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Abstract Let R be a prime ring of characteristic different from 2, Q, be its
right Martindale quotient ring and C be its extended centroid. In this paper we
define b-generalized skew derivations of prime rings. Then we describe all possible
forms of two b-generalized skew derivations F and G satisfying the condition
F(x)x — xG(x) = 0, for all x € S, where S is the set of the evaluations of
a multilinear polynomial f(x,...,x,) over C with n non-commuting variables.
Several potential research topics related to our current work are also presented.
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1 Introduction

In this paper, unless otherwise mentioned, R always denotes a prime ring with center
Z(R). We denote the right Martindale quotient ring of R by Q,. The center of O,
is denoted by C, which is called extended centroid of R. We refer the reader to the
book [4] for more details.

An additive mapping d: R —> R is said to be a derivation of R if

d(xy) =d(x)y + xd(y)

for all x,y € R. An additive mapping F: R — R is called a generalized
derivation of R if there exists a derivation d of R such that

F(xy) = F(x)y + xd(y)
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for all x, y € R. The derivation d is uniquely determined by F, which is called an
associated derivation of F.

The definition of generalized skew derivation is a unified notion of skew
derivation and generalized derivation, which are considered as classical additive
mappings of non-commutative algebras, have been investigated by many people
from various views, see [1, 9, 11-14, 16, 24, 25, 28, 29, 39, 42, 45]. Let R be an
associative ring and « be an automorphism of R. An additive mappingd: R — R
is said to be a skew derivation of R if

d(xy) =d(x)y +a(x)d(y)

for all x, y € R. The automorphisms « is called an associated automorphism of d.
An additive mapping F': R —> R is called a generalized skew derivation of R if
there exists a skew derivation d of R with associated automorphism « such that

Fxy) = Fx)y +a(x)d(y)

for all x, y € R. In this case, d is called an associated skew derivation of F and o
is called an associated automorphism of F. It was Chang who first introduced this
notion and initiated the study of generalized skew derivations of (semi-)prime rings
in [10]. Therein, he described the identity of the form 4 (x) = af (x) + g(x)b, where
f, g and h are the so-called generalized (o, 8)-derivations of a prime ring R, a and
b are some fixed noncentral elements of R.

It is worth pointing out that many research papers are devoting to studying
the additive mappings in the interfaces between algebra and operator algebra. In
[7], BreSar and Villena investigate the automatic continuity of skew derivations
on Banach algebras and gave the skew derivation version of noncommutative
Singer-Wermer conjecture on Banach algebras. Various technical generalizations of
derivations on (semi-)prime rings are used to discuss the range inclusion problems of
generalized derivations on noncommutative Banach algebras, see [5, 8, 27, 46, 47].
More recently, Eremita et al determine the structure of generalized skew derivations
implemented by elementary operators [30]. Liu and his students characterize a
(generalized-)skew derivation F of Banach algebras so that the values of F on a left
ideal are nilpotent [41, 43]. Qi and Hou in [45] study generalized skew derivations
on nest algebras determined by acting on zero products.

Bresar in [6] gives a description of additive mappings which are commuting on
a prime ring R. More precisely, he proves that if F is an additive mapping of R
into itself which is centralizing on R and if either R has a characteristic different
from 2 or F is commuting on R, then F is of the form F(x) = Ax + ¢(x), where
A is an element of the extended centroid C of R and ¢ is an additive mapping of
R into C. Moreover, the general situation when two additive mappings F and G
of the ring R satisfy F(x)x — xG(x) € Z(R) for all x in a subset S of R is
considered. In particular, it is showed that if 0 # F and G are both derivations
of R and S is a nonzero left ideal of R, then R is commutative. Many researchers
successfully extended this result concerning derivations, by replacing S with other
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subsets of R or replacing F and G with other types of additive mappings. In [49],
Wong characterizes derivations F and G of R such that F'(x)x —xG(x) € Z(R), for
all x € S, where S is the set of all the evaluations (in a non-zero ideal of R) of a non-
central multilinear polynomial over C. Later, Lee and Shiue in [36] extend Wong’s
result to derivations acting on arbitrary polynomials. Then, in [40], Liu generalizes
the theorem of Wong to one-sided ideals. More recently, Chen in [15] extends Lee
and Shiue’s result to generalized derivations.

In a recent paper [34], Kosan and Lee propose the following new definition. Let
d: R — Q, be an additive mapping and b € Q,. An additivemap F: R — O,
is called a left b-generalized derivation, with associated mapping d, if F(xy) =
F(x)y + bxd(y), for all x,y € R. In the present paper this mapping F will be
called b-generalized derivation with associated pair (b, d). Clearly, any generalized
derivation with associated derivation d is a b-generalized derivation with associated
pair (1, d).

In view of this idea, we now give the following:

Definition1 Let b € Q,,d : R —> Q, an additive mapping and « be an
automorphism of R. An additive mapping F' : R — Q, is called a b-generalized
skew derivation of R, with associated term (b, «, d) if

F(xy) = F(x)y + ba(x)d(y)

forall x,y € R.

According to the above definition, we can conclude that general results about
b-generalized skew derivations may give useful and powerful corollaries about
derivations, generalized derivations, skew derivations and generalized skew deriva-
tions.

The main goal of the present paper is to prove the following theorem. It
characterizes b-generalized skew derivations which are commuting on multilinear
polynomials in prime rings:

Theorem 1 Let R be a prime ring of characteristic different from 2, Q, be its right
Martindale quotient ring and C be its extended centroid, « € Aut(R), d and §
skew derivations of R with associated automorphism o, such that both d and § are
commuting with a. Suppose that F, G are b-generalized skew derivations of R,
with associated terms (b, «, d) and (p, o, 8), respectively. Let f(x1,...,x,) be a
non-central multilinear polynomial over C with n non-commuting variables. If

F(f(rlv"-srn))f(rlf'-'7rn)_f(rls'-'7r}’l)G(f(r17-'-vrn)):O (1)

forallry, ..., ry € R, then one of the following statements holds:

1. there exists a’ € Q, such that, F(x) = xa’ and G(x) = a’x forall x € R;
2. f(x1,..., xn)2 is central-valued on R and there exist a’,b’ € Q, such that
F(x) =a'x +xb', G(x) = b'x + xa’, forall x € R.
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Let us recall some results which will be useful in the sequel.
Note 1 Let R be a prime ring, then the following statements hold:

1. Every generalized derivation of R can be uniquely extended to Q, [35, Theorem
31

2. Any automorphism of R can be uniquely extended to Q, [19, Fact 2].

3. Every generalized skew derivation of R can be uniquely extended to Q, [10,
Lemma 2].

Lemmal Let R be a prime ring, « € Aut(R), 0 # b € Q,, d: R — R
be an additive mapping of R and F be the b-generalized skew derivation of R
with associated term (b, o, d). Then d is a skew derivation of R with associated
automorphism a.

Proof See [26, Lemma 3.2].

Lemma 2 Let R be a prime ring, o« € Aut(R), b € Qr, d: R —> R be an additive
mapping of R and F be the b-generalized skew derivation of R with associated term
(b,a,d). Then F can be uniquely extended to Q, and assumes the form F(x) =
ax + bd(x), where a € Q,.

Proof See [26, Lemma 3.3].

2 Some Results on Differential Identities
with Automorphisms

In order to proceed with our proofs, we need to recall some well-known results on
skew derivations and automorphisms involved in generalized polynomial identities
for prime rings.

Let us denote by SDer(Q,) the set of all skew-derivations of Q,. By a skew-
derivation word we mean an additive mapping A of the form A = did; .. .dy,
where d; € SDer(Q,). A skew-differential polynomial is a generalized polynomial
with coefficients in Q, of the form @ (A ;(x;)) involving noncommutative indeter-
minates x; on which the skew derivation words A; act as unary operations. The
skew-differential polynomial @ (A ;(x;)) is said to be a skew-differential identity
on a subset T of Q, if it vanishes on any assignment of values from 7T to its
indeterminates x;.

Let R be a prime ring, SDj,; be the C-subspace of SDer(Q,) consisting of all
inner skew-derivations of Q,, and let d and & be two non-zero skew-derivations of
Q. The following results follow as special cases from results in [18-21, 33].

Note 2 Let d and § be skew derivations on R, associated with the same automor-
phism « of R. Assume that d and § are C—linearly independent modulo SDjp;.

If d and § are commuting with the automorphism « and @(A;(x;)) is a skew-
differential identity on R, where A; are skew-derivations words from the set {d, 6},
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then @(y;;) is a generalized polynomial identity of R, where y;; are distinct
indeterminates (see [33, Theorem 6.5.9]).

In particular, we have

Note 3 In[22] Chuang and Lee investigate polynomial identities with a single skew
derivation. They prove that if @ (x;, D(x;)) is a generalized polynomial identity
for R, where R is a prime ring and D is an outer skew derivation of R, then R
also satisfies the generalized polynomial identity @ (x;, y;), where x; and y; are
distinct indeterminates. Furthermore, they observe [22, Theorem 1] that in the case
@ (x;, D(x;), @(x;)) is a generalized polynomial identity for a prime ring R, D is
an outer skew derivation of R and « is an outer automorphism of R, then R also
satisfies the generalized polynomial identity @ (x;, y;, z;), where x;, y;, and z; are
distinct indeterminates.

Note 4 1f d and 6 are C—linearly dependent modulo SDjy, then there exist A, u €
C,a € Q, and @ € Aut(Q,) such that Ad(x) + ud(x) = ax — a(x)a forall x € R.

Note 5 By Chuang and Lee [22] we can state the following result. If d is a non-zero
skew-derivation of R and

¢<x1, o X, d(xD), .., d(xn))

is a skew-differential polynomial identity of R, then one of the following statements
holds:

1. either d € SDjy ;
2. or R satisfies the generalized polynomial identity

®(xla'-'axnayla'-'ayn)'

Note 6 Let R be a prime ring and I be a two-sided ideal of R. Then I, R, and Q,
satisfy the same generalized polynomial identities with coefficients in Q, (see [18]).
Furthermore, I, R, and Q, satisfy the same generalized polynomial identities with
automorphisms (see [20, Theorem 1]).

Note 7 Let R be a prime ring, Inn(Q,) be the C-subspace of Aut(Q,) consisting of
all inner automorphisms of Q, and let o and 8 be two non-trivial automorphisms of
Or.

o and B are called mutually outer if ! is not an inner automorphism of Q,.

If @ and B are mutually outer automorphisms of Q, and @ (x;, «(x;), B(x;)) is an
automorphic identity for R, then by Kharchenko [32, Theorem 4] we know that
@ (x4, yi, z;) is a generalized polynomial identity for R, where x;, y;, z; are distinct
indeterminates.
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Note 8 Let Rbeaprimering,«, 8 € Aut(Q,) andd : R — R be a skew derivation,
associated with the automorphism «. If there exist 0 # 6 € C, 0 # n € C and
u,b € Q, such that

dx) = 9<ux — oc(x)u) + n(bx - ,B(x)b), Vx € R 2)

then d is an inner skew derivation of R. More precisely, either b = O or o« = S.

Proof Starting from relation (2) we have

d(xy) = 9<Mxy - Ol(x)ot(y)u) + n(bxy - ,B(X)ﬁ(y)b) Vx,yeR. (3

On the other hand,

d(xy) =d(x)y +ax)d(y) =
9<ux — a(x)u)y + n(bx — ﬂ(x)b)y—l— @

a(x)6 <uy - a(y)u> + Ot(X)n(by - ﬁ(y)b)-

Comparision of (3) with (4) leads to

n(ﬁ(X)ﬁ(y)b — B(x)by + a(x)by — Ot(X)ﬁ(y)b> =0, Vx,yeR. &)

Suppose first that « and g are mutually outer, in the sense of Note 7. Therefore,
by (5) and since n # 0, it follows that

y1y2b — yiby +x1by — x1y2b =0,  Vx,y,x1, y1, 2 € R. (6)
In particular, for yo = x1 = 0 we get y1by = 0, for any y, y; € R and, by the
primeness of R, it follows b = 0, as required.
Now we assume that o and 8 are not mutually outer, that is there exists an invertible

element ¢ € Q, such that B! (x) = gxg~', for any x € R. Replacing x by 8(x),
it follows easily that «(x) = g (x)g~!. Hence by (5)

BE)B(3)b — B(x)by + qB(x)g~'by — gB(x)g 'B(»b=0, Vx,yeR

that is

(qﬂ(X)q1 — ﬁ(x)) (ﬁ(y)b - by) =0, Vx,yeR. (7
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Now replace y by yz in (7), then

<61/3()C)611 - ﬁ(X)> (ﬁ(y)ﬁ(Z)b - byz) =0, Vx,y,z€R ®)

and using (7) in (8) it follows

(#3(30(1_1 - ﬂ(X))ﬂ(y)<ﬂ(Z)b - bZ) =0, Vx,y,zeR. €)

By the primeness of R, one has that either 8(z)b — bz = O, for any z € R, or
gB(x)g~' — B(x) =0, for any x € R. In the first case d(x) = 9<ux — oc(x)u) and

we are done. In the latter case, for any x € R we get S(x) = gB(x)g~ " = a(x) and
we are done again.

Note 9 Assuming that f(xq, ..., x,) is a multilinear polynomial over C and d is a
skew derivation of R, associated with the automorphism o, we denote

fxr o x) = Z YoXo(l) - Xo(2) " Xo(n), Yo € C.

oESy

Let f%(x1, ..., x,) be the polynomial originated from f(xi, ..., x,) by replacing
each coefficient y,; with d(y,). Thus

d(J/a “Xo(1) " Xo(2) " 'xa(n)) =d(Vs)Xs(1) " X6(2) " - " Xo ()t

n—1

+a(yo) Z a(Xg(1) - Xo2)  * Xo()AdXa(j+1) X (j42) * * * Xo ()
j=0

and

d(f(xt, .. x0) = fA00, 0 x)+

n—1
+ Z a(yo) Za(xaa) X0 (2) X () (Xo (j+1)) X0 (j+2) -+ Xo (n)-
j=0

oEeSy,
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3 Commuting Generalized Derivations and Commuting
Generalized Skew Derivations

Here we would like also to collect some results in literature concerning commuting
generalized derivations and commuting generalized skew derivations. This section
will be useful in the sequel in order to conclude the proof of our main results.

Proposition 1 ([2, Lemma 3]) Ler R be a prime ring, Q, be its right Martindale
quotient ring and C be its extended centroid, f(x1, ..., X,) be a multilinear polyno-
mial over C, which is not central-valued on R. Suppose there exist a, b, c,q € Qy
such that

(af(rl,...,r,,)~|—f(r1,...,r,,)b)f(rl,...,rn)

(10)
—f(rl,---,rn)<6f(r1,---,rn)+f(r1,---,rn)4) =0
forallry, ..., r, € R. Then one of the following statements holds:
l.a,geC,g—a=b—-—c=aec(C;
2. f(x1, ..., x,,)2 is central-valued on R and there exists o € C suchthatq —a =
b—c=u;
3. char(R) = 2 and R satisfies Sa.
Corollary 1 Let R be a prime ring and f(x1, ..., x,) be a multilinear polynomial
over C with n non-commuting variables. Let a,b € R be such that
af(ri.....r)* + f1,...r)bf (1, ) =0
forallry,...,r, € R.If f(x1,...,Xxy) is not central valued on R, then either

a = —b € C, orchar(R) = 2 and R satisfies Sj.

Lemma 3 ([2, Lemma 1]) Let R be a prime ring and f(x1,...,x,) be a poly-
nomial over C with n non-commuting variables. Let a,b € R be such that
af(ri,...,mm) + f@r1,...,r)b =0 forallry,...,r, € R.If f(x1,...,X,) is
not a polynomial identity for R, then either a = —b € C, or f(x1,...,%x,) is
central-valuedon R and a+b = 0, unless char(R) =2 and R C M>(C), the2 x 2
matrix ring over C.

Corollary 2 Let R be a prime ring of characteristic different from 2 and f (x1, ...,
Xp) be a polynomial over C with n non-commuting variables. Let a € R be such that
f@r1,...,mm)a=0(oraf(ry,...,rp) =0)forallry,...,rn € R.If f(x1,...,Xn)
is not a polynomial identity for R, then a = 0.

Theorem 2 ([2, Theorem 1]) Let R be a prime ring, Q, be its right Martindale
quotient ring and C be its extended centroid, I a non-zero two-sided ideal of R,
F and G non-zero generalized derivations of R. Suppose that f(x1,...,x,) is a
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non-central multilinear polynomial over C such that

FC(fOri,oooora) fri,oooimm) = fOr ) Gf(rn, o)) =0

forallry, ..., r, €1, then one of the following statements holds:

1. there exists a € Q, such that, F(x) = xa and G(x) = ax forall x € R;

2. f(x1,.. .,x,,)2 is central-valued on R and there exist a,b € Q, such that
F(x) =ax 4+ xb, G(x) = bx + xa, forall x € R;

3. char(R) = 2 and R satisfies Sa, the standard identity of degree 4.

4 Some Remarks on Matrix Algebras

Let us state some well-known facts concerning the case when R = M, (K)
is the algebra of m x m matrices over a field K. Note that the set f(R) =
{f@r1,...,r)|r1, ..., € R} is invariant under the action of all inner automor-
phisms of R. Let us write r = (r1,...,r;) € R X R x ... X R = R". Then for
any inner automorphism ¢ of M,,(K), we get that r = (¢(r1), ..., ¢(r,)) € R"
and ¢(f(r)) = f(r) € f(R). As usual, we denote the matrix unit having 1 in
(i, j)-entry and zero elsewhere by ¢;;.

Let us recall some results from [37]. Let T be a ring with 1 and let ¢;; €
M,,(T) be the matrix unit having 1 in (i, j)-entry and zero elsewhere. For a
sequence u = (A, ..., Ay) in M, (T), the value of u is defined to be the product
lul] = AjAz---A, and u is nonvanishing if |u| # 0. For a permutation o of
{1,2,---,n}, we write u° = (Ag(1), ..., Ag(m)). We call u simple if it is of the
formu = (aie; j;, -, anei,j,), where a; € T. A simple sequence u is called even
if for some o, |[u?| = be;; # 0, and odd if for some o, |u’| = be;; # 0, where
i # j.In[37] it is proved that:

Note 10 Let T be a K-algebra with 1 and let R = M,,(T), m > 2. Suppose that

g(x1, ..., xy) is a multilinear polynomial over K such that g(u) = O for all odd
simple sequences u. Then g(xy, ..., x,) is central-valued on R.

Note 11 Let T be a K-algebra with 1 and let R = M,,(T), m > 2. Suppose that
g(x1, ..., x,)is amultilinear polynomial over K. Letu = (A1, ..., A,) be asimple
sequence from R.

1. If u is even, then g(u) is a diagonal matrix.
2. If u is odd, then g(u) = aep, forsomea € T and p # q.

We also notice that:

Note 12 Since f(x1,...,x,) is not central-valued on R, then by Note 10 there
exists an odd simple sequence r = (ry,...,r,) from R such that f(r) =
fri,...,ry) # 0. By Note 11, f(r) = Bepq, where 0 # B € C and p # gq.
Since f(x1,...,Xx,) is a multilinear polynomial and C is a field, we may assume
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that 8 = 1. Now, for distinct i, j, let o € S, be such that o(p) =i and 0 (g) = j,
and let ¢ be the automorphism of R defined by ’»”(Zs,r Esrest) = ZM &steo(s)o(1)-
Then f(y(r) = fW (1), ..., ¥ () =¥ (f(r) = Beij = eij.

Note 13 By Note 11 and [37, Lemma 9], since f(xy,...,x,) is not central-
valued on R, then there exists a sequence of matrices r1,...,7, € R such that
f@ri,...,m) = Zi ajejj = D is a non-central diagonal matrix, for o; € C.

Suppose r # s such that a, # o4. For all [ # m, let ¥ € Autc(R) defined
by ¥(x) = w(zij wjjeij) = Zij ®ijeq(i)s(j)» Where o is a permutation in the
symmetric group of n elements, such that o (r) =/ and o (s) = m. Thus (D) is an
element of f(R) and it is a diagonal matrix with (/, /) and (m, m) entries distinct.

Note 14 ([23, Lemma 1.5]) Let H be an infinite field andn > 2. If A, ..., Ay are
not scalar matrices in M, () then there exists some invertible matrix P € M,,(H)
such that each matrix PAq Pt PA; P! has all non-zero entries.

5 Commuting Inner b-Generalized Skew Derivations

The present section is devoted to the proof of a reduced version of Theorem 1. More
precisely, we prove the Theorem in the case «, B are automorphisms of R and F, G
are inner b-generalized skew derivations of R respectively defined as follows:

F(x) =ax + ba(x)c, G(x) =ux + pB(x)w

for all x € R and suitable fixed a, b, c, u, p, w € Q,.
We would like to remark that in this section F' and G have not necessarily the same
associated automorphism.

We start with the following case:

Lemmad4 Let R = M,,(C), m > 2 and let C be infinite. Suppose that F, G are
inner b-generalized skew derivations of R respectively defined as follows:

F(x) = ax + bgxq~'c, G(x) = ux + pvxvw

forall x € R and suitable fixeda, b, c,u, p, w, q,v € Q,, with invertible elements
q,vof Q. Let f(x1,...,xn) be a non-central multilinear polynomial over C with
n non-commuting variables. If

F(fro ) fr ) = fO o) G(f (o)) =0 Y

forallry, ..., ry € R, then the following statements hold simultaneously:

1. either bqg € Z(R) orq~'c € Z(R).
2. either pv € Z(R) orv_'w € Z(R).
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Proof We assume that bg ¢ Z(R) and ¢~'c ¢ Z(R), that is both ¢ !¢ and bq are
not scalar matrices, and prove that a contradiction follows. By Note 14, there exists
some invertible matrix P € M,,(C) such that each matrix Pbq P, P(q’lc)Pf1
has all non-zero entries. Denote by ¢(x) = Px P~! the inner automorphism induced
by P.Say ¢(bq) = Y, quen and p(g~'c) = 3, cnen for 0 # qu, 0 # cpy € C.
Without loss of generality, we may replace bg and ¢ ~'¢ with ¢(bg) and ¢(g~'¢),
respectively. Hence, for f(r1,...,r,) = Aejj # 0in (11), we get that the (j, j)-
entry in (11) is

gjicji =0,

which is a contradiction.

Assume now that pv ¢ Z(R) and v—'w ¢ Z(R), that is both v—'w and pv are
not scalar matrices, and prove that a contradiction follows. As above, there exists
x(x) = Ox Q7! the inner automorphism induced by Q € R, such that x (pv) =
> p Phien and x(lw) = > whien for 0 # pp, 0 # wy; € C. Moreover
we replace pv and v~ w with x(pv) and x (v"'w), respectively. Hence, again for
f@1, ..., ) = dejj # 0in (20), we observe that the (i, i)-entry in (11) is

pjiwji =0,

which is also a contradiction.

Lemma$5 Let R = M;,(C), m > 2 and let char(C) # 2. Suppose that F, G are
inner b-generalized skew derivations of R respectively defined as follows:

F(x) =ax + quqilc, G(x) =ux+ pvxvflw

forall x € R and suitable fixed a, b, c,u, p, w, q,v € Q, with invertible elements
q,vof Q. Let f(x1,...,x,) be a non-central multilinear polynomial over C with
n non-commuting variables. If

FC(fOri,eoora) [ oooimm) = fOr ) Gf (1, o)) =0

forallry, ..., r, € R, then one of the following assertions holds:

1. bqg € Z(R) and pv € Z(R),

2. bg € Z(R) and v—'w € Z(R);
3. g7 'c € Z(R) and pv € Z(R);
4. ¢g7'c € Z(R) andv—'w € Z(R).

Proof If one assumes that C is infinite, the conclusion follows from Lemma 4.
Now let E be an infinite field which is an extension of the field C and let
R = M;(E) = R ®c E. Notice that the multilinear polynomial f(xi, ..., x,) is
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central-valued on R if and only if it is central-valued on R. Consider the generalized
polynomial

UXp, .o, Xpn) =
(af(xl,...,x,,) ~|—bqf(x1,...,x,,)q_lc‘)f(xl,...,x,,) (12)

—f(xl,...,xn)(uf(x1,...,xn) + pvf(x1, ...,xn)vlw),

which is a generalized polynomial identity for R. Moreover, it is multi-

homogeneous of multi-degree (2, ..., 2) in the indeterminates x, ..., x,. Hence
the complete linearization of ¥ (x1, ..., x,) is a multilinear generalized polynomial
Ox1, ..., Xn, Y1, - -+, Yn). Moreover,

O,y ey X, X1y oy Xp) =2"W (X1, ..., Xp).
Clearly, the multilinear polynomial ®&(xi,...,X,, y1,...,Ys) 1S a generalized
polynomial identity for R and R too. Since char(C) # 2, we obtain ¥ (ry, ..., 1) =
Oforallry,...,r, € R, and the conclusion follows from Lemma 4.

Lemma 6 Assume that

VX1, .oayXp) =
(af(xl,...,xn) + bq f (x1, ...,xn)qlc)f(xl,...,xn) (13)

—f(xl,...,xn)<uf(x1,...,xn) ~|—pvf(x1,...,x,,)v_1w>

is a generalized polynomial identity for R. If R does not satisfy any non-trivial
generalized polynomial identity, then one of the following holds:

1. bg e Cand p =0;

2. bg e Candv'w e C;

3.g7'ceCandp=0;

4. g 'ce Candv'w e C;
S.a=ueC,q 'ceC, pveC, bc=0and pw=0.

Proof We firstly assume thata ¢ C.

If {a, bq, 1} is linearly C-independent and since ¥ (xy, ..., x,) is a trivial general-
ized polynomial identity for R, then the component af (x1, ..., x,)? is also a trivial

generalized identity for R, implying the contradiction a = 0. Hence we assume
there exist o, ¥ € C, such that bg = aa + y. In this case (13) reduces to

af(xy,.. .,)cn)2 + (aa +vy) f(x1, . ..,xn)qflcf(xl, ey Xn) (14)
— 1, x)uf (X, o xn) — f(X1 e X)) puf (X1, . X)) w
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Since {1, a} is linearly C-independent and (14) is a trivial generalized polynomial
identity for R, then the components

af(xi,....x))(1 +ag'c) (15)
and

yf(xl,...,xn)qflcf(xl,...,xn)—f(xl,...,xn)uf(xl,...,xn)

—f(x1, .. x) puf(xr, .. x) v w (16)

are also trivial generalized polynomial identities for R. By (15), we get ¢ !¢ € C.

Thus, in the case v_'w € C we are done. Here we assume that v—'w ¢ C, that is
{1, v='w} is linearly C-independent. Therefore, by (16) it follows that R satisfies
fx1, .., xp)pvf(xr, ..., x,,)v_lw, which implies pv = 0, thatis p = 0 (since v
is invertible).

Assume now both @ € C and bg € C. Hence (13) reduces to

fx1,...oxp)@+bo)f(xr, ..., x,) an
—f X1 XU X)) — f (XL X)) puf (X, . X)) w
Also in this case, if v"!w € C we are done.

Assume that {1, v~!w} is linearly C-independent. Starting from (17) one has that
the component f(x1,...,x,)pvf(x1,..., x,,)v_lw must be a trivial generalized
polynomial identity for R. This gives that pv = 0, thatis p = 0.

Finally, we consider the case a € C and bq ¢ C. Thus, by (13) we have that

bqf(xi,.. .,x,,)q_lcf(xl, ey Xp)
+f(x1, . xn)@—uw)fxr, ..., xn) — f(xl,...,xn)pvf(xl,...,xn)vflw
(18)

is a trivial generalized polynomial identity for R. Since bg ¢ C and by (18),
it follows that bgf(x1, ...,xn)q’lcf(xl, ..., Xp) is also a trivial generalized
polynomial identity for R, implying ¢ ~'c € C and bc = 0. As above, if v"'w € C
we are done. On the other hand, if v™!w ¢ C and again by (18), one has that
fxt, ..o, x)puf(x, ..., xn)v’1 w is a trivial generalized polynomial identity for
R. This means that pv € C and pw = 0. In light of what has just been said and
by (18), R satisfies

fxr, e, x)a@a—u) f(xr, ..., xn) (19)

thatisa = u.

Remark 1 'We would like to remark that any conclusion of the previous Lemma
implies that ' and G are generalized derivations of R. Hence, in view of Theorem 2,
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the statement of Lemma 6 can be written as follows: there exists a’ € Q, such that
F(x) = xa’ and G(x) = a’x forall x € R.

Proposition 2 Let R be a prime ring of characteristic different from 2, Q, be its
right Martindale quotient ring and C be its extended centroid. Suppose that F, G
are inner b-generalized skew derivations of R respectively defined as follows:

F(x) =ax + quq_lc, G(x)=ux+ pvxv_lw

forall x € R and suitable fixed a, b, c,u, p, w, q,v € Q, with invertible elements
q,vof Q. Let f(x1,...,xn) be a non-central multilinear polynomial over C with
n non-commuting variables. If

FCfOri,oooora) fri,oooimm) = ) GOf (o)) =0

forallry, ..., ry € R, then one of the following statements holds:

1. bg € Z(R) and pv € C;

2. bg e Z(R) and v 'w € C;
3. g 'ce Z(R) and pv € C;
4. g7 'c € Z(R) andv~'w € C.

In other words, F and G are generalized derivations of R and one of the following
statements holds:

1. there exists a’ € Q, such that, F(x) = xa’ and G(x) = a’x forall x € R;
2. f(x1, ..., x,,)2 is central-valued on R and there exist a’,b’ € Q, such that
F(x) =da'x +xb, G(x) = b'x + xa, forall x € R.

Proof If R does not satisfy any non-trivial generalized polynomial identity, then the
conclusion follows from Lemma 6. Therefore we may assume that

UXp, .o, Xpn) =
(af(xl,...,xn) + bq f (x1, ...,xn)qlc)f(xl,...,xn) (20)

—f(xl,...,xn)<uf(x1,...,xn) + puf(xy, ...,xn)v—lw)

is a non-trivial generalized polynomial identity for R.

By Chuang [18] it follows that ¥ (xi,...,x,) is a non-trivial generalized
polynomial identity for Q,. By the well-known Martindale’s theorem of [44], O,
is a primitive ring having nonzero socle with the field C as its associated division
ring. By Jacobson [31, Page 75] Q, is isomorphic to a dense subring of the ring
of linear transformations of a vector space V over C, containing nonzero linear
transformations of finite rank. Assume first that dim¢V = k > 2 is a finite positive
integer, then Q = M} (C) and the conclusion follows from Lemma 5.
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Let us now consider the case of dim¢cV = o00. As in [48, Lemma 2], the set
f(R) ={f(r1,...,m)|ri € R} is dense on R. By the fact that ¥ (ry,...,r,) =0
is a generalized polynomial identity of R, we know that R satisfies

<ax + quqlc>x - x(ux + pvxv1w>. 21)

Recall that if an element » € R centralizes the non-zero ideal H = soc(RC),
thenr € C.
Hence we may assume there exist rq, 72, 3, r4 € H = soc(RC) such that:

. either [bg, r1] # 0 or [pv ri] #0;

. either [bq, r2] #0or[v  w, ] £0

. either [¢~ c r3] #0or [pv,r3] #0

. either [~ 'c, r4] £ 0 or [v™'w, r4] £ 0

RS S

and prove that a number of contradictions follows.
By Litoff’s Theorem [31, Page 90] there exists ¢> = ¢ € H such that

* r1,7r2,73,74 € eRe;

e ary,ria,ary, ra,ars, rya, ary, r4a € eRe;

e bri,rib, bry, rab, br3, r3b, bry, r4b € eRe;

e cri,Fric,Cry, 2c, Cr3, r3c, Cr4, r4c € eRe;

* qri,riq,qra, r2q,qr3, r3q, qra, r4q € eRe;

© Ury,riu, ury, rolt, ur3, riu, urq, r4u € eRe;

* Dpri,T1p, pra,rap, pra, rip, pra, rap € eRe;

* VK|, TV, VF, 2V, VI3, F3V, UI4, F4U € eRe;

e wry, riw, wry, nw, Wri, r3w, wr4, r4w € eRe;

* pury, ripv, pury, rapuv, puvr3, r3pv, pvra, r4puv € eRe;
* bqry,r1bq, bqra, r2bq, bqrs, r3bq, bqra, rabq € eRe;

e g leri,rig7 e, g7 era, g7 e, g7 ers, rag T e, g T era, rag T e € eRe;

. v_lwrl, rlv_lw, v_lwrz, rzv_lw, v_lwr3, r3v_1w, v_lwr4, r4v_1w € eRe,
where eRe = M,,(C), the matrix ring over the extended centroid C. Note that eRe
satisfies (21). By the above Lemma 5, we have that one of the following assertions
holds:

. ebge € C and epve € C, which contradicts with the choice of r| € H;

. ebge € C and ev~lwe € C, which contradicts with the choice of r, € H:;

. eq‘lce € C and epve € C, which contradicts with the choice of r3 € H;

. eq‘lce € C and ev—lwe € C, which contradicts with the choice of r4 € H.

AW N =

As an easy consequence of Proposition 2 we also obtain a reduced version of
Theorem 1 for the case both F' and G are inner b-generalized derivations of R:
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Proposition 3 Let R be a prime ring of characteristic different from 2, Q, be its
right Martindale quotient ring and C be its extended centroid. Suppose that F, G
are inner b-generalized derivations of R respectively defined as follows:

F(x) = ax + bxc, G(x) = px +gxv

for all x € R and suitable fixed a,b,c, p,q,v € Q. Let f(x1,...,x,) be a non-
central multilinear polynomial over C with n non-commuting variables. If

F(fiora) fOr,oorn) = fri o) GG, ) =0

forallry, ..., r, € R, then one of the following holds:

1. there exists a’ € Q, such that, F(x) = xa’ and G(x) = a’x forall x € R;
2. f(x1,..., xn)2 is central-valued on R and there exist a’,b’ € Q, such that
F(x) =a'x +xb', G(x) = b'x + xa’, forall x € R.

We are now ready to prove the more general result of this section.
We permit the following facts:

Note 15 Let R be a non-commutative prime ring, a, b € R such that axb € Z(R),
forall x € R. Then eithera =0orb = 0.

Proof We assume thata # 0 and b # 0. For any x € R and by our assumption, both
a(xb) € Z(R) and a(xb)b € Z(R). Thus we have that either b € Z(R) or axb =0
for all x € R. In the first case it follows that aR € Z(R), which contradicts with
the non-commutativity of R. In the latter case, by the primeness of R, we have the
required conclusion.

Note 16 Let R be a non-commutative prime ring, a,b € R, f(x1,...,x,) a
polynomial over C, which is not central valued on R. If af(rq,...,r,)b € Z(R),
forallry,...,r, € R, theneithera =0orb = 0.

Proof Let S be the additive subgroup of R generated by { f(y1,...,yn) : ¥i € R}.
Since f(y1, ..., yn) is not central and char(R) # 2, itis well known that S contains
a non-central Lie ideal L of R (see [17]). Moreover, since L is not central then there
exists a non-central ideal I of R such that [I, R] € L. Therefore a[i, r]b € Z(R),
foranyi € I, r € R. Since I and Q, satisfy the same generalized identities it
follows that a[x, y]b € C for any x,y € Q,. In this situation we may apply the
main result in [3] and one of the following holds: eithera = O or b = 0 or Q; is
a central simple algebra of dimension at most 4 over C. Moreover, since Q, is not
commutative, then Q, contains some non-trivial idempotent elements e = 2. In this
last case, by the main hypothesis, one has a[e, x(1 —e)]b € C, thatis aex(1 —e)b €
C, forall x € Q,. By Note 15, eitherae = 0or (1 —e)b = 0.

Ifae = 0 and by aly, ex]b € C, we getayexb € C,forany x, y € Q,. Thus, using
Note 15 and since e # 0, it follows that either a = 0 or b = 0, as required.
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On the other hand, if (1 — e)> = 0 and by a[x, y(1 — e)]b € C, we have that
ay(l —e)xb € C, for any x, y € Q,. Once again by Note 15 and since e # 1, we
get their required conclusion.

Theorem 3 Let R be a prime ring of characteristic different from 2, Q, be its right
Martindale quotient ring and C be its extended centroid. Suppose that F, G are
inner b-generalized skew derivations of R respectively defined as follows:

F(x) =ax + ba(x)c, G(x) =ux + pB(x)w

for all x € R and suitable fixed a,b,c,u, p,w € Q,, and o, B € Aut(Q;).
Let f(x1,...,xn) be a non-central multilinear polynomial over C with n non-
commuting variables. If

F(frora) fOrnsoorm) = fO1 ) G(f (1)) =0 (22)

forallry, ..., ry € R, then one of the following statements holds:

1. o = B =id, where id denotes the identical mapping on Q;;

2. « = id and there exists an invertible element v € Q, such that B(x) = vxv~!,
forall x € R;

3. B = id and there exists an invertible element q € Q, such that a(x) = gxq~,

forall x € R;

. B=idandb =0,

B=idandc=0;

a=idandp =0;

o =1id and w = 0;

there exists an invertible element ¢ € Q, such that a(x) = qxq~', for all

X € R, and either p = 0 or w = 0;

9. there exists an invertible element v € Q, such that B(x) = vxv~}, for all
x € R, and either b =0 orc =0,

o N LA

10. b=p=0;
11. b=w=0;
12. c=p=0;
13. c=w=0;

14. there exist invertible elements g, v € Q, such that a(x) = gxq =" and B(x) =
vxv~!, forall x € R.

In other words one of the following occurs:

e F and G are ordinary generalized derivations of R.

e F and G are inner b-generalized derivations;

e F and G are inner b-generalized skew derivations of R, associated with inner
automorphisms;
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In any case, respectively in light of Propositions 1, 3 and 2, we have that one of the
following statements holds:

1. there exists a’ € Q, such that, F(x) = xa’ and G(x) = a’x forall x € R;
2. f(x1,..., xn)2 is central-valued on R and there exist a’,b’ € Q, such that
F(x) =a'x +xb', G(x) = b'x + xa’, forall x € R.

Proof On the contrary, we assume that the following hold simultaneously:

e ecithera #idor 8 #id;

e either a # id or B is not an inner automorphism on Q,;
e either B # id or « is not an inner automorphism on Q;;
e eithera #id or b # 0;

e eithera # id or ¢ # 0;

e either B #id or p # 0;

e either 8 # id or w # 0;

e either « is not inner, or both p # 0 and w # 0;

¢ either B is not inner, or both » # 0 and ¢ # 0;

e eitherb # 0 or p # 0;

e eitherb # Oorw # 0;

e eitherc #0or p #0;

e eitherc # Oorw # 0;

e atleast one among « and B is not an inner automorphism of R.

By our assumption R satisfies the following generalized polynomial

(af(xl, ceey Xp) +ba(f(x1,...,xn))c>f(x1, ceey Xp)
(23)

—f(xl,...,x,,)<uf(x1,...,x,,)—l—pﬂ(f(xl,...,x,,))w).

In view of the Note 6, Q, satisfies (23).
In case « = id, then B is not inner. Thus, by (23), Q, satisfies the generalized
polynomial

(af(xl,...,xn)—i—b(f(xl,...,xn)c>f(x1,...,xn)
(24

—f(xl,...,x,,)(uf(xl,...,x,,)~|—pf’3(y1,...,y,,)w>.

In particular, pf#(y1, ..., y,)w is a generalized polynomial identity for Q,. It is
easy to see that pXw = 0, forany X € S, the additive subgroup of Q, generated by
{(FB(y1, ..., ya) 1 yi € Q). Since fP(y1, ..., yn)isnotcentral and char(Q,) # 2,
it is well known that § must contain a non-central Lie ideal L. This implies pLw =
(0) and, by the primeness of Q, we get the contradiction that either p = 0 or w = 0.

Similarly, if we assume that 8 = id, then we obtain the contradiction that either
b=0orc=0.
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Thus we may suppose both « # id and B # id. In what follows we denote

SO xn) = a(f(xl, - xn)).
If & and B are mutually outer, then by (23), Q, satisfies

(af(xh oo Xn) (1, ~--,yn)0>f(x1,---,xn)
(25)
—f(xl,...,x,,)(uf(xl,...,x,,) —l—pfﬂ(zl,...,zn)w).

In particular, Q, satisfies both

bf“(yl?""yn)cf(xlf "'7‘xn)

and

f(xl,...,xn)pf’s(m,...,z,,)w.

Applying twice Corollary 2 to both last relations yields that either b = 0 or ¢ = 0
and simultaneously either p = 0 or w = 0, which is a contradiction.

Assume finally that & and B are not mutually outer, then exists an invertible
element ¢ € Q, such that @f~!(x) = gxq~!, for any x € R. Therefore a(x) =
qpB ()c)q_1 and by (23) it follows that Q, satisfies

(af(xl, oo xn) +bgB(f (x1, .. .,x,,))q_lc)f(xl, e Xp)

(26)
—f(xl,...,xn)(uf(xl,...,xn)—i—pﬁ(f(xl,...,xn))w).

If B is an inner automorphism of Q,, then the required conclusion follows from
Proposition 2. On the other hand, if 8 is outer, then, by (26) we have that Q, satisfies

(af(xl, coey Xp) +beﬂ(y1’ ---ayn)q_lc)f(xla coy Xp)
(27)

_f(xla e 7-xn)(uf(xla e axn) + pfﬂ(yla M) yn)w>
and in particular

bafPfy, .. ya tef e xn) = LX) PfP O yw (28)

is a generalized polynomial identity for Q,. Since f(xi,...,x,) is not cen-

tral valued and in light of Lemma 3, one has that bgf?(y,..., y)g 'c =
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pfBOi, ..., yo)w € C forany yi,...,y, € Q,. Hence Note 16 implies that the
following hold simultaneously:

e ecitherb=0o0rc =0;
e eitherp =0orw =0

and in any case we get a contradiction.

6 Commuting b-Generalized Derivations on Multilinear
Polynomials

In this section we provide a proof of Theorem 1 in the case both F and G are
arbitrary b-generalized derivations (not necessarily inner) and prove the following:

Theorem 4 Let R be a prime ring of characteristic different from 2, Q, be its
right Martindale quotient ring and C be its extended centroid, F and G non-

zero b-generalized derivations of R. Suppose that f(x1, ..., xn) is a non-central
multilinear polynomial over C such that F(f (X)) f(X) — f(X)G(f (X)) =0, for
all X = (x1,...,x,) € R", then one of the following statements holds:

1. there exists u € Qy such that, F(x) = xu and G(x) = ux forall x € R;
2. f(x,.. .,xn)2 is central-valued on R and there exist a,b € Q, such that
F(x) =ax + xb, G(x) = bx + xa, forall x € R.

Hence F and G are generalized derivations of R.

Proof As mentioned in the Introduction, we can write F(x) = ax +bd(x),G(x) =
px + gd(x) forall x € R, where a, b, p,q € Q, and d, § are derivations of R. In
light of Proposition 3, we may assume that:

* At least one among d and § is not an inner derivation of R;
* At least one among b and g is not zero;

e If d is an inner derivation of R, then § # 0 and ¢ # 0;

e If § is an inner derivation of R thend # 0 and b # 0.

We will prove that, under these assumptions, a number of contradiction follows.
Assume first that 4 and § are both non-zero derivations and linearly C-
independent modulo Q,-inner derivations. Since Q, satisfies

(af(xl,...,xn)+bfd(x1,...,xn)+b2;':1 f(xl,...,d(x,-),...,xn))f(xl,...,xn)

—f(x1, ---,Xn)<pf(x1,~--,xn)+t]fa(x1, e Xn) g Y f(xl,---,5(xi),---,xn))
29
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and by Kharchenko [32], we arrive at that Q, satisfies

(af(xl,...,x,,)+bfd(x1,...,xn)+b2;'=1f(xl,...,y,-,...,xn)>f(x1,...,xn)

—f(xl,...,x,,)(pf(xl,...,xn)+qf5(x1,...,x,,)+q2?=1 f(xlv"'vziv'--vxl‘l)>~
(30)

In particular, Q, satisfies the blended components
bf(ylax27-'-axn) : f(-xla-'-a-xn)

and

f(xl,---,xn) ‘Q'f(ylsx2,---,xn),
which imply the contradiction b = 0 (by Corollary 2) and g = 0 (by Corollary 1).
Assume now that d and § are both non-zero derivations and C-dependent modulo
Q,-inner derivations. Without loss of generality, we assume that § = Ad +ad,,, that
is §(x) = Ad(x) + [w, x], for suitable 0 # » € C and w € Q,. Moreover, in light of

the previous remarks, d is not an inner derivation of R. By the hypothesis we have
that

(af(xl,...,xn)+bfd(x1,...,xn)+bZl’~’:1f(xl,...,d(x,-),...,xn))f(xl,...,xn)
_.f(x17 "'sxn)(p.f(xl! '-'!xn)—"_)\‘qfd(xl’ "'sxn)+

+Aq Yy fxn e d (), xa) + qlw, f(X1,-..,xn)])
€29

is a differential polynomial identity for Q,, and again by Kharchenko [32] it follows
that Q, satisfies

(af(xl,...,xn)—l—bfd(xl,...,x,,)—i—bzl'-‘:lf(xl,...,y[,...,x,,))f(xl,...,xn)
—f(xh-..,xn)(l?f(xl,---,xn)-i-MIfd(xln--,xn)%—

+rg D e Vi Xn) +q[w,f(x1,...,xn)]>.
(32)

In particular, Q, satisfies the blended component

DY ey Yin oo X)) F e X)) = Af (LX) Y f XL Vi X).
i i (33)
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Let us choose y» = y3 = ... = y, = 0 and y; = x1 in (33). This yields that Q,
satisfies

bF(X1, - xn)> = Af(X1s e X))@ f (X1, - Xn). (34)
Moreover, for z ¢ C and y; = [z, x;] forany i = 1, ..., n in (33), we also have that

blz, f(x1,...,x))f(x1, .oy xn) — Af (X1, - Xn)qlz, f(X1, .00 x0)] (35)

is a generalized polynomial identity for Q,. Application of Proposition 1 to (34)
implies that b = Ag € C. Therefore, by (35) it follows that O, satisfies

blz, f(x1,...,xn)]2.

Since z ¢ C and since neither char(R) = 2 nor f(x1, ..., x,) is central-valued on
R, by Liu [38] we get b = 0, and so also ¢ = 0, which is a contradiction.

We finally consider the case either d = 0 or § = 0. Without loss of generality,
we may assume 6 = O (the case d = 0 is similar and we omit it for brevity). By our
assumption it follows that Q, satisfies

<af(x1,...,xn)+bfd(x1,...,xn)+bzlr~l:1f(xl,...,d(x,-),...,xn)>f(x1,...,x,,)

—f(x1, .. xp)pf(x, oon, Xn).
(36)

Moreover, as above remarked, in this case d is not an inner derivation of R. In view
of Kharchenko’s theorem in [32], O, satisfies

<af(xl,...,xn)—i—bfd()cl,...,x,J—i—bZ?z1 f(xl,...,y,-,...,xn)>f(x1,...,xn)

—fxn, o x)pf(Xr, . Xn).
(37)

Therefore

bf(y1,x2, ..., xn) f(xX1,..., %) (38)

is a generalized polynomial identity for Q,, implying again the contradiction b = 0.

7 The Main Result

The last part of our paper is dedicated to the proof of Theorem 1 in its most general
form. For sake of clearness and completeness, we recall our hypothesis.
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We assume that R is a prime ring of characteristic different from 2, Q, its right
Martindale quotient ring and C its extended centroid, « € Aut(R), d and § skew
derivations of R associated with «, such that both d and § are commuting with «. We
suppose that F', G are b-generalized skew derivations of R, respectively associated
with terms (b, o, d) and (p, B, §). We may write F(x) = ax + bd(x) and G(x) =
ux + ps(x), for all x € R and suitable a, u € Q,. We assume that f(xq, ..., x,) is
a non-central multilinear polynomial over C with n non-commuting variables, such
that

F(f o) fOrsoorm) = fO1 ) Gf (1, o)) =0 (39)

forall ry,...,r, € R, thatis R satisfies

<af(x1, ey Xn) +0d(f(x1, ...,xn)))f(xl,...,xn)
(40)
—f(xl,...,xn)<uf(x1,...,xn)~|—p8(f(x1,...,x,,))).

Under these assumptions, we’ll prove that one of the following statements
holds:

1.d=6§=0;

2. @ =id,

3. there exist b, ¢’ € Q, such that d(x) = b'x — a(x)b’ and §(x) = ’x — a(x)c/,
forall x € R;

4. b=p=0;

5.b=0and§ =0;

6. p=0andd = 0.

In other words, either F' and G are generalized derivations of R, or F' and G are b-

generalized derivations of R, or F' and G are inner b-generalized skew derivations

of R. Therefore, respectively in light of Theorems 2, 4 and 3, we have that one of
the following holds:

1. there exists a’ € Q, such that, F(x) = xa’ and G(x) = a’x forall x € R;
2. f(x1,...,x,)? is central valued on R and there exist a’,b’ € Q, such that
F(x)=a'x +xb',G(x) =b'x + xd/, forall x € R.

Proof of Theorem 1 By (40) and Note 9,
(af(xl ..... Xn) + b4 (xy, . Xn)+
b ges, @(e) XiZg (ko) * Xo@) X0 (j))d (Ko (j41))Xa (j42) - 'xcm)) fxa, ..., Xn)
—fxt,.. ., x,,)(uf(xl ..... X0) + pfix, ..., Xn)

+p 3 pes, BWo) Z?;(l) a(Xa(1) * Xo @) - Xo ()Xo (j+1))Xa(j+2) * - 'xn(n))
(41)

is a generalized identity for R.
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On the contrary we assume that the following hold simultaneously:

e eitherd # O or§ # 0;

e o #id,

 at least one among d and § is not an inner skew derivation of R;
* at least one among b and p is not zero;

 at least one among b or § is not zero;

* at least one among p or d is not zero.

7.1 Letd and § be C—Linearly Independent Modulo SD;,;

In this case, in view of (41) we know that R satisfies the generalized polynomial

(af(x1 ..... xn) +bfe(xg, ..., X))+

b ges, @(o) Y20 @(Xo () * X0 2) X0 () Vo (11 Xo (j42) - ’xow))f(m ,,,,, Xn)
— (X1, xn)(uf(xl ..... xn) + pfix, ..., Xn)

P Yges, Bo) Z_’;;(l)ot(xa(l) “Xo(2) " X (j)Za(j+DXa (j42) 'xn(n)>'

In particular, R satisfies any blended component

n
b< Z a(¥o) Za(xa(l) “Xo ()Xo (i—1)Yo ()Xo (i+1) -xa(n)>f(X1, s Xp).

o€ESy i=1

(43)

In light of the Note 6, Q, satisfies (43).

Suppose there exists an invertible element ¢ € Q, such that a(x) = gxgq~! for
all x € Q,. Since a # id € Aut(R), we may assume g ¢ C. Moreover, it is clear
that o(ys) = v, for all coefficients involved in f(x1, ..., x,). If we replace each
Yo (iy With x5 ;) in (43), then Q, satisfies the generalized polynomial

b<q Z YoXo(1) " Xo(2) " Xo(i—1)Xo ()Xo (i4+1) " * 'xa(n)>f(xla cees Xp).

o€eS,

That is bg f(x1, ..., x,,)2 = 0, which implies bg = 0. Since ¢ is invertible, we
obtain that b = 0.

Finally, assume that « is outer. By (43) it follows that Q, satisfies the generalized
polynomial

n
b( Z a(yo) Zza(l) “Zo2) " Zo(i—D) Yo ()Xo (i+1) * "xa(n)>f(xlv ce X)),

o€eS, i=1

(44)
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Foranyi =1, ..., n, Q, also satisfies the generalized polynomial

b( Z a(VJ)ZG(l)'Za(Z)"'Za(i—l)'ZG(i+l)"'Za(n)'Yi)f(xlv-~-7xn)- (45)

oeSy—1

Let us write

Z A(Vo )Xo (1) "+ Xo(j—i)Xo(j+1) = " Xam) = L(X1, ooy Xje 1, Xjb1s - o o5 X)),
0ES 1

where any 7; is a multilinear polynomial of degree n — 1 and x; never appears in any
monomial of ;. It follows from (45) that O, satisfies the generalized polynomial

btj(z1, .. =1, Zjt1s - Z) (X1, o, Xn).

As a consequence of Lemma 3 and Corollary 2, either b = 0 or #;(z1,...,zj-1,
Zj+1s--.,2n) is a generalized polynomial identity for Q, forall j = 1,...,n.
Moreover, we also denote f“(xy,...,x,) the polynomial obtained from
f(x1,...,x,) by replacing each coefficient y, with «(y,) and notice that
f*@r1,...,rm) # 0. Hence, in the case #;(z1,...,2j-1,Zj+1,..-,2n) 1S @
generalized polynomial identity for Q, forall j =1, ..., n, and since

fa(-xla .. -a-xn) = ijtj(xla e 7-xj—la-xj+la .. -a-xn)a

J

f%(x1,...,x,) is a generalized polynomial identity for Q,, which is also a

contradiction. Thus we conclude again that b = 0.
The previous argument shows that » = 0 in any case.
Moreover, by (42) it follows that Q, satisfies

n
f(x, ---,xn)P< Z B(¥s) Za(xa(l) “Xo ()Xo (i—1))Z0 ()Xo (i+1) * * 'xa(n)>~
oges, i=1

By using the same above argument, one can show that p = 0, which is a
contradiction. We omit the proof for brevity.

7.2 Letd and é§ be C—Linearly Dependent Modulo SD;,;

We firstly assume that there exist 0 # A € C,0# u € C,c € O, and y € Aut(R)
such that Ad(x) + udé(x) = cx — y(x)c for all x € R. Denote n = —M_l)\ and
q = M_lc. Thus 6 (x) = nd(x) + gx — y (x)q for all x € R. Therefore by (40), O,
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satisfies the generalized polynomial

af(xi,...,xn)? +bd(f(x1, ...,xn))f(xl, ceey Xp)
—f 1, X)) U+ pg) f(X1, e Xn) = 0f (X1, e X)) pd (f (X1 - X))
+f(xts X)) py (1. x0)g.

(46)
That is, Q, satisfies the generalized polynomial
af(xp, ..., xn)? +bf 0, xn) f(x1, .., Xn)
+b< > ses, ¢Vo) Z?;(l)a(xa(l) S Xo(2) X ()Xo (j+1))Xe (j42) - - -xa(n))f(xl ,,,,, Xn)
—fxa,.. )+ pg) fxi,..., xp) = nf (x1, ..., Xx)pfta, ., Xn)
—nf(xi,..., xn)l?(zaes,l (Vo) Z;;(l)a(xa(l) “Xe @) Xo ()Xo (j+1)) X (j+2) - - 'xa(n)>
+fG, . xn)Py(f(xl ~~~~~ xn))q'
(47
In case d is outer, by (47) Q, satisfies the generalized polynomial
af(xy, ..., )2+ bf xXn) f(xa, Xn)
+b(2065” (Vo) Z?;(l)a(xa(l) “Xo @) Xo () Vo (j+1)Xe(j+2) 'xn(n)>f(xl 77777 Xn)
_f(xl ~~~~~ Xn)(M‘FPQ)f(Xl ~~~~~ Xn) _nf(xl sssss Xn)Pfd(Xl ~~~~~ Xn)
—nf@xr, ..., xn)p| Loes, @ (Vo) Z'};(l)a(xn(l) “Xo(2) " Xa () Vo (j+1) X (j+2) 'xa(n))
+f 1, Xn)[?)’(f(xl ~~~~~ Xn))l]~
(48)
In particular,
b( > ses, ¢Vo) Z?;(l)a(xam c e Xo () Vo (DX (j+2) " 'xa(n))f(xl ..... Xn)
49)

-1
—nf 1., xn)l’< Yoes, @Ve) Xi_ge(Xo (1) Xa () Vo (41 Xe (j4+2) - 'xn(n))

is satisfied by R as well as O, (see Note 6 again).

Suppose there exists an invertible element w € Q, such that a(x) = wx w!
for all x € Q,. Since @« # 1 € Aut(R), we may assume w ¢ C. As above, we
remark that o (y,) = Y, for all coefficients involved in f(x1, ..., x,). Therefore, if
we replace each y, ;) with wx, ;) in (49), we obtain that Q, satisfies the generalized
polynomial

<bwf(x1,...,xn) — f(xl,...,xn)(npw))f(xl, N

Applying again Corollary 1 yields bw = npw € C. In particular b = np. Let us
now replace each y, ;) with w(z, x4 ;)] in (49), for some element z ¢ C. Thus we
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obtain that Q, satisfies the generalized polynomial
bw|:z, fxy, .. .,xn)i| .
2
Since f(x1, ..., x,) is not central-valued on Q, and z ¢ C, we get the contradiction
b=p=0.
Finally, assume that « is outer. By (49) we know that Q, satisfies the generalized
polynomial
b(zaes,, a(Yo) Xoici 2o () * 20 Zo-D) Yo ()Xo i+1) " -xa(m)f(xl, )

—nf(x1,.. ., xn)p( Y oves, @Wo) Doimi Zo(l) 2o @)+ Zol—1) Yo () o (i+1) * - ~xa<n>)f(m ----- Xn)

and, foranyi =1, ..., n, Q, also satisfies the generalized polynomial

b(Zaesn,l (Yo )Za (1) * Zo(2) *** Zali=1)  Zo(i+1) " Zo(n) * yi)f(m, ety Xp)

—nf(x1, .. .,x,,)p(X:aeS}Pl A(Vo)Zo(l)  Z0@)  ** Zoli=1) * Zo(it1) -~ Zo(n) ')’i)-
(C1))

As above, let us write

Z A(Vo)Xa (1) Xo(j—i)Xo(j+1) *** Xom) = L (XLs oo vs Xjm1s Xjg 1y -+ > Xn),s
UES,,,I

where any 7; is a multilinear polynomial of degree n — 1 and x; never appears in
any monomial of ;. In view of (51), we get

b<tj(zla -'-aZj—la Z/+17 ---,Zn)y>f(x1, '-'7-xn)
(52)

_nf(xlv-~-,xn)P<tj(Zlv-~-aZjlst+17-~-aZn))’>~

From Lemma 3 it follows that

bt](zls ---7Zj717 Z]+11 -"1Z}’l)y = nptj(zlv "'1Zj717 Z]+17 -'-1Zn)y € C
(53)

Suppose that #;(z1, ..., 2j-1, 241, - - - » Zn) is central-valued on Q, for all j =
1,...,n. Since

f‘x(-xla-'-axn) = ijtj(xla '-'7-xj—17-xj+17-'-a-xn)a
7
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it follows that f“(x1, ..., x,) is a central-valued on Q,, a contradiction. There-
fore (53) forces b = 0 and np = 0, which is again a contradiction.

Let us next start from (46) and consider the case when d(x) = vx — a(x)v for
all x € R and for some fixed v € Q,. Hence, §(x) = (nv + ¢)x — a(x)nv —
y (x)q. Therefore, by Note 8, F and G are simultaneously inner b-generalized skew
derivations of R and, by Theorem 3 a number of contradictions follows.

We analyze now the last case. Let us start again from relation (40) and assume
again that d and § are C —linearly dependent modulo SDjy. Thatis Ad (x)+ud(x) =
cx — y(x)c for all x € R. Moreover, in view of the previous argument, we have to
assume now A = 0. Thus §(x) = gx—y (x)g forall x € Randg = u~'c. Therefore
by (40), O, satisfies the generalized polynomial

af (x1, ...,xn)2+bd(f(x1,...,xn))f(xl, ceey Xp)
—f @ xn) + pg) (X1, Xn) (54
+f @ x)py (FGn 2

We finally observe that (54) is equivalent to (46) in case n = 0. Therefore the same
above argument completes our proof.

8 Some Open Problems

In the light of the motivation and contents of this article, we will propose several
topics for future research in this field. More precisely, some informations about
the structure of a prime ring R and the description of all possible forms of a
b-generalized skew derivation F of R can be obtained if one of the following
conditions is satisfied:

1. F(x)" = 0 for all x € L, where n is a fixed positive integer and L is a
noncommutative Lie ideal of R.

2. F(x)" € Z(R) for all x € L, where n is a fixed positive integer and L is a
noncommutative Lie ideal of R.

3. F(x)* € Z(R) for all x € I, where n is a fixed positive integer and [ is a
non-zero one sided ideal of R.

4. aF(x)" = 0 forall x € I, where n is a fixed positive integer, / is an ideal of R
and a is a non-zero element of R.
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