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Abstract. We introduce a generalization of Girard et al.’s BLL called
GBLL (and its affine variant GBAL). It is designed to capture the core
mechanism of dependency in BLL, while it is also able to separate com-
plexity aspects of BLL. The main feature of GBLL is to adopt a multi-
object pseudo-semiring as a grading system of the I-modality. We analyze
the complexity of cut-elimination in GBLL, and give a translation from
BLL with constraints to GBAL with positivity axiom. We then introduce
indezed linear exponential comonads (ILEC for short) as a categorical
structure for interpreting the !-modality of GBLL. We give an elemen-
tary example of ILEC using folding product, and a technique to modify
ILECs with symmetric monoidal comonads. We then consider a seman-
tics of BLL using the folding product on the category of assemblies of
a BCl-algebra, and relate the semantics with the realizability category
studied by Hofmann, Scott and Dal Lago.
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1 Introduction

Girard’s linear logic is a refinement of propositional logic by restricting weakening
and contraction in proofs [15]. Linear logic also has an of-course modality !, which
restores these structural rules to formulas of the form !A.

Later, Girard et al. extended the -modality with quantitative information so
that usage of !-modal formulas in proofs can be quantitatively controlled [16].
This extension, called bounded linear logic (BLL for short), is successfully applied
to a logical characterization of P-time computations.

Their extension takes two steps. First, the !-modality is extended to the form
1. A, where the index r is an element of a semiring [16, Section 2.4]. The index r is
called grade in modern terminology [11,13]. This extension and its variants have
been employed in various logics and programming languages [7,30,14,26,28]. The
categorical structure corresponding to !,. A is identified as graded linear exponen-
tial comonad [7,13,22].

Second, the !,-modality is further extended to the form !,.,A, where p is a
polynomial (called resource polynomial) giving the upper bound of x [16, Sec-
tion 3]. The formula !, <, A also binds free occurrences of the resource variable
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2 in resource polynomials in A. Therefore, in BLL, both formulas and resource
polynomials depend on the values stored in free resource variables. This depen-
dency mechanism significantly increases the expressiveness of BLL, leading to a
characterization of P-time complexity.

This characterization result was later revisited through a realizability seman-
tics of BLL [16,19,10]. Inside this semantics, however, mechanisms for controlling
complexity of program execution are hard-coded, and it is not very clear which
semantics structure realizes the dependency mechanism of BLL. This leads us
to seek a logical and categorical understanding of BLL’s dependency mechanism
hidden underneath the complexity-related features, such as resource polynomials
and computability constraints.

As a result of the quest, we propose a generalization of BLL called GBLL,
and study its categorical semantics. The central idea of the generalization is to
replace the grading semiring of the !.-modality with a particular multi-object
pseudo-semiring realized as a 2-category. Let us see how this replacement works.
In GBLL, each formula is formed by deriving a judgment of the form A F A,
where A is a set (called index set) and A is a raw formula. We may think that
such a well-formed formula A F A denotes a A-indexed family {[A];}ica of
denotations. The formation rule for !-modal formula in GBLL is the following:

AR A feSet(A, (A)Y)
AF 1A

((_)*: Kleene closure)

where the function f abstractly represents dependency. This modality is enough
to express the !, <,-modality of BLL: we express the bindig = < p under a resource
variable context ¢ as the function f,(y) = (¢,0) - - - (¥, p(¢) — 1) that returns the
list of environments extended with values less than p(%). Then the denotation of
the !y A-modality is given by a variable-arity operator D. For each index i € A,
the denotation is given by applying D to the denotations obtained by mapping
A to list f(7):

['sAl: = D([Al,,-- -, [A]},) where ji---jn = f(0).

A simple example of a variable-arity modal operator is the folding product
D(Xl’... 7)(n) :)(1 ®...®Xn.

The pseudo-semiring structure on the class of functions of the form A —
(A”)* is given as follows. For the multiplication g e f, we adopt the Kleisli com-
position of the free monoid monad (_)*, while for the addition f+g, the pointwise
concatenation (f + g)(z) = f(z)g(x). However, these operations fail to satisfy
one of the semiring axioms: (f +g)eh = f e h+ g e h. To fix this, we introduce
(pointwise) list permutations as 2-cells between functions of type A — (A)*.
These data form a 2-category Idx, which may be seen as a multi-object pseudo-
semiring. Weakening, contraction, digging and dereliction in GBLL interact with
these operations, much like the !,.-modality in [7].

We first study syntactic properties of GBLL. We introduce cut-elimination to
GBLL and study its complexity property. It turns out that the proof technique
used in BLL naturally extends to GBLL — as done in [16], we classify cuts
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into reducible and irreducible ones, introduce proof weight, and show that the
reduction steps of reducible cuts will terminate in cubic time of proof weights.
We also examine the expressive power of GBLL by giving a translation from an
extension of BLL with constraints that are seen in Dal Lago et al.’s QBAL [10].

We next give a categorical semantics of GBLL. We introduce the concept of
indezed linear exponential comonad (ILEC); it is an Idx-graded linear exponen-
tial comonad satisfying a commutativity condition with respect to an underlying
indexed SMCCs. Then, we present a construction of ILEC from a symmetric
monoidal closed category C with a symmetric monoidal comonad on it. We ap-
ply this construction to the case where C is the category of assemblies over a
BCI algebra [2,20], and relate the semantics of GBLL with the constructed ILEC
and the realizability category studied in [19,10].

Acknowledgment The first author was supported by JST ERATO HASUO Meta-
mathematics for Systems Design Project (No. JPMJER1603). The authors are
grateful to anonymous reviewers for comments, and Masahito Hasegawa, Nao-
hiko Hoshino, Clovis Eberhart and Jérémy Dubut for fruitful discussions.

Preliminaries For a set A, by A* we mean the set of finite sequences of A.
The empty sequence is denoted by (). Juxtaposition of A*-elements denotes the
concatenation of sequences. For © € A*, by |z| we mean the length of x. We
identify a natural number n and the set {0,--- ,n —1}; note that 0 = (. We also
identify a sequence x € A* and the function “\i € |z| . the i-th element of z”.

2 Generalized Bounded Linear Logic

2.1 Indexing 2-Category

We first introduce a 2-category Idx (and its variant Idx,), which may be seen
as a multi-object pseudo-semiring. It consists of the following data3: 0-cells are
sets (called index sets), and the hom-category Idx(A, A’), which is actually a
groupoid, is defined by:

— An object (1-cell) is a function f: A — (A)*.
— A morphism (2-cell) from f to g in Idx(A, A’) is a A-indexed family of
bijections {0 : |[g(x)] = |f(z)|}zca such that f(x)(o.(2)) = g(z)(i).

The identity 1-cell and the composition of 1-cells in Idx are denoted by in and

(o), respectively. The composition is defined by (ge f)(x) def 9(y1) - - - g(yn) where
Y1+ yYn = f(x). The hom-category Idx(A, A’) has a symmetric strict monoidal
structure:

— the monoidal unit is the constant empty-sequence function 0(x) = (),

3 This is a full sub-2-category of the Kleisli 2-category CATs, where S is the 2-monad
of symmetric strict monoidal category [21].
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— the tensor product of f,g, denoted by f + g, is defined by the index-wise
concatenation (f + g)(z) ef f(x)g(x).

We write J : Set — Idx for the inclusion, namely JA = A and (Jf)(z) = f(z)
(the singleton sequence).

Proposition 2.1. The composition e is symmetric strong monoidal in each ar-
gument. Especially, we have

fe0=0 0ef=0 foe(g+h) =feg+feh (f+g)eh=feh+geh.

We also define Idx, by replacing “bijection” in the definition of 2-cell of Idx
with “injection”. The hom-category Idx, (A, A’) has the 1-cell 0 as the terminal
object, hence is a symmetric affine monoidal category.

2.2 Formulas and Proofs

Definition of GBLL Formulas We first fix a set-indexed sets {A(A)}acset
of atomic propositions. Formulas are defined by the following BNF:

Av=axr|ARA|A— A|1;A

where a € A(A) for some set A, r is a function (called reindexing function) and
f is a 1-cell in Idx. Formula formation rules are introduced to derive the pair
AF A of an index set A and a formula A. They are defined as follows:

a€ A(4A") r e Set(A,A) AHA AFB AFA AFB
A'HA feldx(A, 4
AF1A
The formula axr represents the atomic formula a precomposed with a reindexing

function r. We write Fml(A) = {A | A+ A}.
We next introduce the reindexing operation on formulas.

Definition 2.1. For a reindexing function r € Set(A, A’), we define the rein-
dexing operator (_)|, : Fml(A’) — Fml(A) along r by

axrly Eax(ror), (A® B)|, < Al, ® B,

def def
(A —0 B)|, = A|7 —o B‘T-, ('fA)|T = !f.J,,.A.

We routinely extend reindexing operators to sequences of formulas well-formed
under a common index set.

We quotient the set of well-formed formulas by the least congruent equiva-
lence relation generated from the following binary relation:

{(grap A, (AL | 7 € Set(A, A, f € Tdx(A, A'), A” - A} (2.1)

We see some formations of formulas in GBLL.



230 Y. Fukihara and S. Katsumata

Ezample 2.1. Let us illustrate how a formula !, .;2!, <, A in BLL is represented
in GBLL; here we assume that x,y, z are the only resource variables used in this
formula. We first introduce a notation. Let E' be a mathematical expression using
variables X1 - - - X,,. Then by [E],, : N — (N"*1)* we mean the function

[E]n(Z) = (£,0)(Z,1) - (&, E[x1 /X1, -+, 2n/Xn] — 1) (Z 2 (x1,---,2,) € N")

For instance, [x3]1(z) = (z,0),--- , (z,2% —1). Then from a well-formed formula
N3 - A, we obtain N M2, Uy +x2], A- Generalizing this, a BLL formula I, pA
containing resource variables x1, - - - , x,, corresponds to the GBLL formula ![z), A.

Ezxample 2.2. We look at how we express the substitution of a resource polyno-
mial Az := p(z1,...,z,)]. We define a function (p),, : N* — N**1 by

f
(DY (X1y ey @) = (X1, ety Ty D(T1y oy Tir)).
Then the reindexed formula N™ = A, = corresponds to Az := p(x1,--- ,z,)].

Ezample 2.3. We illustrate the equality between well-formed formulas. Consider
a formula N - A and a function » € Set(N3 N). Then we equate formulas
N2 - 1, 45,05 (A]) and N2 1, A, where h € Idx(N?,N) is given by

h ¥ Jre[x1 +xo]a(w,y) = r(z,,0),- - ,r(z,y,x +y — 1).

Definition of GBLL Proofs A judgment of GBLL is the form A | I' + A,
where A is an index set, I" is a sequence of formulas well-formed under A, and
A is a well-formed formula under A, respectively. The inference rules of GBLL
are presented in Fig. 1. Similarly, we define GBAL to be the system obtained by
replacing Idx in Fig. 1 with Idx,.

FEzxzample 2.4. We mimic a special case of the contraction rule in BLL

[ loewin AF B

See also (IC)-rule of CBLL in Section 3.2. We use the shift function s,,; €

Set(N"*1 N"*1) defined by spi(z1, - ,2n,y) def (1, y&n,z; +y). Then
we easily see [X;]n + Jsn,; ® [X;]n = [Xi + X;]n. By contraction rule of GBLL, we
obtain the following derivation for well-formed formulas N*+! - A and N" F B,
mimicking the contraction of BLL:

![X'i]nA7 ![xj]n (A|Sn,i) F B
it in A = Uxilut Jsniolx 1 AT B

Here, we use the formula equality !, . A=1,1, (Alsnj)-

o[x;]n
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AF A A|LX,Y,['+A

Ax) Axi
A[AFA (Ax) Axiom ATY.X.T A (Exch) Exchange
A|INFA A|IyyAFB
=k EL (Cut)
A|F17F2|7B
AlLX,YEA AINFX A|LFY
(®L) (®R)
AlLXeYFA Al LEFXRY
Al EX A|F2,Y!—B( L A|TXFY R
AN, I2,X —-Y+B AITFX oY
A|T+B W) Weakeni A|TA+B D) Deselict
m(. ) Weakening m( ) Dereliction

A|NVGAFB o eldx(AA)(f,9)

('F) !-Functor
AT AFB

AT Al AFB

(!C)Contraction
Al 4 AEB

A1y A g Ak B f € Tdx(A, A)

(P!) Composition
AllgierAr, - g ef A 1B

Fig. 1. GBLL Proof Rules

FEzample 2.5. The reindexing operator can be extended to proofs. Let r be a
reindexing function in Set(A, A’). Reindexing of the axiom rule A" | A - A,
by r is the axiom rule A | A|, F A|,. Reindexing of other rules except (P!)
can be easily defined—the judgment A’ | I' - A in each rule is replaced with
A| I b A|, by reindexing. For (P!) rule, reindexing by r is given as follows:

ATV Ay Mg A B fedr e Idx(A, AY)
A | (!91°fA1)|T7 te 7(!gk'fAk)|T’ l_ (!fB)‘T

Remark 2.1. In this paper, indexing 2-category is either Idx or Idx,. Allowing
more general indexing 2-categories in GBLL is a future work. In his PhD thesis,
Breuvart designed a linear logic similar to GBLL upon an abstract indexing mech-
anism called dependent semirings [5, Definition 3.2.4.5]. It consists of categories
(S,U) such that 1) each hom-set in S carries a (not necessarily commutative)
ordered monoid structure (0,+) and the composition of S distributes over 0, +,
and 2) U acts on S from both sides. Roughly speaking, S and U corresponds to
our Idx°? and Set®P, respectively. We expect that a unification of dependent
semirings and 2-categories Idx,Idx, would yield a suitable generalization of
indexing categories for GBLL. This generalization will subsume the non-graded
linear logic, and allow us to compare GBLLs over different idexing categories.
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2.3 Complexity of Cut-Elimination in GBLL

By a similar discussion to BLL [16], instances of Cut inference are divided in two
classes: reducible cuts and irreducible cuts. We define the weight of proof |r| for
each proof 7> A | I' = A and reduction steps of proofs, such that every reduction
steps will terminate, for each index § € A, in polynomial steps of |7|(d).

Definition 2.2. [16, Appediz A] In GBLL (resp. GBAL) proofs, an instance of
the Cut inference is irreducible if there are at least one Composition rule below
it or if its left premise is obtained by a Composition rule with nonempty context
and the other premise is obtained by a Weakening, !-Functor, Dereliction, Con-
traction or Composition inference. A reducible cut is Cut inferences that is not
irreducible.

The definition of (ir)reducibility and weight is diverted from Girard’s paper.
Therefore, our system inherits from BLL the conditions under which cuts can be
reduced. See also Section 2.4 in [16].

Definition 2.3. A GBLL or GBAL proof is irreducible if it contains only irre-
ducible cut inferences.

Following [16], we introduce the concept of weight of a proof. It is a function
|| : A — N assigning a weight number |7|(d) to a proof 7 at an index § € A.
The weight number never increases at any reduction step of Cut in . In the
original BLL, weights are expressed by resource polynomials, while here, they
are generalized to arbitrary functions. We remark that weights of the proofs
involving Composition rules, which introduce ! modality, use the length of the
lists constructed by f.

Definition 2.4. For a given proof m>A | I' = A of GBLL or GBAL, the weight
of m is a function |w| : A — N inductively defined as follows. A) When A =0,
|7| is the evident function. B) When A # 0, |w| is defined by the following rules:

1. For an Aziom rule > A | AF A, |7|(0) defy
2. If 7 is obtained from @' by a unary rule except Contraction and Composition,

[m1(8) € [7'1(6) + 1.

3. If w is obtained from w1 and o by a binary rule except Cut, | |(5) def |m1](6)+
|| (6) + 1.

4. If  is obtained from w1 and 7o by a Cut rule, |m|(9) o |m1](8) + |m2|(d).

If 7 is obtained from 7' by a Contraction rule, |7|(d) ef |7'|(6) + 2
6. If w is obtained from ©' by a Composition rule, such as

N

.,n_/

A Ay, 0 Ak E B
Al lgiefAr, - lagefAr 4B

>
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then |7|(6) def > e (T(v) + 2k + 1) + k + 1. Note that the summation
>_ef(s) Scans all elements in the list f(5), hence the weight depends on the

length of f(9).

Theorem 2.1. For every proof 7> A | I' = A and every § € A, reduction steps
of reducible cuts will terminate in at most (|w|(5))3 steps.

Proof (sketch). The proof is almost the same as Section 2.2 and Appendix A of
[16], except for the definition of the weight. Suppose that 7 one-step reduces into
7’. From the definition of the weight, either 1) for all index § € A, the weight
decreases (that is, |7|(0) > |7’|(5)), or 2) for all index & € A, the weight keeps
(that is, |7|(6) = |7’|(0)). The reduction of the former type is called symmetric
or axiom reduction [16, Section 2.2.1 and 2.2.2], while the latter commutative
reduction [16, Section 2.2.3].

In the case where the weight keeps, we introduce another measure called the
cut size ||7|| : A — N of a proof 7. Its definition is the same as the definition of
weight except for Cut rule. For a proof m obtained by Cut rule from m; and o,
the cut size ||7]|(0) is defined to be ||m1][(8) + ||7=2][(0) + |71](5) + |7=2|(d).

In each commutative reduction from 7 to 7’ the cut size decrease at all index
(that is, for all 6 € A, ||7]|(6) > ||7']|()), and the cut size is at most the square
of the weight (that is, for all § € A, ||7||(6) < (|7](6))?). Therefore, the total
number of steps is at most the cube of the weight. O

The number of reduction steps of a proof 7 and its weight depend on the
length of lists computed by the Idx-morphisms occurring in 7. However, to
discuss the actual time complexity of cut-elimination, we further need to take
into account the time complexity of the computation of Idx-morphisms. This
would be achieved by looking at a subcategory of Idx computable within a
certain time complexity. We leave this argument of analyzing the actual time
complexity of cut-elimination as a future work.

3 Translation from Constrained BLL

We show that GBLL can express BLL via a translation. This translation is actu-
ally given to variants of these calculi, namely from BLL with constraints (called
CBLL) to GBAL with positivity axioms (called GBAL™).

CBLL is an extension of BLL with constraints, which are one of the features
of Dal Lago and Hofmann’s QBAL [10]. Constraints explicitly specify conditions
imposed on resource variables, and it is natural to explicitly maintain these
conditions throughout proofs. We also remark that in CBLL, weakening of !-
formulas ;< pyqA —olz<pA is allowed, and atomic formulas are assumed to satisfy
the positivity property (3.1).

GBAL™ is designed for a sound translation from CBLL. Recall that GBAL is
an extension of GBLL with weakening !;,,A —o!¢A on !-formulas. Then GBAL™
is a further extension of GBAL with the following positivity axioms of atomic
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formulas: for every n-ary atomic formula a € A in CBLL, we introduce an atomic
formula [a] € A(N™) to GBAL together with the axiom:

Ve (F) | O F [a] % (p1,-+ spn) —o [a] % (g1, s qn)  (Vipi Cw i)

Here the definition of each notation is given in Section 3.1 and 3.3. Positivity
axiom induces proofs Vi (F) | A’ + A for every two formulas A, A’ such that
A’ Ce A (the relation Cg for formulas is defined in Section 3.2).

3.1 Resource Polynomials and Constraints

We introduce basic concepts around CBLL, referring to its super-logic QBAL [10].
We put a reference in the beginning of each paragraph when the contents come
from QBAL in [10].

[10, Definition 2.1] Given a countably infinite set RV of resource variables, a
resource monomial over RV is a finite product of binomial coefficients HZZ1 (i,)’
where the resource variables x1,--- ,x,, are distinct and nq,--- ,n,, € N are
natural numbers. A resource polynomial over RV is a finite sum of resource
monomials. We write 1 as (”S) and x as (;f) for short. Each positive natural
number n denotes a resource polynomial 1 + 1 4 --- 4 1. Resource polynomials
are closed under sum, product, bounded sum and composition [10, Lemma 2.2].

[10, Definition 2.3] A constraint is an inequality p < ¢, where p and ¢ are
resource polynomials. We abbreviate p+1 < g as p < q. A constraint p < g holds
(written F p < ) if it is true in the standard model. A constraint set (denoted
with €, &) is a finite set of constraints. A constraint p < q is a consequence
of a constraint set ¢ (written ¢ £ p < q) if p < ¢ is a logical consequence of
€. For every constraint sets ¢ and &, we write € F Z iff € F p < q for every
constraint p < ¢ in 2. For each constraint set €, we define an order C¢ on
resource polynomials by p Cy g iff € F p < gq.

[10, Definition 2.3] We define the polarity of occurrences of free resource
variables. For a constraint p < ¢, we say that an occurrence of a resource variable
x in p is called negative, while the one in ¢ is called positive.

3.2 Formulas and Inference Rules of CBLL

Let A be a set of atomic formulas and assume that each atomic formula a € A
is associated with an arity ar(a). Formulas of CBLL are defined by:

A, Bu= a(p1, - ,Par(a)) | AQB|A— B|l,cpA

where p in the formula !, ., A satisifes ¢ FV(p).

[10, Definition 2.6] Each occurrence of a free resource variable in a formula
is classified into positive or negative. Below we inductively define a positive oc-
currence of a resource variable. An occurrence of x in:

— a(p1,- -, Par(a)) is always positive.
— A ® B is positive iff it is in A and positive, or so in B.
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AC¢B I'r¢ A 9% I'+¢ B

——— (A tr) ——— ¢ — (!
Ar.p ) I'fFo A (Str) I l,-0AFe B (W)
A{%}, "'+ B | TacpA, )y g A{PHy/e} o B c

!x<1A7F "cg B ( F, !x<p+qA |_<g B ( )

Alv'“ ,An '_cgu{z<P} B =z ¢ FV(%)

!x<pA17 ) !x<pAn '_% !:c<pB

(*P)

!y<plz<q{y/w}A {(Z+Zw<y Q(w))/x} ,I'+% B
!x<zw<p q(w)Aa I'~¢ B

(IN

Fig. 2. Inference Rules for CBLL (® and —o are omitted)

— A —o B is positive iff it is in A and negative, or it is in B and positive.
— lw<pA is positive iff it is in A and positive. We remark that an occurrence
of a free resource variable in p is counted as negative in !/, A.

[10, Definition 2.8] We extend the order C¢ on resource polynomials to the
one on CBLL formulas.

G(Ph e 7par(a)) E% G(Qb e 7qar(a)) iff lez E%’ qi
ARBLC4sCoDiff (ACx C)AN(BCy¢ D)
lpapA Cig g B iff (q o p) A (2 ¢ FV(%)) A (A Cipisgocay B)

(3.1)

[10, Section 2.3] A CBLL judgment is an expression I' F¢ A, where ¥ is
a constraint set, I" is a multiset of formulas and A is a formula. A judgment
I' - A means that A is a consequence of I" under the constraints €.

Inference rules (Fig. 2) are almost the same as those of QBAL; we omit the
rules for ®,—o and Cut. Note that weakening is restricted to !-formulas. Every
BLL proof of I"+ A can be translated to a CBLL proof of I' ¢ A.

3.3 Translation into GBAL™T

As mentioned at the beginning of Section 3, we will give a translation from CBLL
to GBAL™. When translating a CBLL proof I' ¢ A, we also need to supply a set
F of free resource variables satisfying F' O FV(I") UFV(A) UFV(%). Then the
translation of the proof of I" ¢ A yields a proof of Vi (F) | [[']F:%) - [A](F5€)
in GBAL™.

For Constraints We define an environment over a finite set F' of resource
variables to be a function from F to N; by V(F') we mean the set of environments
over F'. Given an environment p € V(F) and a resource variable z ¢ F and
n € N, by p{x — n} we mean the environment over F'U {z} that extends p
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with a mapping x — n. Given a resource polynomial p such that FV(p) C F, by
[p] : V(F) — N we mean the function that evaluates the resource polynomial
p under a given environment. For resource polynomials pi,--- ,p, such that
FV(p;) C F, we give a function (p1,--- ,pn) : (V(F)) = N" by (p1,--+ ,pn)p =
([[p1]],0, T [[pn]]p)'

Let p E p < q denote [p]p < [g]p for a constraint p < g with a set F of
free resource variables (such that FV(p) UFV(q) C F) and for an environment
p € V(F). For a subset S C V(F) and for a constraint set ¢, S E ¢ is also
defined similarly: for every p € S and for every p < q € €, pFE p < q. Given a
constraint set ¢ and a set F' of resource variables such that FV(%¢) C F, let a
set Vg (F') and a function gy : Vg (F) — V(F) be given by:

def def
Ve(F)={peV(F)|pEC},  trelp) = p.

For a resource polynomial p, a free resource variable x such that « ¢ FV(p), a
constraint set € and a set F' of resource variables such that FV(p)UFV (%) C F,
we introduce a map [x < pl(r«) : Vo (F) = Vieu(ep) (F U {z})* by

& < pl(rayp = pla s 0}, pla > 1}, pla = ([plp — 1)}

For Formulas Given a CBLL formula A, a constraint set 4 and a set of resource
variables F' such that FF D FV(A) UFV(%), the translation [A]¥%) of a well-
formed formula Vi (F) - A is defined inductively as follows:

= [a] * ({p1, s Pn) 0 tr%)
[A ® B)(F®) &L [4)F:%) g [B]F:®)
(F;6) def [4]Fi%) — [B](Fi®)

) def .
locpAJ O Ey (A FOlehEUz<e))

For Proofs To give a translation of proofs, we define another notation. For a
resource polynomial p,q, a set F' of resource variables and a constraint set &
such that FV(p) UFV(%) C F, a set [p, q) ") of environments is defined by

)" ={pe V(FU{t}) | pE €, [pl(p) < p(t) < [p+ dlp}

here ¢ is a “fresh” resource variable such that ¢t ¢ F.
Given a proof 1" ¢ A, a translation [W}(F;%) >V (F) | [F](ng) + [A](F?Cg)
is defined inductively on the structure of the proof:

— For Axiom rule, we can prove Vg (F) | [A]F3) F [B]F€) for formulas A, B
such that A C¢ B.
— For rules (Cut), (®L), (®R), (—L), (—R) and (W), the translation is simple

replacement of each formula A with [A](F3%),
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— For (Str) rule, we have a map r € Set(Vy(F), Ve (F)). Then the transla-
tion is given as reindexed proof [7/](Fi)|, of the translation [1/](F5®) of the
premise.

— For (ID) rule, the premise is translated to Vi (F) | A’, [[](F3%) | [B](F:%)
where A" = [A](FHz¢U{z<1})| "and r is a map such that Jr = [z < 1](pe).

— For (IC) rule, we define a morphism sé{ij%) in Idx, and functions 7”1(51;%)7
z‘g”"”F;%), igp’q;F;%) (s,r,i1 and iy for short) by
spr ) Ve (F) = [p,q) ")
p= p{t = [plp}, - p{t = ([p+alp— 1)}
i) P, 9) ") = Vg gyeay (F U {y})

pit = (IPlp + k)} = ply = K}
igp’q;F;%) : V%U{a:<p}(F u{z}) — Veeu{z<pta) (Fu{z})
p{x =k} — p{lz— k}
i e, P, )" = Vil geaprqy (F U {2})
pit = ([Plp + k)} = plz = [plp + K}
They satisfy ![<,[A](FOEHO0<Ph =1 ) ([4](FOE@0<pral)]; ) and
ly<al [A{p+y/e}|(FOluliely<al) =1, | ([A](FUAehEU{z<ptal))|
Then the conclusion of (IC) is obtained:
Vig (F) | 1155 1 isalw<pl)  (gines) [A] R IFHEUESPal) 1 [R50,
— For (IP) rule, let ¥ = FU{z} and ¥’ = ¥ U {z < p}. We can prove the

translated conclusion from the translated premise by the following proof:

Vigr (F') | [A1]F5%) .| [A,]F5% - [B)(F%")

igor—1)~

n times (ID)’s :
Vigr (F') | 1ia[A1]F5ED oo Lg[A,]F5 e [B|(FE")
V%(F) ![:c<p] [Al](F/;(gl) T ![x<p] [An](F/;(gl)'_ ![x<p] [B](F/;(g/)
— For (IN) rule, we define index sets Ag, Ay, As and constraints %o, 61, €2 by

G =%¢U{y<p} A = Vg, (FU{y})
61 =% J{y <p,z<q{y/w}} Ay =V (FU{y, 2})
C=%U{r< Z q(w)} Ay = Vg, (F U {x})

There is an isomorphism r € Set(A;, Ay), and it holds an equation [z <

(/v (Putyy ) ® v < Plire) = Jrlefr < Zw<pq(’l,U)](F’<g). Therefore,
(IN) rule can be translated to the following provable judgment:

Vi (F)| o<, ., allAT TV EH ) Byl oo [A{=+ Dy oo} (FO23E)

Since every BLL proof I' = A can be translated to a CBLL proof I' g A, it
can further be translated to a GBAL™ proof Vi (F) | [I]F9) | [A](F:9),
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4 Categorical Semantics for GBLL

We give a categorical semantics of GBLL. First, notice that each index set A de-
termines a multiplicative linear logic under A. We model this situation by a set-
indexed symmetric monoidal closed categories, given by a functor C : Set®” —
SMCCg;ict. That is, for each A € Set, a symmetric monoidal closed category
CA is given, and any function f: A — A’ induces a strict symmetric monoidal
closed functor Cf : CA” — C A, performing renaming of indexes.

Upon this indexed symmetric monoidal closed categories, we introduce a cat-
egorical structure that models the !y modality. We call it indezed linear exponen-
tial comonad. This is a generalization of the semiring-graded linear exponential
comonad studied in [13,22]. Our generalization replaces the semiring with Idx,
which may be regarded as a many-object pseudo-semiring (Proposition 2.1).

We write [C,D]; for the category of symmetric lax monoidal functors from C
to D and monoidal natural transformations between them. We equip it with the
pointwise symmetric monoidal structure (I, ®) given by IX = I and (F&G)X =
FX®GX for X € C.

Definition 4.1. An indexed linear exponential comonad (ILEC for short) over
a set-indexed SMCC C' consists of:

— A collection of symmetric colax monoidal functors
(D, w4 ¢A2)  1dx(A, A') — [CA',CA|, (A, A € Set).

The symmetric lax monoidal structure of Df is denoted by my : I — DfI
and mys A B : DfA®DfB — Df(A® B).

— Monoidal natural transformations €2 : D(ip) — Idpa and 0g.5: D(ge f) —
Df o Dg satisfying azioms in Figure 3.

— Cr'oDfoCr=D(Jre feJr') holds for any morphism f in Idx and r,r’
in Set of appropriate type.

The last axiom has two purposes: the equality Cr'(DfA) = D(f o Jr')A
is to allow reindexing functions to act from outside, and the other equality
Df(CrA) = D(Cr e f)A is to make D invariant under internal reindexing of
formulas. These equalities are tied up with the formula equivalence in (2.1) and
the definition of reindexing at !t A in Definition 2.1, respectively. We postpone
a concrete example of ILEC to Section 4.2.

4.1 Semantics of GBLL

We interpret a well-formed formula A F A as an object [AF A] € CA. This is
done by induction on the structure of the formula. We assume that each atomic
formula a € A(A) comes with its interpretation as an object [a] € C A.

def

[AFaxr] % Crlq) [AHA] % DA F A]
def def

[AFARB] Y [A- Al [AFB] [A+A—-B] ¥ [AF A] - [AF B]
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D(feh+geh)A D((f+g)eh)A DOA=—=D(0eh)A

| | |

D(feh)A@D(geh)A  Dh(D(f + g)A) Dh(DOA)

| | |

Dh(DfA) ® Dh(DgA) —= Dh(DfA ® DgA) I —— Dhl

D(hef+heg)A =% D(he(f+g)A  DOA= D(he0)A

| I |

D(he f)YA® D(he f)A  D(f + g)(DhA) DO(DhA)
| | |
Df(DhA) @ Dg(DhA) = (Df ® Dg)(DhA) [ ——=1
DfA 4\>D(1A)(DM) D(hege f)A——=D(ge f)(DhA)
Df(D(ia)A) ——= DfA Df(D(h e g)A) — Df(Dg(DhA))

Fig. 3. Axioms of Indexed Linear Exponential Comonad

Proposition 4.1. For any r € Set(A, A") and well-formed formula A"+ A, we
have [AF Al.] = Cr[A" + A].

Proposition 4.2. [AF1j.4;A] = [A"F1,(A])]-

Each proof m>A | I' = A of GBLL is interpreted as a morphism [A | I" - A] :
[AET] — [AF A] in CA. Here, for a sequence I' = Cy, -+, Cy, of formulas,
[AF T denotes [AFC1] ® -+ ® [AF Cy,]. We write out the interpretation
only for the cases of modalities, because the other rules, Axiom, Exchange, Cut,
®(L, R) and —(L, R) are interpreted similarly to the semantics of multiplicative
intuitionistic linear logic. Fig. 4 shows the interpretation of rules related to !s.

Theorem 4.1. For a proof > A | I'+ A, if m has a reducible cut and reduces
into 7' by a reduction step, then [r] = [7'] in CA.

4.2 Construction of an Indexed Linear Exponential Comonad

We present a construction of an indexed SMCCs C' : Set®”” — SMCCg,ic; and
an ILEC D : Idx(A, A) — [CA’,CA]; over C from a SMCC (C,®,I,—), and
a symmetric lax monoidal comonad (V,m", m‘)/m/7 €,0) on C.

Construction of Indexed SMCCs First, for each index set A, we define
the category A C to be the product of A-many copies of C. We represent
objects and morphisms of this category by maps X : A — Obj(C) and maps
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Al

/ T id®wA’
TP AILEB [, Al — 2 M1
A | F, !OA,A’A}_B | [=' o= [[B]]

’ - id®eA
[[71 >A|IAFB _ [[FJMAH&[[F]]@[[A]]

A | F,!idA}_B 1 [[77/]] [[B]]
B - id® (Do
[[WDA|F,!9AFB o f=g | [0A] 2P p g
A|TLAFB | 1, g

HWDA | LUALGAR B 5 g Al 22 1] @ ([ A] © [l A])
A|T;4AF B | I7Te=, 18]

®i 8, 5.1451
R;llgierAil ——————= &, Df(['g; Ail)
|[ > Ag|lg A, g A B ! Mg Al ’

Al Yy ar A, lgrerAvE 4B || i Df (®;lls:As])
- £(1'D
— ['+B]

Here, 1) [A] denotes [A + A] for each well-formed formula A+ A. 2) 7' denotes the
proof of the premise of each rule.

Fig. 4. Interpretations of Modal Rules.

f: A — Mor(C), respectively. Since SMCCs are closed under products, AhC is
a SMCC by the component-wise tensor product and internal hom:

(d) 1, X&Y(d) Y X(d)@Y(d), X-oY(d) % X(d) — Y(d)

We then define the indexed SMCCs C by C'A L AmC.

Folding Product We next introduce the folding product functor T; we later
compose it with the symmetric lax monoidal comonad V' so that we can derive
various ILECs over C'. Note that T itself is also an ILEC; set V' = Id. The type
of Tis A* x (A C) — C, and is defined by

T(ivia-in, A) & A(i) ® Alin) ® -~ @ Alin), T((),A) T

On morphisms, T maps a list permutation in the first argument to the symmetry
morphism in C. T is symmetric strong monoidal in each argument. Moreover,
each strong monoidal structure interacts well with each other, concluding that
it becomes a multi-symmetric strong monoidal functor in the sense of [21].

Proposition 4.3. For f € Idx(A,A’) and I = iy---i € A*, let f(I) denote
fli1) -+ f(ig). Then it holds T(f(1),A) =~ T, T(f(),A)) and this isomorphism

is natural for A.
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Remark 4.1. Usually the !-modal formula ! A in linear logic is interpreted by the
object consisting of many copies of the same data (referred as uniformity of A
[8]). We leave the development of uniform folding product as a future work.

Construction of ILEC We now compose the folding product functor with
the symmetric lax monoidal comonad V, to derive another ILEC. Let A, A’
be index sets. We define a symmetric strong (hence colax) monoidal functor

D : Idx(A, A') — [CA',CA], by

DFAG) ¥ T(f(i),VoA) Dfp(i) € T(f(i),Vp) DoA™ T(a, VoA). (4.1)

Here, A €¢ A’ M C, and p and a are morphisms in A’ h C and Idx(A, A),
respectively. We also define a helper morphism ~4 : T(I,V o A) — VT(I,A) for
(l1---1g) € A* and A € A C. It is the multiple composite of my4 p:

VAL ® - @ VAl = V (Al ® - @ A(ly)) .

It is routine to verify that this morphism is monoidal natural on [ and A.
Two monoidal natural transformations € : Dia — Idanc and 64 ¢ : D(gef) —
Df o Dg are defined by:

ens T,V o A) = VAG) (4.2)
697f§A§i ZT((g b f)(z)a Vo A) = T(f’ T(g(f)v Vo A))

g9()
TUT@D, (1 T(g( ), VoV oA) ~L2 4 Dr(DgA) ).

(4.3)

Theorem 4.2. The symmetric colax monoidal functor D (4.1) and monoidal
natural transformations €,6 (4.2,4.3) determine an ILEC over C.

4.3 GBLL Semantics by Realizability Category

Hofmann et al., and also Dal Lago et al. employ a realizability semantics to
show that the complexity of BLL proof reductions belongs to P-time [19,10].
In this section we compare their semantics and the simple semantics of GBLL
constructed in the previous section.

We instantiate C in the previous section with the realizability category over a
BCI algebra (A4, -), which is a combinatory algebra based on B, C, I-combinators;
see e.g. [2,20]. We then form the realizability category Ass(A) by the following
data: an object is a function f into PTA, where P* is the nonempty powerset
construction, and a morphism from f to ¢ is a function h : dom f — domg
with the following property: there exists an element e € A such that for any
x € dom f and a € f(z), we have e - a € g(h(x)). The category Ass(A) is
symmetric monoidal closed; see e.g. [20, Proposition 4]. The tensor product of f
and g is given by (f ® g)(z,y) = {ulv | u € f(z),v € g(y)}, where uldv is the
BCl-algebra element corresponding to Az.zuv [20, Section 2].
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Next, let A be a set and consider the power category Ah Ass(A). Under the
axiom of choice, A M Ass(A) is equivalently described as follows: an object is a
family of functions {f;};ca into PT A, and a morphism from {f;}ica to {g;i}ica
is a family of functions {h; : dom f; — dom g; };c o with the following property:
there exists a function e : A — A such that for any i € A, x € dom f; and
a € fi(z), we have e(i) - a € g;(h;(x)).

This power category is quite close to the realizability category introduced
in [19, Section 4] and [10, Section 4]. A membership statement a € f;(z) for
an object {f;}iea € A Ass(A) corresponds to a realizability statement 4, a I+
x in the realizability category (see [19]). The major difference between these
categories is twofold: 1) In the realizability category, a computability constraint
is imposed on e : A — A to achieve the characterization of P-time complexity. 2)
Objects in the realizability category are limited to A Ass(A)-objects such that
all f; share the common domain. This is to synchronize with the set-theoretic
semantics ignoring resource polynomials [19, Section 3] [10, Section 3].

We compute the bounded !-modality using the folding product ILEC T with
respect to the indexed SMCC (_) th Ass(A). Let F' be a finite set of variables,
x ¢ F be a resource variable, p be a resource polynomial and % be a constraint
set under F'. For any object X in Vi py<py (FU{v})hAss(A), the folding product
T([v < pl(r%),X) is an object in Vg (F) h Ass(A) satisfying

T([v < pl(rse), X)(@)
= Mo, -+, Tpli—1) - {0 ® - @ appi—1 | a5 € X(i{v = j})(z;)}  (4.4)

This is different from the modality over the realizability category introduced in
[19, Definition 16] and [10, Definition 4.6]:

(lo<pX)(@) = Az . {ag ® -+ - R app)i—1 | a5 € X(i{v = j})(7)};

it only takes a single argument. This is again because their realizability se-
mantics is designed to synchronize with the set-theoretic semantics ignoring
resource polynomials — especially it interprets [!y<,A] = [A]. On the other
hand, the bounded quantification computed in (4.4) does not ignore resource
polynomials and indexing, as the domain of (4.4) is the index-dependent prod-
uct []; dom(X(i{v — j})). From this, we conjecture that the semantics of BLL
using the ILEC T over (_) th Ass(A) realizes an index-dependent set-theoretic
semantics of BLL — we leave this semantics as a future work.

5 Conclusion and Related Work

We introduced GBLL, a generalization of Girard et al.’s BLL. We analyzed the
complexity of cut-elimination in GBLL, and gave a translation from CBLL, an
extension of BLL with constraints to GBALT. We then introduced ILEC as a
categorical structure for interpreting the !-modality of GBLL. The ILEC is a
Idx-graded linear exponential comonad interacting well with a specified indexed
SMCCs. We gave an elementary construction of ILEC using the folding product,
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and a technique to derive its variants by inserting symmetric monoidal comonads.
We gave the semantics of BLL using the folding product on the category of
assemblies of a BCI-algebra, and related with the realizability category studied
in [19,10].

Girard’s BLL has a great influence on the subsequent development of indexed
modalities and implicit complexity theory [16]. Hofmann and Scott introduced
the realizability technique to BLL and semantically proved that BLL characterizes
P-time complexity [19]. Their work was further enriched and studied by Dal Lago
and Hofmann [10]. Gaboardi combined the !-modality involving variable binding
with PCF and showed that the combined system is relatively complete [24].

Bucciarelli and Ehrhard’s indezed linear logic with exponential [9] is one of
the closest systems to GBLL. However, the type of the !-modality is different:
their system derives A F ;A from A" F A and an almost injective function
f: A" — A;it is a function where each f~!(i) is finite. To relate their system
and GBLL, let us use the finite powerset construction Pj, and convert f into
its inverse f~1 : A — Pj,(4A’). This exhibits the similarity with GBLL: GBLL
relaxes Pp, to (_)*, and takes the inverse as the parameter for the !-modality.
The novelty of this work to [9] is that a categorical axiomatization for the !y
modality is identified as an extension of the graded linear exponential comonads
[7,22]. Another novelty is to show that GBLL is enough to encode BLL.

As described in Section 1, the simple form of -modality !, A is also widely
used in various type systems and programming languages. Examples include:
INTML [30], coeffect calculus [28,7] and its combination with effect systems
[13], Granule language [26], bounded linear type system [14,26], type systems
for the analysis of higher-order model-checking [18,17], a generic BLL-like logic
BsLL over semirings [6], Fuzz type system for function sensitivity and differential
privacy [29,12,3], and many more. A combination of !, A with dependent type
theory called QTT is also introduced in [25] and [4]. Among these systems, each
of [12,26,1] supports 1) full universal and existential, 2) full universal and 3)
partial universal quantification over grades, respectively.

The categorical structure corresponding to the simple form of !-modality ap-
pears in [7,13,22] and is identified as semiring-graded linear exponential comonad.
Breuvart constructed various examples of semiring-graded linear exponential
comonads on relational models of linear logic [6] using his slicing technique. In
this work we replaced semirings to Idx, which may be seen as a multi-object
pseudo-semiring. In the study of graded monad, Orchard et al. generalize the
grading structure from ordered monoids to 2-categories [27]. The main difference
from this work is that their generalized graded monad is defined over a single
category, while an ILEC is defined over an indexed SMCCs.
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