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Preface

Arithmetic geometry is a very active branch of mathematics, with important and
deep connections to various areas such as algebraic geometry, number theory, and
Lie theory.

The goal of this volume is to introduce graduate students and young researchers
to some recent research topics in arithmetic geometry over local fields. The lectures
are centered around two common themes: the study of Drinfeld modules and non-
Archimedean analytic geometry.

The notes of this volume grew out from the lectures given during the research
program “Arithmetic and geometry of local and global fields,” which took place at
the Vietnam Institute of Advanced Study in Mathematics (VIASM) from June to
August 2018. Two of them were given at the VIASM School on Number Theory
(see https://hanoi-nt18.sciencesconf.org/). The others were presented as advanced
courses during the research seminar.

The authors, all leading experts in the subject, have made a great effort to make
the notes as self-contained as possible. In addition to introducing the basic tools, the
lectures aim to present an overview of recent developments in the arithmetic and
geometry of local fields and related topics. The included examples and suggested
concrete research problems will enable young researchers to quickly reach the
frontiers of this fascinating branch of mathematics.

Contents of This Volume

The volume consists of seven lectures:

1. Some Elements on Berthelot’s Arithmetic ©-Modules by Daniel Caro (Univer-
sity of Caen Normandy, France),

2. Difference Galois Theory for the “Applied” Mathematician by Lucia Di Vizio
(CNRS and University of Versailles Saint Quentin, France),
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3. Igusa’s Conjecture on Exponential Sums Modulo p™ and Local-Global Principle
by Nguyen Huu Kien (KU Leuven, Belgium),

4. From the Carlitz Exponential to Drinfeld Modular Forms by Federico Pellarin
(Institute Camille Jordan and University of Saint-Etienne, France),

5. Berkovich Curves and Schottky Uniformization I: The Berkovich Affine Line by
Jérome Poineau (University of Caen Normandy, France) and Daniele Turchetti
(Dalhousie University, Canada),

6. Berkovich Curves and Schottky Uniformization II: Analytic Uniformization of
Mumford Curves by Jérome Poineau (University of Caen Normandy, France)
and Daniele Turchetti (Dalhousie University, Canada),

7. On the Stark Units of Drinfeld Modules by Floric Tavares Ribeiro (University
of Caen Normandy, France).

The first lecture by D. Caro offers an introduction to p-differential methods
in arithmetic geometry. First, he reviews Berthelot’s ring of p-adic differential
operators, which plays an important role in the theory of arithmetic Z-modules.
Next, he extends it to some finite level on p-adic formal affine smooth schemes.
Finally, concrete examples and a guide to further reading are also provided. The
material assumes a basic knowledge of ring theory and algebraic geometry.

The second lecture by L. Di Vizio gives an overview of the Galois theory of
difference equations. The first part presents a guide to the key definitions and
results of difference Galois theory. In the second part, interesting applications to
transcendence and differential transcendence are treated in detail. Note that the
framework is the same as that of Papanikolas’ theory in the setting of Drinfeld
modules. The curious reader may wish to refer to the lectures of F. Pellarin and
F. Tavares Ribeiro for more details.

The third lecture by K. Nguyen is a survey on Igusa’s conjecture around
exponential sums motivated by the study of local-global principles for forms of
higher degree. After introducing the notion of exponential sums and those modulo
p™ with some examples, he formulates a coarse form of Igusa’s conjecture on a
uniform bound of those exponential sums and explains its relations with Igusa’s
local zeta functions, the monodromy conjecture, and fiber integrals. He then states
Igusa’s conjecture on exponential sums and gives an overview of recent progress
on this conjecture, in particular the most recent breakthrough of Cluckers, Mustata,
and the author. The lecture ends with a general picture of the local-global principle
for forms and the contribution of the aforementioned conjecture in this direction.

The fourth lecture by F. Pellarin presents a friendly introduction to the theory
of Drinfeld modular forms attached to the affine line over a finite field. Drinfeld
modular forms in positive characteristic are defined as analogues of classical
modular forms by the pioneering works of Goss and Gekeler. The notes gradually
introduce the very first basic elements of the arithmetic theory of Drinfeld modules,
then the Drinfeld upper-half plane and its topology, and end with Drinfeld modular
forms. The key notions are illustrated with many examples. The lecture also contains
several advanced parts such as Drinfeld modular forms with values in Banach
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algebras. These course notes will enable the reader to gently enter into this rich
and still developing theory.

The self-contained survey by J. Poineau and D. Turchetti consists of two lectures
on non-Archimedean curves and Schottky uniformization from the point of view of
Berkovich geometry. The first part, the fifth lecture, could be read as an elementary
course on the theory of Berkovich spaces with emphasis on the affine line. The
authors introduce basic definitions and properties with full details and proofs. The
second part, the sixth lecture, is more advanced and deals with the theory of
uniformization of curves under Berkovich’s theory. After introducing the notion
of Mumford curves and Schottky groups, the authors present an analytic proof of
Schottky uniformization. Many examples, explicit research problems, and a guide
for further reading are also provided. The reader who is interested in Schottky
groups in the language of rigid analytic spaces is invited to read the relevant parts
of the lecture of F. Pellarin.

The last lecture by F. Tavares Ribeiro presents some recent developments in
the arithmetic theory of the special values of Goss zeta functions. This lecture
is an exposition on Stark units of Drinfeld modules over the ring of polynomials
over a finite field. The notes are also the occasion to introduce basic definitions of
Drinfeld modules and more recent fundamental objects linked to an analytic class
number formula obtained by L. Taelman: L-values, unit modules, and class modules
attached to a Drinfeld module. The author then presents the notion of Stark units and
gives their basic properties. Finally, he gives several applications of Stark units, in
particular, to the study of congruence properties of Bernoulli—Carlitz numbers. He
also gives hints for a general base ring.

Caen, France Bruno Angles
Lyon, France Tuan Ngo Dac
October 2020
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Chapter 1 )
Some Elements on Berthelot’s Arithmetic <o
D-Modules

Daniel Caro

Abstract This text is an introduction to Berthelot’s theory of arithmetic D-
modules. We first review Berthelot’s ring of differential operators of finite level
on affine smooth p-adic formal schemes over a complete discrete valuation ring
of mixed characteristic (0, p) with perfect residue field. Berthelot’s ring is a kind
of weak p-adic completion of the usual ring of differential operators as defined by
Grothendieck. We finish with the description and some finiteness properties of the
constant coefficient which is constructed by adding overconvergent singularities.
This lecture is suitable for graduate students and requires only basic knowledge of
ring theory and algebraic geometry.

1.1 Introduction

These notes correspond to a course given at Vietnam Institute for Advanced Study
in Mathematics (VIASM) in July 2018. The purpose was mainly to present an
introduction on Berthelot’s theory of arithmetic D-modules for Ph.D. students.
Except at the last page, we only work with affine (formal) schemes, i.e. with (p-
adically complete) rings. The course until the very end does not require some
background on Grothendieck’s algebraic geometry. Beyond this paper, let us explain
a bit the interest of such recent research topic. First, we have to underline that
Berthelot’s theory of arithmetic D-modules gives a p-adic cohomology closed under
Grothendieck six operations (see for instance, [CT12] with Frobenius structures or
much more recently [Car20] for a context without Frobenius structures). Moreover,
the theory of arithmetic D-modules contain in some sense that of overconvergent
F-isocrystals (more precisely, we can construct a canonical fully faithful functor).
These latter coefficients lives over Tate rigid analytic spaces or more recently can be
viewed as objects over Berkovich spaces. Berkovich spaces are very useful, as the

D. Caro (X))

Université de Caen Normandie, Normandie Univ, Laboratoire de Mathématiques Nicolas Oresme,
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2 D. Caro

reader can see below via the lecture of Jérdme Poineau and Daniele Turchetti (see
[PT20a, PT20b])

In the second chapter, we review some elements on the standard theory of the ring
of differential operators. In the third chapter, we explain how to extend it to some
finite level m in the sense of Berthelot. We also introduce the constant coefficient
denoted by Osp(*T)Q and explain why we have to work with such a weak p-adic
completion and not with the naive coefficient.

1.2 Ring of Differential Operators

1.2.1 Kihler Differential

Definition 1.2.1 Let R be a commutative ring, A be a commutative R-algebra, M
be an A-module. An R-derivation of A into M is an R-linear mapd: A — M such
that

1. d(a1az) = a1d(ap) + ard(ay), for any ai, ap € A;

The set of R-derivation of A into M is denoted by Derg (A, M). We check that
Derg (A, M) is an A-submodule of Homge (A, M), where the A-module structure
is given by that of M.

Definition 1.2.2 A module of relative differential forms of A over R is an A-
module Qk /R endowed with an R-derivationd: A — 9}4 r having the following
universal property: for any A-module M, for any D € Derg(A, M), there exists a
unique ¢ € HomA(Q}VR, M) suchthat D = ¢ o d.

Proposition 1.2.3 A module of relative differential forms of A over R exists and is
unique up to unique isomorphism. It will be denoted (Qk/R, d).

Proof The uniqueness is standard. Let us check the existence. Let F be the free
A-module generated by the symbols da, a € A. Let E be the A-submodule of F
generated by

(i) dr, r € R;

(i) d(a; 4+ a2) —day; — day, for any ay,a; € A.
(iii) d(ajaz) —aiday — axday, for any ay, ap € A.
We put Q}VR = F/Eandd: A — Q}VR sends an element a € A to the class of
da. We check that such (SZ}1A /R d) satisfies the universal property. O
Remark 1.2.4 In other words, the proposition 1.2.3 means that the functor M +—

Derg (A, M) from the category of A-modules to itself is representable. Moreover,
following the proof of 1.2.3, the A-module Q}L‘/R is generated by {da, a € A}.

1.2.5 Let u: A®r A — A be the morphism of R-algebras given by a ® a’ +>
aa’. Let I := ker . Since p is surjective, we get the factorisation of R-algebras
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AQRA/I —> A.The R-algebra AQg A is endowed with two A-algebra structures,
the left one and the right one. We remark that for both structures, the isomorphism
AQ®rA/I —5 Ais A-linear. Hence, if M is an A ® g A-module, then the three
way to endow M/IM with an A-module structure coincide. For instance, I/1? is
endowed with a canonical structure of A-module.

For both A-algebra structure on A ®g A, [ is generated as A-submodule by
the elements of the form 1 ® a — a ® 1, with a € A. Indeed, for the left case, if
Ya®a el then) i ®a, =) ai(1Q@a;—a;®1).

Proposition 1.2.6 Letd: A — I/1% givenbya > 1 ®a —a ® 1 mod I2. Then
(I/1%,d) is a module of relative differential forms of A over R is an A-module, i.e.
in particular 1 /1? = Qk/R.

Proof The R-linearity of d and the property d(r) = 0, for any r € R are obvious.
Leta, a’ € A. To fix ideas, we use by default the left A-algebra structure the AQg A.
Then I" can be viewed as an A-submodule of A ® g A. We remark that the induced
A-module structure on I /17 is the same than that given by its canonical A g A/I-
module structure. We getin AQg A the equality a(1®a’—a’'®1)+ad' (1Q@a—a®1) =
a®a’'—2aa’®@1+a’®a. Since 1Qaa’ —a®a’'—a’'®a+aa’'®1 = (1Qa—a®@1)(1®
a'—a'®1) e I?, thisyields a(1®d' —a' @ 1) +d' (1®a—a®1) = 1Qad’ —ad' @1
mod 12. Hence, ada’ + a'da = d(aa’).

It remains to check that d satisfies the universal property. Let M be an A-module
and D € Dergr(A, M). Let A x M be the trivial extension ring, i.e. this is an A-
algebra such that A x M = A @& M as A-module, and the multiplication is given
by (a,m)(a’,m’) = (ad’,am’ + a’'m). We remark that M is an ideal of A * M
such that M> = 0. Let #: A ®g A — A % M be the A-linear map (for the left
structure of A ®g A) such that a; ® ap — (ajaz, a;Day). We check that 0 is in
fact a homomorphism of A-algebras. Indeed, we compute 6((a1 ® az)(a; ® ay)) =
(a1azaa)y, a1a}Daxal) = 0(a; ® a2)0(a) ® ay). Leti =) ;a1 @ a; € I. Since
Zalal’ = 0, we get 0(i) € M. Hence 0(I*) ¢ M? = 0. Hence, 6 induces
¢: I/1*> - M givenby Y ,a ® aj mod I> — Y ,a;Daj. Since D = ¢ o d,
we are done. O

Examples 1.2.7 Suppose A = R[T1,...,T;]. ThenAQr A =R[T1®1,..., Ty ®
1,1®Ty,...,1 ® Tg]. The diagonal morphism p: A ® g A — A is given by
;91— Tiand 1 QT; > Tj.Lett; ;= 1QT; —T; ® 1.Let P € I. By
doing successive Euclidian divisions, we get P = 11 Q1 + -+ - + 10 Q4 + S, where
SeR[I®Ty,....,1®Ty]and Q; € A ®g A. Since u(P) = 0, this yields S = 0.

Hence, [ is generated by 7, ..., 74. For any o € N, we set 7% := 1;"--- 7;%,
and |¢| := a1 4+ -+ + 4. For any n € N, this implies that " is generated by
{tas Zl al = n}'

The A-module I" /1" is generated by {t®* mod I"*!, Y ;ai = n}. Indeed,
let P = Z|a\=n Pyt¥ e I",with P, € A If P € I"t1 then either the total degree
nl®T,...,1T;of Pis>n+1or P =0. Hence, we are done.
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1.2.2 Ring of Differential Operators

Let A be a commutative R-algebra.

Definition 1.2.8 For any n € N, we set PX/R = (A ®g A)/I"F!. The ring PX/R
has two A-algebra structures: the left one induced by the left structure of A @ A,
and the right one. We denote by djy: A — PX g (or simply dp) the homomorphism
given by the left structure, and df : A — P} /R (or simply d) that given by the right
one.

Definition 1.2.9 An R-linear map h: A — A is a “differential operator of A/R of
order < n” if and only if there exists an A-linear map h: do« (P} / r) — A making
commutative the diagram

h

dO*(PX/R) > A
f
d
A

We denote by Diff" /R the set of differential operators of A/R of order < n. Since
do« (P} / r) is generated as A-module by the image of d}, then we get the uniqueness

of such 7 if it exists. Hence we get the bijection Diff"y /R —> Hom A(do« (P} / r)A)
given by h — 7. We set Dpjgn = HomA(do*(Pg/R), A).

Since P} /R has two structures of A-algebra inducing a structure of A-bimodules,
then Da/r , is endowed with a structure of A-bimodule. The left (resp. right)
structure of A-module of D4R , is by definition that coming from the left (resp.
right) structure of A-algebra of P} /R"

Notation 1.2.10 Let n,n’ € N. When we write PA/R ®a P /R, we use the right

A-algebra structure of P} /R and the left A-algebra structure of P/’; g to define the
tensor product. Hence we get a structure of the left (resp right) A-algebra structure
on PA/R A PA/R coming from that of PX/R (resp. PA/R)

Lemma 1.2.11 For any mtegers n,n’ € N, there exists a unique homomorphism
s’ PX;FI? — Py AR ®A PA/R of A-algebras for both left and right structures of
A-algebras making commutative the following diagram

A" PifE

Ldl lan,n/

/ dy ’
PX/R - X/R ®a PX/R. 1.1
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Proof Let us check the unicity. Computing the image of 1 in the diagram 1.1, we get
1IN =10101Q1. Using the fact that 81 is an homomorphism of A-
algebras for both left and right structures of A-algebras, this yields "M@ @a') =
a®1®1® a’. It remains to prove the existence. Let§: AQr A - (AQr A) @4
(AQ®g A) definedbya®a’ > (a®1)® (1 ®dad'). Setl¥ := 1 ® 1. We compute
(I®a—a®l) =FR(U®a—a®)+(1®a—a®1) QK. Since I is
generated as A-module (for both structures) by 1 ® a —a ® 1 with a € A, then
8(I) CI®4 (A®r A)+ (A®g A) ®4 I. Hence (1"t +1) ¢ 1"t @4 (A @&
A)+(AQRA) ®a 1" +1 ie. § induces the morphism of A-algebras s’ |

Proposition 1.2.12 Let h € Diff’, /R h e lef’/ﬁA /r- Then h o h e leff/r;é

Proof We check by definition, functoriality or by using 1.1 the commutativity of
the following diagram:

AN
N

A/R
+ 8” )1
P PR ®a Py (1.2)

O

Definition 1.2.13 By convention, R-algebras are always unital and associative.
Following 1.2.12, Diffa/g := Uyen Diff’/g/R is an R-subalgebra of Hompg(A, A).
We get a natural action of Diffa,g on A as follows: VP € Diffa/g, Vf €
A, P-f:=P(f).

Definition 1.2.14 Via the bijection Diff’y /R = Da/r.n, we get an R-algebra

structure on Da/g = UpenDayr,» making the bijection Diffa,r = Dayr an
isomorphism of R-algebras and of A-bimodules. The R-algebra Da,g is called
the ring of differential operators on A/R. The multiplication can be described via
the diagram 1.2. We also get a natural action of Da,g on A. Finally, the mapping
A — Dayr given by a +— a - 1 is the same for the left or right structure of A-
module. Moreover, the mapping A — Dga/g is an homomorphism of R-algebras,
and we can view A as an R-subalgebra of Dy g.

Notation 1.2.15

1.If P € Da/g and f € A, we set P(f) := P(di(f)), which is consistant with
the identification of P with an element of Diff 4.
2. Forany P € Dg/g, we setord(P) :=min{n ; P € Da/gn}.
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1.2.3 Smooth Differential Case

From now, we suppose R Noetherian, A/R of finite type. Let #1,...,7; € A, and

=104t -1 ®1 € AQr A. We suppose that 71, ..., 74 € [ is quasi-regular,

ie.

(a) 71,..., T4 1s an A-basis ofI/I2 = Q}A/R'

(b) the morphism 52(1/12) — gr7(A ®g A) induced by 71, ..., T4 (see nota-
tion 1.2.17 below) is an isomorphism of graded A-algebras.

This also means that A/R is differentially smooth in the sense of Grothendieck.
Examples 1.2.16

1. Suppose A is equal to the polynomial algebra R[T7, ..., T4]. Sett; :=1Q T; —
Tl e AQgr Aforanyi =1,...,d Thenrty,..., 7y € [ is quasi-regular.

2. We have the following example which is fundamental but can be skipped
if the reader is not familiar with Grothendieck’s notion of étaleness. Let
f: R[T1,...,Ty] — A be an étale morphism. Let #1,...,27; € A be the image
of T1,...,Tyvia f.Sett; ' =1t -, ®1 € AQr Aforanyi =1,...,d.
Then 71, ..., Ty € I is quasi-regular (see [EGA IV, 0.15.1.7]).

Notation 1.2.17 If M is an A-module, we denote by S% (M), or simply Sa (M) if we
forget the filtration, the symmetric algebra of M over A endowed with its canonical
filtration. Recall M — S4 (M) is the left adjoint functor of the inclusion from the
category of commutative A-algebras to that of A-modules.

If B is an algebra and J is an ideal of B, we denote by gr%(B) the graded ring

gr%(B) := ®gx0J /T4

Notation 1.2.18 Forany o« € N¢, we set 7% := T} - T and 7% := 7} -+ - 7).
By hypothesis, we have the isomorphism of graded A-algebras of the form

ATy, ..., Tyl — g (A)

given by 7% > 7% mod I"*!, for any @ € N¥ such that || = n. Moreover, we
can check 7% mod I"*! is an A-basis of Py /R for both A-algebra structures. We

denote by {8!¥, [k| < n} be the dual basis of Da/g, = Homy (do«(P} ), A)
of {z*, |k| < n}. Since the morphism PX;Q% —» X/R sends 7 mod I"? to 1%
mod 7"t then the monomorphism Da/r, <> Da/rn+1 sends okl o 9lkl for

|k| < n. Hence, we get on D4, g the basis {8”‘], k € Nd} as A-module.
Lete; = (0,...,0,1,0,...,0) where 1 is at the ith place. Set 9; := dl<il.

Proposition 1.2.19 We have the following relations:
1.Vf €A, Vn =0, wehavein P} the formula di(f) = 3y <, Akl (fyTk,
2. Vk <i, oM@y = (,’;)ﬂ'*k.
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3. VK K" e N, KTk = (k/:/k”) YK +E"]
4. Vk € Nd’ Vf €A, a[k]f — Zk/+k//=k a[k/](f)a[k”]_

Proof With notation 1.2.15, the part 1) is obviqus from the fa}ct that {911, |k| < n}
is the dual basis of {z¥, |k| < n}. Using d1(t') = 1 ®1) = t 4+t 1) =

sti (,’( ) ti=kzk this yields the second formula. From gnn' (i) = FRT + 1 I,

l_k//
This yields 9% 1911 (/) = 81K o (id 0 01K"1) 0 87 (1) = 8, 1 ("’j;"" ) where
31 k& 1s the Kronecker symbol. Hence, we get the third formula. By using 1.2, we
get the commutative diagram

AN
T

Pk Pi/r ®a PA/R (1.3)

we get 8”’"/(11) = ZI/HNZI " ®1!". Hence, (idoalk”])o8”’"/(tl) = ( ! ) =K,

Hence, by identifying A with a R-subalgebra of Da,g and A with P A /R> this yields
by definition of the product in Da,/g the formula alk f(r Ny = a[k]((l ® f)'l,’i).
Hence, using the formula 1), we get K1 f(z?) = 3k (ZMS" alk/](f)t"””') =
I=Ip). O
1.2.20

1. If R is an [F-algebra, then using 1.2.19. 3, we get 9k = 3Kk, Hence, al.P =
pa[l’éi] =0.

2. Suppose R is a Q-algebra. Then 8'¥1 = 3% /k!. Hence Dayr is generated by
d1,...,0q and A as R-algebra.

Remark 1.2.21

1. Using 1.2.19.4, we can check grD4/r := ®n>0Da/Rn/Da/R n+1 is a commu-
tative A-algebra.

2. Suppose R is a Q-algebraand A = R[T1, ..., Ty]. Then D4, is the non com-
mutative R-algebra generated by 71, ..., Ty, 91, ..., 7 subject to the relations
[T;,T;1=0, [9;,0;1=0, [0;, T;j]1=0:T; —T;0; = &;j, Vi, j.
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1.2.4 Left D s/r-Modules

We keep notation and hypotheses of the Sect. 1.2.3.

Definition 1.2.22 Let E be an A-module. A stratification on E is a collection of
Py / g-linear isomorphisms

€n: Pi @1 E—> E®4 P} p

such that

1. €p = id and the family (e,), is compatible with the restrictions P} JR ™ PX// R
forany n < n’;

2. for any integers n, n’, the diagram

~

PX/R ®4 PX/R Q4 E S e E Q4 PX/R ®A PX/R

”1)1/ /
m 90 (€n+n/)

PX/R ®a E®A PX//R
(1.4)

nn' | pntn’ no 1d®do n nn' | pntn’
where g .PA/R —» PA/R — PA/R X4 PA/R, and g .PA/R —»

PX//R dﬂd PX/R R4 PX//R, is commutative.

Remark 1.2.23 Letm;j: AQrR A — A®R A ®g A be the morphism corresponding
to the projection at the i and j places. Letr;: A - A®gr A ®r A be the morphism
corresponding to the projection at the ith place. Let £(2): A @R A ®r A — A be
the morphism corresponding to the diagonal morphism, and et (2) := ker u(2).
We denote by PX/R(Z) = A @R A®g A/I(2)"! for any n € N and by A —
P /R (2) the homomorphism induced by ;.

Modulo the canonical isomorphism AQr AQg A AN (AQRA)®A(AQRA), we
have 1(2) = I @4 (AQRA)+(A®rA)®4 . Indeed, letx =}, ;  a; ®a’;®a] €
A®RA®RA.Then, Y, ; ai®d;®@a) =3, (@i ®a)H@1®a) =3, (1®
aia}) Q(I®ay) mod I®(AQrA) = Zi’j’k(ﬂ‘@) (aia} Qa;) = Zi’j’k(ﬂ‘@) (I®
aia}a,’(’) mod (A ®r A) ®4 1. Hence, I(2) CI @4 (AQrA)+ (A®r A) R4 I.
The converse inclusion is obvious.

Hence 1(2)"" ! C 1" @4 (AQr A) +(A@r A) @4 1" F! C 1()minin 11,
This yields the commutative diagram
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01

T ~
AQRA—F;>A®RA®RA —=(AQRA) ®s (A®r A)
—_—
P i
’ j_[n+n ’ ,
PZ%’ 7_[112«#}1/ = szrg 2) > X/R ®4 PX/R
02
"
+ / q;l'"/ ’
Pijk g Pi/r ®a Py
(1.5)
where 71[.'}”/: PX+1;1’ — PX;Q’;/ (2) denotes the unique homomorphism making

commutative the left top square. Hence, the cocycle condition is equivalent to the

following condition:
» for any n € N, we have the equality 7yy(e,) = 7)] (€x) o w5 (€y), ie. the

following diagram commutes

T (E) s iy (E)

/ 7{172* €n) \
ry(E) == n{5d"* (E) myidi*(E) rr(E)
n{)lz’“(en)iN ’Vi g1 (€n)
r(E) == nliydi*(E) == nd}* (E) ro*(E). (1.6)

Proposition 1.2.24 Let E be an A-module.
1. The following datum are equivalent:

(a) A structure of left D s/gr-module on E extending its structure of A-module
via the homomorphism of R-algebras A — Da/R.

(b) A compatible family of A-linearmap 6,,: E — E®4 PX/R such that 6y = id
and such that for any n,n’ € N the diagram

rid 6n.n/ ,
E®a Piin "= E® Pl p®a Pig

O 9,,@;4
O,

n

E— > FE®4g PX/R (17)

is commutative.
(c) A stratification (€,)neN on E.
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2. An A-linear homomorphism¢: E — F between two left D g-module is D g-
linear if and only if ¢ is horizontal, i.e., the following diagram is commutative
foranyn e N

PX/R ®AE;:>E®A PX/R

\Lid@d) iq&@id

€n
Php®iF —"~ F @, Pl ;. (18)

Proof A structure of left D4 g-module on E extending its A-module structure is
equivalent to a family of A-linear maps (1, : Da/grn ®4 E — E such that o = id
and such that, Vn, n’, the following diagrams

Dajrn ®a E L E, Da/rw @A Dajrn @4 E SN Dajpw ®4 E

| | a

Dajrw @4 E Da/Rn+n ®4 E T E

(1.9

are commutative. By adjunction, the morphism w, is equivalent to a morphism
of the form 6,: E — Homa(Da/g u, E) - E Q4 PX/R. Since Dajr.nw @4

Dajrn —> DajRntn is givenby P'®@ P > P’o(id ® P) 08™" we can check that
the commutativity of the diagram 1.7 is equivalent to the right one of 1.9. Hence, we
get the equivalence between (a) and (b). We get the equivalence between the datum
0, and €, via the commutative diagram

On
E—">E®aPip

d\id G”T
Pi/r ®a E. (1.10)

Finally, the fact that ¢, is necessarily an isomorphism comes from Lemma 1.2.25
below which gives an explicit formula of the inverse function. O

Lemma 1.2.25 Let E be a left D r-module. Let x € E. We have the formulas

Op(x) = €,(1 ® x) = Z M x) @ ¥, (1.11)
|k|<n
'@ =Y (-hHHF ey (1.12)

|k|<n
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Proof Let us check the formula 1.11. Since P}, is a free A-module (for its
left structure of A-module, by default), the canonical morphism ev: PX R

Homa (Da/g.n, A) is an isomorphism. Let {01 |k| < n} be the dual basis of
{8[k], |k| < n}. Via this isomorphism, 7k is sent to lkI*, Hence, the composition
E®APX/R = E® sHoma(Dajg n, A) = Homa (Da/R,n, E) sends Zxk@)tk
to (8”‘1 = xi). Since wn: Dajrn @4 E — E,is given by Al @ x > Blk](x), then
E — Homa(Da/R,n, E) is given by x — (8”‘] — Blk](x)), and we are done.

By using 1.2.19, we can check that the P} / g-linear morphism defined via the
right term of 1.12 is the inverse function of €,. O

Corollary 1.2.26 Let E, F be two left D a;r-modules.

1. There exists a unique structure of Dajr-module on E @4 F extending its
canonical structure of A-module such that, foranyk e N, x e E,y € F,

M@y =Y 0w @l ). (1.13)

i<k

2. There exists a unique structure of Da/r-module on Homy (E, F) extending its
canonical structure of A-module such that, Vk € N%, for any ¢ € Homy (E, F)

@) @) = Y (=11 (¢0") ). (1.14)

i<k

Proof The unicity is obvious. Let us check the existence. The stratification of £ ® 4
F is given by the composition

O Pl R ®AE®AF — E®a P} r®sF — E®4F®a Py
eE®id id®el

We compute | @ x @y > Y ; MRy~ Y Zj Al @V (@il
We proceed similarly for the second part. O
Definition 1.2.27 Let E be an A-module. A connection on E is an additive map
V:iE— E®a Q}A/R such that V(ax) = aV(x) + x ® da,foranya € A, x € E.
We denote by Q’A/R = AiQ}%/R' We.get themap V: E ®4 Q’A/R — E A Q’Xr/k,
givenby x @ w > V(x) Aw+ (—1)'x Adw foranyx € F andw € Q’A/R. We say
that the connection is integral if V2 = 0.

Theorem 1.2.28 Suppose R is a Q-algebra. There is a bijection between the data

of an integrable connection on E and that of D a;g-module extending its structure
of A-module.

Proof Left to the reader. O
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1.3 Berthelot’s Ring of Differential Operators of Finite Level
and Infinite Order

Let R be a complete discrete valuation ring of mixed characteristic (0, p) with
perfect residue field k, uniformizer w, ramification index e. Let K be the fraction
field of R. For example, R might be the Witt vectors of a perfect field of
characteristic p.

We focus in the affine case as follows (except for the last subsection). Let A
be a commutative flat R-algebra separated and complete for the p-adic topology.
Forany n € N, we set A, := A/n"t'A, R, := R/x"*'R. We denote by I the
kernel of the canonical morphism p: A®rA — A, where AQRA is the p-adic
completionof A ®gr A. Letty,...,. 17 € A, 7, =1L —1, Q1 € AQ®RgA for any
i=1,...,d. Foranyn € N, foranyi = 1,...,d, let t;, be the image of 7; in
ABRA/T" (ABRA) —> Ay ®R, An.

(*) We suppose in this chapter that for any n € N the sequence 11, ..., Tgn is a
quasi-regular sequence of A, ®g, An.

Examples Let R{Ty, ..., Ty} be the p-adic completion of the polynomial algebra
R[Ty,...,Tg]. Thent; :=1QT; —T;®1foranyi = 1, ..., d satisfy the condition
().

More generally, let f: R{T1,...,Ty;} — A be an étale morphism. Let
t,...,tg € Abetheimageof 71, ..., Ty via f. Thent; ;== 1®t -1, Q1 € AQrA
foranyi =1, ..., d satisfy the condition (x).

1.3.1 Formal Affine Case, Standard Ring of Differential
Operators

Definition 1.3.1 For any n € N, we set PX/R := (A®RA)/I"T!. The ring PX/R
has two A-algebra structures: the left one induced by the left structure of A®gA,
and the right one. We denote by dp: A — P} /R the homomorphism given by the
left structure, and dy: A — P /R that given by the right one.

Definition 1.3.2 An R-linear map h: A — A is a “differential operator of A/R of
order < n” if and only if there exists an A-linear map A : do« (P} / r) — A making
commutative the diagram

h
dO*(PX/R) > A

T/

A
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We denote by Diff" /R the set of differential operators of A/R of order < n. Since
do« (P} / r) is generated as A-module by the image of d;, then we get the uniqueness

of such 7 if it exists. Hence we get the bijection Diff" JR ™ Hom (do« (P} / r)A)
given by h 7. We set Dpjgn = HomA(do*(Pg/R), A).

Since P} /R has two structures of A-algebra inducing a structure of A-bimodules,
then Da/r » is endowed with a structure of A-bimodule. The left (resp. right)
structure of A-module of D4R, is by definition that coming from the left (resp.
right) structure of A-algebra of P} /R"

Lemma 1.3.3 There exists a unique homomorphism 8"" : PX;FI?/ — P} /R B4

PX,/R of A-algebras for both left and right structures of A-algebras making
commutative the following diagram

d

A . Pﬁ,’g’

idl lén,n/

/ dy /
Pijg — Pi/r ®a Pip. (1.15)

Proposition 1.3.4 Let h € Diff’ /R h e Diff’j{ /g Then h o K e Difff/rzl.
Proof We copy the proof of 1.2.12. O

Definition 1.3.5 Via the bijection, Diff';‘ /R AN Da/r.n, we get an R-algebra

structure on Da/g = UpenDa/R,» making the bijection Diff4,z = Day/g an
isomorphism of R-algebras and of A-bimodule. The multiplication can be described
via the diagram 1.2. We also get a natural action of D4,g on A. This is the ring of
differential operators on A/R. Finally, the mapping A — Dy /g givenby a > a - 1
is the same for the left or right structure of A-module. Moreover, the mapping
A — Dga/g is an homomorphism of R-algebras, and we can view A as an R-
subalgebra of D4 ,g.

Notation 1.3.6 We check that t® mod I"*! is a basis of Py /R for both A-
algebra structures. We denote by {01, |k| < n} be the dual basis of Da/jrn =
HomA(do*(PX/R), A) of {t¥, |k| < n}. Since the morphism PX;FI% — PX/R sends
t® mod I"*2 to ™ mod I""!, then the monomorphism Da/g.n <> Da/Rnt1
send 9! to 94 for |k| < n. Hence, we geton Dy, g the basis {01 k € N7} as A-
module. Lete; = (0,...,0,1,0,...,0) where 1 is at the ith place. Set 9; := leil,

Proposition 1.3.7 We have the following relations:
1.VfeA, Vn=>0, wehave in PX/R the formula di(f) = Zlklsn Akl (fyTk,
2. Wk <i, 3y = (,i)ti—k.
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3- Vk/, k// = Nd, a[k/]a[ku] _ (k/—lr/k”) 3[k’+k”].
4. ¥k eN, Ve A, aMf =3, a®1(frakl.
Proof We copy the proof of 1.2.19. O

1.3.2 Formal Affine Case, Berthelot’s Ring of Differential
Operators of Level m

Fix alevel m € N.

1.3.8 Forany k € N, Wesetk—q(m)p’"~|—r Whereq eNand0<r,§m)
p™.Forany k, k' € N, k' <k, set

. q(m)| ‘
o = Mg m 1 oo =

()

For any m € N U {o0}, we set(,f,>(m) = .

{k'}(m)
Notation 1.3.9 Let k € N. We write uniquely k = ) ; a; p', such that a; €
{0,...,p—1}. Weseto (k) := Z a;. Then we compute that v, (k!) = k= ”(k)

Lemma 1.3.10 Let k', k" € N, k := k' + k". We write k = ), a,-p’, K =
Yiap, kK'=3% a”p’ witha;,a},a € {0, ..., p—1}.

1 ok + k") <o)+ ok
2. We have o (k' + k") = o (k") + o (k") if and only if a; = a] + a]' for any i € N.

Proof Since

ok + ok’ —o(k)
OSUP((/?)): ]7—1 ?

then we get the first statement.

If {i | a]+a] > p}is empty then we get o (k' +k"”) = o (k') +0 (k). Conversely,
suppose {i | a; + a! > p} is not empty. Let i be its smallest element. Then, for
any i < io, we get a; = a; + a;'. Hence, we can suppose, for any i < ip, 0 =
a; = a. = a;. Letiy = min{i > io; a, +a; < p — 1}. Since alfl —i—alf; <p-—1,
then Zigil a;p' + Zigil alp' = Zigil a; p'. Hence, Zi>i1 aip' + Zm’l a/'p' =
> i~i, @ip'. Following the first part, this yields the formula ), ; a;+ 3", ; a/ >

i>i Qi+
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On the other hand, we compute more precisely Y ;_; a/p' + Y ,; a/p' =
(alf0 + a{(’) —ppo+ Zio<i<i1 (aj +a +1— pp+ (alf1 + a{i + 1)p'1, and then
aj, = alfo —i—alf(’) —p.ai=a;+a +1—pforip <i <ij,anda; = alfl +alf; +1.
Hence, } ;; ai = (1 = p)(i1 —io) + D, a; +a; <3 ;; a; +a;. This yields,
o(k' +k" <ok +ok"). ]
Lemma 1.3.11

(a) Foranyk, k' € N, {]f,}(m)
(b) For any j € N, for any q' < gq, suppose either j > m or q < p. Then
plq *
; €7z,
pla [y ~ 7P

e, and(,f, >(m) (S] Z(I’)'

(c) Forany j,r,q €N, suchthatr < p’, we have (qu-'” >( ) € Z’(kp).
m

rlq
Proof
(1) Since k = (@ + ¢ )p™ + ¢ + 1), then ¢ + 4™, < q™.
Hence, {]f,}(m) € Z. Set k" = k — k. We compute v,,((lf,)(m)) =
’ / " " (m) (m) (m) (m) (m) (m)
(k—o (k))—(k'—0 (k")) — (K" —o (k")) —(q; p:<17(t1k N+ =gy )+, —o (G ). Since

o(k) = o(q,ﬁm)) + a(r,ﬁm)) (and with some primes), we get

P = Dop(( )y = 0" + i — 4"

m)

+ o(r,@ )+ oy - a(r,Em)).
(1.16)

We have two case: either q,ﬁm) = q,g") + q,g’,” and r

q,ﬁm) = q,ﬁfn) + q,g,") + 1 and p™ + r,im) = r,?") + rlg,"). Using the first part of
Lemma 1.3.10, in the first case we get o (r"™) + a(r,g,”)) - a(rlgm)) > 0. Using

again Lemma 1.3.10, in the second case we get 1 +o (r,Em)) =0 (r]g") + rIET)) <

o

G(r]g”)) + o'(r]g,”)), and we are done.

(2) Set k := plg, kK = qu/, K" = k —k.a)If j > m, then k =
pr(p!™"q), K = p"(p!™"q"), k' =k -k = p"(p/"q — p/7"q").

Hence, 0 = rlgm) = r,ﬁf") = r,ﬁf,"), and qlgm) = q,ﬁf") + qlg’,”. By using the

formula 1.16, this yields v, (( I g) ) =0.
)

(b) Now suppose ¢ < p and j < m. In that case p/g < p™, hence q,ﬁm) =0
and r,ﬁm) = k; and similarly with some primes. Hence, we are done.

(3) Since r < p/, there e;xists ai € {0,...,p — 1'} such that we can write
kK':=plg=7%,.;ap andk” :=r =3, ;ap' Hence k := p/q+r =
Y isoaip'. This yields " = ¢{"” + ¢\ and 0 (") = 0 (rJ") + o ().
We conclude by using the formula 1.16.
O
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Lemma 1.3.12 Forany k', k" € N, we set

(m)
cm ._ Q!

k//’k/ o k// .

(q,g")!) qlg,")!
Then C(m) e N
k//’k/ .

© _ KD _ k=1 (GDR—1
Proof We have Cy,), = NG [T ( i ) eN.
Setg =g, ¢ =q” q" =g, r=r, = =, s =

(m) (m)

m
t=r
4y rr’

.Wegetqg = p"q'q" + q'r" + q"r' + 5. We compute

q!

m) _ oy 11 g @ ~©0 O \g”
Ck”,k’ =r (q r +Y)(P ) Cr”,q’c /(Cpm’q/) (pmq,q,,)!(q,r//)!(q//r,+S)! eN

q",p"q
O

1.3.13 Let B be a flat commutative R-algebra and J be an ideal of B. For any
x € J,any k € N, we set

ok

xEom = € Ber K.

(m)'
qdr

The operations x > x Kl satisfy the following properties:

() Vx e J, x%m =1, xBmw =y, vk > 1, xBm € J @z K;
(i) Vx € J, Vb € B, Yk € N, (bx)®on = pkxKlon.
(i) Yx,y € J, Ve e N, (x + )Mo =30 ()
(iv) Vx € J, VK, k" € N, Ko KV — {II;’ }(m)x{k/+k//}<m);
() ¥x € J, VKK e N, (W)oK = i) x WK on

The m-PD envelop P, (B, J) of J as an ideal of B is the B-subalgebra of B ® g
K generated by the elements x*}e for any x € J and any k € N. We denote by J
the ideal of P, (B, J) generated by x%ow for any x € J and any integer k > 1.
Using the above properties of the operations x > x%}  we can check that J is
stable under these operations and that (P, (B, J), J) satisfies the corresponding
universal property. Berthelot defined in a more general context the notion of m-PD
envelop but our particular case is sufficient for our purpose. Using Lemma 1.3.12
and the above properties of the operations x > x*}m  we also check that if J
is generated by (xq)wer, then P, (B, J) generated as B-algebra by the elements

K y{k”}(m) :

xik}('") forany o € L and any k € N, and the ideal J of P, (B, J) is generated by
x5 for any @ € L and any integer k > 1.
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Notation 1.3.14 We denote by PX/R’(m) the m-PD envelop of (PX/R, I/, In
other words, PX/R’(m) is the subring of PX/R ®r K generated by {xttm vk e
N, Vx € 1/1"H1}.

For any k € Nd, we set Tkl .= , where 71, ..., 74 are by
abuse of notation the image of 7y, ..., 74 in PX/R C PX/R ®gr K. We check that
PX/R’(M) is an A-subalgebra for both structures of PX/R ®r K and that PX/R’(M) is

a free A-module for both structure with the basis {t¥lm Vk e N?, |k| < n}.

{k1}omy {ka}m)
‘L'l e ‘Cd

Notation 1.3.15 Let k = (ki.....ks) € N We set ¢/t = g1 gL,

For any k, k' € N4, we setik,} = ikf} -~-ik‘f} and<k,> =
Y ) Sl Uk fom L om)

()~ (30)
“lomy VK lany

Since q,EmH)I divides qlgm)! for any k € N? then we have the inclusions
P g miy € Ph/r.omy ad NuenPi g = P g. We denote by D%)Rﬂ the
dual of P} JR.(m) for the left A-algebra structure. We denote by {3<F>m k e
N4 such that |[k| < n} the dual basis of {t*lm k e N9 suchthat k| < n}.

The inclusions P}, r C Piig i1y C Ph/g () induce by duality D%)R,n -

(m),
D%;B — Da/r,n- We compute that d<k>m is sent to ?rﬁm, 9=k=w+n i DX%IZ
, e ’

and is sent to q,ﬁ’”)!a[k] in Da/g . In particular, they are injective. By identifying
D%)Rﬂ as an A-subalgebra of Da g », we get the equality § k> = q,g’”)!alkl.

We set DX'/’)R = UnGND,(AW/l)R,n C UpenDajr.n = Dayr. Then DX’;)R is equal to

the free A-submodule of D4,g (for the right or left structure) whose basis consists
in {9<k>0, k € N}. This yields the equality DY , = DY/ N Dasr.n.

Remark 1.3.16 We have the inclusions DY), C DY), C -+ C D) C Dayr.
Moreover, since qlgm) = 0 for m large enough, we get U,,en DX'/')R = Da/r. Hence,
we might write fo/ol)e := Dayg.

Proposition 1.3.17

1. Then DEL‘()/)R is equal to the R-subalgebra of Da/r generated by 01, .. ., 04. This
is the ring of differential operators of level O of A/R.
2. The ring D;AO/)R is left and right Noetherian.

Proof
(1) We have to check that @y« A3 is an R-subalgebra of Dayg. Using 1.3.7. 4,

we compute Vk € N, Vf e A, okf = D oKk =k Blk/](f)kk,,!, 9" which
proves the first part.
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(2) Let & be the image of 9 in grDY{)p = SnenDYy g ,/ DY )g.,_i- Using 1.3.7.4,
we can check that R[Ty,...,T4s] — gngo/)R given by 7; +— & is an
isomorphism of graded rings. This yields that gng)/) r 1s Noetherian and then

i« n©
$018S Dy /p.
/R
0

To extend the above proposition to the level m, we will need the following
propositions.

Proposition 1.3.18
1. Foranyk', k" € N4, we have 3=<K>m g=<K">m — <k+k/> J<kFK =,
(m)

k/
2. Foranyk € N4, feA,

ey = 3 i, o,
m

K k" =k
Proof This is straightforward from 1.3.7. O
Proposition 1.3.19 Let k = Z?:o ajpj, such thata; € N for any j and0 < aj <
p—1forany0 < j <m — 1. There exists u € Z?p) such that
ai<k>(m) —u l—[ (ailp/]> J .
j=0
. n
J
Proof For any j € N, by induction in n we compute <8i<p >("’))
; .

8,'<np >(m) -, (ll’]‘_’ > . Moreover,

P (m)

“ <a;pl>(m <k> (my m=1 !
[T =9 H< i > :
j=0 j=0' (m)
. aj .

<p!>0m) / N <a;p’>mm) 1ya;j |[Ip/ N <k>(m)

Hence, ]_[;'.1:0 (81. ) = ]_[’;’:0 9 2, o = 5,
T (l”,> il arp' Using 1.3.11, we can check []%=) [1,” (lp{>
1_[]=0 =2 pl (m)< ajpj (m) gl.o.1l, ]_[]=0 =2 pl (m)
o ap! - ~ <p'>mm _ alp/]
=0 ; S ZE‘ ) Since for any j < m, we have 0, = d;" °, then we are
QP L)

done.
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Corollary 1.3.20 The module Dgr/l)R is the R-subalgebra of Da/r generated by
Dayr,pm. This is the ring of differential operators of level m of A/R.

Proof This is a straightforward consequence of Propositions 1.3.11, 1.3.18
and 1.3.19. O

Corollary 1.3.21 The R-algebra DX';)R is twosided Noetherian.

Proof We have DX';)R’H = @|k|§nA3<k><m>. Using 1.3.18, we can check that
grDX'/’)R is a commutative A-algebra. We get from 1.3.19, that grDX'/’)R is a

;
commutative A-algebra generated by the image of 8l.<p ~™ for j=0,...,mand
i =1,...,d via the map D%)R — grD%)R. Hence, grD%)R is Noetherian, and we
are done.

O

Remark 1.3.22 This is false that D /g is twosided Noetherian.

1.3.3 Left DX’;)R -modules

Let m € N. We have seen in 1.3.20 that DX’;)R is the R-subalgebra of Dj,/r

generated by Da/g, pm. In fact we can endow canonically DX';)R with an R-algebra

structure such that DX'})R — D4R is an homomorphism of R-algebras as follows.

Lemma 1.3.23 There exists a unique homomorphism S?I’nr;/: Pzﬁéj(m) —

PX/R, m) ©A PX//R, (m) of A-algebras for both left and right structures of A-algebras
making commutative the following diagrams

i n+n' n+n' C n+n' C n+n’
A— > PA/R.(m) PA/R ®r K PA/R,(m) PA/R ®r K
l & la;ﬁ;;g' l sna’ J{ a l 5 g
, dy . v R W , " )
Phirany — Phir.om ®4 PLjr.mys PlR®A Pl =Pl g oy ®a Pl gy = Pip®a P} r®r K.

(1.17)

Proof We check by a straightforward computation that the homomorphism s’ @
id: Pyx ®r K — P}, ®a P ®r K of 1.33sends P}/p 10 P} o ®a
P}l g (my- This yields the homomorphisma?r;l'; : Pg;rg’(m) = Plr i ®APL R ()
We conclude using 1.15.
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1.3.24 Let P € DX’;)R’H, P e DX';)R’H,. We define PP’ to be the composite
morphism

Vl.n,
n+n' (m) n
Pa/R.my — P

id®P’ P
4R, m) OA Phk m) = Py/R.(m) A.

We check that this is well defined, i.e. this is independent on the choice of such n and
n’. Moreover, we compute this yields an R-algebra structure on D%)R. Following

the formal analogue of 1.2, we can check that DX'/’)R — Dj/g is an homomorphism
of R-algebras.

Definition 1.3.25 Let E be an A-module. An m-PD stratification on E is a
collection of P} /R (m)-linear isomorphisms

€n: Pl ®aE — E®q P} k.o

such that

1. €0 = id and the family (¢,), is compatible with the restrictions PX JRm)
PX//R (m)’ forany n < n’;
2. for any integers n, n’, the diagram

’ n’
PR,y ®A Pl oy @4 E E®a Plr om ®a Pisr.omy

nn! /
41" Engn') 90" (Eppnt)

P,Z/R,(m) ®a E®a P,Z/R.(m)

;
.
Sy Enn’)

(1.18)

nn' | +n' id®dy ,
where g .Pz/g’(m) —» PX/R’(m) — PX/R’(M) R4 PX/R’(m), and

’ ’ ’ d\®id ’ . .

gy Pz71$l,(m) —» PX/R’(m) REN PX/R’(m) a4 PX/R’(m), is commutative.
Remark 1.3.26 Let m;;: A@RA — A@RA@)RA be the morphism corresponding
to the projection at the i and j places. Let ri: A — AQrA®gA be the morphism
corresponding to the projection at the ith place. Let 1(2): AQRAQrRA — A be
the morphism corresponding to the diagonal morphism, and et 7(2) := ker u(2).
We denote by PX/R(Z) = AQRA®RA/I(2)"*! for any n € N. For any n € N,
let PX/R’(m)(Z) be the m-PD envelop of (PX/R(Z), 1(2)/1(2)"*"), and A —
Py /R (2) be the homomorphism induced by r;.
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Using the universal property of the m-PD envelop (or by an easy computation),
we get the homomorphism nl.”j: P} IRy P} JR.(m) (2) induced by m;; (see
also 1.2.23). We get the commutative diagram

ntn’
o1

n+n
n+n’ 12 + 4
PyiR oy —nmm PAJR. ) @) > Pk omy @4 PY/r m)
02
qg’n/
n+n' qllw/ n n'
PR ) o PR, om) @A Pasr omy-

(m) (1.19)

Hence, the cocycle condition is equivalent to the following condition:

» for any n € N, we have the equality (' (€,) = 7} (€x) o w5 (€n), i.e. the
following diagram commutes

A (E) ——= gl di*(E)

/ 71{’2* €n) \
B g E) ) —— D)
ﬂgz*(fn)lw ’V\L 7l (en)
rg*(E) n(’)’z*d(’)’*(E) n’gl*dg*(E) rg*(E)

(1.20)

Proposition 1.3.27 Let E be an A-module.

1. The following datum are equivalent:

(a) A structure of left DX’;)R-module on E extending its structure of A-module
via the homomorphism of R-algebras A — DX';)R.

(b) A compatible family of A-linear map 6,: E — E ®a PX/R,(m) such that
0o = id and such that for any n, n’ € N the diagram

i n.n
+ ’ (m) /
E®a PX/I?,(m) > E ®a PX/R,(m) ®4 PX/R,(m)
0n+n/ 6n®ld T
9’1/ !
E E ®4 P

A/R.(m) (1.21)

is commutative.
(¢) An m-PD stratification (€;),eN on E.
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2. An A-linear homomorphism ¢ : E — F between two left DX'/I)R-module is DX'})R-

linear if and only if ¢ is horizontal, i.e., the following diagram is commutative
foranyn e N

€n
PY/R.omy ®4 E——=E®a P{p )

lid@qﬁ ltﬁ@id

€n
Pisrm ®a F—=> F ®a P}/ (- (1.22)

Proof By adding some (i) at the write place, we can copy word by word the proof
of 1.2.24.
O

Lemma 1.3.28 We have the formula Vx € E, G,(x) = €(1 ® x) =
D kj<n K700 (x) @ hlom,

Proof Since PX/R’(m) is a free A-module, the canonical morphism ev: PX/R’(m) —
Homy (DX'/’)R .» A) is an isomorphism. Let {9<F>m* |k| < n} be the dual basis
of {a<k> |k| < n}. Via this isomorphism, 7k} is sent to 8 <¥>* Hence, the

composition E® P AN E®AH0mA(DX’;)R’n, A) —> HomA(DX’;)R’n, E)

A/R,(m)
sends > x; ® Kl to (9<k>m > x;). Since wy DX'/’)R’H ®4 E — E,is given
by <k @ x > 9<k>m (x), then E — HomA(DX';)R 2 E) is given by x

(0<k>m > 9<k>m (x)), and we are done. O

Corollary 1.3.29 Let E, F be two left DY{)p-modules.

1. There exists a unique structure of DX'/I)R-module on E ®4 F extending its
canonical structure of A-module such that, foranyk e N, x e E,y € F,

a<k>(m)(x ® y) — Z !]:}(m) a<i>(m) (x) ® 8<k—i>(m) (y) (123)

i<k

2. There exists a unique structure of DX'/I)R-module on Homy (E, F) extending its
canonical structure of A-module such that, Vk € N, for any ¢ € Homy(E, F)

Proof The m-PD stratification of E ®4 F' is the composition E,F@F : Py /R, (m) ©4A

E®QAF — EQ®uP} 4 (®1F — E®sF®aP; p ., Weget IQx®y >
eE®id ’ id®el ’



1 Some Elements on Berthelot’s Arithmetic D-Modules 23

Zi 8<i>(m)(x) ® 'L'{i}(m) ® y = Z[ Z/ a<i>(m) (x) ® a<]>(m) (y) ® T{]}(m).[{i}(m) =
i+ i > <J>m {i+j}on L

22 ’ i ](m) =7 m (x)®8~/7m (y) @t Im  We proceed similarly for the

second part. 0

1.3.4 Weak p-Adic Completion

1.3.30 Let m € N. Let BX'/’)R = lim DX'/’)R / p"DX';)R be the p-adic completion
of DX")R. Let P € DX")R. Then there exists a unique sequence (ax)ycne (resp.
(bi)gene) of elements of A such that ¢y — 0 when k] — oo (resp. by — 0

when [k| — oco)and P = ) apd<k>m (resp. P = D kend a<k=wpy).

Berthelot has proved that the homomorphisms ﬁg’;)R ®r K — 5%;1) Qr K

are flat (see [Ber96, 3.5.4]). We sketch the proof as follows. Let D’ be the subset

of BX'};D of elements which can be written in the form P + Q with P € BX';)R

and Q € D%;l). Using the fact that D%;l) and 5%} are Noetherian, with some
technical computations we can prove D’ is a Noetherian ring. Hence, the extension
D' — D’ is flat. Since DX'/’JIEU Qr K = DX’;)R ®r K = Da/r Qr K, we get
D' ®r K = D%)R. Moreover, we compute D' = DX'}JIEI) ®r K. Hence, we are
done.

Notation 1.3.31 DZ /R = UmeN’D\X';)R. This is Berthelot’s ring of differential
operators of finite level and infinite order. Following proposition 1.3.35 below, we
can view DZ /R AS the p-adic weak completion of D4, g, where the weakness means
that the majoration appearing in 1.3.35 is satisfied.

The ring /D\X'/’)R is Noetherian, but this is not the case of DI‘ /R OF D; /R ®r K.

Fortunately, since the homomorphisms /D\X';)R ®r K — 5%;1) ®pr K are flat, then

DZ /R ®r K is coherent. Hence, the notions of (left or right) DZ /R ®pr K-coherent
module and of (left or right) DZ /R ®R K-module of finite presentation are then
identical. It is likely that DZ /R is not coherent but it is an open question.

Lemma 1.3.32 We denote by |.| the norm on Z defined by |n| = p~'r"™ for any
neZ.

1. Vm e N, dn < 1, Jc € R such that |q,§m)!| < cn* forany k € N.
2. V¥n <1, 3m €N, such that n* < |q,§m)!|f0ranyk e N

Proof

1 Putq:=q,£m).lfq=Z;=0a,-p"witha,'e{O,...,p—l}fori=0,...,r—1
and a, € {l,...,p—1},then0 < o(q) < (p— D +1) < (p —
1) (log,(g+ D +1) < (p — 1) (log,(k+ 1)+ 1). Moreover k/p™ — 1 <
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q < k/p™.Sincevy(g!) = (q —o(q)) /(p — 1), we get
k/p"(p—D—1/(p—1D)—log,(k+1)—1 < vp(q)) <k/p"(p—1). (1.25)

Set f(k) := 1/(p—1)+logp(k+l)+l = p/(p—l)—i—logp(k—i—l).There exists
ko large enough such that for any k > ko, we get 0 < k/2p™(p — 1) — f(k).
This yields, for any k € N, the inequality

k/2p"(p — 1) = f(ko) < vp(gh). (1.26)

Indeed, on one hand, if k& < ko, then f(k) < ko and then k/2p"(p — 1) —
flko) < k/p"(p —1) — f(k) < vp(q!). On the other hand, if k > ko, then
—flko) < 0 < k/2p"(p — 1) — f(k). Hence, k/2p"(p — 1) — f(ko) <
k/p™(p—1) = f(k) <vp(gh).
From the inequality 1.26, we get |g!| < pd ko) (1/p1/2P" (P=DYk We can
take n = 1/pt/2P"(P=1) < 1, ¢ = pS o),
(2) Fix n < 1. Using 1.25, we get [g\"™1] > (1/p)*/?" =1 = (1/p!/7"(>=D)k,
For m large enough, 1/p1/1’m(1”1) > 7. Hence, we are done.
O

1.3.33 For any i € N, the canonical morphism DA/R/ni+1DA/R — Dy, /R; 1s an
isomorphism. This yields the isomorphism BA/R/ni+15A/R = Da,/g;-

Remark 1.3.34 The ring A ®r K is a Tate K-algebra. For any isomorphism of

K -algebras of the form K{T,...,T.}/1 = A ®r K, we get a quotient norm
which endows A ®g K with a structure of Banach K-algebra. Such norms are all
equivalents (see [BGR84, 3.7.3, prop. 3]).

Proposition 1.3.35 Choose | - || a Banach norm on A ®r K. Let P =
ZkeNd aka[k] € ﬁA/R. Forany i € N, let P; € Dy, g, be the image of P. The
following conditions are equivalent:

1. PeD}

2. 3, B € R such that ord(P;) < «i + B foranyi € N;

3. 3c,n € Ry suchthatn < 1 and || ay ||< cn¥!, for any k € N¢.

Proof 1 = 2. Suppose P € DZ /R Then there exists m € N large enough

such that P € Bgm)R. Let us fix such m. Following 1.3.30, there exists a unique
sequence (bi)yene Of elements of A such that by — 0 when [k] — oo and

P=3 1cnd brd<¥>m  Since d<k>m = q,ﬁm)!a[k], weget P =) bkq,ﬁm!a[k],
ie. ax = brg™!. Using 1.3.32. 1,3 < 1, 3¢ € R such that |g"™1] < epl¥!
for any k € N?. Setting o := elog,(1/c) and B := elog,(1/n), this yields
e (ar) > ve(g™) = ev,(q™) > alk| + B, where v, is the p-adic valuation

of A (i.e. foranya € A, vp(a) :=sup{n € N; a € p"A}) and vy is the 7-adic
valuation of A. This is equivalent to saying that ord(P;) < «i + B foranyi € N.
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2 = 3. Since Banach norms on A @ K are equivalent, we can choose || - ||
defined by | ¢ |:= p~Vr©/¢ where the v, is defined by the p-adic topology
(p"A)penon A®g K (ieforanyb € AQg K, vp(b) :=sup{n € Z; b € p"A}).
Suppose 3o, B € R such that ord(P;) < ai + B forany i € N. Let k € N¢.
Set iy := vr(ax). Since the image of ax in A;, is not null, then |k| < waix + B.
Hence, || ax [|= p~/¢ < p=(k=Br/ac — ppfac (j=1/ae)l
c= pﬁ/‘” and n = p’l/"“’.

3 = 1. Suppose dc,n € Rop such that n < 1 and || ax ||< cn'k‘, for any

. Hence, we can choose

k € N?. We have to prove that for m large enough, aj /qlgm)! € A. The inequality

I ax < en'*lis equivalent to v, (ax) > Alk| + u, with pu = —logp(c) and A =
—log,(n) > 0. Using 1.25, this yields

vp(ar/q™Y) = k|4 —kl/p"(p—1) = (A = 1/p"(p — D) |kl 4. (1.27)

Suppose m large enough such that A — 1/p™ (p — 1) > 0. Hence, if 1 > 0, then
vp (ak/qlgm)!) >0, ie. ak/qlgm)! € A and we are done. Suppose now u < 0 and m
large enough such that the inequalities hold

Pl —u/(A=1/p"(p=D) & p"A—1/(p—1D) = —pu& p" = (—u+1/(p—1) /A
(1.28)

Let k € N If k| = —u/ (o= 1/p"™(p— 1), then (A — 1/p™(p — 1)) [k| +
u > 0 and we are done thanks to 1.27. On the other hand, if |k|] <
—u/ (.= 1/p™(p — 1)), then from 1.28 we get [k| < p™. Hence, ¢! = 0

and then ak/qlgm)! € A. O

Examples 1.3.36 We give here a fundamental example of a left DI‘ / g-module. Let
f € A. We denote by Ay the p-adic completion of A y. We denote by A} the weak

p-adic completion of A y as A-algebra. More precisely, the element x of A} are the
subset of A(y} whose elements can be written in the formx = ) ;‘/; such that
dc,n € Ry suchthatn < 1and || a, [|< cn”, forany n € N.

The ring A{y} has a canonical structure of left D 4,g-module. With the descrip-
tion of 1.3.35, we compute that AJ} isa DZ/R-submodule of Agyy.

1.3.5 Shedfification, Coherence

We denote by & := Spf R the formal scheme associated to R endowed with the
p-adic topology. Let I be a smooth formal scheme over G, and f: 8 — & be the
structural morphism. We will keep the following notation.
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— We denote by R{T1, ..., Ty} the p-adic completion of R[T}, ..., Ty] and K‘é =
Spf R{T1, ..., Ty} is the p-adic completion of A?e- For any point x € ‘3, there
exists an open affine formal subscheme 4, of B containing x together with
an étale morphism [, — Ad We denote by ‘B the set of open affine formal
subschemes $( of &B such that there exists an étale morphism of the form 4l — Ad

We get presheaf D‘ﬁ /@ on B defined by il € B — Dl(f&m) R If U is a standard

open subset of 4l, then the canonical morphism Dl(ﬂ"(’gl /R ®reLy I'(0,B) —
Dl(ﬂ”(’m /R is an isomorphism. Hence, Dgg}g is a sheaf on ‘B. We still denote by
D%"/)G the corresponding sheaf on ‘3.

— Let ZD‘IE”/)G = hm ’D(m)e /P "CD%?/)G be the p-adic completion of D‘L’ /& We

put D’p/@ = UmeNDm/G, and Dm/e 0 = D};@/G ®7z Q = D};@/G ®r K.
Using 1.3.31, we can check that Dq3 /6.0 is coherent.

— Let k be the residue field of R. We denote by P the special fiber of 3, i.e. P is
the k-scheme equal to the reduction modulo 7 of 3. Let T be a divisor of P. Let
1 be an open affine formal subscheme of I3 such that there exists a section f €
I"'(U, Oxz) whose reduction modulo 7 is an equation of 7 in P. Then A} ®r K
does not depend on the choice of the lifting f of an equation of 7. We denote it
by Ou(TT)Q. We get a presheaf of K-algebras O (TT)Q on such open formal

subschemes of 13 defined by i Ou(TT)Q. Similarly to Djp /&> We can check
that Om(TT)Q is in fact a sheaf. Using 1.3.36, the sheaf Om(TT)Q is endowed
with a canonical structure of left D(}j /G’Q-module.
Proposition 1.3.37 (Berthelot) Suppose T is a strict normal crossing divisor of
P. Let x € P. Choose an open affine formal subscheme 3\ of B such that there
exist local coordinates ty, . .., tg satisfying t1, ..., t- € U, Og) with r < d, and
TNU = V(ty---t,) where U is the special fiber of U and t1, . . ., t, are the images
of respectively ty, ..., t, in T'(U, Oy). We have the exact sequence

CD 4/S, Q) R D11/6 Q 2, 0u((TNU)g — 0, (1.29)

where ¢(P) = P - (1/t1-- - t,), and { is defined by

WP, ... Py) = ZPatl—i- Z P;d;. (1.30)

i=r+1

Proof By devissage, we reduce to the case where r = 1. Then, this is a (technical)
computation. The reader can find a proof at [Ber90, 4.3.2]. O

Theorem 1.3.38 (Berthelot) The left @;/G’Q-module O (TT)Q is coherent.
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Proof Sketch of the proof: using de Jong’s desingularisation theorem, we reduce to
the case where T is a strict normal crossing divisor of P, which has already been
checked. |

Corollary 1.3.39 Suppose ¥ proper. The de Rham cohomological spaces
H" (‘B, Q‘..B/G Qoy O 4 T)Q)Of@qg (f T)q are K -vector spaces of finite type.

Remark 1.3.40 Suppose ‘P is the p-adic completion of PL, il is the p-adic
completion of Ak, and 7 = P\U is the divisor corresponding to the point at infinity.

Then H'! (LJ., QF /e Bz Q) is an infinite K-vector space. Indeed, this corresponds

to the cokernel of the composite R{tr} @r K — T'(i, QQ/G) ®zQ —> R{t}®r K
which is given by the derivation with respect to ¢. On the other hand, the cokernel
of the map R[¢]" ®r K — R[t]" @z K given by the derivation with respect to

is zero as desired, i.e. H' (&B, Q‘.I%/G ®oyp Om(TT)Q> = 0. This is the reason why

we should replace the naive constant coefficient Oy g by O3 (f T)q. In other words,
the analogue of O AL is Ogp (TT)Q, where C is the field of complex numbers, i.e.

we can view O (TT)Q as the right object corresponding to the constant coefficient
0 Al

Acknowledgments I thank the Vietnam Institute for Advanced Study in Mathematics (VIASM)
for their invitation and the opportunity to expand the theory of Berthelot of arithmetic D-modules.

Appendix: Further Reading

The context of 1.3.2 has allowed us to strongly simplify the notion of m-PD-
envelopes. Indeed, in this context we almost work with Q-rings which give us an
obvious definition of partial of level m divided powers (see 1.3.13). In a wider
context, e.g. for IF,-rings, Berthelot has introduced a notion of m-envelope which
behaves in the same way (see [Ber96, 1]). This makes it possible for any smooth
morphism X — § of schemes to define the ring of operators CDg}")S of level m of
X/S. The reader can find a detailed construction in [Ber96, 2].

One key fundamental property in Berthelot’s arithmetic D-modules is his
Frobenius descent theorem. Let us describe this theorem in the simpler context
where S is a scheme over Spec F,. Let X be the base change of X under the absolute
Frobenius of S. We get the relative Frobenius F: X — X’ which is an S-morphism.
Then the inverse image functor F* under F induces an equivalence of categories
between the category of left Dg;'f) g-modules and that of left D%Jsrl)-modules. The
proof is highly technical and uses fundamental properties of m-PD-envelops (see
[Ber00, 2] for a wider context and more details). One important consequence is the
following. Suppose S regular. Then using standard techniques we can check that
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D( ) /s is of finite cohomological dimension. Using Frobenius descent theorem, this

yields that CDg;”/)S is of finite cohomological dimension for any non negative integer
m.

We denote by G := Spf R the formal scheme associated to R endowed with the
p-adic topology. Let I be a smooth formal scheme over G, and f: 8 — & be the
structural morphism. We have already explained why CD:;;z /6.0 is coherent. Using

Frobenius descent as described previously, since Dg?; 5 is of finite cohomological
dimension, then so is CD:;3 /6.0 This is a key property which implies that the
category of perfect complexes of 9333 /6, Q-modules is the category of coherent

complexes of Dm /S, -modules (with bounded cohomology). This yields that
coherent complexes are stable under duality. The reader might find an introduction
to the construction of the duality and other cohomological operations in [Ber02].
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Chapter 2 )
Difference Galois Theory Shethie
for the “Applied” Mathematician

Lucia Di Vizio

Abstract The lecture notes below correspond to the course given by the author
in occasion of the VIASM school on Number Theory (18-24 June 2018, Hanoi).
We have chosen to omit the proofs that are already presented in details in many
references in the literature, although they were explained during the lectures,
and we have devoted more space to statements useful in the applications. The
applications concern many different mathematical settings, where linear difference
equations naturally arise. We cite in particular the case of Drinfeld modules, which
is considered in [Pel] and [TR].

2.1 Introduction

The initial data of classical Galois theory are a field K, let’s say of characteristic 0,
and an irreducible polynomial P € K[x], with coefficients in K. Then the minimal
field extension L of K containing a full set of roots of P is constructed and one
defines the Galois group G of L/K, namely the group of the field automorphisms
of L that fix the elements of K. The group G is finite and acts on L by shuffling
the roots of P. The idea behind this construction is that the structure of the group G
should reveal hidden algebraic relations among the roots of P, other than the evident
relations given by P itself.

The same kind of philosophy applied to functional equations has been the starting
point of differential Galois theory, first, and difference Galois theory, later. The
references are numerous and it is almost impossible to list them all. We refer to
[vdPSO03], for the differential case, and to [vdPS97] and [HSS16], for the difference
case.
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Let K be a base field and t be an endomorphism of K. We consider a linear
difference equation 7(Y) = AY, where A is an invertible square matrix with
coefficients in K and Y is a square matrix of unknowns. The usual approach in
Galois theory of difference equations is to construct an abstract K-algebra L/K
containing the entries of a fundamental (i.e., invertible) matrix of solutions, under
the assumption that the characteristic of K is zero, that the field of constants k is
algebraically closed and that 7 is surjective. The idea is that, in order to study the
properties of the solutions a difference equation, it is not “important” to solve it,
but only to understand the structure of its Galois group. However, in applications, it
usually happens that a set of solutions is given in some specific K-algebra: When
that’s the case, it is not always easy to understand which properties transfer from the
abstract solutions to the ones that we have found.

In this paper we suppose that we have a fundamental solution is some field L/ K,
equipped with an extension of t. The divergence between the classical approach
and the apparently more pedestrian approach that we are considering here, starts
immediately: Indeed in general we cannot assume that the field L exists and only
the existence of a pseudo field is ensured (see Remark 2.3.6 below). In [CHSO08],
the authors reconcile these two points of view and the point of view of model
theory, in the special case of g-difference equations: They construct a group using
given solutions in a specific algebra and compare it with the group constructed in
[vdPS97], but they assume that T is an automorphism and the statements on the
comparison of the Galois groups are not easy to apply in other settings.

More recently, a very general abstract approach has been considered by A.
Ovchinnikov and M. Wibmer in [OW15, §2.2], where, in contrast with the more
classical references, the authors do not make any assumption on the characteristic
of the field, they do not require that the endomorphism is surjective, and they do not
assume that the constants are algebraically closed. They do not even assume that K
is a field, but only that K is a pseudo field.

M. Papanikolas in [Pap08, §4] chooses a framework which is in between the
two examples above: He works on a field K equipped with an automorphisms t,
but the characteristic can be positive and the field of constants is not necessarily
algebraically closed. Moreover he supposes that he already has a fundamental
solution in a field extension of K. We will consider the same setting as Papanikolas,
apart from the fact that we only ask that 7 is an endomorphism. This seems to
be a reasonable framework for many applications. For the proofs, we usually refer
to [OW15], which is the reference with more general assumptions. Notice that
Papanikolas has a more geometric approach while Ovchinnikov and Wibmer prefer
algebraic arguments.

Finally we point out that we assume that the characteristic is zero in Sects. 2.6.2
and 2.7 and that t is an automorphism in Sect. 2.8.

Remarks on the Content and the Organization of the Text Below The text
below is meant to be a guide to the existing literature. From this perspective, I
will give references for the proofs, rather than writing a self-contained exposition.
I’m addressing with particular attention readers that need to apply Galois theory of
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difference equations, therefore a large space is devoted to statements that may be
useful in applications.

The exposition is divided in three parts. The first part quickly explains the
fundamentals results and ideas of difference Galois theory. In order to be precise
and correct I have been obliged to use some more sophisticated tools. The second
part, devoted to applications, is more accessible and applies the statements of the
first part as black boxes. We conclude with a last paragraph on the role of normal
subgroups in the Galois correspondence.

2.2 Glossary of Difference Algebra

We give here a short glossary of terminology in difference algebra. Classical
references are [Coh65] and [Lev0S].

We consider a field F equipped with an endomorphism 7. We will call the pair
(F, t) a t-field or a difference field, when the reference to t is clear from the
context. The set k = {f € F : 7(f) = f}, also denoted F7, is naturally a field and
is called the field of constants of F. All along this exposition, we will assume that
T is non-periodic on F (i.e. there exists f € F such that for any n € Z we have
" f # f)and we won’t assume that k is algebraically closed. The example below
will be our playground until the end of the paper.

Example 2.2.1 We consider k = C, F = k(x) and 7 a non-periodic homography
acting on x, so that 7(f(x)) = f(r(x)). Supposing that T has one or two fixed
points, we can assume without loss of generality that t(x) = x 4+ 1 or that 7(x) =
gx, for some g € C \ {0, 1}, not a root of unity.

We will add the prefix T to the usual terminology in commutative algebra, to
signify the invariance with respect to t. For instance:

e A t-subfield K of a r-field F is a subfield of F such that T induces an
endomorphism of K, i.e., such that 7(K) C K.

e A t-K-algebra is a K-algebra equipped with an endomorphism extending
(which we still call T for simplicity).

* Anideal I of a t-K-algebra R is a r-ideal if t(/) C I.

* A t-K-algebra R is t-simple if its only t-ideals are R and 0.

Example 2.2.2 For any x € F transcendental over k, such that 7 (x) € k(x) and that
for any n € Z we have t"(x) # x, we can consider the field K := k(x), on which
7 induces a non-periodic endomorphism. Since we don’t ask t to be surjective, the
situation is a little bit more general than Example 2.2.1. For instance t can be the
Mabhler operator t(x) = x*, where k > 2 is an integer.

For any positive integer n, we can consider k, = F and the difference fields
(K, :=ky,(x), t) and (K, := k,(x), T").
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Sometimes it is useful to consider (k, id), where id stands for the identity map,
as a difference field, therefore we will call it a trivial t-field. In general we will
say that a k-algebra is equipped with a trivial action of t, when t acts on it as the
identity. For further reference we state the following lemma:

Lemma 2.2.3 Let B be a k-algebra endowed with a trivial action of T, K a t-
subfield of F such that K* = k and let R C F be a t-K-algebra. Then R ®; B has
a natural structure of T-K -algebra defined by

T(r®b)=1(r)®b, foranyr € Randb € B. 2.1

Moreover R ®; B — F Qi B and (R ®; B)" =k ®; B = B.

Remark 2.2.4 We have chosen to detail the proof, even if the lemma above is
included in many references and could partially be proved invoking the flatness
of F over k. The argument is indeed an instance of a classical way of reasoning in
difference algebra and is useful in many situations.

Proof Clearly Eq. (2.1) defines a ring endomorphism, that is the tensor product of
7 and the identity in the category of rings. Since R C F, we have a natural map
of 7-K-algebras R @ B — F ®; B. We want to prove that this map is injective.
By absurdum, we suppose that the kernel is non-trivial and therefore we choose a
non-zero element Z?:l ri ® b € R ®; B in the kernel such that n is minimal,
i.e., we suppose that there exists no element of R ®; B in the kernel, that can be
written as a sum of less than n elements of the form r ® b € R ®; B. This implies
in particular that the r;’s are linearly independent over k and that all the r;’s and b;’s
are non-zero. Since F is a field, in F @ B we can multiply by rn_1 ® 1, hence we
have: 1 ® b,, + Z;’;l ri rn_l ® b; = 01in F ®; B. We conclude that the image of

n—1

Z (r(rirn_l) — rirn_l) ®b;i € RQ B

i=1

in F ®; B is zero. The minimality of n, together with the fact that b; # 0, implies
that t(r,-r;l) — r,-r;1 = 0 and hence that r,~r;1 € kforanyi =1,...,n — 1. The
linear independence of the r;’s over k implies that n = 1 and hence thatr; ® by = 0
in F @i B, with r; # 0. Since F is a field, rl_l ® 1 € F ®; B and hence:

1®@b =0 ' ®@1)-(r1®b1) =0

in F ®i B, and we obtain the contradiction b; = 0. This proves the injectivity.

To conclude it is enough to prove that (R ®; B)* = k @ B. First of all, notice
thatif r @ b € (R Qk B)*, withr # 0 # b, then r € k. By absurdum, let us suppose
that there exists D ;_; r; ® b; € (R @k B)" \ k ® B, such that no r; belongs to
k and n is minimal. Once again, the minimality of n implies that the r;’s and the
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b;’s are linearly independent over k. Moreover we know that necessarily n > 2. We
conclude that

Z(T(Vi) —r)®bi=1 (Zri ®bi> - (Zri ®bi> =0.
i=1 i=1 i=1

There are two possibility: either the (z(r;) — r;)’s are linearly dependent over k or
they are not. If they are linearly dependent over k, we can find Ay, ..., A, € k,
not all zero, such that Y 7, A;(t(r;) — r;) = 0. We can suppose without loss of
generality that A, # 0. It implies that

n n n
Z)xm' = Z)\if(ri) =T (Z)»m’) ,
i=1 i=1 i=1

and hence that ¢ := Z?:l Airi € k. Since the r;’s are linearly independent over k, ¢
is not zero. The k-linearity of the tensor product implies:

Z?:l r @b = Z?;ll ri ®b; + )»;1 (C — Z?;ll )»,'V,') ® by,
=" ® (i — A, Aiby) + 2 ® by € (R Q B)T.

Because A;lc ® b, € k® B C (R ® B)", we conclude that Zf;ll ri ® (bj —
A;lkibn) € (R ®k B)'. The minimality of n implies that b; = A;lkibn, for any
i =1,...,n— 1. Finally we obtain:

n n
Y ri®bi= (Zx;l)\,-r,-) ® by € (R®x B)",

i=1 i=1

and therefore that Z:l: 17i ® bj € k Q¢ B, in contradiction with our choice of
Z?:l r; ® b;. We still have to consider the case in which (t (r;) — r;)’s are linearly
independent over k, with Z?:l (t(ri) — ri)®b; = 0in F ®; B, but we have seen in
the first part of the proof that this cannot happen, unless 7 (r;) = r;, which is against
our assumptions. This ends the proof of the whole lemma. O

2.3 Picard-Vessiot Rings

We now consider a field F' with an endomorphism 7 : F — F. Our base field will
be a t-subfield K of F, containing k := FT, which implies that K* = k. We do
assume neither that & is algebraically closed, nor that T induces an automorphism of
K, but we assume that t is non-periodic over K. Moreover we assume that F/k is
a separable extension.
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Remark 2.3.1 In the classical theory, one usually assumes that k is algebraically
closed, which simplifies a little the theory, although not in a fundamental way. The
main difference comes from the fact that the Galois group, that we will define
in the following section, is an algebraic group over the field k. Therefore if k is
algebraically closed one can avoid a more sophisticated geometric point of view and
simply identify the Galois group to a group of invertible matrices with coefficients
in k. This remark will become clearer in what follows. We will comment again on
the consequences of the fact that k is not algebraically closed.

We also point out that the assumption F* = K¥ = k is crucial, otherwise we
may end up introducing new meaningless solutions in the theory. For more details,
see Example 2.3.7 and the proof of Proposition 2.6.1 below.

We consider a linear difference system
7(Y) = AY, where A € GL;(K), (2.2)

and we suppose that there exists a fundamental solution matrix U € GL4(F) of
(2.2). Then the field L := K(U) C F is obviously stable by 7. We have made
an abuse of notation that we will repeat frequently: By K(U) we mean the field
generated over K by the entries of U.

There are two main situations that the readers, according to their background,
could keep in mind as a guideline through the text below:

Example 2.3.2 One can consider the following two classical situations:

1. F is the field of meromorphic functions over C in the variable x and 7 : f(x) >
f(x +1). Then £ is the field of meromorphic 1-periodic functions over C.

2. F is the field of meromorphic functions over C* in the variable x and 7 : f(x) —
f(gx), for a fixed complex number g € C \ {0, 1, roots of unity}. Here k is the
field of meromorphic g-elliptic functions over C*.

In both cases, we can chose K to be any t-subfield of F, containing k. A typical
choice for K is k(x), which is the point of view taken in [CHS08], as far as g-
difference equations is concerned.

Let as consider a linear system 7(y) = Ay with coefficients in K, of the form
(2.2). In the settings above, plus the assumption |¢| # 1 in the g-difference case,
Praagman proves that 7(y) = Ay has a fundamental matrix of solutions with
coefficients in F. See [Pra86, Theorem 1 and Theorem 3]. This does not mean that
all possible solutions are meromorphic. Indeed it is enough to multiply a solution
matrix by a matrix whose entries are functions with some essential singularities and
that are constant with respect to 7.

Example 2.3.3 In [Pap08, §4.1] the triple (k, K, F) is called a t-admissible triple.
He is specifically interested in the study of 7-motifs and, hence, of the associated
triple (IF, (¢), K, L), defined as follows [Pap08, §2.1]:

* I, () is the field of rational functions in the variable t and with coefficients in
the field IF, with g elements, where g is an integer power of a prime p;
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» Kis the smallest algebraically closed and complete extension of a field of rational
functions I, (9), with respect to the 6~ !-adic valuation.

* L is the field of fractions of the ring of all power series in K[[#]] convergent on
the closed unit disk for the #~'-adic valuation.

The automorphism t is the inverse of the Frobenius morphism on the algebraic
closure of I, sends 6 to 01/4_ and is defined on K[[¢]] as

T Zant” =Za,£/qt".

n>0 n>0

Finally, it extends to I by multiplicativity. Then L.¥ = K* = F,(¢), as proved in
Lemma 3.3.2 in loc.cit..

We start mentioning a technical but fundamental property of the t-K-algebra
generated by the entries of the solution matrices of (2.2), which allows to reconnect
our point of view with the more classical approach of the Picard-Vessiot theory.

Proposition 2.3.4 In the notation above, let U € GL4(F) verify t(U) = AU. Then
R=K[U,detU™"] C F is t-simple.

Proof The statement is a special case of [OW15, Proposition 2.14], as one can see
from Definitions 2.2 and 2.4 in loc.cit. O

At this point, the reader should pay attention to the terminology in the literature.
The ring R in the proposition above and its field of fractions L are a weak Picard-
Vessiot ring and a weak Picard-Vessiot field, respectively, according to [CHSO08,
Definition 2.1]. Indeed it follows immediately from their definition that R* = LT =
k. Proposition 2.3.4 shows that R and L are respectively a Picard-Vessiot ring and
a Picard-Vessiot field, following also the definition [OW 15, Defintion 2.12]. For the
purpose of this paper, we will use a terminology in between [CHS08] and [OW15],
knowing that R and L satisfy the definitions in both the cited references, and that,
therefore, the results in both references apply here.

Definition 2.3.5 A t-simple 7-K-algebra R is called a Picard-Vessiot ring (for
(2.2)) if there exists V € GL4(R) such that t(V) = AVand R =K [V, det V_l].

A difference field L is called a Picard-Vessiot field over K (for (2.2))if LT =k
and L = K(V) foraV e GL4(L) such that (V) = AV. We will call L/K a
Picard-Vessiot extension.

Remark 2.3.6 If we do not have a field where to find enough solutions of our
equation, we have to construct an abstract Picard-Vessiot extension. To do so, one
considers the ring of polynomials in the > variables X = (x4, ;) with coefficients in
K. Inverting det X and setting (X) = AX, we obtain a ring K[X, detX’l] with
an endomorphism t. Any of its quotients by a maximal 7-invariant ideal is a Picard-
Vessiot ring of 7(y) = Ay over K. It is important to notice that the ring R does
not need to be a domain. It can be written has a direct sum R; & --- @ R,, such
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that: R; = ¢; R, for some ¢; € R such that ei2 = ¢;; R; is a domain; there exists
a permutation o of {1, ..., r} such that T(R;) C Ry(;). See [vdPS97, Cor. 1.16].
Its total field of fractions is a pseudo field, that is the tensor product of the fraction
field of each R;. For a precise definition of pseudo field, see for instance [OW 15,
Definition 2.2].

The following example shows the importance of the assumption L* = k in the
definition of Picard-Vessiot field.

Example 2.3.7 Let us consider the equation 7(y) = —y, with k, K and F as
above. We suppose that there exists a two-dimensional k-vector space of solutions
of 7(y) = —y in F, which coincides with k» := F * The Picard-Vessiot field
(contained in F) of t(y) = —y over K is L := K (kp).

We could also have considered a field of rational function F (T') with coefficients
in F and in the variable T. Since T is transcendental, we can set (7) = —T and
obtain an endomorphism of F(T'). If we do not assume that the Picard-Vessiot field
has the same field of constants than the base field K, we see that K (ky)(T) is a
Picard-Vessiot field for t(y) = —y, whose field of constants is k»(7'%). Of course,
the solution 7' is somehow artificial and the extension K (k2)(7T)/K is much bigger
(i.e. has many more automorphisms, see next section) than K (kp)/K.

The expected relations between Picard-Vessiot rings and Picard-Vessiot fields are
verified. If R, L C F, the proof is actually straightforward.

Corollary 2.3.8 ([OW15, Proposition 2.15])

1. Let R be domain which is a Picard-Vessiot ring. Then its field of fractions is a
Picard-Vessiot field.

2. Let L be a Picard-Vessiot field for (2.2) and let U € GL4(L) be a solution of
(2.2). Then K[U, detU '] is a Picard-Vessiot ring.

Notice that one can always compare two different Picard-Vessiot rings, up to an
algebraic extension of the field of constants:

Proposition 2.3.9 Picard-Vessiot rings have the following uniqueness proper-
ties:

1. Let Ry and R> be two Picard-Vessiot rings for (2.2), both contained in F. Then
Ry = R».

2. Let R C F and R’ be two Picard-Vessiot rings for (2.2). (Notice that we do
not suppose that R’ C F!) Then there exists an algebraic field extension k of k,
containing a copy of k' := (R')*, such that R ®y k is isomorphic to R’ ®y k as
a K ® %—t-algebra.

Proof The first assertion follows from the fact that any pair of fundamental
solutions U, V € GL4(F) verifies t(U~'V) = UV, ie, UT'V € GLg(k).
In fact, this implies that K[U, detU~'] = K[V,detV~!] c F. For the second
assertion, see [OW15, Theorem 2.16]. Notice that the key-point of its proof is
Lemma 2.13 in loc.cit., which ensure that k' / k must be an algebraic extension. O
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We give an explicit example to explain the necessity of extending the constants
to k in the statement above.

Example 2.3.10 Let k be the field of 1-periodic meromorphic functions over C and
let K = k(x). The Picard-Vessiot ring of the equation t(y) = xy over K, contained
in F,is R := K[I'(x), ['(x)~'], where I"(x) is the Euler Gamma function.

Now let f(x) be a 2-periodic function, algebraic over k, but not meromorphic
over C. It means that f(x) lives on an analytic two-fold covering of C and has
some branching points. The function c(x) := f(2x) is 1-periodic but does not
belong to F, and hence not to k. The K-algebra R’ := K[F(x), F(x)’l], where
F(x) = c(x)["(x), is a Picard-Vessiot ring for 7(y) = xy. In the notation of the
proposition above, we have k' = k and k= k(c(x)). Indeed, I'(x) — c(x)["(x)
defines an automorphism from R ® kto R’ Rk kas K Rk Z-algebras.

We close the section with a couple of easy, yet crucial, examples:

Example 2.3.11 Let a be a non-zero element of K and let us consider the rank-one
equation t(y) = ay. By assumption there exists a solution z € F verifying t(z) =
az. Hence K|z, z~!] is a Picard-Vessiot ring for 7(y) = ay and K (z) is a Picard-
Vessiot field. Generically, z is transcendental over K, but not always. For instance,
if F is the field of meromorphic functions over C in the variable x, t(f(x)) =
f(x+ Dforany f € F, K = k(x) and a = —1, we can take z = exp(wix) € F.
In this case K (z) is a finite extension of degree 2, since exp(rrix)2 = exp(2mix) is
a 1-periodic function, belonging to k.

Example 2.3.12 Let f € K and let us consider the inhomogeneous equation t(y) =
¥y + f. Such an equation is equivalent to the matrix system

(Y) = <(1) J;) Y,

! Z), where z € F verifies t(z) =

whose fundamental solution is given by ¥ = < 01

74 f.Since Y~! = ((1) _IZ

the Picard-Vessiot field is K (7).

), the Picard-Vessiot ring of 7(y) = y + f is K[z] and

2.4 The Galois Group

The Galois group of a difference system of the form (2.2) is a linear algebraic
group defined over the field of constants k. As we have already pointed out, since
we have chosen not to assume that k is algebraically closed, we cannot stick to
a naive approach to linear algebraic groups as sets of matrices with entries in the
base field, but we have to use the point of view of group schemes. For the reader’s
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convenience we recall informally a minimal amount of definitions that are necessary
in what follows. They are contained in any classical reference on group schemes, for
instance [Wat79].

2.4.1 A Short Digression on Group Schemes

A group scheme G over the field k is a covariant functor from the category of k-
algebras to the category of groups:

G : k-algebras — Groups
B > G(B)

An affine group scheme is a group scheme which is representable, i.e., there exists a
k-algebra k [G] such that the functor G and Homy (k [G], —) are naturally isomor-
phic. This implies, in particular, that G(B) and Homy (k [G], B) are isomorphic as
groups, for any k-algebra B.

Example 2.4.1 For k = Q, we can look at GL,, as an affine group scheme over Q
in the following way:

GL,,@ : Q-algebras — Groups
B — GL,(B)"

We recall that, for a general Q-algebra B, G L, (B) is the group of square matrices
with coefficients in B, whose determinant is an invertible element of B. We have:

Qlt,xij, i,j=1,...,n]

Q[GL,g] = (t det(x; ;) — 1)

Of course an analogue definition holds for the affine group scheme GL,, j, define
over a generic field k. For n = 1, we obtain the multiplicative affine group scheme,
for whom we will use the notation G, x rather then GL; . The additive affine group
scheme Gy, ¢ is defined as follows:

Gg i : k-algebras — Groups

o (D) wen)

k [GLg,k]

(11— 1,x0—1,x21)°

We have:

k[Ga]
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It follows that k [Ga, k] can be naturally identified with the algebra k[x] of polyno-

mial in the variable x and coefficients in k. One can define in an analogous way the
k[xl-vj, i,j:l,...,n]

affine group scheme SL, x over k, whose algebra is k [SLy x| = et 1)

The Yoneda Lemma ensures that k[G] is unique up to isomorphism. An
important property (that we won’t use, because we are not getting into the details of
the proofs) of k [G] is that it has a natural structure of Hopf algebra.

The affine group scheme G is said to be an algebraic group if k[G] is a
finitely generated k-algebra. This means that k£ [G] can be identified with a quotient
klx1,...,x,]/I of aring of polynomials by a convenient (Hopf) ideal /. It allows
to identify G(B) with the set of zeros of I in B", for any k-algebra B. In other
words, G can be identified with an affine variety defined over k. All the affine group
schemes in Example 2.4.1, as well as all the affine group schemes appearing in this
paper, are algebraic groups.

If G is an algebraic group and G’ is another affine group scheme defined over
k, we say that G’ is an affine subgroup scheme of G if there exists a surjective
morphism of Hopf algebras k[G] — k[G']. This implies that G'(B) can be
identified naturally to a subgroup of G(B), for any k-algebra B. We say that G’
is a normal algebraic subgroup of G, if G’(B) is a normal subgroup of G(B), for
any k-algebra B.

Example 2.4.2 In the notation of Example 2.4.1, we have:

1. The additive affine group scheme G, x is an algebraic subgroup of GL; ;.
2. We have a surjective morphism from k [GLn,k] to k [SLn,k] defined by ¢ — 1,
therefore SL,, x is naturally an algebraic subgroup of GL,, x.

For further reference, we describe the algebraic subgroups of G,, x. As we have

already pointed out, we have k[G,, k] = (/;[tx;tll), therefore we can write for short

kG il =k [x, )1(] The algebraic subgroups of G, x are the defined by equations
of the form x" — 1, for any non-negative integer n. They are represented by the

k|x,!
quotients (x,),c_ll). If G is one of those subgroups, with n > 1, and B is a k-algebra,
then G (B) is nothing more that the group of n-th roots of unity contained in B. For
n = 1, we obtain the trivial algebraic subgroup {1} of G, x, while for n = 0 we
obtain the whole G, .

Let us consider the algebraic group G;’ &> for some positive integer n. We have

kG, 1=k [xl, L , Xn, xl ] The algebraic subgroups of G, , are defined by

x1°’
polynomials of the form x{" ...x," — 1, where oy, ..., oty € Z.
We will also need the description of the algebraic subgroups of G} ;, where n is
a positive integer. For any k-algebra B, Gy ;(B) can be naturally identified to B".
Therefore, an algebraic subgroup G of Gy, ; is defined by an ideal generated by at
most n independent linear equations with coefficients in k. In particular, we will use

the fact that a proper algebraic subgroup of G, ; is always an algebraic subgroup of
k[x1,.0Xn]

(1) ttan) for some «y, ..., o, € k, not

the group represented by the algebra
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all zero. Notice that, for n = 1, the algebraic group G, i does not have any proper
algebraic subgroup.

2.4.2 The Galois Group of a Linear Difference System

Let K C F be our base field, with k = K¥ = FT, and let us consider a system of
the form (2.2). From now on we will assume implicitly that all Picard-Vessiot rings
and all Picard-Vessiot fields are contained in F. So let R (C F) be a Picard-Vessiot
ring for (2.2) and let L be its field of fractions.

For more details on what follows, see [OW 15, §2.7].1

Definition 2.4.3 ([OW15, 2.50]) We call the (difference) Galois group of (2.2) the
following group scheme:

Gal(L/K) : k-Algebras — Groups
B — Aut’ (R ®r B/K ® B),

where:

1. the k-algebra B is endowed with a structure of trivial T-k-algebra, so that T(f ®
b) =1(f) ®b,forany f € R and any b € B;

2. Aut’ (R ®r B/K ®i B) is the group of the ring automorphisms of R ®; B, that
fix K ®; B and commute with 7.

The functor Gal(L/K) acts on morphisms by extension of constants, namely, each
morphism of k-algebras « : By — B; defines a structure of Bj-algebra over B, and
the definition of Gal(L/K)(«) : Aut’ (R ®; B1/K Qk B1) — Aut’ (R ®; B2/ K Qk
B») relies on the fact that R ® B> = R ®k B1 ®p,.« B>.

For any choice of a fundamental solution matrix U € GL;(R) of (2.2), for any
k-algebra B and any ¢ € Gal(L/K)(B) we have that

t(U o) = U'A  9(A)p(U) = U 'p(U) € GL4(B),

where we have identified U and U ® 1 in R ®; B, making an abuse of notation that
we will repeat frequently. (Notice that we have used the fact that (R ®; B)" = B.
See Lemma 2.2.3.) The maps ¢ > U~ o) represents Gal(L/K)(B) as a
subgroup of GL,4(B). The linearity of the difference system (2.2) immediately
implies that another choice of the fundamental solution matrix leads to a conjugated
representation, so that most of the times we can identify Gal(L/K)(B) with a
subgroup scheme of GL4 «(B), forgetting to mention the matrix U. The following

! In the notation of [OW15], one has to take & = 7 and o to be the identity.
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proposition says that such a representation is functorial in B, in the sense that
Gal(L/K) is an algebraic subgroup of GL k, as in the next example.

Example 2.4.4 Let us consider the rank-one difference equation t(y) = ay, where
a € K, as in Example 2.3.11. By assumption, there exists z € F such that 7(z) =
az and R = K|[z,z~'] is its Picard-Vessiot ring. For any k-algebra B and any
¢ € Gal(L/K)(B), the element ¢(z ® 1) of R ®; B must be a solution of t(y) =
ay, and hence there exists ¢, € B* such that ¢(z ® 1) = c,(z ® 1). This means
that Gal(L/K) can be identified with a subgroup of the multiplicative group G, k
defined over k, therefore it coincides either with G,, x or with a cyclic group. If for
instance @ = —1, then we must have z2 € k, and therefore cé =1.

Proposition 2.4.5 ([OW15, Lemma 2.51]) The Galois group Gal(L/K) is an
algebraic group defined over k, represented by the k-algebra (R ®x R).

Remark 2.4.6 We remind that the statement above means that (R ®g
R)T is a finitely generated k-algebra and that the functors Gal(L/K) and
Hom, Algebra((R ®xk R)T, —) are naturally isomorphic. In particular for any k-

algebra B, we have can identify Gal(L/K)(B) with Homk-Algebra((R ®k R)', B).

The proposition above says that there exists an ideal I of the ring of polynomials
k[ X, det X_l], with X = (x; )i, j=1,....d» such that for any k-algebra B the image of
the group morphism defined above

Gal(L/K)(B) — GL4(B)
¢ = [ply = U7 (U)
is exactly the set of zeros of I in GL;(B). The idea of the proof is to consider the

k-algebra k[Z, det Z 1< (R® R)", where Z := (U~! ® 1)(1 ® U). Then one
can prove that we have the series of isomorphisms:

R®xk R=RK[Z,detZ7']= R® (R®xk R)".

This allows to prove a series of group isomorphisms showing that for any k-algebra
B we have:

Homr_(K®kB)_a1g(R ®« B,R®; B) = Homk-alg((R ®k R)*, B).

See [OW15] for details.

Example 2.4.7 Let F be the field of meromorphic functions over C* and let 7 be
defined by 7 : f(x) — f(gx),for g € C, such that |¢| > 1. The field of constants
k is the field of meromorphic functions over the torus C*/¢% and we set K = k(x).
The Jacobi Theta function

®(x) — qun(n+l)/2xn c F

X€ZL
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is solution of the difference equation t(y) = xy. Its differential Galois group G
is the multiplicative group. Indeed for any k-algebra B and for any ¢ € G(B), ¢
multiplies ®(x) by an invertible element of B. On the other hand, since ®(x) is a
transcendental function, any invertible constant of B defines an automorphism of
K[O(x), ()~ ® B.

Now let us consider an integer » > 2 and choose a r-th root ¢'/” of ¢. The
meromorphic function z(x) := O(q'/"x)/®(x) € F is a solution of the finite
difference equation 7(y) = ¢!/"y and its difference Galois group is the cyclic
subgroup of G, x of order r. To prove the last claim it is enough to notice that
z(gx)" = qz(x)", hence z(x)" is a meromorphic function of the form xg(x), with
gx)ek CK.

Example 2.4.8 Let us consider an element f € K and the inhomogeneous
difference equation t(y) = y + f. By assumption, there exists a solution z € F
and we have already noticed that R = k[z]. See Example 2.3.12. For any k-algebra
B and any ¢ € Gal(L/K), the element ¢(z) of R ®; B must be another solution
of (y) = y + f, hence there exists ¢, € B such that ¢(z) = z + ¢, (here we
have identified z and z @ 1). It follows that Gal(L/K) is a algebraic subgroup of the
additive group G, x. This means that either Gal(L/K) = {1} or Gal(L/K) = G .

2.4.3 Transcendence Degree of the Picard-Vessiot Extension

We can now state the first important result from the point of view of applications to
number theory and more specifically to transcendence. It compares the dimension
of G over k as an algebraic variety and the transcendence degree of R over K and
its proof is based on Proposition 2.4.5.

Theorem 2.4.9 ((OW15, Lemma 2.53]) Let R, L and G be as above. Then the
dimension of G as an algebraic variety over k is equal to the transcendence degree
of R (orof L) over K :

dimy G = trdegg R = trdegg L.

Example 2.4.10 Let us consider the case of finite difference equations, i.e, let F be
the field of meromorphic functions over C equipped with the operator T : f(x)
f(x + 1). Then k is the field of I-periodic functions and we set K = k(x).
We consider the difference equations t(y) = xy, which is satisfied by the Euler
Gamma function I"(x). Its Picard-Vessiot ring is K[I"(x), ['(x)~1], as discussed in
Example 2.3.11. As in Example 2.4.4, its Galois group G is a subgroup of G, ;. For
any k-algebra B and any ¢ € G(B), there exists an invertible element ¢, of B such
that (I") = ¢, I". As already explained, the proper subgroups of G, x are the finite
cyclic groups. If G was a the cyclic group, I'(x) would be an algebraic function, by
the previous theorem. Proving that the functional equations of the Gamma function
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implies that it is not algebraic over k(x) is an exercise that we leave to the reader.
Therefore the difference Galois group G is the whole G,y .

Example 2.4.11 Let us consider the system

x10
t¥)=|0x1]Y.
00x

We denote by () the derivation ddx, with respect to x. Since T and d”i commute, we
have:

T (F’(x)) = jx (xl"(x)) =xI"(x) + T'(x)

and

e\ 1d [ R ICO N
(37) = 2ap (rwerw) =2 e

Therefore a solution matrix is given by

C(x) TV (x) I(x)/2
Y = 0 I'x) Mkx) |,
0 0 I'x)

so that the associated Picard-Vessiot ring is R = K[F(x), I'(x), I'(x), F(x)_l].
Let G be its difference Galois group and let B be a k-algebra. For any ¢ € G(B), ¢
commutes to the action of t over R ®; B, therefore it must send any element
of R, which is solution of a t-difference equation, into a solution of the same
equation. We know that I is solution of a homogenous order 1 equation, while

I'(x) d (TG
re ad g ke

in Examples 2.4.4 and 2.4.8, there must exist ¢, € Gy 1 (B) and (di,4,d2y) €
Ga.x(B)? such that

) are solutions inhomogeneous order 1 equations. Therefore, as

9(F()) = cpT (x),

MY e
¢ < m)) = e TN

d F’(x) _ d F/()C) 3 l—w(x) F/()C)
’ <dx <F(X> >> ~dx (F(x) ) The= 1y T TR
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So we have represented G as a subgroup of G, x ¥ Gz’k. Since I'(x), IV (x), I (x)
are algebraically independent by Holder theorem [HO187] (see Proposition 2.7.3
below for a proof), it is actually an isomorphism, thanks to Theorem 2.4.9. The
construction above can be easily generalized to system associated to a Jordan block
of eigenvalue x and order higher than 3, using higher order derivatives of I'.

Now let us consider the finite difference equation (r — x)"(y) = 0, for some
positive integer n. Such an equation occurs in generalized Carlitz modules studied
in [HR97] and more extensively in [Pel13]. We have seen that T" is a solution for
n = 1. One can verify recursively that, for n > 1, a basis of solution over k
is given by the higher order derivatives of I" with respect to x, namely the set
C(x), [V (x),...,T@D(x). It follows that the Picard-Vessiot ring is the same as
the one of the system above, namely R = [F(x), I (x),...,Te=D(y), F(x)_l].
We conclude that the Galois group is Gy, x X GZ;{I.

Before being able to prove the most common results used in the applications, we
need to state the Galois correspondence and its properties.

2.5 The Galois Correspondence (First Part)

We consider R, L C F and G := Gal(L/K) as above.

Definition 2.5.1 Let : € L,withr,s € Rands # 0, and let ¢ € G(B), for a
k-algebra B. We say that | is invariant under the action of ¢ if in R ®; B we have:

pr@DE®1) =F®hes®l).
If H is an algebraic subgroup of G defined over k, then | is invariant under the
action of H if : is invariant under the action of ¢, for all k-algebras B and all
¢ € H(B).
We denote by L the set of elements of L invariant under the action of H.

Remark 2.5.2 Notice that if ¢ € G (k), then the condition above simply means that

or) _r
o(s) = 5 1N L.

If M is an intermediate field of L/K, stable by 7, then we can consider (2.2) as
a system defined over M. Indeed if L is a Picard-Vessiot field over K, it must be a
Picard-Vessiot field over M and we can define Gal(L/M).

Theorem 2.5.3 ([OW15, 2.52]) There exists a one-to-one correspondence between
the algebraic subgroup of G defined over k and the intermediate fields of L /K stable
by t. In the notation above we have two maps that are one the inverse of the other
and are defined by:

Hw L7 M Gal(L/M).

Moreover if H is an algebraic subgroup of G, then H = G ifand only if L = K.
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As usual in Galois theories, the last statement is the key-point of the Galois
correspondence.

2.6 Application to Transcendence and Differential
Transcendence

2.6.1 General Statements

From the theorems above we deduce a first result on transcendency that is very
useful in many settings. The criteria of transcendence below are contained in [HS08,
§3], up to some reformulations. They are the key-point of several applications, for
instance in [DHR18, DHR16, DHRS18, DHRS20, DH19].

In the proposition below the assumption k = F* = K7 is crucial as well as in all
the subsequent results in this section.

Proposition 2.6.1 Let fi,..., f; € K*andlet 7y, ...,zq € F be a solution of the
following inhomogeneous difference system.:

{t(zi)=zi+ﬁ,f0ri=1,...,d. (2.3)

The following assertions are equivalent:

1. There exist A, ..., g € k, notall zero, and g € K suchthat M fi1+---+Agfa =

T(g) — &
2. There exist A1, ..., q €k, not all zero, such that Az1 + -- -+ Agzq € K.
3. There exist A1, ..., q € K, not all zero, such that Myz1 + --- + Agzq € K.
4. z1,...,2q are algebraically dependent over K.

Remark 2.6.2 Notice that the first statement above is about the f;’s, while the others
are about the z;’s.

Proof Let us assume that we are in the situation of the first assertion. We have:

d d d d
T (ZMZ[ — g) = ZMZ[ —1(9) + Z)Lifi = ZA;Z[ -8
i=1 i=1 i=1 i=1

hence Zf-l: 1 Aizi — & € k, which proves 2. Moreover, the implications 2 = 3 = 4
are tautological.
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We conclude by proving that 4 = 1. As in Example 2.4.8, the system (2.3) is
equivalent to the following linear system of order 2d:

L fi
0 0
01
o L2
T(Y) = 01 Y,
0
0O ... 0 1 fa
1
so that its Picard-Vessiot ring is R = k[z1, .. ., z4]. It follows that Gal(L/K) is an

algebraic subgroup of GZ’ «» defined over k, and that for any k-algebra B and any
¢ € Gal(L/K)(B) there exists ¢y, 1, ..., Cp.a € B suchthat ¢(z;) = z; +cy,;.
Since zp,...,zq are algebraically dependent over K, Theorem 2.4.9 implies
that the dimension of Gal(L/K) is strictly smaller than d and hence Gal(L/K)
is a proper subgroup scheme of GZ’ ¢ All the proper algebraic subgroup of Gg’ r
are contained in a hyperplane and Gal(L/K) is defined over k, therefore there
exist A1,..., Ay € k, not all zero, such that for any k-algebra B and any ¢ €
Gal(L/K)(B), we have Zle Aicy,i = 0. We conclude that g := Z;-lzl Ajz; verifies

d d d
9(Q) =Y Mizi+ Y Aicyi =Y hizi =g
i=1 i=1 i=1

and hence that g € K, by the Galois correspondence. Finally we have:

d d d
T(g)—g=t <Z)\izi) =Y hz=)_Aifi.
i=1 i=1

i=1
This ends the proof. O

In an analogous way, taking into account that the algebraic subgroup of an i are

defined by equations of the form x|" ---x; = 1, for some a1, ...aq € Z, it is
possible to prove the following proposition:

Proposition 2.6.3 Letay,...aq; € K* andlet 71, ...,zq € F* be a solution of the
following difference system:

[t =az, fori=1.....a (2.4)
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The following assertions are equivalent:

1. There exist Aj, ..., g € Z, not all zero, and g € K such that ai" -~-a2d =
7(8)/8. N N

2. There exist Ay, ..., Aq € Z, not all zero, such that 27" - - - 2 € K.

3. 21,...,2q are algebraically dependent over K.

Remark 2.6.4 Notice that Proposition 2.6.3 has one more characterization of the
algebraic dependency of the solutions. Here we only have 3 assertions because of
the multiplicative form of the algebraic subgroups of Gi’ e

2.6.2 Differential Algebraicity and D-Finiteness

We now switch our attention to the characterization of differential algebraicity,
hence in this subsection we assume that we are in characteristic zero. We assume
that the field F comes equipped with a derivation 0 that commutes with the
endomorphism 7. This implies in particular that 0 induces a derivation on both k
and K.

Example 2.6.5 In the notation of Example 2.2.1, we can take 9 = ddx for T :
f(x)— f(x+1)andandd =xd”i fort: f(x) — f(gx).

We recall the following definition:

Definition 2.6.6 We say that f € F is differentially algebraic (with respect to
d) over K, if there exists an integer n > 0 such that f,9(f),...,d"(f) are
algebraically dependent over K, or, equivalently, if f is solution of an algebraic
differential equation over K. We say that f is differentially transcendental over
K if it is not differentially algebraic over K and that it is D-finite over K if it
is differentially algebraic and, moreover, it is the solution of a linear differential
equation with coefficients in K.

We say that F is differentially algebraic over K is all elements of F are
differentially algebraic over k.

Once again, the assumption F'* = K7 is crucial in the following corollaries:

Corollary 2.6.7 Let f € K* and z € F be a solution of t(y) = y + f. The
following statements are equivalent:

1. There existn > 0, Ao, ..., Ay € k, not all zero, and g € K such that Ao f +
MA(f)+-+ 20" (f) =T(8) — &

2. There existn > 0, Ao, ..., A, €k, not all zero, such that Aoz + A10(z) +--- +
rn0"(2) € K.

3. z is D-finite over K.

4. z is differentially algebraic over K.
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In particular, the corollary above says that:

Corollary 2.6.8 In the notation of Corollary 2.6.7, if z is not D-finite over K then
z is differentially transcendental over K.

Proof of Corollary 2.6.7 The assumption on the commutativity of d and t implies
that z satisfies all the following difference equations:

r (a"(z)) — 3'(2) + 9 (f), foralli =0,1,2,....

The statement follows from Proposition 2.6.1. O

Corollary 2.6.9 Leta € K* and 7 € F* be a solution of t(y) = ay. The following
statement are equivalent:

1. There existn > 0, Ao, ..., A, € k, not all zero, and g € K such that Ag 3251) +
A (a;a)) T A, 0n (%f”) =7(8) ¢

2. Thereexistn >0, Ag, ..., Ay € k, not all zero, such that Ag 3(Zz) + A0 (3(Zz)> +
RN W L (3(2)) e K.

Z
3. a(zz) is D-finite over K.
4. z is differentially algebraic over K.
Proof Notice that z is differentially algebraic over K if and only if 9(z)/z is
differentially algebraic over K. In fact, 9" (3(;)) € Zl,,K[z, 0(2),...,0"(x)],

therefore an elementary algebraic manipulation allows to transform an algebraic
differential equation satisfied by z into an algebraic differential equation satisfied by
d(z)/z and vice versa. Taking the logarithmic derivative of t(z) = az, we obtain:

. (8(z)> _ 9(z) . B(a).

< Z a

The statement follows from the Corollary 2.6.7. O

Remark 2.6.10 The generalization of the last two corollaries to systems of order 1
equations and to an arbitrary set of commuting derivations is straightforward. For
the generalization to the case of equation of the form t(y) = ay + f, we refer to
[HSO08, Propositions 3.8, 3.9, and 3.10].

2.7 Applications to Special Cases

In this section we suppose that F has characteristic zero. The results in Sects. 2.7.1
and 2.7.3 have been originally proven in [HS08, §3].
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2.7.1 Finite Difference Equations and Holder Theorem

We are in the situation of Example 2.4.10, i.e., let F be the field of meromorphic
functions over C equipped with the operator T : f(x) — f(x + 1). Then k is the
field of meromorphic 1-periodic functions and we set K = k(x). We set 0 = d‘i ,
which commutes with 7.

Corollary 2.7.1 In the notation above, let f € K* and z € F be such that t(z) =
z + f. The following assertions are equivalent:

1. z is differentially algebraic over K.
2. z is D-finite over K.
3. There exist a positive integer n, Ao, ..., Ay € kand g € K such that

Mof 420 (f)+ -+ 10" (f) = glx + 1) — g(x).

If f € C(x) (resp. f € Q(x)), then they are also equivalent to:

4. There exist a positive integern, Ay, ..., Ay € C (resp. € Q) and g € C(x) (resp.
€ Q(x)) such that

Af+rd(f) 4+ 0" (f) =g+ 1) —gx).

Proof Notice that 1 < 2 < 3 follow from Corollary 2.6.7. Moreover 4 = 3
is trivial. Let us prove that 3 = 4, by a classical descent argument. Let C = C
or Q, so that f € C(x). Let N be the degree of the denominator of g and M
the degree of its denominator. We consider a ring of polynomials of the form
Cl[Ao, ..., An, Ao, ..., AN, Bo ..., By, so that we can write the equality

Ag+Ai(x + 1)+ -+ Ay(x+ DV
Bo+ Bi(x + 1)+ -+ By(x + DM

Ao+ Arx + -+ AyxV
Byt Bix 4 -+ ByxM’

Aof +AM10(f)+--+ A" ()=

2.5)

Equalizing the coefficients of each integer powers of x in (2.5), we obtain a
system of polynomial equations with coefficients in C, that has a solution in &,
by assumption. Since C is an algebraically closed field contained in k, it must also
have a solution in C. This proves the corollary. O

Although the last assertion of Corollary 2.7.1 is stated over C (or over Q), we
cannot conclude the differential algebraicity of z over C(x). See Example 2.7.4
that it is based on the fact that there are meromorphic 1-periodic functions that are
differentially transcendental over C(x). For now, notice that the statement above
only implies the following:
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Corollary 2.7.2 We consider the same notation as in the previous corollary, with
C =QorCand f € C(x). Suppose that for any n > 0, any Ay, ..., A, € C and
any g € C(x), we have: Mo f + M0 (f)+---4+1,0" (f) Zgx + 1) — g(x). Then
z is differentially transcendent over K and hence over C(x).

The Euler Gamma function, that we have already mentioned in some examples,
is a meromorphic function over C satisfying the functional equation I'(x + 1) =
xI'(x). Holder theorem [H6187] says that the Gamma function is differentially
transcendental over C(x) and we are now able to prove it, using a Galoisian
argument that has first appeared in [HarO8] and [HSOS8]. Notice that in [BK78] there
is a similar proof of the differential transcendency of the Gamma function, which
relies on a statement similar to Corollary 2.7.2 in the specific case of the Gamma
function, proven by an elementary argument of complex analysis.

Proposition 2.7.3 The Gamma function U is differentially transcendental over
C(x).

Proof As in the proof of Proposition 2.6.9, the Gamma function I' is differentially
transcendental over C(x) if and only if the function ¥ (x) := 9(I")(x)/'(x), that
verifies the functional equation

1
W) =y + .

is differentially transcendental over C(x). Suppose that there exist a positive integer
n, Ao, ...,An € Cand g € C(x) such that

1 1 1
Ao +)~13< )-i-"'-H»na"( >=g(x+1)—g(x)-
X X X

Since the left-hand side has all its poles at 0, while the right-hand side must have at
least a non-zero pole, we find a contradiction, by Corollary 2.7.2. O

The following is a counterexample, based on Holder theorem, for the fact that
we cannot conclude the differential algebraicity over C(x) in Corollary 2.7.1.

Example 2.7.4 The meromorphic function I'(exp(2imx)) is l-periodic, hence
belongs to k C K, but is not differentially algebraic over C(x), since it is the
composition of a differentially algebraic function and a differentially transcendental
function. In other words, K itself is differentially transcendental over C(x).

Corollary 2.7.5 ([HS08, Corollary 3.4]) Let a(x) € C(x)* and let 7 be a
meromorphic function over C solution of z(x + 1) = a(x)z(x). Then z(x) is
differentially algebraic over k(x) if and only if a(x) = cg(gx(j)l), for some g(x) €
C(x) andc € C.
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Proof First of all, replacing z(x) with z(x) g(x)fl, for a convenient g(x) € C(x),
and a(x) with a(x) g‘(g;(i)l) , we can suppose that two distinguished poles of a(x) do
not differ by an integer.

It follows from Corollary 2.7.1, that z(x) is differentially algebraic over k(x) if

and only if there exist a positive integer n, Ag, ..., A, € Cand g € C(x) such that

In the differential relation above, the right hand side must have at least two pole in
any t-orbit where it has a pole. while the left hand side has at worst one pole per
t-orbit. We conclude that a(x) is constant.

On the other hand, if a(x) = cg(le) and we choose a logarithm logc of ¢, a
general solution of y(x + 1) = a(x)y(x) has the form z(x) = p(x) exp(x logc),
with p(x) € k. The latter is differentially algebraic over k(x). |

2.7.2 Linear Inhomogeneous q-Difference Equations
of the First Order

We consider the setting of g-difference equations, i.e., F is the field of meromorphic
functions over C*, ¢ is a fixed complex number such that |g| > 1, 7 : f(x) —
f(gx), K = k(x), with k = FT. We consider the derivation 0 = xddx, that
commutes with 7.

With respect to differential algebraicity, the case of g-difference equations deeply
differs from the case of finite difference equation because of the following property
(see Example 2.7.4):

Lemma 2.7.6 The field of elliptic functions k is differentially algebraic over C.

To prove Lemma 2.7.6, it suffices to write the torus C*/¢” in the form C/Z +
itZ, where g = exp(2imt), using the exponential function, and remember that
the Weierstrass function g is differentially algebraic over C(x), which is itself
differentially algebraic over C.

For further reference, we state the following corollary which is a consequence of
the fact that, if we have a tower of differentially algebraic extensions ;/ k" and k' / k,
then ;/ k is also differentially algebraic:

Corollary 2.7.7 For a meromorphic function f € F, it is equivalent to be
differentially algebraic over the following fields: k(x), k, C(x), C.

Taking into account the previous lemma, the proof of the corollary below follows
word by word the proof of Corollary 2.7.1:
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Corollary 2.7.8 In the notation above, let f € K* and z € F be such that ©(z) =
z + f. The following assertions are equivalent:

1. f is differentially algebraic over K.

2. f is differentially algebraic over C(x).

3. f is D-finite over K.

4. There exist a positive integer n, Ao, ..., Ay € k and g € K such that

Aof + 20 (f) + -+ 20" (f) = g(gx) — g(x).

Moreover, if f € Q(x) (resp. C(x)), they are also equivalent to:

1. There exist a positive integer n, Ag, ..., A, € Q (resp. C) and g € Q(x) (resp.
C(x)) such that

A S+ 10 (f) 4+ 20" (f) = g(gx) — g(x).

We finally conclude by proving a result for homogenous order 1 g-difference
equations:

Corollary 2.7.9 ([HS08, Corollary 3.4]) Let a(x) € C(x)* and let z be a
meromorphic function over C* (resp. C) be a solution of z(gx) = a(x)z(x). The
z(x) is differentially algebraic over C(x) (or equivalently over k(x)) if and only if

alx) = cx”gg(?;)),for some g(x) € C(x), n € Zand c € C (resp. n = 0 and

c € qZ ).

Proof If a(x) = cx" gg(?;)), then a meromorphic solution in F is given by z(x) =
p(x) P O(x)"g(x), where p(x) € k and O(x) = Y,z """ € F s
the Jacobi Theta function, which verifies the functional equation ®(gx) = x®(x).

Notice that 9 (a(g)(gcx)))) € k, therefore z is differentially algebraic over C(x). In
particular, if n = 0, and c is an integer power of g, the solution is also meromorphic
at zero.

Let us prove the inverse. We assume that z is meromorphic over C*. First of
all, replacing z(x) with z(x)g(x)_l, for a convenient g(x) € C(x), and a(x) with
a(x) gg(gz), we can suppose that two distinguished poles of a(x) do not differ by an
integer power of g.

It follows from Corollary 2.7.8, that z(x) is differentially algebraic over C(x) if

and only if there exist a positive integer n, Ag, ..., A, € Cand g € C(x) such that

)»oaila) a0 (32")> o A" (aia)> = g(gx) — g(x).

The differential relation above shows that a(x) must have at least two poles in
any non-zero t-orbit, which is in contradiction with our assumptions, therefore we
conclude that a(x) = cx", for some ¢ € Candn € Z.
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If moreover z is has a pole at zero, rather than an essential singularity, we can
take the expansion of z in C((x)). Plugging it into the equation z(gx) = cx"z(x),
we see that n = 0 and hence that ¢ must be an integer power of g. O

2.7.3 A Particular Case of the Ishizaki-Ogawara’s Theorem

In the case of g-difference equations we give a Galoisian proof of the following
statement, which is a particular case of Ogawara’s theorem [Ogal4, Theorem 2]. As
already noted by Ogawara, Ishizaki’s theorem [Ish98, Theorem 1.2] can be deduced
from his formal result. The latter is proved using elementary complex analysis and
it is a crucial ingredient of [DHRS20]. Both Ishizaki’s and Ogawara’s results are
based on the idea that g-difference equations “do not have many solutions which are
meromorphic in a neighborhood of 0”. In this subsection we only need to assume
that g # 0 is not a root of unity, hence we allow g to have norm equal to 1.

Proposition 2.7.10 ([Ogal4, Theorem 2]) Let g € C ~ {0, roots of unity}, [ €
C(x), f #0andlet 7z € C((x)) be a formal power series solution of t(z) = z+ f.
The following assertions are equivalent:

1. 7 € C(x).

2. z is algebraic over C(x).

3. z is D-finite over C(x).

4. z is differentially algebraic over C(x).

Proof The implications 1 = 2 => 3 = 4 are trivial. We prove that 4 = 1. We
decompose f(x) into elementary fractions and we take care of each part of the
decomposition separately. We consider a pole @ € C* of f(x) such that all the other
poles of f(x) in ag? are of the form ¢ "a, with n > 0. Let N, the largest integer
such that ¢ ~Neq is a pole of f(x) and 3 be the polar part of f(x) at

_ i (=g Ve
g Nea. We set hy(x) = > (xi;flfjjaa)i . Replacing z(x) with z;(x) = z(x) +h1(x),
we are reduced to consider a new functional equation y(gx) = y(x) + f1(x), with
fi(x) = f(x) —hi(gx)+hi(x), which has a smaller N,. Iterating the argument we
obtain a g-difference equation with an inhomogeneous term f(x) having at most a
single pole in each g-orbit ag?. Corollary 2.6.7 (for F = C((x)) and K = C(x))
implies that there existn > 0, Ag, ..., A, € C, notall zero, and g € C(x) such that
rf +A0(f)+ -+ A,3"(f) = t(g) — g. Since t(g) — g cannot have a single
pole in gZa, for a # 0, we conclude that the rational function f(x) must have no
pole at all in an. We are reduced to prove the claim in the case f € C[x, x’l], but
this assumption obliges z(x) € C((x)) to be an element of C[x, x~11, as one can
see directly from the equation f(x) = z(gx) — z(x), identifying the coefficients of
x", for every integer n. This ends the proof. O
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The expansion at zero defines an injective morphism from the field of meromor-
phic functions over C to C((x)), which commutes to the action of d, therefore we
obtain:

Corollary 2.7.11 ([Ish98, Theorem 1.2]) Ler f € C(x), f # Oandlet z € F be
a meromorphic function over C, solution of ©(z) = z + f. Then the assertions of
Proposition 2.7.10 are equivalent for z.

Remark 2.7.12 The reader can find a Galoisian proof of the Ishizaki theorem in
whole generality in [HSOS8, Proposition 3.5], i.e., for equations of the form 7 (y) =
ay + f. The general statement can be proven using the parameterized Galois theory
of difference equations.

Remark 2.7.13 'We make some comments on the relation between convergent and
meromorphic solutions, under the assumption that |g| # 1:

1. An important property of g-difference equations is the following:

For a solution of a linear q-difference equation with meromorphic coefficients over C*,
it is equivalent to be meromorphic in a neighborhood of zero and to be meromorphic
over C.

The proof is quite easy and relies on the fact that we have supposed that
lg| # 1. In fact, this allows to consider a meromorphic continuation of the
solution thanks to the fact that any point can be “brought next to zero” with a
repeated application of 7 or of 1. It seems that this remark is originally due to
H. Poincaré [Poi90, page 318].

2. Let us suppose that z is a meromorphic function over C and algebraic over C(x).
Then z is a meromorphic function over C, which has at worst a pole at oo,
hence it is rational. This proves that 2 = 1 in Proposition 2.7.10 is true for all
linear g-difference equations with rational coefficients, as soon as the solution is
meromorphic at 0.

2.8 The Galois Correspondence (Second Part)

In this section we are going to focus on the role of normal subgroups in the Galois
correspondence, under the following assumption.

Assumption 2.8.1 We suppose that 7 is an automorphism of F' and induces an
automorphism of K. In difference algebra, when t is an automorphism, i.e. admits
an inverse, is usually called inversive.

The assumption above immediately implies that T is also an automorphism of
any Picard-Vessiot ring and any Picard-Vessiot field contained in F'. In fact, if U is
a fundamental solution of a system 7(Y) = AY as in (2.2), we also have ) =
-1 (A~ U. Notice that we continue to work under the assumption of Sect. 2.3 and
in particular that F' contains a fundamental solution of the linear system t(Y) = AY
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with coefficients in K, and hence, that all our Picard-Vessiot ring and extensions are
contained in F'.
The main result of this section is the following:

Theorem 2.8.2 In the notation of Theorem 2.5.3 above, let H be an algebraic
subgroup of G defined over k and let M = L™. The following assertions are
equivalent:

1. H is a normal subgroup of G,
2. M is a Picard-Vessiot field over K (for a convenient linear difference equation).

Assuming the equivalent conditions above, the algebraic group Gal(M/K) is
naturally isomorphic to G/H.

In order to complete the proof of the Galois correspondence, we need to prove a
quite classical proposition on the action of the Galois group on the elements of the
Picard-Vessiot extension. The proof is not difficult and indeed it is quite similar to
the differential case [vdPS03, Corollary 1.38], but, to the best of my knowledge, it is
not detailed anywhere in the literature. Notice that the hypothesis that 7 is inversive
is a central ingredient.

Proposition 2.8.3 Let R C F be the Picard-Vessiot ring for a linear difference
system of the form (2.2) over K and f an element of the field of fractions of R. The
following statements are equivalent:

1. feR;
2. the K -vector space spanned by {t" (f), n > 0} has finite dimension.

Proof Let us prove that (1) = (2). We remind that there exists a fundamental
solution matrix U of a difference system of the form (2.2), such that R =
K[U, det U_l]. Let us denote by 11, ..., 1,2, the elements of the matrix U, plus
detU~!. Since t(U) = AU and t(detU~") = det A~! - detU !, for any integer
r > 1, the K-vector space generated by the monomials of degree r in the ¢#;’s and
their t-iterated has finite dimension over K. This proves the statement, because any
f € R can be written as a polynomial in the #;’s and hence the K-vector space
spanned by {t"(f), n > 0} is contained in a finite dimensional K -vector space.

We now show that (2) = (1). Let W be the K-vector space generated by
{z"(f),n = 0}. We consider the ideal of R defined by I := {a € R|laW C R}.
Since f € L and L is the field of fractions of R, the ideal / is non-zero. Moreover ©
is inversive, hence W C t—'W. Since W and ! (W) are vector spaces of the same
dimension, this implies that =1 (W) = W. We conclude that T (@)W C t(aW) C R
for any a € I and therefore that I is r-invariant. Finally, 1 € I, because R is t-
simple, and f € W C R. O

Corollary 2.8.4 Let L/K be a Picard-Vessiot extension and R be the Picard-
Vessiot ring of L.

1. Let M be an intermediate field which is itself a Picard-Vessiot field over K.
Moreover let Ry be its Picard-Vessiot ring. Then Ryy = M N R.
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2. We fix f € R and a linear difference equation L(y) = 0 with coefficients in K
such that L(f) = 0. Furthermore, we suppose that the operator associated with
the equation L(y) = 0 has minimal order m in t. Then the solutions of L(y) = 0
in R form a k-vector space of solutions of maximal dimension m.

Proof

1. The statement follows from the previous proposition, since f € M N R if and
only if f € M and f is a solution of a linear difference equation with coefficients
in K.

2. Let W be the space of solution of £(y) = 0 in R. Since f € W, we know that
W # 0 and we can consider a k-basis wy, ..., w, of W. The following formula

wi w2 e owe Y
t(wy) t(wz) -+ t(w,) T(Y)

et

" (wy) T (wy) - T (wy) TV(Y)

gives a t-difference equation Z(y) = 0 with coefficients in L having W as space
of solutions. By definition of the Galois group, (W ®x B) = W ® B, for any
@ € G(B) and any k-algebra B. The Galois correspondence and the invariance
by the action of the Galois group show that the coefficients of £(y) = 0 are
actually in K. Because of the minimality of the order of the operator associated
with £(y) = 0, we conclude that £ and £ coincide up to the multiplication of
a non-zero element of K. This implies that W C R has maximal dimension m
over k.

This proves the claims. O

Remark 2.8.5 Notice that in ths proof of the second statement above, we could
replace R by any 7-K-algebra R C R, such that for any k-algebra B and any ¥ €
G(B),we have (R ® B) C (R ® B).

Proof of Theorem 2.8.2 Let M be a Picard-Vessiot field. Then Ry := RN M is
a Picard-Vessiot ring, which is generated by the entries of a matrix U solution of
a difference linear system with coefficients in K, and its inverse. By definition
of the difference Galois group, for any k-algebra B and any ¥ € G(B) we have
Y(Ry ® B) C Ry ® B. It implies that we have a natural group morphism
G(B) — Gal(M/K)(B), given by the restriction of the morphisms. The kernel
coincides with H (B), hence H is a normal subgroup of G.

Let us suppose that H is a normal subgroup of G. We set M = L¥ and Ry, =
R N M, so that any ¢ € H(B) induces the identity over Ry ® B. Because of the
normality of H(B) in G(B), any ¥ € G(B) verifies Y (Ryy ® B) C Ry ® B. Finally
Remark 2.8.5 shows that Ry is generated by the solution of a linear difference
equations, and hence that it is a Picard-Vessiot ring. We deduce that M is the field
of fraction of Rys because they both coincide with L. O
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Remark 2.8.6 In the notation of the proof, for any k-algebra B, we have a functorial
isomorphism

(G/H)(B) = Aut' (Ry ®r B/K ®k B),

which is actually an isomorphism of algebraic group.
We remind that k, = K*' . See Example 2.2.2.

Corollary 2.8.7 Let L and G be as above and let G° be the connected component
of the identity of G. Then, L¢" is the relative algebraic closure of K in L (and,
hence in our framework coincides with K (k,), for a convenient positive integer n).

Proof Since G° is a normal subgroup of G, the finite quotient G/ G° is isomorphic
to Gal(LY°/K). Theorem 2.4.9 implies that LE"/K is an algebraic extensions,
which is also finitely generated.

Let L be the relative algebraic closure of K in L. Then LE" C L. Since any
algebraic element of L over K is solution of a differential equation over K, Lisalso
a Picard-Vessiot field, that therefore correspond to an algebraic subgroup H of G,
in the sense that L = L¥ . The inclusion LC° c L implies that H C G°. Moreover
G/H is a finite group, because it must have dimension 0, after Theorem 2.4.9. Since
G* is the smallest group such that the quotient G/ G° is finite, we deduce that H =
G° and therefore, from the Galois correspondence, that L=L6. O

Appendix: Behavior of the Galois Group with Respect
to the Iteration of ©

Let us consider the system (2.2) and its n-th iteration:
"y = A,y, where A, :=t""1(A)---T(A)A. (A.1)

We want to compare the Galois group of (2.2) with the Galois group of (A.1).

It follows from the Definition 2.3.5 of Picard-Vessiot ring and field that, if
R (resp. L) is a Picard-Vessiot ring (resp. field) for (2.2) over K, R(k,) (resp.
L(ky)) is also a Picard-Vessiot ring (resp. field) for (A.1) over K (k). Let G, =
Gal™ (L(k,)/K (kn)), where we have add the superscript t” to the notation with the
obvious meaning, to avoid any confusion.

Let G be the identity component of G1. By Corollary 2.8.7, there exists r, such
that k, C L and that Gal" (L/K (k;)) = GY.

Lemma A.1 In the notation above, we have Gal™ (L/K (kr)) = G ® kr.
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Proof By definition, for any k,—algebra B, we have an injective morphisms
from G{(B) — Gal™ (L/K (kr))(B), indeed if a morphisms commutes with ,
it commutes also with t"*. The equality follows from the fact that the groups are
connected and that they have the same dimension, by Theorem 2.4.9. O

Proposition A.2 In the notation introduced above, for any n > r, the Galois group
of (2.2) over K (ky,) is isomorphic to the Galois group of (A.1) over K (k;,).

Proof The Galois group of (2.2) over K (k) is Gal” (L (k,)/K (kn)) = G ®x ky. It
can be naturally seen as a subgroup of Gal™" (L(ky,) /K (kp)). Equality follows from
Theorem 2.4.9 and the connectedness of the groups, as in the proof of the previous
lemma. O
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Chapter 3 )
Igusa’s Conjecture on Exponential Sums Shethie

Modulo p™ and the Local-Global
Principle

Kien Huu Nguyen

Abstract In this survey we discuss the conjecture of Igusa on exponential sums
modulo p™ and some progress of this conjecture. We also present a connection
between this conjecture and the local-global principle for forms of higher degree.

3.1 Introduction

Exponential sums play an important role in number theory with many deep applica-
tions. One of which is the use of the quadratic Gauss sums in Gauss’s proof of the
law of quadratic reciprocity that is the first example of reciprocity laws (see [Ire90,
Chapters 5 and 6]). Exponential sums modulo p have a deep connection with the
Riemann hypothesis over finite fields by the works of Weil, Deligne, Katz, Laumon
among others (see for example [Del77, Del74, Del80, Kat85, Kat99, Kat89, Wei48]).

This survey aims to introduce Igusa’s conjecture on exponential sums modulo
p™. We report the progress made towards its resolution and its connection with the
local-global principle for forms which was indeed one of the initial goals of Igusa.

We begin with one important class of exponential sums depending on a non-
constant polynomial f in n variables with integer coefficients. Let N be a positive
integer. We define the exponential sum modulo N associated to f by

1 2mi
Evni= g Y e G.0)

xe(Z/NZ)" N
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Our goal is to look for good upper bounds of these sums. The Chinese remainder
theorem allows us to simplify slightly the previous problem. In fact, we can express

k

1 a;
N i
i=1 Pi
where p1, ..., py are distinct primes, ay, ..., ax and m1, ..., my are integers such

that (a;, p;) = land m; > 1 forall 1 <i < k. It follows that

k
Ex(f) =[] E,mi(@f). (32)
i=1

Thus it is sufficient to find good estimates of the exponential sums

1 2mi
Ep(f) = Epn ()=, 3 exp( ”;j;(x))

x€(Z/p" L)
for all primes p and all m > 1.
Example 3.1.1 We consider the simplest example where f(x) = x. We see easily

that for N > 1, we have

En(f)=0.

Example 3.1.2 We now consider a more complicated polynomial by taking f(x) =
x2. Let p be a prime and m be a positive integer. We write m = 2k 4+ r where k > 1
and r € {0, 1}. We calculate directly E = (f) by distinguishing two cases.

Case 1: p is an odd prime. We see that if (a, p) = 1 and 0 <« < k — 1, then

poHrl . _1— 2
2ri(p®a + p"—7%D)
Y exp(

pm

) = 0.

Thus we get

s 2 2 1
Epu(f) = ZkZ ’”“’””)— -

We also have

k1
1 & 2711([7 a)2 L 2ma
E 1 (f) = exp( )= exp( ).
p p2k+1 ; p2k+1 pk+1 Z p

a=1
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Thus

|E o1 (f)] =

,
prha

Here the above equality is a consequence of the following fact about quadratic Gauss
sums (see for example [Ire90, Chapter 6])

P 2ri 2
(D exp( ”;“ »? = p.
a=1

Case 2: p = 2. Itis still true that if (a,2) = 1 and 0 < o < k — 2, then

pa+2

2mi (2% + 2m—2-%p)?2
> exp( o ) =

0.
b=1

Thus

120 apiklay? 1 & omid® 1+
Epe(N) = e 2 e g )= g 2w =
a=1 a=1

Further, we have

2k+2

1 2mi (2K 1g)? 1
Eyuni(f) = E exp( )= E exp( ) = .
2 22k+1 ~ 22k+1 2k+2 8 22k2+1

By the same calculation, for all primes p, all positive integers m and all non-zero
integers A such that (A, p) = 1, we have

|Epn(AX®)| < cpp 2,
where

szil if p 2, 53

V2 otherwise.
Hence by (3.2) we conclude that for all non-zero integers N,
[EN(f)] < V2N"2.

The equality holds if N > 1 is a square number.
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In the case where f is a polynomial in one variable, exponential sums modulo
p™ have been studied by many mathematicians and we refer the reader to [Coc99]
for more details.

For polynomials f in n variables, Igusa showed that for each prime p, there exist
a constant 6, < +o00 and a positive constant ¢, such that for all 0 < o}, and all
m > 1, we have

|Epm (O < cpp™™. (3.4)

Furthermore, either 0, = +00 or —o, is the real part of a pole of the Igusa local
zeta function associated to f. Thus we would like to know how to obtain a global
information from the local information for each prime p, i.e. the dependence of ¢,
and o), in p.

Example 3.1.3 In Example 3.1.1, for each prime p we can take 0, = +00 and an
arbitrary positive constant ¢, > 0.
In Example 3.1.2 we can take 0, = % for all primes p and

szil if p #2, 35)

V2 otherwise.

In order to prove (3.4), Igusa found a way to understand exponential sums
via singularity theory. In fact, exponential sums E,=(f) modulo p™ can be
computed by certain Igusa local zeta functions (see Sect. 3.2 for more details). As
a consequence, the asymptotic expansion of E,m (f) for m > 1 could be given in
terms of poles of these Igusa local zeta functions.

We now give more details about the above discussion. First we recall some basic
facts about p-adic fields and then express exponential sums modulo p™ as p-adic
integrals. Letting p be a prime, we define the p-adic norm |.|, on the field of rational
numbers Q as follows. We set [0], := 0 and for all integers a, b, k with (a, p) =

b, p)=1,

a koo -k
|bP |p-—17

We denote by Q, the completion of Q@ with respect to this norm and by Z, the

closure of Z in Q. Then Q,, is a locally compact field equipped with the norm |.|,
which extends |.|, over Q. Further, Z,, is a closed and open subring of Q, and

Zp={x €Qpllxlp, =1}
It is a discrete valuation ring with the unique maximal ideal

Mp = pZy, ={x € Qpllx|p < 1}.
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Let x be an element of Q,. We can write

X =Zaipi

i>k

for some integers k and a; with 0 < a; < p — 1. If x = 0, then we set ord, (x) :=
+o00. Otherwise, we can suppose that a; # 0 and set ord, (x) := k. Then it is clear
that

[xlp = p~ o,

Here we take the convention that p~*° = 0. We note that x € Z, if and only if
ord,(x) > 0 and x € M, if and only if ord, (x) > 0.
The standard additive character of Q, is the homomorphism of abelian groups

Y1 :=exp: (Qp, +) = (C*, x)

which sends x to exp(2wix’) with x" € Z[},] N (x + Zp). It is well-defined since

the value exp(2ix’) does not depend on the choice of x’ € Z[Il)] N (x + Zp).
An additive character ¥ of QQ,, is defined to be a continuous homomorphism from
(Qp, +) to (C*, x) with compact image. For such an additive character  there
exists a unique z € Q, such that

Yz (x) == Y1 (xz) = ¥ (x).

Since Q, is locally compact, we can endow QZ with the Haar measure |dx|
normalized such that Z/, has volume 1. It follows immediately that

Epm(f) = /Zn Vp-m (f (X))]dx|.

This suggests that to any additive character i of Q, we can associate an exponential
sum by

Ey(f) = /Zn v (f(x)ldx]|.

This integral is an example of Igusa local zeta functions.

More generally, letting L be a non-Archimedean local field which is a finite
extension of either the p-adic field Q) or the field of Laurent series IF, ((f)) with
coefficients in a finite field [F;, we can associate an exponential sum Ey (f) to any
polynomial f € L[xy, ..., x,] and any additive character v of L.

As mentioned earlier, the asymptotic expansion of Epm (f) form > 1 could be
given in terms of poles of the associated Igusa local zeta function. To determine
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the poles of Igusa local zeta functions, Igusa formulated the so-called strong
monodromy conjecture which relates these poles to eigenvalues of monodromy
and roots of Bernstein-Sato polynomials (see Sect. 3.2.3). As a consequence, if the
strong monodromy conjecture holds for f, then the size of E = (f) can be bounded
in terms of the biggest non-trivial root of the Bernstein-Sato polynomial b ¢ of f.

We now state a coarse form of Igusa’s conjecture for a uniform bound of
exponential sums modulo p™ when p and m go to infinity.

Conjecture 3.1.4 Let f be a non-constant polynomial in n variables with coeffi-
cients in Z and o be a positive real number. Suppose that for all primes p large
enough, there exists a constant cp > 0 such that we have

|Ep”‘(f)| =cp p

for all m > 2. Then there exists a constant C > 0 such that
|[Epn (I = Cp™™°

for all primes p large enough and all m > 2.

Remark 3.1.5 We rediscover the original conjecture of Igusa for homogeneous
polynomials f. We refer the reader to Sect. 3.4.2 for a discussion about this
conjecture as well as a variant of this conjecture due to Cluckers [Clu08a] and
Cluckers and Veys [Clul6].

Remark 3.1.6 The condition m > 2 in Conjecture 3.1.4 can be replaced by a weaker
condition m > 1 in many cases (see Example 3.1.2). However, in general, we have
to treat separately the case m = 1 as explained below.

Let us consider the polynomial f = x; — xlzxz. We show that E,m(f) = 0 for
all primes p and all m > 1 (see Remark 3.3.3 for more details). But for all primes
p we have

Ep(f) = 12( Z Z ‘”‘P(zm.(x1 _xlzxz)) + Z D= 1-
P™ 1120 mod p xzez/pz P x2€Z/pZ
Let o > 1 then
[Epn (I <p” ' p"°
for all primes p and all m > 1 but we cannot find a constant C such that
|[Epn(f)l <Cp™™

for all primes p large enough and all m > 1.
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Remark 3.1.7 We keep the notation of Conjecture 3.1.4. Suppose that there exist a
positive integer M and a constant C < 1 such that

|Epn(af)l <Cp™™

for all primes p > M, all integers a with (a, p) = 1 and all m > 1. Moreover, for
each prime p < M there exists a constant ¢, such that

|Ep’”(af)| =cp p "
for all integers a with (a, p) = 1 and all m > 1. Thus (3.2) implies immediately
|En(f)l <C'N7°

for some constant C’ > Qand all N > 1.

Remark 3.1.8 The statement of Conjecture 3.1.4 extends without difficulty to an
arbitrary global field K (i.e a finite extension of QQ or a function field of an algebraic
curve over a finite field) and a non-constant polynomial f € Ok[xy, ..., x,] where
Ok is the ring of integers of K.

In fact, for any finite place v of K, we denote by K, the completion of K at
v equipped with the norm |.| : K, — R and by O, the ring of integers of K.
Let m, be a uniformizer of O,. We fix an additive character {; of K, such that
Yilo, = 1 but wllnv_l(’)v # 1 (see Sects. 3.2 and 3.3 for more details). Let o be a
positive real number such that for all but finitely many finite places v of K and all
z€e K, \nv_l(’)v, we have

|Ey.(f)] = |/<9n Vi (zf ())ldx|] < colz] 7.

Then we can ask whether there exists a constant C such that ¢, < C for all but
finitely many finite places v.

In Sect. 3.4 we give an overview of progress on this conjecture due to many
mathematicians. We begin with the work of Igusa in the non-degenerate case and
end with the most recent result of Cluckers, Mustatd and the author in case of non-
rational singularities.

We should mention that Igusa’s work [Igu78] around exponential sums modulo
p™ was motivated by his ultimate hope to extend the local-global principle to forms
of higher degree (i.e. homogeneous polynomials of degree at least 3). Recall that
for a form f € Z[xy, ..., x,] of degree d, we say that the local-global principle
holds for f if the following assertion is true: f represents zero in Q if and only
if it represents zero in R and in all fields Q,. The Hasse-Minkowski theorem
states that the local-global principle holds for quadratic forms. The idea of Igusa
to generalize the Hasse-Minkowski theorem to forms of higher degree is divided
into two steps. First, a good uniform bound of exponential sums modulo p™ in p
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and m together with some extra conditions would imply the existence of a certain
Poisson formula (see Sect. 3.3.2 and Proposition 3.3.7). Second, one derives the
local-global principle from this Poisson formula (see Sect. 3.5).

The above discussion illustrates one of the common approaches of this volume
which is to apply analytic techniques in the study of arithmetic geometry. The reader
is strongly encouraged to read other chapters for “further examples” in different
settings, in particular, the lecture of Poineau and Turchetti [Poi20a, Poi20b] and to
discover possible connections among them.

We close this section by saying some words about function fields. In this lecture
we only consider Conjecture 3.1.4 for number fields K but it is natural to ask
whether one could extend the results in Sects. 3.2, 3.3 and 3.4 to the case where
K is a function field which means the function field of an algebraic curve over a
finite field IF,. The answer is yes for non-constant polynomials f € K[x1, ..., x,]
such that for all critical values a of f, f~'(a) admits an embedded resolution with
good reduction at all but finitely many places v of K (see Sect. 3.2 for the definition
of such a resolution). For number fields the existence of an embedded resolution
for all polynomials f is guaranteed by Hironaka’s theorem in [Hir64]. However,
the resolution of singularities in positive characteristic is more complicated and the
existence of such a resolution for general f is still unknown. Hence we hope that
some young mathematicians could attack this challenging question in the future.

3.2 Igusa Local Zeta Functions and Exponential Sums
Modulo p™

In this section we review the notion of Igusa local zeta functions and exponential
sums modulo p™ over an arbitrary non-Archimedean local field of characteristic 0.
We refer the reader to the excellent survey of Denef [Den91] and the work of Igusa
[Igu78] for more details.

3.2.1 Local Fields

For the rest of this paper we fix a positive integer n > 1.

In what follows, we consider a non-Archimedean local field L of characteristic
0. It means that L is a finite extension of @, defined as in Sect. 3.1 for some prime
p. To simplify, we will say that L is a p-adic field and we set py, := p.

We remark that the norm |.|, on Q, extends uniquely to a norm |.|z in L. We
will write |.| instead of |.| if no confusion results. Let O be the ring of integers in
L. Then

OL={xeLll|lxl=1}
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It is a discrete valuation ring with the maximal ideal M given by
Mp={xelL]|lx| <1}

We denote by ki, = O /M the residue field of L. This field is a finite extension of
I, and we denote by g the cardinality of k.. Let o be a uniformizer of L, i.e. @
is a generator of M. For each non-zero element x € L, we can write in a unique
way x = Aw® where A € O] and a € Z. We set

ac(x) := A, ord(x):=a,
and
ac(x) := ac(x) mod M.

We can extend the maps ac and ord to L by setting ac(0) = 0 and ord(0) = +o0.

We introduce the following three functions which will play an important role
in the sequel. First, the standard additive character of L is the homomorphism
Yy 1 L — C* given by

Y1 = exp(Trz g, (x))

where exp(.) is the map given in Sect. 3.1. Any additive character {y of L can be
written in the form ¥ (x) := ¥, (x) = ¥ (zx) for some element z € L. We put

m(y) ;= — ord(z).

Second, a multiplicative character y of (’)z is defined to be a continuous
homomorphism from (OF, x) to (C*, x) with finite image. For a multiplicative
character x, let c() be the smallest integer such that )(I1 M is trivial. It is

L

called the conductor of x. We set x (0) := 0. It is clear that y induces a character of
07/ + MZ(X)). In particular, if ¢(x) = 1, then x induces a character of k7 which
is still denoted by x and we extend x to kz by setting x (0) = 0.

Third, a Schwartz-Bruhat function ® : L™ — C is a locally constant function
with compact support, denoted by Supp(®). We say that ® is residual if Supp(P) C
07 and if ®(x) only depends on x mod M. If @ is residual, then ® induces a
function ¢ : k] — C.

As in case of Q", we will endow L" with a Haar measure |dx| such that the
volume of OF is 1.
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3.2.2 Embedded Resolutions

Let K be a field of characteristic 0. Let f € K|[xi,...,x,] be a non-constant
polynomial in n variables. We set

X =A% =SpecK[xy, ..., xa],
and

D = f710) = Spec K[x1, ..., xa1/(f).

An embedded resolution (Y, h) of D in X is a closed smooth subscheme Y of the
projective space P’y over X for some m such that the restriction & to ¥ of the
projection P’Y — X has the following properties:

() h:Y\h (D) — X\Disan isomorphism,

(i) the reduced scheme (h~'(D))req associated to h~1(D) has simple normal
crossings as a subscheme of Y (i.e. its irreducible components are smooth and
intersect transversally).

Let E;,i € T, be the irreducible components of (A~'(D))eq. For each i € T,
let N; be the multiplicity of E; in the divisor of f o 4 on Y and let v; — 1 be the
multiplicity of E; in the divisor of h*(dx1 A ... A dxy,). The set {(N;, v;);c7} are
called the numerical data of the resolution.

Further, for each subset I C T, we define

Er =Nl E; and E; = EI\UjeT\I E;.

In particular, when I = () we have Ey =Y.

We also denote by Cy C X be the critical locus of f : X — Al.

We remark that such a resolution exists by the seminal work of Hironaka [Hir64,
Main Theorem II]. It can be obtained from a series of blow-ups with smooth centers.

Remark 3.2.1 Let K’ be a field extension of K. By the functoriality of embedded
resolutions, # induces an embedded resolution & : Yx/ — A’Il(, = Xg of
Dk in Xg/. We remark that each blow-up center C of 1 may be written as a
union of finitely many irreducible components C; over K’ and we can replace
the blow-up with center C by the composition of blow-ups with center C;. If
K’ is an algebraically closed field, then 4 induces an embedded resolution which
can be obtained by successive blow-ups at irreducible smooth varieties. Similarly,
each irreducible component E; can be split into a disjoint union of finitely many
irreducible components E;; over K ’. But we always have N; = N; 7> Vi = Vij.

In what follows, let K be a number field, Ok be its ring of integers and
f € Oklxi,...,x,] be a non-constant polynomial in n variables. Let (Y, k) be
an embedded resolution of D in X. If Z is a closed subscheme of Y and p is a prime
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ideal of Ok, we denote by Z the reduction modulo p of Z (see [Shi55]). We say
that the embedded resolution (Y, k) of D in X has good reduction modulo p if the
following conditions are satisfied:

(i) Y and E; are smooth forall i € T,
(i) U;e7 E; has simple normal crossings,
(iii) the schemes E; and E; have no common components for all i, j € T with
i#7].

One can show that there exists a finite subset S of Spec O, such that for all
p ¢ S, wehave f € Oylx], f # 0 mod p and that the resolution (Y, #) for f has
good reduction mod p (see [Den87, Theorem 2.4]). Then forp ¢ Sand I C T, one
can show that E; = N;¢7 E;. We set

E;:=E/\Ujq Ej;.

Letting a be a closed point of Y, we put 7, := {i € T'|a € E;}. In the local ring of
Y at a, we can write

N;
foh:ul—[gi ,
i€T,

where u is a unit, (g;);c7, is a part of a regular system of parameters and N; is the
corresponding multiplicity defined as above.

3.2.3 Igusa Local Zeta Functions and the Monodromy
Conjecture

Recall that L is a p-adic field. Let f € L[xy, ..., x,] be a non-constant polynomial
in n variables with coefficients in L. Let x be a multiplicative character of O] and
® be a Schwartz-Bruhat function on L". Following Weil we associate to the data
(L, f, x, ®) an Igusa local zeta function

Zrof(s, x) = /L @ (x) x (ac(f () | (O ldx],

for s € C with %i(s) > 0. One can see that Zy o r(s, x) is holomorphic in this
region and extends to a meromorphic function on C. The following theorem gives
basic properties of these zeta functions Zp ¢, (s, x).

Theorem 3.2.2 (Igusa [Igu74] and [Igu78]) We keep the previous notation. Then
we have

(1) ZL,,r(s, x) is a rational function ofq]js.
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(i) If (Y, h) is an embedded resolution of fﬁl(O) in A'i with the numerical data
{(Ni, vi)ieT}, then the poles of Z @, (s, x) are among the values
Vi 2mik
_l’_
N; log,qr

s =—

withk € Zandi € T such that x™ = 1.
(iii) If Supp(®)NCy C £710), then Zp.,0,7(s, x) = 0 for all but finitely many x.
Here recall that Cy C X denotes the singular locus of f : X — Ai.

In the case where we have an embedded resolution having good reduction
modulo M, the above results could be improved as follows.

Theorem 3.2.3 (Denef [Den91] and [Den87]) Suppose that there exists an embed-
ded resolution (Y, h) of f~1(0) having good reduction modulo My and f #
0 mod M. We suppose further that ® is a residual Schwartz-Bruhat function on
L". Then we have

(1) Ifthe conductor c(x) of x is at least 2 and that the numerical data {(N;, v;);cT}
of (Y, h) satisfying N; ¢ My foralli € T, then Zp,0,7(s, X) is constant as a

function of s. Moreover, ifo N Supp(P) C f_l(O), then Z o, f(s, x) = 0.
(i) Ifc(x) = land x is of orderd, let Tu ={I C T |Vi €I :d | N;}. Then

(qL . 1)q7N,'S7U,'
Zro (s, x)=q;" Z CL,®,x l_[ 71\%;‘41- ’
1€T; ier 1—4qp
where
Loy = Y, Ph@)Q),
de;l(kL)
and

Qy(a) = x(u(a))

for any choice of u in the local ring of Y at a as in Sect. 3.2.1.
O

In many known examples, many of the possible poles are false poles of the
zeta function (even if we take the intersection of the sets of possible poles over
all embedded resolutions). The monodromy conjecture suggests an explanation for
this phenomenon.

Now let us recall some notions about monodromy and Bernstein-Sato polynomi-
als.
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Let f € C[xy, ..., x,] be a non-constant polynomial with coefficients in C and
P be a point in C" such that f(P) = a. Let B be a sufficiently small ball with
center P. In [Mil68] Milnor proved that f|p is a locally trivial C* fibration over
a small enough punctured disc A C C \ {a}. Thus the diffeomorphism type of
Fp = f~1(1) N B of f around P does not depend on # € A. The counter clockwise
generator of the fundamental group of A induces an automorphism 7 of H*(Fp, C).
We call Fp and T the Milnor fiber and the local monodromy of f at P, respectively.

Let K be a field of characteristic 0 and f € K[xy,...,x,] be a polynomial.

Bernstein [Ber72] proved that there exist P € K[x, , s] and a polynomial b(s) €

ox
K[s]\ {0} such that Pfs*! = b(s) f*. The monic polynomial of smallest degree

satisfying this functional equation is called the Bernstein-Sato polynomial of f,
denoted by b s. One can show that (s +1) | b¢(s) if f is non-constant. Furthermore,
Kashiwara claimed in [Kas76] that all roots of by are negative rational numbers.
Moreover, Malgrange [Mal83] proved that if « is aroot of b ¢, then exp(2mia) is an
eigenvalue of the local monodromy of f at some point of £ ~!(0) and all eigenvalues
are obtained in this way.

Igusa suggested that the poles of the Igusa local zeta function associated to f
should be described by the roots of the associated Bernstern-Sato polynomial or the
eigenvalues of the local monodromy of f.

Conjecture 3.2.4 (Igusa, Monodromy Conjecture) Let K be a number field and
f be a non-constant polynomial in K|[x1, ..., x,]). For all but finitely many primes
p, if s is a pole of Z1 o, f(s, x) where L is a p-adic field containing K, then
exp(2miN(s)) is an eigenvalue of the local monodromy of f at some complex point

of £71(0).

Conjecture 3.2.5 (Strong Monodromy Conjecture) Let K be a number field and
f be a non-constant polynomial in K|[x1, ..., x,]). For all but finitely many primes
p, ifsisapoleof Z1 o (s, x) where L is a p-adic field containing K, then R(s)
isarootof by.

By the above discussion, if « is a root of by, then exp(2mwic) is an eigenvalue
of the local monodromy of f at some point. Thus Conjecture 3.2.5 implies
Conjecture 3.2.4. Note that Conjecture 3.2.4 only implies that if s is pole of
Zp, o, r(s, x), then R(s) + a is aroot of by for some integer a.

Both conjectures might be true for all p-adic fields. But it seems very hard for
primes for which we cannot find an embedded resolution with good reduction.
Although both conjectures have been checked in many cases (see for example
[Loe88] for polynomials in two variables), to our knowledge, they are widely open
in general.
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3.2.4 Exponential Sums and Fiber Integration

In this section we introduce a general form of exponential sums modulo p™ and its
relation with Igusa local zeta functions.

Recall that L is a p-adic field. Let f be a non-constant polynomial in
L[x1,...,x,], ® be a Schwartz-Bruhat function on L” and z be an element of
L. To this data we associate the exponential sum E, ¢ (f) by

ELo:(f) = /L O (x) Y1(zf (x)) ldx|.

Itis clear thatif L = Qp, z = p™™, ® = 1z, then E ¢ ;(f) is equal to Epn(f)
introduced in Sect. 3.1.

To describe the relation between exponential sums modulo p™ and Igusa local
zeta functions, we need to recall the notion of fiber integration. Foreach y € L, we
set Uy 1= o\ Cy. Since f(x) =y on Uy, we get

) 0
fdx1+~--+ fdxn=0 (3.6)
dx1 0xy,
. . of
on Uy. Leta € U,y. Since a ¢ Cy, there exists 1 < £ < n such that By (a) # 0.

0
If j# ¢and 1 < j < n such that af (a) # 0, taking the exterior product on both
Py

J
sides of (3.6) with /\i;,,éj’l-;ﬁZ dx; yields

1 0f _1 0f
j—1 . -1 .
(=D 3 j(a)i/\[Xm = (=1 5 Z(a)i/\jdxz-

)
Thusdy,, := (—1)“(310
X¢

(n — 1)-form around a € Uy. For each Schwartz-Bruhat function ® on L", we set

)~ ! /\i# dxi|y, is a well-defined non-vanishing regular

Ff,y(q)) = / (O] |df,y|.
=t

We can show that
Ero-(f) = / Fry(®) ¥1(2y) Id]
L

is the Fourier transform of F'y,,(®) and

Zp,o,7(s, X) =/Ff,y(<1>)wx,s(y) |dy|
L
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is the Mellin transform of (1 — qL_l)q; ordy) 7 ',y (®) where the quasi-character wy

. . — ord(Vv)s
is given by . (y) = x (ac(y))gq; "

On the other hand, using Fourier transform we can compute E7 ¢ ;(f) by Igusa
local zeta functions.

Proposition 3.2.6 ([Den91], Proposition 1.4.4) Let u € (’)Z, @ be a uniformiser
of Landm € Z. Then E| ¢ ym-n(f) is equal to

t— V4 (8, Xtri
Z1.0.40, xtriv)-l-Coefftm—l(( qL)Zr .o, f( va))

(qr — DA —1)
+ Y gyt xWCoettn-cin (Ze.w, £ (5. X))
X Xuriv
where gy is the Gauss sum given by
ql—C(X)
0= Y xi/m®),

ve(Or /M§Pyx
As a consequence, we obtain the following asymptotic expansion of exponential
sums.
Corollary 3.2.7 Suppose that C y N Supp(®) C £~10). Then Er o ;(f) is a finite

C-linear combination of functions of the form

x(ac(2))|zl*(log,, Iz])”

with coefficients independent of z, and with A € C a pole of

H(L, x,)ZL, 0,7 (s, X)
where

qz+1 1

N
H(L,x,s)=!1 b

otherwise.
andwith g € N, B < (multiplicity of pole ) — 1, provided that |z| is large enough.
Moreover, all poles ) appear effectively in this linear combination.

A pole A appearing in Corollary 3.2.7 will be called a non-trivial pole of the Igusa
local zeta function associated to f and ®. We will denote the set of such poles by
Pol(f, ®). For A € Pol(f, ®) we set

mye(A) :=max{mye x(A) | Aisapoleof H(L, x,s)Zr o, r(s, x)}
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where m ¢ (1) is the multiplicity of the pole A of H(L, x,$)ZL o (s, x).
Moreover, we set

ofe :=min{—N(A) | A € Pol(f, ®)}
and
,3f,<I> = max{mf’@()n) | L € Pol(f, @), R(A) = —O'f,<I>}-

It is very useful that the previous asymptotic expansion of exponential sums gives
us all the important information about the poles of the Igusa local zeta function
associated to f and ®. If the strong monodromy conjecture (Conjecture 3.2.5) holds,
then we would obtain a very deep and mysterious connection between the arithmetic
side, the geometric side and the topological side of f.

3.3 Igusa’s Conjecture on Exponential Sums Modulo p™

This section aims to state a general conjecture on exponential sums modulo p™ in
spirit of Igusa as we mentioned in Sect. 3.1. To do so we review the notion of a
certain Poisson formula (see [Igu78, Igu76] for more details).

3.3.1 Adeles

In what follows, K denotes a number field. Let Ok be its ring of integers. For each
place v of K, we denote by |.|, the associated absolute value of K and K, be the
completion of K by |.|,. By Ostrowski’s theorem, K, is either R, C or a p-adic
field. We normalize the norms |.|, where v runs through the set of places of K such
that the product formula holds. This formula says that for all x € K*, |x|, = 1 for
all but finitely many places v and we have

[Tkl =1
v

where v runs through the set of places of K.

We say that v is an Archimedean place of K if K, = R or K, = C. Otherwise,
we say that v is a non-Archimedean place of K. We denote by S the set of all
Archimedean places of K

Soo := {v | v is Archimedean}. 3.7
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With the notation as in Sect. 3.2, for each non-Archimedean place v, we denote
by O, the ring of integers of the local field K,, M, the maximal ideal of O,, k,
the residue field of K, and p, the characteristic of K, . Finally, we fix a uniformizer
@, of K, and denote by ord, and ac, the associated valuation map and the angular
component map of K, respectively.

Let X = A%, the affine space of dimension n. A subvariety U of X is locally
K-closed if we can write U = V \ W where V and W are closed subvarieties of X
defined over K.

Let U be such a subvariety of X. If we write I (V) = (f1,..., fe) and (W) =
(g1, ..., gr) with polynomials f;, g; € K[x1,...,x,], thena € U if and only if
fita)=0foralll <i < fandg;(a) # 0forsome 1 < j < r. For each place v of
K, we put

Uy :={x € Ky | (Vi, fi(x) =0) A (3), gj (x) # 0)}.
It is clear that U, is locally compact. Moreover, if v is non-Archimedean, we set
Ul? ={xeO |V, fitx) =0) A Fg € (W) NOklx1, ..., x1], g(x) € O},

then Ug is compact. Let S be a finite set of places of K such that S contains Se
defined as in (3.7). Then [[, g U, is locally compact and ]_[U¢S Ul()) is compact. It
implies that

Us=[Ju.x[]v)

veS vgS

is also locally compact. It is clear that if S C §’, then Us C Ug. Thus we can
take the inductive limit U4 =hTm> Us which is called the adelization of U. The set

U (K) of K-points of U can be viewed as a discrete subset of U4 by the diagonal
embedding. Note that this construction is functorial.

We suppose further that U is smooth and that there exists an everywhere regular
differential form w of the highest degree on U vanishing nowhere and defined over
K. Let W be a non-trivial character of K4/K, i.e. a homomorphism from K4 to
the unit circle which is trivial on K. For each place v of K, there exists a natural
embedding K, < K4 which sends x to the adele whose v-th coordinate is x
and others coordinates are 0. Via this embedding W induces a character vy, on
K. We can associate a measure |dx|, on K| which is the n-fold product of the
self-dual measure relative to ¥, on K,. We observe that for all but finitely many non-
Archimedean places v, the character v, is trivial on O, but non-trivial on M I and
the measure of O} is equal to 1. Next, we endow the set U, with the Borel measure
|w|y associated with @ and the measure |dx|,. For each finite set S of places of K
such that § contains S, defined as in (3.7), we define the measure |w|4 on Ug to be
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the product of measures

lola == Q) ol ® X) o]

vesS ve¢S

under the assumption that the product measure ), ¢s |@ly exists on ]_[v¢ s UY. We
will call |w|4 the Tamagawa measure on Uy,. In particular, the Tamagawa measure
exists on X4 by taking U = X.

Recall that S is the set of all Archimedean places of K as in (3.7). We set

Xoo i= ]_[ X,

VESxo

and

Xp :=1i 0,
o=t [T %
vES\ Soo

Viewing X~ as a finite product of copies of R, we consider the space S(X o) of
Schwartz-Bruhat functions on X. Since X is a locally compact abelian group
with arbitrary large and small compact open subgroups, we can define the space
S(Xo) of Schwartz-Bruhat functions on Xy. The Schwartz-Bruhat functions on X 4
is defined to be the tensor product

S(X4) = 8Xwo) ®c S(Xo).

Each element of S(X 4) is a C-linear combination of elements of the form ®, ® P
with @, € S(Xo) and ®g € S(Xg). A tempered distribution T on X 4 is a C-linear
form on S(X 4) such that for all fixed functions ®¢ € S(Xo), T (P ® Dg) depends
continuously on @, in S(Xoo). We denote by S(X4) the C-vector space of all
tempered distributions on X 4.

3.3.2  Poisson Formulas and Formulas of Siegel Type

We continue with the notation of the previous section. Recall that K is a number
field and X = A’}( is the affine space of dimension n. Let f € Og[xy, ..., x,] be a
non-constant polynomial. We fix a non-trivial character W of K4 /K. Forany z € K
we define a tempered distribution W (zf (x)) on X 4 given by

W (zf (x)(P) I=[ O (x) W(zf (X)) |dx]a.

Xa

Note that this integral is absolutely convergent.
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We say that the Poisson formula holds for f if the following conditions hold:
(i) The infinite sum

D W(zf(x)

zek

belongs to S(X 4)’. It is equivalent to the fact that the Eisenstein-Siegel series

> /X D (x) W(zf (x)) ldx|a
A

zek

converges absolutely for every ® € S(X4).

(ii) Forall y € K, the measure |df |4 exists on Uy 4.

(iii) If j : Uy,a — Xa is the induced map by Uy, — X, then the global singular
series jx(|df,yla) (or simply |dfy|a) exists in S(X 4)’ or equivalently, the
integral

/ @ ldsyla
Uy a

y

is absolutely convergent for every ® € S(X4).
(iv) The infinite sum

> ldpyla

yek

belongs to S(X4)'.
(v) We have the following equality

D WG =) ldsyla
ek yek
inS(Xy4).

Igusa gave a criterion for the existence of Poisson formulas based on his
conjecture on exponential sums modulo p™.

Proposition 3.3.1 (See [Igu78]) Let f be a form of degree d in Ok|[xy, ..., x,]
(ie f € Oklxi, ..., xy] is a homogeneous polynomial of degree d).
Then the Poisson formula holds for f if the following conditions hold:

(i) codim(Cy) > 3, ie. the affine hypersurface defined by f is irreducible and
normal.



80 K. H. Nguyen

(i) There exist a constant ¢ > 2 and a positive constant ¢ such that for all but
finitely many non-Archimedean places v and all z € K, \ Oy, we have

|, a0y (O = clzl,”. (3.8)

There is no reason to restrict (3.8) to homogeneous polynomials and to the
condition o > 2. Thus we could relax these restrictions to obtain a more general
statement. For the constant o, by Corollary 3.2.7, we should choose

o < liminf o .
pv—>+00 f’loﬁ

We should mention that it may be interesting to investigate (3.8) for families of
Schwartz-Bruhat functions (®,)y¢s,, in the case where there exists a closed subset
W defined over Ok of the affine space A’I'( such that @, = Py ,, is the characteristic
function of the set {x € O | x mod M, € W(k,)} for each place v ¢ Se.

We are ready to state a general form of Igusa’s conjecture on exponential sums.

Conjecture 3.3.2 Let K be a number field and [ be a non-constant polynomial
in Okg[x1,...,x,). Let W be a closed subset defined over Ok of the affine space
A" such that f(W(C)) contains at most one critical value of f. Let Ow. ., be the
characteristic function of the set {x € O? | x mod M, € W(k,)} for each place
vV ¢ Soo. We set

o := liminf o+ ¢
Po—>+00 fs W,

and

B = limsup By,

Ppy—>+00

as in Sect. 3.2.
Then there exists a positive constant ¢ such that for all but finitely many places
v, all z € Ky with ord, (z) < —2, we have

|Ek, 0 ,.(f)] < clordy ()P 2], 7. (3.9)

Remark 3.3.3 If f(W(C)) contains no critical values of f, then

Eg, oy,:(f)=0

provided that k, has large enough characteristic and ord, (z) < —2 (see [Den9l,
Remark 4.5.3]). Hence Conjecture 3.3.2 holds in this case.

Remark 3.3.4 We note that in the original statement of Igusa in [Igu78], he only
considered the case where f is homogeneous, W = A% (ie. dy, = 1(93 for all
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finite places v). Further, there are some extra conditions. The first one is that f has
an embedded resolution such that v; > N; for all exceptional divisors E;. In this
case Igusa chose 8 = 1 and an arbitrary real number o such that

. Vi . . ..
o< mln{N | E; is an exceptional divisor}.
i

The second one is that ord,(z) < —1. When ord,(z) = —1, the corresponding
exponential sums become exponential sums over finite fields and we can apply the

method of Deligne and Katz (see for example [Del77, Del74, Del80, Kat89]).
By Remark 3.1.6, the condition ord,(z) < —2 in Conjecture 3.3.2 is necessary.

3.3.3 Some Expected Results

Let f € Oklx1, ..., x,] be a homogeneous polynomial of degree d > 2. Suppose
that Conjecture 3.3.2 holds for f and W = A’ . Further, we suppose that

pminf ooy > 1
It follows that f has only rational singularities (see [Clul9, Proposition 3.10]). As a
consequence, if we denote by —a s the biggest root of (s + 1)_1bf (s), thenay > 1.

If the strong monodromy conjecture (Conjecture 3.2.5) also holds for f, then we
obtain an upper bound for « ¢

or < liminf inf oro,). 3.10
f _pv—>+oo(d>veS(K{,’) 1.00) (3.10)

A lower bound for this quantity was due to Mustatd and Popa. In fact, their result
holds for any field K of characteristic 0.
Proposition 3.3.5 (Mustata and Popa [Mus20]) With the above notation, we have

o > codlm(Cf).
- d

On the other hand, we have to deal with the case where ord(z) = —1. One of the
key ingredients is to have good estimates of exponential sums over finite fields. In
this case we have the following result due to Cluckers.

Proposition 3.3.6 (Cluckers [Clu08al) Recall that K is a number field and f is a
homogeneous polynomial in Og|[xy, ..., x,] of degree d > 2. Then there exists a
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constant ¢ > 0 such that for all places v of K and all z € K,, with ord,(z) = —1,
we have

|Ek, 1oy (F)] < €l
where

o = liminf inf oro,).
/ pu%+oo(d>veS(Kg) f.0)

As a consequence, we deduce the Poisson formula for f under some conditions.

Proposition 3.3.7 Let K be a number field and f be a homogeneous polynomial in
Ocklx1, ..., xn) of degree d > 2. Suppose that Conjectures 3.2.5 and 3.3.2 hold for
[ Ifcodim(Cyr) > 3 and ay > 2, then the Poisson formula holds for f.

In particular, if codim(Cy) > 2d + 1, then the Poisson formula holds for f.

Proof The proof follows immediately from (3.10) and Propositions 3.3.1, 3.3.5,
3.3.6. O

Remark 3.3.8 Itis quite tempting to study Conjecture 3.3.2 foro = ay.

3.4 Progress on Igusa’s Conjecture

In what follows, let K be a number field with the ring of integers Ok and let f €
Oklx1, ..., xy] be a non-constant polynomial in n variables. Recall that f is said
to be a form of degree d if f is a homogeneous polynomial of degree d.

3.4.1 The Non-degenerate Case

Igusa proved his conjecture for strong non-degenerate forms, i.e. homogeneous
polynomials with a unique critical point {0}.

Theorem 3.4.1 (Igusa [Igu78]) Suppose that f is a form of degree d with Cy =
{0}. Then there exists a positive constant ¢ such that for all non-Archimedean places
vofKandall 7 € Ky \ Oy,

_n
|Extgp.c] < clal i

In particular, if n > 2d + 1, then the Poisson formula holds for f.

Denef and Sperber investigated Conjecture 3.3.2 for non-degenerate polynomials
(not necessarily homogeneous). We recall first the notion of non-degenerate poly-
nomials.
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Let k be a field and k be an algebraic closure of k. Let

f=fO+ > cix' €klxi.....x]

. n
’EZzO

where we set x = (x1,...,x,) and x' := xi' .x" withi = (iy,...,in). The
Newton polyhedron of f at the origin is defined by

Ao(f) = ConvSupp f + R,

where Supp f = ’i € Z%, ‘ ¢ # O} denotes the support of f. For all non-empty
faces T € Ag(f) of any dimension, ranging from vertices to Ag(f) itself, we write

: n
zerﬂZZO

We say that f is non-degenerate with respect to t if the system of equations

afr 0fz

ax1 T Oxy

has no solutions in k. Tt is equivalent to require that the map K" >k given by
o — fr (@) has no critical values. We say that f is non-degenerate with respect to
the faces of Ag(f) if it is non-degenerate with respect to all possible choices of t.
Let oo, s be the biggest real number ¢ such that (1 .. 1) € Ao(f) and B, f be
the codimension of the smallest face to(f) of Ag(f) containing ( 1 - 00 ; ).
Denef and Sperber suggested that certain estimates of exponennal sums modulo
p™ of a non-degenerate polynomial can follow from those of exponential sums
over finite fields. More precisely, they used the work of Adolphson-Sperber (see
[Ado89]) on exponential sums over finite fields to obtain the first remarkable result
after Igusa’s work.

Theorem 3.4.2 (See [Den01]) Suppose that f is non-degenerate with respect to the
faces of its Newton polyhedron Ao(f) at the origin and that {0, 1}* N 7o (f) = .
Then there exists a positive constant ¢ which depends only on A such that for all
but finitely many non-Archimedean places v of K and all 7 € K, \ O,, we have

Bk, 12| < clordy (@) 00 7 z| 70 (3.11)
Moreover, if f is homogeneous, then

|EK,10p.2] < € ordy (@) =1 2] 770 (3.12)
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Using the approach of Denef-Sperber, Cluckers replaced the work of Adonphson-
Sperber by that of Katz (see [Kat99]) to obtain the same bound as in (3.12) (resp.
(3.11)) but for non-degenerate quasi-homogeneous polynomials (resp. all non-
degenerate polynomials) without the technical condition {0, 1} N to(f) = @ (see
[CIu08b] and [Clu10]). Recently, Castryck and the author extended Cluckers’ results
to all non-degenerate polynomials under the condition ord, (z) < —2 (see [Cas19]).

3.4.2 Beyond the Non-degenerate Case

Conjecture 3.3.2 becomes more difficult if we remove non-degenerate conditions for
f. Let us mention some results in this direction. On the one hand, Wright proved
some results for quasi-homogeneous polynomials in two variables (see [Wri20]).
Lichtin rediscovered the results of Wright by another method and extended them
to homogeneous polynomials in three variables (see [Lic13], [Lic16]). On the other
hand, Cluckers proved some results in the case where ord,(z) = —1 or ordy(z) =
—2 (see [Clu08a]).

In [Clul6] Cluckers and Veys stated Conjecture 3.3.2 for polynomials f and the
function 103 (resp. 1Mg), oy (resp.o =lcto(f)) and B = n. Here Icto(f) denotes
the log-canonical threshold of f at0and 6y = min{lct,(f— f (b)) | b € C"}. Recall
that the log-canonical threshold Icty( f) of f at 0 is defined to be the minimum over

all the values ;:; as in Sect. 3.2.1 with O € h(E;). We refer the reader to [Mus12]

for an introduction to log canonical thresholds. Theorem 3.2.2 and the definition of
o ¢ imply

&7 < liminf o7 a0y, (3.13)

for all @ € C and all choices of W as in the statement of Conjecture 3.3.2 with
f(W(C)) = a . The above inequality (3.13) becomes an equality for a certain set
W if f has non-rational singularities (see [Clul9, Proposition 3.10]). Hence the
conjecture of Cluckers and Veys is sharp in case of non-rational singularities.

We mention some results toward the conjecture of Cluckers and Veys. Cluckers
and Veys proved their conjecture for some small values of | ord,(z)|. In [Cha20]
Chambille and the author proved this conjecture in the case where Ict(f) (resp.
Icto(f)) is at most 1/2. Their proof suggested that Conjecture 3.3.2 may hold if we
can prove it for each given value of ord, (z).

Recently, Cluckers, Mustatd and the author [Clul9] used a geometric method
and proved that the conjecture of Cluckers and Veys holds for all non-constant
polynomials f. Moreover, Conjecture 3.3.2 holds fully in the non-rational singu-
larities case. Here are some ideas of the proof. They first gave a so-called power
condition for resolutions of singularities to characterize the possible obstruction
for Cluckers-Veys’ conjecture. If the power condition holds, then they deduce an
inequality associated to the numerical data of this resolution which allows to remove
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the above obstruction. One key ingredient is the existence of some models in the
Minimal Model Program. We strongly believe that further developments of the
Minimal Model Program could lead to the full resolution of Conjecture 3.3.2 in
case of rational singularities. Finally, we mention that Veys obtained a proof of
Conjecture 3.3.2 in case of polynomials in two variables in the same line with that
of [Clu19]. But he did not use the technique from the Minimal Model Program (see
[Vey20]).

To end this section, we state the main result of Cluckers-Mustatd-Nguyen
[Clul9].

Theorem 3.4.3 Let K be a number field and f € Ogklxy,...,x,] be a non-
constant polynomial, and W be any closed subscheme of A", o then there exist ¢ > 0
and M > 0 such that

|Eky by ,.2] < clordy(z)" 1 |z 7% (3.14)

for all finite places v of K with p, > M and all z with ord,(z) < —2, where
ow, f = min{lct, (f — f(b)) | b € W}. Moreover, ¢ can be chosen to be independent
of the number field K containing the coefficients of f.

3.5 A Long History of the Local-Global Principle

3.5.1 The Local-Global Principle

One of the most important techniques in arithmetic geometry is the local-global
principle (also known as the Hasse principle). This principle asserts that a certain
property is true globally if and only if it is true everywhere locally. This principle
reduces certain difficult problems in global fields to those in local fields in which
we have more tools. The most famous example of the local-global principle is
the Hasse-Minkowski theorem. Minkowski proved that a quadratic form over
Q represents 0 if and only if it represents 0 in any local field containing Q.
Hasse generalized Minkowski’s theorem to number fields. In fact, the local-global
principle for quadratic forms holds for all global fields.

For forms of higher degree (i.e homogeneous polynomials of degree at least 3),
the local-global principle does not hold in general and many counterexamples were
already constructed (see for example [Mor37, Sel51]). So the question for forms of
higher degree is:

How can one characterize forms for which the local-global principle holds?
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3.5.2 Progress on the Local-Global Principle

In the case where f is a cubic form in n variables over Q, it is conjectured that
f has a non-trivial rational zero as soon as n > 10. Using the Hardy-Littlewood
circle method, Davenport showed in [Dav63] that a cubic form over QQ in at
least 16 variables represents 0, so the local-global principle holds trivially in this
case. Heath-Brown improved the result of Davenport to cubic forms in at least 14
variables (see [HeaO7]) and non-singular cubic forms in at least 10 variables (see
[Hea84]). Davenport also proved that cubic forms in at least 10 variables over Q
represent 0 in all p-adic fields (see [Dav05]). Moreover, it is clear that a cubic form
over Q has a non-trivial solution in R. Hence we may ask whether it is possible to
remove the non-singular condition in Heath-Brown’s work.

There are also results for cubic forms in fewer variables. Hooley proved in
[Hoo88] that the local-global principle holds for non-singular cubic forms in at
least 9 variables. Recently, Hooley showed that under the validity of the Riemann
hypothesis for certain Hasse-Weil L-functions, the local-global principle holds for
all non-singular forms in 8 variables (see [Hoo14]). In another approach, Manin
suggested that the obstruction of the local-global principle for cubic forms may be
explained by the theory of Brauer groups (the so-called Brauer-Manin obstruction)
but Skorobogatov showed that the Brauer-Manin obstruction cannot fully explain
the failure of the local-global principle in the general case (see [Sko99]). Further,
such an obstruction is known to be empty for non-singular cubic forms in at least 5
variables.

For forms of arbitrary degree, by generalizing the method of Davenport, Birch
showed in [Bir61] that a form f of degree d > 2 in n variables over QQ represents
0 if £~'(0) has a non-singular point over all local fields containing Q and n —
dim(Cyr) > (d — 1)2d. Recently, Browning and Prendiville improved the second
condition of Birch to n—dim(Cy) > (d— %\/ d)24 (see [Bro17b]). In the case where
Cy = {0}, Browning and Heath-Brown conjectured that the local-global principle
holds for a form f of degree d in n variables if n > 2d + 1 (see [Brol7a]). We
will see below that this conjecture agrees with the prediction of Igusa. On the other
hand, a remarkable result of Birch in [Bir57] stated that for each odd integer d > 1,
there exists a positive integer N (d) such that all forms of degree d in n variables
with n > N(d) represent 0. It follows that the local-global principle holds trivially
if n > N(d). However, to our knowledge, we do not know any quantitative results
in this direction.

We now review basic ideas of the Hardy-Littlewood circle method. Let f be a
homogeneous polynomial of degreed > 1inZ[x1, ..., x,].Letw : R" — [0, +00)
be a suitable weight function. Our goal is to obtain an asymptotic formula of the
function

No(f,B)= ) /B

xe€Z, f(x)=0
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when B — 4-00. Let us use the identity
Nyo(f, B) = / S(«, B)do (3.15)
T

where T = R/Z and

S(a, B) = Z w(x/B)eXmiaf )

xezZ

if w has certain good analytic properties. The Hardy-Littlewood circle method
consists of dividing the torus T into major arcs 9 and minor arcs m where for
each § > 0, we set

a _
M(8) = Uy<ps Uozazq.@a.g)=1 { € T | o — q| < B%9)

and
m(s) := T\ M(S).

Note that if 3§ < d, then 2(4) is in fact a disjoint union of the above arcs provided
B is sufficiently large.

To investigate the local-global principle for f, we would like to obtain the
following asymptotic formulas

/ S(a, B)do ~ ¢y B"™¢ (3.16)
m
and

/ S(a, B)da = o(B"™%) (3.17)

where the constant c ¢ is positive under some good conditions on f and such that
f has a smooth solution over every completion of QQ (i.e. f admits a non-singular
point of f ~1(0) over every completion of Q).

A common way to work with Eq. (3.17) is to use Weyl’s bound for S(«, B) and
Dirichlet’s approximation theorem to control minor arcs (see [Bir61, Brol7b] for
more details). Equation (3.17) is in fact very hard to achieve. But the conjecture on
exponential sums modulo p™ could improve Eq. (3.16). More precisely, Eq. (3.16)
is related to the convergence of certain singular series given by (see [Bir61, Bro17b])

=Y N" > Sy@

1<N ac(Z/NZL)*
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where

2miaf (y)
Sn@y= Y e N .

yE(Z/NZ)"
With the assumption of Remark 3.1.7 we would have
|Sn(a)] < CN™°

for a positive constant C and all N > 1. A direct calculation implies that &
converges absolutely for o > 2.

3.5.3 Igusa’s Approach

Now we sketch another approach given by Igusa to attack the above problem (see
[Igu78] and [Har80]). We first recall the idea of Weil on quadratic forms. From
the work of Siegel on quadratic forms, Weil gave a general formula called Siegel’s
formula (see [Wei65]) which relates a theta series to an Eisenstein series. As a
consequence, the Hasse-Minkowski theorem follows from Siegel’s formula. For
forms of higher degree, Igusa expected that we could derive a similar formula and
use it to prove the local-global principle for these forms. Inspired by the work of
Weil such a formula of Siegel type would follow from a Poisson formula. In fact,
Igusa succeeded in proving the following assertion:

For forms of higher degree, if we have a good uniform bound in p and m of
exponential sums modulo p™, then we have a Poisson formula.

Hence the strategy of Igusa breaks into two parts. The first part is to find a good
uniform bound in p and m of exponential sums modulo p™ so that we could deduce
a Poisson formula. This is exactly the material presented in Sects. 3.2, 3.3 and 3.4.
The second part is to use the Poisson formula to derive formulas of Siegel type and
then the desired local-global principle.

Let us explain a little bit more about formulas of Siegel type. A formula of
Siegel type is an equality between Eisenstein-Siegel series and the integral of a
theta series in the space of tempered distributions. In the case of quadratic forms,
Weil introduced the notion of metaplectic groups and used their action on the space
of Schwartz-Bruhat functions S(X4) to construct a theta series and compared its
integral with Eisenstein-Siegel series. For forms of higher degree, Igusa pointed
out that a good theory of metaplectic groups associated with these forms would be
very useful although such a theory is not yet known. But he also remarked that we
could use a certain smaller group to obtain similar results. More precisely, let K
be a number field and let f be a non-singular form of degree d in n variables with



3 Igusa’s Conjecture on Exponential Sums Modulo p™ and the Local-Global Principle 89

coefficients in Ok. Igusa introduced the group P = G, x G,, equipped with the
law

u, ), ') = (u+ 1%, 1)

The action of P4 on S(X4) is given by

((u, )(P))(x) = Itlgllf(uf(X))WX)

where |t[4 = [], ], is the usual norm of 7. We consider the tempered distributions
E and Iy given by

E(®) = ®(0)+ Y W(zf (x)(P)

zek

and

(@)= ) ().

EeXk

If n > 2d + 1, then Igusa showed that the Poisson formula holds for f (see
Theorem 3.4.1). In particular, if |¢|4 > 1, he proved in [Igu76] that

(Io — E)((u, )(P)) = 0(|t|;—2”,1) (3.18)

as |t|4 — +oo and furthermore, if |f|4 < 1 but (u + z)r~¢ remains in a compact
subset of K 4 for some z € K, then

(Io — E)((u, )(P)) = O(Itlf‘n"_l) (3.19)

as |[t|a — 0. Igusa conjectured that (3.19) is still true without the compactness
assumption (or at least we could find some conditions of n and d such that (3.19)
holds without compactness). In particular, this conjecture would imply the local-
global principle for f (see [Igu76, Har80]). To summarize, under the validity of
Igusa’s approach, we could prove that the local-global principle holds for any non-
singular form of degree d in at least 2d 4 1 variables. This agrees with the conjecture
of Browning and Heath-Brown that we mentioned earlier.

Unfortunately, we are in a similar situation as that of (3.17). To our knowledge,
(3.19) is out of reach. Even it is not clear that there is a connection between them
by looking at the adelic circle method (see [Lac82, Mar73]). Both of them would
require a lot of efforts and many new ideas but we can always hope that Igusa’s
ideas could be realized in the future.

We end this survey with the case of singular forms. If f is a singular form of
degree d > 3, from an observation of Igusa on the work of Birch, the Poisson
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formula also holds for f if codim(Cy) > (d — 1)2¢. Moreover, Birch showed that
this condition is sufficient to prove the local-global principle for f as we mentioned
above. In Proposition 3.3.7, we predicted that the Poisson formula holds for f if
codim(Cy) > 2d + 1. Hence it is tempting to ask whether we could replace the
sufficient condition codim(C¢) > (d — 1)2¢ in the result of Birch by codim(Cy) >
2d + 1.
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Chapter 4
From the Carlitz Exponential to Drinfeld <=
Modular Forms

Federico Pellarin

Abstract This paper contains the written notes of a course the author gave at the
VIASM of Hanoi in the Summer 2018. It provides an elementary introduction to the
analytic naive theory of Drinfeld modular forms for the simplest ‘Drinfeld modular
group’ GL, (IF,4[0]) also providing some perspectives of development, notably in the
direction of the theory of vector modular forms with values in certain ultrametric
Banach algebras.

4.1 Introduction

The present paper contains the written notes of a course the author gave at the
VIASM of Hanoi in the Summer 2018. It provides an elementary introduction to the
analytic naive theory of Drinfeld modular forms essentially for the simplest ‘Drin-
feld modular group” GL; (I, [6]) also providing some perspectives of development,
notably in the direction of the theory of vector modular forms with values in certain
ultrametric Banach algebras initiated in [Pel12].

The course was also the occasion to introduce the very first basic elements of the
arithmetic theory of Drinfeld modules in a way suitable to sensitize the attendance
also to more familiar processes of the classical theory of modular forms and elliptic
curves. Most parts of this work are not new and are therefore essentially covered by
many other texts and treatises such as the seminal works of Goss [Gos80a, Gos80b,
Gos80c] and Gekeler [Gek88]. The present text also has interaction and potential
developments along with the contributions to this volume by Poineau-Turchetti and
Tavares Ribeiro [Poi20a, Poi20b, Tav20]. It also contains suggestions for further
developments, see Problems 4.4.10, 4.4.15, 4.6.5, 4.8.4 and 4.8.9.

This paper will not cover several advanced recent works such that the higher
rank theory, including the delicate compactification questions in the path of Basson,
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Breuer, Pink [Bas18a, Bas18b, Bas18c], Gekeler [Gek17, Gek19a, Gek18, Gek19b]
and it does not even go in the direction of the important arithmetic explorations
notably involving the cohomological theory of crystals by Bockle [Boc02, Boc15] or
toward several other crucial recent works by several other authors we do not mention
here, at once inviting the reader to realise a personal bibliographical research to
determine the most recent active areas.

Perhaps, one of the original points of our contribution is instead to consider
exponential functions from various viewpoints, all along the text, stressing how
they interlace with modular forms. The paper describes, for example, a product
expansion of the exponential function associated to the lattice A := [F,[6] in the Ore
algebra of non-commutative formal series in the Frobenius automorphism which is
implicit in Carlitz’s work [Car35]. It will be used to give a rather precise description
of the analytic structure of the cusp of I' = GL;(A) acting on the Drinfeld upper-
half plane by homographies. We will also use it in connection with local class field
theory for the local field Koo = IF (( 61) )). Another new feature is that, in the last two
sections, we explore structures which at the moment have no known analogue in the
classical complex setting. Namely, Drinfeld modular forms with values in modules
over Tate algebras, following the ideas of [Pell2].

Here is, more specifically, the plan of the paper. In the very elementary Sect. 4.2
the reader familiarises with the rings and the fields which carry the values of
the special functions we are going to study in this paper. Instead of the field of
complex numbers C, our ‘target’ field is a complete, algebraically closed field of
characteristic p > 0. There is an interesting parallel with the classical complex
theory where we have the quadratic extension C/R and the quotient group R/Z
is compact, but there are also interesting differences to take into account as the
analogue Co,/ K« of the extension C/R is infinite dimensional, C, is not locally
compact, although the analogue A := IF,[6] of Z is discrete and co-compact in the
analogue K, = ]Fq((é)) of R.

We dedicate the whole Sect. 4.3 to exponential functions. More precisely, we give
a proof of the correspondence by Drinfeld between A-lattices of Co, and Drinfeld
A-modules. To show that to any Drinfeld module we can naturally associate a lattice
we pass by the more general Anderson modules. We introduce Anderson’s modules
in an intuitive way, privileging one of the most important and useful properties,
namely that they are equipped with an exponential function at a very general level.
Just like abelian varieties, Anderson modules can be of any dimension. When the
dimension is one, one speaks about Drinfeld modules.

In Sect. 4.4 we focus on a particular case of Drinfeld module: the Carlitz module.
This is the analogue of the multiplicative group in this theory. We give a detailed
account of the main properties of its exponential function denoted by exp. We point
out that its (multiplicative, rescaled) inverse u is used as uniformiser at infinity to
define the analogue of the classical complex ‘g-expansions’ for our modular forms.
In this section we prove, for example, that any generator of the lattice of periods of
expc can be expressed by means of a certain convergent product expansion (known
to Anderson). To do this, we use the so-called omega function of Anderson and
Thakur.
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In Sect. 4.5 we first study the Drinfeld ‘half-plane’ Q@ = Cs \ Ko topologically.
We use, to do this, a fundamental notion of distance from the analogue of the
real line K. The group GL,(A) acts on 2 by homographies and we construct a
fundamental domain for this action. After a short invitation to the basic notions of
rigid analytic geometry, we describe the Bruhat-Tits tree of €2, the natural action of
GL,(Kso) on it, and, after a glimpse on Schottky groups (see [Poi20a, Poi20b] for a
more in-depth development), we construct a reasonable analogue of a fundamental
domain for the homographic action of GL, (IF,[8]) on .

In Sect. 4.6 we discuss the following question: find an analogue for the Carlitz
module of the following statement: Every holomorphic function which is invariant
for the translation by one has a Fourier series. The answer is: every F,[0]-
translation invariant function has a ‘u-expansion’. We show why in this section.
To do this we introduce the problem of rigid analytic structures on quotient spaces.
We mainly focus on the example of the quotient of the rigid affine line A}C’i" by the
group of translations by the elements of A. The reader will notice how hard things
can become without the use of the tool of the analytification functor, also discussed
in this section.

In Sect. 4.7 we give a quick account of (scalar) Drinfeld modular forms for the
group GL,(A) (characterised by the u-expansion in Coo[[u]]). This appears already
in many other references: the main feature is that C-vector spaces of Drinfeld
modular forms are finitely dimensional spaces. Also, non-zero Eisenstein series can
be constructed; this was first observed by D. Goss in [Gos80b]. The coefficients of
the u-expansions of Eisenstein series are, after normalisation, in A = IF,[0].

The paper also has advanced, non-foundational parts. In Sect.4.4.3 we apply
the developed knowledge of the Carlitz exponential function to give an explicit
description of local class field theory for the field K; this subsection is also
independent from the rest of the paper. In Sects.4.8 and 4.9 we revisit Drinfeld
modular forms. We introduce vector Drinfeld modular forms with values in other
fields and algebras, following [Pell2]; the case we are interested in is that of
functions which take values in finite dimensional K-vector spaces where K is the
completion for the Gauss norm of the field of rational functions in a finite set of
variables with coefficients in C,. With the use of certain Jacobi-like functions, we
deduce an identity relating a matrix-valued Eisenstein series of weight one with
certain weak modular forms of weight —1 from which one easily deduces [Pell2,
Theorem 8] in a different, more straightforward way.

4.2 Rings and Fields

Before entering the essence of the topic, we first propose the reader to familiarise
with certain rings and fields, notably local fields and non-archimedean valued fields.
For more about these topics read, for example, the books [Cas86, Ser80b]. The
reader must notice that the basic notations of the three other chapters of this volume
[Poi20a, Poi20b, Tav20] differ from ours.
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Let R be aring.

Definition 4.2.1 A real valuation | - | (or simply a valuation) over R is a map R M>
R~ with the following properties.

(1) Forx € R, |x| =0if and only if x = 0.

(2) Forx,y e R, |xy| = |x]|yl.

(3) For x,y € R we have |x + y| < max{|x]|, |y|} and if |x| # |y], then |x + y| =
max{|x|, |y[}.

The inequality |x + y| < max{|x|, |y|} is usually called the ultrametric inequality
(the term ‘ultrametric’ indicates a reinforced triangular inequality). A ring with
valuation is called a valued ring. A valuation is non-trivial if its image is infinite.
If the image of a valuation is finite, then it is equal to the set of two elements
{0,1} C R>p and all the non-zero elements of R are sent to 1 while 0 is sent to
0. This is the trivial valuation of R. A map as above satisfying (2), (3) but not (1) is
called a semi-valuation.

A valuation over aring R induces a metric in an obvious way and one easily sees
that R, together with this metric, is totally disconnected (the only connected subsets
are ¥ and the points). To any valued ring (R, | - |) we can associate the subset Og =
{x € R : |x| < 1} which is a subring of R, called the valuation ring of | - |. This ring
has the prime ideal Mpr = {x € R : |x| < 1}. The quotient ring kg := Or/Mp is
called the residue ring. The ring homomorphism f € Or — f+ Mp € Or/Mp
is called the reduction map. With R a ring, we denote by R* the multiplicative
group of invertible elements. The image |[R*| = {|x| : x € R*} is a subgroup of
R* called the valuation group.

If R is a field, My is a maximal ideal. Two valuations | - | and | - |" over a ring
R are equivalent if for all x € R, ci|x| < |x|" < cz|x| for some ¢y, ¢, > 0. Two
equivalent valuations induce the same topology. If (R, | - |) is a valued ring, we
denote by R (or 1/€\|.|) the topological space completion of R for | - |. It is a ring and
if additionally R is a field, R is also a field.

While working over complete valued fields, many properties which are usually
quite delicate to check for real numbers, have simple analogues in this context. For
instance, the reader can check that in a valued field (L, | - |), a sequence (x;),>0 is
Cauchy if and only if (x,4+1 — X,)n>0 tends to zero. A series Zn>0 X, converges if
and only if x, — 0 and an infinite product [ [, (1 + x,) converges if and only if
Xxn — 0. Another immediate property is that if (;n)nz() is convergent, then (|x,|),>0
is ultimately constant.

4.2.1 Local Compactness, Local Fields

Let (L, |- ]) be a valued field. Choose r € |L*| and x € L. We set

Dp(x,r)={yeL:|x—yl=r}
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This is the disk of center x and radius r. Some authors like to call r the diameter to

stress the fact that the metric induced by the valuation makes every point of D, (x, r)

into a center so that it does not really distinguishes between ‘radius’ and ‘diameter’.
Observe that Oy, = D7 (0, 1). Also,

My = | DL©.r)=:D;(0.1).

re|L™|
r<l

More generally we write D7 (0, r) = {x € L : |x| < r}. We use the simpler notation
D(x,r) or D°(0,r) when L is understood from the context. Note that D(x,r) =
x + D(0, r) and D(0, r) is an additive group. If |x| < r (thatis, x € D(0, r)), then
D(x,r) = D(0,r). If |x| > r (thatis, x &€ D(0,r)), then D(x,r) N D(0,r) = @. In
other words, if two disks with same radii have a common point, then they are equal.
If the radii are not equal, non-empty intersection implies that one is contained in the
other.

Now pick r € |L*| and xo € L* with |xg| = r. Then, D(0,r) = xoD(0, 1) =
x0Op. This means that all disks are homeomorphic to Oy = D(0, 1). This is due to
the fact that we are choosing r € |L*|.

A complete valued field L is locally compact if every disk is compact. We have
the following:

Lemma 4.2.2 A valued field which is complete is locally compact if and only if the
valuation group is discrete and the residue field is finite.

Proof Let L be a field with valuation |-|, complete. We first show that O = D(0, 1)
is compact if the valuation group is discrete (in this case there exists r €]0, 1[N|L*|
such that M = D(0, r)) and the residue field is finite. Let B be any infinite subset
of Or. We choose a complete set of representatives R of Oy modulo M. Note the
disjoint union

O = I_l v+ Mp).
vER

Multiplying all elements of B by an element of L* (rescaling), we can suppose that
there exists b1 € B with |b1| = 1. Then, the above decomposition induces a partition
of B and by the fact that k. is finite and the box principle there is an infinite subset
By Cc BN+ M'Z') for some integer n; > 0. We continue in this way and we are

led to a sequence by, by, ... in B with ;4| € /\/l','f \ /\/l',""_1 with the sequence of
the integers n; which is strictly increasing (set no = 0). Hence, b1 — by, € MZ’”
is a Cauchy sequence, thus converging in L because it is complete.

Let us suppose that k; is infinite. Then any set of representatives R of Oy modulo
M is infinite. For all b, b’ € R distinct, we have |b — | = 1 and R has no
converging infinite sub-sequence. Let us suppose that the valuation group G = |L*|
is dense in R~ (. There is a strictly decreasing sequence (r;); C G with r; — 1. This
means that for all i, there exists @; € Op, such that |a;| = r; and for all i # j we
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have that |a; — a;| = max{r;, r;} so that we cannot extract from (a;); a convergent
sequence and Oy, is not compact. O

Definition 4.2.3 A valued field which is locally compact is called a local field.

Note that R and C, with their euclidean topology, are locally compact, but not
valued. Some authors define local fields as locally compact topological field for
a non-discrete topology. Then, they distinguish between the non-Archimedean (or
ultrametric) local fields, which are the valued ones, and the Archimedean local
fields: R and C.

An important property is the following. Any valued local field L of characteristic
0 is isomorphic to a finite extension of the field of p-adic numbers Q, for some p,
while any local field L of characteristic p > 0 is isomorphic to a local field F, (7)),
and with ¢ = p° for some integer e > 0. We say that 7 is a uniformiser. Note that
IL*| = |7|% and |7| < 1. The proof of this result is a not too difficult deduction
from the following well known fact: a locally compact topological vector space over
a non-trivial locally compact field has finite dimension.

4.2.2 Valued Rings and Fields for Modular Forms

Let C be a smooth, projective, geometrically irreducible curve over I, together with
a closed point co € C. We set

R=A:=H’C\ {00}, Op).

This is the IF;-algebra of the rational functions over C which are regular everywhere
except, perhaps, at oco. The choice of oo determines an equivalence class of
valuations | - |sc on A in the following way. Let ds, be the degree of oo, that is,
the degree of the extension [F of IF; generated by oo (which is also equal to the least
integer d > 0 such that 7% (c0) = 0o, where T is a power of the geometric Frobenius
endomorphism). Then, for any a € A, the degree

deg(a) := dim]Fq (A/aA)

is a multiple —voo(a)dso 0f doo and we set |a|oo = ¢ 7Y@ for¢ > 1, which is easily
seen to be a valuation. It is well known that A is an arithmetic Dedekind domain with
A* = F*. In addition veo(a) < Oforall a € A\ {0} and veo(a) = O if and only
if a € F* (as a consequence of the proof of the subsequent Lemma 4.2.4). A good
choice to normalise | - |s 1S ¢ = ¢g. We can thus consider the field Ko, := EHoo
completion of K for | - |oc Which can be written as the Laurent series field F((;r))
where 7 is a uniformiser element of Ko (such that ve (m) = 1). Ko is a local field
with valuation ring Ok, = F[[7]], maximal ideal Mg = 7 F[[x]], residue field
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F and valuation group |m |§¢. Note that we have the direct sum of I -vector spaces:
Koo =Fln ™'l & Mk,

The case of C = Plqu with its point at infinity oo (defined over ) is the simplest
one. Let 6 be any rational function having a simple pole at infinity, regular away
from it. Then, A = [F;[0], K = [,4(0) and we can take w7 = 6~ so that Koo =
F, é)) the completion of K for the valuation | - |oo = ¢9°% ). Note that for all
m=2"" 4+ 407 € Koo with A € FY and 4; € F,, we have Koo =
F,((r)). The field Ko has an advantage over the field R: it has uniformisers. But
there also is a disadvantage: there is no canonical choice in the uncountable subset
of uniformisers.

We come back to the case of A general. Let U be a subset of K. We say that U
is strongly discrete if any disk

Dg, (x,1)={y € Ko : |* — Y|oo <7} C Ko

only contains finitely many y € U for every r > 0. Note that, transposing the
definition to the case of R, the ring Z is discrete and co-compact in R (this is well
known).

Analogously:

Lemma 4.2.4 The F;-algebra A is strongly discrete and co-compact in K.

Proof of the First Part of Lemma 4.2.4 That A is strongly discrete in Ko can be
seen by using the Liouville inequality, asserting that for any x € A \ {0}, |x|0c > 1.
The fraction field K of A is an extension of [F of transcendence degree one, and F
is algebraically closed in K. The closed points P of C correspond to the classes of
equivalence of multiplicative valuations over K which have discrete image in R~
(discrete valuations), and which are trivial over [F. There is a set of valuations | - | p
(associated to the closed points of C different from oo) such that for alla € A \ {0},
lalp < 1and |a|p = 1 for all but finitely many P, and such that

laloo [ Jlalp =1,
P

see the axiomatic theory of Artin and Whaples and [Art45, Theorem 2]. This is
the product formula for A. Let us consider x € A \ {0}. We cannot have |x|co <
1 because this would violate the product formula. Therefore, |x|oc > 1 and this
suffices to show strong discreteness. O

We deduce that A N Mg_, = {0}. The next Lemma tells us that, as a ‘valued
vector space over ’, A is not too different from F[z~']. This can be used to show
co-compactness.
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Lemma 4.2.5 There exists a finite dimensional vector space V- C F[x '] over F
such that, isometrically, Koo = FAD®V & Mk,..

Proof We can invoke Weierstrass’ gap Theorem. It can be seen as one of the
consequences of the Theorem of Riemann-Roch and it is nicely presented in
Stichtenoth’s book in the case of doo = 1, [StiO8, Theorem 1.6.8]. If doo > 1 we can
use [Mat05, Proposition 2.1]. Let H (c0) be the subset of N whose elements are the
nonnegative integers k such that there exists an element f in A with polar divisor
k[oo]. The Weierstrass gap Theorem asserts that N \ H(oco) = {ny,...,np} C
[1, 25_1] (so that if the genus g of C is zero, this set is empty). Moreover, if
doo = 1 this set contains exactly g elements, where g is the genus of C. We set
V=@l Fr " andif g = 0weset V = {0}. Note that ANV = VN Mg, =
AN Mg, = {0}. Then, every element f of Ko can be decomposed in a unique
wayas f =a ®v@®m witha e FA,v e Vandm € Mg_,. O

Proof of the Second Part of Lemma 4.2.4 Co-compactness is equivalent to the
property that, for the metric induced on the quotient K,/ A, every sequence contains
a convergent sequence. We have an isometric isomorphism

Ko
=vVeM
FA © Mk
where V is a vector space as in Lemma 4.2.5 and we deduce that K,/ A, with the
induced metric, is compact. O

Up to a certain extent, the tower of rings A C K C K associated to the datum
(C, 00) can be viewed in analogy with the tower of rings Z C Q C R.

Here is a fact which encourages to ‘think ultrametrically’. We cannot cover a disk
of radius g (e.g. D1 (0, g)) of a non locally compact field L, with finitely many disks
of radius 1. Of course, this is possible, by local compactness, for the disk Dk (0, q)
in K. Explicitly, in the case C = ]P’ﬁ,q:

Dk, (0,9) =Dk, (0,1)®F,0 = UjeFs Dk, (A6, 1)U Dk (0, 1).

4.2.3 Algebraic Extensions

We start with an example in the local field L = F,((r)) (with |7| < 1). Let M be
an element of L such that |M| < 1. We want to solve the equation

Xi—X =M. .1
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Assuming that there exists a solution x € L we have x = x9 — M so that inductively
for all n:

_ Xn: M
i=0

The series > M4 converges to H in M/ by the hypothesis on M and |H| =
[M|. But HY — H = M and x = H is a solution of (4.1) and the polynomial
X% — X — M totally splits in L[X] as all the roots are in {H + A : A € F,}. If
[M| = 1 we could think of writing M = My + M’ with My € Fy and M| <1
but Eq. (4.1) with M = M has no roots in F,. One easily sees that the Eq. (4.1)
has no roots in L if |M| > 1. What makes the above algorithm of approximating
a solution in the case |M| < 1 is that the equation X¢ — X = 0 has solutions in
F,. These arguments can be generalised and formalised in what is called Hensel’s
lemma. It can be used to show the following property, which is basic and will be
used everywhere. Let L be a valued field with valuation | - | = ¢~*") (with a map
v : L — RU{o0}), complete, and let us consider F'/L a finite extension (necessarily
complete). Then, setting

[F:L]i
Np/L(x) = (l—[a(x)) , X€F,

oS

where S is the set of embeddings of F in an algebraic closure of L and [F : L]; is
the inseparable degree of the extension /L, the map w : F — RU{oo} determined
by w(0) = oo and

v(NFp/L(x))

, xeF~*
[F: L]

w(x) =

defines a valuation | - |, := ¢~%() extending | - | over F in the only possible way.
Coming back to the local field L = IF,((r)), denoting by L an algebraic closure
of L, there is a unique valuation over L extending the one of L; we will denote it
by | - | by abuse of notation. The valuation group is |7|Q = {|7]? : p € Q} therefore
dense in R and the residue field is the algebraic closure Fg® of . It is easy to see
that L2 is not complete, although each intermediate finite extension is so.

Lemma 4.2.6 The completion Lac of L* is algebraically closed.

Proof We follow [Gos96, Proposition 2.1]. Let F /fa\c be a finite extension. Then,
as seen previously, F' carries a unique extension of the valuation | - | of L*. Letx be
an element of F. We want to show that x € L*_ Fora polynomial P =}, P X i
LaC[X] we set || P|| := sup{|P;|}. Itis easy to see that || -|| is a valuation over LaC[X]
called the Gauss valuation (to see the multiplicativity it suffices to study the image
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of a polynomial in Ozz[X] by the residue map
Ozl X] — ki=[X]

which is a ring homomorphism). Let P € L®[X] be the minimal polynomial of
x over L%, For Il - |l, P is a limit of polynomials of the same degree, which split
completely. It is easy to show that for all € > 0, there exists N > 0 with the property
that for alli > N, a root xi € KZS of P; satisfies |x = xiloo < €. This shows that x
is a limit of a sequence of L® and therefore, x € L. O

4.2.4 Analytic Functions on Disks

To introduce the next discussions we recall here some basic facts about ultrametric
analytic functions in disks, following [Gos96, Chapter 3]. In this subsection, L
denotes a valued field which is algebraic closed and complete for a valuation | - | .
We consideramap v : L — Rsuchthat|-| = ¢~ V0 for some ¢ > 1. We consider
a formal power series

f=Y_fiX"eLIXI. 4.2)

i=0

The Newton polygon N of f is the lower convex hull in R? of the set S =
{G,v(f;)) : i = 0}. It is equal to ()5, H where H runs over all the closed half-
planes of R? which contain at once S and a half-line {(x, y) : y > 0} for some
x € R, where y > 0 (‘large enough’) means that y > yg for some yp € R.

Here is a practical method of constructing the Newton polygon A of a formal
series f € L[[X]], if you have on-hand a wooden board, a pencil, nails, a hammer,
string and a compass. Draw the axes coordinates i and v on the board, with the
positive direction of the latter pointed toward the north, as indicated by the compass.
Mark the coordinate points (i, v(i)) with the pencil, then hammer nails into the
points. Place yourself in front of the wooden board pointing north. Take the string
and pull it tautly between your hands, then begin winding it from south to north
(being careful to not choose f = 0, meaning you must have hammered in at least
one nail!). A polygon figure will appear, which, transferred on the board, represents
the Newton polygon of f.

Note that if f # 0, there is always a vertical side on the left of . If f is a non-
zero polynomial, there is also a vertical side on the right. If x € L and | fix’| — 0
then the series ) ; fix! converges in L to an element that we denote by f(x). There
exists r € |L| such that f(x) is defined for all x € D(0,r) := D (0, r) and we
have thus defined a function

DO.r) L L

that we call analytic function on the disk D(0, r) (note the abuse of language).
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Proposition 4.2.7 The following properties hold.

(1) The sequence of slopes of N is strictly increasing and its limit is —p(f) =
limsup;_, o, v(fi). The real number p(f) is unique with the property that the
series f(x) converges for x € L such that v(x) > p(f), and f(x) diverges if
v(x) < p(f).

(2) Ifthere is a side of the Newton polygon of f which has slope —m and such that
it does not contain any point of the Newton polygon in its interior, then f has
exactly r(m) zeroes x counted with multiplicity, with v(x) = m, where r(m) is
the length of the projection of this side of slope —m onto the horizontal line.
There are no other zeroes of f with this property.

(3) If p(f) = —oo, assuming that f is not identically zero, we can expand, in a
unique way (Weierstrass product expansion):

. X Bi
F(X)=cX ]_[(1—%)

i

with ¢ € L*, where aj — 00 is the sequence of zeroes such that v(o;) >
v(ajy1) (with multiplicities B; € N*).

By (2) of the proposition, if we set 7 = ¢c~*f) € Rx, f is analytic on D(0, ')
forall ¥’ € |L| such that 7’ < r and r is maximal with this property. If p(f) = —o0
then we say that f is entire. We can show easily that if f is entire and non-constant,
then it is surjective, and furthermore, an entire function without zeroes is constant.
Also, if f as above is non-entire and non-constant, in general it is not surjective,
but we have a reasonable description of the image of disks by it, given by the next
corollary, the proof of which is left to the reader.

Corollary 4.2.8 Let f be as in (4.2) with fo = 0 and let us suppose that it
converges on Dp(0,r) with r € |L*|. Then, f(DL(O, r)) = D (0, s) for some
s € |L|.

To be brief: an analytic function sends disks to disks.

4.2.5 Further Properties of the Field C,

We consider as in Sect.4.2.2 the local field K. Then, Koo = F((;r)) for some
uniformiser 7 and by Lemma 4.2.6, the field

Cxo :=I’<g\g



104 E. Pellarin

is algebraically closed and complete. It will be used in the sequel as an alternative
to C “for silicon-based mathematicians’,! but there are many important differences.
For instance, note that C/R has degree 2, while C, /K is infinite dimensional, as
the reader can easily see by observing that F-linear elements of F¢® are also Koo-
linearly independent (in fact, this K o-vector space is uncountably-dimensional and
the group of automorphisms is an infinite, profinite group).

Complex analysis makes heavy use of local compactness so that we can cover
a compact analytic space with finitely many disks. For example, we can cover an
annulus with finitely many disks so that the union does not contain the center, which
is very useful in path integration of analytic functions over C \ {0}. The ultrametric
counterparts of this and other familiar and intuitive statements are false in Co, as
well as in other non-locally compact fields. We cannot use ‘partially overlapping
disks’ to ‘move’ in C, or, more generally, in a non-Archimedean space. The
intuitive idea of ‘moving’ itself is different even thought it is not too different, as
two annuli, or a disk and an annulus, may overlap somewhere without being one
included in the other.

On another hand, the field C, also has ‘nice’ properties. Let us review some of
them; we denote by L3P the separable closure of a field L.

Lemma 4.2.9 We have Cop = K5F.
Proof This is consequence of simple metric properties of Artin-Schreier extensions.
We follow [Ax70]. First look at the equation

X' —X=M

with M € Ko and where ¢ = pe, for some ¢’ > 0. Then, if |[M|o > 1, all

the solutions y € Cq of the equation are such that |y|2; = |M|s and |y‘1/ —

M| < |M|s. This also is a very simple consequence of Proposition 4.2.7: the

reader can study the Newton polygon of f(X) = X “—X-M inspecting the three

different cases |M|co < 1, |M|co = 1 and M| > 1. Here, with |M| > 1, the

extension K (y)/ Ko is clearly separable but ramified as by Proposition 4.2.7, the
1

polynomial X9 '— X —M has ¢’ distinctroots x in K2 with valuation |x|e = |M |g;.
It is in fact a wildly ramified extension: this means that the characteristic p of I,
divides the index of ramification.

We now consider & € K. We want to show that  is a limit of K5 . There exists
q = p"/ with @ := o € K5P. For instance, we can take q = [Koo(at) : Kool
(inseparable degree). Consider b € KX and a root § € KZ$ of the polynomial
equation X9 —bX—a=0. Clearly, B € K5 Let & € K be such that A = p,

1Opposed to ‘carbon-based mathematicians’, following David Goss.
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Then, setting y = f, we have yql = fz, = ’ZZ\ so that
’ a
9 _ = = M
14 14 b
We can choose b € K such that |b| is small enough so that [M | > 1. If this is
the case, then |y |%, = [ 3. loo SO that
1Bl = lalco.

Since (B — a)? = B4 —a = bB,
1 : 1 1 1
Vo(B—a) = (B! —a) = | (Voo(b) +veo(B)) = <voo(b) + ,Uoo(a)> .
q q q q

We choose a sequence (b;); C KX with b; — 0. Forall i, let §; € Kggp be such

that ﬁf, = Bibi + a and B; — «. Then, voo(B;i — o) — 00 as Vo (b;) — 00 so that
Bi — «. O

We deduce that [CX |0 = |n|§% with 7 a uniformiser of K, and the residue
field of Cy is IFZC the algebraic closure of IF; in Ceo.

The next results are not used in the rest of the text but mentioning them is helpful
in understanding important subtleties lying in the bases of the theory of Drinfeld
modular forms.

Lemma 4.2.10 The group C%, contains a subgroup 7@ = (Q, +) which is totally
ordered for | - |«o. There are group epimorphisms

o sgn )
cx 5 o = FZH™

such that @ induces the identity on =%, sgn induces the identity on (IFZ")X, and for
all x € C%,,

|x — @ (x) sgn(x)|oo < [X]oo-

One can see that a choice of 72, @ etc. corresponds to an embedding of Co
in a maximal immediate extension of it (that is to say, a field extension which is
maximal with same valuation group and same residue field) or, equivalently, in a
certain type of field of Hahn generalised series, spherically complete. Read Poineau
and Turchetti’s contribution [Poi20a, Definition 1.2.17, Theorem 1.2.18, Example
1.2.20]. Read also Kedlaya’s [Ked01].
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The group G := Gal(K3'/Koo) acts on Co, by continuous Ko-linear auto-
morphisms. Then the following important result holds, where the completion on the
right is that of the perfect closure of K, in Cy (see for example [Ax70]):

—

Theorem 4.2.11 (Ax-Sen-Tate) CC, := {x € Coy : g(x) = x,¥g € G} = K&

4.3 Drinfeld Modules and Uniformisation

Drinfeld modules are also at the hearth of Tavares Ribeiro contribution to this
volume, read [Tav20, §1.4]. Let R be an F;-algebraand T : R — R be an F-linear
endomorphism. We denote by R[7] the left R-module of the finite sums ), f;t’
(fi € R) equipped with the R-algebra structure given by b = t(b)t for b € R.?
Let f =21, fit! bein R[r]. For any b € R we can evaluate f in b by setting

fy=)_fit'b) e R.

i=0

This gives rise to an Fy-linear map R — R. Note that the element f = }_; fit!
and the associated evaluation map f : R — R are two completely different objects.
However, in this text, we will denote them with the same symbols.

We choose R by returning to the notations of Sect. 4.2.2. In particular considering
the Fy-algebra A = H 0(C \ {00}, O¢) we construct the tower of rings

ACK C Ky CCx

arising from Sect. 4.2.3 which is analogousof Z C Q C R C C.

4.3.1 Drinfeld A-Modules and A-Lattices

We show here the crucial correspondence between Drinfeld A-modules and A-
lattices, due to Drinfeld [Dri74]. The definition of Drinfeld module that we give
here is not the most general one but it will nevertheless be enough for our purposes.
Remember that, in the construction of the tower of rings A C K C Koo C KE C
Coo we have in fact chosen an embedding A C C.

21t would be more appropriate, to define this R-algebra, to choose an indeterminate X and consider
as the underlying R-module the polynomial ring R[X] setting the product to be Xb = t(b)X. This
is an Ore algebra and the standard notation for it is R[X; ]. For the purposes we have in mind, the
abuse of notation R[7] is harmless.
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Definition 4.3.1 An injective Fj;-algebra morphism ¢ : A — Endy, (G4(Coo)) =
Coolt]is a Drinfeld A-module of rank r > 0 if foralla € A

¢q =¢@)=a+@t+- -+ (a)rdoodeg(a)frdeg(a) € Coltl,

where the coefficients (a); are in C, and depend on «, and where deg(a) =
dim]Fq (A/(a)). If R is an IF;-subalgebra of C, containing A and the coefficients
(a); with 1 < i < rdeg(a) and a € A, we say that the Drinfeld A-module ¢ is
defined over R and we write ¢ /R.

Note that geometrically, a Drinfeld module defined over C is just G, over C.
What makes the theory interesting is the fact that there are many embeddings of A
in Endr, (G4(Cx)). The case of the Carlitz module, which can be viewed as the
‘simplest’ Drinfeld module of rank one, is analysed in Sect. 4.4.

The set of Drinfeld A-modules of rank r is equipped with a natural structure
of small category. If ¢ and i are two Drinfeld A-modules, we say that they are
isogenous if there exists v € Cqo[7] such that p,v = vy, forall a € A. If v,
seen as a non-commutative polynomial in 7, is constant, then we say that ¢ and ¥
are isomorphic. Being isogenous induces an equivalence relation on Drinfeld A-
modules and isogenies are the morphisms connecting Drinfeld A-modules of same
rank in our category.

We prove that the category of Drinfeld A-modules of rank r is equivalent to
another category, that of A-lattices.

Definition 4.3.2 An A-lattice in C is a finitely generated strongly discrete A-
submodule A C Cq and two A-lattices A and A’ are isogenous if there exists
¢ € CX such that cA C A’ with cA of finite index in A’.

Isogenies are the morphisms connecting lattices. Clearly, this also defines an
equivalence relation. If two A-lattices A and A’ are such that there exists ¢ € Coo
with cA = A’, then we say that A and A’ are isomorphic.

Since A is a Dedekind ring, any A-lattice A is projective and has a rank r =
rank4 (A). We have the following lemma, the proof of which is left to the reader.

Lemma 4.3.3 Let A be a projective A-module of rank r. Then A is an A-lattice if
and only if the K so-vector space generated by A has dimension r.

Observe that, in contrast with the complex case, for all » > 1 there exist infinitely
many non-isomorphic A-lattices (this can be deduced from the fact that C, is not
locally compact). We choose an A-lattice A of rank r as above.

By Proposition 4.2.7 the following product (where the dash (-)’ indicates that the
factor corresponding to A = 0 is omitted)

/ Z
expp(Z) = Zl_[ <1 — )\)

rEA
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converges to an entire function Co, — Co (hence surjective) called the exponential
function associated to A. Note that this is an IF,-linear entire function with kernel
A, and we can write

expp(Z) =Y ait'(2), o €Co. a=1, VZeCqu.

i>0

In particular, ddZ expp(Z) = 1, and the ’logarithmic derivative’ (defined in the
formal way) of exp, coincides with its multiplicative inverse and is equal to the
series

1
, ZeC A.
ZZ—)» o0 \
rEA

We refer to [Gek88, §2] for an account on the properties of this fundamental class
of analytic functions.

It is not always an easy task to construct explicitly Drinfeld A-modules for a
given A = HO(C \ {00}, Op), if C # ]P’]i-q. The following result is due to Drinfeld
[Dri74] and shows the depth of the problem.

Theorem 4.3.4 There is an equivalence of small categories
{A — lattices of rank r} — {Drinfeld A-modules of rank r defined over Co}.

Proof The proof that we propose is essentially self-contained except for the use of
Theorem 4.3.7 which is the crucial tool, showing how to associate to any Drinfeld A-
module an exponential function. We postpone this result and its proof to Sect. 4.3.2.

Let A be a lattice of rank r (so that it is a projective A-module). The F,-linear
entire map exp, gives rise to the exact sequence of IF,-vector spaces

0— A — Co 224 €y — 0.

For any a € A there is a unique F-linear map Cy e, Coo such that

expy (aZ) = ¢a(expy (Z2))

forall Z € Cy and we want to show that the family (¢, ),c4 gives rise to a Drinfeld
A-module of rank r. By the snake lemma we get ker(¢,) = AJaA = (A/(a))".
Note also that ker(¢,) = expy (@a=1A). We set

’ Z rdeg(a)
Pu(Z)=azZ ] (1— )=aZ+(a)1Z‘f+-~-+(a)rdegm)Z‘f -
aeker(¢q) o
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Note that the functions P,(exp,(Z)) and exp, (aZ) are both entire with divisor
a~'A and the coefficient of Z in their entire series expansions are equal. Hence
these functions are equal and we can write

rdeg(a)

$a(Z) =aZ + (anZ9 4 -+ () r deg(a) Z , YVae A, ZeCq.

This defines a Drinfeld A-module ¢ of rank r such that exp, (aZ) = ¢, (expy (Z))
for all a € A so we have defined a map associating to A an A-lattice of rank r a
Drinfeld module ¢ of rank r.

The next step is to show that the map A — ¢, that we have just constructed,
from the set of A-lattices of rank r to the set of Drinfeld A-modules of rank r,
is surjective. From the proof it will be possible to derive that it is also injective.
Let ¢ be a Drinfeld A-module of rank r. We want to construct A an A-lattice
of rank r such that ¢ = ¢,. By the subsequent Theorem 4.3.7, there exists a
unique entire [F,-linear function eXpy Coo — Cq such that for all a € A,
exp¢(aZ) = ¢, (exp(p(Z)), and this, for all Z € Cs. We set A = Ker(exp¢).
Then A is a strongly discrete A-module in Co. The snake lemma implies that
A/JaA = Ker(¢,), which is an F -vector space of dimension r deg(a). Let € > 0
be a real number and let V. be the K o-subvector space of Co, generated by
A N D(0,¢e). We also set A¢ := V. N A. Observe that A, is an A-lattice (it is a
finitely generated A-module because of the finiteness of the dimension of V) which
is saturated by construction. Hence A./aA¢ injects in A/aA and this forall e > 0
which means rankg (A¢) = dimg  (Ve) < r forall € > 0. Setting V = UV, we
see that dimg (V) < r. From this we easily deduce that A is finitely generated and
since A/aA = (A/(a))” we derive that A is an A-lattice of rank r.

Hence the map A — ¢, is surjective and one sees easily that it is also injective
by looking at exp, . Finally, the map is in fact an equivalence of small categories
with the natural notions of morphisms between A-lattices and Drinfeld A-modules
that we have introduced. We leave the details of these verifications to the reader. O

4.3.2 From Drinfeld Modules to Exponential Functions

In order to complete the proof of Theorem 4.3.4 it remains to show how to associate
to a Drinfeld A-module an exponential function. This is the object of the present
subsection and we will take the opportunity to present things in a rather more general
setting, by introducing Anderson’s A-modules. We recall here the definition of Hartl
and Juschka in [Har20].

Definition 4.3.5 An Anderson A-module of dimension d (over Cy,) is a pair E =
(E, ) where E is an F;-module scheme isomorphic to G, ((Coo)d, together with a
ring homomorphism ¢ : A — El’ld]Fq (E), such that for all a € A, (Lie(p(a)) —

a)? =0.
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If R is aring, we denote by R™*" the set of matrices with m rows and n columns
with entries in R. Note that there is an F;-isomorphism End]Fq (E) & Coo[r]9%4. If
d =1 we are brought to Definition 4.3.1 of Drinfeld A-modules.

Anderson modules fit in a category which can be compared to that of commu-
tative algebraic groups; this category is of great importance for the study of global
function field arithmetic. A remarkable feature which allows to track similarities
with commutative algebraic groups is the fact that we can associate, to every such
module, an exponential function. In [Boc07, Proposition 8.7] (see also Anderson in
[And86, Theorem 3]) Bockle and Hartl proved that every Anderson’s A-module E
possesses a unique exponential function

expg : Lie(E) - E(Cx)

in the following way (compare also with [Tav20, Proposition 1.11]). Identifying
Lie(E) (defined factorially) with (C‘éOXl, expy is an entire function of d variables

z2="(z1,...,24) € (CgoXl ('(- - ) denotes the transposition)

z > expg(z) = Z Eiz¢

i>0
with Eg = Iy and E; € (ngd such that, foralla € Aand z € (C”olo,

expg (Lie(9q)z) = @a(expg(2)).

We show how to construct expg in a slightly more general setting. Let B be any
commutative integral countably dimensional IF,-algebra. We follow [Gaz19] and we
define || - [[oc on A Qp, B by setting, for x € A ®F, B, [|x[lcc to be the infimum of
the values max; |a;|o0, running over any finite sum decomposition

x:Za;@b;
i

with a; € A and b; € B\ {0}. Then, | - [l is a valuation of A ®p, B extending
the valuation of A via a > a ® 1. The F4-algebra A ®p, B is equipped with the
B-linear endomorphism t defined by a ® b — a? ® b (thus extending the g-th
power map a +> a? which is an F,-linear endomorphism of A). Similarly, we can
consider the C,-algebra

T = COO@]FqBa

the completion of Coc ®r, B for || - [ defined accordingly, and we also have a B-
linear extension of 7. Let d > 0 be an integer. We allow t to act on d x d matrices
of T9*4 with entries in T on each coefficient. Then, T[] acts on T by evaluation
and T[r]9*¢ C Endp(T?*"). If f € T[r]9*? we can write f = Y '_, fit’ with
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fi € T9*4 and we set Lie(f) := fo which provides a T-algebra morphism
Lie(f) : T[z]?*¢ — T¢*4.

Definition 4.3.6 An Anderson A ®r, B-module ¢ of dimension d is an injective
B-algebra homomorphism

A®z, B S T[edxd

such that for alla € A, (Lie(¢(a)) — a)? =0.

We prefer to write ¢, in place of p(a).

We now revisit the proof of Proposition 8.7 of [Boc07] and the method is flexible
enough to adapt to the setting of Definition 4.3.6. Note also that later in this text,
we will be interested in the case B = [, only, case in which we essentially recover
[And86, Theorem 3]. In the following, the non-commutative ring T[[7]] is defined
in the obvious way with T[] as a subring. In the following, we denote by ||M ||
the supremum of ||x||cc Where x varies in the entries of a matrix M € T™*", We
show:

Theorem 4.3.7 Given an Anderson A ®r, B-module ¢, there exists a unique series

exp, = Y Eitt e T[[x]]**

i>0

with the coefficients E; € T9%4 and with Eo = 1, such that the evaluation series
exp,,(z) is convergent for all z € T9*! and such that

Pa(expy(2)) = exp,, (Lie(@a)z),

forallz e T anda € A ®F, B. Foralla € A\ F we have that exp,, is the limit

for n — oo of the sequence of entire functions ggna™ € Cool[t]19%¢, uniformly
convergent on every subset of T[[t]1%*!, bounded for the norm || - || so.

Before proving this result, we need two lemmas.

Lemma 4.3.8 Let us consider £, M € T[t19*¢ with £ = a+N, witha € GL4(T)
such that |allee > 1 > |l Voo and M, N € (T[t]7)¢*4. Then, for all
R € || T* |00, the sequence of functions given by the evaluation of (LY Ma ™) N>
converges uniformly on D1(0, R)?*! to the zero function.

Proof The multiplication defining LN Ma~V is that of T[[7]]¢*<. Locally near the
origin, o~ 'L is an isometric isomorphism and there exists Ry € ||T*||o with 0 <
Ro < 1 such that for all x € Dr(0, R))™ !, LX) oo = lloxlloe < llelloollxlloo-

Hence, for N > 0, if ||x]|oc0 < ||oc||goN Ro (< Ro because of the hypothesis on «),
we have [[LV (X) loo < oI5 11% lco-
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1
We can choose R( small enough so that [|M(x)|lec < Bllx||% for some B €
IT*||lco and I > 0. Let R be in ||T* || fixed, and let us suppose that N is large
enough so that |la[|; YR < Ro. Then, for all x € Dr(0, R)?, M@ Vx)||l <

B(|lo ||gONR)‘11. If N is large enough, we can also suppose that
_ ! _
Bllall N BT < [l Ro

(because I > 0). Therefore, (LN M) (@ N x)lloo < YAl R — 0 as
N — oo, forall x € Dr(0, R)?*1. O

We consider an Anderson A ® B-module ¢ and we recall that Lie(g,) is the
coefficient in T?*? of %1, in the expansion of ¢, € T[r]4*d along powers of
Iyt. If a € A® B\ F,; x B, Lie(g,) = aly + N, with N, nilpotent. Then,
o = Lie(p,) € GL4(T) is such that ||o||cc > 1. Indeed otherwise N, — o — aly
would be invertible.

Letus considera,b € A® B, ||allco > 1. We construct the sequence of B-linear

F{l
functions T¢*! =2 T4 defined by
Fé = @anp Lie(gan,) ™', N > 0.

Lemma 4.3.9 The sequence (Fy) converges uniformly on every polydisk
Dr(0, RY?*! and the limit function T**' — T4*! is independent of the choice
of b.

Proof We set Gy, = Fy | — Fy. Then,

G% = @uv ¢p(9a Lie(pa) ™" — I7) Lie(pp) ™' Lie (ga) ™"
—— = -~ - ~ —~
=:LN =M =N

and by Lemma 4.3.8, the sequence converges uniformly to the zero function
on every polydisk Dt (0, R)¥*! which ensures the uniform convergence of the
sequence ). Observe now that, writing momentarily }'X,’b to designate the above
function associated to the choice of a, b,

1

-

b i - i B
Fib = Fhl = gav (gpLie(pp) ™" — 14) Lie(g,v)
—_—— -~ -~

~—
=:LN =M =N

so that, again by Lemma 4.3.8 this sequence tends to zero uniformly on every
polydisk, and the limit 7 of the sequence 7}, is uniquely determined, independent
of b. O

Proof of Theorem 4.3.7 Let us denote by F“ the continuous B-linear map which,
by Lemma 4.3.9 is the common limit of all the sequences (]-—X,’h) n~ (that can be
identified with a formal series x +—> Zizo E;ti(x) € T¢*4[[7]]). First of all, note
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that Eg = I so that this map is not identically zero. Moreover, observe that, for all
be A® B:

F=gp lim Fy'
@b @b N1—>oo N

=@y lim g,y Lie(g,n) "'
N—oo

lim g, Lie(¢,x) " Lie(gp)
N—o00
= lim Fy"Li
Am Py ie(pp)
= F?Lie(gpp).

Hence we see that for all a, 7 satisfies the property of the theorem. Now, let /] and
F> be two elements of T¢*9[[7]] such that ¢, (Fi(z)) = Fi(bz) forallb € A® B
and i = 1,2, and with the property that 3 = F| — F, € T¢*[[r]]r. Suppose
by contradiction that F3 is non-zero. Then we can write 73 = ) Fit! with
F;, € T9*4 and F;, non-zero. Since J3 also satisfies the same functional identities
of both F1, /, (forb € A ® B), we get Lie(pp) Fi, = BoriO(Lie(goh)) for all b. Let
w be an eigenvector of Fj, with non-zero eigenvalue, defined over some algebraic
closure of the fraction field of T. We consider b € A ® B with ||b| s > 1. Writing
Lie(pp) = b+ Np with Np nilpotent, we see that Lie(¢p)w = i (Lie(¢p))w which
implies (b — tob)w = (T0(Np) — Np)w = Mw and M is nilpotent. Hence,
there is a power ¢ of b — 7/0(b) such that cw = 0 which means that b = 7/0(b);
a contradiction because the valuations do not agree. This means that 71 = F>. In
particular, 7 = F*“ does not depend on the choice of a and the theorem is proved.
O

i>ig

4.4 The Carlitz Module and Its Exponential

In this section we set

A= H'®g, \ {00}, Opy ) = Fy[0],

6 being a rational function over IP’%F having a simple pole at co and no other
q

singularity. The simplest example of Anderson’s A-module is the Carlitz module
which is discussed here; it has rank one and it is perhaps the only one with which
we can make very simple computations so it is legitimate to spend some time on it.
In order to simplify our notations, we write

=1 1o=q7"=, I-1=1"lloo

from now on; this will not lead to confusion.



114 E. Pellarin

Definition 4.4.1 (Cf. Example 1.9 of [Tav20]) The Carlitz A-module is the Drin-
feld A-module A £> Coolt] uniquely defined by Co = C(0) =0 + 7.

Leta be in A. Then, C, € A[r] has degree degy(a) in T and the rank is 1. Note
also that C is defined over the IF;-algebra A.

We give an example of computation where we can see how this A-module
structure over an A-algebra R works. We suppose ¢ = 2. Let 1 be the identity
of R*. We have Cyg(1) = 6 + 1. Hence,

Corio(1) = Coy1(Co(1) = (0 +1)* +67+1=0.

This means that 1 is a (9> 4 6)-torsion point for this A-module structure given by
the Carlitz module.
By Theorem 4.3.7, the limit series

expe = ngnoo Con0~N € Cxolltll,

not identically zero and which can be identified with an entire I, -linear endomor-
phism of C, satisfies

expca = Cyexpe “4.3)

for all a € A and has constant term (with respect to the expansion in powers of )
equal to one. By Theorem 4.3.4, the Carlitz module C corresponds to a rank one
lattice vA C Cy, with generator v € C, and we have

Z
expC(Z)zexva(Z)zzn/ <1— ), Z € Cxo.
r€VA A

Our next purpose is to compute v explicitly. To do this, we are going to use
properties of the Newton polygon of exp.. Indeed, staring at (4.3) it is a simple
exercise to show that there is a unique solution Y € C[[7]] of CpY = Y6 with the
coefficient of ¥ equal to one, and by uniqueness, we find

expe = Z dl._lr",

i>0
where
di=©" —017") ... 07 0107 —0) = 07 —0)d!_,
(if i > 0 and with dg = 1). From vy (d;) = —iqi we observe again that exp,

defines an IF,-linear entire function which is therefore also surjective over C (use
Proposition 4.2.7). We have the normalisation of | - | by |0| = q.
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Proposition 4.4.2 There exists an element v € Coo With Voo (V) = — q_l, such that
the kernel of expc is equal to the I -vector space vA. The element v is defined up
to multiplication by an element of IF;

Proof We know already from Theorem 4.3.4 that the kernel of exp, has rank one
over A. The novelty here is that we can compute the valuation of its generators, a
property which is not available from the theorem. The Newton polygon of exp is
the lower convex hull in R? of the set whose elements are the points (¢°, ig’). Since

(@ G+ De"™ — (@' ig") = (4" (@~ D.ig (g = D+ g™t
fori > 0, the sequence (m;) of the slopes of the Newton polygon is

ig'q=-D+q" _. 4
q'(¢ =1 g1

Projecting this polygon on the horizontal axis we deduce that for all i > 0, exp has
exactly qi (g — 1) zeroes x such that voo (x) = —i — Zl (counted with multiplicity)
and no other zeroes. In particular, we have g — 1 distinct zeroes such that v (x) =
— qzl . The multiplicity of any such zero is one (note that ddx expc(X) = 1) so they
are all distinct. Now, since exp is [F,-linear, we have that all the roots x such that
Voo (X)) = —1 — il are multiple, with a factor in F; , of a single element v (there
are g — 1 choices). We denote by A[d] the set of polynomials of A of exact degree
d.Forall a € A[d], 0 = Cy(expc(v)) = expc(av) and v (av) = —d — qzl .
This defines an injective map from A[d] to the set of zeroes of exp. of valuation
—d - 1 |- But this set has cardinality g%(qg — 1) which also is the cardinality of

Ald]. "lghis means that exp-(x) = 0 if and only if x € VA. O

Corollary 4.4.3 We have expc(X) = X [],ca\(0) (1- j)) and exp¢ induces an
exact sequence of A-modules

expc
0—> vA > Copo —> C(Cx) — 0.

4.4.1 A Formula for v

We have seen that if A C Cq is the kernel of exp., then A is a free A-module of

rank one generated by v € Cy, with v (V) = —qzl , defined up to multiplication
1
by an element of F;. Let us choose a (g — 1)-th root (—6)4-! of —0; this is also

defined up to multiplication by an element of X, and the valuation is — q ! 1+ We
want to prove the following formula:

1 2] -1
v =0(—0)a! ]—[ (1 — W.) )

i>0
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To do this, we will use Theorem 4.3.7. We recall that this result implies that the
sequence

fn(2) = expc(z) — Con(207")

converges uniformly on every bounded disk of C, to the zero function. To continue
further, we need to introduce the function w of Anderson and Thakur. This function
is defined by the following product expansion:

—1
1 t
w(t) = (—6) 4! ]1) (1 - 94") )

The convergence of this product is easily seen to hold for any ¢+ € Cq \
{6, 01, 9‘12, ...}. Also, for all n # 1, the function

t—0)(t —09) - (t — 07 ()

extends to an analytic function over D¢ (0, g" 1) (we can also say that w defines
a meromorphic function over C, having simple poles at the singularities defined
above). To study the arithmetic properties of w, it is useful to work in Tate algebras.
However, at this level of generality, this is not necessary, strictly speaking. For the
purposes we have in mind now, it will suffice to work with formal Newton-Puiseux
series. Let y, ¢ be two variables, choose a (¢ — 1)-th root of y and define:

-1
Fv.n=(nr ] (1 - ytq) € Fy((y" 1)) (()).
i>0
Then,
F(y?, 1) =(t—=y)F(y,1).

Writing the series expansion

o(t) =Y kit € Coollrl,

i>0

we deduce, from the uniqueness of the series expansion of an analytic function in
D¢, (0, 1), that the sequence (A;);>0 can be defined by setting Ao = 0 and the
algebraic relations

Co(hiy) = AL + 0kt =4

1 .
which include A = (—6)49-!. Now set u; = 6'X;,i > 0.
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Lemma 4.44 Foralli > 1, |ui| =¢q P and (u;)i>0 is a Cauchy sequence.

Proof Developing the product defining w we see that |A;| = qqzl ', To see that
(u;) is a Cauchy sequence, it suffices to show that p;+1 — p; — 0. But

pivt — i = 60" 0 — 0"k = 0" — AL ) — 0" = —6'2! | —> 0.

Let u € Cy be the limit of (w;).

1 i
Lemma 4.4.5 We have 1 = —lim,_¢(t —0)w(t) = 0(—0) ¢! [],_,(1—-6179)7L.
Proof From the functional equation of F(y, t) we see that lim;,_,g(t — O)w(t) =

(—0)1 [Tiog(1 — 0179)71 = > i=00'Al, . the latter series being convergent.
Using that Cg(X;+1) = A; we see that the last sum is:

N-1
D 07 —Ohip1) =) 0'0 —Ohix1) + ) 0'AL, VN,
i>0 i=0 i=N

The first sum telescopes to —6™ Ay while the second being a tail series of a
convergent series, it converges and the sum depending on N tends to 0 as N — oo.
O

Hence u is the residue of —w at t = 6. We can write
n = —Res;—g(w).

This is the analogue of a well known lemma sometimes called Appell’s Lemma: if
(ay) is a converging sequence of complex numbers, then lim, a, = lim,_,-(1 —

x) Y, anx".

We are now ready to prove the following well known and classical result:

Theorem 4.4.6 The kernel A of expc is generated, as an A-module, by

L=y =0(—f)a I1 (1 _ 91*‘1")_1.

i>0

q q
Proof Since A = vA for some v € Cy such that |[v]| = g¢~! and since || = g1,
it suffices to show that exp- (i) = 0. Now, we can write it = , +€, wheree, — 0

and |e,| < ¢ ¢t . Also, we have exp.(z) = f(2) + Cgn (67" z) and we have that the
sequence of entire functions ( f;;) converges uniformly to the zero function on any
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bounded subset of Co,. We have:

expe(u) = (Con0™" + fu)(pin + €n)
= g@n ()\nl + fn (an +expe(en) -
=0 =0 =0

Hence, u = v. |

Remark 4.4.7 The formula of Theorem 4.4.6 can be easily derived from the
following result of Carlitz in [Car35] that also appears in [Gos96, Theorem 3.2.8].
Let n be a (¢ — 1)-th root of & — 67 in the algebraic closure K*° of K in C,. We
set:

04 — o
Sznl—[(l_gqﬂl_g) GKgg

jzl1

Then p € F;E . To see this, observe the identity:

d—1 04’ _p d—1 _ d _
I1 (1 T gt 9) =[la-er "N [Ja-e"=)"" a=1.
o j=0 i=1

j=1

Both products on d converge in Ko, for d — oo. If we set H = 771_[/30(1 —

qu(l_q)) € KX we see that H is algebraic over K by the relations H? = (6 —
6Dl — 6= ;.00 — 97’(0-9)) = _99H. Since —07 = 0971 (—0), we

1
deduce that H € F;@(—@)qfl . The formulation that we adopt in our text is that
of Anderson, Brownawell and Papanikolas in [And04, §5.1]. In fact, the proof of
Theorem 4.4.6 that we gave above is inspired by that of these authors.

One of the most used notations for our w is 7. This is suggestive due to the
resemblance between the exact sequence of Corollary 4.4.3 and 0 — 2niZ —

c®c- 1; there is an analogy between 7 € Cy and 27 € C. It can be proved,
by the product expansion we just found, that 77 in transcendental over K = F, (6).
The first transcendence proof of it is that of Wade in [Wad41] but there are several
others, very different from each other. See for example [And04, §3.1.2]. There are
proofs which make use of computations of dimensions of ‘motivic Galois groups’
which connect to the topics of Di Vizio’s contribution to this volume [DiV20] and
which are the roots of a vast program in transcendence and algebraic independence
inaugurated by Anderson, Brownawell and Papanikolas in [And04], and later by
Papanikolas in [Pap08].
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4.4.2 A Factorization Property for the Carlit; Exponential

In Corollary 4.4.3, we described the Weierstrass product expansion of the entire
function expr : Coo — Cx. We now look again at exp- as a formal series
and we provide it with another product expansion, this time in Cy[[7]]; see
Proposition 4.4.9. This result is implicit in Carlitz’s [Car35, (1.03), (1.04) and
(5.01)]. The function we factorise is not exp but a related one:

b4 _ ~
expy(2) =z l_[ (1 - ) =7 lexpC(JTz),
acA\{0}

so that

expy = Y di7 17 € KoollTll.

i>0

Before going on we must discuss the Carlitz logarithm. It is easy to see that in
Cooll7]], there exists a unique formal series log, with the following properties: (1)
logc = 1+--- (the constant term in the power series in 7 is the identity 1 = %) and
(2)foralla € A, alogr = log- C,, a condition which is equivalent to 0 log- =
log: Cg by the fact that A = F,[6]. Writing loge = ) ;- l;lti and using this
remark one easily shows that

li =@ — 690 —07)...0 —07),

i > 0. We note that vo([;) = —¢q {5:11. This means that the series log- does not

converge to an entire function but for all R € |CX | such that R < |77|, log, defines
an IF,-linear function on D¢ (0, R). We also note, reasoning with the Newton
polygons of exp and log, that

lexpc(2)] = |z| = |loge(2)I,  Vz € Dg_ (0, |7]), (4.4)

which implies that the Carlitz’s exponential induces an isometric automorphism
of D(‘(’:OQ (0, |7 ]). More generally, the exponential function of a Drinfeld module
induces, locally, an isometric automorphism, see [Tav20, Corollary 1.12]. We
observe that the series U = expcloge and V. = log- expe in Koo[[T]] satisfy
Ua = aU and Va = aV for all a € A. Since they further satisfy U = 1+ --- and
V =1+ .-, we deduce that log is the inverse of exp. in Kxo[[7]]. In particular,

C, =expcaloge € Kx[t], VaeA.
We define:

C, =expczloge € Cxollt]l, z € Cx.



120 E. Pellarin

Then,

C, = Zd;lfiZleltj

i>0 j=0

_ i _ ;

= Zdi s le '/
i>0 >0

k L
o> e |

~ -

=:E(2).

We can thus expand, for all z € Co:

C. =) Ex(2)t* € Cullrl]

k>0

with the coefficients

k k
1—g gz z9
Exz) =) _d ' %27 = T g € KK
—

which are F,-linear polynomials of degree g¥ in z for k > 0. They are called the
Carlitz’ polynomials. In the next proposition we collect some useful properties of
these polynomials.

Proposition 4.4.8 The following properties hold:
(1) Forall k > 0 we have
E@=d4' [] @-a.

acA
la|<q*

(2) Forallk > 0and z € Co, we have

Ex(2)! = Ex (@) + 09" — 0)Exy1(2).

(3) We have Iy Ex(z) — expy(z) uniformly on every bounded subset of Cw.
Proof

(1) Since C, € A[r] has degree in T which is equal to deg,(a), Ex vanishes on
A(< k) the Fy-vector space of the polynomials of A which have degree < k.
Since the cardinality of this set is equal to the degree of Ej, this vector space
exhausts the zeroes of Ey, and the leading coefficient is clearly d; L
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(2) This is a simple consequence of the relation C,C, = C,C,.
(3) We note that

2’; I1 (z—a)=(lll;z [MTa(-7).
jal<q* a0
lal<q*

Now, it is easy to see that

[T co= T[] a= % (4.5)

0lal<gt Oplal<g X
(see [Gos96, §3.2]). The uniform convergence is clear.
O

We come back to the series exp, = Zizo di_lﬁqi_lti € Kxollt]]. We now
show that

T T T
expy = -- 1_(1,1 1_(1,1 1_,1,1 1-17)=
I lnfl ll

(1—1) - (1—1) ! (1—1). (4.6)

1
N
n( T)eqn_g 9(12_0 9‘1—9

in Koo[[7]] with its (7)-topology. We have in fact more:

Proposition 4.4.9 On every bounded subset of Co, the entire function exp4(z) is
the uniform limit of the sequence of ¥ ,-linear polynomials

z9 79 b4l

z— elz= [ )oolz— [ )e(z—2),
I 1 1
n n—1 1

where o is the composition.

Proof We write:

g=(1-"° 1— " la K
n — - ZZ:ll e - 11171 ( - T) S [T]

We also denote by &, € K[r] the unique element such that for all z € C,
En(z) = E,(z) (evaluation). Part (3) of Proposition 4.4.8 implies that [y Ej
converges uniformly to exp,(z) on every bounded subset of C,. Hence, we are
done if we show that the evaluations agree: & = 1,&, for all n > 0. This is certainly
true if n = 0. We continue by induction. From part (2) of Proposition 4.4.8 we see
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n+1

that t&, =&, + (09 —0)E,41 forall n > 0. Therefore:

~ T ~
gn-i—l = <1 - lq_l) gn
T
()

= 1,E, — 19171 zg,
= 1y — I (En 4+ O7 —0)E0p1)
= 100 = 07" Enp,

~~
=lpt1

and we are done. O

Proposition 4.4.9 was essentially known by Carlitz; it can be derived easily with
elementary manipulations on the left-hand side of [Car35, (5.01)]. It is interesting
to note the two rationality properties for exp. = expz4 and exp, which follow
from the above result: the terms of the series defining exp are defined over K (the
coefficients d;” 1Y and the factors of the infinite product of exp, we just considered
are also defined over K (the coefficients are lil_q).

Problem 4.4.10 Generalise Lemma 4.4.14 and Proposition 4.4.9 to the framework
of Drinfeld-Hayes A-modules of rank one considered in [Hay74] for a general I, -

algebra of regular functions A and highlight a connection to the shtuka functions in
the sense of [G0s96, §7.11] in this context, see also [Tav20, §4.2].

Remark 4.4.11 This can be viewed as a digression. There is a simple connection
with Thakur’s multiple zeta values, defined by:

talny,ny, ..., np) = Z al_n1~-~ar_""eKoo, ny,...,nr e N*, r>1,

ap,....ap€At
lai]|>-->lar|

where AT denotes the subset of monic polynomials of A. Indeed, one sees directly
that the coefficient of t” in (4.6) is equal to

1— _ .2 r—=1__r
SO D R A

i1>->i,>0

One proves easily Y ,cq+ a ' = li_l for 1 <! < g and we deduce that
lal=q'

expy =Y (=1)'¢alg—1l.q(q—1).....q" (g — )T’

r>0
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Therefore, equating the corresponding coefficients of the powers of T we reach the
formula:

~qr71

talg—1.q(g—1)....a g—1)=(1y" >0,

dr s jul

with the convention ¢4 (¥) = 1. Note that the identity derived by the specialisation
t = 0 in [Pell6a, (22)] rather involves the ‘reversed’ multiple zeta values
;X(q’_l(q —1),...,q9(q — 1), g — 1), the x denoting the variant of multiple zeta
value involving sums with non-strict inequalities |aj| > --- > |a,|.

4.4.3 The Function exp 4 and Local Class Field Theory

This subsection is not logically related to the other topics of the text. Just as the
Euler exponential function, the Carlitz exponential function has an important role in
explicit class field theory for the field K (see Hayes [Hay74] for the rational function
field K = F,(#), [Hay79] and the more recent work of Zywina [Zyw13], for the
general case). Note that even more recently, a direct link between the explicit class
field theory of K = IF,;(6) and the function w of Anderson and Thakur has been
found in [Ang15]. It does not belong to our purposes to describe these results here.
In this subsection we are going to achieve a more modest objective which is to apply,
in the case A = [F;[6], the properties of the function exp, we have reviewed so far,
in relation with the local class field theory for Koo = Iy ((é )). Interestingly, these
properties do not seem to have simple analogues in the theory of Euler’s exponential
function.

Let L C Cy be an algebraic extension of K. Then, exp, defines an F,-
linear map L — L. Indeed, for all x € L, K (x)/ Koo is a finite extension, hence
complete, and exp 4 (Koo (x)) C Koo (x).

Definition 4.4.12 We say that L is uniformised by exp, if the map exp, : L — L
is surjective.

For example, L = Cq is uniformised by exp,, thanks to Proposition 4.2.7.
Observe that if L,L’ C Cq are two algebraic extensions of Ko, which are
uniformised by expy,, then also L N L’ is uniformised by exp4. Indeed, let x be
anelementof LN L andlety € L,y" € L' be such that exp, (y) = expy (') = x.
Then y — y' € A = Ker(exp,) C Ko so that y,y" € L N L'. Hence, there is a
minimal algebraic extension L /K, in Co, that is uniformised by exp 4 ; this is what
we want to study here.

We denote by K é‘g the maximal abelian extension of K in K;ZP C Cqo, that is,
the maximal extension of K, which is Galois, with abelian Galois group. We also
choose A9 a (¢ — 1)-th root of —0 € K5 and we note that if L/K, is an algebraic
extension, then L[Ag] is an algebraic extension of K. The aim of this subsection
is to prove:
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Theorem 4.4.13 Let L be the minimal algebraic extension of K~ in Coo which is
uniformised by exp 4. Then, L[Ag] = Kgg.

In the complex setting, and for the Eulerian exponential, we would have the
analogue but deceiving result: the minimal algebraic extension of R which is
uniformised by z +— ¢° is C. Theorem 4.4.13 confirms that in some sense,
function field arithmetic is more transparent and allows to see more structure in
the watermark. We need the next:

Lemma 4.4.14 Let n be a non-negative integer. For every r € |CX | with r < |I,]

the product
T T
fnzz---<1 g 1)(1— q_l)eK[[t]]
ln+1 In

defines an entire function Coo — Co and induces an isometric bi-analytic
isomorphism of the disk D¢, (0, r).

Proof This is easy to verify by using Proposition 4.2.7 and Corollary 4.2.8. Indeed,
if we set

]/fm:zl_lnq,l_la mZO

we see that for all z € Cy such that |z| < |I,], Ym(z) = z + 7/ with 7/ € Cwo
depending on m and |7'| < |z|, for all m > n. O

Proof of Theorem 4.4.13 We have a well defined F,-linear map exp, : Kgg —
K g};. We first show that this map is surjective so that if L is the minimal algebraic
extension of K, which is uniformised by exp,4, then L C K gg . To do this, we note
that we have, for all n > 0, a well defined IF,-linear algebraic map E, : A}(ab —

Al Kb given by the Carlitz polynomials (A7 denotes the affine space of dimension

n over a field L). By the proof of Proposition 4.4.9, E,, is surjectlve Indeed, for
all y' € Kg'g, the splitting field of the polynomial E,(X) — y' € Koo(¥")[X] is an
abelian extension of Koo (y’) which can be constructed by iterating Artin-Schreier
extensions. Let x be an element of Ké‘g. There exists n > 0 such that x| < |[,|. By
Lemma4.4.14, F, 1(x) € K® is well defined. Let x’ € K2 be such that

LE,(x) = F, ' (x).

Then we have, by Proposition 4.4.9, exp 4 (x') = F (I, En(x)) = Fu(F ' (x)) = x
and we have proved that Ké‘g is uniformised by exp,. Now let L C C4 be an
algebraic extension of K that is uniformised by exp 4. To show that L[Ag] contains
Ké‘g we proceed in two steps.

In the first step, we show that K32, the maximal abelian extension of Ko, which
is unramified at the oco-place, is contained in L. To do this it suffices to show that
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the algebraic closure Fgc of F; in C is contained in L. Indeed, it is easy to see that
K5 =T ((5)-

By using Proposition 4.2.7 we see that for every y € C, such that |y| = 1 there
exists a unique x € Cy with x| = 1, such that exp,(x) = y, and of course if
y € L, then x € L because we have supposed that L is uniformised by exp,. Since
F, C Ks C L,ify € ]F;, there exists x € L, |x| = 1, such that exp,(x) = y.
Now observe with Proposition 4.4.9 that exp 4 (x) = (F1 o £1)(x) = y and applying
Lemma4.4.14

=l =6 =F () =y+y

where y' € JFy[[}1]. Setting x’ = Zizo(y’)qi € Tyl 11 we deduce that x —x €
Fpe\Fy C Cwo is an element of L, and F,2 C L. This shows that ]qu((;)) cL
because qu((é ) =T, ((é NIEF,2]. We can of course repeat this argument with y €

qu C L etc. to show that, inductively, qu C L forall d > 1 so that qu((é)) =
Koo[Fga] C L forall d > 1 and with a little additional work we conclude that
Ky C L.

Before passing to the second step we need a little bit of terminology. We say that
a sequence (x;);>0 in Ké‘g is a Lubin-Tate sequence if éxo + xg =0and

1 g )
Oxi—i—xi =x;_1, i>0.

We note that xgAg € IE‘;. Similarly, we say that a sequence (y;);>0 of Kglo’ is an
Artin-Schreier sequence if yp = 1 and

Sl =yi—yl =0yi-1, i>0.

[T
By a simple application of Proposition 4.2.7 we see that |y;| = |0]? T for all

i > 0. Moreover,

1 .
g oY + (xoy)? =x0yi-1, >0
so that if (y;);>0 is an Artin-Schreier sequence and x satisfies the previous equation,
then (xpy;)i>0 is a Lubin-Tate sequence and if (x;);>0 is a Lubin-Tate sequence with
xoAg = 1, then ( i‘(’) )i>0 is an Artin-Schreier sequence.

The second step of the proof of our theorem is to show that L contains an Artin-
Schreier sequence. First of all, we note that for any Artin-Schreier sequence (y;)i>0,

q

Oy; € DKgg (0, 7) for all » € |CX| such that r < |f]4-! so that |6y;| < |[1] for all
i>0.Wefixi >0.Leta;y € Kg}; be such that

a1 —al, = F 0.
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We have that

expy(ait1) = Fi(F 1 (@y)) = 0y;.

Since by hypothesis, L 1s uniformised by exp 4> we have thata;41 € Lif y; € L.

It is easy to see that F° (Gy,) = 0y; + y; where |y/| < 1. In particular, az+1 =

ijo(yi)q converges to an element of L such that aiJrl — (al.H)‘f = yi. If we
set biy1 = ajy1 — alf 41 We can conclude, under the hypothesis that y; € L, that
bi+1 € L is such that

bit1 — bl | =06y

By induction over i > 0 we obtain that L contains an Artin-Schreier sequence
Yidizo-

We can now conclude the proof of the theorem. By what written earlier, L[24]
contains a Lubin-Tate sequence (x;);>0. We set K := = K« [x, : i > 0]. By Lubin-
Tate theory (see [Lub65]) K&  is the compositum in C, of K and K32 and therefore,

L[Ag] contains K3 ab O

We are not going to deepen the facts outlined below, but the main theorem of
local class field theory asserts, in the special case of our local field K, (it holds for
any local field with appropriate modifications) the existence of an isomorphism of
profinite groups

Ok, : KX — Gal(K®/K).

the local Artzn homomorphism, where f X is the profinite group completion of
KX =F, [[ 11 X Z, non-canonically 1somorphlc to the profinite group [, [[ 17 x
7. The non- canomcal isomorphism depends on the choice of a uniformiser 7z of K.
If we set K, to be the subfield of K2 which is fixed by O, (1) € Gal(K2/Kyo),
then K2 a s the compositum K nK un , and we have isomorphisms Gal(K})/K«) =
7 and Gal(Kﬂ/Koo) = F, [[ 17*. Choosmg a Lubin-Tate sequence in Kab/Koo
is therefore equivalent to the ch01ce of a uniformiser 7 of K. One can see, along
these remarks (but we will not give full details), that the minimal algebraic extension
LCK gg of K« that is uniformised by exp, is determined by Gal(K gg /L) = IE‘;.

Problem 4.4.15 The notion of minimal field extension of K, which is uniformised
by the exponential exp, can be generalised to e.g. Drinfeld A-modules via
Theorem 4.3.4 in a natural way, but it is unclear how this field can be characterised in
the light of local class field theory so that the role of a statement like Theorem 4.4.13
must be clarified in this more general setting.
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4.5 Topology of the Drinfeld Upper-Half Plane

We go back to the settings and notations of Sect. 4.2.2, considering the [F -algebra
A = HOC \ {00}, Oc) with C a smooth projective curve over F, and oo a closed
point. We therefore have the tower of inclusions of IF,;-algebras A C K C Ko C
Coo- In this section we give an explicit topological description of what is called the
Drinfeld upper-half plane 2. It goes back to Drinfeld, in [Dri74]. D. Goss called it
the ‘algebraist’s upper-half plane’ in [Gos80a]. It can be viewed as an analogue of
the complex upper-half plane that can be constructed by cutting C in two along the
real line and taking one piece only. As a set, €2 is very simple:

QZ(COO\KOOa

but subtracting K, results in a different operation than cutting; this is what we are
going to show here. We begin by presenting some elementary properties following
[Ger80]. We recall that Coo = I’(\é‘g, where Ko, = F((7r)) for some uniformiser 7.
First of all, there is an action of GL,(K ) on €2 by homographies. If y = (¢ 2) €
GL2(K o), then we have the automorphism of PIIFq (Cx) uniquely defined by

if z ¢ {oo, —i}. Observe that if F/L is a field extension, then GL,(L) acts by
homographies on the set F \ L. For instance, GLy(R) acts on C\ R = H+* L H ™
(disjoint union of the complex upper- and lower-half planes).

It is well known that the imaginary part J(z) of a complex number z, the distance
of z from the real axis, is submitted to the following transformation rule under the
action by homographies. If y = (4 Z) € GLx(R):

J(z) det(y)

S(y(2) = |CZ+d|2 ’

e C\R. 4.7
There is an analogous notion of distance from K, in C,. We set:
lzls ;= inf{jz — x| : x € Kso}, 7z € Cro.

We have the following result.

Proposition 4.5.1

(1) Forall z € C, |z|x is a minimum, and |z|5 = 0 ifand only if 7 € K.

(2) Let 7 be an element of 2. Then, there exist zo = 7" (oo + -+ + oy ") €
Fylm, a7 and z1 € Qwith |z1] = |z1ls < |7|™, uniquely determined, with

n € NU {—oo} and ag # 0if zo0 # 0, such that 7 = zo + z1.
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Proof

(1) If z € K, there is nothing to prove. Assume thus that 7 € Q C Cy is fixed.

Define the map Ko i) ICXl, f(x) = |z — x|. Then, f is locally constant,
hence continuous. But K is locally compact so there is xo € Dk, (0, |z|) (not
uniquely determined) such that f(x¢) is a minimum and |z|35 = |z — xo|-

(2) Forall x € Ko, |x| > |z|, we have |z — x| = |x|. Then, we have two cases.

(a) Forall x € Dg_ (0, |z|), |z — x| = |z|. In this case, |z|s = |z| and |z]| is
a minimum. We thus getn = —o0, z0 = 0 and z = z;.

(b) There exists x € Dk, (0, |z]) \ {0} such that |z| = |x| and |z — x| < |z].
This implies that the image of z/x in the residue field of C is 1. We can
therefore write z = Ay "' 4+ n; with A; € Fand n; € @, |n1] < |z| = |0]™.

We can iterate by studying now 1 at the place of z. Either the procedure
stops and we get a decomposition z = A" + - + Agw T 4+ i with
ny > -+ > ng, |zls = Ink|l = Inkly and there exists zo € Koo such that
|z — zol = |z|s > 0 as claimed in the statement, or the procedure does not stop
but in this case we have z € K, which is excluded.

O

In particular, either |z1| & |KX|, or |z1| = |7™] but the image of zir ™" in the
residue field of C is not one of the elements of F*. Part (2) of Proposition 4.5.1
implies that forall x = zo+y withy € Dk (0, |z1]), |z—x]| = |z]s = |z1] = |z1]3.

We also have the following elementary consequences of the above proposition.
First of all, if ¢ € Koo, then |cz|x = |c||z]x for all z € Q. Moreover, if vo (2) € Z,
then |z|y = |z|. Also, if |z] = 1, we have |z|s = 1 if and only if the image of z in
the residue field of C, is notin F.

The next property is the analogous of (4.7):

Lemma4.5.2 Forallz € Qandy = (%)) € GL2(Ko),

@l = [ det(y)]|z]y
> lcz +d|?

Proof First of all, suppose that we have proved that

| det(y)llz]s

cztap @ VT (; 1) € GLa(Ko), VzeQ. (4.8)

ly (@5 =

In particular, for all 7 € €, and with y replaced by y~! = §71(*. %) (where
§ = det(y)), we get

_ 81zl3
PP U] 4
h/ (‘z‘)ld_ |_szv+a|2
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8

We setZ = y(z). Then, —cZ +a = and therefore,

cz+d
B - cz+d 2 B - -~
lzls = Iy ' @)ls < 215181 5 ‘=ﬂwlwmdﬁms=w|Ha+m%wmm
so that
1811zl
< Z m’
|a+dp—““)“

and we get the identity we are looking for. All we need is therefore to show that
(4.8) holds.

Now, let x € Cy be such that x is not a pole of y. An easy calculation shows
that

det(y)(z — x)

Y@ —vkx) = (cz 4 d)ex +d)

Hence, if x € K is not a pole of y, we have

| det(y)|lz — x| |cz + d|

. 4.9
lecz+d]?  |ex +d| (4.9)

ly(z) —y)| =

We can find x € Ko such that |z — x| = |z|y and with the property that x is not a
pole of y (we have noticed that there are infinitely many such elements). We claim
that |cx +d| < |cz+d|. If ¢ = 0 this is clear. Otherwise, if this were false we would
have |cx +d| > |cz 4+ d| and

lellzly = lellz — x| = |cz+d — (cx +d)| = |ex +d| > |cz +d|5 = [cllzly
which would be impossible. Hence, with the claim in mind, we deduce from (4.9):

|det(y)llz — x| _ [det(y)llz]s

x < — < =
@l =ly@-ywi=s T T, ez 4+ dP

by our choice of x and we are done. O

4.5.1 Rigid Analytic Spaces

The notion of rigid analytic space originates in ideas of Tate in the years 1960’.
We do not want to go in very precise details because there is already a plethora
of important references, among which [Bos84, Fre04]. A more recent introduction
to rigid analytic spaces is the chapter ‘Several approaches to non-archimedean
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geometry’ by Conrad, see [Bak08, Chapter 2] (the whole volume is close, in many
aspects, to the topics of the present text). Important is also Berkovich’s viewpoint
which is outlined in this volume, [Poi20a, Poi20b]. We discuss, in a rather informal
way, the nature of these structures before making use of some very particular special
cases. Let L be a field with valuation | - |, complete, algebraically closed.

We are going to describe a rigid analytic space over L (or analytic space over L)
as a triple

(X, G, Ox)

where X is a non-empty set, G a Grothendieck topology on X, Ox a sheaf,
satisfying several natural conditions. A Grothendieck topology G on X can be
outlined as a set S of subsets U of X and, for all U € G, a ‘covering’ Cov(U)
of U again by elements of G. If C is the family of all such coverings,® then G
is the datum (S, C) and the quality of being a Grothendieck topology results in
a collection of properties we shall not give here, refining the simpler notion of
topology (see [Fre04] for the precise collection of conditions). If a Grothendieck
topology G = (S, C) on X is given, then the elements of S are called the admissible
subsets of X and the elements of C are called the admissible coverings. This refines
the notion of topology because if we forget the coverings, the conditions we are
left on S are precisely those of a topology on X so that right at the beginning we
could have said that X is a topological space, and the admissible sets are just the
open sets for this topology. We have of course a corresponding notion of morphism
of Grothendieck’s topological spaces which strengthens that of continuous maps
of topological spaces: pre-images of admissible sets (resp. coverings) are again
admissible.

What is a sheaf on a Grothendieck topological space? If we choose a ring R,
a sheaf F of R-algebras (R-modules...) is a contravariant functor from S (with
inclusion) to the category of R-algebras (or R-modules. .. this is called a pre-sheaf)
which satisfy certain compatibility conditions. For instance, if f, g € F(U),U € S
and f|y = gly forall V e Cov(U) € C, then f = g. Furthermore, if we choose
Cov(U) = (Ui)ier € Candforalli, f; € F(U;) are such that fi|y,nu; = fjluinu;,
then there exists a ‘continuation’ f € F(U) with f|y, = f; for all i (this is an
abstract formalisation of ‘analytic continuation’). Every pre-sheaf can be embedded
in a sheaf canonically, but checking that a given pre-sheaf is itself a sheaf might
result in subtle problems. The datum of (X, G, F) with G a Grothendieck topology
and F a sheaf of R-algebras on (X, G) is called a Grothendieck ringed space of R-
algebras and there is a natural notion of morphism of such structures which mimics
the more familiar notion of morphism of ringed spaces of algebraic geometry. Say

3Do not mix up with the curve C of the previous sections.
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for commodity that X, Y are two Grothendieck topological spaces with respective
sheaves F and G, then a morphism of Grothendieck ringed spaces of R-algebras

x. 7 Ly g

is the datum of a morphism of Grothendieck topological spaces f and for all
U C Y admissible, an R-algebra morphism f* : G(U) — F(f~1(U)). So far,
we discussed Grothendieck topological spaces, sheaves etc. But now, what is a
rigid analytic variety? A rigid analytic variety over L, our valued field, complete,
algebraically closed (say, L = Cy, the most relevant in our notes), is a particular
kind of Grothendieck ringed space; let us see how. We still need a few more tools.
We have the unit disk

Dr(0,1)={zeL:|z|] <1}

playing the role of a basic brick for constructing rigid analytic spaces, just as the
affine line does for algebraic varieties. For this reason, we focus on affinoid algebras.
An affinoid algebra over L is any quotient of a Tate algebra

—

Tn(L) = L[t]M

by an ideal, where the Tate algebra T, (L) of dimension n is the completion =
of the polynomial ring L[f] in n indeterminates t = (#;)1<i<n for the Gauss
valuation || - || that we recall it is defined, for elements a;, . ;, € L, by

n

unique factorization, of Krull dimension the number of variables n. The resulting
quotient A of T, (L) (by an ideal) is endowed with a structure of L-Banach algebra.
In other words, the Gauss norm of L/[?] induces a (sub-multiplicative) norm on A,
and it is complete. In fact, any L-Banach algebra 4 together with a continuous
epimorphism T, (L) — A for some n, making A into a finitely generated T, (L)-
algebra, is an affinoid algebra. Affinoid algebras over L are the basic bricks to
construct a rigid analytic variety.

The maximal spectrum Spm(R) of an affinoid L-algebra R can be made into
a Grothendieck ringed space (X, G, F); this is called an affinoid variety over L.
If X = Spm(R) and Y = Spm(R’), an L-algebra morphism R — R’ defines
a morphism of ringed spaces ¥ — X which is called a morphism of affinoid
algebras. This serves to describe the other pieces of (X, G, F). The admissible sets
in S (recall that G = (S, C)) are exactly the images in X of open immersions of
affinoid varieties and similarly, we define the coverings in C. This gives rise to a
Grothendieck topology G on X = Spm(A). Furthermore, we have the pre-sheaf
Ogx defined by associating to U C X an admissible set the L-algebra Ox(U) = R’
where U = Spm(R’). Thanks to Tate’s acyclicity theorem one shows that this
is in fact a sheaf (see [Tat71], see also [FreO4, Theorem 4.2.2]). This result was
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generalised by Grauert and Gerritzen [Bos84, 7.3.5 and 8.2]). Dulcis in fundo, we
have:

Definition 4.5.3 A Grothendieck ringed space X = (X, G, F) is a rigid analytic
variety over L if X has an admissible covering of admissible subsets U which have
the property that (U, F|y) is an affinoid variety over L for all U.

4.5.1.1 Analytification

An important process to construct rigid analytic spaces is the analytification of
an algebraic variety. Let X/L be a scheme of finite type. The analytification X"
of X is a rigid analytic space over L that can be defined by an affinoid covering
starting from the geometric data as follows. We consider affine Zariski open subsets
U = Spec(A) — X and embeddings U — Af which correspond, on the algebraic
side, to surjective L-algebramaps L[¢] — A (where ¢ denotes the set of independent
variables 1, ..., ty) endowing A with a structure of L[¢]-algebra, for some N.
Taking the completion for the Gauss valuation yields a surjective morphism:

Ll1] — A®L Ll

which gives rise to a map V := Spm(A QL[ L/[\t]) — D (0, )N = Spm(L/[\t]).
We can proceed similarly for polydisks of different radii in |L*| and this is used
to construct a rigid analytic space U%" such that V = U%" N D1 (0, 1)". Glueing,
we construct the rigid analytic space X“"*. For example, the rigid affine line over
L, Ai’”” is obtained by glueing together the rigid analytic spaces Dy, (0, r) along
the inclusions with » € |L*|. Similarly, the rigid projective line over L, ]P’i’””, can
be constructed by glueing two copies of Dy (0, 1) along the set {z € L : |z] = 1},
or also glueing two copies of Ai’””, see also Berkovich’s construction in [Poi20b,
Definition I1.1.5]. The Berkovich’s affine line is described in detail in ibid. See
[Poi20a, Definition I.1.1].

Rigid analytification defines a functor, called the ‘GAGA functor’ from the
category of L-schemes of finite type to the category of rigid analytic spaces over L.
Note that we can also consider analytifications of morphisms, coherent sheaves etc.
Finally, there is an alternative way to define the analytification functor over an affine
variety X over L, introduced by Berkovich, which makes the underlying topological
space particularly easy to compute as it is defined over the set of multiplicative
seminorms over the coordinate ring of X satisfying certain compatibility conditions
with the valuation of L. See [Poi20b, Definition II.1.1] for the construction of the
Berkovich spectrum of an algebra of finite type over L. See also Temkin’s [Tem15,
Chapter 1] for a nice survey in the area.
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4.5.1.2 The Rigid Analytic Variety

We now focus on L = Cqo with A = HO(C \ {00}, O¢) in our usual notation. We
discuss a structure of rigid analytic space over Co, 0n 2 = C \ K. Note that

Q= un.

M=>1

where Uy = {z € Q: M~! < |z]y < |z| < M}, the filtered union being over the
elements M € |Coo| \ | Kool with M > 1. Observe now:

Lemma 4.5.4 With M € |Cuo| \ |Koo| we have

Uy = Dc, (0, M)\ | | Dg_(A, M.
reFlr,n ™Y
A=h_grP o trgn b
1<|z|"P <M

Proof This easily follows from the fact that K, is locally compact in combination
with the ultrametric inequality. O

Hence, Uy is admissible and carries a structure of affinoid variety Uy =
Spm(Ay) where Ay is an integral affinoid algebra. We say that Uy, is a connected
affinoid of ]P’é:;” (as in the language introduced in [Fre04], motivated by the
integrality of Ajp). In particular Q can be covered (in fact filled) with connected
affinoids and the analytic structure of 2 arises from viewing it as the complementary
in Cs of smaller and smaller disks located over certain elements of K., which
is close to the familiar view that we have also for the set C \ R. This gives the
Grothendieck topology on €2, and the sheaf Ogq is that of rigid analytic functions
over 2. Practically, a rigid analytic function f : Q2 — Cq is a function such that the
restriction on every set Uy is the uniform limit of a sequence of rational functions
on Uy without poles in Uyy.

4.5.2 Fundamental Domains for '\ Q2

This subsection is motivated by an essential construction in the theory of Schottky
groups, that of fundamental domains. Schottky groups have been first introduced by
Schottky in 1877 in the complex setting; they are useful to analytically uniformise
compact Riemann surfaces. In the years 1970, after the work of Tate on p-
adic uniformisation of elliptic curves with split multiplicative reduction, Mumford
discovered how to p-adically uniformise smooth projective curves of genus g > 2
with ‘split degenerate stable reduction’ by using p-adic Schottky groups I" acting on
non-archimedean variants Qr of the classical complex upper-half plane. The reader
is encouraged to read the modern contribution of Poineau-Turchetti to this volume
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[Poi20a, Poi20b]. An older reference is [Ger80]; it also contains determinant tools
to explore this profound theory. Consequently, we will not give all the details, this
would bring us too far away from our path.

Let us recall that, given a local field L with valuation | - |, the group PGL,(L)*
acts on the rigid analytic projective line ]P’}v’an where F is the completion of an
algebraic closure of L (see [Ger80, Fre04]). A Schottky group over L is a finitely
generated subgroup I' of PGL, (L) which is discrete and such that no element but
the identity has finite order. Schottky groups are free (see [Ger80, Theorem (3.1)])
this being an important consequence of the fact that they act freely on certain rigid

analytic spaces. Every Schottky group I" over L has a compact limit set L1 C ]P;’an

so that I' acts freely over Qr := P},’an \ Lr. The quotient space I'\2r naturally
carries a structure of rigid analytic space over L which is associated with a smooth,
geometrically connected, projective curve Xr over L, of genus g the rank of I". We
learn from [Ger80, Theorem (4.3)] that every Schottky group I" in PGL,(L) admits
a good fundamental domain §r. Without entering the details, for every element
z € Qr the set of y € I' such that y(z) € §r is non-empty and finite. In fact, if
y € I, then §rNy (Fr) # Pifandonlyify € {1,y ...y} where yi, ... ¥,
freely generate I'. Moreover, §T can be written as

2g
Fr=Pp"\| | Di

i=1

where the D;’s are the rigid analytic spaces associated to disks Dy (a;, 1) = {z €
F :|z—a;j| < r;} withr; € |[L*| for all i, such that the disks D (a;,r;) ={z € F :
|z —a;| < r;} are pairwise disjoint. One can therefore see easily that §r carries a
structure of rigid analytic variety over F (read also [Poi20b, §11.3.1] along with its
more general settings and the theory of uniformisation of Mumford curves).

The interesting point in this discussion is that if we set L = K, = F(()), A =
HO(C\{oo}, O¢) C Koo, F = Cy etc. the group PGL;(A) acts on Q = ]P’;’“"\]P}é:o"
but the action is in general not free; there usually are elliptic points (this happens,
for instance, when [[F : [F;] is odd, see [Mas15]). Even more seriously, the group
itself is not finitely generated (see Serre’s book [Ser80a] for more details), so that
PGL,(A) is not a Schottky group.

4.5.2.1 Some Structural Properties of I' = GL,(A)

For the purposes of the present paper, we will be content to study the case in which

C has genus 0, so that in Lemma 4.2.5 we have V = {0} and therefore, Koo =
A @ Mg, . It is easy to see that there exists a uniformiser mw of K such that

“Projective linear group over L, defined as the quotient of GL (L) by its center.
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FA = F[nfl]. We can indeed choose 7 = 6! where 6 is any element of A with a
simple pole at co. In particular, FA = F[6].

It is not difficult to show that the group GL, (IF[€]) is generated by its subgroups
GL, (F) (finite) and the Borel subgroup B(x) = {({ ¥)}. In fact, a Theorem of Nagao
in [Nag59] asserts that, given a field k and an indeterminate ¢,

GL2 (k[1]) = GL2(k) *pk) B(k[t]), (4.10)

where * g k) denotes the amalgamated product along B(k), which is by definition the
quotient of the free product GL; (k) * B(k[¢]) by the normal subgroup generated by
those elements arising from the natural identifications existing between the elements
of B(k) x 1 and 1 * B(k) coming from the maps

GLa (k) — GLa(k) * B(k[t]) < B(k[t])

(a gluing along compatibility conditions). Note that B(k[¢]) is not finitely generated,
so that GL, (k[¢]) is not finitely generated (this is trivial if & is infinite) in contrast
with a theorem of Livingston, asserting that GL,, (k[¢]) is finitely generated if n > 3,
and also with the more familiar result that SLy(Z) = Z/2Z x Z/3Z so that it is, in
particular, finitely presented.

Corollary 4.5.5 PGL,(FF[0]) is not a Schottky group.

4.5.2.2 Bruhat-Tits Trees and ‘Good Fundamental Domains’

We recall that Ko = IF((sr)) for a uniformiser 7, with IF a finite extension of
F,. Our first task is to describe a combinatorial structure which allows to ‘move
inside’ €2, the Bruhat-Tits tree; in practice, we can ‘move along annuli’. The second
task, in the case A = FF[#], is to construct a subset of 2 that we can qualify as a
‘good fundamental domain’ for the homography action of GL,(A) over €2, being
understood that GL,(A) is not a Schottky group.

We recall that if x € Cq, Dg_(x,r) ={z € Coo : |lz—x| < r}.Let Sbea
subset of CX such that if x,x’ € § are distinct, |x — x'| = max({|x|, |x'[}. Then,
with x € S, the sets

Dy = Dg_(x, |x]) = x + Dg_ (0, |x)

are pairwise distinct subsets of C%,. Indeed, clearly, they do not contain 0. Moreover,
if x # x" we have y € Dg_(x,|xD) N D(‘(’:w(x’, |x’|) if and only if we can find
z € Dg_(x,|x]), 2 € Dg_ (', x']), such that y = x + z = x’ + 2/ with |z| < |x|
and |7/| < |x/|, so that |z — z’| < max{|x][, |x"|}. This means that max{|x|, |x|} >
|z — 7| = |x’ — x| = max{|x|, |x’|} which is impossible.
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We choose, for any element r € Z- 1, an element, denoted by ni € Cqxo, with
the property that (7 ; )" = m, which exists because C, is algebraically closed. The

set X = {(ni)s} inherits the total order of R by | € Q C RR.> We have observed
(after Lemma 4.2.9) that the valuation group of | - | is |7|<. Hence if z € Cx,, we

can find r, s relatively prime, unique, such that |z(xw ; )*| = 1. Since the residue field
of C is ¢, we obtain that there exists a unique ¢ € (F*“)* such that

2= ¢(rr)'| < Izl.

If we set § = {;(n;)s ¢ e (F*)*,r > 1,s € Zsuchthatr, s are relatively
prime}, then for all x, x” € S distinct we have |x — x’| = max{|x|, |x|} and we
obtain a partition of CX:

¢t = o @11)

xes

Let us now consider the subset
S={xeS:|x|¢|r|“u{gn”: ¢ eF*\F,neZ} CS.

With it, we can still somehow reconstruct C,. Indeed, the reader can easily see that
ifx € S, Dy N Koo = @ and

Coo = Koo+|_|Dx U Koo.

xe§
As a consequence we have
Q=Ke+| | D
xe§

and

| | D =tzeq:lzl=lzl5).

xe§

5Thanks to Lemma 4.2.10 we can even additionally suppose that the elements 7 » are chosen in
such a way that © = 7@ is a subgroup of C%..
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We observe that if A € Q \ Z, then

|| D= || Di=(zeCu:lal=Irl}=C
xes xeS
|x|=|m * |x|=|m*

We also set, for A € Z,

Coi= || pe et ixl.
;eFac\F

Note that Cy, = {z € Q : |z| = |zly = |7|*} for all A € Q. For all A, the set
C, is invariant by translation of elements in Dg__ (0, || [Ty, where [-] denotes the
smallest of the integers which are larger than (). If « € Ko \ Dk, (0, || =
Di<|r] Fr! (with |-] the largest integer which is smaller than (-)) then C; N (o +
Cj5) = (. We have obtained the next result.

Lemma 4.5.6 The following partition of Q2 holds:

Q= |_| o+ C,.

reQ
a€Koo\ Dk, (0, ||

Note that this can be very easily used to construct admissible coverings of €.
The above is the crucial statement which allows to construct the Bruhat-Tits tree
associated to 2. It relies on the existence of a natural partial ordering on the set
T :={a+C) : @ € Koo\ Dk, (0, | |™1), A € Q). We declare that a+C, > o/+Cy/
ifCy =o' —a+Cjrand Cy = o’ + C;/ if A < A and &’ + C, = Cy.. For example,
for A & Z, a + C;, > C;, if and only if « 4 C;, = C;, if and only if |a| < |7|*. Then
T can be enriched with the structure of a tree, the Bruhat-Tits tree. We recall that
atree T is a metric space such that, on one side, for any distinct points P, P’ of T
there exists one and only one topological arc in 7 of extremities P, P’ and, on the
other side, this arc is isometric to an interval of R (this definition is due to Tits). A
tree has edges and vertices. The vertices of our Bruhat-Tits tree 7 are represented
by the subsets o + C;, of Co, with A € Z and the edges are represented by real
intervals Jn — 1, n[ with n € Z, with the extremities given by a couple of vertices
(¢ +Cp_1,0'+C,) suchthat o’ +C,_1 = C,,_1. The intervals are oriented and our
tree itself acquires an orientation. The upper direction is that of the negative A’s or,
alternatively, of the larger |z|3’s. The edges are therefore organised so that at every
lower (for the ordering) extremity the vertex is a g% 4 1 branching point with g%
edges below and one above (with respect to the orientation).
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The next picture represents a small piece of T for g4 = 2.

Also note that the euclidean closure of the image in 7 of any set « + LiyeqC for
a € K fixed is isometric to R and any two such sets, if distinct, have a upper half-
line in common. Any element of 2 is Kso-translation equivalent to finitely many
elements in U ¢@Cy and finally, the homography action of GL;(K) over Q2 is
compatible with a continuous action over 7 in a way that can be made completely
explicit.

The structure of the spaces Co, and 2 may look topologically very complicate
but the Bruhat-Tits tree is some kind of ‘central nervous system’ which allows to
obtain a combinatorial picture of these spaces (or rather, their admissible coverings)
and to move in their interior, by means of the reduction map, which is GLy(K)-
equivariant

red: Q— T,

defined by z > «a + C, € T where o + C, is the unique element of the partition
of Lemma 4.5.6 such that z € o 4 C,. This presentation may look different, it is in
fact essentially equivalent to that of Teitelbaum in [Tei91, Preliminaries] (see also
Teitelbaum’s chapter in [Bak08]). To help the reader to connect with the formalism
of Teitelbaum, which also is that of [Ger80], note that the set U (1) of [Tei91, p.
492] plays the role of our disjoint union Ly ¢]—1,1[C) and that the set V introduced
one page later is equal to our Ljej—1,0{Cx. The sets y (U (1)) for y € GL2(Ko)
define an admissible covering of Q2 and 7 can be alternatively constructed defining
edges and vertices by a criterion of overlapping for the various y (U (1))’s and
an identification between the set {y (U(1)) : y € GL2(K«)} and the quotient
GL2(Ok,,)\ GL2(K ), corresponding to the vertices.
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Weset§ :={z € Q: |z] = |z|y = 1}. By Lemma 4.5.6, we have § = L, <0C)
and red () is an upper half-line in 7. We deduce that

F=Co\ || |D2 @ Du| ][] P& @r IxI™

¢eF n>1¢efF*

We now focus on the case A = F[0]. For z € Q we denote by §, the set {z’ € § :
there exists y € GLy(A) such that y(z) = 7’} C §. We show:

Proposition 4.5.7 For all z, the set 5 is non-empty and finite.

Proof 1If 7 € § then there exists x € S such that |x| > 1 and z € D, and we see that
the set of a € A such that z — a € § is finite. Note that 1/z € Dy, sothat1/z ¢ §
(in fact, if y = (9 ), ¥ (Dx) = Dy (x)). From Nagao’s Theorem we deduce that the
set {y € GL2(A) : y(z) € §}is finite so that, for all z € 2, §; is finite (but note that
the cardinality is not uniformly bounded in terms of z). Let z be in Q. If |z]x > 1
there exists a € A such that |z — a| = |z|y and §; is non-empty. All we need to
show is that if z € € is such that |z|x < 1, then there exists y € GL3(A) such
that y(z) € §. To see this, there is no loss of generality in supposing that |z] < 1.
Indeed, we can replace z with z — a for a € A. We can therefore write:

z=w+x+y

where w € @l.LiJani € Mg, x € S with |x| = |7|* and y € D,. Applying
y = ((1) (1)) we see that z is GLy(A)-equivalent to an element 7’ € ' + Cy with A/
such that A — A’ € Z-j and o’ € @;SLA/JFNI, so that, in particular, 7’| > |z]3.
We can iterate this process with z’ playing the role of z. The fact that A — A" € Z>
implies that z is GL(A)-equivalent to an element of § and § is non-empty. O

This seems enough to allow us calling § a ‘good fundamental domain’ for I'\ 2
with A = TF[#], even though it is undoubtedly not as well behaved as the good
fundamental domains in the framework of Schottky groups. Note that I'\7 contains
an ‘end’: this metric space is not compact, but can be made compact with the
addition of one point represented by one of the upper half-lines contained by 7
which, at the level of I"\ €2, corresponds to a ‘cusp’.

Similar constructions are possible for I' = GL(A) with a more general
projective curve C but we do not describe them here. In this broader case it is
possible to show that I'\7 has the structure of a finite graph with finitely many ends
attached to it. More general ’fundamental domains’ can be constructed from the
Bruhat-Tits tree of €2 and constructed by Serre (see [Ser80a, Theorem 10]) thanks
to a more refined interpretation of the elements of I"\ 2 as classes of rank two vector
bundles over C. We refer to ibid. for the details.
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4.5.3 An Elementary Result on Translation-Invariant
Functions Over 2

We recall that 7 denotes the complex upper-half plane. Let f : H — C be a
holomorphic function such that for all n € Z and for all z € H, f(z +n) = f(2).
Then, we can expand

f(Z) — Z fneZJ'[inz’ fn c C,

nez
a series which is convergent for g (z) = €2z ip
D0, 1) ={z€C:0<z] <1}

the punctured open unit disk centered at 0 of C or equivalently, for z in every
horizontal strip of finite height in H (note that they are invariant by horizontal
translation).

4.5.3.1 A Digression

The proof of the above statement for f is simple and we can afford a short
digression. The function z + ¢(z) does not allow a global holomorphic section
H <« D'(% (0, 1). But we can cover C* with say, three open half-planes Uy, U, Uz,
and there are sections s1, 52, s3 defined and holomorphic over Uy, Uz, Us such that
si —sj € Z over Uy N Uj for all i, j. Let f be holomorphic on H such that
f(z+ 1) = f(z) forall z € H. Define g;(¢g) = f(si(q)) foralli = 1, 2, 3. Then,
the compatibility conditions and the fact that the pre-sheaf of holomorphic functions
over any open set is a sheaf (the well known principle of analytic continuation)
ensure that this defines a holomorphic function g(g) over D(E’: (0, 1). But the ring
of holomorphic functions over D(‘[’: (0, 1) is precisely that of the convergent double
series ), fnq", as one can easily see, and our claim follows. One also deduces
that there is an isomorphism of Riemann’s surfaces

H/Z = D0, 1)
induced by 2%, concluding the digression.
We now come back to our characteristic p > 0 setting and we suppose, from

now on, that

A= HO(ngq \ {00}, O%).
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We note that €2 is invariant by translations of a € A and the function

z ~ ~
expy(z) =z l_[ (1 - a) =7 1expc(nz)
acA\{0}

is an entire function Cow — Coxo, Fy-linear, surjective, of kernel A = F,[6], hence
also invariant by translations by elements of A. It is thus natural to ask for an
analogue statement of the above, complex one. Consider R € |CX|. Now, note
that A acts on Qr = {z € Q : |z|g = R} by translations. Giving A\Q2r the quotient
topology we have:

Lemma 4.5.8 There is S € |CX,| such that the function exp , induces a homeomor-
phism of topological spaces

A\Qr > {z€Cx: |z| = S}.

Proof From the Weierstrass product expansion we see that, setting

Z R

Si= _max Jexpy @] =t lexpylle = llzlle [ 1= =R ,

Doy OR) A A g allr g la|
a#0 a#0

la|<R

expy (D(0, R)) = D(0, S) by Corollary 4.2.8. Hence, D°(0, S) = chm ©,8) =
expy (D°(0, R)) from which we deduce that

{z € Cx :lexpy(z)| < S} = A+ D°(0, R).

Recall that Koo = A @ Mg . If R > 1, we have D°(0, R) D Mk, . Now observe
that

{z€Cu:lzly < R} = Uyek,,D°(a, R) = UgeaD°(a, R).
Therefore we have the chain of identities
A+D°(0, R) = Koo+ D°(0, R) = Ugek., ., D°(a, R) = {z € Cx : Iz|x < R} = Q\Qr,
and taking complementaries, we see that

Qpr={zeCx:lexps@)| =S}, R=>1
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4.6 Some Quotient Spaces

Our topologies are totally disconnected and Lemma 4.5.8 is weaker if compared
with analogous statements in the complex setting. Fortunately there is a structure of
quotient analytic space over Qg /A, and it is isomorphic to the analytic structure of
the complementary of the disk D°(0, §).

4.6.1 A-Periodic Functions Over 2

We suppose that A = [F,[6] all along this subsection. The analogue for 2 = C, \
Koo of the simple claim over C of the beginning of Sect.4.5.3 and the proof in
Sect.4.5.3.1 is not as easy to prove but it is true, and not too difficult. In fact, the
following result holds:

Proposition 4.6.1 Let f : Q — Coo be an analytic function such that f(z + a) =
f(@) foralla € A. Then, there exists S € |CX|, S < 1, such that

FR =) faexpa@",  fu € Cux,

nez

the series being uniformly convergent for epr(z)f1 in every annulus of

D(?:OO(O, S ={xeCux:0< x| <S8}, S e|CL| small enough.

To prove this result and to motivate the proof we are giving, we need some
preparation.

4.6.1.1 Analytification and quotients

Let X be a rigid analytic variety over a valued field L, complete and algebraically
closed. Let us consider a group I' acting on X with ‘admissible action’. ‘Admissible
action’ means that X can be covered by I'-stable admissible subsets and that I’
acts through an embedding ¢ of I' in Aut(&X), topological group, and the image is
discrete. We are interested in such triples

(X,T,0).

For example, we can take I' = A acting on 2 or Al by translations (the theme of
Proposition 4.6.1) or I' = GL,(A) acting on €2 by homographles (the theme of the
text).

The quotient map

X - I\X
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can be used to define a structure of Grothendieck ringed space on the quotient '\ X'.
A subset of '\ X' is admissible if its pre-image is admissible, and the sections are I'-
invariant C,-valued functions over pre-images of I'-invariant subsets. One needs
conditions under which the quotient acquires a structure of rigid analytic space.
For example, a finite group I' acting on X = Spm(A) affinoid variety which
allows a covering by invariant admissible subsets gives rise to an isomorphism
of affinoid varieties I'\ Spm(A) — Spm(A!), where A is the sub-algebra of
I-invariant elements of A; see [Bos84, §6.3.3]. See also Hansen’s more general
[Han20, Theorem 1.3].

We invoke the analytification functor in Sect.4.5.1.1 by choosing X = X". If
X is a scheme of finite type over L with an ‘admissible action’ of a finite group
I' ‘admissible’, now in the algebraic sense that there is a covering with I'-invariant
affine sub-schemes, it can be proved that there exists a unique scheme structure (of
finite type over L) on the ringed quotient space

p: X —>I\X.

The following proposition is due to Amaury Thuillier: we warmly thank him for
having brought our attention to it.

Proposition 4.6.2 The canonical map T\X" — (I'\X)*" is an isomorphism of
rigid analytic varieties.

Proof We can suppose, without loss of generality, X = Spec(A) affine, so that
I'\X = Spec(AD). In terms of algebras, we have (horizontal arrows are surjective
and vertical arrows injective, and L/[\t] is the standard Tate L-algebra in the variables
t =(t1,...,ty) for some N):

T
Lt] A
A L1
i ker(m)
Then we have:
@,
Ay = Ker(r) — AQprp LIt] = H(V, Oxan)

where V := Spm(A ®; L[1]) C (T\X)*".

The L-algebra B = A ® 4r Ay is finite over Ay, hence it inherits a structure
of affinoid L-algebra. We deduce, with p®" : X" — (I"'\X)*" the analytification
of p, that W = (p®)~1(V) is a I'-invariant affinoid domain of X** and Ay =
HO%(W, Oxan) = B. The quotient space I'\W is also affinoid, of algebra B' (see
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[Bos84, §6.3.3]). Therefore, all we need to show is that the canonical morphism
Ay - B=AQ 4r Ay

induces an isomorphism Ay — B = (A ® 4r Ay).

The morphism A — Ay is flat [Ber90, Theorem 3.4.1, (ii)]. Therefore the exact
sequence

O%AF%AM@A

gel
yields an exact sequence
r D(g—1d4)
0—-Ay=A @ur Ay > AQur Ay —— @A@Ar Ay.
gel

We have thus that Ay is equal to the kernel of the last arrow, which is just B'. O

We consider L = Cy, and we denote by A(n) the F,-vector space {a € A :
la] < 10|} (dimension n and cardinality ¢g"). If X = A}Cm and we look atI' = A(n)
acting on X by translations, we have the quotient scheme I'\X = Spec(Coo[x]").
Note that Coo[x]" = Coo[E,(x)] with E, characterised by Proposition 4.4.8, by
Euclidean division. Proposition 4.6.2 applies.

We introduce the sets forn > 1

B, = Dg_(0,101"\ U Dg_(a. ).
acA(n)

We define, in parallel, with [,, = (6 — 69)--- (6 — 09"y:
Cu = Dg_(0. 1) \ D_ (0, 1).

Each of these sets has an admissible covering by affinoid subsets so that it is a rigid
analytic sub-variety of Aéi". A function f : B, — Cx is analytic if its restriction
to every affinoid subset is analytic. Note that B, C B,+; and C, C Cp4 for all
n > 1. We set

T

wmzzl_l;]n_lv mzo
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(recall that t(x) = x9 for x € Cy). It is easy to see that ¥, induces an isometric
biholomorphic isomorphism of C,, for all n > m. In particular the non-commutative

infinite product
F :=---(1 - T_l) (1 - T_l) e K[[z]]
1 I
n+l n

induces an isometric biholomorphic isomorphism of C, (for every n).
In a similar vein, Proposition 4.6.2 implies:

Corollary 4.6.3 The function &, = I, E, is a degree q" étale covering B, — Cp
which induces an isomorphism of rigid analytic spaces

AM\B, — C,,

where the analytic structure on the pre-image is induced by the analytification of
Spec(Coo[x]4).

4.6.1.2 Proof of Proposition 4.6.1

A global section g, of O¢, can be identified, in a unique way, with a convergent
series

Zg,i")xk, g,ﬁn) € Cxo.
keZ

Let f : Q — C be arigid analytic function with the property that for all a € A,
f(z+a) = f(z). We fixm > 0, let n be such that n > m. Then, f : B, — Cq is
holomorphic such that f(z + a) = f(z) for all a € A(n) and therefore there exists
aunique g, € Og, such that f(z) = g,(&,(z)) over C, and we can write:

F@ =Y g E)"

keZ

We observe that B,, C B,. Thus, we have the following commutative diagram for
n > m, where the left vertical arrows are the identity, and the bottom right vertical
arrow is ¥, while the top one is ¥,,+1,,, where v, , is the composition ¥, ,, 1=

Yn—10---0Ypy:

Bu &5 Cu
T T
€m+l
Bm e Cm
T T

&
!
£
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and there also exists a unique g, € Og, such that f(z) = g, (&En(2)), this time
over C,, C C, so that, noticing that v, , induces an isometric biholomorphic
isomorphism of C,,, we must have:

gn(Wmn(x)) = gn(x), x €Cp.

In particular, we have the equality

Snr1(Wn(x)) = gu(x), x €Cy.

Since ¥, (x) = x(1 — (})471) and ¢, (x)* = x*(1 4 0, 4 (x)) with |0, & (x)] <
|;f1 |‘1_1 < lforallm > m, k € Z, we deduce that the function g,+; — g, tends
to zero uniformly on every admissible subset of C,,, for n > m. This means that
the sequence of functions (g,),>n converges to an element g € Oc,, uniformly on
every admissible subset of C,,.

With this new function g the existence of which is given by Cauchy convergence
criterion, we can write:

gm(x) = g(Fm(x)), x €Cp.

We use the results of Sect.4.4.2 and more precisely Proposition 4.4.9, or with a
more manageable notation, (4.6). We thus recall the identity of entire functions:

T T
expy = Fu 1—lq_1 l—lq_l 1-1).
n—1 1

~ - -

En

In particular, by uniqueness:

f(@) = glexps(2)), z€Bp, Vm.

Since the sets B, cover the set Q1 := {z € C : |z]3 > 1}, the result follows.

Restated in more geometric, but essentially equivalent language, the arguments
of the proof of Proposition 4.6.1 lead to:

Proposition 4.6.4 For all M € [1,00[N|CX|, the function z +> CXLA vields an

isomorphism of rigid analytic spaces A\Qy = Dcw 0, 8) = Dc,, (0, 5)\ {0} for
some S > 1 depending on M.

Problem 4.6.5 The above proof, although simple, is longer than the one we gave in
the digression 4.5.3.1, in the complex case. This leads to the following question:
is it possible to construct explicitly an admissible covering (U;); of an annulus
D¢, (0, R) \ D(‘ém (0, r) and local inverses g; € Oy, of the function exp, or even
better, the function exlpA , delivering a simpler proof of Proposition 4.6.1 and making
no use of the process of analytification?
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Also, note that the fact that the Grothendieck ringed space A\A!%" carries a
structure of rigid analytic variety and much more general results in this vein can be
also deduced from Simon Héberli’s thesis [Hab18, Proposition 2.34].

4.6.1.3 The Bruhat-Tits Tree and exp 4

As a complement for the previous discussions, in this subsection we describe how
the Bruhat-Tits tree of Sect. 4.5.2.2 can be used to study the function exp,. We are
going to see that somewhat, exp, defines a covering Al an Al " ‘ramified of
degree ¢®’; the reader is invited to compare with the results of Sect 4.4.3. To give
more strength to this, we use again Proposition 4.4.9. We are therefore led to analyse
the image of £, = [, E, on D(%OO (0, 16|™) and then, take the limit for n — oo. We
note that

Dg_(0,101")\ Koo = |_| o+ C.
reQN]—n,o0[
a€®7kgi<nﬂ?q9i

Since

En(z)=;" [l Gc-o

" aeA@m)

is IF;-linear of kernel A(n), it suffices to study how &, behaves over

T = I_l a+ C.
*eQN]—n,00[
a€®_)<i<Fy0'

Note that if A < 0, the direct sum over i is empty. This means that in the Bruhat-
Tits tree T, 7, entails a very simple subtree which can be obtained by glueing in
0 a segment ] — n, 0] (the subtree 7,) with the union of ¢ disjoint copies of a
complete g-ary tree equating 76+ = red(D(‘(’:w (0, 1) \ Kx) (independent of n), so
that 7, = 7, U 76+ and 7o = 76"’. Since &, induces an isometric isomorphism of
D(‘(’:OQ (0, 1) such that forall z € D(‘(’:OQ 0, 1), E,(z) = z+ 7' with |Z/| < |z|, it induces
the identity on 76+, and this, for all n > 0. The action of the maps &, are all equal to
the action of £y(z) = z on 76+. We now choose n > 0 and we look at the behaviour
of & on T, , which is the most interesting part of the story.
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Consider x such that red(x) € 7,”. Then, there exists i > 0 maximal with the
property that x € 7,7 \ 7,_, (7, is empty by definition) and there exists a unique
L € Qwith —A € [i — 1, i[ such that x € C,. We recall that ]_[0#614(,!) a= ‘11": , see
(4.5). We have:

Sn(x)=fl” [[c-o [] ¢-o

n

acA(i) acA(n)\A(i)
ln di X
=&, I1 o) I1 (1—a)
acAn)\A(®) acA(n)
= (1+&)&(x),

where £ € DZ_(0, 1) (because H < 1foralla € A(n)\ AGi)).If y € DZ_(0, |x)
we get

Enx +3) = ) +EE@) + (L +OED).
element of C-g;o 0,1& (x)])

We deduce that the map

DE_(x, lx)) 2 DE_ (&), &)

is an étale covering of degree ¢'. Hence, the image by &, of res_1(7l‘._ \T.Z)
(annulus) is an étale covering of degree ¢ of the annulus

;’i [ D20 161\ D_(0,101977)] = D&_0. 11D\ D&_ (O, 1),
From this it is not difficult to deduce that &, defines a covering D(‘Eo@ O, 161" —
D(‘EOQ (0, |I,]) ramified of degree ¢" at the points of A(n) and étale on the com-
plementary of these points but we get even more. Namely, that for any z € €,
res(exp, (z)) can be very easily computed. If |z|]y < 1 then |exp,(z)| < 1 and if
2 & Koo, res(exp,(z)) is equal to res(z — a) where a € A is the unique element
such that res(z — a) € 76"’. If |z|s > 1 then res(exp,(z)) = res(€,(z)) for all but
finitely many n (depending on how large is |z]x).

We consider 7 = U,>17, (homeomorphic to R<g) and Too = T |_|’76+. Note
that res(§) = T and res(F U {z € Q : |z, |z|ls < 1}) = Teo. In the terminology of
§4.5.2.2,5U{z € Q2 :|z|,|z|ly < 1} can be viewed as a ‘good fundamental domain’
for the action of A over €2 by translations. We ultimately get, with a few more details
to develop which are left to the reader:



4 From the Carlitz Exponential to Drinfeld Modular Forms 149

Proposition 4.6.6 The map exp, induces a surjective, A-periodic map § —
A(IC:: \ Dg_(0, 1) and rigid analytic isomorphisms A\§ — Aé:’:o" \ Dg_(0,1)
and A\A(IC’:O" — Aé:’;".

Note that § is not, properly speaking, invariant by A-translations, but A-
translations define an equivalence relation on §. The above statement needs to be
interpret in the light of the richer combinatorial structure described earlier. In the
classical setting we have, of course, the classical well known properties that the
Eulerian exponential z +> e® induces analytic isomorphisms Z\H — D¢ (0, 1) and
Z\C — C*. Interestingly too, we note that, just as C = H U R U H ™ (the latter is
the lower complex half-plane), here we have an analogous decomposition

Coo=RUKs =21 UQ UKy

withQ ={ze€eQ:|z]ls>1},Q ={ze€Q:|z|x < 1}.

We hope that, with this description, we have convinced the reader that the
functions exp, and the Carlitz’s exponential carry an extraordinary structural
richness. We now complete our discussion with the quick exposition of some
properties of the quotient GL,(A)\€2 and then we move our attention to Drinfeld
modular forms.

4.6.2 The Quotient GL;(A)\

In the previous subsection we gave, in the most explicit way, but also in compat-
ibility with the purposes of this text, a description of the analytic structure of the
quotient space (A = [, [6] acting by translations) A\2;. Following [Ger80, Chapter
10]), we now describe the action of GL> (F;) on certain admissible subsets of 2. We
consider M € |CX | and we set

Quy :={z€Q:|zls = M}.

Note that this set, which is called horocycle neighbourhood of oo, is non-empty and
is invariant by translations by elements of K. The multiplication by elements of
IE‘qX induce bijections of €2)s. Here is a lemma that will be useful later.

Lemma 4.6.7 If M > 1 and if y € GLy(A) is such that y (Qy) N Ly # O, then y
belongs to the Borel subgroup (%) of GLy(A).

Proof Let y = (%) € GLy(A). By Lemma 4.5.2, |y (z)ly = \cz‘ilf}\z- Let us

suppose that z, y (z) € 2y, and that ¢ # 0. Then, since |c| > 1ifc € A \ {0},

lez +d| = |ez +dls = [c]lz]s = [zlx.
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Then, y(z) € Q implies that |z|x > M|cz + d|> > M|Z|% so that M~1 > |z]s.
Now, if M > 1, from |z|s > M we get a contradiction. O

We set, with M e |CX|N]1, oof:
Dy = Dc, (0. M)\ (Fy + Dg_ (0. M) C Q.

1,an

This is the complementary in IP’Fq (Cx) of the union of ¢ + 1 disjoint disks and

is an affinoid subset of €2. In the following, we can choose M = |0| 2. Ttis easy to
see that the group GL;(IF,) acts by homographies on Dy, (note that more generally,
the subsets {z € C : |z] < ¢", |zlx = ¢~ "}, which also are affinoid subsets,
are invariant under the action by homographies of the subgroups of GL2(A) finitely
generated by GL,(FF,) and {(3 ?:) TAL U E F;,i < n}, the union of which is
GL,(A)). Further, if y € GL3(A), one easily sees that if y (Dy) N Dys # @, then
y € GLy(IFy). Itis also easily seen that

= |J row.

yeGLy(A)

We can apply Proposition 4.6.2 to the isomorphism of affine varieties

GLy(Fo\AL_ %> AL,
where

. (1 _i_qul)qul

JO(Z) = - Zqil

(this is the finite j-invariant of Gekeler in [Gek01]) to obtain an isomorphism of
analytic spaces

GLy(F)\Duy = D¢ (0, 1).

In parallel, we have the Borel subgroup B = B(A) = {({ &)} which acts on Q
and the isomorphism of analytic spaces B\Qy = DCOQ (0, S) induced by the map
expy (2)~! (Proposition 4.6.4). We recall from Lemma 4.6.7 that y € GLy(IF,) is
such that y (2p7) N Qs # @ if and only if y is in B.

There is a procedure of gluing two quotient rigid analytic spaces with such
compatibility boundary conditions, into a new rigid analytic space, along with (4.10)
for k = I, and t = 0. Note that Dyy N Qy = {z € Cx : |zl = |2| = M}
and the two actions of B over Qy and of GL(IF;) on Dy, agree with the action
of BN GLy(F,;) on Dy N 2y and the gluing of these two quotient spaces is a
well defined analytic space whose underlying topological space is homeomorphic
to the quotient topological space GL,(A)\<2 which also carries a natural structure
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of analytic space. Additionally, this quotient space is isomorphic to the gluing of
Dc,,(0,1) and Co \ Dg_(0,1) along {z € Co : |z| = 1}, which is in turn
isomorphic to C. This construction finally yields:

Theorem 4.6.8 There is an isomorphism between the quotient rigid analytic space
GL,(A)\2 and the rigid analytic affine line Aé;’:o".

4.7 Drinfeld Modular Forms

We give a short synthesis on Drinfeld modular forms for the group I' = GL»(A)
in the simplest case where A = [ [6], so that we can prepare the next part of
this paper, where we construct modular forms for I' with (vector) values in certain
Coo-Banach algebras.

The map

GLy(Koo) x Q — CX

defined by (y,z) = Jy,(z) = cz+d if y = () behaves like the classical factor
of automorphy for GL,(R). Indeed we have the cocycle condition:

Jys(2) = Jy(8(2))J5(z), 7,8 € GLa(Koo).

Note that the image is indeed in CX, as z, 1 are K-linearly independent if z € Q.

Definition 4.7.1 Let f : Q@ — Cq be an analytic function. We say that f is
modular-like of weight w € Z if forall z € Q,

fly@)=J,(2)"f(2), VyeGLa(A).

It is a simple exercise to verify that w is uniquely determined.
We say that a modular-like function of weight w is:

(1) weakly modular (of weight w) if there exists N € Z such that the map z +—
lexp,(z)N f(z)| is bounded over 2 for some M > 1,

(2) a modular form if the map z — | f(z)| is bounded over 2, for some M > 1.

(3) acusp form if it is a modular form and max;eq,, | f(z)| = 0as M — oo.

Let f be modular like (of weight w € Z). Taking y = ((1) 4) we see that f(z +
a) = f(z) for all a € A. Therefore, by Proposition 4.6.1, there is a convergent
series expansion of the type

f@ =) fiexpa@', fi € Coc

i€z
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There is a rigid analytic analogue of Riemann’s principle of removable singularities
due to Bartenwerfer (see [Bar76]) in virtue of which we see that the Cyo-vector
space M,’U of weak modular forms of weight w embeds in the field of Laurent series
Coo((n)) with the discrete valuation given by the order in u, where u = u(z) is the
uniformiser at infinity

1 1 1
u(@) = . =)
7T expy(z) Tiz—a
which is an analytic function 2 — Cx. Since M}U N Ml!v, = {0} if w # w' we

have a C;-algebra M '=eo,M l'v which also embeds in the field of Laurent series
Coo((n)). Denoting by M, the Co-vector space of modular forms of weight w and
by M = &M, the Cy-algebra of modular forms, we also have an embedding
M — Cuo[[u]] and cusp forms generate an ideal whose image in Co[[u]] is
contained in the ideal generated by u.

It is easy to deduce, from the modularity property, that M}U # {0} implies g —
1 | w. Furthermore, for all w such that M,, # {0}, M,, can be embedded via u-
expansions in Cy [[u?~']] and therefore the Coo-vector space of cusp forms Sy, can
be embedded in u? ' Coo[[u? ).

4.7.1 u-Expansions

We have seen that we can associate in a unique way to any Drinfeld modular form
f a formal series Zi>0 ﬁui € Ceol[#]] which is analytic in some disk D(0, R),
R € |C%|NIO0, 1[. This is the analogue of the ‘Fourier series” of a complex-valued
modular form for SL;(Z); for such a function f : H — C we deduce, from f(z +
1) = f(z), a Fourier series expansion

f=Y_ rd'. fieC,

i=0

converging for ¢ = g(z) = ez ¢ DZ.(0, 1). We want to introduce some useful
tools for the study of u-expansions of Drinfeld modular forms.

Dy .
For n > 0 we introduce the Cyo-linear map Coo[z] —> Coo[z] uniquely

determined by
m
Dn(zm) — ( )Zm—n.
n

Note that we have Leibniz’s formula D, (fg) = Ziﬂ.:n Di(f)Dj(g). The linear
operators D, extend in a unique way to Cy(z) and further, on the Cy,-algebra
of analytic functions over any rational subset of € therefore inducing linear
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endomorphisms of the Cy-algebra of analytic functions 2 — C. Additionally,
if f:Q — Cq is analytic and A-periodic, D, (f) has this same property, and for
all n, D, induces C-linear endomorphisms of Co[[1]] (this last property follows
from the fact that D, (#) is bounded on ;7 as one case easily see distributing D,
onu =Ly _, Zia, which gives (=1)" 1 ¥ 4 (z—al)"ﬂ)‘ We normalise D,, by

T
setting:

D, = (=7) " D,.

Lemma 4.7.2 Foralln > 0, D,(K[u]) C u*K[u].

Proof 1t suffices to show that for all n > 0, D,(u) € u?K[u]. We proceed by
induction on n > 0; there is nothing to prove for n = 0. Recall that u(z) =

Then, by Leibniz’s formula:

expc(Tz2)°

0= D,(1) = D,(uexp-(7z))

= D) expc(F2) + Y Di(uw)Dyi(expe(F2)),
i+q*=n
k>0

because expc is [Fy-linear. In fact, D i (expc(z)) is constant and equals the

. k. . S
coefficient of z7 in the z-expansion of exp., which is dlk' We can therefore use
induction to conclude that

D) =—ul| - Z Diwyd; " | € uK[ul.
i+q*=n
k>0

O

The polynomials G,4+1(u) := Dp(u) € Klu] (n > 1) are called the Goss
polynomials (see [Gek88, §3]). It is easy to deduce from the above proof that
Dju) = w/tl ag j=1,...,q — 1. There is no general formula currently available
to compute D (u) for higher values of j.

4.7.1.1 Constructing Drinfeld Modular Forms

The first non-trivial examples of Drinfeld modular forms have been described by
Goss in his Ph. D. Thesis. To begin this subsection, we follow Goss [Gos80b] and
we show how to construct non-zero Eisenstein series by using that Az+ A is strongly
discrete in C, if 7 € 2. We set:

’ 1
Ev@) = Z (az +b)v’

a,beA
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There are many sources where the reader can find a proof of the following lemma
(see for instance [Gek88, (6.3)]), but we prefer to give full details.

Lemma 4.7.3 The series Ey, defines a non-zero element of My, if and only if w > 0
andg — 1| w.

Proof The above series converges uniformly on every set €7 and this already gives
that E,, is analytic over Q2. The first property, that E,, is modular-like of weight w,
follows from a simple rearrangement of the sum defining E, (y(z)) fory € T
and its (unconditional) convergence, which leaves it invariant by permutation of its
terms. Additionally, it is very easy to see that all terms involved in the sum are
bounded on 2, for every M which, by the ultrametric inequality, implies that E,,
itself is bounded on €2,/ for every M. It remains to describe when the series are zero
identically, or non-zero.

For the non-vanishing property, we give an explicit evidence why E, has a
u-expansion in Cxo[[#]], and we derive from partial knowledge of its shape the
required property (but we are not able to compute in limpid way the coefficients of
the u-expansion!). First note that

1 1
Dy =~ Y o
T e @by

so that we can use the Goss’ polynomials G,41(#) = D,(u) as a ‘model’ to
construct the u-expansion of E,,. Now, observe, for w > O:

1 ’ 1
Ev@ =) . +> > :
beA b¥ acA beA (az + b)w
If (4 — 1) | w, we note that
1 -1
D =110 =P) 7 = —ta(w),
beA P

where the product runs over the monic irreducible polynomials P € A and therefore
is non-zero. Then, if (g — 1) | w and if AT denotes the subset of monic polynomials
in A:

Ey(2)

1
—Caw)— Y Y G2+ By

acAt beA

—taw) =7 Y Gy(u(az)),

acAt

a series which converges uniformly on every affinoid subset of Q2. Note that for
a € A\ {0}, the function u(az) can be expanded as a formal series u, of ul K [[u]]
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(normalise | - | by |8] = ¢) locally converging at # = O (in a disk of positive radius
r independent of a). This yields the explicit series expansion (convergent for the
u-valuation, or for the sup-norm over the disk D(0, r) in the variable u):

Ey(@) = —2aw) =" Y Gylita). (4.12)

acAt

This also shows that E, is, in this case, not identically zero. Indeed ¢4 (w) is non-
zero, while the part depending on u in the above expression tends to zero as |z|y
tends to 0o. On the other hand, if (¢ — 1) t w, the factor of automorphy JJ’/” does
not induce a factor of automorphy for the group PGL;(A) defined as the quotient of
GL,(A) by scalar matrices and this implies that any modular form of such weight
w vanishes identically, and so it happens that E,, vanishes in this case. O

Remark 4.7.4 1t is instructive at this point to compare our observations with the
settings of the original, complex-valued Eisenstein series. Indeed, it is well known,
classically, thatif w > 2,2 | w and g = e2miz,

ey 1 3 Qmi)2 nelgn
Ey(2) —a;z @z 4 by —2§(w)+2(lg oy 3 g

3(z) > 0.

n>1

The analogy is therefore between the series

Y Gulia)

acAt
and
ng—lqn
> .
n>1 1 —-q"

However, it is well known that the latter series can be further expanded as follows,
with oy (n) = Zdln d~:

20'571(11)61'1-

n>1

For the series Zae 4+ Gu(ug), this aspect is missing, and there is no available
intelligible recipe to compute the coefficients of the u-expansion of E,, directly,
at the moment.
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4.7.2 Construction of Non-trivial Cusp Forms

We have constructed non-trivial modular forms, but they are not cusp forms. We
construct non-zero cusp forms in this section. Let z be an element of 2. Then,
A = A; = Az + Ais an A-lattice of rank 2 of C,. By Theorem 4.3.4, we have the
Drinfeld A-module ¢ := ¢ 5 which is of rank 2. Hence, we can write

$0(2) =0Z +3R)Z9+ AR)Z9, V(. Z) € 2 x Coo

for functions g, A:Q— Coo.

(z,2)~E(z,2)
B

We consider the function 2 x C Coo Which associates to (z, Z)

the value

E(z, Z) :=expy(Z) = Y e ()27 =7 ]_[’ (1 - f) (4.13)

i>0 AEA

at Z of the exponential series exp, associated to the A-lattice A = A, of Cu. It is
an analytic function and we have ¢, (exp, (Z)) = exp,(aZ) foralla € A.

The following result collects the various functional properties of E(z, Z); proofs
rely on simple computations that we leave to the reader.

Lemma 4.7.5 Forallz € 2, Z € Cy, y €T anda € A:

(1) ¢a(a)(E(z, Z2)) = E(z,aZ),
(2) E(y(2), Z) = Jy (@) 'E(z, J, (2) 2).
(3) E(z, Z+az+b) =E(z, Z2), foralla, b € A.

Remark 4.7.6 Loosely, we can say that E is a ‘non-commutative modular form of
weight (—1, 1)’. The second formula can be also rewritten as:

VA
E (y(z), J (z)) =Jy(2)'E(z, 2), y € GLa(A),
v

so that [E functionally plays the role of a Jacobi form of level 1, weight —1 and index
0 (this is in close analogy with the Weierstrass gp-functions).

By taking the formal logarithmic derivative in the variable Z of the Weierstrass
product expansion of exp, (Z) (for z fixed) we note that

1- > E@Zz

k=0
(g=Dlk

Z J—
E(z,Z)

so that the coefficients in this expansion in powers of Z are analytic functions on €2,
from which we deduce, by inversion, that the coefficient functions o; : 2 — C of
E are analytic. By Lemma 4.7.3 and the homogeneity of the algebraic expressions
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expressing the functions ¢; in terms of the Eisenstein series Ex we see that o; €
M,i_, forall i > 0. As |z|]y — oo we have Ey(z) — —¢a(k), after a simple
computation we see that

E(z, Z) — expy(2)

uniformly for Z € D for every disk D C Cq. This means that the functions «; are
not cusp forms (the coefficients of exp, € Koo[[7]] are all non-zero). To construct
cusp forms, we now look at the coefficients g, A of ¢o which are functions of the
variable z € . By (1) and (2) of Lemma 4.7.5, for y € I, writing now ¢4, (6) in
place of ¢g:

Py )Ty ) 'E(z, Ty ()Z2) = ba, ., O)E(y (2), 2))
= E(]/(Z), QZ)
= J, () 'E(:z. 00y (2)2).

Hence, g4, 0)(Jy @) 'E@z. W) = Jy () "'E, W) = Jy () 'éa.(E(z, W)
for W € Cu. Since it is obvious that the coefficient functions g, A are analytic on
2, they are in this way respectively modular-like functions of respective weights
g — 1 and g° — 1. Furthermore:

Lemma4.7.7 § € My 1\ S;-1 and A € S, \ {0}. Additionally, A(z) # 0 for
allz € Q.

Proof The modularity of g and A follows from the previously noticed fact that
eXpa, (Z) — exp4(Z) uniformly with Z in disks as |z|s — oo. Indeed, this implies
that ¢p(Z) — 0Z + 797124 (uniformly on every disk) so that 3 — 79! and
A = 0as |zl — oo and we see that g is a modular form of weight ¢ — 1 which is
not a cusp form, and Aisa cusp form.

We still need to prove that A is not identically zero; to do this, we prove now the
last property of the lemma, which is even stronger. Assume by contradiction that
there exists z € €2 such that z(z) = 0. Then

P, (0) =0 +8(@)T

which implies that the exponential exp, = induces an isomorphism of A-modules
eXpy, Coo/A; — C(Cy) (the Carlitz module). But this disagrees with
Theorem 4.3.4 which would deliver an isomorphism A, = A between lattices of
different ranks. This proves that A does not vanish on €. O

Following Gekeler in [Gek88], we define the modular forms g, A of respective
weights g —land g2 —1by g =74 "'gand A = 74’1 A. The reason for choosing
these normalisations is that it can be proved that the u-expansions of g, A have
coefficients in A. We are not far from a complete proof of the following (see [Gek88,
(5.12)] for full details):
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Theorem 4.7.8 M = @,z M, = Cxolg, Al

The proof rests on three crucial properties (1) existence of Eisenstein series (2)
existence of the cusp form A which additionally is nowhere vanishing on €2, and
(3) modular forms of weight O for I are constant, which follows from the fact that
a modular form of weight O can be identified with a holomorphic function over
Plqu (Cx) by Theorem 4.6.8, which is constant. We omit the details.

4.7.2.1 Drinfeld Modular Forms and the Bruhat-Tits Tree

We briefly sketch the interaction between Drinfeld modular forms and the Bruhat-
Tits tree, mainly inviting the reader, yet in quite an informal way, to read the
important work of Teitelbaum in [Tei91]. A simple computation indicates that if
f is a rigid analytic function over the annulus V = L_;.y-oC, (or on a more
general annulus in ) so that f is defined by a convergent series Y, f;z' with the
coefficients f; in Co, then the residue

Resy (f(2)dz) :== f-1

does not depend on the local coordinate chosen to express the differential form
® = f(z)dz. Namely, if ¢ is another local coordinate and z = z(t) = >, z;t' with
zi € Cx and z1 € CZ, (with suitable convergence conditions), then the coefficient
of t=1dt in w(z(r)) = fz(t)dz(t) = f(z(t))‘gllfdt is also equal to f_i, and in
particular, Resy ( fdz) does not depend on the choice of the ‘center’ of the annulus.

We consider T the set of the oriented edges of the Bruhat-Tits tree. The elements
are in one-to-one correspondence with the disjoint subsets of €2:

Vi i=a + |_| C., neZ, ace 69,5,,,116‘71".
reln—1,n[

Note that V,, 4 = {z € Cso : |7|" < |z—a| < |7|"~!}, which is an annulus centered
at elements of Ko, with inner radius |7|" and outer radius |7|"~!, n varying in Z.
Moreover, V. = Vpo. If f : @ — Cx is a rigid analytic function, then f is rigid
analytic on every V,, , and we have a well defined residue map

e Tes()

Coo

which is a ‘harmonic function’ in virtue of the ultrametric residue theorem (see
[Ger80, §3]; we do not give full details and definitions of ‘harmonic functions’ etc.,
this would bring us too far away from the objectives of this paper). Of course, we do
not expect the map res(f) to reproduce faithfully the behaviour of f. For example,
if f is entire over C, then all the residues of the differential form fdz are clearly
zero and res( f) vanishes identically, which might not be the case for f.
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Where the map res(f) becomes really useful is with rigid analytic functions
f which are determined by more elaborate patching of local data than just entire
functions. Typically, functions defined by globally non uniform convergent series
over Q. If f is a Drinfeld modular form, Teitelbaum proved, in a much more general
setting (I" arithmetic subgroup of GL,(A)), that a suitable variant of the residue map
provides us with an isomorphism of Cs,-vector spaces

Suw(T) — Char (T, w),

where Sy, (I") is the space of Drinfeld cusp forms of weight w for I" as defined in
ibid. and generalising our space S, for I' = GL;(A), and where Cpar (", w) is the
space of ‘weight w harmonic cocycles’ for I'. This map can be defined also over
M,, ("), the space of Drinfeld modular forms of weight w for I'. Then, the kernel
is spanned by the Eisenstein series of weight w. For this and other deep properties
such as a homological interpretation of the residue map and an interesting and yet
mysterious analysis of the Fourier series of cusp forms, see the paper [Tei91].

4.8 Eisenstein Series with Values in Banach Algebras

The final purpose of this and the next more advanced sections of the present paper
is to show certain identities for a variant-generalisation of Eisenstein series (see
Theorem 4.9.9). We recall that A = F,[6]. Let B be a C-Banach algebra with
sub-multiplicative norm || - 1 norm || - || (extending the norm | - | of C,) with the
property that || B]| = |C|. Let X be a rigid analytic variety. We set

Ox/p = Ox®c, B,

with Oy the structural sheaf of X, of Cy-algebras. In other words, if U C X is
an affinoid subset of X, then Ox(U) carries the supremum norm || - ||y and we
define Ox,p(U) to be the completion of Ox ®c,, B for the norm induced by | f ®
b| = |fly,for f € Ox(U) and b € B. If B has a countable orthonormal basis
B = (bi)icz, an element f € Ox,;p(U) has a convergent series expansion

f=Y_ fibi,

iel

where f; € Ox(U), with | fj|y — 0 for the Fréchet filter on Z.

SThat is, |lab|| < |la|l||b]| for all a, b € B. We adopt the simpler notations || - || and | - | at the place
of | - |0 etc. that we have used in the first few sections of our text.
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One sees that that Tate’s acyclicity Theorem extends to this setting, namely, if
X is an affinoid variety, Ox/p is a sheaf of B-algebras. The global sections are the
analytic functions X — B.

We will mainly use the cases X = Q and X = Ag"". If X = Ag Z‘O" an element
of Ox/p is a B-valued entire function of s variables. We can identify it with a map
Ci, — B allowing a series expansion in B[[¢]] with = (¢1, ..., ;) converging on
D(O, R)’ for all R > 0. A bounded entire function Coc — B is constant (this is a
generalisation of Liouville’s theorem which uses the hypothesis that ||B|| = |Co|
is not discrete, see [Pell16b]).

We work with B-valued analytic functions where B = K is the completion of
Coxo(2) for the Gauss norm || - || = || - lloo, Where t = (21, ..., t;). We have ||K|| =
|Cso| and the residue field is ]Ff}c (). In all the following, we consider matrix-valued
analytic functions and we extend norms to matrices in the usual way by taking the
supremum of norms of the entries of a matrix.

We extend the F,-automorphism t : Coo — Coo, x = x9, F,(¢)-linearly and
continuously on K. The subfield of the fixed elements K™=l = {x e K: t(x) = x}
is easily seen to be equal to IF, (¢) by a simple variant of Mittag-Leffler theorem. Let
Al ..., Ar € Cx be Koo-linearly independent. This is equivalent to saying that the
A-module

A=A N+ + AL C Cy

is an A-lattice. In this way, the exponential function exp, induces a continuous open
I, (¢)-linear endomorphism of K, the kernel of which contains A ®p . F,(¢) (it can
be proved that exp, is surjective over K and the kernel is exactly A ®f, F, (¢) but
we do not need this in the present paper). The Drinfeld A-module ¢ = ¢, gives rise
to a structure of F, (¢)*"*"[6]-module

d) (Knr ><n)

by simply using the F, (¢)-vector space structure of K and defining the multiplica-
tion ¢y by 6 with the above extension of 7.
We consider an injective F,-algebra morphism

AL F, @)

and we set, with (Aq,...,A;) an A-basis of A (the exponential now applied
coefficientwise):

M,
wn =expy | @1, —x©O)H '] e Km>n,
A Iy
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Lemma 4.8.1 For all a € T, (1)[0] we have the identity ¢,(wp) = x(a)wp in
Krnxn.

Proof Since the variables #; are central for T and I, (#)[0] is euclidean, it suffices to
show that ¢g(wp) = x (t)wa. Now observe, fora € A:

(alp — x(a) + x (@)
Pa(@)(@n) = expy (O, — x @)~ :
(aly — x(a) + x(@)Ar

= x(a)wa,

because (81, — x(0)) "' (al, — x(a)) € F,(0)[6]"*" so that (81, — x @) V(al, —
x (a))A; lies in the kernel of exp, (applied coefficientwise). |

Hence, w, is a particular instance of special function as defined and studied in
[Angl7, Gaz19]. Note also that the map

Dy Z > expy (01, — x(0)7'2)

defines an entire function Co, — K", An easy variant of the proof of
Lemma 4.8.1 delivers:

Lemma 4.8.2 We have the functional equation t (5 (Z)) = (x(0)—01,) DA (Z)+
expp (Z2) 1, in K"™*".

We now introduce a ‘twist’ of the logarithmic derivative of exp, . We recall that

AL Fy(#)"*" is an injective IF,-algebra morphism. We introduce the Perkins’
series (introduced in a slightly narrower setting by Perkins in his Ph. D. thesis
[Per13]):

1
VAD) = YD, @) x(@)), Z € Ca

Aat,...,ar€A

(depending on the choice of the basis of A as well as on the choice of the algebra
morphism y). The series converges for Z € Co \ A to a function Coo \ A — K<™,
We have (after elementary rearrangement of the terms):

Ya(Z —bihy — - = brdy) = Ya(Z) — (x(B1), - .., x (b)) expp(2)™', b, by € A.

The next proposition explains why we are interested in the Perkins’ series: they can
be viewed as generating series of certain K-vector-valued Eisenstein series that we
introduce below. Determining identities for the Perkins’ series results in determining
identities for such Eisenstein series.
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Proposition 4.8.3 There exists r € |CX | such that the following series expansion,
convergent for Z in D(0, r), holds:

Va2 =— > ZIT'EnGi 0,
j=1
J=1(g-1)
where for j > 1,
’ 1
En(j x) = (x(a), ..., x(a,)) e K",
A (s ) } Za:eA @t ety K@D X (@)

The series Ea(j; x) is the Eisenstein series of weight j associated to A and x.
Note that this is in deep correspondence with the canonical deformations of the
Carlitz module in Tavares Ribeiro’s contribution to this volume, [Tav20, §4.2]. The
reader can make these connections deeper with an accurate analysis on which we
skip here.

Problem 4.8.4 Develop the appropriate generalisation of the theory of harmonic
cocycles of Teitelbaum [Tei91] and construct the residue map along the notion of
K-vector-valued modular form which naturally includes the above Eisenstein series
as in [Pel18].

Proof of Proposition 4.8.3 Since A is strongly discrete, D(0,r) N (A \ {0}) = ¢
for some r # 0. Then, we can expand, for the coefficients a; not all zero,

1 . -1 Z ( Z >’
Z—aih — - —aphy - aii + -+ arir = air - Far )
The result follows from the fact that £ (j; x), which is always convergent for j >
0, vanishes identically for j £ 1 (mod g — 1) which is easy to check observing that
A =AAforall A € F;, and reindexing the sum defining £4 (j; x). O

Lemma 4.8.5 The function F*(Z) := expp (Z2)Ya(Z) defines an entire function
Coo — K™ such that, for all » = ajry + --- + a,A, € A, F'(L) =
(X(al)s cec X(ar)) € ]Ft[(t)nxnr'

Proof This easily follows from the fact that Y5 convergesat Z = 0, and (4.14). O

The function ¥, is intimately related to the exponential exp, by means of the
following result, where exp, on the right is the unique continuous map K"*" —
K> which induces a F, ()" [6]-module morphism K"*"* — ¢ (K"*").

Lemma 4.8.6 We have the identity of entire functions Coo — K™ of the
variable Z:

expp (Z2)Ya(Z)wn = expp (01, — x ()~ Z).
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Proof By Lemma 4.8.5, the function
F(Z) = F*(Z) - wp : Cop — K™

is an entire function such that

F) = (x(a),..., x@@))wy e K" VYA =aijA +---+aA € A.
We set

G(Z) = expp (01, — x(0))"' 2).

Let L =ajA1 + -+ arr € A. We have, by Lemma 4.8.1,
G(1) = expp (01, — xO) ™ (a1, — x(@) + x@ )i + - + (@I = x(a,) + x(@)A,)

= (x(a1), ..., x(@))wx.

Hence, the entire functions F, G agree on A. The function F — G is an entire
function Co, — K"*" which vanishes over A. Hence,

F(Z) - G(2)

H(Z) = expy (Z2)

defines an entire function over C,. Now, it is easy to see that

lim |H(Z)| = 0.
|Z|—o00

Since the valuation group of K is dense in R*, the appropriate generalisation of
Liouville’s theorem [Pel16b, Proposition 8] for entire functions holds in our settings
and H = 0 identically. O

Remark 4.8.7 More generally, we can study A-module maps
AL K

with bounded image (the A-module structure on K"*”" being induced by an injective
algebra homomorphism A — [, (t) — K"*") and Perkins’ series

x(A)

Yaln; )= (Z—

rEA

Lemma 4.8.6 delivers an identity for /5 in terms of certain analytic functions
of the variable Z which are explicitly computable in terms of exp,. To see this,
observe that the K-algebra of analytic functions D(0,r) — K is stable by the



164 E. Pellarin

K-linear divided higher derivatives Dz, defined by Dz.,(Z™) = (7)Z"~". In
particular, Dz ,(¥5) is well defined for any n > 0. We write f(k) for rk(f),
f € Kor for f more generally a K"*%-valued map for arbitrary integers r, s. If
=0 f;Z' is an analytic function over a disk D(0, ) in the variable Z, then

Fo = 2is0 t(ﬁ)Z‘fki is again analytic if k > 0. Observe that in particular,

YA(Z)W =Dy (¥a(2)), k=0.

Lemma 4.8.6 implies
YA (Z)wn = H(Z) = expy(Z) ' expp (01, — x(0) ' 2),

and we note that on the right we have an analytic function D(0, r) — K" for
some r € |CX|. Applying D,«_y on both sides of this identity and observing that
wp does not depend on Z, we deduce:

Ya(2)Pwp =Dy (H)(2), k= 0.

Now, since the function ¥rp (Z )(k) is in fact an analytic function of the variable Z‘fk s
this is also true for the function Dk _ (H)(Z) so that

Hi(Z) = Dy (H)(2) Y, k=0

are all analytic functions D(0, r) — K"*" (note that Hy = #). We introduce the
matrices

Qn = (wp, 05V, 0T e KT HA(Z) = (Ho, . Heot),
where the latter is an n x rn-matrix of analytic functions D(0, r) — K. Then,
VA (Z)Rn = Ha(Z).
But a simple variant of the Wronskian lemma (see [Pel08, §4.2.3]) implies that £ 5

is invertible. We have reached:

Theorem 4.8.8 The identity Yyp(Z) = ’HA(Z)SZX1 holds, for functions locally
analyticat Z = 0.

The identity of the previous theorem connects the ‘twisted logarithmic derivative’
Ya(Z) to the inverse Frobenius twists of the divided higher derivatives of the
mysterious function H, which are certainly not always easy to compute, unless
r = 1, where there is no higher derivative to compute at all. If we set, additionally,
X = Xx: where x;(a) = a(t) so that n = 1, then we reach a known identity, which
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was first discovered by R. Perkins in [54] (that we copy below adapting it to our
notations):

VA
exp4(Z)w(t) Z Zag)a = expy (9 B t) ,
acA

with @ Anderson-Thakur’s function and exp,(Z) = Z l_[/ A(1 — Z ). This
ae

formula is expressed in [Pell6b, Theorem 1] in a slightly different manner by
using Papanikolas’ deformation of the Carlitz logarithm. Note that these references
also contain other types of generalisation. The above formula can be viewed as an
analogue of [Kat91, Lemma 1.3.21] (the analogy can be pursued further). We owe
this remark to Lance Gurney that we thankfully acknowledge.

Problem 4.8.9 This should be considered as a starting point for an extension of
Kato’s arguments related to the connection between the zeta-values phenomenology
and Iwasawa’s theory appearing in [Kat91]. One may ask how far a parallel with
Kato’s viewpoint can go.

4.9 Modular Forms with Values in Banach Algebras

In this section, more technical than the previous ones, we suppose that B is a Banach
Coo-algebra with norm ||-|| such that || B|| = |Cw| and we suppose that it is endowed
with a countable orthonormal basis B = (b;);c7. The example on which we are
focusing here is that of B = K, the completion of the field m for the Gauss
valuation | - ||. Any basis of FZC (1) as a vector space over FZC is easily seen to be
an orthonormal basis of K. We recall that we have considered, in Sect. 4.8, a notion
of B-valued analytic function. The main purpose of this section is to show, through
some examples, that if N > 1, there is a generalisation

Q— KV!
of Drinfeld modular form which cannot by studied by using just ’scalar’ Drinfeld
modular forms.
We consider a representation

p:T = GLy(F,(1)) C GLy (K).

Definition 4.9.1 Let f : Q@ — K"*! be an analytic function. We say that f is
modular-like (for p) of weight w € Z if for all y € GL,(A),

Fv@)=71@"p () f(), vy eGLa(A).
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We say that a modular-like function of weight w is:

(1) weakly modular (of weight w) if there exists L € Z such that the map z +—
| exp4(2)* f(2)| is bounded over Q for some M > 1,

(2) a modular form if the map z +— || f(z)|| is bounded over 237 for some M > 1.

(3) acusp formif it is a modular form and max eq,, I f ()| — 0 as M — oo.

We denote by ML!U (p), My(p), Sw(p) the K-vector spaces of weak modular,
modular, and cusp forms of weight w for p. Note that these notations are loose, in
the sense that these vector spaces strongly depend of the choice of K (in particular,
of the variables r = (¢;)).

We now describe a very classical example with N = 1 and B = C4, (no variables
tatall). If p : T — CX is a representation, there exists m € Z/(q — 1)Z unique,
such that p(y) = det(y)™" for all y. We write

p =det™"

(note that this is well defined). Gekeler constructed a cusp form & € S;41 (det_l) \
{0}; see [Gek88, (5.9)]. The first few terms of its u-expansion in Co, can be
computed explicitly by various methods (including the explicit formulas (4.16) and
(4.17) below):

We deduce that /9~ 'A~! is a Drinfeld modular form of weight zero which is
constant by Theorem 4.7.8. The factor of proportionality is easily seen to be —1:
A=—hi"1,

The computation in (4.15) can be pushed to coefficients of higher powers of the
uniformiser # by using two formulas that we describe here. The first formula is due
to Lopez [Lop10]. We have the convergent series expansion (in both K [[u«]] for the
u-adic metric and in D(0, ) for some r € |Cy|N]0, 1[ for the norm of the uniform
convergence)

h=— Z au, € Al[u]). (4.16)

acA
monic

The second formula is due to Gekeler [Gek85] and is an analogue of Jacobi’s
product formula

A=q[]a-¢m* eqiiqll

n>0
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for the classical complex-valued normalised discriminant cusp form A (we have
an unfortunate and unavoidable conflict of notation here!). Gekeler’s formula is the
following u-convergent product expansion:

21

q
h=—u ]‘[ < llc, ( )) € Al[u]l, (4.17)

acA
monic

with C, the multiplication by a for the Carlitz module structure. Note that
1C,(1)4*~1 € 1+ K[[ul] and the u-valuation of

(u\alca (ufl))qz_l _1

goes to infinity as @ runs in A \ {0}. One deduces, from Gekeler’s result [Gek88,
Theorem (5.13)], that M, (det™) = h"™ My _pnoq+1) if mo =mN{0,...,q — 2}
(m is a class modulo g — 1).

4.9.1 Weak Modular Forms of Weight —1

We analyse another class of representations, this time in higher dimension and we
construct a new kind of modular form associated to it. Let

AL TF, )"
be an injective F,-algebra morphism. Then, the map
oy 1 I' = GL2,,(IFy (1)) C GL2,(K)

defined by

(a b) _ (x(a) x(b))
“\cd x(c) x(d)

is a representation of I'. We denote by ,0; the contragredient representation

Py ="py"
We shall study the case p = p, or ,0;. We also set N = 2n.
We construct weak modular forms of weight —1 associated to the representations
Py the main result is Theorem 4.9.3 where we show that a certain matrix function
defined in (4.19) has its columns which are weak modular forms of weight —1. We
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think that this construction is interesting because there seems to be no analogue of
it in the settings of complex-vector-valued modular forms for SL;(Z).

Before going on, we need the next lemma, where we give a uniform bound for
the valuations of the coefficients of the u-expansions ), - ci mu™ of the modular
forms «; appearing in (4.13). -

Lemma 4.9.2 There exists a constant C > 0 such that for all i, m > 0,
lcim| < g7 IF|T O™,

Proof This is [Pell4, Lemma 2.1]. Although the statement presented in this
reference is correct, there is a typographical problem in (2.17) so that, to avoid
confusion, we give full details here. We set without loss of generality |6| = g. We
recall ([Pell4, (2.14)]) that

1 ~ 2
— 54 q .
a = i e(goti_l + Aaj_,), i>0,
with the initial values 9 = 1 and «—; = 0. Now, writing additionally the u-
expansions:
7= 5w, A=Y 5,
i>0 i>0
we find (as in ibid.)
1 .
Cim = Z y]llk—i— Z ]l2k, o 1>0, m=>0
07 — 0
Jj+gk=m j'+q2k'=m

. . |
with the initial values ¢; o = ”qd_ and c_y ,; = 0. Clearly, we can choose C > 0

such that [§;] < C/ and || < C/|797!| for all j > 0, and additionally, we
can suppose that the inequality of the Lemma is true for |¢; ,,| withi = 0, 1. We
now prove the inequality by induction over /. Indeed, note that if j + gk = m,

then, by induction hypothesis, |y] il = Clg=l- D'~ ‘1Ck‘1|71|‘1 ‘1|7t|‘1 I <

cmg—i- Dd' |77 |4 "~1 and similarly, if j + g%k = m, then we have |8/Ci72k| <

m}

Cmg—=4" |79~ and the inequality follows.

We write ¢ = x (0). If we set

W= @I, —9) ! € GL,(K),
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we have that for all a € A:
(x(a) —al,))W € ]Fq(tz)[e]””. (4.18)

Now, we consider, for x and W as in (4.18), the matrix function Q(z) = (Zv‘{‘,/ ),

which is a holomorphic function @ — KV*". We observe thatif y = (¢5) € T,
then

(az +b)W

_ —1
Oy (@) =J,(2) ((cz—i—d)W

) = 7, o (1)0() (mod AV,
Hence, if we set

F(z) := E(z, O(2)), (4.19)

then, by the fact that A; ® I, (7) is contained in the kernel of exp, ,

F(y(2) = Jy @) "Bz, Jy ), @) 0, (1) Q) = J, @) py ()F(2), Vy €T.

This means that the function F : Q@ — K" is modular-like of weight —1 for p,.
We are going to describe this function I in more detail.

Theorem 4.9.3 We have F € M' | (p, ).

1

Proof We set ec(z) = expc(7z) so that u(z) = e

Lemma 4.8.2 implies:
t(ec(W)) = (0 —0L)ec(W), t(eczW)) = (0 —0ln)ec(@W) +ec(2).

The subset W C R.q of the r € |C| such that the elements |dl.71rqi| are all
distinct for i > 0 is dense in R~ (. Let z € Cy be such that r = |7z| € W. Then:

lec(@)| = mls'ﬂlx{q_'q 717 12|17 }.
We write F = (g ) with F; : Q — K"*", We first look at the matrix function

Fi1 =expy (W) = Zoﬁ @20 < (W).

i=0

We suppose that |u(z)| < 11; with B as in Lemma 4.9.2. Then

.7:1 = qui‘fi(W) Zci,juj

i>0 j>0
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so that if W[l = r € W with [u| < }, then

[P S '.71 H
IF1ll = max{|z|? ¢~ 7|7 (Clul)’}
LJ =~

—_—

<1
= |lexpc (@zW)|
= llec(z/0)l,
and ecél/e) — 71, is bounded as |z|x is bounded from below.
We now look at the matrix function F, = ex(W). Since F» =

Zi>0ai(z)ri(W), for |u|] < }9 we get in a similar way that F» — 7~ lec(W)
goes to zero as |z|y — oo. Hence, the n columns of the matrix function I, which

are modular-like of weight —1 are weak modular forms of M!_1 (0y)- |
We set
Fi t(F1)
S=(F,T(F))=< .
F2 1(F2)

Then, § is an analytic function Q — KN>N and the first n columns are weak

modular forms of weight —1, while the last n columns are weak modular forms of
weight —g (for the representation p, ).

Lemma 4.9.4 We have the difference equation t(§) = §P where

<0 A (x(0) — M))
o= ~ .
1 A3,

Proof For any choice of n, m > 0, we extend the function E(z, Z) of Lemma 4.7.5
to

Q X Knxm E Knxm

by setting E(z, Z) = ) ;.o (z)T'(Z) (so T acts diagonally). Lemma 4.7.5 holds
in this generalised setting, where the Drinfeld modules ¢4 now acts on K" <" (case
of A = A;). The present statement follows from (1) of Lemma 4.7.5 witha = 6
in a manner which is sensibly similar to that of [Pel14, Theorem 1.3]. Indeed, note
that, with ¢ () =0 + g7 + A2, we have da(@)F) — x (O)F = 0. |

Lemma 4.9.5 We have that sup,cq,, |5 — XV Z| — 0as M — oo, where

_(In O _ [(ec@W) t(ec(zW)) (7', 0
X_<Oec(W))’ y‘( I ﬁ—%)’ Z‘( 0 %m>‘
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Proof We observe (recall that 9 = x(0)):
_ (T lec@W) FTUW — 0Ly)ec(zW) + eoln))
Yz = (5_1EC(W) 7790 = 01y)ec(W)

Since the second block column of § is the image by t of the first block column, all
Flec(zW)

we need to show is that sup_ .o, ||F — (ﬁflec(W)

)II — 0as M — oo. We note that

Fi=eaGW) =7 lec@W) + > 200y e jul
i>0 j>0

=7

We show that || Y|| tends to zero when |z|y — oco. We suppose that |z|y is large so
that |u|C < 1. then, the double series defining Y is convergent and we can write

T=Y"3 ez < (W)

j>0i>0

The general term of this series, 1; ; := ul Ci, qul 7l (W), has absolute value which
satisfies:

—igt ~ai—1 . i i
i1l < g 1717 (ulC) 1219 | W9
i [ AR
< |u|C max{|z|7 W9 |77 '}
1

ec(z/0)

<7lI'c ec(@)

and tends to zero as |z|s — oo. In a similar way, one proves that || F, — T lec(W)||
tends to zero in the same way, we leave the details to the reader. m]

Lemma 4.9.6 We have || det(§) — (—1)"ec(2)"7% "W+ det(ec(W))|| — 0 as
|z]ly = o0, and det(ec (W) is non-zero.

Proof The formula follows directly from the expression for XY Z. The non-
vanishing of det(ec(W)) is easy to show. |

This result implies that the columns of § are linearly independent. More-
over, it is plain that sup,cq [Idet(F~") — (=1)"u"F 9TV det(ec(W) ™! —
0 as M — oo. Since at once the scalar function F = det(§F!) satisfies
F(y(2)) = J, ()" D det(y)™F(z) forallz € Qandy € T, we get F €
My g+1)(det™) ®c,, K. Now, Fh™" is a modular form of weight 0, therefore equal
to an element of K*. We obtain:
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Corollary 4.9.7 We have det(F~") = (—=1)"7~@+Dp" det(ec(W)) ™! and, writ-
ing H 1= 151 = (91, 92) with H; : @ — K" we have that the n columns of
1 are linearly independent modular forms of weight 1 and the n columns of $, are
linearly independent modular forms of weight q for the representation p;.

What can be further proved is, by setting

M(p}) = P Mu(p})

the weight-graded (M ®c,, K)-module of modular forms for p;, where M =
D, M) is the Cuo-algebra of scalar modular forms (1 is the trivial represen-
tation):

Theorem 4.9.8 M (p}) = (M ®c,, K)*N .

We will not give the details of the deduction of the proof of this theorem from
Corollary 4.9.7, since it rests on an easy generalisation and modification of [Pell8,
Theorem 3.9]. Instead of this, we insist on the result of Gekeler [Gek88, Theorem
(5.13)], which implies that

My (det —m) = Mw—m(q+l)hms m=<gq—1

with £ the Poincaré series of weight g 4+ 1 and ’type 1’ defined in ibid. (5.11) (with
u-expansion (4.15)) so that, with M (det™™) = @, My, (det =),

M(det™) = Mh™.

In view of this, we can think about $ (up to normalisation) as to a matrix-valued
generalisation of the Poincaré series 4.

4.9.2 Jacobi-Like Forms
We consider the series

1
V@2 i=yn @ =3, @, x®)),

a,beA

7 —

converging for Z € Co \ A where A = A; = Az + A, z € Q. We have the
following functional identities

\ <y<z>, ) = J,(2)¥(z, Z)p(y)~', yeTl,

VA
Jy (2)
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together with the identities arising from (4.14). Proposition 4.8.3 implies that, for
Z € D(0, r) for some r € |Co|N]0, 11,

WG Z)=— Y. Z7TEG0)
j>0
Jj=1(g-1)

where £(j; x) is the Eisenstein series (non-vanishing if j = 1 (mod ¢ — 1))
. 4 1 x(a)
EGix)= ) < >
o= @z 40 \x(®)

which satisfies

EGi @) =1, p0EG ), veT, zeQ.

Since it is also apparent that ||E(j; x)(z)|| is bounded on 7 for M > 1 and j > 0,
we deduce that the n columns of £(j; x) are modular forms of weight j for ,o; in the
sense of Definition 4.9.1 (see [Pell8, §3.2.1] for a special case). By Theorem 4.8.8
we obtain

W(z, Z) = [H(Z), Dyt H)(Z) V12 (2) ! (4.20)

which allows to explicitly compute the Eisenstein series £(j; x) in terms of the
function ‘H(Z). To make this interesting relation a little bit more transparent, we
give below an explicit expression of the matrix £ (z)~'. We have:

1

)z—l(cb)g—lz ! _<§?q~l 3 (4.21)
0 (x(®) —09)A ¢

01

-1 _
Q@) = (1 0

with ® the matrix defined in Lemma 4.9.4. To see this, observe that in the notation
of Theorem 4.8.8,

@A) = (F. o '(F) =+ 1(3) (? é) ,

with A = A, as above. By Lemma 4.94, t(§) = §F , so that T H(®) =
F(z~1(®))~! which yields

Q=1 (? (1)) _ S((l’ (1)) ((1’ (1)) (e (@)~ (? é) ,

which implies (4.21) by the (licit) inversion of the two sides.
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Substituting in (4.20) and transposing, we get:

1 0 t
; j— H(Z)
— EGj; x)Z! 1 _ 9 o .
; v —(3) B iex@ 09 (Dq—l(l’H)(Z)(_l))
j=lg-1)

For example, the Eisenstein series of weight one £(1; x) arises as the coefficient of
7Y in the left-hand side and the above yields an explicit formula for it. Note that the
constant term of the Z-expansion of '[H(Z), Dy—1 (H)(2)D7is

U@L — % @) a1 ()0 (O, — @)~ — @41, — x (@)D,

The formula that we get is this one:

1 0 "0, — x @)~
=&l =9 N 1 1 1 s
—(3)" Baex@=00)) \er @' (@1 = @) = @7 1y = xO)7)

A

and what looks as a miracle at first sight is that it greatly simplifies, by using the
explicit computation of «; which arises from [Pell4, (2.14)], and which is a1 =
qu— ¢ » we reach the following:

Theorem 4.9.9 The following identity holds

oI, — x©)!
51<1;x)=—f)(( OX(” )

involving N x n matrices whose columns are modular forms of weight 1.

In fact, this is not a miracle; it is just due to the fact that the left-hand side must be
bounded at the infinity; this is only possible if the second matrix entry of the column
above is identically zero, because it is anyway a multiple by a constant matrix of the
weak modular form g/ A (this somewhat forces & to be equal to the above multiple
of g, giving this artificial impression of miraculous simplification). It is easy from
here to deduce [Pel12, Theorem 8] in the special case of N =2,n = 1 and x = ;.
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Chapter 5 )
Berkovich Curves and Schottky s
Uniformization I: The Berkovich

Affine Line

Jérome Poineau and Daniele Turchetti

Abstract This is the first part of a survey on the theory of non-Archimedean curves
and Schottky uniformization from the point of view of Berkovich geometry. This
text is of an introductory nature and aims at giving a general idea of the theory of
Berkovich spaces by focusing on the case of the affine line. We define the Berkovich
affine line and present its main properties, with many details: classification of points,
path-connectedness, metric structure, variation of rational functions, etc. Contrary to
many other introductory texts, we do not assume that the base field is algebraically
closed.

5.1 Introduction

The purpose of the present notes is to provide an introduction to non-Archimedean
analytic geometry from the perspective of uniformization of curves. The main
characters of this compelling story are analytic curves over a non-Archimedean
complete valued field (k, |-|), and Schottky groups. The main difficulty in establish-
ing a theory of non-Archimedean analytic spaces over k is that the natural topology
induced over k by the absolute value |-| gives rise to totally disconnected spaces,
that are therefore not suitable for defining analytic notions, such as that of a function
locally expandable in power series.

However, in the late 1950s, J. Tate managed to develop the basics of such a theory
(see [Tat71]), and christened the resulting spaces under the name rigid analytic
spaces. To bypass the difficulty mentioned above, those spaces are not defined as
usual topological spaces, but as spaces endowed with a so-called Grothendieck
topology: some open subsets and some coverings are declared admissible and are
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the only ones that may be used to define local notions. For instance, one may define
an analytic function by prescribing its restrictions to the members of an admissible
covering. We refer to [Pel20, Sect. 5.1] in this volume for a short introduction to
rigid analytic spaces.

Towards the end of the 1980s, V. Berkovich provided another definition of
non-Archimedean analytic spaces. One of the advantages of his approach is that
the resulting spaces are true topological spaces, endowed with a topology that
makes them especially nice: they are Hausdorff, locally compact, and locally path-
connected. This is the theory that we will use.

In the present text, which forms the first part of the survey, we introduce
the Berkovich affine line over a non-Archimedean valued field k£ and study its
properties. Contrary to several introductory texts, we do not assume that k is
algebraically closed. The text is meant to be completely introductory, includes many
details, and could be read by an undergraduate student with a minimal knowledge
of abstract algebra and valuation theory. We develop the theory of the Berkovich
affine line A,i’a“ over k starting from scratch: definition (Sect. 5.2), classification of
points with several examples (Sect. 5.3), basic topological properties, such as local
compactness or a description of bases of neighborhoods of points (Sect. 5.4), and
definition of analytic functions (Sect. 5.5). We then move to more subtle aspects
of the theory such as extensions of scalars, including a proof that the Berkovich
affine line over k is the quotient of the Berkovich affine line over ka (the completion
of an algebraic closure of k) by the absolute Galois group of k (Sect. 5.6) and
connectedness properties, culminating with the tree structure of A,i’an (Sect. 5.7).

We finally investigate even finer aspects of Ai’an by considering virtual discs
and annuli, and their retractions onto points and intervals respectively (Sect. 5.8),
defining canonical lengths of intervals inside Ai’an (Sect. 5.9), and ending with
results on variations of rational functions, which are the very first steps of potential
theory (Sect. 5.10).

The second part [PT20] of the survey, which is more advanced, contains a review
of the theory of Berkovich analytic curves and a treatment of uniformization in
this setting, as well as references to further developments and applications in the
literature.

Notation Let (¢, |-|) be a non-Archimedean valued field.

We set £° := {a € £: |a| < 1}. It is a subring of ¢ with maximal ideal
£°° := {a € £: |a| < 1}. We denote the quotient by ¢ and call it the residue
field of £.

We set [£X| := {la], a € £*}. It is a multiplicative subgroup of R that we

call the value group of £. We denote its divisible closure by [£*|2. It is naturally
endowed with a structure of Q-vector space.

Once and for all the paper, we fix a non-Archimedean complete valued field
(k, |-]), a separable closure k* of k and the corresponding algebraic closure k. The
absolute value |-| on k extends uniquely to an absolute value on k“, thanks to the
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fact that it extends uniquely to any given finite extension.! We denote by k% the
completion of k“: it is algebraically closed and coincides with the completion A
of ki@ We still denote by |-| the induced absolute value on k9. We have |/€5X| =
k> [<.

The first object we introduce in our exposition of non-Archimedean analytic
geometry is the Berkovich affine line. This is already an excellent source of
knowledge of properties of Berkovich curves, such as local path-connectedness,
local compactness, classification of points, and behaviour under base change. Other
properties, such as global contractibility, do not generalize, but will be useful later
to study curves that “locally look like the affine line” (see [PT20, Section 2.1]).

Our main reference for this section is V. Berkovich’s foundational book [Ber90].
We have also borrowed regularly from A. Ducros’s thorough manuscript [Duc].

5.2 The Underlying Set

Definition 5.2.1 The Berkovich affine line A;™ is the set of multiplicative semi-
norms on k[ 7] that induce the given absolute value |- | on k.

In more concrete terms, a point of Ai’an isamap |-|y: k[T] — Ry satisfying
the following properties:

() VP, Q €k[T], |P + Qlx < max(|Plx, [Qlx);
(i) VP, Q € k[T], |PQlx = |P|x|Qlx;
(iii)) Ya €k, |o|y = |of.

With a slight abuse of notation, we set
ker(|-|x) :={P € k[T]: |P|x =0}

It follows from the multiplicativity of |- |, that ker(] - |,) is a prime ideal of k[T].

In the following, we often denote a point of A,i’an by x and by |-|, the
corresponding seminorm. This is purely for psychological and notational comfort
since x and |- |, are really the same thing.

Example 5.2.2 Each element « of k gives rise to a point of Ai’an via the seminorm

|la: P € K[T]—> [P(@)] € Ry.

We denote it by o again. Such a point is called a k-rational point of A, ™"

IThe reader can find a proof of this classical result in many textbooks, for example in [Cas86,
Chapter 7].
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Note that, conversely, the element o may be recovered from |-|, since
ker(|-l¢) = (T — «). It follows that the construction provides an injection
k — A,i’an.

Example 5.2.3 The construction of the previous example still makes sense if we
start with a point & € k and consider the seminorm

|“la: P € k[T] — |P(x)] € Ry..

Such a point is called a rigid point of A,i’an.

However, it is no longer possible to recover o from |- |, in general. Indeed, in
this case, we have ker(|-|,) = (o), Where u, denotes the minimal polynomial
of a over k and, if ¢ is a k-linear automorphism of k¢, then, by uniqueness of the
extension of the absolute value, we get | - |5 (o) = |- |«. One can check that we obtain

an injection k%/ Aut(k®/k) < A"

Readers familiar with scheme theory will notice that the rigid points of Ai’an
correspond exactly to the closed points of the schematic affine line A,l. However the
Berkovich affine line contains many more points, as the following examples show.

Example 5.2.4 Each element o of ke gives rise to a point of Ai’an via the seminorm
|“la: P € k[T]+— |P(a)| € Ry.

This is similar to the construction of rigid points but, if « is transcendental over &,
then we have ker(]-|o) = (0) (i.e. |-|o is an absolute value) and the set of
elements o’ in k¢ such that |- | = | - | is infinite.

There also are examples of a different nature: points that look like “generic
points” of discs.

Lemma 5.2.5 Let @ € k andr € R.g. The map

[la,r - k[T] _ —> R)O _
Yis0a@i(T —a) > max;>o(la;|r')

is an absolute value on k[T].
Fora,B € kandr,s € Rog, we have |-|o,r = |-|g,s if, and only if, | — B| < r
andr = s.

Proof 1t is easy to check that |-|y, is a norm. It remains to prove that it is
multiplicative.

Let P = Zi>0a;Ti and 0 =3~ b;T/. We may assume that PQ # 0. Let
ip be the minimal index such that |a; |0 = | P|, and joy be the minimal index such
that |bj,|r/0 = |Q|;.
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For ¢ € N, the coefficient of degree £ in P Q is
Cy = Z a,'bj s
i+j=t
hence we have

’ . .
lcelr™ < El?lxz(laih’l lajlr’y < Pl QI
i+j=

For £ = £y :=ip + jo, we find

Coy = aiobjo + Z a,'bj.
i+j=to
(i, #(o. jo)

For each (i, j) # (io, jo) withi 4+ j = €o, we must have i < ip or j < jo,
hence |a;|r’ < |P|, or |bj|r/ < |Q|, and, in any case, |a;b;|r’0 < |P|,|Q|,. We
now deduce from the equality case in the non-Archimedean triangle inequality that
lcey|r® = | P|,| Q| The result follows.

Leta, B € kandr, s € R.o. Assume that we have |- |y, = |-|g,s. Applying the
equalityto 7 —« and T — B, we get

r = max(la — B[, s) and max(ja — B|,r) = s.
We deduce that » = s and |& — 8| < r, as claimed.
Conversely, assume that we have r = s and |o — 8| < r. Arguing by symmetry,
it it enough to prove that, for each P € k[T], we have |P|g, < |Ply,,. Let P =
Zi>0 a;(T — )" € k[T]. We have

IT —alp,r =max(ja — B[, r) =r

and, since ||, is multiplicative, |(T — «)'|g,, = r' for each i > 0. Applying the
non-Archimedean triangle inequality, we now get

|P|ﬁ,r < max(lailr’) = |P|o¢,r-
i=0

The result follows. O

Example 5.2.6 Leta € k and r € R (. The map

| lar: E ai(T — o)’ +— max(la;|r')
i>0 i20
=



184 J. Poineau and D. Turchetti

Fig. 5.1 The Berkovich
affine line A,lc’an when k is an
algebraically closed,

complete, valued field e kX, | > 1
Nyr o )

11,0

re kX |rl <1

Mo

from Lemma 5.2.5 is an absolute value, hence gives rise to a point of Ai’an, which
we will denote by 74, ,. To ease notation, we set |- | := |-|o,- and 1, := no,,. For a
graphical representation of these points see Fig. 5.1.

Note that the relation characterizing the equality between 7y, and ng s is the
same that characterizes the equality between the disc with center « and radius r
and the disc with center B8 and radius s in a non-Archimedean setting. This is no
coincidence and one can actually prove that, if k is not trivially valued, the absolute
value |-|q,- is equal to the supremum norm on the closed disc of radius o and
center r in the algebraic closure k¢ of k.

Remark 5.2.7 The definitions of |- |, and |- |, from Example 5.2.6 still make sense
for r = 0. In this case, the points ng and 74,0 that we find are the rational points
associated to 0 and o respectively. It will sometimes be convenient to use this
notation.

Note that we could combine the techniques of Examples 5.2.3 and 5.2.6 to define
even more points.

5.3 Classification of Points

In this section, we give a classification of the points of the Berkovich affine
line A,'™". Let us first introduce a definition.

Definition 5.3.1 Let x € Ai’an. The completed residue field 7 (x) of x is the
completion of the fraction field of k[T']/ ker(| - |») with respect to the absolute value
induced by |- |,. It is a complete valued extension of k.
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We will simply denote by | - | the absolute value induced by |- |, on J7(x).

The construction provides a canonical morphism of k-algebras y, : k[T ]— .77 (x).
We think of it as an evaluation morphism (into a field that varies with the point x).
For P € k[T], we set P(x) := xx(P). It then follows from the definition that we
have |P(x)| = | P|y.

Example 5.3.2 Letx € A,i’an. If x is a k-rational point, associated to some element
a € k, we have 57 (x) = k and the morphism x, is nothing but the usual evaluation
morphism P € k[T] — P(a) € k.

If x is a rigid point, associated to some element o € kK, we have an isomorphism
H(x) =~ k(o). Conversely, if 5Z(x) is a finite extension of k, then we have
ker(|-]x) = (P) for some irreducible polynomial P, hence the point x is rigid
(associated to any root of P).

Example 5.3.3 Leta € kandr € R.g — |k*|2. Then H (Nq.r) is isomorphic to
the field

ky = {f =Y a(T - ) : lim ol = 0}

i€Z
endowed with the absolute value | f| = max;ez(|a;|r’).

In the previous example, there exists a unique io € Z for which the quantity |a; |r’
is maximal. The fact that &, is a field follows. This is no longer true for r € |k* |Q
and the completed residue field . (n,,,) is more difficult to describe (see [Chr83,
Theorem 2.1.6] for instance).

Definition 5.3.4 A character of k[T] is a morphism of k-algebras x : k[T] — K,
where K is some complete valued extension of k.

Two characters x’: k[T] — K’ and x”: k[T] — K" are said to be equivalent if
there exists a character x : k[T] — K and isometric embeddingsi’: K — K’ and
i"”: K — K" that make the following diagram commutative:

K/

K//

We have already explained how a point x € Ai’an gives rise to a character
Xx: k[T] — S (x). Conversely, to each character x : k[T] — K, where (K, |-|)
is a complete valued extension of (k,|-|), we may associate the multiplicative
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seminorm
[“ly: P eklT]— |x(P)| eR.

Any equivalent character would lead to the same seminorm.

Lemma 5.3.5 The map x +— xy is a bijection from Ai’an to the set of equivalences
classes of characters of k[T . Its inverse is the map x > |-|y. O

We mention the following related standard fact (see [Ked15, Lemma 2.8 and
Remark 2.9] for instance).

Lemma 5.3.6 Any two complete valued extensions of k may be isometrically
embedded in a common one. O

Even if we do not have a explicit description of the completed residue fields
associated to the points of Ai’an, we can use them to introduce some invariants.

Notation 5.3.7 For each valued extension (¢, |-|) of (k, |-|), we set
s(0) := tr.deg.(/k)
and
1(€) = dimg(|¢*|%/1k*|).
Forx € Ai’an, we set
s(x) :=s(H(x)) and t (x) := t (F(x)).

This invariants are related by the Abhyankar inequality (see [Bou06, VI, §10.3,
Cor 1]).

Theorem 5.3.8 Let £ be a valued extension of k. Then, we have
s(€) +t(€) < tr.deg.(£/k).

Moreover, if £/k is a finitely generated extension for which equality holds, then
[€*1/1k*| is a finitely generated abelian group and £/k is a finitely generated field
extension.

For each x € A,i’an, the fraction field of k[7T']/ ker(|-|,) has degree of transcen-
dence O or 1 over k. Since its invariants s and ¢ coincide with that of J#(x), it
follows from Abhyankar’s inequality that we have

s(x)+1(x) < 1.

We can now state the classification of the points of the Berkovich affine line.
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Definition 5.3.9 Letx € A"

The point x is said to be of rype I if it comes from a point in k% in the sense of
Example 5.2.4. In this case, we have s(x) = t(x) = 0.

The point x is said to be of type 2 if we have s(x) = 1 and 7(x) = 0.

The point x is said to be of type 3 if we have s(x) = 0and 7(x) = 1.

The point x is said to be of rype 4 otherwise. In this case, we have s(x) = 7 (x) =
0.

Example 5.3.10 Leta € k andr € R..

Assume that » € |k*|<. There exist n,m € N>i and y € k with " = |c|™.
Consider such an equality with » minimal. Denote by ¢ the image of (7' — )" /¢ in
S (x). It is transcendental over k and we have 12(:) = J(x). We deduce that 1, ,
has type 2.

Assume that r ¢ |k* |Q. Then, we have H(Nar) = k, so Na,r has type 3.

The classification can be made more explicit when k is algebraically closed. Note
that, in this case, we have [k*|Q = |k*].

Lemma 5.3.11 Assume that k is algebraically closed. Then x has type 2 (resp. 3)
if, and only if, there exist a € k andr € |k*|Q (resp. r ¢ |k*|Q) such that x = Ne,r-

Proof Assume that x is of type 2. Since s(x) = 1, there exists P € k[T] such
that [P(x)] = 1 and P is transcendental over k. Since k is algebraically closed,
we have |k*| = [k*|Q = |H(x)*|?, hence we may write P as a product of linear
polynomials, all of which have absolute value 1. One of these linear polynomials has

an image in J# (x) that is transcendental over k. Write it as ¢(T — «), with ¢ € k¥
and o € k. We then have x = 1, |.|-1.

Assume that x is of type 3. Since ¢(x) = 1, there exists P € k[T] such that
r:=|Px)| ¢ |k*|2. As before, we may assume that P = T — o with ¢ € k. We
then have x = nq,,.

The converse implications are dealt with in Example 5.3.10. O

Proposition 5.3.12 Assume that k is algebraically closed. Let x € Ai’an. There
exist a set 1, a family (o;)ier of k and a family (r;)ie; of Rxo such that, for each
i, j €1, wehave

max(Jo; —ajl, r;) < rjor max(lo; —aj|,rj) <r;

and, for each P € k[T],

| Py = inf(| Pla;,r)-
iel

Proof Our set I will be the underlying set of k. For each a € k, we set «; := a and
rq = |T — aly.
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Leta, b € k. We have
la —bl=la—=bly=la—=T+T —bly <max(la —T|x, |T — blx),
so the first condition of the statement is satisfied. It implies that we have
VP € k[T], |Playr, < |Plpr, ot VP € k[T, [Plp,r, < |Pla,r,-

It follows that the map v: P € k[T] + infsck (| Pla,r,) is multiplicative, hence a
multiplicative seminorm.

Since k is algebraically closed, every polynomial factors as a product of
monomials. As a consequence, to prove that v and |- |, coincide, it is enough to
prove that they coincide on monomials, because of multiplicativity.

Leta € k. We have |T — o|o,r, =70 = |T — ot|x, hence v(T — o) < |T — ay.
On the other hand, for each a € k, we have

|IT—aly =|T—a+a—a|y <max(|T —aly, la—aly) = max(rq, la—al) = |T —alqg,r,,

hence |T — a|, < v(T — ). |

Remark 5.3.13 One should think of the families (¢;);e; and (r;);<; in the statement
of Proposition 5.3.12 as a single family of discs in k (with center «; and radius r;).
Then, the condition of the statement translates into the fact that, for each pair of
discs of the family, one is contained in the other.

Moreover, it is not difficult to check that, if the intersection of this family of discs
contains a point « of k, then we have |- |, = |- |q,r, Where r = infjc;(r;) 2> 0.

On the other hand, if the family of discs has empty intersection, we find a new
point, necessarily of type 4. Note that we must have inf;c;(r;) > 0 is this case.
Otherwise, the completeness of k¥ would ensure that the intersection of the discs
contains an element of k.

Definition 5.3.14 Assume that k is algebraically closed. For each x € A,i’an, we
define the radius of the point x to be

r@) = nf(T — cly).

It can be thought of as the distance from the point to k.

Example 5.3.15 Assume that k is algebraically closed. Let x € A,i’an.

If x has type 1, then r(x) = 0.

If x has type 2 or 3, then, by Lemma 5.3.11, it is of the form x = 5y, and we
haver(x) =r.

If x has type 4, then, with the notation of Proposition 5.3.12, we have
r(x) = infj¢/(r;). Indeed, for eachi € I, we have |T — o;|x < |T — ojloy.r; = Ti-
It follows that r (x) < inf;¢;(r;). On the other hand, let ¢ € k. For i big enough, c is
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Fig. 5.2 The points 7, with
r € |k*| are of type 2, the
points 7y, with s ¢ |[k*| are
of type 3, and the points 74,0

are of type 1. If k is not Type 2
sphericall 1 i 7 re kX
pherically complete, points I —
of type 4 will occur Type 3 \ © Type 4
vk nY BIEURE s k|
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m
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A
A
% |
Type 1
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not contained in the disc of center ¢; and radius r;, that is to say |o; — ¢| > r;, from
which it follows that |T — clg, », = |o; —c|.

We deduce that |T — c|, = infie;(Jo; — ¢|) = infij¢;(r;); see Fig. 5.2 for a
representation of these types of points on the affine line.

Remark 5.3.16 The radius of a point of type different from 1 is not intrinsically
attached to the point in the sense that it depends on the chosen coordinate 7 on A,l’an.

However, by studying the automorphisms of A,l’an, one can prove that any change
of coordinate will have the effect of multiplying all the radii by the same constant
(in |k*]), see Proposition 5.5.12 and Remark 5.5.13. In particular, the quotient of
the radii of two points is well-defined.

Definition 5.3.17 The field k is said spherically complete if every family of discs
that is totally ordered by inclusion has a non-empty intersection.

The field k is said maximally complete if it has no non-trivial immediate
extensions, i.e. extensions with the same value group and residue field.

We refer to the paper [Poo93] by B. Poonen for more on those topics and
in particular the construction of spherical completions, i.e. minimal spherically
complete extensions. We only quote the following important result.

Theorem 5.3.18 A valued field is spherically complete if, and only if, it is maxi-
mally complete. O

Remark 5.3.19 Assume that k is algebraically closed. Then, the completed residue
field of a point of type 4 is an immediate extension of k. Using Remark 5.3.13, we
can deduce a proof of Theorem 5.3.18 in this case.
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To make things more concrete, we would now like to give a rather explicit
example of a point of type 4.

Example 5.3.20 Let r € (0,1) and consider the field of Laurent series C((z))
endowed with the absolute value defined by | f| = r"(/). Recall that the 7-adic
valuation v; (f) of f is the infimum of the indices of the non-zero terms of f in its
Taylor expansion f = ZneZ aut". (Note that, for f = 0, we have v:(0) = +o0,
hence | f| = 0.)

The algebraic closure of C((¢)) is the field of Puiseux series:

co* = |J ca'm.

mEN>1

In particular, the exponents of ¢ in the expansion of any given element of C((#))¢ are
rational numbers with bounded denominators.

We choose our field k to be the completion of C((¢))“. Its elements may still be
written as power series with rational exponents. This time, the exponents may have
unbounded denominators but they need to tend to +oc.

Consider a power series of the form ZneN t9" where (qn)nen 1S a strictly
increasing bounded sequence of rational numbers. (For instance, g, = 1 — 27"
would do.) The associated point of Ai’an is then a point of type 4. In this case, one
can explicitly describe an associated family of discs by taking, for each m € N, the
disc with center a,, := Y " 9" and radius r,, := rim+1.

One can go even further in this case and describe a spherical completion of k. It
is the field of Hahn series C((79)) consisting of the power series f = ) 7€Q agt,
where the a,’s are rational numbers and the support {g € Q | a; # 0} of f is
well-ordered: each of its non-empty subsets has a smallest element.

5.4 Topology

We endow the set Ai’an with the coarsest topology such that, for each P € k[T], the
map

xe A" — |P(x)| €R
is continuous. In more concrete terms, a basis of the topology is given by the sets
{x e A,i’an ir < |P(x)| < s},

for P € k[T]and r,s € R.
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Remark 5.4.1 By Example 5.2.2, we can see k as a subset of A}**". The topology

on k induced by that on A;"™" then coincides with that induced by the absolute
value |-|.

Lemma 5.4.2 The Berkovich affine line Ai’an is Hausdorff.

Proof Letx £y e A}(’an. Then, there exists P € k[T] such that |P(x)| # |P(y)].
We may assume that |P(x)| < |P(y)|. Letr € (|P(x)|, |P(¥)]). Set

U:={z¢€ Ai’an P <rand V :={z € A}(’an D|P(2)| > ).

The sets U and V are disjoint open subsets of A,ﬁ’an containing respectively x and y.
The result follows. m|

Definition 5.4.3 For o € k and r € R. ¢, the open disc of center a and radius r is
D (@,r)={x e Ay™: (T —a)(x)| <r}.
For o € k and r € R, the closed disc of center o and radius r is
DY, r)={x e AY™: (T —a)(x)| < 7).
Foroa € kand r < s € R., the open annulus of center « and radii r and s is
A (a,r,s) ={x € A}(’an r < |(T —a)(x)| < s}.
Foroa € kand r < s € R., the closed annulus of center o and radii r and s is
AT, rs) ={x e Ay™ 1 <|(T — a)(x)| < 5).
For o € k and r € R, the flat closed annulus of center o and radius r is
AT, rr) ={x e A (T — 0)(x)| = 7).

These analytic spaces are represented in Figs. 5.3 and 5.4. In the result that
follows, we study the topology of discs and annuli as subsets of Ai’an.

Lemma 5.4.4 Leta € k and r € R.. The closed disc DV (a, r) is compact and
has a unique boundary point: 1y ,. The open disc D™ (a, r) is open and its closure
is D™ (&, r) U s ).

Leta € kandr < s € Roq. The closed annulus A" (a, r, s) is compact and has
two boundary points: o, and 1nq.s. The open annulus A~ (a, r, s) is open and its
closureis A~ (a, r,5) U {Ng.r, Na.s}-

Let o € k and r € Rxq. The flat closed annulus A*(a, r, 1) is compact and has
a unique boundary point: 1y, r.
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Fig. 5.3 On the left, the closed disc D¥(«, 7). On the right, the open disc D~ (e, ), which is a
maximal open sub-disc of D% (a, r), but not the only one

Na,s

Nev,r

Fig. 5.4 On the left, the closed annulus A* (e, r, s). On the right, the open annulus A~ (a, 7, s),
which is the unique maximal open sub-annulus of A™ (e, 7, s)

Proof Let x € DT («, r). We have |T — a|, < r, hence it follows from the non-

Archimedean triangle inequality that we have |- |y < |- |q,r, as Seminorms on k[T].
Consider the product [ [ p. k7110, | P|] endowed with the product topology and

its closed subset F' consisting of the elements (xp) pex[r] satisfying the conditions

VP, Q €k[T], Apyo < max(Ap,rg);
VP,Q €k[T], Apg =Ap Ag.
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It follows from the previous argument that the map

p: D (e, r) — [Tperir [0, 1PI/]
X > (IPlx)Pek[T)

induces a bijection between DT (, ) and F. (The only non-trivial point is to check
that the seminorm on k[7'] associated to an element of F induces the given absolute
value |- | on k.) Moreover, it follows from the very definition of the topology that p
is a homeomorphism onto its image. Since F is closed in nPek[T] [0, | P|/], and the
latter is compact by Tychonoff’s theorem, F is compact, hence D% («, r) is compact
too.

Let x € DY (a, r) — {n4.r}. Then, there exists P€k[T] such that |P|y # |Plq.r,
hence |P|x < |Plq,r. In other words, the point x belongs to the open subset
{y € A;™ 1 |P|y < |Pla,} of Ay™, which is contained in D* (a, r). It follows
that x belongs to the interior of DT (a, r).

Let U be an open subset of A,i’an containing 17, . By definition of the topology,
there exist Py, ..., P, € k[T]and uy, vy, ..., u,, v, € R such that

L,
Nar € {y € Ay™ tuj < |Pi|y <vi} S U.

Using the explicit definition of the norms |- |4 5, one shows that, for each s € R
that is close enough to r, we have n,s € U. We deduce that n, , belongs to the
boundary of D" (a, r) (because we can choose s > r) and to the closure of D™ (a, r)
(because we can choose s < r).

This finishes the proof that the boundary of DY (o, r) is equal to {1, }.

By definition of the topology, the disc D~ (a, r) is open. Since DT (a,r) is
compact, it contains the closure of D™ («, r). We have already proved that its closure
contains 7y, r.

Letx € DY (o, r) — (D™ (@, r) U {na.r}). We have |T — a|, = r and there exists
P € k[T] suchthat |P|; < |P|q,,. Letus choose such a polynomial P with minimal
degree.

Arguing by contradiction, assume that | P ()| < |Plg, . Write P = P (o) + (T —
o) Q, with Q € k[T]. We then have

| Plo,r = max(|P(e)], r|Qla,r) = 7| Qla.r-
If |P(a)| # r|Qlx, we have
r1Qlx < max(|P(@)|,r|Qlx) = |Plx < [Playr =7|Qlar-

If |P()| = r|Q|x, the same inequality holds. In any case, we have |Q|, < |QOla.r»
which contradicts the minimality of the degree of P.
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We have just proved that | P(«)| = | P|q,r. It follows that, foreachy € D™ (a, r),
we have |P|y, = |P|q,,, hence the open set {y € Ai’an : |Ply < |Plq,r} contains x
and is disjoint from D~ (e, r), so x does not belong to the boundary of D™ («, r).

We have finally proven that the closure of D™ («, r) is D™ (a0, 1) U {ng ).

The results for the annuli are proven similarly. O

Since Ai’an may be exhausted by closed discs, we deduce the following result.

Corollary 5.4.5 The Berkovich affine line A,i’an is countable at infinity and locally
compact. O

It is possible to give a characterization of the fields k for which the space Ai’an
is metrizable.

Corollary 5.4.6 The following assertions are equivalent:

(i) the Berkovich affine line Ai’an is metrizable;
(ii) the field k contains a countable dense subset.

Proof (i) == (ii) Assume that Ai’a“ is metrizable. We fix a metric on Ai’a“
and will consider balls with respect to it. Let (¢,),en be a sequence of positive real
numbers converging to 0.

Let r € R.¢. By Lemma 5.4.4, the closed disc DT(0,r) is compact. As a
consequence, for each n € N, itis covered by finitely many metric balls of radius ;.
For each such ball that contains a point of &, pick a point of k in it. The collection
of those points is a finite subset k., of k. The set k, := UneN kyn 1s a countable
subset of k that is dense in k N D1 (0, r).

It follows that the set k" := (e, km is a countable dense subset of k.

(ii) == (i) Assume that the field k contains a countable dense subset k. Then,
the family of sets

x e AV r < |P()| < 5}
with P € K'[T]and r, s € Q is a countable basis of the topology. The result now

follows from Corollary 5.4.5 and Urysohn’s metrization theorem. O

By removing the boundary point of a closed disc, one may obtain either one
or infinitely many discs, depending on the radius. We will deal with this question
assuming that k is algebraically closed and consider first the case where the radius
does not belong to the value group of k.

Lemma 5.4.7 Assume that k is algebraically closed. For each @ € k and r €
R.o — |k*|, we have

D*(a,r) = {na,r} U D™ (e, 7).

Proof Letx € D' (a,r) — D™ (a, r). We then have |T — o], =r.
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Let P(T) = agT¢ + - +ag € k[T]. Since k is algebraically closed, |k*| is
divisible and since r ¢ |k*|, all the terms |a;|r' are distinct. It follows that

|Ply = max (|a;|r") = |Pla,

X
0O

We now handle the case of the disc D (0, 1). When k is algebraically closed, any
disc of the form D(a, r) with r € |k*| may be turned into the latter by a suitable
linear change of variable.

Notation 5.4.8 For each u € Ig, we set D™ (u, 1) := D™ (a, 1), where « is a lift
of u in k°.

Since any two lifts o and o satisfy |o; —a2| < 1, the definition does not depend
on the choice of «.

Lemma 5.4.9 Assume that k is algebraically closed. We have

DO, 1) ={no}u|_| D™, .

uek

Proof Let u; € k and let ; € k° such that & = u;. We have IT — a1l =
max(l, |a1]) =1, hence no,1 ¢ D™ (a1, 1).

Letus # u; € k and let oy € k° such that @y = uy. Foreach x € D™ (u3, 1), we
have

IT —aily = (T —a2) + (@2 —a)lx =1,

since |T — a2y < 1 and |y — a1] < 1. It follows that x ¢ D™ (uq, 1).

To finish, it remains to prove that DT(0,1) — {no.1} is covered by the discs
D™ (u,1) withu € k.Letx € DT(,1) — {no.1}. There exists P € k[T] such
that |P|, # |P|o,1, hence |P|x < |P]o,1. Since k is algebraically closed, we may
find such a P that is a monomial: P = T — « for some o € k. If |¢| > 1, then we
have |T — |y = || = |T — «|p,1, which contradicts the assumption. We deduce
that |a| < 1,hence |T — |y < |T —alo1 =1andx € D™ (a, 1). ]

We now want to describe bases of neighborhoods of the points of Ai’a“, at least
in the algebraically closed case. To do this, contrary to the usual complex setting,
discs are not enough. We will also need annuli and even more complicated subsets.

Definition 5.4.10 An open (resp. closed) Swiss cheese’ over k is a non-empty
subset of A,i’a“ that may be written as the complement of finitely many closed (resp.
open) discs over k in an open (resp. a closed) disc over k.

2This is called a “standard set” in [Ber90, Section 4.2].
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Proposition 5.4.11 Assume that k is algebraically closed. Let x € Ai’an.
If x has type 1 or 4, it admits a basis of neighborhoods made of discs.
If x has type 2, it admits a basis of neighborhoods made of Swiss cheeses.
If x has type 3, it admits a basis of neighborhoods made of annuli.

Proof By definition of the topology, every neighborhood of x contains a finite
intersection of sets of the form {u < |P| < v} with P € k[T] and u, v € R. Since
the sets in the statement are stable under finite intersections, it is enough to prove
that each set of the form {# < |P| < v} that contains x contains a neighborhood
of x as described in the statement.

Let P € k[T]andu, v € Rsuchthat|P(x)| € (u, v). Write P = c]_[;”:l(T—yj)
withc € k* and yy, ..., Y € k.

Assume that x has type 1. Since k is algebraically closed, it is a rational point,
hence associated to some o € k. One checks that {u < |P| < v} then contains a
disc of the form D™ (a, r) for r € R~ .

Assume that x has type 3. By Lemma 5.3.11, there exist @ € k and r € R..¢ such
that x = 7n4,. One checks that {# < | P| < v} then contains an annulus of the form
A~ (a, ry, rp) for some ri, rp € Rog with r € (r1, ).

Assume that x has type 4. By Proposition 5.3.12 and Remark 5.3.13, it is
associated to a family of closed discs (DT (e;, 7;))ic; Whose intersection contains
no rational point. Because of this condition, there exists i € [ such that DT (a;, i)
contains none of the y;’s. Then, for each j € {1, ..., m}, we have

li =yl > ri,
hence, for each y € D™ (a;, r;), we have
IT() —vil =1T(y) —ai + i —yjl =i —yjl.

We deduce that, for each y € DV (a;, r;), we have |P(y)| = |P(x)| and the result
follows.

Assume that x has type 2. By Lemma 5.3.11, there exist @ € k and r € R..¢ such
that x = 1y . We have

m
|P(x)] = lc| [ [ max(r | = y;j]) < v,
j=1

hence there exists p > r such that |c| ]_[;le max(p, |o — y;j|) < v. Then, for each
y € D™ (a, p), we have |P(y)| < v.

There exists (o1, ..., om) € ]_[7:1(0, |T(x) — y;|) such that |c| ]_[T:1 Pi > U.
Then, foreach y € Ai’an - U;’-Ll D+(y/~, pj), we have | P(y)| > u.

It follows that D™ («a, p) — U;”zl D+(yj, pj) is a neighborhood of x contained
in {u < |P| < v}. O
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Remark 5.4.12 1f k is not algebraically closed, bases of neighborhoods of points
may be more complicated. Let us give an example. Let p be a prime number that
is congruent to 3 modulo 4, so that —1 is not a square in QQ,. Consider the point x

of Ai’an associated to a square root of —1 in C,. Equivalently, the point x is the
unique point of A} satisfying |72 4 1|, = 0.
The subset U of A, ™ defined by the inequality |72 + 1| < 1 is an open

neighborhood of x. It does not contain 0, so the function 7 is invertible on it and we
may write

T? +1
_ 72 2 _ 2
1 =T>—(T*+1)=T (1— ~ )

At each point y of U, we have |T? + 1]y < 1, hence |T2|y = 1 and we deduce
that —1 has a square root on U. In particular, U contains no Q,-rational points and
no discs.

Note that the topology of A,i’a“ is quite different from the topology of k. We have
already seen that Ai’an is always locally compact, whereas k is if, and only if, |k*|

is discrete and  is finite. In another direction, k is always totally disconnected, but
A,i’an contains paths, as the next result shows.

Lemma 5.4.13 Let o € k. The map
r e R>0 > Na,r € Ai,an

is a homeomorphism onto its image Iy.

Proof 1t is clear that the map is injective and open, so to prove the result, it is
enough to prove that it is continuous. By definition, it is enough to prove that, for
each P € k[T], the mapr € R>o > |Pla,r € Rxg is continuous. The result then
follows from the explicit description of | - |, (see Example 5.2.6). O

Remark 5.4.14 One may use the paths from the previous lemma to connect the
points of k. Let o, B € k and consider the paths /, and /5. Example 5.2.6 tells us that
they are not disjoint but meet at the point 1, jo—g| = 1, «—p| (and actually coincide

from this point on). The existence of a path from « to 8 inside Ai’an follows.
We will use this construction in Sect. 5.7 to show that Ai’an is path-connected.

5.5 Analytic Functions

So far, we have described the Berkovich affine line A,i’a“ as a topological space.
It may actually be endowed with a richer structure, since we may define analytic
functions over it.
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Definition 5.5.1 Let U be an open subset of Ai’an. An analytic function on U is a
map

F:erJjﬂm
xelU

such that, for each x € U, the following conditions hold:

() F(x) € H(x);
(ii) there exist a neighborhood V of x and sequences (P,),eN and (Qp)nen of
elements of k[T'] such that the Q,,’s do not vanish on V and

&WW)ZQ

lim sup (‘F(y) — 0, ()

n—+00 yeV

Remark 5.5.2 The last condition can be reformulated by saying that F is locally a
uniform limit of rational functions without poles, which then makes the definition
similar to the usual complex one (where analytic functions are locally uniform limits
of polynomials).

The Berkovich affine line Ai’an together with its sheaf of analytic functions O
now has the structure of a locally ringed space. It satisfies properties that are similar
to those of the usual complex analytic line C. We state a few of them here without
proof.

The set of global analytic functions on some simple open subsets of Ai’an may
be described explicitly.

Proposition 5.5.3 Letr € R.¢. Then O(D™ (0, r)) is the set of elements

Y ai T ek[T]

ieN

with radius of convergence greater than or equal to r:

Vs € (0,7), lim |ai|si =0.
1——+00
O

Corollary 5.5.4 The local ring Og at the point 0 of Ai’an consists of the power
series in k[T with positive radius of convergence.

Proof 1t follows from Proposition 5.5.3 and the fact that the family of

discs D~(0, r), with r > 0, forms a basis of neighborhoods of 0 in Ai’an (see
the proof of Proposition 5.4.11). O

Corollary 5.5.5 Assume that k is algebraically closed. Let x € A,i’an be a
point of type 4, associated to a family of closed discs (DT (i, ri))ie; as in
Proposition 5.3.12. The local ring Oy at the point x of Ai’an consists of the union
overi € I of the sets of power series in k[T — ;] with radius of convergence bigger
than or equal to r;.
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Proof 1t follows from Proposition 5.5.3 and the fact that the family of
discs (DV (a;, 7))ier, with i € I, forms a basis of neighborhoods of x in A}(’an (see
the proof of Proposition 5.4.11). O

Proposition 5.5.6 Let r,s € Rog withr < s. Then O(A~(0, r, s)) is the set of
elements

> ai T k[T, T7']
i€Z
satisfying the following condition:

Vi € (r,s), lim |aj|t' = 0.
i—+00

O

Corollary 5.5.7 Lett € Rog — |k*|. The local ring O,, at the point 1, ofA}C’an is
the set of elements

Y aiT ek[r,T7']

i€Z
satisfying the following condition:

A1, € Rogwithty <t <ty suchthat lim |a;|t, = lim |a;|th =0.
i——00 i——+00

O

Proof 1t follows from Proposition 5.5.6 and the fact that the family of
annuli A7(0,17,1), with 1 < t < 1, forms a basis of neighborhoods of 7,
in A" (see the proof of Proposition 5.4.11). O

Remark 5.5.8 The local rings at points of type 2 of A,ﬁ’an do not admit descriptions
as simple as that of the other points, due to the fact that they have more complicated
bases of neighborhoods (see Proposition 5.4.11). Over an algebraically closed
field k, one may still obtain a rather concrete statement as follows. Let C be a
set of lifts of the elements of k in k°. Then, the local ring Oy, at the point n;
of A,i’an consists in the functions that may be written as a sum of power series
with coefficients in k of the form

Zai T + Z Z aci (T —¢)7,

ieN CEC()[EN>1

where C is a finite subset of C and the series all have radius of convergence strictly
bigger than 1. We refer to [FvdP04, Proposition 2.2.6] for details.
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Let us now state some properties of the local rings, i.e. germs of analytic
functions at one point. They are easily seen to hold for Op using its explicit
description as a ring of power series (see Proposition 5.5.3).

Proposition 5.5.9 Let x € Ai’an. The ring Oy is a local ring with maximal ideal
my ={F € Oy : F(x) =0}.

The quotient Oy /my is naturally a dense subfield of 7 (x).
If x is a rigid point (see Example 5.2.3), then Oy is a discrete valuation ring that
is excellent and henselian. Otherwise, Oy is a field. m|

Remark 5.5.10 The existence of the square of —1 in Remark 5.4.12 may be
reproved using Henselianity. With the notation of that remark, we have O, /m, =
H(x) = k[T]/(T2 + 1), hence the residue field O, /m, contains a root of T2 + 1.
Since we are in characteristic 0, this root is simple, hence, by Henselianity, it lifts to
aroot of T2 + 1 in O,.

The next step is to define a notion of morphism between open subsets of A,i’an. As
one should expect, such a morphism ¢: U — V underlies a morphism of locally
ringed spaces (hence a morphism of sheaves ¢?: Oy — ¢.Op), but the precise
definition is more involved since we want the seminorms associated to the points
of U and V to be compatible. For instance, for each x € U, we want the map
Opx)/Myx)y = Ox/my induced by ¢" to be an isometry with respect to [ loeo)
and |- |, (so that it induces an isometry JZ(¢p(x)) — J#(x)). We will not dwell on
those questions, which would lead us too far for this survey. Anyway, in the rest of
the text, we will actually make only a very limited use of morphisms.

Let us mention that, as in the classical theories, global sections of the structure
sheaf correspond to morphisms to the affine line.

Lemma 5.5.11 Let U be an open subset ofA]i’an. Then, the map

Hom(U, Ay™) — O(U)
¢ — ¢*(T)

is a bijection. O

For later use, we record here the description of isomorphisms of discs and annuli.
Once the rings of global sections are known (see Propositions 5.5.3 and 5.5.6),
those results are easily proven using the theory of Newton polygons (or simple
considerations on the behaviour of functions as in Sect. 5.10). We refer to [Duc,
3.6.11 and 3.6.12] for complete proofs.

Proposition 5.5.12 Let r;,r» € Rog. Let ¢: D=(0,r1) — D7(0,r) be an
isomorphism such that ¢(0) = 0. Write

o*(T) = Z a;T" € k[T]

lEN}]
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using Proposition 5.5.3. Then, we have

Vs € (0,r1), |ai|s > sup(la;| si).
i=2
In particular, we have ry = |ai| r1 and, for each s € [0, 1), 9(Ng) = Njqy|s- |

Remark 5.5.13 The previous result still holds if we allow the radii to be infinite,
considering the affine line as the disc of infinite radius.

Proposition 5.5.14 Let r1,s1,72,52 € Rog with r;1 < s1 and ry < sp. Let
¢: A7(0,r1,51) > A (0, rp, 52) be an isomorphism. Write
' (T)=> a;iT' € k[T.T']
i€Z
using Proposition 5.5.6. Then, there exists iy € {—1, 1} such that we have
Vi € (r1.51). laig| s > sup(lai|s*).
iio

In particular, if i = 1, we have ry = |ay|r1, s2 = |ai1| s1 and, for each t € (r1, s1),
©(ns) = Nayis- If io = —1, we have r = |ai|/s1, s2 = lail|/r1 and, for each
t € (r1,81), 9(Ns) = Njay|/s- O

Remark 5.5.15 The previous result still holds if we allow 1 or 7, to be 0 and s
or 57 to be infinite.

Definition 5.5.16 Let A = A~ («, r, s) be an open annulus. We define the modulus
of A to be

Mod(A) := j € (1, 400).

By Proposition 5.5.14, the modulus of an annulus only depends on its isomor-
phism class and not on the coordinate chosen to describe it.

5.6 Extension of Scalars

Let (K, |-|) be a complete valued extension of (k, |- |). The ring morphism k[7"] —
K|[T] induces a map

1,an 1,an
TRk AT — Ay

called the projection map. In this section, we study this map.
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Proposition 5.6.1 Let K be a complete valued extension of k. The projection
map 1k /i is continuous, proper and surjective.

Proof The map 7k« is continuous as a consequence of the definitions. To prove
that it is proper, note that the preimage of a closed disc in Ai’an is a closed disc
in A}{m with the same center and radius, hence a compact set by Lemma 5.4.4.

It remains to prove that wg i is surjective. Let x € Ai’an and consider the
associated character x, : k[T] — J#(x). By Lemma 5.3.6, there exists a complete
valued field L containing both K and #(x). The character x, over k induces a
character over K given by

K71 225 ook —> L.

The associated point of A}(’an belongs to 711;} (). O
The following result shows that the fibers of the projection map may be quite big.

Lemma 5.6.2 Let K be a complete valued extension of k. Assume that k and K are
algebraically closed and that K is maximally complete. Let x € A,i’an be a point of

type 4. Then nlz/lk(x) is a closed disc of radius r (x).
Proof Fix notation as in Proposition 5.3.12. We have r(x) = inf;¢;(r;). Since K is
maximally complete, the intersection of all the discs D™ («;, r;) in A}(’an contains a
pointy € K.

Let us prove that ng}k(x) = DV (y,r(x))in A}(’an.

Let ¢ € k. For i big enough, ¢ is not contained in the disc of center «; and
radius r;, that is to say |a; — c| > r;. It follows that, for each y € DV (a;, r;), we
have

IT —cly =lo; —c| =T — Clo,r;-

We have DT (y,r(x)) € (\;e; D" (@i, ri). It then follows from the previous
argument that, for each z € D" (y, r(x)) and each ¢ € k, we have

IT —cl; = inf(Jo; —c)) =T —clx.
iel

Since k is algebraically closed, every polynomial is a product of linear terms and we
deduce that DT (y, r(x)) C n,;}k(x).

Lety e A}éan \ DT (y, r(x)). Then, there exists i € I such that
|T_ai|y >r =T _ai|ai,ri 2T — ajlx.

The result follows. O
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Remark 5.6.3 Fix notation as in Proposition 5.3.12. The preceding proof also shows
that we have ();.; D™ (e, ri) = {x} in A}(’an.

Remark 5.6.4 The preceding lemma shows that the projection map is not open and
does not preserve the types of points in general.

We now deal more specifically with the case of Galois extensions. Let
o € Aut(K/k) and assume that it preserves the absolute value on K. (This
condition is automatic if K /k is algebraic.) For each x € A}éan, the map

P e K[T]— |o(P)lx € Rxo

is a multiplicative seminorm. We denote by o (x) the corresponding point of A}(’an.

Proposition 5.6.5 Let K be a finite Galois extension of k. The map
(0,x) € Gal(K/k) x Ag™ —> o(x) € Ag™

is continuous and proper.
The projection map mwg /i induces a homeomorphism

AR™/ Gal(K /k) —> A

In particular, wg /i is continuous, proper, open and surjective.

Proof To prove the first continuity statement, it is enough to prove that, for each
P € K|[T], the map

(0, %) € Gal(K /k) x AR™ — |P(a(x))] = |0 (P)x € Rxo

is continuous.
Let P € K[T]. We may assume that P # 0. For each o, t € Gal(K /k) and each
X,y e A}éan, we have

llo(P)x — [T(P)ly]| < |lo(P)lx — lo(P)ly| + |lo(P)ly — [T (P)]y]
< |lo(P)ly — o (P)ly|+lI(e — T)(P)lloo max(l, |T|y)%EP),

where, for each R € K[T], we denote by ||R|c the maximum of the absolute
values of its coefficients. The continuity now follows from the continuity of the
maps z € A}(’an + |o(P)|; and o € Gal(K/k) — o(c),forc € K.

Let us now prove properness. Since any compact subset of A}(’an is contained in a
disc of the form D (0, r) for some r € R, it is enough to prove that the preimage
of such a disc is compact. Since this preimage is equal to Gal(K /k) x D1 (0, r), the
result follows from the compactness of D™ (0, r) (see Lemma 5.4.4).

We now study the map 7k /«. It is continuous and proper, by Proposition 5.6.1.
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Let x € A,i’an and consider the associated character x,: k[T] — J(x). It
induces a morphism of K -algebras xx x: K[T] — J7(x) Qi K.

Let @ € K be a primitive element for K/ k. Denote by P its minimal polynomial
over k and by Py, ..., P, the irreducible factors of P in J#(x)[T]. For each i €
{1,...,r}, let L; be an extension of .7#(x) generated by a root of P;. We then have
an isomorphism of K -algebras ¢: ' (x) @ K — []_, Li.

For each i € {1,...,r}, by composing ¢ o xx , with the projection on the
i™ factor, we get a character x;: K[T] — L;. Denote by y; the associated point
of A}éan. We have g /(i) = x.

Conversely, lety € A}(’an such that wg /4 (y) = x. The field 7#(y) is an extension
of both 77 (x) and K, so the universal property of the tensor product yields a natural
morphism J7(x) ® K — JZ(y). It follows that there exists i € {1,...,r} such
that .7(y) is an extension of L;, and we then have y = y;. We have proven that
T 1) =y, )

Since P is irreducible in k[T], the group Gal(K/k) acts transitively on its
roots, hence on the P;’s. It follows that, for each i, j € {l,...,r}, there exists
o € Gal(K/k) such that x; o 0 = y;, hence o(y;) = y;. We have proven that
nE}k(x) is a single orbit under Gal(K / k).

The arguments above show that the projection map 7 /4 : A}(’an — Ai’an factors
through a map 7y, : AR™/Gal(K/k) — Ay and that the latter is continuous
and bijective. Since wx « is proper, ) Jk is proper too, hence a homeomorphism.

0

Recall that every element of Gal(k®/k) preserves the absolute value on k. In
particular, it extends by continuity to an automorphism of k¥ = k%. We endow
Gal(k® / k) with its usual profinite topology.

Corollary 5.6.6 The map

(0, x) € Gal(k'/k) x AL™ > o (x) € A"
is continuous and proper.
The projection map 7 g Jk induces a homeomorphism

1, S ~ 1,
AL™/ Gal(k [k) = A™.

In particular, Tk is continuous, proper, open and surjective.

Proof The first part of the statement is proven as in Proposition 5.6.5, using the fact
that the group Gal(k®/k) is compact.

Let x,y € Ai{m such that nkz/k(x) = n,g,/k(y). By Proposition 5.6.5, for
each finite Galois extension K of k, there exists og in Gal(K/k) such that
ok (g k(x)) = mk k(y). By compactness, the family (ox)x admits a subfamily
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converging to some ¢ € Gal(k®/k). We then have
VP € k’[T], |o(P)lx = |Ply.

Let Q € ng‘[T]. We want to prove that we still have |0 (Q)], = |Qly. We may
assume that Q is non-zero. Let d be its degree. By density of k* into k4, there exists
a sequence (Qp),>0 of elements of k*[T] of degree d that converge to Q for the
norm || - || that is the supremum norm of the coefficients. Note that we have

1Q — Quly < 1Q — Qulloo max(1, T1,)7,

so that (|Quly)n>0 converges to |Ql,. The same argument shows that
(lo (Qn)lx)n>0 converges to |0 (Q)|, and the results follows.

We have just proven that the map Ai@an / Gal(k®/ k) — Ai’an induced by 7 . is
a bijection. The rest of the statement follows as in the proof of Proposition 5.6.5. O

Lemma 5.6.7 Lety,z € AlAfn such that n,g,/k(y) = ”/?l/k(z)~ Then y and z are of
the same type and have the same radius.

Proof By Corollary 5.6.6, there exists o € Gal(k®/k) such that z = o(y). The
result follows easily. O

As a consequence, we may define the type and the radius of a point of the
Berkovich affine line over any complete valued field.

Definition 5.6.8 Letx € A",

We define the fype of the point x to be the type of the point y, for any y €
nk:a; ().

We define the radius of the point x to be the radius of the point y, for any y €
nk:al/k(x). We denote it by 7 (x).

We end this section with a finiteness statement that is often useful.

Lemma 5.6.9 Let X be a subset of A]%an that is either a disc, an annulus or a
singleton containing a point of type 2 or 3. Then, the orbit of X under Gal(k®/ k) is
finite.

In particular, for each x € Ai’an of type 2 or 3, the fiber nk:a}k(x) is finite.
Proof Let us first assume that X is a closed disc: there exists a € k% and r € R.g
such that X = DT (a, r). Since k¢ is dense in Ig‘\l, we may assume o« € k“. Then
orbit of « is then finite, hence so is the orbit of X. The case of an open disc is dealt
with similarly.

Points of type 2 or 3 are boundary points of closed discs by Lemma 5.4.4, hence
the orbits of such points are finite too. Since closed and open annuli are determined
by their boundary points, which are of type 2 or 3 (see Lemma 5.4.4 again), their
orbits are finite too.
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Finally, if x € Ay™ is a point of type 2 (resp. 3), then, by Corollary 5.6.6, the
fiber nk:a; k(x) is an orbit of a point of type 2 (resp. 3). The last part of the result
follows. O

5.7 Connectedness

In this section, we study the connectedness properties of the Berkovich affine line
and its subsets. Our main source here is [Ber90, Section 4.2] for the connectedness
properties (see also [Ber90, Section 3.2] for higher-dimensional cases) and [Duc,
Section 1.9] for properties of quotients of graphs.

Proposition 5.7.1 Open and closed discs, annuli and Swiss cheeses are path-
connected. The Berkovich affine line Ai’an is path-connected and locally path-
connected.

Proof Let us first handle the case of a closed disc, say DT («, r) with @ € k and
r € R.¢. By Proposition 5.6.1, the projection map 7 g/« is continuous and surjective
for any complete valued extension K of k. As a result, it is enough to prove the
result on some extension of k, hence we may assume that k is algebraically closed
and maximally complete.

Let x € D" (a, ). By Lemma 5.3.11 and Remark 5.3.19, there exist 8 € k and
s € R> such that x = ng ;. Since x € DT (a, r), we have

IT —al|gs = max(la — Bl,s) <,
hence s < r and ny , = 1. As a consequence, the map

1,
A el0,1]— No,s+(r—s)n € Ak n

defines a continuous path from x to 74, in DV (a, ) (see Lemma 5.4.13). It follows
that the disc D™ («, r) is path-connected.

The same argument may be used in order to prove that closed annuli and Swiss
cheeses are connected. Indeed, if such a set S is written as the complement of some
open discs in DV (a, r), it is easy to check that, for each x € S, the path joining x
to nq,r that we have just described actually remains in S.

Since the open figures may be written as increasing unions of the closed ones,
the result holds for them too.

The last statement follows from the fact that Ai’an may be written as an increasing
union of discs for the global part, and from Proposition 5.4.11 and Corollary 5.6.6
for the local part. O
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The Berkovich affine line actually satisfies a stronger connectedness property: it
is uniquely path-connected. We will now prove this result, starting with the case of
an algebraically closed field.

Definition 5.7.2 We define a partial ordering < on A}éfm by setting
x < yifVP € k9[T], |Px < |Ply.

For each x € A]gan, we set

I, :={ye A}:f“ ty > x})
Remark 5.7.3 Leto € Gal(k®/k). By definition of the action of o, for every x, y €
Ai{m, we have x < y if, and only if, o (x) < o (). It follows that, for each z €

A]i{m, we have o (I;) = Iy ().
The proof of the following lemma is left as an exercise for the reader.

Lemma 5.7.4 Leta € k% andr € R.o. For each x € A%’Ian, we have x < N, if,
and only if, x € DT (a, 1).
In particular, for B € k% and s € R>0, we have ng,, < ng,s if, and only if,
max(|la — B, r) < s. Moreover, when those conditions hold, we have ng s = ny,s.
O

Corollary 5.7.5 The minimal points for the ordering < on Ai{m are exactly the
points of type 1 and 4.

Proof 1t follows from Lemma 5.7.4 that points of type 2 and 3 are not minimal
and that points of type 1 are. To prove the result, it remains to show that points
of type 4 are minimal too. This assertion follows from the fact that any such point
is the unique point contained in the intersection of a family of closed discs (see
Remark 5.6.3) by applying Lemma 5.7.4 again. O

Corollary 5.7.6 Leta € k% andr € Rxo. We have
I’)a,r = {nd,_&‘v N 2 r}'

Letx € Ai{m be a point of type 4 and fix notation as in Proposition 5.3.12. Then,
foreachi, j € I, we have Dy, ., © I,,aj‘rj or I,,aj,rj c Iy, and we have

i

L=xyulJn,,, -

iel
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The former result shows in particular that our notation is consistent with that of
Lemma 5.4.13.

Corollary 5.7.7 Let x € Al%’lan. The radius map r: A]%;an — R induces a
homeomorphism from I, onto [r(x), +00).
The restriction of the projection map i /i 1o Iy is injective.

Proof The fact that the radius map induces is a bijection from I, onto its image
follows from Corollary 5.7.6. One can then prove directly that its inverse is
continuous and open by arguing as in the proof of Lemma 5.4.13.

Let us now prove the second part of the statement. Let y,z € I, such that
x < y < z. Then, there exist @ € kiandr < s € R.o such that y = g, and
Z = g, Since k* in dense in Ig‘\l, we may assume that o € k*. Let Py, € k[T]
be the minimal polynomial of o over k. Since there exists Q, € l@[T] such that
P, = (T — a) Q4, we have

|P<x|y =r |Q<x|y <Ss |Q<x|y = | Pyl;.

It follows that J'rk*a/k(y) #* ﬂlgz/k(z).
Finally, assume that there exists z € I, — {x} such that 7 / (@) =71 / ¢ (x). For
each y € I, such that x <y < z and each P € k[T], we have

|P|x<|P|y<|P|z=|P|)ﬁ

hence | P|, = | P|;, which contradicts what we have just proved. |

Corollary 5.7.8 Letx,y € A]};ﬁn. The set {z € A]gan 2z > xandz > vy} admits a
smallest element. We will denote it by x V y.

In particular, if x and y are comparable for <, then I, U I, is homeomorphic to
a half-open interval and, otherwise, I, U I, is homeomorphic to a tripod with one
end-point removed, i.e. the union of two closed intervals and one half-open interval
glued along a common end-point.

Proof We have {7 € A]%;an tz > xandz > y} = I, N 1. By Corollary 5.7.7,
I, and I, may be sent to intervals of the form [, +00) by order-preserving
homeomorphisms. We deduce that, in order to prove the result, it is enough to prove
that I, N I, is non-empty. Setting R := max(|T|x, |T'|y), the points x and y belong
to DV (0, R), hence ng belongs to Iy y, by Lemma 5.7.4.

Denoting by x Vv y the smallest element of I, N I,, we have I, N I, = I;yy.In
particular, by Corollary 5.7.7, I, N I, is homeomorphic to a half-open interval with
end-point x Vv y. Set

[x,xvyl:={ze L, :x <z< (xvy)land[y,xvy]l:={z €l :y <z< (xVvy)}

By Corollary 5.7.7 again, [x, x Vv y] and [y, x V y] are homeomorphic to closed
intervals (possibly singletons if x and y are comparable). Finally, the result follows
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by writing
LUL =[x, xVylU[y,x VylULyy.

O

Corollary 5.7.9 Let x € A]%an- The set A]%’lan — I, is a union of open discs. In
particular, I, is closed.

Proof Lety € Ai{m — I,. The point x Vv y defined in Corollary 5.7.8 belongs to I,
and is not equal to y. It follows that there exists z € I, — I, such that y < z.
By Corollary 5.7.6, y is a point of type 2 or 3, hence, by Lemma 5.7.4, the set
D :={u e A]%an :u < z}is a closed disc of positive radius. It is contained in

AIA;a“ — I. Since z is not the boundary point of D, y indeed belongs to some open
subdisc of D by Lemmas 5.4.7 and 5.4.9. O

Proposition 5.7.10 Let " be a subset of Ai{m such that, for eachx € T', I, C T.
Then, A]%’lan — I' is a union of discs and points of type 4.

. 1,an . . .
If, moreover, T is closed, then AZ™ — T is a union of open discs.

Proof To prove the first statement, it is enough to show that each point of Ai@an —-r
that is not of type 4 is contained in a closed disc. Let x be such a point. Then, by
Lemma 5.7.4, {y € A]%’lan 1y < x}is a closed disc. By assumption, it is contained

in A]};ﬂn — T, and the result follows.

Let us now assume that I' is closed. Let x € Ai{m — I'. Since T is closed,
there exists y € I, — I' such that y > x. We then conclude as in the proof of
Corollary 5.7.9. O

Corollary 5.7.11 Foreveryx,y € A]gan, there exists a unique injective path from x
to y.

Proof Set Iy := I, U I,. It follows from Corollaries 5.7.7 and 5.7.8 that it is
homeomorphic to a half-open interval or a tripod with one end-point removed. It
follows that there exists a unique injective path from x to y inside Iy y. In particular,

there exists an injective path from x to y in Alga“.

By Corollary 5.7.9 and Proposition 5.7.10, A]%’lan — I,y is a union of open discs.
By Lemma 5.4.4, every open disc has a unique boundary point. As a consequence,
an injective path going from x to y cannot meet any of these open discs, since
otherwise it would contain its boundary point twice. It follows that such a path is
contained in I, . O

We want to deduce the result for Ai’an by using the projection map

TG AlAfn — Ai’an. Recall that, by Corollary 5.6.6, it is a quotient map by
the group Gal(k*/ k).
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Proposition 5.7.12 For every x,y € A,i’an, there exists a unique injective path
from x to y.

Proof To ease notation, we will write 77 instead of 7z /.

Letx,y € Ai’an. Choose x' € 7! (x) and y' € 7~ 1(y). Set J := Iy U Iy.
By Lemma 5.7.7, w(I,+) and 7 (1) are half-open intervals and, by Corollary 5.7.8,
they meet.

Let z € n(ly) N m(ly). There exists 7/ € Iy such that 7(z') = z and
o € Gal(k*/k) such that o(7’) € I,. By Remark 5.7.3, we have o (Iy) = Iy
and we deduce that 77 (J) is a tripod with one end-point removed. In particular, there
exists a unique injective path from x to y in 7w (J), and at least one such path in Ai’an.

To conclude, let us prove that any injective path from x to y in Ai’an is contained
in(J). Set

I:=rx"'(w(J))) = U a(J).

oeGal(k’ /k)

Since the action of the elements of Gal(k®/k) preserves the norm, for each
R € R, we have

rnbDt,R) =7 = NnDT,R))),

and it follows that I' N D* (0, R) is compact. We deduce that I is closed.
Moreover, we have
r= U I,

zer—1(x)ur—1(y)

hence, by Proposition 5.7.10, AI{‘“ — I' is a union of open discs. Using the fact that
it is invariant under the action of Gal(k®/k), we may now conclude as in the proof
of Corollary 5.7.11. O

Notation 5.7.13 For x,y € Ai’an, we will denote by [x, y] the unique injective
path between x and y. We set (x, y) := [x, y] — {x, y}.

Remark 5.7.14 The fact that A, is uniquely path-connected means that it has
the structure of a real tree. The type of the points may be easily read off this
structure. Indeed the end-points are the points of type 1 and 4 (see Remark 5.6.3
for points of type 4). Among the others, type 2 points are branch-points (with
infinitely many edges meeting there, see Lemma 5.4.9) while type 3 points are not
(see Lemma 5.4.7). For a graphical representation of this fact, see Fig. 5.2.
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5.8 Virtual Discs and Annuli

In this section, we introduce generalizations of discs and annuli that are more
suitable when working over arbitrary fields and study them from the topological
point of view. We explain that they retract onto some simple subsets of the real
line, namely singletons and intervals respectively. Here we borrow from [Ber90,
Section 6.1], which also contains a treatment of more general spaces.

5.8.1 Definitions

Definition 5.8.1 A connected subset U of Ai’an is called a virtual open (resp.
closed) disc if nkiai k(U ) is a disjoint union of open (resp. closed) discs. We define

similarly virtual open, closed and flat annuli and virtual open and closed Swiss
cheeses.

We now introduce particularly interesting subsets of virtual annuli.

Definition 5.8.2 Let A be a virtual open or closed annulus. The skeleton of A is the
complement of all the virtual open discs contained in A. We denote it by X 4.

Example 5.8.3 Consider the open annulus A := A~ (y, p1, p2), with y € k and
p1 < p2 € R.g. Its skeleton is

Ya={nys p1 <5 < p2}.

It is represented in Fig. 5.5.

Lemma 5.8.4 Let A be a virtual open (resp. closed) annulus. Let C be a connected
component ofrrk:a;k(A). Then, C is an open (resp. closed) annulus and Tgak induces
a homeomorphism between Xc and X . In particular, ¥ 4 is an open (resp. closed)
interval.

Proof Let us handle the case of a virtual open annulus, the other one being
dealt with similarly. The connected component C is an open annulus, by the very
definition of virtual open annulus. It also follows from the definitions that we have
YA = nkA‘,/k(Ec).

Denote by G¢ the subgroup of Gal(k®/k) consisting of those elements that
preserve C. By Corollary 5.6.6, mju Jk induces a homeomorphism C/G¢c >~ A,
hence a homeomorphism X¢/G¢c =~ 2 4.

Write C = A~ (y, p1, p2), with y € k% and p1 < p2 € Rop. Its complement
in Ai{m has two connected components, namely D™ (y, p1) and

DLy, p2) = {x € AL (T = y)()| = p2}.
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Fig. 5.5 The skeleton of an
open annulus is the open line
segment joining its boundary
points

For r big enough, we have n,, , = n,, which belongs to D:O (v, p2) and is stable
under Gal(k® / k). It follows that D™ (y, p1) and D:O (y, p2) are stable under G¢.
Let o € G¢. We have

o (DT (y, p1)) = DT (a(y), p1) = D (v, p1),

hence |0 (y) — y| < p1. It follows that, for each s € (p1, p2), we have

G(ny,s) = No(y),s = Ny,s»

that is to say o acts as the identity on X¢. The result follows. O

Remark 5.8.5 Virtual discs and annuli are usually defined as arbitrary connected
k-analytic curves (see [PT20, Section 2.2]) whose base change to kiis a disjoint
union of discs or annuli, without requiring an embedding into Ai’an. Our definition
is a priori more restrictive.

With this definition of virtual annulus, an additional difficulty appears. If A is
such a virtual annulus and C is a connected component of nk:al/ (A, then there may
exist elements of Gal(k®/k) that preserve C but swap its two ends. In this case, the
skeleton X4 is a half-open interval. (For an example of such a behaviour, consider
a Galois orbit in k% consisting of two points, its image x in Ai’an and let A be the
complement in Pi’an of a small virtual closed disc containing x.) Some authors (for

instance A. Ducros) explicitly rule out this possibility in the definition of virtual
annulus.
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We may also extend the notion of modulus (see Definition 5.5.16) from annuli to
virtual annuli. Recall that, by Lemma 5.6.9, the set of connected components of the
preimage of a virtual open annulus by nkia} . is finite and that, by Corollary 5.6.6,

Gal(k*/ k) acts transitively on it.

Definition 5.8.6 Let A be a virtual open annulus. Denote by C the set of connected

components of J'rk:al/ k(A) and let Cg be one of them. We define the modulus of A to
be

Mod(A) := Mod(Co)/% € (1, +00).

It is independent of the choice of Cj.

Remark 5.8.7 Beware that other normalizations exist in the literature for the mod-
ulus of a virtual open annulus. For instance, A. Ducros sets Mod(A) := Mod(Cy)
(see [Duc, 3.6.15.11]).

We refer the reader to [Duc, Section 3.6] for a thorough treatment of classical
and virtual discs and annuli.

5.8.2 The Case of an Algebraically Closed and Maximally
Complete Base Field

In this section, we assume that k is algebraically closed and maximally complete.
This will allow us to prove our results through direct computations.

Recall that, by Lemma 5.3.11 and Remark 5.3.19, each point of A,i’a“ (or a disc
or an annulus) is of the form 7y, fora € k and r € R.

Let y € k and p € R~ (. We consider the closed disc DT (y, p).

Lemma 5.8.8 The map

[0, 11 x DT (y, p) 3 (t, Na,r) ¥ Ne,max(rip) € DT (v, p)

is well-defined and continuous. It induces a deformation retraction of D% (y, p) and
D™ (y, p) U{ny,,} onto their unique boundary point 1, . O

Let y € k and p1 < p2 € R.og. We consider the open annulus
A := A" (y, p1, p2). Each rational point of A is contained in an open disc. Indeed,
let « € kN A (which implies that p; < |y — «| < p2). Then, the open disc
D™ (¢, |y — «J) is the maximal open disc containing « that lies in A. This open disc
is relatively compact in A and its unique boundary point is .|y —a| = Ny.|y—al-
We have

A—3, = U D™ (o, |y —al).
ackNA
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In particular, each connected component of A — X4 is an open disc. For each such
open disc D, we denote by np its boundary point in A.

Lemma 5.8.9 The map
[0,11 x A > (t, ng,r) withr < |y —a| —> Na,max(r,t|ly—a|) € A

is well-defined and continuous. It induces a deformation retraction of A onto X 4.
Its restriction to each connected component D of A — ¥ 5 coincides with the map
from Lemma 5.8.8 and induces a deformation retraction of D onto np.
For each n € X4, the set of points that are sent to 1 by the retraction map is the
union of n and all the connected component D of A — X 4 such that np = n. Itisa
flat closed annulus. |

5.8.3 The General Case

We now remove the assumption on k. Let K be an extension of k that is algebraically
closed and maximally complete. If X is a virtual disc or a virtual annulus, then each
connected component of 711;/1 ¢(X) is a true disc or annulus over K and the results
of the previous section apply. By continuity and surjectivity of mg,x, we deduce
retraction results in this setting too.

Proposition 5.8.10 Let D be a virtual open disc in A,i’an. Then, D has a unique

boundary point np in Ai’an and there exists a canonical deformation retraction
p: DU{np} — {np}. 0

Proposition 5.8.11 Let A be a virtual open annulus. Each connected component of
A — X4 is a virtual open disc.
There exists a canonical deformation retraction t4: A — X 4. Its restriction to
any connected component D of A— X 4 induces the map tp from Proposition 5.8.10.
Moreover, for each open interval (resp. closed interval, resp. singleton) I in X4,
the set tgl(l ) is a virtual open annulus (resp. a virtual closed annulus, resp. a
virtual flat closed annulus). O

Lemma 5.8.12 Let A be a virtual open annulus. Let F be a finite subset of ¥ 4 and
denote by I the set of connected components of X4 — F. The elements of L are open
intervals and we have

Mod(A) = ]_[ Mod(z ;' (I)).
1T
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5.9 Lengths of Intervals

In this section, we show that intervals inside Ai’an may be endowed with a canonical
(exponential) length. To start with, we define the useful notion of branch at a point.

Notation 5.9.1 Fora € k% and r € R.o, we set
Dy (@, r) = f{x € Ay™ : |[(T — a)(x)| > r}.

Lemma 5.9.2 Let x € A]i{m.

If x is of type I or 4, then Ai{m — {x} is connected.

If x = ng.r, witha € k% andr € Rog — |k™|, then the connected components of
Ai{m — {x}are D™ (a,r) and D (o, 1).

If x = ngr, withao € k% and v € |k*|, then the connected components of
A]%an — {x} are D (a, r) and the discs of the form D™ (B, r) with | — a| < r.

Proof Assume that x is of type 1 or4. Let y, y’ € Aléfn — {x}. By Corollary 5.7.8,
I, U I,/ is a connected subset of Ai{m containing y and y’. By Corollary 5.7.5, it

does not contain x. It follows that Ai{m — {x} is connected.

Assume that x = 1y, witha € ki and r € R.o — |k*|. By Proposition 5.7.1,
D™ («, r) is connected. Since D («, r) may be written as an increasing union of
open annuli, we deduce from Proposition 5.7.1) that it is connected too. The result
now follows from Lemma 5.4.7.

Assume that x is of type 2. Up to a change of variables, we may assume that
x = 10,1. As before, we deduce from Proposition 5.7.1 that D_ (0, 1) and the discs
of the form D~ (B, 1) with |8| < 1 are connected. The result now follows from
Lemma 5.4.9. |

Remark 5.9.3 We have D~ (8,r) = D~ (8',r) if, and only if, |8 — 8| < r.

Definition 5.9.4 Letx € A,i’an. Lety,z € A,i’an — {x}. We say that the intervals
(x, y] and (x, z] are x-equivalent if (x, y] N (x, z] # @.

An x-equivalence class of intervals (x, y], with x # vy, is called a branch at x.
We denote by B the set of branches at x.

Remark 5.9.5 If (x, y] and (x, z] are equivalent, if follows from the unique path-

connectedness of Ai’an (see Proposition 5.7.12) that there exists ¢t € Ai’an — {x}

such that (x, t] = (x, y] N (x, z].

Lemma 5.9.6 Let x € A]i’an. Denote by Cy the set of connected component
1,an

of Al™ — {x).
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Foreachy € Ay™"—{x}, denote by Cy (y) the connected component of Ay *"—{x}
containing y. The map

cC: B, — C(C,
(x,y] — Cx(y)

is well-defined and bijective.

Proof Let y € A,i’an — {x}. For each ¢ € (x, y], the interval [¢, y] is connected
and does not contain x, hence C,(t) = Cx(y). It then follows from Remark 5.9.5
that C((x, y)) only depends on the equivalence class of (x, y). In other words, C is
well-defined.

Lety, z € Ai’an — {x} such that (x, y] is not equivalent to (x, z]. It follows that
[y, x]U [x, z] is an injective path from y to z. Since, by Proposition 5.7.12, A,i’an is
uniquely path-connected, the unique injective path [y, z] from y to z contains x. It
follows that y and z belong to different connected components of Ai’an — {x}. This
proves the injectivity of C.

Finally, the surjectivity of C is obvious. O

Lemma 5.9.7 Let x € Ai’an be a point of type 2 or 3. Let y € A]i’an — {x}. Then,
there exists z in (x, y) such that, for each t € (x, 2), the interval (x, t) is the skeleton
of a virtual open annulus.

Proof Letx' € nkial/k(x). Lety € nkiaik(y). The image of the path [x', y"] by 7z
is a path between x and y. It follows that, up to changing x’ and y’, we may assume
that 7z . restricts to a bijection between [x’, y']and [x, y].

By Lemma 5.9.6 and the explicit description of the connected components
of Ai{m — {x'} from Lemma 5.9.2, there exists z’ in (x, y’) such that, for each
t' € (x, 7)), the interval (x, t') is the skeleton of a open annulus.

By Lemma 5.6.9, the orbit of any open annulus under the action of Gal(k®/k)
is finite. It follows that, up to choosing z’ closer to x, we may assume that, for
eacht’ € (x, 7’), the interval (x, ¢’) is the skeleton of a open annulus, all of whose
conjugates either coincide with it or are disjoint from it. The image of such an open
annulus by 7z Jk is a virtual open annulus, and the result follows. O

As a consequence, we obtain the following result, which is the key-point to define
lengths of intervals.

Lemma 5.9.8 Letx,y € A]i’an be points of type 2 or 3. Then, there exists a finite
subset F of (x, y) such that each connected component of (x, y) — F is the skeleton
of a virtual open annulus. O

Definition 5.9.9 Let x, y € A" be points of type 2 or 3. Let F be a finite subset
of (x, y) such that each connected component of (x, y) — F is the skeleton of a
virtual open annulus. Let Z be the set of connected components of (x, y) — F and,
foreach J € J, denote by A the virtual open annulus with skeleton J.
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We define the (exponential) length of (x, y) to be

€((x,y)) == [ ] Mod(4,) € [1,+00).
JeJ

It is independent of the choices, by Lemma 5.8.12.

Definition 5.9.10 Let / be an interval inside A,i’an that is not a singleton. We define
the (exponential) length of I to be

L(I) :=sup({€((x,y)) : x,y € I of type 2 or 3}) € [1, +o0].

Example 5.9.11 Leta € k andr € R. with r < |«|. Then, we have

Iiflel < 1
L1, Ne,r]) = €M1, Na,r)) =
el if ] > 1.

In particular, we always have £([n1, ng.r]) = 1/r.

Lemma 5.9.12 Let I be an interval in A]i’an. We have £(I) = o0 if, and only if,
the closure of I contains a point of type 1.

Let I, I be intervals in Ai’an such that I = I) U I and I1 N I is either empty
or a singleton. Then, we have

() =€) ().

5.10 Variation of Rational Functions

In this section, for every rational function F' € k(T), we study the variation of | F|
on A We will explain that it is controlled by a finite subtree of A}™" and
investigate metric properties.

Notation 5.10.1 Letx € Ai’an. We set
I = n@/k(lx’)s

forx’ € nk:a;k(x)'
By Remark 5.7.3, this does not depend on the choice of x’.

As in the case of an algebraically closed base field, I, may be thought of as a
path from x to oo.
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Proposition 5.10.2 Let F € k(T) — {0}. Let Z be the set rigid points of Ai’an that
are zeros or poles of F. Set

I = JI.

zeZ

Then |F| is locally constant on A]i’an — Iz

Proof One immediately reduces to the case where the base field is k4. Since k@
is algebraically closed, F may be written as a quotient of products of linear
polynomials. It follows that is is enough to prove the results for linear polynomials.

Let o € k% and let us prove the result for F = T — «. Let C be a connected
component of Ai’an — 1. Let n in the closure of C. It belongs to 1, hence is of the
form ng,, forr € Rxp.

Recall that discs are connected, by Proposition 5.7.1. By Lemma 5.4.7, the case
r ¢ |k | leads to a contradiction. It follows that r € |k*|. Performing an appropriate
change of variables and using Lemma 5.4.9, we deduce that there exists g € k@ with
| — B] = r such that C = D™ (B, r). For each x € C, we have

(T =)= (T =B)x)+ (B —a)|=r,

because of the non-Archimedean triangle inequality. The results follows. O

Our next step is to describe the behaviour of |F| on Iz using metric data.
Recall that, for each x € Ai’an, we denote by B, the set of branches at x (see
Definition 5.9.4).

Definition 5.10.3 Let x € A)™ and b € By. Let E be aset. Amap f: b — E
is the data of a non-empty subset Z of representatives of » and a family of maps
(fr: I — E)je7 such that, foreach I, J € Z, f; and f; coincideon I N J.

Let I be a representative of b. We say that f is defined on I if I belongs to Z. In
this case, we usually write f: I — E instead of f;: I — E.

Note thatamap f: I — E defined on some representative / of b naturally gives
risestoamap f: b — E.

Definition 5.10.4 Letx € A, ™ and b € By. Let f: b — Rxo. Let N € Z.
We say that f is monomial along b of exponent N if there exists a representa-

tive (x, y] of b such that f is defined on (x, y] and
Vz e (x,yl.Vt € (x.2), f(z) = f@) et zDY.
We then set

mp(f) == N.

We say that f is constant along b if it is monomial along b of exponent 0.
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Remark 5.10.5 Written additively, the last condition becomes

Vz € (x,y], V1 € (x, 2], log(f(2)) =log(f (1)) + Nlog(£([z, z])).

This explains why, in the literature, such maps are often referred to as log-linear and
N denoted by 9, log(f).

Letx € Ai’an and x’ € nkiaik(x). Let b’ € B,. It follows from Lemmas 5.9.7
and 5.8.4 that, for each small enough representative (x', y'] of ', mza Jk induces a
homeomorphism from (x’, y'] to (x, g, (¥)]. This property allows to define the

image of the branch b’.

Definition 5.10.6 Let x € A}(’an andx’ € nkiaik(x). Let b’ € B,. The image of the

branch b’ by mg . is the branch

Ty (0) i= (¢, 7w (0] € By,

for a small enough representative (x’, y'] of 4’

Lemma 5.10.7 Let x € A}(’an and x' € nkiaik(x). Let b € By. For each b € By,

there exists b’ € By such that ”l?l/k(b/) = b. The set of such b'’s is finite and
Gal(k*/ k) acts transitively on it.

Proof The existence of b’ is proved as in the beginning of the proof of Lemma 5.9.7.
The rest of the statement follows from Lemmas 5.9.7 and 5.6.9 and Corollary 5.6.6.
O

The following result is a direct consequence of the definitions.

Lemma 5.10.8 Let x € A,l’an and b € By. Let f: b — Ry. Assume that there
exists N € 7 such that, for each b’ € T[k:al/k’
exponent N. Then, f is monomial along b of exponent N - i

fo Tga g 18 monomial along b’ of
—1
ab)

Definition 5.10.9 Let F € k%(T) — {0}. Let o € k%. The order of F at a is the
unique integer v such there exists P € k4[T] with P () # O satisfying

F(T) = (T —a)’ P(T).

We denote it by ord, (P).

Theorem 5.10.10 Ler F € I?l(T) — {0}. Let x € A%’lan and b € By. Then the
map | F| is monomial along b.

If x is of type 1, then up(|F|) = ord, (F).

If x is of type 2 or 3 and C (b) is bounded, then

up(|F]) = — Z ord, (F).

zekanC (b)



220 J. Poineau and D. Turchetti

If x is of type 2 or 3 and C (b) is unbounded, then

up(|F]) = deg(F) — Y ord:(F).
2ek@NC ()

If x is of type 4, then up(|F|) = 0.

Proof Let us first remark that if the result holds for G and H in ka (T) — {0}, then
it also holds for GH and G/H. As a result, since k@ s algebraically closed, it is
enough to prove the result for a linear polynomial, so we may assume that F =
T —a,witha € k.

e Assume that x is of type 1.

There exists « € k such that x = «. By Lemmas 5.9.2 and 5.9.6, there is a unique
branch at x. It is represented by

(aﬂ nol,S] = {ﬂa,ta re (07 S]},

for any s € R.g.

If « = a, then for each r € R..o, we have |(T — a)(n4.1)| = t, hence |T — al is
monomial along b of exponent 1. Since we have ord, (T — a) = 1, the result holds
in this case.

If @ # a, then for each ¢ € (0, |a — «l), we have [(T — a)(4.r)| = laq|, hence
|T — a| is monomial along b of exponent 0. Since we have ord, (T — a) = 0, the
result holds in this case too.

* Assume that x is of type 2 or 3 and that C(b) is bounded.

There exist @ € k and r € R. ¢ such that x = n,, . By Lemma 5.9.2, there exists
B € k with | — | < 7 such that C(b) = D™ (B,r). Since ny,, = ng,,, We may
assume that « = §. The branch b is then represented by

(na,ra 770{,5] = {nﬂl,tat [S [Sa r)}a

forany s € (0, r].

If a € C(b), then we have |a — | < r, hence, foreach ¢ € [|a — «|, r), we have
[((T —a)(nq,:)| =t, hence |T — a| is monomial along b of exponent —1. It follows
that the result holds in this case.

Ifa ¢ C(b), then we have |a — «¢| = r, hence, for each ¢ € [0, r), we have
(T — a)(Na.r)| = |a — «|, hence |T — a| is monomial along b of exponent 0. It
follows that the result holds in this case too.

* Assume that x is of type 2 or 3 and that C(b) is unbounded.

There exista € k andr € R ¢ such thatx = 5y .. By Lemma 5.9.2, the branch b
is then represented by

(na,rs na,s] = {na,tvt e (r, s},

forany s € (r, +00).
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If a € C(b), then we have |a — «a| > r, hence, foreach ¢ € (r, |a — «|), we have
(T — a)(Ma.r)| = la — «|, hence |T — a| is monomial along b of exponent 0. We
have

deg(T — a) — Z ord,(T —a) =deg(T —a) —ord,(T —a)=1—-1=0,
2€kiNC (b)
hence the result holds in this case.

If a ¢ C(b), then we have |a — «| < r, hence, for each ¢ € (r, +00), we have
|(T —a)(nq,:)| = t, hence |T — a| is monomial along b of exponent 1. We have

deg(T — a) — Z ord,(T —a) = deg(T —a) = 1,
zekdnC (b)

hence the result holds in this case too.
* Assume that x is of type 4.

By Proposition 5.4.11, x admits a basis of neighborhood made of discs. It follows
that there exist @« € k andr € R.¢ such thatx € D™ («,r) anda ¢ D™ («, r). For
eachy € D™ («, 1), we have (T —a)(y)| = (T —a)(y) + (¢ — a)| = |a — «,
hence |T — a| is constant in the neighborhood of x. The result follows. m|

Remark 5.10.11 The term deg(R) that appears in the formula when C(b) is
unbounded may be identified with the opposite of the order of R at co. If we had
worked on Pl%an instead of A]%an, it would not have been necessary to discuss this
case separately.

Corollary 5.10.12 Let F € k(T) — {0}. Let x € A,i’an be a point of type 2 or 3.
Then, there exists a finite subset By r of By such that, for each b € By \ By F, |F|
is constant along b and we have

Yo mw(Fh= Y m(F)=0.

beBy beBy F

Proof Using Lemma 5.10.8, one reduces to the case where the base field is k4. The
result then follows from Theorem 5.10.10, since we have ord,(F) = 0 for almost
all z € k% and

Z ord, (F) = deg(F).
zeka
O

Remark 5.10.13 The statement of Corollary 5.10.12 corresponds to a harmonicity
property. This is more visible written in the additive form (see Remark 5.10.5):

> dylog(IF|) = 0.

beB,
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A full-fledged potential theory actually exists over Berkovich analytic curves. We
refer to A. Thuillier’s thesis [Thu05] for the details (see also [BR10] for the more
explicit case of the Berkovich line over an algebraically closed field).

Since analytic functions are, by definition, locally uniform limits of rational
functions, the results on variations of functions extend readily.

Theorem 5.10.14 Let x € A,i’an be a point of type 2 or 3 and let F € O, — {0}.
Then, for b € By, |F|is monomial along b with integer slope. Moreover, there exists
a finite subset By r of By such that, for each b € By \ By F, | F| is constant along b
and we have

> wp(|F)) =0.

beB,

O

Corollary 5.10.15 Let x € A]i’an be a point of type 2 or 3 and let F € O, — {0}.
If | F| has a local maximum at x, then it is locally constant at x. m|

Corollary 5.10.16 Let U be a connected open subset ofAli’an and let F € O(U).
If |F| is not constant on U, then there exists y € 0U and b € By such that

lim |F(z)| = F@®))),
zl—:I>ly| @] ISSB(I ®D

where the limit is taken on points z converging to y along b, and |F| has a negative
exponent along b. O

We conclude with a result of a different nature, showing that, if ¢ is a finite
morphism of curves, the relationship between the length of an interval at the source
and the length of its image is controlled by the degree of the morphism. We state
a simplified version of the result and refer to [Duc, Proposition 3.6.40] for a more
general statement.

Theorem 5.10.17 Let Ay and A, be two virtual annuli over k with skeleta X
and ¥o. Let ¢: A1 — Az be a finite morphism such that ¢(X1) = Xj. Then,
foreach x,y € Xy, we have

o([x, y])) = £([x, y]) i@

O

Example 5.10.18 Letn € N and consider the morphism ¢: A, ™" — A} given
by T + T". For each r € R, we have ¢(n,) = n,». In particular, forr < s €
R. o, we have

n

Lo, nsD) = €npn, nsn]) = i =L([n, nsD".

n
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Chapter 6 )
Berkovich Curves and Schottky s
Uniformization II: Analytic

Uniformization of Mumford Curves

Jérome Poineau and Daniele Turchetti

Abstract This is the second part of a survey on the theory of non-Archimedean
curves and Schottky uniformization from the point of view of Berkovich geometry.
It is more advanced than the first part and covers the theory of Mumford curves
and Schottky uniformization. We start by briefly reviewing the theory of Berkovich
curves, then introduce Mumford curves in a purely analytic way (without using
formal geometry). We define Schottky groups acting on the Berkovich projective
line, highlighting how geometry and group theory come together to prove that the
quotient by the action of a Schottky group is an analytic Mumford curve. Finally,
we present an analytic proof of Schottky uniformization, showing that any analytic
Mumford curve can be described as a quotient of this kind. The guiding principle
of our exposition is to stress notions and fully prove results in the theory of non-
Archimedean curves that, to our knowledge, are not fully treated in other texts.

6.1 Introduction

In the first part [PT20] of this survey, we provided a concrete description of the
Berkovich affine line over a non-Archimedean complete valued field (k, |-|) and
investigated its main properties. It is a remarkable fact that, combining topology,
algebra, and combinatorics, one can still get a very satisfactory description of more
general analytic curves over k, in the sense of Berkovich theory.

If k is algebraically closed, for instance, one can show that a smooth compact
Berkovich curve X can always be decomposed into a finite graph and an infinite
number of open discs. If the genus of X is positive, there exists a smallest graph
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satisfying this property. It is classically called the skelefon of X, an invariant that
encodes a surprising number of properties of X. As an example, if the Betti number
of the skeleton of X is equal to the genus of X and is at least 2, then the curve X
can be described analytically as a quotient I'\ O, where O is an open dense subset
of the projective analytic line ]P’,i’an and I a suitable subgroup of PGL; (k). This
phenomenon is known as Schottky uniformization, and it is the consequence of a
celebrated theorem of D. Mumford, which is the main result of [Mum72a].

Obviously, D. Mumford’s proof did not make use of Berkovich spaces, as they
were not yet introduced at that time, but rather of formal geometry and the theory
of Bruhat-Tits trees. A few years later, L. Gerritzen and M. van der Put recasted
the theory purely in the language of rigid analytic geometry (using in a systematic
way the notion of reduction of a rigid analytic curve). We refer the reader to the
reference manuscript [GvdP80] for a detailed account of the theory and related
topics, enriched with examples and applications.

In this text, we develop the whole theory of Schottky groups and Mumford curves
from scratch, in a purely analytic manner, relying in a crucial way on the nice
topological properties of Berkovich spaces, and the tools that they enable us to use:
the theory of proper actions of groups on topological spaces, of fundamental groups,
etc. We are convinced that those features, and Berkovich’s point of view in general,
will help improve our understanding of Schottky uniformization.

In this second part of the survey, we have allowed ourselves to be sometimes
more sketchy than in the first part [PT20], but this should not cause any trouble to
anyone familiar enough with the theory of Berkovich curves. We begin by reviewing
standard material. In Sect. 6.2, we define the Berkovich projective line Pi’an over k,
consider its group of k-linear automorphisms PGL, (k) and introduce the Koebe
coordinates for the loxodromic transformations. In Sect. 6.3, we give an introduction
to the theory of Berkovich analytic curves, starting with those that locally look like
the affine line. For the more general curves, we review the theory without proofs,
but provide some references. We conclude this section by an original purely analytic
definition of Mumford curves. In Sect. 6.4, we propose two definitions of Schottky
groups, first using the usual description of their fundamental domains and second,
via their group theoretical properties, using their action of ]P’,l’an. We show that
they coincide by relying on the nice topological properties of Berkovich spaces. In
Sect. 6.5, we prove that every Mumford curve may be uniformized by a dense open
subset of ]P’,i’arl with a group of deck transformations that is a Schottky group. Once
again, our proof is purely analytic, relying ultimately on arguments from potential
theory. To the best of our knowledge, this is the first complete proof of this result.
We conclude the section by investigating automorphisms of Mumford curves and
giving explicit examples.

We put a great effort in providing a self-contained presentation of the results
above and including details that are often omitted in the literature. Both the
theories of Berkovich curves and Schottky uniformization have a great amount of
ramifications and interactions with other branches of mathematics. For the interested
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readers, we provide an appendix with a series of references that will hopefully help
them to navigate through this jungle of wonderful mathematical objects.

The idea of writing down these notes came to the first author when he was taking
part to the VIASM School on Number Theory in June 2018 in Hanoi. Just as the
school was, the material presented here is primarily aimed at graduate students,
although we also cover some of the most advanced developments in the field.
Moreover, we have included questions that we believe could be interesting topics for
young researchers (see Remarks 6.4.20 and 6.5.7). The appendix provides additional
material leading to active subjects of research and open problems.

The different chapters in this volume are united by the use of analytic techniques
in the study of arithmetic geometry. While they treat different topics, we encourage
the reader to try to understand how they are related and may shed light on each other.
In particular, the lecture notes of F. Pellarin [Pel20], about Drinfeld modular forms,
mention several topics related to ours, although phrased in the language of rigid
analytic spaces, such as Schottky groups (Section 5) or quotient spaces (Section 6).
It would be interesting to investigate to what extent the viewpoint of Berkovich
geometry presented here could provide a useful addition to this theory.

We retain notation as in [PT20]. In particular, (k,|-|) is a non-Archimedean
complete valued field, k¢ is a fixed algebraic closure of it, and k% is the completion
of the latter.

6.2 The Berkovich Projective Line and Mobius
Transformations

6.2.1 Affine Berkovich Spaces

We generalize the constructions of [PT20], replacing k[7T'] by an arbitrary k-algebra
of finite type. Our reference here is [Ber90, Section 1.5].

Definition 6.2.1 Let A be k-algebra of finite type. The Berkovich spectrum
Spec®™(A) of A is the set of multiplicative seminorms on A that induce the given
absolute value |- | on k.

As in [PT20, Definition 5.3.1], we can associate a completed residue field 57 (x)
to each point x of Spec®™(A). As in [PT20, Section 5.4], we endow Spec®(A) with
the coarsest topology that makes continuous the maps of the form

x € Spec™(A) — |f(x)| € R
for f € A. Properties similar to that of the Berkovich affine line still hold in this

setting: the space Spec®™(A) is countable at infinity, locally compact and locally
path-connected.
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We could also define a sheaf of function on Spec®(A) as in [PT20, Defini-
tion 5.5.1]" with properties similar to that of the usual complex analytic spaces.

Lemma 6.2.2 Each morphism of k-algebras ¢ : A — B induces a continuous map
of Berkovich spectra

Spec™(¢): Spec®(B) —> Spec™(A)
e — ol

Let us do the example of a localisation morphism.

Notation 6.2.3 Let A be a k-algebra of finite type and let f € A. We set
D(f) = {x € Spec™™(A) : f(x) # 0}.

It is an open subset of Spec®(A).

Lemma 6.2.4 Let A be a k-algebra of finite type and let f € A. The map
Spec® (A[1/f]) — Spec™(A) induced by the localisation morphism A — A[1/f]
induces a homeomorphism onto its image D(f). O

6.2.2 The Berkovich Projective Line

In this section, we explain how to construct the Berkovich projective line over k. It
can be done, as usual, by gluing upside-down two copies of the affine line Ai’an
along A,i’an — {0}. We refer to [BR10, Section 2.2] for a definition in one step
reminiscent of the “Proj” construction from algebraic geometry.

To carry out the construction of the Berkovich projective line more precisely,
let us introduce some notation. We consider, as before, the Berkovich affine line
X = A,i’an with coordinate T, i.e. Spec® (k[T']). By Lemma 6.2.4, its subset U :=
A,i’a“ — {0} = D(T) may be identified with Spec® (k[T, 1/T1).

We also consider another Berkovich affine line X’ with coordinate 7”7 and identify
its subset U’ := X’ — {0} with Spec® (k[T’, 1/T']).

By Lemma 6.2.2, the isomorphism k[T”, 1/ T'] = k[T, 1/T]1sending T' to 1/T
induces an isomorphism ¢: U SvU.

INote however that the ring of global sections is always reduced, so that we only get the right
notion when A is reduced. The proper construction involves defining first the space AZ’an =
Spec® (k[Ty, ..., T,1), then open subsets of it, and then closed analytic subsets of the latter, as we
usually proceed for analytifications in the complex setting.
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Definition 6.2.5 The Berkovich projective line Pi’an is the space obtained by gluing
the Berkovich affine lines X and X’ along their open subsets U and U’ via the
isomorphim ¢.

We denote by oo the image in P} of the point 0 in X'

The basic topological properties of ]P’,i’an follow from that of A,i’an.

Proposition 6.2.6 We have Pi’an = A,i’a“ U {oo}.
The space ]P)]i’an is Hausdorff, compact, uniquely path-connected and locally
path-connected. O

Forx,y € ]P’,i’an, we denote by [x, y] the unique injective path between x and y.

6.2.3 Mobius Transformations

Let us recall that, in the complex setting, the group PGL,(C) acts on P!(C) via
. . . . . . ab
Mbobius transformations. More precisely, to an invertible matrix A = ( d)’ one
c
associates the automorphism

az +

b
va:z € PHC) —> e P(C)
CcZ

+d
with the usual convention that, if ¢ ## 0, then y4(c0) = a/c and y4(—d/c) = oo,
and, if ¢ = 0, then y4(c0) = 0.

We would like to define an action of PGL; (k) on ]P’,i’arl similar to the complex
ab ) € GLy (k).
cd

First note that we can use the same formula as above to associate to A an
automorphism y4 of the set of rational points ]P’,i’an (k).

It is actually possible to deal with all the points this way. Indeed, let x be a point
of Pi’an - ]P),i’an(k). In [PT20, Section 5.3], we have associated to x a character
Xx: k[T] — S2(x). Since x is not a rational point, x,(7) does not belong to %,
hence the quotient (axx(T) + b)/(cxx(T) + d) makes sense. We can then define
ya(x) as the element of Ai’an associated to the character

one.Let A := (

ax«(T)+b

P(T) € k[T] P(CX 0+ d

) € ).

This construction can also be made in a more algebraic way. By Lemmas 6.2.2
and 6.2.4, the morphism of k-algebras

P(T) € k[T] + P(Z;IS) € k[T’ Crljud]
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induces a map y,.1: Ai’an - {—‘C"} — A,i’an c Pi’an (with the convention that
—d/c=o0if c =0).
Similarly, the morphism of k-algebras

Q) € k[T Q(Z ii?) € k[T/’ a +1bT’]

induces amap y42: ]P’,i’arl —{0, — la’} — Pi’an (with the convention that —b/a = oo

ifa =0).

A simple computation shows that the maps y4,1 and y4 2 are compatible with the
isomorphism ¢ from Sect. 6.2.2. Note that we always have —‘Cl #* — 1;. Ifad # 0, it
follows that we have (A}C’an — {—i}) U (]P’,i’an —{0, —Z}) = ]P’}C’an, so the two maps
glue to give a global map

. ml,an 1,an
va: Py — P

We let the reader handle the remaining cases by using appropriate changes of
variables.

Notation 6.2.7 Fora, b, ¢, d € k with ad — bc # 0, we denote by [a Z} the image
c

in PGL; (k) of the matrix (“ 2 )
C

From now on, we will identify each element A of PGL; (k) with the associated

automorphism y, of P, *"

Lemma 6.2.8 The image of a closed (resp. open) disc of ]P)]lc’an by a Mobius
transformation is a closed (resp. open) disc.

Proof Let A € GLy(k). We may extend the scalars, hence assume that k is
algebraically closed. In this case, A is similar to an upper triangular matrix. In
other words, up to changing coordinates of ]P’,i’an, we may assume that A is upper
triangular. The transformation y4 is then of the form

1,an 1,an
varz €l > oaz e Py

or
1,an

1,
varzeP " z+a el

for some « € k. In both cases, the result is clear. m]
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6.2.4 Loxodromic Transformations and Koebe Coordinates

Definition 6.2.9 A matrix in GL; (k) is said to be loxodromic if its eigenvalues in k¢
have distinct absolute values.

A Mobius transformation is said to be loxodromic if some (or equivalently every)
representative is.

Lemma 6.2.10 Leta, b, c,d € k withad —bc # 0 and set A := <a Z) e GLy (k).
c

Then A is loxodromic if, and only if, we have |ad — bc| < |a + d|*.

Proof Let )\ and )\’ be the eigenvalues of A in k4. We may assume that [A| < |A/]|.
On the one hand, if |A| = |A/|, then we have

la+d* = A+ 2P < NP = Al IV| = |ad — bel.
On the other hand, if |A| < |A/|, then we have

la+d> =[x+ N2 = N7 > A |V] = |ad — bc|.

Let A € PGL, (k) be a loxodromic M&bius transformation.

Fix some representative B of A in GLy (k). Denote by A and 1’ its eigenvalues
in k. We may assume that |A| < |A/|. The characteristic polynomial xp of B cannot
be irreducible over k, since otherwise its roots in £ would have the same absolute
values. It follows that A and A’ belong to k. Set 8 := A/A" € k°°.

The eigenspace of B associated to the eigenvalue A (resp. A’) is a line in k2.
Denote by « (resp. o) the corresponding element in P! (k).

Definition 6.2.11 The elements «, o’ € P! (k) and 8 € k°° depend only on A and
not on the chosen representative. They are called the Koebe coordinates of A.

There exists a Mobius transformation € € PGL,(k) such that ¢(0) = « and
£(00) = o’. The Mébius transformation s "' As now has eigenspaces corresponding
to 0 and oo in P! (k) and the associated automorphism of ]P),i’an is

. l,an 1,an
Ve-lae: ZEPT > Bz e P

We deduce that 0 and oo are respectively the attracting and repelling fixed points
of y,—14, in ]P’,l’an. It follows that o and o' are respectively the attracting and

repelling fixed points of y4 in P_™".
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The same argument shows that the Koebe coordinates determine uniquely the
Mobius transformation A. In fact, given &, &', 8 € k with # &’ and 0 < |8] < 1,
the Mobius transformation that has these elements as Koebe coordinates is given
explicitly by

_ / _ 1
Mo p) = [“ P (P = Do } ,

8 pa—a (6.2.1)

In an analogous way, whenever co € ]Pli’an is an attracting or repelling point of a

loxodromic Mo6bius transformation, we can recover the latter as:

M@wm=ﬁafm}meMm=Bw%m} (6.2.2)

Remark 6.2.12 Let A € PGL2(k) be aAMébius transformation that is not loxo-
dromic. Then, extending the scalars to k% and possibly changing the coordinates,
the associated automorphism of Pli{ln is a homothety

l,an lan _ .
ZG]P’kAa +—>,Bze]P’kAa with [B] =1
or a translation
1,an 1,an
z€E IP’kAa =z+be P,;a .

Note that those automorphisms have several fixed points in ]P)L;an (n, withr > 01in
the first case and r > |b| in the second). It follows that A itself also has infinitely

many fixed points in ]P’,i’an.

6.3 Berkovich k-Analytic Curves

6.3.1 Berkovich Al-like Curves

In this section we go one step beyond the study of affine and projective lines, by
introducing a class of curves that “locally look like the affine line”, and see that
there are interesting examples of curves belonging to this class.

A much more general theory of k-analytic curves exists but it will be discussed
only briefly in this text in Sect. 6.3.2, in the case of smooth curves. For more on this
topic, the standard reference is [Ber90, Chapter 4]. The most comprehensive account
to-date can be found in A. Ducros’ book project [Duc], while deeper discussions of
specific aspects are contained in the references in the Appendix A.1 of the present
text.
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Definition 6.3.1 A k-analytic A'-like curve is a locally ringed space in which every
point admits an open neighborhood isomorphic to an open subset of A,i’an.

It follows from the explicit description of bases of neighborhoods of points
of Ai’an (see [PT20, Proposition 5.4.11]) that each k-analytic Al-like curve admits a
covering by virtual open Swiss cheeses. By local compactness, such a covering can
always be found locally finite. It can be refined into a partition (no longer locally
finite) consisting of simpler pieces.

Theorem 6.3.2 Let X be a k-analytic Al-like curve. Then, there exist

(i) alocally finite set S of type 2 points of X;
(ii) a locally finite set A of virtual open annuli of X;
(iii) a set D of virtual open discs of X

such that S U AU D is a partition of X.

Proof Each virtual open Swiss cheese may be written as a union of finitely many
points of type 2, finitely many virtual open annuli and some virtual open discs (as
in Example 6.3.5 below). By a combinatorial argument that is not difficult but quite
lengthy, the covering so obtained can be turned into a partition. O

Definition 6.3.3 Let X be a k-analytic Allike curve. A partition 7 = (S, A, D)
of X satisfying the properties (i), (ii), (iii) of Theorem 6.3.2 is called a triangulation
of X. The locally finite graph naturally arising from the set

Tr=SU | =4
AeA

is called the skeleton of T It is such that X — X7 is a disjoint union of virtual open
discs.

A triangulation 7 is said to be finite if the associated set S is finite. If this is
the case, then X7 is a finite graph. By the results of [PT20, Section 5.9], for each
triangulation 7, £7 may be naturally endowed with a metric structure.

Remark 6.3.4 1t is more usual to define a triangulation as the datum of the set S
only. Note that S determines uniquely .4 and D since their elements are exactly the
connected components of X — S, so our change of convention is harmless.

Example 6.3.5 Consider the curve
X: =D (0,1)— (D" (a,r)U DT (b, r))
forr € (0,1) and a, b € k with |a|, |b| < 1, |a — b| > r. Set
S = {na,la-b}>

A:={A"(a,|la —b|,1), A" (a,r,|la—Db|), A" (b,r, |a — b|)}
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)

@ af|a— @

Fig. 6.1 The Swiss cheese X described in Example 6.3.5. Its skeleton X is the union of the three
edges in evidence

and
D:={D (u,la—>bl|),uck,|lu—al=|u—>bl=|a—Dbl|}

Then, the triple 7 := (S, A, D) is a triangulation of X. The associated skeleton is a
finite tree with three (half open) edges (Fig. 6.1).

Proposition 6.3.6 Let X be a connected A'-like curve. Let T = (S, A, D) be a
triangulation of X such that S # 0 or A # .

There exists a canonical deformation retraction 1 : X — X7. Its restriction
to any virtual open annulus A € A induces the map t4 from [PT20, Proposi-
tion 5.8.11] and its restriction to any connected component D of A — X 4 (which is
a virtual open disc) induces the map tp from [PT20, Proposition 5.8.10].

In particular, for each n € X4, the set t{-l (n) is a virtual flat closed annulus. O

Definition 6.3.7 Let X be a k-analytic A'-like curve. The skeleton of X is the
complement of all the virtual open discs contained in X. We denote it by Xx.

Remark 6.3.8 Let X be a k-analytic A!-like curve. It is not difficult to check that
we have

x =[] 27
T
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for 7 ranging over all triangulations of X. In particular, Xy is a locally finite metric
graph (possibly empty).

Assume that X is connected and that Xy is non-empty. Then there exists a
triangulation 7o of X such that ¥y = X;. In particular, there is a canonical
deformation retraction txy : X — Xx.

6.3.2 Arbitrary Smooth Curves

It goes beyond the scope of this survey to develop the full theory of Berkovich
analytic curves. We only state a few definitions and general facts, to which we would
like to refer later.

Definition 6.3.9 A smooth k-analytic curve is a locally ringed space X that
is locally isomorphic to an open subset of a Berkovich spectrum of the
form Spec®(A), where A is the ring of functions on a smooth affine algebraic
curve over k.

For each smooth k-analytic curve X and each complete valued extension K of &,
one may define the base-change Xg of X to K, by replacing each Spec®(A)
by Spec™(A ®¢ K) in its definition. It is a smooth K -analytic curve and there
is a canonical projection morphism 7g,r: Xx¢ — X. The analogues of [PT20,
Proposition 5.6.5] and [PT20, Corollary 5.6.6] hold in this more general setting.

Example 6.3.10 For each complete valued extension K of k, the base-change
of Ay™ to K is AR™.

If one starts with a smooth algebraic curve X over k, one may cover it by
curves of the form Spec(A), with A as in Definition 6.3.9 above, and then glue the
corresponding analytic spaces Spec®(A) to get a smooth k-analytic curve, called
the analytification of X, and denoted by X'?".

Example 6.3.11 The analytification of A} is A"

As in the complex case, smooth compact k-analytic curves are automatically
algebraic.

Theorem 6.3.12 Let X be a smooth compact k-analytic curve. Then, there exists a
projective smooth algebraic curve over k such that X = X",

The invariants we have defined so far for the Berkovich affine line Ai’an have
natural counterparts for smooth k-analytic curves. Let X be a smooth k-analytic
curve. For each point x € X, the completed residue field .77 (x) is the completion of
a finitely generated extension of k of transcendence degree less than or equal to 1.
We may then define integers s(x) and ¢ (x) such that s(x) + 7(x) < 1 and the type
of x, as we did in the case of A,ﬁ’an (see [PT20, Definition 5.3.97).
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If x is of type 2, then, by the equality case in Abhyankar’s inequality (see [PT20,
Theorem 5.3.8]), the group |77 (x)*|/|k*| is finitely generated, hence finite, and the

field extension .77 (x)/ kis finitely generated.
Let us fix the definition of genus of an algebraic curve.

Definition 6.3.13 Let F be a field and let C be a projective curve over F, i.e. a
connected normal projective scheme of finite type over F of dimension 1.

If F is algebraically closed, then C is smooth, and we define the geometric genus
of C to be

g(C) :=dimr H(C, Q0¢).

In general, let F be an algebraic closure of F. Let C’ be the normalization of a
connected component of C x g F. It is a projective curve over F' and we define the
geometric genus of C to be

8(C) = g(C").

It does not depend on the choice of C’.

Definition 6.3.14 Let X be a smooth k-analytic curve and let x € X be a point of

type 2.
The residue curve at x is the unique (up to isomorphism) projective curve %

over k with function field .7 (x). The genus of x is the geometric genus of €. We
denote it by g(x).

The stable genus of x, is the genus of any point x’ over x in X. We denote it
by gst(x). It does not depend on the choice of x'.

Example 6.3.15 Leta € k and r € |k*|Q. By [PT20, Example 5.3.10], the residue
curve at the point 7, in A,i’an is the projective line ]P’]% over k. In particular, we have
g(Me.r) = 0.

By [PT20, Lemma 5.3.11], any point of type 2 in Ai’an (hence in any k-analytic
Al-like curve) has stable genus 0.

The fact that the stable genus does not need to coincide with the genus is what
motivates our definition. Let us give an example of this phenomenon.

Remark 6.3.16 Let p > 5 be a prime number. Consider the affine analytic
plane A%Q’;n with coordinates x,y. Let X be the smooth Q,-analytic curve
inside A%Qf“ given by the equation y> = x>+ p andlet 7: X — A}Qi“ be the
projection onto the first coordinate x.
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The fiber 7! (19, p|-1/3) contains a unique point, that we will denote by a. One

may check that J#(a) is a purely transcendental extension of IF,, generated by the
class u of px> (which coincides with the class of py?):

H(a) ~Fp(u).

In particular, we have 6, = ]P’]%p and g(a) = 0.
Let us now extend the scalars to the field C,, whose residue field is an algebraic
closure IF, of IF,. Let b be the unique point of Xc, overa. The field 57 (b) is now

—1/3

generated by the class v of p x and the class w of p~1/2y:

H(b) = Fp@)[w]/@® — w? + D).

In particular, %}, is an elliptic curve over IF,, and we have gg(a) = g(b) = 1.
We always have an inequality between genus and stable genus.

Lemma 6.3.17 Let X be a smooth k-analytic curve and let x € X be a point of
type 2. Then, we have g(x) < gst(x).

Proof Let x’ be a point of Xz over x. By definition, the residue curve % at x is
defined over k and the residue curve €, at x” is defined over an algebraic closure k
of k.

The projection morphism 7z, : X — X induces an isometric embedding
A (x) — ' (x'), hence an embedding ;i;(x_/) — f%/”\(;c/’ ). It follows that we have a
morphism €y, — %, hence a morphism ¢: €, — G x 1212- Its image is a connected
component C of €y x; k. The morphism ¢ factors through C, and even through the
normalization C of C. By definition, we have g(C) = g(x) and g(%y) = gst(x).
The result now follows from the Riemann—Hurwitz formula. |

Proposition 6.3.18 Let X be a smooth k-analytic curve and let x € X be a point of
type 2. There is a natural bijection between the closed points of the residue curve 6
at x and the set of directions emanating from x in X. O

Example 6.3.19 Assume that k is algebraically closed. For X = A} ™" and x = 7,
the result of Proposition 6.3.18 follows from [PT20, Lemma 5.4.9].

The structure of smooth k-analytic curves is well understood.

Theorem 6.3.20 Every smooth k-analytic curve admits a triangulation in the sense
of Theorem 6.3.2.

The result of Proposition 6.3.6 also extends. If 7 is a non-empty triangulation
of a smooth connected k-analytic curve X, then there is a canonical deformation
retraction of X onto the skeleton X7 of 7, which is a locally finite metric graph.
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We may also define the skeleton of X as in Definition 6.3.7, and it satisfies the
properties of Remark 6.3.8.

Remark 6.3.21 With this purely analytic formulation, Theorem 6.3.20 is due to
A. Ducros, who provided a purely analytic proof in [Duc]. It is very closely related to
the semi-stable reduction theorem of S. Bosch and W. Liitkebohmert (see [BL85]):
for each smooth k-analytic curve X, there exists a finite extension £/k such that X,
admits a model over £° whose special fiber is a semi-stable curve over 57, that is, it
is reduced and its singularities are at worst double nodes.

If a smooth k-analytic curve X admits a semi-stable model over k°, then we
may associate to it a triangulation of X. The points of S, .4 and D then correspond
respectively to the irreducible components, the singular points and the smooth points
of the special fiber of the model. Moreover, the genus of a point of S (which, in this
case, coincides with its stable genus) is equal to the genus of the corresponding
component. We refer to [Ber90, Theorem 4.3.1] for more details.

In the other direction, it is always possible to associate a model over k° to a
triangulation of X, but it may fail to be semi-stable in general. The reader may
consult [Duc, Sections 6.3 and 6.4] for general results.

Definition 6.3.22 Assume that k is algebraically closed. Let X be a smooth
connected k-analytic curve. We define the genus of X to be

gX)=bi(X)+ Y gx),

xex®

where b1 (X) is the first Betti number of X and X® the set of type 2 points of X.
If k is arbitrary, we define the genus of a smooth geometrically connected k-
analytic curve X to be the genus of Xz.

This notion of genus is compatible with the one defined in the algebraic setting.

Theorem 6.3.23 For each smooth geometrically connected projective algebraic
curve X over k, we have

g(X) = g(x™).

Let us finally comment that, among the results that are presented here, Theo-
rem 6.3.20 is deep and difficult, but we will not need to use it since an easier direct
proof is available for k-analytic A'-like curves (see Theorem 6.3.2). The others are
rather standard applications of the general theory of curves.
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6.3.3 Mumford Curves

Let us now return to A!-like curves over k. A special kind of such curves is obtained
by asking for the existence of an open covering made of actual open Swiss cheeses
over k rather than virtual ones. Recall that open Swiss cheeses over k are defined as
the complement of closed discs in an open disc over k.

Definition 6.3.24 A connected, compact k-analytic (A!-like) curve X is called a k-
analytic Mumford curve if every point x € X has a neighborhood that is isomorphic
to an open Swiss cheese over k.

Remark 6.3.25 Such a curve is automatically projective algebraic by Theo-
rem 6.3.12.

The following proposition relates the definition of a k-analytic Mumford curve
with the existence of a triangulation of a certain type, and therefore with the original
algebraic definition given by Mumford in [Mum?72a]. Its proof uses some technical
notions that were not fully presented in the first sections of this text, but we believe
that the result of the proposition is important enough to deserve to be fully included
for completeness.

Proposition 6.3.26 Let X be a compact k-analytic curve.

If g(X) =0, then X is a k-analytic Mumford curve if and only if X is isomorphic
to ]P),i’an.

If g(X) = 1, then X is a k-analytic Mumford curve if and only if there exists a
triangulation (S, A, D) of X such that the points of S are of stable genus 0 and the
elements of A are open annuli.

Proof

* Assume that g(X) = 0. If X is isomorphic to P, then it is obviously a
Mumford curve.

Conversely, assume that X is a k-analytic Mumford curve. By Theo-
rems 6.3.12 and 6.3.23, it is isomorphic to the analytification of a projective
smooth algebraic curve over k. Therefore, to prove that it is isomorphic to ]P’,i"‘m,
it is enough to prove that it has a k-rational point.

By assumption, X contains an open Swiss cheese over k. In particular, it
contains an open annulus A over k. Let x be a boundary point of the skeleton
of A. By assumption, x has a neighborhood that is isomorphic to an open Swiss
cheese over k. It follows that A is contained in a strictly bigger annulus A’ whose
skeleton strictly contains that of A. Arguing this way (possibly considering the
union of all the annuli and applying the argument again), we show that X contains
an open annulus over k of infinite modulus. At least one of its boundary points is
a k-rational point, and the result follows.

* Assume that g(X) > 1. If X is a k-analytic Mumford curve, then it may be
covered by finitely many Swiss cheeses over k. The result then follows from the
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fact that every Swiss cheese over k admits a triangulation (S, A, D) such that the
points of S are of stable genus 0 and the elements of .4 are annuli.

Conversely, assume that there exists a triangulation (S, A4, D) of X satisfying
the properties of the statement. Since g(X) > 1, we have A # @. Up to adding
a point of S in the skeleton of each element of .4, we may assume that all the
elements of .4 have two distinct endpoints in X.

Let x € S. Denote by D, (resp. Ay) the set of elements of D (resp. A) that
have x as an endpoint and set

Uc={xju | J pu (J A

DeD, AeA,

It is an open neighborhood of x in X. Let us now enlarge U, in the following
way: for each A € Ay, we paste a closed disc at the extremity of A that is
different from x. The resulting curve V, is compact, hence the analytification of a
projective smooth algebraic curve over k, by Theorem 6.3.12. Since x is of stable
genus 0, the genus of the base-change (Vi) of V, to k% is 0. By Theorem 6.3.23,

we deduce that (V) is isomorphic to P]%an. Since V, contains k-rational points

(inside the pasted discs, for instance), V itself is isomorphic to ]P’,i’an. We deduce
that U, is a Swiss cheese over k.
Since any point of X has a neighborhood that is of the form U, for some
x € S, it follows that X is a Mumford curve.
O

Remark 6.3.27 If X is a compact k-analytic curve and k is algebraically closed,
then Proposition 6.3.26 shows that the following properties are equivalent:

(i) X is a Mumford curve;
(il) X isan Allike curve;
(iii) the points of type 2 of X are all of genus 0.

Remark 6.3.28 Using the correspondence between triangulations and semi-stable
models (see Remark 6.3.21), the result of Proposition 6.3.26 says that k-analytic
Mumford curves are exactly those for which there exists a semi-stable model over k°
whose special fiber consists of projective lines over k, intersecting transversally
in k-rational points. This is indeed how algebraic Mumford curves are defined in
Mumford’s paper [Mum?72a].

Corollary 6.3.29 Let X be a k-analytic Mumford curve and T be a triangulation
of X. Then the following quantities are equal:

(i) the genus of X;
(ii) the cyclomatic number of the skeleton X,
(iii) the first Betti number of X.

Proof We may assume that 7 = (S, .4, D) satisfies the conclusions of Proposi-
tion 6.3.26. We will assume that A # ¢, the other case being dealt with similarly.
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Consider the base-change morphism 7z, : X — X. By assumption, every
—1

" ka/k
over k¢. In particular, 7z, induces a homeomorphism between the skeleton of

element A of A is an annulus over &, hence its preimage 7~ , (A) is an annulus

nk:al/ (A) and that of A. Since each point of S lies at the boundary of the skeleton of

an element of A, we deduce that each point of S has exactly one preimage by 7.
It follows that the set 7' = (5", A, D’) of X, where

+ §'is the set of preimages of the elements of S by 7z /i
» A’ is the set of preimages of the elements of A by 7 /i
e D' is the set of connected components of the preimages of the elements of D
by 7z
is a triangulation of X and, moreover, that mg Jk induces a homeomorphism
between the skeleta X7~ and X7 In particular, their cyclomatic numbers are equal.
Since X is a Mumford curve, all the points of type 2 of the curve X are of
genus 0, hence the genus of Xz coincides with its first Betti number, hence with the
cyclomatic number of X7, by Proposition 6.3.6. The equality between (i) and (ii)
follows.
The equality between (ii) and (iii) follows from Proposition 6.3.6 again. O

6.4 Schottky Groups

Let (k, | - |) be a complete valued field. Some of the material of this section is adapted
from Mumford [Mum?72a], Gerritzen and van der Put [GvdP80] and Berkovich
[Ber90, Section 4.4].

6.4.1 Schottky Figures

Let g € N> .
Definition 6.4.1 Let yy,...,y, € PGLao(k). Let B = (DT (yf),1 <i < g, ¢ €
{£1}) be a family of pairwise disjoint closed discs in ]P’,i’a“. Foreachi € {1, ..., g}

ande € {—1, 1}, set
D™ () == v{ @ — DT (y,)).
We say that B is a Schottky figure adapted to (yi, ..., y,) if, for each i €

{1,...,g}and ¢ € {—1,1}, D™ (y?) is a maximal open disc inside DT (y?). (See
Fig. 6.2 for an illustration.)
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Y2

Y2

Fig. 6.2 A Schottky figure adapted to a pair (y1, y2)

Remark 6.4.2 Let i € {1,...,g}. It follows from Remark 6.2.12 that y; is
loxodromic. Moreover, denoting by «; and «; the attracting and repelling fixed
points of y; respectively, we have

0‘1/' c D_()/i_l) ando; € D™ (y)).

The result is easily proven for y = |:(1) O:| and one may reduce to this case by
q

choosing a suitable coordinate on P ™",

For the rest of the section, we fix y1, ..., ¥g € PGLy(k) and a Schottky figure
adapted to (y1, ..., ¥g), with the notation of Definition 6.4.1.

Notation 6.4.3 Foro € {—, +}, we set

Fo =P} — U D7 (yf).
1<i<g
e==1

Note that, for y € {ylil, e )/gil}, D*(y) is the unique disc that con-
tains y (F1) among those defining the Schottky figure.

Remark 6.4.4 The sets F~ and F are open and closed Swiss cheeses respectively.
Denote by 3 F* the boundary of F in P_"™". It is equal to the set of boundary
points of the DT (yl.il)’s, fori € {1,..., g}. The skeleton X+ of F7 is the convex
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envelope of d F, that is to say the minimal connected graph containing d F ¥, or

o= | ol

x,yedF+
The skeleton X - of F~ satisfies
Yp-=Xp+ NF =Xp+ —0FT.

Set A := {y1,...,¥,}. Denote by F, the abstract free group with set of
generators A and by I' the subgroup of PGL,(k) generated by A. The existence
of a Schottky figure for the g-tuple (y1, ..., yg) determines important properties
of the group I'. In fact, we have a natural morphism ¢: F, — I inducing an

action of Fg on ]P’,i’an. We now define a disc in ]P’,i associated with each element
of Fg. As usual, we will identify these elements with the words over the alphabet

A% = (pE ),

Notation 6.4.5 For a non-empty reduced word w = w'y over A and o € {—, +},
we set

D% (w) :=w' D% (y).

Lemma 6.4.6 Let u be a non-empty reduced word over A*. Then we have uF+ C
DT (u).

Let v be a non-empty reduced word over A~ If there exists a word w over A*
such that u = vw, then we have uF* C DT (u) € DT (v). If moreover, u # v,
then we have DT (u) € D~ (v).

Conversely, if we have DT (u) C D% (v), then there exists a word w over A*
such that u = vw.

Proof Write in a reduced form u = u’y with y € A*. We have y F* C DT (y),
by definition. Applying v/, it follows that u F™ € DV (u).

Assume that there exists a word w such that ¥ = vw and let us prove that
DV (u) € D (v). We first assume that v is a single letter. We will argue by induction
on the length |u| of u. If |[u| = 1, then u = v and the result is trivial. If |u| > 2,
denote by § the first letter of w. By induction, we have D (w) € D™ (8). Since
8 # v~!, we also have DT (8) € P} — D" (v™!). The result follows by applying v.

Let us now handle the general case. Write in a reduced form v = v’y with
y € AT. By the former case, we have D (yw) € DV (y) and D*(yw) € D™ (y)
if w is non-empty. The result follows by applying v'.

Assume that we have D (1) € D™ (v). We will prove that there exists a word w
such that u = vw by induction on |v|. Write in reduced forms u = yu’ and v = §v'.
By the previous result, we have D™ (1) € D*(y) and D™ (v) € D™ (5), hence
y = 6. If |[v| = 1, this proves the result. If |v| > 2, then we deduce that we have
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DT () € DY (v'), hence, by induction, there exists a word w such that u’ = v'w.
It follows that u = vw. |

Proposition 6.4.7 The morphism ¢ is an isomorphism and the group T is free on
the generators y, .. ., V.

Proof If w is a non-empty word, then the previous lemma ensures that wF ™ # F 7.
The result follows. |

As a consequence, we now identify I' with F, and express the elements of I" as
words over the alphabet A*. In particular, we allow us to speak of the length of an
element y of ', that we denote by |y|. Set

Op = U yF™.
lyl<n

Since the complement of F is the disjoint union of the open disks D~ (y) with
y € AZE, it follows from the description of the action that, for each n > 0, we have

Py —0,= || D (.
lw|=n+1

It follows from Lemma 6.4.6 that, for each n > 0, O, is contained in the interior
of Op41. We set

0:=Jo.=JyF*

n>0 yell
We now compute the orbits of discs under Mdbius transformations ]P’,l’an. Set

10
follows from an explicit computation.

Lemma 6.4.8 Let « € k™ and p € [0, |a|). Then, we have L(D*(a, p)) =
+(1 »p
D (a’ |a‘2)' O

Lemma 6.4.9 Letr > Qandlety = |:a Zi| in PGL (k) such that y (DJr O, r))
c

L= |:0 1i| € PGL; (k). It corresponds to the map z — 1/z on ]P’,i’an. The first result

N

A,i’an. Then, we have |d| > r|c| and y (D" (0,r)) = DT (fl’ |ad|;‘bzc‘r).

Proof Let us first assume that ¢ = 0. Then, we have d # 0, so the inequality
|d| > r|c| holds, and y is affine with ratio a/d. The result follows.
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Let us now assume that ¢ # 0. In this case, we have y’l () = — ‘(f, which does
not belong to D(0, r) if, and only if, |d| > r|c|. Note that we have the following
equality in k(T):

al +b _a ad—bc 1

cT+d ¢ c? T + f ’
By Lemma 6.4.8, there exist 8 € k and ¢ > 0 such that L(D+(f, r)) = Dt (B, 0).
Then, we have y (D*(0, 7)) = DT (% — “3 g, [/ 7| o) and the result follows
from an explicit computation. O

Lemma 6.4.10 Let D' C D be closed discs in Ai’an. Let y € PGLy (k) such that
yD' CyDC A,i’an. Then, we have

radius of y D’ radius of D’
radiusof yD  radiusof D’

Proof Let p be a k-rational point in D’ and let 7 be the translation sending p to 0.

Up to changing D into tD, D’ into tD’, y into y~! and y’ into y’'z~!, we may

assume that D and D’ are centered at 0. The result then follows from Lemma 6.4.9.
O

Proposition 6.4.11 Assume that oo € F~. Then, there exist R > 0 and c € (0, 1)
such that, for each y € T' — {id}, D" (y) is a closed disc of radius at most R c!!.

Proof Let 8,8’ € AT such that 8’ # §~'. By Lemma 6.4.6, we have DT (8'8) C
D= (8") € Dt (8. Set

radius of DT (§'8) c@.1)
Cs. 5 1= , D).
83" radius of D*+(8")

For each y € T such that y§’ is a reduced word, by Lemma 6.4.10, we have

radius of D* (y8'8) _ radius of y D*(8'5)
radius of D+ (y8’)  radius of y D+(8)

=55
Set
R := max({radius of D (8) | § € A%})

and

c:=max({cs.5 | 8,8 € AT, 8 #£571)).
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By induction, for each y € I' — {id}, we have

radius of DY (y) < RV,

Corollary 6.4.12 Every element of ' — {id} is loxodromic.

Proof In order to prove the result, we may extend the scalars. As a result, we may
assume that F~ N ]P),i’an(k) = (J, hence up to changing coordinates, that co ¢ F~.
Let y € T — {id}. By Proposition 6.4.11 the radii of the discs " (DT (y)) tend to 0
when n tends to co, which forces y to be loxodromic, by Remark 6.2.12. O

Corollary 6.4.13 Let w = (wy)x0 be a sequence of reduced words over AT such
that the associated sequence of discs (D™ (Wn))n>0 is strictly decreasing. Then,
the intersection mn>0 D™ (wy,) is a single k-rational point p,,. Moreover, the discs

D™ (wy,) form a basis of neighborhoods of py, in Pi’an.

Proof Let ko be a finite extension of k such that F~ N P!(kg) # @. Consider
the projection morphism 7 : Pi{’)an — Py For each i € {l,...,g}, y; may
be identified with an element y; o in PGLa (ko). The family (7, (D~ (3 ), 1 <
i < g,& = *£1)is a Schottky figure adapted to (y1,0, ..., ¥g,0). We will denote
with a subscript 0 the associated sets: Fj, D(‘)Ir (w), etc. Note that these sets are all
equal to the preimages of the corresponding sets by .

Up to changing coordinates on ]P’,i(’)an, we may assume that co € Fj . The
sequence of discs (DSr (wp))n>0 is strictly decreasing, so by Lemma 6.4.6, the
length of w, tends to co when n goes to oo and, by Proposition 6.4.11, the radius
of D(J)r(wn) tends to O when n goes to co. It follows that ﬂn>0 D(J)r(wn) is a single
point py, ¢ of type 1 and that the discs D(;“ (wy,) form a basis of neighborhood of p,, ¢
in P "

Set py = wo(pw.0). It follows from the results over k¢ that ﬂn>0 DT (w,) =
{pw} and that the discs D (w,) form a basis of neighborhoods of p,, in Pi’an.

It remains to show that p,, is k-rational. Note that p,, belongs to the closure
of P!(k), since it is the limit of the centers of the D (w,)’s. Since k is complete,

P! (k) is closed in P! (I?l) and the result follows. |

Corollary 6.4.14 The set O is dense in Pi’an and its complement is contained

in PL(k). O
1,an

Definition 6.4.15 We say that a point x € P,'"" is a limit point if there exist
a point xo € Pi’an and a sequence (y;),>0 of distinct elements of I' such that
lim, s 00 ¥ (x0) = x.

The limit set L of T" is the set of limit points of T".

Let us add a short reminder on proper group actions.
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Definition 6.4.16 ([Bou71, III, §4, Définition 1]) We say that the action of a
topological group G on a topological space E is proper if the map

I'xE—> EXE
(%x) '—>(X7J/‘x)

is proper.

Proposition 6.4.17 ([Bou71, 111, §4, Propositions 3 and 7]) Let G be a locally
compact topological group and E be a Hausdorff topological space. Then, the
action of G on E is proper if, and only if, for every x,y € E, there exist
neighborhoods Uy and Uy of x and y respectively such that the set {y € I' |
yU, DUy # 0} is relatively compact (that is to say finite, if G is discrete).

In this case, the quotient space I'\ E is Hausdorff. O

1,an

We denote by C the set of points x € P,'"" that admit a neighborhood Uy
satisfying {y € ' : yU, N Uy # @} = {id}. The set C is an open subset of ]P),i’an
and the quotient map C — I'\C is a local homeomorphism. In particular, the
topological space I'\C is naturally endowed with a structure of analytic space via
this map.

Theorem 6.4.18 We have O = C = Pi’an — L. Moreover; the action of T on O is
free and proper and the quotient I'\ O is a Mumford curve of genus g.

Set X := TI'\O and denote by p: O — X the quotient map. Let £, g+ and
Yy denote the skeleta of O, F* and X respectively. Then, ¢ is the trace on O of
the convex envelope of L:

To=0n [ [x.y]
x,yeL

and we have
P~ (Ex) = Zo and p(Z0) = p(SF+) = Bx.
(See Fig. 6.3 for an illustration. )

Proof Let x € L. By definition, there exist xo € Pi’an and a sequence (¥,)n>0 of
distinct elements of I' such that lim,,_, o0 ¥ (xg) = x. Assume that x € F . Since
F7 is contained in the interior of Oy, there exists N > 0 such that yy(xo) € O1,
hence we may assume that xo € O;. Lemma 6.4.6 then leads to a contradiction.
It follows that L does not meet F1, hence, by I'-invariance, L is contained in
By — 0.

Lety € pla _ 0. By definition, there exists a sequence (wy),>0 of reduced
words over Ai such that, foreachn > 0, |w,| 2 nandy € D™ (w,). Let yp € F.
By Lemma 6.4.6, for each n > 0, we have w, (y9) € D™ (w;) and the sequence of
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Fig. 6.3 The closed fundamental domain F* (on the left) of the Schottky group T is a Swiss
cheese. The group I identifies the ends of the skeleton X+, so that the corresponding Mumford
curve (on the right) contains the finite graph Xy

discs (DT (wn))n>o0 is strictly decreasing. By Corollary 6.4.13, (w;, (y0))n>0 tends

to y, hence y € L. It follows that ]P’,l’an - 0=1L.
Set

U=Fru | yF =" - | | DT
yeAE lyl=2

It is an open subset of ]P),i’an and it follows from the properties of the action (see
Lemma 6.4.6) that we have {y € I' | yU NU # @} = {id} U A*. Using the fact that
the stabilizers of the points of U are trivial, we deduce that U < C. Letting I" act,
it follows that O C C. Since no limit point may belong to C, we deduce that this is
actually an equality.

We have already seen that the action is free on O. Let us prove that it is proper.
Let x, y € O. There exists n > 0 such that x and y belong to the interior of O,. By
Lemma 6.4.6, the set {y € I" : yO, N O, # (} is made of elements of length at
most 2n + 1. In particular, it is finite. We deduce that the action of I" on O is proper.

The compact subset F* of ]Pli’arl contains a point of every orbit of every element
of O. It follows that I"\ O is compact. The set F~ is an open k-Swiss cheese and
the map p is injective on it, which implies that p|z- induces an isomorphism onto
its image. In addition, one may check that each subset of the form DV (y) — D™ (y)
fory e {ylﬂ, e ygil} is contained in an open k-annulus on which p is injective.
It follows that any element of I'\ O has a neighborhood isomorphic to a k-Swiss
cheese, hence I'\ O is a Mumford curve.

Set ¥ :=0nN Ux’yeL[x, y]. It is clear that no point of X is contained in a virtual
open disc inside O, hence ¥ C X . It follows from [PT20, Proposition 5.7.10] that
Pi’an — X is a union of virtual open discs, hence o N (P,i’an — %) = . We deduce
that ©o = X. Note that it follows that Zp+ = Zp N FT.

Letx € O—X¢.Then x is contained in a virtual open disc inside O. Assume that
there exists y € I' such that x € y F~. Then, the said virtual open disc is contained
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in y F~. Since pj, - induces an isomorphism onto its image, p(x) is contained in
a virtual open disc in X, hence p(x) ¢ Xx. As above, the argument may be adapted
to handle all the points of O — X . It follows that p_l (Xx) € Xpo.

Letx € X¢. In order to show that p(x) € Xy, we may replace x by y (x) for any
y € T, hence assume thatx € FTNX o = X p+. From the explicit description of the
action of I" on FT, we may describe precisely the behaviour of p on Tp+ = Zp- U
9 F*:itis injective on X p- and identifies pairs of points in d F*. It follows that p(x)
belongs to a injective loop inside X and Remark 6.3.8 then ensures that p(x) € Xy.
The results about the skeleta follow directly.

It remains to prove that the genus of X = I'\ O is equal to g. The arguments
above show that ¥y ~ I'\Xp+ is a graph with cyclomatic number g. The result
now follows from Corollary 6.3.29. O

Example 6.4.19 (Tate Curves) If g = 1 in the theory above, one starts with the
data of an element y € PGL;(k) and of two disjoint closed discs D7 (y) and
Dt (y‘l) in such a way that y(Pi’an — Dt (y‘l)) is a maximal open disc inside

D™ (y). Since y is loxodromic, up to conjugation, it is represented by a matrix of

the form [g ﬂ for some g € k satisfying 0 < |g| < 1. In other words, up to a

change of coordinate in ]P’,i’a“, the transformation y is the multiplication by g and

hence the limit set L consists only of the two points 0 and co. The quotient curve
obtained from applying Theorem 6.4.18 is an elliptic curve, whose set of k-points is
isomorphic to the multiplicative group k* /¢”.

Remark 6.4.20 1t follows from Theorem 6.4.18 and Corollary 6.4.13 that each point
in the limit set may be described as the intersection of a nested sequence of discs
of the form (),~o D (wy), for a sequence of words w, whose lengths tend to
infinity. This is a rather concrete description, that could easily be implemented to
any precision on a computer. The complex version of this idea gave rise to beautiful
pictures in [MSW15].

Actually, we highly recommend the whole book [MSW15] to the reader. It starts
with the example of a complex Schottky group with two generators in a very
accessible way and then carefully presents a large amount of advanced material,
with an original and colorful terminology, enriched with many pictures. Among
the subjects covered are the Hausdorff dimension of the limit set (“fractal dust”),
the degeneration of the notion of Schottky groups when the discs in the Schottky
figures become tangent (“kissing Schottky groups”), etc. We believe that it is worth
investigating those questions in the non-Archimedean setting too. In particular,
finding a way to draw meaningful non-Archimedean pictures would certainly be
very rewarding.
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6.4.2 Group-Theoretic Version

We now give the general definition of Schottky group over k and explain how it
relates to the geometric situation considered in the previous sections. As regards
proper actions, recall Definition 6.4.16 and Proposition 6.4.17.

Definition 6.4.21 A subgroup I' of PGL; (k) is said to be a Schottky group over k
if

(i) it1is free and finitely generated;
(i1) all its non-trivial elements are loxodromic;
(iii) there exists a non-empty I'-invariant connected open subset of ]P’,i’arl on which
the action of I is free and proper.

Remark 6.4.22 Schottky groups are discrete subgroups of PGLy (k). Indeed any
element of PGL; (k) that is close enough to the identity has both eigenvalues of
absolute value 1, hence cannot be loxodromic.

Remark 6.4.23 There are other definitions of Schottky groups in the literature.
L. Gerritzen and M. van der Put use a slightly different version of condition (iii)
(see [GvdP80, I (1.6)]). This is due to the fact that they work in the setting of rigid
geometry, where the space consists only of our rigid points. We chose to formulate
our definition this way in order to take advantage of the nice topological properties
of Berkovich spaces and make it look closer to the definition used in complex
geometry.

D. Mumford considered a more general setting where k is the fraction field of a
complete integrally closed noetherian local ring and he requires only properties (i)
and (ii) in his definition of Schottky group (see [Mum?72a, Definition 1.3]). The
intersection with our setting consists of the complete discretely valued fields k.

When £ is a local field, all the definitions coincide (see [GvdP80, I (1.6.4)] and
Sect. 6.4.4).

Schottky groups arise naturally when we have Schottky figures as in Sect. 6.4.1.
Indeed, the following result follows from Proposition 6.4.7, Corollary 6.4.12 and
Theorem 6.4.18.

Proposition 6.4.24 Let T be a subgroup of PGLy(k) generated by finitely many
elements y1, ..., yq. If there exists a Schottky figure adapted to (y1, . . ., ¥g), then I’
is a Schottky group. O

We now turn to the proof of the converse statement.

Lemma 6.4.25 Let y be a loxodromic Mébius transformation. Let A and A’ be
disjoint virtual flat closed annuli. Denote by I the open interval equal to the interior
of the path joining their boundary points. Assume that y A1 = Ay and yI NI = 0.
For ¢ € {@,}, denote by D¢ the connected component of ]P’,i’arl — A? that does
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not meet 1. Then, for ¢ € {§,’}, A® is a flat closed annulus, D® is an open disc,
E¢ := D?® U A¢ is a closed disc and we have

yD =P, —E' and yE =P, - D'

Proof For each ¢ € {8}, D° and E® are respectively a virtual open disc and a
virtual closed disc. Note that the set ]P),i’an — A? has two connected components,

namely D¢ and ]P’,i’arl — E¢, and that the latter contains /.
Since y is an automorphism, it sends the connected component ]P’,i’an — E of

P;™ — A to a connected component C of P;™ — yA = ;"™ — A’. Denote
by n and 5’ the boundary points of A and A’. Let z € ]Pli’an — E. The unique
path [7, z] between n and z then meets /. Its image is the unique path [7’, y (z)]
between Y (n) = n’ and y (z). If y(z) ¢ E’, then this path meets I, contradicting the
assumption y I N I = . We deduce that y (z) € E’, hence that C = D’. It follows

that we have
yD=P" — E'andyE =P,™ — D/,

as wanted.

In particular, D and D’ contain respectively the attracting and repelling fixed
point of y. Since those points are k-rational, we deduce that D and D’ are discs.
The rest of the result follows. |

Theorem 6.4.26 Let I be a Schottky group over k. Then, there exists a basis 8 of T’
and a Schottky figure B that is adapted to .

Proof By assumption, there exists a non-empty ['-invariant connected open sub-
set U of Pi’an on which the action of I" is free and proper. The quotient X := I'\U
is then an Ai’an-like curve in the sense of Sect.6.3.1. Since U is a connected
subset of ]P’,i’an, it is simply connected, hence the fundamental group m1(X) of X
is isomorphic to I". Since X is finitely generated, the topological genus g of X is
finite.

Fix a skeleton ¥ of X and consider the associated retraction 7: X — X. Fix
g elements y1, ..., yg of I' corresponding to disjoint simple loops in X. Note that
Y1,..., Vg isabasis of I'.

Foreachi € {1, ..., g}, pick a point x; € ¢; that is not a branch point of X. Its
preimage by the retraction A; := v~ (x;) is then a virtual flat closed annulus.

Let ¥’ be an open subset of U such that the morphism ¥’ — X induced by the
quotient is an isomorphism onto X — Ul< i<a,;- We extend it to a compact lift ¥
of X in U by adding, for eachi € {1, ..., g}, two virtual flat annuli B; and Bl.’ that
are isomorphic preimages of A;. Up to switching the names, we may assume that
yiB; = Bi/‘

Let i € {I,...,g}. The complement of B; (resp. B;) has two connected
components. Let us denote by D™ (y;) (resp. D’(yfl)) the one that does not
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meet Y. It is a virtual open disc. We set D*(yfl) = D’(yfl) U B; and DT (y;) =
D~ (yi) UB.

By construction of Y’, for each y € ' — {id}, we have yY' NY’ = @. It now
follows from Lemma 6.4.25 that the family (D+(yi"), 1<i<go==9)isa
Schottky figure adapted to (y1, ..., ¥g).

O

Remark 6.4.27 The fact that I" is free is actually not used in the proof of Theo-
rem 6.4.26. As a result, Proposition 6.4.24 shows that it is a consequence of the
other properties appearing in the definition of a Schottky group. It could also be
deduced from the fact that the fundamental group of a Berkovich curve (which is
the same as that of its skeleton) is free.

6.4.3 Twisted Ford Discs

We can actually be more precise about the form of the discs in the Schottky figure
from Theorem 6.4.26. To do so, we introduce some terminology.

Definition 6.4.28 Let y = [a 2:| € PGL;y(k), with ¢ # 0, be a loxodromic
C

Mbobius transformation and let A € R.o. We call open and closed twisted Ford
discs associated to (y, 1) the sets

D -—{ ek 1 Ay =240l ]
(P2 i A= lcz + d|?
and
lad — bc|
Df :={ek:)\’ = >]
(RS ly (@) 2+ d|?

Lemma 6.4.29 Let o, o', 8 € k with o # o and |B| < 1 and let . € R.. Set

y :i=M(,d,B) = |:Ccl Zi| The twisted Ford discs D(y’)\) and D(J;’)\) have center
o —pa  d
1-8 ¢

and radius

BN Ha—d| _ (klad — b2
=B lc| '

In particular, o' € D(y » if, and only if, |B] < A
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The twisted Ford discs D~

+
(-1 and D,

PN have center

a—pBa a

1-8 ¢

and radius p' = p/A.

In particular, a € D(_)F1 A1) if, and only if, |B] < A~ 1. O

Lemma 6.4.30 Lety € PGLy (k) be a loxodromic Mobius transformation that does

not fix oo and let . € R~q. Then, we have y(D&A)) = Pi’an — D(;,l’rl).

Proof Letus write y = [a Zi| Since y does not fix co, we have ¢ # 0. Let K be a
c

complete valued extension of k and let z € K. We have | — cy(2) + allcz +d| =
lad — bc|, hence

<D )L|ad — bc| -1 51 lad — bc|

Z <~ = <~ < 1.
2 lcz + d|? | —cy(2) +al?

d —b

Since we have y~! =
—c a

i|, the latter condition describes precisely the
1
Lemma 6.4.31 Let y € PGLa(k) be a loxodromic Mobius transformation. Let
D1 (y) and D* (y =) be disjoint closed discs in Pi’an. Set

complement of D O

D™ (y):=y®™ = DT (™)) and D~ (y ) := y T @™ — DT (y)).

Assume that D~ (y) and D~ (y ™) are maximal open discs inside Dt (y) and
D1 (y~Y) respectively and that they are contained in Ai’an.
Then, there exists A € R~ such that, for each o € {—, +}, we have
D(y) =Dy, and D°(y~)) =Dy, ;1.
Proof Denote by a and &’ the attracting and repelling fixed points of y respectively.

By the same argument as in Remark 6.4.2, we have« € D™ (y Hando' € D™ (y).
Letr,r’ > Osuchthat D~ (y) = D~ (¢/,7") and D~ (y ") = D™ (a, r).

Write y = [“ Z} with a, b, c,d € k. Since @, o’ € A;™, we have ¢ # 0.
C

By assumption, co € y(Df(yfl)), hence —d/c € D*(yfl) and D’(y’l) =
D~ (—d/c, r). Similarly, we have D~ (y) = D™ (a/c,1’).
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Writing

aT+b_a ad —bc 1
cT+d ¢ c? T+”{’

C

it is not difficult to compute y (D~ (y~1) and prove that we have

_ lad —be| _ |Blla—o'|?

lc|2 ¥’ r!

Set

2 2
fe T 1Bl
TRl T T )

Since DV (y) and DT (y‘l) are disjoint, we have max(r, r’) < |a —o/|, hence | 8] <
min(x, A~ ). It follows that D, , and D;l ,—1 contains respectively o and o, hence

=D (o,r) =D (y)and D_ =D (a,r) =D (y7H.

D (y=ta=h

(v,2)
O

Corollary 6.4.32 Let I" be a Schottky group over k whose limit set does not
contain o0. Then, there exists a basis (y1,...,vg) of I' and Ay,..., Ay € Ryo
such that the family of discs (Dz;g 25y 1<i<g,ec¢€ {:I:l}) is a Schottky figure

that is adapted to (y1, . . ., Vg).

Proof By Theorem 6.4.26, there exists abasis 8 = (y1, ..., y,) of I' and a Schottky
figure B = (D+(yf), 1 <i < g,e e {£1}) thatis adapted to 8. As in Sect. 6.4.1,

define the open discs D’(yiil) and set

Ft.=P} - U D™ ().
I<isg
e==+1

By Theorem 6.4.18, since oo is not a limit point of I, there exists y € I' such that
co€eyFT.

Set B/ == (yy1y =L ..., yyey ). Itis abasis of I and the family of discs B’ :=
(yD* (%), 1 <i < g, e € {£1})isaSchottky figure that is adapted to it. Since all

the discs y D (yl.il) are contained in Ai’an, we may now apply Lemma 6.4.31 to
conclude. m|
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6.4.4 Local Fields

When £ is a local field, the definition of a Schottky group can be greatly simplified.
Our treatment here borrows from [GvdP80, I (1.6)] (see also [Mar07, Lemma 2.1.1]
in the complex setting).

Lemma 6.4.33 Let (y,)neN be a sequence of loxodromic Mobius transformations
such that

(i) (Vn)nen has no convergent subsequence in PGL; (k);
(ii) the sequence of Koebe coordinates ((on, @), Bn))neN converges to some

(@, o, B) € (P' (k).

Then, (Yn)neN converges to the constant function a uniformly on compact subsets
]P)l,an /
of By —{a'}.

Proof By definition, for each n € N, we have |8, | < 1, which implies that |8]| < 1.

Up to changing coordinates, we may assume that «, &’ € k. Up to modifying
finitely many terms of the sequences, we may assume that, for each n € N, we have
on, o), € k. In this case, for each n € N, we have

ay — Bnal, (Bn — Doyl | .
n =: n n PGL, (k).
& |: 1 — By Brnoty — a;, in PGL2 (k)

The determinant of the above matrix is B, («, — oc,’l)z. Since (Yn)neN has no
convergent subsequence in PGL; (k), we deduce that 8(a — o’ )2 = 0. In each of
the two cases 8 = 0 and o = «/, it is not difficult to check that the claimed result
holds.

O

The result below shows that the definition of Schottky group may be simplified
when k is a local field. Note that, in this case, Pl(k) is compact, hence closed
. 1,an
inP .

k

Corollary 6.4.34 Assume that k is a local field. Let " be a subgroup of PGLj (k)
all of whose non-trivial elements are loxodromic.

Let A be the set of fixed points of the elements of T' — {id} and let A be its closure
in Pl ™ Then, A is a compact subset ofP M that is contained in P\ (k) and the

action of T on ]P)]i AN _ A is free and proper:

Proof Since k is locally compact for the topology given by the absolute value,
P! (k) is compact. By [PT20, Remark 5.4.1], the topology on k given by the absolute
value coincides with that induced by the topology on A" We deduce that P! (k)
is a compact subset of ]P’,i a1t follows that A is contained in P! (k) and that it is

compact, as it is closed.
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The action of T is obviously free on ]P’,i_’arl — A. Assume, by contradiction, that
it is not proper. Then, there exist x, y ¢ A such that, for every neighborhoods U
and V of x and y respectively, the set {y € I' : yU NV # (} is infinite.

Since k is a local field, [PT20, Corollary 5.4.6] ensures that the space Ai’an is
metrizable. In particular, we may find countable bases of neighborhoods (U, ),eN
and (Vy,)nen of x and y respectively. By assumption, there exist a sequence (¥ )eN
of distinct elements of I" and a sequence (x,),eN of elements of ]P’,i’an — A such that,
foreachn € N, we have x;,, € U, and y;,(x,) € V. In particular, (x,),cn converges
to x and (¥, (x,))nen converges to y.

Since all the non-trivial elements of I" are loxodromic, by the same argument
as in Remark 6.4.22, the group I' is discrete. As a result, up to passing to a
subsequence, we may assume that the assumptions of Lemma 6.4.33 are satisfied.
Define « and o’ as in this Lemma. Since x does not belong to A, it cannot be equal
to «’. It follows that the sequences (¥, (x;))nen and (35, (x))neN converge to the
same limit y = o, and we get a contradiction since & € A. O

Corollary 6.4.35 Assume that k is a local field. Then, a subgroup T of PGL3 (k) is
a Schottky group if, and only if, it is finitely generated and all its non-trivial elements
are loxodromic. O

6.5 Uniformization of Mumford Curves

The main result of this section, Theorem 6.5.3, states that the procedure described
in Sect. 6.4.1 can be reversed: any Mumford curve may be uniformized by an open
subset of the Berkovich projective line ]P’,i’arl with a Schottky group as group of deck
transformations. The consequences of this result are many and far-reaching. Some
of them are discussed in Appendix A.3.

This was first proved by D. Mumford in his influential paper [Mum72a],
where he introduces this as a non-Archimedean analogue of the uniformization of
handlebodies by means of Schottky groups in the complex setting. His arguments
make a heavy use of formal models of the curves. Here, we argue directly on the
curves themselves, following the strategy of [GvdP80, Chapter IV] and [Liit16,
Proposition 4.6.6]. Note, however that the proof in the first reference is flawed (since
itrelies on the wrong claim that every k-analytic curve of genus 0 embeds into Pi’an,
see Remark 6.5.7) and that the second reference assumes that the curve contains at
least three rational points.

As an application, we discuss how Theorem 6.5.3 can be used to study the
automorphism groups of Mumford curves. This is far from being the sole purpose
of uniformization. Other important consequences are mentioned in Appendix A.3.
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6.5.1 The Uniformization Theorem

In this section, we prove that any analytic Mumford curve as defined in 6.3.24 can
be obtained as the quotient of an open dense subspace of ]P’,i’arl by the action of a
Schottky group, leading to a purely analytic proof of Mumford’s theorem. We begin
with a few preparatory results.

Lemma 6.5.1 Let L be a compact subset of P (k). Set O := Pi’an — L.

(i) Every bounded analytic function on O is constant.
(ii) Every automorphism of O is induced by an element of PGL; (k).

Proof

(i) Let F € O(0). The function F is constant if, and only if, its pullback to Oz
is, hence we may assume that k is algebraically closed.

Assume, by contradiction, that F is not constant. Then, there exists x € O
and a branch b at x such that F(x) # 0 and | F| is monomial at x along b with a
positive integer exponent. We may assume that x is of type 2 or 3. Then, there
exists y € O — {x} and N € N3 such that, for each z € [x, y], we have
|F(2)] = [F )] e(x, zD".

Let us now consider a path [x, y], with y € ]P’,l’an, with the following
property: for each z € (x, y), | F| is monomial at z with positive integer slope
along the branch in (x, y) going away from x. By Zorn’s lemma, we may find
a maximal path [x, y] among those.

We claim that y is of type 1. If y is of type 4, then, by [PT20, The-
orem5.10.10], |F| is constant in the neighborhood of y in (x,y), and we
get a contradiction. Assume that b is of type 2 or 3. Then, the exponent
of |F| at y along the branch corresponding to [y, x] is negative. By [PT20,
Corollary 5.10.12], there exists a branch b at y such that | F| is monomial with
positive exponent at y along b, which contradicts the maximality. Finally, y is
of type 1.

By assumption, | F'| has a positive integer exponent everywhere on (x, y). It
follows that, for each z € (x, y), we have |F(z)| = |F(x)|£([x, z]). Since y
is of type 1, by [PT20, Lemma 5.9.12], we have £([x, y]) = oo, hence F is
unbounded. This is a contradiction.

(i1) Let o be an automorphism of O.

Let us first assume that O contains at least 2 k-rational points. Up to
changing coordinates, we may assume that 0,00 € O. Let us choose an
automorphism 7 € PGL;(k) that agrees with o on 0 and occ. Then 7! o &
is an automorphism of O that fixes 0 and oco. In particular, it corresponds to
an analytic function with a zero of order 1 at 0 and a pole of order 1 at oco.
Let us consider the quotient analytic function ¢ := (t~! o o) /id. There exist
a neighborhood U of 0 and a neighborhood V of co on which ¢ is bounded.
Since 7! o o is an automorphism, it sends V to a neighborhood of oo, hence
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it is bounded on O — V. It follows that ¢ is bounded on O — (U U V), hence
on O. By (i), we deduce that ¢ is constant, and the result follows.

Let us now handle the case where O N P!(k) = . There exists a finite
extension K of k such that Ok contains a K-rational point. Applying the
previous argument after extending the scalars to K, we deduce that o belongs
to PGL,(K). Since it preserves P (k), it actually belongs to PGL; (k).

O

Lemma 6.5.2 Let Y be a connected k-analytic A'-like curve of genus 0. Let T =
(S, A, D) be a triangulation of Y. Assume that A is non-empty and consists of
annuli. Let U be an open relatively compact subset of X. Then, there exists an
embedding of t{-l(U) into Pi’an such that the complement of 17?1 (U) is a disjoint
union of finitely many closed discs.

Proof Recall that X7 is a locally finite graph (see Theorem 6.3.2). As a conse-
quence, the boundary U of U in X7 is finite. For each z € dU, let I; be an open
interval in X having z as an end-point. Up to shrinking the /;’s, we may assume
that they are disjoint.

Letz € 0U. Set A; = 17?1(12). Since every element of A is an annulus, up
to shrinking I, (so that it contains no points of §), we may assume that A; is an
annulus. The open annulus A; may be embedded into an open disc D, such that the
complement is a closed disc.

Let us construct a curve Y’ by starting from t{-l(U ) an gluing D, along A, for
each z € dU. By construction, the curve Y’ is compact and of genus 0. Moreover, it
contains rational points, as the D, do. It follows from Theorems 6.3.12 and 6.3.23
that ¥' is isomorphic to P;"*". By construction,

Py — ') = | D: - A
zedU

is a disjoint union of finitely many closed discs. O
We now state and prove the uniformization theorem.

Theorem 6.5.3 Let X be a k-analytic Mumford curve. Then the fundamental
group T of X is a Schottky group. If we denote by L the limit set of T, then
0 := ]P’,i’arl — L is a universal cover of X. In particular, we have X ~ '\ O.

Proof Assume that the genus of X is bigger than or equal to 2.

Let p: Y — X be the topological universal cover of X. Since p is a local
homeomorphism, we may use it to endow Y with a k-analytic structure. The set ¥
then becomes an A!-like curve and the map p becomes a local isomorphism of
locally ringed spaces. Note that the curve Y has genus 0.

We claim that it is enough to prove that Y is isomorphic to an open subset
of ]P’,i’arl whose complement lies in P! (k). Indeed, in this case, Y is simply connected,
hence the fundamental group I' of X may be identified with the group of deck
transformations of p. By Lemma 6.5.1, it embeds into PGL; (k). It now follows
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from the properties of the universal cover and the fundamental group that I" is a
Schottky group (see Remark 6.2.12 for the fact that the non-trivial elements of T’

are loxodromic). Moreover, by Theorem 6.4.18, we have Y € ]P’,l(’an — L, where L is

the limit set of T', hence X = I'\Y C I'\(P;*" — L). Since I'\Y and I'\(P,;*" — L)
are both connected proper curves, they have to be equal, hence Y = Pi’an — L.

In the rest of the proof, we show that ¥ embeds into ]P),i’an with a complement
in P! (k). Since X is a k-analytic Mumford curve of genus at least 2, it has a minimal
skeleton X x and the connected components of X x deprived of its branch points are
skeleta of open annuli over k. Its preimage p~!(Zx) coincides with the minimal
skeleton Xy of Y. Similarly, the connected components of Xy deprived of its branch
points are skeleta of open annuli over k. We denote by 7y: ¥ — Xy the canonical
retraction.

Let xo € X and yg € p’l(xo). Let £x be a loop in Xx based at x¢ that is not
homotopic to 0. It lifts to a path in £y between yo and a point y; of p~! (xp). We may
then lift again £x to a path in Sy between y; and a point y, of p~!(x¢). Repeating
the procedure, we obtain a non-relatively compact path A(€x) in Xy starting at yo.
Note that the length of A(£x) is infinite since it contains infinitely many copies
of £ X.

More generally, all the maximal paths starting from yp in Xy are of infinite
length, since they contain infinitely many lifts of loops from Xy.

Since X is of genus at least 2, we may find two loops £x o and £x 1 based at xq
in 'y that are not homotopic to 0 and not homotopic one to the other. Set £y :=
Ax.0), boo i= )\(6;(}0) and £; := A(£x,1). Away from some compact set of Y, the
three paths £, £, £1 are disjoint. Up to moving xo and yp, we may assume that

LoNLy =L NLp =Ly NLoo = {0}

Fori € {0, 1,00} and r € R, we denote by §; , the unique point of ¢; such that

€0, &ir) = 1.
Letn € N3 1. Set

Un =z € Ty : €([yo, z]) < 2"} and ¥, := 7, ' (Uy).

We already saw that all the maximal paths starting from yp in Xy are of infinite
length, hence U, is relatively compact in Xy. Denote by U, the boundary of U,
in Xy. For each z € dU,, we have £([yo, z]) = 2".

By Lemma 6.5.2, there exists an open subset O, of ]P’,l(’an and an isomorphism
¢n: Yy > O, such that Pi’an — 0, is a disjoint union of closed discs. For each
z € dU,, we denote by p, the end-point of ¢, ([yo, z)) in ]P’,l(’an — 0, and by D,
the connected component of ]Pylc’an — O, whose boundary point is p,. To ease the
notation, for i € {0, 1, oo}, we set D; ,, := ng.

Let us fix a point at infinity on ]P’,i’an and a coordinate 7" on Ai’an C ]P’,l’an. We
may assume that, for each i € {0, 1, oo}, we have i € D, ,. By pulling back the



260 J. Poineau and D. Turchetti

analytic function 7 on O, by ¢,, we get a analytic function on Y,,. We denote it
by v,,. Recall that it is actually equivalent to give oneself ¢, or v, see [PT20,
Lemma5.5.11]. O

Lemma 6.5.4 We have ¢,(yo) = n1. For eachr € [1,2"), we have

©n(60,r) = N1/rs OnEoo,r) = Ny and ¢ (§1,r) = 01,177

Let C be a connected component C of Y — (£y U £s). Foreachy € C NY,, we
have

W )| 1/r  if the boundary point of C is & r;
y =
" r if the boundary point of C is &xo,r-

Let N € [1,n]. The image ¢, (Yn) is an open Swiss cheese. More precisely, there
existd € Nx», aa,...,0q € k* and, for each j € [2,d], rj € [2-N, leej|) such
that ¢, (Yn) is the subset of A,i’an defined by the following conditions:

27N T < 2V,
T —1| > 27N,
Vje2.d], IT —aj| >rj.

Proof 1t follows from the construction that, for each i € {0, 1, oo}, ¢, ([yo, & 27) is
an injective path joining ¢, (o) to the boundary point of a disc centered at i. Since
those paths only meet at ¢, (yp), the only possibility is that ¢, (yo) = {n1}.

Let r € [1,2"). Since lengths are preserved by automorphism (see [PT20,
Proposition 5.5.14]), for each i € {0, 1, oo}, we have £([n1, ¢, (& r)]) = r. Since
©¥n(€so,r) belongs to [n1, oo], it follows that ¢, (§s,r) = 1. By a similar argument,
we have ¢, (é0,r) = n1/r and ¢, (§1,/) = n1,1/r.

Recall that we have Ip = {n, : r € Ryo} C A,i’an. Let C be a connected

component of A,i’an — Ip and let n, be its boundary point. Then, for each z € C, we
have |T (2)| =r.

We have (pn_l(lo N Op) = (Lo U £so) NY,. By definition of ¢, for each y € Y,
we have |V, (y)| = |T (¢, (y))]. It follows that, for each connected component C of
Y — (lpUls) and each y € C NY;,, we have

U ()] = 1/r  if the boundary point of C is &, ;
" if the boundary point of C is &0 .

The set O, is an open Swiss cheese. The set ¢, (Uy) is a connected open subset
of its skeleton and ¢, (Yy) is the preimage of it by the retraction. It follows that
¢, (Yy) is an open Swiss cheese too, hence the complement in ]Pli’an of finitely

many closed discs Eso, Eg, ..., Eq. Let 20, 20, - - - , 24 denote the corresponding



6 Berkovich Curves and Schottky Uniformization II: Analytic Uniformization. . . 261

boundary points. The set ¢, (Yx) contains ¢, (yp) = 11 and, by construction of Yy,
foreach i € {oo} U [0, d], we have £([n1, z;]) = 2V.

Since 0, 1 and co do not belong to O,, some of those discs E; contain those
points. Since ¢, (Yx) contains 11, those discs are disjoint. We may assume that, for
eachi € {0, 1, oo}, we have i € E;. The length property then implies that we have
Zoo = NN, 20 = Np-~ and zg = 1 ,-~. In other words,

Pl (B UEQUE)) = {x € AM™: 2N < |T(x)| <2V, |T — 1] > 27V},

For j € [2,d], let a; be a k-rational point of E;. The boundary point z; of E;
is then of the form 7, ,; for some r; € R>o. Since Ej does not contain 0, we have
rj < |a;|. Moreover, the condition £([71, naj,,j]) = 2N implies that r; > 2-N (see
[PT20, Example 5.9.11]). The result follows. O

Let N,n,m € Ny withn > m > N. The analytic function v, has no zeros
on Y, hence the quotient vy, /(¥,;) defines an analytic function on Y,,. Set

T = V| O,
14

m

Lemma 6.5.5 For N,n,m € Ny withn = m > N, we have ||h, nlyy <
max(2N—m 2-m/2y,

Proof By Lemma 6.5.4, for each y € Y,,, we have |y, (y)| = |¢¥, (y)]. It follows
that ||, nly,, < 1. We now distinguish two cases.

* Assume that |4, ;| is not constant on Yy.

By [PT20, Corollary5.10.16], there exists y € dYn such that [|h, ,llyy =
|hp,m(y)| and |k, | has a negative exponent at y along the branch entering Y. By
harmonicity (see [PT20, Theorem 5.10.14]), there exist a branch b at y not belonging
to Yy such that the exponent of |4, ,,| along b is positive. Repeating the procedure,
we construct a path joining y to a boundary point y’ of Y, such that |k, ,| has a
positive exponent at each point of [y, y’) along the branch pointing towards y’. It
follows that we have

1 m v, = 1nm OV, YD = Nhnmllyy 2™,
hence

N—
”hn,m”YN < 2 m.

e Assume that |A, ;| is constant on Yy .
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Let N’ be the maximum integer smaller than or equal to m such that |A, | is
constant on Yys. Then, for every r € [1, 2N,), we have |h, ,(§1,,)| = ||h,,,m||yN,.
We also have

| (Y = Ym) (1.0
|V (§1,r)1

_ W = ¥ Gl
IT (m1,1/0)]
max(|(Yn — DEL) [ (Fm — DELA)D
[(T = 1)(n1,1/)]
1

r

|hn,m(él,r)| =

<
<

N

We deduce that ||y m |y, < 2N

If N' < m, it follows from the previous case that we have ||/, » ||yN, < oN'=m
In any case, we have

e llyy <272

O

It follows from Lemma 6.5.5 that the sequence (¥,),~n converges uniformly
on Yy. Let w(N ) be its limit. It is an analytic function on Y.

The functions ) are compatible, by uniqueness of the limit, which gives rise
to an analytic function ¢ € O(Y). By [PT20, Lemma5.5.11], there exists a unique
analytic morphism ¢ : ¥ — A;"*" such that the pull-back of T by ¢ is .

Let N € N3 ;. By Lemma 6.5.5, there exists m > N such that, for each n >
m, we have ||h, mllyy < 272N (For instance, one could choose m = 4N.) By
Lemma 6.5.4, we have ||V lyy = 1T llg,,vy) = 2N Tt follows that ||/, — ¥, lyy <
N llyy Nhnmllyy < 2~N . By passing to the limit over n, we deduce that

I — mllvy <27V,

Lemma 6.5.6 We have o(Yn) = ¢ (Yn) and @|yy is an isomorphism onto its
image.

Proof By Lemma 6.5.4, there exist d € Nxj, an,...,aq € k* and, for each j €
[2.d],rj € 27N, e |) such that g, (Yy) is the subset of A}C’an defined by

27N <1 < 2V,
T —1| > 27N,
Vjel2.d], IT —aj| >rj.
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Fort € (1,2"), let W, be the subset of A,i’an defined by

27N T < 2N
IT —1]>27""r;
Vje [[2,dﬂ, T —aj| = rjt.

Each W; is compact and the family (W;),¢(; oy is an exhaustion of ¢, (Yn).

Letn > m.Fort € (1,2N), the set o1 (W;) N Yy is the subset of points y € Yy
such that

27Ny ()l < 2N
W) —11=2""
Vjie2.d], Q) —a;l=r;t.

From the inequality [ — Y llyy < 27N, we deduce that ¢ '(W,) N Yy =
P (W) N Yy

It follows that ¢ (Yy) = ¢, (Yn) and that the morphism ¢y, : Yy — @(¥Yy) is
proper. Since Yy is a smooth curve and ¢}y, is not constant, it is actually finite.

To prove that ¢y, is an isomorphism, it is enough to show that it is of degree 1.

We will prove that, for each r € [1, 2M), we have (pl}}v (§c0.r) = {n,}. This implies
the result, by [PT20, Theorem5.10.17].

Let r € [1,2V). Let y € Yy such that ¢(y) = 7,. To prove that y = Eco.r, WE
may extend the scalars to k4. The point n, of Ai’an is characterized by the following
equalities:

|T(n)| =r;
Ya € k% with || = r, (T —a)(n,)| = r.

Since ¢(y) = 7, we have

()| =r;
Va € k% with || = r, [¥ () —a| =7

Since || — Ymllyy < 27N < r, the same equalities hold with 1,,, instead of . It
follows that ¥, (y) = n,, hence y = &, since v, is injective. m]

It follows from Lemmas 6.5.4 and 6.5.6 that, for each N € N3, ]Pylc’an —o(Yn)
is a disjoint union of closed discs with radii smaller than or equal to 2~ It follows
that

Py =) = () B™ = o(Vn)
N>1
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is a compact subset of P! (k) (see the proof of Corollary 6.4.13 for details on k-
rationality). By Lemma 6.5.6 again, ¢ induces an isomorphism onto its image.

We briefly sketch how the proof needs to be modified to handle the case of
genus 0 and 1. One may use similar arguments but the paths £, £, £1 have to
be constructed in a different way. In genus 0, one first proves that X has rational
points and consider paths joining yg to them. (In this case, one may also argue more
directly to prove that X is isomorphic to ]Pli’an by Theorems 6.3.12 and 6.3.23.) In
genus 1, the skeleton provides two paths and we can use a rational point to construct
the third one. Such a point has to exist, since any annulus over k whose skeleton is
of large enough length contains some.

Remark 6.5.7 The most difficult part of the proof of Theorem 6.5.3 consists in
proving that the k-analytic curve Y, which is known to be of genus 0, may be
embedded into ]P’,i’an. Contrary to what happens over the field of complex numbers,
this is not automatic. This problem was studied extensively by Q. Liu under the
assumption that k is algebraically closed. He proved that the answer depends
crucially on the maximal completeness of k. If it holds, then any smooth connected
k-analytic curve of finite genus may be embedded into the analytification of an
algebraic curve of the same genus (hence into ]P’,i’arl in the genus O case), see
[Liu87b, Théoreme 3] or [Liu87a, Théoreme 3.2]. Otherwise, there exists a smooth
connected k-analytic curve of genus O with no embedding into Pi’an, see [Liu87b,
Proposition 5.5]. Q. Liu also prove several other positive results that hold over any
algebraically closed base field.

The results of Q. Liu are stated and proved in the language of rigid analytic
geometry. We believe that it is worth adapting them to the setting of Berkovich
geometry and that this could lead to a different point of view on the sufficient
conditions for algebraizablity. One may also wonder whether it is necessary to
assume that the base field is algebraically closed to obtain an unconditional positive
result. The case of a discretely valued base field (hence maximally complete but not
algebraically closed) is, of course, particularly interesting.

6.5.2 Automorphisms of Mumford Curves

In this section, we use the uniformization of Mumford curves to study their groups of
k-linear automorphisms. The fundamental result, proven by Mumford in [Mum?72a,
Corollary 4.12], is the following theorem. We include a proof of this fact that relies
on the topology of Berkovich curves.

Theorem 6.5.8 Let X be a k-analytic Mumford curve. Let ' C PGLj (k) be its
Sfundamental group, and let N := Npgr,k)(I") be the normalizer of " in PGL; (k).
Then, we have

Aut(X) = N/T.



6 Berkovich Curves and Schottky Uniformization II: Analytic Uniformization. . . 265

Proof Let p: O — X be the universal cover of X provided by Theorem 6.5.3,
and let 0 € Aut(X). Since p is locally an isomorphism of k-analytic curves, the
automorphism o can be lifted to an analytic automorphism & € Aut(O) such that
po& =0 op. BylLemma6.5.1,5 extends uniquely to an automorphism of P, ™",
that is, an element t € PGL, (k). The automorphism t has to normalize I': in fact,
forany y € I, the element 1yt ~! € Aut(0O) induces the automorphismoo~! = id
on X. It follows that tyr’l el',sothatt € N.

Conversely, let T € N. By definition, the limit set L of I' is preserved by . It

follows that T induces an automorphism of O = ]Pli’an — L. Moreover, for each

y elandeachx € ]P’,i’an, we have

T(y() =yt HEw) eT - t(x).

It follows that T descends to an automorphism of X >~ I'\ O. O

As was the case for the uniformization, Mumford’s proof relies on non-trivial
results in formal geometry. The Berkovich analytic proof turns out to be shorter and
much less technical due to the fact that the uniformization of a Mumford curve can
be interpreted as a universal cover of analytic spaces.

Recall from Remark 6.3.8 that the skeleton X x of the Mumford curve X is a finite
metric graph. We will denote by Aut(Xx) the group of isometric automorphisms
of Xx. An interesting feature of the automorphism group of an analytic curve,
which is immediate in the Berkovich setting, is the existence of a restriction
homomorphism

o Aut(X) — Aut(Xy)
0 > O|xny-

Proposition 6.5.9 Let X be a Mumford curve of genus at least 2. Then, the
restriction homomorphism p : Aut(X) — Aut(Zy) is injective.

Proof Let o € Aut(X) such that p(o) = id, that is, o acts trivially on the skeleton
Y x. Then, as in the proof of Theorem 6.5.8, one can lift o to an automorphism of the
universal cover p : O —> X. By possibly composing this lifting with an element
of the Schottky group, we can find a lifting & that fixes a point x in the preimage
p~1(Tx) C 0. Since o fixes Ty pointwise, then & fixes the fundamental domain
in p~1(Zx) by the action of the Schottky group 'y containing x. By continuity of
the action of 'y on p~1(Zx), the automorphism & has to fix the whole p~1(Zx)
pointwise. But then the corresponding element T € PGL, (k) obtained by extending
o thanks to Lemma 6.5.1(ii) has to fix the limit set of I'yx, which is infinite when
g(X) > 2. It follows that 7 is the identity of PGL,(k), hence that o is the identify
automorphism. O

Remark 6.5.10 The previous proposition can be proved also using algebraic meth-
ods as follows. The fact that g(X) > 2 implies that Aut(X) is a finite group.
Then, for every o € Aut(X), Y := X/(o) makes sense as a k-analytic curve, and
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the quotient map f, : X — Y is a ramified covering. Let us now suppose that
p(o) = id. Then Y contains an isometric image of the graph X x, whose cyclomatic
number is g(X), by Corollary 6.3.29. It follows from the definition of the genus that
g(Y) = g(X). We can now apply Riemann—Hurwitz formula to find that

2g(X) — 2 =deg(f5)(28(Y) —2) + R,

where R is a positive quantity. Since g(¥) > g(X) > 2, we deduce that
deg(fs) = 1, hence o = id.

The proposition shows that Aut(Xy) controls Aut(X), but it is a very coarse
bound when the genus is high. Much better bounds are known, as one can see in
the examples below and in the first part of Appendix A.3, containing an outline
of further results about automorphisms of Mumford curves, including the case of
positive characteristic.

Example 6.5.11 Let X be a Mumford curve such that Aut(Xy) = {1}. Then
Proposition 6.5.9 ensures that X has no non-trivial automorphisms as well. Since,
up to replacing k£ with a suitable field extension, every stable metric graph can be
realized as the skeleton of a Mumford curve, one can build in this way plenty of
examples of Mumford curves without automorphisms. For example, the graph of
genus 3 in Fig. 6.4 below has a trivial automorphism group, as long as the edge
lengths are generic enough, for example when all lengths are different.

This graph can be obtained by pairwise identifying the ends of a tree as in
Fig.6.5.

One can realize this tree inside ]P),i’an as the skeleton of a fundamental domain
under the action of a Schottky group in many ways. As an example, if k = Q)
with p > 5, a suitable Schottky group is obtained by carefully choosing the

Fig. 6.4 The metric graph "
Y x has trivial group of

automorphisms if the edge

lengths are all different

Fig. 6.5 The graph in the
previous figure is obtained
from its universal covering
tree by pairwise gluing the
ends of the finite sub-tree X .
The gluing is made by
identifying the ends that are
marked with the same shape
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0y D" = 0
5 ()
T2
T+m
N1 +m) ! 71 (0)
D (m) 2 DY

(1) 7 ()

Fig. 6.6 The Schottky figure associated with (y1, y»)

Koebe coordinates that give rise to the desired skeleton. One can for instance pick
I' = (M(0, oo, p3), M(,2, p4), M(p, p — 2, p3)) and verify that it gives rise to
a fundamental domain whose skeleton is the tree in Fig. 6.5. As a consequence of
Theorem 6.5.8, the normalizer of I' in PG L (k) is the group T" itself.

Example 6.5.12 Assume that k is algebraically closed and that its residue character-
istic is different from 2 and 3. Let 7, p be elements of & satisfying |7| < 1, =1
and p # 1. Fix the following elements of PGL,(k):

[—nO} b_[1+n—p(l+n)(p—1)}
27" | 1-p A4+mp-1]

These elements are of finite order, respectively two and three. The fixed rigid points
of a are 0 and mr, while the fixed rigid points of b are 1 and 1 + 7.

Thanks to our assumption that char(E) # 2, the transformation a acting on ]P),i’an
fixes the path joining 0 and 7, and sends every open disc whose boundary point lies
on this path to a disjoint open disc with the same boundary point. For example, the
image by a of the disc D™ (—_",, 1) is the disc? Pi’an —D*(0, |]), and vice versa.

The same happens for the action of b: the path joining 1 and 1 4 = is fixed,
while any open disc with its boundary point on this path is sent to a disjoint open
disc with the same boundary point. Since b is of order three, the orbit of such a
disc consists of three disjoint discs. For example, the orbit of D™ (0, 1) contains
b(D_(O, 1)) = D‘(l - (1+7f)p_1, 1) and bz(D_(O, 1)) = D‘(l - (1+n7)rp2—1’ 1).

Let us consider the elements y; := abab® and y, := ab’ab. Using
the geometry of a and b described above, one can check that the 4-tuple
(D (), DT (yl_l), DT (y»), D (yz_l)) represented in Fig.6.6 provides a
Schottky figure adapted to (y1, y2).

Thanks to Proposition 6.4.24, the existence of a Schottky figure ensures that I' =
(1, v2) is a Schottky group of rank 2. Denote its limit set by L. By Theorem 6.4.18,

2Recall that on the projective line we consider also discs “centered in co” such as this one.
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Fig. 6.7 The skeleton Xx of
the Mumford curve
uniformized by I' pla1) p(w2)

the quotient X := F\(]P’,i’arl — L) makes sense as a k-analytic space and it is a

Mumford curve of genus 2. Let p: (P,i’an — L) — X denote the universal cover.
It also follows from Theorem 6.4.18 that the topology of X may be described quite
explicitly from the action of I'. We deduce in this way that the skeleton Xy of X
is the metric graph represented in Fig. 6.7. By measuring the lengths of the paths
joining the boundaries of the discs in the Schottky figure, one can verify that the
three edges of X x have equal lengths.

Let us now compute the automorphism group Aut(X). By Theorem 6.5.8, this
can be done by computing the normalizer N of I in PGL; (k). The elements a and
b lie in N, since yija = ayf1 fori = 1,2 and y1b = by{l, but we can also find
elements in N that do not belong to the subgroup generated by a and b. Let

o= [1+n —m7(l+m)

2 e } € PGL (k).

A direct computation shows that the transformation c is such that ¢? = id, cac = a
and cbc = b2, so that ¢ belongs to N. The group N’ = {(a, b,c) C PGLy(k) is
then contained in N, and the quotient N’/ T" is isomorphic to the dihedral group
Dg of order 12. In fact, if we call «, B, y the respective classes of a, b, cin N’/ T,
we have that ¢ = B, and then (o, 8) is a cyclic group of order 6. However, the
same computation above shows that ¥ does not commute with 8. The group Dg
is also the automorphism group of the skeleton Xy, and so, by Proposition 6.5.9,
we have N = N’ and the restriction homomorphism Aut(X) — Aut(XZy) is an
isomorphism.

Note that one can extract quite a lot of information from the study of the action
of N on Pi’an. In this example, @ € Aut(X) is an order 2 automorphism known
as the hyperelliptic involution, since it induces a degree 2 cover of the projective
lineg : X — ]P’,i’an. This last fact can be checked on the skeleton £x by noting
that (p(x1)) = p(x2), and hence « has to switch the ends of every edge of Xx.
As a result, the quotient X/(«) is a contractible Mumford curve, and hence it is
isomorphic to P, ",

This description of X as a cover of ]P’,i’an is helpful to compute an explicit
equation for the smooth projective curve whose analytification is X. In fact, a
genus 2 curve that is a double cover of the projective line can be realized as the
smooth compactification of a plane curve of equation

6
y2 = l_[('x - ai)a
i=1
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where the a; € k are the ramification points of the cover, and the involution defining
the cover sends y to —y.

In order to find the a;, we shall first compute the branch locus B C X of
the hyperelliptic cover. The fixed points of a are 0 and 7, so the corresponding
points p(0), p(r) are in B. The other branch points can be obtained by finding
those x € Pi’an(k) satisfying the condition y; (x) = a(x) fori = 1,2. We have
y1(b(0)) = abab*b(0) = aba(0) = a(b(0)), and the same applies to b(m), so
the images by p of these two points are also in B. In the same way, we find that
y2(b*(0)) = a(b*(0)) and y»(b%()) = a(b*(7r)). We have found in this way that
B = {p(0), p(b(0)), p(b*(0)), p(x), p(b(x)), p(b*())}.

To find the ramification locus, we have to compute ¢(B). Since () is a normal
subgroup of Aut(X), the element 8 acts as an automorphism of order 3 of X /(«) =
Pi’an. Up to a change of coordinate of this projective line, we can suppose that the
fixed points of B are 0 and oo, so that § is the multiplication by a primititve third
root of unity, and that the first ramification point is a; = ¢(p(0)) = 1. Then, after
possibly reordering them, the remaining ramification points are ay = p, az = p>
and ay, pas, p*as, with lag — 1] < 1.

With a bit more effort, we can actually compute the value of a4. To do this, notice
that the function p is injective when restricted to the open fundamental domain

F~ =Py — (DY (y) UD (7 HUDT () U DT (1, ).

If we set F/ = ¢ o p(F~) we then have a two-fold cover F~ —> F’ C ]Pli’an
2

z
(z—m)?
(this function can be found by looking at the action of @ on F~ explicitly). Note
that F~ contains both the fixed rigid points of b, i.e. 1 4+ 7 and 1, and those of a,
i.e. 0 and w. When we reparametrize the projective line on the target of ¢ to get the
wanted equation, we are imposing the conditions @ o p(1 + ) = 0o, 0 p(1) = 0
and @o p(0) > 1 = aj. These choices leave only one possibility for the ramification
point a4: it is (%jﬂ’: )2. We have now found the equation of the plane section of our
Mumford curve: it is

induced by ¢ o p, which can be explicitly written as a rational function z

2 3 1y, 3_(1_”)6
y=u-D (x (1+n)6)‘
(1-7)2

Note that |ag — a;| = ‘ (12

— 1‘ = |7l.

A different example of a hyperelliptic Mumford curve with a similar flavour
is discussed in the expository paper [CKO05], accompanied with figures and other
applications of automorphisms of Mumford curves.

Example 6.5.13 The curve in Example 6.5.12 has the same automorphism group
in every characteristic (different from 2 and 3). However, Mumford curves in
positive characteristic have in general more automorphism than in characteristic 0.
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An interesting class of examples are the so-called Artin-Schreier-Mumford curves,
first introduced by Subrao in [Sub75]. We sketch here the main results and refer
to [CKK10] for more detailed proofs of these facts. Let p be a prime, ¢ = p° be
a power of p, and k = F,((¢)). Let X be the analytification of the curve defined
inside ]P’,i X Pi by the equation

07 =T —x) = f(1) with f € tFg[lt]].

This is an ordinary curve in characteristic p > 0 with many automorphisms, and
for this reason has caught the attention of cryptographers and positive characteristic
algebraic geometers alike. One way to study its automorphisms is to observe that X
is a Mumford curve. A Schottky group attached to it can be constructed by fixing an
element v € k and looking at the automorphisms of ]P’,i’arl of the form

1u v 0
a, = [0 1i| , by, = |:u Ui| € PGLy(k), u eIF;.

These transformations are all of order p, a, represent translations by elements
of Fy' and b, their conjugates under the inversion z > IZ) The subgroup I'y, =
(a b auby ¢ (u,u') € Fqu) of PGL; (k) is a Schottky group of rank (g — 1),
and for a certain value of v it gives rise to the curve X by Schottky uniformization.
The immediate consequence of this fact, is that X is a Mumford curve of genus
(g — D~

The group of automorphisms Aut(X) is isomorphic to a semi-direct product
(Z] pZ)*¢ D1, and its action is easy to describe using the equation of the curve:
the elementary abelian subgroup (Z/ pZ)?¢ consists of those automorphisms of the
form (x,y) — (x + o, y + B) with (o, B) € (Fq)z, while the dihedral subgroup
D, is generated by (x, y) = (y,x) and (x, y) = (yx, y~ly) fory e F;. We
deduce that the order of Aut(X) is 2(q — l)qz. In characteristic 0, it is not possible
to have these many automorphisms, thanks to bounds by Hurwitz and Herrlich that
would give rise to a contradiction (see Appendix A.3 for the precise statement of
these bounds).
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Appendix: Further Reading

The theory of Berkovich curves has several applications to numerous fields of
mathematics, and uniformization plays a role in many of these. A complete
description of these applications goes far beyond the scope of the present text, but
we would like to provide the interested reader with some hints about the state of
the art and where to find more details in the existing literature, as well as point out
which simplifications adopted in this text are actually instances of a much richer
theory.

A.1 Berkovich Spaces and their Skeleta

We provided a short introduction to the theory of Berkovich curves and their skeleta
in Sect. 6.3.2 of this text.

The first discussion of this topic appears already in Chapter 4 of Berkovich’s
foundational book [Ber90]. In this context, the definition of the skeleton of a
Berkovich curve X makes use of formal models and the semi-stable reduction
theorem, that states that for the analytification of a smooth proper and geometrically
irreducible algebraic curve over k, there exists a finite Galois extension K of k such
that the base change X k¢ has a semi-stable formal model. Berkovich showed that the
dual graph of the special fiber of any semi-stable formal model embeds in the curve
Xk and that it is invariant by the action of the Galois group Gal(K/k) over Xk,
which allows to define skeleta of X as quotients of skeleta of X k. This construction
is again found in A. Thuillier’s thesis [Thu05], where it is exploited to define a
theory of harmonic functions on Berkovich curves.

In Definition 6.3.3, we adopted another approach to the study of skeleta, via the
use of triangulations. This was first introduced by Ducros in [Duc08] to study étale
cohomology groups of Berkovich curves. In the case where k is algebraically closed,
a comprehensive exposition of skeletons, retractions, and harmonic functions on
non-Archimedean curves can be found in the paper [BPR14]. There, the authors are
motivated by connections with tropical geometry, as, for a given algebraic variety
over k, the skeletons of its analytification are tightly related to its tropicalization
maps. Other than in the aforementioned paper, these connections are exposed in
[Werl6], where the higher-dimensional cases are highlighted as well.

As for higher-dimensional spaces, Berkovich introduced skeleta in [Ber99].
They are simplicial sets onto which the spaces retract by deformation. They are
constructed using semi-stable formal models and generalizations of them, so they
are not known to exist in full generality, but Berkovich nonetheless managed to use
them to prove that smooth spaces are locally contractible (hence admits universal
covers).
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The connections with tropical geometry have proven fruitful, among other things,
to study finite covers of Berkovich curves Y — X over k. The general pattern is
that these covers are controlled by combinatorial objects that are enhanced versions
of compatible pairs (Xy, Xx) of skeletons of the curves ¥ and X. Assume that k
is algebraically closed. Whenever the degree of such a cover is coprime with the
residue characteristic of k, the papers [ABBR15a] and [ABBR15b] give conditions
on a pair (Xy, Xx) to lift to a finite morphism of curves ¥ — X. In the case of
covers of degree divisible by the residue characteristic of k, the situation is still far
from understood, but progress has been made thanks to the work of M. Temkin and
his collaborators in the papers [CTT16, Tem17, BT20]. The main tool used in these
works is the different function.

With regard to higher-dimensional varieties, a new approach to skeletons was
proposed by E. Hrushosvksi and F. Loeser in [HL16] using techniques coming from
model theory. They are able to define skeleta of analytifications of quasi-projective
varieties and deduce the remarkable result that any such space has the homotopy
type of a CW-complex.

In the specific case of curves over an algebraically closed base field, the
paper [CKP18] uses triangulations in order to give a more concrete model-theoretic
version of Berkovich curves (and morphisms between them). In particular, the
authors manage to give an explicit description of definable subsets of curves and
prove some tameness properties.

Without the assumption that & is algebraically closed, or rather that X has a semi-
stable formal model over the valuation ring of k, the structure of analytic curves is
much harder to grasp, due among other things to the difficulty of classifying virtual
discs and virtual annuli. The curious reader will find much food for thought in the
book by A. Ducros [Duc], which can nevertheless be of difficult reading for a first
approach. If k is a discrete valuation field, a generalization of potential theory on
Berkovich curves is provided in [BN16] thanks to a careful study of regular models,
and the introduction of the notion of weight function. In regard to the problem of
determining a minimal extension necessary for the existence of a semi-stable model,
an approach via triangulations has been recently proposed in [FT19].

Finally, let us mention that we chose to introduce Berkovich curves as Allike
curves because we are convinced that this is a natural framework for studying
uniformization, but the general theory is much richer, and contains many examples
of Berkovich curves that are not A!-like.

A.2 Non-Archimedean Uniformization in Arithmetic
Geometry

In the case of curves over the field of complex numbers, Schottky uniformization
can be seen in the context of the classical uniformization theorem for Riemann
surfaces, proven independently by P. Koebe and H. Poincaré in 1907. It states that
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every simply connected complex Riemann surface is conformally equivalent to the
complex projective line, the complex affine line, or the Poincaré upper-half plane.
As a consequence, the universal covering space of any Riemann surface X is one
of these, and when X is compact, Koebe-Poincaré uniformization factors through
the Schottky uniformization (]P’é:’an — L) — X. A remarkable book on complex
uniformization [dSG10] has been written by the group of mathematicians known
under the collective name of Henri Paul de Saint-Gervais. It constitutes an excellent
reference both on the historical and mathematical aspects of the subject.

In the non-Archimedean case, the history of uniformization is much more recent.
The uniformization theory of elliptic curves over a non-Archimedean field (k, |-|)
was the main motivation underlying J. Tate’s introduction of rigid analytic geometry
in the 1960s. Using his novel approach, Tate proved that every elliptic curve with
split multiplicative reduction over k is analytically isomorphic to the multiplicative
group k* /g% for some ¢ in k with 0 < |¢| < 1. Tate’s computations were known to
experts, but remained unpublished until 1995, when they were presented in [Tat95]
together with a discussion on further aspects of this theory, including automorphic
functions, a classification of isogenies of Tate curves, and a brief mention of how to
construct “universal” Tate curves over the ring Z[[q]][q’l] using formal geometry.
These formal curves appeared for the first time in the paper [DR73] by P. Deligne
and M. Rapoport, who attributed it to M. Raynaud and called them generalized
elliptic curves. In loc. cit. the authors exploited them to give a moduli-theoretic
interpretation at the cusps of the modular curves Xo(Np) with p { N. Further
reading in this direction include the foundational paper [KMS85], that concerns the
case of modular curves X (Np") and [Con07], that provides a more contemporary
perspective on generalized elliptic curves.

Interpreting the Schottky uniformization of Mumford curves of [Mum?72a] as
a higher genus generalization of Tate’s theory inspired several novel arithmetic
discoveries. One of the most important is the uniformization of Shimura curves,
fundamental objects in arithmetic geometry that vastly generalize modular curves.
In [Che76], I. Cherednik considered a Shimura curve C associated with a quaternion
algebra B over QQ. For a prime p where B is ramified, he proved that the p-adic
analytic curve (C xqg Q,)*" can be obtained as a quotient of Drinfeld p-adic

halfplane joj“ — P, (Qp), by the action of a Schottky group. This Schottky

group can be as a subgroup of a different quaternion algebra B” over Q, constructed
explicitly from B via a procedure known as interchange of invariants. The theory
obtained in this way is classically referred to as Cherednik-Drinfeld uniformization,
since V. Drinfeld gave a different proof of this result in [Dri76], building on a
description of C as a moduli space of certain abelian varieties. The excellent paper
[BCI1] provides a detailed account of these constructions.

By generalizing Drinfeld’s modular interpretation, the approach can be extended
to some higher dimensional Shimura varieties, resulting in their description as
quotients of the Drinfeld upper-half space via a uniformization map introduced
independently by G. Mustafin [Mus78] and A. Kurihara [Kur80]. For a firsthand
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account of the development of this uniformization, we refer the reader to the book
[RZ96] by M. Rapoport and T. Zink.

Non-Archimedean uniformization of Shimura varieties has remarkable conse-
quences. First of all, it makes possible to find and describe integral models of
Shimura varieties, since the property of being uniformizable imposes restrictions
on the special fibers of such models. Furthermore, it gives a way to compute étale
and £-adic cohomology groups, as well as the action of the absolute Galois group
Gal(Q,/Qp) on these, making it a powerful tool for studying Galois represen-
tations. All the aforementioned results were shown in the framework of formal
and rigid geometry. However, more contemporary approaches to uniformization of
Shimura varieties and Rapoport-Zink spaces make use of Berkovich spaces (see
[Var98, JLVO03]), or Huber adic geometry in the form of perfectoid spaces (see
[SW13] and [Car19]). In particular, the perfectoid approach can be used to vastly
generalize the uniformization of Shimura varieties and establish a theory of local
Shimura varieties. This construction is exposed in the lecture notes [SW20] by P.
Scholze and J. Weinstein.

Local and global uniformization of Shimura varieties are investigated in rela-
tion to period mappings, Gauss-Manin connections, and uniformizing differential
equations in the book by Y. André [And03], where striking similarities between the
complex and p-adic cases are highlighted. For more results about the relevance of
Shimura varieties, not necessarily with regard to uniformization, we refer to [Mil05].

Finally, let us mention that Tate’s uniformization of elliptic curves with split
multiplicative reduction generalizes to abelian varieties. This is also a result of
Mumford, contained in the paper [Mum72b], that can be regarded as a sequel to
[Mum?72a], since the underlying ideas are very similar. In this case, the uniformiza-
tion theorem is formulated by stating that a totally degenerate abelian variety of
dimension g over k is isomorphic to the quotient of the analytic torus (Gﬁ,, O by
the action of a torsion-free subgroup of (k*)&. This applies in particular to Jacobians
of Mumford curves, a case surveyed in detail in the monograph [Liit16]. We shall
remark that Mumford’s constructions are more general than their presentation in
this text: they work not only over non-Archimedean fields, but more generally over
fields of fractions of complete integrally closed noetherian rings of any dimension.

A.3 The Relevance of Mumford Curves

The uniformization theorem in the complex setting is a very powerful tool, and one
of the main sources of analytic methods applied to the study of algebraic curves.
This leads to the expectation that, in the non-Archimedean setting, Mumford curves
can be more easily studied, turning out to be a good source of examples for testing
certain conjectures. This is indeed the case for several topics in algebraic curves
and their applications, as we could already sample in Sect.6.5.2 on the subject of
computing the group of automorphisms of curves.
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This appendix is a good place to remark that Examples 6.5.12 and 6.5.13 in that
section are instances of a much deeper theory. For a smooth projective algebraic
curve C of genus g > 2 over a field of characteristic zero, the Hurwitz bound ensures
that the finite group of automorphisms Aut(C) is of order at most 84(g — 1). This
bound is sharp: there exist curves of arbitrarily high genus whose automorphism
groups attain it, the so-called Hurwitz curves. However, if we know that C is (the
algebraization of) a Mumford curve, F. Herrlich proved a better bound in [Her80].
Namely, if we denote by p the residue characteristic of K, he showed that:

48g—1) p=2
24(g—1) p=3
30g—1) p=5
12(g — 1) otherwise.

| Aut(C)| =

This result relies on the characterization of automorphism groups of Mumford
curves as quotients N/ I, where I' is a Schottky group associated with C and N
its normalizer in PGL,(K) (see Theorem 6.5.8). One can show that the group N
acts discontinuously on an infinite tree that contains the universal covering tree of
the skeleton X can, and use Serre’s theory of groups acting on trees to prove that N
is an amalgam of finite groups. In his paper, Herrlich achieves the bounds above by
classifying those amalgams that contain a Schottky group as a normal subgroup of
finite index.

Over a field of characteristic p > 0, the Hurwitz bound is replaced by the
Stichtenoth bound, stating that | Aut(C)| < 16g*, unless C is isomorphic to a
Hermitian curve. When C is a Mumford curve, this bound can be improved in
principle using Herrlich’s strategy. However, this is not an easy task, as one has to
overcome the much bigger difficulties that arise in positive characteristic. This has
been achieved recently by M. Van der Put and H. Voskuil, who prove in [VvdP19,
Theorem 8.7] that | Aut(C)| < max{12(g — 1), g/8¢ + 1 + 3} except for three
occurrences of (isomorphism classes of) X, which happen when p = 3 and g = 6.
Moreover, in [VvdP19, Theorem 7.1] they show that the bound is achieved for any
choice of the characteristic p > 0. The bound corrects and extends a bound given
by G. Cornelissen, F. Kato and A. Kontogeorgis in [CKKO1].

Another application of uniformization of Mumford curves is the resolution of
non-singularities for hyperbolic curves! over Q p- Given such a curve X, and a
smooth point P of the special fiber of a semi-stable model of X, it is an open
problem to find a finite étale cover Y — X such that a whole irreducible
component of the special fiber of the stable model of Y lies above P. Earlier
versions of this problem were introduced and proved by S. Mochizuki [Moc96]
and A. Tamagawa [Tam04], that showed connections with important problems in

1 A hyperbolic curve in this context is a genus g curve with n marked points satisfying the inequality
2¢ —24+n>0.
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anabelian geometry. The interest of the version proposed here is also motivated
by anabelian geometry: F. Pop and J. Stix proved in [PS17] that any curve for
which resolution of non-singularities holds satisfies also a valuative version of
Grothendieck’s section conjecture. In the paper [Lep13], E. Lepage uses Schottky
uniformization in a Berkovich setting to show that resolution of non-singularities
holds when X is a hyperbolic Mumford curve. His approach consists in studying
w pn-torsors of the universal cover of X, which are better understood since they can
be studied using logarithmic differentials of rational functions. With this technique,
he can show that there is a dense subset of type 2 points V € X, with the
following property: every x € V can be associated with a ppn-torsorr : ¥ — X
such that T~!(x) is a point of positive genus. This last condition ensures that the
corresponding residue curve is an irreducible component of the stable model of Y.

Mumford curves have been also proven useful in purely analytic contexts, for
instance to study potential theory and differential forms. Using the fact that all type 2
points in a Mumford curve are of genus 0, P. Jell and V. Wanner [JW18] are able to
establish a result of Poincaré duality and compute the Betti numbers of the tropical
Dolbeaut cohomology arising from the theory of bi-graded real valued differential
forms developed in [CLD12].

Finally, let us mention that archimedean and non-archimedean Schottky
uniformizations can be studied in a unified framework thanks to work of the
authors [PT], where a moduli space S, parametrizing Schottky groups of fixed
rank g over all possible valued fields is constructed for every ¢ > 2. This
construction is performed in the framework of Berkovich spaces over 7 developed
in [Poil0, Poil3, LP]. More precisely, the space S, is realized as an open, path-
connected subspace of A%g 73’an, it is endowed with a natural action of the group
Out(F,) of outer automorphisms of the free group, and exhibits interesting
connections with other constructions of moduli spaces, in the frameworks of
tropical geometry and geometric group theory. The space S, seems to be ideal
to study phenomena of degeneration of Schottky groups from archimedean to
non-archimedean.

A different take on the interplay between archimedean and non-archimedean
Schottky uniformizations is provided by Y. Manin’s approach to Arakelov geom-
etry. In the paper [Man91] several formulas for computing the Green function
on a Riemann surface using Schottky uniformization and are explicitly inspired
by Mumford’s construction. These formulas involve the geodesics lengths in
the hyperbolic handlebody uniformized by the Schottky group associated with
such a surface, suggesting connections between hyperbolic geometry and non-
archimedean analytic geometry. This result has been reinterpreted in term of
noncommutative geometry by C. Consani and M. Marcolli [CM04] by replacing the
Riemann surface with a noncommutative space that encodes certain properties of
the archimedean Schottky uniformization. This noncommutative formalism has led
to applications both in the non-archimedean world (see for example [CMO03]) and
in the archimedean one, for instance to Riemannian geometry in [CMO08]. We think
that the theory of Berkovich spaces could fit nicely in this picture, and it would be an
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interesting project to investigate the relations between noncommutative geometric
objects related to Schottky uniformization (e.g. graph C*-algebras) and Mumford
curves in the Berkovich setting.
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Chapter 7 )
On the Stark Units of Drinfeld Modules Creck o

Floric Tavares Ribeiro

Abstract We present the notion of Stark units and various techniques involving
it. The Stark units constitute a useful tool to study the unit and class modules
of a Drinfeld module as defined by Taelman. We review some recent results on
Drinfeld IF;[6]-modules which make use of this notion. In particular, we present the
“discrete Greenberg conjectures” which explain the structure of the class module of
the canonical multi-variable deformations of the Carlitz module, and a result on the
non vanishing modulo a given prime of a class of Bernoulli-Carlitz numbers.

7.1 Introduction

This text aims to constitute an introduction, largely accessible to non specialist
readers, to the notion of Stark units of Drinfeld modules. The germs of the
concept of Stark units can be found in [APTR16, APTR18]. The notion has been
conceptualized in [ATR17] for Drinfeld modules over F,[0] and then further
developed in the general context of Drinfeld modules in [ANDTRI17] and in
[ANDTR20a] for t-modules.

Let I, be a finite field with g elements, 0 be an indeterminate over [y, A =
IF,[0], and B be a finite integral extension of A, and denote by 7 the map x — x9. A
Drinfeld A-module defined over B is aring homomorphism¢ : A — B[t],a > ¢,
where ¢, = a (mod 7). We first define the z-deformation of ¢ which consists in
twisting the Frobenius t by a new variable z which commutes with 7. This can
be obtained simply by the formula 5 : A — Bz][t],a — 55, where, if ¢, =
Si_paiti, thendy = Y 1_aiz' .
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This naive construction reveals its interest when one computes the unit module
U (¢) of the Drinfeld module ¢. This unit module, introduced by L. Taelman along
with the class module (see [Tael2]), is, roughly speaking, the A-module of the
elements which map to integral elements via the exponential map associated to ¢.
One can obtain a submodule of finite index of U (¢) by computing U (&3’) and then
evaluating at z = 1. This is the module of Stark units of ¢.

The terminology of Stark units comes from the remark of Anderson from
[And96] that the elements that he constructed play a role similar to the circular
units, which generalize in the classical case to Stark units. The idea of considering
Stark units indeed arose from investigations on log-algebraicity. A log-algebraicity
result consists in the construction of a specific unit from the L-series of a Drinfeld
module. The concept of log-algebraicity is due to D. Thakur and has been notably
developed by G. Anderson in [And94, And96]. It has become a very lively topic in
the current research. In a log-algebraicity statement, one in fact builds an element in
U (5), its evaluation at z = 1 is then always a Stark unit.

We can track this analogy in particular in Theorem 7.4.6 which states that the
Fitting ideal of the quotient of U(¢) by the module of Stark units is equal to the
Fitting ideal of the class module of ¢.

The chapter is organized as follows. We start defining the basic notions involved
in the theory of Drinfeld A-modules and introduce the tools which are necessary
to state Taelman’s class formula. The first three sections are meant to be self
contained and present the general machinery of Stark units in the case of Drinfeld
F,[6]-modules. This machinery has been generalized for Anderson A-modules
with general A without difficulty. We invite the interested reader to [ANDTRI17,
ANDTR20a] for more details.

We present in Sect. 7.5 several class formulas and explain how Stark units appear
in these formulas or can be computed from them.

We then turn to a slightly more general kind of objects, which are deformations of
Drinfeld modules, in particular the multi-variable “canonical” deformations of the
Carlitz module, which is canonical in the sense that the Carlitz module is deformed
by its own shtuka function. This is a key object for arithmetic applications that we
then review. First we show that the class module of the canonical deformation of
the Carlitz module is, depending on the case, pseudo cyclic or pseudo null, which
reminds of the classical Greenberg conjectures. Then we prove that, given a prime
P, almost all Bernoulli-Carlitz numbers of a certain form do not vanish modulo P.

We finish with some words on Stark units in more general settings.

Some new proofs are given when possible and references are provided along
the way. For the general references on Drinfeld modules, we refer the reader to
[Gos96, Ros02, Tha0O4]. There are also obvious links between this survey and F.
Pellarin’s contribution [Pel20] to this volume, although the settings and notation
might sometimes differ.
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7.2 Background

After some notation, we present in this section the notions of Fitting ideals and
ratios of covolumes which will be needed later, in particular in Sect.7.5 to state
class formulas.

7.2.1 Notation

We will use the following notation:

* IF,: afinite field with g elements, of characteristic p,

* 6:anindeterminate over I,

« A=T,[0], K =F40), Koo = Fy((§)),

* Vo the valuation at the place oo such that v, (0) = —1,
¢ Cy: the completion of a fixed algebraic closure of Ko,
¢ 7:Cs — Cu, x > x7 the Frobenius endomorphism.

Note that K is the completion of K with respect to veo.

If k is a field containing 'y, we set (kK)o = k@yq Ko = k((é )). This is a field.
If x € (kK)Z, we can write x uniquely as x = anN Xn eln, X € k with xy # 0.
Then we call xy € k> the sign of x and write sgn(x) = xy. We say that such an
x € (kK)o is monic if sgn(x) = 1. The valuation vy, extends naturally to (kK)o
which is complete with respect to this valuation.

If L is a finite extension of K we denote by Oy the integral closure of A in L. We
write Loo = L ® K and if k is a field containing Fy, (kL)oo = L @k (kK)co-
Note that (kL)oo 2 Loo When k = IF,;. As a finite dimensional (k K')-vector space,
(kL)oo is endowed with a natural topology. Moreover, Oy, or kO will denote the
sub-k-vector space of (kL)oo spanned by Op. This is isomorphic to k ®r, Or.

The Frobenius homomorphism t extends uniquely to a continuous homomor-
phism on (kL) by putting 7(x) = x for all x € k. We then have 7(Oxr) C Ok[.

A case of particular interest in this text will be k = F,(z) where z is a new
indeterminate over IF,;. In this case, we will consider the Tate algebra

To(Loo) := 3 Y anz": an € Loo, lim ay =0} C (Fy(2)L)oo-
n—>oo

n>0
We have also the description T, (K«) == Fy [z][[ é]] and more generally

1
T, (Loo) = IF‘q[Z][[g]] ®k L.

Remark that 7(T; (L)) C Tz(Loo), and Tz(Loo) N OF, ;) = OLlz]-
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It will be useful to also use the notation (Fy[z]L)s = (L[z])co = T;(Lo), and
O]Fq[Z]L = OL[z] = OLlz] so thatif k denotes either F, IF, (z) or F[z], then (kL)
stands respectively for Loy, (Fy(z)L)oo 0Or T;(Lo), and Oy for Of, OFq(Z)L or
OLlz].

7.2.2 Fitting Ideals

In this section, we review basic facts on the theory of Fitting ideals. The standard
references are the appendix to [MW84] and [Nor76, Eis95, Lan02].

We fix a commutative ring R and consider a finitely presented R-module M. If
fora,b € N,

R — R — M —0

is a presentation of M, and if X is the matrix of the map R* — R’ then one defines
Fittpys (R) to be the ideal of R generated by all the b x b minors of X if b < a, and
Fittg (M) = 0if b > a. This is independent from the presentation chosen for M.
Note that if M is torsion, one has b < a.

In the case where R is a principal ideal domain (or more generally a Dedekind
domain), the structure theorem asserts that if M is a torsion /R-module, then there
exist ideals 11, ..., I, of R such that M is isomorphic to the product R/ X --- X
R/1,. This implies that Fittg (M) = [];_, /;. Fitting ideals are also multiplicative
in exact sequences. That is, if 0 - M; — M — M, — 0 is exact, then

Fittp (M) - Fittp (M») = Fittp (M) . 7.1

This can be deduced, for instance, from [Bou65, VII. §4 n.5 Proposition 10].

In the case where k is a field and R = k[0] we will denote by [M ] g} the monic
generator of Fittyg) (M). Remark that in this case, there is a simple way to compute
this quantity:

[M]io) = kd[gt] (Z—0|M)|z=5. (7.2)

We fix a field k D F, such that [, is algebraically closed in k. As an example,
one can choose k = IF;(z). Let us write R = k[0]. Let G be a finite abelian group
whose order is prime to p. Let us denote by G = Hom(G, F, X) the set of characters
on G. For x € G, we denote by I, (x) the (finite, Galois) extension of IF, generated
by the values of x:

Fq(x) :=Fqlx(g). g € G].
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And similarly,

k(x) :=klx(g). g € G]

is the compositum of k and F,[x] and is just isomorphic to k ®r, Fg[x].
For x € G, we define the idempotent

1
ex = . Y x(@g ' €F(xIG]
|G| geCG

If x € @, we also define:
[x]:={o0x. 0 e€GalF,(x)/Fy} C G

and the corresponding idempotent:

ex1 = Z ey € Fy[G].
velx]

We define a map e, |F;[G] — F,(x) by associating, for x € F,[G], to
e[y1x the unique A € F;(x) such that eyx = Aey in Fy(x)[G]. It is not hard to
check that this is a well defined isomorphism, and thus it induces isomorphisms
e[x1k[G] — k(x) and e[, R[G] — k(x)[0] = R(x). Remark that the notion of a
monic element in e[, R[G] is then well defined and does not depend on the choice
of the representative x of [x].

Then, R[G] is the direct sum of its [x]-components e[,R[G]. It is thus a
principal ideal ring, and the notion of monic elements on each component leads to
a natural notion of monic elements on R[G]. Thus, if M is an R[G]-module which
is finite dimensional over k, then we can define [ef,) M.,/ R[G) for all character x,
and

(Mlric) = Z[e[x]M]eleGl € e RIG].
X

If M is now an R(x)[G] module which is finite dimensional over k, then we can
define in a similar way [exM]exR(x)lG] € ey R(XIG] = R(x)ey. So if M is an
R[G]-module which is finite dimensional over k, we can set M (x) := M Q@r R(x)
and then we remark that:

[e[le]E[X]R[G] = WZ[:] [ewM(w)]ewR[G] € R[G].
€lx

If now M is a free R[G]-module, then we also have the equality:

(MR = k[g?[tZ] (Z—-0|M)|z=0.
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7.2.3 Ratio of Covolumes

We define here k[6]-lattices and the notion of ratio of covolumes which will be used
to compare two lattices.

We fix k a field containing [, and recall that (kK)o = k@]}?q Ky = k((é)).
In what follows, we fix V to be a finite dimensional (kK )~,-vector space endowed
with the natural topology coming from (kK ).

Definition 7.2.1 A sub-k[f]-module M of V is a k[0]-lattice in V if M is discrete
in V and if M generates V over (kK)so.

Lemma 7.2.2 Let M be a sub-k[0]-module of V. If M is discrete in V, then M is
finitely generated over k[6] and its rank is lower or equal to the dimension of V
over (kK)oo. Equality holds if, and only if, M is a k[0]-lattice in V.

Proof We choose a norm of (kK )so-vector space on V. Let e; € M be an element
of minimal norm among the non zero elements of M. Let d be the dimension of the
(kK)~o-vector space generated by M. We build by induction a family (e, ..., ez)
of elements of M such that for | <i < d, ¢; is an element of minimal norm among
the non zero elements of M \ ((kK)ooe1 @ --- & (kK)o€i—1). If x € M, then
there are Aq,...,Aq € (kK)o such that x = Zlekie;. For1 < i < d, write
Ai = Ai0 + A1 with Ao € k[0] and A;,1 € jk[,]. Then

d d
X — Z)\"’Oei = Zki’lei eM. (7.3)
i=1 i=1

Let j be the maximal index, if it exists, for which A; 1 # 0. Then (7.3) contradicts
the minimality of e;. We therefore must have A; 1 = O for all i, and thus, M =
@fl:l k[O]e;. We get the desired inequality.

This also proves that the dimension of the (k K)oo-vector space generated by M
is the rank of M, whence the case of equality. O

As an immediate consequence, we can state:

Proposition 7.2.3 Let M be a sub-k[0]-module of V. The following are equiva-
lent:

(i) M is a k[O]-latticein V,
(ii) There exists a (kK)so-basis (e, ..., e,) of V such that M is the free k[0]-
module of basis (ey, . .., ey),
(iii) M isdiscrete in V and its k[0]-rank is equal to the dimension of V over (kK )oo.

We can now proceed with the definition of ratio of co-volumes of lattices.
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Let M and M’ be two k[f]-lattices in V. Let B and B’ be k[#]-bases of M and
M/, respectively. The ratio of co-volumes of M in M’ is then defined as

detg B

r. _
[ M]k[e] "~ sgn(detg B)

€ (kK)oo-

Note that this is independent of the choices of B and 5’
Remark 7.2.4

* The definition immediately implies that if My, M and M, are lattices in V, then

(Mo : Myl (M1 2 M2l = [Mo : Malgey -

-1

* We also see that for two lattices M, M"in V, [M' : M] . = [M : M/]kw].

ko1 —
The two following results are also immediate:

Proposition 7.2.5 Let M be a k[0]-lattice of V and u be a (kK)o-automorphism
of V. Then u(M) is a lattice of V and

(M : u(M)] detu
Tu = .
k61 sgn(detu)

Proposition 7.2.6 If M and M’ are two k[0]-lattices of V and M’ C M, then
M /M’ is a torsion k[0]-module and
[M: M/]k[e] = [M/M/]k[e]'

Now let G be a finite abelian group whose order is prime to p. We suppose
further that V is a free (kK)oo[G]-module. Write R = k[6]. An R[G]-lattice M in
V is an R-lattice in the (kK )w-vgctor space V which is an R[G]-submodule of V.

Let us fix a character x € G. Then e[,|M is an e[, R[G] lattice in e, V.
Thus it makes sense to define for two R[G]-lattices M and M’ in V the ratio

[epaM : e[X]M/]e[X]R[G]' We then set

. / _ . /
(MM ]p6 = Y [epaM :epaM ]e[X]R[G]
where the sum runs over the classes of characters [x].
7.3 Drinfeld Modules

We review in this section the definition of Drinfeld modules and of the two
fundamental associated maps: the exponential and the logarithm maps. We finish
with the simplest example of a Drinfeld module, the Carlitz module, which allows
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some explicit computations. We also refer the reader to [Pel20, §3] where Drinfeld
modules are presented for a general ring A.

7.3.1 Drinfeld Modules

In what follows, we fix k = F; ork = F,(z) and R = kA, thatis, R = A = F[0]
or R = F,;(2)[0]. Let L be a finite extension of K. We write § = Oy, that is
S=0pLifR=Aand S = Of ()L otherwise. We recall that S is endowed with the
Frobenius homomorphism 7.

Definition 7.3.1 A Drinfeld R-module defined over S is a k-algebra homomor-
phism ¢ : R — S[t]; a — ¢, such that ¢, = a (mod S[t]r) foralla € A.

We remark that the data of ¢y is sufficient to define the Drinfeld module ¢. In
particular, a Drinfeld A-module over O, extends naturally to a Drinfeld F, (z)[6]-
module over Of, ;)L

The degree deg,, ¢y is called the rank of ¢.

Example 7.3.2 We do not exclude the rank 0 case. In this case the Drinfeld module
is the trivial map ¢ : a — ¢, = a.

Example 7.3.3 The Carlitz module is the Drinfeld A-module C over A defined by
Cy = 0 + t.Itis of rank 1. See Sect.7.3.3 below.

Definition 7.3.4 Let ¢ be a Drinfeld A-module over Oy, givenby ¢ = 37 a;t!

with a; € Op. The z-twist of ¢ is the Drinfeld F,(z)[¢]-module ¢ over O, ;)L

given by 5@ =>" a;z't' and extended by ¥, (z)-linearity for any a € Fy(2)[0].
If M is an S[r]-module and ¢ is a Drinfeld R-module over S, then ¢ induces a

structure of R-module on M via (a,m) € R x M +— ¢,(m). We then write ¢ (M)
for the R-module M considered with this structure of R-module.

7.3.2 Exponential and Logarithm

We keep the notation of the previous section. Let ¢ be a Drinfeld kA-module over
OkrL.

Let M be a finitely generated and free (kL)so-module equipped with a semi-
linear map t, that is:

Va € (kL)oo, Ym € M, t(a.m) = t(a).t(m).

We call such a module a t-module over (kL) . It is in particular a finite dimensional
(kK )oo-vector space, and all norms of (kK )so-vector space on M are equivalent.
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Proposition 7.3.5 There exists a unique series expy = Zi>0 e;t! € kL[[t]] such
that: B

(i) eo =1,
(ii) eXpy d = ba eXpg holds in kL[[t]] for all a € A.

Moreover, if || - || is a norm of (kK )so-vector spaces over (kL)eco, then
lim [le |9 =0.
n—od

As a consequence, if M is a T-module over (kL)co, then expy defines a function
which converges everywhere on M.

Proof We refer the reader to [And86, Proposition 2.1.4] for a proof of this classical
result. Since this will be useful later on, we give a short proof of the last assertion:
exp, converges on the whole M.

We fix a norm || - || of (kK)oo-vector spaces on M. From the identification
(kK)oo =~ k((é)), we see that for all x € (kK)so, we have |7(x)| < |x|?. Thus,
since M is finite dimensional over (kK ), there exists some constant o« > 1 such
that for all x € M, lt(x)|| < «aflx||?. Thus for all x € M and all n > 1, we have:

=1 n n
Il ()l < @5 [lx]|17" < (allx[)?". Thus for all n,
n qfn qll
lleat” Ol < (lleall” ~allxll (7.4)
which concludes the proof. O
We call expy, the exponential map associated to the Drinfeld module ¢.

Corollary 7.3.6 If M is a t-module over (kL)c, then the exponential map exp, :
M — M is locally an isometry.

Proof We use the same notation as in the previous proof. Let us write m =
maxy ||e, ||‘17n. From Inequality (7.4), we get that for all n > 1, and for all x € M
such that ||x|| < (ma)~ ",

lleat" (O < (mallx[)? .

Thus, if x| < min ((ma)*l, (moz)'zq), and for all n > 1, [le, 2" (x)|| < ||x|. It

implies that || expy (x)|| = [|x[|. The proof is finished. |
Proposition 7.3.7 There exists a unique series log, = Zizo Litt € kL[[t]] such
that:

(i) lo=1,

(ii) log(p by =a log(p holds in kL[[t]] for all a € A.
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Moreover, we have expg log, = loggexpy = 1in kL[[t]] and if || - || is a norm of

(kK )oo-modules over (kL)co, then ||l,||7 ~ is bounded. As a consequence, if M is a
t-module over (kL)oo, then log, converges on a neighborhood of 0 in M.

Proof The construction of log, is standard: if it exists, then we must have
exp, logy = log, exp, = 1. So it can be obtained as the inverse series (in 7) of the
exponential map, and this gives both (i) and (ii). Note that it can also be constructed
directly by solving the equation log, ¢ = 6 log,.

Let m = max(1, maxy |le,||). We prove by induction that for all n, ||/, ]| < m4".
The case n = 0 is trivial. The inequality

n—1 . .
q' q' 2q' "
lall = 1 = Y liel ;1| < max lliel_, || < max m® < m¢
o i i<n—1
concludes the proof. O

We call log, the logarithm map associated to the Drinfeld module ¢.
Corollary 7.3.8 The logarithm map logy is an isometry on a neighborhood of 0.

Proof The proof can be done along the same lines as that of Corollary 7.3.6. It
is also a consequence of the fact that the logarithm map is formally an inverse
map of the exponential map, that it converges on a neighborhood of 0 and that the
exponential map is locally an isometry. O

If ¢ is a Drinfeld A-module over Oy, and ¢~S denotes its z-twist, then we
have expg(T: (L)) C T:(Loo), and if x € T:(Loo) and logg(x) converges in
(Fy(z)L)o, then it converges in T;(Loo). Thus Corollary 7.3.6 and 7.3.8 remain
true on T, (Loo).

7.3.3 The Carlitz Module

The Carlitz module is often considered as the first case of a Drinfeld module, and
we can make a lot of the constructions completely explicit here. We give a short
overview of these explicit constructions and refer the reader to [Pel20, §4] or, for
instance, to [Gos96, §3] for more details.

Let us recall that the Carlitz module is the Drinfeld A-module C over A defined
by Cg = 0 + 7. We define Dg = 1, and fori > 1, Djy1 = D 1" — 9), so that
Voo(D;) = —ig'. Then the exponential map associated to C is expe = ;- 1:1>l- i

Similarly, if [p = 1, and fori > 1, ;41 = L;(0 — qu), then logr = Zizo lll_r".
The kernel of exp, : Coo — C is a rank one A-module. One can give an explicit
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description of a generator of this kernel as

~ 1 1
7= (—0)a-16 ]_[ | gleal (7.5)

j=1

1
where (—0)4-! is a fixed g — 1-st root of — in C,. We call 7 “the” period of the
Carlitz module (uniquely determined up to ]F;).

7.4 Stark Units

We come to the definition of the Stark units. We first review Taelman’s class and
unit modules. Then we will be able to define the module of Stark units which is a
submodule of the unit module. The section ends with some words on Anderson’s
[And94] which inspired the notion of Stark units.

7.4.1 Taelman Modules

We define here the class module and the unit module of a Drinfeld module as
introduced by L. Taelman in [Tael2].
Let L/K be a finite extension and let ¢ denote a Drinfeld A-module over Oy.
We define the unit module of ¢ to be

U($; Or) = {x € Loo, expy(x) € OL}
and the class module of ¢ to be

¢(Loo)

H(¢; Op) = .
@ OD= 401) + expy(Loo)

Since expy is a homomorphism of A-modules, those are naturally A-modules.

We also write 5 for the z-twist of ¢ and define the corresponding Taelman
modules:

U@: Os,01) = {x € By () L), exp(x) € O, o1}

and

S ((Fy(2) L))

H(¢; O == '
(¢ Or, (o)1) 30, (-)1) + expz((Fg (2) L)oo)
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And finally, at the “integral” level, we define:

U@: 02D = | € To(Low). expj) € O [21]
and

~ $(T: (L))
H($; OLlzD) = ~ e :
¢(OLlz]) + expz(T;(Loo))

We fix from now on a Drinfeld A-module ¢ over Oy, and write k = Iy, F,(2) or
Fylz] and ¢ = ¢ in the first case and ¢ = ¢ otherwise.

Proposition 7.4.1

1. The class module H (¢; Oyy) is finitely generated over k, thus a finitely generated
and torsion k A-module.

2. Suppose that k = T, or k = Fy(2). The unit module U(¢; OkL) is a kA-lattice
in (kL)so.

Proof We use the proof of [Dem14, Proposition 2.6].
For Part 1, since exp, is locally an isometry on (kL)o, we can find a
neighborhood V' of 0 such that exp,, is an isometry on V, exp,(V) = V and

V N O = {0}. We remark that ékLZf?/ is finitely generated over k. But we have a

kL
surjection g}ifzﬁ/ — H (¢; Okr) so that H(¢; Ogy) is also finitely generated.

For Part 2, since exp,, is locally an isometry, we get that U (¢; Oyy) is discrete in
(kL) The exponential map induces a short exact sequence of k A-modules:

(kL)oo @((kL)oo)

— —> H(p; Oxr) — 0.
U Oi)+ V. @(Ow) +V ¢ PkL

Since the vector space in the middle is finite dimensional over k, then so is the
first one. If U(g; Okr) did not generate (kL) over (kK)oo, we could find x €
(kL) such that (kK)soU (¢; Okr) N (kK)sox = {0}. But, there is an injection
O — ,,EL)OOV, and ,, %D ig the cokernel of the natural map U (¢; Okr) —

U(p; Ok)+V
,(CL)OOV. We deduce that the k A-ranks of Oy, and U (¢; Oyr) must coincide. Thus
U (¢; Orr) is alattice in (kL)oo |

Proposition 7.4.2 We have:

1. U(: Op, 1) = Fq(U(@; OL[z]) C (Fg(x) L)oo,
2. H(¢; Or, (o)1) = Fy(2) ®r, ;) H(¢; OLzD.

Proof For Part 1, we mimic the proof of [APTR16, Proposition 5.4].

The inclusion Fy (2)U (¢; OL[z]) C U($; O, (-)1) is clear.

We have that Fy(z)T;(Lx) is dense in (F;(z)L)so. We fix a neighborhood
V of 0 in T;(Ls) such that expa(V) = V. We write V' for the closure of
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Fy(2)V in (Fy(z)L)oo. We still have expdj(V’) = V’. We then have (Fy(z)L)oc =
Fy(@)T,(Loo) + V'. Let f € U(a; Or,(x)L). We can write f = g + h with
g €Fy(2)T; (L) and h € V'. We get:

expg(h) = expg(f) — expz(g) € (OF, o)L + Fg(2)To(Loo)) N V'
But
(OF, )L +Fg (T (Loo)) NV =Fy(2)T:(Loo) N V' =Fy(2)V.

Thus, h € F;(z)V and f € Fy(2)T;(Loo). This proves Part 1.
Part 2 is a consequence of the fact that ', (z)T; (L) is dense in (IF;(z) L)oo and
expg is locally an isometry. O

Proposition 7.4.3 The A[z]-module H (5; 01 [z]) is a finitely generated and tor-
sion F,[z]-module, with no z-torsion.

Proof We copy the proof of [ATR17, Proposition 2].
By Proposition7.4.1, H(¢; O [z]) is finitely generated over Iy [z]. Since expy =
1 (mod L[z][[t]]zT), we get:

T:(Loo) = 2T2(Loo) + expg(T:(Loo))-

We deduce that the multiplication by z is surjectlve on H (¢ Or[z]). Thus, if we
denote by H (¢ Or[z]D|[z] the z-torsion of H (¢ O [z]), the multiplication by z
induces an exact sequence of finitely generated [F;[z]-modules:

0 — H($; OLlzD)lz]l — H(¢; OLlz]) — H($; OLlz]) — 0.
By the structure theorem for finitely generated modules over Fy [z], this implies that
H(¢ Or[zDI[z] = 0 and that H(qﬁ O [z]) is a torsion Fy [z]- module O
Corollary 7.4.4 The class module H (¢; OF,(z)L) vanishes.

Proof This is a consequence of the previous proposition and Proposition 7.4.2. 0O

7.4.2 The Module of Stark Units

We define here the module of Stark units, and compute its covolume in the unit
module.

We keep the notation of Sect.7.4.1. The evaluation z +— 1 induces a map ev :
T,(Loo) = Lo
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Definition 7.4.5 The module of Stark units is defined as:

Usi(¢; Or) = ev (U@, OL[zD)).

We observe that Usi(¢p; Or) C U(¢; Or). We will now prove the following
theorem by using the proof of [ATR17, Theorem 1] or [ANDTR17, Proposition
2.7].

Theorem 7.4.6 The A-module Usi(¢; Or) is an A-lattice in Loo and

[ U(¢: Or)

Us:(¢; oL)L LHg; Ou)a

We introduce a map on Lyg:

exps(x)—expy, (x)
s OPd 1 Polt).

:Loo - Ti(Loo)
[0

The map is well defined since ev(expa(x)) = exp¢(x) so that z — 1 divides
expg(x) — expy (x) in T2 (Loo).

Proposition 7.4.7 The map o induces an isomorphism of A-modules:

U¢, 01)

: ~ H($: O -1
o Usi(é: 01) (¢; OLlzD[z — 1]

where H(¢: Or[z))z — 1] is the (z — 1)-torsion of H(¢; Or[z]).

Proof Let us first show that o : U(¢, Or) — H(¢; T;(Lo)) is a homomorphism
of A-modules. Let x € U(¢, Or) and a € A. Write ¢, = Z?:o a;7" witha; € Of.
Thus,

expg(ax) — expy,(ax)
a(ax) = Ps o1 Py
_ Balexpz(x)) — da(expy(x)

z—1
~ " i1 .
= Gal () + Zaizz T (expy ()
i=0
and this equals aa (ax(x)) in H(¢~S; OL[z]) since expy(x) € Of.

We now prove that the image of U(¢, Or) in H(a; Op[z]) through « lies in
H(¢; OrlzD[z — 1]
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Letx € U(¢; Or). We then have
(z — Da(x) = expg(x) — expy (x) € expy(T:(Loo)) + Orlz]

so that it vanishes in H(a; orlz]). ~
We now show that « is surjective on H(¢; Op[z])[z — 1].

~

Let x € T,(Loo) be such that its image in H (¢; Or[z]) lies in H(a; OplzDlz —
1]. Thus, (z — )x € expa(']I‘Z(Loo)) + Orlz]. Write (z — I)x = expa(u) + v
with u € T,(Ls) and v € Op[z]. Write u = u; + (z — 1)up with u; € Lo and
uy € T;(Loo) and v = v1 + (z — 1)vy with vy € O and v2 € Op[z]. Then we have

(z = Dx =expg(ui) + vi + (z — D(expgz(u2) + v2)

so that, by evaluating at z = 1, we get expg(u1) + vi = 0. Thus u; € U(¢; Or).
Moreover, we get:

expg(u1) — expgy(u1)

ay="""""

expg (u1) + v1
z—1

= x —expg(u2) + v2

so that the images of a(u1) and x in H(a; Oy [z]) coincide.

We claim that the kernel « of & : U(¢p; Op) — H(a; Or[z]) equals Usi(¢; OL).
We start with the inclusion Usi(¢; Or) C k.

Let x € Usi(¢; OL), it is the evaluation at z = 1 of some u € U(a; Orlz]), so
there exists v € T;(Leso) such that x = u + (z — 1)v. Thus

_ expg () — expy (x)
N z—1

a(x) + expg (v)
but expy (x) is the evaluation at z = 1 of expz(u) € Orlz]. Thus a(x) € Orlz] +
expy (T: (Loo)).

Lastly, we show the other inclusion: x C Usi(¢p; Or).Letx € U(¢; Or) be such
that «(x) vanishes in H(g; Or[z]), thatis, a(x) € Or[z] + exp(;(']l“z(Loo)). Thus
(z—Da(x) = expg(x) —expy (x) = (z— Du +expz((z—1v) forsome u € Or[z]
andv € T;(Lso). Thusx — (z — v € U(¢~S; Oy [z]) and its evaluation at z = 1 is
x, thatis, x € Usi(¢; OL). m|

Proposition 7.4.8 We have:

[H(@: OLlzDIz — 11, = [H($: OL)]4 -



296 E. Tavares Ribeiro

Proof The evaluation map ev induces an exact sequence of A-modules:
0— (z = DH($; Orlz]) — H(@; Orlz]) — H(@; Or) — 0

from which we get the exact sequence of finitely generated k-vector spaces

~ ~ —1 ~
0— H($: OLlzDlz — 11— H(@; OL[z]) > H($: OLlz]) - H(¢: OL) — 0.
By (7.1), the multiplicativity of the Fitting ideal in exact sequences, we obtain

[H(¢: OLlzDlz — 1], = [H(¢; OL)]4 -

O

Proof of Theorem 7.4.6 1t only remains to show that Us;(¢; Oy) is an A-lattice. It
is a direct consequence of the fact that JJS I(z;,OOLL)) is a finite dimensional F,-vector
space. m

Let now E/L be a finite abelian extension of degree prime to p and let G =
Gal(E/L). Then U (¢; Of) and Usi(¢p; Of) are both A[G]-lattices in Eoo = E Qg
K~ and H(¢; Og) is naturally an A[G]-module. We remark that the map « of
Proposition 7.4.7 is G-equivariant, so that the equivalent of Theorem 7.4.6 remains
true in the equivariant setting:

Proposition 7.4.9 We have

[ U(¢: Ok)

Usi (@ OE)L[G] [H(¢; OF)aic)

An example will be given in Theorem 7.5.10 below in the context of the equivariant
class formula.

7.4.3 Link with Anderson’s Special Points

Let us finish this section with a few words on the origin of the notion of Stark Units.
This notion grew up from attempts to understand the fundamental work [And94]
of Anderson. Following Thakur, Anderson considers the formal power series for
integers m > 0:

wx2= Y 2 e ki

a€A monic
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where 7 acts on X and Z via 7(X) = X9 and t(Z) = Z49. He shows [And94,
Theorem 3] the following log-algebraicity result:

Su(X, Z) = expe(n (X, Z)) € A[X, Z].

Let us fix now a monic irreducible polynomial P € A of degree d and define A :=
expC(}’,). Then L = K(A) is the “cyclotomic” extension associated with P. We
refer the reader to [Ros02, Chapter 12] for more details on this extension. Anderson
considers the A-submodule S of C(Op) generated by S, (A, 1) for all m > 0. He
(see [And94, §4.5]) calls S the module of special points and remarks that the special
points play a role analogue to the circular units in the classical setting of cyclotomic
fields.

It turns out that those special elements are just the images under the exponential
map of what we called Stark units. More precisely (see [AT15, §7, in particular
Theorem 7.5]):

S = expc(Ust(C; OL)).

Stark units are therefore a generalization of the analogue of circular units for the
Carlitz module, which explains their name.

7.5 Class Formulas

This section is devoted to class formulas: the original Taelman class formula from
[Tae12] and some generalizations, in particular in the equivariant setting. We also
give some explicit examples.

In what follows, we keep considering a finite extension L of K and a Drinfeld
F,[6]-module ¢ defined over Of.

7.5.1 Taelman’s Class Formula

We present Taelman’s class formula and how it can be expressed in terms of the
regulator of Stark units.

Let I be a non-zero ideal of Op. Then O /10y is a finite dimensional IF,-
vector space. Since (/) C I, it makes sense to define both [0 /0], and

[@¢(OL/10L)]4-
Remark that the first one is easy to compute:

Lemma 7.5.1 Let I be a non-zero ideal of O and denote by Ny k the norm map
from the ideals of Oy, to the ones of A. Then [Or/10], is the monic generator of
Np/x ().
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Proof The equality Fitty (Or/101) = Np/x(I) is immediate from the
definitions. |

If P is a prime ideal of Op, the Euler factor at P is then the quotient
[OL/BOL]s /[@(OL/PBOL)]4. By putting together all these local factors, we
obtain the L-series:

[OL/BOL]4

7.6
[¢(OL/BOL)]4 7.0

L@/00) =]
B

where the product runs over all the non-zero prime ideals of O .

Lemma 7.5.2 Let I be a non-zero ideal of Or. Let n > 1. Then:
[OL/I"OL], - [¢(OL/10L)]4
=[¢(0L/1"0L)], - [OL/10L]4.

Proof We prove this equality by induction on n. The case n = 1 is clear. The short
exact sequence

0— I1"oy/1"""op - o, /1"" 0L — 0,/1"0L — 0
gives

[OL/1"+10L]A =[o/1"04], - [I"OL/1"+10L]A.
Similarly, we have the short exact sequence

0— ¢U"OL/ 1" OL) — ¢(OL/ 1" OL) > $(OL/I"OL) — 0
but forany x € ["Or,a € A, ¢,(x) = ax (mod )" Or, thus
¢(I"OL/1" Or) ~ 1"0L/ 1" Oy,
so that
[ocor/rm+ton]| =[eou/1"0), - [1"OL/1" 01,

Putting altogether we get the desired result. O

The previous lemma, together with the Chinese Remainder Theorem allows to
write the L-series as:

[OL/POL]4

(1.7)
[#(OL/POL)]a

L@/00) =]]

P
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where the product runs over all the monic irreducible polynomials P of A. In this
form, the numerator is also very easy to compute:

[0L/POL], = P

The main result of [Tae12] is the following class formula:

Theorem 7.5.3 (Taelman) The product defining L(¢/OL) converges in Ko, and
the following equality holds:

L(¢/O0L) =[0L : U(¢; OL)|4 [H(¢; OL)]4 -

Corollary 7.5.4 We have:

L(¢/O0L) =10 : Usi(¢p; Op)]a -

Proof This is immediate from Taclman’s class formula and Theorem 7.4.6. O

The co-volume of the Taelman units or the Stark units in Oy, is very similar to
the classical notion of a regulator, so that the previous corollary can nicely translate
as: the L-value attached to ¢ is the regulator of its module of Stark units.

Remark that, as in (7.6), we can also define the z-twisted version of the L-series:

L@/05,00 =] [08,01/ %08, 1L ]5, )4
Fy(x)L) *= 3
q - [q&(OFq(Z)L/mOIFq(Z)L)]Fq(z)A

where the product runs over all the non-zero prime ideals of Oj. Here again, the
numerator of the local factor at *J3 is

(08,01 /BOR, )L ]5, ()4 = NL/x (B).

And, similarly to (7.7), we have the alternative expression:

LG/0 V=TT [OFq(Z)L/POFq(Z)L]]Fq(Z)A
Fy()L) = oy
e » [¢(0Fq(z)L/POFq(Z)L)]Fq(z)A

where the product runs over all the monic irreducible polynomials P of A. And
again:

L:K
[OFq(Z)L/POFq(z)L]]Fq(Z)A = P[ ]
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By Demeslay’s adaptation of the work of Taelman, [Dem14, Theorem 2.7], we
also have the class formula:

Theorem 7.5.5 (Demeslay) The product defining L(a /OF, (L) converges in
(Fy (2) K)o, and the following equality holds:
L(¢/Or, 1) = [Or,)L : U(9: OJF,,(z)L)]Fq(Z)A [H (¢: OJFq(z)L)]Fq(Z)A-
Remark that, because of Corollary 7.4.4, this result can simply be stated as

L@/ Or, 1) = [O%,0L : U (93 Or, 1) g, 4

Corollary 7.5.6 The L-series L(g/ Or, ;L) converges in T;(Kco).

Proof For any monic irreducible polynomial P € A, we have:

t (Z=01¢(0L/POL))|z=6

[#(0/POL]g, 0 =, det

which is a polynomial in z which evaluates to PIEK1 at z = 0. But

deg, ([a(OL/POL)]]Fq(Z)A) = dimg, OL/POL = deg, pILKT

We_deduce that the local factor at P belongs to T;(K«). The convergence of
L(¢/Or,z)L) in (Fg(2) K)o then implies its convergence in Tz (Koo). |

7.5.2 The Equivariant Class Formula

We present now the class formula in the equivariant setting.

We consider as previously a Drinfeld A-module ¢ defined over Oy, and E/L a
finite abelian extension of degree prime to p and we let G = Gal(E/L).

In this context, we can define an equivariant L-series via:

[OE/BOE] 416

L©/©0/00. ) =11 14 00 /B0

B

where the product runs over the non-zero prime ideals of Og. As in (7.7), it is
equivalent to taking the product over the non-zero prime ideals of O, or of A. And
we have the z-twisted version:

[OF, ) E/BOF,0)E];

B (2)AG]

L($/(Or, £/ OF,01)- G) =] (~ 1 '
4 ‘ w (908, 0E/FO08,0B) s, ) ar6)
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The convergence of the L-series L(¢/(Og/Or), G), and an equivariant class
formula involving it was proved, in an even more general setting, by Fang in [Fan18,
Theorem 1.12]:

Theorem 7.5.7 (Fang) We have:

L(¢/(Or/0L), G) =[Ok : U(¢; Op)lai) [H(¢: OF)]aic) -

The equivariant class formula has its origin in [AT15, Theorem A] for the Carlitz
module. We also signal to the reader the recent work [FGHP20] of Ferrara, Green,
Higgins and Popescu where an equivariant class formula is proved without the
restrictions that G is abelian and of order prime to p.

Following the proof of [AT15, Theorem A] (the details can be found in [ATR17,
Proposition 4]), one can show the z-twisted version:

Theorem 7.5.8 The L-series L(a/(OFq(z)E/O]Fq(z)L)a G) converges in (F;(z2)
K)o[G] and we have:
L($/(05,)E/ 0%, 1) G) = [0, - U@ O5, 0B |5, 0y a1

As for L(¢/O]Fq(z)L), the convergence of L(¢/(0Fq(z)E/0Fq(z)L)a G) in
(Fy(2)K)o[G] implies that it actually converges in T;(Kx)[G]. We can then
evaluate it at z = 1, and we see that the result is just L(¢/(Og/0OL), G).

Combining Theorem 7.5.7 with Proposition 7.4.9, we also get:

Theorem 7.5.9

L(¢/(OE/0L), G) =[Ok : Usi(¢: OF)]aG) -

In the case where L = K, we have a simple description of the Stark units in
terms of the equivariant L-series (see [ATR17, Theorem 2]):

Theorem 7.5.10 Let ¢ be a Drinfeld A-module defined over A and E /K be a finite
abelian extension of degree prime to p, and G = Gal(E /K). We have:

U@: Oclz]) = L@/ (05, )E/Fy () A), G) Olz]
and
Usi(¢: Or) = L(#/(Op/A). G)Ok.
Proof Since A[G] and F,(z)A[G] are principal ideal rings, we see that Of is a

rank 1 free A[G]-module, and that OFq(Z)E and U(a; O]Fq(Z)E) are free IF, (z) A[G]-
modules of rank 1. By Theorem 7.5.8, we then have:

L(¢/(08,(:y£/Fq(2)A), G) 05, -y = U(¢; OF,2)E)-
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And since L(a/(O]Fq(Z)E/Fq (2)A), G) convergesin T, (K~)[G], we get:

L@/(Ox,E/Fg()A), G)Oplz] C U@; Oglz)).

If conversely x € U(a; Ofglz]) C T.(Ex), thereis y € O]Fq(Z)E such that

x = L(/(Or,)e/Fq()A). G)y.

Since L(Es/(qu(Z)E/Fq (z)A), G) has sign 1, this implies that y € Og[z]. Thus

U($; Oclz)) = L(@/(0r,)E/Fq(2)A), G) O [z.

The second assertion comes now from the evaluation at z = 1. O

7.5.3 Examples

Let us now work out some examples of the class formula. We first treat the Carlitz
module C with L = K. We refer to Sect. 7.3.3 for the basic facts and notation on
the Carlitz module. The L-series associated to C is easily computed. Let P € A be
monic and irreducible. Then obviously [A/PA], = P. Moreover, as Cp = r9¢F
(mod IPA[t]), we get C(A/PA) =~ A/(P — 1)A so that the local factor at P is just
(1—p)"'and

rem=Tla- p'=3 "
P acAy

where A stands for the subset of monic polynomials in A. This is also the zeta
value at 1 as defined by Carlitz. The other values are, if n > 0:

1
tatmy= Yy .
a€A+a

Note that at a negative integer, the zeta value is also defined as the (finite!) sum, for
n>0:

ta-m=Yy" > a".

d>0aecAy,dega=d
Let us define

N ={x € Koo, Voo (x) > —1}.
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Because voo(D;) = —ig', we can make Corollary 7.3.6 explicit: exp is isometric
on N, so that expc(N) = N. Consequently, expo(Ks) + A = Koo so that
H(C; A) = {0}. Hence, by Theorem 7.4.6, U(C; A) = Usi(C; A). This is a rank
one A-module, and since 1 € N, we see that U(C; A) = Alogo(1). The class
formula for C can then be written as:

ta(l) = L(C/A) =[A: U(C; A)]4 =logc (D).

We thus recover this well-known equality which is a consequence of a result of
Carlitz [Gos96, Theorem 3.1.5].

Let us now fix an integer d > 0 and consider the Drinfeld A-module ¢ over A
defined by ¢p9 = 0 + (—O)dt. We see that if a € A and C, = Zf:o a;t' then

i
Ga = Zf:o a,»(—e)"‘ff—l t'. Let P € A be monic and irreducible. We thus get that
deg P_y

ép = (=6)"" -1 19%2P (mod PA[r]). But

deg P _
0! — gl+at+a® " = (_1ydeP p0) mod P.

We deduce that ¢p_ p (o)« is identically zero on A/PA and since for any Q € A,
¢¢ is a polynomial of A[t] of degree deg Q in 7, P(X) — P(O)d is the minimal
polynomial of ¢y, that is ¢(A/PA) =~ A/(P — P(0)%)A. Thus [p(A/PA)], =
P — P(O)d. We get:

PO\ 0)?
L(¢/A):l—[<l_ (P)> _y o

P a€A+

These computations are also consequences of Sect.7.6.2 below. See in particular
Eq. (7.9). Let us now describe the units and Stark units of ¢. For that purpose, we
use results that will be proved later on. We have by Proposition 7.6.5:

Usi(¢: A) = L(¢/A)A.

There are now two different cases, whether n = 1 (mod ¢ — 1) or not. This
difference is linked to the fact that the kernel of expy : Koo — Koo 18 non trivial if
andonly ifn =1 (mod g — 1).

In the case n # 1 (mod g — 1), by the proof of Theorem 7.7.1 we have
H(¢; A) = {0} and thus

U(¢; A) = Usi(p; A) = L(¢p/A)A.

In the case n = 1 (mod g — 1), the unit module is the kernel of expy, if n # 1 and
more generally the inverse image of the A-torsion submodule of ¢ (Ko) if n = 1.
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More explicitly, if n = 1:

=
U(g; A) = , A
(—=0)a-10
andifn > 1:
=
U(¢’ A) = 1 n—1 A
SO

1
where (—6)4-! is the fixed (g — 1)-st root of —0 (see Eq.(7.5)). Thus, if n > 1,
there is B, € A of degree Z:? such that

(—0)1-1 0471 L($/A) = 7 By.

Taelman’s class formula (Theorem 7.5.3) tells us that [H(¢; Op)]y = Bu.
Moreover, [H (¢; OL)]4 just vanishes whenn = 1.

7.6 The Multi-Variable Deformation of a Drinfeld A-Module

7.6.1 The Multi-Variable Setting

We have presented in the previous section the z-deformation of a Drinfeld module
¢, which, roughly speaking, “evaluates” at z = 1 to ¢. It turns out that there are
other natural ways to twist a Drinfeld module using multiple variables. The idea
here is still to twist the Frobenius 7 by a polynomial in the new variables. It is
also of interest to combine those two deformations and define Stark units for the
multiple variable deformation of our Drinfeld module. Let us now give more precise
statements:

Let #1,...,1, be new variables, with n > 1. We will denote by t the set of
variables t1, . . ., t;. We fix some additional notation:

* k=F,t) =Fy(t1,...,t),

© A=K6LK=k®). Ko = k()

* v the valuation at the place oo such that v, () = —1, extending the valuation
on K.

We fix a complete algebraically closed extension of K and we identify Co, with
the completion of the algebraic closure of K in this extension. For L a fixed finite
extension of K, L will denote the compositum of L and K, and Oy, the integral
closure of A in L. We set Lo, = L ®k K. We extend 7 to L by k-linearity and
thus to L.
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Then, the theory developed in the previous sections remain valid by replacing
F, by k. We leave to the reader as an exercice to check that the arguments carry
over. We will then be interested in Drinfeld A-modules ¢ defined over Oy, with an
obvious definition. The existence of the exponential and logarithmic maps and their
properties described in Sect.7.3.2 remain valid and we can define the A-modules
U(¢; Op) and H (¢; Or). By Demeslay’s work [Dem14], we have in particular:

Theorem 7.6.1 (Demeslay) Let ¢ be a Drinfeld A-module defined over Of..
Then:

1. the unit module

U(¢: OL) = {x € Loo. expy (x) € OL}

is an A-lattice in Ko,
2. the class module

¢ (Loo)

H(¢; O1) =
@O0 = 500 + expy (Loo)

is a finite dimensional k-vector space and an A-module via ¢,
3. the infinite product

[OL/POL]y

Lo/on =] [$(OL/POL),’

P

where the product runs over the monic irreducible polynomials P € A, converges
in LY and we have the class formula:

L(¢/O0L) =[O0L : U(¢; OL)IalH (¢; OL)]a.

Proof Part 1 and Part 2 follow from [Dem14, Proposition 2.6] and Part 3 from
[Dem14, Theorem 2.7] O

As previously, we can define the z-twist a of a Drinfeld A-module ¢ defined over
OL, by twisting the frobenius 7 by z. It is thus a Drinfeld k(z) A-module over O ;)L.
Demeslay’s work also applies to this case and we have similarly:

Theorem 7.6.2 (Demeslay) Let ¢ be a Drinfeld A-module defined over O1, and 5
be its z-twist. Then:

1. the unit module
U@: Oxon) = |x € (KDL)ce, exp5(x) € Oxcon )

is a k(z)A-lattice in (k(2)K) oo,
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2. the class module

G ((k(z)L)oo)

H(@$: 0 =z
(¢ k(Z)]L) ¢(0k(z)L) + expg((k(Z)L)oo)

is a finite dimensional k(z)-vector space and a k(z) A-module via 5,
3. the infinite product

L0k = [T g o
k(L) ‘= ~ )
» [¢(Ok(z)L/P0k(Z)L)]k(z)A

where the product runs over the monic irreducible polynomials P € A, converges
in (k(z)L)%, and we have the class formula:

L($/Okor) = [0k : U(9; Ok lkoal H(@; Okom) lk(oa-

Remark 7.6.3 As in Proposition 7.4.3, H &5, O[z]) is a finitely generated torsion
k[z]-module, so that the class module H (¢; Oy(;)1.) vanishes, which simplifies the
class formula.

We now want to work at the integral level in A or K. We then suppose that
¢p € Or[t][t]. We can thus consider ¢ either as a Drinfeld A-module defined over
LL or as a Drinfeld A[t]-module defined over Oy [t]. We denote by T, (L) the Tate
algebra in variables 11, ..., t, and coefficients in Lo, and we define the Taeclman
modules:

U(g; OL[t]) = {x € Tu(Loo). expgy(x) € OL[tl} C U(¢; OL)
and

¢ (Tn(Leo))

H(¢; OL[t]) = .
@ OLD= 4 0,18]) + expy (T (Loo))

Since ¢ is defined over OL[t], by using the functional equation ¢y expy = expy 0,
one shows that exp, has coefficients in L[t], so that expy (T» (Loo)) C Ty (Loo). We
deduce that:

U(¢; OL[tD) = U(¢; OL) NTu(Leo)-

By the same argument as in Proposition 7.4.2, we also have

U(¢: OL) = kU(¢; OL[t])
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and

H(¢; OL[t]) ®r,[y k = H(¢; OL).

By evaluation at z = 1 of the unit module, we have a well defined notion of the
module of Stark units Us¢(¢p; OL). Let us be more explicit for the construction at
the integral level. We denote by T}, ; (L) the Tate algebra in variables tq, ..., #;, z
and coefficients in L. Then we define

U@: OLlt.2D) = {x € Toz(Loo). expx) € OLIt. 2]

and
~ & (T, (L
H@ oty =, Ot
¢(OLIt, z]) + expg(Tn,: (Loo))
The evaluation at z = 1 of U (5; OL[t, z]) is our module of Stark units

Usi(¢; OL[t]) C U(¢; OL[tD).
Theorem 7.4.6 remains true here, in particular we have the following version (see
[ATR17, Proposition 6]):

Proposition 7.6.4 The map

expdj(x)fexpd) (x)

X -1

:TH(LOO) - Tu(Loo)
o

induces an isomorphism of A[t]-modules:

U(g; OL[t])

~ H(¢; Olt, —11.
Usi(: o1ty — @ Olt2Dlz =1

7.6.2 The Canonical Deformation of the Carlitz Module

We focus here on a natural multi-variable deformation of the Carlitz module built
by means of its shtuka function.

Let ¢ be a Drinfeld A-module defined over Oy and f(t) = f(#,...,t,) €
O [t]. Then we can use f to twist ¢:ifa € A and ¢, = Z;"zo a;7', then

m m

$a=) ai(fOD =Y a|[[/OHWO| "

i=0 i=0 j=0
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Remark that, as for the z-twist, we in fact twist here the action of the Frobenius t by
f(t), which induces the deformation of ¢. We get a Drinfeld A[t]-module a defined
over Oy [t].

From now on, we will be only interested in the case of the Carlitz module C.
Let us recall (see Sect.7.3.3) that C is the Drinfeld A-module defined over A by
Cop = 6+ 1. To such a Drinfeld module one can associate a so-called shtuka function
(see e.g. [Gos96, §7.11], or [Tha93]), from which one recovers the Drinfeld module,
and which encodes its arithmetic properties. In the case of the Carlitz module, the
shtuka function is simply ¢ — 6. There is therefore a natural n variable twist of the
Carlitz module, which we call the canonical deformation of the Carlitz module,
given by

fo=T]w@-o.

i=1

We thus consider the Drinfeld A[t]-module ¢ = C defined over A[t] by

go=0+f)r =0+t —0)r.

i=1

We will denote for k > 0, by fi(t) the polynomial appearing in the formula
(f(t)f)k = fi(t) 7k, that is:

n k )
Ly =T]]]a —o7).
i=1j=0

We get the exponential map exp, = Zizo 1%1- fi(® 7' and the logarithm map

log, =Y ;=0 }i fiT.
We also introduce the Anderson-Thakur w function:

—1
o) = (=)0~ ]_[ (1 - 9;.) € T1(Koo)™.

j=0

We see from (7.5) that —7 is the residue of w at + = 6 and that w enjoys the
functional equation:

() = (t — 0w ().

Thus, we get

n -1 n
exp, = (l_[ w(ti)) €Xpc (Hw(ti)) .
i=1

i=1
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In particular, we obtain:

ker(expy, : Tp(Coo) = Tn(Coo)) = I T[a)(t')
i=1 !

Alt]. (7.8)

And we remark that this kernel is included in T, (K) if, and only if, n = 1
(mod g — 1).

The L-series associated to ¢ can be computed similarly to the one of C (see
Sect.7.5.3). We have

9p = faeg p(H)TIEF (mod PA[t][7])

but

deg P—1

t—-0)t—0% - —07 )= P(t) (mod PA[t])
so that
gp = P(t1) - P(t,)t*¢ " (mod PA[tI[7]).

We deduce that P(X) — P(#1) - - - P(¢,) is an annihilating polynomial of ¢ acting
on A/PA(t). Since it is also a monic irreducible polynomial in F, (t)[X], of degree
deg P, it is its characteristic polynomial and we get by (7.2):

A
[PA(t)L =P—-P)---P(tn).

Putting all the local factors together, we obtain

P(t1) - P(ty)\ " calty 5

L(w/A)=]—[<1— " , 5 )> _y ) A T (Koo
P acAy

(7.9)

Similar calculations for the z-twist of ¢ lead to:

24P p(ty) ... P(m))‘1
P

L@/k@A) =[] (1 -

P

— Z ZdegPa(tl)'C'l'a(tn) GTn,z(Koo)X-

HEA+
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Let us compute the units:
Proposition 7.6.5 We have
U(g; Alt, z]) = L(¢/ k() A) Alt, z]
so that
Usi(p; Alt]) = L(p/A)A[t].
Moreover, [H(¢; A)]y € A[t]NT,(Kxo)™ and
[H(p; A)]p Ulp; Alt]) = L(p/A)Alt].
Proof We give the proof for U(g; A[t]). The other assertion can be proved in a
similar way, since, by Remark 7.6.3, H(@; k(z)A) vanishes.
First, since ¢ has coefficients in A[t] and because we can compute [ H (¢; A)]s
as a determinant by Eq. (7.2), we see that [H (¢; A)], € A[t].
Since the unit module has rank 1, by the class formula (Theorem 7.5.5), we get
[H(p; A)]y U(p; A) = L(p/A)A. Since U(p; A) = kU (p; A[t]), we can find
n € U(yp; A[t]) such that U(p; A) = An. We can, and will, also assume that 7 is

primitive in T, (K ), that is, not divisible by a non constant polynomial § € I [t].
We get [H (¢; A)]y nA = L(¢/A)A, so that

L(p/A) =A[H(p; A)lpn
for some A € IF‘qX. In particular, [H (¢; A)]y € Th(Koo)™. We get:

Ulp; Alt]) = U(p; A) N Tu(Koo) = ([H (93 A)];" L(/A)A) N Ty(Koo)

= [H(p; A" L(g/A)A[t]

whence the result. O

We set
N={x€?1’n(1<oo),voo(x)z ! —1}-
qg—1

Lemma 7.6.6 Ifx € N, vso (exp(p(x)—x) > Voo (X) and veo (log(p (X)—x) > Voo (x).
In particular, both exp,, and log,, define isometries N — N.
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Proof For k > 0, we compute: voo(Dy) = —qu, Voo (k) = —qqqk_fl1 and
k
Voo (fi () = —n‘;_}l. Thus, if x € N, and k > 0,

voe (fk“)fkm) = v () + (¢F = 1) (vwm +h- " ) k> Voo @)
Dy, q-1
and
s (fk(‘) fk(x)) = v () + (g = ) (q ot voow) > oo®)
I q—1
whence the result. =

Remark 7.6.7 Ifn < 2g—2,wehave T,,(Kxo) = N+A[t] C exp, (Tn (Koo))+A[t]
so that H (p; A[t]) = {0} and

Ul(p; Alt]) = Usi(g; A[t]) = L(p/A)A[t].

7.7 Applications

7.7.1 Discrete Greenberg Conjectures

As a first application of the notion of Stark Units, we present a pseudo-nullity
and a pseudo-cyclicity result from [ATR17] for the class module of the canonical
deformation of the Carlitz module. These theorems are reminiscent of the Greenberg
conjectures, in particular after evaluation at characters.

We keep the notation of all the previous sections. In particular, we recall that:

N = {x € T (Koo), Voo (x) > ! 1~ 1}-
q—
We denote now

By (t) = [H(p; A)]y € AITNT, (Koo) ™.

By Remark 7.6.7, we have B,(t) = 1if 1 < n < 2g — 2. We also introduce the
special elements:

un(t, 2) = expz(L(@/k(2)A)) € Alt, 2]

and

un(t) = un(t, 1) = exp, (L(p/A)) € A[t].
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By Proposition 7.6.5, those elements generate the A[t, z]-module (via @)
U(@; A[t, z]) and the A[t]-module (via @) of Stark units Us(¢; A[t]).

If1 <n <qg—1,L(p/A) € N;by Lemma7.6.6, we have u, (t) € NNA[t] = F,
and u,, has the same sign as L(¢/A). Thus in this case, u,(t) = 1.

As we have seen in (7.8), exp,, is injective on T, (Koo) if and only if n # 1
(mod g — 1). This leads us to distinguish the two cases, where different phenomena
occur.

7711 Casenz#1 (mod g —1)

We prove in this case the following pseudo-nullity result (see [ATR17, Theorem 3]):

Theorem 7.7.1 We have B, (t) = 1, that is, H(p; A[t]) is a finitely generated and
torsion ¥y [t]-module.

Proof Letr € {2,...,q — 1} besuchthatn = r (mod g — 1). We denote by  the
r-variable twist of the Carlitz module:

Yo=00—0) -t —0)T+6.
We set:

E:= Ly /Fq(nr,.... 1)

€ Ty(Koo)™.
@(tr41) -+ 0 (ty)

We get for a € A[t]:

EXPy (aL(W/Fq (G )|
w(tr4+1) - - o(ty)
_ Ya(ur(t1, ..., 1)) _ Ya (1)

B @(tr41) -+ - 0 (tn) _w(tr+l)"‘w(tn).

exp, (aB) =

Remark now that N = {x € T,(Kso), Voo (x) > {} so that

o
Th(Keo) = A1 ON @ 0

We then define for 1 < i, j < q_i — 1, Bij € Fy[t] by the formula:

n—=r _1

-1
exp, (6'2) — qZ 6/ B e AltI® N

j=1
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Our theorem is now equivalent to det(B;;) # 0. Since det(B;;) € IF4[t], it will be
enough to show that its evaluation at f{ = - - - #, = 0 does not vanish. Let us denote
by evp : T, (Kx) — Koo this evaluation. We have:

n—r

. )y el
evo(exp, (91 E>) = (wi))(n); e Y 0 Tevo(Bip) + A+evoN)

where 1//5 = (—6)"t + 6. An immediate induction now shows that fori > 1,
Y (1) — 0" o't A.

Thus evo(det(B;;)) # 0 and det(B;;) # 0. |

7712 Casen=1 (mod g —1)

Let us first describe the unit module in this case:

Proposition 7.7.2 Ifn = 1 then

T
T A = A
Ul Alth = (AT

and ifn > 1, then

~

U Alth = 1, "
i=1 4

Alt].

Proof Since ﬁw(t.) A[t] = ker exp,, it is clearly included in U (¢; A[t]). As the
i=1 L

unit module has rank 1, we deduce that if x € U(p; A[t]), then y = exp(p(x) is a

torsion point for ¢, that is there is a € A[t] such that ¢, (y) = 0. But, if vso(x) <0,

we see that

Voo (11 = 6) -+ (1 = 0)(T(X))) = qVoo(x) — 1 and Vo (0X) = veo(x) — 1.

If n > 1, the first quantity is strictly lower than the second, this easily implies that
no non trivial torsion point can exist: if a € A[t], ¢, (x) has the same (negative, and
even explicitly computable) valuation as @gdeg @ (x). With the same argument in the
case n = 1 we see that if x is a torsion point, it must have valuation 0, so x € F,(?).
Conversely, for x € F,(¢), we have g1 (x) = 0. |

Remark that in both cases we have the decomposition of F,[z]-modules:
T,(Kso) =N @ U(p; A[t]). In particular, if n > 1:

exp, (T (Koo)) = N. (7.10)
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In the case n = 1, we know that B, (t) = 1, so thatN, units and Stark units coincide,
we deduce that L(¢/A) equals, up to the sign, (9—:3(»(:1)' But both have sign 1, so
that we recover Pellarin’s formula (see [Pel12]):

~

T

L@D= o _ o)

If n > 1, we obtain another description of B, (t):

B, (t) = [H (¢; A)]A = (_1)2:} L((p/A) 1_[[:1?;0([[).

We deduce in particular that B, (t) has degree in 6 equal to ;:‘{ . In particular, when
n = q, we recover that B, (t) = 1 so that

EN

L(p/A) = )
(p/A) o)

More generally, if one can explicitly compute B, (t), this gives us an explicit formula

for L(¢/A). We also stress that L(p/A) 1‘[;’:17?@(;,-) € A[t] is one of the main results
of [AP15] where it is obtained without using the class formula.

Recall from Proposition 7.4.7 that we can build a map « : lz fé‘;ﬂm)
H(g; A[t, z])[z — 1]. We can compose it with the evaluation at z = 1 and obtain a

map 8 : lZf&;AA[Hi) — H(gp; A[t]). Let us remark that 8 is induced by:

expD) Ulp; Alt]) — Tn(Koo)
p(ﬂ X N Zk> kfk(t) k(x)

since we essentially differentiate expg at 1 with respect to z.

Let us denote by H D (g; A[t]) C H(g; A[t]) the image of 8.

We devote the rest of this section to the proof of the following pseudo-cyclicity
result (see [ATR17, Theorem 4]):

Theorem 7.7.3 Let n > q. There is an isomorphism of A[t]-modules:

Alt]

HD(g; Alt]) = B, ©AIL]

H (p; Alt])

and the quotient HO (o Alt)

is a finitely generated and torsion Fy[t]-module.

Proof Since Uly: Am)) is an A[t]-module 1som0rph1c top Al generated by the

Us (p; Alt] (HA[t]

image of ., we are led to compute expy )(]_[n w0l )) But we have once

w(t)’
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again:
4

F 1
(l_[f'zl w(ti)> T 0@)

where exp(CI) =D =1k le X, The proof that can be found in [ATR17, Theorem 3]

)]

exp,, exp(cl '(#)

relies on computations involving exp(Cl)(ﬁ). We will give here a slightly different
proof, more similar to that of Theorem 7.7.1 above.
We denote by i the g-variable twist of the Carlitz module:

Vo= (1—0)--(ty —O)T + 0.

1 % .
We first compute u’ = expf//) < ?zj-[w(ﬁ')). Since B, (t) = 1, we have u’ €
Alt, ..., tg1® N where Ny = {x € Ty (Koo), vo(x) > 1}. But voo ([ ﬁw(r)) =
i=1 t

_ k _ "1 _ a1
0O and for k > 1, voo (D) = —kq", Voo (lx) = —q g—1 and v (fx(t)) = —n -1

fetr, -+ tg) v gf—-1 q q
— ka* — — gk k —
Voo ( Dy ) = kq qq_l q"( -1 41

Do o ey (t1=0)(tq—0) %
which is positive if & > 1 and equals O if k = 1. Thus 098 [, o) has

sign 1, we obtain that u’ € 1 + N.
We get fora € A[t]:

(1) T
) 7 expy (@ l'l?:w(t,-))
eXp(p a n ' = o
1_[,:1 w(t;) w(tq—i-l) w(ty)

= Val) (mod N + A[t])

CU(tq+1) s o(ty)

= Va(D) (mod NV + A[t)).

CU(tq+1) s o(ty)

Remark now that

n—q

q-1 B
Tu(Koo) = All @ N @& @D 0“1 7, [1].
k=1

We then define for 1 <i, j < Z:‘{ , Bij € F4[t] by the formula:

n—q
gq—1

exp! <9i [T Tw(t.)> B Zgj_;:%ﬂij cAltl®N.

j=1
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The injectivity of 8 is now equivalent to det(8;;) # 0. Itis again enough to show that
its evaluation at 1 = - - - #, = 0 does not vanish. Let us denote by evq : T, (Kso) —
K~ this evaluation. We have:

W (2 7 _ v () j-n-t 3
evo(exp) (9 H;;lw(t,-)))_ ol ejzzjle Levo(Bij) + A + evo(N)

where ¥, = (—6)?t + 6. But again, fori > 1,
Yy (1) — 0" €' A,

Thus evo(det(B;;)) # 0 and det(B;;) # 0.
Finally, HV(p; A[t]) is a sub-F,[t]-module of H(¢; A[t]) with same rank,
which gives the last assertion. O

7.7.1.3 Evaluation at Characters

Let us now very briefly explain some consequences of Theorems 7.7.1 and 7.7.3
above. We refer the reader for instance to [APTR16, §9] for more details. Let a be
a non constant and square free elementin A and x : A/aA — F, be a Dirichlet
character mod a. Let us denote by k, the extension of IF, generated by the roots
of a. Then one can find ¢y, ..., & € kq (in fact all of the ¢;’s are roots of a) such
that for all b € A, x(b) = b(&1) - - - b(&,). We then have a natural homomorphism
of Fy-vector spaces evy : T,(Ks) — (kaK)x which evaluates #; to ¢; for all
1<i<n.
We get for instance:

b
eV, (L(p/A) = L(C/A, ) == Y X; ).
beA+

In order to define the class module associated to x, we define 7, : Koo ®F,
koK o ®F, ka by 7, = T ® id. We use it to define the Drinfeld A-module C’ over
A®r, kaby Cj =0 +[[/_;(1®¢& — 6 ® 1)7,. Then:

. C'(Koo ®F, ka)
¥ exper (Koo ®F, ka) + C'(A ®, ka)’

In fact, ev, also induces a surjection H(¢; A[t]) — H,. Moreover, although the
number n of variables involved in this construction is not unique, it is unique modulo
g — 1. The minimal number n that can be used is called the type of x. There is a
well defined notion of “almost all characters of type n” which is, roughly speaking,
all but a Zariski closed non trivial subset.
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Then, Theorems 7.7.1 and 7.7.3 imply:
Theorem 7.7.4

1. If n # 1 (mod g — 1), then for almost all Dirichlet character x of type n, we
have Hy = {0}.

2. Ifn =1 (mod g — 1), then for almost all Dirichlet character x of type n, Hy is
a cyclic A ® k,-module.

These two results remind of the celebrated Greenberg conjectures. For details on
the analogy between the two contexts we refer the reader to [ATR17, Introduction].

7.7.2 On the Bernoulli-Carlit; Numbers

As a second application, we show the non vanishing of families of Bernoulli-
Carlitz numbers modulo monic irreducible polynomials P for almost all P. This
is a striking result as it is a stronger function field version of an open conjecture on
Bernoulli numbers.

The classical Bernoulli numbers have been discovered and studied by Jacob
Bernoulli during the late seventeenth century. They can be defined as the coefficients
B,,, m > 0 which appear in the power series equality

! = Btm 7.11
e’—l_z "m (7.1

Euler computed the zeta values £ (n) = Y k=1 k" for even positive integers n with
the help of the Bernoulli numbers: if n > 0 is even then

—1 Qin)"

, . B (7.12)

¢(n) =
For more background on Bernoulli numbers, we refer the reader for instance to
[IR90, Chapter 15 §1].

In 1935, Carlitz introduced analogues of the Bernoulli numbers. Those Bernoulli-
Carlitz numbers are linked with the polynomials B, (t). We prove in this section a
quite surprising result on the Bernoulli-Carlitz numbers with the help of B, (t). Let
N > 1beanintegerand N = ) ;_ niq' be its g-expansion. Then we define the
Carlitz factorial as:

,
M(N) = ]_[D;“ cA
i=0
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where we recall (see Sect. 7.3.3) that Do = 1, and fori > 1, D;41 = D? (9‘11‘+1 —0).

The Bernoulli-Carlitz numbers are defined as the coefficients BCy, N > 0 which
appear in the power series equality (similar to (7.11)):

t N

ZBCN .
expc(t) =0 IT(N)

We also recall that for N > 1, we have the Carlitz zeta value:

taN) =) alN.

HEA+

Then the N-th Bernoulli-Carlitz numberis BCy = 0if N #% 0 (mod g — 1) and, if
N =0 (mod g — 1),

ﬁN

¢a(N) = H(N)B

Cy

reminding of Euler’s formula (7.12). (Remark that the role of 2 is played here by

g—1)
If we have the g-expansion N = Y _;_n;q', then we denote £, (N) = Y i _n;

and define the evaluation map evy : T, (v)(Ko) — Koo by evn(tj) = 0d" if
Zf;(} ni <j< Zf-‘zo n;, so that

evn(a(t) -+ alte,v)) = a®.

We recall the link between Bernoulli-Carlitz numbers and the polynomials B, (t):

Proposition 7.7.5 Let N > 2, N = 1 (modg — 1). Let P € A be a monic
irreducible polynomial of degree d > 1, such that g > N. Then BCpa_y =0
(mod P) if and only if evn (B, (n) (1)) =0 (mod P).

We do not give the proof, which can be found in [ANDTR19, Proposition 4.3] or
in [AP14, Theorem 2]. Let us just sketch the main ideas: starting with the identity
in £, (N) variables:

tg(N)

[ @) =Be,m®.

i=1

oy 4 L)

We then apply ¢ and evaluate with evy so that, up to some terms, the left
taq?=N) _ BCud-y - de ;

N = , and the right hand side is congruent to
74 -N qufN

hand side becomes

evy (Bg, (v (t)) mod P since foralla € A, ' =a (mod P).
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As a consequence of Proposition 7.7.5, we see that if evy (B, (v)(t)) # 0, then
for all P not dividing evy (By, () (t)) and such that g9 P > N, that is, for almost

all P, we have BC gl-N = 0 (mod P). In fact, we have the more precise result:

Theorem 7.7.6 Let N > 2, N =1 (mod g —1). Let P € A be a monic irreducible
polynomial of degree d > 1, such that ¢® > N. Ifd > Z"Eﬁ){l N,then BCya_y #
0 (mod P).

This is a strong version of the following open conjecture on classical Bernoulli
numbers:

Conjecture 7.7.7 Let N > 3 be an odd integer, then there exist infinitely many
prime numbers p such that B,y # 0 (mod p).

It seems however reasonable to expect that the equivalent of Theorem 7.7.6
does not hold for Bernoulli numbers. Namely, if N > 3 is an odd integer, then
there should exist infinitely many prime numbers p such that B,y = 0 (mod p).
This would be an example where number fields and function fields lead to different
results.

Theorem 7.7.6 is the main theorem of [ANDTRI19]. The key result is that
evy (By (V) (t)) is not zero. We actually prove more generally:

Theorem 7.7.8 Let n > 2, n = 1 (mod g — 1). Then for any evaluation
homomorphismev : A[t] — A such that ev(t;) is non constant for all i, we have

ev(B, (1) # 0.
Proof We give a proof different from the one of [ANDTR19]. Recall:

»(K)
H(p; A) = .
WA= exp, () + 0(A)
And B, (t) = [H (¢; A)],, in particular:
By (t) = det(Z — ¢o | H(p; A))jz=0-

We set r = Z:({ As for (7.10), we have

exp, (K) = {x S INOES il - 1}.

Since fl —1=r+ il,abasis of H(gp; A) is given by 91,, cee, 1 We compute the
matrix of g in this basis. It is the sum of a matrix M,, that we must determine and of
anilpotent matrix N, = (8;,j+1)1<i, j<r Where §; ; is the Kronecker symbol. That is,
the coefficients of NV, immediately above the diagonal are 1, and 0 elsewhere. Note
that M,, is the matrix of (¢ —60)---(t, —0)7.Sinceg(r —k) =r +n — gk + 1),
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we getin H (¢; A):

r—1

1
(1 =0) (=0T ) =D

j=0

o(qlk+1) - j)
or-i

where

o(H =D 3T gy

i1 <ip<--<ij
if 0 < j < n,and o(j) = 0 otherwise. (Note that 0 (0) = —1.) Thus,
M, =(0(g—0G—1D)i<j<r-

We will replace the polynomials o (j) by symbols independent of the number of
variables in order to proceed by induction on n. We define on F; variables X, j > 0
and a valuation val on [F4[X;, j > 0] such that val(X;) = j by stating that if

n
f= > ..k 1_[27
j=1

thenval(f) = —ooif f = 0andval(f) = inf{X:;'.:1 Jkj: ag,,...k, # 0} otherwise.
We moreover set Xg = —1land ¥; = 0if j < 0. Let
My = (jg—G-1) 1< j<r -

We have the evaluation map ev, : Fy[Z;, j > 0] — F,[t] defined by ev,(X;) =
o(j) (recall that o(j) = 0if n < j). Then val(f) equals the valuation of ev,(f)
with respect to the ideal (¢4, ..., t;), and

M, =ev,(M,).
Developing now det(Z1, — M, — N,) with respect to the last column, we find
det(ZI, —M,, — N,) = Zdet(ZI,_| — Mn—(q—l) — Nn—(q—l)) + €

where € is a sum of terms which are multiples of elements in the last column of
M, that is, 3,4 1), 0 < i < r all of them of valuation at least rg — (r — 1) =
rig—1)+1.

Thus, by induction, det(ZI, — M, — N,) = Z" + Y ', B;Z"~ with val(B;) >
i(q — 1)+ 1, and thus

,
By =0+ Bi(t)o

i=1
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where the valuation of B;(t) € IF,[t] with respect to (71, ..., 1,) is at least i(g —
1) + 1. Thus for every evaluation homomorphism ev, ev(B, (t)) has valuation r at
the place 6 of A. O

7.8 Stark Units in More General Settings

In this final short section, we want to stress out that the machinery of Stark units
carries over to more general settings than Drinfeld F,[0]-modules. The results
presented in Sect.7.4 have indeed been developed in [ANDTR17] for Drinfeld
modules over a general A. More precisely, we replace K with a function field in
which F, is algebraically closed, fix a place oo of K and write A for the ring
of functions regular outside oo (see [Pel20, §2.2]). If L/K is a finite extension,
a Drinfeld A-module over Oy is an [F;-algebra homomorphism

such that ¢, = a (mod t) for all @ € A. We refer the reader to [Pel20, §3] for
a presentation of the Drinfeld modules in this general setting. We can define units
in this setting, and follow the constructions presented in this text, that is, twist the
Frobenius by a new variable z, define z-units and evaluate them at z = 1 to obtain
Stark units.

Let K+ denote the completion of K at oo and F its residue field. We choose a
sign functionsgn : KX — FX, thatis, a group homomorphism which is the identity
on F% . A rank one Drinfeld module ¢ is sign-normalized if there is an i € N such
that

Va € A\[0), ¢o=a+ait+---+sgn(@)? 1989,

Stark units are used in [ANDTR17] to obtain various results for sign normalized
rank one Drinfeld modules: explicitly computing the Taelman units, obtaining a
class formula and some log-algebraicity results, that is, constructing explicit units by
the mean of the L-series. As in Sect.7.6.2, canonical deformations of these Drinfeld
modules are also introduced by means of their shtuka functions.

In [ANDTR20a], Stark units have been extended to Anderson ¢z-modules (for
A = F,[0]) which are defined as [F;-algebra homomorphisms

B {Fq[el - M, (Op)[7]
. a = Ea:Ea,0+Ea,1T+'~+Ea,rdegatrdeg“
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such that (E, — E4,0)" =0 forall a € IF,;[0]. For instance, the n-th tensor power of
the Carlitz module is the Anderson t-module defined by

0 1 00...0

Ey = o +1: |
R 00...0
0 10...0

We refer the reader to [AT90] for more details about these Anderson r-modules.

Once again, Stark units play a key role in [ANDTR20a] to determine the
Taelman’s units of -modules which allows to prove that a large class of -modules
satisfy a conjecture of Taelman stated in [Tae09]. They are also used to establish
log-algebraicity identities for the tensor powers of the Carlitz module.

One can finally extend the definition of 7-module to a general A and define Stark
units in this context where the machinery of Sect. 7.4 still works.

We also signal to the reader two very recent works involving Stark units: in
[GND20] Green and Ngo Dac use Stark units to obtain log-algebraic identities for
Anderson 7-modules. They derive from it some logarithmic identities on multiple
zeta values. In [ANDTR20b], the authors prove a class formula generalizing
Theorem 7.5.3 to a large class of Anderson modules over a general A, which
includes in particular all Drinfeld modules.

We will end this survey with a remark on the level of generality to which one
can extend the notion of Stark units. At the beginning of this work, we had an
exponential map, that is a power series in the Frobenius t which satisfies a certain
functional identity involving 7, and we wanted to study the Taelman units, that is
the inverse image of the integral elements through the exponential map. We then
introduced the Stark units by twisting the Frobenius T with a new variable z and
proceeded to the study of the z-units before evaluating at 1 to get a natural sub-
module of the Taelman units. If we now consider a difference field (K, t) (see
[DV20, §2]), then the above construction should carry over if we have a suitable
exponential map. It would be interesting to work out Stark units in this general
setting (which involves a definition of a suitable exponential map). Due to the formal
nature of the construction, one would expect applications mainly in the case of non
archimedean fields. L. Di Vizio’s contribution [DV20] to this volume gives many
examples of difference fields for which one could try to see what comes out from a
construction of Stark units.
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