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Preface

Rubbers, several kinds of rubber-like materials like thermoplastic elastomers

(TPE), thermoplastic vulcanizates (TPV), polyurethanes, etc. belong to widely

used classes of polymer materials with critical technological applications. The

number of industrial and daily life applications of these classes of polymer mate-

rials has been growing continuously within the last decades. Typical examples are

synthetic and natural covalently cross-linked rubbers integrated into automobile

tires or other applications like driving belts, seismic isolators, fuel system hoses,

seals, turbocharger hoses, cooling system hoses, engine bushing, spring pads, and

more. Other technological applications continue to emerge in new fields such as

soft robotics, stretchable electronics, tissue engineering, and others. In such appli-

cations, the soft materials are often exposed to a very complex load profile arising

from several external impacts and leading to permanent small and large cyclic

(dissipative and nonlinear) multiaxial deformations in a wide range of frequencies

and amplitudes. Furthermore, in many cases, the sliding contact with rough multi-

scale counter-faces (roads, engine mounts, etc.) leads to wear phenomena and,

hence, to the reduction of the product’s lifetime. When cracks propagate throughout

a rubber solid, even catastrophic failure can be induced and the corresponding part

completely loses its macroscopic load-bearing capacity which could have severe

effects. It is clear that the failure of rubber materials in critical technological

applications can lead to catastrophic events that must definitely be prevented. To

achieve this, a sound understanding of the failure mechanisms in rubber materials

and their computational predictions are of cardinal importance. A realistic predic-

tion will help to identify potential problems that may arise and lead to the tailoring

of specific, robust, and long-lasting materials via application-specific designs.

Furthermore, a sound understanding of the failure mechanisms and suitable labo-

ratory testing methods, together with data evaluation concepts and criteria, will aid

in reducing efforts by producing prototypes, lab trials, and product design loops, i.e.

lowering the costs and time-to-market. Furthermore, the generated data from the
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new testing methods will guarantee a reliable and precise application of

corresponding calculation methods.

We are convinced that the advanced testing methods, modeling tools, and

findings presented in the different chapters of this book will support speeding up

the fatigue characterization of rubbers under practice-like conditions which is a

crucial industrial and scientific requirement for quickly assessing newly developed

compounds.

Following a scientific review in the field of fracture mechanics of rubber

materials, the energy balance approach has proved successful in treating a number

of fracture phenomena. In this approach, the crack growth behavior is expressed in

terms of the energy release rate T. The resistance to crack initiation and propaga-

tion has been recognized as a critical material property and has become the central

topic of fracture mechanics according to the pioneering works of R. S. Rivlin and

A. G. Thomas in the early 1950s (for example: Journal of Polymer Science (1953)

10, 291–318). Moreover, G. J. Lake, A. G. Thomas, and D. Tabor explained that

rupture is an energetic process at the molecular scale originating from the breakage

of molecular bonds in the polymer network of the rubbers (Proceedings of the

Royal Society of London. Series A. Mathematical and Physical Sciences (1967)

300, 108–119). However, within the last decades, many additional insights, inter-

esting facets, new experimental data, models, and predictive tools were added to

the field of fracture mechanics of rubbers leading to a growing interest in this

research branch due to the growing range of technological applications of soft

rubber materials.

The present book offers 20 cutting-edge chapters devoted to a thorough under-

standing of the fracture behavior of soft rubber materials. These chapters cover the

fields of new testing equipment (Stoček et al.) and testing concepts for industrial

applications (Robertson et al.; Mars) as well as new discussions about intrinsically

multi-scale physical problems and structural features in connection with new

experimental findings for understanding of the crack phenomena in soft materials

(Creton et al.; Persson et al; Chazeau et al.; Busfield et al.; Westermann et al.;

Meier et al.; Klüppel et al.; Euchler et al.; Dedova et al.). Furthermore, new

concepts regarding a theoretical and numerical analysis of nonlinear crack-tip

mechanics (Kaliske et al.; Volokh) are considered. Industrial applications regard-

ing fatigue phenomena and regarding rubber materials designed under consider-

ation of crack/wear phenomena are included in this book (Ghosh et al.; Reincke et

al.). Finally, it is shown how fracture concepts and lifetime predictive tools,

originally developed for covalently cross-linked rubbers, are successfully trans-

ferred to the class of thermoplastic rubbers (Eberlein et al; Major et al.). At a

glance, the main physical and structural problems of experimental investigations of

fatigue crack growth, which are described, consider the influence of loading

conditions, sample geometry, notching procedure, viscoelasticity and dissipation

and adhesion phenomena of rubbers, heat build-up, materials development, specific
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features of rubber types and their compound formulations, influence of reinforcing

fillers as well as plasticizers, impact of crystallization phenomena in rubbers, etc.

The book provides a comprehensive overview of the recent developments in this

area and will be of interest to both academic researchers and industrial profes-

sionals in this field.

Dresden, Germany Gert Heinrich

Dortmund, Germany Reinhold Kipscholl

Zlı́n, Czech Republic Radek Stoček
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Abstract Fatigue crack growth (FCG) characteristic of rubber materials is a very
important factor in determining the durability of the rubber products. Slight varia-
tions in compounding ingredients, mixing and the curing process or even in the
loading conditions and several physical factors have an impact on the final FCG
behaviour of rubber vulcanisates. Thus, possible inaccuracies in the experimentally
determined FCG characteristics can have direct consequences on the development of
durable rubber compounds. Therefore, the aim of this work is focused on the
experimental validation of the FCG characteristics of rubber in comparison with
the recently customary theoretical background and functions describing the relation-
ship between the FCG rate and the tearing energy. From the literature survey, the
weak points directly influencing the accuracy of the FCG characteristics in the
experimental approach were identified. The first weak point is the transient point
or discontinuity of the FCG characteristics within the region of the stable FCG. To
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follow on, a visible deviation of the experimentally determined data within the
region of the stable FCG from the theoretical function is necessary to be validated.
FCG analyses of plane strain tension samples based on ethylene propylene diene
monomer (EPDM) rubber filled with a varied content of carbon black were
performed using a Tear and Fatigue Analyzer (TFA©, Coesfeld GmbH & Co. KG,
Germany). The FCG characteristics were plotted for a broad range of tearing
energies. The intrinsic strength and the ultimate strength were determined. The
region of the stable FCG was studied in detail. The continuous function of the stable
FCG within the region was found, and thus, the presence of a transient point was
refuted. Moreover, a specific equation was validated to fit the data into the region of
the stable FCG compared to a previously preferred power-law with a higher
accuracy.

Keyword Analyses · Characteristics · Crack · Fatigue · Fracture · Plane strain ·
Rubber · Tear and Fatigue Analyzer

1 Introduction

Because of the viscoelastic behaviour of elastomeric materials, rubber products are
mainly used for dynamic applications in which the cyclic fatigue loading is applied
and leads to a fatigue failure mechanism and, therefore, significantly influences the
long-term durability.

Generally, the fatigue failure process involves three phases. The very first phase is
crack nucleation associated with an endurance limit, whereas at an energy input
below, the endurance limit no cracks are initiated. An energy input above the
endurance limit causes the propagation of nucleated cracks, which is the second
phase. At the final phase the failure of the rubber material proceeds. The crack
nucleation, its growth, and finally the total failure are all considered to be factors
describing the fracture mechanical behaviour of rubber under fatigue loading con-
ditions. Therefore, Gent, Lindley and Thomas [1] experimentally described fatigue
fracture behaviour with a general function of the fatigue crack growth (FCG) rate,
r ¼ da/dn (in which da is the increment of crack growth and dn is the difference of
the relevant cycle counts between which the crack increases by da). It depends on the
energy release rate or tearing energy, T, correspondent to the rubber materials, which
are loaded cyclically, whereas the original proposition for calculating the tearing
energy, T, was made by Rivlin and Thomas in Ref. [2]. The FCG data in Ref. [1]
were obtained due to cyclic loading until failure occurred by the sample rupturing,
whereas the FCG rate, r, was observed to be linearly dependent on the tearing
energy, T, in a range from minimal obtained value 10�7 up to 10�3 mm/cycle.
Thus, in the pioneering work, published in Ref. [1], the data did not consider the
crack nucleation, but are defining the total failure, which was determined at FCG rate
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10�1 mm/cycle. Lake and Lindley in Ref. [3] performed a more detailed study of the
FCG behaviour of natural rubber (NR) and styrene butadiene rubber (SBR), whereas
the data are re-plotted in Fig. 1. They obtained the FCG rate data in a range from
10�10 up to10�3 mm/cycle. Thus, the FCG rate of the crack nucleation was firstly
recorded and the absolute minimal value at which the crack nucleates was deter-
mined to be about 5E-10 mm/cycle for both analysed rubbers, whereas a slightly
lower FCG rate was monitored for an SBR compared to an NR-based vulcanisate.
Moreover, they firstly described the various phases in FCG behaviour and
documented that the FCG rate, r, depends on the tearing energy, T, in each of the
relevant phases in a characteristic manner.

In the first phase of the FCG behaviour shown in Fig. 1, there is a minimum
energy requirement for the fracture process. For a simple unfilled cross-linked
rubber, this minimum energy primarily depends on the details of the polymer
network, such as the average molecular weight between the cross-links, and on the
weakest bond strength in the main polymer chain [4]. It is largely independent of
time, temperature and the degree of swelling. It is therefore often called the intrinsic
strength, T0, as it only reflects the polymer chemistry as well as the network and
practically represents the endurance limit of the rubber material [5]. As long as the
value of the tearing energy, T, is lower than T0, the FCG proceeds at a constant rate,
r, which is very close to zero, and it is solely attributable to ozone attack [3] and thus
not caused mechanically. Therefore, the FCG is constant and independent from the
applied T and formulated in Eq. (1):

Fig. 1 Historical data
describing FCG behaviour
of unfiled rubbers, re-plotted
from the Ref. [3]
(logarithmic scale), where
the phases are related to data
representing NR

Some Revisions of Fatigue Crack Growth Characteristics of Rubber 3



Phase I : T � T0 ! da
dn

¼ r ! 0: ð1Þ

The mechanically caused and therefore relevant FCG proceeds in a broad range of
tearing energies between the intrinsic energy, T0, and the critical tearing energy
respective ultimate strength, TC. Within this range of energies, a transient point at a
tearing energy, Tt, was found in the FCG curve. This transient tearing energy
separates the region into two phases, whereas at the phase II the dependence of the
FCG rate, r, on the tearing energy, T, is linear (Eq. 2) and above Tt changes into a
fairly good approximation of the obtained data due to the power-law (Eq. 3), which
defines the FCG behaviour in phase III:

Phase II : T0 � T � T t ! da
dn

¼ A T � T0ð Þ þ r: ð2Þ

Phase III : T t � T � Tc ! da
dn

¼ β ∙Tm, ð3Þ

where β and m are material constants. Moreover, the FCG behaviour within phase III
describes a stable crack growth. Finally, the crack proceeds to the unstable fatigue
growth above the critical tearing energy, TC, and the FCG rate becomes essentially
infinite in phase IV. Many studies were concerned with the effect of sample
geometry on the critical tearing energy, TC, whereas the independence of sample
geometry was verified and thus TC can be regarded as a material property [6–8]:

Phase IV : Tc � Tc ! da
dn

! 1: ð4Þ

The point Tt in Fig. 1 defines the so-called transient tearing energy. It is the
tearing energy where the sloop of the FCG curve changes, which is a very interesting
observation. The different authors have found a discontinuity in the FCG behaviour
analysing various rubber materials. For example, in Ref. [9] Lindley found the
presence of a transient point for mechano-oxidative FCG characteristics of a
CB-filled SBR. Young in Ref. [10] determined the transient point in the FCG
behaviour of NR as influence of various temperatures. Finally, Ghosh et al. in Ref.
[11] defined a transient point between the regions of power-laws for carbon black-
filled binary blends based on NR and butadiene rubber (BR). From these observa-
tions, the transient point occurs obviously in natural as well as in synthetic rubber,
and thus the presence of the transient point can be considered as independent of the
rubber type.

However, in natural processes, the continuity and gradual transitions are predom-
inant. Thus, the continuous FCG process is expected and should be reflected in a
continuous dependence between the FCG rate, r, and the tearing energy, T. There-
fore, the presence of a transient point respective discontinuity in the FCG behaviour
is highly spectacular even despite realising that it can never be shown by an
experiment whether a function is continuously differentiable in certain point or not
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due to estimation of measured data in a time interval. A possible approximation to
determine whether the measured data correspond with a continuous function can be
performed by using an approach based on minimising the increment in the sequence
of individual measured values. Therefore, the possible reason for observing the
transient points in the previous works can be assumed in an excessively large
increment in the sequence of individual measured FCG data.

From Fig. 1 for the FCG behaviour of the NR in phase III, it is evident that the
experimentally determined data points slightly deviate from the power-law fit.
Especially in the part close to the TC, the deviation increases significantly. The
deviation of the experimentally determined FCG behaviour from the power-law is
evident in many publications, e.g. in Refs. [4–16].

Therefore, it is of a very high scientific interest to perform a highly precise
experimental investigation of FCG behaviour with the smallest possible increments
of T to validate the shape of the function describing the relationship between the
FCG rate and the tearing energy of rubber materials, which is the main aim of this
study.

2 Experimental

The polymer used in this study was ethylene-propylene-diene-monomer rubber
(EPDM) of the type Keltan® 4331A (Arlanxeo, Germany) extended with 33.3 wt.
% of oil. Two rubber compounds varying in carbon black (CB) volume fraction,
Ф ¼ 0.24 and 0.29, corresponding to 105 and 135 phr, respectively, whereas CB of
the type N 550 has been used. A sulphur curing system was chosen. Table 1 lists the
complete formulations of the rubber compounds.

These rubber compounds were prepared in a two-stage mixing process using a
laboratory-scale internal mixer (SYD-2L, Everplast, Taiwan) of 1.0-L capacity. In
the first stage, mixing the rubbers and chemicals (except for the curatives) was
carried out at a rotor speed of 50 rpm (rotations per minute) for 4.0 min, and the
chamber temperature was set at 90�C. The second stage of mixing was performed for
a duration of 3.0 min at 35 rpm and a 90�C chamber temperature.

The pure-shear test specimen geometry is detailed in Fig. 2. The specimens were
cured in a heated press (LaBEcon 300 from Fontijne Presses, Netherlands) at 160�C

Table 1 Rubber compound formulation

Sample ID

Chemicals in [phr]

EPDM CB IPPD CBS ZnO Stearic acid Sulphur

EPDMФ(0.24) 150 105 2.25 3.75 4.5 1.5 2.55

EPDMФ(0.29) 135

IPPD: N-Isopropyl-N0-phenyl-1,4-phenylenediamine
ZnO: zinc oxide (ZnO)
CBS: N-cyklohexyl-2-benzo-thiazole-sulfenamide
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in accordance with an optimum curing time, t90, determined from cure rheometer
curves evaluated at 160�C using a Moving Die Rheometer (MDR 3000 Basic from
MonTech, Germany) in accordance with ASTM 6204.

Measuring the FCG characteristics were carried out with a Tear and Fatigue
Analyzer (TFA©). A detailed description of the equipment is found in Refs.
[17, 18]. The plane strain (PS) tension sample schematically shown in Fig. 2 (in
the literature very often named as pure shear sample), having dimensions
L0 ¼ 4 mm, Wp ¼ 40 mm and B ¼ 1.0 mm, was used for measuring the FCG
characteristics. The PS samples were notched on both edges. A set of three samples
per compound was analysed over the complete range of tearing energies, from T0 to
TC. Finally, the fatigue loading at a given frequency was applied over the range of
tearing energies, T, or strains. The analyses were performed at a fully relaxing mode,
in which the R-ratio ¼> R ¼ 0, which is the minimum applied stress divided by the
maximum applied stress: R ¼ σmin/σmax. Thus, within all steps of the analyses, the
pre-force controlling system assured a stable constant value R ¼ 0. The growth of
both cracks at each sample was monitored in situ through an image processing
system with a CCD camera. The crack growth increment determined from the crack
contour (see Fig. 4) as well as the data for fatigue behaviour can be evaluated,
whereas a resolution of the CCD system was 0.01 mm. Thus, a crack increment with
an accuracy of �0.01 mm can be determined.

A most exact and good repeatable investigation of FCG characteristics by using
TFA is guaranteed by following five steps specified below.

2.1 1st Step: Sample Fixing

Each of the three un-notched PS samples is fixed to a separate upper clamp of the
fixing system. Then the force, which the loading cell measured, is set to 0 N. The
distance between the upper and bottom clamp is adjusted to the distance L0, and the
samples are afterwards fixed to the bottom clamps. The load cell will finally detect
a non-zero force in most cases, caused by mounting of the samples. If that happens,
the distance of the clamps has to be regulated until the required force of 0 N is
achieved.

Fig. 2 Plane strain tension test specimen geometry
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2.2 2nd Step: Sample Pre-conditioning

After the samples are fixed, they have to relax for 5 min immediately followed by a
series of 3,000 loading cycles each with an increased strain at required test condi-
tions (pre load/frequency/temperature/climate/atm).

2.3 3rd Step: Tearing Energy Determination

Firstly, the data required for calculating the tearing energy experimentally are
determined. The data are captured while applying 3,000 loading cycles each at
varied strains of 10, 30, 50, 70, and 90% under a given loading frequency. Addi-
tionally, the tearing energy relevant to each applied strain is calculated. Fundamen-
tally, the tearing energy calculation is based on a simple formula for determining the
PS sample as defined by Rivlin and Thomas [2]:

T ¼ wL0, ð5Þ

with L0 being the initial length respective height of the sample and w being the stored
energy density, in which its absolute value is an average from the data string
determined in a range of 2,900 up to 3,000 cycles. Finally, the relationship between
the tearing energy and the strain is plotted in Fig. 3 for both analysed rubbers,
whereas the data are fitted with the polynomial 2. grade (see Fig. 3). Higher tearing
energies at identical strains are evident for EPDMФ(0.29) due to a higher CB content.

Secondly, the relevant strains for pre-defined tearing energies are calculated from
the determined polynomial quadratic functions relevant to each compound, in which
the calculated strains are finally applied for the FCG analyses. Within this study, the
FCG behaviour was analysed over a very broad range of tearing energies with varied
increments, ΔT; the values are listed in Table 2.

Fig. 3 Tearing energy, T at
given strain, ε
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2.4 4th Step: Notching the Initial Crack

The samples were notched immediately after completing the tearing energy deter-
mination, because of the passed Mullins [18] and Payne effects [19] in the range of
the applied strains for the future FCG analyses. Moreover, notching is strictly
required to be performed on the mounted and pre-conditioned samples with the
adjusted preload, to avoid any relaxation process during non-fixing. The pre-strain
was kept to the controlled preload of 10 N applied to each sample. The samples were
notched on both sides by manual cutting in the orthogonal direction to the strain (see
Fig. 2) using stainless steel blades (Lutz GmbH, Germany) with varied thicknesses.
The applied notch length, a, is required to be larger than the minimum notch length,
amin, in accordance with Refs. [20, 21] defined for a PS sample. The minimum notch
length, amin, for the given geometry was determined to be 7.29 mm, and therefore a
notch length of, a ¼ 10 mm, was realised, whereas firstly the notch length about
8 mm has been performed using a blade of 0.63 mm thickness and the remaining
additional 2 mm have been notched with a blade of 0.1 mm thickness.

2.5 5th Step: FCG Analyses

The following parameters were chosen for the present FCG analyses:

– Load form sinusoidal
– Loading frequency 5 Hz
– Temperature of 28�C
– Preload 10 N
– Tearing energies, T, defined in Table 2 above

Photos of the samples used for the FCG rate evaluation were captured each
300 cycles via a CCD-camera synchronised triggered at a deformation of constant
0.50 mm strain, independent of the actually applied strain amplitude. The sample
picture was then transferred to a frame grabber and stored as a grey-picture.
Simultaneously, the picture was converted in a black/white picture (see Fig. 4).
The software localises in situ the crack position and determines the crack contour, acc
(red line) as well as the crack depth, acd (blue line), by following the black/white

Table 2 Tearing energies, T, and relevant increment, ΔT, applied for FCG analyses

Range of tearing energies, T [J/m2] Increment, ΔT [J/m2]

Sample ID

EPDM Ф(0.24) EPDM Ф(0.29)

50–90 5 Applied Not applied

90–100 10 Applied

100–500 50

500–1,900 100

1900–2,500 100 Not applied
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border line of the crack. Further on the remaining rest width of sample, Wp(rest)

(yellow line) is evaluated. All the FCG data presented in this current work are related
to the crack contour, acc. (Crack length ¼ ½ Crack contour length).

3 Results and Discussion

In Fig. 5 the determined FCG behaviour of both analysed rubbers is shown. The
plots contain all the original data based on the analysed set of three double notched
PS samples each. As it can be seen, the plot for the rubber EPDMФ(0.24) bases from
the FCG rate data over a broad range of tearing energies from 50 up to 2,500 J/m2,
while the FCG characteristics for the rubber EPDMФ(0.29) was evaluated by a smaller
tearing energy range from 100 up to 1,900 J/m2. Thus, the FCG characteristics for
the EPDMФ(0.24) describes all the phases beside phase I of the fatigue failure process,
whereas the EPDMФ(0.29) was characterised only in the stable crack growth region.
From the characteristics, it is visible that a standard deviation of the FCG rate data
significantly decreases by increasing the tearing energy.

The cracks growth of each sample was monitored in situ through an image
processing system using a CCD camera. The crack growth increment, Δa, deter-
mined based on the crack contour length, acc, (see Fig. 4). The resolution of the CCD
system allows to detect a minimum size of the distinguishable crack contour length,
acc ¼ 0.01, mm with an accuracy of �0.01 mm. The noise band of �0.01 mm is
eliminated by statistics over numerous measurements per tearing energy value
applied. In parallel the data to estimate the fatigue behaviour were measured and
calculated. In Fig. 6 the relationship between the tearing energy, T, and the totally
applied cycles, n (curve A), respective cycles required to reach a crack growth
increment, Δa ¼ 0.01 mm (curve B), for EPDMФ(0.24) (left) and EPDMФ(0.29)

(right) are plotted. Independent of the analysed materials and over the complete
range of the applied tearing energies, the realised total cycle count related to each
value of the tearing energy is greater than that required for reaching the minimal
differentiable length of crack growth. Therefore, it can be stated that all FCG data
plotted in Fig. 5 were determined with a high safety factor beyond the minimum size
of the distinguishable crack contour length. The total time currently expended to
analyse each FCG characteristics in comparison with the time required to reach the
minimal differentiable length of crack growth Δa ¼ 0.01 mm are listed in Table 3

Fig. 4 Digitalised picture
of sample during FCG
analyses
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and are related to each phase of the FCG characteristics for both analysed rubbers. It
is evident that the most time-consuming process is the determination of the FCG data
described in beginning of phase II. Moreover, the minimum total time required to
perform the determination of the complete FCG characteristics based on measuring
the minimum size of the distinguishable crack growth length, Δa¼ 0.01 mm, would
require 2,986 h ~ 125 days. On the other hand, for the high precise determination of
FCG characteristics in the region of stable FCG, the measurement was realised in
time lower than 1 day, which is a very efficient process.

In Fig. 7 the FCG characteristics for the EPDMФ(0.24) based on the average values
of the FCG rate shown in Fig. 5 (left) are plotted. The characteristics are divided into
the previously mentioned FCG phases. From the continuous progression of the FCG
characteristics, it could be stated that there is no transient point within the complete
curve respective within phase II and III, which was previously seen in Fig. 1,
however for other rubber types.

In order to be able to describe the relationship between the tearing energy and the
FCG rate with a continuous analytical function, moreover, with the highest possible
accuracy, the specific function is necessary to be found. The specific functional
dependence which governs the investigated quantities and which corresponds to the

Fig. 5 Tearing
energy vs. FCG rate for
EPDMФ(0.24) (left) and
EPDMФ(0.29) (right)
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measured data is both given by the functional regulation and by its specific param-
eters respective coefficients. For each given functional rule, there are various pro-
cedures for finding its coefficients based on the determined data. Practically, the used
procedure is based on searching from a set of given functions, y ¼ f(x), with two
coefficients, in which one has the smallest sum of squares of deviation respective
regression, R2, with respect to the given set of data (xi, yi). Here, x and y are
representing strings of general data. Thus, the general process is based on solving
the specific function:

Fig. 6 Tearing energy
related to totally applied
cycles (curve A), respective
cycles required to reach
Δa ¼ 0.01 mm of crack
growth (curve B) for
EPDMФ(0.24) (left) and
EPDMФ(0.29) (right)

Table 3 Time required for determination of FCG characteristics

Analyses Sample ID

Phase II Phase III Phase IV

Time [h]

Currently applied time EPDMФ(0.24) 5,365.0 108.0 1.0

EPDMФ(0.29) – 134.0 –

Required time to reach 0.01 mm EPDMФ(0.24) 2,967.0 19.0 0.005

EPDMФ(0.29) – 25.0 –
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Y ¼ c ∙X þ d, ð5Þ

in which X¼ α(x, y) and Y¼ β(x, y). In the next step, the function will be modified to
the function of one variable and thus Eq. (5) reads:

β yð Þ ¼ c ∙ α xð Þ þ d: ð6Þ

Additionally, from Eq. (6), the parameter, y, can be derived to be:

y ¼ β�1 c ∙ α xð Þ þ dð Þ: ð7Þ

For this function the following set of two equations, which are necessary to be
solved to find the unknown coefficients:

c
X

α2 xið Þ þ d
X

α xið Þ ¼
X

α xið Þβ yið Þ ð8Þ

c
X

α xið Þ þ d ∙ n ¼
X

β yið Þ: ð9Þ

Its solution is the coefficients c, d of such a function y¼ f (x), which shows for the
given set of data {α(xi); β(yi)}, the minimum regression.

Because of the character of the FCG curves in the various regions, a set of specific
and most fundamental functions were chosen: y ¼ x; y ¼ 1/x; y ¼ x1/3; y ¼ x1/2;

Fig. 7 FCG characteristics based on average values of FCG rate for EPDMФ(0.24)
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y ¼ x2; y ¼ ex. Thus, α ¼ fp(x) and β ¼ fq( y). Therefore, for the six selected
functions, there are 36 different functions at disposal in shapes:

y ¼ f�1
q c ∙ f p xð Þ þ d
� � ð10Þ

for p 2 <1.6>, q 2 <1.6>.
Finally, for each phase of the determined FCG characteristics in the case of the

EPDMФ(0.24) and for phase III in the case of the EPDMФ(0.29), the functions with the
minimum regression, R2, as well as the numerically determined coefficients c, d are
listed in Table 4. Moreover, the approximate best fits based on the listed functions
are plotted in the next diagrams separately.

Figure 8 plots phase II of the FCG characteristics for EPDMФ(0.24), in which the
data analysed are fitted with the functions listed in Table 2, with a regression,
R2 ¼ 0.9981, plotted in Fig. 8 with blue data points. The intrinsic energy, T0, can

Table 4 Final fitting functions with the regression and related coefficients c, d

Function

Coefficient Regression

Phasec d R2

da
dn ¼ c

T2 þ d
� �2

� �2 �31.4641 0.018604 0.9981 II EPDMФ(0.24)

da
dn ¼ c

ffiffiffiffi
T3

p� �2 þ d
h i3	 
3 0.001831 0.126593 0.9956 III EPDMФ(0.24)

0.001560 0.136132 0.9995 III EPDMФ(0.29)

da
dn ¼ 1

ce
ffiffi
T3p þd

� �3 �0.000017 18.78814 0.9996 IV EPDMФ(0.24)

Fig. 8 The phase II of FCG characteristics for EPDMФ(0.24)
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additionally be calculated based on this function. From the data plotted in Fig. 1, the
intrinsic energy, T0, could be expected to be in the range of the FCG rate, r 2 <1E-
10; 1E-9> mm/cycle. Moreover, due to realistic observations of the FCG,
r ¼ 6.57E-10 mm/cycle at the tearing energy 50 J/m2, which seems to be very
close to T0, the intrinsic energy was calculated for the related FCG rate, r ¼ 5E-
10 mm/cycle, where finally T0 ¼ 47.7 J/m2.

The full range of the FCG behaviours in phase III are shown in Figs. 9 and 10 for
EPDMФ(0.24) and EPDMФ(0.29), respectively. Knowledge of the FCG characteristics
in this phase directly implies an identical functional form of the curves for both
analysed rubbers, which clearly achieved a non-linear function slightly deviating
from the power-law in a double logarithmic scale. In Figs. 9 and 10, the experimen-
tally determined data (triangles or circles for EPDMФ(0.24) and EPDMФ(0.29), respec-
tively) are compared with the data given by the power-law (dashed line) as well as
with the newly defined and numerically calculated fit respective approximation
specific function (blue data points). Moreover, in Figs. 9 and 10, the power-law
functions for both analysed materials are plotted, and the regression, R2, are listed,
whereas the regressions for the power-law functions R2 ¼ 0.992 for EPDMФ(0.24)

and R2 ¼ 0.9709 for EPDMФ(0.29) were evaluated, which generally are lower than
the regressions evaluated for the approximation-specific function applied
(R2 ¼ 0.9956 for EPDMФ(0.24) and R2 ¼ 0.9995 for EPDMФ(0.29)). It is worth
mentioning that the power-law is a fairly good approximation for the data observed
in the case of the EPDMФ(0.24); however for the EPDMФ(0.29), the approximation
becomes significantly worst. Thus, the applied approximation-specific function fits
the both experimentally determined data with a higher accuracy and respects the

Fig. 9 The phase III of FCG characteristics for EPDMФ(0.24)
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non-linear character of the data in the double logarithmic scale, compared to the
previously applied power-law.

The accelerated FCG process is defined in phase IV based on experimentally
determined data (triangles), and numerically calculated fit respective approximation-
specific function (blue data points) is plotted in Fig. 11 for the rubber EPDMФ(0.24).
Here, the character of the data clearly implies the exponential functional form, which
is exactly defined in Table 3. The defined function very precisely approximates the
experimental data. The ultimate strength respective critical tearing energy, Tc, can
additionally be calculated based on this function. From Fig. 1 generally, the critical
tearing energy, Tc, could be expected to be in the range of the FCG rate, r > 1.00E-
3 mm/cycle. Moreover, due to investigation of the FCG rate over this value, the
critical tearing energy, Tc, was finally calculated for the related FCG rate, r¼ 1.00E-
2 mm/cycle, as Tc ¼ 2,533.5 J/m2.

While comparing both of the FCG characteristics based on the experimentally
determined data shown in Fig. 12, a very interesting phenomenon can be observed,
where the curves are crossing each other approximately at the tearing energy,
T ¼ 250 J/m2. The rubber loaded with a higher content of CB has a higher FCG
rate for tearing energies below its characteristic value at the crossing point and a
lower FCG rate beyond this value. This finding is different in comparison to previous
works conducted by Lake and Lindley in Refs. [22, 23]. They strictly observed a
horizontal shifting of the complete FCG characteristics to a higher tearing energy
level with an increase in CB content without observing any data crossing. This
observation leads to further consideration, e.g. if the form of the observed crossing of
the FCG curves could indicate a slightly lower intrinsic strength, T0, for rubbers
reinforced with larger amounts of CB. This statement is contrary to observations by

Fig. 10 The phase III of FCG characteristics for EPDMФ(0.29)
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Bhowmick [24] who found an increasing trend of the endurance limit, directly
proportional to the increase of CB loading. It is necessary to investigate this
phenomenon and prove it in detail in future work for various rubbers as well as
CB types.

Fig. 11 The phase IV of FCG characteristics for EPDMФ(0.24)

Fig. 12 FCG characteristics of both analysed rubbers
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4 Conclusion

The fatigue crack growth (FCG) characteristics of EPDMmaterials with a varied CB
content have been determined and finally studied in detail in comparison to previous
defined theoretical background as well as experimental analyses. Firstly, from the
literature survey, weak points directly influencing the accuracy of the FCG charac-
teristics were found in the experimental approach and described. To determine
highly accurate FCG data, the exact experimental proceeding for the quantitative
determination of FCG behaviour using Tear and Fatigue Analyzer has been
described. From the obtained FCG characteristics, the related functions approximat-
ing the data in each of the phases of the FCG curve with the highest accuracy
defining due to the regression have been found. It is worth mentioning that in the
phase of the stable crack growth, the newly defined function is achieving a higher
accuracy compared to the previously defined power-law for both analysed rubbers.
From the continuous progression of the FCG characteristics, it is stated that there is
no transient point within the complete curve respective within phases II and III,
which has been observed in previous historical works. Following on from the FCG
data and the related functional approximation, the exact values of the intrinsic
strength as well as ultimate strength have been evaluated. A new phenomenon has
been observed, in which the FCG characteristics are crossing each other due to the
influence of different contents of CB, which has never been observed before. Thus, it
is clearly visible that the highly accurate FCG analyses leads to an improvement in
the FCG characteristics and strongly contributes to understanding the fatigue crack
growth behaviour of rubber materials.
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Abstract The plane strain (PS) tensile sample, which is very often named as pure
shear sample, featured prominently in classic studies of fracture mechanics of
rubbers while investigating fatigue crack growth (FCG) behaviour. A PS sample is
shaped as a thin, rectangular strip. For the FCG investigation it is held by rigid
clamps along its long edges. While straining in-plane, deformation of the sample
originates mainly along the loading direction except in the regions near the free
edges. Thus, when using the PS sample for FCG characterization while applying
simple fracture mechanics, the crack growth is required to be investigated within the
region, where the deformation of the sample originates mainly along the loading
direction. Parametrical functions defining the region of PS sample, where the
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orientation of strain in the plane is in the loading direction or orthogonal to the crack
growth, have experimentally been determined using a digital image correlation
(DIC) system. In detail, the parametrical functions firstly describe the narrowing
towards the edges and secondly the width of the region in which the FCG analysis
should take place. This was observed over a broad range of the aspect ratio ‘width/
length’ of the sample (<1/2, 10>) and the strain was varied in the interval 2 <0,
0.5>. The strain over the complete horizontal axis across all applied aspect ratios has
experimentally proven that no pure shear deformation (deformation strictly origi-
nating along the loading direction) is present in the PS sample in reality. Thus,
thanks to the exponential character of the contraction over the complete horizontal
axis of the PS sample, a novel criterion considering a deviation from the maximum
achieved contraction in proportion 2 <0.01, 0.05> has been established and it was
included to the parametrical function defining the width of the region of deformation
originating near the loading direction. Besides, it has been demonstrated that the
deformation over the complete horizontal axis of sample is nearly independent of the
applied rubber type. To conclude, based on the determined parametrical functions,
the equation for calculating the minimal notch length required for FCG analyses
within the region of deformation originating near the loading direction has been
defined.

Keywords Crack · Fracture · Plane strain · Pure shear · Rubber · Sample

1 Introduction

Due to the unique viscoelastic behaviour of elastomeric materials, rubbers are used
in a broad range of different engineering applications and require an understanding
of their fracture behaviour to predict the service life of rubber products. The rapid
advancement of simulation technology, which provides flexibility in applying a
fracture mechanic analysis to determine the stresses, deformations and tearing
energy for a rubber component of complex geometric and boundary conditions, is
one way to do this, and it has created new opportunities to link lab testing materials
to real-world rubber product performance. Fundamentally, finite element methods
should relate the results from a lab experiment undertaken on simple sheet of cured
rubber with realistic geometry and loading conditions, which occur in the actual
rubber component used.

There are two general methods used to study the fracturing of rubber materials,
namely the classic tearing energy method of Rivlin and Thomas [1] and the J-
integral method introduced by Rice [2] and Cherepanov [3]. Both methods charac-
terize the fracture behaviour by assuming that a critical amount of energy is required
to advance a crack by a unit area. Both methods are based on an energy consider-
ation; however, they differ in the methods of calculation and experimentation,
whereas the sample geometry for investigating both methods remains identical.
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Rivlin and Thomas [1] used three types of samples: the single-edge-notched tension
(SENT), the trouser sample, and the plane strain (PS) tension sample, in which for
each sample type specific formulas for determining the tearing energy were derived,
using the identical assumption, which is inherent to the J-integral. Finally, the PS
samples featured prominently in classic studies of fracture mechanics of rubber, in
which the influence of different sample geometries compared to PS tension sample
on fracture behaviour was studied, e.g., in Refs. [4–8]. The PS samples are com-
monly used for investigating fracture behaviour while applying both the loading
quasi-static [9] and predominantly under fatigue conditions [10–24]. The PS behav-
iour with a dependence on varied rubber compositions is commonly studied using a
PS sample and referenced, e.g., in [25, 26]. The future testing concepts based on PS
samples for investigating the fracture behaviour of rubber under fatigue loading
condition were studied in Refs. [27, 28] and these have successfully been
implemented into standard experimental methods. Nowadays, the PS sample is the
only one geometry, which is used for investigating endurance limits, intrinsic
strength, based on a cutting method originally proposed in Ref. [29], where these
studies are referenced [30–33].

In literature, the PS tension test pieces are very often named as pure shear
samples, even though the resulting strain states that PS and pure shear are not
identical [34]. PS samples consist of a thin, rectangular strip of rubber held by
rigid clamps along its long edges (see Fig. 1). In deriving the approximation
formulas for these samples, it is assumed that the sample volume can be divided
into differently loaded regions firstly defined in Ref. [1], and here visualized in
Fig. 1. When considering the un-notched PS sample (see Fig. 1, middle), there is a
region D on both vertical edges which is influenced by the outer boundary and
known as the edge effect. Between the regions D there is a region, in which the
in-plane displacements are mainly along the loading direction and through the
sample thickness, t, occurring in a region C. By assuming that the incompressibility
of rubber, in the region C, since there should not be a contraction of the sample in its
width, X-direction, respective, the thickness contraction would be similar in magni-
tude to the applied strain [34]. However, thanks to the application of a PS sample, in
which the thickness, t << L0, the displacement in the direction of the thickness can
fully be neglected. Thus, the deformation state in the region C is expected to be near
the deformation originating along the loading direction and fundamentally reads

x

y

� �
¼ 1 0

0 ε yð Þ þ 1

� �
� x0

y0

� �
ð1Þ

When considering the notched PS sample (see Fig. 1, bottom), quite complicated
stress and strain fields can be found in the vicinity of the crack tip (a region B).
However, the remote fields are assumed to be homogeneous. Behind the crack tip
there is a region A, and it is nearly unloaded. Nevertheless, in front of the crack tip,
the region C can be found in which the deformation state again is near the defor-
mation originating along the loading direction corresponding to Eq. (1).
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Finally, there is a region D which is identical with the region D in the un-notched
sample. Considering infinitesimal crack propagation in such a sample, it is assumed
that the complicated inhomogeneous state in the vicinity is translated with the crack
tip. Consequently, the size of the region C is reduced increasing the unloaded
region A.

Hence, the tearing energy can be determined via the elastic strain energy density,
w in the homogeneous loaded region C, which is measured by the unloading curves
from the un-notched PS sample at an identical boundary displacement, in which
crack propagation occurred in the notched samples. This basic idea leads to the
simple formula for determining the PS samples:

Fig. 1 The geometry of the plane strain tension sample
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T ¼ wL0 ð2Þ

with the initial length of the sample, L0 (corresponds to the initial distance of the
clamps visible in the Fig. 1).

At the experimental investigation of the fracture behaviour of rubber, the devia-
tion from the deformation originating strictly along the loading direction is usually
neglected and the complete region C is associated with a non-deformation in the
X-direction, orthogonally, respectively, to the main strain. However, the biggest
advantage of the PS sample given by simple fracture mechanics (Eq. 2) requests a
deep understanding of the influence of neglecting the deviation from the deformation
originating strictly along the loading direction in the region C to be able to design the
fracture experiment using the PS sample precisely. Moreover, the minimal notch
length, a0min, corresponds with the width of the region D, in which the tip of the
notch is requested to be located at the beginning or within the region C to be able to
apply the simple fracture mechanics given by Eq. (2). Furthermore, the maximum
width of PS sample given by the complete region C will be at disposal for fracture
investigation. Thus, an investigation under a broader range of tearing energies could
be realized in terms of the fatigue crack growth (FCG) analyses. Unfortunately, there
is only limited information in literature regarding the width of the region of defor-
mation originating strictly along the loading direction as well as the edge effect. The
edge effect was studied from the numerical point of view in Refs. [35, 36]. Yeoh in
Ref. [37] evaluated the effects of neglecting the deviation from the deformation
originating strictly along the loading direction in the edge regions using non-linear
finite element analysis. Stoček et al. in Ref. [28] firstly showed how the tearing
energy, T, and the crack growth rate, r, depend on the PS sample’s geometry defined
with a varied aspect ratio given by ‘width/length’, Q/L0, and the crack length, a.
Moreover, Stoček et al. in Refs. [8, 38] firstly studied experimentally the minimal
notch length, a0min, required for an FCG analysis using a PS sample at a crack
growth within the region C for the aspect ratios, Q/L0, in a range from 12 to 4,
whereas they fully neglected the deviation from deformation originating strictly
along the loading direction. Therefore, errors involved in neglecting this deviation
from this deformation in the region C as well as the edge effect were neither
experimentally investigated nor involved in the exact definition of each region of
the PS sample as well as in defining the required minimal notch length.

Therefore, it is of very high scientific interest to perform a precise experimental
investigation to determine the deformations of each of the regions of the PS rubber
sample in dependence with a varied aspect ratio, Q/L0, on strain, ε, as well as being
influenced by various rubber types while considering the deviation from the defor-
mation originating strictly along the loading direction. Finally, the main aim of this
study is based on an experimental investigation to determine general parametrical
functions considering the studied influences and defining the deformations of each
region as well as the minimum notch length required for FCG analyses within the
region C.
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2 Experimental

The elastomers used in this study were a natural rubber (NR) SMR20 CV/BP1 (Lee
Rubber Co. Pte Ltd. Malaysia) and a high-cis neodymium-catalysed butadiene
rubber (BR, Trinseo, Germany), in which the NR represents a semi-crystalline and
the BR is a typical representation of an amorphous type of elastomers. Both
elastomers were filled with 50 phr of N330 type carbon black (CB). Table 1 lists
the complete formulations of the rubber compounds.

Both rubber compounds were prepared in a two-stage mixing process using a
laboratory scale internal mixer (SYD-2L, Everplast, Taiwan) of 1.5 L capacity. In
the first stage, the master batches were prepared; mixing the rubbers and the
chemicals (except for the curatives) was carried out at a rotor speed of 50 rpm
(rotations per minute) for 5.0 min at a fill factor of 0.7, during which the initial
chamber temperature was set at 100�C and finally reached 140–150�C. The prepared
master batch was milled and sheeted with a two-roll mill at 60�C and stored for 4 h.

The second stage of the mixing was performed for a total time of 3.0 min at
35 rpm, with an initial chamber temperature of 90�C and the identical fill factor was
0.7. The master batches were mixed for 1 min, followed by adding the complete
curing system and mixing for an extra 2 min, meanwhile the temperature was
increased up to 100�C or 110�C. Then, the prepared final batch was milled and
sheeted with the two-roll mill at 60�C and stored for 24 h before the rheological
investigation and the sample curing.

The PS test sample (schematically shown in Fig. 1) of various geometry or aspect
ratio, Q/L0, respectively, listed in Table 2, was cured in a heated press (LaBEcon
300 from Fontijne Presses, the Netherlands) at 160�C in accordance with an opti-
mum curing time, t90, which was determined from rheometer curves using Moving
Die Rheometer (MDR 3000 Basic from MonTech, Germany) with respect to ASTM
6204.

Table 1 The rubber com-
pound formulation

Code Ingredients NR [phr] BR [phr]

Master batch SMR20 CV/BP1-NR 100 –

High-cis Nd-BR – 100

N330 CB 50 50

Final batch Zinc oxide 2 2

Stearic acid 1 1

Sulphur 2 2

TBBSa 1 2

MTBSb 0 0.5

6PPDc 1 1

Total 157 158.5
aN-tert-butyl-benzothiazole sulphonamide
bBenzothiazole disulphide
cN-1,3-dimethylbutyl)-N-phenyl-p-phenylenediamine
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The experimental investigation of the PS rubber sample deformation dependent
on a varied aspect ratio, Q/L0, was performed using a combination of two methods,
based on the simultaneous straining and determining of complete sample deforma-
tion. The experimental setup is schematically shown in Fig. 2. The tensile loading
was applied to the sample using an Intrinsic Strength Analyser (ISA™, Coesfeld
GmbH & Co. KG, Germany) at a strain rate of 10.00 mm/min at a range of strains, ε
2<0, 0.5>. The ISA™was used because it is a piece of equipment which can realize
the tensile loading in both positive and negative Y-direction symmetrically to the
X-axis. Thus, the X-axis remains unstrained in the direction of the main strain.
Simultaneously, the complete process of sample deformation during tensile loading
was recorded via CCD monochrome camera with a sampling rate of 10 Hz, during
which the camera was located in the negative direction of the Z-axis. Finally, the
captured photos were analysed with DIC software (GOM Correlate, Germany) to
evaluate the displacement and the concave neck at the edges (Δx). For this purpose,
prior to the experiment a stochastic pattern made by an anti-reflex spray, MR2000
Anti-Reflex L (MR Chemie GmbH, Germany) was created on the surface of all of
the PS samples.

Fig. 2 The scheme of the
experimental setup: 1 –

upper clamps; 2 – loading
cell in the y direction; 3 –

CCD monochrome camera;
4 – PS sample; 5 – lower
clamps; 6 – actuator for
straining

Table 2 PS sample geometry studied

Width, Q [mm] 5 10 20 30 40 50 60 70 80 90 100

Length, L0 [mm] 10

Aspect ratio, Q/L0 0.5 1 2 3 4 5 6 7 8 9 10
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The data analysis was focused on the displacement distribution along the X-axis
of the PS sample (Fig. 1), which is the path of future crack propagation. Thus, all of
the data presented in the resulting part are related to that displacement only.

3 Results and Discussion

3.1 General Contractions of the PS Sample

For a general understanding of the experiment performed, the DIC results for the
unloaded and the loaded PS sample are visualized in Fig. 3 for an exemplary test
piece with an aspect ratio of 7 under strain, ε ¼ 0.5 and the detail of the geometry
used is described in previous paragraphs in line with the scheme of the sample
geometry plotted in Fig. 1. It is noteworthy that an investigation and further
quantification of the sample deformation can be achieved when an exact definition
and the location of a coordinate system is undertaken. Here, the centre of the plane
coordinate system, SC, is identical with the centre of the rubber sample; therefore, the
main axes of the plane coordinate system X and Y are associated with the main axes
of the sample. Thus, the sample geometry can be additionally divided into four equal
quadrants, in which the deformations act identically, whereas all points above the
X-axis move up and vice versa, all points below it move equally, but in the opposite
direction. The points, which are located directly on the X-axis, do not change their
positions in the Y-direction; however, they are strictly contracted in the X direction
only. The contraction in the X-direction intensifies from its minimum value close to
the clamps to the centre of the sample, where it reaches its maximum and returns to
the minimum contraction at the opposite clamps. Thus, all of the data evaluated and
presented are related to measuring the displacement of the points located at the
X-axis and associated with the abscissa |SC SE|, whereas at straining this region is
divided into two separate zones given by the abscissa |SC SD(ε)| for half of the

Fig. 3 An example of the
deformation in the
X-direction of the sample
with an aspect ratio of 7
evaluated using DIC
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region C, and |SD(ε) SE(ε)| for the region D and the edge region, respectively. It is
very challenging to define the location of the point SD(ε), because from the Fig. 3
there may be a visible slight change of the colour associated with the deformation in
the X-direction around the complete X-axis. Thus, the location of SD(ε) seems to be
ambiguous.

In the first step, a complete deformation around the X-axis defined with the
abscissa |SC SE(ε)| was performed depending on the varied strain applied in the
Y-direction, the data for the strain values was evaluated, ε ¼ 0, 0.05, 0.1, 0.3,
and 0.5.

Simultaneously, the courses of the displacement, the contraction and the Δx
respectively, over the abscissa |SC SE(ε)| for both investigated compounds and all
aspect ratios (see Tables 1 and 2) dependent on the various above-mentioned strains
applied in the Y-direction were analysed. In Fig. 4, the courses of the contraction and
the Δx for the aspect ratio of 7 exemplary are plotted. The originally determined data
of the contraction and the Δx from DIC measurement are fitted with an exponential
function with base e, which is the Euler no., using the software Origin™:

Δx ¼ cþ A ∙ e b ∙ xð Þ, ð3Þ

in which x represents the investigated location at the abscissa |SC SE|, and A, b and
c are varying parameters dependent on the applied strain.

Clearly, the exponential functions are firstly characterized with the growth over
the complete real variable and secondly with their accelerated increase as x rises.
Moreover, the regressions, R2

Δx, of the exponential fits plotted in Fig. 4 are listed in
Table 3. It is obvious that the functions are approximating the data excellently, and
thus it is a fact that the exponential functions do not generally provide any constant
contraction, Δx ¼ 0. This is quite an interesting fact thanks to the definition of the
region of deformation originating strictly along the loading direction or the region C,
respectively, in which the contraction, Δx ¼ 0 is expected [1, 34–38].

Fig. 4 The contraction and the Δx of the sample at the X-axis vs. the abscissa |SC SE|, x, of the BR
(left) and the NR (right) samples for the aspect ratio of 7 at different strains, ε: 0 (black), 0.05 (dark
grey), 0.10 (grey), 0.30 (light grey), and 0.50 (white)
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The contraction over the complete width of the PS sample as well as at the region
very close to the vertical axis, respectively, close to the centre of the coordinates, SC,
exemplary is demonstrated in the sample with the aspect ratio of 7 for both of the
analysed materials in Fig. 5. In these plots, both the contraction, the Δx, and the
actual length of the abscissa |SC SE(ε)|, x, are normalized to ‘1’ for all applied strains.
Logically, this contraction is more intensive when the aspect ratio rises.

To finally define the width of the region, where the deformation originates near
the loading direction, or the courses of contractions, Δx, over the abscissa |SC SD|
corresponding with half (un-notched sample, see Figure 1) of the region C, respec-
tively, a criterion allowing a deviation from the contraction, Δx ¼ 0 mm is required
to be defined and implemented into the final equation.

Such criterion, Kcrit, is based on a proportional deviation, Ddev, from the maxi-
mum observed contraction, Δxmax, achieved over the complete width, Q, of the PS
sample and is finally defined as follows:

Kcrit ¼ Ddev ∙Δxmax, ð4Þ

in which the proportional deviation, Ddev 2 <0.01, 0.05> in an increment
ΔDdev ¼ 0.01, which was applied within this study.

Thanks to the exponential character of the contraction over the complete hori-
zontal axis of the PS sample, the contraction, Δx > 0 and thus no deformation
originating strictly along the loading direction is present in the PS sample for the
aspect ratios studied. The only reasonable way to exactly reach the deformation
originating strictly along the loading direction in the rubber sample is to take the
measurement while restraining the edges in the orthogonal direction to the main

Table 3 Regression, R2
Δx, for exponential approximation of the DIC data

Compounds Strain, ε 0 0.05 0.10 0.30 0.50

BR R2
Δx 1.000 0.997 0.997 0.998 0.999

NR 1.000 0.998 0.998 0.999 0.999

Fig. 5 The contraction and the Δx vs. the abscissa |SC SE|, x, of the BR (left) and the NR (right)
samples for the aspect ratio of 7 at different strains, ε: 0.05 (solid line), 0.10 (dash line), 0.30 (dash
dot line), and 0.50 (dash dot dot line) with a detailed view close to the centre of the coordinates, SC
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strain. Such experiments are undertaken only by biaxial testing devices, e.g. Biaxial
Tester (Coesfeld GmbH & Co. KG), and the results of which are presented, e.g., in
Refs. [39, 40].

3.2 Contractions at the Edge of the Point, SE

In Fig. 6, the length of abscissa |SC SE(ε)|, x (SE) which finally can be associated with
the contraction of edge, Δx (SE), of the point, SE for the previously defined various
strains, ε, in relation to the aspect ratios of the analysed PS samples is plotted for
both of the analysed rubber materials. Naturally, as the width, Q, of the samples
increases the length of abscissa |SC SE(ε)|, x (SE) rise as well and represent an almost
linear dependence defined as follows:

x SEð Þ ¼ k SEð Þ ∙ Q=L0

� �þ q SEð Þ ¼> Δx SEð Þ ¼ Q
2
� x SEð Þ, ð5Þ

in which k SEð Þ and q SEð Þ correspond to the slope and the intercept at a given strain.
Moreover, only a minor influence from the applied strain on the contractions at

the edge, Δx(SE), of the point, SE is clearly visible from Fig. 6. The absolute value of
the impact of the applied strain on the contractions at the edge, Δx(SE), is finally
shown in Fig. 7, in which the slope, k SEð Þ and the intercept, q SEð Þ , obtained from
Eq. (3) are plotted dependent on the applied strain. Both the parameters k SEð Þ and
q SEð Þ present an almost linear dependence on the strain and therefore, they can be
written as follows:

k SEð Þ ¼ kk SEð Þ ∙ εþ qk SEð Þ ð6Þ

Fig. 6 The length of the abscissa |SC SE(ε)|, x (SE), vs. the aspect ratio, Q/L0, for the BR (left, open
symbols) and the NR (right, solid symbols) are plotted for the various strains, ε: 0 ( ), 0.05
( ), 0.1 ( ), 0.3 ( ), and 0.5 ( )
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q SEð Þ ¼ kq SEð Þ ∙ εþ qq SEð Þ ð7Þ

Substituting Eq. (5) with Eqs. (6) and (7) results in a general formulation of the
contraction at the edge, Δx(SE), dependent on the various strains, ε:

Δx SEð Þ ¼ kk SEð Þ ∙ εþ qk SEð Þ
� �

∙ Q=L0

� �þ kq SEð Þ ∙ εþ qq SEð Þ
� �

ð8Þ

In Table 4, the determined absolute values for the slopes kk SEð Þ, kq SEð Þ as well as
the intercepts qk SEð Þ, qk SEð Þ are listed for both of the analysed rubber materials. From
Fig. 7 and Table 4, the absolute values of the observed parameters for both the
materials can be assumed to be very close to each other. Thus, the influence of the
material on the monitored parameter, Δx(SE) could be neglected. Therefore, the final
absolute values for the slopes kk SEð Þ, kq SEð Þ as well as the intercepts qk SEð Þ, qk SEð Þ are
represented with average values from the values of both of the materials, actually
representing an independence from the rubber material. The substitution of the
relevant absolute values listed in Table 4 into Eq. (8) would finally represent the
function describing the contraction at the edge, Δx(SE) of the point, SE dependent on
the various strains, ε, either for each of the analysed rubber materials or the function
independent from the material type.

Fig. 7 The dependence of the slope, k SEð Þ leftð Þ and the intercepts, q SEð Þ (right) on the strain, for the
BR (open symbols) and the NR (solid symbols)

Table 4 The absolute values
of the parameters defining the
linear functions of Eqs. (6)
and (7)

Material

Parameter

kk SEð Þ kq SEð Þ qk SEð Þ qk SEð Þ
BR �0.1866 �1.3837 5.0012 �0.0235

NR �0.1162 �1.9909 4.9953 �0.0765

Average �0.1514 �1.6873 4.9983 �0.0500

Deviation �0.0498 �0.4293 �0.0042 �0.0375
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3.3 The Width of the Region of Deformation Originating
Strictly along the Loading Direction

Within this chapter, a parametrical function, which generally defines the width, QC

of the region C or the region of deformation originating near the loading direction
given with the abscissa |SC SD(ε)| dependent on the aspect ratio as well as in relation
to the influence of the material and the strain is derived. Moreover, the above-
mentioned statement regarding the exponential deviation from the contraction,
Δx ¼ 0 mm over the complete width, QC, of the PS sample the defined criterion,
Kcrit based on a proportional deviation, Ddev is implemented.

In Figs. 8 and 9, the dependences of half of the width, QC/2 of the region C on the
aspect ratio, Q/L0, for all the applied strains and both of the materials exemplary are
plotted firstly at the implementation of the criterion, Kcrit, in which the proportional
deviation, Ddev ¼ 0.01 (see Fig. 8), and secondly for the Ddev ¼ 0.05 (see Fig. 9)

Fig. 8 The dependence of half of the width, QC/2 of the region C on the aspect ratio, Q/L0 for all
applied strains, ε: 0.05 ( ), 0.1 ( ), 0.3 ( ), and 0.5 ( ) for the BR (open symbols) and
the NR (solid symbols) at the implementation of the criterion, Kcrit with a proportional deviation,
Ddev ¼ 0.01

Fig. 9 The dependence of half of the width, QC/2 of the region C on the aspect ratio, Q/L0 for all
applied strains, ε: 0.05 ( ), 0.1 ( ), 0.3 ( ), and 0.5 ( ) for the BR (open symbols) and
the NR (solid symbols) at the implementation of the criterion, Kcrit with a proportional deviation,
Ddev ¼ 0.05
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were implemented. Thus, all values fulfilling the proportion QC/2 � Kcrit are
associated with the contraction, Δx ¼ 0 mm and therefore these are related to be
part of the region C, whereas the value fulfilling the parity QC/2 ¼ Kcrit is related to
half of the width of the region C. It is worth mentioning that this dependence was
calculated for a range of the proportional deviation, Ddev 2 <0.01, 0.05 > in an
increment, ΔDdev ¼ 0.01. By comparing Figs. 8 and 9, the increase of the propor-
tional deviation, Ddev to the absolute value of the width, QC/2, is significantly
influenced.

Obviously, the dependence of half of the width, QC/2, of the region C on the
aspect ratio, Q/L0, presents an exponential character and can be defined as follows:

QC=2 ¼ A:eb:
Q=L0ð Þ, ð9Þ

in which A and b are parameters at an applied strain, ε, and a relevant proportional
deviation, Ddev of the criterion, Kcrit. The dependences of parameter, A, in Fig. 10,
and the dependences of parameter, b in Fig. 11, respectively, on various strains are
plotted for all applied proportional deviations, Ddev, and for both of the investigated

Fig. 10 The dependence of the parameter, A, on the strain, ε, for proportional deviations,
Ddev¼ 0.01 ( ), 0.02 ( ), 0.03 ( ), 0.04 ( ), and 0.05 ( ), in which the plot represents
the BR (open symbols) and the NR (solid symbols)

Fig. 11 The dependence of the parameter, b, on the strain, ε, for proportional deviations,
Ddev¼ 0.01 ( ), 0.02 ( ), 0.03 ( ), 0.04 ( ), and 0.05 ( ), in which the plot represents
the BR (open symbols) and the NR (solid symbols)
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rubber materials. The dependence of these parameters (A, and b) on the strain, ε, can
be linearly approximated and written as follows:

A ¼ kA ∙ εþ qA ð10Þ
b ¼ kb ∙ εþ qb, ð11Þ

in which kA, kb and qA, qb correspond to the slopes and the intercepts at a given
strain.

To properly determine a dependence of half of the width,QC/2, of the region C on
the aspect ratio, Q/L0, given by Eq. (10), the effect of the criterion, Kcrit based on
various proportional deviations, Ddev 2 <0.01, 0.05> on the parameters kA, kb and
qA, qb corresponding to the slopes and the intercepts at a given strain is finally
required to be taken into account and needs to be calculated. In Figs. 12 and 13, the
dependences of parameters kA, qA, and kb, qb, respectively, on proportional devia-
tions, Ddev, are plotted for both of the investigated rubber materials. The determined
data were approximated with linear functions, as is visible in both Figs. 12 and 13, in
which the linear approximations are generally expressed with Eqs. (12)–(15):

Fig. 12 The dependences of parameters kA, qA on proportional deviations, Ddev, for the BR (open
symbols) and the NR (solid symbols)

Fig. 13 The dependences of parameters kb, qb on proportional deviations, Ddev, for the BR (open
symbols) and the NR (solid symbols)
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kA ¼ kkAcrit :Ddev þ qkAcrit , ð12Þ
qA ¼ kqAcrit :Ddev þ qqAcrit , ð13Þ
kb ¼ kkbcrit :Ddev þ qkbcrit , ð14Þ
qb ¼ kqbcrit :Ddev þ qqbcrit , ð15Þ

in which kkAcrit , kqAcrit , kkbcrit , kqbcrit correspond to the slopes and qkAcrit , qqAcrit , qkbcrit , qqbcrit
to the intercepts.

After substituting Eqs. (12)–(15) for Eqs. (10) and (11) and the final substitution
of these two equations for Eq. (9) gives the final general relationship for determining
the width, QC, of the region C dependent on the aspect ratio, Q/L0, which reads:

QC ¼ 2 ∙
n

kkAcrit :Ddev þ qkAcrit
� �

∙ εþ kqAcrit :Ddev þþqqAcrit

� �h i

:e kkbcrit :Ddevþqkbcritð Þ ∙ εþ kqbcrit :Ddevþqqbcritð Þ½ �: Q=L0ð Þ o, ð16Þ

In Tables 5 and 6, the determined absolute values for the slopes
kkAcrit , kqAcrit , kkbcrit , kqbcrit and the intercepts qkAcrit , qqAcrit , qkbcrit , qqbcrit are listed for both
of the analysed rubber materials. The linear approximations have a very close
character to each other when comparing both the analysed rubber materials for all
investigated parameters. Therefore, the final absolute values for all parameters are
averaged to formulate one equation independent of the type of used rubber material.
The substitution or the relevant absolute values listed in Tables 5 and 6 for Eq. (16)
would finally represent width, QC, of the region C vs. the aspect ratio, Q/L0,
dependent on the various strains, ε 2 <0, 0.5> at a chosen criterion, Kcrit, based
on various proportional deviations, Ddev 2 <0.01, 0.05> either for each of the
analysed rubber materials or the function independent of it.

Table 5 The absolute values
of parameters defining the
linear functions of Eqs. (12)
and (13)

Material

Parameters

kkAcrit kqAcrit qkAcrit qqAcrit
BR �1.6107 23.0089 �0.2445 0.0467

NR �2.8394 20.9890 �0.3028 0.0587

Average �2.2251 21.9990 �0.2737 0.0527

Deviation �0.8688 �1.4283 �0.0412 �0.0085

Table 6 Absolute values of
parameters defining the linear
functions of Eqs. (14) and (15) Material

Parameters

kkbcrit kqbcrit qkbcrit qqbcrit
BR �4.5159 �2.2294 0.2678 0.4336

NR �2.8744 �2.1257 0.1664 0.4312

Average �3.6951 �2.1776 0.2171 0.4324

Deviation �1.1607 �0.0733 �0.0717 �0.0017
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In conclusion, the difference between Eqs. (8) and (16) represents the strain, ε¼ 0
the original, whereas for the strain, ε > 0 the contracted width of the region
D. Additionally, this difference corresponds to the parameter defining the minimum
notch length, a0min applied to the PS sample for FCG analyses in the region C and
reads:

a0min ¼ SD εð ÞSE εð Þj j ¼ x SEð Þ � QC=2 ð17Þ

Finally, thanks mainly to the manual process of sample notching, which produces
high inaccuracy, it is recommended to produce the real notch approximately 20%
longer compared to the minimum notch length, a0min. Thus, the length of a finally
real applied notch to the rubber sample is defined as follows:

a0real ¼ 1:2 ∙ a0min : ð18Þ

However, the more details about performing an exact notch using a manual
process can be found in Ref. [41].

In the final part of this study, the numerical values were calculated using the
parametrical functions (Eqs. (5), (16), and (17)) at the maximal strain, ε ¼ 0.5 and
proportional deviations Ddev ¼ 0.01, whereas both parameters are representing the
critical condition. Moreover, the calculation is based on application of average
constants, which represent the behaviour independent of material type. Additionally,
the values are expressed as a percentage of the width, Q of the PS sample to
introduce the values independent of the absolute dimensions of sample geometry.
In the Table 7, the values representing the length of abscissa |SC SE(ε)|, x (SE) the
contraction of edge, Δx (SE) of the point, SE the width of region C, QC, and the
minimum notch length, a0min are listed. Thus, Table 7 represents independent of PS
sample geometry the values of each parameter, which are required to be taken into
the account for the exact FCG characterization within the region of deformation
originating near the loading direction deformation while applying simple fracture
mechanics.

Table 7 The calculated values representing the length of abscissa |SC SE(ε)|, x (SE), the contraction
of edge, Δx (SE), of the point, SE, the width of region C, QC, and the minimum notch length, a0min as
a percentage of the width, Q

Aspect ratio,Q/L0 0.5 1 2 3 4 5 6 7 8 9 10

x (SE) 62.7 80.6 89.5 92.5 94.0 94.9 95.5 95.9 96.2 96.5 96.7

Δx (SE) 37.3 19.4 10.5 7.5 6.0 5.1 4.5 4.1 3.8 3.5 3.3

QC 6.4 4.1 3.4 3.7 4.6 6.1 8.4 11.9 17.1 25.1 37.3

a0min 46.8 47.9 48.3 48.1 47.7 47.0 45.8 44.1 41.4 37.4 31.4
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4 Conclusion

This study refers back to the previous works of Stoček et al. [8, 28], in which the
minimum notch length in a plane strain PS tensile sample was experimentally
defined for an exact analysis of the FCG of rubber for the first time. The current
work extends the previous investigation for determining the deformation of a PS
sample considering a broader range of the aspect ratios and the strains. Due to
applying the DIC system for capturing the local strains, high accuracy of measured
data was achieved. Firstly, the DIC analyses were performed on the PS samples
based on the various aspects at a variety of strains for two, naturally very different
rubber materials, namely NR and BR, both filled with CB. The local strains over the
complete horizontal axis (the location of the crack growth) of the PS sample were
evaluated. The achieved data clearly demonstrate that the contraction is >0 over
the complete horizontal axis, whereas an exponential approximation was found to fit
the data. Thus, it has been proved that no deformation originating strictly along the
loading direction is present in the PS sample in reality. Therefore, to define an
approximate region of deformation originating near the loading direction in a PS
sample, a novel criterion considering a deviation from the maximum achieved
contraction was established. The parametrical function defining the contraction of
the edge, the width of the region of deformation originating near the loading
direction and the minimum notch length required for FCG analyses in PS samples
in relation to various aspect ratios and strains have been determined. As mentioned
above, the parametrical function calculating the width of the region of deformation
originating near the loading direction took into consideration the criterion admitting
a deviation from the maximum achieved contraction in proportion <0.01, 0.05>.

This work firstly serves as the exact data describing the deviation of the defor-
mation in the centre of the plane strain tensile sample from the deformation origi-
nating strictly along the loading direction for PS geometry, a range of aspect ratios
<1/2, 10> and a range of strain up to 0.5, respectively. Next, the novel criterion
allowing to approximately establish the width of the region of deformation originat-
ing near the loading direction was implemented. It has been also demonstrated that
the deformation over the complete horizontal axis of sample is nearly independent of
the applied rubber type.

Finally, the set of parametrical functions offer mathematical bases for a simple
and very fast determination of minimum notch length to apply the simple fracture
mechanics approach for determining FCG behaviour in rubber materials using a PS
sample.
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Abstract Polyglycols are mainly used as plasticizers to enhance the incorporation
of polar fillers in non-polar elastomers. Polyglycols can help to prevent the self-
agglomeration of the filler particles and thereby improve their dispersion in the
rubber matrix. It can also prevent undesired chemical reactions of the polar compo-
nents in the curing system with the surface of the filler particles. Therefore, it is
expected that polyglycols can play a crucial role as plasticizer and coupling agent in
a silica-filled rubber compound. In this work, polyethylene glycol (PEG) and
polypropylene glycol (PPG) in two different concentrations were applied in a
silica-filled natural rubber (NR). Their effects are compared with the influence of
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the coupling agent bis[3-(triethoxysilyl)propyl]tetrasulfide (TESPT), which is
widely used in rubber industry as silica coupling agent. Firstly, the cure character-
istics and fundamental mechanical properties have been studied, whereas the ability
of polyglycols to improve cure efficiency as well as filler-elastomer interactions has
been confirmed. Moreover, polyglycols are improving the fundamental mechanical
properties in general, whereas the polyglycols-treated silica-filled NR composites
show lower tensile strength and modulus with a higher elongation at break compared
to the TESPT-treated silica-filled NR. Finally, the effect of polyglycols on fatigue
crack growth (FCG) resistance was investigated using a Tear and Fatigue Analyzer
(TFA©, Coesfeld GmbH & Co. KG, Germany). It has been found that 2 phr of PEG
leads to a higher improvement of FCG resistance in comparison with the
corresponding content of TESPT. However, 4 phr of polyglycols significantly
decreases this property again. Moreover, the application of PPG generally leads to
decreasing FCG resistance. As conclusion, it was stated that the polyglycols act as
agent leading to significant improvement of fundamental mechanical behaviour in
general as well as to improvement of FCG behaviour using specific polyglycol.

Keyword Crack growth · Fatigue · Natural rubber · Polyglycol · Silane · Silica

1 Introduction

Fatigue failure is a critical issue which frequently arises in rubber components in
service. This phenomenon widely exists in rubber products, such as tires, seals,
dampers as well as conveyor belts, which are usually exposed to cyclic dynamic
loading. During fatigue cyclic loading or flexing, the rubber components fail in
service due to initiation and subsequent growth of cracks, which may lead to a
catastrophic failure. The failure may be due to either the propagation of the already
existing microcracks in the virgin rubber matrix or due to the environmental ageing
by ozone and oxygen. Therefore, exploring the fatigue damage mechanism of rubber
compounds has a great significance to estimate the service life of rubber products.
Thus, to improve the performance of rubber materials to resist fatigue failure has
always been a very important goal of the rubber industry since a long time. One of
the methods to achieve this requirement is reinforcing the base elastomer with
suitable reinforcing fillers. The reinforcing fillers generally improve various mechan-
ical properties like tensile strength, abrasion resistance as well as fatigue and fracture
behaviour [1].

It is well-known that the efficiency of filler reinforcement depends on factors like
filler structure, surface area, grade of dispersion of the fillers and filler-elastomer
interactions.

40 O. Kratina et al.



The reinforcing effect of carbon black (CB) which is the most used filler in rubber
industry has predominantly been affected by particle size, structure, specific surface
area and surface chemistry [2].

Nowadays silica finds its use in many industrial rubber products in particular in
the tire industry [3] where the addition of silica leads to improve properties like wet
grip [4] and low rolling resistance of tires resulting in a reduction of the overall
vehicle’s fuel consumption [5]. Moreover, silica reduces heat build-up as well and
takes no negative influence on abrasion resistance and, hence, improves the service
life of tires [6]. Silica technology fundamentally employs solution-polymerized
synthetic elastomers like solution styrene-butadiene rubber (SSBR) and solution
butadiene rubber (BR). On the other hand, the great majority of rubber polymers
used for CB-reinforced passenger car tires (PCT) is emulsion styrene-butadiene
rubber (E-SBR) and natural rubber (NR) in the case of truck, off-the-road (OTR),
or multipurpose (MPTR) tires. However, the chemical nature of silica is quite
different from CB due to the presence of polar silanol groups on the particle surface.
Therefore, silica particles undergo self-association via hydrogen bonds, leading to
the formation of a strong filler-filler network resulting in a poor dispersion in the
elastomer matrix. In order to overcome those limitations, sulphur-containing silane
coupling agents such as bis(3-triethoxysilylpropyl)tetrasulfide (TESPT) are com-
monly applied in conventional polar elastomers like SBR-based rubber compounds.
The mixing of silica with silane in rubber, the so-called silanization, and the extent of
the chemical reaction have a significant effect on the final compound respective
cured rubber behaviour [7, 8]. Moreover, the poor dispersion in the elastomer matrix
is predominant especially in non-polar elastomers like NR which is key elastomer for
the abovementioned tire applications because of its outstanding mechanical strength,
ability to withstand large deformations and resistance to fatigue crack growth [9–
12]. Up until now, NR still is not fully utilized in silica technology due to postulation
of its ineffectiveness with silane coupling agent. To solve this problem, an epoxi-
dized natural rubber (ENR) has been used as a compatibilizer in silica-reinforced NR
tire tread compounds, resulting in a substantial improvement in the properties when
compared to a compound without ENR [13].

In a situation where there is no ENR content in the compound, it is necessary to
perform a silica surface treatment that facilitates the dispersion of silica particles and
their interaction with the matrix based on non-polar elastomers. One of the widely
used methods to enhance the reinforcing efficiency of silica is the use of bifunctional
organosilanes as coupling agents. Silane possesses a hydrolysable alkoxy group that
reacts with silanol groups on the silica surface to form a stable siloxane linkage
during mixing and later coupling with the elastomer during the curing process via
nonhydrolyzable organic radicals [9, 14]. Another approach to reduce the self-
association of silica particles and thereby to improve their dispersion and interaction
with the matrix is the addition of plasticizers. Plasticizers lead to a reduction of the
stiffness of agglomerates by weakening the intermolecular forces and improving the
elastomer chain mobility [15]. Polyglycols are one of the widely used groups of
plasticizers that have a large number of ether linkages. The etheric oxygens in the
polyglycols can form hydrogen bonds with the silanol groups on the silica surface,
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and thereby reducing its hydrophilicity consequently enhance the dispersion of silica
in the elastomer matrix [16]. Moreover, this reduction in hydrophilicity prevents the
formation of hydrogen bonds between silanol groups and polar additives such as
cure accelerators and zinc oxide. If the components of the curing system react with
the surface of the filler, the cure characteristics such as maximum torque, S0max, and
optimum cure time, t90, may be significantly reduced. Thus, the addition of
polyglycol increases the rubber curing rate [17]. An indisputable advantage of the
use of polyglycols is the simplicity of the preparation of the rubber compounds,
which eliminates the need to perform a silanization reaction.

It should be noted that the interactions established between silica and elastomer
via polyglycols are based on less stable physical bonds that result in a lower strength
compared to the silanized rubber, where the interactions formed by the silane
coupling agents are mediated by covalent bonds. Figure 1a, b displayed schematic
representations of chemical interactions between the silica and the elastomer with the
aid of a silane coupling agent or with a suitable polyglycol, respectively.

Silane coupling agents were subjected to many scientific investigations, which
predominantly described their effects on the mechanical properties, e.g. the strain

Fig. 1 Principle of silica
surface treatment using
silane (a) and polyglycol (b)
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amplitude dependence of the dynamic modulus (Payne effect) and the tensile
strength [2, 18–20]. However, fatigue and crack growth rate are rarely studied
[21–23]. Moreover, the effect of polyglycols on fatigue crack growth (FCG) behav-
iour is neither studied theoretically nor experimentally. The primary aim of this
study is to verify how useful are the polyglycols for improving the mechanical
properties, especially the FCG resistance, of silica-filled natural rubber compounds.

2 Materials and Methods

Compounds based on NR (SVR CV60, Binh Phuoc, Vietnam) filled with 50 phr of
silica (Ultrasil 7000 GR, Evonik, Germany) were prepared. 2 and 4 phr of polyeth-
ylene glycol (PEG 4000) and polypropylene glycol (PPG 4000) were used for
improving the dispersibility of silica and its interphase adhesion with the elastomer
matrix. Bis[3-(triethoxysilyl)propyl]tetrasulfide (TESPT) (Si69, Evonik, Germany)
was used as the silane coupling agent. Additionally, zinc oxide (ZnO), stearic acid
and N-(1,3-dimethylbutyl)-N’-phenyl-p-phenylenediamine (6PPD) (all from Sigma-
Aldrich Chemie, Germany) were added. Masterbatch containing these ingredients
were compounded in an internal mixer (SYD-2 L, Everplast, Taiwan) at a rotor
speed of 40 rpm at 80�C. The dump temperature was 120�C. After the first step, the
masterbatches were kept for 24 h at room temperature. In the second step, the
silanization reaction for silane-treated compounds was performed in an internal
mixer at a rotor speed of 10 rpm at 150�C for 5 min. The prepared rubber compounds
were sheeted out using two-roll mill and stored at room temperature for 24 h.

Finally, the curatives were added into the masterbatches using a two roll-mill set
at a temperature of 60�C for 5 min. Sulphur and accelerators N-cyclohexyl-2-
benzothiazolesulfenamide (CBS) and diphenylguanidine (DPG) (all from Sigma-
Aldrich Chemie, Germany) were used as curatives. The complete formulations of the
compounds are given in Table 1.

Table 1 Rubber compounds
formulations

C0 CS2 CE2 CP2 CS4 CE4 CP4

Phr

SVR CV60 100.0

Silica 50.0

TESPT – 2.0 – – 4.0 – –

PEG 4000 – – 2.0 – – 4.0 –

PPG 4000 – – – 2.0 – – 4.0

Zinc oxide 3.0

Stearic acid 1.0

6PPD 1.5

CBS 1.5

DPG 1.0

Sulfur 1.5
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The optimal quantities of TESPT and DPG were calculated based on the
cetyltrimethylammonium bromide (CTAB)-specific surface area of the silica
according to Guy et al. [24]:

TESPT content phrð Þ ¼ 0:00053 � Q f � CTAB; ð1Þ
DPG content phrð Þ ¼ 0:00012 � Q f � CTAB; ð2Þ

where Qf is the filler content (phr) and CTAB is the specific surface area of silica
(m2/g).

The test specimens were cut out from sheets of vulcanizates that were cured in a
heat press (LabEcon 300, Fontijne Presses, Netherlands) at 160�C according to
optimum cure time, t90.

2.1 Curing Efficiency

The cure characteristics were performed using a Moving Die Rheometer (MDR 3000
Basic, MonTech, Germany) at 0.50 arcs with a frequency of 100 cpm according to
ASTM 6204 at 160�C for 0.3 h. The values of maximum torque, S0max and optimum
cure time, t90, obtained from the rheometer were used to evaluate the effect of type
and amount of silica-treating agents on the vulcanization behaviour.

2.2 Mechanical Behaviour in Tension

The tensile properties were investigated by quasi-static tensile testing machine
M350-5CT (Testometric, United Kingdom) according to ISO 37. S2 type rubber
samples have been employed to perform the test at strain rate 500 mm/min. The
obtained values of stress and elongation at break were used to evaluate the strength
of the materials. Additionally, the stress values at 50, 100 and 300% elongation
describing the stiffness of the material were also determined.

2.3 Fatigue Crack Growth Behaviour

The crack growth mechanism of rubber materials is highly complicated because it
depends on the type of polymers, fillers, other ingredients, environmental conditions,
etc. The fatigue crack growth (FCG) approach considers the existence of cracks
(in the form of microcracks or flaws due to the presence of fillers, poor dispersion,
ingredients, etc.) and their propagation under fatigue cyclic loading. The pioneering
work of Rivlin and Thomas [25] is considered to be the foundation of fracture

44 O. Kratina et al.



mechanics-based research to study the FCG behaviour of rubber materials. It pro-
poses that the strain energy release rate is the controlling parameter for crack growth
and can be mathematically defined as

T ¼ � δW=δAð Þ, ð3Þ

where T is tearing energy,W is the elastic strain energy and A is the interfacial area of
crack, and the partial derivative denotes vanishing external work done on the system.
It was demonstrated in [25] that the fracture property is the characteristics of the
intrinsic material property and nearly independent of test piece geometry. Rivlin and
Thomas in Ref. [25] used three types of specimens: the single-edge-notched tension
(SENT), the trouser specimen and the plane strain (PS) specimen for fracture
investigation. For each specimen type, specific formulas for the determination of
the tearing energy, T, were derived. Finally, the PS samples (where the length of the
sample is considerably lower than the width and the crack length is sufficiently long)
(see Fig. 2) featured prominently in classical FCG studies of rubber [26–38], because
of the quasi constant strain energy density in the middle region of the sample often
labeled ‘pure shear’ [39, 40]. For the PS sample, the tearing energy, T, can be
calculated from the strain energy density, w, stored in the unnotched test sample at its
original length, Lo:

T ¼ wL0, ð4Þ

The detailed calculation of this expression can be found in Ref. [41]. This
relationship shows that the tearing energy, T, is independent of crack length. Gent,
Lindley and Thomas [41] experimentally determined the FCG rate, r ¼ da/dn, in
dependence on the tearing energy, T, for rubber materials, where a is the actual crack
length and n represents the current cycle count. The FCG is mainly defined by the
relationship between FCG rate, r, over the range of tearing energies, where the crack
grows steadily. This relation has firstly been derived and defined by Paris and
Erdogan [42] and is well-known as a power law:

r ¼ da
dn

¼ β Tm, ð5Þ

Fig. 2 Plane strain sample geometry
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where β and m are material constants. The values of FCG rate, r, and tearing energy,
T, for rubber material in this stable region are approximately among the following
range:

10�9 mm
cycle

< r � 10
mm
cycle

andT � 50
J
m2 þ 10, 000

J
m2 , ð6Þ

FCG measurements were carried out using a Tear and Fatigue Analyzer (TFA©,
Coesfeld GmbH & Co. KG, Germany). The detailed description of the equipment
can be found in [39, 43]. The minimalized plane strain (mPS) geometry having
dimensions L0¼ 4 mm,Wp¼ 40 mm and B¼ 1 mm (length�width� thickness) is
depicted in Fig. 2. The specimen has been notched on both the edges with an initial
crack length a0 ¼ 8 mm based on the sample geometry ratio, L0/Wp, reported in
[39, 44]. Three samples per compound have been analysed over the complete range
of applied tearing energies. The Gaussian pulse waveform (typical for the rubber
loading during rolling of a tire) of the pulse frequency 10 Hz, which correspond with
the pulse width 100 ms and loading frequency 5 Hz at the temperature 28�C, have
been applied for the analyses. The analyses have been done at a fully relaxing mode,
where the R-ratio ->R ¼ 0, which is the minimum applied stress divided by the
maximum applied stress: R ¼ σmin/σmax). The crack growth of each sample has been
monitored in situ through an image processing system with a CCD camera. The
crack contour length and the crack growth increment as well as the data of fatigue
behaviour in situ are evaluated. The resulting data were finally used to determine the
power law defined by Eq. (5).

3 Results and Discussion

3.1 Effect of Surface-Treating Agents on Curing Efficiency

The cure characteristics of the rubber compounds with different concentrations of
polyglycols are represented in Figs. 3 and 4. The compounds containing 2 phr of
polyglycols PEG (CE2) or PPG (CP2) exhibit a significant increase of maximal
torque, S0max. However, the effect was only marginal as the content of polyglycols
increased from 2 to 4 phr. The higher value of S0max can be considered as an
indication of enhanced crosslink density. Thus, the influence of polyglycols up to
2 phr or slightly larger can be considered to be the optimum quantity for balanced
mechanical properties of the rubber compounds. In contrast, a significant difference
depending on the concentration of polyglycols is visible for t90 values. The t90
increases with increasing the quantity of polyglycols independent of its type.
However, PEG exhibits a lower value of t90 for both the concentrations compared
to PPG. Figure 5 represents the cure characteristics of the silane-treated rubber
compounds. The addition of silane causes increased S0max values of the compounds
due to the formation of durable chemical filler-elastomer interaction. Moreover,
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sulphur, that is a part of TESPT, participates on the curing process resulting in higher
crosslink density. The lower values of S0max of silane-treated rubber compared to
polyglycols-treated rubber compounds could be explained by depressing the forma-
tion of a filler network resulting in higher degree of material flexibility.

Fig. 3 Curing behaviour of rubber compounds with PEG

Fig. 4 Curing behaviour of rubber compounds with PPG
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3.2 Effect of Surface-Treating Agents on Mechanical
Behaviour in Tension

The fundamental mechanical behaviour based on tensile tests of the vulcanizate is
shown in Figs. 6 and 7. The effect of the surface-treating agents on the stress

Fig. 5 Curing behaviour of the rubber compounds with silane coupling agent

Fig. 6 Stress values of the compounds at 50% (M50), 100% (M100) and 300% (M300) elongation
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(modulus) at a different percentage of elongation is displayed in Fig. 6. The
reference compound without any surface-treating agent exhibits the lowest stress
values in comparison with the compounds containing the surface-treating agents. In
addition polyglycols exhibit a slight increase of stiffness which is almost the same
for both the concentrations. This stiffening is caused due to higher crosslink density
and also due to a higher degree of dispersion of the particles in the matrix in
comparison with the reference compound. However, for silanized rubber com-
pounds, a significant increase of stiffness depending on silane concentration is
visible. This trend is caused due to the high degree of silica dispersion and the
formation of intermolecular chemical bonds between the silica particles and the
elastomer matrix via the coupling agent bis-(3-triethoxysilylpropyl)tetrasulfide
(TESPT).

Figure 7 depicts strength and elongation at break of the compounds with different
content of the surface-treating agents. From these data, it is evident that the addition
of polyglycols improves the strength and elongation under quasi-static loading in
tension. It can be seen that the rubber with PEG achieves improved properties than
rubber with the presence of PPG. However, the silanized rubber compounds show a
higher stiffness due to the intermolecular chemical bonds established between the
silica particles and the rubber chains. These chemical bonds are stronger than the
weak physical bonds generated with the use of polyglycols. On the other hand, the
elongation of silanized rubber compounds significantly decreased compared to the
polyglycol-treated rubber compounds. This trend could be caused by limiting the
mutual movement of the particles in the matrix due to the presence of strong
intermolecular chemical bonds.

Fig. 7 Results of tensile strength and elongation at break
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3.3 Effect of Surface-Treating Agents on FCG Behaviour

Table 2 summarizes the FCG rates, r, as well as the material constants β and
m determined using the Eq. (5).

The effect of different types of silica-treating agents on the FCG behaviour at
2 phr loading is represented in Fig. 8. The addition of 2 phr PEG (CE2) and silane
(CS2) leads to an improvement of FCG resistance, i.e. a decrease in the FCG rate, r.
Moreover, both agents lead to decreasing values of m. Thus, both curves show
enhanced stability of FCG behaviour, and the corresponding rubber materials are
more resistant against crack propagation under cyclic loading over the complete
range of tearing energies. A very interesting finding is that the PEG enhanced the
FCG resistance of rubber more than silane. However, the slope representing the
parameter m is marginally higher for PEG. The lowest FCG resistance has been
observed for the compounds with the addition of PPG compared to the other two
agents. Moreover, the PPG-treated rubber exhibits significantly higher FCG rates
even in comparison with the reference compound.

Table 2 Power law describ-
ing the dependence of FCG
rate on tearing energy, where
x is meaning of the tearing
energy, T

Compound da/dn β m

C0 6E-12x2.29 6E-12 2.29

CS2 2E-08x0.87 2E-08 0.87

CE2 3E-09x1.14 3E-09 1.14

CP2 2E-11x2.19 2E-11 2.19

CS4 1E-11x1.98 1E-11 1.98

CE4 2E-14x3.04 2E-14 3.04

CP4 2E-10x1.73 2E-10 1.73

Fig. 8 FCG behaviour with different types of coupling agents at 2 phr loading
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Figures 9, 10 and 11 represent the effect of different contents of the surface
treating agents on the FCG rate. For a comparative purpose, the FCG rate of the
reference compound was also incorporated in each figure. From Fig. 9, it is inter-
esting to note that the addition of 2 phr PEG (CE2) improves the FCG resistance.
However, a higher portion (4 phr) of PEG (CE4) leads to a significant decrease in the
FCG resistance. From these experimental results, it is reasonable to assume that a
higher concentration of PEG (over 2 phr) leads to a polarity mismatch between the
NR and PEG because of the presence of higher amount of polar etheric oxygen in

Fig. 9 FCG behaviour with different content of PEG

Fig. 10 FCG behaviour with different content of PPG
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PEG. This polarity mismatch generates an incompatibility problem between silica
coated with 4 phr PEG and the NR matrix, leading to a significant decrease in the
FCG resistance. On the contrary, it is evident from Fig. 10 that even 2 phr PPG
(CP2)-treated silica-filled NR exhibits a lower FCG resistance compared to the
non-treated silica-filled NR (C0). The FCG resistance is further reduced as the
content of PPG increased to 4phr. Figure 11 shows how the FCG resistance increases
with increasing the content of TESPT. This might be due to a higher density of
network between the TESPT-treated silica filler with the NR matrix.

4 Conclusion

The influence of two types of polyglycols (PEG and PPG) and one type of silane
(TESPT) on the cure characteristics, mechanical and fatigue crack growth resistance
properties of a silica-filled NR, have been explored. From the curing characteristics,
it was confirmed that the addition of polyglycols significantly enhanced the
rheometric torque. This indicates that the polyglycols can enhance the overall
crosslink density of the silica-filled NR compound. Moreover, the addition of
polyglycols significantly reduces the optimum cure time. The enhanced tensile
strength and modulus of the polyglycol-treated silica-filled compounds, compared
to the reference compound, support the fact that the polyglycols obviously lead to an
increased crosslink density, here approximately related to an increase in the torque
values during the curing process. However, compared to silane, polyglycols generate
less durable physical interactions with the matrix. As a result, the compounds treated
with polyglycols show lower mechanical properties. Among the polyglycols, the

Fig. 11 FCG behaviour with different content of silane coupling agent
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compounds with PEG show improved fundamental mechanical properties under
quasi-static loading than the compounds with PPG. A different situation was
found in the case of FCG properties. It has been observed that 2 phr of PEG leads
to an enhancement of FCG resistance, whereas the addition of 4 phr of PEG
significantly decreases this property. Contrary to this observation, the addition of
PPG generally decreases the FCG resistance for both applied concentrations. Over-
all, it can be concluded that the polyglycols, especially PEG, enhance the curing
efficiency, mechanical and fatigue resistance properties. However, further study is
still required in this line to establish the various utility of polyglycols in the rubber
industry.
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Abstract Below a limiting value of tearing energy called the intrinsic strength or
fatigue threshold (T0), cracks will not grow in rubber due to fatigue; hence, this
material characteristic is important to understand from both fundamental and prac-
tical perspectives. We summarize key aspects of the fatigue threshold, including the
Lake-Thomas molecular interpretation of T0 in terms of fracture of polymer network
chains in crosslinked elastomers. The various testing approaches for quantifying T0
are also discussed, with a focus on the classic Lake-Yeoh cutting method which was
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recently revived by the introduction of a commercial testing instrument that applies
this procedure, the Intrinsic Strength Analyser (ISA). A validation of the cutting
method is also given by demonstrating that a 2-h test on the ISA yields a value of T0
that is essentially identical to the T0 from near-threshold fatigue crack growth (FCG)
measurements that require 7.5 months of continuous testing. Compound formulation
effects – polymer type, crosslink density, type and amount of reinforcing fillers, and
addition of oils/plasticizers – are examined based on the limited published research
in this area and our new results. At the end, some insights are offered into using the
fatigue threshold to develop highly durable rubber products.

Keywords Durability · Elastomers · Fatigue crack growth · Intrinsic strength ·
Materials characterization · Polymer networks

1 Background

It is first essential to define the fatigue threshold which is also referred to as the
endurance limit. We will also review the molecular interpretation of this material
parameter which will be helpful later when considering the effects of various rubber
compounding ingredients. Bhowmick published a nice review article on this topic in
1988 [1], and it is our intent to complement that summary in this section and
throughout the chapter while presenting new experimental results and offering
some fresh perspectives.

1.1 General Fatigue Crack Growth Response and the Fatigue
Threshold

Cracks in rubber can grow when a cyclic mechanical deformation is applied, with a
crack growth rate, r, that depends on the material, severity of the loading, temper-
ature, and other conditions [2–4]. Although rubber can be formulated to have a wide
range of fatigue crack growth (FCG) responses, the general shape of the FCG rate
curve is essentially universal. This is shown in Fig. 1 where r is plotted on a log-log
plot versus the tearing energy, T, which is also called energy release rate [5]. The
FCG curve is a power law response that is bounded on both ends by T0 and Tc. At the
high-T end is the familiar tear strength or critical tearing energy (Tc) of the material.
This chapter is focused on the limit at the low-T end of the response which is the
fatigue threshold, T0. This is an important parameter to quantify for a material. If
loads remain below this threshold, then cracks cannot grow, and the material will
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have an infinite fatigue lifetime, in the absence of ozone cracking, thermal-oxidative
aging, or other life-limiting changes to the material [6].

In fatigue crack growth testing, the measured crack growth rate r diverges toward
zero as T is decreased toward T0. The rate is evaluated as r ¼ dc/dN, where c is the
crack length and N is the number of fatigue cycles. The r range where the FCG curve
transitions downward, away from the power law slope, F, is from about 10�7 to
10�9 mm/cycle. To get a sense for the magnitude of testing time needed at these slow
rates, if a typical testing frequency of 10 Hz is considered, it would take about
12 days of continuous testing to observe a tiny 0.1 mm of crack growth when
r ¼ 10�8 mm/cycle for a material. Also, additional data points would be needed at
even slower rates to define the FCG asymptote at T0. Due to these generally
prohibitive time requirements, it is common to see FCG results reported in the
literature that only include the power law region and the upturn near Tc.

1.2 Molecular Interpretation of Fatigue Threshold/Intrinsic
Strength

For a crosslinked elastomeric material, the minimum energy for a crack to grow is
the energy required to break all the polymer chains that cross the path of the crack.
This intrinsic strength is the reason for the divergence of the FCG curve toward
r ¼ 0 mm/cycle as tearing energy is decreased toward T0; hence, fatigue threshold
and intrinsic strength are synonymous. Lake and Thomas [7] derived an expression
for intrinsic strength that includes details of the polymer backbone and the extent of
crosslinking [1].

Fig. 1 Typical dependence
of fatigue crack growth rate
on tearing energy (energy
release rate) for rubber
under fully relaxing
conditions (strain cycle
oscillates between zero and
a peak value at each value of
T )
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T0 ¼ 3
8

� �1=2

ρ A U γ1=2 l M0
�3=2

� �
Mc

1=2 ¼ K Mc
1=2 ð1Þ

The polymer backbone characteristics of importance are the chain stiffness (γ),
molecular weight of a main chain bond (M0), the bond length (l ), and the bond
dissociation energy (U; bond strength). These are averages across the polymer
repeat unit. For example, 1,4-polybutadiene has a repeat unit with four main chain
(backbone) bonds and molecular weight of 54 g/mol which leads to M0 ¼ 13.5 g/
mol, with l, γ, and U taken as averages of the individual characteristics of the four
bonds. Therefore, some of the microstructural details of the polymer backbone are
lost in favor of a simpler molecular representation for predicting general trends.
The density is represented by ρ, and A is Avogadro’s number. For a given type of
polymer, all of the molecular characteristics in Eq. 1 are fixed except for Mc and
can be combined into a constant K. The molecular weight between crosslinks
(Mc) – which is inversely related to crosslink density – is integral to the theory and
influences T0 in two opposite ways. All the bonds in the network chain need to be
stretched until they are at the bond dissociation energy before one bond can break,
so higher Mc means higher total energy required. The number of bonds in the
network chain between two crosslinks is n ¼ Mc/M0, so the energy needed to
break the network chain is nU. The other way that Mc plays a role is that longer
network chains result in fewer chains that cross the path of the crack. The
combination of these two conflicting contributions is a net positive effect leading
to T0 being proportional toMc

1/2. Adding more crosslinks in a rubber compound is
predicted to decrease the fatigue threshold. The type of polymer is also key, in
particular the dependence T0 ~ M0

–3/2. Because the diameter of the chain is
proportional to molecular weight per backbone bond, polymer chains with
lower M0 are thinner which means more chains have to be broken per area of
crack.

A three-stage schematic is presented in Fig. 2 to illustrate molecular crack growth
according to the Lake-Thomas theory: (a) the crack approaches the initially
unperturbed network chain coil between crosslinks; (b) with the crosslinks fixed in
their location, the advancing crack extends the network chain until it is taut (and all
the bonds loaded up to the level of the bond dissociation energy); and (c) one bond in
the network chain breaks, allowing the crack to advance and begin to deform the
next chain it its path. Though helpful in rationalizing molecular effects on T0, this is a
highly simplified interpretation. Some limitations of the theory to point out are
crosslinks are not allowed to move or break, trapped entanglements are not
accounted for, and effects of filler particles are not included. These will be examined
further in the later section on rubber formulation effects.
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2 Characterization Methods

The actual energy needed to grow a crack in rubber can be significantly larger than
T0 due to viscoelastic dissipation in a process zone in front of the crack that prevents
some of the mechanical energy from getting to the crack tip to break polymer chains.
This is the reason that Tc of rubber can be 10 to 10,000 times larger than T0 and
explains the decrease in tear strength as rubber is heated [8]. The concept that tear
strength is largely determined by the magnitude of the viscoelastic losses in the crack

Fig. 2 Illustration of molecular crack growth progression from (a) to (c) for an elastomer network
based on the Lake-Thomas model: (a) an initially unperturbed network chain (dark blue line)
between two crosslinks (red dots) crosses the path of the advancing crack plane; (b) the advancing
crack causes the network chain to become stretched until taut; and (c) the network chain breaks
which allows the crack to grow further and begin to deform the next network chain in its path (c)
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tip region is supported by experiments [9, 10]. Rubber would be a weak material
without this hysteresis, but it presents a challenge for measuring T0.

The energy release rate T of a crack growing at a steady-state rate can be written
as the sum of T0 plus a dissipation-related term Tz [11].

T ¼ T0 þ Tz _ε, θð Þ ð2Þ

The strain rate ( _ε)- and temperature (θ)-dependent effects are contained entirely in
the dissipation term, so that if the process zone dissipation can be eliminated, then
the only remaining strength in the material is T0. This is the general strategy of the
testing methods employed for assessing the fatigue threshold.

2.1 Near-Threshold Fatigue Crack Growth

The direct way to quantify fatigue threshold is to make enough fatigue crack
growth measurements near T0 to define the low-T asymptote in Fig. 1. As T is
decreased to values close to T0, the size of dissipation zone and hence Tz naturally
become small as the rate of crack growth approaches zero. Near-threshold FCG
testing is discussed in detail in another chapter in this book by Stoček [12] who
rigorously collected data across the entire FCG curve to define T0, Tc, and the
power law response between these limits for an ethylene-propylene-diene rubber
(EPDM) material reinforced with N550 carbon black (CB) at a filler volume
fraction (ϕ) of 0.24. The testing conducted in the range T0 < T� 100 J/m2 required
7.5 months of continuous instrument time and enabled a determination of
T0 ¼ 47.7 J/m2 for this material. This is the original method employed by Lake
and Lindley [6] in their work on the fatigue limit. Zhang et al. [13] and Legorju-
Jago and Bathias [14] also provide important examples of direct measurement of
the fatigue threshold. Very few examples of such measurements are available,
presumably due to the lengthy time requirements.

2.2 Tear Strength of Swollen Materials and/or at High
Temperatures

It is widely understood that increasing the temperature of rubber causes the tear
strength to decrease. The polymer network characteristics, such as bond strength and
chain stiffness, are essentially insensitive to temperature, so T0 does not change
significantly as temperature is increased. In contrast, hysteresis decreases as rubber is
heated, leading to a smaller Tz and thus a reduced Tc. The difference between Tc and
T0 diminishes with rising temperature which provides an opportunity to approximate
T0 from Tc measured at an elevated temperature. If this estimation approach is used,
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we suggest making tear strength measurements at a few temperatures to generate a
plot of Tc versus hysteresis – the latter determined from separate dynamic mechan-
ical analysis testing – and extrapolating to zero hysteresis to evaluate T0. This is
schematically illustrated in Fig. 3a. It should be emphasized, however, that heating
cannot completely eliminate dissipation, and there is a chance that thermal-oxidative
aging can take place and change the behavior of the rubber if the temperature is too
high. Also, it is not clear whether extrapolation should be performed on a linear or
logarithmic T basis.

Another effective way to reduce the size of the crack dissipation process zone in
an elastomer is to swell it in a liquid that is a good solvent for the polymer. When
swollen, the energy to break a polymer chain is the same, but there are less chains per
area of crack compared to the dry rubber. A correction for this chain dilution effect is
accordingly required.

T0,dry ¼ λ2 T0,swollen ð3Þ

The λ is the one-dimensional swelling ratio that describes the change in volume
(V ) of the material from swelling.

λ ¼ V swollen

Vdry

� �1=3

ð4Þ

Swelling and elevated temperatures have been used together to approximate T0 by
measuring tear strength at low hysteresis conditions [15–17].

Fig. 3 Schematic of tear strength dependence on crack tip dissipation/hysteresis, as influenced by
temperature and swelling (a) and the related crack growth rate curves (b). The dashed red arrow in
(a) shows extrapolation to zero hysteresis to approximate T0
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2.3 Cutting Method of Lake and Yeoh

Lake and Yeoh [18] pioneered a cutting method for T0 characterization that focuses
the strain energy density at the crack tip and minimizes dissipation by slowly
pushing a sharp blade into the open crack. Based on a crack tip energy balance,
they introduced a material parameter called intrinsic cutting energy, S0,c, which is
equal to T plus an energy release rate for cutting, F.

S0,c ¼ T þ F ð5Þ

Rearranging gives an equation for a line with slope of�1 and intercept S0,c for the
dependence of F on T.

F ¼ �T þ S0,c ð6Þ

When applied to the planar tension test specimen, the crack opening energy
release rate is T ¼ Wh, and the cutting energy release rate is F ¼ f/t. W is the strain
energy density, h is the gauge height of the specimen, t is the specimen thickness,
and f is the cutting force.

Essential to implementing the Lake-Yeoh method is their key finding in Fig. 4
that the T0 from lengthy near-threshold FCG testing is proportional to the measured
S0,c.

Fig. 4 Lake and Yeoh [18] results for various unfilled elastomers that show correlation between
fatigue threshold from very lengthy FCG testing (Y-axis) and the intrinsic cutting energy from the
much faster cutting method (X-axis)
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T0 ¼ b S0,c ð7Þ

Using the cutting method on a control material, for which T0 is separately known
from near-threshold FCG testing, allows the proportionality constant b to be deter-
mined. Measuring values of S0,c for both an experimental rubber and the control
rubber thus allows T0 to be quantified for the experimental material. The propor-
tionality b is certainly influenced by the sharpness of the cutting blade. It should also
be affected to some extent by the specific friction response between the elastomer
material and the metal surface of the blade. This may explain why the linear
correlation between T0 and S0,c is not perfect in Fig. 4, where the unfilled styrene-
butadiene rubber (SBR) and natural rubber (NR) materials have T0 values that are
slightly underpredicted and overpredicted, respectively, by the overall linear fit. The
material dependence of b needs to be studied further. Application of the Lake-Yeoh
cutting method requires a control material, and we use an unfilled SBR compound as
a control material in the experiments that are discussed in the next section. For highly
accurate measurements of T0, for example, to use in developing rubber products with
near-infinite fatigue lifetimes, it is recommended to employ a control compound that
is similar to the experimental compounds being studied in terms of elastomer type
and kind of filler.

2.3.1 Testing Protocol and Data Analysis

Figure 5 shows the experimental set-up of the Lake-Yeoh cutting method applied on
the Intrinsic Strength Analyser (ISA) manufactured by Coesfeld GmbH &
Co. (Dortmund, Germany). Cutting is performed using an ultra-sharp blade (see

Fig. 5 Pictures of the Coesfeld Intrinsic Strength Analyser (ISA): (a) planar tension specimen in
the grips being cut by the blade; (b) close-up view of ultra-sharp blade cutting the rubber specimen
with stretching direction (blue arrows) and cutting direction (yellow arrow) indicated; (c) picture of
the overall instrument; and (d) scanning electron microscopy image of blade tip
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Fig. 5d) that is attached to a sensitive force transducer. Cutting experiments are made
for several crack opening strains (T is varied), and more details about the protocol for
this series of measurements are given elsewhere [19]. For each T, a fast cutting rate
of 10 mm/min is applied for a short time period to develop a well-defined crack path,
and then the rate is sequentially slowed down to the rate of 0.01 mm/min to minimize
hysteresis near the blade tip. The values of cutting energy release rate, F, used for
determining S0,c are from this final slowest cutting rate. This procedure generates a
series of F versus T points that are plotted in Fig. 6a for the same CB-filled EPDM
(ϕ ¼ 0.24) studied by Stoček [12]. A line with slope ¼ �1 (Eq. 6) that contacts the
data at the lowest point gives the intercept S0,c ¼ 683 for this material. Experimental
cutting forces are above this line at the lowest T values due to friction of the rubber
against the sides of the blade when the crack is not opened much. Contributions from
process zone dissipation (Tz becoming significant) explain the points above the line

Fig. 6 Plot (a): F versus
T cutting method data from
the ISA at 23 �C for EPDM
filled with CB N550
(ϕ ¼ 0.24); a line with
slope ¼ �1 (solid green
line) according to Eq. (6)
that contacts the data at the
lowest point gives an
intercept which is S0,c. Plot
(b): An alternate
presentation of the same
data at the lowest cutting
speed, where the
dependence of the total
energy on the planar tension
strain used to open the crack
is shown, with S0,c defined
by the minimum
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at the high-T end of the data set. An alternate way to view the results is a plot of the
total energy, F + T, versus the crack opening strain, with S0,c defined by the
minimum (Fig. 6b). An unfilled SBR control material [19] with known T0 ¼ 60 J/
m2 was also tested, giving a value of 844 J/m2 for S0,c. This information for the
control rubber enabled the determination of b ¼ 0.0711 from Eq. (7), then allowing
the conversion of S0,c to T0 for the EPDM compound to yield T0 ¼ 48.6 J/m2.

2.3.2 Validation Using Experimental Results and Simulation

The 1978 investigation by Lake and Yeoh [18] showed that the cutting method can
be used to assess T0, as exemplified in Fig. 4. It is important to verify that our modern
application of the cutting method on the Intrinsic Strength Analyser yields a T0
which is similar to the fatigue threshold defined from fatigue crack growth testing.
For this purpose, we consider the EPDM material just discussed with regard to ISA
cutting results. EPDM is an appropriate elastomer choice for this comparison,
because its largely saturated structure makes it a stable material against oxidation

Fig. 7 Comparison of FCG data at 23�C for the CB-filled EPDM from the Tear and Fatigue
Analyser (TFA) with separately determined T0 from the Intrinsic Strength Analyser

Table 1 Fatigue threshold measurements for EPDM filled with CB N550 (ϕ ¼ 0.24)

Method T0 [J/m
2] Testing time

Near-threshold fatigue crack growth 47.7 7.5 months

ISA cutting method 48.6 2 ha

aISA can also be operated using a targeted testing protocol with total testing time of ~1 h
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and ozone cracking during the long time period needed for the near-threshold FCG
testing. The fatigue crack growth results from Stoček [12] for the EPDMmaterial are
presented in Fig. 7, and the data points represent average values from multiple
measurements. Also indicated on this figure is the location of the T0 separately
determined using the ISA which is in close proximity to where the crack growth
curve turns downward toward infinitesimally small rates. The T0 from the cutting
method test (48.6 J/m2) is only 1% different than the T0 from FCG measurements
(47.7 J/m2), as summarized in Table 1. The two characterization approaches pro-
duced essentially equivalent T0 values, but the FCG method involved 7.5 months of
testing in contrast to the 2-h ISA test.

A key premise of the Lake-Yeoh cutting approach is that the blade localizes the
strain energy density at the crack tip to minimize the dissipation zone in front of the
crack. Finite element analysis was recently performed [20] to investigate the validity
of this assertion, and selected results from 2D modelling are shown in Fig. 8. When
the simulated crack was opened by stretching, a sizeable process zone (i.e., region of
magnified stress and strain) in front of the crack was evident. Then a point load was
pushed into the open crack to model the effect of the sharp blade in the cutting

Fig. 8 Abaqus/Standard 2D finite element simulation of strain energy density for a crack in an
elastomer that is opened by stretching to a planar tension strain of 0.09 (a) and the subsequent
pushing of a point load into the open crack (b). The colors represent a map of different ranges of
strain energy density from lower (dark blue) to higher (red) values. Results are from study by Mars
et al. [20]
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method, resulting in substantial reduction in the size of the process zone. This
provided strong support for the scientific soundness of the cutting method for
evaluating the intrinsic strength of rubber. This modelling research also generated
F and T dependencies on crack opening strain and determined that the total process
zone energy (sum of F and T ) was minimized at a strain of 0.07 (7%). The minimum
in Fig. 6b, representing the region of lowest total energy, occurred between the data
points collected at strains of 0.054 and 0.078, quite comparable to the simulation
minimum.

2.3.3 Combining Cutting Method and Tear Testing for Rapid Estimate
of Fatigue Crack Growth Curve

After completion of the cutting procedure on the ISA, an optional standard tear test
can be performed to determine Tc. The blade is retracted away from the rubber
specimen, and then the crack is slowly opened until spontaneous tearing occurs. The
ISA therefore can quantify for a rubber specimen the locations of the two ends of the
FCG curve that bracket the intermediate power law behavior. Natural rubber
(NR) and butadiene rubber (BR) have FCG power law responses that cross over
each other. Examples for CB-filled compounds are shown in Fig. 9a [21]. Tear
strength is significantly higher for NR (18,490 J/m2) compared to BR (3,270 J/m2),
but the material ranking for T0 is opposite (50.6 J/m2 for NR and 99.6 J/m2 for BR).
We plot Tc and T0 for both rubbers in Fig. 9a by assuming crack growth rates of
rc ¼ 10�2 mm/cycle for Tc and r0 ¼ 10�8 mm/cycle for T0. Connecting T0 and Tc
with a line on the log-log plot for each material gives a reasonable approximation for
the FCG data between the two limits and reproduces the crossover for NR and
BR. This approach can therefore estimate the FCG power law exponent, F, from the
ratio of tear strength to intrinsic strength.

F � log rc=r0ð Þ
log Tc=T0ð Þ �

6
log Tc=T0ð Þ ð8Þ

A good correlation between this F estimate and the actual F from rigorous FCG
measurements is confirmed in Fig. 9b for 41 diverse rubber compounds spanning a
large range of F. This quick approach is useful for screening materials and moni-
toring mixing quality in a rubber factory, but accurate FCG testing is still required
for high fidelity fatigue analyses [22].
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3 Rubber Formulation Effects

Rubber formulations are complex mixtures of polymers, reinforcing fillers, cura-
tives, oils/plasticizers, stabilizers, and other additives. The nature and amount of
these ingredients, their interactions, and the quality of mixing will affect the com-
pound’s durability characteristics, including the fatigue threshold. This complexity
gives materials engineers and compound developers the opportunity to create new
materials to increase product lifetime. Despite the importance of T0, there are only a
few published studies that provide data for formulation effects on the fatigue
threshold, likely due to the difficulty in measuring T0 before the commercialization
of the cutting method on the ISA. We review these prior investigations and share
some of our recent findings in this section.

Fig. 9 Plot (a): Fatigue
crack growth data from TFA
(solid symbols) along with
T0 and Tc data from ISA
(open symbols) plotted at
r values of 10�8 and 10�2,
respectively; the thin lines
are power law fits to the
TFA data, and the thick lines
connect the T0 and Tc points
on the log-log plot. Plot (b):
Correlation between FCG
power law slope determined
by two point (T0 and Tc) ISA
method and from actual
fitting to FCG data from
TFA for data from
41 diverse rubber
compounds. Results are
replotted from Robertson
et al. [21, 22]
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3.1 Polymer Type

Gent and Tobias [15] used tear testing of swollen samples at temperatures from 70 to
90�C to approximate T0 for a variety of unfilled polymer types, each studied across a
range of Mc by varying the level of peroxide curative. Their results are replotted in
Fig. 10a. It is more appropriate to compare crosslinked polymers at constantMc/M0 –

which is the number of backbone bonds in a network chain between crosslinks (n) –
so we compare the fatigue thresholds for the different elastomers as a function ofMc/
M0 in Fig. 10b. The elastomer type effect manifests as a vertical shifting in this plot.
The polymer ranking does not exactly follow the Lake-Thomas expectation of
T0 ~ M0

–3/2 due to other structural differences between the elastomer types, but the
extremes make sense according to this scaling. The heaviest backbones are associ-
ated with the fluoroelastomer and poly(dimethylsiloxane) (PDMS) which have the

Fig. 10 Fatigue threshold
estimated from swollen tear
strength testing at elevated
temperatures versus Mc (a)
and versusMc/M0 (b) for the
indicated unfilled elastomers
crosslinked with dicumyl
peroxide. The elastomer
type effect manifests as a
vertical shifting in (b)
indicated by the blue
double-headed arrow. The
symbol legend in (b) also
applies to (a). Replotted
from Gent and Tobias [15]
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lowest fatigue thresholds at constant Mc/M0. At the other extreme is the lightest
backbone of cis-1,4-polybutadiene (cis-BR) which has the highest T0. Polymer
chains with lower M0 have smaller diameters which translates into more network
chains that have to be fractured per area for a crack to grow.

ISA testing of various general-purpose elastomers reinforced with carbon black
demonstrated significant influence of polymer type on T0 (Table 2) [23]. Consistent
with the relative fatigue thresholds shown in Fig. 9a, these cutting method results
showed that BR exhibited a significantly higher T0 than was measured for NR. This
difference can be qualitatively rationalized based on the Lake-Thomas theory pre-
diction T0 ~ M0

–3/2 (Eq. 1). These two elastomers have similar chain stiffnesses and
bond dissociation energies, so the main structural distinction leading to lower T0 for
NR is its higherM0 (17 g/mol) compared to BR (13.5 g/mol). Also, it was found that
the IR and NR materials had similar fatigue thresholds, reflecting their essentially
identical cis-1,4-polyisoprene backbones. The T0 for SBR was intermediate to BR
and NR, evidently due to countervailing effects of higher chain stiffness and
increased M0. The composition of this emulsion SBR (see Table 2) yields
M0 ¼ 19.6 g/mol. This is higher than the M0 for NR and should cause T0 to be
lower for SBR relative to NR in the absence of other structural influences. However,
the bulky styrene sidegroup in SBR increases the chain stiffness (γ parameter in
Eq. 1) which apparently counters the effect of higher M0. The fatigue threshold
ranking of BR> SBR> NR in Table 2 agrees with the Lake and Yeoh [18] findings
(Fig. 4).

3.2 Crosslinking Effects

The Lake-Thomas interpretation of intrinsic strength is based on the fracture of
network chains, which leads to the key model prediction of T0 ~Mc

1/2. According to
this anticipation, a higher density of crosslinks produced by adding more curatives in
a rubber formulation will reduceMc and decrease T0. This is supported by the results
from Gent and Tobias [15] in Fig. 10a which show power law exponents in the range
from 0.56 to 0.95 for the different unfilled elastomers examined, reasonably close to
the predicted exponent of 0.5. The materials consisted of model formulations with

Table 2 Fatigue threshold
values for CB-filled
elastomersa,b

Parameter T0 [J/m
2]

Natural rubber (NR) 22.2 � 2.0

Isoprene rubber (IR)c 25.7 � 3.7

Butadiene rubber (BR)c 83.5 � 7.7

Styrene-butadiene rubber (SBR)d 63.6 � 4.7
aData from our recent ISA cutting method study [23]
b60 phr CB N339 (ϕ � 0.23) and 1.5 phr sulfur
cPredominantly cis-1,4 structure
dEmulsion SBR statistical copolymer with 23.5 wt.% styrene and
14% of butadiene polymerized in 1,2 (vinyl) structure
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only polymer plus dicumyl peroxide, the latter varied from 1 to 5 phr to vary the
crosslink density. Their study approximated T0 using tear strength measurements for
swollen specimens at elevated temperatures.

Our recent cutting method evaluations of industrially relevant rubber compounds
were less conclusive concerning the influence of crosslinking degree on fatigue
threshold [23, 24]. The results are shown in Fig. 11a for two different rubber
compositions wherein sulfur concentration was increased to generate different levels
of crosslinking while keeping the ratio of accelerator to sulfur constant. There is no
clear trend in T0 versus sulfur level for either material, and the results considered in
total are certainly not an endorsement for the Lake-Thomas prediction of a decrease
in T0 from adding more crosslinks. However, the compounds are more complex than
the Gent and Tobias model materials and are instead close analogs of materials used
in automotive rubber applications. The SBR compound includes CB N339 at a
moderately high filler volume fraction, ϕ ¼ 0.23, and carbon black is known to

Fig. 11 Fatigue threshold
(a) and tear strength (b)
measured using the ISA for
the indicated materials as a
function of sulfur loading
(accelerator-to-sulfur ratio
kept constant). The CB
N339 loading was ϕ ¼ 0.23
in the SBR material. For the
silica-filled SBR/BR(70/30)
compound, the loading of
precipitated silica (165 m2/
g) was ϕ ¼ 0.19, and bis
[3-(triethoxysilyl)propyl]
disulfide (S2 silane; Si266)
was added at 8 wt.% relative
to the silica amount. Data
replotted from our recent
studies [23, 24]
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affect vulcanization [25, 26]. The silica-reinforced 70/30 blend of SBR and BR –

which is similar to tread compounds used in improved fuel economy passenger car
tires – has polymer-silica chemical linkages from bis[3-(triethoxysilyl)propyl]
disulfide. This silica-SBR/BR material has a total of 250+ phr in the formulation,
of which only 100 phr is the amount of dry elastomers, in clear contrast to 101–105
phr for the simple crosslinked elastomers in Fig. 10.

Crosslink type effects have been observed. Bhowmick, Gent, and Pulford [27]
noted that intrinsic strengths of various unfilled elastomers with polysulfidic
crosslinks were about two times higher than T0 values for the same elastomers
with monosulfidic or -C-C- crosslinks. That study assessed T0 from tear strength
of swollen samples at high temperatures. The same effect was found by Gent et al.
[28] using the Lake-Yeoh cutting method. This can also be noted in the original Lake
and Yeoh results for unfilled NR displayed in Fig. 4 where -C-C- crosslinks from
peroxide curing have reduced fatigue threshold compared to polysulfidic crosslinks
from sulfur vulcanization. Polysulfidic bonds are significantly weaker than -C-C-
and -C-S-C- bonds. This allows polysulfidic crosslinks to break/reform/rearrange
during elastomer deformation – which can be considered pseudo-self-healing
behavior – to give the well-known advantage of increased tear strength, tensile
strength, and fatigue lifetime [29]. Due to limited research, it is not known how
the nature of polysulfidic crosslinks can increase the strength at threshold conditions.
The Lake-Thomas theory does not allow for crosslink junctions to have lower bond
strength than the bonds in the polymer backbone nor the possibility for crosslinks to
reform after breaking.

3.3 Influence of Reinforcing Fillers

The majority of commercial applications of rubber employ compounds that contain
reinforcing fillers such as carbon black and silica, and filler incorporation is known
to increase tear strength and reduce fatigue crack growth rates [2, 10, 30–33]. Only a
few studies have considered how filler affects fatigue threshold, however.
Bhowmick and coworkers [16] discovered a strong positive influence of CB volume
fraction on T0 for NR and SBR compounds (Fig. 12), with a larger effect found for
addition of the higher surface area N375 type of CB compared to N550. Kaolin clay
gave a lower improvement in NR and nearly no change to T0 in SBR. Up to this point
in the chapter, the intrinsic strength data considered from several studies varied
across the range from 20 to 150 J/m2. The results in Fig. 12 exhibit T0 in excess of
1,000 J/m2 at the highest CB N375 concentrations. The authors discussed the general
challenge in eliminating hysteresis in filled rubber by use of solvents and/or heating
toward quantifying T0, so it is possible that there were still Tz contributions to the
measured tear strengths (Eq. 2). Using the Lake-Yeoh cutting method, Gent et al.
[28] showed no effect of adding 50 phr (ϕ ¼ 0.20) of N330 carbon black to SBR
compared to the unfilled material.
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In Table 3, we summarize new results from the ISA cutting method on the
influence of carbon black volume fraction on fatigue threshold of EPDM, where it
is evident that increasing CB N550 loading gives a slight decrease in T0. These
findings are compiled in Fig. 13a along with our recent data on the silica-SBR/BR
(70/30) and CB-SBR materials [23, 24] discussed earlier with respect to crosslink
density effects. With the exception of the highest silica level, the three filled rubber
systems generally show moderately decreasing trends for T0 as filler amount is
increased in the formulation. Tear strength, Tc, increases as expected with filler
concentration (Fig. 13b). In view of the opposite filler impacts on T0 shown in
Figs. 12 and 13a, additional research is needed to resolve this important aspect of
formulation effects on fatigue threshold.

Before attempting to hypothesize about how to extend the molecular insights
from the Lake-Thomas theory to address the roles of filler reinforcement and
polymer-filler interactions, it is first useful to consider the relative size scales for

Fig. 12 Fatigue threshold
estimated from swollen tear
strength testing versus filler
volume fraction for the
indicated filler types in NR
(a) and SBR (b). Replotted
from Bhowmick, Neogi, and
Basu [16]
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network chains and filler particles. Typical crosslink densities in elastomers are
associated with distances between crosslinks that are less than 10 nm in the
unstretched state [34, 35]. Measured chain dimensions in theta conditions for
1,4-polyisoprene (NR, IR) and 1,4-polybutadiene (BR) are characterized by essen-
tially the same expression for the dependence of hydrodynamic radius on molecular

Table 3 T0 results from ISA
testing for EPDM filled with
CB N550a

Filler volume fraction, ϕ T0 [J/m
2]

0.19 52.2

0.24 48.6

0.29 46.1
aSame rubber compounds described by Stocek [12]

Fig. 13 Fatigue threshold
(a) and tear strength (b)
measured using the ISA for
the indicated materials as a
function of filler volume
fraction. Data from our
recent studies [23, 24] and
new data for CB-filled
EPDM. The crosslinking
levels for the CB-SBR and
silica-SBR/BR materials are
the intermediate
concentrations in Fig. 11a.
The precipitated silica used
in the silica-SBR/BR system
had a specific surface area of
165 m2/g, and bis
[3-(triethoxysilyl)propyl]
disulfide (S2 silane; Si266)
was added at 8 wt.% relative
to the silica amount
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weight [36]: RH � 0.03M1/2, withM expressed in g/mol and RH in units of nm. This
can be used to estimate the size of the chain coil between crosslinks by substituting
Mc for M. This gives coil diameters from 3 to 6 nm for Mc values in the common
range from 2,000 to 10,000 g/mol (see data ranges in Fig. 10a). Comparable end-to-
end distances of 3–7 nm can be determined using chain statistics for BR across the
same span of Mc [34]. The standard N110, N339, and N550 grades of carbon black
have average primary particle diameters of 17, 26, and 53 nm, respectively, and
aggregate diameters of 54, 75, and 139 nm [37]. Therefore, even the smallest nano-
structured carbon blacks that are used to reinforce rubber (e.g., N110) are charac-
terized by primary particles that are more than twice the size of the network chain
coil, and the aggregates of fused primary particles have diameters that are about ten
times the distance between crosslinks. The size mismatch is depicted in Fig. 14. This
greatly complicates the crack growth process beyond the simple Lake-Thomas
molecular interpretation illustrated previously (Fig. 2). Certainly, physical adsorp-
tion or chemical bonding of a portion of the polymer chain to the surface of a particle
will affect the mechanics of near-threshold crack growth. Perhaps more important to
address is how the crack – which is able to progress forward between crosslink
points that are a few nanometers apart according to the Lake-Thomas view –

navigates around or through a much larger rigid filler aggregate. Another complexity
is that swelling of a particle-reinforced elastomer network is not a simple chain
dilution effect [38–40], and temperature affects filler networking and polymer-filler

Fig. 14 Depiction of polymer network chain (dark blue line) between two crosslinks (red dots) that
is in front of an advancing crack. The chain is adsorbed or bonded onto the surface of a filler
aggregate (gray) which is composed of five primary particles fused together, with the region of
polymer-filler interaction circled (red dashed line). See discussion text for relative sizes of polymer
network chain and filler aggregate
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interactions [41–44], so quantifying T0 from tear strength testing of swollen samples
at elevated temperatures may not be appropriate for filled rubber.

3.4 Oils/Plasticizers

To our knowledge, there have not been any systematic studies of the impacts of
process oils, plasticizers, or other low molecular weight liquid additives on the
fatigue threshold of rubber. We can get some insights by treating oil in a formulation
in the same manner as the swelling correction in Eqs. 3 and 4, since oil has a
comparable effect of diluting the polymer network chains. The one-dimensional
swelling ratio for adding an oil to a dry polymer can be expressed as:

λ ¼ 1þ wo=ρo
wp=ρp

� �1=3

ð9Þ

The wo and wp represent the weights in phr of the oil and dry polymer within the
formulation, and ρo and ρp are their respective densities. Elastomers such as SBR and
EPDM are often blended with oil by synthetic rubber manufacturers. A common oil
concentration for oil extended elastomers is 37.5 phr per 100 phr of dry polymer.
This amount of oil dilution causes a 19% reduction in T0 according to Eqs. (3) and
(9) if the oil and polymer have the same density. To increase fatigue threshold, the
levels of process oils and other non-reactive low molecular weight liquids in a
compound should be decreased, provided that reducing/eliminating these ingredients
can be accomplished while still maintaining proper filler dispersion and acceptable
rubber processability.

4 Using Fatigue Threshold to Develop Highly Durable
Rubber Products

The main industrial interest in quantifying crack growth properties of elastomers is
to use those insights to develop durable products. For product application conditions
where T> T0 and fatigue cracking will occur in a rubber component, modern fatigue
analysis software for finite element analysis can be used to predict lifetime by
incorporating concepts of critical plane analysis and integrated fatigue crack growth
rate function [45–47]. The development approach is to create a material and design
geometry combination that will give predicted cycles to failure in excess of the
desired product lifetime for the complex application loading cycle and other use
conditions. In this context, knowledge of the fatigue threshold is also useful for
identifying non-damaging events in lengthy road load signals experienced by auto-
motive rubber components. Sub-threshold events can be removed from consider-
ation during testing and simulation efforts [45, 48].
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An alternative, very conservative strategy is to produce a combination of design
and material behavior that interplay with the loading situation to operate at sub-T0
conditions where fatigue crack growth cannot take place. Accurate values of T0 for
the material and the effective tearing energy (T ) associated with the rubber compo-
nent operation must both be known in order to ensure T< T0. The tearing energy can
be expressed as [47, 49–52]:

T ¼ 2 k W c ð10Þ

Detailed discussions about the precise value of k are found in the chapters of
Wunde et al. and Windslow et al. in this book [51, 52]. For simplicity, we use the
approximate value k ¼ π [47]. The strain energy density (W ) is the area under the
stress versus strain response for the material experiencing the applied duty cycle in
the product, so it is a combination of hyperelastic stress-strain behavior of the
material, the part geometry, and deformation conditions. Finite element analysis is
invaluable for assessing W throughout a rubber product design experiencing the
loading conditions. At the start of fatigue, the crack size, c, of importance is the crack
precursor size, c0. The goal is then to find a material and design combination that
satisfies:

2 π W c0 < T0 ð11Þ

Crack precursors are sometimes called intrinsic flaws or defects, and they can
come from undispersed filler agglomerates, hard contaminants in raw materials, and
other aspects of the compound and its morphology/microstructure [53–55]. Crack
precursor size is not a single number but rather a distribution [55] which should be
considered with respect to failure statistics when selecting which c0 to use in the
product engineering criterion represented by Eq. (11). The possibility that fatigue
threshold deteriorates with aging needs to be explored by testing T0 of the material
candidate after aging at relevant conditions. Also, any aging-induced changes to the
rubber stiffness will affect W and should be included in the analysis toward keeping
T < T0 throughout the intended product lifetime.

5 Conclusions

We summarized key aspects of the fatigue threshold of rubber. Knowledge of this
important material parameter can be used to develop rubber products with infinite
fatigue lifetime, not considering other possible life-limiting changes to the material
from aging, ozone cracking, and the like. The various testing approaches were
discussed, with a focus on the well-established Lake-Yeoh cutting method that is
implemented on the ISA. The cutting method was validated by demonstrating that a
2-h test on the ISA yields a T0 that is nearly identical to the T0 value from near-
threshold fatigue crack growth measurements that require 7.5 months of continuous
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testing. Finite element analysis of the cutting method provided support for the key
premise that the blade localizes the strain energy density near the crack tip, and the
simulations predicted a minimum in the total energy (tearing plus cutting) at a crack
opening strain of 0.07 which matched the minimum in the experimental results.

The limited number of published studies on rubber formulation effects was
reviewed, and the results were compared with our new data. The elastomer type has
a clear impact on T0, and lighter, smaller-diameter polymer chains have an advantage.
Conflicting results exist for the dependencies of fatigue threshold on crosslink density
and filler reinforcement, possibly due to differences in results from the cutting method
versus tear testing of swollen specimens at high temperatures. For the latter charac-
terization approach, it is particularly challenging to reach vanishing hysteresis condi-
tions for rubber compounds that contain reinforcing fillers. More research is needed to
clarify the various influences of rubber compound ingredients on T0.

The Lake-Thomas model interprets T0 in terms of fracture of elastomer network
chains and is useful in rationalizing impacts of polymer structure, addition of oils/
plasticizers to a compound, and crosslink density. Extending the Lake-Thomas
conceptual framework to particle-reinforced rubber will require more than just
adding polymer-filler interactions and related mobility effects into the physics. The
size scales of common carbon black and precipitated silica particles are significantly
larger than the size of a polymer network chain between crosslinks, which requires
cracks to either go around the nano-structured filler aggregates or fracture them.

There are many interesting and innovative materials technologies such as sacri-
ficial bonds [56], designer microstructures [57], self-healing functionalities [58], and
double networks [59] that can increase intrinsic strength and retard crack growth in
elastomeric materials. The translation of these basic research concepts and other
materials science ideas into commercial rubber products with enhanced durability
will require fast, reliable characterization of the fatigue threshold, and the Lake-
Yeoh cutting method on the Intrinsic Strength Analyser will undoubtedly play an
important role.
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Abstract Durability is an essential feature of most elastomer products, directly
linked to safety and to perceptions of brand quality. Product designers must therefore
consider the impact on product durability of typical and abusive end-user loading
scenarios. This can be accomplished using critical plane analysis (CPA). CPA starts
by acknowledging that a small crack precursor might exist at any point in a part, and
in any orientation, and that the potential development of all crack precursors must be
evaluated. The analysis produces a full accounting of which location and orientation
maximizes crack growth (or, equivalently, minimizes fatigue life) at each point, the
energy release rate history experienced, and of course the worst-case fatigue life
across all possible orientations. This review provides an account of the development
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of the method over the last two decades and the validation case that has accumulated.
This review also suggests directions for further development of the method.

Keyword Damage · Durability · Fatigue life · Multiaxial

1 Introduction

The growth of cracks is often the chief limiter of a product’s useful life [1, 2]. Product
designers must therefore make allowance via their selections of material, design, and
loads for a sufficient margin between the demands of a given application and the
capacity of the product to resist crack growth. Given that microscopic crack pre-
cursors exist [3–5] at nearly every point in a rubber part, and that they may have any
orientation, a thorough analysis is required of a product’s use and abuse in order to
ensure adequate durability.

The growth of crack precursors is driven by the load inputs to a part. Load inputs
may come from one direction or from several. They may be steady with a constant
amplitude or random with variable amplitudes. The required analysis must account
for how loading inputs to the part are experienced by each possible crack at each
possible point of failure in a part, as well as the rate at which each possible crack
grows.

Implementing such an analysis for practical use requires the computational
resources of a sufficient computer, as well as fatigue solver software that is properly
formulated to embody the many details and physical effects that come into play. In
this review, we shall take for granted that the computer is sufficiently powerful, and
we shall focus on a specific calculation framework: critical plane analysis (CPA).

2 The Critical Plane Method

Critical plane methods for rubbery materials were first proposed and developed
independently and nearly simultaneously by Mars [6–9] and by Saintier [10–11]
and have since been explored and validated by many others [12–21]. Both original
implementations build upon precedents from the metal fatigue community [22–
23]. The key idea is that cracks develop on a particular material plane, specifically
the most critical material plane, and that their localized experience drives their
evolution.

Although the key idea of CPA was the same for Mars and Saintier, there were also
important differences between respective implementations (see Table 1 for a sum-
mary). Major differences include (1) how the critical plane is selected, (2) what
criterion is used to quantify the severity of loading experience on the critical plane,
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and (3) how damage on the critical plane evolves under solicitation. The Mars
framework has been implemented in the commercial fatigue solvers fe-safe/Rubber
and Endurica CL.

2.1 Critical Plane Selection

In the Mars analysis framework, which is the basis of the Endurica CL fatigue solver,
the critical plane is identified on the basis of minimizing the fatigue life, Nf, with
respect to the orientation (specified by spherical coordinates θ and φ) of the crack

plane normal vector, N
!
. The life is obtained by integrating the fatigue crack growth

(FCG) rate law da
dN ¼ r Tð Þ from the initial crack precursor size, ao, to the end of life

size, af, as shown in Eq. (1). T is the energy release rate of the assumed crack:

N f θ,φð Þ ¼
Z a f

ao

1
r T θ,φ, að Þð Þ da ð1Þ

The set of all orientations (θ,φ) can be represented via a sphere as in Fig. 1. The
sphere is colored according to the life, Nf, so that red is the shortest life and blue is
the longest.

The above framework offers significant accuracy advantages over alternative
approaches because it makes no presumption about the orientation of the critical
plane. The critical plane is rather a consequence of the calculations.

Other approaches assume a plane selection rule prior to evaluating damage. For
example, Saintier’s Wohler curve-based approach used a maximum principal stress
direction to identify the critical plane [10, 11]. While it is sometimes true that the
most critical plane coincides with the normal to the maximum principal stress, this is
not always the case and cannot be taken for granted. Well-known exceptions [8]
include simple compression (where planes that maximize shearing will see the most
damage), nonrelaxing cycles for strain crystallizing materials (where nonrelaxing
cycles can cause off-axis cracks [24]), and nonproportional loading histories (where
a unique maximum principal stress direction may not even exist).

Table 1 Comparison of CPA methods of Mars and Saintier

Mars Saintier

Critical plane selec-
tion method

Minimum life across all planes Maximum principal stress

Multiaxial criterion Energy release rate estimated via
cracking energy density

Stress traction on assumed crit-
ical plane

Damage evolution
law

Crack growth rate law Wohler curve

Strain crystallization
law

R ratio dependence of crack growth
rate law

Modifier of stress experienced
on critical plane
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2.2 Multiaxial Criterion

Once a potential plane (θ, φ) is specified for consideration, either as a search iteration
(as in Mars) or as an orientation resulting from an assumed selection rule (as in
Saintier), some criterion must be applied to quantify the driving forces that cause
precursor development. The criterion that is used will correspond with its associated
damage evolution law.

In the Mars framework, the energy release rate of an idealized crack undergoing
self-similar growth is taken as the multiaxial criterion, so that the FCG rate law may
be used as the damage evolution law. The energy release rate of a small crack in this
case is proportional to the size a of the crack [25], as follows:

T ¼ 2kWca ð2Þ

The parameter k is a nondimensional factor that may depend on mode and
magnitude of deformation and on the material constitutive law. Through experimen-
tation, Greensmith [26] showed that for simple tension, it was loosely dependent
upon the far-field principal stretch, λ, decreasing from k ¼ 3 at small strains to k

Fig. 1 Contours of fatigue life plotted on the sphere representing all possible critical plane

orientations. The planes with normal N
!
that minimize life are the critical planes
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(λ ¼ 3) ¼ 2. Later, Lindley [27] used finite element analysis (FEA) to find
k ¼ (2.95 � 0.08(1 � λ))λ�1/2. Lake [28] attempted to use symmetry conditions to
adapt Rivlin and Thomas’ test sample with a short crack solution to the tearing
energy at a centrally positioned flaw in a thin sheet under uniaxial tension. He found
the proportionality parameter related to the far-field principal stretch through π. This
led to the simpler form, k ¼ π=

ffiffiffi
λ

p
for both edge and central cracks. Klüppel and

coworkers [29] published experimental data from SENT test pieces that suggests the
factor of π is too high. They identified a value that ranged from 1.2 to 3.1. Chang
et al. [30] and Yeoh [31] studied the effect of multiaxial states of deformation on k,
as did Aït Bachir et al. [25]. Mars [32] showed that the value of k can evolve with the
Mullins effect. To date, nobody has given a complete reckoning of this factor across
all of its dependencies. In spite of these varied reports, experience [33] has shown
that satisfactory correlation between measured and calculated fatigue lives for a
broad range of multiaxial cases is obtained with the assignment k ¼ π, which is used
in this work.

Wc is the cracking energy density [7, 8]. This quantity is the portion of the strain
energy density that is available for release by a crack growing in the specified plane.

It can be calculated by considering the material plane with normal N
!

in the
undeformed configuration. In the deformed configuration with deformation gradient
F, this material plane has unit normal n!, given by the transform rule [14]:

n
! ¼ N

!
F�1

N
!
F�1

��� ��� ð3Þ

Knowing n
!
, the instantaneous traction S

!
on the plane can be determined by the

rule:

S
! ¼ σ ∙ n! ð4Þ

After computing the traction vector, the vector components normal and shear to
the plane should be resolved so that crack closure effects can be checked and taken
into account. Crack closure occurs when the normal component has a negative value.

A deformation increment dε
�!

of a line element originally normal to the plane can
also be defined via the rule:

dε
�! ¼ dε ∙ n! ð5Þ

The dot product of the traction vector S
!

and the deformation increment vector

dε
�!

may then be taken to obtain the cracking energy density, as follows:
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dWc ¼ S
! � d ε! ð6Þ

The cracking energy density represents that portion of the elastically stored strain
energy density that may be said to be available for release when the crack in
orientation n

!
grows.

In other CPA frameworks, varied parameters have been used. Saintier [10, 11]
used the traction vector on the selected plane together with a Wohler curve-based
damage evolution law. In addition to the cracking energy density, Harbour [16] used
strain-based criteria. Verron used the Eshelby tensor [12].

2.3 Damage Evolution Law

The choice of multiaxial criterion determines the form of the damage evolution law.
In the Mars framework, the FCG rate law governs the relationship between the

solicitation and the damage evolution (i.e., crack length increase). The FCG rate law
may take several forms [34]. The simplest is the Thomas law [2], given by

da
dN

¼ rc
T
Tc

� �F

ð7Þ

Tc is the rupture strength of the material. rc is the rate of FCG at the point where
Eq. (7) intersects the rupture strength. F is the power-law slope of the rate law. The
Thomas law is similar to the Paris law known from metal fatigue, in that both involve
an energy release rate raised to some power. However, where the Paris law is written
as a function of the range of energy release rate, the Thomas law is written as a
function of the peak energy release rate at the top of the stroke.

The Lake-Lindley form [35] of the FCG rate law imposes a lower bound [36–
41] – the fatigue limit T0 – on the energy release rate that will produce positive crack
growth. Below this limit, no cyclic crack growth occurs. Above the limit, the
following rules govern:

T0 < T < Tt
da
dN

¼ A T � T0ð Þ

T > Tt
da
dN

¼ rc
T
Tc

� �F ð8Þ

Tt is a transition point between the two branches of the rate law definition. The
parameter A can be determined from the requirement of continuity across the

branches as A ¼ rcTF
t

TF
c Tt�Toð Þ.

In the Saintier framework, a power-law-based Wohler curve is used to correlate
the stress amplitude magnitude on the critical plane to a total fatigue life. Two
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drawbacks of Wohler curves are that (1) they are not universal with respect to
different modes of deformation (e.g., simple tension, biaxial tension, and simple
compression do not form a single curve) and (2) they are more expensive to generate
experimentally than the FCG rate law.

2.4 Strain Crystallization Law

Under nonrelaxing cycles, materials that strain crystallize exhibit markedly different
behavior from materials that do not crystallize [42–47].

Without strain crystallization, nonrelaxing cycles in rubbery materials follow a
Paris law much the same as other engineering materials, where the crack growth rate
depends primarily on the range ΔT of the energy release rate. This leads to the
following equivalence rule between nonrelaxing cycles (i.e., cycles whose lower
extreme energy release rate is greater than zero) operating with peak Tmax and valley
Tmin and fully relaxing cycles operating at the same equivalent (i.e., same FCG rate)
energy release rate Teq:

Teq ¼ ΔT ¼ Tmax � Tmin ¼ Tmax 1� Rð Þ ð9Þ

The ratio R is defined as R ¼ Tmin/Tmax. The Paris law is recovered when using
this rule with the Thomas law.

With strain crystallization, nonrelaxing cycles in rubbery materials show behav-
ior in which the equivalent fully relaxing (i.e., cycles whose lower extreme energy
release rate is zero) energy release rate Teq is shifted according the following rule:

Teq ¼ Tmax

Tx Rð Þ
c

 ! 1
1�x Rð Þ

ð10Þ

x(R) is a shift function relating the shift factor x (see Fig. 2) to its corresponding R
ratio. The shift factor gives the log fraction by which the fully relaxing FCG rate
curve must be shifted to give the nonrelaxing FCG rate curve. For example, when
x ¼ 0, the nonrelaxing curve is coincident with the fully relaxing curve. When
x ¼ 0.5, the nonrelaxing curve is shifted halfway between the fully relaxing curve
and the vertical asymptote at TC. When x ¼ 1.0, the curve becomes coincident with
the asymptote at TC. Typical results for the shift function x(R) are shown in Fig. 3.

As an example, the Haigh diagram [45] (a contour map showing the dependence
of the fatigue life under uniaxial loading on mean strain and strain amplitude) for
simple tension/compression corresponding to each of the above rules has been
computed and plotted in Fig. 4. The noncrystallizing material is on the top, and
the strain-crystallizing material is on the bottom. It can be appreciated from these
examples that strain crystallization tends to retard crack growth when R ratio is
increased at fixed peak energy release rate. Equivalently, for a crystallizing rubber,
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increasing the mean strain at constant strain amplitude can increase fatigue life, so
long as the mean strain does not become large enough to approach ultimate limits.

In the Saintier framework, strain crystallization is treated as a modification of the
stress experienced by the critical plane.

3 Incremental Procedure

The procedures outlined above serve well when it is desired to compute the life for a
fixed history that repeats continually until failure. There are many circumstances,
however, in which the load cases that occur in one period are different from the load
cases that occur in another period. The block cycle schedules often prescribed as
qualification tests for automotive components are a key example. Standard regula-
tory durability tests in the tire industry are another example. To solve the broadest
range of problems, including these, it is necessary to extend the calculations using an
incremental procedure.

In an incremental fatigue solver (Endurica DT is a commercial example), damage
accrual is accomplished using the following reformulation [48–50] of Eq. (1). This
utilizes the same crack growth rate laws and input variables as before, but it
integrates over cycles from time Ni to time Ni+1, rather than over crack size a:
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Fig. 2 Schematic showing definition of the shift function x(R) for a strain-crystallizing,
nonrelaxing (R > 0) FCG rate curve relative to the fully relaxing rate curve (R ¼ 0)
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Δai!iþ1,j,k ¼
Z Niþ1

Ni

r T εmn Nð Þ, θ Nð Þ, a Nð Þð Þð ÞdN ð11Þ

The result of the integration is the change of length Δai ! i + 1, j, k of a crack for
each finite element j and each potential failure plane k of the model. The accumulated
crack lengths for each element are written to a file during the analysis, so that future
additions of load history may begin at the point at which the prior increment
concluded. The basic incremental workflow for three successive periods is shown
in Fig. 5. Additional load cases can be added ad infinitum until the crack length
finally reaches its end of life size.

Incremental fatigue analysis has many important applications. It enables a proper
accounting to be made of block cycle or multistep fatigue testing schedules, includ-
ing sequence effects. At any stage of an incremental analysis, the workflow also
admits the calculation of residual strength or residual life. This is useful if it is
desired to visualize how life is decremented as a function of time or per event. The
incremental analysis also enables an account to be made of the evolution of material
properties [51] with cycles or time. For example, if cyclic softening effects or ageing
effects evolve the elastic properties, then incremental analysis enables the stresses
and strains in the finite element model to be updated periodically so that mode of

Fig. 3 Typical experimentally determined shift function x(R) defining the crystallization law for a
natural rubber
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Fig. 4 Typical Haigh
diagrams computed via
critical plane analysis for
noncrystallizing (top) and
crystallizing (bottom)
rubbers
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control (displacement control vs. force control) effects can be accurately represented.
The incremental analysis is useful for digital twin applications also [50, 52].

4 Managing Lengthy Loading Signals

Road load histories are sometimes so lengthy that the corresponding finite element
solutions cannot easily be computed. In order to obtain strain history for fatigue
analysis in such cases, a much faster computational strategy is needed. Endurica EIE
(Efficient Interpolation Engine) accomplishes this by means of a nonlinear map
relating the rubber part input channels (as many as three channels are supported, so
far) to a set of pre-computed finite element solutions that span the mapped space
[53, 54]. This approach assumes that there is a unique one-to-one mapping between
points in the load space and stress/strain states in each element of the model. Since
rubber is often treated via hyperelasticity, the assumption is often effective.

The workflow first involves computing the finite element model over the set of case
vectors used to map the loading space. As an example, Fig. 6 shows a 3 channel (x, y
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Ini�al Damage 
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Finite Element 
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Fa�gue Solver

Finite Element 
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Updated 
Damage State

Fa�gue Solver

Finite Element 
Analysis

Fig. 5 Incremental fatigue analysis workflow

Fig. 6 Nonlinear case vector map of a three-channel load space used for rapidly interpolating stress
and strain values from a set of pre-computed finite element solutions
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and z displacement) case vector map having 17 case vectors. Each vector is a finite
element solution containing a series of increments. The stresses and strains in every
element are known at each grid point along each vector. Interpolation is used to
estimate solution values at points in between case vectors and grid points. Next, the
set of pre-computed finite element solutions are used as the basis for an interpolation
such that given a point (x, y, z) within the load space is assigned its stress and strain
values by interpolating from the pre-computed nearest neighbor solutions. For lengthy
road load signals, this process has been demonstrated [55] to generate accurate strain
histories 100–10,000� faster than direct solution of the finite element model. An
additional benefit of this method is that once the nonlinear map has been generated for
a rubber component, many different load signals may be rapidly computed.

5 Some Applications

The methods described above have been successfully applied to many examples.

5.1 Critical Plane Analysis of Nonrelaxing Simple Tension

It was recently demonstrated [24] in simple tension fatigue tests, where cracks
normally initiate perpendicular to the loading direction, that other crack initiation
directions can occur. The tests were run on filled NR and filled SBR compounds. The
results are summarized in Fig. 7.

When the strain cycle in the test was fully relaxing (0–100%), cracks initiated
perpendicular to the loading direction for both the NR and SBR compounds.

However, when the strain cycle in the test was nonrelaxing (50–150%), the
initiated crack orientation was found to depend on the material. For SBR, the
crack appeared perpendicular to the load, as before. For NR, the crack appeared at
a sharp angle to the loading axis.

The crack orientations occurring for all of the cases are accurately predicted by
CPA using Endurica CL; see Figs. 8 and 9. The fatigue simulations showed that for
the fully relaxing cases, and for the SBR under nonrelaxing conditions, the perpen-
dicular crack orientation is favored because it maximizes the energy release rate
experienced by a crack precursor on the critical plane. The simulation also showed
that for NR under nonrelaxing loading, cracking occurs at a sharp angle (~17�) to the
load due to competition between strain crystallization (which favors crack growth on
planes experiencing lower R ratios) and energy release rate maximization (which
favors crack growth on planes perpendicular to the load). A key advantage of CPA
over prior art approaches is its ability to predict failure plane.
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Fig. 7 Observations of critical plane dependence on material and strain cycle
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5.2 Incremental Analysis of Sequence Effects

Sequence effects sometimes occur when the order of small and large events in a
loading schedule is reversed. For example, Sun et al. showed [56], on fatigue
experiments on simple tension strips, that a step-up sequence of loads is more
damaging than a step-down sequence of loads. This was established by comparing
the residual tensile energy to break after cycling for two cases: (1) the step-up case
consisting of 300 cycles each of 250% and 300% peak strain, fully relaxing, and
(2) the step-down sequence consisting of 300 cycles each of 300% and 250% peak
strain, fully relaxing. Although Miner’s rule predicts no difference for these cases, a
small but measureable difference was in fact observed, as shown in Fig. 10. Using
Endurica DT’s incremental fatigue analysis, and considering the crack size at the end
of each case, the residual breaking energy Wb in simple tension for each case was
computed as Wb ¼ TC/(2 ka), where TC is the critical tearing energy, a is the crack
size following all fatigue cycles, and k is Greensmith’s nondimensional factor. The
Endurica DT computed results are shown in Fig. 11.

5.3 Transmission Mount

To further illustrate the capabilities of incremental fatigue analysis, when combined
with nonlinear loads interpolation, consider the transmission mount shown in
Fig. 12. The mount must endure a loading schedule comprising three-channel (x,
y, and z displacements) signals, as shown in Fig. 13. The material property definition
for the Endurica CL fatigue analysis of the mount is specified in Table 2. It consists
of a specification of the stress-strain behavior (neo-Hookean in this case) and of the
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Fig. 9 CPA of NR for relaxing and nonrelaxing cases
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fatigue behavior (Thomas law). The signals are applied as the boundary condition to
the mount, following the schedule given in Table 3. Rather than directly computing
each signal via FEA, a three-channel nonlinear map was generated for use by EIE by
running finite element models for each of the 17 case vectors shown in Fig. 6. The
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Fig. 10 Measured [56] residual tensile breaking energy following step-up (circle) and step-down
(square) fatigue cycles
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Fig. 11 Endurica DT computed residual tensile breaking energy following step-up (circle) and
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results of these models were then interpolated via EIE. Each signal computes for the
entire FE model in about 20 s.

In order to determine whether the mount qualifies with adequate durability under
the duty cycle, the residual life was computed at each step of the schedule. The
residual life is defined as the number of repeats of the city driving case required to
fail the mount. After running the complete schedule from Table 3, about 30% of the
original residual life remains, as shown in Fig. 14.

5.4 Tire Durability Testing

Commercial truck tires must qualify for durability following the FMVSS 119 testing
regulation [57]. The regulation specifies a three-step test as given in Table 4.
Changes to tire materials or geometry must be evaluated against this standard in
order to certify tires for production.

The present example considers a 1200R20 TBR tire operating under 837 kPa
inflation. The tire cross section geometry and 3D geometry are shown in Fig. 15.
Material properties for this analysis have been published elsewhere [58].

For each step of the FMVSS testing schedule, a steady-state rolling analysis was
performed [59]. The analysis included computation of the steady-state temperature
field for each load step [60]. The strain and temperature fields for each step were then
used to perform an incremental fatigue analysis with Endurica DT. Residual life was
computed at time zero, and following each step of the procedure. The element with
shortest life was shown to be the #3 belt edge of the tire. Contour plots showing
residual fatigue life are given in Fig. 16. The residual fatigue life is reported in terms
of repeats of the 101% loading case. The fatigue life of the shortest lived element –

Fig. 12 Automotive
transmission mount
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Fig. 13 Signals used for mount duty cycle

Table 2 Material
property definition syntax
for Endurica CL analysis
of transmission mount
fatigue analysis

Critical Plane Analysis of Rubber 101



Table 3 Durability schedule for transmission mount qualification

Time Load case Signal (see Fig. 13) Repeats

tA A City driving 100k

tB B Off-road driving 50k

tC C Highway driving 1000k

tD D City driving 100k

t0 tA tB tC tD

time
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Fig. 14 Residual life as repeats of the city driving signal vs. duty cycle endpoints (left). Contours
of fatigue life showing failure mode of mount following application of the scheduled load cases.
(right)

Table 4 FMVSS 119 durabil-
ity schedule

Step Distance, km Rated load (%) Duration, h

1 630 66 7

2 1,440 84 16

3 2,160 101 24

Fig. 15 Cross section and 3D geometry of 1200R20 TBR tire
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near the belt #3 ending in the tire cross section – is plotted in Fig. 17. Damage
accrued during the FMVSS procedure is seen to be very light in this case – the
residual life is seen to be reduced by only 1.7% relative to its original value. Here we
have only considered the damaging effects of the required durability schedule. The
incremental analysis is also suited to computing the damaging effects of multi-step
high speed testing and abuse cases [61].

6 Future Developments

What do the next 20 years hold? We are going to see a transition in how fatigue
analysis is used. OEM organizations that manage durability and risk across rubber
component supply chains will transition away from receiving fatigue simulation
results on an optional basis toward requiring fatigue simulations by default on every
part at the inception of new programs. Expectations and achievement of cost

Fig. 16 Fatigue life contours of remaining life following each FMVSS 119 test step
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reduction, light weighting, and sustainability initiatives will increase as product
optimization begins to fully account for actual product use cases.

CPA has already laid a foundation for these things to happen, having been
commercialized successfully for more than a decade now. Older fatigue analysis
methods that do not compete well against critical plane methods will become
obsolete, except perhaps as hand calculations. There will be further development
of material models for use in the critical plane framework. Ageing, cyclic softening,
inelasticity, rate, and anisotropy effects still need further development, for example.

7 Conclusion

Engineering the durability of elastomer products requires proper, efficient, general-
purpose analysis methods suited to the physics inherent in realistic applications and
the workflows mandated by the engineering requirements. Fortunately, great strides
have been made in the last decade along these lines and now include:

• Total and incremental fatigue solvers based upon CPA for simulation of the
damaging effects of multiaxial strain histories and for calculation of residual life.

• Nonlinear load mapping for the efficient generation of full strain histories from
multichannel input road load signals

In 20 years, durability will be just one more thing that engineers do well every
day, whether or not they know that CPA was how they did it.
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Abstract A multiscale approach was proposed to investigate cavitation micro-
mechanisms developing in silica-filled styrene-butadiene rubber exposed to fatigue
and cyclic tensile testing. At the macro-/mesoscopic scale, a decrease in load
amplitude observed in fatigue was corroborated with cavitation micro-mechanisms
initiated by silica agglomerate-rubber debonding and silica agglomerate breakdown.
In the case of cyclic tensile testing, a gradual decrease of Poisson’s ratio was
correlated at the microscopic scale by similar cavitation micro-mechanisms than in
fatigue. Both fatigue and cyclic tensile behaviors were considerably affected by an
applied thermal treatment of the compound enhancing cavitation (especially
agglomerate breakdown).

Keyword Cavitation · Fatigue · Filled rubber · Filler agglomerate · Tension ·
Thermal treatment

1 Introduction

The identification and understanding of crack mechanisms are of fundamental
interest to maximize rubber material fatigue life by tuning and/or optimizing material
composition, processing, and design. In general, fatigue-induced cracking can be
regarded as a result of two successive mechanisms that are crack initiation and crack
propagation [1, 2]. In rubber materials, approaches to predict crack propagation have
been developed and intensively used, while such approaches for crack initiation have
received less attention [1]. This is due to the complexity of the rubbers’ mechanical
behavior (viscoelasticity [3], strain hardening [4], Mullins [5, 6], and Payne effects
[7, 8]) and their composition with multiple chemical components and several
additives dispersed within the rubber matrix (e.g., presence of filler agglomerates
and even filler networks). It is generally admitted that a crack is initiated by
cavitation defined as the process of void nucleation under a given stress state
[2]. Voids initially have a spherical shape of nanometer size [9]. With an increasing
number of fatigue cycles, voids grow to reach a micrometer size and their shape
becomes oblate. At this stage, they are oriented perpendicular to the main strain axis
and are considered as cracks. Crack initiation has been investigated in natural rubber
(NR) highly filled with carbon black (CB) and containing a small fraction of zinc
oxide (ZnO) as curing activator [10]. In particular, void/filler/surface crack nature,
localization, spatial distribution, and evolution as a function of fatigue life were
investigated by scanning electron microscopy (SEM). The main results indicate that
due to the sample shape multiple cracks formed at the surface of the tested specimen
from agglomerate-matrix debonding and from the parting line. Cracks generated
from agglomerate-matrix debonding were noted for both CB and ZnO. With respect
to CB agglomerates, the authors observed three successive steps of cavitation. These
are debonding at a pole, propagation of the debonding to the equator, as well as crack
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formation. Cavitation in ZnO-filled rubber occurred either by debonding or by
internal fracture of the agglomerates, without or with very limited crack formation.
Importantly, the authors also demonstrated that the number of fatigue cycles until the
end of life increased with decreasing average CB agglomerate size.

In tire applications, silica nanoparticles provide both a high reinforcement effect
of the rubber matrix and a decrease of rolling resistance compared to CB
nanoparticles [11]. To our best knowledge, the micro-mechanisms of crack initiation
upon fatigue in SBR/silica nanocomposite have never been quantitatively investi-
gated by a comprehensive study, as done for neat rubber materials [12]. In a
pioneering work [13], it was qualitatively shown that silica-filled styrene-butadiene
rubber (SBR) exhibited similar cavitation mechanisms as CB-filled NR, i.e., silica
agglomerate-SBR matrix debonding, and internal silica agglomerate breakdown is
followed by internal fibrillation due to the presence of rubber within the silica
agglomerate.

The objective of this work is to analyze in detail the cavitation micro-mechanisms
at the origin of cracks in SBR filled with silica nanoparticles upon uniaxial cyclic
fatigue loading. Fatigue loading will be performed prior to and after thermal
treatment. To this end, the behavior of material exposed to the first fatigue cycles
will be analyzed at macro-/mesoscopic scales to determine relevant mechanical
parameters reflecting cavitation. The origin and characteristics of cavities developing
during the crack initiation stage will be studied by structural characterization tools, in
particular SEM and micro-computed x-ray tomography (μCT).

2 Experimental Section

2.1 Materials

The compound used in the study is a silica-filled solution styrene-butadiene rubber.
It was prepared with an internal mixer based on the formulation given in Table 1.

To form hourglass-shaped specimen for fatigue testing (see Fig. 2), the com-
pounds were transfer molded at 170�C and cured for 10 min. The resulting speci-
mens were specifically designed to fit into clamps of a customized miniature tensile/
compression machine from Kammrath and Weiss (Dortmund, Germany) and the
scanning electron microscope described later in the text.

To form tensile specimens, the compound was transferred in a roll-mix to form
uniform sheets (2 mm of thickness) and finally cured in a hot-press using the same
curing conditions as hourglass specimens. The dumbbell-shaped (ISO 37-2 sample
type 2) specimens were subsequently carefully prepared by punching the sheets with
a press. The fact that the same curing conditions were used for specimens having
different thicknesses may imply that the crosslink density may be higher in the
thinnest specimen type (dumbbell specimen) compared to the thickest specimen type
(hourglass specimen).
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The investigated compounds were referenced as C1 (untreated) and C1-T (ther-
mally treated) for both specimen types. The treatment consisted in an accelerated
thermal treatment procedure keeping the samples in an oven at 120�C for 2 days. A
change in color (from black to brown) was observed in the case of the two specimen
types. This allows the qualitative and quantitative evaluation of the effect of thermal
treatment on both specimen types. Furthermore, as the crosslink density of the
dumbbell-shaped specimen may be higher, the obtained results would give a more
complete view of possible crack mechanisms that can take place.

2.2 Mechanical Testing

Uniaxial tensile testing was carried on an electromechanical universal testing
machine Instron 5967 (Norwood, MA), equipped with a load cell of 1 kN. Tests
were carried out at 21�C and relative humidity of 30% RH.

The true stress and stretch ratios were taken as an average of the measured values
from the initial gauge and width lengths (20� 3 mm) of the sample. Specimens were
tested under cyclic loading conditions. The speed was constant and set to 500 mm/
min (corresponding to 0.4 s�1 based on an initial gauge length of 20 mm). The
loading history included 20 successive loading stages up to displacements of 20, 50,
and 70 mm for C1 and 15, 20, and 30 mm for C1-T. The unloading stages were set
for reaching a load of 0.2 N (to avoid buckling).

In order to determine the strain level, Digital Image Correlation (DIC) [14] was
employed using the GOM Aramis software (GOM, Braunschweig, Germany) for
cyclic tensile testing. The displacement field data obtained from DIC measurements
were transformed into the stretch ratio, λ; the engineering strain, ε; or the Hencky or
true strain, εH, as follows:

Table 1 Compound
formulation

Ingredients Amount (phr)

SBR SE SLR 4602 100

Antioxidant 2.5

Oil vivetic 500 25

Stearic acid 3

Silica Zeosil 1165 MP 90

Silane 266 7.2

ZnO 2.5

Sulfur 1.4

CBSa 2.3

DPGb 3.2
aCBS ¼ N-cyclohexyl-2-benzothiazole sulfonamide
bDPG ¼ diphenylguanidine
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λi ¼ li tð Þ
l0

εi ¼ 1þ λi

εHi ¼ ln λi i 2 1, 2, 3f g

8>>>><
>>>>:

ð1Þ

where li(t) is the instantaneous length. We defined λ1 and εH1 as the stretch ratio and
true axial strain in the loading direction, λ2 and εH2 as the transversal stretch ratio, and
true strain, λ3 and εH3 as the thickness stretch ratio and true strain. Due to the
difficulty of measuring the strain in the thickness, a transverse isotropy hypothesis,
i.e., λ2 ¼ λ3, and εH2 ¼ εH3 , is accounted [15–17]. This hypothesis may however lead
to an overestimation of the true stress and underestimation of the volume strain
[18]. For characterizing the mechanical response of the material, we computed the
true stress as:

σT ¼ F
A tð Þ ¼

F
A0λ2λ3

¼ F

A0λ2
2 ð2Þ

where A(t) is the instantaneous cross-section. Additionally, having access to the
principal strains allows determining Poisson’s ratio (ν) that is defined as:

ν ¼ � εH2
εH1

¼ � ln λ2
ln λ1

ð3Þ

Fatigue testing was performed with a hydraulic testing machine Instron 8872
(Norwood, MA) equipped with a load cell of 5 kN. As the tests were fully relaxation
displacement controlled, the sample was exposed to tension-compressive deforma-
tion by applying a sinusoidal waveform. The measurements were performed at room
temperature of 21�C and at a frequency of 2 Hz. Note that this relatively low
frequency was chosen to limit self-heating of the material. The load amplitude as a
function of the number of cycles was plotted, and based on the first derivate, the
number of cycles to the end of life, Ni, was determined [10].

As the local maximum engineering surface strain,εlocal, along the loading direc-
tion of the hourglass sample in the median section differs from the global strain due
to the sample geometry, the maximum engineering strain applied locally is chosen to
figure on the strain life plot. The latter’s mean value was estimated using 3D-DIC.
For this, samples were subjected to monotonic loading coupled with DIC to measure
the local engineering strain amplitude and the local stretch ratio amplitude (stretch
speed, 500 mm/min; DIC sampling rate, 23 fps maximum). Prior to this, all samples
were subjected to ten sinusoidal cycles with an amplitude of 10 mm to reduce
Mullin’s effect [5]. Then, the local maximum stretch ratio, λlocal, is calculated from
the local strain according to Eq. (1). As described in [19] , the constant stretch ratio
amplitude,Δλ¼ λmax� λmin, is applied during cyclic testing, where λmax and λmin are
the maximum and minimum locally applied stretch ratios, respectively.
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Wöhler curves were generated by testing hourglass samples to failure at four local
nominal strain amplitudes, namely, 50, 65, 75, and 100%, and plotting the number of
cycles required for the sample to their end of life, Ni, against the local strain
amplitude. A power law function (y ¼ a � b) was used to fit the data.

To identify the root cause for the crack initiation, interrupted fatigue tests were
performed. From the generated Wöhler curve, the number of cycles and the strain
needed for the interrupted testing were obtained. The fatigue tests were interrupted
after a number of cycles corresponding to 40 and 80% of Ni, and the specimens were
subsequently investigated using SEM and micro-computed tomography in order to
detect and characterize the flaws generated at the surface and in the bulk,
respectively.

2.3 Structural Characterization

2.3.1 Micro-computed X-Ray Tomography

The internal structure of the materials before and after mechanical testing was
analyzed by micro-computed x-ray tomography (μCT). To this end, an RX Solutions
(Chavanod, France) equipment model EasyTom 160 was used. Images were
recorded at a voltage of 70 kV by means of a micro-focused tube equipped with a
tungsten filament. The source-to-detector distance (SDD) and the source-to-object
distance (SOD) were adjusted in such a way to obtain a voxel size of around 2 μm in
the case of the initial material, 6.5 μm in the case of the pre-deformed material under
tension, and 6 μm in the case of the hourglass sample fatigued up to a given
percentage of Ni. The lower resolution of the deformed material is due to the
utilization of miniature tensile machine Deben CT5000 utilized to reopen the
voids in the pre-deformed materials. In particular, samples are re-stretched and left
to recover for 30 min before μCT imaging. The volume reconstruction was
performed with the software Xact64 (RX Solutions) after applying inherent treat-
ments of the technique such as geometrical corrections and ring artifact attenuation.

The commercial software Avizo (Thermo Fisher Scientific, Waltham, MA) was
used for image treatment and analysis of μCT results. First, a sub-volume was
extracted from the scanned samples. Next, images were de-noised by using a median
filter option [20], and heterogeneities in the material were segmented by thresholding
the grayscale intensity histogram. After segmentation, objects whose dimensions
were 2.5 times smaller than the voxel size were discarded for eliminating the
uncertainty caused by the small objects beyond the resolution of our equipment
[21, 22]. Finally, images were statistically characterized through different morpho-
logical parameters. These parameters are the equivalent diameter, Deq,
corresponding to the diameter of a sphere of the same volume of the studied object;
the sphericity, S (S ¼ 1 for a sphere); the relative volume between the studied phase
and the total studied volume, Vfraction; and the number of heterogeneities per unit
volume, ρh. The definitions of these expressions are:
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Deq ¼
ffiffiffiffiffiffi
6V
π

3

r
ð4Þ

S ¼ π1=3 6Vð Þ2=3
AS

ð5Þ

V fraction ¼
Pn

i¼1Vi

V total
ð6Þ

ρh ¼ No

V total
ð7Þ

where No is the number of detected objects, V and AS are the volume and area of the
object, and Vtotal is the total analyzed volume.

2.3.2 Scanning Electron Microscopy

The SEM observations of interrupted fatigue samples were carried using FEI Quanta
FEG 200 instrument (Thermo Fisher Scientific, Eindhoven, Netherlands) in low
vacuum mode. This method involving a low water pressure enables the visualization
of nonconductive materials without the use of a coating. Cavities in hourglass
samples were re-opened by gripping the samples on a miniature tensile machine
and applying a displacement of 2 mm. SEM images were recorded at 20 kV using
backscattered electron detector to optimize void visualization. Images were analyzed
by means of the software ImageJ (National Institutes of Health, Bethesda, MD) to
measure the length of the voids. Besides, the elemental composition of the agglom-
erates was analyzed by energy-dispersive x-ray spectroscopy (EDS) using a Genesis
XM 4i system (EDAX, Mahwah, NJ).

3 Results and Discussion

3.1 Material Initial Structure and Properties

The size analysis of the agglomerates detected in C1 by μCT is shown in Fig. 1. In
particular, the sphericity is plotted as a function of the equivalent diameter in Fig. 1a,
and the distribution of the equivalent diameter is represented in Fig. 1b. Note that the
volume fraction of the agglomerates corresponds to (0.37 � 0.03) % . Their median
equivalent diameter was determined to be (12.84� 0.44) μm. The figures reveal that
the agglomerates present a non-Gaussian distribution of their size, ranging from
6 μm to 140 μm with sphericities from 0.35 to 1. These results may provide
information about the agglomerates, which are potential sites of cavitation onset,
i.e., with a size above 40 μm and a nonspherical shape (S < 0.9) [23–25]. Indeed,
measurements reveal that 16.65 % of the fillers are considered as large
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agglomerates (equivalent diameter above 40 μm), and 14.56% are nonspherical
heterogeneities (sphericity below 0.9). The same procedure was carried out of the
thermally treated compounds, finding that all morphological parameters of fillers
remained unchanged.

The crosslink density results of C1 and C1-T have been determined to be
(2.35 � 0.13) � 10�4 mol/cm3 and (2.58 � 0.11) � 10�4 mol/cm3, respectively.
Thus, the crosslink density of C1-T was higher than the one of C1, suggesting that
the thermal treatment increases the matrix stiffness. Note that those measurements
have only been done in the case of hourglass geometry type.

3.2 Fatigue-Induced Cavitation Micro-mechanisms

3.2.1 Macroscopic Mechanical Behavior

The Wöhler curves for materials C1 and C1-T, presented in Fig. 2, show that the
number of cycles to the end of life of the compounds decreases as the local strain
amplitude increases. Additionally, the non-treated samples provide a higher number
of cycles to the end of life than the thermally treated ones. Obviously, one reason for
this difference is the limited chain flexibility of the rubber matrix in C1-T due to the
increase in stiffness by thermal treatment (as suggested by Hainsworth et al.
[23, 26]). Also, thermal exposure may induce a hard skin at the rubber surface,
facilitating cracks at the surface during fatigue cycling [27].

3.2.2 Cavitation Micro-mechanisms

μCT observations with a moderate resolution have been performed in the case of C1
hourglass samples prior to and after fatigue testing, observing the same specimen
(Fig. 3). It can be observed that cavitation is present at the surface and in the bulk of
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the specimen. Furthermore, the observed cavities are related to the presence of
agglomerates, and surface cavity is not linked to the parting line as previously
noted [10]. SEM investigation provided a more detailed observation of the cavities.

The SEM backscattered images of the cavities formed at the surface of the
hourglass sample in the vicinity of silica agglomerate in C1 and C1-T are represented
in Figs. 4 and 5. Two types of cavitation initiation micro-mechanisms were identi-
fied. In Fig. 4, debonding occurred between the silica agglomerate and the SBR

Fig. 2 Strain plotted against fatigue life for C1 and C1-T in case of hourglass specimen. Measure-
ments were performed for four levels of local strain amplitude corresponding to stretch ratio
amplitudes of 2, 2.3, 2.5, and 3. The inset shows the hourglass specimen geometry used for fatigue
testing. Dimensions are in millimeters

Fig. 3 Origin of cavitation in hourglass sample of C1 induced by fatigue observed by μCT
(2D slices perpendicular to the deformation direction). (a) Undeformed case and (b) deformed
case at 30% of Ni with a strain amplitude of 75 N. (1), Surface cavity and (2) bulk cavity, both types
of cavity being linked to the presence of agglomerates
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matrix, and in Fig. 5, the initiation of cavity is due to the breakdown of silica
agglomerate.

Figure 5 shows that the breaking of silica agglomerates also induces cavities and,
hence, may have an impact on crack initiation. Silica agglomerates form by hydro-
gen bonding which is stronger than the van der Waals-London force of attraction. In
general, melt-processing elongational forces do not enable to fully disperse silica
into single nanoparticles, explaining the presence of agglomerates. The breakdown
of silica agglomerates under the action of strain has been reported, e.g., by Suzuki
et al. [28]. For confirming if the elemental nature of agglomerates was either silica or
zinc oxide, EDX analysis has been performed. The EDX mappings confirmed the
presence of carbon, silicon, and zinc of SEM image (Fig. 5b). Moreover, the

Fig. 4 Surface cavity in the vicinity of a silica agglomerate responsible for crack initiation: (a)
debonding in C1 and (b) debonding at one pole in C1-T

Fig. 5 Surface cavities formed due to the breakdown of a silica agglomerate observed with
backscattered electron detection mode in the case of (a) C1 and (b) C1-T
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elemental mapping confirms the agglomerates around the surface cavities are com-
prised of silica agglomerates, and the brighter particles seen on the SEM image are
comprised of zinc oxide particles.

The impact of the increase in the number of fatigue cycles on fatigue crack
initiation and propagation was studied on a single sample cycled with a strain
amplitude of 75% (see Fig. 6). Here, the cavity length, which is represented as a
function of the cavity number, is shown for 40% and 80% of the end of life. As can
be seen from the figure, the number of initiated cracks increased with the increasing
number of fatigue cycles. In addition, the length of the initiated cracks also
increased.

Overall, for C1 and C1-T compounds, two major micro-mechanisms for crack
initiation were identified with respect to silica agglomerates on the sample surface,
i.e., debonding and filler agglomerate breakdown (broken filler). These results were
obtained in the cases of C1 and C1-T after fatigue testing to 40% Ni at a local strain
amplitude of 100%. On the center slice (0.3� 6.4 mm2), a total of 80 and 46 cavities
were determined and analyzed for C1 and C1-T, respectively. At the surface of C1,
73% of the cavities are initiated by debonding and 27% by filler agglomerate
breakdown (broken filler). In the surface of C1-T, the number of cavities initiated
due to a broken filler was found to be almost 76%. The remaining cavities (about
24%) were initiated by debonding.

Fig. 6 Cavity length as a function of silica agglomerate size triggering the cavity (75% of applied
local strain amplitude, 40% and 80% Ni)
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3.3 Cyclic Tension-Induced Cavitation Micro-mechanisms

3.3.1 Macroscopic Mechanical Behavior

True stress-stretching ratio loading-unloading curves at various maximum stretch
ratios for both materials are presented in Fig. 7. Both materials exhibit a hyper-
elastoplastic response with strain hardening, residual strain, and an important hys-
teresis on the first cycle, followed by a hyperelastic behavior with low hysteresis in
the next cycles. The important hysteresis loop observed in the first cycle of the
material can be related to the Mullins effect [6, 29, 30] and/or to potential cavitation
in the material induced by the imposed elongation. Thermal treatment increases the
stiffness of the compound at all levels of stretching. Moreover, it can be seen that
C1-T exhibits a stress two times higher than the pristine compound, but
deformability is reduced. These observations confirm that the thermal treatment
increases the stiffness of the compound due to the higher crosslink density
(as displayed in the swelling testing), which also induces a loss in stretch ability.

To verify any potential structural change with deformation, we account for two
macroscopic indicators: the hysteresis (ϕcycle) and Poisson’s ratio. The hysteresis
during a complete cycle corresponds to the mechanical energy dissipated due the
viscous component in the matrix and/or due to the rearrangement or breakdown of

Fig. 7 True stress-stretching ratio obtained by non-monotonic tensile testing for C1 thermally
treated and C1
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the fillers [8, 31–34]. To determine the hysteresis, we integrated the true stress-true
strain data at each cycle for the different stretch ratios:

ϕcycle ¼ ϕload � ϕunload ¼
Z εH1, max

εH1

σdεH1 ð8Þ

The evolution of the hysteresis with the number of cycles is shown in Fig. 8a,
including results for the different tested stretch ratios, i.e., λ¼ 2.5, λ¼ 2, and λ¼ 1.5
for compound 1 and λ ¼ 1.8, λ ¼ 1.6, and λ ¼ 1.4 for thermally treated compound
1. For both compounds, hysteresis drops drastically between the first and second
cycle, followed by a gradual convergence to an asymptote. Additionally, there is an
increase in the hysteresis with the imposed stretch ratio. With thermal treatment,
compound dissipates more energy at lower stretch ratios. For instance, C1-T exhibits
a larger hysteresis at λ ¼ 1.8 than C1 at λ ¼ 2.5 (which matches with C1-T at
λ¼ 1.6). The same occurs for C1-T at λ¼ 1.6 and C1 at λ¼ 1.4, where hysteresis for
thermally treated compound is nearly two times higher for a similar level of
deformation.

Furthermore, the dependency of Poisson’s ratio with strain at the 1st and 20th
cycles (Fig. 8b) reveals analogue observations as for the hysteresis, i.e., a gradual
decrease of Poisson’s ratio from 0.5 (incompressible behavior [35]) to lower values
(related to volume changes) with increasing number of cycles. A similar trend is
observed with the stretch ratio, where Poisson’s ratio passes from incompressible to
compressible with increasing stretching. Moreover, thermal treatment impacts the
material’s behavior since compound C1 exhibits a gradual decrease of Poisson’s
ratio with stretching, whereas C1-T has an abrupt drop of ν at lower deformations.

The results obtained by cyclic tensile testing are suggesting that the increase in
the stiffness induced by the thermal treatment is increasing the energy dissipation
and volume changes. Having a larger crosslink density reduces the polymer chains’
mobility upon deformation, which induces higher viscous dissipation. Additionally,
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having a lower chain mobility also favors potential cavitation mechanisms such as
chain scission [36, 37] and matrix/filler debonding [10, 38, 39]. Additionally, the
hysteresis and Poisson’s ratio evolve with the number of cycles in a similar trend,
i.e., as an asymptotic decrease. Thus, we may assume that the C1-T is undergoing
more viscous dissipation and cavitation.

3.3.2 Cavitation Micro-mechanisms

In situ μCT scans were performed on the postmortem dumbbell specimens at
different pre-stretching to assess morphological changes induced by the cyclic
tensile testing. This was carried out for C1 deformed at λ ¼ 2.5 and C1-T deformed
at λ ¼ 1.8. In situ pre-stretching in a miniature tensile/compressive stage (Deben,
Suffolk, UK) ranged from λ ¼ 1.2 up to λ ¼ 1.4. The purpose of this is to reopen all
the potential cavities induced in the mechanical testing. Various pre-stretching were
used to have a tracking of the cavitation history. With this protocol, we detected
several cavities within the bulk of the material. These cavities were homogeneously
distributed within the volume, and coalescence between them was observed. There-
fore, the presence of cavities provides evidence of the physical source of hysteresis
as well as the decrease in Poisson’s ratio, i.e., part of the mechanical energy is
dissipated due to the creation of new internal surfaces.

When increasing the in situ stretching in the μCT, there is an augmentation of the
detected number of cavities and their total volume fraction, as depicted in Fig. 9a, b.
When comparing both compounds, C1 exhibits a larger number of cavities but of
smaller volume than the thermally treated compound. This could mean that C1-T
experiences less cavitation sites, but with a faster growth.

The morphology evolution distribution, in terms of size and shape of voids, is
presented in Fig. 10a, b for two stretch ratios. Both compounds exhibit most of their
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voids between 20 μm and 30 μm. The number of cavities below 20 μm decreases,
whereas the number of larger cavities increases with increasing stretching. Addi-
tionally, the number of voids above 60 μm is higher for C1-T. Concerning the
sphericity, half of the detected cavities (around 48%) exhibit a spherical shape, i.e.,
with a sphericity between 0.9 and 1, whereas the other half presented an oblate shape
(sphericity below 0.9). When increasing the stretching, we observe an increase in the
relative number of spherical voids. For C1, there are 91% more spherical voids when
passing from λ ¼ 1.20 to λ ¼ 1.35, whereas C1-T has an increase of 112% when
stretching from λ ¼ 1.25 to λ ¼ 1.40. These changes suggest that voids are passing
from an oblate to a more spherical shape due to their propagation in the rubber
matrix. The fact that C1-T exhibits a larger number of voids, whose shape changed,
indicates that the void’s propagation in the stiffer matrix occurs faster.

An individual inspection of the cavities-agglomerates interaction revealed three
types of micro-mechanisms for cavitation, as displayed in Fig. 11: (a) internal
agglomerate breakdown, (b) debonding at the poles, and (c) combination of internal
agglomerate breakdown and debonding at the poles. Agglomerates that suffered
internal breakdown possessed (in the majority) a low sphericity (0.6 < S < 0.7) and
large size (>80 μm), with their main orientation axis almost aligned to the loading
direction.

Debonding was observed mainly in medium-size agglomerates
(40 μm < Deq < 80 μm) with a sphericity below 0.9. Additionally, a population of
small cavities (<15 μm) was also detected, but with not clear evidence of their origin.
This is likely due to the limited resolution of in situ μCT. These small cavities could
be generated either by the mechanisms presented in the previous section (SEM
observations) or due to chain scission in the rubber matrix. We will refer to these
mechanisms as “uncertain.”

The percentage of cavitation micro-mechanisms for both compounds is presented
in Fig. 12. Both compounds exhibit around 25% voids with an “uncertain” origin,
linked to an instrumental limitation. Moreover, the main micro-mechanism of
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cavitation in both materials consists in debonding, being more pronounced in C1.
With the thermal treatment, we can observe an increase in the percentage of cavities
due to agglomerates breakdown and also due to a combination of debonding and
filler rupture. This is in good agreement with SEM observations. Therefore, it seems
that thermally treated samples have an almost similar chance of undergoing

Fig. 11 2D representation (first row) and 3D representation (second row) of the three micro-
mechanisms of cavitation: (a) Agglomerate breakdown, (b) debonding at the agglomerate poles,
and (c) debonding at the poles combined with the agglomerate breakdown. The color green is
assigned to the agglomerates and the blue to the voids

Fig. 12 Percentage of cavitation micro-mechanism for (a) C1 and (b) C1-T
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cavitation by debonding and agglomerate breakdown. The increase in stiffness of the
matrix after thermal treatment (due to more crosslinks) may (1) facilitate stress
transfer from the rubber matrix to the agglomerates due to more chain interconnec-
tions and/or (2) induce more lateral contraction at the agglomerate level during the
drawing. These hypotheses may explain the increase of agglomerate breakdown
after thermal treatment. Nevertheless, the stiffer matrix after thermal treatment may
induce a faster cavitation propagation.

By extracting the total volume fraction of voids
(V f Þ from μCT observations, and assuming transversal isotropy εH2 ¼ εH3

�
), we can

then compute Poisson’s ratio at a given deformation as:

V f ¼ ΔV
V0

¼ εyy þ 2εxx ¼ εyy 1� 2νð Þ ð9Þ

Hence:

ν ¼ 1
2

1� V f

εH1

� �
ð10Þ

A quantitative comparison between Poisson’s ratios determined by DIC and μCT
is presented in Fig. 13. Both approaches display comparable tendency of cavitation
growth, which consisted in a decrease of ν with increasing stretching. The gap

Fig. 13 Poisson’s ratio determined from μCT analysis on postmortem compounds. The inset
corresponds to a zoom of μCT measurements
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between the experimental data of both techniques (represented with dotted lines) is
due to the limited displacement allowed in the Deben stage. Additionally, the
difference in Poisson’s ratio determined by μCT for both compounds is relatively
low. Nevertheless, we can observe that C1-T has lower values of Poisson’s ratio due
to larger cavities as previously mentioned. This finding suggests that the cavitation
produced in the material has a permanent nature. The use of DIC and μCT techniques
is then of great relevance since it confirms the role of Poisson’s ratio as an indicator
of cavitation and gives new insights of cavitation mechanisms involved in the
material rupture.

4 Conclusions

Cavitation micro-mechanisms occurring in silica-filled styrene-butadiene rubber
(SBR) nanocomposites upon fatigue and cyclic tensile testing have been analyzed
in detail by a multiscale approach.

By micro-computed x-ray tomography (μCT), the spatial and size distributions of
silica agglomerates were first analyzed. It was found that agglomerates were homo-
geneously distributed within the overall volume of the materials. Besides, the
agglomerates exhibited a non-Gaussian distribution of their size, ranging from
6 μm to 140 μm with sphericities ranging from 0.35 to 1. Large and nonspherical
agglomerates were expected to be sites of cavitation initiation.

In fatigue, cavitation is initiated from silica agglomerates at the surface or in the
bulk of the hourglass specimen, as shown by μCT. Cavities having the most
important influence on fatigue life formed at the surface of the sample, giving rise
to fast crack formation and propagation probably dictating the number of cycles to
the end of life, Ni. Scanning electron microscopy (SEM) imaging of the sample
surface revealed that the initiation of cavitation micro-mechanisms relies on silica
agglomerate-SBR matrix debonding, and by internal silica agglomerate breakdown,
debonding mechanisms being more numerous.

Cyclic tensile testing showed a decrease of Poisson’s ratio (initially at 0.5) with
increasing the number of cycles, indicating that silica-filled SBR evolves from an
incompressible to a compressible material. At the same time, the hysteresis of each
cycle decreased with increasing the number of cycles, demonstrating a decrease of
the viscous dissipation contribution and potential structural transformations. At the
micrometer scale, this decrease of Poisson’s ratio and hysteresis was characterized
by cavitation micro-mechanisms homogeneously distributed within the dumbbell
sample volume, whose initiation is largely similar to fatigue testing.

The influence of thermal treatment (120�C for 2 days) on cavitation was also
characterized. Upon fatigue testing, Ni decreased for an equivalent applied strain
amplitude after thermal treatment, while cavitation is predominately initiated by the
agglomerate breakdown. Upon cyclic tensile testing, the compound exhibited a
higher initial stiffness and a lower ductility. In addition, Poisson’s ratio decreased
faster at the low strain levels, which is corroborated with a faster increase of the
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volume occupied by the cavities. The influence of thermal treatment on fatigue and
cyclic tensile behaviors was discussed based on an increase in the crosslink density
of SBR matrix, as revealed by swelling testing. The matrix stiffness was hence
increased by the thermal treatment, which was expected to facilitate the stress
transfer at the silica agglomerate-matrix interface and increase lateral contraction
of the agglomerate during the drawing. These two phenomena may explain the
increase of agglomerate breakdown after thermal treatment, but at the same time,
the higher matrix stiffness was expected to enhance cavitation propagation within
the matrix.

To go further, it would be relevant to analyze the transition between the initial
cavity growing and the effective formation of cracks by investigating more fatigue
life steps. The influence of the testing temperature on cavitation micro-mechanisms
is also of high interest.
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Abstract In this chapter we review some recent approaches to modeling failure and
fracture of soft materials. By failure we mean the onset of damage via material
instability. By fracture we mean further localization of damage into cracks with their
subsequent propagation.

Mathematical description of failure is simple and it only requires some bounding
of the strain energy density. The bounded strain energy automatically implies the
bounded achievable stress, which is an indicator of material failure. By bounding the
strain energy via energy limiters we show, for instance, how to explain cavitation,
analyze strength of soft composites, and predict direction of possible cracks.

Mathematical description of fracture is more involved because it requires regu-
larized formulations suppressing the so-called pathological mesh sensitivity. Most
existing approaches utilize purely formal regularization schemes that lack physical
grounds. We discuss a more physically based approach rooted in the idea that bulk
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cracks are not a peaceful unzipping of adjacent atomic layers but rather a cata-
strophic explosion of bonds localized within a finite characteristic area.

1 Introduction

Failure and fracture are the central unsolved problems in solid mechanics generally
and in mechanics of soft materials particularly. In this chapter we present some
recent developments towards the solution of the problem. We emphasize the dis-
tinction between the concept of failure, which we interpret as the onset of material
instability and damage, and the concept of fracture, which we interpret as the
localization of damage into cracks and their dynamic propagation. We strongly
believe that the only consistent description of failure and fracture should be the
one incorporated in constitutive equations. For the general theoretical background
and notation we refer to [1].

2 Failure as Onset of Damage

Traditional strength-of-materials approach defines material strength as the maximum
stress achievable in uniaxial tension experiments. Various other criteria can be
imposed on stresses or strains to define the state of failure. Importantly, such criteria
are not a part of the constitutive laws. Rather, they are extra conditions or constraints
that should be obeyed in analysis and design in order to provide reliable mechanical
behavior of materials and structures. The strength-of-materials approach is seem-
ingly simple yet it can be dangerous. For example, the critical strains of highly
stretchable elastomers are much lower in equibiaxial as compared to uniaxial
tension. Thus, the criterion of the critical uniaxial stretches is not applicable to
structures under biaxial deformation. The latter notion is not always appreciated
and understood by designers.

More convincing would be a description of failure which is directly incorporated
in the constitutive law. In the latter case, there is no need to search for and obey extra
constraints and the onset of failure naturally comes out of the stress analysis. We
note that the traditional constitutive laws for elastomers do not describe failure:
numerous hyperelastic models describe the intact mechanical behavior of materials.
Moreover, various restrictions (e.g. poly-convexity, strong ellipticity, Baker–
Ericksen inequalities, etc. [2]) are usually imposed on the hyperelastic constitutive
laws in order to provide material stability. Such restrictions preclude from a descrip-
tion of material failure. Obviously, that is not physical because all materials fail.

To describe material failure the approach of continuum damage mechanics
(CDM) was developed in which a damage variable was used [3–12]. The damage
variable is an internal parameter whose physical meaning is open to debate.
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Mathematically, the internal variable is utilized to reduce material stiffness during
the damage process. The additional variable requires extra evolution equation and a
threshold condition for its activation. This approach is especially appealing when the
accumulation of damage is gradual. In the case of the abrupt damage a simpler
approach is available [13] which does not require any internal variables. The latter
approach of energy limiters and its implications are considered below.

2.1 Elasticity with Energy Limiters

We assume that the local deformation of material is described by the deformation
gradient: F¼Grady¼∂y∕∂x; where x2 Ω0 and y(x)2Ω denote the referential and
current positions of a generic material point accordingly. The linear and angular
momenta balance and the hyperelastic constitutive law read

ρ0€y ¼ DivP, PFT ¼ FPT, P ¼ ∂ψ=∂F, ð1Þ

where ρ0 is the referential mass density; €y is the acceleration; P is the first Piola–
Kirchhoff stress tensor; (Div P)i¼∂Pij/∂xj; and ψ is the strain energy density.

The corresponding natural boundary condition expresses this same linear
momentum balance law on the boundary ∂Ω0,

Pn0 ¼ t0, ð2Þ

where t0 is the given surface traction and n0 is a unit outward normal to ∂Ω0.
Alternatively to (2), essential boundary conditions for placements can be pre-

scribed on ∂Ω0

y ¼ y: ð3Þ

In addition, initial conditions in Ω0 complete the formulation of the problem

yðt ¼ 0Þ ¼ y0, _yðt ¼ 0Þ ¼ v0: ð4Þ

We note again that a traditional strain energy function describes material that
never fails. Such a description directly contradicts reality. Indeed, the number of
atoms/molecules is limited within any material volume and, consequently, their
bond energy is limited. The latter notion implies that the macroscopic strain energy
density must also be limited. We emphasize that the latter conclusion is a direct
consequence of the structure of matter. Introduction of the limited strain energy is
not a matter of choice – it is a physics demand.
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One can imagine various ways to introduce the limited strain energy. We use the
upper incomplete gamma function, Γ½s, x� ¼ R1

x ts�1e�tdt, for the following defini-
tion of the generic bounded strain energy density [14, 15]

ψðFÞ ¼ ψ f � ψ eðFÞ, ð5Þ

where

ψ eðFÞ ¼ Φm�1Γ½m�1,WðFÞmΦ�m�, ψ f ¼ ψ eð1Þ: ð6Þ

Here, we designated failure energy by ψ f; elastic energy by ψe(F); strain energy
without failure by W(F); the energy limiter (average bond energy) by Φ; identity
tensor by 1; and material parameter by m.

We note that the increase of deformation beyond some critical threshold will lead
to the decrease of the elastic energy: ψe! 0, which will numerically vanish. In this
case, the strain energy will approach the failure energy: ψ !ψ f, indicating a fixed
energy dissipation. To make the process irreversible it is possible to slightly modify
(5) – see [16]. However, the irreversibility is important when damage localization is
considered and we postpone its discussion to the section on fracture.

Substitution of (5) in (1)3 yields a simple form of the constitutive law

P ¼ exp ½�WmΦ�m�∂W ∕∂F: ð7Þ

Remarkably, the latter constitutive equation does not include any gamma function
and only the exponential factor makes difference between the present formulation
and traditional hyperelasticity with the intact material behavior. The exponential
term has two major modes. It equals one for the intact material behavior and it goes
to zero for damage. The subtle transition between these two modes provides a
description of the onset of failure.

By way of illustration, we specify the intact strain energy for natural rubber as
follows [15]:

W ¼ c1ðI1 � 3Þ þ c2ðI1 � 3Þ2 þ c3ðI1 � 3Þ3, ð8Þ

where I1¼F : F is the first principal invariant and material is incompressible:
J ¼ detF ¼ 1.

Material constants were fitted [15] to the experimental data from [17] and they are
given in Table 1.

Table 1 Material constants c1 [MPa] c2 [MPa] c3 [MPa] Φ [MPa] m

0.298 0.014 0.00016 82.0 10
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The stress–stretch curve for uniaxial tension is shown on the left of Fig. 1. The
bounded strain energy automatically provides the bounded stress and the limit point
on the diagram.

This same model was also used to create the failure envelope in biaxial tension –

Fig. 1 right. The theoretical critical points were calculated from the condition of the
vanishing determinant of the Hessian of strain energy [15].

In summary, we showed a simple way to account for material failure in the
constitutive law without introducing internal variables. In this case, all material
constants can be fitted in macroscopic experiments. Despite its simplicity, the
proposed formulation allows attacking various interesting problems related with
the onset of damage. Some of them are considered in the next three subsections.

2.2 Cavitation

Cavitation is the phenomenon of a sudden irreversible expansion of micro-voids into
the visible macroscopic voids. Gent and Lindley [18] nicely demonstrated this
phenomenon in tension experiments on the poker-chip rubber samples – Fig. 2
left. Such thin samples exposed to uniaxial tension in out-of-plane direction exhibit
highly triaxial deformation – hydrostatic tension. The hydrostatic tension, in its turn,
leads to the void expansion – cavitation.

Mathematically the void expansion can be described by the following integral
formula [1]:

pðλaÞ ¼
R λa

1

1
λ3 � 1

dψ
dλ

dλ, ð9Þ

Fig. 1 Left: Cauchy stress [MPa] versus stretch: dashed line denotes the intact model; solid line
denotes the model with failure. Right: Failure envelope for biaxial tension: theory (stars) versus
experiment (triangles)
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where p is the hydrostatic tension; λ is the hoop stretch; λa¼ a∕A with A and
a denoting the initial and current radius of the void accordingly; and the strain
energy is expressed in terms of the principal stretches for incompressible material

ψðλ1, λ2, λ3Þ ¼ ψðλ�2, λ, λÞ: ð10Þ

Ultimately λa!1 and (9) should converge to the critical tension [19]

pcr ¼
R1

1

1
λ3 � 1

dψ
dλ

dλ: ð11Þ

In the case of neo-Hookean material model we define the strain energy as follows:

ψ ¼ ðμ∕2ÞðI1 � 3Þ, I1 ¼ λ�4 þ 2λ2, ð12Þ

where μ is the shear modulus.
Then, substitution of (12) in (11) yields

pcr ¼ ð5∕2Þμ: ð13Þ

The latter result was used by Gent and Lindley [18] to explain the cavitation
phenomenon theoretically. Such explanation proliferated in the subsequent literature
and it tacitly relies upon the following assumptions:

(a) cavitation is a purely elastic phenomenon;
(b) neo-Hookean material model is applicable for analysis of large stretches;
(c) the obtained critical hydrostatic tension (13) is universal for all materials with the

given initial shear modulus μ.

All these assumptions are incorrect:

Fig. 2 Left: Grown voids in the poker-chip test [18]. Right: Hydrostatic tension [MPa] versus hoop
stretch for void growth
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[a] if the cavitation phenomenon was purely elastic, then we would not observe it
after unloading while we do observe it;

[b] Neo-Hookean model is only relevant for very moderate stretches not exceeding
values of 1.4 while the critical hydrostatic tension is achieved for much greater
stretches;

[c] the integral in (11) converges to the finite critical tension for the neo-Hookean
material model while it does not converge for more realistic material
models [20].

We emphasize that the very fact of irreversibility of the void growth clearly
indicates that cavitation is related to damage and only theories describing damage
can be used for the explanation of the phenomenon. Particularly, the model with
energy limiters presented in the previous subsection can be used in (9). The tension–
stretch curve for this model is presented in Fig. 2 right [21]. The horizontal line gives
the critical tension of � 2.3 MPa that can be calculated from (11). The experimental
estimate of the critical tension of about � 2.7 MPa [18] is encouraging for the
theoretical analysis. Various models without failure can be enhanced with energy
limiters to provide convergence to critical tensions [20, 22]. Without the limiters
such models would not be able to explain the cavitation phenomenon.

The role of inertia forces and viscosity in cavitation was uncovered in [23] while
the thermal effects were considered in [24] for the first time.

We note, in passing, that the specific constitutive model for natural rubber
described in the previous subsection nicely fits experimental data in uniaxial, biaxial,
and triaxial (cavitation) states of deformation including failure.

2.3 Strength of Soft Composites

Soft composites comprise soft matrix and reinforcements of various shapes. They are
used in various applications ranging from rubber bearings to soft robots and
advanced biomedical devices. Soft biocomposites can be created, for example, by
the natural process of tissue calcification, etc. The reinforcement stiffens a soft
ground matrix. What is the effect of reinforcement on the strength of the composite?
The answer is not evident at all.

We developed micromechanical approach to analysis of the onset of failure in soft
composites combining the elasticity with energy limiters and high fidelity general-
ized method of cells (HFGMC) [25].

We used the approach to study strength of an idealized calcified aneurysmal
tissue [26]. Particularly, we analyzed the effect of the varying amount of calcification
(10%, 40%, and 70%), i.e. the relative volume of the hard inclusion within the
periodic elementary cell, on the tissue stiffness and strength. We found that the
increase of the relative volume of calcium particles unconditionally led to the
stiffening of the tissue. At the same time, the strength did not increase in the most
considered cases – it could significantly decrease. Quantitatively, the strength
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decrease could vary from 10% to 40% and more. One might find it contrary to
intuition that the strength can decrease while the stiffness always increases with
calcification. This interesting finding emphasizes the difference between the con-
cepts of stiffness and strength which is not always appreciated. The strength of a
composite is significantly affected by the locally nonuniform state of deformation.
Small hard particles rather than big ones can be stress concentrators amplifying the
likelihood of the local material failure. Also the hard particles restrain deformation in
their vicinity creating the state of hydrostatic tension which, in its turn, may trigger
cavitation with the subsequent fracturing. The obtained results have limitations
because an ideally periodic distribution of calcified particles was assumed in com-
putations while in reality the distribution is random. Thus, additional research in
stochastic mechanics of failure analysis is required.

The approach developed in [25] was also used in [27] to simulate strength of
bioinspired soft composites with the staggered alignment of hard platelets in a soft
matrix. The strength was analyzed for different cases of the composite material with
various amounts of hard inclusions and various pre-existing cracks – Fig. 3.

We found, for example, that the soft matrix material placed between short edges
of platelets with high aspect ratio was the weakest link of the composite. In these
areas the strength was reached. Amazingly, by deleting soft material or introducing
pre-existing cracks in these dangerous areas it was possible to significantly increase
(� 4 times) the strength of the composite. Such finding might seem contrary to
intuition at first glance. However, the pre-existing cracks actually relieved the stress

Fig. 3 Staggered soft composites comprising matrix (red) and reinforcing platelets (black) and
pre-existing cracks (white) under uniaxial tension are shown on the left. Corresponding Cauchy
stress – stretch curves in uniaxial tension are shown on the right. Stars designate critical points
beyond which static solution does not exist – strength [27]
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and strain concentrators providing greater material resistance. The main load bearing
area of the matrix became the region connecting long edges of platelets. This region
was predominantly in the state of shear. The failure of the soft matrix in shear was
responsible for the overall strength of the composite. Importantly, the overall
strength did not exceed the strength of the matrix material in the uniaxial tension.

In order to validate the computational analysis described above, we performed
experiments on 3D printed composites – Fig. 4.

Unfortunately, the 3D printing procedure did not allow to create the natural
rubber material used in simulations. Instead, soft interfaces were printed in soft
hyperelastic digital material and stiff platelets were printed in rigid VeroWhite
polymer. Samples were fabricated by using a multi-material Polyjet technique with
a help of the 3D-printer Objet Connex 260. Performing the uniaxial tension test
shown in Fig. 4, we observed that after reaching the critical level of loading –

point A, the soft matrix at the short platelet edges ruptured. This led to a significant
drop in stress level during the following loading up to point B. Then the shear
deformation in the soft matrix along the lengthy edges of platelets dominated until
approximately point C soon after which the ultimate stress – strength – was reached
and material started disintegrating as at point D. This observation qualitatively
supported the numerically predicted phenomena – Fig. 3 – showing that the cata-
strophic failure originated in the soft interface phase, and it had a significant

Fig. 4 Experiments with 3D printed soft composite: snapshots on the left correspond to the points
on the stress – stretch curve on the right [27]
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influence on the overall strength of the composite. We emphasize the qualitative
rather than quantitative resemblance in view of the different matrix materials used in
simulations and experiments. The resemblance is encouraging.

2.4 Prediction of Crack Direction

In this subsection, we show how to predict the onset of cracks including their
direction by using the elasticity with energy limiters and strong ellipticity condition.

We start with a brief description of the underlying theory [28]. Designating
increments with tildes it is possible to derive incremental equations of momenta
balance and constitutive law

ρ0€~y ¼ Div~P, ~PFT þ P~F
T ¼ ð~PFT þ P~F

TÞT, ~P ¼ ∂2ψ ∕∂F∂F : ~F: ð14Þ

Alternatively, these incremental equations can be reformulated in the Eulerian
form where the current configuration Ω is referential

ρ€~y ¼ div~σ, ~σ þ σ~L
T ¼ ð~σ þ σ~L

TÞT, ~σ ¼  : ~L, ð15Þ

where ρ¼ J�1ρ0; σ¼ J�1PFT is the Cauchy stress tensor and ðdiv~σÞi ¼ ∂~σij=∂y j;
~σ ¼ J�1~PFT is the incremental Cauchy stress; ~L ¼ ~FF�1 is the incremental velocity
gradient;  is the fourth order elasticity tensor with Cartesian components

Aijkl ¼ J�1F jsFlr
∂2ψ

∂Fis∂Fkr
: ð16Þ

For the strain energy defined by (5), we further calculate

∂ψ
∂Fis

¼ ∂ψ
∂W

∂W
∂Fis

¼ exp ½�WmΦ�m� ∂W
∂Fis

, ð17Þ

and

∂2ψ
∂Fis∂Fkr

¼ ∂2W
∂Fis∂Fkr

� mWm�1Φ�m ∂W
∂Fkr

∂W
∂Fis

� �
exp ½ �WmΦ�m�: ð18Þ

Substitution of (18) in (16) yields
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Aijkl ¼ J�1F jsFlr
∂2W

∂Fis∂Fkr
� mWm�1Φ�m ∂W

∂Fkr

∂W
∂Fis

� �
exp ½ �WmΦ�m�: ð19Þ

We look for a plane wave solution of the incremental initial boundary value
problem

~y ¼ rgðs � y� vtÞ, ð20Þ

where r and s are the unit vectors in the directions of wave polarization and wave
propagation, respectively; and v is the wave speed.

Substituting for ~L ¼ grad~y ¼ ∂~y∕∂y from (20) to (15)3, we get the incremental
stress ~σ . Then, substituting for ~y from (20) and ~σ to the linear momentum balance
(15)1, we get

ρv2r ¼ ΛðsÞr, ð21Þ

where Λ(s) is the acoustic tensor with Cartesian components

Λik ¼ Aijkls jsl: ð22Þ

Taking scalar product of (21)with r, we obtain for the wave speed

Jρv2 ¼ Jr � Λr ¼ f 1 f 2, ð23Þ

where

f 1 ¼ f 3 � mWm�1Φ�m f 24,

f 2 ¼ exp ½ �WmΦ�m�,
f 3 ¼ s jslrirkF jsFlr∂

2W ∕∂Fis∂Fkr,

f 4 ¼ rkslFlr∂W ∕∂Fkr:

ð24Þ

The positive wave speed corresponds to the mathematical condition of the strong
ellipticity of the incremental initial boundary value problem. Zero wave speed
mathematically means violation of the strong ellipticity condition and, physically,
it means inability of the material to propagate a wave in direction s. The latter notion
can also be interpreted as the onset of a crack perpendicular to s.

Consider, for example, longitudinal wave (P-wave) and transverse wave (S-wave)
in plane of a material sheet. Denoting the unit vectors in the plane by e1 and e2, we
can write
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s ¼ r ¼ cos αe1 þ sin αe2 ð25Þ

for the P-wave and

s ¼ cos αe1 þ sin αe2,

r ¼ � sin αe1 þ cos αe2
ð26Þ

for the S-wave, where α is unknown angle in plane.
Then, we have from (23) for the vanishing wave speed

Jρv2ðF, αÞ ¼ f 1ðF, αÞ f 2ðFÞ ¼ 0: ð27Þ

This condition can be explained mathematically as follows. The Rayleigh quo-
tient rule for the given s states that z � Λ(s)z∕(z �z) is minimized by the first eigen-
vector z¼ r and ζ¼ r � Λ(s)r∕(r �r) is its minimum value, which is the smallest
eigenvalue of Λ(s). Obviously, this eigenvector r might not obey conditions of the
longitudinal (r¼ s) or transverse (r �s¼ 0) waves. However, the situation changes
when we assume the minimum value in advance: ζ¼ r � Λ(s)r¼ 0. In this particular
case both longitudinal and transverse waves can be found by the direct solution of r �
Λ(s)r¼ 0. Any r providing the zero minimum eigenvalue becomes the
corresponding eigenvector. The very existence of the longitudinal (r¼ s) or trans-
verse (r �s¼ 0) waves comes directly from the computation itself.

The described approach was used to predict the onset of cracks and their direction
in a series of publications [29–32].

Bridge rubber bearings undergo a simultaneous compression and shear under
earthquakes and cracks appear in them in the direction of shear – Fig. 5. Such shear
cracks were predicted by the analysis described above [29].

This analysis included the assumption of material incompressibility. However,
the incompressibility constraint suppresses longitudinal waves and, thus, valuable
information about cracks can be missed. The latter issue was explored in [30] where
the incompressibility constraint was abandoned. It was found, indeed, that the

Fig. 5 Great East Japan Earthquake in 2011: bridge rubber bearings on the left and the horizontal
crack is observed on the right [33]
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constraint could turn into a Trojan Horse in the analytical calculations and an
important information about cracks could be missed. Particularly, in the cases of
uniaxial tension and pure shear, it was found that namely longitudinal waves helped
to predict cracks perpendicular to the direction of tension. Amazingly, it was also
found that the transverse wave led to the prediction of cracks whose direction was
close to the direction of tension. The latter prediction seemed unrealistic; however,
such cracks in the direction of tension were found in recent experiments [34]!

The onset of cracks in anisotropic soft materials – arterial wall – was considered
in [31, 32]. Particularly in [32], we developed two constitutive models with 16 and
8 structure tensors to account for anisotropy and failure of the wall. The intact
material behavior was calibrated based on the experimental data for human adven-
titia and energy limiters were introduced to describe failure. These models were used
in analysis of the loss of strong ellipticity in uniaxial tension and pure shear in
circumferential and axial directions of the artery and in biaxial tension. Directions of
possible cracks were obtained from the condition of the vanishing speed of the
superimposed longitudinal and transverse waves. The vanishing longitudinal wave
speed predicted the appearance of cracks in the direction perpendicular to tension in
uniaxial tension and pure shear. As in the case of isotropic material discussed above,
such prediction would be suppressed by the incompressibility constraint. The
vanishing transverse wave speed predicted the appearance of cracks in the direction
inclined to tension in uniaxial tension and pure shear. Equibiaxial stretching can lead
to the appearance of cracks in any direction despite the anisotropy of material. The
inclined cracks oriented along the bundles of collagen fibers have been found in
experiments [35].

3 Fracture as Damage Localization

Fracture in the form of cracks was first considered by Griffith [36]. Analogously to
the strength-of-materials approach, he suggested a criterion of growth of pre-existing
cracks based on the global energy balance. Such integral balance ignores the role of
the strain and stress concentrations at the tip of the crack and, therefore, it is open to
criticism [37]. There are various conceptual approaches to fracture in the literature.
We believe that fracture should be incorporated in the constitutive description of
materials and crack initiation and propagation should be an outcome of the solution
of the clearly formulated initial boundary value problems. In this spirit, there are two
main approaches to modeling fracture – surface and bulk crack models.

Surface crack models, or cohesive surface models (CSM), consider continuum
enriched with discontinuities along surfaces with additional traction-displacement-
separation constitutive laws [37–47]. If the location of the separation surface is
known in advance (e.g. fracture along weak interfaces), then the use of CSM is
natural. Otherwise, the insertion of cracks in the bulk in the form of separation
surfaces remains an open problem, which includes definition of criteria for crack
nucleation, orientation, branching, and arrest. Besides, the CSM approach presumes
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the simultaneous use of two different constitutive models: one for the cohesive
surface and another for the bulk, for the same real material. Certainly, a correspon-
dence between these two constitutive theories is desirable yet not promptly
accessible.

Bulk crack models, or continuum damage mechanics (CDM), introduce failure in
constitutive laws in the form of the falling stress–strain curves [48–55].1 Damage
nucleation, propagation, branching, and arrest naturally come out of the constitutive
laws. Unfortunately, numerical simulations based on bulk failure laws show the
so-called pathological mesh sensitivity, which means that finer meshes lead to
narrower damage localization areas. In the limit case, the energy dissipation in
damage tends to zero with the diminishing size of the computational mesh. This
physically unacceptable mesh sensitivity is caused by the lack of a characteristic
length in the traditional formulation of continuum mechanics. To surmount the latter
pitfall gradient- or integral-type nonlocal continuum formulations are used where a
characteristic length is incorporated to limit the size of the spatial damage localiza-
tion [56–60]. In the gradient-type approaches, for example, an additional internal
damage variable is introduced together with additional differential equation of
reaction-diffusion type. This equation has a small parameter – the characteristic
length – as a scaling factor for the highest spatial derivatives of the damage variable.
The characteristic length provides solution of the boundary layer type. This layer is
interpreted as a diffused crack of finite thickness rather than a surface of
discontinuity.

A special choice of the additional regularizing equation, called phase-field
approach, gained popularity in recent years [61–63]. It is claimed that the phase-
field formulation provides convergence of the diffused crack to the surface of
discontinuity under the decrease of the characteristic length. Thus, the characteristic
length is interpreted as a purely numerical parameter which can be varied. However,
the case of the uniform uniaxial tension shows that, in the phase-filed formulation,
the characteristic length is a physical parameter linked to material strength2 and it
cannot be varied. Thus, the phase-field approach is a possible yet not superior
regularization of the gradient type.

The regularization strategy rooted in the nonlocal continua formulations is attrac-
tive because it is lucid mathematically. Unluckily, the generalized nonlocal continua
theories are based (often tacitly) on the physical assumption of long-range particle
interactions while the actual particle interactions are short-range – on nanometer or
angstrom scale. Therefore, the physical basis for the nonlocal models appears
disputable. A more physically based treatment of the pathological mesh sensitivity
of the bulk failure simulations should likely include multi-physics coupling. Such a

1These works were not devoted to soft materials per se.
2For example, the authors of [63] rightfully note that “although the length-scale parameter associ-
ated with the phase-field approximation is introduced as a numerical parameter it is, in fact, a
material parameter that influences the critical stress at which crack nucleation occurs.”
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theory coupling mass flow (sink) and finite elastic deformation is considered in the
next subsections.

3.1 Material Sink Formulation

We can see crack surfaces and we rightfully conclude that these surfaces are a result
of material separation. However, people usually and tacitly make one more logical
step and assume that the separation is a result of debonding of two adjacent atomic or
molecular layers – Fig. 6 left. At the first thought, the latter assumption is the
simplest one and it appeals to intuition. At the second thought, it is possible to
realize that the assumption is wrong because cracks are visible by a naked eye –

Fig. 6 middle. Indeed, if the separation was between two adjacent atomic layers, then
we would not see closed cracks because our eye can only distinguish objects on the
scale of microns and not angstroms. Thus, the crack surfaces are not created by two
adjacent atomic layers – they are created by a massive bond breakage spread over a
region with characteristic length l – Fig. 6 right.

It is crucial to realize that the process of the bond breakage is diffusive rather than
confined to one atomic plane. Some atoms fly out of the bulk material. Generally, we
cannot see them because of their very small amount (as compared to the bulk).
Sometimes, we can see them – remember the dust which comes out of cracks in
brittle concrete. The characteristic length of the damage region is so big in the latter
case that we can see small pieces of concrete that left the bulk during fracture.

Summarizing the qualitative picture of the crack formation we note that material
sinks within the characteristic small region of damage. Such notion gives rise to the
mathematical formulation in which momenta and mass balance are coupled [64].

Thus, the mass balance equations should be coupled with (1)1,2 in Ω0

Divs0 þ ξ0 ¼ 0, ð28Þ

where s0 and ξ0 are the referential mass flux and source (sink) accordingly.
The corresponding natural boundary condition expresses this same mass balance

law on the boundary ∂Ω0

Fig. 6 Left: idealized crack with zero thickness; middle: visible closed crack in unloaded tire; right:
realistic bulk crack with finite thickness l
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s0 � n0 ¼ 0: ð29Þ

We note that we use the mass balance in the reduced form: Divs0 + ξ0¼ 0; instead
of the general form: _ρ0 ¼ Divs0 þ ξ0 ; because we are only interested in pre- and
post-cracked states while the transition – bond rupture – process is so fast that it can
be ignored. Such simplification is analogous to consideration of the buckling process
in thin-walled structures. In the latter case, pre- and post-buckled states of a structure
are usually analyzed by using a time-independent approach while the very process of
the fast dynamic transition to the buckled state is ignored in analysis by dropping the
inertia terms from the momentum balance equation.

We define constitutive equations for the stress [64]

P ¼ ðρ0=ρ0Þ∂W ∕∂F, ð30Þ

mass sink

ξ0 ¼ βρ0HðγÞ exp ½�WmΦ�m� � βρ0, ð31Þ

and mass flux

s0 ¼ κHðγÞ exp ½�WmΦ�m�JðFTFÞ�1
Gradρ0, ð32Þ

where ρ0 ¼ ρ0ðt ¼ 0Þ is the initial referential density; β > 0 and κ > 0 are material
constants; H(γ) is a unit step function, i.e. H(γ)¼ 0 if γ < 0 and H(γ)¼ 1 otherwise;
the switch parameter γ 2 (�1, 0] is necessary to prevent from material healing and it
is defined by the evolution equation _γ ¼ �Hðε� ρ0=ρ0Þ , γ(t¼ 0)¼ 0 where
0 < ε� 1 is a dimensionless precision constant.

It is important to emphasize that the formulation presented in this subsection is a
generalization of elasticity with energy limiters described above. Indeed, the elas-
ticity with energy limiters emerges as a particular case where there is no damage
localization via diffusion of broken bonds. In the latter case, we have the vanishing
mass flux: s0¼ 0; and sink: ξ0¼ 0. In view of the zero material sink we calculate
from (31): ρ0=ρ0 ¼ HðγÞ exp ½�WmΦ�m� . Since the irreversibility of the process
is not important in this case and H(γ)� 1, we further simplify: ρ0=ρ0 ¼
exp ½�WmΦ�m� . Substitution of the latter formula in (30) yields: P ¼
exp ½�WmΦ�m�∂W ∕∂F, which coincides with (7).

3.2 Dynamic Crack Propagation

Most works on modeling cracks consider quasi-static crack propagation. Yet in
reality, most cracks propagate dynamically unless they are highly restrained. Indeed,
the onset and localization of damage are usually related to the loss of the static
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stability of a structure. The process of crack propagation becomes dynamic. The
latter notion is not properly appreciated in the literature and many authors prefer
static analysis over the dynamic one because of its relative simplicity rather than
physical adequacy. A review of the crack propagation in rubberlike materials can be
found in [65].

We implemented the material sink formulation presented above in analysis of
dynamic crack propagation in aneurysm material and we refer to [66] for details.
Nevertheless, we note that substitution of constitutive equations (31) and (32) in the
mass balance law (28) yields the following second order partial differential equation
with respect to the referential mass density, ρ0,

l2DivfHðγÞ exp ½�WmΦ�m�JðFTFÞ�1
Gradρ0g

þρ0HðγÞ exp ½�WmΦ�m� � ρ0 ¼ 0:
ð33Þ

Remarkably, we do not need to know material constants κ and β separately
anymore. We only need to know their ratio, which gives us the characteristic length

l ¼ ffiffiffiffiffiffiffiffi
κ=β

p
: ð34Þ

Such length serves as a small multiplier for the highest (second) spatial derivative
of the mass density and, consequently, it causes solution of the boundary layer type.
This boundary layer regularizes the crack width suppressing the pathological mesh
sensitivity.

Some results of modeling propagation of a single crack and bridging of two
cracks are shown in Fig. 7. These simulations led to the following interesting
conclusions.

First, the inertia forces play crucial role at the tip of the propagating crack. If
inertia is not canceled together with the material stiffness, then cracks tend to
nonphysically widen with the increasing speed of their propagation. Most existing

t = 150 ms t = 170 ms

ba

t = 200 ms

Fig. 7 (a) Propagation of Mode 1 crack in aneurysm material in current (top) and referential
(bottom) configurations; (b) crack bridging and kinking
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models of cracks completely ignore this fact and they do not cancel inertia when they
cancel stiffness. Remarkably, the very recent works based on the phase-field formu-
lations [67, 68] started recognizing the importance of canceling inertia. Needless to
say, the simultaneous cancellation of stiffness and inertia are a direct consequence of
the material sink formulation presented in this chapter.

Second, the proposed material sink formulation allows suppressing the strong or
the classical pathological mesh-dependence linked to the zero energy fracture. The
latter is due to the fact that the augmented initial boundary volume problem enforces
characteristic length and solutions of the boundary layer type. The boundary layer,
associated with the crack thickness does not vanish under the mesh refinement.

Third, we observed a weak mesh-dependence, which we defined as the effect of
the mesh shape and size on the specific crack pattern. We observed that various
meshes caused slightly different crack patterns for the same amount of dissipated
energy. The weak mesh-dependence remained even after a significant mesh refine-
ment, which showed that the regularized formulations were not a universal solution
for any mesh sensitivity as many would expect. The weak mesh-dependence is
similar to the effect of structural inhomogeneities in real materials, which affect
the crack path depending on the specific sample under consideration. Though all
samples are made of the same material they have various microstructural patterns
and, consequently, slightly different propagating cracks.

4 Final Remarks

We presented review of our recent developments concerning analysis of failure and
fracture in soft materials. Approaches for modeling failure and fracture are different.
Failure is identified with the onset of material instability and damage. We considered
such instability as a direct consequence of the bounded strain energy density. The
bounded strain energy, in its turn, follows from the fact that the number of physical
particles and their integral bond energy are limited. We presented a general formula
allowing for the enforcement of energy bounds in the known hyperelastic models of
soft materials and we called it elasticity with energy limiters.

After the onset, material damage localizes into cracks and they propagate. We call
this process fracture. To model fracture, we introduced an augmented formulation, in
which momenta and mass balance are coupled. The mass balance equation reflects
upon the physical fact that broken bonds are diffused in the area of characteristic size
rather than confined to a single atomic plane. The mass balance equation regularizes
numerical simulations creating solutions of the boundary layer type and suppressing
the pathological mesh-dependence. The latter means that refining the mesh one
would not be able to reduce fracture energy to zero.

It is remarkable that the approaches described in the present work are based on
two physical observations only: bond energy is bounded and broken bonds are
diffused. Based on these observations it was possible to formulate theories of failure
and fracture without introducing any internal variables.
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Abstract A concept for the estimation of lifetime cycles is discussed assuming non-
dispersed filler particles as origins of initial cracks which propagate under dynamic
load according to fatigue crack growth (FCG) characteristics until failure occurs.
Reference EPDM compounds with glass spheres of well defined size show strong
correlation of the fatigue to failure analysis (FFA) behavior of dumbbells with
largest incorporated particles, but dependence on polymer filler interaction, too.
For NR and EPDM compounds, the occurrence of incorporated large particles is
investigated by computed tomography and evaluated to a flaw size statistic. Based
on the assumption of initial crack sizes matching the flaw diameters and together
with the characteristic material parameters from FCG analysis, a statistical concept
for the prediction of FFA lifetime analysis is presented. Predictions for near-
homogeneously deforming dumbbell samples with carbon black (CB) reinforced
NR display a particle size distribution which in combination with FCG results allows
to calculate quantitative lifetime accordant to experimental findings,
i.e. compounding dependency by shorter lifetime for worse dispersion and geometry
dependency by longer lifetime for smaller specimens. An extension of the prediction
concept for non-homogeneous deformation states is shown through a Monte Carlo
simulation varying the positions of flaws inside the sample together with a Finite
Element Analysis based calculation of the accordant local J-integral value. The
simulations of lifetime statistics for rotational-parabolic buffer samples made of
CB filled NR or EPDM show significant effects in average value and distribution
width similarly found in experiment. This lifetime prediction concept has the unique
capability to take into account not only recipe controlled matrix properties as cyclic
crack propagation resistivity but volume dependency and processing related disper-
sion state, too in a quantitative manner.

Keywords Crack initiation · Elastomer · Fatigue crack growth · Fatigue to failure ·
Filler dispersion · Flaw size statistic · Lifetime simulation

1 Introduction

The service life properties of rubber components are still not fully understood with
regard to the underlying mechanisms. Based on the work of August Wöhler on the
fracture mechanics of steel [1], more recent FFA studies for technical rubber
consider that any crack has its origin on an initiating flaw and grows driven by
subsequent cyclic load up to the ultimately catastrophic failure [2, 3]. Characteristic
material parameters supposed to connect the FCG behavior with the service life
performance are polymer microstructure, molecular mass distribution, long chain
branching, crosslinking structure, filler dispersion as well as size and probability of
flaws in the compound. Flaws may origin from hard or soft inclusions, from polymer
inhomogeneity, recipe ingredients or molding [2]. Here, we focus on filler dispersion
and the assumptive identification of the relevant flaws with largest filler particles
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occurring with diameters 50–500 μm, as found within many optical
investigations [4].

The reinforcement of rubber compounds by fillers, e.g. carbon black is a well-
established technique, but one known problem during the incorporation of the filler
is the acquired state of particle size dispersion, which has been found to correlate
with endurance of articles under cyclic loading [3, 5, 6]. Recent investigations show
that the well-known correlation of rubber parts fatigue lifetime with both, FCG
resistivity and particle size distribution can be combined quantitatively to suggest a
unification of fracture mechanics and the Wöhler concept [5].

1.1 Reinforcement of Elastomers

Technical rubber compounds in many cases contain active filler to reinforce the
mechanical properties of the elastomer matrix and of the vulcanized rubber, too. The
term reinforcement refers to specific requirement of application, but in many cases
simultaneous increase of modulus, elongation at break and wear resistance can be
achieved with respect to the unfilled compound [7–10].

At micrometer scale, the increase of the small strain modulus of a vulcanized
rubber with higher filler volume fraction was explained by Einstein and Smallwood
[11, 12], arguing with infinite stiff particles. At smaller scales, reinforcement
efficiency is related to the filler-polymer interaction attributed to the specific surface
and to the surface activity of the filler [13]. Active fillers, such as carbon blacks or
silica, interact with the rubber matrix, bind the polymer chains to their surface and
thus restrict their mobility. A layer of immobilized polymer (bound rubber) forms
around the filler particles, and with filler concentrations above the percolation limit
two significant effects can be observed. First, a pronounced rise of the material
stiffness is found, which can be explained with the assumption of the establishment
of a filler network, e.g. within the dynamic flocculation network model (DFM)
introduced by Klüppel et al. [14, 15]. Second, the stiffness ceases with repetitive
loading under successively increase of the amplitude as reported by Payne [16],
Mullins [17, 18], and Bueche [19]. Generally, filler reinforcement of elastomers
results in a change in the viscoelastic properties and in an improvement of both,
breakage or abrasion behavior and crack propagation resistivity, too [20–23].

1.2 Filler Dispersion

In rubber technology, the mixing process is found as highly relevant for the quality
of a compound, with respect to both chemical and physical homogeneity and it
influences basic as well as ultimate properties of the elastomer [9, 24, 25]. Apart
from the intended network formed by fine filler particles of sub-micrometer size,
undispersed particles of size 50–500 μm can be found within technical rubber
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compounds [26, 27]. Such particle size origins from the production process where a
specific size distribution is generated. During compound mixing, sufficiently high
shear stress can break large particles and the size distribution shifts towards smaller
values [28]. Through examinations by scanning electron microscopy and computed
tomography, it is known that the largest particles are often found as the starting point
for material failure [29–31]. Aims to enhance particle breakage with further increase
of shear rate during mixing are often limited by the associated higher energy-
dissipative heat build-up causing unwanted polymer chain degradation [32].

1.3 Origins of Cracks

In globally homogeneous loading, e.g. uniaxial conditions a non-homogeneous
material consisting of ingredients with different stiffness will locally display inho-
mogeneous strain and stress distribution at the interphase of ingredients. Hence, hard
filler particles incorporated into a soft matrix can be considered as stress raisers for
the surrounding matrix material [33]. Initial cracks in filler reinforced vulcanizates
can occur due to binding failure between polymer and filler. This motivates the
assumption to identify the filler particles as flaws and their diameter as the sizes of
initial cracks [5].

2 Modeling

Here, at first the fracture mechanical concept is outlined. Moreover the statistical
concept for the estimation of particle sizes in a specimen is described and the
combination of both to predict a lifetime for a homogeneous loadcase. Finally a
general consideration for an inhomogeneous loadcase is formulated.

2.1 Linear Fracture Mechanics

The basic energy concept of fracture mechanics by Griffith [34] and Irwin [35]
argues that a crack grows exactly when the energy released while the crack length
and the crack surface increase is larger than the energy that must be used to create a
new crack surface or crack length, referred to as the tearing energy T or G. Here a
pure tensile stress of a purely linear-elastic material is assumed, only valid limited for
rubber but found to allow for good approximations in the estimation of the material
failure behavior [36, 37]. Determination of the energy release rate was done
according to Rivlin [38] for a the single edge notch tensile (SENT) stripe shown in
Fig. 1 left, characterized by initial specimen length, L, width,W, and thickness, H. A
cyclically applied displacement amplitude, ΔL, results in a reaction force, F, and in
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growth of the crack length, c. With the total mechanical potential, UExt, consisting of
internally stored energy, UInt, dissipated energy, UDiss, and the separation energy,
USep, associated to an increase, dc, of the crack length, c, the energy balance is given
as in Eq. (1).

With the cycle count n, an infinitesimal fatigue crack growth rate r ¼ dc
dn, occur-

ring at constant displacement ΔL can be considered. In this case, the right side of (1)
gives the Griffith criterium for the minimal required energy release rate G necessary
for crack growth [39].

dUExt

dA
� dUInt

dA
¼ dUSep

dA
þ dUDiss

dA
ð1Þ

G ¼ � dUInt

dA
>

dUSep

dA
ð2Þ

Thomas and Rivlin derived that crack propagation depends only on the tearing
energy, T correlated to the energy density and the specimen geometry [38]. Lake and
Thomas proved that the energy release rate is a material parameter independent of
test specimen geometry [40]. The local tearing energy at the crack tip of a SENT
specimen depends on the elastic part of the global energy density [2, 41]:

T ¼ 2kWelc að Þ, k ¼ π

1þ εð Þ0:5 bð Þ ð3Þ

With global strain, ε, and elastic energy density, Wel.
Here, the simplifying assumption is made that the elastic energy determined via

the integral of the unloading half-cycle of the force-deflection curve as indicated by

Fig. 1 Single edge notch tensile (SENT) stripe under uniaxial load; left: energy contributions,
right: force-deflection curve
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the shaded area in Fig. 1, right is used completely for the FCG evaluation [42]. For
many materials, there is an amplitude regime where the dependence of the FCG rate
on the tearing energy can be fitted according Paris-Erdogan with [36]:

dc
dn

¼ B ∙Tβ ð4Þ

where B and β are material constants to be determined by FCG experiments.
The integrated form of (4) allows for a calculation of the number of cycles n

necessary for a crack with the initial crack length, c0, to grow to the length of cn:

n ¼ 1
β � 1

∙ 1

B 2kWð Þβ ∙ 1

cβ�1
0

� 1

cβ�1
n

 !
: ð5Þ

2.2 Statistical Modeling of Lifetime for Homogeneous
Load Case

2.2.1 Particle Size Distribution

If a specimen contains only one particle as single flaw, for well definded loading a
lifetime cycle number is predictable using Eq. (5). This can be done by identifying
the initial crack length with the diameter of that particle and the final crack length
with the specimen diameter. But for a technical compound grade with particles of
non-unique size, the specific particle size density distribution is required to evaluate
the specimen specific probability of particle size content and hence the probability of
FFA cycle numbers. For this, a phenomenologically chosen logarithmic normal
distribution function was chosen to represent the particle size distribution density.

f c0ð Þ ¼ A

σc0
ffiffiffiffiffi
2π

p e
�

ln
c0
μð Þ2

2σ2

� �
ð6Þ

2.2.2 Estimation of Fatigue Lifetime

The lifetime prediction concept considers a specimen exposed to a homogeneous
periodic load case, where the diameter of each incorporated particle is identified as
the length of an associated crack. Such a crack grows during each cycle according to
the material specific dynamic crack propagation resistivity until failure of the
specimen. Particles size distributions found with any method have to be seen with
respect to the investigated volume. Hence, a density function can be considered. In
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estimations of occurrence of bigger flaws in a given sample the actual volume is to be
considered. To estimate the occurrence of differently sized particles in a sub-volume
Vtest taken for specimens, here a multinomial distribution concept is
assumed as shown by Ludwig [43].With the volume VCT investigated by CT for
particle size distribution, the probability function for specimen failure at cycle
number n is found as:

P nð Þ ¼ 1� VCT � V test

VCT

� �VCTf c0 nð Þð Þ
ð7Þ

In the exponent, by conversion of Eq. (5) the particle size c0 associated with the
cycle number is given as:

c0 nð Þ ¼ n β � 1ð ÞB 2kWelð Þβ þ 1

cβ�1
n

� � 1
1�β

ð8Þ

In Eq. (7), the explicit reference to the volume, VCT, is relevant, since sampling
VTest from a larger volume reduces the probability of rare particles occurring in the
test volume. Since the biggest flaws typically are the most seldom, it can be assumed
that for a given specimen the probability of containing a particle depends on the
volume of the specimen, as is visualized in Fig. 3. The final crack length cn is now a
free-of-choice failure criterium and is chosen as sample center diameter in the
following. From the derivative of Eq. (7) with respect to cycle number, the failure
probability density function p(n) results, allowing to calculate the expected
value En(n) [43]:

p nð Þ ¼ dP nð Þ
dn

ð9Þ

En nð Þ ¼
Z

n p nð Þdn ð10Þ

2.3 Constitutive Modeling for Non-homogeneous Load Case

Lifetime evaluation for non-homogeneous deformation states can be done with
three-dimensional FEA simulation of the cyclic behavior for the full specimen.
Since the considered rubbers display effects like stress softening, hysteresis, and
permanent set, for FEA calculations the inelastic material model “Model of Rubber
Phenomenology” (MORPH) developed by Besdo and Ihlemann [44] was chosen to
describe this effects typically found for filled rubber. The model considers a decom-
position of the Cauchy stress σ into three tensorial terms:
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σ ¼ 2αbþ σZ
� �0 � pI ð11Þ

With the basic stress 2αb which is similar to the Neo Hookean stress definition,
the auxiliary stress for nonlinear elastic and inelastic effects σZ and the hydrostatic
pressure pI. Material parameters were fitted based on quasistatic measurements in
cyclic multi-step mode with increasing maxima for uniaxial, equibiaxial, and shear
mode. An in-depth discussion of the MORPH model and the acquirement of
parameters for the material NR 1 defined in the experimental part is given in [45].

Simulation results were evaluated at each element for stress and energy density
distribution taking into account only the cyclic turning points of the investigated
specimen. The elastic energy in Eq. (3) is substituted by the total energy Wtot.
Additionally, a relationship between the J-integral and the total energy density
found by Yaagoubi et al. from FEA simulation of SENT-specimens of NR is used
[45]:

J ¼ η ∙ c0 ∙W tot ð12Þ

with a material specific constant η, fitted according uniaxial tension measurements
with SENT specimens and simulations to the value 2.20 for NR 1.

3 Experimental

3.1 Material and Sample Preparation

3.1.1 Model Compounds with Glass Spheres

To validate the assumption that the biggest flaw is the main source of crack initiation,
the design of a technical elastomer compound with a well-defined maximum flaw in
the form of spherical glass particles has already be considered by Abraham et al.
[3, 46]. Here, in contrast, the first compound series was done as relevance study for
particle–polymer interaction, too by using glass spheres with and without surface
silanization [47].

The reference compound E-Ref is based on a polymer Ethylene Propylene Diene
M-type rubber (EPDM) Buna EPG 5450 comprising 48 to 56 wt.% ethylene and 3.7
bis 4.9 wt.% ethylidene norbonene. The other ingredients are 40 phr oil Sunpar
2,280, 50 phr CB N-550, 4 phr ZnO, 2 phr stearic acid, 0.7 phr Sulfur, 1 phr TBBS,
3.5 phr TBzTD. This series was compounded with internal mixer Haake Polylab
System with Rheomix 600 attachment, all with starting temperature of 40�C, rotation
speed 40 rpm, and mixing time of 4 min. Based on the reference compound,
variations are with sieved glass spheres of size 110 μm (E-G110), and with same
glass spheres functionalized with silane (E-G110-Si). Another variation contains
glass spheres of size 180 μm (E-G180).
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3.1.2 Technical Compound Grades

The compound recipes of the main investigated materials are listed in Table 1. The
polymers types are ethylene propylene diene monomer Keltan 4450 (EPDM) and
natural rubber TSR CV 60 (NR). Reinforcing filler is carbon black N347 (CB) with
50 phr. Crosslinking is based on semi-efficient sulfur systems together with additives
stearic acid and ZnO. Other ingredients are IPPD as aging protection, Oil type
Sunpar 2,280, antioxidant N-Isopropyl-N-phenyl-4-phenylenediamine (IPPD),
Zinc Oxide (Zn O). The crosslinking system comprises Sulfur, together with
N-tert-butyl-2-benzothiazole sulfenamide (TBBS) and accelerator Tetrabenzyl
thiuram disulphide Thiuram (TBzTD) for the EPDM compound and with
N-cyclohexyl benzothiazyl sulphenamide (CBS) and Tetramethylthiuram disulfide
(TMTD) for the NR compounds, ozone, and weathering protection (Antilux 500).
Mixing was done with Werner & Pfleiderer GK 1,5 E. For each compound, the
mixing parameters were chosen to achieve fine dispersion. Curing was done at
appropriate temperature considering t90 time from rheometer curve plus additional
1 min per millimeter of sample thickness or diameter. Compounds NR 1 and NR
2 are with the same recipe but different mixing. Total mixing time is 5 min, but CB is
added to NR 1 and NR 2 after 2 min and after 4 min, respectively.

3.2 Test Methods

3.2.1 Computed Tomography

Compound analysis for statistical filler size distribution was done with 3-D com-
puted tomography (CT) by use of Phoenix Nanotom 1,400 [48]. As computed
tomography is non-destructive, the same specimen can be investigated as they are
scheduled for further fatigue lifetime investigation. Each measurement was done in

Table 1 Compound recipes
of the main material used

EPDM 1 NR 1/NR 2

Component phr Component phr

EPDM 100 NR 100

N347 50 N347 50

Oil 40 IPPD 2

Zn O 4 TMQ 1

Stearic acid 2 Antilux 500 2

Zn O 5

Stearic acid 2

Crosslinking system

Sulfur 0,7 Sulfur 1,5

TBBS 1 CBS 2

TBzTD 3,5 TMTD 0,2
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parallel with a graphite standard for calibration of gray value evaluation referring to
density. By CT analysis of at least 5 dumbbell specimens, a totally tested volume,
VCT, of at least 15.000 mm3 is realized, with a resolution limit of 15 μm. A
reconstruction for the density distribution of a CB filled NR compound is shown
in Fig. 2, where areas of higher density are in blue color.

Based on CT generated gray scale data, particle size statistics were evaluated with
the use of the software ImageJ from U. S. National Institutes of Health [49]. The
evaluation of particle size distribution by CT cannot be considered as absolute.
Machine specification, choice of X-ray beam intensity parameters, material ingredi-
ent densities, sample size, and positioning effect on the result [29]. Hence, all such
parameters are kept constant for this evaluation.

For the model compounds with glass sphere, particle size fractions was evaluated
by inspection of vulcanizate cutting planes with optical Dispersion Index Analysis
System (DIAS) [4].

3.2.2 Fatigue Crack Growth Analysis

FCG was investigated with Tear and Fatigue Analyser (TFA©, Coesfeld GmbH &
Co. KG, Germany) on Single Edge Notched Tensile (SENT) specimens (L: 60 mm,
W: 16 mm, H: 1.6 mm, initial crack length 1 mm). The detailed description of the
TFA equipment can be found in [50, 51]. Loading was done in non-relaxing
conditions with a 50 ms Gauss pulse loading which is the pulse width and a repeating
frequency of 10 Hz together with a static underload of 2 N (approx. 0.1 MPa). The
temperature was ambient room temperature (RT). A minimum of 3 specimens per
material and deformation stage was tested [43, 47].

Tearing energy according to Eq. (3) is evaluated with elastic part of the Energy
density taking into account the unloading force-deflection data from machine. Only
from the linear range of the crack growth, the crack growth rate with respect to cycle
number is taken for parameter fitting according to Eq. (4).

Fig. 2 Density contrast for
a CT investigation
reconstruction for CB filled
NR material, voxel size
9 μm [29]

162 J. Meier et al.



3.2.3 Fatigue Lifetime Testing

FFA was carried out at room temperature with servo hydraulic testing systems MTS
831.50 Teststar Classic and MTS-322.21 Biaxial System in sinusoidal force excita-
tion in full relaxing conditions at frequency 1 Hz pronounced heat build-up.

All samples are rotational symmetric and with similar full height 50 mm (Fig. 3).
The nominal stress maximum σmax is respective to the center cross section area,
where the diameter is 15 mm for standard dumbbell and buffer but 5 mm for slim
dumbbell. The ends with larger diameter are used for clamping. Exemplary, the time
dependency of the surface temperature due to dissipative heat build-up has been
recorded by means of an infrared camera. Quasi-stable surface temperature condi-
tions was found after 1,000 cycles for all specimen shapes.

4 Results

At first, experimental findings for model compounds with varying glass sphere
content will be discussed. Particle size fractions evaluated with optical method
Dispersion Index Analysis System (DIAS) [4] are shown in Fig. 4. The largest
particle size found is 50 μm for the unfilled compound whereas the E-G110 contains
particles of size 110 μm and smaller. The diameter 165 μm of the largest particle
surpasses the nominal width 110 μm of the mesh, which hence must be considered as
having irregularities.

FCG rates of vulcanizates from these materials can be seen in Fig. 5. In compar-
ison to the reference E-Ref, for E-G180 the addition of glass spheres results in
similar slope of the Paris-Erdogan fitting curve, but with an offset indicating an
increased FCG rate by a factor 2. Results for E-G110-Si display slightly higher rates

Fig. 3 Shape of rotational symmetric specimen with similar scaling; colors indicate stress distri-
bution; points symbol large particles; compound with large particles, standard dumbbell, slim
dumbbell, buffer (left to right)
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than E-G180. This indicates first, that the presence of the glass spheres does not give
pronounced rise to crack propagation and second, that the chemical binding of the
silanized glass spheres’ surface to the polymer matrix does not significantly influ-
ence FCG.

Wöhler curves as results from FFA with standard dumbbells from this material
can be seen in Fig. 6. The highest cycle numbers are achieved with the reference
E-Ref, but with a pronounced scattering especially at lowest amplitude. The cycle
numbers found with the glass sphere containing material E-G110 are lower, at lowest

Fig. 4 Particle size
fractions from optical
method DIAS for E-Ref and
E-G110

Fig. 5 Fatigue crack
growth rate dependency on
tearing energy for EPDM
compounds with varying
glass sphere content and
silane bonding
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amplitude by a factor 10 and display significantly less scattering. This reduction in
fatigue life cannot be contributed to the FCG rate. But it can be assumed that the
lifetime limiting size of the biggest particle in the E-Ref specimens are varying due
to filler particle size statistic, whereas in E-G110 the biggest particle diameter is
about 110 μm due to the glass spheres so that high cycle numbers are suppressed
resulting in only small cycle numbers with small scattering. This effect can be
reduced if the glass spheres are silane-bound to the polymer as visible from the
Wöhler data for E-G110-Si, even containing an outlier which reaches only
10,000 cycles. In comparison to E-G110, E-G180 with bigger glass spheres at
same volume fraction shows again a slightly reduction of lifetime together with
most narrow scattering.

From this experiment, it can be deduced, that lifetime in FFA depends on the
matrix crack propagation resistivity, on the largest flaws – here identified as filler
particle sizes and on the filler-polymer interaction.

4.1 Lifetime of Dumbbells in Near-Homogeneous Uniaxial
Strain

In the following, for an CB reinforced NR with a distribution of particle size and
consequently with a probability to find such particles in a specific specimen, the
lifetime prediction concept is demonstrated and discussed considering the influence
of filler dispersion, specimen volume, and load amplitude.

Fig. 6 Stress-load
dependent fatigue life for
EPDM compounds in
variations of glass sphere
content and silane bonding,
full relaxing conditions
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4.1.1 Particle Size Distribution

In Fig. 7a the particle size distribution from CT investigation of 10 dumbbell
specimens each is shown for two grades of CB reinforced NR. The size classes are
with width 10 μm. Generally, large sized particles are more seldom for both
compounds, but for each size class, NR 1 contains less particles than the short-
mixed NR 2. But within all size classes the short-mixed compound NR 2 contains
more particles as NR 1. This can be explained by the longer time for CB incorpo-
ration for NR 1 according to the mixing procedure, resulting in higher probability of
braking large particles into smaller ones and finally in an all-over better dispersion
state, i.e. less particles on any of the scales visible with CT. This correlates with well-
known experience about the influence of compounding method on dispersion
state [9].

The total amount of detected CB reflects only a few percent of the total filler
according the recipe. It is known from investigation by transmission electron
microscopy that particle sizes of 50–200 nm occur quite frequently and this is
supposed to be the most effective size for reinforcement. Otherwise the large
particles are of interest for the estimation of crack initiators.

In Fig. 7 it can be seen, that with a phenomenologically chosen logarithmic
normal distribution function given by Eq. (6) a fair fitting of the particle size
distribution can be achieved by weighing logarithmic values resulting in the follow-
ing parameter values for NR 1: A ¼ 0.034, σ ¼ 0.640, μ ¼ 0.037, correlation
R2 ¼ 0.9954, and for NR 2: A ¼ 0.040, σ ¼ 0.614, μ ¼ 0.050, correlation
R2 ¼ 0.985.

Fig. 7 Particle size
distribution of NR
compounds with size class
width 10 μm; black: NR
1, red: NR 2; points:
experimental, curves: fitting
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4.1.2 Fatigue Crack Growth Resistivity

In Tear Analyser experiments, NR 1 and NR 2 show nearly the same FCG rate “dc/
dn” [9]. Obviously, the different flaw size distributions have just minimal impact on
the FCG characteristics of both materials. For NR 1, the Paris-Erdogan parameters
according Eq. (4) are: B [mm/cycle] ¼ 6.730E-6, β ¼ 2,271; and for NR 2:
B ¼ 7.396E-6, beta ¼ 2.870 (Fig. 8).

4.1.3 Prediction for Load Amplitude Dependency

For standard dumbbells of NR1, in Fig. 9 a comparison of the experimentally
determined failure cycle numbers with the numerically calculated failure probability
density function (Eq. 9) is given for four load stages of elastic energy density. It can
be seen that the simulations match reasonably with the scattering of the experimental
values, with a mismatch of mean values less than 20%. The width of the simulated
distributions reflects the probability of largest particle diameters in the specimen and
is hence correlated with the particle size distribution (Fig. 7). Possible contributions
to the deviations might come from FCG parameters strain or energy density, CT test
volume, CT measurement parameters, and fitting procedure for the particle size
distribution. Moreover, the local strains are not fully homogeneous, but with an
excess strain in the curvature as can be seen from Fig. 3.

4.1.4 Prediction for Filler Dispersion Dependency

The effect of dispersion state on dumbbell lifetime can be seen in Fig. 10, where
experimental fatigue life cycle and expected value (Eq. 10) from simulation for

Fig. 8 Fatigue crack
growth rate for SENT
specimens of NR
compounds; black: NR
1, red: NR 2; experimental
medians (symbols) and
Paris-Erdogan fitting (line)
[6]
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compounds varying in particle size statistics as shown in Fig. 7 are compared. The
short-mixed NR 2 compound displays failure at significantly lower cycle numbers
than the reference. This finding can be contributed to the higher probability of big
particles which give rise to accordingly larger initial cracks and hence more early
failure. Individual test specimens of the shorter mixed NR 2 achieve the service life

Fig. 9 FFA cycle numbers for NR 1 standard dumbbells at four elastic energy density amplitudes;
experimental cycles (symbols); simulated probability density (curves)

Fig. 10 FFA for two dispersion states: fine, NR1 (black) and coarse, NR2(red); experimental
average (symbol) with Wöhler fit (continuous line), simulated expected values (dashed line) [43]
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level of the longer mixed variant NR 1. This indicates the absence of major defects
because of the statistical nature of the largest particle size, but overall the more
thorough mixed compounds shows higher life cycle numbers.

4.1.5 Prediction for Test Volume Dependency

The choice of specimen shape affects the probability of large particle content. For
experimental verification of such a volume selective effect on lifetime, the standard
dumbbell type 1 is compared in contrast to a volume-reduced slim dumbbell type
2 which can be assumed as having less probability to contain large sized particles in
the slim cylindrical area of highest load, as shown in Fig. 3 where blue and red colors
indicate the areas to lowest and highest stress, respectively. Fatigue life results
acquired for the two specimen geometries both of material NR 1 are shown in
Fig. 11. Obviously due to the lower probability for occurrence of larger particles,
the slim dumbbells reach larger cycles.

It should be noticed that the slim dumbbell displays less dissipation generated
heating during the test because of the larger surface to volume ratio. At ambient
temperature RT, maximum temperatures at surface are found with 33�C for the slim
dumbbell and 45�C for the standard dumbbell. For comparison, three specimens of
the slim dumbbell were tested at ambient temperature 45�C, resulting in slightly
reduced lifetime cycles which are still larger by a factor 2 in comparison with the
performance of the standard dumbbell at RT [43]. Recent investigations of
Maanaoui et al. indicate the possibility to extend the evolved lifetime concept to
consider temperature dependency, too [52]. For the temperature dependency of crack

Fig. 11 FFA results for compound NR 1; dumbbell shape: standard (▲ Δ) and slim (● ○); full
symbols: experiment; open symbols: simulation [43]
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propagation behavior, Wunde et al. have shown that in principle a superposition
concept can be applied [53].

4.2 Simulation for Non-homogeneous Deformation State

The dumbbell type 3 is larger in volume and should contain a higher amount of
material defects than the standard dumbbell. Through the non-cylindrical design
the local stress is not homogeneous. Only a small area with near-toroidal shape in the
middle is excited critically. Despite the higher number of material defects in the
whole specimen the probability to find big material defects in the critical volume is
small compared to the other dumbbell types. Such a constitution-load-combination
cannot be treated within the lifetime concept discussed so far.

But ongoing advances in computational performance during the last decades
nowadays allow for numerical simulation of complex shaped rubber parts and
investigation of transient development of crack growth up to fatigue failure is
possible. Several paths have been followed, e.g. virtual crack extension [54],
X-FEA [55, 56], and the development of concepts for crack nucleation [57, 58]. Fol-
lowing the line in this chapter, we now consider how to applicate the lifetime concept
based on dispersion-caused crack nucleation and dynamic crack growth for
non-homogeneously deforming rubber parts by means of finite element analysis
(FEA) with estimation.

4.2.1 Validation for Non-homogeneous Deformation State

For non-homogeneous deformation states, the probability of presence of large
particles in each load area must be considered. Hence, Monte Carlo simulation for
Wöhler lifetime of NR 1 compound buffer samples is done in a post-processing
manner. In each run first, a Weibull distribution of particles according the material
specific particle size statistic is realized by assigning each particle an arbitrary
element of the full specimen mesh position (Fig. 12a). Within the region of interest,
it can be seen that particles smaller than 80 μm are much more frequent than particles
larger than e.g. 160 μm.

In a second step, energy density and J-integral values are locally evaluated, the
latter according Eq. (12) by taking the biggest particle in the actual element as initial
crack size (Fig. 12b). The material specific constant η has been taken from the
evaluation of SENT stripes as approximation, which of course does not reflect
exactly the load situation in the buffer sample. Apparently, the highest J-integral
values are at the waistline, directly on the sample surface.

As failure criteria, the final crack length, cn, is chosen as the center diameter of the
buffer sample which is 12 mm. The lifetime limit due to the actual element is
calculated according Eq. (5) as shown in Fig. 12c. In comparison to Fig. 12b it
can be seen that the shortest prospected lifetimes are not fully located at the
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waistline. This is, because the lifetime values reflects now not only the local load
situation but the diameter of the largest local flaw, too. But generally, volume areas
of higher stress values are more selective for lifetime relevance of particles.

For each Monte Carlo run, the lifetime of the full sample is set to the minimum of
locally evaluations form each element. After 1,000 Monte Carlo runs, a statistical
consideration of lifetimes by a fitting with a logarithmic normal distribution can be
done. The comparison of such predicted and measured life cycles is shown in
Fig. 13. It can be seen that each prediction does not result only in a single value
but in a distribution of lifetime. This is because of the double-inhomogeneity nature
of the loaded buffer specimen. First, the local stresses and strains vary due to the
curved shape of the buffer. Second, the probability density function for the particle
size distribution has to be realized only within the actual volume of the buffer.

The predictions match the average lifetime at the different load stages quite well.
Additionally, the spread of each distribution is of reasonable order. Recent studies on
the influence of constitutive material law on such lifetime predictions show that with
first invariant dependent Yeoh model [59] predictions can be made too but the

a

Particel size [micrometer]
272.3 3.714 +8.61e+09

Cycles [–]
J-Integral [N/mm]
(Avg: 75%)

+2.90e+09
+9.77e+08
+3.29e+08
+1.11e+08
+3.73e+07
+1.26e+07
+4.23e+06
+1.42e+06
+4.80e+05
+1.61e+05
+5.44e+04
+1.83e+04

3.415
3.117
2.818
2.519
2.220
1.922
1.623
1.324
1.025
0.727
0.428
0.129

227.0
189.2
157.7
131.5
109.6

91.3
76.1
63.5
52.9
44.1
36.8
30.6

b c

Fig. 12 Results from Monte Carlo FEA for the lifetime of an NR 1 buffer sample; (a) locally
evaluated maximum particle size in elements; (b) Locally evaluated J-integral value in elements; (c)
Locally evaluated full sample lifetime cycle limit due to single element
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selection of the amplitudes chosen for material parameter fitting affects the life cycle
results by a factor of 2 to 3 [60].

As can be seen from Fig. 14, a similar investigation with CB reinforced EPDM
1 provides predictions in strong correlation with experimental findings at multiple
load stages, as well as for NR 1. For both materials the simulations show a tendency
for overestimation at higher loads. This might be contributed to the according more
pronounced heat build. This effect is more pronounced for EPDM 1, which can be
due to a larger full cycle hysteresis [45].

Of course, for the application of this method for more complex rubber parts,
e.g. automotive bushings, the critical crack length must be adjusted to meet technical
security requirements.

4.3 Limits of Concept

Here, the lifetime concept has been demonstrated by relying only on data generated
with SENT stripes and evaluation of average elastic energy density or local J-integral
value. Gehrmann et al. showed, that predictions for simple shear deformation are
possible, too by determination of the material specific constant η from Eq. (12) for
this mode [61]. But for general a strong relation between this constant and arbitrary

Fig. 13 Comparison between the lifetime prediction curves and the lifetime of measured buffer
samples for NR 1; Reprint with permission, Copyright Elsevier (2018) [45]
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deformation mode is still desirable, especially in the application of
FEA-postprocessing. For a more general consideration of local load cases a critical
plane evaluation has been suggested by Fatemi [62] and applied, e.g. for rubber
bushings by Barbash and Mars [63].

The influence of a static underload on FCG resistivity was reported by Abraham
[64, 65]. El Maanaoui has shown that the prediction concept for FFA cycle numbers
based on particle size statistics and crack propagation characteristics can be extended
with a phenomenological approach for such non-relaxing conditions, at least for
dumbbell specimens with cylindrical test area in uniaxial deformation mode [42].

The failure accumulation discussed does not take into account coalescence of
multiple cracks which would reduce lifetime [58]. Polymer-filler interaction is not
considered in explicit form as well as crosslinking inhomogeneities, energy-
dissipative heating viscoelasticity [66] or chemical aging [67, 68].

Other lifetime concepts take into account local stress raising due to initial flaws
origining from production process or specimen surface faults [58]. In principle, such
defects can also taken into account within the presented concept, namely by an
appropriately resolved FEA meshing.

In spite of this restriction, the unification concept of failure mechanics and the
Wöhler fatigue by statistical considerations of flaws allows for more in-depth
understanding of ultimate cyclic-dynamic properties of rubber materials.
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Fig. 14 Wöhler results for
buffer dumbbells,
experimental (full circles),
and simulation (open
circles) for compounds NR
1 (red) and EPDM 1 (blue);
with numerical values from
[45]
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5 Conclusions

By means of glass spheres as model flaws in an EPDM compound the impact of the
initially largest flaw size on FFA lifetime was shown, which can be diminished by
bonding of the glass spheres to the polymer matrix. CT has proven as useful for the
evaluation of particle size distributions, although with not yet fully quantified
uncertainty. Interpretation of particles larger than 50 μm as crack nucleation together
with FCG properties allow for reasonable lifetime predictions for CB reinforced NR
and EPDM compounds,

With an FEA based Monte Carlo approach for non-homogeneously deforming
buffer sample it comes apparent, that the volume areas of higher stress values are
selective for relevance of particles occurrence as crack initiators. This finding is of
high relevance for lifetime optimization in article design.

The presented concept does only take into account the loading in the vicinity of
the actual flaw and a preset fatal crack length. Hence, the estimated lifetime by
accumulation of locally evaluated failure probabilities is not applicable for cases
where crack propagation would diminish the energy density at the crack tip as might
occur in complex shaped articles. Here, other approaches like X-FEM might be
useful.

For more precise calculations, consideration of viscoelastic effects and filler-
polymer interaction as well as an according refinement of the J-integral concept
seem promising. The concept of fatigue life by crack propagation starting at initial
flaws might be extended for other flaws, e.g. crosslinking density inhomogeneity or
surface distorsions from molding or abrasion.
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Abstract The material behaviour of polymeric materials under cyclic fatigue loads
is complex and forms a vast field of research activities. Elastomer-like polyurethane
materials form an excellent fit for cyclically loaded system components in many
cases. The present work aims to quantify fatigue crack growth (FCG) in a high-
performance, commercially available hydrolysis-resistant thermoplastic polyure-
thane (TPU). This TPU material is often used in water or oil hydraulics and
applications in mining, tunneling, etc. due to its high resistance to abrasion and
tear strength. For those heavy-duty applications, the critical lifetime is reached as
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soon as cracks reach a critical threshold in the TPU material. The first part of the
current work illustrates the FCG analysis of the TPU material, i.e. crack propagation
measurements on a Tear and Fatigue Analyzer (TFA, Coesfeld GmbH & Co. KG,
Germany). Based on the TFA measurements, it is shown how the tearing energy and
the FCG rate have a certain regularity at different strain levels and quite a different
behaviour compared to standard rubber material. Secondly, a lifetime prediction of
the TPU material is derived by means of advanced finite element analysis (FEA). By
using Abaqus simulation software (Dassault Systèmes) with advanced material
modeling concepts, simulations are performed under the identical conditions as the
TFA experiments. The results are plotted in terms of total elastic strain energy
density per element (ESEDEN) over FCG rate in the vicinity of the crack tip. In a
third step, the lifetime prediction concept ESEDEN is cross-validated by comparing
experimental results from a test bench that applies cyclic high strain rate loading to
the TPU material with corresponding FEA. As demonstrated the ESEDEN data
proves being a promising criterion for lifetime prediction of critical TPU compo-
nents under cyclic loading conditions.

Keywords Crack growth · Fatigue · FEM · Lifetime prediction · Polyurethane

1 Introduction

Polymeric materials such as rubber and polyurethanes are used for a broad range of
applications, e.g. tires, seals, bushings, boots and so on. The characteristics of rubber
and TPU materials are similar; both are elastic and flexible. However, TPUs are
typically chosen instead of rubber due to their rubber-like characteristics combined
with their high resistance to fatigue under recurring stress loadings. There are many
publications on the material behaviour of rubber under cyclic loading conditions,
compare with [1–6] among others, although fatigue life analysis including lifetime
prediction of solid TPU under cyclic loading conditions is either described theoret-
ically or experimentally. Up to now research on solid TPU materials has been mainly
focused on the relationship between the morphology and the mechanical stress-strain
behaviour [7–9]. For a detailed account on mechanical modeling of solid polymers,
refer to [10]. Just a few studies were carried out to characterize the fracture resistance
of solid TPU under cyclic loading conditions despite its widespread use in engineer-
ing applications [11, 12]. Like for rubber the current study deploys the analysis of
crack propagation under cyclic loading to study fatigue life of TPU. For a compre-
hensive account on fatigue analysis approaches for rubber, it is referred to [13]. FCG
analysis originates from fracture mechanics concepts first described in [14, 15] and
firstly adapted to rubber materials in [16]. In the latter approach, a pre-notched
sample is typically tested, and the crack propagation rate is characterized as a
function of the applied tearing energy T. In a recent study published in [17], crack
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propagation behaviour of solid TPU in cyclic fatigue loading was addressed for the
first time in literature. The current work steps in the same direction employing crack
propagation measurements on a Tear and Fatigue Analyzer (TFA). However, it
additionally postulates a lifetime prediction concept that is based on the total elastic
strain energy density per element (ESEDEN). The authors observed from various
experimental investigations that ESEDEN is a reasonable measure to predict failure
in solid polymers under cyclic loading conditions. The concept of using strain
energy densities for failure prediction is not new and was thoroughly discussed in
literature [18–20]. However, to our knowledge this concept has not been applied to
solid TPU materials before. Failure prediction is eventually based on ESEDEN
analyses employing results from TFA measurements and correlating finite element
analyses (FEA). In a last step, the lifetime prediction concept is cross-validated by
means of high strain rate experimental investigations which demonstrate its
effectiveness.

2 Test Equipment and Material

A Tear and Fatigue Analyzer (TFA, Coesfeld GmbH& Co. KG, Germany) was used
for the main experimental analyses. The TFA realizes a fully automated measure-
ment of crack growth under cyclic fatigue loading, whereas up to ten samples are
measured simultaneously. The technical specifications of a TFA can be found in
literature [15, 21]. A sketch describing the measuring process as well as a picture of
the TFA are visualized in Fig. 1.

For TFA tests plane-strain tension test specimens were used having the option to
do simple fracture mechanics analysis as described in more detail, e.g. in [15, 22]. In
literature plane-strain tension tests are very often named as pure shear (PS) tests,
even though the resulting strain states for plane-strain tension and pure shear are not
identical at large strains. Regarding the exact correlation in between plane-strain
tension tests and pure shear tests, the interested reader is referred to [10]. For
simplicity the term “PS specimen” is applied throughout this article, despite the

Fig. 1 Sketch and picture of the TFA
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fact that plane-strain tension tests were performed, instead. The used “PS specimen,”
visualized in Fig. 2, is a thin rectangular strip clamped by its long edges inside the
test machine. The geometry ratio is defined as L0 : Q � 1 where L0 is the distance
between the clamps and Q is the width of the specimen. This makes it possible to
ignore the edge effect that occurs in the region A of Fig. 2 and ensure region B is at a
pure plane-strain tension state [15, 23, 24].

There is a typical relationship for a rubber material between FCG rate, r ¼ da/dn
and tearing energy, T, on a double logarithmic plot shown in Fig. 3, where a is the
crack length (see Fig. 2) at actual cycle count. This plot can be divided into four
regions that have different behaviours of tear which firstly have been determined by
Lake and Lindley in [25] and simplified, e.g. in [15].

Without going into details here, region III, red curve is utilized as the region that
corresponds most closely to crack growth rates found in the engineering fatigue
range. It is characterized by stable crack growth, and the relationship between FCG
rate, r, and tearing energy, T, has been defined by square law in [26] and reads

Fig. 2 PS specimen

Fig. 3 Double logarithmic plot of crack growth rate over tearing energy as reported in [15]
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r ¼ da
dn

¼ b ∙Tm, ð1Þ

where b and m are material-specific constants defining crack growth. For this work
the solid TPU was tested in the same way under different strain conditions to create
corresponding FCG characteristics. Single notching of the specimens was applied to
ensure optimum use of the stable crack growth in region III.

The solid TPU material used for this work is an injection moulded, hydrolysis-
resistant TPU. It combines outstanding engineering properties as high abrasive
resistance, low compression set and high physical properties and tear strength,
with high resistance to hydrolysis which is rarely found in TPUs. The detailed
material formulation is confidential industrial information and therefore not subject
for disclosure.

3 FCG Analysis

The main objective for the experimental analysis on the TFA is to acquire the data
needed to create FCG characteristics as shown in Fig. 3. The TPU was tested at two
different temperatures: room temperature (RT) about +24�C and +60�C.

3.1 Determination of the Tearing Energy

For PS specimens the tearing energy, T, is firstly considered in Ref. [23] to be
independent of crack length:

T ¼ w ∙L0 ð2Þ

where w is the total elastic strain energy density. The tearing energy needs to be
calculated using Eq. (2). The strain energy density, w, used in Eq. (2) is obtained
from the total elastic strain energy, W, that can be acquired from tests using
unnotched specimens. To acquire the necessary data for RT and 60�C, respectively,
a wide variety of tests were carried out with three specimens for each test. Preloads
were applied to all tests, and the stress ratio (R ratio) for cyclic loading was varying
in a range from 0.1 to 0.9. The geometry of the specimens is depicted in Fig. 2; the
average thickness d of the specimens is 2.3 mm. Based on results from pretests, the
test parameters for the TPU material were fixed. Table 1 illustrates these parameters
for a preload force Fp¼ 100 N. A sinusoidal loading waveform was used for all tests.

For the determination of the tearing energy, L1000 serves as reference, i.e. L0, when
the preload force of 100 N is applied. In order to use the strain energy,W, in Eq. (2),
it can be divided by the specimen volume:
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T ¼ W=V ∙L1000 ð3Þ

where the volume, V, is defined as:

V ¼ L1000 ∙Q ∙ d: ð4Þ

The parameter d indicates the sample thickness measured for each sample
individually. The resulting plots for tearing energy over cyclic strain (i.e. 2� strain
amplitude) with respect to L1000 are shown in Fig. 4 for RT and 60�C, respectively.

3.2 Room Temperature Experiments

The FCG analysis is briefly explained by means of Fig. 5. The explanation is also
valid for the experiments at 60�C. Figure 5 shows a picture that was captured by the
TFA camera. The top and bottom parts are the clamps, and the part in the middle is
the specimen. It is shown how the TFA software recognizes the crack contour (red
line), determines the crack tip and calculates the crack length (blue line) to record the
crack growth. The yellow line indicates the length of the rest of the specimen. It is
important to notice that crack blunting can be observed in the TPU. This confirms the

Table 1 Basic test parame-
ters for the crack fatigue tests

Parameters Values

Frequency, f [Hz] 10

Preload force, Fp [N] 100

Sample length, L0 [mm] 5

Notch length, amin [mm] 5 ~ 20

Fig. 4 Tearing energy vs. cyclic strain
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statement by [17] that the details of the TPU’s architecture resulting in a microphase
separation can result in a very good resistance to crack propagation in cyclic
conditions.

The tests were performed with five identical specimens for the lower range of
tearing energy and three identical specimens for the tests with high range of tearing
energy in order to not overload the linear drives due to real absolute force value. The
width Q and the thickness d of the notched PS specimens were remeasured for each
specimen, and the values were put into the TFA software. All experimental results
reported are based on a preload force of 100 N and a tearing energy range in
accordance to Fig. 4 and above for which the linear interpolation function was
extrapolated. The resulting FCG characteristic is shown in Fig. 6. The plot illustrates
a qualitatively different shape from typical rubber materials. Basically the plot can be
separated into three distinct regions. In region I, there is only a slight increase in the
crack growth rate as the tearing energy T for a cyclic strain of 12.3% increases to
0.93 N/mm or 933.25 J/m2, respectively (corresponding to logT ¼ � 0.03 N/mm).
In region II, the crack growth rate accelerates significantly up to a cyclic strain level
of 25.1%. At this level the tearing energy T reaches 2.51 N/mm or 2511.89 J/m2,
respectively (corresponding to logT ¼ 0.4 N/mm). Above that strain level in region
III, the FCG rate decelerates again. Interestingly, all three regions are characterized
by a linear increase of the crack growth rate but at different slopes. That sets the TPU
material at test apart from typical rubber compounds. Again, severe crack blunting in
region III might be an explanation for the enhanced tear strength of the material.

Fig. 5 A picture of the specimen taken by the CCD camera
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3.3 60�C Experiments

The experiments at 60�C were basically performed in the same way as for
RT. Before testing, the specimens were put into the testing chamber for 1 h at
60�C. This is to ensure that the specimens were heated properly and evenly to 60�C.
The FCG characteristic at 60�C is very similar to the results at RT with the plot being
able to be separated in three regions as shown in Fig. 7. By comparing the results
with Fig. 6 for RT, the crack growth rate at 60�C at low strains seems to be similar or
a little higher, but at high cyclic strains, the FCG rate is even lower than at
RT. Again, all three regions in Fig. 7 are characterized by a linear increase of the
FCG rate.

4 Fatigue Life Concept

This section motivates a fatigue life or lifetime prediction concept for solid TPU
under cyclic loading conditions. By means of advanced FEA, the TFA experiments
are simulated in order to quantify the strain field in the vicinity of the crack tip. The
TPU under test needs to be calibrated in terms of its mechanical material behaviour
at RT and +60�C, respectively. The lifetime prediction concept is eventually illus-
trated by analysing the total elastic strain energy density per element (ESEDEN) in
the vicinity of the crack tip over the FCG rate.

Fig. 6 FCG characteristic at RT
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4.1 Material Model Calibration

To have a proper behaviour of the simulation model in FEA, the material parameters
need to be acquired for the TPU under test. To achieve this, cyclic tensile tests were
performed with the TPU material to gain experimental data needed for material
model calibration. The material testing was done at comparable strain rates as
employed in the TFA (see Table 1).

A customized biaxial testing machine was used for the tests. The machine can be
used for uniaxial, equibiaxial and plane-strain tension tests. Like the TFA it is
equipped with a temperature-controlled chamber which allows for low- and high-
temperature testing, basically in the same range as the TFA. The tests were
performed for PS specimens with identical geometries as shown in Fig. 2 and tensile
specimens (type S2) with geometries shown in Fig. 8. For both PS and tensile
specimens, tests were performed at RT (24�C and 60�C) with each condition
containing three specimens.

For PS specimens at RT, the clamp distance was set to 5 mm just like on the TFA.
Each specimen was stretched to the point where the total strain was around 20%, and
then it was unloaded and finally stretched to around 40% to complete the test. For the
60�C tests, the specimens were heated for 1 h and put through the same test
procedure.

For tensile specimens at RT, the specimens were stretched until the total strain
was around 50%, unloaded, and stretched again to around 100% to complete the test.
For the 60�C tests, the specimens were heated for 1 h as well before testing. All tests
were done with displacement-controlled loading parameters. The mean average

Fig. 7 FCG characteristic at 60�C
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results of the three specimens for each load condition and specimen type were
eventually used for the calibration.

The software used for material model calibration was MCalibration (Veryst
Engineering, LLC). This software allows for extraction of pertinent material param-
eters from the experimental data described above.

The material model selected for calibration is the three network model (TNM) as
described in [27], which was specifically developed for thermoplastic materials but
also yields good results for PURs. The rheological representation of the TNM is
given by three parallel networks: two nonlinear spring/damper networks A and B
and a nonlinear spring network C. Using this framework, the total Cauchy stress in
the system is given by σ ¼ σA + σB + σC. The governing equations for the stress in
each element of the model are as follows:

Cauchy stress in network A:

σA ¼ μA
JeAλ

e�
A

1þ θ � θ0
bθ

� �

L�1 λe�A =λL
� �

L�1 1=λLð Þ dev be�A
� �þ κ JeA � 1

� �

1: ð5Þ

Cauchy stress in network B follows by swapping A to B. Cauchy stress in
network C reads as:

σC ¼ 1
1þ q

μC
Jλchain

1þ θ � θ0
bθ

� �L�1 λchain
λL

� 	

L�1 1
λL

� 	 dev b�½ � þ κ J � 1ð Þ1
8

<

:

þq
μc
J

I�1b
� � 2I�2

3
I � b�ð Þ2

� �

)

: ð6Þ

Without going into further details here, the model parameters and assumptions
can be found in literature [27].

Fig. 8 Geometry of the tensile specimen
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The TNM was separately calibrated for both applied temperatures. For each
temperature condition, the PS test data and the tensile test data are used by simul-
taneously assuming quasi-incompressible material behaviour of the TPU. The results
are shown in Fig. 9 for RT and in Fig. 10 for 60�C with the imported material test
data as solid lines (experimental) and the calibrated prediction as dotted lines. The
results are depicted in engineering stress versus engineering strain.

To see how good the TPU material calibrations are compared to the test data,
MCalibration uses a so-called fitness function. Normalized mean absolute difference
(NMAD) is used for this case which is the average error in percent between the
experimental data and the model predictions. If the NMAD fitness is below 10(%),
the calibration represents in most cases a reasonably good fit. Figures 9 and 10 show

Fig. 9 MCalibration result for RT

Fig. 10 MCalibration result for 60�C
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the calibrated material model parameters and the overall NMAD values. The mate-
rial model data can be exported as a Python script for later use in FEA.

4.2 TNM Validation

For validating the calibrated TNM data, FE models of the PS specimen and the
tensile test specimen were made to simulate the corresponding tests in Abaqus. The
simulation results were compared to the experimental data. The geometry of the FE
model for the PS specimen is identical to the geometry shown in Fig. 2. For the
tensile specimen, the geometry of the FE model corresponds to Fig. 8 with a free
specimen length of 50 mm. In both FE models, the loading is applied via specimen
clamps which are directly comparable to the experiments.

The clamps are tied to the specimen, and the bottom clamps are fixed in space.
The employed TPU material mass density is 1,200 kg/m3. The material for the
clamps is comparably stiff (e.g. steel) with a mass density of 7,900 kg/m3, a Young’s
modulus of 200GPA and a Poisson’s ratio of 0.4.

As loading a displacement is applied to the top clamps. For the PS specimen
simulations, the maximum displacement is 2.5 mm which is a total strain of 50%.
For the tensile specimen simulations, the maximum displacement is 50 mm which is
a total strain of 100%. The actual strain measurements are done by means of a video
extensometer in the free range of the specimens. For both cases the FE simulation
time is chosen according to the material testing times in order to account for proper
transient material response.

The stress and strain data obtained from Abaqus are given as true stress and strain
data. For comparison with the experimental results reported in Figs. 9 and 10, the
numerical stress and strain data needs to be converted to engineering stress and strain
data first. The converted data is finally compared with the experimental results. As an
example, results for 60�C are illustrated in Figs. 11 and 12, respectively. Qualita-
tively similar results are also obtained at RT, which are not shown here. The
agreement in between experimental and FE data is reasonable for practical applica-
tions. Please note that for validation, only the loading path was calculated by FEA.

4.3 ESEDEN for Lifetime Prediction

As mentioned in the introduction, strain energy densities are a reasonable measure
for failure prediction. Based on the TFA fatigue analysis and the TNM calibration
results, the lifetime prediction concept for the total elastic strain energy density per
element (ESEDEN) is outlined for 60�C data.

Advanced FEA of the TFA experiments were performed using the TNM calibra-
tion data. A FE model was generated as shown in Fig. 14. In order to assess the TPU
failure by means of ESEDEN, a proper resolution of the ESEDEN distribution at the
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crack tip is mandatory. Unlike for linear elastic material models usually employed
for metals, the material response of the TPU under test is highly nonlinear with
significant inherent material damping (see Figs. 11 and 12, respectively). In addition,
crack blunting was observed during the TFA fatigue analysis (see Fig. 5). Therefore,
the FE mesh resolution at the crack tip must be studied carefully. The actual FE
discretization at the crack tip belongs to the proprietary rights of the involved
industry partner and cannot be displayed here.
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Fig. 11 TNM validation for plane-strain tension test at 60�C
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4.3.1 Mesh-Independent Characterization of ESEDEN

To illustrate the lifetime prediction concept, it is presented in the vicinity of the crack
tip where it is independent of mesh refinement. Before simulating all load cases, it is
important to demonstrate how FE mesh refinement affects ESEDEN values at the
vicinity of the crack tip. For this purpose, the load case preload force of 100 N plus a
cyclic strain of 55.0% was simulated with various mesh refinements.

The results of this mesh convergence study are illustrated in Fig. 13 for two
different FE mesh discretizations. They indicate that although there is a steep
gradient for ESEDEN at the crack tip as expected, this effect disappears at 3 mm
horizontal distance from the crack tip (compare with Fig. 2). Therefore all results
reported for ESEDEN (i.e. the maximum value of ESEDEN during cyclic loading)
below are taken at 3 mm horizontal distance from the crack tip. Thus, all results will
be reproducible without infringing proprietary rights.

The overall boundary conditions for FEA are depicted in Fig. 14. The model
components and dimensions were previously defined in Fig. 2. Figure 14 does
additionally illustrate the initial notch length (grey line), the crack tip location (red
dot) and the ESEDEN reference point (green dot) as described above.

4.3.2 ESEDEN Analysis and Correlation with Crack Growth Rate

The FEA loading conditions relevant for ESEDEN analysis are summarized in
Table 2. Two load steps are defined as shown in Fig. 15. The (quasi-)static step is
basically used for applying the preload of 100 N by means of an averaged displace-
ment of 1.67 mm within 10 s. Quasi-static means that inertia terms in the governing
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Fig. 13 Mesh convergence study for ESEDEN at the crack tip
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equations are neglected but transient material behaviour is still considered. The
preload is controlled by displacement which is applied to the top clamps shown in
Fig. 14. Additionally, 1/2 of the stroke (1/2A) is added to the preload value within
the static step due to a difference in between the TFA analysis and FEA analysis. The
TFA keeps the preload force at 100 N throughout the cyclic load, which means the
whole amplitude of the cyclic deformation is occurring on top of the preload. To
replicate this in Abaqus, 1/2 of the stroke (1/2A) needs to be added before the cyclic
step may start.

The cyclic step is for the fatigue loading. The frequency is set to 10 Hz, and it is
defined to simulate ten cycles to account for potential stress relaxation during cyclic
loading. This step applies displacement to the top clamps as shown in Fig. 14. The
loading conditions are shown in Table 2.

After FEA the maximum values for ESEDEN in each load case are correlated
with the FCG rate according to Fig. 7. It was also observed that the maximum values
of ESEDEN are not significantly influenced by stress relaxation during cyclic
loading. Therefore the peak value of the first cycle is chosen for reporting in each
load case. The final result is shown in Fig. 16.

The same procedure can be applied at RT. The corresponding loading conditions
are depicted in Table 3, and the maximum ESEDEN values vs. crack growth rate
data are printed in Fig. 16.

For the TPU under test, the plots of maximum ESEDEN over FCG rate form a
basis to determine the lifetime for critical TPU components under cyclic and
primarily tensile (mode 1) loading conditions. The curves denoted in Fig. 16

Fig. 14 Boundary
conditions for FEA
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illustrate the basic lifetime prediction concept. Nevertheless, the maximum
ESEDEN values in this plot represent the elastic strain energy density values in
the vicinity of the actual crack tip for reasons mentioned above. So, at this point these
results can be interpreted qualitatively only. A quantitative analysis will be discussed
in the subsequent section. It is important to note that the FCG rate for the tested TPU
approaches is an asymptotic limit which is especially evident for the results at
RT. But also for an elevated temperature at 60�C, this trend is still detectable.
Again, these findings underline the exceptional tear strength of the current material.

5 Cross-Validation of Lifetime Prediction Concept

After deriving the lifetime prediction concept for TPU in the previous section and
discussing it there in a qualitative manner, it will be demonstrated in this section that
the concept yields reasonable results in industry-relevant applications. The

Fig. 15 Diagram of the load steps in FEA
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Fig. 16 Maximum ESEDEN values vs. FCG rate at 60�C and RT, respectively
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effectiveness of the lifetime prediction concept is assessed via the cross-validation
principle (test used for validation is different to these used for material model
calibration). To achieve so, a dedicated high strain rate test bench was used to
measure “implicitly” the high strain rate behaviour of the TPU under test
(Fig. 17). In parallel, this test-bench system is FE-based model employing the
aforementioned material models for TPU, respectively. Via comparing the simulated
to the experimentally obtained counterparts, the ability of each corresponding
material model to reproduce in good terms the real high strain rate behaviour of
the TPU under test can be independently assessed.

To execute a high strain rate test on the test bench, the TPU under test is firmly
clamped on the base (Fig. 17). The lightweight metallic piston (mass < 32 g), while
lying on its “starting position” (Fig. 17a), is getting ejected towards the TPU under
test. When the piston establishes contact with the TPU under test, it has velocity v1
(Fig. 17b). During contact, the TPU under test is deformed at high strain rate due to
the momentum of the piston. Finally, the piston bounces backward with velocity v2.

During the test, the vertical movement and the proper alignment of the piston are
achieved by two low friction bearings (friction force <1 N – Fig. 17). Right before
and during and right after the contact of the piston with the TPU under test, three
external forces act on the piston. These are the friction (<1 N), its weight (<0.5 N)
and the reaction force from the TPU under test. The first two are negligible compared
to the latter (to establish boundary conditions for the FE model simulation later).
Practically speaking the only significant force acting on the piston during the contact
is the reaction force, which its counterpart being responsible for the high strain rate
deformation on TPU under test.

Lightweight
Metalic Piston

Point A

Housing

Low Friction
Bearing

Clamp

TPU under Test Base

b

a

Fig. 17 Schematic sketch of the test bench for capturing “implicitly” the high strain rate behaviour
of the TPU under test: (a) starting position, the lightweight metallic piston is about to get ejected
towards the TPU specimen; (b) contact position, the lightweight metallic piston contacts the TPU
under test with velocity v1; after the pertinent deformation of the TPU material, the piston bounces
backwards at v2 velocity
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The piston, while moving, Fig. 17a ! Fig. 17b, is monitored by a laser
vibrometer at point A. Due to this, the displacement and velocity of the piston are
both measurable and readily available as acquired signals (both sampled at 1 MHz).

The measured velocity of the piston during the contact is an “implicit” expression
of the high strain rate deformation of the TPU under test. Therefore, the comparison
of the measured velocity with the FE-based simulated counterpart provides an
independent high-level criterion to assess the ability of each of the underlying
material models to capture the high strain rate behaviour of the TPU material. To
achieve high accuracy for the cross-validation, the TPU material model calibration
as described in Sect. 4 needs to be enriched by high strain rate experimental data (see
[7] for more information). Due to symmetry, an axisymmetric and therefore time-
efficient FE model is employed.

For cross-validation the test-bench system operated with a velocity v1 ¼ 2.3m/s at
RT. TPU specimens were tested for 83 million cycles in total. The tests were stopped
several times in order to check crack growth at the circular penetration line. After
54 million cycles, still no crack initiation was detected. At 83 million cycles, the
crack length reached 0.283 mm on average as shown in Fig. 18.

It is interesting to mention that for the current loading on the test-bench system,
the crack initiation maximum tensile strains occur approximately 50mu under the
TPU surface (Fig. 19 left). So crack initiation is also expected beneath the surface
and not necessarily visible from the beginning. Corresponding to the tensile strain
distribution is the location of the maximum ESEDEN value during contact (Fig. 19
right).

Fig. 18 Average crack
length after 83 million
loading cycles
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The maximum ESEDEN value of 17.15 MPa is taken as reference for fatigue life
prediction. Unlike in the previous section, it needs to be compared to maximum
ESEDEN data directly at the crack tip. Figure 20 illustrates this data for low crack
growth rates at RT. Since the TFA measurement with the lowest cyclic strain still
yields a maximum ESEDEN value above the reference value from cross-validation,
RT data in Fig. 20 is linearly extrapolated. The intersection point of the extrapolation
line with the reference value from cross-validation eventually yields the related crack
growth rate which under consideration of 0.283 mm crack length yields 25.2 million
cycles. That means that crack initiation apparently started after 57.8 million cycles
which confirms the finding that after 54 million cycles, no visible crack could be
detected yet. This is a first indicator that the proposed lifetime prediction concept
based on ESEDEN seems to work. An even more precise experimental quantifica-
tion will be pursued in the future.

Fig. 19 Maximum tensile strains and ESEDEN during contact
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Fig. 20 Linear extrapolation of FCG curve at RT to reference data
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6 Conclusion and Discussion

The aim of this work was to determine how fatigue life for critical TPU components
can be determined from experimental FCG results combined with the use of
advanced FEA accounting for strain rate-dependent material behaviour.

The FCG analysis was done on a TFA which was adjusted and used for the cyclic
loading tests of a commercially available solid TPU material. The FCG rate and the
tearing energy for PS specimens were obtained accordingly. As a first result, FCG
characteristics were derived from the obtained data at RT and 60�C, respectively.
These plots turned out to be qualitatively quite different from what is normally seen
in rubber materials which underlines the exceptional tear strength of solid TPU
materials.

For the derivation of the lifetime prediction concept, the TPU material was
properly calibrated and validated by FEA. Based on the validated material data,
the total elastic strain energy density per element can be calculated for the TFA
experiments. The FE simulation results were used to depict the maximum ESEDEN
values per load case in the vicinity of the crack tip over the corresponding FCG. The
resulting curves were plotted for RT and 60�C, respectively, and form the qualitative
base of the proposed lifetime prediction concept under cyclic loading.

Finally, by means of a high strain rate cross-validation, the quantitative applica-
bility of the proposed lifetime prediction concept was assessed for a mode 1 domi-
nated cyclic loading pattern. The cross-validation results turned out to be quite
promising but need to be further assessed in the future.

In general, the current fatigue life or lifetime prediction concept can be applied to
further solid TPU materials which will also be considered in the future. From the
authors’ point of view, the proposed method provides a good balance of scientific
depth (and accuracy) on one side and practical applicability on the other side. With
further cross-validation experiments in place, it forms an innovative tool for com-
petitive product development.

It must also be mentioned that the current method faces some distinct shortcom-
ings. Currently, no information can be provided about crack initiation. This subject
can form a separate field of activity in the future when considering solid TPU
materials. Additionally, the fatigue life concept is not adapted to varying load cycles.
This was not a primary interest of the involved industrial partner but can be relevant
in many other engineering applications.
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Abstract The deformation and failure behavior of rubbers is significantly
influenced by the chemical composition and loading conditions. Investigations on
how specific loading parameters affect the mechanical behavior of rubbers are
elementary for designing elastomeric products. Suitable fracture mechanical con-
cepts describing the failure behavior of rubbers are widely accepted in industrial and
academic research. However, the most common failure analyses base on macro-
scopic approaches which do not consider microscopic damage, although a contribu-
tion of (micro)structural changes at the network scale on the overall mechanical
properties is very likely. A special phenomenon in terms of microstructural failure is
cavitation due to strain constraints. Under geometrical constraints, the lateral con-
traction is suppressed. As a result, stress triaxiality causes inhomogeneous deforma-
tion, and internal defects, so-called cavities, appear. The formation and growth of
cavities release stress and reduce the degree of constraints. Cavitation in rubbers has
been studied for several decades, but the knowledge about the fundamental mech-
anisms triggering this process is still very limited. The present study aimed to
characterize and describe cavitation in rubbers comprehensively. Hence, advanced
experimental techniques, such as dilatometry and microtomography, have been used
for in situ investigations on pancake specimens. Such thin disk-shaped rubber
samples are characterized by a high aspect ratio. As a result, the degree of stress
triaxiality is high, and the dominating hydrostatic tensile stress component causes
the initiation of cavitation. Of special interest was the often suspected cavitation in
unfilled rubbers. In contrast to the literature, cavitation in rubbers is not exclusively
attributed to interfacial failure between the soft rubber matrix and rigid filler parti-
cles, but occurs also in unfilled rubbers. The onset of cavitation was determined
precisely by highly sensitive data acquisition. Both a stress-related and an energy-
based cavitation criteria were found indicating that traditional approaches predicting
cavitation overestimate the material resistance against cavitation. The presented
experimental methods to characterize cavitation are suitable for future studies
investigating further aspects of cavitation in rubbers and other rubberlike materials,
e.g., the failure behavior under dynamic loading.

Keywords Cavitation · Cavitation onset criterion · Hydrostatic tensile stress ·
Rubbers · Strain constraints
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1 Introduction and State of the Art

The characterization and description of the mechanical behavior of rubbers is a
tricky task. Even under idealized boundary conditions, such as incompressible
deformation, scientists have to face challenging features, e.g., hyperelasticity.
Since commercial rubber formulations are composite materials, several chemical
ingredients influence the final properties as well as the processing behavior during
mixing and curing. For realistic deformation scenarios, including confined geometric
conditions, a lot of basic assumptions, such as the incompressibility of rubber, may
not hold anymore. As a consequence, describing and modeling of rubber perfor-
mance is getting even more complex. But investigations on complex loading con-
ditions are required to achieve more reliable data for performance and lifetime
prediction of rubber products.

A very specific phenomenon in the field of rubber failure is cavitation. This
damaging process is characterized by the formation and growth of internal defects,
so-called cavities. Although cavitation is a phenomenon that has been known since
the beginning of the twentieth century [1–3], the basic mechanisms triggering this
damaging process are still not fully understood. However, to improve the perfor-
mance of rubber products, such as tires, sealings, bearings, or dampers, the knowl-
edge about the deformation and failure behavior under constrained tensile
deformation is essential. Due to confined geometries, rubber parts cannot contract
under an applied tensile load. As a result, the hydrostatic component of the tensile
stress, which is negligible under uniaxial tension, leads to internal defect growth, i.e.,
formation and growth of cavities. For laboratory tests, geometrical confinements can
be generated using disk-shaped rubber samples fixed between two rigid sample
holders made of metal or stiff plastics, e.g., polycarbonate. The critical aspect ratio
of so-called pancake specimens (Fig. 1) can be quantified by the shape factor, S,
which relates the loaded to the unloaded area of the rubbers sample considering its
radius and thickness, r and h, respectively [4]. It should be noted that in some papers
the shape factor is defined reciprocally.

S ¼ πr2

2πrh
¼ r

2h
ð1Þ

Fig. 1 Scheme of a pancake
specimen consisting of two
sample holders (light blue)
and the rubber sample (gray)
with the radius, r, and the
thickness, h. The arrows
(red) indicate the
macroscopic loading
direction
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The first extensive investigation on cavitation in rubbers was performed by Gent
and Lindley [4–7]. Up to now, the studies are known as poker-chip experiments.
Although Gent and Lindley investigated common rubber vulcanizates, a
non-rubberlike mechanical response was observed under tensile deformation. In
addition, the obtained fracture surfaces exhibited cavities of different sizes and
shapes, which have not been monitored before. Resting on the assumption that the
onset of cavitation could be determined from the stress-strain data, a stress-related
cavitation criterion, pm, was introduced by Gent and Lindley [4]. pm represents the
maximum value of negative hydrostatic pressure occurring in the center of a
stretched pancake specimen. The results of experimental and analytical investiga-
tions performed by Gent and Lindley indicated a functional relationship between pm
and the Young’s modulus in uniaxial tension, E. Still, this criterion is often used to
predict the cavitation onset with the following equation:

pm ¼ 5
6
E ð2Þ

Further studies on the cavitation phenomenon were realized using different
complementary experimental techniques, such as dilatometry [8–11], acoustic mea-
surements [12], optical analysis [13], or X-ray microtomography [14–17]. In all
cases, additional information regarding the onset and progress of cavitation
supported the understanding of stress-strain curves, e.g., by volumetric strain data
of dilatometry. Generally, if the shape factor, S, is high, the engineering stress-strain
data can be treated as equal to the hydrostatic tensile stress, σHT, versus volumetric
strain, J [18]. Interestingly, most of the abovementioned studies on cavitation [4–18]
are based on filler-reinforced rubbers. As a consequence, cavitation is often
suspected in unfilled rubbers and mainly related to interfacial failure between soft
matrix and rigid particles, such as carbon black and silica [13, 15] or zinc oxide
[17]. Cavitation in unfilled rubbers has been investigated using silicones or other
transparent elastomeric materials typically used as adhesives, e.g., in the glass
industry. Achieved results show a clear relation between cavitation criterion, pm,
and the molecular weight, i.e., the length of polymer chains [19]. In some studies
[20, 21], cavitation is described as a reversible process which is likely due to the
usage of elastomeric materials with a low amount of cross-links in the network. But,
since cavitation is a damaging process, it is probably related to network failure, such
as polymer chain breakage [18], and, thus, irreversible. Investigations on hydrogels
containing mechano-responsive functional groups, which emit photons during
breakage, i.e., mechanophores, assist the latter assumption indicating mechanically
induced failure of polymer chains [22, 23].

Although cavitation has been investigated for decades, the origin of cavity nucle-
ation is still unclear. Probably, the heterogeneity of the rubber network may affect the
damaging process. The network heterogeneity is influenced by the ingredients of the
formulations and their distribution due to the processing, e.g., mixing and curing
[24]. Additionally, voids resulting from volatile substances or impurities, such as oil or
dust, can initiate cavity nucleation due to a locally lower material density and stiffness.
Further aspects on cavity nucleation will be discussed in Sect. 4.3.
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2 Preliminary Numerical Investigations on Strain
Constraints

Independently of the rubber composition, cavitation occurs almost exclusively under
constrained tension, e.g., generated due to the geometrical confinements of pancake
specimens. Using the finite element (FE) software ANSYS, version R19.1 Academic,
the stress situation in a pancake specimen has been analyzed. Assuming small strain,
isotropy, and homogeneity, the neo-Hookean material model was chosen. The
corresponding material parameters C1 and D1 are defined by the Lamé constants
which can be revealed by the Young’s modulus in tension, E, and the compression
modulus, K. Since the assumption K >> E can be expected also in the case of
compressibility, C1 andD1 are expressed – according to Gent [25] – by the following
equations:

C1 ¼ E
6
and D1 ¼ 2

K
ð3Þ

From FE simulations, stress values can be derived for selected finite elements or
axes, e.g., the equator of a pancake specimen. A measure of the multiaxial stress state
is the degree of stress triaxiality, η. According to Drass et al. [26], η is influenced by
the triaxiality parameter, ħ, which is the typically defined as the ratio of hydrostatic
tensile stress and von Mises equivalent stress, σHT and σv, respectively [27]. Both
stresses can be calculated considering the Cauchy stress tensor σ ¼ (σx, σy, σz):

η ¼ 3 � ħj j ¼ 3 � σHT
σv

ð4Þ

Theoretically, η ¼ 1 in the case of uniaxial tension, while η tends to infinity for
hydrostatic tension. Based on analytical and numerical investigations, Drass et al.
[26] assessed the critical value for cavitation to be η � 20. In Fig. 2, η is shown as a
function of the specimen’s position along the equatorial plane for different shape
factors, S. The critical threshold η ¼ 20 [26] is expressed by the dashed line.
Cavitation can be expected if S is sufficiently high, e.g., S ¼ 2.5; otherwise the
degree of stress triaxiality is too small. With increasing shape factor, the region
within a pancake specimen that possibly contains cavities is increasing, which is
expressed by the change in the intersection of each data curve and the critical
threshold (dashed line). Thus, the width of the rim, b, surrounding the region that
is covered by cavities can be determined (Table 1). The numerically obtained results
regarding the width of b will be verified by surface analysis of fractured pancake
specimens (Sect. 4.1).
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3 Experimental

3.1 Materials and Specimens

Unfilled and carbon black (CB) reinforced rubber compounds were prepared using
non-crystallizing styrene-butadiene rubber (SBR), i.e., Nipol 1502, from Zeon Co.,
Japan. Details of the investigated rubber composition are shown in Table 2. All
rubber formulations were designed and prepared by Sumitomo Rubber Industries
Ltd., Japan. It is worth noting that due to the potential contribution of the rigid
particles on cavitation, all compounds were prepared in the absence of zinc oxide,
which is typically used as an activator for sulfur-cured rubbers [25]. The mixing
process was realized in an internal mixer, and the green rubber was vulcanized to
sample sheets by compression molding at 170�C. The optimized vulcanization times
were defined according to the thickness and to the curing properties of the com-
pounds estimated by a Rubber Process Analyzer from TA Instruments, USA. For the
preparation of pancake specimens, disk-shaped samples were punched from sample
sheets and glued between two rigid samples holders made of polycarbonate.
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Fig. 2 FE analyses to characterize the stress triaxiality, η, along the equatorial plane of pancake
specimens with different shape factors, S, while E ¼ 2 MPa and K ¼ 20 MPa. The dashed line
represents the cavitation threshold according to Drass et al. [26]

Table 1 FE results regarding the width of the rim surrounding the region containing cavities

Shape factor S [�] 1.25 2.5 5.0 10.0 20.0

Rim widtha b [mm] – 4.3 2.0 1.0 0.5
aAssuming a specimen radius r ¼ 10 mm
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Superglue on the base of cyanoacrylate, i.e., Loctite 406™ from Henkel AG &
Co. KGaA, Germany, was used to guarantee proper fixing with a low probability of
interfacial failure. For the in situ experiments, different specimen geometries have
been used to gain various values of the shape factor (Table 3).

3.2 Advanced Experiments

In this section, a brief introduction of the advanced experimental techniques, which
have been realized to characterize cavitation in rubbers, is given. In-depth informa-
tion about constructive details and optimized experimental protocols used for in situ
dilatometry and X-ray microtomography can be found in another paper of the
authors [28].

3.2.1 In Situ Dilatometry

A customized measuring device – a dilatometer cell – was developed and built for in
situ dilatometry experiments. The principle setup of such experiments is shown in
Fig. 3. Due to the optimized design of the dilatometer cell, its implementation into
testing machines can be realized easily, e.g., via joint couplings. The dilatometer cell
is filled with a colored fluid and connected via silicone tubes to calibrated capillaries.
Due to the formation and growth of cavities, the specimen’s volume will increase.
The displacement of the fluid can be estimated optically by a CCD camera, type
mvBlueFox from Matrix Vision GmbH, Germany, with a spatial resolution of

Table 2 Formulations of the investigated rubber compoundsa

Sample ID SBR CB Stearic acid Antioxidants Accelerator Sulfur

SBR00 100 0 2.0 2.0 1.3 1.4

SBR10 100 10 2.0 2.0 1.3 1.4

SBR20 100 20 2.0 2.0 1.3 1.4

SBR30 100 30 2.0 2.0 1.3 1.4
aThe amount of ingredients is given in parts per hundred rubbers (phr)

Table 3 Geometrical specifications of used pancake specimens

Sample ID extensiona Shape factor For in situ dilatometry For in situ microtomography

S [�] r [mm] h [mm] r [mm] h [mm]

2.5 2.5 10 2.0 5 1.0

5.0 5.0 10 1.0 5 0.5

10.0 10.0 10 0.5 – –

aIn the following, the extension will be added to the sample ID to characterize the pancake
specimens explicitly
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1,280 � 1,024 pixels with a pixel size of 5.3 μm. By using two calibrated capillaries
with different inner diameters, i.e., 1.0 mm and 3.0 mm, volume change in two
phases can be monitored during one measurement: (1) cavitation onset, if ε < 0.5,
and (2) progress of cavitation until final failure, for ε > 0.5. The fluid flow between
the capillaries can be controlled by valves. Simultaneously to the estimation of the
displacement of the fluid column, force and displacement are obtained by suitable
load sensors as well as an extensometer with a resolution of 0.02 μm. The experi-
ments were performed under ambient conditions at quasi-static deformation with a
loading speed of 1.0 mm/min.

3.2.2 In Situ X-Ray Microtomography (μCT)

Another customized measuring apparatus – a miniaturized tensile device – was
developed and built for in situ μCT experiments. A scheme of the principle exper-
imental setup is shown in Fig. 4.

A pancake specimen is encased by a polycarbonate vessel and attached via steel
pistons to a linear actuator, type L-239.50 SD from Physik Instrumente (PI) GmbH
& Co. KG, Germany. With the help of the actuator, the displacement of the pancake
specimen can be controlled or measured with a resolution of 0.1 μm. The force is
measured using a load sensor from burster präzisionsmesstechnik GmbH & Co KG,
Germany. Force and displacement can be obtained simultaneously using customized
software. The loading was performed under ambient conditions in a quasi-static

Fig. 3 Scheme of the experimental setup of in situ dilatometry. During measurements, the
mechanical quantities force, F; displacement, l; and volume change, ΔV, are recorded
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stepwise mode. In this study, μCT scans were realized at elevated displacement
levels by X-ray tube-based microtomography using a preclinical scanner, type
vivaCT 75 from Scanco Medical, Switzerland. In Table 4 the typically used param-
eters of the μCT experiments are summarized. The processing and evaluation of μCT
data were performed using suitable software packages and tools from Scanco
Medical and Java-based ImageJ.

3.2.3 Microscopy

In addition to in situ experiments, the characterization of cavitation was
supplemented by surface analysis. Size distribution and shape of cavities have
been studied using a digital optical microscope, type VHX 2000 from Keyence
Co., Japan. Further, from Carl Zeiss NTS GmbH, Germany, a scanning electron
microscope, type Ultra Plus, was used. The data evaluation was realized using open
source tools of Java-based ImageJ, e.g., the “3D object counter.”

Fig. 4 Scheme of the experimental setup of in situ μCT. During measurements, the mechanical
quantities force, F, and displacement, l, are recorded, and μCT images are generated

Table 4 Parameters of μCT
experiments

Property Specification

Voltage 45 kV

Current 177 μA
Rotation 360� by step of 0.12�

Pixel resolution 10 μm
Exposure time 130 ms
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4 Cavitation in Unfilled Rubbers

4.1 Cavitation Affected by the Shape Factor

Figure 5 shows typical results characterizing the deformation and failure behavior of
unfilled rubber subjected to constrained tension (squares) in contrast to uniaxial
tension (star). Engineering stress, σ, (filled symbols) and volumetric strain, J, (open
symbols) are plotted as a function of engineering strain, ε. The data curves represent
unfilled SBR with different shape factors (Tables 2 and 3). Typically, three mea-
surements were performed for each experimental condition, but for clarity reasons
the presented results are single measuring curves without error bars. The repeating
tests have confirmed that the mechanical response is rather stable and the accuracy is
�5%. While for uniaxial tension the stress-strain curve exhibits the typical “S”
shape, for constrained tension the mechanical response does not display behavior
that would be expected for rubbery materials. The deformation behavior due to strain
constraints can be divided into four phases: (1) high stiffness in the very low strain
regime, while the volumetric strain is marginal, (2) reduction of stiffness with strain
and an increase in the volumetric strain, (3) dropping stress with increasing strain
accompanied by a steady increase in volumetric strain, and (4) almost constant or
slightly increasing stress at higher strains, while the volumetric strain increases
linearly with a slope affected by the shape factor. The deformation process ends
with the final failure characterized by a sudden drop in the curves. In the case of
uniaxial tension, J is negligible.
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Fig. 5 Engineering stress, σ, (filled symbols) and volumetric strain, J, (open symbols) as a function
of engineering strain, ε, to characterize the mechanical behavior of rubbers under different degrees
of constraints (squares) and uniaxial tension (star)
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Interestingly, at higher strains, the stress-strain curves obtained under constrained
tension and uniaxial tension converge, which can be explained as follows. On the
one side, the observed cavitation leads to stress release and, thus, reduces geomet-
rical constraints, and the deformation becomes more and more uniaxial-like. On the
other side, for initially uniaxial deformation, the progressive increase in orientation
and alignment of polymer chains leads to an increase of microstructural constraints.
These network constraints may cause internal damage at high strains or even
just before final failure [29]. The discussion of this hypothesis will be continued in
Sect. 4.4.

Fracture surface analysis of pancake specimens (Fig. 6) exhibits evidence of
cavitation. The degree of constraints affects the size distribution of cavities. In
general, the higher the shape factor, the higher the number of smaller cavities
close to each other. In the case of SBR00_0.8, which is not shown in Fig. 6, one
big cavity was monitored just before the final macroscopic failure of the specimen.
Furthermore, the width of the rim surrounding the region which contains cavities is
decreasing with the shape factor. This result is in good agreement with the data
obtained by FE analysis (Table 1). The detailed views of cavities shown in Fig. 6
show several side cracks at the edges of single cavities indicating that cavitation can
be understood as a damaging process that is driven by fracture mechanisms
[30]. Additionally, the shown micrographs ensure that cavitation is not related to
interfacial failure in the vicinity of the adhesive layer but occurs in the bulk of
pancake specimens.

Fig. 6 Fracture surface analysis of SBR00_10.0 (top), SBR00_5.0 (middle), and SBR00_2.5
(bottom). The colored boxes mark the positions of the corresponding detailed views

Cavitation in Rubber Vulcanizates Subjected to Constrained Tensile Deformation 213



The progress of cavitation can be visualized by μCT imaging. Representatively,
in Fig. 7 binarized μCT slices of the equatorial plane of a stretched pancake
specimen are shown. In analogy to the results obtained by fracture surface analysis,
size and number of cavities are affected by the shape factor. In Fig. 7, μCT images
for S ¼ 5.0 (top) and S ¼ 2.5 (bottom) are compared. Furthermore, size and number
of cavities increase with strain, ε, which is in agreement with the increase in
volumetric strain obtained by in situ dilatometry.

Although cracks can be observed by fracture surface analysis (Fig. 6), the μCT
data (Fig. 7) indicate a circular shape of cavities – or spherical in 3D. An explanation
can be found considering, both, the experimental protocol and the detection limits of
the μCT. By assuming that the cavity growth is controlled by crack propagation, an
applied load would open up existing side cracks. However, due to the limited spatial
resolution of μCT, these single side cracks cannot be separated from each other, and
the contour seems to be approximately a sphere. Figure 8 illustrates the hypothetical
load-controlled opening of side cracks schematically.

Fig. 7 Binarized μCT slices of the equatorial plane of SBR00_5.0 (top) and SBR00_2.5 (bottom)
at different strain, ε. The scaling results from the initial specimen radius r ¼ 5 mm

Fig. 8 Scheme illustrating the 2D expansion of starlike cavities under tension. Due to the opening
of side cracks, cavities appear as spherical objects in 3D
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4.2 Determination of the Cavitation Onset

The precise determination of the cavitation onset is of high interest to define a failure
criterion that can be used for modeling the deformation and failure behavior of
rubbers under constrained tension. Due to the detection limits of the used μCT, the
early phase of cavitation cannot be evaluated by μCT imaging. Thus, the mechanical
response obtained by in situ dilatometry has to be taken into account, in particular.
Figure 9 shows the engineering stress, σ, and volumetric strain, J, as a function of
engineering strain, ε, for SBR00_5.0. In the range of ε � 0.2, the mechanical
behavior is shown for monotonic (square) and cyclic (sphere) loading. For clarity
reasons, the first of three cycles for each displacement level is shown.

Owing to the deformation behavior obtained under cyclic loading, the knowl-
edge about the cavitation process has been extended. If ε< 0.02, the curves show a
nearly linear behavior, but after passing the critical level (K-1), the stress and
volumetric strain curves exhibit hysteresis. Since for unfilled rubber internal
friction processes are negligible, the hysteresis has to be attributed to an inelastic
damaging process that dissipates energy [18]. The achieved results are in contrast
to the approach of Gent and Lindley [4] assuming purely elastic deformation, e.g.,
considering Eq. (2). As a result of the cyclic and monotonic measurements
performed on unfilled rubbers, the formation of the very first cavities can be
determined by mechanical properties at (K-1). The other characteristic transition
(K-2) corresponds to a second change in the volumetric strain curve, here, from the
nonlinear to linear behavior. Interestingly, (K-2) is in good agreement with the
local maximum in the engineering stress-strain curve which is often taken as the
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cavitation criterion, e.g., considering Eq. (2) [4]. Probably, a significantly high
number of cavities has been formed at (K-2) reducing the geometrical constraints
of pancake specimens by stress release.

The precise determination of (K-1) is realized by the identification of the point
where the volumetric strain curve leaves the envelope range of the initially linear
behavior (Fig. 10). The envelope curve is defined by the mean deviation of this linear
part. The procedure to extract the characteristic material properties from dilatometry
data stays the same for all investigations, i.e., considering the effect of shape factor
or filler content. The absolute values of critical engineering stress, σt, and critical
strain energy density, Wt, corresponding to cavitation onset are summarized in
Sect. 6.

4.3 Nucleation of First Cavities

At strains higher than (K-1), cavities will be formed and grow with increasing strain.
A remaining question remains on the origin of cavity nucleation. A material porosity
with a characteristic number of intrinsic defects of finite size could be assumed
[31]. If the size of these intrinsic defects is small enough, their surface tension
increases the resistance against the defect opening. However, when these defects
are stretched to a critical level, the surrounding network segments will bear the load
until they reach the extensibility limit. Further loading would lead to the breakage of
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polymer chains or cross-links. Such microfractures could explain how cavities grow
and how the applied mechanical energy dissipates during cavitation. In addition, the
network inhomogeneity of rubbers characterized, for example, by packing defects or
the free volume [32] could trigger the formation of (sub)microscopic cavities due to
inhomogeneous stress distribution through the network.

4.4 Cavity Evolution with Increasing Strain

Figure 11 shows μCT slices of the equatorial plane of a pancake specimen at elevated
strain levels. While the number and size of cavities are increasing for ε < 0.5, the
cavity number stays almost constant at high strain levels. Although the cavity size
seems to increase even if ε > 0.5, just the thickness of walls between neighboring
cavities is reduced. This effect indicates that after passing a critical load level, the
geometrical constraints have been relieved; thus, cavitation is expired, and a pancake
specimen containing cavities exhibits a deformation behavior comparable to uniaxial
tension (Sect. 4.1).

Using μCT images, the effective cross sections of a pancake specimen have been
estimated, and the true stress, σtrue, was calculated. In Fig. 12 the curves of σtrue as a
function of the Hencky strain, ln(λ), where λ ¼ (ε + 1) are compared for a pristine
and a preloaded pancake specimen (squares). The preloading was realized up to
ε ¼ 1. The preloaded and, hence, damaged pancake specimen exhibits a mechanical
behavior that is comparable to that under uniaxial tension (star). Thus, the above-
described hypothesis is supported further. The pristine pancake specimen is much
stiffer due to the dominance of the hydrostatic tensile stress.

Fig. 11 Binarized μCT
slices of the equatorial plane
of SBR00_5.0 at different
strain levels, ε. The scaling
results from the initial
specimen radius r ¼ 5 mm
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5 Cavitation in Carbon Black Reinforced Rubbers

In the literature, cavitation in rubbers is mainly attributed to the potential interfacial
failure between soft rubber matrix and rigid filler particles [4, 15]. As an important
result of this study, cavitation is not exclusively related to the presence of fillers but
triggered by the fracture of polymer segments in the rubber network. However, filler
type and content influence the mechanical performance of rubbers immensely, and,
thus, cavitation might be affected also.

Figure 13 shows representative results characterizing the deformation and failure
behavior of rubbers containing different amounts of CB (Tables 2 and 3). Engineer-
ing stress, σ, (filled symbols) and volumetric strain, J, (open symbols) are plotted as a
function of engineering strain, ε. Generally, with increasing CB content, the mechan-
ical response exhibits typical features, such as higher initial stiffness, lower elonga-
tion at break, or remarkable strain hardening. The slope in the volumetric strain
curve is not as much affected as in the case of the shape factor (Fig. 5).

In Fig. 14, a detailed view on the experimental data is given for ε � 0.2, and the
critical levels (K-1) are marked (dashed lines). As a result, the cavitation onset
properties are shifted to a higher level if the CB content is increasing. Interestingly,
the first qualitative analysis suggests that the resistance against cavitation is
increased due to the presence of CB. Absolute values of critical engineering stress,
σt, and critical strain energy density, Wt, are summarized in Sect. 6.

The evolution of cavity populations influenced by the CB content can be followed
by the μCT images shown in Fig. 15. For same strain levels, the number of small
cavities is increasing for higher CB contents. Thus, the effect of CB content is similar
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Fig. 13 Engineering stress, σ, (filled symbols) and volumetric strain, J, (open symbols) as a
function of engineering strain, ε, to characterize the mechanical behavior of rubbers affected by
the CB content
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to that observed considering the shape factor (Fig. 11). In the case of SBR20 (bottom
line), the size of the cavities is too low to realize the identification of single cavities,
which is again due to the detection limits of the used μCT. Probably, microscopic
cavities are surrounded by tiny satellite cavities decreasing the material density
locally [33]. The micrographs of the fracture surfaces shown in Fig. 15 (left) confirm
that the number of small cavities is increasing with the CB content. This result can be
explained by the suppressed possibility of expansion of cavities due to the presence
of CB particles and agglomerates. In particular, the fracture surface of SBR20 (left
bottom) does not show any cavities. Probably, the presence of a high number of tiny
cavities causes the formation of small inner cracks propagating and merging inside
of a pancake specimen [33], and, thus, the fracture surfaces are characterized by a
certain roughness, but not by cavities.

6 Discussion on Cavitation Onset Criterions

In this study, the cavitation onset was detected precisely with the help of highly
sensitive in situ dilatometry. Corresponding mechanical properties, such as critical
engineering stress, σt, and critical strain energy density, Wt, were obtained. Table 5
summarizes the experimental results of σt and Wt by mean values of three measure-
ments for each rubber formulation and shape factor (Tables 2 and 3). The
corresponding standard deviations are attached. Additionally, the experimentally
determined values of the Young’s modulus, E, and the theoretically estimated results
for pm according to Eq. (2) are shown in Table 5.

To compare the experimental results and the prediction following the theoretical
approach of Gent and Lindley [4], σt and Wt were normalized by the Young’s
modulus in tension, E. In Fig. 16, both normalized critical stress, (σt / E), and critical

Fig. 15 Binarized μCT
slices and micrographs of
equatorial planes of pancake
specimens at different strain
levels, ε. SBR00_5.0 (top),
SBR10_5.0 (middle), and
SBR20_5.0 (bottom). The
scaling results from the
initial specimen radius
r ¼ 5 mm
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strain energy density, (Wt / E), are plotted as a function of the shape factor, S. The
point cloud (stars) of (σt / E) indicates an independent critical stress level required for
cavitation onset. Thus, a stress criterion is reasonable, but experimentally obtained
mean value, 0.37 � 0.11 (dashed line), is significantly lower than the value of the
theoretical prediction, pm, (solid line). As a consequence, pm overestimates the
material resistance against cavitation. Remark: σt represents an average value of
the tensile stress and not directly the hydrostatic component. However, σt and pm can
be compared if the shape factor is high, because in such a case, the volumetric
component of the tensile deformation is dominating, while the deviatoric component
is negligible [18].

Table 5 Mechanical properties characterizing the cavitation onset

Sample ID S [�] Wt [kJ/m
3] σt [MPa] pm [MPa] E [MPa]

SBR00_10.0 10.0 5 � 1 0.41 � 0.13 1.58 1.9 � 0.1

SBR00_5.0 5.0 6 � 0 0.53 � 0.05 1.58 1.9 � 0.1

SBR00_2.5 2.5 32 � 5 0.88 � 0.03 1.58 1.9 � 0.1

SBR00_0.8a 0.8 923 0.74 1.58 1.9 � 0.1

SBR10_5.0 5.0 79 � 9 1.84 � 0.02 3.00 3.6 � 0.2

SBR20_5.0 5.0 209 � 17 3.33 � 0 6.50 7.8 � 0.4

SBR30_5.0 5.0 379 � 223 4.57 � 2.62 13.75 16.5 � 2.0
aOnly one measurement has been performed
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Fig. 16 Normalized critical stress, (σt / E), (stars) and critical strain energy density, (Wt / E),
(spheres) as a function of shape factor, S. The amount of CB is considered due to the normalization
by the Young’s modulus, E
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Interestingly, the data points (spheres) of (Wt / E) do not show a critical limit at the
first sight (Fig. 16). Fitting the experimental data by nonlinear curve fitting tools, an
exponential function (dotted line, R2 ¼ 0.9263) can be found. The choice of an
exponential fit is reasonable, because, as a result, the two types of rubber failure
controlled by the shape factor can be distinguished. (1) If the shape factor is low or
tends to zero, a high amount of energy is required to initiate failure, while cavitation
is suppressed. For uniaxial tension, the strain energy density at final failure is in the
range of 103–104 kJ/m3. (2) If S > 1.5, less energy is required to initiate rubber
failure, which is characterized by cavitation. The plateau-like part of the fitting curve
(Fig. 16) suggests an energy-based criterion for high S.

7 Conclusion and Summary

In this study, in situ experiments have been performed to study cavitation in unfilled
and carbon black (CB) reinforced styrene-butadiene rubbers (SBR). The results
obtained by dilatometry, X-ray microtomography, and fracture surface analysis
show evidence of cavitation in unfilled rubbers, although often suspected. Further-
more, a moderate amount of CB, i.e., not higher than 30 phr, enhances the material
resistance against cavitation, which is in contrast to the general impression of other
studies. The achieved results suggest that cavitation is controlled by the failure
behavior of network segments, such as breakage of polymer chains. Experimental
results representing the cavitation onset indicate that the stress criterion is much
lower compared to the often used theoretical prediction following Gent and
Lindley’s approach. An energy-based cavitation criterion can be found, if the
shape factor is sufficiently high. In the future, further experimental work is required
to extend the knowledge of cavitation in rubbers, e.g., by investigating the impact of
rubber network heterogeneity. In addition, the effect of cavitation on the macro-
scopic crack propagation behavior should be investigated to understand the connec-
tion between rubber failure modes at different length scales.
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Abstract Tyre tread directly comes in contact with various road surfaces ranging
from very smooth roads up to riding on rough road surfaces (e.g. gravel roads, roots,
stalks) and is prone to damage due to cut from sharp asperities during service. As
tyre experiences millions of fatigue cycles in its service life, these cuts propagate
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continuously and lead to varied fracture processes from simple abrasion, crack
growth up to catastrophic failure. In this paper firstly the complete fatigue crack
growth (FCG) characteristics of rubbers from the endurance limit up to the ultimate
strength and, finally, compared the data with a fast laboratory testing method
determining the Chip and Cut (CC) behaviour. The study is focussed on investiga-
tion of pure natural rubber (NR) and natural rubber/styrene butadiene rubber
(NR/SBR) blends, based on industrial compound formulations used for tyre tread
applications. These rubbers have well-established FCG characteristics in field per-
formance of tyre treads, with NR exhibiting the higher FCG resistance at high region
of tearing energies, whereas the advantage of SBR over NR can be realized in terms
of the higher fatigue threshold for SBR occurring in the low range of tearing
energies. The same trend was found from the FCG analyses consisting of the
complete Paris-Erdogan curve from endurance limit up to ultimate strength as well
as CC behaviour determined with a laboratory Instrumented Chip and Cut Analyser
(ICCA) which operates under realistic practice-like conditions and quantifies the CC
behaviour using a physical parameter.

Keyword Chipping · Crack · Cutting · Fatigue · Fracture · Laboratory testing ·
Rubber · Tyre tread · Wear

1 Introduction

Fatigue failure is a critical issue frequently encountered by the rubber products, such
as tyres, seals, dampers, conveyor belts, etc., as these products are usually exposed to
cyclic dynamic stress condition in service. In the case of tyre, it is a critical safety
component of a vehicle as it has to withstand against all kinds of road hazards, varied
operational conditions including environmental changes (very hot to cold condition)
without compromising its desired functionality. A schematic of a tyre rolling process
is depicted in Fig. 1. It clearly shows that in every tyre rotation, the tread rubber
elements at the tyre-road interface area are loaded for a shorter duration (~10%)
followed by a longer relaxation period (~90%). Thus during rolling, tyres are
exposed to special loading pattern that can be described by Gaussian pulse waveform
as shown in the Fig. 1, wherein the detail of the contact between the tyre tread and
the road surface is visualized. Real dynamic loading condition is defined due to
proceeding of loading at the denoted region (corresponding with the tyre footprint)
in the timing range of milliseconds, after that the contact is released and the zone in
the tyre tread relaxes until the next contact (revolution of the tyre) proceeds. Tyre
does not make perfect contact with the road over the whole footprint area. Due to the
presence of the road asperity, tyre rubber-road contact area is just a few per cent of
the nominal footprint contact area [1–5]. The dissipated energy significantly
increases in the smallest asperity at contact regions (green dissipation fields
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visualized in the Fig. 1) and thus in the case of critical material value exceeding the
material forces like crack driving forces can be applied; thus the fracture processes
with the micro-crack initiation of the tyre tread have been started! Moreover, the
micro-crack initiation is promoted due to either propagation of currently present
micro-cracks in the virgin rubber matrix or due to environmental ageing by ozone
and oxygen. As tyre undergoes millions of fatigue cycles, these initiated micro-
cracks propagate continuously and lead to abrasion of tread, growth into macro-
cracks that could lead to catastrophic failure. Therefore, exploring the fatigue
damage mechanism of rubber used in tyre tread application has great significance
to improve the service life of tyres. Hence, performance improvement of rubber
materials with respect to fatigue damage is of paramount interest to tyre researchers.

Thus, tyre manufacturers as well as raw materials suppliers are working inces-
santly for improved materials that meet requirements of new generation tyres.
However, introduction of any new materials in tyre production line can happen
only after successful validation tests (indoor and outdoor) of tyres made with new
materials. It is worth mentioning here that outdoor validation tests are quite expen-
sive, both in terms of time as well as cost. Hence, it is necessary to devise laboratory
tests that can simulate the realistic life-operating conditions of tyre and predict the
performance. Ideally, predictive laboratory tests should balance accuracy, relevance
and instrument productivity. It should connect to fundamental principles that show
how results from a simple sheet of cured rubber are related to realistic geometry and
loading conditions that occur in actual tyre use. Predictive characterization in a
laboratory test set-up promises to gain complex information of the material in an
early stage of development before tyre has been produced or even before designs are

Fig. 1 Scheme of tyre rolling with the visualization of Gaussian pulse waveform and dissipation in
tyre-road contact
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finalized. Such approach promises to optimize each tyre components in terms of
performance and durability. Further, it enables to fasten development times and
minimize extensive tyre field tests before serial production.

The blend of natural rubber (NR) either with polybutadiene rubber (BR) or
styrene butadiene rubber (SBR) is widely used in tread compound. NR/BR blend-
based compounds are mainly used in truck tyre tread application, whereas NR/SBR
blends find application in treads used for light truck tyres (LTT), SUV tyres (LTT)
and passenger car tyres (PT) as well as for sidewall component in tyre. Although
previous researchers, e.g. Refs. [6–9], have mostly reported fatigue crack growth
(FCG) studies on various blend systems, where they focused on determination of
stable crack growth, systematic investigation for characterization of the complex
fracture fatigue behaviour from the endurance limit up to the ultimate strength is
neither done theoretically nor experimentally. These phenomena are studied in
isolation for various rubber or blend systems, and as mentioned above, majority of
the work focused on characterization of stable crack growth characteristics and few
recent studies reported investigation on the endurance limit for pure NR, SBR and
BR [10, 11]. The experimental investigation of Chip and Cut (CC) resistances based
on quantitative lab testing equipment of carbon black (CB)-reinforced NR, SBR and
BR compounds was firstly investigated using an Instrumented Chip and Cut
Analyser (ICCA) [12, 13]. Very recently, a FCG (Tear and Fatigue Analyzer)
study [14] reported improvements of laboratory predictions of FCG behaviour,
and their correlation to wear phenomena of truck tyre treads has been reported
in [15].

NR is known for its inherent strength, its ability to withstand large deformations
and resistance to FCG behaviour; however on the other side, its abrasion resistance
and anti-ageing properties are poor. SBR, on the other hand, exhibits better abrasion
resistance and resistance to cut initiation. Therefore, combination of NR and SBR
finds vast application in various rubber products and is used as tread and sidewall
component in varied tyres.

The strength of the rubber depends on its chemical structure, as well as on its
viscoelastic behaviour near crack tip [16, 17]. Due to viscoelastic energy dissipation,
the total energy required to propagate the crack in rubber is significantly greater than
the energy associated with the endurance limit corresponding to the intrinsic strength
of the molecular structure. Gent, Lindley and Thomas [18] experimentally described
the fatigue fracture behaviour with a general function of the fatigue crack growth
(FCG) rate, r ¼ da/dn (where da is the crack growth and dn is the increment of
relevant cycle count) in dependence on the energy release rate or tearing energy, T,
respectively, for rubber materials, which are loaded cyclically. Figure 2 shows the
typical relationship for a rubber material in a double logarithmic diagram, known as
Paris-Erdogan plot [19]. Lake and Lindley [20] firstly categorized different regions
in this plot, defining different FCG behaviour. The FCG rate, da/dn, depends on the
tearing energy, T, in each of the relevant regions in a characteristic manner. As long
as the value of tearing energy, T, is lower than endurance limit or intrinsic strength,
T0, the FCG is independent on the dynamic loading but affected by the environ-
mental attack. A crack operating at an energy release rate below the intrinsic
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strength, T0, can be projected to operate indefinitely without growing, since there is
simply not enough energy supplied to break polymer chains at the crack tip [10]. The
region of stable crack growth is located between the values of the tearing energies T1
and T2. This region is described with the square law defined by Paris and Erdogan in
[19]:

T1 � T � T2 ! r ¼ da
dn

¼ βTm, ð1Þ

where β and m are material constants. Finally, in the last region, the crack proceeds
to the unstable fatigue growth, and the FCG rate, da/dn, becomes essentially infinite.

One practical reason for wanting to quantify the endurance limit is that it marks
the lower limit of the FCG characteristic that is illustrated in Fig. 2 [21, 22]. Based on
the abovementioned theorem, T0 can be associated with intrinsic cutting energy, S0,c
[23]. Therefore, the endurance limit or mechanical fatigue limit is very useful in
product design and in fatigue analysis [24]. Few scientific publications elaborated in
terms of defining the methodology for the evaluation of intrinsic strength. The
pioneering work done by Lake, G. J. and O. H. Yeoh [23] is based on the cutting
methods. The experimental work by Bhowmick et al. [25] reported the effect of
loading of carbon black types on intrinsic strength. They analysed NR and SBR
vulcanizates filled with CB varied from 10 phr (parts per hundred rubber) to 50 phr.
They found that the intrinsic cutting energy increases with the increase in loading of
CB irrespective of the rubber type. For N330 filled NR vulcanizates, values lie
between 150 J/m2 and 730 J/m2, whereas SBR vulcanizates exhibited slightly higher
intrinsic cutting energy, compared to NR vulcanizates at all loadings of filler. The

Fig. 2 Paris-Erdogan plot showing typical FCG characteristic of rubber on a log-log plot versus
tearing energy
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intrinsic cutting energy varied from 360 J/m2 for 10 phr N375 filled SBR to 1,050 J/
m2 for 50 phr filled SBR.

The pioneering work done by Rivlin and Thomas [26] on fracture mechanical
study of rubber material laid the foundation of the research in this field. A consid-
erable amount of work has been carried out on FCG characteristics in the stable crack
growth region for different rubber types and varied compositions over a wide tearing
energy zone. The most important results describing the general FCG behaviour of
natural and synthetic rubbers have been published in Refs. [27–29]. The results show
that in strain crystallizing rubber, the FCG is delayed due to strain-induced crystal-
lization at the crack tip. On the other hand, non-strain crystallizing rubber exhibited
time-dependent FCG behaviour. It was observed that the initiation of crack in
synthetic rubber starts at higher tearing energy respective intrinsic strength than in
NR. However, FCG in stable crack growth region shows a counter phenomenon of
more rapid propagation of the crack in synthetic rubber, in comparison to the
NR. Finally, the ultimate strength respective critical tearing energy, Tc, has been
considered to be significantly larger in the natural rubber compared to synthetic
rubbers [26]. Many researchers [27–29] have demonstrated that the critical tearing
energy, Tc, does not depend on the geometry of the analysed sample and, thus, it is
considered to be a material property.

In practice, due to complex and high dynamic fatigue conditions applied on the
tyre, it is not possible to simply determine the complex fracture processes from the
endurance limit up to ultimate strength. In service, it is mainly the final state after
reaching the ultimate strength that can be qualitatively evaluated from images of
failed tyres. Few practical examples of damaged tyre treads after reaching the
ultimate strength are shown in Fig. 3. Both images in this figure demonstrate the
CC wear; however each caused due to very different mechanism. The image shown
in the left of Fig. 3 demonstrates the fracture caused by slipping, whereas the right
image revealed the fracture process, caused by rolling of tyre tread over high
asperities. In the scientific works Refs. [12, 13, 30], it has been clearly shown that
the CC mechanism of tyre tread compound appearing under high severity conditions
proceeds in the high tearing energy region close to ultimate strength.

Traditional testing methods used in the tyre industry to measure complete FCG
properties in relation to real fracture processes occurring in tyres during service are

Fig. 3 Photograph of locally rupture tyre treads due to different mechanism (https://www.youtube.
com/watch?v¼bTnE66fvjrI)
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not very effective. These methods do not capture the detailed structure-property
relationship which is necessary for the rational design of improved compounds for
demanding applications.

Thus, the aim of this work is the quantitative determination of the complete Paris-
Erdogan curve characterizing the FCG behaviour from endurance limit up to ulti-
mate strength and, additionally, compare this behaviour with CC performance
measured using a laboratory Instrumented Chip and Cut Analyser (ICCA) for pure
NR as reference compound and for an industrial NR/SBR blend based compound.

2 Experimental

In this study, two industrial tyre tread rubber compounds were used. These are
proprietary compounds, and hence detailed formulations are not disclosed here.
However, brief compositions of these compounds are summarized below for better
interpretation of the results. Out of these two compounds, one compound is based on
100 natural rubber filled with 50 phr (parts per hundred rubber) of dual filler (N220
carbon black and silica) and contains sulphur/accelerator curing system (total 1.6
phr), and other additives constitute 15 phr. Hereafter this compound will be called as
NR compound. The other compound is 40–60 blend of NR & SBR filled with
66 parts dual filler (N220 carbon black and silica) and contains sulphur/accelerator
curing system (total 1.9 phr), and other additives constitute (zinc oxide, stearic acid,
anti-degradants, etc.) 16 phr. Hereafter this compound will be termed as NR/SBR
compound.

These rubber compounds were prepared in four-stage mixing process using a
laboratory scale Banbury mixture (Stewart Boling, UK) of 1.6-L capacity. In the first
stage, mixing of rubbers and chemicals (except curatives) was carried out at rotor
speed of 60 rpm (rotation per minute) for 5.5 min, and chamber temperature was set
at 90�C. The second and third stages of mixing were performed for the duration of
5 min and 4 min, respectively, at 60 rpm. and 90�C chamber temperature. In fourth
stage of mixing, curatives were mixed with the compound at 30 rpm and 70�C
chamber temperature.

The required specimens for investigations were cured in a heated press (LaBEcon
300 from Fontijne Presses, Netherlands) at 160�C according to the optimum curing
time t90 + 1 min/1 mm thickness, where the t90 has been determined from cure
rheometer curves evaluated at 160�C using a Moving Die Rheometer (MDR 3000
Basic from MonTech, Germany) according to ASTM 6204.

2.1 Determination of Endurance Limit

An Intrinsic Strength Analyzer (ISA™), manufactured by Coesfeld GmbH &
Co. KG, Germany, is used for estimating the endurance limit of the rubber
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compounds. Test methodology for endurance limit estimation is developed by
Endurica LLC, USA, based on the approach of Lake and Yeoh [23].

The measuring principle of the ISA is schematically visualized in Fig. 4, and
more details can be found in the previous publications Refs. [10, 11]. A plane strain
(PS) tension samples (where the length of the sample is considerably lower than the
width and the crack length is sufficiently long) (see Fig. 5) often labelled ‘pure shear’
[26, 32] is clamped to a tensile measuring station, which is instrumented to measure
and control force and strain in the tension direction. The tensile set-up is symmet-
rical, meaning that the centre of the specimen remains in initial position during the
variations of stress and/or strain. Orthogonally to the straining direction, positioned
on this stable centre axis, a second actuator is located, which is also instrumented to

Fig. 4 Measurement principle, where (a), actuator of the axis Y; (b), actuator of the axis X; (c),
loading cell of the axis X; (d), loading cell of the axis Y; (e), razor blade; (f), test specimen; (g), top
clamping system of test specimen; (h), bottom clamping system of test specimen; (i), razor blade tip

Fig. 5 Plane strain sample geometry, where L0¼ 10 mm,WP¼ 100 mm and B¼ 1.5 mm (length x
width x thickness)
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measure and control force and/or strain. Additionally, it is equipped with a sharp
cutting blade that cuts through the sample at varied rates that are specified by the
experimental protocol in Refs. [10, 11].

For the PS specimen at each applied strain before the cutting step-by-step process
is applied, the tearing energy, T, is computed as the product of the strain energy
density, w, and the unstrained section gauge height, L0.

T ¼ wL0: ð2Þ

The strain energy density, w, in the specimen is determined as a function of strain
by numerically integrating the stress-strain curve.

During the cutting by the blade, the moving force, f, is required to maintain
constant rate of cutting, imparting an additional contribution to the total energy
release rate, driving the crack tip. We call this the cutting energy, and its value is
given by

Fc ¼ f
B
, ð3Þ

where B is the thickness of the specimen.
When the crack tip dissipation is sufficiently small, the cutting energy, S, for

strained PS specimen, undergoing the cutting process, may be written as the sum of
individual energy release rates for tearing and cutting:

S ¼ T þ Fc, ð4Þ

where T is the tearing energy and Fc is the cutting energy.
A series of consecutive measurements is performed with varied tearing and

cutting energies applied. If the lowest value of S0,c is taken after this procedure, it
is obviously the lowest energy to progress a crack with the given blade and called the
intrinsic cutting energy, S0,c.

The intrinsic strength, T0 (endurance limit), is proportional to S0,c, with a propor-
tionality constant, b, which depends on the material analysed and the blade
sharpness:

T0 ¼ bS0,c: ð5Þ

The proportionality constant, b, has a value between 0.1 and 0.18 known from the
work of Lake, G. J., Yeoh, O. H [23].
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2.2 Determination of Stable Crack Growth

The measurements of FCG at stable crack growth region were carried out using a
Tear and Fatigue Analyzer (TFA) produced by Coesfeld GmbH & Co. KG, Ger-
many. The detailed description of the equipment can be found in Refs.
[31, 32]. Mini-plane strain (mPS) specimen (Fig. 5) having dimensions
L0 ¼ 4 mm, Wp ¼ 40 mm and B ¼ 1.0 mm is used for FCG measurements.
Specimens were notched on both edges with the initial crack length a0 ¼ 8 mm
based on the definition of minimal crack length in dependence on sample geometry
ratio L0/Wp as reported in Refs. [32, 33]. One set of three samples per compound has
been analysed over the complete range of applied tearing energies. Finally, the
Gaussian pulse waveform (see Fig. 1) of the pulse frequency 10 Hz, which corre-
sponds with the pulse width 100 ms and loading frequency of 5 Hz at the operating
temperature 70�C close to the real service conditions of tyre, has been applied for the
analyses over a broad range of tearing energies, T, or strains. The analyses were
performed at fully relaxing mode, where the R-ratio ¼>R ¼ 0, which is the
minimum applied stress divided by the maximum applied stress: R ¼ σmin/σmax).
The crack growth of each sample is monitored in situ through an image-processing
system with a CCD camera. The crack contour length and the crack growth incre-
ment as well as the data of fatigue behaviour are evaluated. The resulting data finally
determine the power-law defined with Eq. (1), representing the relationship between
FCG rate, da/dn, over the range of tearing energies, T, where the crack grows
steadily and where and the measured quantities are represented in a logarithmic
scale.

2.3 Determination of Ultimate Strength

The ultimate strength has been experimentally estimated using an Intrinsic Strength
Analyzer (ISA™), introduced previously and followed the above described testing
protocol up to reaching the critical tearing energy, Tc. The identical pure shear rubber
sample as visualized in the Fig. 5 has been used. Three sample replicates per
compound have been investigated.

2.4 Determination of Chip and Cut Behaviour

Laboratory CC testing was performed on the rubber specimens using an
Instrumented Chip and Cut Analyser (ICCA) manufactured by Coesfeld GmbH &
Co. KG, Germany, e.g. Refs. [12, 13, 30, 34, 35]. Testing with the ICCA involves
rotating the rubber sample at a selected rotational speed and impacting the sample
with a stainless steel tool with specified frequency. The rotation speed, impact
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normal force, frequency and contact (sliding) time with the rubber surface all can be
independently controlled. A scheme of ICCA measuring principle is visualized in
Fig. 6, left. In Fig. 6, right, the sample geometry used for the analysis is shown. The
inside specific geometry of the sample is purposefully designed for assuring exact
fixing of the sample in the device for maintaining constant position and prevention
against the slippage during the dynamic impact. More details on impacting device,
impactor geometry and description of the independent control of impact frequency
and sliding time can be found in recent references [12, 13, 30, 34, 35].

As the tangential force is the resultant of impact force, which is assumed to grow
proportionally with increasing roughness of the penetrated surface, thus it is taken to
calculate the degree of damage for every load cycle. Therefore, the key character-
ization factor evaluated from a multi-channel data acquisition is the CC Damage,
which is calculated using a numerical algorithm. The tangential force shows an
increasing scattering as test time progresses, obviously due to the increase in
roughness of the sample surface during the course of testing. For this reason, an
enwrapping curve is constructed which is numerically integrated from a certain
starting point C(0) to a cycle count of interest, C(n). Each sum will be divided by
the corresponding cycle number c(k) (0 < k < n). This (scalar) value quantifies the
CC Damage at cycle count k and is called ‘CC Damage, P’. The curve P vs. cycle
count (k; k ¼ 0 to n) is a description of the CC behaviour under the given load
conditions. More details on the numerical calculation of the CC Damage, P, can be
found in previous papers [12, 30].

The CC behaviour of rubber compounds were tested at room temperature in
ICCA using an impactor of 2.5 mm radius. The tests were run up to 4,000 impact
cycles. Five replicates of each compound were tested. The test conditions are listed
in Table 1.

Fig. 6 Schematic of ICCAmeasuring principle, with pneumatic actuator (a); two-axis load cell (b);
holder + impactor (c); and cylindrical rubber test specimen (d) and the rubber sample geometry with
thickness of 13 mm (right)

Table 1 ICCA loading conditions

Rotation speed [rpm] Impact normal forces [N]
Impacting frequency
[Hz] Impact time [ms]

200 70, 100, 130, 150, 170 5 200
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3 Results and Discussion

3.1 Endurance Limit

The cutting is performed with different cutting speeds and variation of tearing
energy. The goal is to acquire the cutting force without any significant viscoelastic
dissipation influence and friction effects between rubber and blade on the cutting
energy. In accordance with the above statement, the relationship of cutting force, f,
versus time traces, t, obtained during constant rate cutting experiments, takes three
forms in dependence on tearing energy: smooth rise, slip-stick and force fluctuation
up to zero. In Fig. 7, cutting force ( f )-time (t) traces for analysed rubbers for low
(dotted) and moderate (fat) tearing energy level are presented. It is clearly visible that
in the low level of tearing energies, a very dominant initial smooth rise caused by the
reversible elastic deformation in NR/SBR that may be attributed to the presence of
non-strain crystallizing SBR in the compound. However, in the case of NR com-
pound, this phenomenon is much lower, which is represented with lower very first
peak of the curve shown in Fig. 7, A. In moderate level of tearing energy, NR

Fig. 7 Cutting force-time
traces for analysed rubbers:
NR (a), NR/SBR (b) for low
(dotted) and moderate (fat)
level of tearing energies
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compound displayed stick-slip effect due to the presence of strain crystallizing
property in NR, whereas the curve of NR/SBR blend is quite smooth.

Figure 8 depicts tearing energy vs. cutting energy of the rubber compounds under
study. From these plots, the intrinsic cutting energy, S0,c, of all the compounds was
calculated. The simplicity of the formula in a complex nature of the various analysed
compounds makes it simple to rationalize the observed dependence of intrinsic
cutting energy, S0,c, on the type of rubber used. The lower value of intrinsic cutting
energy, S0,c ¼ 376 J/m2 (average from three replicates), has been found for the
rubber based on NR, which is caused by its strain crystallizing nature, causing the
lower cutting forces over the applied range of tearing energies (see Fig. 7a). The
force-time traces as depicted in Fig. 7, where the highest cutting force was deter-
mined for the NR/SBR blend containing the non-strain crystallizing SBR at lower
tearing energy level, pointing out the highest elasticity of this rubber, which is
reflected in terms of higher intrinsic cutting energy, S0,c ¼ 466 J/m2 (average from
three replicates) compare to pure NR compound.

The endurance limit, T0, can be estimated by multiplying the intrinsic cutting
strength, S0,cwith the proportional factor, b, (see Eq. 5); in this study the factor bwas
chosen to be 0.13. This assumption leads to T0¼ 49 J/m2 for NR and to T0¼ 61 J/m2

for NR/SBR. The estimated T0 values verify the expected trend that the addition of
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Fig. 8 Cutting energy, Fc,
versus tearing energies, T,
for NR (a) and NR/SBR (b)
as well calculated intrinsic
cutting energy, S0,c
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SBR to NR can increase the intrinsic strength of the NR/SBR compound signifi-
cantly compared to pure strain crystalizable NR compound.

3.2 Stable Crack Growth

The FCG behaviour of both compounds is plotted in Fig. 9, represented with the
square-law defined in the Eq. (1), where the related material constants β, m are listed
in the Table 2. Generally, the absolute value of FCG rate over the complete range of
applied tearing energies is lower for the pure NR compared to NR/SBR blend.
Additionally, the exponent m, defining the slope of the ability of the crack to
propagate, clearly indicates superior FCG resistance by the NR compound. This is
attributed to the fact that strain-induced crystallization inhibits the crack growth at
higher tearing energies. The slightly higher slope, respective exponent m, was
determined for the blend NR/SBR. This observation generally corresponds with
the previously determined data from Lake and Lindley [20] for the FCG behaviour
of natural and synthetic rubber. Finally, because of the different slopes, both curves
have a theoretical crossing point at the tearing energy, T ¼ 0 J/m2.

3.3 Ultimate Strength

The critical tearing energy, Tc, was determined as the tearing energy, associated with
the strain, where the crack grows without any other energy input. In Fig. 10, the

Fig. 9 FCG rate, da/dn, as a
function of tearing energy,
T, for the both analysed
compounds

Table 2 Power-law equation
and material constants
determined

Material da/dn β m

NR 2E-12x2.0493 2E-12 2.0493

NR/SBR 2E-12x2.5008 2E-12 2.5008
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critical tearing energy, Tc, demonstrates the last point of the strain vs. tearing energy
function. The higher critical tearing energy Tc ¼ 16,688 J/m2 is exhibited by the
NR-based compound compared to the critical tearing energy Tc ¼ 14,095 J/m2 for
the NR/SBR blend.

3.4 Reconstruction of the Complete FCG Curve

Figure 11 shows the reconstructed complete FCG characteristics for both com-
pounds. These plots contain all phases of fracture processes. The reconstruction is
based on the implementation of the data determined for the endurance limits, the

Fig. 10 Strain, ε, as a function of tearing energy, T, for analysed compounds

Fig. 11 Reconstructed complete FCG characteristic
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stable crack growths as well as ultimate strengths evaluated in the previous
paragraph.

3.5 Chip and Cut Behaviour

The results of CC tests of NR and NR/SBR compounds are shown in Fig. 12a, b,
respectively. The dependence of the CC Damage, P, over the applied cycle count in
the stable CC process is plotted here for four varied normal forces, FN (see Table 1).
Each curve represents an approximate polynomial function from three replicates.
From this figure it can be seen that CC Damage, P, systematically increases with
increase of normal force, FN, irrespective of rubber type.

Fig. 12 CC Damage, P, versus impacting cycles for NR (a) and NR/SBR (b), whereas the labelling
of the curves corresponds with the applied normal forces, FN given in Table 1
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The final comparison of CC Damage, P, in dependence on normal forces, FN, for
both analysed compounds is plotted in Fig. 13, where the represented P values are
corresponding to the values at the very last applied cycle counts. The numerical
evaluation of CC damages under different applied loading conditions gives a very
clear impression of the characteristics for each type of analysed rubber. Also the
comparison of NR and NR/SBR with respect to the same loading conditions shows a
considerable difference in the damage development. In general, NR shows a linear
increase of CC Damage for all applied normal forces. Whereas in NR/SBR blend,
there is a very low and constant damage growth up to normal force of 130 N, and
thereafter the slope of damage growth increased rapidly. The low damage growth at
lower normal force range is due to the presence of SBR in the blend. Furthermore, it
is obvious that at the low normal force level, the damage of the pure NR rubber is
higher than NR/SBR, whereas at high normal force level, CC Damage, P, for
NR/SBR blend remains significantly higher than that of the NR rubber. This finding
is in correspondence with the previously published work [30], where more or less
identical crossing behaviour for pure NR and SBR has been found. Thus, the present
study confirmed the positive influence of SBR in the low level and the negative
influence in the high level of normal forces on CC behaviour compared to pure NR.

It can be pointed out here that the FCG curve for the NR/SBR as shown in the
Fig. 11 exhibited higher FCG rate over the complete range of applied tearing
energies and shows the similar trend for CC Damage parameter at higher force
level as plotted in Fig. 13.

The estimated CC Damage, P, values for both compounds can be correlated with
the CC behaviour of tyres in service. It is obvious that the CC mechanism in tyre
corresponds with the energy dissipation around the tip of an asperity (visualized in
Fig. 1). Thus, the increase of energy dissipation as obtained experimentally is due to
the increase of the normal force. A similar phenomenon of energy dissipation also
takes place when a tyre runs on the roads. However, normal force or energy

Fig. 13 CC Damage, P, versus normal forces, FN, for both analysed compounds
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dissipation varies depending on the type of roads (smooth or rough). Because of this
reason, a SBR containing rubber compound performs well with respect to CC
behaviour at lower normal force or tearing energy level, corresponding to terrain
of low-sized asperities. This is due to the fact that SBR has a higher intrinsic strength
compared to NR, whereas, at higher normal force or tearing energy level, the CC
performance of SBR compound gets reversed.

Fundamentally, from the theory and ranking point of view, the determined FCG
properties correspond with the CC behaviour. However, a direct quantitative deri-
vation of the CC behaviour from the FCG characteristic is not appropriate. It is
necessary to determine CC behaviour through separate CC analyses close to realistic
tyre loading in service as implemented and realized using ICCA equipment.

4 Conclusion

In this paper we determined, for the first time, the complete fatigue crack growth
(FCG) characteristic of rubbers from the endurance limit up to the ultimate strength
and, finally, compared the data with a fast laboratory testing method determining the
Chip and Cut (CC) behaviour. A series of varied experiments and unique equipment
have been used for these complex analyses, whereas the endurance limit has been
analysed via the determination of intrinsic strength based on the approach of Lake
and Yeoh [23] using Intrinsic Strength Analyzer (ISA). The stable crack growth
behaviour has been determined in situ using a Tear and Fatigue Analyzer (TFA), and
the ultimate strength was determined as a final stage of the intrinsic strength
measurement at the unstable region of crack growth. Finally, the CC behaviour
has been determined with a laboratory Instrumented Chip and Cut Analyser (ICCA)
which operates under realistic conditions and quantifies the CC behaviour using a
physical parameter. The all equipment have been produced by Coesfeld GmbH &
Co. KG, Germany. We have investigated carbon black (CB)-reinforced rubber based
on natural rubber (NR) and natural rubber/styrene butadiene rubber (NR/SBR) blend
formulations, typically used for tyre tread applications.

We found that the intrinsic strength is in fully agreement with the expected trend,
i.e. the non-crystalizing SBR rubber exhibits higher threshold compared to
crystalizing NR. Thus, the addition of SBR in a NR/SBR blend increases the
intrinsic strength in accordance to the incorporated quantity of the synthetic rubber.
The FCG rate of a NR compound is lower in the complete range of tearing energies
in comparison with the NR/SBR blend. Last but not the least, a higher critical tearing
energy is exhibited by NR compounds compared to NR/SBR blends. The complete
FCG characteristics have been reconstructed using these data.

In accordance to the CC Damage, P, value, NR ranks higher than NR/SBR blends
at lower force level, whereas the trend is reversed in the higher normal force zone.
This ranking matches with the ranking of the FCG resistance of these rubber
compounds.
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Abstract The paper reviews recent investigations of fatigue crack propagation in
filler-reinforced elastomer blends based on recipes referring to truck tire tread
compounds. One focus lies on viscoelastic energy dissipation effects that explain
the well-known power law behavior of the crack growth rate vs. tearing energy. It is
demonstrated that the crack growth rate fulfills the time-temperature superposition
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principle by constructing master curves with shifting factors from viscoelastic data.
In addition, energy dissipation mechanisms due to stress softening in vicinity of the
crack tip are evaluated under quasi-static conditions by calculating the J-integral,
which decreases significantly while approaching the crack tip. Therefore, we use
combined experimental and theoretical techniques consisting of digital image cor-
relation measurements of the strain field around the crack and calculations of the
corresponding energy densities and stress fields based on a physically motivated
stress-softening model of filled rubbers. A second focus lies on the role of phase
morphology of carbon black (CB) filled NR/BR and NR/SBR blends in fatigue crack
propagation. Therefore, the filler distribution is evaluated by an established tech-
nique referring to the variation of viscoelastic loss peaks in the glass transition
regime. It is found that in NR/BR blends, almost all CB is located in the NR
phase, while in NR/SBR blends, the majority of CB is located in the SBR phase.
The effect of batching on the phase morphology is also considered, by mixing the
NR first with CB and then blending with the second rubber phase. This leads to a
more homogeneous distribution of CB in NR/SBR blends. Finally, the obtained
fatigue crack growth rates of these blend systems, measured under pulsed harmonic
excitations in analogy to rolling tires, are discussed on the basis of the evaluated
phase morphology and filler distribution. Here, also the influence of the polymer-
filler interphase on the filler distribution is considered.

Keywords Fatigue crack growth · Filled rubber blend · J-Integral · Phase
morphology · Tire tread compounds · Viscoelasticity

1 Introduction

Truck tire tread compounds are mostly composed of blends of natural rubber
(NR) and butadiene rubber (BR). The most important properties for truck tires are
a high wear and abrasion resistance. NR due to its ability to crystallize under strain
around the crack tip has the best wear resistance [1]. The crystallization stops cracks
very efficiently, which is further improved by the addition of reinforcing fillers
[2]. The blending with BR improves abrasion and also rolling resistance. Therefore,
blends of NR and BR have a good combination of wear and rolling resistance
[3]. However, the blending with SBR can improve wet traction in tires [4]. The
role of phase morphology of these mostly phase-separated rubber blends in fracture
and wear properties is of high technological interest for improving the overall
performance of truck tire tread compounds.

For the fracture and wear of rubber goods, e.g., tire tread compounds, cracks need
to be initiated and grow until final failure. Initiation of cracks arises at flaws in the
composite, and, therefore, the state of mixing of elastomer compounds is essential
for the lifetime of rubber goods. In carbon black filled elastomers, undispersed
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agglomerates can act as flaws. Their size is governing the fatigue life, because the
propagation rate increases with the size of cracks. Therefore, larger agglomerates
may produce larger initial cracks which will reduce the lifetime of rubber goods
significantly [5, 6]. However, when studying fracture mechanics of elastomers, the
main focus is on the propagation of existing cracks in the rubber matrix. It specifies
how rapidly a crack is growing under different loading conditions. The basics of
fracture mechanics started with Griffith’s work on glassy material [7], but after the
Second World War, it was mainly developed on metals and later applied to all kind
of materials [8]. For elastomers the tear resistance determined during growth of
existing cracks is strongly increased by active fillers and by strain-induced crystal-
lization [4, 9]. The improvement of crack growth resistance due to the filler increases
with decreasing carbon black particle size [10]. For unfilled non-crystallizing elas-
tomers, the crack growth behavior is inferior and depends more on the type of cross-
links than on the polymeric structure [11]. The energy needed to increase the crack
length of an elastomer sample is in general higher than the energy to break the
respective polymer bonds in the freshly created crack surfaces. The energy to break
the bonds is connected to the intrinsic strength, T0 [70]. The difference between the
energy necessary to break the sample and the energy to break the bonds can be
attributed to energy dissipation around the crack tip. A linear viscoelastic theory of
steady crack propagation was formulated for unfilled elastomers, which refers to the
energy dissipation during the glass transition of the rubber [12–14]. It is not clear in
how far similar concepts can be used for the description of fatigue crack growth
(FCG) of filled elastomers, though the phenomenology appears very similar.

In the present review, we will briefly review basic theories regarding crack
growth in viscoelastic materials and report about viscoelastic fingerprints during
fatigue crack growth of elastomers by applying the time-temperature superposition
principle. In addition, the dissipated energy around the crack tip of various filled
rubber blends, with formulations close to truck tire tread compounds, is evaluated
under quasi-static conditions by combining digital image correlation (DIC) mea-
surements with the J-integral method. As a result a spatial resolution of the local
energy dissipation due to stress-softening effects will be obtained. Further studies are
related to various effects of blending of NR with SBR and BR, as typically used for
truck tire treads, on fatigue crack propagation rates. Therefore, the phase morphol-
ogy and the distribution of CB on the different phases are investigated.

2 Basic Concepts of Fracture Mechanics

2.1 Griffith Criterion

A crack in a solid does not grow by itself. To increase the crack from crack length
c to c + dc, energy must be used to break the atomic bonds at the newly formed crack
surface, A ¼ 2 dc � t (Fig. 1). The crack length, c, is given as the half contour length

Review on the Role of Phase Morphology and Energy Dissipation Around the Crack. . . 247



of the crack. Therefore the surface energy, dS¼ 2 dc � t � γ0, is necessary to grow the
crack. Here, t is the thickness of the sample and, γ0 is the specific surface energy.

When a sample is being deformed, elastic strain energy, W, is stored. If a crack is
growing, the deformed material is partially relieved, and some part of the elastic
strain energy is released. According to the Griffith criterion, a crack is growing when
the surface energy of the newly created surface, dS, is (over)compensated by the
released elastic strain energy, �dW:

� dW
dc

� dS
dc

ð1Þ

Griffith calculated the released strain energy for an infinite half plate in uniaxial
tension. Comparison of the surface energy increase with the elastic strain energy
decrease yields growth for cracks exceeding a critical length, c� [7].

2.2 Evaluation of Tearing Energy for Different Sample
Geometries

The tearing energy, T ¼ � (dW/dS)l, denotes the characteristic energy of a material
which is necessary to increase the length of a crack. If a crack is growing depends not
directly on the sample geometry or the forces which are applied at the specimen
borders far away from the crack tip. Important for the crack growth is the state of
deformation close to the crack tip. The state of deformation is determined by the shape
of the cut and the strain at the crack tip. The tearing energy for a single-edge notched
tensile sample (SENT-Sample), which is deformed uniaxially, is given by [15]

T ¼ 2πffiffiffi
λ

p Welc ð2Þ

Here, λ is the strain, Wel is the elastic energy density far away from the crack tip,
and c is the half crack contour length of the crack. The tearing energy is calculated

c dc
t

Fig. 1 Schematic drawing
of a crack growing from
length, c, to length, c + dc.
The newly formed crack
surfaces are shown as
colored surfaces
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from the energy difference, dW, between the notched sample in comparison to the
unnotched one. The

ffiffiffi
λ

p
-term in the denominator was added by Clapson and Lake

[16] to account for the transversal contraction of rubber at larger strain, which
follows from the constant volume assumption and can be described by a Poisson’s
ratio, μ ¼ � ln (λ2)/ ln (λ1) ¼ 0.5. Unfilled natural rubber has a Poisson’s ratio of
nearly 0.5, but it is decreasing with carbon black content [17]. The Poisson’s ratio is
also decreasing at large strains, low temperatures, and short measurement times
[18]. The decrease follows time-temperature superposition and is associated with the
transition of the rubber into the glassy state [18]. Although for different sample
geometries distinct formulas for the tearing energy are used, it is a material specific
quantity. This has been shown by comparing the crack growth velocities of different
materials [19].

When the sample is strained in one direction and the deformation in a second
direction is prevented, the sample can only contract in the third direction. This is the
case for the plane strain (PS) tension samples. For a sufficient long PS sample, two
states, which differ only in their crack length, c, and, c + dc, simply differ in a
volume, ht dc, being before and after the crack tip, respectively. Here, h and t are the
height and the thickness of the undeformed sample, respectively. This yields a
difference in strain energy, dW ¼ � Welht dc. The tearing energy of PS samples
is then

T ¼ Welh ð3Þ

Contrary to the SEN-Samples, the tearing energy for PS samples is thus inde-
pendent of crack contour length c.

2.3 The J-Integral

The tearing energy considered in Sect. 2.2 is representing the global value of the
energy available for surface growth of the propagating crack. In contrast, the concept
of the J-integral introduced by Cherepanov and Rice [20, 21] delivers a local value of
the tearing energy that may depend on the distance to the crack tip.

The J-integral is based on a path integral taking into account the 1. Piola-
Kirchhoff stress tensor, P; the elastic energy density, Wel; and the displacement
gradient, H ¼ (∂Ui/∂xj)ij, with the element in the i-th row and the j-th column given
by ∂Ui/∂xj, along a contour, Γ, around the crack tip (see Fig. 2). The first component
of the J-integral, J1, describes the local value for the tearing energy regarding straight
crack propagation:
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J1 ¼
I
Γ

WelN1 � PijN j
∂Ui

∂X1

� �
dΓ ð4Þ

Here, U ¼ x-X is the displacement vector giving the difference between the
deformed coordinates, x, and the undeformed coordinates, X. F ¼ I + H is the
deformation gradient, and I is the unity matrix. The 1. Piola-Kirchhoff stress tensor is
given by P¼ det (F)σ(FT)�1 [22]. FT is the transpose of the deformation gradient, F.
Assuming incompressibility of the rubber leads to det(F)¼1. For small deformations
the 1. Piola-Kirchhoff stress converges into the Cauchy stress σ. The J-integral can
be described in the framework of material forces [23] with the integrand of the
J-integral given by the Eshelby stress tensor [24].

For purely elastic materials, the J-integral over a closed path not containing voids
or cracks is zero. In that case the J-integral surrounding the crack tip is path-
independent. The only sink of the energy flux is then the crack tip. In filled
elastomers also significant energy dissipation occurs far away from the crack tip
due to strong nonlinearity and hysteresis. The J-integral can then capture the energy
that is flowing into a small volume around the crack tip. In this region the energy is
available for surface growth of the propagating crack [25, 26].

The J-integral is strictly only applicable on stationary cracks, but the concept can
be generalized to growing cracks [25, 27]. One difference is that then the kinetic
energy density is added to the elastic energy density, Wel, to build the total mechan-
ical energy density. For nearly stationary conditions with very slowly moving
cracks, the kinetic energy density is very small and can be neglected. Freund [25]
examined the energy flow into a body in the x1, x2, t-space, in which the time, t, is
regarded as additional dimension and determined the instantaneous rate of energy
flow, F(Γ), through the integration path, Γ, which both F(Γ) and Γ depend on the
instantaneous crack tip velocity, vc. When the fields of all state variables within the
contour, Γ, translate invariant with the moving crack, this so-called energy flux
integral can be written as F(Γ ) ¼ J � vc.

Fig. 2 Integration path Γ(s)
of the J-integral around the
crack tip
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2.4 Fatigue Crack Growth of Elastomers

In fatigue crack growth experiments, a notched sample is loaded cyclically. The
excitation can be harmonic or pulsed. The crack growth is measured as crack growth,
dc, per loading cycle, n. Also, for dynamic crack growth, the crack growth rate, dc/
dn, of a crack in a material depends only on the tearing energy, T, and not on the
sample geometry [28]. In dependence on tearing energy, three different crack growth
regions can be distinguished: (1) Below the intrinsic strength, T0, nearly vanishing
crack propagation takes place. The crack growth rate, dc/dn, in this region is very
low (≲10�8 mm/cycle) and independent of the tearing energy but depends on the
ozone concentration. The intrinsic strength, T0, has recently been measured to
0.051 N/mm and 0.100 N/mm for NR and BR, respectively [29]. This energy values
are in the order of magnitude to break the chain bonds and just above T0, the crack
growth rate increases linearly [30]. (2) In a range of intermediate tearing energies, T,
the crack growth rate, dc/dn, follows a power law. This dependency is called Paris-
Erdogan law [31, 32]:

dc
dn

¼ ATB ð5Þ

The log-log plot of dc/dn in dependence of T is the fatigue crack growth
characteristic. In this plot the prefactor, A, is given as axis intercept, and the exponent
B determines the slope. (3) Above a critical tearing energy, Tc, catastrophic tearing
takes place, and the crack growth rate, dc/dn, becomes extremely large. The critical
tearing energy, Tc, is around 100–1,000 times higher than the intrinsic strength, T0
[28, 30]. In viscoelastic crack growth theories, the ratio between Tc and T0 corre-
sponds to E01/E0

0, the ratio between the storage moduli at infinite, E01, and zero
frequency, E0

0.

2.5 Crack Propagation in Viscoelastic Solids

The stress intensity factors K describe the stress state at the crack tip. They depend on
the loading as well as on the geometry of crack and sample. For linear (visco)elastic,
homogeneous, and isotropic materials, the stress field under plane stress conditions
fulfills the universal relation σ rð Þ ffi K=

ffiffi
r

p
with the distance, r, from the crack tip

[33]. The displacement field, u(r), is obtained from σ rð Þ ¼ E d
dr u rð Þ as u rð Þ ~K=Eð Þ ffiffi

r
p

yielding for the tearing energy, T ¼ K2/E ffi σ u, independent of r. The Young’s
modulus E¼ σ/ε describes the resistance of a material to uniaxial stress, σ, at a small
strain, ε.
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2.5.1 Viscoelastic Crack Opening Mechanisms in Soft Adhesives

De Gennes [34] introduced the concept of crack opening mechanisms in soft
adhesives to calculate the tearing energy of a simple viscoelastic solid with the
frequency-dependent tensile modulus, E� ¼ E0 + (E1 � E0)iωτ/(1 + iωτ). Here, ω
and τ are the angular frequency and the relaxation time, respectively, and i is the unit
imaginary number of the complex numbers. E� reflects the terminal flow regime of a
very slightly cross-linked (monodisperse) polymer melt just above the gel point
which is often used for soft adhesives. Then the relaxation time, τ, can be identified
with the reptation time of the chains which strongly varies with the molar mass,M, as
τrep~M

3.4 and hence can be adjusted to practical demands by moving the time scale.
The real and imaginary parts of the modulus, E0 and E00, respectively, of a simple
viscoelastic solid are depicted in Fig. 3a. The related velocity-dependent tearing
energy is shown schematically in Fig. 3b. Three regimes can be distinguished: For
small or large frequencies, the system behaves like a soft or hard solid, respectively,
since E0 >> E00. The tearing energy differs and is given by Tc ¼ K2/E0 ffi σ u for the
soft solid regime and T0 ¼ K2/E1 ffi σ u for the hard solid regime. Since the strain
rate d

dt
d
dr u rð Þ~1= ffiffi

r
p

increases significantly while approaching the crack tip, the hard
solid regime is found in the vicinity of the crack tip while the soft regime is found in
the outer region far away from the crack tip, provided the crack velocity is suffi-
ciently high. In the intermediate frequency regime E0

E1τ < ω < 1
τ , the system can be

approximated by a liquid with viscosity η¼ (E1� E0)τffi E1τ because E0 < E00 (see
Fig. 3a). The stress field is then related to the displacement field by the equation
σ ¼ η d

dr
du
dt ¼ ηv d2

dr2
u which is solved by u(r) ffi (K/vτE1)r3/2 with v being the

stationary crack velocity. Accordingly, the tearing energy increases linearly with
the distance, r, from the crack tip: T ffi σu ffi K2r

vτE1
ffi r

vτ T0 [34]. For r� vτ it takes the

constant value, T0, of the hard solid close to the crack tip, and for r � (E1/E0)vτ, it
takes the much larger value, Tc.

Fig. 3 Storage and loss moduli of a linear viscoelastic solid (a) and related velocity-dependent
tearing energy (b)
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This indicates that for sufficient large crack velocities, when the region close to
the crack tip behaves like a hard solid, only a small part of the tearing energy given
by E0/E1 is available at the crack tip since most of the energy is dissipated in the
transition zone of the viscoelastic solid. Then, the crack contour takes a trumpetlike
shape which is created as in both the soft solid regime far away from the crack tip and
the hard solid regime in the vicinity of the crack tip, where the displacement, u(r), is
increasing proportional to

ffiffi
r

p
, but in the transition regime, the displacement is

varying with r3/2 [34]. Energy dissipation around the crack tip can be neglected
only for sufficient small crack velocities, v < v0, where T ¼ T0. The onset of energy
dissipation for soft adhesives can be evaluated as v0 ffi a (E0/E1)/τrep with a being a
nanoscopic length scale where chain disentanglement takes place. For v > v0 the
tearing energy increases linearly implying ß ¼ 1 for the exponent in Fig. 3b. For
v > vc ffi a/τrep the tearing energy reaches the final plateau value Tc ¼ (E1/E0)T0.
This velocity dependence of the tearing energy is depicted in Fig. 3b. The evolution
of the dissipation regime around the crack in dependence of crack velocity, v, is
shown schematically in Fig. 4.

2.5.2 Viscoelastic Crack Growth in Rubber

Crack propagation in cured rubbers shows a very similar behavior as for soft
adhesives though the terminal flow regime depicted in Fig. 3a disappears with
increasing cross-link density. It is replaced by a rubber elastic plateau, which
shows little energy dissipation. However, another relaxation transition is found at
higher frequencies, the rubber-glass transition, which affects crack propagation in a
similar way. The rubber-glass transition is related to a Rouse-like relaxation of the
polymer strands between adjacent chain entanglements implying that the onset of
energy dissipation is determined by the Rouse relaxation time, τRouse , which scales
with the square of the entanglement molar mass of the rubber, τRouse~Me

2 [35]. A
linear viscoelastic theory of propagating cracks in rubber was developed by Persson
and Brener, which refers to the full relaxation time spectrum of the rubber in the
glass transition regime [12]. The important point is that the deformation rate

Fig. 4 Viscoelastic crack opening mechanism close to the crack tip. The blue shaded area
corresponds to the regions with high energy dissipation
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compared to the bulk is significantly increasing when approaching the crack tip.
Therefore, closer to the crack tip and with increasing crack velocity, v, the excitation
frequency rises strongly so that the elastomer is behaving more and more glassy.
This leads to a significant increase of energy dissipation around the crack tip as
depicted schematically by the blue shaded area in Fig. 4. The size of the dissipation

regime is determined by the two radii, r0 ffi v τRouse and rc ffi E0
1=E0

0

� �1=β
v τRouse.

The velocity dependence of the tearing energy depicted in Fig. 3b can be
expressed semiempirically as [36, 37]

T ¼ T0 1þ E01=E0
0

1þ vc=vð Þβ
 !

ð6Þ

Here, E01 and E0
0 are the real parts of the tensile moduli in the glassy and rubbery

regime, respectively, and vc ffi v0 E0
1=E0

0

� �1=β
is the critical crack velocity where the

tearing energy reaches a plateau value, Tc ffi (E01/E0
0)T0, where the crack tip is

behaving glassy and catastrophic crack growth takes place. For low crack growth
velocities, v< v0, the tearing energy, T, is given by the intrinsic strength, T0, which is
the threshold value below which no fracture occurs. It is connected to the fracture in
the crack tip process zone, which is a complex region of nanoscopic size, a, where
bond fracture, chain pullout, and cavity formation appear (see Fig. 4). The onset of
energy dissipation can be evaluated as v0 ffi a/τRouse . For higher crack growth
velocities v0< v< vc, the tearing energy follows a power law, T~v

β. The exponent β
was shown to be related to the exponent, m, of the relaxation time spectrum, H(τ), in
the glass transition regime [12]. This can be determined from the course of the
storage modulus, E0, (given by its smoothed master curve) using, e.g., the approx-
imation method of Ferry and Williams [38]. The exponent, m, can be used to predict
the exponent, β ¼ (1 � m)/(2 � m), of the power law increase of the tearing energy
with crack velocity, v [12].

The exponent β�1 ¼ (2� m)/(1 � m) obtained from the relaxation time spectrum
for steady crack growth with constant crack velocity roughly coincides with the
exponent, B, of the power law in the FCG characteristic (Paris-Erdogan law)
(Eq. (5)) [36]. This indicates that viscoelastic crack opening mechanisms play also
a role in FCG experiments explaining the Paris-Erdogan power law behavior
(Eq. (5)). The exponent, m, in filled compounds decreases with filler loading and
strength of polymer-filler interaction, predicting smaller exponents, B, with filler
loading and activity, in agreement with experimental data [36]. Equation (6) was
also used for a semiempirical description of the shear stress in adhesion friction that
has the same velocity dependency [37]. The critical velocity, vc, increases system-
atically with decreasing glass transition temperature [39], and an equivalent increase
of vc with increasing sample temperature is found. This correlates with the measured
adhesion friction very well.

The viscoelastic nature of FCG in rubber becomes also apparent when measure-
ments at different temperatures are compared, indicating that the time-temperature
superposition principle is fulfilled. Figure 5a shows results of fatigue crack
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propagation of unfilled SBR with SEN-Samples at two different temperatures,
23 and 60�C [40]. The tearing energy for the cyclic tearing of unfilled SBR is
calculated with Eq. (2). The (harmonic) excitation rate is low (2.5 Hz) to avoid flash
temperature effects, which denotes the increased temperature close to the crack tip
due to energy dissipation. Obviously, the propagation rate is about one decade
smaller for measurement at 23�C. This correlates with the observation that fatigue
life in unfilled SBR increases by a factor of about 104 when the temperature
decreases from 100�C to 0�C [41, 42]. Using the WLF equation with the parameter
obtained from viscoelastic master curves for the dynamic moduli, a master curve for
the tearing energy in steady tearing can be established [43, 44]. The master curve in
Fig. 5b demonstrates that this is also possible for fatigue crack growth. For higher
tearing energies, the master curve follows a power law with exponent, B¼ β�1, with
the exponent, β ¼ (1�m)/(2�m)¼ 0.32, obtained from the exponent,m¼ 0.54, of
the relaxation time spectrum [40].

Creating master curves is possible also for filled compounds. However, in the
calculation of tearing energy, a master curve is only achieved if the dynamic part of
the energy density is used [40]. The dynamic energy density is the integral

R
σdyndε,

with σdyn being the dynamic energy density that neglects the preload. For both the
unfilled and the filled compounds, two distinct slopes are found at high and low
crack growth rates. Two distinct slopes were also reported by M. Ludwig who
demonstrated that the higher slope at lower tearing energies should be used for
lifetime predictions [45].

3 Experimental

3.1 Sample Preparation

The composites used in this study are polymer blends of natural rubber (SVR CV 60)
blended with butadiene rubber or styrene butadiene rubber with varying proportion
of the polymers and filled with 50 phr carbon black (N339). The butadiene rubber
(BR) used is a high-cis butadiene rubber (Buna CB 24, Arlanxeo), and the styrene-
butadiene rubber (SBR) is a solution styrene-butadiene rubber (Buna VSL 4526–0
HM, Arlanxeo) with 45 wt.% vinyl and 26 wt.% styrene groups. Neither the rubbers
nor the compounds contain oil. The samples are cross-linked semi-efficiently by
sulfur together with the vulcanization accelerator N-cyclohexyl-2-benzothiazole
sulfenamide (CBS). The samples are compounded with the processing and vulcani-
zation additives stearic acid and ZnO and protected against aging by N-isopropyl-N-
phenyl-P-phenylenediamine (IPPD). The full recipe is shown in Table 1.

The compounds are mixed in an industrial 5 L intermeshing mixer (Werner &
Pfleiderer GK 5 E) at 40 rpm for 6 min. Two different mixing techniques are used. In
the standard mixing procedure, the other ingredients are inserted after 2 min masti-
cation of the polymers. In the batching mixing procedure, the filler is blended with
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the NR only. The BR and the other ingredients are added in a second mixing stage.
Leveling of the torque after mastication and after mixing indicates homogeneous
mixtures. The curing system is added on a roller mill, where the compounds are
handled another 7 min. Vulcanization is performed at 150�C in a heat press up to
90% of the vulcameter torque maximum (t90 time). The carbon black dispersion, as
measured by optical dispersion analysis, is larger than 90% for all compounds.

3.2 Dynamic Mechanical Analysis

The dynamic mechanical measurements are performed in the torsion rectangular
mode with strip specimen of 2 mm thickness on the dynamic analyzer ARES
(Rheometrix). The dynamic moduli are measured over a wide temperature range
(�115�C to +20�C) at frequency of 1 Hz and 0.5% strain amplitude. The compounds
are measured after a quick cool down while heating. In the heating process, the
chamber temperature is increased successively by 1�C.

3.3 Fatigue Crack Growth Analysis

The fatigue crack growth is measured at single-edge notched tensile sample (SENT-
Sample) on a Tear and Fatigue Analyzer (Coesfeld GmbH & Co. KG, Germany).
This machine allows a fully automatic detection of crack length for investigating ten
specimens simultaneously. The crack propagation rates are measured under pulsed
excitation (4 Hz, 30 ms pulse width, waveform ¼ Gaussian pulse) at 60�C. The
15 mm broad samples with a 1 mm notch are pre-strained by 2 N and excited by
varying strain amplitudes (normally between 10% and 30%). The graphical images
for determination of the crack length are triggered between the pulses.

Table 1 Recipe of filled rubber blends. The compounds marked with * are additionally produced
with the batching mixing procedure (carbon black blended first in NR only)

Compound NR BR SBR CB CBS Sulfur IPPD ZnO Stearic acid

N85B15 85 15 – 50 2.5 1.7 1.5 3 1

N70B30* 70 30 – 50 2.5 1.7 1.5 3 1

N55B45* 55 45 – 50 2.5 1.7 1.5 3 1

N85S15 85 – 15 50 2.5 1.7 1.5 3 1

N70S30* 70 – 30 50 2.5 1.7 1.5 3 1

N55S45* 55 – 45 50 2.5 1.7 1.5 3 1

N70B15S15* 70 15 15 50 2.5 1.7 1.5 3 1

N55B23S23 55 22.5 22.5 50 2.5 1.7 1.5 3 1
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3.4 Digital Image Correlation Analysis

The displacement fields are measured by photogrammetric techniques using the
digital image correlation (DIC) software ARAMIS from GOM, Germany. A fine
black and white pattern is created by airbrushing the samples gently with white paint
(Faskolor from Parma International). The change of the pattern when the samples are
deformed is calculated into the evolution of the displacement field. The stretching of
the composites is performed in a Zwick universal testing machine 1,445 at a speed of
20 mm/min. The notched PS samples are strained five times to the same maximum
strain value varying between 10% and 60%. A high-speed camera is used, but only
one image per second of the last deformation cycle is recorded. The spot size is
approximately 20 mm 	 20 mm, and the resolution is around 1000 	 1000 pixel.
The image at the start of the cycle showing the smallest deformation is taken as
reference configuration. Only the displacement field of the image with the highest
deformation is used for evaluation. Due to the limited rate of one image per second,
both the reference image and the evaluated images do not exactly correspond to the
lowest and highest strains during the cycle, respectively.

4 Effect of Stress Softening on Energy Dissipation
as Evaluated by the J-Integral

The J-integral allows for the consideration of energy dissipation mechanisms around
the crack tip that lower the available energy for crack growth. In this section the
effect of energy dissipation due to stress softening of the filled rubber blends on the
available energy for crack propagation is investigated [46]. For the evaluation of the
J-integral, the deformation fields around the crack tip of stretched samples have been
measured by DIC. The corresponding energy and stress fields are calculated by using
a recently developed model of stress softening of filled rubbers [47]. In this model
the energy density is separated into two parts, an elastic part and a hysteretic part.
The J-integral is evaluated at the end of the cycle, where the hysteretic contribution
vanishes. The critical stress parameter σc of the model is set to zero. The elastic part
is based on the behavior of the unfilled elastomer matrix given by the extended
non-affine tube model [48], but including hydrodynamic reinforcement of the filler.
The hydrodynamic reinforcement is implemented via an amplification factor X,
which describes the overstretching of the elastomer due to presence and rigidity of
the filler. The elastic energy density is calculated as integration of the energy density
from the extended non-affine tube model multiplicated by a distribution, PX(X)~X

�χ,
of amplification factors. To identify the parameters of the physically based model,
multihysteresis measurements on dumbbell samples have been performed. The
obtained parameters are the cross-linking modulus, Gc; the entanglement modulus,
Ge; and the average number of statistical segments between trapped entanglements,
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n. The filler network is characterized by the effective filler volume fraction, ϕeff; the
cluster extensibility parameter, γ; and the power law exponent, χ.

Figure 6 shows results obtained for stress, strain, and energy density around the
crack tip of a PS sample, which all show a power law decline toward the values far
away from the crack tip. The exponents clearly differ from the exponents expected
from linear elastic fracture mechanics [8]. At small strain values, the obtained
exponents for strain are almost four times larger than the elastic reference value
(�0.5). This indicates a stronger singular behavior due to strong stress-softening
effects. At higher strain amplitudes, this is less pronounced since the level of strain is
larger far away from the crack tip. This implies that less stress softening appears
when approaching the crack tip. The singular behavior can only be analyzed as long
the deformations can be recorded reasonably.

The J-integral Eq. (5) considers the integration on a path Γ around the crack tip
over an integrand which consists of a sum of two contributions. Both contributions
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Fig. 6 Log-log plots of the stress increase ΔP22 ¼ P22 � P1 (a), strain increase Δε22 ¼ ε22 � ε1
(b), and energy density increase ΔWel ¼Wel �W1 (c) when approaching the crack tip at X2 ¼ 0 for
different strain levels, as indicated. The straight lines correspond to power law behavior with
varying distance r from the crack tip. The exponents for different strains are depicted in (d) (from
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depend on the integration path and the normal vector of this path. One contribution,
denoted idW, only depends on the energy density distribution. The other contribu-
tion, denoted idP, depends on the 1. Piola-Kirchhoff stress tensor and the displace-
ment gradients. By choosing a circular contour for Γ, the two different contributions
can be visualized. The separation of the integrand yields that far away from the crack
tip, the field is dominated by idW, but close to the crack tip, idP gives the largest
contributions to the crack tip in both lateral directions. The integrand of the J-integral
J1 and its distribution on idW and idP is shown as color code in Fig. 7 for the NR
composite elongated by 20% and 50%, respectively.

The J-integral has been determined for four selected compounds and for different
strain levels in dependence of the distance from the crack tip. The results are shown
in Fig. 8. The J-integral is known to be path-independent for purely elastic materials.
In Fig. 8 it is found to increase significantly for circular paths around the crack tip
with increasing size r until a plateau is reached. The data indicate that more than 90%
of the elastic energy is not available for crack growth since it is dissipated in the
stress-softening area around the crack tip. For smaller strain amplitudes, the plateau
value of J1 coincides with the global tearing energy T evaluated with Eq. (3). For
strain amplitudes larger than 40%, the plateau value of J1 is found systematically
larger than the global tearing energy T for all compounds.

5 Influence of Blend Morphology on Fatigue Crack Growth

The fatigue crack growth behavior of filled elastomer blends under specified loading
conditions depends not only on the polymers and fillers used, and their respective
amounts in the compound, but also on the influence of blend morphology and filler
distribution. The influence of these morphological aspects on the crack propagation

Fig. 7 Integrand of the J-integral J1 for the NR composite elongated by 20% (a) and 50% (b). The
areas where the respective components idW and idP are dominating are indicated. J1 is calculated by
Eq. (5) as integral around circular paths Γ (from [46])
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rate of blends measured by the tear fatigue analyzer has been analyzed for the
compounds listed in Table 1 [49, 50]. For the blend systems marked by a star, the
compounds have been mixed in two different ways: the standard mixing procedure
in which the filler is added to the premixed blend and the batch mixing procedure in
which the filler is added to the pure NR and then blended with the other rubbers.

5.1 Evaluation of Phase Morphology

The method used to determine the phase morphology and filler distribution in these
blends relies on the increase of peak heights of the loss shear modulus,G00, due to the
filler incorporated into the respective polymer phases and on the additivity of
dissipated energies, whereby the dissipated energy in the blend is given by the
sum of the dissipated energy in the different polymer phases. The increase of the
peak heights of the loss modulus, G00, is hereby linear with the filler volume fraction
ϕF: G

00(Tg) ¼ G00
0(Tg) + αϕF. Here, G

00
0, is the value of the unfilled polymer. The

Fig. 8 J1 for strain amplitudes between 10% and 60% for the NR composite (a), N55B45 (b),
N55S45 (c), and N55BS23 (d). The global tearing energy T ¼W1 h for different strain amplitudes
is shown as dashed lines for comparison (from [46])
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peak heights of the polymer phases in an unfilled blend in comparison to the peak
heights of the pure polymers can be fitted by quadratic equations. The loss modulus
of the blend, G00

blend, is then given by G00
blend ¼

P
i
G00

P,i ai þ biϕi þ ciϕ
2
i

� �
. G00

P, i is

the loss modulus of the i-th phase. Combining the effect of the filler with the blend
effect yields

G00
blend ¼

X
i

1þ αi
ϕF,i

ϕF,i þ ϕi

� �
G00

P,i ai þ bi ϕF,i þ ϕi

� �þ ci ϕF,i þ ϕi

� �2	 

ð7Þ

This equation allows for the determination of the filler volume fractions, ϕF, i, in
the different phases when the peak heights of the loss modulus, G00, of filled and
unfilled blends and the blend ratio are known. This method has already been applied
to a variety of polymer blends [51–56]. The peak heights of the different polymer
phases with and without filler are compared. There are two causes for the change in
peak height of G00:

1. Linear increase of peak height with filler volume fraction
2. The change of phase volume fractions due to the filler in the different phases

The phase volume fraction has a nonlinear effect on the peak height of the loss
modulus, G00, and is fitted by a quadratic function. In a blend the polymer with the
lower glass transition has an overproportional peak height compared to its phase
volume fraction. The polymer with the higher glass transition has an under-
proportional peak height and yields only a significant peak above a threshold
value. At this threshold the polymer phase becomes continuous. Combining these
two effects allows the determination of the filler distribution in the blend.

Besides the filling of the polymer phases, also amount and filling of the interphase
can be obtained. Regarding the loss modulus, G00, the interphase can be seen as
increased values between both glass transition peaks. For the calculation of inter-
phase amount and filling, the interphase is assumed to consist of the same amount of
both polymers, and all properties are the average of the properties of both polymers.

In NR/SBR blends, the SBR has the higher affinity to carbon black so that the
SBR phase is higher filled than the NR phase. Therefore, the filling of the SBR phase
is about twice as high as the filling of the NR phase. This is shown in Fig. 9 for the
standard NR/SBR blend with blend ratios 70:30 and 55:45, respectively. In the batch
mixing procedure, the NR is mixed with the carbon black first. Due to the higher
affinity of the SBR, also in the batch compounds, the SBR phase is higher filled than
the NR phase (Fig. 10). But as the filler needs to transfer from the NR to the SBR, the
filling of the SBR phase is lower compared to the compounds mixed with the
standard mixing procedure. Due to the increased carbon black transfer, the inter-
phase contains also more filler.

In NR/BR blends the BR peak height is not increasing due to the filler, indicating
very little amount of filler located in the BR phase. Accordingly, the NR phase is
highly filled and contains most of the carbon black. In the batch mixing procedure,
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the carbon black is first mixed with the NR only. This leads to an even higher carbon
black loading in the NR phase which is shown exemplary for the 70:30 blend ratio in
Fig. 11. The lower filling of the BR phase can also be demonstrated by the TEM
images depicted in Fig. 12. The bright BR phase contains clearly less of the dark
carbon black particles than the darker NR phase.

The results concerning filler distribution in NR/BR blends, and the NR/SBR
blends are summarized in Tables 2 and 3, respectively. Table 2 compares the
proportions of the different phases consisting of carbon black eϕF,i . In all NR/SBR
blends, the SBR is higher filled than the NR phase. The BR phase in the NR/BR
blends shows lower filling than the NR phase instead. The interphase in both blend
systems is very highly filled. The carbon black affinity is found to be
SBR > NR > BR. In Table 3 are shown the fractions of carbon black that are
found in the different phases. For this not only the carbon black affinity but also the
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Fig. 9 Carbon black
distribution in NR/SBR
blend with blend ratios
70:30 (a) and 55:45 (b) both
mixed according to standard
procedure. The left column
shows the phase proportion
in the complete blend. The
other columns show the
amount of filler in the
phases, ϕF,i, and above the
columns is given their filler

volume fraction, eϕF,i ¼
ϕF,i= ϕi þ ϕF,i
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(from [49])
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size of the respective phase is decisive. So, the NR phase in the NR/SBR blends
contains a substantial amount of the filler although its affinity to carbon black is low.
On the contrary, the interphases, due to their small amounts, have only intermediate
filler loadings, even when their affinity is very high.

In NR/BR/SBR blends, the filler is concentrated in the NR phase [57]. The
thermally induced crystallization of the BR yields a second weak peak in the loss
modulus, G00, which is located in the same temperature range as the NR glass
transition peak [57]. This might hamper the calculation of the filler distribution in
systems containing BR. The results of the filler distribution in the different blends are
compared to previous findings which coincide for the NR/SBR blends fairly well
[53, 54, 58–61]. These previous results were obtained by using inverse gas-liquid
chromatography [58], phase-contrast optical microscopy [59, 62], combined static
and dynamic modulus measurements [60], thermogravimetry on the rubber-filler gel
[63], analysis of bound rubber [61], and earlier studies with the method presented in
this chapter [53, 54, 64].

Total blend NR phase SBR phase Interphase
0,0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

0,9

1,0

φF,I

φS

φI

φI

φNVo
lu

m
e 

fra
ct

io
n

NR/SBR (70:30) Batch
 Interphase
 SBR
 NR
 Filler

φF

φN

φF,N

φS

φF,S

Total blend NR phase SBR phase Interphase
0,0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

0,9

1,0

φF,I

φS

φI

φI

φNVo
lu

m
e 

fra
ct

io
n

NR/SBR (55:45) Batch
 Interphase
 SBR
 NR
 Filler

φF

φN

φF,N

φS

φF,S

a)

b)

∼
φF,N=0.11

∼
φF,S=0.21 ∼

φF,I=0.50

∼
φF,N=0.15 ∼

φF,S=0.20

∼
φF,I=0.39
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mixed according to batch
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column shows the phase
proportion in the complete
blend. The other columns
show the amount of filler in
the phases, ϕF,i, and above
the columns is given their
filler volume fraction,eϕF,i ¼ ϕF,i= ϕi þ ϕF,i

� �
(from [49])

264 M. Wunde and M. Klüppel



5.2 Fatigue Crack Growth Results

It is well-known that the crack propagation speed in filler-reinforced rubber is much
lower than that for unfilled rubbers [53, 65]. Therefore, carbon black filled rubber
blends as listed in Table 1 are essential for truck tire tread compound to obtain a
reasonable FCG behavior. The fatigue crack propagation behaviors of the investi-
gated NR/BR blends and the NR/SBR blends are shown in Figs. 13 and 14,
respectively. Due to the strengthening effect of strain-induced crystallization, pure

Fig. 11 Carbon black
distribution in (70:30)
NR/BR blends: (a) standard
mixing procedure and (b)
batch mixing procedure.
The left column shows the
phase proportion in the
complete blend and the
other columns show the
amount of filler, ϕF,i, in the
phases. Above the columns
their filler volume fraction,eϕF,i ¼ ϕF,i= ϕi þ ϕF,i

� �
, is

shown (from [50])
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Table 2 Proportion of the
different phases consisting of

carbon black eϕF,i ¼
ϕF,i= ϕi þ ϕF,i

� �
. ϕi and ϕF, i

are the volume fractions of
polymer and filler, respec-
tively, that are located in
phase i

Compound

Filler volume fractioneϕF,N
eϕF,B

eϕF,S
eϕF,I

N85B15 0.21 0 – 0.70

N70B30 0.22 0.05 – 0.52

N70B30 batch 0.25 0.08 – 0

N55B45 0.20 0.11 – 0.60

N55B45 batch 0.26 0.14 – 0.06

N85S15 0.11 – 0.50 0.34

N70S30 0.12 – 0.25 0.43

N70S30 batch 0.11 – 0.21 0.50

N55S45 0.11 – 0.24 0.37

N55S45 batch 0.15 – 0.20 0.39

Table 3 Fraction ϕF, i/ϕF of
carbon black that is found in
the different phases [%]. ϕF, i

and ϕF are the volume frac-
tions of filler that are located
in phase i and in all phases,
respectively

Compound
ϕF,N

ϕF

ϕF,B

ϕF

ϕF,S

ϕF

ϕF,I

ϕF

N85B15 90 0 – 10

N70B30 74 5 – 10

N70B30 batch 91 9 – 0

N55B45 51 20 – 29

N55B45 batch 72 26 – 1

N85S15 41 – 41 19

N70S30 36 – 32 32

N70S30 batch 32 – 26 42

N55S45 26 – 51 24

N55S45 batch 35 – 39 26

Fig. 12 TEM images of the (70:30) NR/BR blends: (a) standard mixing procedure and (b) batch
mixing procedure (from [50])

266 M. Wunde and M. Klüppel



NR is found to have the lowest crack propagation rates in comparison to NR blends
with BR and/or SBR [66]. Increasing the SBR content leads to higher crack
propagation rates for all loading intensities quantified by the tearing energy T. The
steep slope of the N55S45Batch compound can be explained by the very low filler
dispersion of this compound, which is by far lower than the other compounds.
Increasing the BR content does not change the crack propagation at low tearing
energies. However, for high tearing energies, the FCG rate, dc/dn, is strongly
increasing with BR content. The crack propagation is also influenced by the mixing
technique. This can be seen in the N70B30Batch compound that has lower FCG
compared to the N70B30 compound mixed with the standard mixing procedure (see
Fig. 13b). The higher FCG resistance of the batch is attributed to the higher filled NR
phase which leads to more strain-induced crystallization of the NR at the same strain.

The Chip & Cut effect of truck tires denotes loss of tire tread material when trucks
are driving on rough roads [67]. The Chip & Cut effect requires harsh conditions and
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Fig. 13 Crack growth rate,
dc/dn, vs. tearing energy, T:
for NR/BR blends obtained
with standard mixing
procedure (a) and for
NR/BR blends obtained
with batch mixing procedure
in comparison to the
standard mixing procedure
(b) (from [49])
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appears firstly at high tearing energy. The rating of the Chip & Cut performance of
truck tire treads is based on the wear appearance after testing. These have been
investigated in [68] for four selected compounds. The ranking of Chip & Cut
resistance is found as NR > N55S45 > N55B23S23 > N55B45, which correlates
with the ranking of the cut growth rate at high tearing energy. In particular, the crack
propagation rates of N55B45 exhibit the largest values. This is probably the reason
for the most pronounced Chip & Cut effect for N55B45. The results also correlate
with the instrumented Chip & Cut test [69].

6 Conclusions

For the crack growth rate in viscoelastic rubber materials not the tearing energy is the
decisive energy, but the part of the tearing energy that reaches the process zone. The
process zone in close vicinity of the crack tip. The dissipative energy loss around the
crack tip is determined with the J-integral, which is increasing from very low values
for small integration radii around the crack tip toward a plateau for larger radii. The
plateau value coincides roughly to the global value of tearing energy obtained with
Eq. (3). The increase from low values into the plateau corresponds to the viscoelastic
energy losses that do not directly affect crack growth.

Fatigue crack growth measurements at filled rubber blends show that the crack
growth rate is lowest for the strain-crystallizing NR. Increasing the SBR portion in a
NR/SBR blend leads to an increased crack growth for all tearing energies, and
increasing the BR portion in NR/BR blends yields strongly increased crack growth
for higher tearing energies. This could be connected to the Chip & Cut behavior
measured in truck tire tests.

0.10.1 1 10 20
1E-7

1E-6

1E-5

1E-4

1E-3

0,01
 NR
 N85S15
 N70S30
 N55S45

dc
/d

n 
[m

m
/c

yc
le

]

T [MPa*mm]
0,1 1 10 20

1E-7

1E-6

1E-5

1E-4

1E-3

0,01
 N70S30
 N55S45
 N70S30Batch
 N55S45Batch

dc
/d

n 
[m

m
/c

yc
le

]

T [MPa*mm]

(a) (b)

Fig. 14 Crack growth rate, dc/dn, vs. tearing energy, T: for NR/SBR blends obtained with standard
mixing procedure (a) and for NR/SBR blends obtained with batch mixing procedure in comparison
to standard mixing procedure (b) (from [48])
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The crack growth rate of the investigated filled rubber blends is only slightly
affected by the blend morphology and filler distribution in the blend, which can be
manipulated, e.g., by the mixing procedure. Through a comparison of dynamical
spectra from unfilled and filled blends, the filler distribution can be calculated. This
calculation yields high filler loadings in the SBR phase and the interphase in
NR/SBR blends, but low filler loading in the BR phase in NR/BR blends.
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Abstract The fracture and fatigue behavior of thermoplastic elastomers (TPE) is of
prime practical importance for demanding engineering applications. The fatigue
behavior of several TPE grades used for superior industrial application was charac-
terized under displacement-controlled cyclic loading conditions by local strain based
Wöhler curves (LSWC) and by fatigue crack growth (FCG) curves. The LSWC
method is based on the determination of the local strain in diabolo-shaped cylindrical
or flat specimens and the identification of cycle number-to-failure, Nf, values in the
Fmax/Fmin-Nf diagrams. While these LSWC curves were successfully created for
injection molded TPEs investigated using cylindrical specimens, the extrusion grade
TPU did not reveal fatigue failure using flat specimens with 0.2 mm thickness. The
LSWC curves were used for both supporting material development efforts and
dimensioning cyclically loaded components. Notched Plane Strain (PS) tensile
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specimens were tested under displacement-controlled loading conditions and the
crack length was measured optically. Tearing energy values have been calculated for
the PS specimens and subsequently FCG curves were generated in terms of crack
growth rate, da/dN, and tearing energy, T. The majority of the TPE grades investi-
gated revealed extensive crack tip blunting. While the slope of the stable FCG
revealed rather minor differences, the apparent fatigue threshold values were
observed in the range of appr. 1.5 decades. The endurance strain limit has been
estimated (1) by direct measurements in LSWC tests (2) by the determination of
threshold values in the FCG curves and calculation of critical strain values and (3) by
using Essential Work of Fracture (EWF) approach.

Keywords Crack tip opening displacement · Displacement control · Fatigue crack
growth · Strain based Wöhler curve · Tearing energy · Thermoplastic elastomers

1 Introduction, Scope, and Objectives

The importance of thermoplastic elastomers (TPE) and more specifically the wide
range of thermoplastic polyurethane elastomers (TPU) is obvious for many demand-
ing industrial and consumer applications (e.g., automotive, medical, and electronic
devices) [1–3]. It is expected that the trend of a continuous increase of the use and the
variety of the formulations will be held in the near future and novel applications are
expected. TPUs are exposed to complex combinations of repeated
thermomechanical bulk and surface loads in these applications. Hence, the proper
characterization of the long-term behavior and the prediction of the service life time
along with sufficient reliability of the component is one of the key aspects for the
improvement of both the recent and perspective applications. The long-term behav-
ior is ranging from the change of the deformation properties in terms of viscoelastic
parameters up to the classical fatigue failure. It is, however, somewhat surprising that
in spite of the above-mentioned importance and in contrast to classical rubber
compounds the characterization of the fatigue behavior is rather underrepresented
in the literature [4, 5]. While the majority of the experiments are carried out only at
laboratory specimen level, there are several tangible industrial applications behind
these laboratory scale experiments. Our examples for fatigue relevant industrial
applications of TPUs are among others seals over a wide size, service load and
temperature range, large and small rolls with combined bulk and surface loading and
special thin wall tubes used in novel bicycle tires. The experimental results, which
are shown in this chapter have been generated in many research projects in Leoben
and in Linz over the last two decades and were supported by various industry
partners. However, the main focus is on the TPU grades in this study. Different
TPU formulations along with some processing condition variations produced by four
Austrian companies are mentioned in this paper. Due to the non-disclosure agree-
ments the materials are not described in detail, thus they are categorized in three
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classes and finally listed in Table 1. The focus lies in this chapter on the first two
TPU classes but as a special example for untypical behavior some results of TPU3x
are also shortly described.

The objective of the study is the analysis and discussion of the applicability and
limitation of displacement-controlled cyclic loading test methods to characterize the
fatigue of thermoplastic elastomers. To answer the above questions regarding the
fatigue behavior of TPEs two different methods were used in this study:

• Mechanics of materials approach: Determination of Wöhler curves in terms of
local strain (LSWC).

– Cylindrical and flat diabolo-shaped specimens were loaded under
displacement-controlled cyclic loading conditions at 4–6 different displace-
ment levels at a typical strain ratio of Rε ¼ 0.1 (maximum/minimum values of
the nominal strain), but some studies are also carried out at higher Rε ratios
(i.e., 0.5). The test frequency was varied typically between 1 and 10 Hz and the
majority of the tests were carried out at 23 �C (appr. 50% relative humidity).
The Fmax/Fmin values of these tests were continuously recorded during the
tests and the changes of these values were used to assign the cycle number-to-
failure, Nf, values (see later Fig. 4). The displacement-controlled test with
constant Rε values resulted in altering stress ratio values.

– Local strain distribution in the mid-section of the diabolo-shaped specimen
(see Figs. 1 and 3) was determined using a proper combination of experimental
mechanics and finite element simulations (FEA) methods. Local strain based
Wöhler (LSWC, ε-Nf) curves were constructed by the combination of these
values with relevant cycle number-to-failure values, Nf, for the TPEs
investigated.

Table 1 Summary of the various test series and the two main approaches

Tests Local strain Wöhler curve (LSWC) Fatigue crack growth (FCG)

Test
series1
TPU
series 1
e.g. TPU
11–18

• Injection molded and machined cylindri-
cal diabolo-shape specimens
• Monotonic and cyclic loading
• Unfilled and filled TPUs

• Injection molded large (200 mm)
planar tensile specimens with geome-
try lock
• Monotonic and cyclic loading
• Unfilled and filled TPUs

Test
series2
TPU
series 2
e.g.
TPU21–
28

• Machined cylindrical diabolo-shape
specimens
• Monotonic and cyclic loading
• Unfilled TPUs and other thermoplastic
elastomers

• Injection molded small (100 mm)
planar tensile specimens with geome-
try lock
• Monotonic and cyclic loading
• Unfilled TPUs and other thermo-
plastic elastomers

Test
series 3
TPU
series 3

• Extruded flat thin diabolo-shape speci-
mens (I/Q)
• Monotonic and cyclic loading
• Unfilled TPU

• Small planar tensile specimen from
thin sheets
• Monotonic and cyclic loading
• Unfilled TPU
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• Fracture mechanics approach: Determination of Fatigue Crack Growth Curves
(FCG).

– Plain strain specimens (PS) were molded, notched (see Fig. 5), and tested
under displacement-controlled loading conditions typically at a nominal strain
ratio of Rε ¼ 0.1. The sequences of the loading – number of load levels, cycle
numbers –were varied. The test frequency was in the range of 1–10 Hz and the
test was frequently performed at room temperature (RT). The local crack tip
loading was characterized by tearing energy, T. The length of the typically
blunted crack was optically measured and FCG rate values, da/dN were
calculated and subsequently combined with the calculated tearing energy
values. The tearing energy was calculated using the deformation energy values
corrected with the crack length. The basic assumption was that for appropriate
PS specimens no geometry factor is needed for calculating the tearing energy
for sharply notched specimens [6–12]. The calculation of fracture mechanics
parameters requires geometry factors for a majority of the specimens.

– While the stable part of the crack growth curves can be used for predicting the
fatigue life time, the threshold values of these curves may be used to predict
the endurance strain limit, εe

th for components.

The details of above approaches and experimental techniques were described and
summarized in several review papers [11–21] and further details are provided also in
the experimental part of this chapter. The basics of our methodology were elaborated
and described for LWSC in the Thesis Ref. [22] and for FCG curves in the Thesis
Ref. [6]. There is a rather comprehensive comparison of both methods in the
literature with arguments for preferred applications of both methods [13–19]. The
proper control mode – load, displacement, or energy control – for robust tests is also
under discussion [17, 18].

The preferences regarding these two options are summarized below:
The simplified determination of the tearing energy using notched planar tensile

specimens makes the application of fracture mechanics approach simple and conve-
nient. An FCG curve can reliably be determined over test durations of 8–24 h. These
curves reveal rather low statistical variations under controlled test conditions (from
specimen preparation to controlled set of all test conditions) and using proper test

Fig. 1 Cylindrical “diabolo-type” test specimen, fixture and test setup
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devices for load and crack length measurement [6, 16–19, 21–23]. The FCG curves
are sensitive to the variation of the material investigated (e.g., material formulations,
processing conditions, aging). Hence, it can efficiently be used for supporting both
material development and material selection efforts. There is a discussion about the
proper application of these fracture toughness values measured (stable FCG rate or
threshold in terms of tearing energy) to engineering design of rubber or more
specifically TPE components. The proper application of fracture mechanics would
require accurate determination of the shape, size, and position of crack-like defects
in specific components. Sophisticated non-destructive testing (NDTE) methods are
needed and the proper NDTE method should be able to determine the relevant
defects size [23, 24]. There is also a room for interpretation for the definition of
crack-like defect. The proper definition for practical engineering use depends on
both the material and loading situation. Hence, in addition to the material qualifica-
tion the main advantage of the application of fracture mechanics is a faster and more
reliable measurement of relevant threshold values for crack growth initiation. These
values can be used for realistically estimating the range of endurance limit values in
terms of stress or strain, εe

th and can be combined with the LSWCmethod. While the
determination of tearing energy threshold values requires several hours in the FCG
tests, a statistically founded determination of the endurance limit requires several
weeks using the LWSC tests (min. 4–5 undamaged specimens up to min. 5 MCycles
at 5 Hz) [17, 25]. There is no perfect solution, however, for this problem and the
uncertainty of the direct measurement and the estimation reliability remains a
problem. A perspective solution is a data science based analysis with statistical tools.

2 Experiments

2.1 Materials

The entire experimental and modeling work consists of a many different thermo-
plastic elastomer grades (TPUs, TPE-As, TPOs, and other blends) as well as
conventional rubber grades. More than 20 different TPU formulations along with
some processing condition variations produced by four Austrian companies are
mentioned in this study. These TPEs formulations represent a wide range of struc-
tures and morphologies and were produced in different processing routes. We are
focusing mainly on the methodological aspects of the fatigue characterization but
several influencing factors have also been studied and examples are provided.
Table 1 summarizes the various test series and the two main approaches used.

The fatigue experiments were performed in two laboratories (IWpK-MUL
and IPPE-JKU) using similar servohydraulic machines and other test devices
[1–4, 22, 6–8].
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2.2 Development of the Experimental Methodology for LSWC
Curves

2.2.1 Test Specimen and Test Setup

Cylindrical diabolo-shaped specimen was designed in order to realize strain local-
ization in a controlled volume of the specimen. The shape of this diabolo specimen is
shown in Fig. 1. Special care was taken to the geometry which guaranties a locked
stable fixturing of the specimen and the controlled surface roughness. These spec-
imens can be manufactured by injection molding (rubbers and softer TPEs) or
machined (harder TPUs). Some of our company partners have special expertise on
the field of machining of high quality TPU seals and this expertise makes the
controlled production of machined specimens possible. The fixture with the test
setup is also shown in Fig. 1. The displacement control allows for the simultaneous
investigation of several specimens both in a linear and a revolver configuration [22].

2.2.2 Strain Measurement and Calibration Curve

The vast majority of testing machines can perform constant amplitude displacement
or force controlled cyclic tests [6, 25]. The realization of a proper local strain control
(constant strain rate) is far more complicated. The combination of optical local strain
measurement with the PIDF controller of new generation testing machines makes it
also possible, but it is time consuming and sometimes unstable. Efforts were done to
systematically perform uniaxial and biaxial monotonic tests in order to determine
stress-strain relationships under constant strain rate [26]. As a practical solution,
global displacement vs. local strain functions were determined in this study for the
specimens investigated. While for material comparison the displacement values
could also be used, the proper analysis of a component requires relevant local strain
values.

Finite element simulation (FEA) was carried out to determine the strain distribu-
tion in the diabolo-type specimen and to generate a global displacement-local strain
calibration curve. A proper hyperelastic material model was applied for the cylin-
drical specimens. The details of the selection of hyperelastic models and the exper-
imental determination of model parameters can be found in [8, 17, 22, 26–34]. The
experimental methodology used in this work and preferred from the authors involves
of uniaxial, planar, and biaxial tests considering also strain rate and temperature
dependences [8, 17, 22]. The model parameters are either directly implemented in
FEA tools (i.e., Abaqus, SiemensNX) or additionally fitted in PolyUMod
MCalibration tool (Veryst Engineering, LLC, [34]). Both above FEA and an exper-
imental strain measurement (DIC, Aramis GOM) were applied for the flat specimen.
Due to the non-linear strain distribution there are, however, several options for
determining the local strain values. The FEA for cylindrical specimen is shown in
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Fig. 2a, a comparison of FEA with experimental DIC strain analysis is shown in in
Fig. 2b for three different scenarios (peak, mid, and average).

We have been using the 95% level of the strain peak for the calibration curve. The
combination of these strain values with the corresponding Nf values at various
displacement levels provides the data points in the LSWC. Parameters for a typical
hyperelastic model (here used Ogden model) are exemplarily shown in Table 2 for
TPU11 and TPU32.

Regarding further details of the tests, for rapid material characterization and
selection typically 4 displacement levels have been used and the statistical effects
were neglected. For design curves, however, 5–6 levels and 3–5 specimens for each
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level are applied. This amount of data allows for a reliable inter and extrapolation as
well as statistical analysis of the corresponding data points (ε-Nf).

2.2.3 Test Method and Data Reduction

The classical Wöhler curves were designed for stress values. The applicability of
load controlled cyclic loading for cylindrical rubber specimens was characterized in
the Thesis of Vezer [22] and the results and conclusions were compared with
literature data [24]. Mars has also compared displacement and load controlled cyclic
tests [17]. While the displacement control is robust and easy to realize, the force
control is complicated for compliant materials. Furthermore, a higher data scatter of
the results is expected for force controlled tests. The experiments were carried out at
different displacement levels from 2 to 12 mm which corresponds to strain values of
40 to 150% (see Fig. 3) at an Rε ratio of 0.1 at RT and usually at a test frequency of
5 Hz. The deformation and failure behavior of elastomers were influenced by a
number of test and material parameters, whereas an overview can be found in [1, 6,
7, 13, 15]. The optimal situation is if the experimental devices can at least partly
reproduce the loading of the real component in the selected test setup. Due to the
inherent viscoelastic nature of the deformation behavior of TPUs, displacement-
controlled loading generates stress relaxation. The Fmax/Fmin values of the cyclic
tests were continuously recorded and the changes of these curves were used for
assigning the cycle number-to-failure, Nf, values. A representative curve along with
the definition of the optional failure values is shown in Fig. 3.

2.3 Experimental Methodology for FCG Curves

2.3.1 Test Specimen Configurations

PS specimens of larger (L0 ¼ 200 mm) and shorter width (L0 ¼ 100 mm) with a
nominal aspect ratio L0/h0 (width/length) of 10 have been used in the FCG exper-
iments. The test setup along with the notched planar tensile specimen geometry is
shown in Figs. 4 and 5.

Table 2 Parameters of the Ogden model for TPU11 and for TPU32 (I/Q)

Parameter

TPU11 TPU32-I TPU32-Q

μi αi μi αi μi αi
1 8.575 0.907 �8.943 3.192 �71.70385 �0.6355

2 0.003 6.336 0.01275 6.91 0.0000182 10.4212

3 0.029 �3.25 25.0416 �5.88 85.83504 �1.5905
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Although the faint waist is keeping usually the crack in the mid-plane, special
care was taken to the straightness of the razor blade pre-crack. The initial crack
length is in the same range as the height of the PS specimen (10 to 12 mm).

2.3.2 Test Method and Data Reduction

The displacement-controlled loading requires the generation of continuous crack
driving forces to stable growing cracks. Hence, the displacement level is continu-
ously increasing during these tests. The corresponding cycles within one level can
be, however, varied from 1 up to several 104 cycles. While latter clearly reveal a
fatigue character, the cycles 1 to 10 can be interpreted as semi-cyclic tests. These
tests, however, can efficiently be applied for rapid material characterization.
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Sufficiently long PS specimens with sharp notch allow for the direct calculation of
tearing energy without a geometry factor. The above aspect was also investigated in
detail in previous works [6, 11, 19, 27, 28] and a consistent test and data reduction
methodology was elaborated. Hence, tearing energy of notched PS specimens was
calculated using the deformation energy values corrected with the crack length for
the strain energy density, W and with the original height, h0, using the well-known
relationship without any geometry factor (a/L0 or strain correction) [6, 11, 19]. The
conventional tearing energy concept does not consider the local crack tip blunting
and the corresponding local variations of strain and temperature. Additional optical
strain and temperature measurement can be used to determine local strain values

Fig. 4 PS test specimens and test setup

Fig. 5 (a) Notched PS test specimen of a TPU with blunted crack tip and (b) the local crack tip
strain measured by digital image correlation (enlarged)
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around the crack tip and in the ligament [8, 35, 36]. The local deformation and strain
analysis may also support the application of the J-integral approach based on the
original definition of Rice [37].

3 Results and Discussion

3.1 LSWC Curves

Comparison of various elastomeric materials using injection molded specimens (test
series 1) is shown in Fig. 6a. A selected set of tests for TPU11 is shown in Fig. 7b
with the values of four unbroken specimens up to 3 MCycles up to a strain level of
15%.

The tests were carried out up to 3 MCycles for estimating the endurance strain
limit. A comparison of the LSWC points for TPU21 and TPU22 using machined
specimens is shown in Fig. 7a. Inter and extrapolation of the measured points of
TPU21 for determining the fatigue life is shown in Fig. 7b.

A collection of LSWCs for three TPU grades tested is shown in Fig. 8. The
materials investigated revealed significantly different failure strain from the mono-
tonic values to the endurance strain values.

While the grade TPU21 is in the range of the majority of other materials
investigated, TPU23 and 25 revealed significantly higher fatigue resistance than
the other material grades. The curves are not only shifted vertically but also the slope
was somewhat decreased.

The LSWC methodology was successfully applied for characterizing and com-
paring the fatigue behavior of various elastomers and especially various TPU grades.
The investigated TPU grades revealed a wide range of critical fracture strain values
under monotonic loading conditions, appr. 80% up to 220%. Correspondingly, the
fatigue life curves were at different levels. This results in very different apparent
endurance limit values (appr. 15% up to 80%.) up to 3 MCycles. The slope of the
fatigue life curves was lightly decreased with increasing fracture strain and endur-
ance limit strain values for TPU grades investigated. Although some deviations from
this overall trend and minor differences were also observed, the trend seems to be
clear; materials with high toughness in terms of critical failure strain at smooth notch
of the diabolo and under monotonic loading conditions reveal also higher fatigue
resistance in terms of the expected endurance strain level.

The LSWCmethodology was applied with some adaptation for characterizing the
deformation, failure, and fatigue behavior of thin extruded TPU materials (TPU31
and 32). Due to the extrusion a moderate anisotropy was expected. Hence, flat
diabolo-shaped specimens were cut from the sheets in both directions, in extrusion
(I) and transverse to extrusion (Q). These specimens were tested under monotonic,
semi-cyclic, and cyclic (both LSWC and FCG) loading conditions. The comparison
of the tensile, diabolo-shape, notched plane strain (PS) and double edge notched
specimens (DENT) under monotonic loading is shown in Fig. 9. With increasing
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constraint a decrease of the nominal stress and a slight change of the shape of the
curves were observed. The specimens revealed high failure strain and only the
DENT specimen failed in stable tearing below 200% strain. A clear but specimen
configuration dependent anisotropy was also observed.

The unambiguous recognition of the onset of failure (Nf) on the Fmax/Fmin curves
is a key prerequisite of the construction of the LSWC curves. This condition was
fulfilled for all TPU and other elastomer (rubbers and other TPEs) grades testing
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both injection molded or machined cylindrical diabolo specimens. Fmax/Fmin curves
of flat diabolo specimens are shown in Fig. 10 for specific loading conditions of two
Rε ratios (0,1 and 0,5) and at a strain level of appr 120%.

The relaxation is continuous without any sign of damage until the interruption of
these tests (3 days). LSWC curves could not be constructed using the flat diabolo
specimens. We faced for the first time with the fact that the application of the
displacement-controlled cyclic loading is limited to ductile elastomer grades avail-
able only as thin specimens. This difficulty may, in principle, be overcome by the
application of fracture mechanics approach and using sharply notched specimen
configuration. Our solution with sharply notched PS and DENT specimens will be
shown in the next part of this study.
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3.2 FCG Curves

Similar to the LSWC results, selected exemplary results of all three test series will be
shown along with some specific methodological issues in this section. Several
unfilled and filled TPU grades were investigated using large (L¼ 200 mm) injection
molded planar tensile specimens both under monotonic and cyclic loading condi-
tions. The summary of these first tests has been reported in a previous paper
[1]. From the high number of various test parameters, the influence of the test
frequency and the cycle number at a specific displacement level (N ¼ 40, 400, and
4,000) was investigated. The influence of the test frequency on the fatigue crack
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growth is a key question and was previously investigated for various rubber grades
in detail by Feichter [6]. It was shown that at appr. 2 Hz the test frequency
dependence of the FCG curves reveals the maximum. It was speculated the below
appr. 2 Hz the relaxation behaviour and above them the influence of the hysteretic
heating is prominent and both may induce a distinct reduction of the crack growth
resistance. The number of cycles at a specific displacement level is a practical
problem. With the reduction of the cycles the duration of these test can be reduced,
which is beneficial for fast material screening tests. The frequency dependence of
unfilled TPU1xs is shown in Fig. 11a. The 10 Hz points are shifted to the right –
lower rate at a specific tearing energy – and reveal more “less stability.” This
deviation from the straightness was associated with a permanent change of the
continuous and discontinuous crack growth.
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Comparison of the FCG behavior of unfilled TPU1xs is shown in Fig. 11b.
Similar to previous investigations on rubbers [7] it was seen that the slope of the
stable crack growth is rather similar, the curves are shifted from the left (corresponds
to low resistance) to the right (corresponds to high crack growth resistance). Hence,
the main difference is observed in the threshold level. As it was mentioned previ-
ously, TPU25 revealed an outstanding fatigue behavior in the LSWC tests. We have
performed five FCG tests in order to determine the data scatter of the FCG curves.
These data scatter of the FCG curves for TPU25 is shown in Fig. 12a. A comparison
with a TPE-A (Pebax) grade is shown in Fig. 12b. Although the FCG resistance of
TPU25 was high, the TPE-A grade revealed the highest FCG resistance (curves
shifted to the right) and also a lower data scatter.

To overcome the difficulties with the LSWC based fatigue characterization of the
thin TPU3x materials, the tearing energy concept was also applied. Thin sharply

10-1 100 101 102
1E-7

1E-6

1E-5

1E-4

0,001

0,01
TPU25
R=0.1, f=5  Hz

data scatter of 5 specimens

10-1 100 101 102
1E-7

1E-6

1E-5

1E-4

0,001

0,01
PEBAX 4533
R=0.1, 5Hz

data scatter of 4 specimens

da
/d

N
,  

 m
m

/c
yc

le
da

/d
N

,  
 m

m
/c

yc
le

tearing energy   T,  N/mm
(a)

tearing energy   T,  N/mm
(b)

Fig. 12 FCG results; (a)
data scatter of the FCG
curves for TPU25 and (b)
data scatter of the FCG
curves for TPA (Pebax)

Methodology Used for Characterizing the Fracture and Fatigue Behavior of. . . 289



notched small (L ¼ 100 mm) PS specimens were investigated under displacement-
controlled tensile loading. The sequence of this loading was varied in terms of the
displacement levels and the corresponding cycle numbers applied. Comparison of
the FCG curves (N ¼ 1 and 5,000 cycles/displacement level) of notched planar
tensile specimens for TPU32 and for both specimen orientations (Q/I) are shown in
Fig. 13. The tests with 1 cycle/displacement level were used for a fast material
characterization and for the accurate planning of the FCG tests. The initial sharp
crack tip of the 0.3 mm thin PS specimens (see Fig. 5) was blunted after the first load
cycles and a subsequent stable crack growth was observed.

As expected, the FCG curves are in different crack growth rate regimes, but reveal
similar slope. The points for N ¼ 1 are shifted somewhat to the left (lower resis-
tance). We concluded that for fast screening the semi-cyclic (1 < N < 100) test
provides reliable results with some cyclic character for material comparison. Higher
cycle numbers (N > 104) are necessary for a more detailed characterization.

3.3 Estimation of the Endurance Limit Based on Threshold
Values

As it was mentioned in the introduction, in spite of both the experimental and some
theoretical advantages of fracture mechanics, the LSWC method reveals higher
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Fig. 13 Comparison of the FCG curves (N ¼ 1 and 5,000 cycles/displacement level) of notched
planar tensile specimens for TPU32 (Q/I)
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potential to practical application for elastomer components. Hence, the endurance
limit in terms of critical strain should be estimated and rigorously appraised. There
are several options for the estimation of endurance limit strain values, εe

c: (1) direct
measurement, (2) calculation from threshold tearing energy, Tth, and (3) estimation
from the critical CTOD, δc

EWF, using the essential work of fracture approach.
The direct measurement is time consuming and expensive (examples up to

3 MCycles are available). Representative FCG curves are shown in Fig. 14. Special
emphasis was given to the identification of the threshold values, Tth, in these curves.
The minimum crack growth rate was measured up to 1E-7 mm/cycles, which
represents a practical limit for reliable crack length measurements.

The rates, 1E-7 mm/cycles are quite fast for a long fatigue life, there are smaller
values for stiffer polymers and for metals. It can be seen as a practical compromise
between measurement technique and time limitations and minimum crack growth
rate for a realistic and reliable estimation of physical threshold. Hence, we term as
apparent engineering threshold and used for further calculations. While the crack
propagation rate was similar, the curves were shifted (TPU21 > TPU22). In general,
the fatigue resistance of TPU22 was somewhat lower than the fatigue resistance of
TPU21 in both experiments (see Fig. 9). The expected range for the lower and upper
limit of apparent threshold values, Tth

app, 0.26 to 0.6 N/mm – is shown in Fig. 14 for
both TPU types investigated. The observation of all FCG curves generated based on
appr. 20 elastomer grades revealed the range for this apparent threshold between 0.1
and 1 N/mm (see Figs. 13 and 14). There are some materials below and one above
(i.e., TPA, appr 2 N/mm), but this is a fair range for a practical analysis.
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Critical strain values for specific tearing energy values can be calculated with the
assumption of initial crack length (typical defect size). Similar calculations have
been reported in the literature [38–41]. For planar tensile specimen using the
corresponding critical values for Wc and σc (last cycle in the cyclic sequence), the
critical strain, εc

th, can be calculated. Ligament length dependence of failure dis-
placement values, uf, for DENT specimens is shown for TPU32 (Q/I) in Fig. 15. The
uf values were determined at the maximum displacement of the load-displacement
curves.

The essential work of fracture (EWF) methodology was applied to determine
crack tip opening displacement (CTOD), δc

EWF, for the thin TPU32 material. The
corresponding values were 5.1 mm (I) and 3.2 mm (Q). These values can be
interpreted as the critical plane stress fracture toughness values in terms of
displacement-based fracture mechanics parameters. This is a critical CTOD value
at which a stable crack growth initiates in the plane stress state. Hence, it is a well-
defined limit value for thin specimens and components. The calculation of
corresponding crack tip strains and their verification with optical strain measurement
makes the estimation of endurance limit values possible.

The EWF theory allows for the generation of critical crack tip opening displace-
ment values for a plane stress situation (thin wall structures). These values can be
used for calculating corresponding critical strain values at a plane stress crack tip and
can be compared with optically measured strain values. The δc

EWF values from
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Fig. 15 yield critical strain values in the range of 60–70% for Q and 100–120% for I
specimens. This high value can be interpreted as upper bound for the endurance limit
for the thin specimens. The further method development will focus on the adaptation
of the EWF approach for cyclic loading conditions and to determine fatigue limit
values.

4 Conclusion

In order to reduce the data scatter of the fatigue tests, the failure site should not be
influenced by the gripping of the specimen. Hence, in addition to the geometry
locking, the strain should be localized far from the fixture in the mid of the specimen.
Cylindrical diabolo-shaped specimens along with a proper grip fulfill this require-
ment. The determination of local strain requires the application of a proper
hyperelastic material model and the correct determination of the specific parameters
needed. While the experimental verification by optical strain analysis is rather
complicated for cylindrical specimens, comparable results were observed for flat
diabolo-shaped specimens. The existence of a global displacement-local strain
calibration curves makes an easy application of displacement-controlled cyclic
tests and the construction of LSWC possible. The displacement-controlled test
reveals high stability and accuracy regarding the test amplitudes over a wide test
frequency and amplitude combination range.

Due to the inherent viscoelasticity of the elastomers investigated, hysteresis
curves and the Fmax/Fmin values reveal a pronounced stress relaxation, typically
with various phases. The sudden change of the Fmax values indicates a damage in the
specimen and this can be used for assigning the cycle number-to-failure, Nf values.
The ε vs. Nf points have shown a rather moderate data scatter for a large number of
different materials and for various test conditions ( f, T, Rε ratio). Finally, LSWC
curves were generated using both molded and machined cylindrical specimens.
While these values were successfully found for all elastomer grades investigated,
the thin extruded TPU grades did not reveal these points and the construction of
LSWC was not possible.

Local strain Wöhler curves (LSWC) can be used for supporting material
selection, material development efforts and for estimating fatigue life-time of
elastomeric components. The determination of the local strain is also important to
the transferability of laboratory specimen level results to real components. The direct
experimental determination of endurance strain values is time consuming. Our tests
up to 3E6 cycles provided tendencies for apparent endurance strain values in the
range of 15–80% for the elastomers investigated and are in agreement with literature
[9, 41, 42].

The applicability of fracture mechanics concepts for rubbers is well-documented
and described in many papers [1, 3, 11–13, 17–21, 25, 35]. The application of planar
tensile specimen makes the test method and the calculation of tearing energy values
simple. Modern optical measurement systems make the identification of crack tip
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(also for highly blunted tip) and hence a reliable measurement of the crack length
and calculation of crack growth rate possible. The fatigue crack growth curves with
tearing energy were also successfully applied for thermoplastic elastomers over a
wide material range and revealed clear differences regarding the investigated mate-
rials. Similar to rubber the same influence parameters could be identified and at least
partly characterized.

In spite of the availability of a number of test results for elastomers, due to the
lack of practical NDTE tests, the applicability of fracture mechanics to component
design is rather rare. The threshold tearing energy values can be, however, used for
estimating the critical endurance strain values, εe

th, and thus to complete the LSWC
curves. The methodology for demanding application should consist of a proper
statistical analysis of all parameters involved in the procedure. Similar to the
investigations performed on various composite material and structures of the authors
group [43, 44], these additional analyses with statistical methods are the next
objective of the investigations for elastomers.
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Abstract The aim of this chapter is to revisit the historical works, mechanisms, and
modeling approaches available in the field of fatigue crack growth resistance and
rupture properties. After introducing the methodology developed to evaluate these
properties, the impact of testing parameters such as temperature, loading speed, and
pre-deformation will be highlighted. We will then review the influence of some
material characteristics on rupture and crack propagation and the local mechanisms
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involved. Finally, a theoretical framework primarily dedicated to the description of
crack propagation under static load will be discussed that aims to underline the
connection between resistance to crack growth and the ability of a material to
dissipate energy.

Keywords Cyclic/static crack growth · Dissipation · Filled polymers · Mullins
effect · Rupture properties · Viscoelasticity

1 Introduction

Optimizing life duration of pneumatics, seismic isolators, mechanical membranes,
seals, etc. requires a good understanding of the capability of elastomers they are
made of, to withstand mechanical loading and resist to crack initiation/propagation.
The mechanisms of crack initiation and propagation in elastomers have been of
continuous interest to the scientific community, as shown by the numerous reviews
on this topic [1–6]. In addition, many recent works have been dedicated to a fine
characterization of the material in the close vicinity of cracks. More recently, new
fields of applications have emerged in connection with soft robotics, stretchable
electronics, and bio-medical applications [7]. New ideas for the architecture of
biomimetic materials with improved performance emerged [8, 9]. Recent years
have thus seen the synthesis of novel elastomeric networks, such as “double net-
works,” which appear to provide remarkable fracture properties [10]. This contrib-
uted to a renewed interest in understanding and modeling the damage and rupture of
elastomeric and filled elastomeric networks [11, 12].

2 Experimental Methods and Key Features Related
to Viscoelasticity

From a very general point of view, rupture appears as the consequence of the
initiation and eventual propagation of one or more cracks over the entire section of
the material. It can occur under a constant, monotonic, or cyclic loading or a
combination of these three. Understanding crack mechanisms requires the use of
microstructural characterization tools that allow to observe the process of crack
appearance from the very beginning. Several studies focused on the links between
the processing conditions and the presence of defects, such as cavities, aggregates, or
agglomerates, from which cracks can nucleate. They are generally extended to the
study of the number of cracks created under a given load scenario (monotonic or
cyclic). The geometries that allow stress localization and consequently the control of
the zone where cracks will appear are generally preferred (e.g., diabolo or hourglass
type) [13, 14], in order to limit the observation region. Many studies use optical or
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electron microscopy (SEM) to observe the surface of the specimen. The fast devel-
opment of tomography now allows to access a 3-dimensional information inside the
object. This one can be correlated with the strain energy necessary for the crack’s
nucleation and subsequent propagation that can be calculated at a macroscopic scale
or locally through the characterization of strain fields inside the material (using
necessarily a modeling step). It is thus possible to better understand the initiation
mechanism and its link with local stress or existing flaws in the material (their
morphology or their spatial distribution) [15–17]. Nevertheless, note that the esti-
mated strain energy or the local or macroscopic critical stresses/strains to which
crack initiation is related depend very much on observation tools and their
resolution.

In many cases, cracks initiation is not considered as the mechanism which
dictates the lifetime. Thus, many works have been rather devoted to crack propaga-
tion. Different experimental protocols and specimen geometries can be used (the
most commonly used geometries are pure shear, trouser, and tensile test-pieces).
This can make difficult comparison and generalization of the results. The test-piece
can be strained, at a constant load force and one then measures the crack propagation
velocity Vp(t). The trouser test-piece is the most suitable for this so-called crack
growth tests since the stretch of the two legs can be directly related to the crack
propagation velocity. Things are less straightforward on notched pure shear
(PS) geometry or tensile specimens. In this case, the estimate of the propagation
velocity requires a direct measurement of the crack length as a function of time.
“Static cut growth test” corresponds to the measurement of the crack propagation
velocity after a cut is made in a statically strained PS specimen. In the so-called
fatigue crack growth tests, the notched test-piece is subjected to a cyclic loading,
controlled by deformation or stress, with or without polarization. (i.e., with or
without complete unloading). The stabilized propagation rate is then measured per
cycle [18] for different loading levels. Such protocols are built to mimic the
conditions encountered in numerous applications, where loading levels are relatively
low. In these applications, the load frequencies are often significantly higher than
1 Hz. This can lead to a significant rise in temperature of the material. To avoid it, or
at least to limit it, haversine type loading conditions are often used. The term
“stabilized” is important: indeed, faster propagation is generally observed during
the first cycles, and the crack growth rate decreases more or less rapidly towards a
“stabilized” value. This is ascribed to a modification of the crack geometry (initially
created from a razor cut), and of the mechanical properties of the material in its
vicinity.

Whether static, monotonic, or cyclic solicitation is applied, these experiments
therefore enable to relate Vp, expressed per time unit (for instance, in static crack
growth experiment) or per number of cycles (in fatigue crack growth tests) to a strain
energy release rate G, defined as the variation of potential energy in the specimen per
advanced crack area. Note that G is noted T (for tearing energy) in many articles. The
resulting Vp(G) curve is indeed considered to be independent on the geometry
[18, 19], at least for those commonly used [20], if certain conditions on the
geometries are fulfilled [21]. Using a Pure Shear (PS) geometry, [20, 22, 23] of
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initial height h0 submitted to a stretching λ, G associated with the propagation
of a crack of length c is the product of W(λ) by h0, where W(λ) is the strain energy
density of the unnotched PS test-piece submitted to the same stretching. For a tensile
strip geometry, the expression becomes 2kW(λ)c, k being a parameter depending
smoothly on λ [24, 25]. In the case of an elastic material, W(λ) simply is the area
under the loading curve of the unnotched test-piece, and G is then the stored elastic
energy. The estimate is less trivial for viscoelastic material, or when the mechanical
behavior irreversibly depends – over the time scale of the cycles and/or of the crack
propagation – on the maximum loading (as it is the case in filled elastomers due to
the Mullins effect). In fatigue crack growth test, depending on the authors, W(λ) will
then be estimated from the area under the loading curve, or under the unloading one,
of a stabilized cycle. Thus, depending on the chosen option, it will include or not the
energy dissipated during the cycle (this having important consequences on the
interpretation of the Vp(G) curves) [26].

There is not a complete consensus in the literature on experimental protocols,
whether they are used to assess the properties at break, the tearing resistance or the
crack propagation characteristics. However, a generic behavior can be outlined,
here introduced in the case of unfilled amorphous elastomers. Their stress and
strain at break (εb, σb), often measured in tensile test, depend on the strain rate ( _ε)
and the temperature. A master curves for σb (corrected from entropic effects) and
for εb can be built, as a function of 1=_ε [27], using temperature-dependent shift
factors from the William-Landels-Ferry law for the α relaxation times. Further-
more, an envelop curve for the couple (σb, εb) with tests carried out at different
speeds and temperatures can be drawn [28]. It highlights the weak rupture prop-
erties at high temperature and low velocity, and the existence of optimal temper-
ature and strain rate conditions for the strain energy at break. The latter being
related to G via the Greensmith’s formula [29], this shows the dependence of the
critical strain energy release rate Gc (G value for a catastrophic crack propagation)
on temperature and strain rate, or in other words, on the role of the viscoelasticity
in the involved processes.

Vp(G) curves (or the reverse, G(Vp) curves) from non-cyclic crack growth tests
are found in literature with crack propagation rates which can extend over ten
decades (Fig. 1) [30]. The authors estimate a tearing energy Gt (with a significant
error bar), akin to Gc, when Vp reaches several m/s. In the lower or higher velocity
domains, the breaking surfaces are, respectively, rough and smooth, and the velocity
is approximatively or completely stable, while stick-slip occurs in the transition
domain [31, 32]. These different behaviors are related to the material ability to blunt
the crack tip by cavitation [33]. This mechanism involving the viscoelastic response
of the material may or may not have the time to occur, depending on the propagation
velocity [34]. The width of the transition domain decreases with the increase in the
material crosslinking density. Note that the unstable stick-slip process may also
result from a non-uniform temperature in the crack vicinity that interacts with the
local viscoelasticity of the material [26]. Below Gt, two different domains can be
distinguished: for G above a value named G0, Vp roughly varies with a power law of
G. Below G0, one observes an extremely low crack propagation rate, independent
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of G, solely originating from a chemical degradation of the material at the crack tip
[35]. G(Vp,T) data obeys the same time-temperature equivalence as dynamic moduli
and makes possible the construction of a master curve over a very large domain.
Incidentally, T and Vp being given, G grows with the loss modulus. G0 has therefore
to be estimated when the viscoelastic effects are minimized. The reduction of the
dissipation zone can be obtained by pushing an ultra-sharp blade into the open crack.
This inspired a new efficient protocol to rapidly evaluate G0 [36, 37]. Values are
found between 20 and 100 J/m2 [38–42]. According to Lake and Thomas [43], they
correspond to the breaking energy of the chains that cross the fracture plane. When a
bond breaks, the entire chain between crosslinks relaxes to zero load, making the
energy dissipation proportional to the number of Kuhn segments (N) between
crosslinks. Recent studies however suggest that chains rupture out of the fracture
plane are also involved in the fracture energy [44] (cf. Sect. 3). Despite its simpli-
fying assumption (perfect network without entanglement), the Lake-Thomas model
predicts the right order of magnitude for G0 in unfilled amorphous polymers and the
observed dependence of G0 on N�1/2. Our study on γ-irradiated elastomer at
different doses suggests that the model also seems to qualitatively work for materials
containing a large number of dangling and soluble chains, when these are taken into
account in the calculation of N [45].

Fig. 1 Crack growth
velocity (dc/dt) as a function
of the strain energy release
rate G for Styrene Butadiene
Rubber. G0 is the threshold
energy for mechanical crack
growth and Gt indicates the
transition region.
Figure from Ref. [30].
Reproduced with
permission from Rubber
Chemistry and Technology.
Copyright © (2000), Rubber
Division, American
Chemical Society, Inc
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Regarding fatigue crack growth tests, the curves are generally given as dc/dn (i.e.,
the crack growth per cycle) versus G [46]. They have a typical shape, similar to those
observed for other classes of materials [47] (Fig. 2). Like for non cyclic loading,
three domains are identified. At G values lower than G0 (same meaning as previ-
ously), crack propagation is again ascribed to chemical degradation processes. Then
one observes a transition on a restricted domain of G, where the Vp(G) curve
increases, usually according to a linear law. For higher G, dc/dn follows a Paris
type law [48], i.e. is equal to A ∙ Gβ where A and β are material parameters. Finally,
beyond a certain critical value Gc, the crack propagates in a catastrophic way,
causing the sample rupture within few cycles.

As shown by Lake and Lindley [18], in the Paris domain (dc/dn ¼A. Gβ), A
decreases rapidly with the frequency increase and then stabilizes for frequencies
greater than 10 cycles per minute. At low frequency, crack growth rate evolution can
be deduced from the G(Vp) curves obtained in static crack growth tests. For higher
ones (above 1 Hz), the evolution of A suggests that this term contains a specific
contribution due to the cyclic loading. Thus, the link between static and fatigue crack
growth becomes more sophisticated, since the frequency both impacts the time spent
at a given G and influences the bulk material viscoelastic response. In addition, the
use of a positive non-relaxing loading can lead to a slowdown of the crack propa-
gation (by a factor of up to 18 in experiments carried out at 2 Hz with Styrene

Fig. 2 Crack propagation
rate as a function of the
maximum energy release
rate G in fatigue crack
growth test for unfilled
Styrene Butadiene Rubber
(x) and Natural Rubber (o).
From Ref. [6]. Reproduced
with permission from
Rubber Chemistry and
Technology. Copyright
© (1995), Rubber Division,
American Chemical
Society, Inc
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Butadiene Rubber). To explain it, Lindley [19] assumed that the dynamic component
of dc/dn depends on (Gmax�Gmin)

β, with β the exponent of the Paris law obtained in
non-relaxing conditions. Note that at low frequency, as the static contribution of
dc/dn is then preponderant, the increase in Gmin should lead to a larger dc/dn. The
influence of the temperature is more intuitive and similar to that observed in static
(A increases with the temperature). Thus, as also deduced from tensile strength
measurement, Gc decreases with increasing temperature. Note that the quantification
of the temperature influence must be carried out so as to ensure that material ageing
is avoided (precaution not always described in publications).

3 Material Parameters

3.1 The Polymer and Its Crosslinking

The strong influence of viscoelasticity in crack propagation can be retrieved in the
often used expression of G as the product of G0 and a function f (Vp, T) (cf. Sect. 4).
At a macroscopic scale, the viscoelasticity impacts the evolution of the crack tip
geometry during the crack advance and therefore the maximum stresses distribution
in its vicinity, which causes its further propagation [36]. At the crack tip locus, for
the crack to grow, the subchains immediately ahead have to be stretched enough to
reach the breaking strain. Since there is internal viscosity, a force higher than that
corresponding to the threshold tearing energy must be supplied. The difference
between the strain energy density in the bulk and small energy density used for
growth of the crack is actually used to overcome the viscosity of the rubber.
Viscoelasticity also controls the appearance of other dissipative mechanisms, such
as cavitation, fibrillation which may or may not appear in the crack tip and perturb its
propagation. Moreover, the chain network density controls G0 [43] and the defor-
mation level at which strain hardening appears, which seems to decrease the radius
of the crack tip and increase the stress triaxiality that promotes cavitation [49].

Thus, from a material design point of view, the key parameters for crack prop-
agation resistance are: crosslinking density, entanglement density, presence of
dangling and/or soluble chains, and the glass transition temperature of the polymer.
The latter depends on the chemical nature of the polymer chains which also controls
the entanglement density (via the chain persistence length), and the energy at break
of their bonds. The initial length distribution of the polymer chains controls the
fraction of dangling and free chains at a given crosslinking level. The ingredients, the
different crosslinking recipes (sulfur, peroxide, disulfide tetramethylthiuram, etc.)
and protocols (thermal curing, radiation, etc.) can also be important. Thus, for a same
crosslinking density, some authors claim that “conventional” vulcanization system
(sulfur/accelerator ratio > 1) leads to better breaking properties and tearing energy
(with the Rivlin protocol) than efficient vulcanization system [40]. Interpretations
differ on the reasons: more or less spatially homogeneous networks [50], crosslinks
formed in a more or less irreversible manner, which may result in more or less built-
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in/ stresses or strains [51]. Playing with the chemistry of the polymer chains, one can
also create physical crosslinks. Their association/dissociation dynamics should
enable a redistribution of the stresses in the elastomer network and therefore slow
down the crack propagation. Studies are nevertheless necessary to confirm this.
Chemical aging has also large consequences on crack resistance, since it induces,
through complex chemical processes, additional crosslinks and/or chain scissions
[52–55]. The characterization of molar masses between crosslinks remains however
a challenge, even if it has recently benefited from advances in Nuclear Magnetic
Resonance [56]. Aging can also be spatially heterogeneous, especially in sulfur
vulcanized systems. Characterizing these heterogeneities is also difficult. To sum up,
aging and curing conditions can lead to network structures very far from the perfect
networks described in most models. This explains apparently contradictory results in
the literature [45, 57].

In many cases, the network topology in elastomers results from more or less
random crosslinking and/or chain scissions. Nevertheless, better control of this
topology is possible [58]. Thus, toughness has been improved with elastomers
made of telechelic chains with bimodal length distribution. This improvement
comes from a stress redistribution due to the lower extensibility of short chains.
The requirements to achieve exceptional toughness seem to be that the components
have very different cross-link densities and the morphology is uniform down to the
segmental level. With this idea, Buckley et al. [59] produced ethylene-propylene
double networks with improved rupture properties (at constant modulus). The
beneficial effect of multiple networks has also been evidenced in hydrogels [10]
and in acrylate elastomers [60].

3.2 Specificity of Polymers Which Can Crystallize with Strain

The ability of the polymer for strain induced crystallization (SIC) appears to be
another important parameter for crack growth resistance. All elastomers that crys-
tallize with temperature can – under certain strain rate and temperature conditions
(near their melting temperature) – crystallize under deformation [61]. Among them,
poly-cis isoprene 1,4 (NR) has two advantages: a melting temperature (35�C) very
close to ambient, and a reversible crystallinity which can reach several tens of %. NR
crystallization kinetics [62] is slow, especially at ambient temperature. This explains,
with the presence of crosslinking nodes that restrict chain diffusion, that in most
cases, NR remains amorphous despite a melting temperature higher than the ambi-
ent. When the material is deformed, the chain’s stretching reduces the system
entropy and makes crystallization thermodynamically more favorable. Crystallites
can therefore nucleate and grow, for stretch ratio usually above 4, until they reach a
size limited by the presence of the crosslinking nodes. This size is small enough for
the crystallites to be unstable and melt during unloading, even at room temperature.
The NR SIC (and its various parameters) has been the subject of special attention in
recent years [63–73] both from an experimental and theoretical points of view. SIC
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leads to a significant strain hardening, explained by the creation of a network of
percolating crystallites within the material (even if questions remain on this topic). It
is preceded, at the very beginning of the crystallization phase, by a slight decrease in
stress due to the alignment of the crystallized chains portions in the stretching
direction (as this decreases the “effective” stretching of amorphous chains) [74],
mostly visible at slow stretching rate.

As shown by the comparison of NR and Styrene Butadiene Rubber (SBR) data
[32, 75–77], SIC is the reason for a very strong increase in strain and stress at break
and a slower crack propagation velocity, in cyclic and non cycling test [78]. Unlike
an amorphous polymer, in an NR Pure Shear specimen submitted to a static loading,
after a short growth, the crack stops. In cyclic loading, in the Paris domain, the
literature studies suggest an exponent close to 4, for an amorphous elastomer like
SBR while it may be around 2 for NR. Note that these exponents can significantly
vary, depending on the experimental conditions. In addition, the application of a
non-relaxing loading (Gmin > 0) leads to a more important slowing down of the
crack propagation than with an amorphous elastomer [25]. Non-relaxing conditions
also lead to crack deviations [79] (absent with unfilled amorphous elastomer). That
makes less trivial the monitoring of the crack length, which may or may not include
secondary cracks. All these behaviors are related to SIC which occurs at the crack
tip, even at low macroscopic strain, due to the important stress concentration created
by the tip geometry. Several studies investigated crystallinity at the crack tip in NR
[80, 81]. In particular, Rublon et al. [14, 77] have implemented a clever method in
order to map it during a dynamic test at 0.1 Hz. Directly compared to crack
propagation tests performed at 2 Hz for different energy release rates G, they showed
a good correlation between G, the crystallized volume, and the thickness decrease at
the crack tip, which also suggests that cavitation occurs.

We have studied a conventionally vulcanized NR (noted NR1.5 on Fig. 3, with
the recipe: 100 phr NR + 3Phr Sulfur +6phrPPD + 2phr stearic acid +3 phr
CBS + 5phr ZnO). This material has a lower ability to crystallize than an efficiently
vulcanized rubber (CBS/Sulfur concentration ratio < 1), both during cold crystalli-
zation (at �25�C) and during a tensile test experiment, the crystallinity being
lowered by a factor of ca. 3. This may be due to a different distribution of the active
chain length, and/or the presence of more grafted species on the chains which hinder
their crystallization. The fatigue crack growth resistance of the material has been
tested in pure shear geometry [82]. As shown in Fig. 3, in the Paris domain, at low G,
the slope of the log(G)-log(Vp) curve at 0.01 Hz and at few Hz (not shown) is
surprisingly large, around 3.5, i.e. close to the slope reported for amorphous mate-
rials. A new slope can however be deduced for G values above 3,500 J/m2, which
tends to be closer to the value expected for NR (around 2). The crystallization at the
crack tip, measured through in situ experiments (ZnS has been used as a probe to
correctly estimate the material thickness at the crack tip) is reported on Fig. 4 as a
function of G. The slope change in the log(G)-log(Vp) curve corresponds to the
detection of the crystallinity. Interestingly, the maximal measured crystallinity is
twice larger than the maximal one measured during tensile test at rupture. As
reported in literature [83, 84] and as shown by the SAXS images collected during
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the WAXS measurements [84], cavities develop in the crack tip vicinity. Thus, some
amorphous chains are broken and highly stretched fibrils with large crystallinity
remain. A careful examination of the crack tip morphology and of the fracture
surface may be of interest to confirm this. For unknown reasons, to the best of our
knowledge, such studies only exist for fatigued filled NR or for unfilled one in
non-relaxing condition [79, 85]. Even though fillers likely introduce some differ-
ences in crack propagation mechanisms, Xiang et al. conclusion can still be consid-
ered. In particular, they resume an interesting parallel, initially proposed by Zhou
et al. [86], between the mechanisms induced by SIC and those occurring with double
networks. At the front of the crack tip, soft domains which might contain cavities,
micro-cracks, and amorphous or less crystallized rubber parts alternate with hard
domains of highly orientated and more crystallized ligaments. The soft domains may
act like a damper to absorb energy and thus slow down the crack propagation.

The close relationship between SIC and crack propagation resistance has also
been confirmed with aged NR1.5 samples whose characteristics have been deeply
studied by Grasland [87]: ageing in air at 350 K enhances the heterogeneity of the
spatial distribution of the crosslinks already existing in the initial material, and
creates highly crosslinked domains which limit the ability for strain induced crys-
tallization. The consequence is an increase in the crack propagation rate (Fig. 3)
which is consistent with a decrease in the crystallinity measured at the crack tip
(Fig. 4). Moreover, the results suggest that a minimum crystallized volume is needed
to observe an inflexion on the log(G)-log(Vp) curve. This is confirmed by the study
of another conventionally vulcanized elastomer, so-called NR2.5 (same recipe as
NR1.5 except a doubled sulfur content). This material is more crosslinked, and
therefore less crystallized than NR1.5 (Fig. 4). Its crystallization at the crack tip is
too low, in the G domain explored, to lead to any slope change in the log(G)-log(Vp)
curve. Moreover, for all these tested materials, the crack propagation resistance at
0.01 Hz is correlated to the energy and stretch at break, obtained from tensile test at
strain rate corresponding to the maximum strain rate in the fatigue test (values
reported on Fig. 3). This is quite expected if one considers that ageing did not
change the intrinsic flaw at the origin of the material rupture in tensile test, and
therefore that its evolution is mostly related to a change in its crack growth
resistance [88].

SIC being a kinetic process [89], in “non cycling” experiments, the crack growth
velocity in the domain where it is very large (above 0.1 m/s) does not depend on it
[30], as SIC does not have the time to proceed. Moreover, concerning fatigue crack
growth, we have found with the previous NR1.5 material that an increase in
frequency by around 3 decades leads to a decrease in dc/dn by a factor 10 (Fig. 5).
However, expressed in dc/dt instead of dc/dn, these data indicate a much faster crack
growth which can be ascribed to a less important SIC. This is also suggested by the
increase in the G value at which a change in the slope of the log(G)-log(Vp) curve is
observed (this one being ascribed to a strong increase in crystallinity at the crack tip).
In addition, with the NR2.5 material, one observes the decrease in the G value above
which there is a fast acceleration of the crack growth rate. In other words, a higher
frequency leads to a decrease in the tearing energy of this material, for which strain
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induced crystallization is so weak that it actually behaves like an amorphous
material.

Going back to literature, an increase in temperature has the same consequences on
SIC than an increase in frequency. Thus, both can lead to an even greater increase in
the crack growth rate than in the case of amorphous elastomers, as they do more than
reducing the material viscosity. However, this is dependent on the level of local
deformation in the crack vicinity (i.e. on G) and, in fatigue, on the local strain rate
that will result from the frequency/shape of the macroscopic cycle.

3.3 Fillers Influence

In most applications, elastomers contain reinforcing fillers. They can be of very
diverse natures, the most commonly used in the rubber industry being carbon black
or silica nanoparticles. Thus, elastomers are most often nano-composites, with
specific viscoelastic properties [90, 91]. An abundant literature has been devoted
to their nonlinear viscoelastic properties, so-called Payne effect [92]. In addition,
they exhibit the so-called Mullins effect, i.e. a progressive modification of the strain-
stress curve and an hysteresis during the first loading cycle which increases with the
increase in the maximum strain [93]. Both Payne and Mullins effects are very
dependent on the filler content and characteristics (size, aspect ratio,
physico-chemical interactions with the polymer). They considerably influence the
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rupture and crack resistance properties of these materials since they induce addi-
tional energy dissipation mechanisms.

Thus, the introduction of rigid nanoparticles is particularly efficient for increasing
the tensile strength. Less intuitively, even though they lead to a significant amplifi-
cation of local deformation in the matrix, nanofillers can also improve the elongation
at break (when their content is not too large, i.e. usually below 50 phr). This is all the
more remarkable given that nanofillers can form agglomerates of large sizes acting
as crack initiators. Their beneficial effect for crack growth resistance is also observed
on various elastomers whether these ones can or cannot crystallize under deforma-
tion [3]. The fillers, by amplifying the local strain, enable SIC and therefore a larger
crystallized volume at lower macroscopic strain [94]. Nanofillers may also induce
larger crystallized volume at a given G, beneficial to fatigue properties [80]
(although G indirectly takes into account strain amplification). A combination of
SIC and of reinforcement by nanometric fillers can also lead to tear rotation in
tearing test on notched tensile specimen or trouser test-piece [95], not observed
without fillers. This enables the relaxation of the local strain (or stress) which is
otherwise larger at the crack tip, as shown by a sharper crack tip geometry. Thus, for
Medalia [96], tear strength improvement in reinforced elastomer is even mostly
associated to tear deviation rather than to energy dissipation (i.e., viscous strength-
ening or high strain hysteresis). In fatigue tests, more complex crack paths are also
observed with fillers, which can lead, in non-relaxing conditions and with crystal-
lizing rubber, to a complete stop of the crack propagation in the direction of the
initial cut. Fillers form in the matrix a percolating network (whose connections are
potentially ensured by a polymer matrix with modified mobility) which can play the
role of a second network. Through decohesion mechanisms and voids formation
[94, 97, 98] in the confined material in between the fillers, this network is gradually
destroyed. This leads to the creation of a complex fibrillated structure [99] in which
the crosslinked network of the polymer matrix is the last defense against the crack
advance [100].

Several filler characteristics (shape, dispersion, polymer/filler interactions) influ-
ence the crack growth resistance in a way which depends a lot on the material
processing. Bad dispersion may induce stress concentrations and micro-cracks
[101], harmful to rupture properties and crack resistance. The literature indicates a
positive influence of larger filler specific surface (i.e., smaller filler size) [78, 102–
104] and of higher form factors (like in carbon nanotubes, graphene, graphene oxide,
or nanoclays) on the resistance to crack initiation and propagation [105, 106]. Com-
bination of nanofillers can also be used to obtain synergistic effect [107], like in the
work of Xu et al. [101], who designed a compact hybrid filler network of graphene
and MultiWall NanoTubes to toughen NR.

To conclude this paragraph, different mechanisms govern the fracture properties
and the propagation of cracks in filled elastomers, and modeling approaches will
therefore be essential to allow the evaluation of their respective contributions
[5]. The next paragraph aims at devising a theoretical framework explaining crack
growth and underlining the connection between resistance to crack growth and the
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ability of a material to dissipate energy. Such theoretical approach can then suggest
which bulk material properties should be correlated to crack growth resistance.

4 Theories Connecting Resistance to Crack Growth
with Hysteresis

The models that will be reviewed in this paragraph are all built (sometimes implic-
itly) on the energy budget associated with a propagating crack, and were all devised
for static crack growth. To the best of our knowledge, their generalization to cyclic
crack growth, which seems possible due to the universality of the energy conserva-
tion principle, has not been attempted yet. The theories dedicated to isotropic linear
viscoelastic materials are associated with the names of Knauss [38, 108, 109],
Christensen [110, 111], De Gennes [112, 113], Hui [114], Persson [115, 116] and
their coworkers. More recently, they have been extended outside this range of
materials by Long [117], Qi [118], and Zhang [119]. All these theories start from
the decomposition G ¼ Γintrinsic + Γdissipation with Γintrinsic the intrinsic energy
required to break molecules at the crack tip (noted G0 in most of the experimental
works, Γintrinsic being tacitly assumed constant) and Γdissipation the portion of G being
consumed by the motion of the material surrounding the crack tip as the latter moves
ahead (Γdissipation is a peculiarity of dissipative materials). These theories aim
(sometimes implicitly, as in Knauss and Hui theories) at explaining quantitatively
how Γdissipation can be deduced from the material hysteresis and the loading applied
to the specimens.

4.1 Power Budget Approach

The key idea is the recognition that as a crack propagates, the stress singularity
accompanying the crack tip [120] translates accordingly, so that any material point in
the specimen is successively loaded and unloaded, and the hysteresis associated to
this cycle participates to Γdissipation. The Fig. 6, taken from Qi [118] (see also Long
[117]) draws explicitly the hysteresis associated with each horizontal “flow line”: the
closer this line gets to the crack plane, the greater the maximal loading, and therefore
the greater the hysteresis. Indeed, by writing in detail the energy and entropy budgets
of the notched specimen [118], one gets explicitly (Einstein convention of implicit
summation over repeated indices being employed)

G ¼ Γintrinsic þ 2
Z H0

0

Z þ1

�1
φp dXdY
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where φp � σij
∂εij
∂Xp

� ∂W
∂Xp

¼ ∂W
∂X

� σij
∂εij
∂X

ð1Þ

Here 2H0 is the specimen height (typically a PS specimen), Xp is the crack tip
abscissa (so that Vp¼ dXp/dt), φp is the dissipation associated to the crack tip motion
divided by Vp, and finally ∂/∂Xp¼�∂/∂X since we focus on the stationary regime.

Equation (1) can be further simplified by noting that the integral of φp over X is
the total amount of energy by unit volume dissipated into heat during the matter
motion from right to left, that is the mechanical hysteresis associated with this
loading–unloading cycle, simply noted “hysteresis.” Thus

G ¼ Γintrinsic þ 2
Z H0

0
hysteresis Yð ÞdY ð2Þ

It is worth underlining the connection between this approach and the so-called
configurational mechanics [121]. Introducing the Eshelby stress tensor Σij ¼ W
δij � σkj ∂uk/∂Xi, then making use of the mechanical equilibrium ∂σkj/∂Xj ¼ 0 and
of the stress tensor symmetry, one gets

Fig. 6 (a) Two points A and B moving horizontally during steady state crack propagation, shown
in the undeformed configuration and in a translating coordinate system centered on the crack tip. (b)
Loading histories experienced by points A and B, illustrated by S22 versus λ2 curves. The maximum
stress experienced by A is larger due to stress concentration at the crack tip
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∂Σ1j

∂Xj
¼ ∂W

∂X1
� ∂σkj

∂Xj|{z}
¼0

∂uk
∂X1

� σkj
∂2uk

∂Xj∂X1
¼ ∂W

∂X1
� σkj

∂
∂X1

1
2

∂uk
∂Xj

þ ∂uj
∂Xk

� �

that is,
∂Σ1j

∂Xj
¼ ∂W

∂X
� σkj

∂εkj
∂X

¼ φp ð3Þ

In the literature, the contributions to ∂Σ1j/∂Xj of the various internal variables
appearing in W are called “local material volume forces,” up to a sign. Hence, it is
demonstrated that Γdissipation equals the integral on the whole specimen of these
material forces (see also in [5] Horst et al. contribution [122]). That is, the material
forces approach is equivalent to the energy and entropy budgets employed here.

4.2 Application to Isotropic Linear Viscoelastic Materials

Christensen, De Gennes, Persson and their collaborators applied these budgets to
isotropic linear viscoelastic materials. In the sequel we will follow mostly De
Gennes intuitive approach.

The material isotropy and linearity imply that the stress field satisfies the same
equations as in the elastic case. Especially, the dominant term in the stress next to the
crack tip is given by the well-known formulae (the so-called K-fields). Hence, if K is
the stress-intensity factor, the amplitude of loading–unloading cycle at vertical
coordinate Y (perpendicularly to crack axis) goes like K / √|Y| and its wave length
goes like |Y|, so its pulsation ω goes like Vp/|Y|.

Far from the crack tip, the material remains at equilibrium, i.e. it behaves like an
elastic material of Young modulus E0. So LEFM theorems apply there. Especially,
computing the Rice- or J-integral [120] away from the crack tip gives G¼ J/ K2/E0

(this integral must not be confused with compliance J introduced below).
Next, assume the cycle to be harmonic. If E*(ω)¼ E’(ω) + i E”(ω) is the complex

Young modulus and J*(ω) ¼ 1/E*(ω) is the complex compliance, the hysteresis at
vertical coordinate Y reads

hysteresis Yð Þ / K2

Yj j J
00 ωð Þj j ¼ GE0

Yj j J00 ωð Þj j ¼ GE0

Yj j
E00 ωð Þ
E� ωð Þj j2 with ω / Vp

Yj j ð4Þ

Inserting this relation into Eq. (2), and noticing that dY/Y¼ dω/ω, one finally gets

G ¼ Γintrinsic þ A ∙GE0

Z ωc

0

E00 ωð Þ
E� ωð Þj j2

dω
ω with ωc ¼ B ∙

σ2ruptureVp

GE0
ð5Þ

312 L. Chazeau et al.



A and B being some undetermined numerical constants. The boundaries of the
ω-integral require some explanations. Far from the crack tip, we assumed the
material to remain at equilibrium, prompting us to take ωmin ¼ 0. Close to the
integral, the LEFM fields cannot hold when reaching the zone ahead of the crack tip
where the material effectively breaks, the so-called cohesive zone, that is when
|Y|¼Yrupture such that σrupture2/K2/Yrupture, and we must therefore take ωmax/Vp/
Yrupture. Persson set the A coefficient by combining the expected value of the
catastrophic tearing energy Γc (G limit for infinite Vp, neglecting inertial effects,
also noted Gc in experimental work) guessed by De Gennes with a “viscoelastic sum
rule”: some examples of such rules are provided by Eqs. (8) and (10) below.

On the one hand, when Vp grows without limit, the material close to the crack tip
should reach its high frequency limit, which is the glassy plateau for the polymers.
Thus, it should behave there as an elastic (brittle) material of Young modulus E1.
Hence computing the J-integral close to the crack tip gives now Γintrinsic ¼ J / K2/
E1, with the same K since the dominant term in the stress field has a unique
expression. Combining this relation for K with the preceding one, applicable in
full generality, one gets

G ! Γc ¼ Γintrinsic
E1
E0

when Vp ! þ1 ð6Þ

The constant A appearing in (5) must be chosen so that (5) reduces to (6) for
“infinite” crack growth rate.

On the other hand, if the material can be represented by a set of Kelvin solids
(a spring in parallel to a damper) in series, the complex compliance reads

J� ωð Þ ¼ 1
E1

þ
Z þ1

0

k τð Þ
1þ iωτ dτ ¼

1
E1

þ
Z þ1

0

1� iωτð Þ
1þ ωτð Þ2 k τð Þdτ ð7Þ

k(τ) dτ is the equilibrium stiffness of the Kelvin solid of time constant τ.
Some elementary manipulations of this decomposition provide

1
E0

¼ J� ω ¼ 0ð Þ ¼ 1
E1

þ
Z þ1

0
k τð Þdτ and thus

Z þ1

0
J00 ωð Þj j dωω ¼ π

2

Z þ1

0
k τð Þdτ ¼ π

2
1
E0

� 1
E1

� �
ð8Þ

This latter equation is the sum rule we needed. Indeed, making ωc ¼ +1 in (5)
and reporting the sum rule into it, (6) will be recovered provided we choose A¼ 2/π.
Hence the final formula
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G ¼ Γintrinsic þ 2
πGE0

Z ωc

0

E00 ωð Þ
E� ωð Þj j2

dω
ω with ωc ¼ B

σ2ruptureVp

GE0
ð9Þ

ωc can be rewritten ωc¼ 2BWrupture Vp/G by introducing an “equilibrium” energy of
rupture Wrupture�½ σrupture2/E0 (the “equilibrium” adjective underlines the presence
of E0 in this expression). However, keep in mind that this Wrupture can, like σrupture,
vary with the local temperature and strain rates at the crack tip.

The more sophisticated computations in Persson [115, 116] produced an extraffiffiffiffiffiffiffiffiffiffiffiffi
1� ω2

ω2
c

q
factor inside the integral, with little impact on the final theoretical

predictions.

4.3 Paris Law

As noted by De Gennes for a specific rheological model (a so-called Zener solid)
[112, 113], and later by Persson in greater generality [115, 116], this theory predicts
the occurrence of a Paris law, in agreement with experiments. (Strictly speaking, the
Paris law originates from cyclic crack growth experiments; here, we use this
terminology as a shorthand for “Vp proportional to some power of G”; as seen in
the preceding chapters, such law can also be encountered experimentally in static
crack growth.) This is best seen by making use of an approximate sum rule:

J0 ω2ð Þ � J0 ω1ð Þ ¼
Z þ1

0

1

1þ ω2τð Þ2 �
1

1þ ω1τð Þ2
 !

k τð Þdτ �
Z 1=ω2

1=ω1

k τð Þdτ

2
π

Z ω2

ω1

J00 ωð Þj j dωω ¼ 2
π

Z þ1

0
tan �1 ω2τð Þ � tan �1 ω1τð Þ� �

k τð Þdτ �
Z 1=ω1

1=ω2

k τð Þdτ

⟹
2
π

Z ω2

ω1

J00 ωð Þj j dωω � J0 ω1ð Þ � J0 ω2ð Þ � 1
E0 ω1ð Þ �

1
E0 ω2ð Þ ð10Þ

The first line was obtained by assuming 1/(1 + x2) � H(1 � x) for x � 0 where H
is the Heaviside step function. The second line used a similar trick, namely (2/π)
tan�1(x) � H(x � 1) for x � 0. The last approximation on the third line is more
questionable. Reporting (10) into (9), one finally gets

314 L. Chazeau et al.



G
Γintrinsic

� E0 ωcð Þ
E0

and thus

E0 ωð Þ � E1
ω
ω1

� �α

⟹Vp � ω1G
2BWrupture

E0

E1

G
Γintrinsic

� �1=α

ð11Þ

Hence the Paris exponent β equals β ¼ 1 + 1/α. For α ¼ 0.5 (typical of Rouse
dynamics), β ¼ 3; and for α ¼ 0.4, β ¼ 3.5: as noted by Persson, these values are
typical of SBR in both static and cyclic crack growth. Note also that this approxi-
mation on the first line of Eq. (11) yields the same Γc expression as the equation from
which it is derived. Gent [123, 124] proposed on purely phenomenological grounds
an equation similar to (11) to fit the results of his peeling experiments: we thus
provide here a justification of his intuition. However, Gent used ωc ¼ Vp/d with d
some material constant, which should be contrasted with our d proportional to
G. Actually, (11) brings theory closer to experiments as will be shown below!

4.4 Dissipation Confinement and Finite Size Effects

The theories developed by Knauss [38, 108, 109] and Hui [114] do not use explicitly
the energy and entropy budgets. Rather, they carefully write the mechanical equi-
librium of the cohesive zone, using exact results in LEFM (Kolosov-Mushkelishvili
formulae and Westergaard functions applied to localized forces along crack lips). In
this respect, they provide a more rigorous treatment of the problem. Yet, they yield
essentially the same results: same shape for Vp(G) curves, same expression for γc
(apart for one of the four theories studied in Knauss [108, 109]), etc. This is
presumably so because energy and entropy conservation remains necessarily in the
background.

For instance, Hui and his coworkers demonstrate graphically [114] that the
dissipation is confined to the corona 0.05 Vp τr < radius < 3.5 Vp τr where τr is
the retardation time occurring in the creep compliance (the authors employ a Zener
model) and the radius is counted from the crack tip: this region has a negligible area
at low Vp and grows in size with Vp, until becoming eventually macroscopic. This
explains qualitatively the trend of our Γdissipation (recall that the r dr dθ surface
element compensates the decrease of energy like 1/r). This discussion makes also
clear that the size of the specimen will impact the crack growth curves when Vp τr
becomes comparable to it. Indeed, so far we have ignored finite size effects, the
discussion focusing on “infinite specimens.” But finite size effects can be encoun-
tered experimentally, in which case the experimental results are not characteristics of
the material alone. They are treated in De Gennes [112, 113], who was chiefly
interested in peeling tests [1]. We will review quickly this treatment, using however
a slightly more general constitutive law (see, e.g., [125] pp. 188–226):
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E� ωð Þ ¼ E0 þ E1 � E0ð Þ iωτð Þα
1þ iωτð Þα ð12Þ

In the original articles, α ¼ 1, but we expect α < 1 for a glass transition. This
model has three remarkable limits: soft solid at low frequencies, hard solid at high
frequencies, liquid-like behavior in between. From now on, m � E1/E0 >> 1 and
we reason exclusively in scaling terms, so that “¼” will often stand for “/”. The
computation of the G(Vp) relation is based on the following principles.

Step 1. We have ω ¼ Vp

r , σ ¼ Kffiffi
r

p and ε ¼ u
r everywhere in the specimen. Thus,

for each asymptotic constitutive law, we can compute its spatial domain of existence,
as well as the expressions of ε, u, and Glocal � σ u (the “local energy release rate”) in
the domain. Proceeding this way, we fill the first six lines of Table 1.

Step 2. Let L be the length of the cohesive zone. It is set by the condition σp/
δ¼ σ(r¼ L)/u(r¼ L) where σp and δ are material constants such that Γintrinsic¼ σp δ.
Its detailed expression will therefore depend on the domain (defined as in step 1)
surrounding the cohesive zone. Doing so, we obtain the next two lines of the table.

Step 3. The three expressions of L obtained in step 2 are a priori different,
implying that L varies with the load applied to the specimen. One deduces from
these expressions the range of crack growth rate for which each domain is immedi-
ately surrounding the cohesive zone. This leads to the last line of the table.

Step 4. Let W be the specimen size, typically a PS specimen height. The G(Vp)
relation is found by taking Γintrinsic ¼ Glocal(r ¼ L) and G ¼ Glocal(r ¼ W). Various
situations can be encountered depending on how W compares with the spatial
limits L, rh (hard solid outer radius) and rs (soft solid inner radius).

For an infinite specimen, G ¼ K2

E0
and thus G

Γintrinsic
¼ K2

E0Glocal r¼Lð Þ in any case, since

the zone near the clamps will always remain in the soft solid domain. One readily
finds

Table 1 Main steps in the computation of the crack curve equation for a linear viscoelastic material
satisfying Eq. (12)

Approximation Soft solid Liquid Hard solid

Constitutive law σ ¼ E0 ε σ ¼ (E1 – E0) (ωτ)α ε σ ¼ E1 ε
Pulsation interval ωτ < m–1/α m–1/α < ωτ < 1 1 < ωτ
Spatial domain rs � m1/α Vp τ < r Vp τ < r < m1/α Vp τ r < Vp τ � rh
Stress σ ¼ Kffiffi

r
p σ ¼ Kffiffi

r
p σ ¼ Kffiffi

r
p

Displacement u ¼ K
ffiffi
r

p
E0

u ¼ K
ffiffi
r

p
E1

r
Vpτ

� �α
u ¼ K

ffiffi
r

p
E1

Glocal Glocal ¼ K2

E0 Glocal ¼ K2

E1
r

Vpτ

� �α
Glocal ¼ K2

E1

L defining condition σp
δ ¼ E0

L
σp
δ ¼ E1

L
Vpτ
L

� �α σp
δ ¼ E1

L

Cohesive length L ¼ E0δ
σp � L0 L ¼ L1

1
αþ1 Vpτ
	 
 α

αþ1 L ¼ E1δ
σp ¼ mL0 � L1

Vp range Vp τ < m–1/α L0 m–1/α L0 < Vp τ < m L0 m L0 < Vp τ
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G
Γintrinsic

¼
1

m Vpτ
L1

� � α
αþ1 ¼ m Vpτ

L1

� �1
β

m

8><
>:

9>=
>; if

Vpτ < m�1=αL0

m�1=αL0 < Vpτ < mL0

mL0 < Vpτ

8><
>:

9>=
>; ð13Þ

Remarkably, we end up with the same result as with our former treatment,
including the occurrence of a Paris regime characterized by the same exponent β
and the same expression for Γc.

For a finite specimen however, the preceding results will stop holding once rs
reaches W. The exact consequences depend on the W value.

Assuming first mβ L0 < W, rs ¼ W happens only after the cohesive zone is
surrounded by hard solid, so that the G ¼ Γc plateau is still observable experimen-
tally. Once the liquid domain has reached the clamps, Γintrinsic ¼ K2

E1
and G

Γintrinsic
¼

E1Glocal r¼Wð Þ
K2 , and (13) must be supplemented by

G
Γintrinsic

¼
W
Vpτ

� �α
1

( )
if

m�1=αW < Vpτ < W

W < Vpτ

( )
ð14Þ

The corresponding G(Vp) curve therefore exhibits a decreasing portion after
having reached the plateau of height m Γintrinsic. It is qualitatively consistent with
results of peeling tests carried on poorly crosslinked polymers, to which this study
aimed at.

This was the only situation envisaged in the original papers. Yet, it can be
unrealistic in practice, since for L0 ¼ 10 nm it requires W > 10 mm to 10 m (!)
with m ¼ 102 to 103 and β ¼ 3.

Assuming next L0 <W < mβ L0, rs ¼W now happens before the cohesive zone is
surrounded by hard solid, so the previous plateau is not observable anymore, and the
material exhibits a different “effective” Γc depending on the specimen dimensions.
More precisely, the second line in (13) holds only until Vp τ ¼ m–1/α W (< m L0),
where the “effective” Γc is attained:

Γc

Γintrinsic
¼ W

L0

� � α
αþ1

¼ W
L0

� �1
β

ð15Þ

For example, with L0 ¼ 10 nm, W ¼ 10 mm, and β ¼ 3 for instance, Γc/Γintrinsic
would be limited to 100. Besides, the third line in (13) must be modified.

If m L0 < W < mβ L0, it is replaced by
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G
Γintrinsic

¼
W
L

	 
α ¼ W
L1

� �α
L1
Vpτ

� � α2
αþ1

W
Vpτ

� �α
1

8>>>><
>>>>:

9>>>>=
>>>>;

if

m�1=αW < Vpτ < mL0

mL0 < Vpτ < W

W < Vpτ

8><
>:

9>=
>; ð16Þ

whereas if L0 < W < m L0, it is replaced by

G
Γintrinsic

¼ W
L

	 
α ¼ W
L1

� �α
L1
Vpτ

� � α2
αþ1

1

8<
:

9=
; if

m�1=αW < Vpτ < W
L1

� �1=α
W

W
L1

� �1=α
W < Vpτ

8><
>:

9>=
>; ð17Þ

4.5 Introducing Non-linearity in the Constitutive Equation

Focusing exclusively on linear viscoelasticity is far too restrictive for filled poly-
mers, which exhibit various nonlinearities at high strains as well as a supplementary
source of hysteresis: Mullins effect. In the framework presented here, the better
resistance to static crack growth of a filled polymer in comparison to its unfilled
homolog is attributed – at least partially – to an increase of Γdissipation brought by
Mullins effect. Interestingly, as previously mentioned, the so-called multi-networks
(various standard polymer networks interpenetrated into each other) also enjoy a
high toughness and a mechanical behavior reminiscent of Mullins effect [60]. The
microscopic origin of Mullins effect may be different in these two classes of
materials (cavitation/decohesion in filled polymers vs. localized chains ruptures in
multi-networks), but a beneficial impact of Mullins hysteresis onto Γdissipation is
expected in both cases.

Once again, this line of reasoning prompted different works [118, 119,
126]. Zhang [119] starts with the decomposition G¼ Γintrinsic + Γdissipation. Γdissipation
is assumed proportional to the “ultimate” hysteresis H(Yrupture), where like in
Eq. (5), Yrupture denotes the minimum height at which the material reaches there
its stress at break, with a front factor homogeneous to a length. A length scale
manifestly relevant to this problem is G/Wrupture. Therefore the authors were led to

guess Γdissipation ¼ α G hrupture where hrupture � H Yruptureð Þ
Wrupture

(< 1). α was found by fitting

the results of a campaign of Finite Element Analyses during which the material
parameters describing the Mullins effect (modeled with an Ogden-Roxburgh law)
and the cohesive zone were systematically varied. They obtained eventually
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G ¼ Γintrinsic

1� α hrupture
with α � 0:33þ 0:034

m=Wrupture þ 0:045
ð18Þ

r, m, and β (set to 0.1 in the article) are material parameters quantifying the Mullins
hysteresis: if the energy density provided during the first loading equals W, the
Mullins hysteresis reads “h(W) W” where

h Wð Þ ¼ 1
r
f βþ m

W

� ��1
� �

with f xð Þ � 1
x

Z x

0
erf yð Þdy ð19Þ

Especially, the smaller m, the greater the hysteresis of small amplitude cycles, and
thus the greater the hysteresis far from the crack tip. This remark will soon be useful.

Qi [118] gave an analytic derivation of this result based on Eq. (2). The
maximum energy density along a line parallel to a mode I crack in a Neo-Hookean
material reads W Yð Þ ¼ G

2πY according to asymptotic developments. Using a slightly
modified version of this expression to take far fields and Mullins softening into
account, the authors reported it into (19), and (19) into (2). Proceeding this way, they
obtained an α expression comparing well with (18).

Besides, if m ! 0, we noted above that the dissipation zone can extend to
the clamps, so the measured G can depend on the specimen geometry, ceasing
to be an intrinsic material property. Some FEA confirmed this intuition, FEA
that were themselves well reproduced by the analytic theory.

G
Γintrinsic

appears to depend on a dimensionless parameter χ ¼ 2H0
Γintrinsic=Wrupture

which is

the ratio of the PS specimen height to the cohesive zone length.

4.6 Experimental Tests of the Preceding Theories

Viscoelastic behavior: Knauss and his coworkers applied successfully various
theories to a polyurethane. The model developed in Mueller and Knauss [38]
matched well the experimental points. It relied on an analysis of the viscoelastic
relaxation in the cohesive zone and its prediction read (Δa being a material constant,
set to 13.4 nm by the fitting procedure):

G Vp
	 
 ¼ Γintrinsic

2E0D Δa=Vp
	 
 where D tð Þ � 1

t

Z t

0
1� u

t

� �
J uð Þdu ð20Þ

Contrary to the appearances, this result is actually quite similar to (9). Indeed,
using a Kramers-Kronig relation, one can recast the denominator of (20):
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J tð Þ ¼ 1
E0

þ 2
π

Z þ1

0
J00 ωð Þ cos ωtð Þ dωω ⟹D tð Þ � 1

2E0
� 1
π

Z 1=t

0
J00 ωð Þj j dωω ð21Þ

(We used the approximation (1 – cos(x))/x2 � ½ H(1 – x).) The only distinct feature
is the constancy of Δa. So this success suggests also a success of (9).

Later [108, 109], they developed a refined version of this early model, which
proved to be equally successful. In both cases, the model predicts a correct Paris
exponent β. In fact, these data are consistent with the rule β ¼ 1 + 1/α: experiments
suggest α � 0.8 (read on master curves of dynamic moduli) and β � 2.4 (read on
curves of Vp vs. ε1, ε1 being the macroscopic strain applied to the PS specimen, so
that G / ε12), in reasonable agreement with the theoretical prediction β � 2.25.
With this material, m � 1725 MPa/2.75 MPa � 627, and the predicted Γc (¼ m Γ0)
seems in agreement with experiment, though the final plateau is not sufficiently well
observed to be categorical. Assuming L0 ¼ 10 nm for the cohesive length at low Vp,
theDeGennes criterion to avoid finite size effects readsW> 6272.25� 10 nm¼ 2 cm:
it was indeed satisfied in Knauss experiments, where W ¼ 3.5 cm. Incidentally,
Christensen [111] also managed to fit this set of experimental results using a theory
of his own, explicitly relying on an energy budget.

Saulnier [127] carried out adhesion experiments on an un-crosslinked
polydimethylsiloxane (PDMS) of large molecular weight. They confirmed De
Gennes predictions (with α ¼ 1) regarding the decrease of fracture energy at high
crack growth rates – Eq. (14) – as well as the opening displacement of the crack lips:
u/ x1/2 near the crack tip where the material behaves as a hard solid, u/ x3/2 farther
from the crack tip where the material becomes liquid-like.

Gent [123, 124] carried out peeling tests on various crosslinked polymers of
variable Tg. He found that the G/Γintrinsic vs. Vp master curves were relatively
independent of the polymer, like the E’(ω)/E0 vs. ω master curves (though to a

smaller extent), and speculated, from the resemblance between these, that G
Γintrinsic

¼
E0 Vp=dð Þ

E0
with d some material constant. Unfortunately the exponents of the power

laws fitting the glass transition regime did not match: β�1 ¼ 0.3 for the peeling
energy, α ¼ 0.6 for the storage modulus. Trying anyway to fit the model onto
experiment, he found d � 0.1 nm, or more largely 0.01 nm < d < 1 nm, some
unrealistically low values. Besides, Γc/Γintrinsic appears slightly greater than E1/E0.
But the theories explored in the preceding paragraphs point rather to d/G, implying
1
β ¼ α

αþ1, i.e. β
�1 ¼ 0.375 in the present case, which is closer to experiment. One can

hope that this improvement will also bring the d range towards more sensible values.
In fact, this improvement could be combined with other features not addressed by the
models we reviewed but envisaged by Gent: nonlinear effects near the crack tip,
intermittent propagation “in a stick-slip fashion”. This last feature implies that the
instantaneous Vp can be much higher than the average Vp, which is the one
measured: one should keep this idea in mind when considering cyclic crack growth.

Extension to cyclic crack growth and to Mullins effect dissipation: Klüppel
surveyed the ability of the models we reviewed to reproduce the cyclic crack growth
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curves measured on filled and unfilled polymer [128]. The author used crosslinked
S-SBR and Ethylene Propylene Diene Monomer (1.7 phr S + 2.5 phr CBS) filled or
not with 60 phr of N550 carbon black. He focused his attention on Paris law slopes,
and found that the theory matched reasonably with experiment. This is particularly
striking because the theory in question has been devised exclusively for static crack
growth, and besides it ignores the nonlinearities and the Mullins effect typical of
filled polymers. This remark suggests to check if the Paris law intercepts with the
Y-axis are equally well reproduced by the theory, namely Eq. (11) with B ¼ 1. It is
an uncertain task since some key quantities (Γintrinsic and Wrupture) are missing in
the article: we must guess them and see what we get. Using notably Γintrinsic � 50
(resp. 100) J.m�2 in the unfilled (resp. filled) case, we find at G � 3 kJ.m�2,
4 Hz and ambient temperature: in unfilled S-SBR, Vp � 40 m.s�1

theoretically vs. Vp � 10 nm.cycle�1 ¼ 40 nm.s�1 experimentally; in filled
S-SBR, Vp � 4 m.s�1 theoretically vs. Vp � 4 nm.cycle�1 ¼ 40 nm.s�1 experimen-
tally. These estimates must be taken with caution owing to the mentioned uncer-
tainties. Nevertheless, the discrepancy between our estimates and the measurements
is such that we can consider that the theory fails to reproduce the intercept with the
Y-axis of the Paris law.

Zhang [119] checked that it could reproduce by FEA the onset of crack propa-
gation in a multi-network hydrogel considered to exhibit Mullins effect only.
Constitutive law parameters were identified on cycles of increasing maximum strain
applied in pure shear. The propagation threshold G was measured after various
pre-strains – applied to the uncracked specimen – between 0 and the strain at break
(as high as 8 here). It appears to decrease with pre-strain, reaching a plateau (400 J.
m�2) for the highest pre-strains, to be identified with the virgin Γintrinsic (though one
could argue that high pre-strains could damage enough the material to diminish its
Γintrinsic). FEA results appeared to be consistent with the G ¼ 1,063 J.m�2 value
measured with the virgin material. Incidentally, this experiment proves that the
intrinsic resistance to crack growth represents here only 38% of G in the virgin
state, the remaining 62% being brought by macroscopic dissipation.

Qi [118] put the pre-strain effect in equations. The line of reasoning is as follows:
the horizontal strips whose strain remains below the pre-strain cannot dissipate by
Mullins effect (strips close to the clamps), the dissipation being thus confined to a
central strip, where it is moreover smaller than in the virgin state. These statements
explain qualitatively why Γdissipation must decrease with pre-strain: the pre-strain
diminishes the capacity of the material to dissipate when a crack propagates. The
agreement with experiment is even quantitative, as shown in the article.

Wunde et al. [129, 130] carried out experiments on cured CB-filled NR-based
polymer blends allowing an estimation of Γdissipation/G. For the 4 mixes of the study
and various macroscopic strain, they measured by Digital Image Correlation the
displacement and strain fields in notched and loaded PS specimens, that they
combined with the constitutive laws – modeling Mullins effect and viscoelasticity –

identified independently to compute the Rice- or J-integral on various circles C
centered on the crack tip. (They considered both components of

R
C Σij dsj, but we
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focus here on the sole forward component). J appears to increase with the circle
radius R, consistently with J(R ¼ 0) ¼ Γintrinsic and G ¼ J(R ¼ +1) by construction
of J and with the inequality Γintrinsic < G for a dissipative material. Actually, the
difference between these limits is Γdissipation. The analysis is complicated by a lack of
resolution for R < 0.5 mm and by the fact that J(R ¼ +1) becomes greater than G
(computed by the Rivlin-Thomas formula) above 40% macroscopic strain. Despite
these difficulties, the authors estimate that all in all, Γdissipation represents 90% of
G. These experiments also demonstrate that J reaches G for R > 1 to 5 mm (for
macroscopic strains between 10 and 60%): these are macroscopic dimensions, which
legitimate the qualification of Γdissipation as a macroscopic dissipation. Especially,
these dimensions demonstrate clearly that crack growth can be accompanied by
energy dissipation quite far from the crack tip, where no macroscopic breakage
occurs.

Slootman [44] introduced in mono- and multi-networks of polymers a known
amount of a mechanophore having the property of becoming fluorescent upon
breakage. The materials being transparent, they could be measured by optical
confocal microscopy the spatial distribution of this fluorescence, and therefore (via
an appropriate calibration) the spatial distribution of the number of broken
mechanophores, and finally of overall broken bonds. These distributions were
measured along the lips of a crack propagated for various loadings and temperatures.
Γintrinsic is deduced by integrating the distribution (for a unit propagated surface) and
multiplying the integral by 64 kJ.mol�1, the energetic cost of a single breakage
according to Wang [131]. Most remarkably, the author demonstrated that: Γintrinsic
increases with the loading, that is with G or Vp, going from the Lake and Thomas
estimate for Vp ! 0 up to 100 times this value at high Vp; and that the number of
covalent bond scissions varies in the same proportion, with rupture occurring up to a
few 100 μm far from the crack plane for the highest Vp. Especially, Γintrinsic cannot
be treated as a material constant, as was done in the works reviewed so far, but as a
function of Vp. Notice however that Eq. (2) and the ones stemming from it can easily
accommodate a Vp dependent Γintrinsic. It seems very likely that this phenomenology
also applies to filled polymers, whose filler network is analogous to the first network
here and whose polymer matrix is analogous to the second and third networks here.
Depending on the tested Single-, Double- or Triple- Network, she found that
Γintrinsic/G varies between a few % and a few 10%, and therefore Γdissipation/G varies
between 50 and more than 90%.

5 Conclusion

A synthesis of the phenomenology of ultimate and crack growth properties of
elastomers is not straightforward given the diversity of elastomers and used pro-
tocols. Nevertheless, the huge literature on the topic, completed by some our own
experimental works, allows to well identify the different interrelated and complex
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mechanisms involved in crack growth. In connection with these observations, the
theories reviewed in the last part link quantitatively the resistance to crack growth to:

• the ability of the material to dissipate energy, either by viscoelasticity or by
Mullins effect;

• the distribution of strain and stress around the crack tip (dictated by the consti-
tutive law), which weights the contribution of each horizontal line to the total
dissipation accompanying the crack growth;

• the break properties (limit strain/stress/energy), which define an upper bound for
the dissipation integrals.

These theories have been validated experimentally in various situations. They can
be useful to material designers because they allow the replacement of lengthy or
sophisticated crack growth experiments by faster and simpler mechanical character-
ization of unnotched specimen until break, and because they offer a mean to infer
what “customary” material property (moduli, break properties) to tune and in which
direction to achieve an enhanced resistance to crack growth. Especially, the theories
involving dynamic moduli can suggest compromises between Rolling Resistance
(RR) and endurance in tires via the difference of frequency ranges relevant to each
performance. This situation is reminiscent of the known compromise between RR
and grip. And in fact, the analogy goes deeper: the well-known viscoelastic contri-
bution to the friction coefficient μ is equivalent to the viscoelastic contribution in
Γdissipation (see e.g. our Eq. (9)), the role of crack tip singularity in endurance is
played by road asperities in grip, and the integral over all distances Y from the crack
plan is replaced in the grip case by the integral over asperity sizes and tread band
depth.

Though these theories are encouraging, they still suffer of various shortcomings.
The most obvious from a practical standpoint is their inability so far to handle cyclic
crack growth: they have been thought for static crack growth, and their generaliza-
tions to the cyclic case is not straightforward. They also often treat Γintrinsic and
Wrupture as material constants, although they are susceptible to vary with strain rate
and thus Vp. Finally, it is highly desirable to now quantitatively relate them to the
different fields measurable at the crack tip and reviewed in chapters 2 and 3 (includ-
ing cavitation and degree of Strain Induced Crystallization). These missing features
are as many subjects for future researches.
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Abstract This contribution is focused on the quasi-static and impact fracture
behaviour of technical, filler-reinforced elastomer compounds containing plasti-
cizers basing on renewable sources in various amounts. Beside the conventional
plasticizer TDAE as benchmark, various plasticizer products like epoxidized rape-
seed oil, rapeseed oil methyl or propyl ester, epoxidized canola oil or epoxidized
ester of glycerol formal from canola oil were used. Main aims are to find products as
replacement of traditional mineral oil-based plasticizers and to understand the
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interaction of polymer and plasticizer and the resulting properties, especially the
deformation and fracture behaviour. It was shown that by using renewable plasti-
cizers a comparable or better property level of technical rubber vulcanizates is
possible.

Keywords Blends · Elastomers · Impact fracture · Plasticizers · R curve ·
Renewable

1 Introduction

Many technical elastomer products contain softening components as processing aids
like stearic acid and/or plasticizers. Depending on the type and amount of such
softening components, various properties of the material are more or less influenced.
This means, to get finally tailor-made product properties, it is necessary to know
these influencing factors. By the addition of softening components, not only hard-
ness, but all of the mechanical and fracture mechanical properties of an elastomer
material can be strongly influenced. This is a generally known and accepted fact.
However, especially concerning the fracture properties of elastomers, there is a
certain lack of knowledge about the impact of plasticizers.

A plasticizer is a low-molecular substance that is incorporated into a rubber
mixture to improve its processability via decreasing the viscosity and reduction of
the inner friction during mixing, as well as to tailor deformability and hardness of the
vulcanized elastomer [1, 2]. In terms of quantitative proportion, a plasticizer is one of
the most important components for the production of elastomer compounds after
polymers and the fillers. A plasticizer improves in particular the low-temperature
performance and elasticity of vulcanized elastomers. In addition, there are several
requirements for plasticizers. They should be non-toxic, have a good compatibility
with the rubber polymers, not lead to discoloration of the material, preferably have
no interaction with the cross-linking chemicals (e.g. sulphur/accelerator or peroxide)
and must be non-volatile during vulcanization. Frequently used plasticizers include
mineral oils, synthetic esters, bio-based oils, and modified bio-based oils [3]. Mineral
oil is a water-insoluble liquid of higher alkanes. According to the composition, three
different types of mineral oil can be used as plasticizer: paraffinic oil, naphthenic oil,
and aromatic oil. The plant-based oils are considered as sustainable and natural oils,
for example, triglyceride ester of higher fatty acids [4–6]. There are some excellent
results for versatile elastomers obtained with natural or modified oils, especially with
epoxidized soybean oil [3], linseed oil [7], castor oil [1] or rice bran oil [8]. The most
common synthetic plasticizers are phthalates, esters, alkyl sulfonic ester of phenol,
and polymeric plasticizers [9]. However, the investigation of fracture mechanics
behaviour on plasticized polymer has rarely been investigated by the researchers. In
1978, Brown and Stevens [10] had worked on lightly plasticized polyvinyl chloride
(PVC) and performed impact-like and quasi-static tests to determine fracture tough-
ness Kc. Di-isooctyl phthalate (DOIP) plasticizer in various amounts up to 15 wt.%
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was homogenously mixed with PVC. It was found that the fracture toughness Kc

under impact loading was continuously deceased with increasing amount of plasti-
cizer, while Kc from a quasi-static fracture mechanics test showed an increasing
trend with a maximum at 10 wt.% DOIP. Further, the degree of slow (interpreted as
stable) crack growth was found to be dependent on the plasticizer amount. Bakar
et al. [11] investigated plasticized unsaturated polystyrene resin. Various amounts of
di-octyl phthalate (DOP) and tricresyl phosphate (TCP) plasticizer were used for
investigation. It was found that the impact resistance as well as Kc depend on the type
of plasticizer, but no reason for this was investigated. In 2014, Xie et al. [12]
investigated among others the impact strength of PVC/wood compounds with
plasticizers, also from renewable sources. Cardanol acetate (CA) and epoxy fatty
acid methyl ester (EFAME) had been used and parallel DOP as a reference. A higher
impact strength for the PVC/EFAME system was found. In [13], filler-reinforced
and plasticized EPDM vulcanizates were investigated by using quasi-static and an
impact-like fracture mechanics tests regarding their fracture behaviour. The plasti-
cizers were mineral oil-based products with a varying amount of the aromatic bound
carbon C/A. With increasing C/A, the resistance against initiation and propagation of
a slow, stable crack changed and also the resistance against unstable crack propa-
gation was influenced. However, no relation to the underlying chemical and physical
interactions and processes was made, as it often appears in published research works
on plasticized polymers. This, and the nearly completely lacking literature about
fracture behaviour of elastomers with plasticizers on the basis of renewable source
was motivation of this work.

Generally, low-molecular components of a rubber mixture like processing aids
and plasticizers are able to migrate in the volume or out of it. An externally driven
mechanical deformation of the material may influence this inner migration process.
During the fracture process, this means the growth of a crack, the maximal strain and
so the maximum stress concentration is around the crack tip. Thus, it is assumed that
low-molecular substances like the plasticizer influence especially this region. For
this reason, the type and concentration of plasticizers around the crack tip is expected
to have a significant influence on the final fracture behaviour. Further, the varied
loading conditions should have a crucial role influencing the fracture behaviour
compared to the type and amount of plasticizers. Thus, the aim of this work is to
investigate these factors. Aim of this contribution is to show the influence of
different renewable plasticizers on fracture behaviour. This is focussed in a first
step to the quasi-static and impact-like loading. The related experimental methods
are understood as a fast and informative supplement of expensive and time-
consuming cyclic fracture mechanics investigations were fatigue crack growth
curves da/dn vs. tearing energy T are obtained to characterize the fatigue crack
growth (FCG) [14]. Results of an earlier study [15] showed similar trends of the
fracture mechanics parameters from quasi-static, impact-like, and FCG tests for
carbon-black filled elastomers. Further, in [16], the threshold value of a fatigue
crack growth curve T0 was shown to be functionally related to the newly introduced
intrinsic cutting energy. Latter is determined by using a specially developed
equipment – the intrinsic strength tester – during a cutting test with a comparably
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low speed. This means, a correlation of certain fracture mechanics parameters
describing stable crack growth resistance can be expected, independent of the test
conditions quasi-static or cyclic. Therefore, in addition to the understanding of the
material-composition related crack processes themself and their influencing factors
in plasticized elastomers, the application of the quasi-static and impact-like fracture
mechanics tests could be helpful in material optimization studies in the sense of fast
screening methods.

2 Determination of the Fracture Mechanics Parameters

Quasi-static fracture mechanics tests can be performed with the aim of recording
crack resistance curves (R-curves) as the basis for the quantitative characterization of
the materials’ resistance against the initiation and propagation of a stable crack. In
contrast to an unstable crack, a stable crack is growing under energy consumption
and is characterized by a comparably low speed. When the external mechanical
loading is stopped and no further deformation energy is transferred to the volume, a
stable crack shows no further growth, as it is also the case for fatigue cracks in the
linear range of a fatigue crack growth curve (Paris–Erdogan plot).

For the experimental determination of the resistance against stable crack initiation
and propagation under quasi-static loading, two test procedures are possible: a
single-specimen method and the multiple-specimen technique. These techniques
were described in detail in [15, 17–21]. Result of these tests are crack resistance
curves (R-curves). A schematic crack resistance curve from a single-specimen test is
shown in Fig. 1.

The main fracture mechanics parameters as output from this test are indicated:
crack initiation value Ji as the first data point of the R-curve and the crack propaga-
tion value TJ

* as the slope of the R-curve at a defined crack-opening value. The point

J 

Crack opening lR

Crack initiation value Ji

Crack propagation value T *
J

Fig. 1 Schematic
representation of an R-curve
from the quasi-static fracture
mechanics test and an
increasingly loaded
specimen during a fracture
mechanics test [17]
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of crack initiation is determined by the observation of the notch tip by an optical
system or by eye. It is defined as the point where a new crack surface is visible over
the whole thickness of the specimen. In the upper part of Fig. 1, a sequence of
photographs of the deformed specimen (view into the open notch) is shown. The left
picture shows the state before crack initiation, the further pictures the increasing
crack opening after crack initiation. Additionally, the definition of the crack-opening
value lR is shown.

The advantage of the single-specimen method is the comparatively low time- and
material consumption. For the R-curve tests with application of the single-specimen
method, single edge notched tension (SENT) specimens with length L ¼ 100 mm,
width W ¼ 25 mm, and thickness B ¼ 6 mm and a ratio between initial crack length
a to width W of at least 0.2 should be preferred to get an appropriate stress state
around the crack tip [20]. Earlier investigations [20] showed further that specimens
with a minimum thickness of 6 mm should be used for such tests to exclude or at
least to reduce a plane-stress state within the specimens. Also the initial gauge length
l0 and the initial notch depth a0 influence the test results [20]. The smaller l0 and the
larger a0 the lower the elastic deformation energy that is consumed by the specimen.
As a consequence, the stress concentration at the crack tip is more pronounced and
leads to an accelerated stable fracture process.

For such quasi-static fracture mechanics tests, generally, a universal testing
machine is used, where the SENT specimens are loaded with a monotonically
increasing load in tension leading to crack-opening mode I. The optimal test speed
is between 10 mm/min and 50 mm/min. Own experiments showed that if the test
speed is higher, the process of stable crack growth can be so fast/short that only a few
single data pairs of J and the crack-opening value lR can be obtained without a high-
speed camera. J values are to be calculated according to [22]:

J ¼ ηU
B W � að Þ ð1Þ

with η – geometry function, U – deformation energy up to individually defined
times/deformations, B – specimen thickness, W – specimen width, and a – initial
crack length (¼ notch depth).

At least, 6–10 single J–lR values are necessary to display the crack resistance
curve.

The notches are produced by a combination of cutting (during specimen prepa-
ration) and manual sharpening by using a thin metal blade (thickness 0.13 mm) to
ensure a possibly small notch radius. For latter, the specimen is clamped and slowly
loaded until a low stress and a certain opening of the pre-notch is reached. Then at
the tip of the pre-notch, the metal blade notch is introduced manually. After this, the
notch tip is prepared with TiO2 powder to get a good contrast between notch (grey)
new crack surface (black) and so enable the observation of the crack initiation and
growth (see Fig. 1). After completion of the preparation, the test is then started at the
set test speed. After the crack initiation, the distance between the edges of the
original notch tip becomes larger with increasing deformation of the specimen as
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the picture sequence in Fig. 1 is illustrating. This distance between the original notch
edged was defined as crack opening lR [23]. The size of it increases mainly due to
elastic deformation of the material around the crack tip. From the results of multiple-
specimen tests [24], it could be shown that the actual crack propagation Δa is much
smaller than the crack opening lR. However, for selected materials, a linear correla-
tion between Δa and lR was found [24], so that lR is used as the damage parameter of
the crack resistance curve instead of Δa.

The R-curves are analysed finally. To get a quantitative measure of the materials’
resistance against stable crack propagation, the slope of the crack resistance curve
TJ

* is determined. Having a non-linear function of the R-curve, it is useful to
calculate the slope of it at smaller sizes of crack opening.

A second fracture mechanics test was applied in this study, the instrumented-
tensile impact test. It was described in earlier publications, e.g. [19, 24] in detail and
the test configuration is shown in Fig. 2.

The test is performed by using an instrumented pendulum device which allows to
record load vs. time (F–t) signal during deformation of the specimen. In principle,
the specimens are double-sided notched rectangular strips (DENT specimens). The
size of the DENT specimens is length 64 mm � width 10 mm � plate thickness
(preferably 2 mm). The pendulum hammer maximum energy was 7.5 J and a falling
angle of 150� was realized, corresponding to a loading speed of 3.7 m/s. For each
material, 10 single specimens were tested and the load–deformation (F–l ) diagrams
(calculated on the basis of the F–t diagrams) are analysed. From the analysis,
measured values Fmax and lmax can be determined and J values are calculated
according to Eq. (1) with U is the energy up to Fmax and the geometry function η
is as follows [22]:

η ¼ �0:06þ 5:99
a
W

� �
� 7:42

a
W

� �2
þ 3:29

a
W

� �3
ð2Þ

These J values are named Jd, where d means dynamic and refers to the impact-
like loading during the test. Jd is interpreted as a measure of the materials’ resistance
against unstable crack propagation.

Fig. 2 Test configuration at the instrumented tensile-impact test: photograph of the clamping unit
as well as sketch of the test set-up and specimen loading
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3 Materials

The results presented in this contribution summarize data from different series of
materials. Principally, two basic compositions were realized. Basic composition
1 was selected as follows: 115 phr polymer, 50 phr carbon black N234, 15 phr
plasticizer (type variable), 3 phr zinc oxide, 1 phr stearin acid, 1.7 phr sulphur, and
3.65 phr CBS (N-Cyclohexyl-2-benzothiazyl-sulfenamid). The second basic com-
position for SBR, NBR, and SBR/BR vulcanizates was following: 100 phr polymer
(in case of SBR/BR, blend ratio was 80/20), 40 phr carbon black N234, 0 to 37.5 phr
plasticizer (type and amount variable), 3 phr zinc oxide, 1 phr stearin acid, 1,5 phr
6PPD, 1.7 phr sulphur, and 1.05 phr CBS.

The used polymers were NBR Perbunan®3445F from Lanxess Deutschland
GmbH, Germany), S-SBR Sprintan™ SLR-4602 (clear grade, Trinseo Deutschland
GmbH, Schkopau, Germany), and BR Buna™cis 132 (Trinseo Deutschland GmbH,
Schkopau, Germany). For a comparison with the clear grade-S-SBR mixture with
TDAE, one single SBR mixture (named S-25 T) was prepared by using S-SBR
Sprintan™SLR-4630 (Trinseo Deutschland GmbH, Schkopau, Germany), which is
extended with 37.5 phr TDAE. The composition of this mixture was the basic
composition 2, but no additional plasticizer was added.

For all of the materials, as reinforcing filler, carbon black of the type Corax®N234
(Orion Engineered Carbons) was added. Main focus of the investiagations was the
effect of different plasticizers:

– Treated distillate aromatic extract (TDAE) Vivatec 500 from H&R Hamburg,
Germany,

– bio-oils 1 to 3 from Pilot Pflanzenöltechnologie Magdeburg e. V., Magdeburg,
Germany,

– bio-oils 4 to 6 from Glaconchemie GmbH, Merseburg, Germany) (Table 1).

Zinc oxide, stearic acid, sulphur, and the accelerator CBS were from Roth
Deutschland GmbH, Germany and the antioxidant 6PPD were supplied from
Avokal® GmbH, Wuppertal, Germany.

The rubber compounds were prepared in a single-stage mixing process using a
laboratory internal mixer Haake 300p (Thermo Haake GmbH, Germany) with
adequate conditions for each recipe. Rotor speed and fill factor were kept constant

Table 1 Overview of the used plasticizers

Short name Origin/modification Abbreviation

Bio-oil 1 Epoxidized rapeseed oil RE

Bio-oil 2 Epoxidized rapeseed oil methyl ester ROME

Bio-oil 3 Epoxidized rapeseed oil propyl ester ROPE

Bio-oil 4 Epoxidized canola oil ECO

Bio-oil 5 Epoxidized rapeseed oil ERO

Bio-oil 6 Epoxidized ester of glycerol formal from canola oil EECO

TDAE Mineral oil TDAE
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at 50 rpm and 0.70, respectively. After a mixing time of 10 min, the mixture was
homogenized on a laboratory mill. For each mixture, vulcanization behaviour was
characterized to determine the required vulcanization time t90.

4 Dependence of the Material Properties on Plasticizer
Type and Amount

4.1 Influence of Plasticizers on Mechanical and Physical
Properties

It is known that the mechanical and physical properties of the vulcanizates are
dependent on the type and the amount of plasticizer as well as the compatibility
between plasticizer and rubber. Following, selected results of basic tests like tensile
test (acc. to ISO 37), tear test (acc. to ISO 34-1), and hardness testing (acc. to DIN
ISO 7619-1). As can be seen in Table 2, compared to the non-plasticized material,
15 phr of a TDAE in a carbon-black reinforced SBR vulcanizate lead to a reduction
of the stress values σ100 and σ200 at 100% and 200% strain, while tensile strength
σmax is constant. At the same time, an increase in strain at break εR and a decrease in
hardness can be observed. However, if bio-plasticizers based on rapeseed oil are
mixed in, a slight decrease in stress values at 100% and 200% as well as tensile
strength can be observed. In principle, the addition of plasticizers reduces the
hardness. It can also be observed in Table 2 that the Shore A hardness of the
vulcanizates containing bio-oils have the lowest hardness, whereby it does not
matter which bio-oil is involved. But the characteristic values are on the same
level. The reason for the difference between TDAE and bio-plasticizers is the
different interaction behaviour between polymer and plasticizer molecules.

As another example, the tear resistance of an SBR/BR blend is discussed. Figure 3
shows the relationship between tear resistance Ts and the proportion of different
plasticizers in a carbon-black reinforced SBR/BR blend. The tear resistance as a
practically important material property can be influenced by the plasticizer more
pronounced and in different ways. If TDAE or the epoxidized linseed oil (bio-oil 5)
is mixed into the rubber blend, a slight reduction in tear resistance can be observed

Table 2 Summary of selected characteristic values from the tensile test and Shore A hardness
values for carbon-black reinforced S-SBR compounds with 15 phr of different plasticizers (basic
composition 1)

σ100 (MPa) σ200 (MPa) σmax (MPa) εR (%) Shore A (�)

Un-plasticized 4.37 � 0.08 12.0 � 0.28 17.7 � 0.76 263 � 10.5 71.9 � 0.2

TDAE 2.58 � 0.07 7.07 � 0.21 17.5 � 0.42 362 � 11.5 65.0 � 0.1

Bio-oil 1 (RE) 2.24 � 0.03 5.84 � 0.10 14.6 � 1.94 373 � 38.6 60.0 � 0.1

Bio-oil 2 (ROME) 2.02 � 0.02 5.30 � 0.06 16.3 � 0.38 425 � 8.48 58.8 � 0.1

Bio-oil 3 (ROPE) 2.11 � 0.04 5.59 � 0.10 16.8 � 0.55 412 � 8.16 59.5 � 0.1
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with an increase in the proportion of plasticizer. On the other hand, 12.5 phr rape
seed oil epoxy (bio-oil 1) and epoxidized rape seed oil propyl ester (bio-oil 2) cause a
maximum resistance to tear propagation and then reach the lowest value of all of the
results at 37.5 phr.

In a multiphase blend system, plasticizers may have different solubilities in the
different blend phases, which means that there could be different plasticizer con-
centrations in the phases. This state exists until a state of equilibrium is reached,
which is present when the same chemical potential between the phases exists [22].

By the determination of the difference in solubility parameters of polymer and
plasticizer and/or in surface tension, the general compatibility between polymer and
plasticizer can be estimated. If there is a large difference in the surface tension values
between rubber and plasticizer, there are also different chemical potentials between
the phases. This difference is the driving force behind the migration of a plasticizer
across the interfaces in a polymer blend system from one phase to another. The speed
of migration is a function of polarity and glass-transition temperature [2]. However,
the temperature also plays a major role in the migration process, because a higher
temperature is associated with an increase in chain mobility. In Fig. 4, the mass loss
behaviour of carbon-black reinforced SBR vulcanizates with 37.5 phr of two
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different plasticizers during time is shown. The samples were stored at room
temperature and a higher temperature of 60�C. It can be seen that there is a certain
mass loss, especially at the higher temperature, which is more pronounced for the
bio-oil. Therefore, it can be expected that the bio-oil 4 basing on epoxidized canola
oil migrates much easier out of the sample compared to TDAE. The related contact-
angle measurements (not reported here) showed that the difference between the
surface tension values of SBR|TDAE is 7.29 mN/m and between SBR|Bio-oil 4 it is
much higher with 16.82 mN/m. A lower value means better compatibility between
SBR and the plasticizer. Thus, a correlation between the difference in the surface
tension values and the mass loss/migration is given. From the literature [25, 26], it is
known that a poor compatibility between rubber and plasticizer leads to blooming
effects and to changes in mechanical properties of the plasticized material. For this
reason, loss in plasticizer with time should be avoided.

4.2 Influence of Plasticisers on the Fracture Behaviour

The influence of bio-based plasticizers on the materials’ resistance against the
initiation and propagation of a stable crack is discussed in this section. In Fig. 5,
crack resistance curves (R-curves) are shown for filler-reinforced, plasticized SBR
and NBR elastomers with two different amounts of the plasticizers. Generally, in
Fig. 5, it can be seen that the type and the amount of plasticizer influence length, and
slope of the R-curves as well as the maximum J values of the SBR and NBR
vulcanizates. Because the result of the non-plasticized SBR is almost similar to
previous results [14], it could be stated that the plasticizer influences the crack
propagation in a positive way. This means, the level of J values of the plasticized
materials is higher and also the crack opening. Different stable crack propagation
behaviour of the SBR and NBR vulcanizates can be observed when the various
plasticizers are used. An important reason for this are differences in polarities, as
discussed above in Sect. 4.1. Due to the different polarities of SBR and NBR, not the
same interaction with the used plasticizers is expected. However, depending on the
plasticizer content, not the same ranking of the R-curves is given for SBR and NBR
materials. This means, there must be a further factor, influencing the crack propa-
gation. Here, the idea of an inner migration process due to the high strain and stress
in front of the crack and resulting from this different friction conditions at the
molecular scale may deliver one additional explanation. Therefore, future investi-
gations should proof this inner migration process and its dependence on the stress
and strain.

Concerning SBRmaterials with 12.5 phr plasticizers (Fig. 5a), SBR/EECO shows
a higher efficiency in improving the resistance to stable crack propagation compared
to the conventional plasticizer TDAE. When the plasticizer amount is enhanced to
37.5 phr, the form of R-curves of SBR/EECO and SBR/TDAE is similar, but
SBR/EECO has larger crack opening (see Fig. 5b). Interestingly, the stable crack
propagation behaviour of the SBR vulcanizate with 37.5 phr TDAE (mixed in) is
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different to that of the SBR material S-25T, basing on an oil-extended SBR. Here, no
additional plasticizer was added during mixing, but the amount of TDAE is compa-
rable to the compound marked in red in Fig. 5a, b. S-25T vulcanizate shows highest
J values. For mechanical properties (here not shown), this difference is not as
pronounced. It seems that the conditions for an energy dissipation at the molecular
level in S-25T are different compared to the vulcanizate with TDAE mixed in. As a
consequence, the crack resistance of S-25T is higher. Also here the inner migration
in the area around the crack tip can be a reason for the difference. For material S-25T
it is expected that plasticizer migration is lower due to the incorporation of the
plasticizer into the polymer chain.

For the NBR materials with low plasticizer content (see Fig. 5c), the crack
propagation is not as different. However, with 37.5 phr (Fig. 5d), there are strong
differences between ROPE, ROME, TDAE, and ERO regarding the J value level.
One reason for the large crack-opening values is a higher deformability of the
material, as discussed above. Therefore, a much higher elastic deformation is
possible/necessary to reach a critical value in front of the crack tip. Again, the idea
of the inner migration is pointed out as one possible reason for the different crack
propagation. However, also the stiffness of the materials may contribute to the
increase in crack resistance. If the stable crack propagation is controlled mainly by
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the deformation, a decreased stiffness combined with a higher deformability would
lead to a higher crack resistance.

In Fig. 6, the crack initiation values Ji and the crack propagation values of the
investigated SBR and NBR materials are shown. For both polymers, the influence of
the plasticizer type is much more pronounced for the crack propagation value.
Further, the different plasticizers lead to different levels in crack resistance TJ* for
both series. As discussed above, one reason lies in the different polarities of the
polymers leading to different interaction between polymer and plasticizer.

For practical application, the crack resistance of a material should be high enough
to prevent or to slow down crack propagation. As can be seen in Fig. 6a, SBR
vulcanizates have a generally higher crack propagation resistance TJ* compared with
NBR. However, NBR is generally known as material with a low tear and cut
resistance and so it was to expect that it has a lower crack propagation resistance
compared to the SBR vulcanizates. In contrast to the crack propagation, the crack
initiation is higher for the non-plasticized NBR material compared to the SBR
vulcanizate. However, while the crack initiation value of the SBR vulcanizates is
relatively less influenced by the type of the plasticizer and the plasticizer content, in
NBR this quantity is strongly reduced with plasticizer addition (Fig. 6b).

Noticeably, the SBR vulcanizate with 12.5 phr EECO shows a very pronounced
maximum of the crack resistance value TJ* and a much higher value compared to the
vulcanizate with TDAE (see Fig. 6a). EECO is a product having a comparatively low
polar percentage [26]. The higher proportion of oleic acid [27] in the fatty acid chain
of the chemical structure of EECO is one possible reason of the high level of the
crack resistance and also of other mechanical properties (not shown here).

Concerning the stable crack propagation behaviour of NBR (see Fig. 6b), the
bio-based plasticizers, especially ERO show excellent efficiency compared to the
mineral oil-based TDAE. According to [28], the bio-based plasticizer contains OH
groups that are most compatible with polar polymers like NBR. A previous study
[29] had claimed that during the vulcanization of elastomeric materials, the
bio-plasticizer could be co-vulcanized to the elastomer matrix, and the plasticizers
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may consume sulphur. In this case, the crosslink density would be reduced. This may
explain also, e.g. a higher deformability. Future investigations will focus on this
aspect.

Beside the quasi-static fracture mechanics investigation, also the fracture behav-
iour under impact-like conditions was characterized. In Fig. 7, the resistance of the
materials against unstable crack propagation (Jd values, see Sect. 2) is shown for
carbon-black filled SBR and NBR vulcanizates with different plasticizers.

As before, plasticizer content and plasticizer types were varied. The Jd value of
non-plasticized carbon-black filled SBR is similar to previously reported results
[19]. For all SBR–plasticizer combinations, the resistance against the initiation and
propagation of an unstable crack becomes higher or remains constant with a plasti-
cizer content of 12.5 phr (Fig. 7a). The further increase in plasticizer content leads to
relatively strong decrease in Jd, with exception of EECO. This vulcanizate shows a
continuously increasing crack toughness. This is in contrast to the results of the
quasi-static fracture mechanics test (see Fig. 6a) and can be related to the viscoelas-
ticity. Furthermore, it is concluded that EECO leads to a much higher Jd of SBR
vulcanizates than TDAE and again this shows the replacement potential of this
bio-based plasticizer. The reason of the high level of crack resistance of the EECO
material is still not clear. Further investigations should clarify this. Figure 7b shows
the Jd values for the NBR vulcanizates in dependence on the plasticizer content and
plasticizer type. The polymer type has a more significant influence on the unstable
crack propagation behaviour of the compounds whenever plasticizers were the same.
It appears that the addition of plasticizers increased Jd, although, at a high concen-
tration of plasticizers, Jd decreased except for ERO. The percolating arrangement of
fillers seen at the length scale of micro-dispersion, especially at a high level of filler
loading, is called filler network. It is assumed that the filler dispersion and the
arrangement of the filler network [30, 31] are influenced by EECO and ERO and
make the carbon black more compatible with the polymer matrix.
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5 Conclusion

This contribution deals with the mechanical and fracture mechanical behaviour of
elastomeric materials containing different plasticizers from renewable sources. One
aim of the investigations was to find alternatives for mineral oil-based plasticizers
which are used in many technical applications. Their aromatic components may give
reason for health problems when the plasticizer migrates out or comes into environ-
ment from volume loss, e.g. of tire treads. Therefore, there is a certain need to replace
these components without loss in product quality. From the results, a certain
potential of renewable plasticizers (bio-oils) as alternatives for conventional mineral
oil-based products could be seen. For some combinations of polymer and plasticizer,
the materials’ resistance against crack initiation and propagation could be increased,
compared to the reference. The efficiency of a plasticizer in the vulcanizates is
dominated by several criteria, e.g. the polarity between polymer and plasticizer,
degree of migration during vulcanization, the molecular structure, amount of the
plasticizer and probably the inner plasticizer migration in the area of the fracture
process zone during crack propagation leading to changed conditions at the molec-
ular scale. For the full understanding of these interactions between polymer and
plasticizer in the fracture process zone during deformation and stable crack propa-
gation more investigations are required. The research will go on to get more insight
to these physical reactions in such plasticized and filler-reinforced elastomer sys-
tems. Beside this, also chemical reactions between the various components of the
material will be taken into account.
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Abstract Failure prediction of polymeric material and structures is an important
engineering task from experimental evaluation as well as from numerical simulation
point of view. To investigate the fracture behavior and the fatigue failure of
polymeric material, this work adopts two different numerical methodologies to
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study crack initiation and propagation when the material is subjected to monotonic
and cyclic fatigue loading. As a smeared crack approximation, the phase-field model
does not depend on any explicit criterion to evolve cracks but yields good agreement
compared to experimental validations. Another phenomenological approach to char-
acterize crack growth based on a discrete approximation is the material force or
configurational force approach, which largely depends on post-processing tech-
niques. Both of them are developed according to the classical GRIFFITH criterion
for brittle fracture. Nevertheless, regarding fatigue fracture phenomena, a fatigue
induced degrading fracture toughness is assumed to evolve cracks, which basically
captures the fatigue failure characteristics. This work implements these two meth-
odologies, the phase-field approach and the material force method, into the Finite
Element framework and simulates several demonstrative numerical examples, yield-
ing good agreement by comparing to each other as well as to experimental results.
Consequently, potential perspectives are proposed to close this paper.

Keywords Fatigue failure · Fracture · Material force method · Polymeric material ·
Phase-field modeling

1 Introduction

As one of the common failure mechanisms, reliable prediction of fracture evolution
is of great importance and necessity for practical engineering applications. Espe-
cially, a number of polymers exhibit elastic nonlinearities according to experimental
observations, which increase the complexities of fracture evaluation compared to
classical linear elastic fracture mechanics [1–6]. According to a general understand-
ing of structural failure, either microscopic detachment of atomic or molecular bonds
and chemical chains, or macroscopic separation of material components, can lead to
loss of structural integrity. In particular, numerous studies have classified two main
phases of fracture in polymers, which are based on crack initiation [7–11] and crack
propagation [12]. For several representative numerical models for rubber fracture, a
path independent J-integral [13] can be combined with the finite element method
[14, 15], which is additionally extended to rate-dependent fracture evolution in
viscoelastic solids [16–18]. Addressing the numerical approximation of crack prop-
agation, two basic classes of modelings are principally employed, namely smeared
and discrete approaches discussed subsequently.

As one of the representative smeared crack approximations, the recently devel-
oped phase-field method, has been demonstrated having the capabilities to capture
crack initiation, propagation as well as branching with complex characteristics. The
conceptual methodology of the phase-field method is initially introduced in [19, 20]
as a thermodynamical variational formulation, and is subsequently regularized in
[21–24] to simulate brittle fracture. Meanwhile, in order to obtain robust and reliable
fracture predictions and physical crack kinematics, several approaches are available,
referring to [25–28] to name a few. In the sequel, classical brittle phase-field
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modeling has been extended by incorporating several mechanical features, e.g. [29–
33] for rate-dependent fracture studies, [34–38] for ductile fracture simulations, and
[39–41] for anisotropic fracture analyses.

With respect to the concept of material forces or configurational forces, the
approach is characterized by a non-NEWTONIAN force acting on an inclusion within
an elastic homogeneous body. On the one hand, based on the theoretical studies of
classical fracture mechanics, the crack tip can be understood as an inclusion, where
the material force acting on is considered as the crack driving force. As a result, the
energy release rate and the crack propagation direction are determined by the norm
and the direction of the material force at the crack tip, respectively. On the other
hand, extending to numerical simulation by means of the Finite Element approach,
the crack can be approximated by a discrete representation. It is referred to [42–48]
to name only a few studies. Several subsequent developments model crack propa-
gation using the crack tip material force by employing a node splitting algorithm and
an r-adaptivity re-meshing strategy. Furthermore, this methodology requires a pre-
scribed initial notch to generate stress concentrations, which shows the limitation for
crack initiation in the bulk material.

The scope of the work at hand intends to study fracture evolution within poly-
meric material by both the discrete material force method and the smeared phase-
field approach. Previous work [49] has already documented these two methodolo-
gies by several demonstrative examples, which have been investigated with respect
to small strains in quasi-static and transient analyses. Considering fatigue failure, the
mechanism of cyclic loading induced fracture is presented in [50–52], which for-
mulates an internal function to degrade the fracture toughness (or critical energy
release rate) by an accumulative fatigue variable. As validated in [50–52], the
underlaying concept has been illustrated by various numerical examples, although
they only take the small strain problem into consideration. The present work is also
motivated by [50–52] to extend the fatigue fracture model to finite strains for
polymeric material by incorporating both the phase-field and the material force
approach.

The framework of this paper is outlined as follows. In Sect. 2, the fundamental
constitutive formulation of the used hyperelastic model is introduced along with a
derivation of the stress tensor and the consistent tangent. Sections 3 and 4 describe
the theoretical basis of the phase-field model and the material force approach and
their fatigue constitutive laws, respectively. In the sequel, several representative and
demonstrative numerical simulations are outlined in Sect. 5, and Sect. 6 summarizes
the findings and closes the contribution with potential perspectives.

2 Constitutive Models of Polymeric Material

2.1 Kinematics and HELMHOLTZ Energy Density Function

Before covering the constitutive material models, the fundamental kinematic rela-
tions need to be introduced. Within a continuous solidΩ0, the position vectors X and
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x represent the material point in the reference and the current configuration, respec-
tively. The motion during the deformation is denoted by φ, which is defined as
x ¼ φ X, tð Þ. The deformation gradient F ¼ ∇Xφ X, tð Þ is one of the basic quantities
for the kinematic description, where ∇X stands for the gradient operator with respect
to the reference configuration. To describe the distinct volumetric and isochoric
material behavior of e.g. polymeric materials, the deformation gradient F is further
decomposed into

F ¼ J
1
3 �F, ð1Þ

where �F describes the isochoric response, and the JACOBIAN is the determinant of the
deformation gradient, i.e. J ¼ det Fð Þ. Furthermore, the right and left CAUCHY-GREEN

tensors and their isochoric quantities are common strain measures for the elastic
response, which are defined as

C ¼ FT � F, b ¼ F � FT and �C ¼ �FT � �F, �b ¼ �F � �FT
, ð2Þ

respectively. Regarding the constitutive law, this work takes a simple NEO-HOOKEAN

model [53] into account to numerically represent polymeric material at finite strains
and the typical HELMHOLTZ strain energy density function with respect to the refer-
ence configuration reads

φ0 ¼ U Jð Þ þ φiso
�Cð Þ, ð3Þ

which consists of both the volumetric contribution U Jð Þ and isochoric contribution
φiso

�Cð Þ. As commonly used functional forms, they are defined as

U Jð Þ ¼ κ J � ln Jð Þ � 1ð Þ and φiso
�Cð Þ ¼ μ

2
Ī 1 � 3ð Þ ð4Þ

and governed by two model parameters κ and μ. The scalar quantity Ī 1 represents the
first invariant of �C or �b, i.e. Ī 1 ¼ tr �Cð Þ ¼ tr �b

� �
.

2.2 Material Stress and Consistent Tangent Tensors

Having the strain energy density function at hand, the constitutive relations can be
obtained by a straightforward derivation. The KIRCHHOFF stress tensor and the
consistent tangent tensor regarding the current configuration are obtained by

τvol ¼ p 1 and τiso ¼ μ �b� 1
3
Ī 1 1

� �
, ð5Þ

and
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vol ¼ ðpþ sÞ1� 1� 2p  and iso ¼ 2
3
ðμ Ī 1 � τiso � 1� 1� τisoÞ,

ð6Þ

respectively. The hydrostatic KIRCHHOFF stress quantity and its corresponding mod-
ulus are obtained based on the first and the second order partial derivative of the
volumetric energy density with respect to J, i.e. p ¼ J ∂J U Jð Þ and s ¼ J2 ∂2

JJ U Jð Þ,
respectively. With the definition of the KRONECKER delta δab, the two frequently used
fourth order tensors abcd ¼ 1

2 δacδbd þ δadδbcð Þ and abcd ¼ abcd � 1
3 δabδcd are given.

3 Fatigue Phase-Field Evolution

3.1 Phase-Field Topology

Within a continuous solid domain, the smeared approximation by the phase-field
approach to model a sharp crack is a continuous and diffusive profile, which is
illustrated in Fig. 1. The order parameter, namely the phase-field variable d(X, t), is a
scalar quantity to identify the material state, i.e. the sound state is expressed by d¼ 0
and the fully cracked material is represented by d¼ 1. Mathematically motivated by
a one-dimensional bar with an infinite length L 2 �1, þ1½ �, which is assumed to
be cracked at position X¼ 0, the closed form solution for a continuous phase-field
according to [23] is approximated by a simple exponential function

dðXÞ ¼ expð � jXj
l
Þ: ð7Þ

This solution is naturally bound by 0 < d� 1 from the mathematical point of view.
Another important quantity appearing in Eq. (7), the numerical length-scale param-
eter l, is employed to control the width of the transition zone between fractured and
sound state. Extending to a two- or three-dimensional framework, the second order
functional of the crack surface density, which is characterized by the unit mm�1, is
defined as

Fig. 1 Diffusive crack topology
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γl ¼ 1
2l

d2 þ l2j∇Xdj2
� �

, ð8Þ

where ∇X �ð Þ denotes the gradient operator with respect to the reference configura-
tion. Highlighted in [54], the realistic crack length Γ is approximately obtained by
the phase-field crack length Γl as long as l! 0, i.e.

Γ � lim
l!0

Γl ¼ lim
l!0

R
Ω0
γl dV , ð9Þ

which is known as the classical Γ-convergence condition for fracture. In addition to
Eq. (8) for the crack surface density function definition, other functional forms
[24, 55] are alternatively used in phase-field modeling as well. Furthermore, the
recent works [56, 57] have studied accuracy and reliability of phase-field modeling
regarding the length-scale parameter and mesh sensitivity. The paper at hand simply
chooses a conventional criterion according to [58] for finite strain problems,
i.e. he� l/2

3.2 Fatigue Induced Degradation of Fracture Toughness Gc

A number of experimental observations indicate that the instantaneous fracture
toughness Gc depends on several factors, e.g. the strain rate in [59, 60]. Another
example of rate-dependent fracture is found in polymeric materials [61], which
formulates the instantaneous Gc as a function of the crack propagation velocity.
The underlying mechanism is the different strength of the polymer chains compared
to the cross-links, i.e. Glinks

c < Gchain
c . Fast loading requires larger external energy to

break the material, since the failure mechanism is based on the chemical bonds of the
chains breaking due to lack of relaxation time. In contrast, for slow loading situa-
tions, the chain segments can be rearranged uniformly due to sufficient viscous
relaxation, and the external energy is distributed to the cross-links. As a result, a
lower level of external work is required to break the chemical bonds instead of the
chains. In addition to rate-dependent fracture toughness [29, 61], several other
approaches consider different influences on the fracture toughness, e.g. hardening
dependent Gc for ductile fracture [30], directional dependent Gc for anisotropic
fracture [38], and cyclic dependent Gc for fatigue fracture [50–52].

As an effective simplification, the rate-dependent fracture property of polymeric
material is not taken into account for fatigue failure modeling. Motivated by [50–
52], this work proposes a fatigue induced degradation of the fracture toughness
incorporated into the phase-field method and the material force approach. An
internal degradation function F multiplies the intrinsic G0

c to obtain the instanta-
neous Gc, i.e.
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Gc ¼ F αð Þ G0
c : ð10Þ

The degradation function F is defined as a functional of an internal quantity α,
which is the so-called accumulative fatigue variable and is non-negatively defined.
The work at hand describes this quantity as the accumulative strain energy only
considering loading processes, while the strain energy at unloading cases is not
included. From a mathematical point of view, the degradation function is character-
ized by the following properties:

0 � F � 1, F α � αcrð Þ ¼ 1 and ∂αF α 	 αcrð Þ � 0: ð11Þ

The first condition in Eq. (11) indicates the physical bounds, where the instantaneous
fracture toughness Gc in Eq. (10) cannot exceed G0

c and cannot unphysically be a
negative value. The second condition introduces the threshold αcr for the internal
variable α to trigger the degradation function F as long as αcr	 α, which numer-
ically ensures that the initial cycles do not degrade the fracture toughness. The
parameter αcr can be obtained by evaluating experimental investigations. The last
one prescribes a monotonic decrease of Gc when α	 αcr. These conditions in
Eq. (11) postulate a physical and reasonable conceptual understanding of the fatigue
fracture mechanism.

Several alternative functional forms can be chosen to construct the degradation
function F , see [51]. In this work, a general and simple form

=

⎧⎪⎪⎨
⎪⎪⎩

1 α, ≤ αcr,

1−ζ
χ2

(
α − αcr − χ

)2
+ ζ, αcr ≤ α ≤ χ + αcr,

ζ, χ + αcr ≤ α,

ð12Þ

is employed, see Fig. 2. Specifically, χ and ζ are two key parameters to govern the
quadratic degradation profile of F . The constant χ is positively defined and the
parameter ζ is characterized as the lower bound of F , which is restricted as
0� ζ� 1. Nevertheless, in order to have an effective decrease of F , the parameter
ζ in this work is set to be an infinitesimal value 0 < ζ
 1. An important reason for
this mathematical property is to enhance the numerical stability of the simulation.
Moreover, this algorithmic setup does not show differences compared to the solu-
tions by setting ζ¼ 0, since fracture will be fully evolved when the fracture

Fig. 2 Profile of fatigue
induced degradation
function F
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toughness Gc is degraded to a certain level, which is far from 0. It is noteworthy to
mention that, due to the non-linearity of F , the differentiation of F with respect to
the internal variable α does not generally exist, except for the special case of αcr¼ 0.
Therefore, the aforementioned ∂αF < 0 in Eq. (11) is described based on the setup
of αcr > 0, since ∂αF ¼ 0 is obviously when αcr� 0.

A number of alternatives can be employed to define the accumulative fatigue
quantity α. A former assumption in [50] regarding a simple one-dimensional prob-
lem considers an accumulative strain induced fatigue degradation, which presents a
simple and straightforward algorithmic setup. Nevertheless, the extension to a multi-
dimensional problem yields mesh-dependent results due to the singularity of local
strain measurement particularly at the crack tip. To overcome this numerical issue,
the accumulated strain energy definition

α ¼ R tnþ1

0 g dð Þℌ _φþ
0

� �
_φþ
0

�� �� dt ð13Þ

is introduced with the help of the HEAVISIDE operator ℌ to trigger time integration
only at monotonic loading state, i.e. ℌ _φþ

0 	 0
� � ¼ 1 and ℌ _φþ

0 < 0
� � ¼ 0 . It is

notable that the positive energy term φþ
0 is known as the phase-field driving force,

which is determined depending upon the energy split mechanism for the phase-field
evolution. The algorithmic setup of the volumetric-deviatoric split together with the
phase-field degradation function g dð Þ are discussed in Sect. 3.3 in detail. Outlined in
[51], this definition characterizes the fatigue feature independent of the mean load of
a cycle. Furthermore, a numerical approach to obtain the time integration of α in
Eq. (13) significantly reduces the complexity, which is approximated as

αtnþ1 ¼ αtn þ
R tnþ1

tn
g dð Þℌ _φþ

0

� �
_φþ
0

�� �� dt � αtn þ Δt½g dð Þℌ _φþ
0

� �
_φþ
0

�� ���
tnþ1

: ð14Þ

The time increment is given as Δt¼ tn+1� tn. The energy rate is further expanded as

_φþ
0 ¼ ∂φþ

0

∂b
: _b ¼ ∂φþ

0

∂b
: l � bþ b � lT� �

¼ 2
∂φþ

0

∂b
� b

� �
: l ¼ τþ0 : l,

ð15Þ

where the spatial velocity gradient is l ¼ _F � F�1. In the sequel, as a straightforward
expansion, the stepwise increment of the spatial velocity gradient is approximately
Δl ¼ Δt _F � F�1 ¼ ΔF � F�1, leading to the stepwise energy increment as Δφþ

0 ¼
τþ0 : Δl: As a result, the internal variable α in Eq. (14) is updated as

αtnþ1 � αtn þ g dð Þℌ Δφþ
0

� �
Δφþ

0

�� ��: ð16Þ
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3.3 Governing Equations of the Coupled Problem

The constitutive law for the fatigue phase-field evolution is obtained based upon the
energy balance. The total internal energy density consists of the strain energy density
to drive and not drive the phase-field evolution, e.g. φþ

0 and φ�
0 , as well as the

fracture energy density φΓ within an isotropic solid domain Ω0, reading

Q ¼ RΩ0
ðg dð Þφþ

0 þ φ�
0 Þ dV þ RΩ0

φΓ dV , ð17Þ

where the function g dð Þ in Eq. (17) prescribes the degradation of the elastic strain
energy to evolve the phase-field. Slightly different from the function F , the phase-
field degradation function g dð Þ is characterized by the following properties:

g 0ð Þ ¼ 1, g 1ð Þ ¼ 0, ∂d g dð Þ � 0 and ∂d g 1ð Þ ¼ 0: ð18Þ

The first two conditions in Eq. (18) prescribe the mathematical limits of the sound
and broken states, respectively. The two other conditions describe a monotonic
degradation during the fracture evolution procedure. Particularly, at a fully broken
state, ∂d g 1ð Þ ¼ 0 circumvents the elastic driving force in Eq. (17). An early
proposal in [21] gives a quadratic function g dð Þ ¼ 1� dð Þ2 , which satisfies all
properties in Eq. (18). In the sequel, several other alternatives are studied in
[27, 62, 63] as well.

A classical volumetric-deviatoric split regarding the strain energy degradation
according to AMOR et al. [25] is applied in this work, which decomposes the total
strain energy into positive and negative parts to identify a proper driving force for the
phase-field evolution. By using the HEAVISIDE operator ℌ again, the positive and
negative energy densities are defined as

φþ
0 ¼ ℌ J � 1ð ÞU Jð Þ þ φiso and φ�

0 ¼ ð1� ℌ J � 1ð ÞÞU Jð Þ, ð19Þ

to distinguish the volume compression or expansion state, respectively. In addition
to the volumetric-deviatoric split algorithm, several other alternatives are also
available, see [26–28] to name only a few.

According to [51], the accumulative fracture energy density for fatigue phase-
field modeling is defined as

φΓ ¼ R tnþ1

0 F αð Þ G0
c

∂γl
∂d

_d þ ∂γl
∂∇Xd

∇X
_d

� �
dt: ð20Þ

Thus, the rate of the fracture energy density yields
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_φΓ ¼ F αð Þ G0
c

∂γl
∂d

_d þ ∂γl
∂∇Xd

∇X
_d

� �
: ð21Þ

In the sequel, the balance of energy fundamentally exists

DK
D t

þ P int ¼ P ext , ð22Þ

where the kinetic energy and the external power quantities are defined by

K ¼ RΩ0
1
2
ρ0 _U � _U dV and P ext ¼

Z
Ω0
B � _U dV þ

Z
∂Ω0

T � _U dA, ð23Þ

respectively. The derivative with respect to time is denoted by D(�)/D t in Eq. (22).
The material density, velocity, body force, and surface traction quantities are
expressed by ρ0, _U(¼D U/D t),B and Twith respect to the reference configuration,
respectively. The internal power P int in Eq. (22) is obtained as

P int ¼ DQ
Dt

¼
Z

Ω0
f g dð Þ∂F φþ

0 þ ∂F φ�
0

� �
: _Fþ ∂d g dð Þφþ

0
_d þ _φΓgdV

¼
Z

Ω0
f g dð ÞPþ þ P�ð Þ : _Fþ ∂d g dð Þφþ

0
_d þ F αð Þ G0

c
∂γl
∂d

_d þ ∂γl
∂∇Xd

∇X _d

� �gdV

¼
Z

∂Ω0
fN � ðg dð ÞPþ þ P�Þg � _U dA�

Z
Ω0
f∇X � ðg dð ÞPþ þ P�Þg

� _U dV þ
Z

∂Ω0
fG0

c F αð Þ ∂γl
∂∇Xd

�Ng _ddAþ
Z

Ω0
f∂d g dð Þφþ

0

þ F αð Þ G0
c

∂γl
∂d

�∇X
∂γl

∂∇Xd

� �� �
� G0

c ∇XF αð Þ � ∂γl
∂∇Xd

g _ddV ,

ð24Þ

where the quantities P� ¼ ∂F φ�
0 are known as the first PIOLA–KIRCHHOFF stress

tensors andN represents the normal vector outward the solid surface. The divergence
operator with respect to the reference configuration is denoted by ∇X � �ð Þ . By
inserting Eqs. (23) and (24) into Eq. (22), the governing equations for the coupled
phase-field problem are obtained as

ρ0 €U �∇X � ðg dð ÞPþ þ P�Þ �B ¼ 0 in Ω0 and N � ðg dð ÞPþ þ P�Þ
¼ T at ∂Ω0 ð25Þ

and
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∂d g dð Þφþ
0 þ F αð ÞG

0
c

l
d � l2 ΔXd
� �� G0

c l ∇XF αð Þ �∇Xd ¼ 0 in Ω0,

F αð Þ ∇Xd �N ¼ 0 at ∂Ω0,

ð26Þ

with respect to the elastic response and the phase-field evolution, respectively, where
the LAPLACIAN operator is denoted byΔX �ð Þ. Certainly, the governing equation of the
elastic response can also be written regarding the current configuration alternatively
as

ρ€u�∇x � ðg dð Þ τþ þ τ�Þ � b ¼ 0 in Ω and n � ðg dð Þ τþ þ τ�Þ ¼ t at ∂Ω:

ð27Þ

The symbols∇x � �ð Þ, €u, n, b, and t are accordingly updated to describe the operation
in the current configuration.

Furthermore, in order to avoid numerical healing during phase-field evolution,
another history variable is employed to define the phase-field driving force according
to [26], rewriting Eq. (26) as

∂d g dð ÞH þF αð ÞG
0
c

l
d � l2 ΔXd
� �� G0

c l ∇XF αð Þ �∇Xd ¼ 0,

where H ¼ Max
τ�tnþ1

φþ
0 F, τð Þ

ð28Þ

is defined. Thus, a monotonically increasing phase-field is numerically achieved,
leading to irreversible damage in the material. In the contribution at hand, this
regularization is employed for the fatigue phase-field approach. Additionally, appro-
priate DIRICHLET boundary conditions for the phase-field degree of freedom can also
be re-defined as soon as the material is assumed to be cracked, i.e. d	 0.9999. Thus,
the driving force does not depend on the history variable H and is calculated
promptly at current step φþ

0,tnþ1
. For the detailed algorithmic setup, it is referred

to [64].

4 Fatigue Failure by the Material Force Method

4.1 Fundamentals of the Material Forces Approach

Material forces or configurational forces are non-NEWTONIAN forces acting on a flaw
within a body such as a crack tip or an inclusion. The movement of an inclusion
within an elastic homogeneous body is studied by ESHELBY’s thought experiment
[65]. The energy variation due to a movement δX of the inclusion is defined as
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δΦ ¼ Fmat � δX, ð29Þ

where Fmat is the material force acting on the inclusion. The material force is
computed by carrying out a surface integral around the inclusion

Fmat ¼ R ∂Ω0Σ � �N dA and Σ ¼ φ I � FT � P, ð30Þ

where �N represents the normal vector outward the surface ∂Ω0 surrounding the
inclusion. The ESHELBY stress tensor and the first PIOLA–KIRCHHOFF stress tensor are
denoted by Σ and P, respectively. The term φ is the free strain energy. In the fracture
mechanics context, the direction of the material force vector acting on the crack tip
and its direction are used to determine the crack propagation direction and the energy
release rate, respectively.

The local balance of linear momentum for a quasi-static case is defined as

∇X � PþB ¼ 0, ð31Þ

where B are body forces. A covariant pull-back operation by multiplying Eq. (31)
by FT from the left yields

FT � ∇X � Pð Þ þ FT �B ¼ 0: ð32Þ

Applying the product rule to Eq. (32) leads to

P : ∇X F ¼ ∇X � FT � P� �� FT � ∇X � Pð Þ: ð33Þ

The gradient of the free energy φ is expressed by

∇XφðF,XÞ ¼ ∂φ
∂F

:
∂F
∂X

þ ∂φ
∂X
j
exp

: ð34Þ

The quantity ∂φ
∂X jexp is the explicit derivative of the strain energy density function

with respect to the position X, which vanishes in case of a homogeneous body.
Substituting Eq. (33) in Eq. (34) results in

∇X � ðφ IÞ ¼ ∇X � ðFT � PÞ þ FT �Bþ ∂φ
∂X
j
exp

: ð35Þ

Due to the relation ∇X φ¼∇X � (φ I), the strong form of balance of energy momen-
tum is written
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∇X � Σþ B ¼ 0 and B ¼ �FT �B� ∂φ
∂X
j
exp

, ð36Þ

where B is the configurational volume force. Multiplying Eq. (36) by an arbitrary test
function η according to the GALERKIN method and performing integration by parts
yields

R
∂Ω0 Σ � �Nð Þ � η dA� RΩ0ðΣ : ∇X ηþ B � ηÞ dV ¼ 0: ð37Þ

Performing a direct GALERKIN discretization over the whole continuum, nodal mate-
rial forces are evaluated as

FI,mat
node ¼ �

Xk
e¼1

Z
Ω0

e

Σ �∇X NIdVe þ
Xk
e¼1

Z
Ω0

e

B NI dVe þ
Xksur
e¼1

Z
∂Ω0

e

Σ � �N NIdAe,

ð38Þ

where NI is the shape function regarding the node I and k is the number of elements
connected to the node. The index ksur is the number of surface elements connected
to the node I. Further details related to the calculation of nodal material forces can be
found in the work of MÜLLER and MAUGIN [48].

4.2 Fatigue Crack Propagation by Material Force Approach

In this section, the process of fracture toughness degradation is discussed. According
to GRIFFITH [1], the criterion for crack propagation is defined as

G � G0
c ¼ 0, ð39Þ

where G is the energy release rate and G0
c is defined previously as the fracture

toughness. Using the material force approach, G is replaced by the norm of the
material force acting on the crack tip Fmat

crack

		 		. When the body is subjected to cyclic
loading, the crack propagates despite Fmat

crack

		 		 being smaller than the fracture
toughness. To characterize this phenomenon, a modified GRIFFITH criterion is intro-
duced as

Fmat
crack

		 		� F ðαÞ G0
c ¼ 0, ð40Þ

where F ðαÞ is the degradation function introduced in Eq. (12). Similar to Eq. (13), α
is evaluated as
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α ¼ R tnþ1

0 ℌð _γÞ j _γj dt, ð41Þ

where γ ¼ Fmat
crack

		 		. Hence, α is numerically accumulated as

αnþ1 ¼ αn þ Δα and Δα ¼ jγnþ1 � γnj ℌ
γnþ1 � γn

Δt

� �
: ð42Þ

Furthermore, to address the issue of mesh sensitivity, a particular regularized
accumulation around the crack tip nodes is employed, which reads

Δαnode ¼ exp �k Xcracktip � Xnode k2
2 d2l

 !
Δαcracktip, ð43Þ

where dl is the distribution parameter, Δαnode, Xnode and Δαcracktip, Xcracktip are the
accumulation increment and the reference coordinates at the surrounding nodes and
the crack tip node, respectively. The regularized accumulation is a typical numerical
approach to avoid the issue of mesh dependency, which is applied within the
so-called fatigue zone depicted in Fig. 3. It can be seen from Fig. 3 that only the
nodes within a distance 3 dl at the crack tip are significantly affected by the
distribution. Nevertheless, the influence of the nodes out of the distance 3 dl can

be simply neglected according to the fact 0 < exp � 3 dlð Þ2
2 d2l

� �

 1.

5 Numerical Simulations

5.1 Tearing Failure of a Thin Polymeric Film

The first example studies a three-dimensional out-plane tear test by the phase-field
method to demonstrate the capability of the fracture simulation of the polymeric
material at large deformation. It is noteworthy that the fictitious material is assumed

(a) (b)

Fig. 3 (a) Crack tip zone and (b) regularization effect of the distance at the crack tip on the
surrounding nodes
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to be a kind of soft rubber, which is not validated here by real experimental
investigations. Similar investigations have been studied in [30] by considering a
simplified half geometry, where the polymeric material is characterized as visco-
elastic and eventually shows rate-dependent fracture behavior. Nevertheless, this
example does not consider the inelastic material property. The three-dimensional
boundary value problem is depicted in Fig. 4a. Two upper edges (right and left) are
fully bound and subjected to external loads, which are completely opposite to each
other. A discrete crack is prescribed vertically at the middle of the upper region.
Three finite element models with different initial crack lengths are discretized by
16,140, 16,150, and 16,160 uniform 8-node brick elements and the mesh size is
he¼ 0.5 mm. The model parameters of the material are given as κ¼ 1.96 MPa,
μ¼ 0.134 MPa, G0

c ¼ 1:22 J∕mm2 , and the length-scale parameter is l¼ 1.2
mm. Deactivating the fatigue constitutive evolution of the present phase-field
modeling, the threshold simply is set αcr�1 for the degradation function F .

Three simulations with different initial crack lengths, e.g. a0¼ [20, 25, 30] mm,
are performed. Particularly, the phase-field crack evolution is shown in Fig. 5 at four
different loading states. To achieve a vivid visualization, the damaged material,
e.g. d	 0.95, is blanked by post-processing, which appropriately models crack
propagation. It is necessary to point out that the out-plane tear fracture consists of
three phases, namely crack initiation, stable crack propagation, and eventually
unstable propagation up to final failure. These three distinct features are also
evaluated by the relationship of loading regarding the separation distance, see
Fig. 4b. The initially prescribed crack cannot transfer any resistance, hence, the
reaction forces measured at the loading edges are close to zero along with increasing
the separation distance. As long as the element at the prescribed discrete crack tip is
largely deformed and the elastic energy is sufficient enough to evolve the local
phase-field variable from 0 to 1, the smeared crack starts to initiate and the reaction
force starts to increase as well up to a certain amplitude. In the sequel, the smeared
phase-field crack propagates stably and the reaction force keeps approximately the

(a) Geometrical setup
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Fig. 4 (a) Geometry and loading setup of the three-dimensional tear test and (b) relationship
between the external load and the separation distance regarding different initial crack length
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same amplitude up to a certain length, where the numerical crack propagation
becomes unstable and ends up with rupture. Meanwhile, it can be observed that
the three different setups obtain similar maximum separation distances at failure.
Nevertheless, their phase-field crack initiations are dissimilar due to different initial
notch lengths.

An important finding is that the elements at the crack tip largely deform before
fully losing stiffness, which has a significant impact on the solution with respect to
the numerical convergence. Particularly in terms of a comparatively large loading
increment at one single step, the sudden loss of stiffness even strongly distorts the
element shapes, consequently yielding nonphysical negative JACOBIAN quantities at
the integration points. As a result, the simulation does not converge anymore and
aborts easily. Therefore, to overcome this numerical issue, smaller loading incre-
ments for each step are required, especially for the situation of unstable crack
propagation.

5.2 Tension Failure of a Double-Notch Specimen

This example compares the phase-field method and the material force approach by
studying a benchmark of polymer fracture, which is experimentally conducted by
HOCINE [15] to estimate the critical fracture energy. In the sequel, this problem is
numerically studied by the material force method and the phase-field model in
[66, 67], respectively, and good agreement is obtained compared to the insight of

Fig. 5 Phase-field crack evolution of the three-dimensional tear test by blanking the data d	 0.95
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[15]. Regarding the constitutive law, [66] uses the ARRUDA–BOYCE model and [67]
adopts the NEO-HOOKEAN formulation, whose energy functions read

φ0 ¼ κ J � ln J � 1ð Þ þ μN λrL �1 λrð Þ þ ln
L �1 λrð Þ

sinhL �1 λrð Þ
� �

ð44Þ

and

φ0 ¼ μ
β

J�β � 1
� �þ μ

2
tr Cð Þ � 3ð Þ ð45Þ

with additional material parameters N and β, respectively. The notations λr ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr �Cð Þ∕3N

p
and L �1 express the stretch and inverse LANGEVIN function, respectively.

To carry out an explicit comparison of both methodologies, this work reproduces the
fracture process by using the HELMHOLTZ energy density function in Eqs. (3) and (4).

The two-dimensional setup of the boundary value problem is depicted in
Fig. 6a. Several symmetrically notched specimens with three initial crack lengths
a0¼ [12, 20, 28] mm are investigated. The bottom edge is fully fixed and the top one
is fixed by a vertically upward displacement, which leads to monotonic tensile
failure. Due to the symmetric geometry, loading as well as boundary conditions,
only half of the original specimen is analyzed by applying an appropriate boundary
condition. Three finite element models are approximately discretized by 12, 880
4-node quadratic elements. The potentially cracked regions are discretized by finer
meshes with an element size he¼ 0.5 mm. The model parameters are given as
κ¼ 5.89 MPa, μ¼ 0.61 MPa, G0

c ¼ 2:67 J∕mm2 and the length-scale parameter for
the phase-field evolution is l¼ 1.6 mm. As aforementioned, without triggering
fatigue evolution, the threshold of the degradation function F is simply set αcr�1.

(a) Geometrical setup
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Fig. 6 (a) Geometrical setup of the two-dimensional notched specimen and its simplified half
model due to symmetry and (b) comparison of the load-displacement relations obtained by the
phase-field model and the material force approach to the experimental results in [15] regarding
tension fracture of styrene butadiene rubber
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The fracture evolution based on the geometrical setup with a0¼ 20 mm is shown
in Fig. 7 for phase-field modeling and in Figs. 8 and 9 for the material force nodal
splitting algorithm. Regarding the phase-field crack approximation, fully evolved
cracks are assumed at d	 0.95 and the post-processing technique blanks the material
with the phase-field value d	 0.95 to show a vivid crack initiation and propagation
up to complete separation. With respect to the material force approach, the crack
propagates in an unstable manner at maximum displacement, where the instanta-
neous energy release rate reaches or exceeds the critical value. Nevertheless, this
numerical instability can be addressed by several algorithmic treatments, e.g. the
arc-length method. Different from the phase-field blanking technique, the material

Fig. 7 Fracture evolution by the phase-field method and blanking the phase-field d	 0.95

Fig. 8 Fracture evolution by the material force method combined with a node splitting technique
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force simulation yields an explicit crack evolution according to the nodal duplicating
strategy. Moreover, the load-displacement graphs obtained by numerical simulations
are compared to the experimental evaluation in Fig. 6b for all specimen geometries.
It can be observed that the peak loads and the fracture displacements are properly
predicted by both methodologies. The fact of a smaller initial notch leading to larger
overall strength is validated. Meanwhile, the brittle failure behavior is represented by
a sudden drop of the resultant force along with rapid and unstable crack growth.
Nevertheless, the phase-field simulations always show a slight softening behavior
before brittle fracture. Reducing the length-scale parameter can effectively remedy
such phenomena, but an increasing computational effort is accordingly required. As
a conclusion, these results are sufficient to demonstrate the capabilities of both
methods for polymeric failure simulation.

5.3 Fatigue Failure of a Notched Cyclically Loaded Polymer by
Phase-Field Modeling

This numerical simulation studies fatigue fracture of a fictitious polymeric specimen
with assumed material parameters by the presented fatigue phase-field model. Based
on the aforementioned description, the cyclic loading induced failure mechanism is
the result of the locally degrading fracture toughness Gc along with the increasing
accumulative fatigue history α. A two-dimensional boundary value problem is

Fig. 9 Magnified plot of the fracture zone (for full specimen see Fig. 8)
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analyzed with the geometry and loading setup shown in Fig. 10. An initial horizontal
notch with the length a0¼ 10 mm is introduced at the left edge of the specimen.
Different from the setups in Sects. 5.1 and 5.2 using the discrete crack to represent
the initial notch, this example alternatively describes the discrete notch by means of
an initial phase-field crack, where the nodes of the cracked elements are prescribed
by the phase-field boundary condition d¼ 1. The specimen is fully fixed at the
bottom edge and the top one is subjected to a vertically upward displacement. It is
necessary to point out that compression induced fracture is not included in the scope
of the work at hand. For simplicity, only tensile cyclic loading is subjected to the
upper boundary of the specimen, where the loading function is depicted in Fig. 10.
The finite element model consists of 9, 720 4-node quadratic elements, where the
potential cracked region is discretized by the element size 0.1� 0.5 mm2. The model
parameters of the material are given as κ¼ 2.96 MPa, μ¼ 0.152 MPa, G0

c ¼
4:36 J∕mm2 and the length-scale parameter is l¼ 0.5 mm. The threshold to trigger
the degradation function F is set to αcr¼ 0.06, where the degradation profile of F is
governed by the two parameters χ¼ 1.66 and ζ¼ 0.001.

As a reference, fracture by a monotonic tensile loading is also simulated and the
results are shown in Figs. 11a and b with respect to the phase-field crack evolution
and the load-displacement curves, respectively. It can be observed that the maximum
displacement for monotonic loading induced fracture is around umax � 38 mm,
where the total deformation approximately reaches 38% of its vertical dimension.
Therefore, the cyclic displacement with the amplitude u¼ 5 mm, which only leads to
5% deformation, is insufficient to yield brittle fracture at the beginning when Gc is
not significantly reduced yet. As a result, the crack starts to initiate after 22 cycles
and to propagate 1 mm after 46 cycles. In the sequel, the phase-field crack proceeds

=

Fig. 10 Geometrical setup of the two-dimensional specimen by a prescribed phase-field crack to
approximate the initial notch and the cyclic loading function
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to propagate up to 20 mm after 524 cycles, where the phase-field crack profile at
different cycles is shown in Fig. 12. In particular, at cycle Ncyc¼ 524 with an
evolved crack length Δa¼20 mm, the phase-field crack tip and the degradation
function F are shown in detail in Fig. 13. It can be seen that the damaged elements
with d	 0.9999 are significantly deformed. Meanwhile, the degradation function F
also reduces to the lower bound, i.e. F ¼ b. Another interesting finding is that the
phase-field crack is subsequently evolved into two or three rows of damaged
elements (see Figs. 13 and 14b for the crack tip), which is different from the initial
setup (only one row of damaged elements represents a crack, see Fig. 14a). This

(a) Phase-field crack evolution by blanking the data d ≥ 0.95

0

4

8

12

16

0 20 40 60 80

re
ac

tio
n

fo
rc

e
f

[N
]

displacement u [mm]
(b) Numerical result

Fig. 11 Brittle fracture obtained by monotonic tension loading, (a) phase-field fracture evolution
and (b) numerically obtained load-displacement graph

(a) Δa=0 mm (b) Δa=5 mm (c) Δa=10 mm (d) Δa=15 mm (e) Δa=20 mm

Fig. 12 Phase-field crack propagation at different loading cycles, (a) for crack initiating at
Ncyc¼ 22 cycles and (b)–(d) for certain lengths with regard to Ncyc¼ [188, 323, 430, 524] cycles,
respectively
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feature, which yields a slightly broadening crack profile during the phase-field
evolution, is quite common among the numerical simulations of general phase-
field modeling. Nevertheless, as long as the mesh is sufficiently refined compared
to the specimen’s dimensions, the overall crack pattern is still characterized as a thin
and concentrated phase-field distribution.

The reaction forces at maximum displacement f umax
as well as the crack length

increments are evaluated with respect to the loading cycles, see Fig. 15a. As can be
predicted, along with increasing loading cycles, the crack length Δa shows a
stepwise increment, meanwhile, the reaction force f umax

decreases quadratically. It
is necessary to point out that the crack length increment cannot be obtained by an
explicit algorithm, since the crack tip is not robustly determined due to the diffusive
transition of phase-field variables (0 < d< 1). Hence, the work at hand approximates
the crack tip as long as the phase-field variable reaches d	 0.95 at the vicinity of
crack tip.

Furthermore, this example also studies the classical PARIS law of fatigue fracture.
However, due to the finite strain formulation, the stress intensity factor of small
strain problems [51] cannot be used. Therefore, in order to achieve a simple
evaluation, the approximated energy release rate G based on the implicit energy
difference algorithm is employed in this example. This methodology is numerically
implemented into the in-house post-processing technique. The numerical definition
of the energy release rate reads

(a) (b)

Fig. 13 Distribution of the phase-field variable and the fatigue degradation function around the
crack tip at Ncyc¼ 524, crack length Δa¼20 mm. (a) Phase-field d. (b) Function F
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G �
R
Ω0φint dVjanþ1,umax

� RΩ0φint dVjan,umax

Δa

¼
R
Ω0 g dð Þφþ

0 þ φ�
0

� �
dVjanþ1,umax

� RΩ0 g dð Þφþ
0 þ φ�

0

� �
dVjan,umax

anþ1 � an
,

ð46Þ

where the current and previous crack lengths are denoted by an+1 and an, respec-
tively. The internal effective strain energy density φint ¼ g dð Þφþ

0 þ φ�
0 is integrated

all over the entire reference volume Ω0, where the maximum loading (u ¼ umax ) is
applied for different crack lengths. Based on this algorithmic manipulation, Fig. 15
shows the characteristics of PARIS law by investigating the relationship of
log10(Δa ∕ΔNcyc) versus log10(G ), which has shown a stable crack propagation
before rupture. Furthermore, to demonstrate robustness of the phase-field crack, a
reference problem by considering an equivalent real crack model is employed for
comparison. The numerical treatment is described as follows:

(a) Deformed and undeformed shape atΔa=0 mm

(b) Deformed and undeformed shape atΔa=5 mm

Fig. 14 The fully cracked material (a) is initially represented by only one row of damaged
elements, nevertheless, (b) is diffusively evolved to more rows of damaged elements
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• according to the phase-field fatigue solution, an approximated crack length is
determined;

• a new geometry with a discrete crack is modeled with the aforementioned crack
length;

• subjecting the loading to the FE model up to u ¼ umax , the strain energy is
subsequently integrated within the whole volume.

Thus, the energy release rate can be alternatively calculated independent of the
phase-field profile. Nevertheless, the data Δa and ΔNcyc are still obtained from the
phase-field simulation. According to this comparison between the smeared phase-
field crack and the discrete crack, the differences have shown the numerical errors of
the phase-field crack approach. As aforementioned, the initial crack is prescribed by
only one row of damaged elements, while the subsequent fracture evolution
broadens the crack profile up to two or three rows of damaged elements. Hence,
comparatively more strain energy is degraded through the phase-field degradation
function g dð Þ compared to the case with only one row of elements to represent the
crack. Nevertheless, Fig. 15 does not show significant differences, and the tenden-
cies are in good agreement to each other, which roughly captures the PARIS law for
fatigue fracture investigation. PARIS law is approximately obtained as d a∕ d N ¼
1:577 � Gð Þ1:46 . As a result, the capabilities of the phase-field method for fatigue
fracture evolution in polymeric material are demonstrated.

5.4 Fatigue Analysis of a Notched Cyclically Loaded
Specimen by the Material Force Method

This example examines a double edge notched specimen subjected to cyclic loading
by the present material force method. The aim of this study is to demonstrate the
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numerical capabilities of the fatigue material force method, instead of parametric
studies. Therefore, the calibration of model parameters according to experimental
investigations is not considered in the work at hand. The geometrical setup and the
boundary conditions of the two-dimensional boundary value problem are illustrated
in Fig. 16. The material constants are given as κ¼ 0.667 MPa, μ¼ 0.4 MPa, G0

c ¼
4 J ∕mm2 , χ¼ 0.5, ζ¼ 0.001, and αcr¼ 5. The regularization parameter is dl¼ 1
mm. Only cyclic tensile loading is applied with a maximum displacement
umax¼ 4 mm and minimum displacement umin¼ 0 mm. To investigate the effect of
the distribution function, the crack path region is discretized using uniform meshes.
As shown in Fig. 16, three different numerical discretizations with the size of
possibly cracked elements as 0.25 mm� 0.25 mm, 0.15 mm� 0.15 mm, and
0.125 mm� 0.125 mm are taken into account, which end up with a total of 2,260,
6,650, and 9,280 elements, respectively.

To investigate the effect of the regularized accumulation explained in Eq. (43)
depending upon the element size, a mesh sensitivity study is performed. The
simulations including and excluding the regularized accumulation are depicted in
Fig. 17. It can be observed in Fig. 17a that the number of loading cycles to failure
increases almost twice by decreasing the element size around the crack path from
0.25 mm� 0.25 mm to 0.125 mm� 0.125 mm. This behavior is reasonable since the
number of nodes along the crack path doubled, i.e. from 73 nodes for coarse mesh to
146 nodes for the fine mesh. In other words, the crack propagates along more nodes
in the fine mesh than in the coarse mesh. Since the degradation is applied only at the
crack tip and without affecting the surrounding nodes, the fatigue life doubles for the
fine mesh. It is obvious from Fig. 17b that the fatigue crack propagation using the
regularized accumulation is independent of the element size. Evaluating the simu-
lation results from the coarse to fine mesh, the fatigue life increases from 378, 391 to

Fig. 16 Geometrical setup of the specimen and different FE models along the possible crack path
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395 cycles, which shows a converging tendency for the fatigue life prediction. A
finer mesh seems not to improve the numerical validation anymore.

The last investigation of this example is to obtain the classical PARIS law numer-
ically. Similar to the algorithm presented in Sect. 5.3, a double logarithmic plot of
the crack growth rate per cycle da

dN versus Fmat
crack

		 		 is shown in Fig. 18. According to
the demonstration, the material force approach can properly depict the PARIS regime.
The obtained PARIS law can be approximately expressed as

da
dN

¼ C Fmat
crack

		 		m, ð47Þ

where C¼ 3� 10�4 and m¼ 0.97. Furthermore, to simulate realistic engineering
tasks, the model parameter of the degradation function and regularized accumulation
are necessary to be further studied.
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6 Conclusions

Within this work, fracture and fatigue failure of polymeric material are simulated by
two approaches, e.g. the smeared phase-field model and the discrete material forces
method. The theoretical foundation of these two methodologies are based upon the
classical GRIFFITH criterion for brittle fracture, which characterizes that the crack
starts to evolve as long as the energy release rate reaches the fracture toughness. The
model parameter, the fracture toughness, is assumed to be a material constant and
dependent on the material type with regard to brittle fracture. The paper at hand has
successfully demonstrated the simulation of brittle fracture of polymeric material by
representative numerical examples. Even comparing to experimental investigations
expected good agreement is obtained.

Nevertheless, extending to fatigue failure predictions, a degrading fracture tough-
ness is introduced to model crack growth due to cyclic loading. This novel concep-
tual mechanism, which is motivated by [50–52], still satisfies the general GRIFFITH

criterion at the vicinity of the crack tip. This work extends the proposal of [50–52] to
finite strain problems by both phase-field and material force approaches. Meanwhile,
an alternative fatigue degradation function, which is dissimilar to [51], is also
applied and demonstrated to capture the fatigue fracture behavior appropriately.
Furthermore, for the material force approach, the accumulative internal fatigue
variable has been defined as the norm of the material force at the crack tip, which
differs from the internal energy type quantity defined in the phase-field modeling,
yielding promising numerical results.

The work at hand only takes hyperelastic material properties into account.
However, this is not sufficient for polymeric material in general, since most materials
are characterized by both elastic and viscous properties simultaneously. Hence,
further work is necessary to include rate-dependent features or other inelastic
behaviors, to achieve a more general and comprehensive consideration of the failure
prediction of polymeric materials.
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adhesives and the ball-flat adhesion problem. We also study crack propagation in the
pig skin dermis, which is of medical relevance, and rubber wear in the context of
tires.

1 Introduction

The cohesive strength of solids usually depends on crack-like defects, and the energy
to propagate cracks in the material. Similarly, the strength of the adhesive bond
between two solids is usually determined by the energy to propagate interfacial
cracks. Here we are interested in crack propagation in viscoelastic materials, such as
rubber [1–19]. This topic is of great importance, e.g., the wear of tires or wiper
blades resulting from the removal of small rubber particles by crack
propagation [20].

In this article we will review a theory for crack propagation in viscoelastic solids.
We will consider crack propagation in both infinite-sized solids and finite-sized
solids. The latter is also relevant for rubber wear where small particles (often
micrometer sized) are removed from the rubber surface by the high tensile stresses,
which exist in the asperity contact regions during sliding. We will also consider
interfacial crack propagation, which is important for adhesion. As applications of the
theory we consider: (a) adhesion for the sphere-flat contact problem, and for pressure
sensitive adhesives; (b) crack propagation in the skin dermis as may be relevant for
intradermal fluid injection; and (c) rubber wear for the case of a tread block sliding
on a road surface.

2 Theory of Crack Propagation in Viscoelastic Solids

Rubber wear usually involves crack propagation in the bulk of the material (see
Fig. 1a). For a bulk crack, the stress and strain are usually very high close to the crack
tip, and nonlinear effects, involving the breaking of strong covalent bonds, chain
pull-out, and cavity formation, will occur close to the crack tip. This region of space
is denoted the crack tip process zone. The detailed nature of the crack tip process
zone is still a research topic, especially in cases involving heterogeneous media.

Another important set of applications involves interfacial crack propagation, e.g.,
between rubber materials and a hard countersurface (see Fig. 1b). In this case the
strain and stresses at a crack tip can be much smaller, in particular if the interaction at
the interface is dominated by the weak van der Waals interaction. In this case
nonlinear viscoelastic effects may occur only in a very small region close to the
crack tip where the bond breaking occurs.
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2.1 Viscoelastic Modulus

Assume that a rectangular block of a linear viscoelastic material is exposed to the
stress σ(t). This will result in a strain ε(t) (see Fig. 2). If we write

σðtÞ ¼
Z 1

�1
dω σðωÞe�iωt,

h=2h0+2Δ

(a)  bulk crack

v

v

F

(b)  interfacial crack

viscoelastic solid

rigid solid

h0

h0 h=h0+Δ

Fig. 1 (a) Crack
propagation in the bulk of a
viscoelastic solid (cohesive
crack propagation), and (b)
at the interface between a
viscoelastic solid and a
countersurface (adhesive
crack propagation)

σ(t)

L(t) = L0 (1+ε(t))

Fig. 2 The length of a strip
of rubber exposed to the
stress σ(t) will fluctuate as
L(t)¼ L0(1 + ε(t)), where
L0 is the unperturbed length
and ε(t) the strain at time t
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εðtÞ ¼
Z 1

�1
dω εðωÞe�iωt,

then

σðωÞ ¼ EðωÞεðωÞ: ð1Þ

For viscoelastic materials like rubber, the viscoelastic modulus E(ω) is a complex
quantity, where the imaginary part is related to energy dissipation (transfer of
mechanical energy into the random thermal motion). In a typical case E(ω) depends
on the frequency as indicated in Fig. 3 (log–log scale). For low frequencies (or high
temperatures), the rubber responds as a soft elastic body (rubbery region) with a
viscoelastic modulus E(ω) of order �1 MPa for the rubber used in tires, or for the
human skin dermis, or �1 kPa for the weakly crosslinked rubber used in pressure
sensitive adhesives. At very high frequencies (or low temperatures), it is behaves as a
stiff elastic solid (glassy region) with the viscoelastic modulus E(ω) of order �1
GPa. In the transition region it exhibits strong internal damping, and this is the region
important for energy loss processes, e.g., involved in rubber friction. In this context
the loss tangent ImE(ω)∕ReE(ω) is very important and is shown in Fig. 4.

The viscoelastic modulus E(ω) is a causal linear response function. This implies
that the real and the imaginary parts of E(ω) are not independent functions, but given
one of them, one can calculate the other one using a Kramers–Kronig equation
[21]. One can also derive sum rules, and the most important in the present context is

1
E0

� 1
E1

¼ 2
π

Z 1

0

dω
1
ω
Im

1
EðωÞ , ð2Þ

 6

 7

 8

 9

 10

-10 -5  0  5  10  15  20  25

NBR with filler

lo
g 1

0 E
  (

Pa
)

log10 ω  (1/s)

ReE
ImE

rubbery
region

glassy
region

transion
region

Fig. 3 The real and the
imaginary parts of the
viscoelastic modulus as a
function of frequency ω
(log–log scale). For an NBR
rubber compound with filler
at T¼ 20∘C
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where E0¼E(0) is the static (ω¼ 0) modulus, and E1¼E(1) the modulus for
infinite high frequency ω¼1. The function

QðωÞ ¼ 1
ω
Im

1
EðωÞ ð3Þ

occurring in the integral in (1) is very important in viscoelastic crack propagation,
and we will denote it as the crack loss function. It is shown in Fig. 5 for the same
rubber compound (acrylonitrile butadiene [NBR] with filler particles) as in Figs. 3
and 4. Note that Q(ω) decays monotonically with increasing frequencies and is
hence largest in the rubbery region in spite of the small magnitude of the damping in
this frequency region. This has important implications for the finite-sized effect in
rubber crack propagation (see below).
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Fig. 4 The loss tangent
tanδ¼ ImE∕ReE as a
function of the logarithm of
the frequency ω. For the
NBR rubber compound
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at T¼ 20∘C
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2.2 Opening Crack in Infinite Solid

We consider first an opening crack in an infinite viscoelastic solid characterized by
the viscoelastic modulus E(ω), which depends on the frequency ω. Consider a crack
loaded in tension (mode I) (see Fig. 1). The energy dissipated per unit time and unit
length of the crack line, P, is given by

P ¼
Z

d2x _εijσij, ð4Þ

where _εij is the strain rate tensor and σij the stress tensor (summation over repeated
indices is implicitly understood). For an opening crack, the stress field close to the
crack tip has the universal form (also for a viscoelastic solid):

σðx, tÞ � K

ð2πjx� vtjÞ1∕2 , ð5Þ

where K is the stress intensity factor and v is the velocity of the crack tip. Using (4)
and (5) and the relation (1) between stress and strain, one can calculate [8]

P ¼ vK2 2
π

Z ωc

0

dωFðωÞQðωÞ, ð6Þ

where we have introduced a high-frequency cut-off ωc¼ 2πv∕a, where a is the radius
of the crack tip. The function:

FðωÞ ¼ 1� ω
ωc

� �2
� �1∕2

: ð7Þ

Now, let us consider the energy conservation condition relevant to the crack
propagation. In the present case, the elastic energy stored in the solid in front of
the crack tip is dissipated at the crack tip. The flow of elastic energy into the crack is
given by vG (where G is the crack propagation energy per unit surface area), which
must equal the fracture energy term vG0 (the energy dissipated in the crack tip
process zone) plus the bulk viscoelastic dissipation term P given by (6). Energy
conservation gives

vG ¼ vG0 þ P: ð8Þ

Using (6) and (8) gives
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G ¼ G0 þ K2 2
π

Z ωc

0

dωFðωÞQðωÞ:

Using the standard relation G¼K2∕E0 from the theory of cracks [22], we obtain

G ¼ G0

1� E0
2
π

Z ωc

0

dωFðωÞQðωÞ
:

ð9Þ

Equation (9) depends on the cutoff length a and (9) is of limited practical
importance unless we have a way of determining this length. Experiments have
shown that the crack tip radius in polymers increases with increasing speed of the
crack tip [10]. We choose a equal to the radius of the crack tip, which we determine
as follows. The stress at the crack tip must be equal to the stress necessary to break
the atomic bonds at the tip in order for the tip to propagate. If σc denotes this stress,
which is a characteristic property of the material in question, we obtain, from (5),

σc ¼ K

ð2πaÞ1∕2 , ð10Þ

where a depends on the crack tip velocity. Combining this with G¼K2∕E0 gives

G ¼ 2πaσ2c
E0

: ð11Þ

Combining (9) and (11) gives

a0
a
¼ 1� E0

2
π

Z ωc

0

dωFðωÞQðωÞ, ð12Þ

where ωc¼ 2πv∕a and a0 ¼ E0G0∕ ð2πσ2cÞ. Since ωc depends on a, this is an implicit
equation for a¼ a(v). Thus the theory gives both the (velocity-dependent) radius of
the crack tip, a(v), and the crack propagation energy, G(v)¼G0a(v)∕a0.

For large crack tip velocities, G(v)�G0E1∕E0 or a(v)� a0E1∕E0. The ratio
between the high- and low-frequency modulus, E1∕E0, is typically very large, e.g.,
�1000 for the rubber in Fig. 3. Hence for large crack tip velocity, the denominator in
(9) will almost vanish. Thus any small error in the evaluation of the integral will
result in big numerical error for G(v) and a(v). For numerical accuracy reason, it is
therefore useful to rewrite (12) using the relation (2). If we eliminate E0 in (12) using
(2), we get
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a0
a
¼ 1�

E1
2
π

Z ωa

0

dω
1
ω
FðωÞIm 1

EðωÞ

1þ E1
2
π

Z 1

0

dω
1
ω
Im

1
EðωÞ

: ð13Þ

Since E(ω) typically varies with ω over very many decades in frequency, for the
numerical evaluation of the integrals in (13) it is convenient to write (see [9])
ω¼ω0e

ξ, so that if ω varies over �30 decades, ξ varies only by a factor �100.

2.3 Numerical Results

We now present some numerical results for the dependency of the crack propagation
energy G(v) on the crack tip velocity. We first consider the highly idealized three-
element viscoelastic model shown in Fig. 6. The low-frequency modulus E(0)¼E0

and the high-frequency modulus E(1)¼E1 and the viscosity η are indicated in the
figure. Real rubber materials have a very wide range of relaxation times while the
present model is characterized by a single relaxation time τ. However, this model has
been used in most model studies so far and is therefore a good test case.

Figure 7 shows the crack propagation energy G (in units of adiabatic value G0) as
a function of the crack tip speed v (in units of a0∕τ) (log–log scale) for the three-
element viscoelastic model shown in Fig. 6. In the calculation we have assumed
E1∕E0¼ 100 and that is the reason for why G∕G0 increases from 1 to 100 with
increasing crack tip speed.

The results presented in Fig. 7 are virtually identical to the numerical results
obtained by Greenwood using the Barenblatt process zone model [11]. This shows
that the detailed nature of the process zone is not very important as the present study
uses a completely different description of the process zone (just a cut-off radius a(v))
than in the Barenblatt model where a linearly extended process zone is used. The
advantage of the present approach is that it can trivially be applied to real materials
using the measured viscoelastic modulus E(ω).

η

E1

E’0

Fig. 6 Three-element viscoelastic model used in model calculation of the crack propagation energy
G(v). The low-frequency modulus Eð0Þ ¼ E0 ¼ E0

0E1 ∕ ðE0
0 þ E1Þ and the high-frequency modulus

E(1)¼E1 and the viscosity η are indicated
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To illustrate this, in Fig. 8 we show the crack propagation energy G (in units of
adiabatic value G0), as a function of the crack tip speed v (log–log scale) for filled
and unfilled NBR rubber at T¼ 20∘C. In the calculations we have used the measured
low-strain viscoelastic modulus (shown in Fig. 3 for the filled NBR compound). For
the unfilled compound, E1∕E0 > 1000, and this explains the large increase in G(v)
with increasing crack speed.

2.4 Opening Crack in Finite Solid

Most theories of cracks in viscoelastic solids assume an infinite large system [4, 5, 8,
9, 12, 13, 23]. A few studies exist for the slab geometry [24–29], where the solid is
infinite in the x-direction but finite in the perpendicular z-direction, say with

 0
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-3 -2 -1  0  1  2  3  4  5  6
log10 (vτ/a0)

lo
g 1

0 (
G

/G
0)

E1/E0 = 100
Fig. 7 The crack
propagation energy
G (in units of adiabatic value
G0) as a function of the
crack tip speed v (in units of
a0∕τ) (log–log scale) for the
three-element viscoelastic
model shown in Fig. 6
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Fig. 8 The crack
propagation energy
G (in units of adiabatic value
G0) as a function of the
crack tip speed v (log–log
scale) for filled and unfilled
NBR rubber at T¼ 20∘C. In
the calculations we have
used the measured
low-strain viscoelastic
modulus (shown in Fig. 3
for the filled NBR
compound)
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thickness h0 (see Fig. 1). If the surfaces z¼ 0 and z¼ h0 are clamped, the stress field
from the crack tip in a slab is screened by the solid walls, in which case the slab
geometry is similar to a finite solid with linear size L� h0, and the results presented
below are approximately valid also for the slab geometry.

The viscoelastic energy dissipation is determined by an integral over the relevant
frequencies of the crack dissipation function Q(ω). We show Q(ω) for a typical case
in Fig. 5. The biggest contribution to the integral over frequencies of Q(ω) will be
from the lowest frequency region in spite of the fact that in this region the loss
tangent tanδ is very small. Hence, any effect that influences the low-frequency part
of the viscoelastic modulus can have a big impact on the crack propagation energy.
One such influence is finite-sized effects.

The theory described in Sect. 2.2 (see also [8, 9, 12, 13]) is for an opening crack in
an infinite viscoelastic media. The theory predicts that as the crack tip velocity
v!1, the crack propagation energy G! (E1∕E0)G0, where G0 is the crack propa-
gation energy as v! 0, where no viscoelastic energy dissipation takes place. The
high- and low-frequency modulus, E1 and E0, respectively, both are real and can be
obtained from the complex viscoelastic modulus E(ω) as the frequency ω!1 and
ω! 0, respectively.

For an infinite solid, there will always be a region far enough from the crack tip
where the solid can be considered as purely elastic and characterized by the static
(or low-frequency) modulus E0¼E(ω¼ 0). This follows from the observation that if
the crack tip propagates with the velocity v the time-dependent deformations of the
rubber at a distance r from the crack tip are characterized by the frequency ω¼ v∕r.
Thus, as r!1 we get ω! 0. However, all solids have a finite extent, say with
linear dimension L. In this case r < L and hence ω> v∕L. It follows that for high crack
tip speed, the frequency ω will be very large everywhere, and the rubber will be in
the glassy, purely elastic, state everywhere in the solid. Hence in this limiting case
there is no viscoelastic energy dissipation, i.e., G(v)�G0 for large enough v. This is
not the case for infinite solids where G(v)¼ (E1∕E0)G0 for large enough v.

Here we will study how the finite size of real solid objects influences the crack
propagation energy. For example, consider the pull-off of a rubber ball from a flat
surface. This can be considered as a circular opening crack propagating toward the
center of the circular contact region. Let L be the linear size of the contact area. The
region where the viscoelastic crack propagation theory is valid is limited to distances
from the crack tip a < r< L, where a is the crack tip radius. Some time-dependent
deformations of the rubber will occur also for r > L in this case, but only for r< L the
stress field (as a function of r) has the inverse square-root singular nature character-
istic of crack-like defects. When the crack tip moves with the velocity v, the
viscoelastic spectra will be probed in the frequency range 2πv∕L<ω < 2πv∕a. We
denote ωL¼ 2πv∕L and ωa¼ 2πv∕a.

We can (approximately) use the theory for viscoelastic crack propagation in an
infinite medium also for a finite system of linear size L by using the following
procedure: We replace the measured viscoelastic modulus E(ω) with another mod-
ulus ~EðωÞ where Im ~E

�1ðωÞ ¼ ImE�1ðωÞ for ω>ωL and Im ~E
�1ðωÞ ¼ 0 for ω <ωL.
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This implies that viscoelastic energy dissipation will only occur for distances from
the crack tip r< L. Given Im ~E

�1ðωÞ, we obtain Re~E
�1ðωÞ using a Kramers–Kronig

relation [21], which holds for all causal linear response functions. We can choose the
high-frequency modulus (which is real) ~E1 ¼ E1 , but the static (or low-frequency
modulus) ~E0 > E0, which is expected to be of order ~E0 � ReEðωLÞ.

To obtain G(v) for a finite-sized solid, we replace E(ω) in (13) with ~EðωÞ defined
so that Im ~E

�1ðωÞ ¼ ImE�1ðωÞ for ω >ωL and Im ~E
�1ðωÞ ¼ 0 for ω<ωL. We get

a0
a
¼ 1�

E1
2
π

Z ωa

ωL

dω
1
ω
FðωÞIm 1

EðωÞ

1þ E1
2
π

Z 1

ωL

dω
1
ω
Im

1
EðωÞ

: ð14Þ

Note that as v! 0 and v!1, a! a0 and G!G0.
Figure 9 shows the viscoelastic enhancement factor Gopen∕G0 as a function of the

crack-tip speed for the rheological model shown in Fig. 6. Results are shown for the
system sizes L¼ 1 μm, 1 cm, and for infinite system.

Figure 10 shows the viscoelastic enhancement factorGopen∕G0 as a function of the
crack tip speed for filled NBR at T¼ 20∘C. Results are shown for the system sizes
L¼ 1 μm, 1 cm, and for infinite system. The system size L¼ 1 cm is typical for the
sample size used in studies of the crack propagation in macroscopic rubber samples
and is clearly not equivalent to the infinite sample size. The reason for the strong
finite-sized effects is that the function Q(ω) decreases monotonically with increasing
frequencies, making the integrals in (14) very sensitive to the lower cut-off
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Fig. 9 The viscoelastic enhancement factor Gopen∕G0 as a function of the crack-tip speed for the
rheological model shown in Fig. 6. Results are shown for the system sizes L¼ 1 μm, 1 cm, and for
infinite system
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frequency ωL determined by the size of the system. Note that for the finite-sized
sample there is a maximum in the G(v)-curve, corresponding to an instability in the
crack tip motion.

Note that for the three-element model used in Fig. 9 finite sized effects are less
important than for real rubber materials as in Fig. 10. This must reflect the differ-
ences in the viscoelastic properties of real rubber materials then in the three-element
model. Thus, real rubber materials are characterized by a very broad distribution of
relaxation times typically extending over more than 10 decades in time compared to
the single relaxation time characterizing the three-element rheological model.

2.5 Role of Temperature

The crack propagation energy G(v, T )¼G0(1 + f(v, T )) depends strongly on the
temperature. The viscoelastic factor 1 + f(v, T ) depends on temperature via the
temperature–frequency shift factor aT since f(v, T )¼ f(vaT, T0), where T0 is a
reference temperature with aT0 ¼ 1 . Thus, increasing the temperature shifts the
factor 1 + f(v, T ) to higher sliding speeds. The factor G0¼G0(v, T ) depends also
on the crack tip speed and the temperature because breaking the bonds in the crack
tip process zone is a thermally activated, stress-aided process [30, 31]. This temper-
ature effect is particularly important for low-energy bonds, e.g., for weak adhesive
bonds [30–33].

In a recent study [34] using fluorogenic mechanochemistry with quantitative
confocal microscopy mapping, it was found how many and where covalent bonds
are broken as an elastomer fractures. The measurements reveal that bond scission
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Fig. 10 The viscoelastic enhancement factor Gopen∕G0 as a function of the crack tip speed for filled
NBR at T¼ 20∘C. Results are shown for the system sizes L¼ 1 μm, 1 cm, and for infinite system
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near the crack plane can be delocalized over up to hundreds of micrometers and can
increase G0 by a factor of �100 depending on temperature and stretch rate, pointing
to an intricated coupling between strain rate-dependent viscous dissipation and
strain-dependent irreversible network scission. These findings show that energy
dissipated by covalent bond scission accounts for a much larger fraction of the
total fracture energy than previously believed.

At low crack tip speed, the temperature will everywhere be close to surrounding
(background) temperature, but for a fast moving crack tip, the energy dissipated
close to the crack tip will not have time to diffuse away resulting in a higher
temperature close to the crack tip. Including this temperature increase in the theory
is a complex topic addressed in [12, 13, 35].

We note that it is possible to reformulate (14) as an integral over temperature
rather than frequency, which is useful if the viscoelastic modulus has been measured
only as a function of temperature for one frequency. Assume that the viscoelastic
modulus has been measured as a function of temperature for the frequency ω¼ω1,
i.e., E(ω1, T ) is known. Let T1 denote the temperature of interest so that (14) takes
the form:

a0
a
¼ 1�

E1
2
π

Z ωa

ωL

dω
1
ω
FðωÞIm 1

EðaT1ωÞ

1þ E1
2
π

Z 1

ωL

dω
1
ω
Im

1
EðaT1ωÞ

: ð15Þ

where EðaT1ωÞ ¼ Eðω,T1Þ ¼ EðaT1ω,T0Þ. Next, let us write ω ¼ ω1aT ∕ aT1 . We
consider T as the new integration variable and get

dω
1
ω
¼ dTðlnaTÞ0,

where (lnaT)0 ¼ d(lnaT)∕dT. Denoting the solution to ωa ¼ ω1aT ∕ aT1 as Ta and to
ωL ¼ ω1aT ∕ aT1 as TL, we can write (15) as

a0
a
¼ 1�

E1
2
π

Z TL

Ta

dT ð�lnaTÞ0 FðTÞIm 1
EðTÞ

1þ E1
2
π

Z TL

0

dT ð�lnaTÞ0 Im 1
EðTÞ

, ð16Þ

where EðTÞ ¼ EðaT1ω,T0Þ ¼ EðaT1 ½ω1aT ∕ aT1 �, T0Þ ¼ EðaTω1,T0Þ ¼ Eðω1, TÞ
and

FðTÞ ¼ 1� ω1
ωa

aT
aT1

� �2
� �1∕2

: ð17Þ
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2.6 Closing Crack

When an opening crack propagates in the bulk of a viscoelastic solid the breaking of
the bonds in the crack tip process zone is usually an irreversible process: the broken
(dangling) bonds formed during the crack opening react quickly with molecules
from the atmosphere, or with mobile molecules in the solid. Hence if the external
crack driving force is removed, no closing crack propagation involving the refor-
mation of the original bonds will occur. However, for interfacial crack propagation,
the situation may be very different. Thus, in many cases rubber binds to a
countersurface mainly with the weak and long-ranged van der Waals bonds. In
this case the bonds broken during crack opening and the bonds formed during
crack closing may be very similar.

For an opening crack in a viscoelastic solid, energy conservation requires that
vG¼ vG0 +P, i.e., G >G0. For a closing crack, the energy conservation condition
gives

vG ¼ vG0 � P,

so thatG <G0. Physically, the energy gained by the binding of the solids at the crack
interface is in part lost as viscoelastic energy dissipation inside the solid. For an
opening crack, as the crack speed v!1 we have G∕G0!E1∕E0 but for a closing
crack G∕G0!E0∕E1. The latter result is most easily understood by considering the
simple crack problem shown in Fig. 11.

Figure 11 shows a fast moving opening crack (a) and closing crack (b) in a thin
viscoelastic slab under tension. In case (a) the slab is elongated by L0ε, and we wait
until a fully relaxed state is formed before inserting the crack. Thus the elastic energy
stored in the strip C of widthΔx is σεL0Δx∕2¼E0ε

2L0Δx∕2. For a fast moving crack,
in the present finite-sized setup (L0 is finite), there will be negligible viscoelastic

E1 E0

vτ

v

Δx ΔxΔx

CBA L0(1+ε)

(b) 

E0
v

Δx ΔxΔx

CBA L0(1+ε)

(a) Fig. 11 Fast moving
opening crack (a) and
closing crack (b) in thin
viscoelastic slab under
tension. In (a) negligible
viscoelastic energy
dissipation occurs and the
crack propagation energy is
given by the energy to break
the interfacial bonds,
G�G0. In (b) viscoelastic
energy dissipation occurs
and the effective crack
propagation energy G�
(E0∕E1)G0 is reduced by a
factor E0∕E1 (see text for
details)
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energy dissipation in the solid and G�G0 is determined by the energy conservation
condition G0Δx¼E0ε

2L0Δx∕2 or G0 ¼ E0ε2L0 ∕2 ¼ σ20L0∕ ð2E0Þ . The fact that
G�G0 in this case is a finite-sized effect (for an infinite system we would instead
get G¼ (E1∕E0)G0).

For the closing crack (case (b)), the situation is different: For a fast moving crack,
the strip A is quickly elongated when it approaches the crack tip, which requires a
large stress σ¼E1ε determined by the high-frequency modulus E1. Since the crack
moves very fast, the stress in the strip will remain at this large value even when the
crack tip has moved far away from the strip as in position B. However, due to
viscoelastic relaxation the stress will finally arrive at the relaxed value σ¼E0ε as at
position C. The time this takes depends on the nature of the viscoelastic relaxation
process, e.g., for a process characterized by a single relaxation time τ, a time t> τ
(and distance s > vτ) would be needed to reach the relaxed state. During this
relaxation, mechanical energy is converted into heat. Since the crack tip is far
away from the region where this relaxation process takes place, it does not know
about it, and the interfacial binding energy is converted into elastic energy in the
rapid stretching of the strip in the process going from strip position A to B. Thus
G0Δx¼E1ε

2L0Δx∕2. However, the crack propagation energy G refers to the relaxed
state configuration so that GΔx¼E0ε

2L0Δx∕2. Thus G¼E0ε
2L0∕2¼ (E0∕E1)

E1ε
2L0∕2¼ (E0∕E1)G0.
Using the Barenblatt description of the crack tip process zone, Greenwood has

shown that for an infinite sized system GopenGclose � G2
0 . Thus if we write the

opening crack tip propagation energy as

Gopen ¼ ½1þ f ðv,TÞ�G0, ð18Þ

then

Gclose � G0

1þ f ðv,TÞ : ð19Þ

Thus we can use the theory presented in Sect. 2 to predict the crack propagation
energy also for closing cracks. However, the theory for closing cracks in viscoelastic
solids is still not fully understood, e.g., for a fast moving crack, a region of
compressible stress occurs close to the crack tip for which no physical explanation
exists [16, 17].

The results presented here are crucial for adhesion involving viscoelastic solids,
e.g., rubber materials. Thus in a typical case no adhesion can be detected when two
solids are squeezed in contact (closing crack propagation), but strong adhesion is
observed during separation (opening crack propagation). One well-known case is the
contact involving adhesive tape: when the tape is pushed in contact, no adhesion can
be detected, but during separation, a strong adhesion force prevail. In general these
are several reasons for contact hysteresis (e.g., related to roughness or chain inter-
diffusion), but in many cases the most important effect is viscoelasticity.
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As an example illustrating contact hysteresis effects, in Fig. 12 we show the
interaction force between a glass ball (diameter 2R¼ 2.5 cm) moved in contact with
a pressure sensitive adhesive film (double-sided adhesive tape attached to a smooth
glass surface) and then removed. The approach and retraction speed is 36 μm/s. Note
the strong adhesion hysteresis: no adhesion is observed during approach, but a strong
adhesion (corresponding to the work of adhesion G� 2 J/m2) is observed during
pull-off.

2.7 Implications for Sliding Friction

When a rubber block slides on hard and rough substrate surface, such as an asphalt or
concrete road surface, the rubber-road contact will in general not be complete, but it
will consist of many small asperity contact regions. The contact area is usually a very
small fraction of the nominal contact area, e.g., for a tire it may be only �1 cm2. A
very important contribution to the friction force is derived from the interaction
between the rubber molecules and the road surface in the area of real contact.
For clean surfaces, two different (adhesive) contributions to the frictional force
have been considered, namely from the opening crack on the exit side of the
asperity contact region (see Fig. 13) [36, 37] and from bonding–stretching–
debonding process within the area of real contact [38, 39]. If the typical diameter
of a contact region is L, one can show that the contribution from the opening
cracks gives a contribution to the frictional shear stress given by (see Fig. 12)
τf� (Gopen�Gclose)∕L.
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Fig. 12 The interaction force between a glass ball (diameter 2R¼ 2.5 cm) moved in contact with a
pressure sensitive adhesive film (double-sided adhesive tape attached to a smooth glass surface) and
then removed. The approach and retraction speed is 36 μm/s. Note the strong adhesion hysteresis:
no adhesion is observed during approach, but a strong adhesion (corresponding to the work of
adhesion G� 2 J/m2) is observed during pull-off
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For a rubber tread block sliding on an asphalt road surface, contact mechanics
calculations (including adhesion) [40, 41] show that the lateral size of a typical
asperity contact region is of order L� 1 μm. For this case, it was shown in [42] that
the maximum of the frictional shear stress derived from crack-opening, is about
10� 20 times smaller than the adhesive contribution to the friction needed to explain
measured friction data. We conclude that the contribution to the friction from the
opening crack propagation cannot explain the observed magnitude (or velocity
dependency) of the shear stress acting in the area of real contact. This suggests
another origin for the main contribution to the friction from the area of real contact.
In [43, 44] it was proposed that molecular bonding–stretching–debonding process
[38, 39] in the area of real contact can explain the observed magnitude (and velocity
dependency) of the contribution to the friction from the area of real contact.

If the asperity contact regions would be much smaller than �1 μm, the crack
opening contribution to the friction could be much more important and may dom-
inate the adhesive contribution. Furthermore, the adhesive contribution to rolling
friction on a smooth rubber surface, and the friction associated with Schallamach
waves, are both determined by the crack opening (and closing) contribution [45].

2.8 Role of Surface Roughness

Surface roughness has a big influence on interfacial crack propagation. For very soft
rubber compounds, like pressure sensitive adhesives, the pull-off force is propor-
tional to the relative area of real contact A∕A0. We illustrate this in Fig. 14, which
shows the squeeze-together force and the pull-off force between a pressure sensitive
adhesive film, attached to a smooth glass plate, and a glass ball. Note that the pull-off
force is proportional to the applied normal force (see Fig. 15), which we attribute to
the fact that the area of real contact is proportional to the normal force. Thus due to
surface roughness the adhesive film (see Fig. 16) makes only partial contact with the

v

opening
crack

closing
crack

road asperity

rubber
L

Fig. 13 A rubber block in contact with a road asperity. We assume that the contact region is
circular with the diameter L¼ 2r0. During sliding (speed v), a closing crack is observed on the
entrance side and an opening crack on the exit side. During sliding the distance Δx the dissipated
energy in an asperity contact region (Gopen�Gclose)LΔx. The dissipated energy can also be written
as τfπr20Δx, where τf is an effective frictional shear stress, giving τf� (4∕π)(Gopen�Gclose)∕L
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Fig. 15 The pull-off force
between a glass ball and an
adhesive tape as a function
of the maximum applied
squeezing force. Based on
the data shown in Fig. 14

1 mm

Fig. 16 Optical picture of
the double-sided adhesive
film (tesa 5338) (attached to
a smooth glass plate) used in
the adhesion experiments.
Note the surface roughness.
Single-sided adhesive films
give very smooth surface if
pulled rapidly (but a rough
surface if pulled very
slowly), while the present
film gives a rough surface
independent of the pull-off
speed
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Fig. 14 The pull-off force
(red) and the maximum
applied squeezing force
(green) as a function of time
during repeated contacts
(75 contacts) between a
glass ball (diameter 2.5 cm)
and an adhesive tape
attached to a smooth flat
glass plate. Based on force–
time curves such as shown
in Fig. 12. Note that the pull-
off force is proportional to
the applied squeezing force
(see Fig. 15)
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glass ball in the nominal contact area, and the effective crack propagation energy for
opening crack

G � ðA∕A0ÞGopenðvÞ,

where A∕A0 is the relative contact area at the rim of the nominal contact area at the
point of snap-off (where the opening crack speed is v). The crack propagation energy
(also denoted the work of adhesion) Gopen(v) is the interfacial crack propagation
energy for smooth surfaces.

For a thick rubber film, the pull-off force is given by the Johnson–Kendall–
Roberts theory

Fpull�off ¼ 3π
2
RG:

If the elastic modulus of the rubber compound is high enough, the effective crack
propagation energyGmust be corrected for the elastic energy stored when the rubber
surface is bent to make contact with the substrate

G � ½ðA∕A0ÞG0 � Uel�ð1þ f ðv, TÞÞ,

where Uel is the elastic energy per unit surface area due to the surface roughness.
Thus if the roughness is big enough, (A∕A0)G0�Uel, the pull-off force will vanish.

3 Applications

3.1 Pulling Adhesive Tape

A pressure sensitive adhesive tape typically consists of a soft (weakly crosslinked)
rubber film (with tacky additives) on a stiffer polymer film, e.g., of polyester type. In
recent studies of peeling of adhesive tapes [46–49], the crack propagation energy G
(v) was measured as a function of the peeling velocity v. Thus, for example, peeling
of the 3M Scotch 600 tape, which consists of a polymer film covered by a thin d� 20
μm (acrylic) adhesive film, resulted in a G(v) function very similar in form to what is
shown in Fig. 10, with a maximum around vm� 0.1 m/s. For peeling velocities
v< vm, the crack tip process zone is very complex involving cavitation and stringing,
and G0(v) is likely to depend on the crack tip speed. Thus for v< vm the velocity
dependency of G(v) will depend not only on the bulk viscoelastic energy dissipation
but also on G0(v), which was considered as a constant above.

The complex processes occurring close to the crack tip for low peeling velocities
result in a very rough rubber surface, which appears white due to light scattering
from the surface inhomogeneities [50]. However, high peeling speeds result in a
much smoother (and transparent) rubber film. This indicates a much simpler crack
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tip process zone for v> vm. Thus, the theory developed above may be directly
applied to v > vm. In this velocity region the decrease in G(v) may result from the
finite thickness of the adhesive film as predicted by the theory above. This is
expected for a thin film, but not for an infinite system where G(v) increases
monotonically with the crack tip speed (see Figs. 7 and 8). This origin of a maximum
in the G(v) curve was already suggested by de Gennes [51].

Let us present some numerical results for a pressure sensitive (acrylic) rubber
compound used in an earlier study (see [52]). Figure 17 shows the viscoelastic
modulus as a function of frequency (log–log scale) for a pressure sensitive adhesive
denoted by A in [52]. (a) shows the real and imaginary parts of E and (b) ImE∕Re
E¼ tanδ. Figure 18 shows the logarithm of the (horizontal) frequency–temperature
shift factor aT as a function of the temperature for the same compound.

Using the viscoelastic modulus in Fig. 17 and assuming a L¼ 20 μm thick rubber
film, in Fig. 19 we show the calculated viscoelastic enhancement factor Gopen∕G0 as a
function of the crack tip speed for the pressure sensitive adhesive A, for the
temperatures T¼ 20∘C (red lines), 30∘C (green lines), and 40∘C (blue lines). The
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slope of the curve and the velocity where G(v) is maximum is close to what is
observed in [46, 47].

The maximum of the G(v) curve in the experiments presented in [46, 47] is about
100 J/m2. We have found that at the maximum G∕G0� 30. So this implies G0� 3
J/m2. This is much bigger than the adiabatic work of adhesion Δγ¼ γ1 + γ2� γ12,
which probably is around 0.05 J/m2 (because of the inert backing of the tape). So G0

is increased by a factor of�60 or so compared to the adiabatic case. We attribute this
to the cavitation and stringing in the crack tip process zone.
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Fig. 19 The viscoelastic
enhancement factor
Gopen∕G0 as a function of the
crack tip speed for the
pressure sensitive
adhesive A, for the
temperatures T¼ 20∘C (red
lines), 30∘C (green lines),
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results are shown for the
system sizes (film thickness)
L¼ 20 μm

-2

-1

 0

 1

 2

 3

 4

 5

 6

-60 -40 -20  0  20  40  60
temperature (oC)

lo
g 1

0a
T

pressure sensitive adhesive A
Fig. 18 The logarithm of
the (horizontal) frequency–
temperature shift factor aT as
a function of the temperature
for the pressure sensitive
adhesive A

Viscoelastic Crack Propagation: Review of Theories and Applications 397



3.2 Ball-Flat Adhesion: Role of Finite-Sized Effects

Here we compare the theory prediction with a ball-flat pull-off (adhesion) experi-
ment [53–64]. Adhesion experiments are typically performed by moving a spherical
ball (radius R) in and out of contact with a substrate. This type of experiments can be
analyzed using the Johnson–Kendall–Roberts (JKR) theory, which predict the pull-
off force Fpull-off¼ (3π∕2)GR, where G is the work of adhesion. The work of
adhesion is the energy per unit surface area to propagate an interfacial (opening or
closing) crack. Hence, for viscoelastic solids such as rubber, there will be a visco-
elastic contribution to G given by the theory above: G∕G0¼ 1 + f(v, T ), where G0 is
the work of adhesion in the adiabatic limit (crack speed v! 0).

Here we are interested in a hard ball in contact with a flat rubber surface. In a
typical adhesion experiment, the ball radius R is of order a few mm, and the diameter
of the area of contact when the pull-off instability occurs of order �0.1 mm. The
linear size L� 0.1 mm of the contact region (at the point of the onset of snap-off)
determines the size of the region in space where the stress field exhibits the inverse
square-root (singular) behavior expected as a function of the distance away from the
tip of crack-like defects.

Figure 20 shows the calculated [from (6)] viscoelastic enhancement factorGopen∕G0

as a function of the temperature for the crack tip speed v¼ 10 μm/s. The system size
L¼ 0.1 mm. Results are shown for unfilled and filled (20.4 Vol.% carbon black)
Hydrogenated Nitrile Butadiene Rubber (HNBR) rubber (red solid and dashed lines,
respectively) and for a tread compound (blue curve). The glass transition temperatures
of the HNBR and tread compounds are � 16∘C and � 32∘C, respectively.
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Fig. 20 The viscoelastic enhancement factor Gopen∕G0 as a function of the temperature for the crack
tip speed v¼ 10 μm/s. The system size L¼ 100 μm as is the typical diameter of the contact between
a ball and a flat surface in JKR [59] adhesion experiments. Results are shown for unfilled and filled
(20.4 Vol.% carbon black) HNBR (red solid and dashed lines, respectively) and for a tread
compound (blue curve). The glass transition temperatures of the HNBR and tread compound are
� 16∘C and � 32∘C, respectively
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Let us compare the results in Fig. 20 with the experimental results obtained in
[60] for a silica-glass ball with radius R¼ 1.5 mm first squeezed in contact with a flat
surface of an acrylic polymer and then pulled-off with the speed vz� 10 μm/s. We
will assume that both surfaces are perfectly smooth. The acrylic polymer surfaces are
produced by photopolymerization with the polymer confined between two smooth
glass plates. The glass ball is also expected to be very smooth, but no information
about the surface roughness was given in [60].

The acrylic polymer used in Fig. 21 has a much higher glass transition temper-
ature than the HNBR rubber used in the calculations (Tg¼ 53∘C compared to
� 16∘C for HNBR), which will result in a shift of the adhesion curve along
temperature axis, but the temperature dependency of the pull-off force (which is
proportional to G) for the acrylic polymer is very similar to the temperature
dependency on the work of adhesion for unfilled HNBR. In particular, both the
full width at half maximum (FWHM) (about 20∘C) and the asymmetry of the peak in
the pull-off force and the work of adhesion are nearly the same. This is indeed
expected because the change in the viscoelastic modulus from the rubbery region to
the glassy region is nearly the same for both polymers (from �3 MPa to �2 GPa).
We also note that the viscoelastic enhancement in the pull-off force observed in the
experiment (roughly 15� 30) is very similar to what the theory predicts. Unfortu-
nately, the (complex) frequency-dependent modulus E(ω) for the acrylic polymer
was not reported on in [60] so no detailed comparison between theory and experi-
ment is possible.
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Fig. 21 The pull-off force as a function of temperature for a glass ball with radius R¼ 1.5 mm first
squeezed in contact with a flat surface of a (photopolymerizable) acrylic polymer (Tg¼ 53∘C) and
then pulled-off with the speed vz� 10 μm/s. From [60]
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3.3 Crack Propagation in the Pig Skin (Dermis),
with Application to Intradermal Injections

The delivery of a drug product through body tissue (muscle, skin, or organ tissue) is
one of the most common routes of delivery for therapeutic drug products. Delivery
into the skin layers includes injections in the sub-cutaneous space, which has
growing interest, due to its applications to patient self-injection for chronic diseases
like diabetes. Intra-dermal injection, targeting the space between the outer skin layer
(epidermis) and the sub-cutaneous space, is of particular interest for vaccines, due to
its potential to elicit a stronger immune response. To understand the fundamentals of
injections, we need to consider the tissue as a media composed of cells, extracellular
matrices, and interstitial fluids [65, 66]. The drug delivery depends on the perme-
ability of the tissue as well as the compatibility between the injecting fluid and the
interstitial fluids.

The majority of the studies analyzing the fundamentals of how the drug is
delivered into the tissue use porous elastic models where the drug product diffuses
through the tissue by permeability. The use of Darcy’s and Brinckman’s diffusion
equations is a common practice [67].

Here we consider the injection of fluid in the pig dermis. The dermis consists of a
three-dimensional crosslinked network of elastic fibers (collagen, elastin)
surrounded by an amorphous gel-like (water-rich) substance (containing mucopoly-
saccharides, chondroitin sulfates, and glycoproteins). The gel-like substance pro-
vides lubrication for collagen fibers, which indicate that the bonding interaction
between the elastic fibers and the gel-like substance may be relatively weak, and a
likely region for crack to propagate during fluid injection.

We propose that the fluid injection in the dermis is similar to hydraulic fracturing
(also called fracking), used in oil and gas exploration, involving the fracturing of an
inhomogeneous material (here the dermis) by a pressurized liquid. In the present
case, because of the low elastic modulus the skin dermis, the pressurized fluid will
separate the cracked surfaces giving fluid filled cavities in the skin. Because of the
permeability of the dermis, the fluid is diffusing away from the fluid filled cavities,
but the speed of this process will depend on the compatibility of the injected fluid
and the interstitial fluids.

3.3.1 Viscoelastic Modulus of the Dermis

The experimental study uses pig skin where the dermis is relative thick, see Fig. 22.
The specimen used in the experiment was bought from the butcher and used 1 day
after the pig was killed. The viscoelastic modulus was measured in tension mode
using a DMA Q800 from TA Instruments. From the skin specimen, we have cut out
a sample of the dermis removing first the subcutis and the epidermis. We used stripes
of the dermis with rectangular cross section, 4.5� 2.5 mm, and length of 7–12
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mm. One problem is that the viscoelastic properties of the specimen change with
time, e.g., due to the loss of fluid evaporating to the atmosphere. As we cannot
control the humidity in the DMA Q800, this effect may have the largest influence on
the results. In order to minimize this effect, we have covered the sample with liquid
pork fat prior to the experiment. The fat has been produced by heating up some of the
pig skin in an oven for some time.

To measure the viscoelastic modulus, the specimen gets excited with different
frequencies in tensile mode at different temperatures. The applied strain amplitude is
chosen to be rather small (0.5% strain) to avoid nonlinear effects. The temperature
range covered starts at 40∘C down to � 50∘C. The results have then been shifted to
obtain a smooth master curve. This is found to be rather complicated as their is a
strong change when the temperature is around � 10∘C.

The first measurement is done at a constant temperature of 40∘C while the
frequency is changed in steps from 25 to 0.25 Hz. Later, the temperature is decreased
by 10∘C and the experiment repeated until � 50∘C is reached. We have shifted the
imaginary part of the viscoelastic modulus to obtain a smooth master curve. This
time–temperature shifting procedure is often used for rubber-like materials but may
not hold accurately for the dermis.

Figure 23 shows the real and imaginary parts of the elastic modulus as a function
of frequency (log–log scale) of the pig dermis. Figure 24 shows the shift factors
obtained by shifting the imaginary part of the viscoelastic modulus as to obtain the
(smooth) master curve shown in Fig. 23. We have also plotted lnaT as a function of
1∕T, where T is the absolute temperature (Kelvin) (not shown). We have found that,
to a good approximation, aT ¼ be�ε∕ kBT , with the activation energy ε� 2.5 eV.

Preliminary analysis of pig skin dermis using deferential scanning calorimetry
indicates several thermal transitions within the physiological temperature range 0–
40∘C. Further analysis is ongoing to determine their relation to the viscoelastic
behavior of the dermis.

Fig. 22 Picture of the pig
skin used in the experiment
with the different skin layers
as indicated. For the
experiment, we have cut out
pieces of the dermis of
the skin
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3.3.2 Crack Propagation in the Dermis

We have measured the energy per unit area for crack propagation in the pig skin
dermis. The experiments were conducted in an Instron tensile bench, model 5542
equipped with pneumatic grippers set to a pressure of 20 psi. The samples consisted
of w� 2.0� 2.5 cm-wide strips of skin where a crack was initiated by a razor blade
cut in the dermis region of the skin, see Fig. 25. We measured the F(v) as a function
of the crack tip speed v (Fig. 26). Neglecting the elastic energy stored in the skin, the
work FS�GwS (where S is the length of the crack). Using this equation in Fig. 27,
we show G as a function of the crack tip speed. Note that there is only a weak
increase in G with the speed v and no systematic temperature dependency.

The crack propagation energy G¼G0(1 + f(v, T )), where 1 + f(v, t) is the visco-
elastic enhancement factor and G0 (which also depends on v and T ) the contribution
from the crack tip process zone to the crack propagation energy. In Fig. 28 we show
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the calculated viscoelastic enhancement factor G(v)∕G0¼ 1 + f(v, T ) as a function of
the logarithm of the crack tip speed. In the calculation we have used the viscoelastic
modulus of the pig dermis shown in Fig. 23 and the shift factor from Fig. 24. Results
are shown for T¼ 16.1, 22.2, and 28.3∘C and taking into account the finite-sized
effect with L¼ 1 cm of order the thickness of the dermis. For the crack speeds shown
in Fig. 27, the factor 1 + f(v, t) is approximately temperature and velocity indepen-
dent. Taking into account the magnitude of 1 + f(v, t), we conclude that G0(V ) on the
average increases from �200 J/m2 for v< 0.1 mm/s to �400 J/m2 for v� 1 mm/s.

Fig. 26 Crack propagation
in the pig dermis results in a
rough surface

FF

crack tip
velocity v

skin
(dermis)

Fig. 25 The crack
propagation energy
G�F∕w, where w is the
width of the strip

 0

 500

 1000

 1500

 2000

 2500

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

fit all data
fit T=28.3oC data

T=16.1oC
22.2
25.0
26.2
28.3

crack tip velocity  (mm/s)

G
  (

J/
m

2 )

Fig. 27 Crack propagation
energy G(v) in the dermis of
pig skin for different
temperatures and crack tip
velocities

Viscoelastic Crack Propagation: Review of Theories and Applications 403



3.3.3 Surface Roughness of Dermis Crack Surfaces

The roughness resulted from the pig skin crack propagation was studied using a
Keyence VR 5200 3D measurement system. The scanned area was 20 mm� 20
mm. The dermis crack surfaces exhibit strong surface roughness as shown in Fig. 26.
Figure 29 shows that the amplitude of the height fluctuations is about 1 mm. In
Fig. 30 we show the calculated two-dimensional (2D) surface roughness power
spectrum. Including only the wavenumber region shown in the figure, the surface
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Fig. 28 The viscoelastic enhancement factor G(v)∕G0¼ 1 + f(v, T ) as a function of the logarithm of
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has the root-mean-square (rms) roughness amplitude of 0.19 mm and the rms-slope
of 1.0.

Note that the slope of the power spectrum curve (on the log–log scale) changes
for q¼ 2π∕λ, λ� 1 mm, from � 2.6 to � 3.9. We associate the region q< 2π∕λ with
the large (mm-sized) protruding structures, which can be seen in Fig. 26, which
probably are domains of the soft extracellular matrix detached from the highly
elongated fibril network (collagen and elastin) in the crack tip process zone. Thus,
the morphology of the cracked surface (see Fig. 26) suggests that the (strong) fibril
component of the dermis is not homogeneously distributed but is separated by
relative large regions of the soft matrix. This will have important implications for
the crack propagation in the dermis during fluid injection (see Sect. 3.3.5).

The roughness found on the cracked surfaces in Fig. 26 is consistent with the
crack propagation energy shown in Fig. 27. Thus, experiments have shown that
when a strip of dermis is elongated in tension, the maximum tensile stress before the
dermis break is σc� 2 MPa (see [66]). The amplitude of the surface roughness
created on the cracked surfaces in Fig. 26 is about d� 1 mm (typically �5 times
higher than the rms roughness amplitude). Thus one expects the crack propagation
energy to be G0� σcd∕2� 1000 J/m3, which is consistent with Fig. 27.

3.3.4 Intradermal Fluid Injection

We have measured the injection of deionized water in the pig belly dermis (see
Fig. 34). The water was injected using a 1 mL glass syringe with a barrel with inside
cross section area A� 30 mm2. The syringe’s needle was a 29 gauge with 184 μm
inner diameter and 340 μm outer diameter. The injection depth was 6 mm. The
injection setup was mounted in an Instron tensile bench model 5542 to control the
speed and injected volume.
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The total force applied to the rubber stopper is Ftot¼Ff + Fvis + Ap, where Ff is
the friction force between the rubber stopper and the glass barrel, Fvis the force (due
to the water viscosity) needed to squeeze the fluid through the needle, and Ap the
force to inject the fluid in the dermis (p is the water pressure in the dermis, and A the
barrel inner cross-section area). The friction force between the rubber stopper and
the glass barrel Ff and the viscous force needed to squeeze the fluid through the
needle Fvis were measured before and after injecting fluid in the skin dermis. The so
obtained force was subtracted from the total force Ftot needed to inject the fluid in the
dermis. Figure 31 shows the dependency of the effective injection force Ap on the
volume injection rate _V . The total injected volume is V0¼ 100 mm3. Note that the
injection force tends to increase linearly with the injection rate and is nearly
independent of the temperature.

3.3.5 Theory and Analysis of the Experimental Data

Here we will study the fluid pressure p necessary in order to inject fluid into the
dermis of the skin. We will calculate p as a function of the size of the injected fluid
volume and as a function of the speed of fluid injection. We will assume that the fluid
forms a roughly ellipsoidal-shaped volume with height h and radius R, see Fig. 32.
Thus the fluid volume V� 4πR2h∕3. We consider an equilibrium situation and
determine R and h by minimizing the total potential energy Utot. We have

Utot ¼ �Fuþ GπR2 þ 1
2
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Fig. 31 The dependency on the force needed to inject a fluid in the pig dermis on the volume
injection rate
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The first term is the potential energy of the loading mass acting on the stopper,
which is squeezing the fluid into the skin. The second term is the energy to break the
bonds on the surface area πR2, and the last term is the elastic energy stored in the
system when bending the surfaces (by the amounts h) in the area πR2 so it can
occupy the fluid volume V� 4πR2h∕3. This term can be understood as the strain
energy density σε∕2¼Eε2∕2 integrated over the volume where the strain is finite. The
strain is of order h∕R and the volume of order R3. The factor κ is the number of order
unit, which depends on the location of the dermis relative to the skin surface, and
also on the exact skin elastic properties such as the elastic modulus and thickness of
the epidermis (the skin top layer) and subcutis (see Fig. 22).

We assume that the fluid (water) is incompressible so that fluid volume conser-
vation requires

V ¼ Au ¼ 4π
3
R2h: ð20Þ

Using this equation and F¼ pA, we can write

Utot ¼ � 4π
3
R2hpþ GπR2 þ 1

2
E

h
R

� �2

κR3: ð21Þ

Minimizing with respect to h and R gives

� 4π
3
R2pþ EhκR ¼ 0, ð22Þ
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Fig. 32 Fluid injection into
the skin
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� 8π
3
Rhpþ G2πRþ 1

2
Eh2κ ¼ 0, ð23Þ

which gives

h ¼ 4π
3κ

GR
E

� �1∕2

, ð24Þ

p ¼ 3κ
4π

EG
R

� �1∕2

: ð25Þ

Using (20) and (24), we obtain the volume of injected fluid

V ¼ βR5∕2, ð26Þ

where

β ¼ 4π
3

4π
3κ

G
E

� �1∕2

: ð27Þ

Assume that fluid is injected at a constant volume per unit time so that VðtÞ ¼ _Vt.
If the injection occurs during the time period 0 < t< t0, we get the injected volume
Vðt0Þ ¼ V0 ¼ _Vt0. The time averaged force

hFi ¼ 1
t0

Z t0

0

dt FðtÞ ¼ 1
V0

Z V0

0

dV FðVÞ: ð28Þ

We get

F ¼ Ap ¼ 3κ
4π EG
� 	1∕2

AR�1∕2 ¼ αAR�1∕2, ð29Þ

where

α ¼ 3κ
4π EG
� 	1∕2

: ð30Þ

Combining (26) and (29) gives

F ¼ αβ1∕5AV�1∕5: ð31Þ

Assume now first that E and G can be treated as constants independent of the
injection rate _V, i.e., independent of the crack tip velocity _R. In this case, using (28)
and (31), we get
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hFi ¼ 1
V0

Z V0

0

dV αβ1∕5AV�1∕5 ¼ 5
4
αβ1∕5AV�1∕5

0 : ð32Þ

Note that the force depends very weakly on the injected volume (or injection time),
e.g., doubling the injection time results in a change in a reduction in the force with
�13%. In reality G(v) increases with increasing crack tip speed v ¼ _R, and since
R¼ (V∕β)2∕5, we get _R ¼ ð2∕5Þβ�2∕5V�3∕5 _V . Thus the crack speed decreases with
increasing time as t�3∕5, which will reduce G(v) with increasing time.

Let us compare (32) with the experimental results shown in Fig. 31. The dermis
has nonlinear viscoelastic properties, and the Young’s modulus E in the equations
above must be considered as an effective modulus obtained for the typical strain
� h∕R involved in the cavity formation. If we use E¼ 5 MPa and G¼ 1000 J/m2 and
assume R a few mm using (24), we get a strain h∕R of order unity. For such large
strain, the effective modulus E¼ 5 MPa appears reasonable [66]. Using this
E modulus for V0¼ 100 mm3 and A¼ 30 mm2, we get hFi� 18 N. This is similar
to the observed injection force for the highest injection rate. However, the depen-
dency of the calculated hFi on the injection rate _V (via the dependency ofG and E on
the crack tip speed) is weaker than observed. Thus, we note that the strain rate� _R∕R
varies with the radius R but is typically �0.1� 10 s�1 as _V varies from the smallest
to the highest value in Fig. 31. This corresponds to an increase in the E-modulus with
only a factor of �2. Thus, most of the dependency of hFi on the injection rate must
be due to the crack propagation energy G. We conclude that at least for the lowest
injection rates in Fig. 31 the fluid injection will not result in a breaking of all
components of the dermis material, and the crack propagation energy G will be
much smaller than used above but may increase rapidly with increasing injection
rate. Our present understanding of the fluid injection process is illustrated in Fig. 33.

(a) (b)

p

Fig. 33 Two limiting models of fluid injection. The dermis is assumed to consist of two compo-
nents: a soft (gel-like) matrix and a network of elastic fibers, which break only at very high tension
force. (a) If the pressure in the fluid is not too high, it will generate cracks in the soft matrix, or at the
interface between the soft matrix and the fibers, forming a complex network of fluid filled and
connected regions, while the fiber network is intact but stretched. (b) The fluid pressure is so high
(e.g., as a result of very high injection rate) that also the fiber network break, resulting in crack
propagation in the dermis similar to in the model study reported on in Sect. 3.3.2
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Figure 33 shows two limiting models of fluid injection. The dermis is assumed to
consist of two components: a soft (gel-like) matrix and a network of elastic fibers,
which break only at very high tension force. If the pressure in the fluid is not too
high, it will generate cracks in the soft matrix, or at the interface between the fibers
and the gel matrix, forming a complex network of connected fluid filled regions,
while the fiber network is intact but stretched (see Fig. 33a). In Fig. 33b it is instead
assumed that the fluid pressure is so high (e.g., as a result of very high fluid injection
rate) that also the fiber network breaks, resulting in crack propagation in the dermis
similar to in the model study reported on in Sect. 3.3.2. In practical applications the
case (a) is likely to occur.

After injection of the fluid, resulting (from interfacial crack propagation) in a
complex network of pressurized fluid filled regions, a slower process will take place
where the fluid diffuses into the skin dermis. This latter phase involves the skin
permeability and is governed by the (Darcy’s and Brinkman’s) diffusion equation
and by poroelastic fluid dynamics. This can be a slow process as manifested by the
fact that after injecting the fluid and removing the needle, the fluid pressure in the
cavity is high enough to allow some fluid to leak to the surface of the skin where it
forms small water droplets (see Fig. 34). We note that after the needle is removed,
the dermis and especially the epidermis (which is elastically much stiffer than the
dermis) will elastically rebound and tend to close the hole formed by the needle, but
Fig. 34 shows that the fluid pressure is high enough to allow some fluid leakage to
the skin surface.

3.4 Rubber Wear

Rubber wear is a complex topic. Here we are interested in a rubber block sliding on a
a rigid substrate with surface roughness on different length scales, e.g., a tire tread

Fig. 34 After injecting the fluid and removing the needle, the fluid pressure in the cavity is high
enough to allow some fluid to leak to the surface of the skin where it forms small water droplets
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block on a concrete surface. There are several different limiting wear modes
depending on the chemical composition of the rubber compound, the sharpness of
the surface roughness, the composition of the atmospheric gas, the temperature, and
the sliding speed. Thus, at low temperature or for very sharp roughness (large rms
slope and kurtosis), the wear may involve cutting the rubber surfaces forming linear
wear tracks on the rubber surface (see Fig. 35). This would result in rapid wear.
Some rubber compounds tend to wear while forming a smear layer on the
countersurface, which may reduce the wear rate with increasing contact time
(if slid repeatedly over the same surface area). Other compounds may wear at a
constant rate by formation of small rubber wear particles (dry rubber dust). This
latter wear mode appears to be most important for tires and will be considered in the
following.

There is at present no accurate theory to predict the wear rate of rubber materials.
Here we will discuss several aspects that must be taken into account in any realistic
model of rubber wear.

3.4.1 Multiscale Crack Propagation

Rubber wear on road surfaces is a multiscale phenomenon. All surfaces of solids
have roughness on different length scales. The best picture of this is that a big
asperity has smaller asperities on top of it, and the smaller asperities have even
smaller asperities on top of them, and so on. When a rubber block is sliding on a
surface with multiscale roughness, the contact will in general not be complete, but
the contact area will decrease continuously as the magnification increases and new
shorter wavelength surface roughness is observed. If the rubber makes contact with
an asperity and D is the width of the contact region, then the deformation (and stress)
field will extend into the rubber block a distance of order D. The elastic energy
(temporally) stored in the volume element D3 can drive a crack in the surface region

Fig. 35 Wear tracks on rubber surface
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only if the crack extends into the rubber over a length less than D. Thus different
stages in the propagation of a crack will involve the surface roughness of different
wavelength, and a crack extending a distance D into the rubber can only be driven
further by road asperities of similar (or larger) size as the crack length D.

In order for a rubber wear particle to form, a crack cannot just propagate into the
rubber surface, but it must “turn around.” The distribution of sizes of wear particles
has been studied experimentally by collecting the particles generated from a tire in
rolling contact (with some small slip) with a road surface [68, 69]. The probability
distribution of wear particle sizes (effective diameter D) was found to be exponential

PðDÞ ¼ l�1e�ðD�D1Þ∕ l, ð33Þ

which is normalized so that

Z 1

D1

dD PðDÞ ¼ 1:

Here D1 is the smallest wear particle diameter observed, which was found to be �4
μm. Using (33), the average volume of a wear particle � πl3.

In [20] a theory was developed, which gives a probability distribution of the form
(33) in which the distance l was interpreted as the crack mean free path. That is, it
was assumed that after an average distance l the crack abruptly changed direction,
e.g., by hitting into a filler particle cluster, or some other impenetrable inhomoge-
neity. For the rubber used in the experimental study of [68], l� 16 μm.

3.4.2 Frictional Shear Stress

Rubber wear result from the frictional shear stress the rubber is exposed to when
sliding on a countersurface. At the exit side of asperity contact regions, large tensile
stress may develop, which can drive cracks in the rubber surface region (see Fig. 36).
Thus, rubber wear and rubber sliding friction are closely connected phenomena.

When a rubber block is sliding on hard countersurface with roughness on many
length scales, the apparent rubber–substrate contact area will depend on the magni-
fication. At the magnification ζ, only the roughness with wavenumber q< q0ζ can be
observed. Here q0 is the wavenumber of the most long wavelength roughness
component. Using the Persson rubber friction theory [70], in Fig. 38 we show the
relative area of contact A∕A0 (where A0 is the nominal contact area) as a function of
the logarithm of the magnification for the sliding speed v¼ 1 cm/s. The result is for a
rubber tread compound used in a passenger car tire, assuming the nominal contact
pressure p0¼ 0.3 MPa and the temperature T¼ 20∘C. In the calculation we have
used the surface roughness power spectrum shown in Fig. 37.

As the magnification increases, the contact area decreases and the normal contact
stress increases. Since the normal force is constant, we have FN¼ p0A0¼ p(ζ)A(ζ) or
p(ζ)¼ p0A0∕A(ζ). As we increase the magnification, the contact pressure and the
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effective frictional shear stress τ(ζ)¼ μFN∕A(ζ)¼ μp(ζ) will increase and finally, if
the surface is rough enough, the shear stress becomes so high as to break the bonds in
the rubber. In the friction theory we assume this to occur at the point where including
all the roughness with wavenumber q¼ q0ζ < q1 results in an rms-slope of 1.3. This
choice of cut-off is a condition obtained by analyzing a lot of experimental data, but
there is no rigorous theoretical argument for this cut-off. In fact, understanding how
to determine the large wavenumber cut-off in the rubber friction calculation is a very
important but unsolved problem. However, we are convinced that on very rough
surfaces, such as asphalt or concrete road surfaces, the cut-off is related to the onset
of strong wear as outlined above. We believe at the magnification ζ1¼ q1∕q0 contin-
uous cutting of the rubber surface by the road asperities occurs, as observed at much
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larger length scale in Fig. 35 (which occurs at low temperature or for much sharper
roughness).

For the same system as used in Fig. 38 (rubber tread compound for a tire), in
Fig. 39 we show the viscoelastic contribution to the friction coefficient μvisc (green
lines) and the total friction coefficient μ¼ μvisc + μad (where μad is the adhesive
contribution, i.e., the contribution from the area of real contact). The solid and
dashed lines are with and without the flash temperature.
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Fig. 39 The viscoelastic
contribution to the friction
coefficient μvisc (green lines)
and the total friction
coefficient μ¼ μvisc + μad
(where μad is the adhesive
contribution, i.e., the
contribution from the area of
real contact). The solid and
dashed lines are with and
without the flash
temperature. The nominal
contact pressure
P0¼ 0.3 MPa and the
background temperature
T¼ 20∘C
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Fig. 38 The relative area of
contact A∕A0 (where A0 is the
nominal contact area) as a
function of the logarithm of
the magnification for sliding
speed v¼ 1 cm/s. The
nominal contact pressure
P0¼ 0.3 MPa and the
temperature T¼ 20∘C
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3.4.3 Size-Dependent Crack Propagation Energy

We have argued that on surfaces with large roughness during slip strong rubber wear
of the type seen in Fig. 35 will always occur at short enough length scale, and it will
act as an effective cut-off in calculating the rubber friction (see Sect. 3.4.2). This
would typically result in rubber wear particles of micrometer size. However, larger
rubber wear particles may also form, but they result not from interaction with one
road asperity, but as a result of a cumulative influence of many accounts with road
asperities. There are two reasons for this: as the length scale increases (or the
magnification decreases), the asperity stress decreases while simultaneously the
crack propagation energy (at a given crack tip velocity) increases. In this case,
every time an asperity slides over a crack it will result in a small movement of the
crack tip, and finally to the detachment of a rubber particle. This process is denoted
as fatigue wear. Given the time-dependent stress acting on the rubber surface from
the road asperities, one can estimate the fatigue wear rate from the knowledge how
the asperity stress field and the (velocity-dependent) crack propagation energy
change with the length scale (or magnification). The former is given by the rubber
friction theory and the latter by the theory of crack propagation, or both quantities
can be obtained from experiments.

As an illustration, Fig. 40 shows the measured crack tip displacement Δx (in mm)
per cycle, as a function of the amplitude of the oscillating energy release rate [71]
(for other similar measurements, see [72]). In the experiment the crack (in natural
rubber) is exposed to an oscillating external stress field, which simulates the oscil-
lations in the stress observed by a crack in the surface region of a rubber block as it is
sliding over road asperities. If T is the oscillation time period (in the present case of
order 1 s), one can define an average crack tip velocity v¼ Δx∕T. In this way Fig. 40
is closely related to the crack tip G(v) function. Indeed, if the crack tip velocity v is
plotted as a function of G, one obtains a curve very similar to that shown in Fig. 40.
To illustrate this, in Fig. 41 we show the calculated relation between v and G for
unfilled NBR rubber for a system of size L¼ 1 cm. We show the curve only up to the
maximum of G(v) as there is no stable solution for larger G.

Finally, as pointed out before, the crack propagation curve G(v) depends on the
system size so measurements of the G(v) relation (or the relation between the
maximum energy release rate and the crack growth rate, Fig. 40) for a macroscopic
system cannot be directly applied to the very small cracks, which prevail at an early
stage in the crack propagation phase. In Fig. 41 we illustrate this with the calculated
crack propagation energy for the tread rubber used in the friction study in Sect. 3.4.2.
We show the results for an infinite system (red lines), and for finite-sized systems
with linear size L¼ 1 cm (green) and L¼ 1 μm (blue), and for the temperatures
T¼ 20, 30, and 40∘C (Fig. 42).
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3.4.4 Discussion

Crack propagation in rubber involves several effects not discussed above but which
are important in practical applications. For very slowly moving cracks, the bond
breaking at the crack tip is influenced by atmospheric gases such as oxygen or ozone
[73]. This chemical bond breaking results in a crack speed, which is nearly inde-
pendent of the driving stress for small stress. Another effect is strain crystallization.
Some types of rubber, like natural rubber, undergo crystallization when exposed to
large strain [74]. The crystalline state is mechanically stronger than the amorphous
state, which will increase the crack propagation energy. However, strain crystalli-
zation requires some time to occur, and if the driving stress is changing (fluctuating)
fast enough, there may be no time for crystallization to occur. But if the fluctuating
stress never vanishes, e.g., σ(t)¼ σ0 + σ1cosωtwith σ0 > σ1, then some crystallization
may always occur at the crack tip. Finally we note that if sliding occurs in one
preferable direction, a wear or abrasion pattern may form on the rubber surface [75],
usually consisting of periodic parallel ridges orthogonal to the sliding direction.
When a wear pattern form, it will influence (usually increase) the wear rate.

Fig. 40 Crack growth in
unfilled natural rubber. The
rubber sample is exposed to
an oscillating strain with the
period T¼ 0.5 s. The
minimum of the energy
release rate is zero. In each
stress cycle, the crack
extends by a distance Δx so
the effective crack tip speed
v¼ Δx∕T. Adapted from
[71]
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Fig. 41 Crack growth in unfilled NBR rubber
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4 Summary and Conclusion

We have reviewed a theory for crack propagation in viscoelastic solids. We have
considered opening and closing cracks and finite-sized effects. The theory was
applied to pressure sensitive adhesives, the ball-flat adhesion problem, intradermal
fluid injection, and rubber wear.
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Rubber parts are used for different kinds of applications like tires, vibration
damper, sealing parts, gaskets, diaphragms, etc. These parts are often subjected to
multiaxial cyclic loading during operation. To utilize the whole mechanical potential
of the rubber, it is necessary to investigate and characterize the material and crack
behaviour under application relevant conditions.

This study will work out that regardless of the deformation state (equibiaxial,
asymmetrical biaxial, “pure shear”, uniaxial) the same amount of energy is dissi-
pated if the amount of the equivalent strain (von Mises) is equal.

The present paper investigates, how different states of deformation possibly
differently triggers the competitive dissipative processes of the material with the
aim, to work out the different amount of dissipative effects as a function of the
deformation state. It will be further shown how these effects influence the situation at
the crack tip during cyclic loading. The correlations between von Mises equivalent
strain, dissipative heating and crack propagation were analysed and used for the
characterization of the material behaviour at the crack tip.

It is shown how the dissipated energy can be estimated and how the data describe
the heating of the and the heat transfer to the surrounding in detail. The dissipated
conditions in the whole sample and in the vicinity of the crack tip correlate with the
crack behaviour. The dependence of the crack growth rate and thermal state at the
crack tip from the von Mises strain is discussed in detail.

A physically motivated model approximates the strain at the crack tip and, finally,
estimates the relationship between strain, energy dissipation and temperature state of
the rubber material in the vicinity of the crack tip.

The used rubber is a solution-SBR loaded with 50 phr carbon black. The
experiments were performed on a biaxial test machine from Coesfeld GmbH &
Co. KG. The measurements were done using an optical digital image correlation
(DIC) system ARAMIS from GOM, Germany, to measure and analyse the strain.
The thermal behaviour was determined by infrared thermography from InfraTec,
Germany.

Keywords Crack tip · Dissipative heating · Fatigue · Fracture · Multiaxial testing ·
Rubber

1 Introduction

Fracture and fatigue behaviour are mostly characterized using two concepts: (1) the
global concept of classical tear fatigue analysis (TFA [1, 4–12]) and (2) the local
concept, known as a J-integral method [2, 3, 13–17].

The global concept is mostly used for the analysis of fatigue and fracture
behaviour, while the local concept is an alternative due to its suitability for the
case of deviation of crack growth from the orthogonal direction to the main strain
and its independence from specimen geometry.
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It is known that the two above concepts are developed initially for elastic
materials, where next to the process zone of the crack no energy dissipation appears.
But in the case of rubber there is in general a dissipation during deformation, which
can be rather well described by the viscoelasticity of the rubber.

In previous works [18, 19] we presented a procedure which enables an energetic
description of the deformation and damage process and a separation of elastically
stored and dissipated energy components.

The present study is an extension of the previous work, with an improved
description of the thermal behaviour of the whole sample, and vicinity of the crack
tip. The estimation of the energy dissipation near the crack tip, the dependence of the
crack grow behaviour on different multiaxial loaded cases (equibiaxial, asymmetri-
cal biaxial, “pure shear”) are investigated in this study with respect to temperature
and strain distribution. The experiments are performed using a biaxial test device
(Coesfeld GmbH & Co. KG) ([20], http://products.coesfeld.com/WebRoot/WAZ/
Shops/44402782/5238/4E9A/BB18/5A3B/993E/D472/521A/76A8/61-490_
Biaxtester_engl.pdf. Status 06.2020) to replicate almost realistic multiaxial loading
conditions. A short description of the equipment and the used evaluation procedures
can be found more detailed in the previous publications [18, 19].

2 Energetic Characterization of Hysteresis Behaviour
at Multiaxial Loading Conditions

For a better understanding of the behaviour of rubber material containing cracks, it is
necessary to consider various effects that result in dissipation of energy.

With mechanical load of rubber material, mechanical energy (or work) is induced.
This energy is not stored in the material in total and cannot be recovered during
subsequent unloading. A certain part of the energy is dissipated by dissipative
heating, crack initiation and propagation in the molecular network. This leads to a
hypothesis that not only different but also competitive dissipative processes occur in
a rubber material.

In the first step, it is useful to separate the amount of dissipation according to
crack propagation from the amount of viscoelastic dissipative effects. Due to the
inhomogeneous deformation of a material containing a crack, it is helpful to char-
acterize initially the viscoelastic behaviour of the uncracked material under homo-
geneous loading conditions. These information are used to describe the
inhomogeneous deformed state of the cracked rubber.

One component of the viscoelastic behaviour – the elastic one – can be recovered
and is measured by using the unloading path of the load cycle. Contrarily, the
dissipative one is determined by subtracting the energies of the loading and the
unloading path of the load cycle. The dissipative part of energy causes an increase in
temperature in the material [18, 21]. Externally supplied energy during the loading
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splits into thermal energy, saved in the material and into heat which is transferred to
the surrounding.

For the material containing a crack (case of inhomogeneous strain situation),
energy dissipation is not only located in the crack tip, leading to a local temperature
peak, but they are also distributed across the whole deformed viscoelastic material.

The energy density, w, of a volume element will be changed per load cycle under
an external load according to:

Δw ¼
I

σijdεij ¼
I

σijdλij, ð1Þ

σijis the applied stress and εij is the applied strain, where i and j are the tensor
component indices. In this work engineering stress and engineering strain will be
used, which are defined as:

σ ¼ F
S0

, and ε ¼ L� L0
L0

,

here F is the loading force, S0 is the initial cross-section, L and L0 are the length at the
current and initial deformation, respectively. The stretch ratios are defined as
λ ¼ ε + 1.

According to the first law of thermodynamics (energy conservation) the energy
balance of the load cycle can be written as

Δwþ Δq ¼ Δutherm þ Δupot þ Δwkin þ Δwirrev, ð2Þ

here Δw is the mechanical work applied per volume element (during one closed
loading cycle according to Eq. (1)), Δq is the thermal energy (heat) per volume
element,Δutherm¼ ρ cpΔT is the change in the thermal part of the internal energy per
volume element using ρ, cp and Δ T as density, specific heat and temperature
difference of the cycle. Δupot ¼ 0 is the change in the elastically stored potential
energy per volume element and it equals zero, as we assume no change of the
potential energy between the beginning and the end of the cycle, Δwkin ¼ 0 is the
change of the kinetic energy per volume element, which equals zero in the case of a
closed loading cycle, and Δwirrev is the irreversible energy loss per volume element
due to the creation of a new crack surface that equals also zero if the crack does
not grow.

In a two-dimensional planar approximation for a volume element of the sample
with the thickness d0 it follows for a closed load cycle

I
σijdεijd0 þ Δqd0 ¼ ρ cp ΔTd0: ð3Þ

The heat, Δq, supplied to an incompressible volume element, dV with twice the
surface dA ¼ dxdy, the initial thickness, d0, and the actual thickness, d, respectively,
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during a closed load cycle follows a simple linear expression for the heat exchange
according to

Δq ¼ � 2
dV

Z
α dA T � T0ð Þ dt ¼ � 2

d0

Z
α λx λy T � T0ð Þ dt, ð4Þ

where

dV ¼ dx0 ∙ dy0 ∙ d0 ¼ dA ∙ d ¼ dx ∙ dy ∙ d ¼ λx ∙ λy ∙ dA0 ∙ d ð5Þ

and the initial surface area is dA0.
Here α is the heat transfer coefficient and 2 in the numerator of Eq. (4) refers to

both sides of the sample (upper and lower surfaces in the case of the biaxial test),
where the heat is exchanged, assuming comparable heat transfer on the upper and the
lower side of the sample. T is the temperature of the volume element under
consideration and T0 the temperature of the environment. The integration runs
over the whole load cycle. Then the heat transfer coefficient can be estimated for a
closed load cycle using the separately estimated specific heat capacity by

α ¼ d0
H
σ dε� ρ cpΔT

� �
2
R
λxλy � T � T0ð Þdt : ð6Þ

An alternative approach to estimate the heat transfer coefficient, α, by the time
constant of free cooling of a dissipative heated sample [18, 19] turned out to be
inappropriate, because the convective heat transfer of an unmoved sample is strongly
different to the situation of a dynamically deformed sample.

Now, the knowledge of α enables the estimation of the energy density for
different kinds of energy over the whole loading–unloading cycle, as long as there
is no crack propagation observed.

Especially, the changes in the density of the potential energy can be estimated as

Δupot ¼ �Δw� Δqþ Δutherm

Δupot ¼ �
Z ε

ε0

σ dε� 2
Z t

t0

α λxλy T � T0ð Þ dt þ
Z T

T0

ρ cp dT : ð7Þ

To analyse these effects in the case of multiaxial loading, independent of indi-
vidual load axes, the von Mises strain was chosen as an equivalent value.

For the comparison of the different loaded samples from the estimated field of
engineering strains the von Mises equivalent strain was calculated under the assump-
tion of incompressibility and plane strain conditions in the x-y plane as
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εM equ ¼ exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4
3

ln λmajor
� �2 þ ln λmajor � ln λminor,1 þ ln λminor,1ð Þ2
� �r !

� 1

with λmajor,minor,1 ¼ 1þ εxþεy
2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εxþεy
2

� �2 � εxεy � ε2xy

� �r
and

λminor2 ¼ 1
λmajor λminor,1

: ð8Þ

Here are λmajor, λminor, 1, λminor, 2 are the major and minor strain ratios,
respectively.

Under the condition of incompressibility there is no change in volume. Directly
measurable (using ARAMIS software) von Mises strain is used, which is propor-
tional to the Euclidean norm of the deviatoric part of the strain tensor.

The crack tip field, i.e. the stresses and strains in the vicinity of a crack tip (the
so-called process zone), is of fundamental importance, it determines the processes
taking place in this region [22]. To approach the strain at the crack tip in an
appropriate way, the optically estimated strain was approximated assuming a
decay proportional to the square root of the distance from the crack tip, similar to
the common stress decay at a crack tip. Additionally, it is assumed that a constant
critical value of the strain is reached in a region with the radius of rcr around the
crack tip. So the strain was approximated as

εM ¼ εM0 þ affiffiffiffiffiffiffiffiffiffiffiffiffi
r þ rcr

p ð9Þ

with the reference strain, εM0, within a critical radius, rcr, around the crack, within
that the strain is limited to a critical value of

εcr ¼ εM0 þ affiffiffiffiffiffi
rcr

p or a ¼ ffiffiffiffiffiffi
rcr

p � εcr � εM0ð Þ: ð10Þ

In this way, finally the critical strains, εcr, and thus a critical radius, rcr, will be
determined to characterize the processes at the crack tip.

3 Materials and Experimental Procedure

3.1 Materials and Sample Preparation

The investigations were carried out with an oil-extended solution styrene butadiene
rubber (SSBR) with a composition summarized in Table 1. The samples were
vulcanized for 10 min at 160�C with sulphur as crosslinker.
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3.2 Experimental Setup

The experiments were done using a Biaxial Tester (Coesfeld GmbH & Co. KG;
Dortmund, Germany) at Leibniz-Institut für Polymerforschung Dresden (IPF) ([20],
http://products.coesfeld.com/WebRoot/WAZ/Shops/44402782/5238/4E9A/BB18/
5A3B/993E/D472/521A/76A8/61-490_Biaxtester_engl.pdf. Status 06.2020). For
the tests square specimens with a framing bulge for a form fit in a clamping system
were taken. The bulge was cut between each individual clamp to increase the
homogeneity of the strain fields. The data of the samples are summarized in Table 2.

The strain in the flat samples was estimated by the displacement of the clamps.
The optical camera (JAI BM-500 GE) and the illumination (LQ-LADB875-30�/
95RL) were controlled together with the motors and the displacement–force sensors
by a software from Coesfeld. The optical frame rate was 1 Hz with a resolution of
0.08 mm/pix.

Subsequent optical analyses of strain fields were done by DIC using software
ARAMIS from GOM, Germany. A 19 x 19 pix facet size with 15 pix distance was
chosen for the optical evaluation. This empirical set value depends on the combina-
tion of such factors as picture resolution and quality of stochastic patterns. A random
pattern was applied on the samples by an airbrush. To ensure that the pattern adheres
at high strains and can be evaluated accordingly the paint was mixed with a latex
paint 2/1.

Table 1 The composition of
investigated material

Ingredient SSBR with 50 phr CB

SSBR Buna VSL 4526-2 HMa 137.5

CB Corax N330 50

Zinc oxide (Red seal) 3

Stearic acid 2

Vulkanox 4020 (6PPD) 1

Sulphur 1.5

Vulkacit CZ (CBS) 1.5

Luvomaxx DPG 2
aThe SBR contains 27.3% by weight oil, so that the rubber content
is the reference value of 100, with 50 phr (parts per hundred
rubber) of carbon black

Table 2 Dimensions of the
investigated samples and
properties of the material

Initial thickness mm 1.85

Initial length mm 77

Initial width mm 77

Diameter of the bulge mm 5.5

Density g/cm3 1.099

Heat capacity, estimated by DSC J/g K 1.665
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3.2.1 Thermography

Parallel to the mechanical measurement and the optical recording of strain fields a
2D-temperature measurement was done using an IR-camera VarioCam from
InfraTec, Germany, with the lens MWIR f/2.0 f ¼ 50 mm. The frame rate was
20 Hz with a resolution of 0.37 mm/pix. The total field of view is 45,052 mm2. For
the analysis the IRBIS Software was used. The temperature measurement together
with the displacement and force measurement enables in the case of homogeneous
deformation according to (3), (5) and (7) the time-dependent estimation of the
locally stored and dissipated energy.

The complete setup is shown in Fig. 1. The arrangement is described in more
detail in [20, 23].

The optical camera was placed perpendicular to the specimen surface. The axis of
the thermal camera has to be tilted in relation to the perpendicular axis to enable a
simultaneous measurement of the strain and temperature field with both cameras.

To avoid metallic reflexes, which could influence the observed temperature data,
the clamps were covered by white paper. Additionally, it was checked and verified
that the illumination of the sample and the tilted arrangement of the IR camera did
not have a relevant impact on the measured temperature field. The calibration of the
thermal camera for the black and the patterned specimen was double-checked with a
thermocouple. There was no influence of the pattern on the estimated temperature
and the temperature values of the IR-system found.

Linear motor

Load cell

Specimen

Camera for thermal characterization

Camera for optical characterization

A A

A – A 

Example of a 

biaxially loaded 

specimen

Fig. 1 Scheme of experimental setup. Left: principle structure of Biaxial Tester (top view); right:
lateral view with principal positions of optical and thermal (IR) camera; at the bottom right:
clamping system with specimen at max strain

428 S. Dedova et al.



3.2.2 Experimental Procedure

Generally, two types of experiments were performed:

1. Estimation of properties under homogeneous stretching conditions (unnotched
sample).

2. Characterization of a notched sample following the crack propagation behaviour
(notched sample).

Firstly, all samples were preloaded equibiaxially up to 120% strain with 1 Hz by a
triangular waveform for 30 cycles in order to eliminate the Mullins effect
(“demullinization”). The state after demullinization was defined as the initial/refer-
ence state for further measurements.

Afterwards, before each dynamic loading, the specimens were loaded quasi-
statically at a speed of 0.1 mm/s (approx. 0.13%/s) up to the maximum displacement
of the particular experiment. This loading step is used for following optical the strain
field changes from beginning up to target (maximum) strain during loading process.

Finally, the dynamic part of the experiment was done at 1 Hz under a triangular
waveform using the following 4 regimes: equibiaxial (EB), asymmetrical biaxial
(AB), “pure shear” (PS) and for the unnotched case also uniaxial (UA) tension. A
triangular loading was used to enable a comparison of the experiments with previous
own tensile tests done with constant strain rate (DIN 53504:2017–03).

During the tests the technical strain is estimated by εi ¼ Δli/li, 0. 300 load cycles
were applied (corresponding 300 s) on the unnotched samples at each strain value in
accordance with Table 3 to reach the thermally stable state (temperature plateau).

At 120% strain the samples failed before reaching the thermally stable state [19].
In the case of notched samples 1,000 load cycles were applied to reach a stable

crack propagation. Here the applied strain was limited (Table 3) because at higher
values the samples failed in an instable way (spontaneous total fracture at the initial
cycles).

The upper loading point for cyclic loading corresponds to the maximum target
elongation for the current experiment. The lower point of loading corresponds to
zero force. The general schedule of experiment and the specimen is shown in Fig. 2.

Table 3 Experimental details

Triangular load
Unnotched samples (homogeneous
stretch conditions)

Notched samples (inhomogeneous
stretch conditions)

1 Hz Cycles
Main strain ¼ strain
amplitude Cycles

Main strain ¼ strain
amplitude

EB (εx ¼ εy) 300 30, 60, 90% 1,000 15, 20, 25, 30, 35%

AB (εx ¼ 2εy) 300 30, 60, 90% 1,000 15, 20, 25, 30, 35%

PS (εx ¼ x;
εy ¼ 1)

300 30, 60, 90% 1,000 15, 20, 25, 30, 35%

UA (εx ¼ x) 300 30, 60, 90% – –

aHere εx � main strain; εy�minor strain
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According to the permanent set of the specimens the strain at the lower loading point
was slightly increasing with the maximum strain.

An experimental speciality is that during the first 10 cycles the self-adaptive
controller of the Biaxial Tester is stabilizing the periodic loading procedure. During
this period of the experiments the strain values are not precisely the prescribed
values and, therefore, they are disregarded.

4 Results and Discussion

4.1 Mechanical Characterization of Homogeneous Deformed
Samples

The strain measurements were calibrated optically before the first loading cycles. A
specimen stretched up to 90% in EB, AB and PS mode is shown exemplarily in
Fig. 3. Hereby the technical strain is estimated optically vs. the strain estimated by
the displacement of the clamps.

The optical strain values were measured in the middle region of the sample of
about 20 x 20 mm2 of initial size. The mean value from this region was used for the
investigation of the relationship between optical strain and technical strain.

To characterize the stress–strain behaviour in the different loading regimes, the
curves of the last cycle are shown in Fig. 4.

For each experiment, the dissipated energy density was calculated by performing
the integration according to Eq. (1). The dependence of the dissipated energy density
in dependence of the loading conditions vs. individual and von Mises equivalent
strain is shown in Fig. 5.

It was found that the dissipated energy per volume and per cycle correlates well
with the von Mises equivalent strain. This strain is quite homogeneous over nearly

Time

Target
strain

Quasi-static loading Cyclic loading 

Op�cal recorder of 
specimen for further 
DIC evalua�on of 
strain fields

Simultaneous op�cal 
and thermal 
measurement

lower point
of loading 
Force = 0 N

Area for measuring
of strain values
(ca. 20 x 20 mm2

of ini�al size)

D
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p
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m

e
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Fig. 2 Left: Schematic time schedule of the experiments; Right: Image of a specimen with the
marked area for measuring the strain values
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the whole EB stretched sample, thus the temperature distribution is quite
homogeneous.

By cyclic loading of unnotched samples, the samples were heated by internal
dissipation. The overall thermal behaviour can be approximated with an exponential
function, see Fig. 6, left. In detail the global trend is superimposed by the heating
during the individual cycles, see Fig. 6, right.

On the right diagram of Fig. 6 the temperature for individual cycles shows no
linear behaviour with respect to the deformation, where the triangular waveform
(linear deformation) has been applied. This temperature profile originates from the
hysteresis and the non-linear stress–strain behaviour of the samples.

For each individual cycle it is now possible to estimate the coefficient of heat
transfer according to Eq. (6). In Fig. 7 the coefficient of heat transfer is shown for the
different loading regimes over the actual sample temperature.

It was found that the coefficient of heat transfer, α, is strongly dependent on the
overall deformation of the sample. Obviously, the sample movement changes the
conditions of heat transfer by local convection via the moving air at the surface.
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Generally, the coefficient of heat transfer stabilizes after about 100 cycles in the
range of 0.02. . . 0.04 mW/Kmm2.

Using the locally estimated coefficients of heat transfer, the kinds of the internal
energy were estimated. Figure 8 shows the components at the beginning and end of
the complete loading process (using the EB90 specimen as an example), namely for
the 5th and the 300th cycle.

It can be seen from Fig. 8 that only a certain amount of the applied mechanical
energy can be recovered, another portion is used to increase the internal energy or is
transmitted as heat to the surrounding, respectively. During a deformation cycle only
a small amount of applied energy is elastically stored as potential energy. The
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individual kinds of internal energy correlate also for different loading regimes quite
good with the von Mises equivalent strain, see Fig. 9. The results in Fig. 9 suggest
that the amount of mechanical and dissipated energy density does not depend on the
deformation mode provided that the amount of the von Mises strain is equal.

The small amount of potential energy which is elastically stored is much smaller
than the thermally stored amount.

Figure 10 shows the correlations between von Mises strain, dissipated energy
densityΔw and temperature differenceΔT. It can be seen that the Δw andΔT show an
almost linear dependence of von Mises strain and remain once again independent of
the deformation mode (PS, AB or EB). Between the Δw values andΔT an almost
linear trend is also observed.
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4.2 Properties Under Inhomogeneous Stretching and Crack
Propagation

4.2.1 Crack Growth Rate

By optical analysis of the crack propagation during cyclic loading the crack growth
rate was evaluated for the different loading conditions, namely varied deformation
modes (AB, EB, PS) and varied strain amplitudes (from 15% up to 35% strain of
x-axis) (see Table 3, notched samples). The crack length was measured each
50 cycles. For the load conditions of AB 35% and EB 30% and 35% the crack
growth was instable. The specimens have been totally ruptured during the first
loading and it was not possible to estimate a crack growth rate subsequently. The
results are presented in Fig. 11. The bars represent differences in the crack growth
rate over the intervals of each 50 cycles. The stable crack growth has been defined
due to an experiment that lasted minimally 150 cycles.

The trend for different loading conditions shows the increase of the crack growth
rate in parallel to the load level. The mean values of load conditions PS 30% and
35%, AB 25% and 30%, and EB 20% and 25% stay on the comparable level. At the
other loading levels a clear increase of crack growth rate with the loading amplitude
is found. Relatively large error bars show that the crack growth was not always
continuous. But with regard to the whole process the scatter of the values remains
relatively low (between 0 and 0.018 mm/cycle).
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4.2.2 Development of Maximum Temperature Near the Crack Tip

During a stable crack growth the temperature of the sample and the maximum
temperature, Tmax, near the crack tip was estimated by IR thermography. The global
heat build-up curves can be approximated by an exponential function, as it would be
expected from the fundamental solution of the heat conduction equation, describing
the Tmax of the individual loading cycles, see Fig. 12.

The slight deviations of Tmax temperature at the given cycle on the extrapolating
exponential behaviour seem to correlate to the real steps of crack growth.

Figure 13 shows the crack growth rate in dependence on the difference of the Tmax
with respect to the surrounding. Each point refers to an experiment with the relevant
loading conditions described above. According to the different loading regimes
different samples were used. There is a nearly linear dependence of the log of
crack growth rate from the temperature difference, independent of the type of
loading.

4.2.3 Strain and Temperature at the Crack Tip

If one measures strains by DIC the measured strain field is always dependent on the
size and distance of the used facets with the random pattern on the surface of the
sample. Therefore, the strain at the crack tip cannot be estimated directly. On the
other side, the IR-images does not have this restriction. Here it is generally possible
to estimate the temperature directly at the crack tip on the flat side of the specimen
and also within the crack tip. But here, according to the changed geometry and
mainly the reduced thickness the surface-to-bulk ratio is changed and so also the heat
transfer to the surrounding. According to the remarkably increased temperature at
the crack tip additionally the heat exchange within the sample must be taken into
account. So the maximum temperature reflects neither the dissipated energy nor the
strain at the crack tip, respectively.

Figure 14 shows an example of the temperature vs. the von Mises strain along the
ligament (¼ path of prospective crack propagation in an initial notch) for the sample
EB25. While the slope of the curve for strains up to about 80% is nearly linear, it
reduces drastically according to the above described reasons for higher strains. The
other investigated systems show similar behaviour.

Figure 15 shows the strain field, estimated by ARAMIS, and the temperature field
for the specimen EB25. The reference temperature was 23�C. During cyclic loading
of a notched sample, an inhomogeneous strain field and temperature field will be
induced on the specimen near the crack tip (area A). At a certain distance from the
crack tip, strain and temperature remain close to the constant value according to the
homogenously deformed sample (area B). On the bottom the approximated and
extrapolated strain along the ligament according to Eq. (9) is shown. Modelling the
strain at the ligament for the different geometries gives satisfying results with an
εM0¼ 0 for the different loading situations with identical εcr¼ 300 [%] and different
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values for rcr. Here it is shown that the value of εcr has only a very small influ-
ence on the approximation, its real determination is therefore only conditionally
meaningful. Conversely, the approximation is very strongly dependent on rcr. Inso-
far rcr is relevant for further discussion.

The temperature and measured values of von Mises strain and extrapolation of the
strain to the crack tip at the crack tip region (area A) are shown in Fig. 16.

In Fig. 17. the dependence of the logarithm of crack growth rate on the von Mises
strain and the dependence of the critical value, rcr, on the von Mises strain of the
homogeneous area B are shown.

It is obvious that the crack growth rate and the critical value rcr increase with the
von Mises strain in the homogeneously deformed region. In addition, there are
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differences in the nature of the load, which will have to be investigated in detail in
the future.

In Fig. 18 the dependence of ΔT on the von Mises strain in the homogeneously
deformed region is shown. The correlation shows the nearly linear trend independent
of the loading conditions.

The used model for the extrapolation means that there is a critical strain at the
crack tip, but a different size of this critical range.
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The temperature situation on the crack tip correlates with the crack growth rate,
but for a quantitative evaluation it will be necessary to improve the evaluation of the
thermal measurements.

The characterization of the situation close to the crack tip needs further measure-
ments. It will be necessary to improve the model-based extrapolation of the strain at
the crack tip to estimate the size of this critical strained region.
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Fig. 16 Crack tip region (area A): temperature and von Mises strain, measured values and
extrapolation of the strain to the crack tip
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5 Conclusions

In the present study a combined mechanical and thermal analysis of rubber under
complex loading conditions was presented. The experiments were performed on
SSBR with 50 phr carbon black. For homogeneous deformation and cyclic loading a
strong correlation between von Mises strain and the dissipated energy within the
material was found. According to a thermal model it was possible to correlate the
energy dissipation to the surface temperature of the sample.

For strain estimation at the crack tip it is necessary to model the strain for the
ligament at the sample surface to the crack tip, because the last measured grid points
of the optical evaluation are far away from the crack tip. This extrapolation is quite
well possible by a physical-motivated function (Eq. 10). It enables the description of
the strain with the assumption of an ultimate strain at the crack tip. The size of the
region of this ultimate strain depends on the global strain in the homogeneously
deformed samples. It is in the range below 0.5 mm. This size correlates with the
estimated crack growth rate.

Using the relation between strain and energy dissipation enables to extrapolate
the nominal temperature resp. energy dissipation at the crack tip. The deviation from
the real measured temperature close to the crack tip is caused by changed cooling
behaviour compared to the flat sample.

According to the linear relation between von Mises strain and energy dissipation
in the homogeneous deformed specimen, there is also a linear dependence of the log
crack growth rate from the locally dissipated energy.

Although the resolution of IR thermography is much better than the local strain
estimation by image correlation techniques, it cannot directly be used for the
characterization of crack propagation.
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Abstract In this paper, the relationship between the tearing energy and the far-field
cracking energy density (CED) is evaluated for an embedded penny-shaped flaw in a
3D elastomer body under a range of loading modes. A 3D finite element model of the
system is used to develop a computational-based fracture mechanics approach which
is used to evaluate the tearing energy at the crack in different multiaxial loading
states. By analysing the tearing energy’s relationship to the far-field CED, the
proportionality parameter in the CED formulation is found to be a function of stretch
and biaxiality. Using a definition of biaxiality that gives a unique value for each
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loading mode, the proportionality parameter becomes a linear function of stretch and
biaxiality. Tearing energies predicted through the resulting equation show excellent
agreement to those calculated computationally.

Keyword Biaxiality · Cracking energy density · Elastomer · Fracture · Multiaxial ·
Tearing energy

1 Introduction

Researchers during the early twentieth century suggested that stress concentrations
at flaws were the root cause of fracture. However, analytical modelling found that the
maximum stress of an elliptical crack approached infinity (a physical impossibility)
as the radius of the crack tip tended towards zero [1]. To overcome this problem,
Griffith proposed evaluating the local energy field at the crack tip rather than the
more complex stress field [2]. Griffith’s premise was that the release of strain energy
as a crack propagated was equivalent to the surface energy required to form the new
fracture surfaces. Therefore, a crack would only propagate if the resulting release of
strain energy was in excess of the surface energy requirements to create the new
faces. This proved successful for brittle materials but did not translate to elastomers
as dissipative effects caused the released strain energy to significantly exceed the
surface energy.

Realising the issue, Rivlin and Thomas extended Griffith’s approach to make it
more applicable to elastomers and other polymers [3]. This was achieved by
introducing a critical energy release rate, above which the crack would grow
independent of the test piece geometry. The critical energy release rate, or tearing
energy, T, is equivalent to the rate of change in strain energy, U, of the sample,
divided by the increase in area of one of the newly formed fracture surfaces, A.
Under the assumption that the sample was held at constant length, l, the energy
contribution due to external work could be negated Eq. (1):

T ¼ � dU
dA

� �
l

ð1Þ

Rivlin and Thomas also showed that the tearing energy could be applied globally
to the system or locally about the crack tip. This allowed them to develop analytical
solutions to quantify the tearing energy in edge cracked samples when deformed in
pure shear and uniaxial tension. One of the key derivations was for the single edge
notched tension, SENT, test piece. Owing to the introduction of the crack, the SENT
test piece can be divided into three regions: two far-field regions under uniform
deformation and a complex energy region influenced by the crack (Fig. 1). Through
the use of a proportionality parameter, k, Rivlin and Thomas defined the tearing
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energy available for a given crack length, c, and strain energy density, SED or w, in
the far-field region Eq. (2):

T ¼ 2kwc ð2Þ

One of the barriers for this approach was suitably defining the proportionality
parameter, k. Through experimentation, Greensmith showed that it was loosely
dependent upon the far-field principal stretch, λ, decreasing from k ¼ 3 at small
strains to k(λ¼ 3)¼ 2 [4]. Later Lindley used finite element analysis (FEA) to define
this constant in terms of the principal stretch Eq. (3) [5]. His expression broadly
agreed with Greensmith’s results:

k ¼ 2:95� 0:08 1� λð Þffiffiffi
λ

p ð3Þ

At a similar time, Lake attempted to use symmetry conditions to adapt Rivlin and
Thomas’ SENT solution to the tearing energy at a centrally positioned flaw in a thin
sheet under uniaxial tension [6]. He found the proportionality parameter related to
the far-field principal stretch through π Eq. (4). The value of the proportionality
parameter is relatively similar regardless of whether it is expressed through Eq. (3) or
Eq. (4). Due to this researchers typically use the simpler form, Eq. (4), for both edge
and central cracks. However, it is worth noting that Klüppel and coworkers have
published experimental data from SENT test pieces that suggests the factor of π is
too high, so they replaced it with a front factor that ranged from 1.2 to 3.1 [7]. In any

Fig. 1 Strain energy density field in a SENT test piece under uniaxial tension
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case, Eqs. (3) and (4) are only suitable when the global system is under uniaxial
tension and for small to moderate strains, 1 � λ � 3:

k ¼ πffiffiffi
λ

p ð4Þ

Alternative expressions to make Eq. (2) suitable for multiaxial deformations at
finite strains have been proposed. Yeoh observed that under far-field tension, an
embedded penny-shaped flaw became elliptical [8]. He deduced that for a flaw of
initial radius (i.e., half-length), c, which under deformation formed an ellipse of
length, 2a0, and height, 2b0, the proportionality parameter would be a function of the
geometry, the SED in the far-field region and the Cauchy stress, σy, acting against
the flaw opening Eq. (5). The model showed good agreement against tearing energy
values calculated using computational-based fracture mechanics up to 100% strain in
uniaxial and planar tension; however, it provided a poor fit in equibiaxial tension:

k ¼ σyπb0

4wc
ð5Þ

An alternative approach has been presented, and gained traction, in which the
load mode dependence of the fracture process is accounted for by scaling the
far-field energy variable to represent only the portion that is actually available for
release upon fracture. The approach consequently assumes the proportionality factor
is independent of loading mode [9]. The scaled far-field energy variable is referred to
as the cracking energy density (CED) or wc. For a flaw in a linearly elastic material,
the CED has been quantified in terms of the stress tensor, σ; the incremental strain
tensor, dε; and a unit vector normal to the crack plane, r

!
:

dwc = r
!T

σ
� �

∙ dε r!
� �

ð6Þ

More recently, a large strain formulation for the CED based upon the Ogden
hyperelastic model has been derived in terms of the second Piola-Kirchhoff principal
stresses, Si; the principal stretches, λi; and the orientation, θ, of the void with respect
to the principal axes of stress [10, 11]:

dwc ¼ λ1S1 cos 2θ

cos 2θ þ λ1
λ2

� �2
sin 2θ

dλ1 þ λ2S2 sin
2θ

cos 2θ þ λ1
λ2

� �2
sin 2θ

dλ2

� λ1λ2
3S2 sin

2θ

cos 2θ þ λ1
λ2

� �2
sin 2θ

dλ3 ð7Þ

In Eq. (7), λ1 and λ2 are assigned as maximum and mid-principal stretches,
respectively. The CED is one of the most important breakthroughs in fracture
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mechanics for elastomers since Rivlin and Thomas’ initial paper from 1953. There is
a large body of work which physically validates the CED as a useful tool for
evaluating fracture in elastomers, particularly in fatigue analysis [12–15]. In these
works, fatigue tests have been run on a range of geometries using different loading
modes. In each, the CED has been found to be the best current fatigue criterion for
unifying cycles to failure from different loading modes into a single Wöhler curve.
Nevertheless, there has yet to be a full study which demonstrates that the propor-
tionality parameter, assumed constant in the CED approach, is truly independent of
the loading mode, particularly for embedded flaws.

A partial study has been carried out as part of the initial CED paper; however, it
did not directly compare the results against pure fracture mechanics [9]. In the paper,
the tearing energy for an embedded flaw under uniaxial, planar and equibiaxial
deformations was calculated using the proportionality constant defined by linear
elastic fracture mechanics (LEFM) for an axisymmetrical embedded flaw under
uniaxial tension. The proportionality constant was then assumed to be independent
of loading mode, with the load mode dependence being accounted for through the
CED. The predicted tearing energies were then compared against values from a
previous paper [8], which had used pure fracture mechanics to study the tearing
energy under these loading modes. As the earlier paper had evaluated a central crack
in a flat sheet, a different problem case, the results were compared by normalising the
tearing energy values from the equibiaxial and planar states against the predictions
from the uniaxial state. The normalised values from the two cases were in rough,
although not exact, agreement and hence formed a good start for evaluating the
tearing energy in multiaxial cases. Nevertheless, the work could not directly indicate
whether the tearing energy was suitably predicted for the embedded flaw case. It
only showed that the tearing energy’s load mode dependence was similar between
the two cases.

There have been a couple of papers which have used pure fracture mechanics to
determine the tearing energy of an embedded flaw using the far-field energy
[16, 17]. In both these papers, the tearing energy was represented through Eq. (8)
which is an adaption of Eq. (2) from its flat sheet form into an expression more suited
to an embedded penny-shaped crack. Neither of these papers used the CED; rather
the SED was used with the proportionality parameter’s definition accounting for the
load mode dependence. In one of these papers, multiple deformation modes were
studied, with proportionality constants being derived for uniaxial and equibiaxial
loading [16]. In the other paper, only uniaxial deformations were studied. Neither of
these studies accounted for the proportionality parameter’s dependence on the
loading mode in a manner that is broadly general for different loading modes:

T ¼ 3
2π kwc ð8Þ

In this paper, the relationship between the tearing energy and the far-field CED
is evaluated for an embedded penny-shaped flaw in a 3D elastomer body under a
range of loading modes. A 3D finite element model of the system is developed
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before a computational-based fracture mechanics approach is used to evaluate the
tearing energy at the crack in a range of multiaxial states. By analysing the tearing
energy’s relationship to the far-field CED, a stretch-dependent proportionality
parameter is determined for each loading mode. From this, it is shown that the
CED approach does not fully account for the load mode dependence of the
proportionality parameter; however, a simple relationship for this parameter is
deduced from the biaxiality of each loading mode. To proceed, Eq. (8) is adapted to
replace the SED variable with the CED as shown in Eq. (9). To differentiate
between the proportionality parameters in each equation, a subscript ‘c’ is used
for the CED variant:

T ¼ 3
2π kcwcc ð9Þ

2 Material Model

The simulations use two carbon black-filled elastomers, a nitrile rubber (NBR) and
an ethylene-propylene-diene-monomer (EPDM) rubber, both of which were sup-
plied by Clwyd Compounders. The elastomers were characterised at 23

�
C using

uniaxial tension dumbbell, uniaxial compression button and rectangular planar
tension test piece geometries. The nominal gauge dimensions of the dumbbells
were 25 � 6 � 2 mm. The nominal diameters and heights of the buttons were
25 and 12.5 mm, respectively. The buttons were compressed on their axial
surfaces but free to radially expand. The nominal gauge dimensions of the planar
test pieces were 150 �15 � 2 mm. Each test was carried out at 1% strain per
second. Three repeats were carried out per test with the median profile being used
to calibrate hyperelastic material models. The test data were then fitted to second-
order Ogden hyperelastic functions, wherein the elastomers were treated as fully
incompressible (Fig. 2). The model’s derived fitting parameters, μi and αi, are
provided in Table 1. Although it is not shown in the figure, the model’s behaviour
in equibiaxial tension has been confirmed to be realistic. It is worth noting that
Abaqus, the FEA solver used for the modelling work, has a slightly different
definition of the Ogden model compared to Ogden’s original formulation
[18]. Abaqus’ formulation is given in Eq. (10). N is the model order, and λi’s
are principal stretches:

w ¼
XN¼2

i¼1

2μi
αi2

λ1
αi þ λ2

αi þ λ3
αi � 3ð Þ ð10Þ
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3 FEA Model Development

To study the embedded void case, a quartile section of a 2 � 2 � 2 mm cube was
modelled in Abaqus with a penny-shaped crack at its centre. The penny-shaped
crack was created using the seam interaction function. Symmetry boundary condi-
tions were applied at the internal faces of the quartile section such that it behaved as

Fig. 2 Fit of the second-order Ogden hyperelastic material models to the elastomers’ test data for
(a) NBR and (b) EPDM

Table 1 Second-order Ogden
material model parameters for
the two elastomers

Elastomer μ1 / MPa α1 μ2 / MPa α2
NBR 0.540 3.341 1.490 �0.232

EPDM 0.338 3.272 1.327 0.089
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if part of the whole cube. Displacement boundary conditions were applied to the
cube’s external faces to impose desired deformation modes. The model was meshed
using first-order hex hybrid elements with enhanced hourglassing control. As the key
energy fields were in the complex region around the crack tip, the mesh density was
biased towards this region. Mesh convergence found that 37,800 elements formed a
suitable mesh density for capturing the strain energy stored in the system. The model
is shown in Fig. 3.

The computational-based energy balance fracture mechanics approach was used
to evaluate the tearing energy [19]. This approach is essentially the direct application
of Eq. (1); therefore, it is extremely accurate provided the mesh density is fine
enough to capture the strain energy stored in the global system. To apply, the system
is modelled through the desired deformation process multiple times, wherein in each
re-simulation, the crack’s length has been incrementally increased. This builds a
relationship between the strain energy stored in the system with the crack’s surface
area for a given stretch. The gradient of this plot is the rate at which energy is
released by the crack propagating which, as per Eq. (1), is the tearing energy. In this
work, for each loading mode modelled, the unit cube was re-simulated with the
crack’s radius, c, varying from 0.1 mm to 0.3 mm in 0.025 mm increments. As only a
quarter of the system was modelled, in each case the strain energy was multiplied by
4 to determine the strain energy in the system as a whole before the tearing energy
was calculated.

The tearing energy was evaluated for six loading modes. These were the typical
loading modes – uniaxial, planar and equibiaxial – and three intermediate biaxial
states somewhere between planar and equibiaxial deformation. In each of the
loading modes, the crack would undergo a Mode I ‘opening’-type fracture. As
such, simple shear was not studied here. A helpful approach that can be used to

Fig. 3 Modelled quartile system with the embedded penny-shaped crack of length c
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characterise the loading modes of incompressible elastomers is to define a measure
of biaxiality, B, such that λ2 ¼ λ1

B and λ3 ¼ λ1
�(1 + B) [9]:

B ¼ log λ2
log λ1

ð11Þ

For the current purposes, there is a slight issue with this definition of the biaxiality
in that it does not account for the load mode equivalencies exhibited by elastomers.
As shown in Table 2, three different biaxiality values occur with the same loading
mode, depending on the direction of loading. More concerning, however, is that the
same biaxiality value is achieved for uniaxial tension in the λ1 axis as equibiaxial
tension in the λ2 and λ3 axes. Other definitions of biaxiality have been proposed [20],
but the authors chose to resolve this issue with a subtle adjustment of Eq. (11). By
referring to the maximum and minimum principal stretch components, λmax and λmin

in Eq. (12), each loading mode has a unique biaxiality, regardless of the direction of
loading as shown in Table 2. This arrangement assumes that the crack is initially
perpendicular to the max stretch direction, which is typically the orientation that
generates the largest tearing energy in literature [10]:

B ¼ log λmin

log λmax
ð12Þ

The biaxialities of the loading modes modelled in this work are given in Table 3.
The CED/SED values provided were calculated using the small strain CED solution
given by Zine et al. Eq. (13) and are used purely to illustrate the load mode
dependence of the energy release [10]. In the equation ν is Poisson’s ratio:

Table 2 Comparison of the biaxiality definitions

Loading modes

Principal stretches Biaxialities, B

λ1 λ2 λ3 Eq. (11) Eq. (12)

Equibiaxial (λ ¼ λ1 ¼ λ2) 2.0 2.0 0.25 1.0 �2.0

Equibiaxial (λ ¼ λ2 ¼ λ3) 0.25 2.0 2.0 �0.5 �2.0

Equibiaxial (λ ¼ λ1 ¼ λ3) 2.0 0.25 2.0 �2.0 �2.0

Uniaxial tension (λ ¼ λ1) 2.0 0.707 0.707 �0.5 �0.5

Table 3 Biaxialities of the
loading modes modelled

Loading mode Biaxiality, B CED/SED

Uniaxial �0.50 1.000

Planar �1.00 1.000

Complex 1 �1.25 0.857

Complex 2 �1.50 0.714

Complex 3 �1.75 0.595

Equibiaxial �2.00 0.500
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wc

w
¼ Bνþ 1ð Þ cos 2θ þ B2 þ Bν

� �
sin 2θ

B2 þ 2Bνþ 1
ð13Þ

As the fracture process is studied to high strains, the finite-strain formulation
provided in Eq. (7) is used to numerically calculate the CEDs in this study. It should
be noted that the redefinition of the biaxiality does not alter the CED/SED ratio for a
given loading mode; rather the values correlate with previous findings for the same
loading modes [9, 10].

4 FEA Results

The energy fields in the deformed cubes are shown in Fig. 4 for the different loading
modes. The flaw deformed to different extents depending on which loading mode
was used, and maximum strain governed the stability of the model. As such the
uniaxial and planar deformations were studied up to λmax ¼ 3.0, the three interme-
diate states were studied up to λmax ¼ 2.5, and the equibiaxial case was studied up to
λmax ¼ 2.0. In each case the tearing energy was evaluated at ten evenly spaced
increments over the deformation.

For each loading mode, the strain energy was plotted against the surface area of
one face of the undeformed crack under constant stretch. These profiles were fitted
with fourth-order polynomials, which were then differentiated to give the tearing
energy for the given crack area (Fig. 5a). Plotting the tearing energy against the
crack’s radius for a range of stretches results in the expected linear relationship
between the crack’s length and tearing energy (Fig. 5b).

Once the tearing energy was known for the given deformations, the proportion-
ality parameters could be determined by rearranging the tearing energy equations.

Fig. 4 SED fields in deformed cubes under uniaxial, planar and equibiaxial loading at a stretch of
λmax ¼ 2
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For each case, two sets of proportionality parameters were calculated, one based on
Eq. (8) where the tearing energy was defined in terms of the SED and another defined
in terms of the CED Eq. (9). These will be referred to as k and kc, respectively, and
are defined through Eqs. (14a) and (14b):

k ¼ T
c
� 1
w
� 2π
3

ð14aÞ

Fig. 5 (a) Energy release in NBR as the crack grows during uniaxial extension with λ ¼ 2; (b)
effect of stretch on the tearing energy of NBR during uniaxial extension
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kc ¼ T
c
� 1
wc

� 2π
3

ð14bÞ

For both equations, the T/c term is the gradient formed by plotting T vs. c and then
fitting a linear trendline to the data points (Fig. 5b). For each of the loading modes,
the proportionality parameter was determined for each stretch value that was simu-
lated, allowing careful study of the parameter’s load mode dependence. This depen-
dence was compared in terms of the SED and CED (Fig. 6), which reveals an
important result. Although the initial purpose of the CED was to remove the load
mode dependence of the proportionality parameter for a given SED, the figures

Fig. 6 Relationship
between the proportionality
parameter and the (a) SED
and (b) CED for NBR
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suggest that this is not the case; rather, CED causes the profiles to actually spread. It
should be noted that as these profiles are plotted against the SED and CED, the
power terms of the chosen strain energy function are likely to influence how the
profiles stretch along the horizontal axis. The hyperelastic model dictates the rate of
energy storage with stretching and biaxiality; as such, the correlation of the profiles
may vary when different strain energy functions or fitting parameters are used.

In Fig. 7 the proportionality parameters’ dependence on the stretch is compared
for both cases, SED and CED. The uniaxial and planar responses are identical

Fig. 7 Relationship
between the proportionality
parameter and the stretch
when calculated using the
(a) SED and (b) CED
in NBR
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because wc/w¼ 1 for these load cases. The proportionality parameters calculated for
the uniaxial and equibiaxial cases, defined through the SED, show very good
agreement with previous research [16, 17]. For the uniaxial case at low strains,
k ¼ 4 which corresponds to the LEFM solution, whilst the overall profile matches
those found previously. The equibiaxial data also corresponds with that of Gough
and Muhr, who found the SED proportionality parameter varied from k(λ¼ 1)¼ 4 to
k(λ ¼ 1.6) ¼ 2 [16]. Again, when plotting the proportionality parameter in terms of
the stretch, using the CED heightens the load mode dependence of the proportion-
ality parameter. Nevertheless, this may actually be beneficial as it causes the separate
profiles to all converge towards k ¼ 2 at λ � 3. This does not occur with the SED,
particularly for the equibiaxial case.

The convergence of the proportionality parameter for the CED case is similar to
the SENT case wherein Greensmith noted that it decreased from k ¼ 3 at small
strains to k(λ¼ 3)¼ 2, as shown by the Lindley profile plotted in the Figs. 5 and 6. In
both cases, SENT and embedded flaw, the tearing energy appears to be directly
related to the CED at λ � 3; that is, kc tends towards a constant value as strain
increases. It is only at lower strains, λ � 3, that kc ¼ kc(λ) (as opposed to kc ¼ con-
stant) is required to properly proportion the far-field CED to the tearing energy. As
noted by Gough and Muhr [16], it appears that reducing the biaxiality (or, equiva-
lently, tending towards an equibiaxial loading state) increases the proportionality
parameter’s dependence on the stretch.

For central and edge flaws in flat sheets, both Lake and Lindley found that the
proportionality parameter varied with the inverse of the square root of the stretch
ratio [6, 7]. In the present work, this is assumed for the embedded flaw as well. As
such, the proportionality parameter calculated using the CED is plotted against this
relation. There is a complication in determining which stretch component to use,
particularly for the biaxial deformation states. Considering that in each case the
fracture process is being driven by λmax, it is chosen for the abscissa in Fig. 8 for the
different loading modes and elastomers.

For both elastomers, the profiles form identical linear relationships for the given
loading modes. The interesting point is that the ordering of the profiles, in terms of
their gradients and y-intercepts, is related to the loading modes’ biaxialities. The
profiles become steeper as the biaxiality decreases, but all converge to the same point
at λmax ¼ 3 (i.e., λ�0:5

max � 0:58). As such, the proportionality parameter forms a linear
relationship to the inverse square root of the max principal stretch, through gradient,
m, and y-intercept, b:

kc ¼ mffiffiffiffiffiffiffiffiffi
λmax

p þ b ð15Þ

Plotting the gradient, m, and y-intercept, b, of these profiles against the biaxiality
of the loading modes yields two linear relationships (Fig. 9). This linear relationship
would not be seen if the tearing energy was represented through the SED rather than
the CED. From these two profiles, a new general definition of the proportionality
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parameter can be defined, for use with the CED, in terms of the loading mode
biaxialities.

The gradient and y-intercept themselves form linear relationships to the
biaxiality, resulting in:

m ¼ mmBþ bm ð16aÞ
b ¼ mbBþ bb ð16bÞ

Fig. 8 Relationship
between the CED
proportionality parameter
and the inverse square root
of the max stretch term in (a)
NBR and (b) EPDM
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Here, mm and bm are the gradient and y-intercept of the linear profile found in
Fig. 9a by plotting the gradient, m, of Eq. (15) against the biaxiality. Similarly, mb

and bb are the gradient and y-intercept of the linear profile found in Fig. 9b by
plotting the y-intercept, b, of Eq. (15) against the biaxiality. Combining these with
Eq. (15) defines the proportionality parameter in terms of the biaxiality:

kc ¼ mmBþ bmffiffiffiffiffiffiffiffiffi
λmax

p þ mbBþ bbð Þ ð17Þ

In turn, this presents a new form of Eq. (9) that is suitable for calculating the
tearing energy in embedded flaws under multiaxial deformations:

Fig. 9 Relationship
between the biaxiality and
the (a) gradients and (b)
y-intercepts of the profiles in
Fig. 8
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T ¼ 3
2π

mmBþ bmffiffiffiffiffiffiffiffiffi
λmax

p þ mbBþ bbð Þ
� �

wcc ð18Þ

For this particular case, the values of mm, bm, mb and bb define the tearing energy
through Eq. (19), where for simplicity it is useful to incorporate the 3/2π term in the
proportionality parameter such that the tearing energy is given by:

T ¼ 0:884� 2:486Bð Þffiffiffiffiffiffiffiffiffi
λmax

p þ 1:293Bþ 0:375ð Þ
� �

wcc ð19Þ

5 Discussion

The correlation between the tearing energy calculated from the FEA model and the
tearing energy predicted through Eq. (19) is compared in Fig. 10. For each of the six
loading modes, the tearing energy was calculated at five stretches, evenly spaced
over the strain range. For example, the uniaxial data was evaluated over the
following stretches: 1.4, 1.8, 2.2, 2.6 and 3.0. Furthermore, at each stretch the data
was evaluated for each of the nine crack lengths modelled, 0.1 � c � 0.3. The
combined data is presented in the figures and grouped to the different loading modes.
The tearing energy values predicted from the equation correlate extremely well to
those predicted by FEA, particularly considering that this is for multiple crack
lengths, stretches and loading modes.

It is worth noting that the introduction of a proportionality parameter is ultimately
an approximate solution. Rivlin and Thomas introduced the factor as a way to relate
the far-field energy to the local energy field about the crack – similar to the use of a
stress intensity factor in LEFM. That said, capturing the proportionality parameter’s
load mode dependencies, as demonstrated in this work, is highly beneficial for
applying theoretical fracture mechanics to more complex engineering components.

Calculating the tearing energy of a 3D flaw using a global approach also leads to
an approximate solution, even when solidly based in fracture mechanics such as with
the energy balance approach. Both the energy balance and heuristic equation-based
approaches provide a single tearing energy value for the crack. In 3D cases, where
the deformation of an initially circular crack geometry becomes an ellipsoid with
three unique axes, the tearing energy is nonuniform around the crack’s circumfer-
ence. Nevertheless, a singular ‘averaged’ tearing energy value is likely a reasonable
predictor of fatigue life, particularly when trying to optimise the design of an
engineering component.

As explained in the introduction, the CED was developed to remove the need for
a variable proportionality parameter whilst still allowing a derated tearing energy to
be predicted from the far-field parameters. Whilst CED had been demonstrated to
work well on 2D cases, it had not been validated for 3D cases. The present study
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suggests that CED is still superior to SED in predicting fracture, but it works best
with a proportionality parameter that is a function of the loading mode. In fact, CED
appears to amplify the loading mode dependencies (see Fig. 6), but this does not
necessarily complicate the construction of a proportionality parameter that depends
on the loading mode, particularly when the biaxiality definition in Eq. (12) is used.

Other key findings from this paper are the linear relationships in Fig. 9 that allow
the proportionality parameter to be defined through the loading mode biaxialities. It
is probable that these relationships define the geometric non-linearity of the crack
and its influence on the tearing energy, or, in other words, how the application of
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strain alters the crack tip geometry and tearing energy at the crack. There is likely a
second non-linearity related to the material behaviour: how the rate of energy storage
varies with loading mode. The gradients found by plotting Eqs. (16a) and (16b) may
depend on the strain energy function and related model parameters, thereby control-
ling the material non-linearity of the fracture process. In this particular paper, the
hyperelastic functions for both elastomers yielded similar profiles; hence, a single
gradient sufficed. Future studies should investigate how the material models’ param-
eters affect the gradient of these profiles and determine whether they are indeed
related to the material non-linearity aspect of the fracture process.

Finally, this work suggests that CED should be further explored with 3D simu-
lations and testing. In particular, CED predicts fracture that is based on a single value
for the tearing energy, whereas more generally the tearing energy can vary around a
crack tip. To better assess the effect of this variation, future simulation work in 3D
should use a local fracture mechanics approach at the crack tip to determine how
maximum, minimum and average tearing energies relate to the CED.

6 Conclusions

Building on work in the 1920s, the first generally useful analytical model for the
fracture of rubber was developed in the 1950s. It suggested that tearing energy could
be deduced from crack geometry and far-field strain energy that was released upon
crack propagation. The model included a proportionality parameter, k, sometimes
assumed constant, to scale the tearing energy in much the same way that stress
concentration factors arise in the fracture of linear elastic solids. Early refinements of
this model proposed specific forms of k ¼ k(λ), but only with partial success as
proper accounting for the load mode dependence of rubber fracture was elusive. The
introduction of cracking energy density was a significant breakthrough because it
addressed loading mode sensitivities in a more general manner. It did so by scaling a
system’s total strain energy to the portion that was actually available to drive
fracture. The model adopted a constant proportionality parameter from LEFM, but
it has nevertheless been useful, especially for 2D analysis.

The present work provides a 3D finite element study of tearing energy and CED
for an embedded flaw with multiaxial loads at finite strain. At a given stretch, tearing
energy is found to be linearly related to crack length as expected. However, the
proportionality parameter in the CED formulation is found to be variable, albeit in a
predictable way. Using a definition of biaxiality that gives unique values for a given
loading mode, the proportionality parameter becomes a linear function of biaxiality.
This gives a simple analytical expression to relate tearing energy to CED, and it can
be readily adopted for engineering design. Future work should extend this work to
address (1) deformations that are not pure, for instance, simple shear; (2) the effects
of variation in tearing energy and geometry around the crack tip circumference; and
(3) the influence of the hyperelastic material model and related parameters.
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Abstract We investigated crack propagation in cyclic fatigue in filled (50 phR of
N347 carbon black), highly crosslinked, natural rubber pure shear samples and, in
parallel, mapped in detail the microstructure present at the crack tip with a
microfocused X-ray synchrotron beam. We acquired data by wide-angle X-ray
scattering (WAXS) to characterize strain-induced crystallization (SIC) and by
small-angle X-ray scattering (SAXS) to detect nano-cavitation. Crack propagation
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experiments were carried out for a range of maximum energy release rates during the
cycles varying from 1 to 4 kJ/m2. Each material was tested at two temperatures:
room temperature and 100�C and in new and aged conditions (10 days at 100�C in
an inert atmosphere). We found that although significantly less SIC at the crack tip
was present at the crack tip at 100�C, the resistance to crack propagation under
cyclic loading was barely affected. In aged samples SIC at the crack tip was
significantly lower than in new samples at room temperature, and was not detectable
at all in aged samples at 100�C. The crack propagation rate, however, only increased
with aging for the more crosslinked sample at 100�C and never increased catastroph-
ically. Finally, a few percent of nano-cavities were detected at the crack tip and the
comparison of X-ray transmission and digital image correlation suggested the
presence of a significant fraction of large cavities at the very crack tip. In conclusion
while strain-induced crystallization in NR may be affecting fatigue resistance we
could not establish a quantitative correlation between the volume crystallized at the
crack tip and the crack propagation rate in cyclic fatigue.

Keywords Cavitation · Crack propagation · Crystallization · Fatigue · Mechanical
properties · Natural rubber · X-ray scattering

1 Introduction

Although strain-induced crystallization (SIC) is a very well-known and well-studied
phenomenon in natural rubber (NR) several questions remain in terms of its role as a
toughening mechanism. In this study we explore in more detail, and for realistic
carbon black filled materials, the connection between the occurrence of strain-
induced crystallization at the crack tip and the propagation of a crack in cyclic
fatigue.

To follow up on our earlier study carried out in uniaxial tension, we focus here on
highly crosslinked NR obtained with a sulfur based conventional curing chemistry,
and 50 phr (17 vol%) of highly reinforcing carbon black filler. Such materials are
found between steel plies of the carcass of a truck tire. The need to bond to the steel
cord is imposing high levels of added sulfur and therefore a high crosslink density
that makes the rubber less fatigue resistant [1].

In addition we compare two different conditions of cyclic fatigue: room temper-
ature and 100�C, representative of highway driving, and two sets of materials:
pristine materials and the same materials exposed to non-oxidizing aging conditions
at a temperature of the order of 100�C for 10 days.

Several authors have argued that the unique capability of NR to crystallize at high
strains is crucial to prevent cracks from propagating in cyclic fatigue since crystal-
lization occurs at the crack tip [2–4]. The two key arguments behind this conclusion
are the superior fatigue resistance of NR at high strains relative to non-crystallizing
rubbers and the strong reinforcing effect of the superposition of a permanent tensile
strain over the cyclic fatigue testing.
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However, to the best of our knowledge no study directly compared crack prop-
agation in fatigue results with the extent of SIC at the crack tip on the same samples.
In particular, for crack proapgation tests performed at high temperature and for
samples after thermal aging.

SIC was observed at the crack tip in several studies by Lee & Donovan [5],
Trabelsi et al [6], Brüning et al. [7, 8], Rublon et al. [2, 9, 10], and Zhou [11], while
nano-cavitation at the crack tip of a filled rubber was only observed by Zhang et al.
[12] and Brüning et al. [8]. No observations of SIC or cavitation were made at high
temperature.

The size of the crystallized zone appeared highly dependent on the material
formulation, the macroscopic stretch ratio at the time of observation, and, for cyclic
tests, the frequency and lowest stretch ratio of the cycles. As the choice was made to
only perform observations of static cracks, these last two parameters are irrelevant.

In our previous publication we showed that in the filled natural rubbers used in
this study, at high strains, both strain-induced crystallization and cavitation can be
observed [13]. Given that the strain level at the crack tip is likely to exceed the
critical strain to crystallize and in some cases to cavitate, we hypothesized that these
mechanisms would be observable in NR in the last 200 μm in front of the crack tip.

The first purpose of the in situ tests was to test if the crystallization and cavitation
observed at the crack tip were consistent with the observations made in tensile tests.
The second and more important objective was to test the hypothesis that a larger
crystallized zone leads to a better fatigue resistance and hence to a lower fatigue
crack growth dc/dn at fixed applied maximum energy release rate, G.

2 Materials and Methods

2.1 Materials and Sample Preparation

Vulcanized NR samples were kindly provided by Michelin. The unvulcanized NR
had an average molar mass Mw ¼ 1,300 kg/mol and a polydispersity index,
PDI ¼ 3.9. The filler was CB N347 and was introduced into the rubber matrix at
the 50 phr (parts of weight per hundred parts of rubber) level corresponding to a
volume fraction of 17.3%. The density of the matrix and the filler are ρ¼ 0.92 g/cm3

and ρ ¼ 1.8 g/cm3. The composition of the materials used is summarized in Table 1.
Samples were prepared in the following way: all ingredients except vulcanizing
agents were first mixed in a lab scale Haake internal mixer. The vulcanization agent
was then incorporated in a calendaring machine following a procedure developed by
Michelin. The sheet was then cut into pieces into a mold and put in an oven at 150�C
for vulcanization. The vulcanization time for each material was optimized with a
rheological measurement at 150�C. Finally, samples were removed from the molds,
and air-cooled. Samples had a 40 mm effective length and a 4 mm by 2–2.5 mm
cross section.
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For the aging process the samples were placed in a nitrogen filled and sealed bag
and kept for 10 days into an oven at 110�C. These samples will be referred to as A10
in the following.

2.2 Cyclic Fatigue Testing

The testing device used for the characterization of crack propagation under cyclic
fatigue was an MTS hydraulic device located in the Michelin laboratory. The device
has a 60 mm displacement range, a 2,000 N load cell and can perform tests up to a
frequency of 80 Hz. A sealed bag can enclose the sample. The temperature inside the
testing chamber is regulated by an oil bath and liquid nitrogen. The O2 inside the
oven can be controlled. In this study, the tests were performed with a pure N2

atmosphere, to prevent any oxidative aging in the samples tested. A binocular is
mounted outside the testing chamber and a window allows to follow the propagation
of the crack without opening the testing chamber. The binocular is equipped with a
sight and fixed on a micrometric position sensor, to measure the position of the crack
with maximal accuracy.

The sample used on this device is a so-called pure shear sample as commonly
called in crack propagation tests in fatigue and applies a plane strain loading to most
of the sample except at the edges. The useful section is 13 mm high, 157 mm long,
and 2 mm thick as shown in Fig. 1. The large aspect ratio of the useful section
ensures a near pure shear state in the uncracked sample: the principal elongations are
(λ, 1, 1/λ). In such a sample, the energy release rate measured during crack propa-
gation can be expressed as the simple product of the density of stored elastic energy,
W, and the height of the sample, h0:

G ¼ Wh0 ð1Þ

The complete process used to obtain the crack propagation curve of a material
necessitated two samples of each material. A first sample was left uncracked and

Table 1 Material
composition

Material NR50 NR50 S-

NR 100 100

CB N 347 (phr) 50 50

CB N 347 (vol%) 17.3 17.3

6PPD 2 2

Stearic acid 2 2

ZnO 5 5

DCBS 1 0.5

Sulfur 6 3

ν (mol/cm3) 2.5 � 10�4 1.5 � 10�4

Mc (kg/mol) 9 15
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used to characterize the relation between the strain, ε, and the stored elastic energy,
W. The second sample was used for the crack propagation step. The test was
controlled in displacement, using a half cycle sinusoidal signal shape followed by
a half-period resting time. This particular shape was chosen to mimic the load
encountered during a tire cycle, as the loading occurs each time the observed section
encounters the road. The choice was made to control the strain rate to a maximum of
10 s�1. The consequence being that the frequency of the test was decreased when G
(and the deformations) increased.

To obtain the relation W(ε),a virgin pure shear sample was mounted on the MTS.
After stabilization of the temperature, the sample was cycled for 1,000 cycles, with a
strain greater than any strain used afterward, to accommodate the material and
remove the Mullins effect. The characterization of the energy release rate was then
performed: 1,000 cycles were done at each strain level and the last 10 cycles were
recorded to calculate W(ε).

After the characterization of the energy release rate, a new sample was mounted
and cycled for 1,000 cycles with a strain of 115%, to remove the Mullins effect. The
oven was then opened, and three cracks were cut into the sample with a razor knife:
one crack of 20 mm on each side and one of 30 mm in the middle, for a total of four
crack tips.

Finally, the sample was cycled between ε ¼ 0 and the strain necessary to obtain
the desired G. The test was stopped to periodically measure the position of the four
crack tips. At the beginning of the fatigue test, the observed crack propagation rate
decreases with time, as the crack formed by a sharp knife evolves to a more blunt
form. The test was continued until the speed is stabilized, and the crack propagation
rates measured for the four crack tips were then averaged to obtain the final value of
dc/dn(G). All samples showed a Power Law regime that could be fitted by a power
law of the type: dc/dn ¼ α � Gβ.

Fig. 1 Pure shear sample used for the characterization of crack propagation in fatigue
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2.3 Design of the Crack Tip Characterizations

2.3.1 Sample Preparation

The choice of a sample size and geometry to carry out the characterization of the
structure at the crack tip was decided based on a balance between ease of use and
relevance to fatigue experiments. Several different sample geometries were used in
the past to carry out X-ray or digital image correlation mapping at a crack tip in filled
rubbers. Among them can be mentioned simple cuts on the edge of a tensile sample
[5–7], cuts inside films [11], and, more commonly in recent studies, cuts made in
pure shear samples [1, 14–18]. The advantage of the latter geometry for this study is
clear, since the same geometry is commonly used to evaluate the rate of crack
propagation in fatigue of rubbers at fixed applied G.

However, the pure shear geometry used for the fatigue experiment is not suitable
for X-ray scattering experiments. The size, and the load required to deform it,
requires to carry a large tensile machine to the beamline [2]. Instead the choice
was made to use a scaled down version of the pure shear sample with a useful section
of 6 mm high by 1 mm thick and a 40 mm length [19]. Each sample was then split in
to two 20 mm long samples, to fit the clamps designed for the X-ray scattering
experiment.

As the height of the sample is different, the relationship between strain and energy
release rate was also different compared to that of the pure shear sample and a
correction was applied relative to the values measured for pure shear samples.

Before any crack was introduced, each sample was cycled 1,000 times to ε¼ 66%
to remove the Mullins effect in the bulk. A side crack about 7 mm long was then
introduced in each sample and the sample was cycled 5,000 times at a given strain to
create a fatigue crack.

The choice of the value of ε (and the corresponding G) was made to match values
of G. The G for cyclic fatigue was chosen to be below the critical energy release rate
Γc, where the crack propagates in a single cycle, for all materials and environmental
conditions: G ¼ 1,000 J/m2. All samples carried to the X-ray experiment were
fatigued at that energy release rate.

After the fatigue step always done at 23�C, all samples were characterized by
X-rays at a crack opening corresponding to G ¼ 1,000 J/m2, but the samples able to
bear more strain were also observed at higher values of applied G meaning that while
ε was kept in all cases under 66%, local amplification of the strain at the crack tip
may have locally reactivated some Mullins damage.

2.3.2 Test Set-up for DIC and X-Ray Scattering

The tensile stage used for both digital image correlation (DIC) and X-ray scattering
was the same: a Deben micro-tensile stage, with a 10 mm displacement amplitude
and a 200 N load cell. As strain is applied using a rotating screw, the strain rate was
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limited to low values and all X-ray measurement were made on static cracks. This is
a limitation, since the crack propagation experiments are dynamic, and it was shown
in previous studies that the strain rates and frequency can affect both crack speed and
strain-induced crystallization [18, 20–22]. However, the characterization of SIC and
cavitation in uniaxial tests [13] was made at very low strain rates, which makes the
comparison between uniaxial tests and crack tip tests easier.

To carry out the X-ray experiments, the sample was mounted vertically. A heating
system by conduction was also developed for the high temperature tests. Four 100 Ω
resistors in a parallel circuit were fixed on the four parts of the clamps, and a simple
30 V table generator was used to heat the sample. The clamps and sample were
isolated from the stage using two Teflon mounts between the clamps and the stage.
The whole set-up, while simple, is transportable, and ex situ tests showed that high
temperatures were achievable quickly, and that only 19 V was required to reach
100�C.

2.4 DIC Experiments

The images acquired for DIC were processed with CorreliLMT software, a digital
image correlation program that runs on Matlab. For more information about the
program, the reader is invited to refer to the work of Mzabi [1, 19] and specialized
reviews [23]. The region of the image where the calculation was made (ROI) was
split into boxes. CorreliLMT uses a minimization of the gray level difference to track
the displacement of each box center. The size of the box used was either 16 pixel or
32 pixels. While a data visualization module is included in CorreliLMT, a manual
post-treatment of the displacements field provided was made.

2.5 In Situ Mapping of Fatigue Crack Tips

2.5.1 Scanned Fields and Beam Parameters

The energy release rate applied to the sample for the fatigue experiments before
scanning was G ¼ 1,000 J/m2, while the X-ray beam scanning of the samples was
carried out at different crack openings corresponding to a maximum of G ¼ 4,000 J/
m2. These relatively low values of stretch λ as well as the observation made by
digital image correlation suggested to only image a very small area at the crack tip.
The beamline used for the crack tip experiment was ID-02 at ESRF and the type of
microfocused beam used was similar to what was described by Zhang et al. [17].

The beam used had a 0.0995 nm wavelength (12.45 keV). The data for both
WAXS characterization of SIC and SAXS observation of cavitation were acquired in
two successive scans. A long exposure (1 s) scan is used to acquire both the WAXS
data and the high q region of the SAXS data on two separate detectors. A short
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exposure (0.01–0.02 ms) scan was then used to acquire the low q region of the SAXS
data. The two SAXS images are then merged following a previously published
procedure [13]. The sample to detector distance for WAXS acquisition was 10 cm,
and 10 m for SAXS. The scattering vector q is defined as 4π/λ sin(θ) where 2θ is the
scattering angle. In those conditions the accessible q range was between 0.006 and
0.5 nm�1.

Since this beamline allows to focus the beam to a 20 μm size, the choice was
made to scan over a 200 μm length along the crack propagation direction, and
400 μm along the tensile direction. The scanned area, presented on Fig. 2, extended
200 μm on each side of the crack tip point in the tensile direction. If the origin is
placed at the crack tip, in the crack direction, the scan was performed from �40 to
160 μm. The mapping of the sample on the scan field is done by moving the table
where the tensile stage is mounted. This movement is operated with a step motor
with a micrometric precision. The scanning points are spaced by 20 μm, and a 21 by
11 lattice (231 points) covers the scanned area. Finally, a scan in the crack direction
between�400 and 1,600 μm is made using a 200 μm step. This scan is solely used to
measure the local thickness of the sample using the attenuation of the beam.

2.5.2 Construction of the Crystallinity and Cavitation Maps
at the Crack Tip

The patterns acquired were corrected and analyzed following a previously published
procedure [13]. While the methodology to compute the scattering invariant Q for

Fig. 2 Schematic view of the experiment set-up and scanned area for in situ X-ray mapping of the
crack tips
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cavities detection was the same as in previously published work [13, 17], a word has
to be said about the calculation of the crystallinity index. The detector used for
WAXS detection proved to be very noisy. The methodology used in [13]
(subtracting a profile integrated around an amorphous direction to one integrated
around the tensile direction) could not be used here. The following method was used
to compute the crystallinity index. First, the local tensile direction was found by
identifying the angle between the tensile direction and the [200] and [120] peaks.
The intensity was then integrated at +/� 5� around that direction. Due to the detector
characteristics, the resulting profile was very noisy. Since the easiest peak to separate
from the noise is the [200], the profile was fitted in the amorphous region. The
crystallinity index is defined as the ratio between the integrated area between the fit
of the amorphous and the intensity over the 200 peak.

The results of the processing are a value of crystallinity index and variation of
scattering invariant for each 20 μm � 20 μm region. The local mappings were
constructed by assigning theses values to the position where they were taken. The
boundary of the crack was then determined by defining where the attenuation of
intensity was lower than 10%. Finally, the maps were smoothened using a median
filter of diameter 3: each value was replaced by the median value among the
observed point and its immediate neighbors. It is noteworthy that the generated
maps are in the deformed configuration. The maps offer an easy and quick qualita-
tive comparison between experiments. However, to achieve more quantitative com-
parisons, 1D profiles were also generated by averaging in the tensile direction the
value of the crystallinity index or the variations of the scattering invariant. The
results are then presented as a function of the distance to the crack tip.

3 Results

3.1 Effect of Crosslinking Density

The measurement of the crack propagation rate of the two differently crosslinked
materials (NR50 and NR50 S-) are shown on Fig. 3: dc/dn propagation curves for the
NR50 and the NR50S-. Note that for the low values of G, the test was performed at
65 Hz for ~10 days to obtain a sufficient number of cycles to visualize crack advance
with precision.

The values of the fitted power laws (dc/dn ¼ α � Gβ) are reported in Table 2 and
show that the less crosslinked material has a higher coefficient and a lower slope.
The consequence is that it performs poorly at low energy release rates, and better at
high energy release rates. The same evolution was observed on filled SBRs byMzabi
et al. [1].

The critical energy release rate Γc increases significantly when the crosslink
density is reduced. Although this is a well-known result in threshold conditions
(Γ0) [24–26], to the best of our knowledge no study specifically focused on the
evolution of Γc with crosslink density in NR, but this result can be related to the
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observation made on the stress at break for pre-cut NR materials by Hamed
et al. [27].

Figure 4 shows the comparison of the crystallization maps and profiles at
G ¼ 2,000 and 3,000 J/m2 with the reference NR50 material.

The NR50S- seems to crystallize over a slightly bigger area than the NR50, and
achieve higher values of crystallinity at the crack tip. As at these values of energy
release rate, dc/dn is lower for NR50S-, X-ray mapping of the crack tip is consistent
with a protective role played by strain-induced crystallization.

3.2 Effect of Temperature

The effect of temperature on fatigue crack propagation is shown on Fig. 5 and
coefficient values are listed in Table 3. Interestingly, and contrary to what could be
expected from strain-induced crystallization arguments, both filled materials do not
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Table 2 Coefficients of the fitted power law α and β in the first regime of propagation, and Γc
values. R2 characterizes the quality of the fit

Material α (nm/cycle) β R2 Γc (J/m2)

NR50 5.8 � 10�9 3.20 0.987 4,400

NR50S- 7.8 � 10–7 2.41 0.937 9,000
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show a significant increase of the crack propagation rate at 100�C relative to 23�C.
However, their critical energy release rate Γc is lower at high temperature.

This evolution is somewhat similar to what was observed by Rublon [9, 18]. How-
ever, it differs from the observations of Young [28–30] and Kaang [31]. They
observed for the materials they tested a slight increase in dc/dn over the range of
energy release rate investigated. The degree of crosslinking and type of filler were,
however, different.

Following the protocol described in the experimental section we mapped by
microbeam focused WAXS the degree of crystallinity of the NR50 and NR50S-
near the crack tip at 23�C and 100�C. In order to detect crystallinity over a sufficient
volume near the crack tip, the samples fatigued for 5,000 cycles at 23�C and
G ¼ 1 kJ/m2 were strained statically in the X-ray beam (at 23�C and 100�C) up to
an applied G of 3 kJ/m2 for the NR50 and 4 kJ/m2 for the NR50S-. Figures 6 and 7
show, respectively, the effect of an elevation of temperature from 23�C to 100�C on
both NR50 and NR50S-. As expected from previously published results in uniaxial
tension [13], the two materials show indeed a clearly reduced crystallinity at the
crack tip at 100�C, but some crystallinity remains observable. To the best of our
knowledge these are the first results on SIC at the crack tip at high temperature for
filled NR. Comparing Figs. 6 and 7 with Fig. 5, it is clear that the raw amount of
crystallinity present at the crack tip cannot be considered as a quantitative indicator
of the resistance to crack propagation in fatigue of the material. The presence of a
small amount of crystallinity at the crack tip may be enough to modify the singularity
induced by the crack.
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Table 3 Coefficient of the
power law in the first regime
of propagation, and Γc values

Material α (nm/cycle) β R2 Γc (J/m2)

NR50 (23�C) 5.8 � 10�9 3.20 0.987 4,400

NR50 (100�C) 1.0 � 10�8 3.08 0.987 3,000

NR50S- (23�C) 7.8 � 10�7 2.41 0.937 9,000

NR50S- (100�C) 3.5 � 10�9 3.12 0.982 7,500
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3.2.1 Effect of Aging

As mentioned in the introduction, non-oxydative aging has rarely been tested before
this study. The following results are therefore even harder to compare to existing
results. Figure 8 presents the difference between the crack propagation curves of new
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and aged materials at room temperature, while Fig. 9 presents the same results at
high temperature. The “new” samples are the same shown in Figs. 3 and 5 and the
aged samples were aged at 110�C in inert atmosphere for 10 days.

At room temperature, the aged NR50 has a slightly increased Γc (6 kJ/m2 vs
4.4 kJ/m2) and performs slightly better for 800 < G < 4,000 J/m2). However, the
behavior of NR50S- is mostly unchanged by aging.

A 100�C, the aged NR50 has now an inferior performance than the unaged
material, with a higher dc/dn and lower Γc. The propagation rate measured of the
less crosslinked NR50S- is still mostly unaffected by aging.

These results suggest that several competing mechanisms may be involved and it
is difficult to isolate a unique mechanism that would explain the modification of the
fatigue properties of aged materials. The case of NR50 seems the most interesting,
since the effect of aging is inversed by the elevation of temperature.

The results obtained on the same materials in uniaxial tension [13] laid the first
experimental proofs that thermal non-oxydative aging significantly reduces the

10-3
 

10-1
 

101
 

103
 

105
 

107
dc

/d
n 

(n
m

/c
yc

le
)

2 3 4 5 6
1000

2 3 4 5 6

G (J/m2)

 NR50
 NR50 A10

10
-3
 

10-1
 

101
 

103
 

105
 

107

dc
/d

n 
(n

m
/c

yc
le

)

102
2 4 6 8

103
2 4 6 8

104

G (J/m2)

 NR50S-
 NR50S- A10

Fig. 8 Crack propagation curves for new and aged materials at room temperature (23�C)

10-3
 

10-1
 

101
 

103
 

105
 

107

dc
/d

n 
(n

m
/c

yc
le

)

2 3 4 5 6
1000

2 3 4 5 6

G (J/m2)

 NR50
 NR50 A10

10-3
 

10-1
 

101
 

103
 

105
 

107

dc
/d

n 
(n

m
/c

yc
le

)

102
2 4 6 8

103
2 4 6 8

104

G (J/m2)

 NR50S-
 NR50S- A10

Fig. 9 Crack propagation curves for new and aged materials at high temperature (100�C)

480 Q. Demassieux et al.



ability of the material to crystallize in natural rubber. The effect of aging observed at
the crack tip is qualitatively the same. Figure 10 shows the effect of aging on the
crystallinity at the crack tip of a NR50 sample at room temperature. The crystallinity
in the aged sample appears almost absent. The same qualitative evolution can be
observed for NR50S- on Fig. 11. Since NR50S crystallizes more than NR50 before
aging at the same applied G, and was mapped at a higher applied G, the level of
crystallinity after aging is more present than for the NR50.

The combination of aging and high testing temperature effectively removes any
observable crystallinity from the crack tip. Figure 12 shows the crystallinity of fresh
and aged NR50S- at 100�C, and confirms that no crystallinity is visible in these
conditions within the spatial resolution of the experiment.

Similarly to what was discussed in the previous section about the effect of the
temperature, the observed reduced crystallinity at the crack tip after aging and the
comparison between Figs. 8, 10, 11 and 12 casts doubt on the real role played by
strain-induced crystallization in the outstanding fatigue properties of filled natural
rubber since the two NR50 showed fatigue properties slightly improved at room
temperature after aging, while degraded at high temperature.

Since the decrease in crystallinity was observed both at room and high temper-
ature, strain-induced crystallization cannot be the sole contributor to the excellent
fatigue properties of natural rubber. At room temperature, the reduced crystallinity
may be offset by a beneficial evolution of the crosslinking due to aging. The uniaxial
tension studies of the same materials (aged and unaged) showed that aging reduces
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the crosslink density [13] and less crosslinked rubbers display better fatigue prop-
erties in threshold [24–26] and in non-threshold conditions.

The effect of aging on fatigue properties seems therefore to be a balance between
the reduced crystallinity and the reduced crosslink density. This interpretation seems
to further illustrate the importance of the presence of a little crystallization at the
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crack tip. At room temperature, the low crystallinity remaining after aging has
enough impact on the fatigue properties for the reduced crosslink density to offset
the expected increased crack growth rates. At 100�C, however, no crystallinity is
detected and the reduced crosslinking cannot offset the loss of properties due to the
higher test temperature.

3.3 On the Presence of Cavities at the Crack Tip

Up to this point we presented correlations between the presence of SIC at the crack
tip, applied energy release rate G and rate of crack propagation dc/dn in cyclic
fatigue. By using results of SIC obtained in uniaxial tension to interpret our data, we
implicitly assumed that the stress state at the crack tip could be assimilated to
uniaxial tension.

Yet far from the crack tip the stress state of our samples may be close to pure
shear. The details of the local stress state may be important for the presence or not of
cavities upon loading. While in uniaxial tension the nano-cavities due to the pres-
ence of filler in sufficient amount, do not reopen upon reloading [32], they were
observed at the crack tip after cyclic loading in non-crystallizable SBR and with
similar sample geometries by Zhang et al. [17], suggesting therefore that the stress
state near the crack tip may have some biaxial component.

Using displacement fields measured by digital image correlation at the crack tip,
the value of λ1 and λ2 can be obtained, where λ1 is the tensile direction. These values
can be then used to qualify the mechanical state near the crack tip and define a
biaxiality index IBA inspired by the work of Samaca et al. [15].

IBA ¼ 1� 2
log λ2ð Þ
log λ1ð Þ ð2Þ

The value of IBA is 0 for a uniaxial state and 1 for a pure shear state. Figure 13
presents the mapping of the value of the index for the NR50. The first observation is
that far from the crack tip, the value of the index is 0.8, which means that the sample
is not purely in a pure shear state. This is probably the result of the shortened mini
pure shear sample: the aspect ratio of the effective area is a bit too short to ensure a
complete pure shear state. Approaching to the crack tip, the state progressively
becomes close to uniaxial. Finally, on the sides of the crack, it becomes purely
uniaxial, while at the very crack tip, a biaxial state reappears.

This state of biaxial stress up to a close distance from the crack tip does introduce
a degree of triaxiality and should favor cavitation. Figure 14 shows the 2D map of
the value of the normalized SAXS scattering invariant Q/Q(0) around the crack tip
for the less crosslinked NR50S- at room temperature and at an applied G of 4,000 J/
m2 where Q(0) is the value at λ¼ 1. As discussed in a previous publication the value
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of Q/Q(0) is directly proportional to the volume fraction of nano-cavities present in
the material [12].

The data shows that there is an increase in scattering invariant over an area
slightly smaller but comparable to the size of the area where SIC is observed. At
an applied G¼ 4,000 J/m2 the level of cavitation is important and based on previous
publications [12, 17, 32, 33], the volume fraction of nano-cavities should reach a few
percent. However and interestingly the 1D scans of Fig. 14 also show that cavitation
is clearly observed even at the level of energy release rate where the sample was
fatigued before the scattering experiment: G¼ 1,000 J/m2. The presence of a biaxial
stress state must create enough hydrostatic stresses to reopen cavities at each
cycle [32].

Surprisingly the nanovoid volume fraction seems to decrease slightly right at the
crack tip. This may be due to the fact that the cavities detected by a change in
scattering invariant are only the cavities in the range of length scales accessible on
the SAXS detector. The presence of the beamstop prevents the observation of any
object bigger than 300 nm. The observed decrease in the volume fraction of nano-
cavities in the last microns could be linked to a growth of the average cavity size near
the crack tip.

3.4 Comparison between Digital Image Correlation (DIC)
and X-Ray Absorption: Mapping the Thickness
at the Crack Tip

An additional information that can be obtained by SAXS for each scan is the
thickness traversed by the beam, and by comparing this value with the value that
can be inferred by DIC by assuming incompressibility, an estimate of the volume
fraction of voids (without any assumption on size) can be obtained.

The thickness T traversed by the beam and the attenuation of the beam are linked
by the following equation, derived from the Beer–Lambert law:

T ¼ μ ln
IC1

RIC2

� �
ð3Þ

where μ is a material constant, IC1 is the measured intensity of the beam before the
sample, IC2 is the intensity of the transmitted beam, and R is a calibration factor to
account for the difference between the two detectors. Hence the relative variation of
the thickness of material traversed by the X-ray beam only depends on the attenu-
ation of the beam itself.

Conversely, 2D digital image correlation can be used map the thickness by
assuming that the material is incompressible (This approximation is valid out of
the 150 μm cavitation zone but is obviously incorrect at the very crack tip, where the
material cavitates as shown from SAXS) and that the 2D strain field is invariant
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through the thickness of the sample. Under these assumptions, the thickness varia-
tion Tlocal/Tmacro can be expressed as a function of the principal stretch ratios λ1 and
λ2 as:

T local

Tmarco
¼ 1

λ1λ2
ð4Þ

Figure 15 shows the calculated thickness variations based on both DIC and X-ray
transmission experiments for the NR50S- sample at G¼ 4,000 J/m2. The 2 mm scan
in the crack direction of the X-ray experiment was used for the comparison with the
full field of observation of the digital image correlation.

Far from the crack tip (1,600 μm to 200 μm ahead of the crack), the two fields
seem to match almost perfectly. However, in the last 200 μm in front of the crack,
where the X-ray scans are performed, a significant drop in predicted thickness is
observed by the X-ray scan.

Two explanations are possible for this observed thickness decrease:

• The material probed by X-ray presents an important volume fraction of void,
reducing the attenuation of the beam.

• The stretch ratios are much larger than what is measured by DIC (because of the
poor spatial resolution of the method near the singularity), causing the abrupt
thinning of the sample.

Both explanations are plausible since large scale cavitation very near the crack tip
is consistent with the SEM images of NR crack tips [34], and the presence of
oriented fibrils near the crack front. Higher stretch ratios are also probable, since
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the degree of crystallinity observed at the crack tip suggests that the local extension
ratios are indeed higher than what is measured by DIC. It should be noted, however,
that some of the discrepancy between DIC and X-rays may be also due to the fact
that the crack front is not exactly parallel to the beam.

Alternatively, the local value of λ1 in the fibrils can be estimated using the relation
between stretch ratio and crystallinity index obtained in uniaxial tension [13]. As the
method to calculate the index used in the crack tip experiment differs from the one
used in uniaxial tension, the uniaxial data for that sample were reprocessed with the
crack tip method to obtain a relation χ(λ1).

The crystallinity index χ found at the crack tip for the NR50S- is 0.0457, and the
corresponding λ1 value is 3.6. The void volume fraction in the fibrillar zone Φ can
now be estimated using the attenuation value at the crack tip. In a uniaxial mechan-
ical state, the thickness Tf of the fibrillated material can be expressed as:

T f ¼ 1ffiffiffiffiffi
λ1

p ð5Þ

The corresponding void volume fraction is then evaluated using the difference
between the measured thickness using the X-ray attenuation Tlocal and Tf:

T local ¼ 1�Φð ÞT f ð6Þ

which brings

Φ ¼ 1� T local

T f
ð7Þ

The estimated value of the volume fraction of voids Φ for the NR50S- at 4000 J/
m2 at the crack tip is Φ ¼ 0.42.

Based on these results, a plausible scenario schematically described on Fig. 16
can be proposed for this experimental condition: at the very crack tip, nano-cavities
formed in the region of triaxial stress grow to a macroscopic size, and the bulk
structure of the material transforms into a fibrillar structure. In that fibrillated zone,
the void volume fraction is high and the fibrils are highly stretched forming a lozenge
like shape (see SEM image) and some strain-induced crystallinity may be present in
these highly stretched fibrils. However, the region a bit further from the crack tip
does not fibrillate and the level of strain achieved there is not sufficient to activate
SIC.

The presence of cavities at the very crack tip and the formation of a fibrillar
structure maybe also present for other conditions and in particular at high temper-
ature. Since we never observe a catastrophic decrease in crack propagation rate even
at 100�C in aged materials where we do not detect any SIC, we hypothesize that a
small amount of SIC in the fibrillar region may be sufficient to stabilize it and
prevent bond scission during the multiple cycles of the fatigue tests. However, this is
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highly speculative and other mechanisms than SIC may be active to slow crack
propagation.

4 Conclusions

We have carried out systematic WAXS and SAXS experiments to detect and map
strain-induced crystallization and cavitation at the crack tip of samples of highly
crosslinked and carbon black filled natural rubber, that were previously used to
propagate a crack in cyclic fatigue. In parallel systematic experiments of crack
propagation in cyclic fatigue were carried out over a wider range of applied energy
release rates for the same materials and conditions.

The scattering experiments carried out near the crack tip of open static cracks with
a 20 μm spatial resolution, demonstrated that at the energy release rates applied
typically in fatigue experiments (1–4 kJ/m2), a crystallized volume is present at the
tip of the crack. Due to the low strains applied, this crystallized volume is much
smaller than previously reported sizes [2, 6, 7], as it extends to a maximum of
200 μm ahead of the crack.

The set-up developed allowed to perform comparisons between the crystallized
volumes and crack propagation rates dc/dn. The main results can be summarized as
follows:

• Effect of crosslink density: a reduced crosslink density increases the size of the
crystallized zone and increases the maximum degree of crystallinity present at a
given energy release rate. It does also reduce dc/dn at the same applied G.

Fig. 16 Left: zoom on the image used for DIC of NR50S- at G ¼ 1,000 J/m2. Top right: schematic
view of the cavitation to fibrillation process. Bottom right: SEM image of a NR50 fatigued for
400 cycles at G ¼ 1,410 J/m2, taken from (4)
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• Effect of temperature: the elevation of the fatigue test temperature (and observa-
tion temperature for SIC) from 23�C to 100 strongly decreases the amount of
crystallinity observed. Some crystallization is, however, still observable at the
crack tip at 100�C. Interestingly dc/dn is almost the same for both temperatures
and for nearly the whole range of applied G.

• Effect of thermal aging: aging in N2 atmosphere also strongly decreases the
observed crystallinity at the crack tip. The combination of aging and high
temperature effectively removes any detectable crystallinity. However dc/dn
stays the same at 23�C and decreases slightly with aging at 100�C.

Therefore, a direct correlation between the extent of SIC at the crack tip and the
rate at which a crack propagates in fatigue could not be established based on these
results.

Yet the presence of a few percent of nano-cavities was observed at the crack tip
on a volume slightly smaller than the crystalline volume in the less crosslinked
material. In addition, the comparison of the real thickness of the sample, using the
attenuation of the X-ray beam, and the thickness obtained from extrapolating DIC
measurements assuming incompressibility shows that the material observed had
likely a fibrillar structure with a much larger (~40 vol%) volume fraction of voids.
The nano-cavities observed with SAXS probably cohabits with cavities of much
greater size to form the fibrillar structure. Since even with aged samples at 100�C,
where no SIC is detected, the fatigue resistance is not catastrophically bad, we
hypothesize that the fibrils in those regions very near the crack face may have
therefore a much higher actual strain and still crystallize. Such crystallized fibrils
may be very hard to detect because of the 3-dimensional nature of the open crack
face but nevertheless play a crucial role in fatigue by reducing the probability of fibril
failure during the repeated loading cycles and hence reducing dc/dn. However, in the
absence of direct detection by WAXS, this remains speculative and other mecha-
nisms may be at play.
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