
following theorem.

Theorem 5 Let L be the linear second order differential operator in (40) and
assume that there exist wo functions r(x) € Cla, b] and s(x) € Clla, b] which
satisfy (21) and (22). Let L be a restriction of L on

D(L) = {u(x) : u(x) € D(L), piu(a) + piou(b) = pi,
pailu' (@) + s(@yu(a)] + uaalu' (b) + s(Bu(b)] = fa},  (43)

where i, i € R, i =1,2, j=1,2. Then:

(i) The operator L can be factorized as follows
Lu(x) = L1 Lou(x), (44)

where Ly, Ly are restrictions of the two first order linear differential operators
L1, L, defined in (17) and (18), on

DL = {2(0) € C'la.b]: po1z@ + ) = o} . 45)
D(Ly) = {u(x) € C'la. bl pun(@ + pou®) = pi} . @6)
respectively.
(i) If
pat + e e TOU L0, gy e RO 2o, (47)

then the operator L is correct and the unique solution of the boundary value
problem

Lu(x) = f(x), VYf(x)eCla,bl, (48)
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is given by
u) =L f) =L LT fo0) = L7 '2(0)
= ¢~ Ja st (Cz + f el Smdfdt), (49)
where
) =L fx) = e Ja 0t (cl + / ' f(t)efc:r(f)dfdt> , (50)
and

b -1 b b '
C = (le + e Ja rmd’) (52 — upe a w)dt/ f(f)ef“ rmdrdt) ,
a

b -1 b b '
C = (Mll + /Mze—f“ S(Z)dl) <,31 - Mlze_f“ S(t)dt/ 2(t)ela Smdrdf) .
a

Proof

(i) From the definition of L and Proposition 1, we have

Lu(x) = L1 Lou(x) = f(x), (51)
and
piiu(a) + pipu(b) = pi,
pailu' (@) + s(@yu(a)l + polu’(b) + s(b)u(b)] = Bo. (52)
Let
Lou(x) = u'(x) + s()u(x) = z(x). (53)
It follows that

u'(a) +s(@ua) = z(a), u'(b) +sb)z(b) = z(b),
and upon substitution into the second boundary condition in (52), we get
u21z(a) + uxnz(b) = po.
Thus, we have

Liz(x) = Z/(x) +r(0)z(x) = f(x),  pa1z(@) + pozd) = p2,  (54)
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Lou(x) = u'(x) + s(u(x) = z(x), piu(@) + ppud) = pi. (55)

That is Lu(x) = LiLou(x). It remains to show that D(L) = D(L|L). By
using the definition of D(L1L>) we obtain

D(L\Ly) = {u(x) € D(Ly) : Lou(x) € D(L1)}
= [u(X) € C'[a,b]: piula) + ppu(d) = By,
u'(x) + s(x)u(x) € D(Ly)}
= fut) € Ca b1 pnu@) + wiue) = pi,
2(x) = ' (x) + s(u(x) € C'a, b],
patlu' (@) + s(@u(@)] + palu' (b) + sB)ub)] = B2}
= {u) € Ca. b1 pnu@) + wiu®) = pi,
patlu'(a) + s(@u(a)] + paalu' (b) + s(b)u(b)] = B2}

= p(). (56)

(ii) Application of Theorem 3 to solve boundary value problem (54) yields (50).
Substituting this unique solution z(x) = Zl_l f(x) into (55) and applying
Theorem 3 once more, we obtain (49), which is the solution to boundary value
problem (48). The correctness of L = L L, follows from the correctness of L;
and L.

O

To elucidate the implementation of the above procedure, we solve the following
example problem.

Example 1 Let the boundary value problem

W (x)— 20/ (x0) + u@x) =3 +1), 0<x<l,

x+1 x+1
u(0) —5u(1) =0,
3u’(0) — 4u’ (1) — 3u(0) + 4u(l) = 2. (57)
We take
x+2
= — d [ —
px) PR q(x) Py

which are continuous on [0, 1]. Notice that equations (21) and (22) are satisfied by
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1
= - d =_19
r(x) Tl and s(x)

which are continuous on [0, 1] and s’(x) = 0. Lastly, the second of the boundary
conditions (57) can be put in the form

3[u’(0) + (= Du(0)] — 4[u’(1) + (=Du(D)] = 2.
Thus (57) is carried to

x+2/()+ 1
u'(x
+1 x+1

X

Lu(x) = u"(x) — u(x) = f(x),

D(L) = {u(x) cu(x) € C2[O, 1], u(0) —Su(l) =0,

3[u’(0) + s(0)u(0)] — 4[u’(1) + s(Du(1)] = 2}, (58)
where f(x) = 3(x+1). By Theorem 5, the operator L can be factorized as Lu(x) =
L1 Lou(x), where

1
x+1
Lou(x) = u'(x) — u(x), D(L») = {u(x) e C0,17: u0) —5u(l) = o} .

Liz(x) =7/ (x) —

2(x), D(L)) = {z(x) e C'10,1]: 32(0) — 4z(1) :2},

Furthermore,

-1 1
o1 4 poze o 704 = 520 puyy 4 pppe Jo SO =1 — 50 £ 0, (59)

and theref_ore (58) has only one solution. To construct the solution, we first solve the
problem Lju(x) = f(x) by means of (50), which yields

26
Zx) =x+1)CBx — ?)- (60)

Then by utilizing (60) and solving Lou(x) = z(x) by (49), we get

142¢* 15x2 + 19x — 7
5(5¢ — 1) 5 '

ulx) = (61)

This is the unique solution of the given boundary value problem (57).
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4 Factorization Method for Nonlinear Differential Equations

In this section, we deal with the solution of a class of nonlinear boundary value
problems for second order differential equations. Let the nonlinear differential
equation of the form

u” ()’ (x) + [q()u’ (x) + g()u” ()] u(x) + g(x)g(x) (u(x))* =0, (62)

for x € (a,b), and where ¢(x), g(x) € Cla, b], together with the boundary
conditions

piu(a) + ppu(b) = Bi,
paru' (@) + posu’ (b) + pozu(a) + poau(b) = Bo, (63)

where Mij, ,3,‘ € R, i= 1,2, ] = 1,2,3,4.
The nonlinear equation (62) can be decomposed as the product

[t (x) + g)u@)] [u'(x) + gx)ux)] =0,

and hence, either

u”(x) + g(x)u(x) =0, (64)
or

u' (x) + g(x)ux) =0. (65)
As a consequence, the solutions of the nonlinear boundary value problem (62) and
(63) may be obtained by solving the linear second order problem (64) and (63) and
the linear first order problem (65) and (63).

For the solution of the linear second order problem (64) and (63), we may employ
Theorem 5 provided that prerequisites (21) and (22) are satisfied, i.e. there exist
r(x) € Cla, b] and s(x) € C'[a, b] such that

r@) =—s(), '@ =600 =qw), (66)
and if
23 = s(@pa1, o4 = s(b)uan. (67)

In this case problem (64), (63) can be put in the form

Lu(x) = u"(x) + g(x)u(x) =0,
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D(L) = [u(X) € C*a, bl : pwriu(a) + pau(b) = By,
pailu' (@) + s(@u(a)] + paolu' (b) + s()u(b)] = 2} . (68)

Problem (68) can be now solved by means of Theorem 5.

The linear first order problem (65) and (63) is subjected to more conditions than
the order of the differential equation and it is most likely to possess no solution.
Nevertheless, we can proceed as follows. By utilizing (65) evaluate u’(a) and u’(b)
and substitute into the second of the boundary conditions in (63). Taking into
account (67), we get

watls(a) — g(@)u(a) + uxlsd) — gb)u(d) = Bs. (69)
Thus, problem (65) and (63) may be formulated as
Tu(x) =u'(x) + g(x)u(x) =0,
D(T) = {u(x) € C'[0, 1] : pyju(a) + piou(b) = Bi,
w21ls(a) — g(@)lu(a) + uxnls(b) — gd)ud) = ). (70)

By employing Theorem 3, we find the unique solution of the problem

Tou(x) = u'(x) + g(x)u(x) = 0,

D(Tp) = {u(x) € C'[0, 11 : piiu(a) + piou(d) = Bi}. (71)
If the solution u(x) of this problem satisfies the second boundary condition in (70),
then u(x) is a solution of (70); otherwise (70) has no solution.

Example 2 Let us find the solutions of the nonlinear second order boundary value
problem

W ou' () — | G2 (0 + T (0] 400 + g ) =0,
u(0) + Su(l) =0,
—u'(0) + 6u'(1) — u(0) + 3u(l) = 4, (72)

where x € [0, 1] and u(x) € C2[0, 1].
The nonlinear second order differential equation (72) is of the type (62) with

and it can be decomposed as
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" 2 / 1 _
|:u (x) — o 1)214()c):| |:u (x) — oy 3u()c)i| =0.

Thus, we get the following two linear problems

T Vi 2 _
Lu(x) =u"(x) — mu(x) =0,
D(L) = {u(x) € C?[0,1] : u(0) + 5u(1) = 0,
—u' (0) + 6u’ (1) — u(0) + 3u(l) = 4}, (73)
and
Tu(x) =u(x) — i 3u()c) =0,
D(T) = {u(x) € C*0, 1] : u(0) + 5u(1) = 0,
—u'(0) + 61’ (1) — u(0) + 3u(l) = 4}. (74)

In solving the boundary value problem (73), notice that the functions

1
r(x) = —m, s(x) = m,
obey (66), r(x) € C[0, 1], s(x) € C'10,1] and s(0) = 1, s(1) = % and that the
preconditions (67) are met. Hence, problem (73) may be written in the form (68),
namely

r " 2 _
Lu(x) =u"(x) — mu(x) =0,
D(L) = {u(x) € C?[0, 17 : u(0) + 5u(1) =0,
—[u'(0) + s(0)u(0)] + 6[u'(1) + s(Du(1)] = 4}. (75)

By Theorem 5, the boundary value problem (75) is factorized into the following two
first order problems

Liz(x) = 7'(x) — z(x) =0,

x+1
D(L)) = {z(x) € C[0,1]: —z(0) + 6z(1) = 4} , (76)

and
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Lou(x) = u'(x) +

oy 1Lt(x) = z(x),
D(L») = [u(x) e Cl[0, 11 u(0) + 5u(1) =0]. a7
The first of the uniqueness requirements (47) is fulfilled, viz.

1 -1
a1 + e I TN = 1 46 (el *d) = 1140, (78)

and therefore the operator L, is correct and the unique solution of (76) is derived
through (50), which is

4
Z(x) = ﬁ(er 1). (79)

By substituting (79) into (77) and verifying that the second of the uniqueness
conditions (47) is also satisfied, viz.

1 7
e e (s EE ) (80)

it follows that the operator L, is correct and the unique solution of (77), obtained
via (49), is

_ 43 43x243x —5)
ux) = 3+ 1) ' 1)

The function u(x) in (81) is a solution to nonlinear second order boundary value
problem (72).

We now examine the existence of a solution of the linear first order problem (74).
By applying Theorem 3, we find that the problem

/ 1 _
Tiu(x) =u(x) — T +3u(x) =0,
D(T)) = {ulx) € c?[0,1] : u(0) + 5u(1) =0} (82)

has no solution except the trivial #(x) = 0, which however does not satisfy the
second of the boundary conditions in (74).

Summing up, the nonlinear second order boundary value problem (72) admits
only the solution (81).

The technique presented above and explained in Example 2 can be extended to
solve and other types of nonlinear boundary value problems. For example, consider
the nonlinear differential equation of second order of the form
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" (0))* + a()u” ()u(x) + b(x)ux))* =0, x € (a,b), (83)
subject to two general boundary constraints

niu(a) + ppu(b) = B,
paru' (@) + poou' (b) + pozu(a) + pogu(b) = B, (84)
where a(x), b(x) € Cla, bl and ;;, Bi eR,i=1,2, j =1,2,3,4.

The differential equation (83) can be put in the form

F (u ) ) = F (), x) = )’ +a®w) + bx) =0,

, X
u(x)

where w(x) = u”(x)/u(x) and the nonlinear function F is a second degree
polynomial of w(x). Hence, it can be decomposed as

[w@) + ¢~ @] [wx) +gT )] =0,

where ¢~ (x), ¢ (x) € Cla, bl and a(x) = ¢~ (x) + gt (x), b(x) =g~ (x)gT (x).
By substituting back w(x) = u” (x)/u(x), we get

[t (x) + g~ @u@)] [u"(x) + g7 (ux)] =0, (85)
from where follows that, either
W' (xX)+q (ux) =0, xe(ab), (86)
or
W' (x) + gt (ux) =0, x € (a,b). (87)

Thus, the solution of the nonlinear boundary value problem (83) and (84) is reduced
to the solution of the two linear second order boundary value problems (86), (84),
and (87), (84). Whenever the conditions (21), (22) and (42) are met, Theorem 5 may
be applied to acquire the solutions in closed form.

5 Conclusions

A practical technique has been presented for factorizing and solving linear initial
and boundary value problems for second order differential equations with nonlocal
boundary conditions. Two types of nonlinear boundary value problems for second
order differential equations have also been considered where the factorization
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method was used to construct their solutions in closed form. The main advantage of
the factorization method is that no fundamental or particular solutions are required.
Its main disadvantage is that it cannot be applied to all boundary value problems
except to those where certain conditions are satisfied. The efficiency of the method
encourages the pursuit of further research for the extension of the method to
problems with fully mixed boundary conditions and multipoint conditions.
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