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Abstract. We define the problem segment cover as follows. We are given
a set of pairs of sub-intervals of the unit interval. The problem asks if
there is a choice of a single interval from each pair such that the union of
the chosen intervals covers the entire unit interval. This problem arises
naturally while attempting to compute visibility between a point and a
line segment in the plane in the presence of uncertain obstacles. Segment
cover is equivalent to a restricted version of SAT which we call contiguous
SAT. Consider a SAT with the following restrictions. An input formula
is in CNF form and an ordering of the clauses is given in which clauses
containing any fixed literal appear contiguously. We call this restricted
problem contiguous SAT. Our main result is that the problems segment
cover and contiguous SAT are NP-hard. We also discuss hardness of
approximation for these problems.

1 Introduction

In this paper we consider two very related problems. One of them we call the
segment cover problem and the other one contiguous SAT. These problems are
encountered when trying to introduce a specific model of uncertainty into visi-
bility problems, see Sect. 1.2 below for the connection to this uncertain visibility
model which has been the origin of this work. These two problems are very
natural and we expect that they would be encountered in similar situations.

1.1 Problem Statements and Results

Our first problem is called the segment cover problem. Let I be an interval of
the real line, this interval is fixed once and for all and for simplicity we take
I = [0,1]. We call a closed sub-interval of I a segment. An uncertain segment
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is a pair s = {l,r} of two segments. An uncertain segment models the situation
where we know that the “real” segment is one of [ or r but we do not know which
one. Let S = {s;,i = 1,...,n} be a set of uncertain segments. The segment cover
problem asks: Is there a choice of I; or r; (but not both) for each ¢ such that
the union of the chosen segments is I. See Fig. 1 for an example. In other words,
if the uncertain segment s; is [; with probability 0 < p; < 1 and is r; with
probability 1 — p;, the problem asks to decide if the probability of the entire
interval I being covered is non-zero. We show in Sect. 2 that the segment cover
problem is NP-hard. We remark that if we require that any two segments (of all
uncertain segments) are disjoint or coincide, then the NP-hardness result does
not apply. Therefore the NP-hardness is not immediate because of the presence
of a choice. Also one is justified for having the first impression that this problem
should not be NP-hard. We reduce 3SAT to segment cover. The method we use
for the reduction is simple, however we believe it is novel.
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Fig.1. An instance of segment cover with 3 uncertain segments. The segments are
depicted above the interval for clarity.

Our second problem, the contiguous SAT is a restricted SAT problem. The
input to contiguous SAT is i) a SAT instance in CNF form C; A Cy -+ A Cpy,
where the C;’s are m clauses, and ii) an ordering on the C;. The instance must
satisfy the contiguity condition: any literal appears in a contiguous set of clauses
with respect to the given ordering. It is convenient to assume that the subscripts
of the C; respect the given ordering. Then the contiguity condition requires that
for any positive literal x, the ¢ such that = € C; form a contiguous set of numbers,
and similarly for the literal —z. For example, the following formula is an input
to contiguous SAT with the left-to-right ordering of the clauses.

(371 V xo V .’1?3) A\ ($1 V xo V ﬁ.’173) A\ (.’1?1 V —x3 V ﬁ.’131)
But the following is not a valid input.

(.131 \Y i) V .133) A (_\33‘1 V X9 V —\.133) N (1‘1 \Y R \Y —\.131)
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Lemmal states that the above two problems are linear-time equivalent.
Therefore, by the results of this paper, the contiguous SAT problem is also
NP-hard. The segment cover problem provides a geometric view to contiguous
SAT. This point of view has been useful in proving our results.

We also consider a special case of the segment cover problem in which the
input segments are all of equal length. We call this problem all-equal segment
cover. We show in Theorem 2 that all-equal segment cover is NP-hard. From this
result follows that a problem called Best-Case Connectivity (BCU) in [9,10] is
NP-hard even in dimension 1. Therefore we strengthen a main result of [9,10]
considerably.

The BCU problem is defined as follows. Let Ry,..., R, be n closed regions
in the d-dimensional Euclidean space. These are called uncertainty regions. Find
the minimum value of r satisfying: there exist points p; € R; such that the
union of the balls of radius r centered at the p;, |J, B(pi,r), is connected. In
[9,10] it is shown that this problem is NP-hard in the plane, d = 2, even when
each uncertainty region is a pair of points. They leave the case d = 1 open. We
reduce this problem to the all-equal segment cover in Corollary 1. See Fig. 2 for
an example.

Fig.2. What is the minimum radius such that the union of three balls, one chosen
from each color, is connected?

In Sect.4 we also prove hardness of approximation results for the segment
cover problem.

1.2 Relations to Uncertain Visibility

This section describes the motivation behind our problems and can be skipped.
One of the basic problems in computational geometry is computing visibility in
various configurations of points and obstacles in the Euclidean plane. Visibility
plays an important role in robotics and computer graphics, among other areas.
In robotics, for example, the efficient exploration of an unknown environment
requires computing the visibility polygon of the robot or test whether the robot
sees a specific object or not.

Suppose that we are given a set S of n obstacles in the plane, say in the
form of convex polygons. Two points p and g are wvisible to each other if their
connecting line segment does not intersect any of the obstacles in S. A line
segment ¢ C R? is visible to a point p if p is visible to at least one point of the
line segment t.
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In a version of wvisibility testing problem we are given a set S of n obstacles in
R? and our goal is to preprocess S so that we can quickly answer a query of the
form: is a query segment ¢ C R? visible from a query point ¢ € R?? For instance
q is a camera and the segment represents an object of interest.

Recently, there has been some attention to situations wherein there is uncer-
tainty in the obstacle positions. Then, two points are visible to each other with a
certain probability. Examples of these kind of problem can be found in [1,7]. We
introduce uncertainty into the set of obstacles .S as follows. Each obstacle exists
in one of two possible locations with given probabilities. Consequently, the set
S is replaced by a set of pairs {l;,7;} of obstacles. We denote the set of pairs
again by S. The probabilistic visibility testing problem asks to preprocess S to
answer the following query: What is the probability that a given segment I C R?
be visible from a given query point ¢? It was shown in [1] that computing this
probability exactly is #P-hard. Note that for a fixed ¢, each possible location
of an obstacle covers a sub-segment of I. Then the probability that the interval
I be visible to ¢ is 1 if and only if, for any choices of [; or r; the projections of
the chosen obstacles to I do not cover the interval I. This is our segment cover
problem. See Fig.3. Our results imply that deciding that a given point ¢ can
always see a given segment I is NP-hard, in the presence of uncertain obstacles.

Fig. 3. 3 uncertain obstacles, each with two possibilities [;, r;, the projection each
uncertain obstacle gives an uncertain segment, one such uncertain segment is depicted
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1.3 Related Work

The problems around the visibility concept have been an active research area
since the beginning of computational geometry. Point and edge visibility [4,5,11,
18], the art gallery problem [27], the watchman route problem [8,23], visibility
graphs and their recognition [15,17] are among the topics of interest in this field.
Uncertainty is very natural in applications and indeed has been studied from a
more practical viewpoint, like robot motion planning [6,12,14,24,26].

There are many restrictions of SAT that are NP-complete. They include
k-SAT, k > 3, NAE-SAT, 1-in-3 SAT [30], planar 3-SAT [22], planar 1-in-3
SAT [21], monotone planar cubic 1-in-3 SAT [25], 4-bounded planar 3-connected
3-SAT [20]. Let us denote by (r,s)-SAT the SAT problem restricted to clauses
containing exactly r variables, and each variable appearing in at most s clauses.
Tovey [31] has shown that (3,3)-SAT is always satisfiable and (3,4)-SAT is NP-
Complete. In addition, it is proved in [28] that 3-SAT restricted to instances
where each variable appears at most three times is NP-Complete. A stronger
result, proved in Dahlhaus et al. [13], states that planar 3-SAT in which each
variables appears exactly three times, and twice with one literal, a third time as
the other literal, is still NP-Complete. These results will be used in Sect.2. We
make use of the hardness of SAT instances where each variable is restricted to
a few clauses in our proof of hardness of all-equal segment cover. None of these
special cases directly imply hardness of contiguous SAT. Indeed although our
reduction is quite simple its method is novel to the best of our knowledge.

2 Reduction
In this section we reduce 3SAT to segment cover.

Convention. We make the following convention that by a literal of a SAT
instance we mean an appearance of x or —x for some variable z in ¢. There-
fore, a literal is uniquely determined by determining its clause and a number. In
addition, if an interval is the union of sub-intervals such that the sub-intervals
share only endpoints with each other and are otherwise disjoint, by abuse of
notation and for simplicity, we say that the interval is a disjoint union of the
sub-intervals.
We begin by observing the following.

Lemma 1. The problems segment cover and contiguous SAT are equivalent with
linear-time reductions.

Proof. Given an instant of segment cover construct an instance of contiguous
SAT as follows. Partition the interval I using the endpoints of all of the given
segments into subintervals J;. The J; are closed sub-intervals that only share
(one or two) endpoints with the neighboring sub-intervals and otherwise are
disjoint. For each sub-interval J; we define a clause C;. For any uncertain segment
sj = {lj,r;} define a variable z;. For all ¢ and j, add the literal x; to the C;
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if J; is covered by I; and add the literal —x; to the C; if J; is covered by r;.
Order the C; using the left-to-right ordering of the sub-intervals .J;. This defines
an instance of contiguous SAT. See Fig. 4.

If the contiguous SAT instance we constructed is satisfiable then we choose
for s;, the segment [; if x; = 1 and r; if x; = 0. These choices cover all of I. If
the segment cover is satisfiable then the contiguous SAT instance is satisfiable.
Therefore segment cover reduces to contiguous SAT.

Similarly given an instance of contiguous SAT with m clauses one can con-
struct an instance of segment cover by i) partitioning the segment I into m
sub-intervals J; = [(i—1)/m,i/m],i =1,--- ,m, and associating J; to C; and ii)
defining a segment s; for the variable z; and defining /; and r; by concatenating
the sub-intervals corresponding to clauses in which z; or —z; appear. We omit

the details. O
Iy
1
Iy T2
® '.
A
3
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G Cy O3 Cy Cs Cs c; Cs Cy Cio Cn

Fig. 4. Defining a SAT instance from a segment cover instance, for example C5 =
(—|$1 V xo V 433)

We now start our reduction of 3SAT to segment cover. More over we assume
that clauses contain exactly three literals. Let ¢ be the given 3SAT formula
with s clauses, C1,...,Cs. For simplicity of presentation assume each variable
appears at least once as a positive literal and at least once as a negative literal in
¢. We first divide the interval I into s disjoint sub-intervals B; = [(j —1)/s, j/s],
j=1,...,s. Next, we define an arbitrary one-one correspondence between the
clauses and the intervals B;. For simplicity we take B; to be the sub-interval
corresponding to C}.

Clause Uncertain Segments. We partition each B; into three equal parts, Bji,
Bjs and Bj3. Next we consider the set T; = {{Bj1, Bj2}, {Bj2, Bjs}} containing
the two uncertain segments {B,1, Bj2} and {Bj2, Bjs} as shown in Fig. 5. T}
has the following property.

Lemma 2. For any choice of segments from the uncertain segments of T}, at
most two intervals among Bj1, Bjo and Bjz are covered.
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We define an arbitrary one-one correspondence between the literals of C}
and the sub-intervals Bj;, Bj2 and Bj;3. We denote this correspondence by «; :
L;(¢) — {Bj1,Bj2,Bj3z}, where L;(¢) denotes the set of of literals of C;. We
denote by « the one-one correspondence between all appearances of literals in
¢ and all By, j = 1,...,s, k = 1,2,3 which is defined by the ;. Again for
simplicity we can take a to be the correspondence suggested by the subscripts,
that is if Cj = (/\1 VA V /\3) then O((/\i) = Bji, 1= 1,2,3.

Variable Uncertain Segments. Let x1,...,x,, be the variables of the given for-
mula ¢. We shall construct a collection of uncertain intervals S; for the variable
x;. For each variable, these uncertain intervals are defined by means of a com-
plete bipartite graph denoted G;, i = 1,...,m. The vertices of G; are the literals
of ¢. The vertices are divided into two parts denoted P; and N, namely positive
and negative literals. This finishes the definition of G;.

For each i, using G;, we define the set S; as follows. Let v € P, U N; be a
literals of x; and take J = a(v). Let d = d(v) be the degree of v in the graph G;.
Partition the interval J into d disjoint (sharing only endpoints) sub-intervals,
and define an arbitrary one-one correspondence (3, between the edges incident
on v and these sub-intervals. Perform this subdivision for the intervals a(v) for
all v € P;UN;. We obtain thus a set of one-one correspondences (3, between the
edges incident to the vertex v and subintervals of J = «(v).

Now the uncertain segments S; are defined by the edges of the graph G;
and their corresponding sub-intervals. In more detail, let e = {vp,vn},vp €
P;,uny € N; be an edge of the graph G;. Then e determines the segment 3, . (e)
inside a(vp), and the segment [, (e) inside a(vy). Then s, € S; is defined as
the uncertain segment containing these two segments.

7
h ™

ll : 1

Bj Bjs B

Fig. 5. The uncertain segments defining 7}, the segment are shown above the interval
for visual purposes

The segment cover instance for ¢ is the set of uncertain segments S =
U?ll Si U Uf:l T;.
2.1 Correctness of the Reduction

In this section we show that there is a covering of the unit interval with the
uncertain segments .S if and only if the given sentence ¢ is satisfiable.
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Assume that ¢ is satisfiable. Observe that each uncertain segment s € S; C .5,
has a positive segment and a negative segment. Namely, the positive segment is
the one which corresponds to the incidence of the edge to a vertex in the positive
part of Gy, i.e., P;, and analogously for the negative segment. Hence we can write
s = {sp, sn} where s, = By, (€), s, = Buy(€), where e = {vp,vn} is the edge
defining s. Now assume z; takes the value 1 (=true) in the assignment that
satisfies ¢. We choose s,, otherwise we choose s, for all s € S;.

We spell out the following fact.

Lemma 3. An interval Bjy,, for some jo € {1,...,s}, ko € {1,2,3}, satisfies
a(v) = Bjyr, for some v € P; if and only if x; has a positive literal in Cj,.
Analogously, an interval Bjy, satisfies a(v) = Bjk, for some v € N; if and
only if x; has a negative literal in Cj, .

From the above lemma, whenever we choose the uncertain segments as above,
since each clause is satisfied, each clause C; has a literal v (=vertex in some
graph) all of whose incident edges have chosen that vertex. Hence, a(v) among
Bj1,Bjs and Bjz is covered. It remains to cover the two remaining intervals.
This is easily done by a suitable choice for the uncertain segments of the set Tj.
This finishes one direction of the proof.

Consider now the other direction. We have to show that if there is a choice for
each uncertain segment s € S, such that the unit interval is covered, then, there
is an assignment of 0 and 1 to the variables x; that satisfies the given formula ¢.
Consider a clause Cj = (A VA2V A3), where \; are literals. And let x;,, z;,, z;, be
the corresponding variables. The interval B; is covered by the chosen segments.
Recall that the uncertain segments correspond to the edges of the graphs G;
(other than elements of the T;) and that a choice of an interval for an uncertain
segment is equivalent to choosing one endpoint of the corresponding edge.

Lemma 4. Assume there is a choice of uncertain segments such that I is
covered. Consider the graphs Gy, ,Gi,, G, of variables of any clause C; =
(M V A2 V A3). There exists at least one vertex A among A;, i = 1,2,3, such
that, each edge incident on A has chosen .

Proof. The uncertain segments in T; leave at least one of Bj1, Bjs and Bjs
uncovered, wlog, let it be Bj;. The interval Bj; has to be covered using the
uncertain segments of S. All the edges incident on A\; are required to choose A,
otherwise, some part of the interval Bj; = a(A1) would remain uncovered. O

To construct an assignment from the choices of uncertain segments S we
do as follows. Consider any clause B;. Lemma4 gives a k € {1,2,3} such that
a vertex in Gy, is chosen by all its incident edges. If the vertex is in F;, , set
z;, = 1, otherwise set x;, to be 0.

First, we prove our assignment is well-defined. Assume for the contrary that
x; has been assigned both 0 and 1. Let v, € P; be the vertex based on which
we have assigned 1 to z;, and let v,, € N; be the vertex based on which we have
assigned 0 to x;. Therefore all of the edges incident to v, have chosen v, and all
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the edges incident on v,, have chosen v,. But this is a contradiction since G; is
a complete bi-partite graph.

Second, we show that the assignment satisfies all of the clauses. Take a clause
C; and consider its corresponding interval B;. Let x be the vertex returned by
Lemma4 and v the vertex of the graph of x all of whose incident edges have
chosen it. If v is a positive literal in Cj, v is in the positive part of G. Hence
our procedure setting x = 1 satisfies the clause. If x has a negative literal in Cj,
then v appears in the negative part of G. Hence setting x = 0 will satisfy Cj.
This finishes the proof of the correctness of the reduction.

We now bound the run-time of the reduction procedure. Assume the given
formula ¢ is an arbitrary 3SAT instance. In linear time in number of clauses we
construct the sets T} of uncertain segments. Let variable x; appear in p; clauses
as a positive literal and in n; clauses as a negative literal. Then the graph G; is
Kp, n, and has p;n; edges. Thus our reduction is of complexity O(s+ Y ." | pin;).

Theorem 1. The problems segment cover and contiguous SAT are NP-
Complete.

Remark. If we start by the NP-Complete problem studied by [13] in which each
variable appears at most three times then the number of our uncertain segments
is exactly 2s+2m (this would require also dealing with clauses with two literals).

3 All-Equal Segment Cover

In this section we strengthen our result to show that the segment cover remains
NP-complete even when we require that the lengths of the intervals all be equal.
We call this problem all-equal segment cover. We will later deduce that the
problem BCU of [9,10] (defined in Sect. 1) is also NP-complete for d = 1.

We now describe the modifications to the reduction necessary to keep all
the intervals the same length. Observe that we can make sure that the intervals
Bj1,Bjo, Bjs, for all j, have equal length. It remains to make sure that the
intervals in the uncertain segments from the S; have equal length and have
also length equal to the Bj;. For simplicity in this argument, we will start by
a special 3SAT problem, namely, the one considered by [13]. They have proved
that planar 3-SAT remains NP-Complete when each variable appears at most
three times, once as one literal, twice as the other. If a clause contains only
two literals we change the intervals 7} of Fig.5 accordingly. When applying
our reduction to this type of formulas, we will see that in the final uncertain
segments intervals Bj1, Bj2, Bjs are divided into at most two smaller intervals.
With these preliminaries in mind, we will substitute the intervals in the Fig. 6
for the corresponding intervals from the construction of Sect.2. In this figure
Bj1, Bjs, Bjs play the roles of Bji, Bj» and Bjs of the original reduction. Note
that we have assumed in the figure that the worst case happens, i.e., each three
of the sub-intervals is divided. The other cases are simpler.

Theorem 2. The problem all-equal segment cover is NP-Complete.
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Proof. Consider a clause C; and its sub-interval B;. To the set T} of the original
reduction we add s — 1 new uncertain segments, each of them consisting of two
copies of the same segment. This insures that certain subsets of the interval I are
always covered, see Fig.6 (for instance, {s1, s]} is such an uncertain segment).
The set S; of uncertain segments for the variable x; is defined just as in the
original reduction, but with the modification that a vertex interval Bjj is not
partitioned, rather the sub-intervals for the at most two incident edges are copies
of the interval Bjj, one of them slightly moved to the right, the other slightly
moved to the left.

We need to check that the new intervals have the required properties used
in the reduction. As before, at most two of the intervals Bj;, Bj3 and Bjs can
be covered by the uncertain segments from (updated) Tj. It is easily checked
that any interval, say Bj;, which is not covered, can only be covered when both
of the intervals of the incident edges are present. Hence, the same correctness
argument applies here as well. a

We next show that the optimization problem called BCU and studied in
[9,10] is NP-complete on the real line. For the definition of BCU refer to Sect. 1.

Corollary 1. The 1-dimensional BCU is NP-complete.

Proof. Let the set {s1,...,s,} of uncertain segments be an instance of all-equal
segment cover. For each s;, construct an uncertain region w; containing two
points, namely, the midpoints of the two intervals in s;. We add two more regions
defined as follows. Let x; be the smallest coordinate and x, be the largest coor-
dinate of any midpoint. Moreover, let r be half the length of an interval. Define
ug = {x; — 2r,2; — 3r} and up11 = {z, +2r, 2, + 3r}. Add these two sets to the
problem instance. Then the u; define an instance of BCU. An algorithm solving
BCU returns a minimum 7’ such that there are n + 2 disks of radius r’/, with
centers at the points of the u;, one center from each u;, such that the area they
cover is connected. Because of ug, u,1 we have always r’ > r. Moreover, ' = r
if and only if the answer to the original all-equal segment cover is affirmative.

-
lg -~ -~
L — L —
T T 3 T4
L — L — 0
D E— ls — o s o0 T — o
L ly I3 ly
Bjo Bji Bja Bjs Bjs Bjs B+

Fig. 6. The labelled intervals on the top define uncertain segments 7j, unlabelled ones
in the bottom define sets S;.
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4 Approximation

In this section we consider the approximation of the segment cover problem. We
can define two natural approximation problems. The first, called max-segment
cover, or max-SC for short, asks to choose one interval from each uncertain
segment such that the union of the resulting intervals is of maximum length
possible among all the choices. Here we have extended the meaning of length
of an interval to the length of a union of disjoint intervals in the obvious way.
Therefor, max-SC asks for maximum coverage.

The second, called contiguous maz-SC, requires a choice of an interval
from each uncertain segment such that a maximum-length connected interval
is obtained, among all connected intervals of all choices. Therefore contiguous
max-SC asks for maximum connected coverage. In this section we discuss the
approximation problem max-sc and leave more specialized study of contiguous
max-SC as an open problem.

4.1 Hardness of Approximation for Max-SC

We first prove hardness of approximation for max-SC. Let max-E3SAT be max-
3SAT restricted to formulas in which each clause contains exactly three literals.

Theorem 3. Let ¢’ be a ratio beyond which it is NP-hard to approzimate mazx-

ESSAT. Then it is NP-hard to approzimate maz-SC with ratio larger than ¢ =
42
==

Proof. Suppose we are given an instance ¢ of max-E3SAT with n variables. We
shall apply the reduction of Sect.2 to ¢ and obtain an instance of max-SC,
however, we need some modifications. Consider a graph G; constructed in the
reduction. If |P;| = |N;| we leave the graph as it is, otherwise, let |P;| < |N;|.
We add |N;| — |P;| dummy vertices to |P;| to make the two sets equal. We do
analogously in the other case. Let G; denote the modified graphs, i = 1,...,n.
We build the uncertain segments S; from G’l as follows. Let v be a vertex of
G; and m = |P;| = |N;|. If v is not a dummy vertex, it has associated with
it a sub-interval of a clause-interval. We make sure all these sub-intervals have
length 1, and a clause interval has length 3. If v is a dummy vertex, associate
to it the fixed interval J’ of very small length € > 0, anywhere outside all of the
clause intervals.

Next, we build the uncertain segments S; as before from the graphs G; and
associated intervals. Let W be the total length of the union of the intervals of
uncertain segments .S;, then by construction

W =3s+e.

Note that any two intervals of (possibly different) uncertain segments defined
here are disjoint other than when both intervals are sub-intervals of J'.

We run the approximation algorithm for max-SC on our instance. The algo-
rithm makes a choice from each uncertain segment. We modify this choice
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slightly. If any uncertain segment has chosen a sub-interval of J’ we reverse
this choice. It is clear that at the end we have at worst decreased the total
approximated length by €. And we have not decreased the approximated length
over the original clause intervals.

Observe that the total length that the uncertain segments chosen from T;
contribute is at most 2W/3 = s. If from any clause-interval the choice from T;
covers only 1/3 of the interval, then the middle interval Bjs is covered. We change
the choices so that only 1/3 of the interval is not covered, by covering either of
Bj; or Bjs. This insures that from any clause interval exactly one sub-interval
is not covered by the T;.

Now from the modified choice of uncertain segments and the graphs G; define
the graphs G/, as follows. For each i, from the graph G;, remove any vertex whose
interval is covered in the approximation by intervals from 7;. Denote the new
graph by G. The total length of the intervals corresponding to the non-dummy
vertices of G} is W/3 = s. Next, define an assignment as follows. We distinguish
five cases from each other.

— Case 1: The graph has original vertices in positive part only, and, dummy
vertices are in positive part. For any edge e € G; that is not incident with
a dummy vertex, we redirect the choice to the positive side. Note that since
any interval we uncover is covered by T; this does not decrease the length of
the approximation. After these re-directions, any non-dummy vertex in the
positive side of G; has all its sub-intervals chosen.

— Case 2: The graph has original vertices in positive part only, and, dummy
vertices are in negative part. For any edge e € G; that is not incident with
a dummy vertex, we redirect the choice to the positive side. Recall that all
the other edges have also chosen the positive side. Then again after this
re-direction of choice all the vertices in positive part of G;, have their inter-
vals covered. Again this operation does not decrease the total approximated
length.

— Cases 3, 4: These are analogous to the previous cases, where non-dummy
vertices appear in the negative part only. We perform analogously as in those
cases.

— Case 5: The graph has non-dummy vertices in both parts, or it has only
dummy vertices. In this case, we can assign an arbitrary value to z;. We
choose the side which does not have dummy vertices and redirect all the
edges of G; towards that side. Re-direction of the choice for an edge not
incident on a dummy vertex does not change the approximated weight. Also
we had set the choice for edges incident on dummy vertices away from them.
It follows that all the intervals associated to the vertices of the chosen side
are covered.

Thus we have defined an assignment. Now we compute the number of clauses
satisfied by our assignment. The length not covered by the T; and covered by the
S; in the approximation is at least ¢(W +¢€) — %W After the above redirection of
the choices, an interval corresponding to a clause is either all covered or covered
in exactly 2/3 of its length. Therefore, ¢(W + ¢) — 2W is (lower bound for) the
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total number of the intervals satisfied by our assignment. For any algorithm that
runs in polynomial times we must have ¢(W +¢€) — 2W = 3cs + ce — 25 < (/s.
This implies

d+2

3+ ¢

s

The claim follows. O

Remark. By a seminal result of Hastad [19] max-E3SAT cannot be approximated
by a ratio larger than 7/8. Using this result the above theorem implies that max-
SC cannot be approximated beyond the ration 23/24, unless P = NP.

Approximation of Max-SC. To approximate max-SC, we can the existing algo-
rithms for weighted max-SAT, which is a well-studied problem in the literature.
We refer to the sequence of papers [2,3,16,29]. We form a SAT from our seg-
ment cover instance as follows. Any maximal sub-interval J C I = [0,1] that
does not contain an endpoint defines a clause, and in it are literals correspond-
ing to uncertain segments covering the interval J. See the proof of Lemma 1. We
assign the length of J as the weight of the corresponding clause. Given we have
an algorithm for weighted max-SAT with approximation ratio 0 < ¢’ < 1, then
clearly we have an algorithm with the same ratio for max-SC.
It is interesting to see these upper and/or lower bounds improved.
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