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Abstract The separation of granular materials into specific fractions by size on sieve
classifiers is a large and complex system both in terms of the separation process and
hardware design. The separation process depends on many design and operating
parameters, the shape and size of the sieve cells, the number of sieves, as well as
the fractional composition, shape and particle size of the material to be separated,
i.e. is a cyber-physical system (CPS). The key to CPS is the mathematical model of
the separation process, which is used in the control system. A mathematical model
of the process of separation of granular materials on sieve classifiers based on the
theory of random processes is developed. As a random process, the linear particle
density of the considered fractions on the sieve surface is considered and a system
of stochastic differential equations is constructed for its determination. The obtained
solutions allow us to determine the recovery coefficient and evaluate the separation
efficiency. Based on the constructed mathematical model, the design and operational
parameters of the classifier were optimized. The performance criteria and separation
efficiency are considered as optimization criteria. All this allows us to control the
process of separation of granular materials by determining the optimal values of
the operating parameters of the classifier depending on the fractional composition,
shape and size of the particles of the original material to be separated and its other
characteristics.
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1 Introduction

The separation of granular materials into specific fractions by size, shape, density
and other characteristics is a common technological process. Such processes can be
used as an independent operation to isolate the target product of a given fractional
composition, as well as an auxiliary operation to remove impurities before grinding
the material. To separate bulk materials by size, vibration devices are often used,
in particular, multilevel sieve classifiers [1, 2]. The processes of separation of bulk
materials using similar equipment depend on a large number of design and operating
parameters, the shape and size of the sieve cells, the number of sieves, as well as the
fractional composition, shape and particle size of the material to be separated, i.e. Itis
a large and complex system both in terms of the process of separation and hardware
design. Thus, the process of separating granular materials can be considered as a
cyber-physical system (CPS). The key to CPS is the mathematical model of the
separation process, which is used to determine the optimal design parameters of the
equipment used and the operational parameters of its operation to control the process
itself [3-8].

Mathematical models of the processes that occur during the separation of gran-
ular materials are the basis for the optimal design and technological calculation of
the sieve classifier. In the article [1], particle motion in an oscillating medium was
studied, various models of vibrational motion were considered, and dependences
were obtained for the average velocity and segregation velocity. In the articles [2, 3,
5], the process of isolating target products on sieve classifiers was studied using the
theory of random processes. In particular, in the article [3], the process of separating
granular media on sieve classifiers was considered as a diffusion process and a change
in the concentration of the number of passage particles along the thickness of a layer
of granular material depending on time towards a vibrating surface was studied from
the standpoint of Markov processes and described by the Kolmogorov-Fokker-Plank
(K-F-P) equation.

In the article [5], the theory of Poisson processes is used to describe the separation
process on screens. In many works, for example [4-7], the kinetics of the separation
process on sieve classifiers has been considered. For example, in the article [6] the
stochastic process of motion of small particles in a large medium in the direction of
a sieve is considered on the basis of the theory of Markov chains. The work [7] is
devoted to the study of segregated flows during the organization of various processes
for processing granular materials. These works propose the principle of organizing
technological processes with controlled segregated flows, the formation of which is
accompanied by most of the processes of processing dispersed materials associated
with the mutual movement of particles. In the article [8], the process of separating
granular medium by density on a sieve device was studied. This device consists of
a pair of mesh screens with 1 mm square apertures mounted above the surface of a
vibrated fluidized bed. The upper mesh contains a large central hole referred to as a
Sink-Hole. This device allows you to effectively separate bulk material with particle



Modeling of Vibration Separation of Bulk Materials ... 67

sizes in the range of 2.8—8.0 mm. The Monte Carlo simulation screening probability
as described in the works [9, 10].

The probabilities of sifting particles into sieve cells were studied in the articles
[2, 4, 5]. The probability of passage of particles through the openings of the sieves
is determined depending on the geometric dimensions and shape of the particles and
the openings of the mesh sieves, as well as the speed of vibrational motion. The
movement of granular materials on a vibrating surface depending on the hydrody-
namic properties of the material to be separated, particle size distribution, the shape
of individual particles, the presence of specific properties, etc. can be simulated
both in the approximation of a single material point and on the basis of methods of
mechanics of heterogeneous media [11-16]. For example, the article [15] describes
the main characteristics of the state of bulk material and an overview of the physical
phenomena observed by vibration, which contributes to a better understanding of the
behavior of bulk material to improve separation efficiency.

Modeling of the separation of granular materials on sieves using Markov processes
was carried out in the article [17]. A system of stochastic differential equations is
constructed with respect to the density distribution of the number of particles on the
sieve surface. This allows you to find all the interesting characteristics of the process.
However, this approach makes it possible to describe the processes of separation of
granular materials into only a small number of fractions with a relatively small
number of tiers of the classifier. This is due to difficulties in solving a system of
equations (K-F-P) of large dimension with respect to the distribution density of a
random process.

The optimization of processes associated with the separation of granular mate-
rials was considered in the works [18, 19]. As optimization criteria, equipment
performance, separation efficiency, and other economic indicators can be considered.

Thus, various approaches can be used to simulate the process of separating gran-
ular materials into specific fractions by size, but taking into account the random nature
of the process as a whole, the stochastic approach is most preferable [2—11, 20-23].

Despite the obvious achievements in the quantitative description of the processes
of separation of granular materials, which was facilitated by the development of
mathematical modeling and the widespread use of computer technology based on
the theory of stochastic processes and methods of mechanics of heterogeneous media,
a description of these processes taking into account discreteness, stochasticity and
their optimal design are not complete. It should also be noted that there are few
publications related to the optimization of separation processes, especially in a multi-
criteria setting. Therefore, mathematical modeling of the processes of separation of
granular materials according to various criteria, taking into account stochasticity, the
development of calculation methods and their optimal design are an urgent task for
chemical technology and related industries.

The aim of this work is the mathematical modeling of the vibrational separa-
tion of bulk materials by size on multilevel sieve classifiers to control this process,
considering it as a large and complex system.
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2 Mathematical Modeling

The process of vibrational separation of bulk materials into specific fractions by size
on a multi-tiered sieve classifier is considered. The working body of the multi-tiered
classifier is several oscillating screening surfaces, which can be made in the form of
a sieve or a bolter. Moreover, they are located one above the other, forming tiers. The
initial granular material, which is characterized by a size distribution function, is fed
to the beginning of the upper tier and is divided into a passage and a descent part
in the process of vibrational movement. At the same time, the first largest fraction
is removed from the first tier, and the product for separation at the next i-th tier is
granular material sifted from the upper i—1-th tier.

A description of the process of isolating target products from bulk material on a
sieve classifier will be carried out taking into account the stochastic nature of such
processes. As a random process, we consider the value of N; = N;(x, t; d;), which
determines the linear density of particles with dimensions d; at a distance x from the
beginning of the i-th sieve at time ¢. Then the system of kinetic equations describing
the process of thin-layer separation of bulk materials on a sieve classifier can be
represented in the form [2]:

dN; AN IN;

fav—— = &i—1N;—1 — o; N; + Bin; (1), =0,i=1,n (1
QO 8t+ oy = imNio—« + Bini (1), ao i no (1)

where o; are the kinetic equation coefficients, n is the number of classifier screens,
n; (t)—are time-delta-correlated random functions (white noise) with known numer-
ical characteristics M[n;] =< n;(t) >= 0 and K[n;] =< n;On;(t + 1) >=
A;6(T)/2, B; is the intensity, A;/2 is the spectral density of white noise. A feature
of Eq. (1), which allows us to call them stochastic, is the presence of an effect in the
form of white noise.

The number of particles of the selected fraction on the surface of the i-th
sieve at any time t > f; = L;/V;,, is determined by the expression: N:(t) =
fOLi N;(x,t;d;)dx, where L; is the length of the sieve, V; , is the average speed of
vibrational motion. The deviation of the number of N; () particles from the average
value at any time is related to the probability of sieving particles into sieve cells.
The probability of sifting into a cell depends on the size and shape of the particles,
the particle size distribution of the material to be separated, constraint conditions
and other factors, as well as on the relative speed of the vibrational movement of the
material. Therefore, the number of N; (¢) particles is considered as a random process.
Approximation of the random process N; by white noise is possible, because the
correlation time of the random process is much shorter than the average residence
time of the selected particles on the surface of the sieve. Taking into account the
properties of white noise, process N; is a Markov process; therefore, to study it, one
can use the mathematical apparatus of the theory of Markov processes. Then the
distribution density of the random process W;(Ny, ..., N;, x, t) is determined from
the solution of the system of equations (K-F-P):



Modeling of Vibration Separation of Bulk Materials ... 69

W 5 P it o
S (i W) = Y (EW) 5 3 S (B W), i =T,
Py oy (Via W) ;aNk( Hzggaxkaxj( Wi, i =1.n

2

where x; = Ny, k = 1,1; Xi41 = X, By;j—is the diffusion coefficient. Solving
equations (K-F-P) for large values of n is a difficult task.

The coefficients of kinetic equations in a first approximation are calculated by the
dependence:

a; = Vi wpi/2a;,

where p; is the probability of sifting into the cell, 2qa; is the step of the i-th sieve.
The coefficients «; determine the number of particles passing through the cell in one
second, thereby characterizing the rate of change of the random process.

The probability of sifting into the cell is considered as a complex event [2]:
D = PgPv, Where p, is the probability, which depends on the size and shape of
the sieve cell and particles of the material to be separated, and p, is the probability,
which depends on the relative speed of the particle on the vibrating surface. The
calculation of the probability of sifting into a cell was considered in the article [2].
The probability of speed is determined by the formulas:

P =2—(P@)+ P0), 2= Va—Vi)/o, 20 =Vi/o, 2= (Va = Vi) /0

where V,, is the particle velocity amplitude relative to the sieve, ®(x) is the standard
normal distribution function, Vj, o are the parameters of the normal law, which are
determined in the process of identifying the constructed models. To do this, the
calculated values of the extraction coefficient are compared with the experimental
values obtained at some well-defined high-speed modes of operation of the apparatus.

The vibrational motion of granular media was studied in sufficient detail in the
article [1], the calculation of the average speed, the relative velocity amplitudes for
some modes of vibrational motion are given in the work [2].

Consider the solution of differential Eq. (1) under the following initial and
boundary conditions:

N;(0,x) =0fori = I, mand N (¢,0) = N1o(t), N;(t,0) =0fori =2,m. (3)

Conditions (3) determine the supply of the material to be separated only at the
beginning of the upper tier of the multilevel classifier, N o is the number of selected
particles (1/m) that arrive at the beginning of the first sieve. Using the replacement
T, =t —x/V;, z=x,Eq. (1), taking into account conditions (3), can be solved by
reduction to ordinary differential equations. Then the average value of the random
process Nlj for the first sieve, taking into account conditions (3), has the form:

ﬁ{ (t1,2) = N{O(rl)exp(—a{ z/ V1), and the general solution of the differential
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equation with respect to the average value of the random process for the i-th sieve
can be written in the form:

N (5, 2) = Moo %= 0, exp(eadz/ V)
! V,...V; ’ (@)

oo+ exp(—a,-jz/Vi)]

where
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These results can also be obtained on the basis of the theory of Poisson processes.

In the general case, the solution of the system of equations (K-F-P) regarding the
distribution density of a random process is carried out by numerical methods. When
approximated by white noise, arandom N; process is normal. Therefore, knowing the
numerical characteristics of the random process, we can write an approximate solu-
tion for the distribution density and transition probabilities, which are fundamental
solutions to the Cauchy problem under delta-shaped initial conditions:

. P 2
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For the first sieve, an analytical solution to Eq. (2) can be obtained. By replacing
¢ = Nyexp(—a1x/Vy), & = Bia (1 — exp(—2c;x/V})), the equation (K.-F.-P.) for

2ay

. . . . . . V 2W
the first sieve is reduced to the simplest diffusion equation: % = %33;2/‘ and the

solution of the resulting equation is written as an integral convolution:

= 1 00_ —0 2 2] 2
om0 = e [ Wao,m (o= ) —ew( 57 ) Jar
0

where WlO(N 1, T1) is the distribution density of N in the initial section.

Then the general solution of the equation (K-F-P) for the first sieve has the form:

Wi(Ny, x, 1) = Wi(e, §, 1) exp(—a1x/ V1).

For the remaining screens, starting from the second, obtaining an analytical
solution to the equations of system (2) is a difficult task.

The coefficients of the kinetic equations of system (1) &/ determine the probability
of passage of particles of the j-th fraction through the holes of the i-th sieve per unit
time, thereby characterizing the rate of the process. Then the average value of the
number of passes of the j-th fraction from the i-th sieve, taking into account solution
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(4) for the time At;, is determined by the formula:

At; L;

//a;'ﬁfo exp(—a{z/v,-)dzdt - V,»At,-ﬁ{o(l —exp(—aijLi/Vi), )
0 0

where N{o is the number of particles of the j-th fraction per unit length of the i-th sieve

in its initial section. The expression V; Ay N{O in (5) determines the total number
of particles of the j-th fraction entering the i-th sieve during the time At;. Then, the
extraction coefficient of the j-th fraction from the i-th sieve, taking into account (5),
is determined by the formula:

nl =exp(—a/Li/ Vi), i=T,n, j=i, i+]1,

where j = i is the coarse (passing) fraction, j = i 4 1 is the next largest (passing)
fraction. The classification process will be the more effective the more you can get
the extraction and less “pollute” the products. The separation efficiency on the i-th
sieve is calculated by the dependence:

Ei=n(1—n"") x100%, i =1,n,

where nf“ is the fractional fraction of the coarse fraction in the coarse fraction,
which for the i-th fraction is considered as the fraction of impurities in the target
product.

Figure 1 shows the results of calculations of the distribution of the linear particle
density of the target products along the first and second sieves of the multilevel
classifier. Based on the obtained solutions, the extraction coefficients of the target
products are calculated. Also, the quality of the sieved residues from the sieves is
evaluated. For this, the proportion of non-target products (small) that are in the target
product is determined. Based on the constructed mathematical models to determine
the optimal values of the structural and operational parameters of the classifier, it is
possible to formulate and solve the optimization problem in a multi-criteria setting
[19].

3 Separation Process Optimization

The efficiency of the separation process can be evaluated by various criteria [18].
Separation results can be characterized by indicators such as, for example, recovery,
pollution, concentration, etc. This creates some uncertainty when evaluating the
operation of the equipment used and the quality of separation. In practice, the quality
of separation is most fully evaluated by two indicators—the degree of extraction of
the desired fraction from the starting material and its contamination.
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The processes of separation of granular materials on sieve classifiers depend on
a large number of design and operating parameters, characteristics of the shared
material, i.e. is a large and complex system. To control this process, on the basis
of the constructed mathematical model, the optimization problem is constructed in
a multi-criteria setting [19]. The optimization results will allow you to control the
separation process by adjusting the operating parameters of the process depending
on the fractional composition, shape and particle size of the shared material. The
performance of the apparatus and the coefficients of separation efficiency on screens
are considered as criteria:

max Q(A, w, o, B,h, B) = p.hBV,,,

max Ef; (A, w,a, B, D;, Li,r;) =n;(1 — R) x 100%, i =1, m ,

under conditions:x;nin <x; < x;“‘“, (p,’(“i“ <A, 0, a, B) < o™, (6)
where x}“i“, x'"® is the smallest and greatest value of the component of the vector
X =(A,w,a,B,D, L,h,r), ¢ are the functional limitations associated with the
selected speed regime, A is the amplitude of the oscillations of the sieves, w is the
frequency of the oscillations of the sieves, o, § are the angles of inclination and
vibration of the sieves, p. is the bulk density, L; is the length of the i-th sieve, B
is the width of the sieve, D; is the diameter of the cells of the i-th sieve, V,, is the
average velocity of the granular material on the first sieve, & is the thickness of the
layer of granular material at the beginning of the first sieve, R; is the proportion of
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non-target products in the target hopper, r;—requirements for separation products,
for example, R; < r;.

Optimization on a multi-criteria basis makes it possible to select design and opera-
tional parameters of equipment, taking into account several criteria necessary for the
production. For example, along with efficiency, it is necessary to take into account
the productivity indicator, as well as other economic indicators. But it is impor-
tant to understand that for the classification process, these indicators from a certain
moment, as they individually approach the extreme values, come into conflict. This
is the essence of multi-criteria tasks.

The multicriteria problem (6) is solved by known methods [2, 19, 24]. For the
practical organization of the classification process, depending on the type (shape) of
particles, fractional composition, the type and size of the cell hole are selected, and the
length of the sieves, their angle of inclination, and the amplitude of oscillations as a
result of the corresponding calculations given in the article [2]. The optimal values of
the angle of vibration and vibration frequency are determined from the solution of the
optimization problem. The device should be able to be controlled without significant
changes in design parameters by adjusting the operating parameters depending on
changes in the characteristics of the material being shared.

4 Results and Discussion

A computational experiment was carried out using a complex of programs [25]. A
polymer-based granular material with linear dimensions in the range of (0.65-2.65)
x 1073 m and the same diameters of 1.5 x 10~* m was considered. The bulk density
of the material was p. = 1160 kg/m?, porosity — 23%. The dimensions of the first
fraction are (2.15-2.65) x 1073 m, the second (1.65-2.15) x 10 m. To select the
first fraction, a lattice of length L = 1.5 m and width B = 1.0 m with mesh sizes of
(3.2 x 3.2) x 10 m with a circular hole of diameter D = 2 x 1073 was selected.
The angle of inclination of « sieves was varied within 00-50, the amplitude of the
oscillations A is within (3-5) x 107 m, the height of the exit slit of the loading
hopper h = 4 x 1073 m, the requirement for the purity of separation r; < 8%. As
a result of solving the multicriteria problem, a compromise solution was obtained:
Efi = 87.4%, Q = 1320 kg/h. Optimum parameter values: w = 48.54 s~! and
B = 10.06°. The average velocity was V,,, = 7.94 x 10~ m/s, the amplitude of the
relative velocity was V, = 0.285 m/s, the extraction coefficient of the first fraction
was 11 = 0.95. Thus, the constructed mathematical models make it possible to
determine all the interesting characteristics of the separation process and, based on
the solution of the multicriteria problem, to establish the optimal values of the design
and operating parameters of the multi-tiered classifier.
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Conclusion

The theory of random processes using the experimental results to determine the
model parameters allows you to build mathematical models of the vibrational sepa-
ration of bulk materials into specific fractions by size on multi-level sieve classi-
fiers, to evaluate the separation efficiency and determine the optimal values of the
design and operating parameters of the classifier. The mathematical model and the
experimental results make it possible to control the separation process by adjusting
its operating parameters depending on changes in the characteristics of the shared
material, considering the separation process on sieves as a large and complex system.
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