Lecture Notes in Networks and Systems 168

Zakia Hammouch
Hemen Dutta

Said Melliani
Michael Ruzhansky Editors

Nonlinear Analysis:
Problems,
Applications and
Computational
Methods

@ Springer



Lecture Notes in Networks and Systems

Volume 168

Series Editor

Janusz Kacprzyk, Systems Research Institute, Polish Academy of Sciences,
Warsaw, Poland

Advisory Editors

Fernando Gomide, Department of Computer Engineering and Automation—DCA,
School of Electrical and Computer Engineering—FEEC, University of Campinas
UNICAMP, Sio Paulo, Brazil

Okyay Kaynak, Department of Electrical and Electronic Engineering,
Bogazici University, Istanbul, Turkey

Derong Liu, Department of Electrical and Computer Engineering, University
of Illinois at Chicago, Chicago, USA; Institute of Automation, Chinese Academy
of Sciences, Beijing, China

Witold Pedrycz, Department of Electrical and Computer Engineering,
University of Alberta, Alberta, Canada; Systems Research Institute,
Polish Academy of Sciences, Warsaw, Poland

Marios M. Polycarpou, Department of Electrical and Computer Engineering,
KIOS Research Center for Intelligent Systems and Networks, University of Cyprus,
Nicosia, Cyprus

Imre J. Rudas, Obuda University, Budapest, Hungary

Jun Wang, Department of Computer Science, City University of Hong Kong,
Kowloon, Hong Kong



The series “Lecture Notes in Networks and Systems” publishes the latest
developments in Networks and Systems—quickly, informally and with high quality.
Original research reported in proceedings and post-proceedings represents the core
of LNNS.

Volumes published in LNNS embrace all aspects and subfields of, as well as new
challenges in, Networks and Systems.

The series contains proceedings and edited volumes in systems and networks,
spanning the areas of Cyber-Physical Systems, Autonomous Systems, Sensor
Networks, Control Systems, Energy Systems, Automotive Systems, Biological
Systems, Vehicular Networking and Connected Vehicles, Aerospace Systems,
Automation, Manufacturing, Smart Grids, Nonlinear Systems, Power Systems,
Robotics, Social Systems, Economic Systems and other. Of particular value to both
the contributors and the readership are the short publication timeframe and the
world-wide distribution and exposure which enable both a wide and rapid
dissemination of research output.

The series covers the theory, applications, and perspectives on the state of the art
and future developments relevant to systems and networks, decision making, control,
complex processes and related areas, as embedded in the fields of interdisciplinary
and applied sciences, engineering, computer science, physics, economics, social, and
life sciences, as well as the paradigms and methodologies behind them.

Indexed by SCOPUS, INSPEC, WTI Frankfurt eG, zbMATH, SCImago.
All books published in the series are submitted for consideration in Web of
Science.

More information about this series at http://www.springer.com/series/15179


http://www.springer.com/series/15179

Zakia Hammouch - Hemen Dutta -
Said Melliani - Michael Ruzhansky
Editors

Nonlinear Analysis:
Problems, Applications
and Computational Methods

@ Springer



Editors

Zakia Hammouch Hemen Dutta

FSTE Department of Mathematics
Moulay Ismail University Gauhati University
Meknes, Morocco Guwabhati, Assam, India
Said Melliani Michael Ruzhansky
Department of Mathematics Department of Mathematics
Sultan Moulay Slimane University Ghent University

Beni Mellal, Morocco Gent, Belgium

ISSN 2367-3370 ISSN 2367-3389  (electronic)
Lecture Notes in Networks and Systems

ISBN 978-3-030-62298-5 ISBN 978-3-030-62299-2  (eBook)

https://doi.org/10.1007/978-3-030-62299-2

© Springer Nature Switzerland AG 2021

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, expressed or implied, with respect to the material contained
herein or for any errors or omissions that may have been made. The publisher remains neutral with regard
to jurisdictional claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland


https://doi.org/10.1007/978-3-030-62299-2

Contents

Existence Results for Impulsive Partial Functional Fractional
Differential Equation with State Dependent Delay .. ............... 1
Nadjet Abada, Helima Chahdane, and Hadda Hammouche

A Novel Method for Solving Nonlinear
Jerk Equations . . .. ....... ... ... . ... ... 23
Ali Akgiil and Esra Karatas Akgiil

Solving a New Type of Fractional Differential Equation
by Reproducing Kernel Method . . . ... ......................... 34
Ali Akgiil and Esra Karatas Akgiil

An Efficient Approach for the Model of Thrombin Receptor
Activation Mechanism with Mittag-Leffler Function ........... .... 44
P. Veeresha, D. G. Prakasha, and Zakia Hammouch

Stability Analysis of Bifurcated Limit Cycles in a Labor Force
Evolution Model . . . . ... ... .. . . . .. 61
Sanaa ElFadily, Najib Khalid, and Abdelilah Kaddar

Existence and Uniqueness Results of Fractional Differential
Equations with Fuzzy Data . ................................. 78
Atimad Harir, Said Melliani, and Lalla Saadia Chadli

Approximate Efficient Solutions of Nonsmooth Vector Optimization
Problems via Approximate Vector Variational Inequalities . . .. ... ... 91
Mohsine Jennane and El Mostafa Kalmoun

Existence of Entropy Solutions for Anisotropic Elliptic Nonlinear
Problem in Weighted Sobolev Space .. ......................... 102
Adil Abbassi, Chakir Allalou, and Abderrazak Kassidi

Well-Posedness and Stability for the Viscous Primitive Equations
of Geophysics in Critical Fourier-Besov-Morrey Spaces. . . .......... 123
A. Abbassi, C. Allalou, and Y. Oulha



vi Contents

Regional Controllability of a Class of Time-Fractional Systems . . . . . .. 141
Asmae Tajani, Fatima-Zahrae El Alaoui, and Ali Boutoulout

Quadratic Optimal Control for Bilinear Systems . .. ............... 156
Soufiane Yahyaoui and Mohamed Ouzahra

Regional Observability of Linear Fractional Systems Involving
Riemann-Liouville Fractional Derivative . .. ..................... 164
Khalid Zguaid, Fatima Zahrae El Alaoui, and Ali Boutoulout

Stability Analysis of Fractional Differential Systems Involving
Riemann-Liouville Derivative . .. ......... .. ... .. ... ........... 179
Hanaa Zitane, Fatima Zahrae El Alaoui, and Ali Boutoulout

Deformed Joint Free Distributions of Semicircular Elements
Induced by Multi Orthogonal Projections . ...................... 194
Ilwoo Cho

Several Explicit and Recurrent Formulas for Determinants
of Tridiagonal Matrices via Generalized Continued Fractions . . . . . . .. 233
Feng Qi, Wen Wang, Bai-Ni Guo, and Dongkyu Lim

Author Index. . . ... .. .. ... 249



®

Check for
updates

Existence Results for Impulsive Partial
Functional Fractional Differential Equation
with State Dependent Delay

Nadjet Abada'®™® Helima Chahdane', and Hadda Hammouche?

! Laboratoire MAD, Ecole Normale Superieure Assia Djebar,
Universite constantine 3, El Khroub, Algerie
n65abada@yahoo.fr, helimachahdane@yahoo.com
2 Laboratoire LMSA, Universite Ghardaia, Bounoura, Algerie
h.hammouche@yahoo.fr

Abstract. In this paper, we study the existence of mild solutions of impulsive
fractional semilinear differential equation with state dependent delay of order
0 < o < 1. We shall rely on fixed point theorem for the sum of completely con-
tinuous and contraction operators due to Burton and Kirk. An example is given
to illustrate the theory.

1 Introduction

Fractional calculus is a generalization of classical differentiation and integration to an
arbitrary real order. Fractional calculus is the most well known and valuable branch
of mathematics which gives a good framework for biological and physical phenom-
ena, mathematical modeling of engineering, etc. Numerous writings have showed that
fractional-order differential equation could provide more methods to deal with complex
problem in statistical physics and environmental issues; see the monographs of Abbas
etal. [ABN12,ABN15], A. Kilbas et al. [KSTO06], Podlubny [P93] and Zhou [Z14] and
the references therein. On the other hand, the theory of impulsive differential equations
has undergone rapid development over the years and played a very important role in
modern applied mathematical models of real processes rising in phenomena studied in
physics, chemistry, engineering, etc.

Recently, the study of fractional differential equations with impulses has been stud-
ied by many authors ( see [BHN06, HAM10,LCX12, WFZ11]).

Modivated by work [HGBA13], in this paper, we study the existence of mild solu-
tions for fractional semilinear differential equation of the equation of the form

cDg)’(t) —Ay(t) = f(t;yp(t,y,)),t €Jy = (tg, 1],k =0,1,..m, (D
Ay |y:yk:1k(ytk) k=1,....m, )
y(t):(l)(t), te(_‘X’,O]. (3)

where “Dff is caputo fractional derivative of order 0 < o < 1,A: D(A) CE — E is the
bounded linear operator of an ¢ - resolvent family Sy (¢) : 7 > 0 defined on a Banach

(© Springer Nature Switzerland AG 2021
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space E, f :J x 9 — E is a given function, 2 = {y : (—e,0] — E, y is continuous
every where except for a finite number of points s at which y (s™),w (sT) exist and
v(is)=vy(s)h ¢oeD0<r<o), :E—E,(k=0,1,..m+1),0=1<f <
..... <ty <twy1 = b, Ayly—y, = y(tF) —y(t; ), where y(1;") = lim;, o+ y(tx +h) and
y(t, ) =limy,_o+ y(tx — h) represent the right and left limits of y(¢) at = #;, respectively.
We denote by y; the element of Z defined by y,(0) = y(t + 6), 6 € (—e,0]. Here y,
represents the history up to the present time # of the state y(.). We assume that the
histories y; belongs to some abstract phase Z, to specified later, and ¢ € Z. This paper
is organized as follow, in Sect. 2 we introduce some preliminaries that will be used
in the sequel, in Sect. 3 we give definition to the mild solution of problem 1-3 result
inspired by works [HGBA 13, HL20], also the proof of our main results is given. Finally,
an example is included in Sect. 4.

2 Preliminaries

In this Section, we state some notations, definitions and properties which be used
throughout this paper.

Let E be a Banach space endowed with the norm ||.||, and L(E) represents the
Banach space of all bounded linear operators from E into E and the corresponding
norm ||.{|1(g).-

C(J,E) is the Banach space of all continuous functions from J to E with the norm

lullcw,py = sup{lu(®)] -1 € T},

L'[J, E] is the Banach space of measurable functions u : J/ — E which are Bochner
integrable normed by

b
Jull = [ w0l

Definition 1. A familly (S¢(¢))>0 C /(E) of bounded linear operators in E is called an
a- resolvent operator function generating by A if the following conditions hold:

a) (Sq(f))r>0 is strong continuous on R and S, (0) =1,
b) S¢(t)D(A) C D(A) and ASy(t)x = S (t)Ax for all x € D(A) and t > 0;
c) Forallx € E, I*Sy(t)x € D(A) and
So(t)x =x+AI*Sq(1)x, 1> 0;
d) x € D(A) and Ax =y if and only if

S (t)x =x+AI*Sq(t)x, t>0;
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e) Ais closed and densely defined
The generator A of (Sy(7))r>0 is defined by:
Sa(H)x—x

DA):={x€E: lim exists},
@:=A =0t Yor1(f) J
and S
t —
Ax= Jim Sl —x xeD(A),

1=0" Yor1(f)
where g (1) = % fort > 0and yy(t) =0 fors <0and yy(t) — 8(f) as oo — 0,
where the function delta is defined by:
8,:D(Q) —R; ¢ — ¢(a),

and
D(Q)={¢p €C”(Q): suppp C Q is compact}.

Definition 2. An a-ROF (Sq(t)),~ is called analytic, if the function S¢() : R+ —
I(X) admits analytic extension to a sector X(0,6p) for some 0 < 6y < 5. An analytic
o-ROF (S) is said to be of analyticity type (wp, 6) if for each 6 < 6y and ® > @y
there exists M; = M;(, 0) such that ||Sy(z)|| < M1e®Ré for z € £(0,0) where Rez
denotes the real part of zand X(0,0):={A €C:|arg(A—w)| <0, ©,0€cR}

Definition 3. An o-ROF(Sy(2));>0 is called compact for ¢ > 0 if for every t > 0, S, (7)
is a compact operator.

Theorem 1. Let A generate a compact analytic semigroup T (t),>o then for any o it
also generates a compact analytic resolvent family (Sq(t))>0.

Lemma 1. Assume that a-ROF(S(t));>0 is compact for t > 0 and analytic of type
(w, 6p). Then the following assertions hold:

1. limp o ||Se(t+h) —Sq ()| =0, fort > 0.
2. limh,_,0+ ||Sa(t+h) _Sa(h)Sa(t)H = 0, fOVt > O.

Definition 4. An a-ROF(S(7));>0 is said to be exponentially bounded if there exist
constants M > 1, w > 0 such that

[1Sa(t)|| < Me® fort > 0.
in this case we write A € Co(M, ).

Definition 5. The fractional integral operator /* of order ¢ > 0 of a continuous func-
tion f(¢) is defined by

1 .
iy ) =9 s

Observe that I”7 f(t) = f(7) % Wu(t), where yy (1) = % for t > 0 and () = 0 for
t <0and yy(t) — 6(r) as ¢ — 0.

Izaf(t) =
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Definition 6. The -Riemann-Liouville fractional-order derivative of the function f, is

defined by

Dy f(t) = ﬁ%/at@*s)"_a_lf(s)ds.

where n =[] + 1 and [o] denotes the integer part of c.

Definition 7 [P93]. For a function f defined on the interval [a, b], the Caputo fractional
order derivative of order « of f, is defined by

(D0 = iy ) =9 0 (s,
Where n = [a] + 1.
Therefore, for 0 < ¢ < 1, n =[] + 1 = 1 and for a = 0, the Caputo’s fractional
derivative for ¢t € [0,b] is given by

6DFN0) = g . =) W)

In this paper, we will employ an axiomatic definition for the phase space D which is
similar to those introduced by Hale and Kato [HK78]. Specifically, D will be a lin-
ear space of functions mapping | — e, b| into E endowed with a semi-norm ||.||p, and
satisfies the following axioms:

(A1) There exist a positive constant H and functions K(-), M(+) : R* — R™ with K
continuous and M locally bounded, such that for any b > 0, if x : (—ee,b] — E,
x € D, and x(+) is continuous on [0,b], then for every # € [0,b] the following
conditions hold:
(1) x;isin D;
(i) (1) < H||x|p;
Gii) [ 1o < K(t) sup{ x(s)| -
pendent of x(-).
Denote

0<s<rt}+M()|xolp, and H,K and M are inde-

Ky, =sup{K(t): t€J} and M), =sup{M(t):t € J}.
(A2) The space D is complete.

Example 1. Let h(.) : (—eo,—r] — R be a positive Lebesgue integrable function and
D:=PC, x L*(l;E), r >0, be the space formed of all classes of functions ¢ : (—oo,0] —
E such that ¢|_,q € PC([-1,0],E), ¢(.) is Lebesgue-measurable on (—co, —r| and
h|p|P is Lebesgue integrable on (—eo, —r]. the semi-norm in ||.||p is defined by

—r I/p

lolo= sup Lo+ ([ n@lp@)ras) . @
0c[—r0| —oo

Assume that h(.) satisfies conditions (g-6) and (g-7) in the terminology of

[HMNO91]. proceeding as in the proof of [[HMNO91]. Theorem 1.3.8] it follows that &

is a phase space which verifies the axioms (A1)—(A2) and (A3). Moreover, when r = 0

this space coincides with C° x L?(h, E) and the parameters H = 1:M(t) = y(—t)"/? and

0 1/2
K(t)=1+ (f?,h(é)d&) ,fort > 0 (see [HMNO1]).
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Definition 8. A map f: [0,b] x 2 — E is said to be carathéodory if

1. the function z — f(¢,y) is measurable for each y € Z;
2. the function ¢ — f(z,y) is continuous for almost all t € J; := (fy,t;+1],k=0,1,..m.

In order to define the mild solution 1-3, we consider the following space
PC(J,E) ={y:[0,b] — E :yis continous at t # ty,y(t; ) = y(tx),

and y(1;}) exists, forallk=1,...,m}

which is a Banach space with the norm
[l = max{{|yklls k = 1,2,..,m},

and
Dy ={y:]—o0,b] — E :y||_0) € Dand y|; € PC(J,E)}.

Let ||.||, be the semi norm in Dy, defined by

Illo = lIvollp, +sup{ly(s)| : 0 <s <b}, y€Dp.

Let us introduce the definition of Caputo’s derivative in each interval (#,#11],k =
0,...,m,

(‘D f)(1) = / '(z —5)"%f (s)ds.

F(I—O() 1y

3 Main Result

Before starting and proving our main result, we give the meaning of mild solution of
our problem 1-3.

Definition 9. A function y € PC((—eo,b],E) is said to be mild solution of our problem
ify(t) =¢(r), forallt € (—oo,0],Ay|y—y, =I(y;),k=1,2,...,m and such that y satisfies
the following integral equation:

SOC(I)(P(O) + fé Sa<t - S)f(sv)’p(s,ys))dS; ift € [O7t1]7
Sa(t — 1) TTE; Se.(ti — 1i-1)9(0)
y(t) = "‘2":1 fzf’_l Salt —fk)H]/:il Sa(tjr1 —1)Sa(ti _s)f(sﬁyp(s,yy))
+ft2 S(X(t _S)f<s>yp(s,yx))ds
+ 301 Sa(t = 1) T Saltjer —t)hin)s  if t € (ki)

Set
Z(p~)={p(s,9): (s,0) €/ x Z,p(s,9) < 0}.

We always assume that p : J X & — (—eo,b] is continuous. Additionally, we introduce
the following hypothesis:
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e (Hp) The function r — ¢; is continuous from Z(p~) into Z and there exists a
continuous and bounded function L? : Z(p~) — (0,°) such that

I9ell2 <LP@)]®]l7,  forevery t€Z(p™).
Lemma 2 ([HPLOG]). Ify:] —e,b] — E is a function such that yo = ¢, then
[y:llp < (M +L2)[|]| 2 + Ky sup{[y(s)|;s € [0,max{0,7}]},
where My, = sup,c; M(t) , K, = sup,c; K(t) and L® = supte,ﬂpf)L‘iJ (1)

Our main result in this section is based upon the following fixed point theorem due
to Burton and Kirk [BK98].

Theorem 2 ([BK98]). Let X be a Banach space and A,B : X — X be two operators
satisfying:

1. Ais a contraction,
2. B is completely continuous,

Then, either;

1. the operator equation 'y = Ay + By has a solution, or
2. theset Y ={uc X :AA(3)+AB(u) =u,A € (0,1)} is unbounded.

We introduce the following hypotheses:

(H;) A generate a compact and analytic @-ROF (S(#));>0 which is exponentially
bounded i.e there exist constants M > 1, @ > 0 such that

1Sa ()| < Me®; t>0.
(H>) The functions I : E — E are Lipschitz. Let My, for k = 1,2,3,...m, be such that
[ (y) = Le(x) | < My|ly—x[|; foreachy,x € E.

(H3) the function f : J x D — E is Caratheodory.
H,) There exists a function p € L'(J,R,) and a continuous nondeceasing function
( p + g
Y : [0, +oo[— [0, 4o such that
1f @) < p@)w(lyl)p,

a.e, t € J, forall y € D, with
/°° du _
co W(u) ’

/'°° du
Jey y(u) ’

and
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where
Ch=C, 3= min(Cl,Cz),

C = (My+L? + KpMe®)[|9]] 50,

K (M1 |(0)| + Sy M 1200 (1(0)| +0))
1-K, 25_621 MFk—i+1o0(b—1) M.

L KT M2 ) [ e (o) ()

1=K, i Mk-itteob=ti) i

C =

+C

KpMe®P
(1 —Kp 25(:1 Mk*iHew(/’*li)Mi)

G =
Theorem 3. Assume that Hypotheses (Hy),(A1),(A2), (H1), (Ha) are satisfied with

k
Kb 2Mk71+1€w(b7ti>Ml‘ < 17
i=1

then the problem (1.1)—(1.3) has at least one mild solution on | — oo, b).

Proof. Transform the problem (1.1)—(1.3) into a fixed point problem. Consider the oper-
ator N : &), — 2, defined by

o(1); 1 € (—eo,0],
Sa(z)q)(O) +‘[(;S(Z(l _s)f(s7yp(s.,ys))d5; re [07[1]7
NO)() = ~ Salt — 1) T Sa(ti —1i-1)$(0)
+2{'(:1 lfL1 Sa(f _lk)H];';il Sa(tj+l _tj)SOC(ti _s)f(s7yp(s,)'s))
+ f,i Sa(t— s)f(s,yp(svm)ds
+35, Salt _tk)H]j(;il Saltjrr —1)i(v,); 1€ (tr, tege1] -

Let x(.) :] — o0, b] — E, be the function defined by

(P(t)? iftG]foo,O],
x(t) = q Sa(t)9(0), ift€[0,n],
0, if t € (te,tiy1]-

Then xo = ¢. For each z € &, with z(0) = 0, we denote by Z the function defined by

0, if t €] —e0,0],

f(; Sa (l - S)f(svxp(s,xﬁrf_v) +Zp(s,xs+2,-)) +Zp(s,x.;+2;))dsv i.f re [Ovtl]v
Z(Z) _ Sa([k* tk? Hf:] Sa(’i *l;';ll)‘l)(o) B (5)

+ 31 Ji et =) 12 Sa(tjer —17)Sa(ti — ) f (8:Xp (s ,42,) + Zp(s.r 42,08

+ j;i Sa (t - s)f(svyp(s,yly))ds

+Zf»‘:15a(f—fk)l'[§;} Saltjiv1 —tj)li(x, +7,), ift € (tkstxr]-
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If y(.) satisfies (3), we can decompose it as y(t) = x(¢) +z(¢), 0 < < b, which
implies y; = z; +x; for every 0 <7 < b and the function z(.) satisfies

<\ |0, if t €] —e0,0],
2 = {z(z), ifte0,b].
where
f(; S(X(t _S)f(saxp(s,strZS) +ZP(S,XA-+ZS))dS7 lft € [Oat1]7

Soi(t =) Tz Seu(ti = 1i-1)9(0)
2t) =& A2 f7 Salt =) TIEZ! Satjsr —1))Sa(ti = 9) £ (5, % (s.0,42,) +Zp(s.xe12))
+f[1 Sa(t _S)f(s xp(s Xs+Zs) +Zp(sx3+?s))ds
+2{'€:1Sa(t*tk) H, i Sa(thrl tj )I (xt, +Zt,) ifte (tkatk+1]-
Set
9},’ ={z2€ Dp:20=0}.
and let ||.||, be the seminorm in %, defined by

l12lls = llzoll+ sup{lz(r)] - 0 <7 < b}
=sup{|z(¢)|: 0 <t < b}.

2} is Banach space with the norm ||.|[5 .
Transform the problem 1-3 into a fixed point problem. Consider the two operators

oA\ B D — D,
defined by

0, ift€[0,n],
(1) = { Solt — 1) TT= Serti —1i-1)9(0)
JFZ{'(:] Sa(l‘ 71‘]() H];;ll Sa(thrl 7[1')11'()(1,- +Z,i), ifte (tk7tk+1]'

and

j() SlX(lf ‘) (5 xp SXS+L§ +Zp(sx;+z:))d57 ifte [Ovtllv
PBz(t) = 25 1fr Sa(t — 1) T1 j= LSa(thrl t/)SO!(tI S)f(syxp(sﬁxﬁriﬁ’)+Zp(sﬁx:+2?))

+th Sa( s)f(s xp (s,x5+Z5) +Zp(sx;+z;))ds if[ € (zk7[k+l]'

Then the problem of finding the solution of the problem 1-3 is reduced to finding
the solution of operator equation .o7z(r) + %z(t) = z(t), t € (—eo,b], we shall that the
operators <7 and £ satisfy all the conditions of theorem 3.

We give the proof into a sequence of steps.

Step 1: £ is continuous.
Let (z"),>0 be a sequence such that 7 — z in @,9 . Since f satisfies (H3), we get

Fls,xs+7%) — fs,%5+7Z5) as n— oo,
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Then

1. Fort € [0,#], we have

|B(2") (1) = 2(2)(1)]

= |f(§sll(t7S)[f(svxp(vx3+’”)+Z (s,x5+321) f( S, Xp( u;+z;)+zp(5,xx+2;))]ds
< JolISat = )1 (5,2 (s 4zm) + 2 gy p20)) = F (55 s x047,) + Zp(s.xsz,))lds

< Me® fé e ‘f(saxp(x.xﬁrf_?) +Zp(57xs+z'¥l)) - f(s7‘xp(.Y,Xx+zs) +Zp(.n,)cﬁriy))|ds —0.

(
)=

2. Fort € (tg,tx+1),
| B (") (1) — B(2) (1))

= T i Salt =0T Saltjn = 17)Salti = ) (5. Xptsa2) Bz
—F (5, %p (s re42) T Zp(s.ee 2018+ i Sarlt = )£ (5, %p(5.xy12) + o) T F O Fpteniz) T op(sarz) I
<SS ISl =) N T 18t = 1) 1St = ) % LA (5 Xpsmtap) + Zp )
= (8 %p(s.x042,) T Zp(srz) 1A + i 1St = ) (s, %p (50, 420) 8 sz
—f(8:Xp (s.xt20) F Zp(snez))]1dS
STE T Me® U TTSZ M1 Me® )| [ (s, Xp (o xys20) + Zng s 20))
= (5% xe42) F Zp(oayrz) 1S + [ MU IF (8 %o x2) + Ty )
F(8:%p (s x42,) F2p(s.0y47,) ) 1dls
S TE I Me®0 [Me@lin1 1) x Me@lisaiin) x Me® (i i)
X X M@ -1) | Me®i=15)| [ £ (s, X (5,542 +zp(vx5+4x))
S (8 %p (sxp420) T Zplsrrz) 11
+ L M (5, s xg42) + Z gy 21))
—f (8, (s0042) T Zp (5,042 )] lds
ST Me MM | [F(5 X sv2) T Fp eazpy) S (5 Fp(srz) F Fploaseran) IS
+Me™ ,A e[ f(5,%p (5,51 20) +z;;(s.x.s+?.’§))
=S (8, Xp(s,3,47,) T Zp(s,0,42,))]Ids
< T ME R ¢ (5 )+ By ) 5 ) Fpen vz s

+Me® f,: e[ (s,xps, Xs+21) +Zp(s Xyl )) — (8. Xp (5.0 42) T Zp(s.xstz) )] lds — 0.

We get
12(") (1) = (2)(r)

0 — 0.
b

as n — oo,
This means that % is continuous.

Step 2: % maps bounded sets into bounded sets in _@g.

A linear operator £ : @g — @g is bounded if only it maps bounded sets into
bounded sets; i.e it is enough to show that for any g > 0, there exists a positive constant
lgsk = 1,2,...,m such that for each z € B, = {z € 2 : ||z|| < q}, we have || B(2)|| < k.
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Let z € B,. Then,

f(;k”SO!t(‘t75)”‘f(svxp(s,xs+2:) +ZP(S,XS+ZV))|dS’ ift € [Oatl]a
Y S I1Sa(t =)

Bz(1)] < = _

00 ST a1~ 106~ 503520+ )1
+ftk HSOC(t - S)H |f(s’xp(s,xg+25) +Zp(s,xs+fg))|ds> ifte (tk’tk+l] :
f(; ”Sa(t_S)HP@)W(”“‘p(&x;-&—@) +2p(s,xl+21)||)dsv if t€[0,n],

S f ISa(t — 1)
x Ht’j;l 1Se (241 =) l[1Se (1 = )P () Wlxp (5,0,42,) +Zp(s042) s
+jtk Hsa(t _S)HP(S)W(pr(s,x;-FZ) +Zp(s,xA+ZA)H)dS> ifte (tkatk+l}'

|B2(1)] <

Using Lemma 3.1, we get

ep (s 20) T Zp(s.x42) |99 < KsMe® |9(0)] + (M +L¢)||<P||@2 + Kp|z(s)]-

Then

||xp(x,xs+is) +Zp(s,xs+25)| _@2 < (Mb +L¢ + KbMewb) ||¢ ||_ﬁ/2 +Kbq = C]*-

Set C = (M, +L? + K,Me®")|| ¢ l0- Then we obtain

“xp(sAxmLZv) T Zp(s,x52) ”@8 < Kplz(s)|+C.

Me® y(qy) Joe™* p(s)ds, ift €[0,n],
2;(:1 Me®U—t) [Mew<ti—l*li)Mew(tHZ*tHl>“.Mgw<tk—l*tk—2>
xMew(’k”kfl)]Mew"’ x ¥(q*) t:i—l p(s)e=®ds

+Me® y(q*) [ p(s)e”*ds, if t € (tk,tk1].

|Bz(t)] <

Then
Me®h ‘I/(q*))fé e~ p(s)ds, if t€[0,n],
|@Z(t)‘ < 2?—1 MkfiJrZew(tftk)ﬂLt,-,]7t,-+t,-+gft,-+|...+t1(,|7I1(72+tk7tk—l+t,')
<y(q") Ji', p(s)e” @ds+Me® w(q") i p(s)e™“*ds, if t € (k1]
Using characteristic of the exponential function, we get
Me vy () foe™®*p(s)ds, if t€[0,n],

|B2(1)] < { TE M6t sy (gs) [ pls)e®ds
+Mey(q3) fi p(s)e”ds, if € (o tisn)-
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Finally, we obtain

Me® y(qy) Joe~*p(s)ds =11, ift€[0,n],
| Bz(1)] < sz M+ z+2 Ot 1—t-1) % ‘l/(‘lz) i lp(S)e_“”ds
+M€“”k+1l//(q )fzk (s)e=®ds = Iy, k=2,3,....m, if t € (te,txr1] -

Me® 1y (q*) [e @ p(s)ds =1, iftel0,n)
|Bz(1)] < { T MFH2e000 1)y (g¥) [ C p(s)eods
+Mety (") fy pls)e “ods Ll k=23.m  ifte (tr,1r1] -
Step 3: % maps bounded sets into equicontinuous sets of @g.

Let 71, € J\{ti,12,...,tm} With T; < T2, let B, be a bounded set in @g, and let
z€B,.
olf 7,1y € [0,t1], we have

|Bz(12) — Bz(T1)|

T T

= o Sa(T2 7S)f(svxp(s,x,+zv) +Zp(s.xx+zv))d5* 0 Sa (11 7S)f(svxp(s,xx+zv) +Zp(s,x.;+z;))ds|'
Using the linearity of integral operator and hypotheses Hy, we get
|93Z(‘L'2) — ﬂz(ﬁ )|

Tr T

= |/0 Sa(T2 — S)f(svxp(s,)g#-zs) +zp(s,x5+23))ds+/r Sa(T2 - S)f(syxp(x,xs-&-zs) +Zp(s,xj+?d))ds

1
T
_/0 Sa (T = 8) S (8,%p (s.x,42) T Zp(s.x542,) )45
) o T i B
= ‘/0 (Sa(‘iz - ‘Y) - Sa(Tl - S))f(x,z, (Y) +xt(s))d""i’/ Sa(h - Y)f (S-,xp(s,x.;JrE.;) +Zp(s.,x5+2x))dsl

T

< o' I1Sa(72 =) = Sa(T1 = )1 (5, %p (s.xy120) + Zp(st2)) 1S

)
[ S0 = IS5 Xpts + o2l
1

)

<Y [ 15a(e = 5) —Salri = 9)pls)ds + Mey(q") [ e pls)s.

T

If 7; = 0, the right-hand side of previous inequality tends to zero as 7, — 0 uni-

formly for z € 7.
If 0 < 71 < 1, for € > 0 whit € < 7] < Tp, we have

B(e(r2) = B < [ 18a(r2=5) = Saltr =) (51 ¥psn12) + Fpta 2l
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T _
[ 15052 =9) = Sa(m = (5120 + Fplsralds
-
(%) _
[ 1Sa(m =5 tpis sz +Epton sz lds
1

<wla) [ 18u(m—5) = Sulr = 9)lp(s)ds

T
#ylaD) [ Sa(m=5)=Sa(m—9)lp(s)ds
-
T
—I—Memzl//(q*)/ e “p(s)ds.
T

From lemma 1, the operator S(#) is a uniformly continuous operator for 7 € [g,1;].
Combining this and the arbitrariness of € with the above estimation on |%#(z(12)) —
%(z(71))|, we can conclude that

limiz, ) —0|#(2(12)) — B(z(11))[ = 0.

Thus the operator 4 is equicontinous on [0,#].
o If 71,7y € (fy,tv1)s

% (2(%2)) = B (z(n))]

k t; k—1
= 2/{ Sa (2 — 1) [TSa(tj01 = 17)Se(ti = 5) (5% (5.0420) + Zp (s,2,42,) )5
=171 =i

k 1; k—1
- /t Sa(t1 = 1) [TSa(tjs1 —1))Sa(ti =) £ (5,3 (5.0 2,) + Zp sy 205
=171 =i
T T _
+ A SO!(TZ - S)f(svxp(sﬁx&+2;) +Zp(s7xx+2\-))ds - ] S(Z(Tl - s)f(saxp(s,x&+z,.) +Zp(s,x.\-+2,-))ds‘|'
k k

Then
|%B2(12) — PBz(11)]

k t k—1
< Z/t IS0 (2 = tx) = S (71 =) | [T ISex(tj1 = 1)
i=1 J=i

i—1

-
x[|Se (i = s)|| ‘f(svxp(s,xg-&-fg) +zp(x.,x5+25))‘ds+ l /t Sa(t2— s)f(svxp(s,xg-&-fg) +2P(S-,xs+fs))ds
X

T

]
+ . Sa(TZ - s)f(saxp(s.xﬂriy) +Zp(s,x.\-+2\-))ds - . SOC(T] - s)f(saxp(s,x.ﬁiy) +zp(s,x.,-+2\-))ds‘|'
1 k

Which gives

k 1 k—1
|Bz2(12) — PBz(m)] < Z/I 180 (72 = 1) = Ser(T1 — ) | [T 1S (261 — 1)
i1/t =i
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XS (ti = )IS (8, Xp(5,0,47,) T Zp(s.5,42,)) s

T
+ ) [1S0(T2 =) = Sar(T1 = )11 (5, %p (5,5,42,) T Zp(s,x,425) ) DS
k

T
[ 18a(r = )52 + ozl
1
Under the hypothesis Hy, and lemma, we obtain

|B2(12) = Bz(11)] <Thyw(g5) i 1Sa(m2— 1) = Sa(m —10) |
T 1Sa(tje1 — 1)l % ISa (i =)l p(s)ds
+w(q") il 1Sa (72— 5) = Sa(m =) p(s)ds
+v(g") [T e Sa (2 = 5) = Sal(T1 —5) || p(s)ds
MY (g e [2 e p(s)ds.
As T) — T and € becomes sufficiently small, the right-hand side of the above inequal-
ity tends to zero, since Sy, is analytic operator and the compactness of Sy (¢) fort > 0
implies the continuity in the uniform operator topology. This proves the equicontinuity
for the case where r # t;,i=1,...m—+ 1.
Now, it remains to examine equicontinuity at ¢ = #;. We have for z € B, for each
tel.
First, we prove equicontinuity atz =¢, .
Fix 8; > 0 such that {l‘k7k #+ l} N [tl — 01,1 — 51] =0.
For 0 < h < 0y, we have
eifl=11ien —h,n €[0,1],

|B (2t — 1) = B(e)] < w(a}) Jo' ™" ISalts —5) = Sa(ti —h—s)| p(s)ds
+Me® y(g*) tlllfh e p(s).ds

Which tends to zero as h — 0 since Sy(#) is uinformly continuous operator for
t € [0,1,] thus the operator B is equicontinuous at t =1, .

e if 1y —h,ty € [ty ty1]-
Then:
|B(2) (1 —h) — B(2) ()| < w(q) fi, 1Salti—1) = Salti—h—1)|
) TIZHISa(tj1 — 1) |[11Sa(ti = 5) | p(s)ds
+w(g*) [ " ISati—5) = Se(ti = h— )| p(s)ds
My (g )e® [ e p(s)ds.

The right-hand side of the previous inequality tends to zero as h — O.
So the operator 4 is equicontinuous at f; .
Now, define .

Bo(z)(t) = B(2)(t),if t €[0,11],
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and

o= (260

Next, we prove equicontinuity at t = tl-+ .
Fix &, > 0 such that {f,k # i} N[t; — 8,4+ &] = 0.
First, we study the equicontinuity at t = 0T,
If + € [0,#1], we have

Bo(2)(1) = {fi(]i); ifreon)

For 0 < h < &,, we have

|%0(2) () — %0 (2)(0)] =[2(z)(h)]
= [1Jg Sa(h = $) £ (5, Xp (s.x,42,) T Zp(s.x0+2,) )5l
< foh 1Sec(h—$) (55 Xp (5.x,+2) T+ Zp(s,x,42,)) DS
<Y(q")e® [y e p(s)ds.

The right-hand side tends to zero as h — 0.
Now, we study the equicontinuity at #;",25", ...,5,} (1,7, 1 <1 < m).
For 0 < h < 6, we have

|B(2)(t1+h)—B(2)(0)] < T w(g) iy 1Sa(h) = Sa(0)]
) TISZHISa (21 — 1) |[11Se (6 — 5)| p(s)ds
My (g*)e@UHh) [t e p(s5)ds.

It is clear that the right-hand side tends to zero as 1 — 0.

Then £ is equicontinuous at t1+ ,(1 <1< m). The equicontinuity for the cases 7; <
T <0and 171 <0 < 1, follows from the uniform continuity of ¢ on the interval | — oo, 0].
As a consequence of steps 1 and 3 toghether with Arzel-Ascoli Theorem it suffices to
show that %z maps B, into a precompact set in E i.e.: we show that the set {#z(t),z €
B} is precompact in E for every ¢ € [0,5].

Now, let x € B, and let € be a positive real number satisfying 0 < & <t < b.

Forz e B, and 1 € [0,11].

we have if r = 0 the set {#z(0);z € B,} = {0} which is precompact as a finite set.

For 0 < € <t <t, we have

B(2)(t) = JoSalt - (8, Xp(s.xe20) T Zp(sxs i) S
= jg_s Sa(t - S)f(&xp(x,xﬁ»fs) +Zp(x7xg+25))ds+ J;I—s Sa (I - S).f(saxp(s,.¥5+fg) +Zp(x,x§+fg))ds'
Set Fo := {Sa(t — 0)f(0,%(0,.x9+25) T Zp(0,x9+29))3 0 € [0, — €],z € By}, from the
mean value Theorem for the Bochner integral, we have
1—&

A So(t—5)f(5,%(s) +x(s))ds € (t — €)Conv(Fp). (6)
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On the other hand, using hypotheses (H}) and (Hy), we obtain

/tt 1Sa (t —5) £(5,7(8) +x:(5))|ds < Me® w(q*) /t e p(s)ds.

—& 1—€

Let CY the circle who’s diameter d is such that

!
a2 < Me™y(g)) [ e pls)ds. )
1—€
As a consequence of (6) and (7), we conclude that
Bz(t) € (t —&)Conv(Fy) +C2, Y0 <e<t<t. (3)

For #; < € <t <t11 and z € B, we have

kg k=1
Be() =Y, [ Salt— 1) [TSaltysr —1)Salti=9)f(55() +x(9)ds. ©)
i=1"ti-1 j=i

+ t_eSa(t—s)f(s,Zt(s)+x,(s))ds—|— t Sa(t —5)f(s,2:(s) +x,(s))ds.

17% t—¢€

Set Fi := {Sa(t — 0)£(0,%:(0) +x:(0)); 6 € (tx,tk41),2 € By}, from the mean value
theorem for the Bochner integral, we have

1—€ —_
/ Sa(t =) (8, Xp(s.x,42,) T Zp(s,5,42,) A8 € (t —tx — €)Conv(Fy). (10)

T

From (H}), (H4) we obtain

SE z:i,l Sa(t —t) H];;l! Sa(tjv1 —1j)Sa(ti =) (8, Xp (s x42) T Zp(s.542,))dS
+Ji ot —s)f(s,2:(s) +2x(s))ds
< w(q*)ziglekfiJrzew(t—tkq ft:l,l e p(s)ds+My(g*)e® f,l,g e~ p(s)ds.
Let C¥ the circle who’s diameter d¥ is such that
k ‘ 4 t
d]g < W(q*) szfH'Ze(D(t*lkfl / efwsp(s)ds—i—Ml//(q*)ewt/ eiwsp<s)ds. (11)
i=1 li-1 t—¢
From (9) and (11), it follows that
B(t) € (t —tr —€)Conv(F) +CK, Vi < € <t <try1. (12)

From 8 and 12, we conclude that %z(r) is precompact in E. From Stepl- Step 3, we
deduce that 4 is completey continuous.
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Step 4: <7 is a contraction.

For 1 €] —eo,11], we have
|71 (t) — A z2(1)| = 0.

which implies that &7 is contraction for all # €] — eo,#;]. It remains to prove that A is a
contraction operator for ¢ € [t;,f;11], k > 1

|21 (t) — o 22(1)] =35, Sal(t —fk)Hlj{-;il Sa(tjt1—1t))
X [(Ii(x, +70) — Ii(x, +22)]
< ¥ ISa(t =0T} 1Sa i — 1) 11H(2) — 1))
< h | MOt TP Mee )| [1(E) — 12|
< TR M@= M=) pe@liva—tict) | Me®lk-1-1k-2)
xMe®t-1)] x ||| [1(Z)) — 122
< Sk ME-iF1goln) | 1z — 1z

Since ¢ € J :=[0,b] and the functions I; k = 1,2,...,m. Lipschitz; Then

k
| 21() = Az (1)] < 3 MMz — 2o
i=1

It fallows that
k
/21 — | < Kp 3 MOt — 2.

i=1
Thus the operator </ is a contraction, since

k
Kb 2Mk71+lew(b7ti>M[ < 1
i=1

Step 5: A priori bounds.

Now it remains to show that the set
Y ={z€ PC(]|—,b),E) : z=A%B(2) —|—7Lszf’(§), for some 0<A <1},

is bounded.

Let z € I be any element, then z = A8(z) + 1.4/ (%),
for some 0 < A < 1.
First, for each 7 € [0,1],

|2(7)] = A Jo St — ) F(5:%p (s xy2) + Zp(s,20-+25) )4S]

< Me® fé eiws‘f(svxp(s.,x5+zs) +ZP(S,X5+Zs))|dS
< Me®h f(;l eiwsp(s) V’(pr(s,xj+zs) +Zp(s.05+2) ||)dS
< Me® [5 e p(s)y(Kp|z(s)| + (My + MKpe®t +L?)| 9| ds.
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On the other hand, for each ¢ € (#,#1], we have
2(n)] =114 (Zfll i Salt =) TIZ] Saltjn —17)Salti =) f (5% (s x4 20) + Zp (s +20) S
+ j;: So (I - S)f(svxp(x,xﬁrzs) +Zp(.nxx+zy)> +;L (S(Z (t - tk) H?:l Sa (zi —ti-1 )(p(o)
+ 35 Salt =) TI'Z] Sa(tj1 — )5 +x[i)) [l
From (H;) , (H,) and since A < 1, we obtain

|2(1)] < MM 9(0)] + h_y ME et |1(0) |
+XE M2 [l om0 p(s)y(Ky|2(s)| + C)ds
+Me®! li e p(s)w(Kplz(s)| +C)ds
T MET LG ) — 1(0)]-

Since [; are Lipschitz, then

|2(1)] < M |9 (0)] + S ME U |1 (0)|
+ Xy M) [ e p(s)w(Kpla(s)| + C)ds
+Me® [i e p(s)y(Kplz(s)| +C)ds
T MM 21|
< Mk+lewz|¢(0>| + zf_czl MkfiJrlew(zft,-) |Ii(0)|
T MU ) [ e p(s) y(Kp[2(s)| +C)ds

i1
+Me® [ e p(s)y(Ky|z(s)| 4+ C)ds
+ 3k MEHT U=t M (K |2(1) |+ C).

Therefore

k
(1=K >, MO0 2(0)| <M 9 (0)]| + Xy ME e 73(0)|
i=1
F T ME20 ) I om0 p(s)y(Ky|z(s)| +C)ds

i—1

MO [l p(s) (K3 (o) + C)ds + CEE MEH1 00,

Jig
Thus we have
12()] < (ME1e9 10 (0)] 4 B, MF 1010 (|1,(0)]+C)
S MEER00 ) i 0 () y(Ka(s)] + C)ds ) /(11— Ky Bh MA- o)

wb _
Ry e O POWK[(5)| + C)ds).

We consider the function p(¢) defined by

u(t) = sup{Kplz(s)| +C;0 < s <t}, 0<t<bh.
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Let t* € [0,7] be such that u(r) = Kp|z(t*)|+C. If t* € J, by the previous inequality, we
have for ¢ € J.
eifr 0,1,

ulo) < Kovee® | e p(s) w(a(s))ds +C.

eifr e (tkatk+l}a
k@)l < K (MEF1698]9(0)| + TE ME—+1e00-0) (1,(0)] +C)
+2£€:1Mk—i+28w(b—l/‘71)ftf:l e—a)sp(s) l[/(\,u(s)|)ds)/<l —-K, zleMk_i+lew(b_ti)M[>

b .
+ (171(,]2]?:]1([(]4[;46” lem(b—zi)M’) fti e_w‘p(s)q/(|/.1(s)|)ds) +C

Then .
B 4G [ € p(s)wlu(s)ds

Ik
Where
K (M1 (0)| +H M2 (1(0)|+C))
1—Kp 2{;:1 Mk7i+lew(b—t,~)Mi
K Tioy MET2e0 o) [ em @ p(s)y(u(s))ds

1—Kp Z{';[ Mk—i+1g0(b—t) pf,

C =

+C.

K,Me®®

G = (1 —K, 25:1 Mk*iJrle“’(b_’i)Mi) ’

It follows that

C+KpMe® [yep(s)y(u(s))ds, ifre[0,n]
Hin < {a £Co [l e B p(s)yluls))ds, i1 (xtier).

Let us take the right-hand side of the above inequality as ¥ (z),
u(t) < o).
and

() = {C+KbMewb f(;eiwsp(swl(“(s))dsv if t€0,1]
TG G f e p(s)w(p(s))ds, if t € (titira)-

(0) =C,
ﬁ(tk):Cl, k=1,2,...m.

And differentiating both sides of the above equality, we obtain

o [ KM p(yy(u()),  if 1€ 0.0],
o= {C§ewfp<r>w<u<r>>, iF1 € (toten].



Existence Results for Impulsive Partial Functional

Using the non decreasing character of function v, i.e
u(r) < 0(0) = wu() < y(d())
We have

' KM p(t)y(9(r), ifte0,n],
P < {C2€ @ ( ) v(9(t)), ifte€ (titi].

It gives

o) {KbMe“’(b_t>p(t), if t €10,1],
w(0(r) = L Cae” @ p(t), if t € (thstks1)-

e Integrating from 0 to ¢, if r € [0,7], we get

! 0/(3) wb —os
/Olll(ﬁ( ))ds KyMe /Oe p(s)ds.

By change of variable (9(s) = u)(s: 0 — t,u: C — B(t)):

V(1) dy t = du
§Mewb/ e ®p(s)ds S/ .
/c v(u) c ) o y(u

Hence, there exists a constant 717 such that

u(r) < 0(1) <m.

e Now, integrating from #; to ¢ if € (f,1;11], we get

r(s) ' —os
/tk l/l(ﬁ(s))ds <G 5 e Yp(s)ds.

By change of variable (0(s) = u)(s:ty — t,u: C; — 9(1)):

V() du t v() du
<C / e ”p(s dsS/ .
b v =6 o= L

Where C3 = min(C,C,). Henc, there existe a constant 1), such that

) <0(t) <ma,  t€ (i tiy1)

In conclusion, there exists 7 = min(7n;,172) such that

w() <o(t)<n, forall telJ.
Now from the definition of u it follows that, there exist n* > 0 such that
lelg <n®,  Vzer.

This shows that the set 1° is bounded.

As a consequence of theorem, we deduce that &/ + 2 has a fixed point z*. Then
¥y (t) =z°(t) + x(t),t € (—o0,b] is a fixed point of the operator N and hence the problem

have a mild solution on interval (—ee,b] . This completes the proof.
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4 Application

We consider the following impulsive fractional differential equation of the form:

atq (92 t
ﬁv(tvx) = ﬁv(tvx)'i'./imal (S_t)v(s_pl(t)pZ(‘V(t)‘vé)d& x€ [0,7[], re [O,b]\{th.“,l‘m},
(13)
Av(t)(x) = /'l di(ti— $)v(s,%)ds, x € [0,72],i = 1,..m, (14)
v(t,0) =v(t,m) = 0,1 € 0,D], (15)
v(t,x) =vp(0,x), B €] —o0,0],x € [0, 7]. (16)

where 0 < g < 1,d;: R— R,i=1,2,....m, and a; : (—0,0] — R, p; : [0,+) —
[0, 4e0),i = 1,2 are continuous functions.
Set E = L*([0,x]) and let D(A) C E — E be the operator Au = u” with the domaine

D(A) = {uc H}(0,m)NH?*(0,7)}.

The operator A is the infinitesimal generator of analytic semi-group S(z).
Set v > 0. For the phase space, we choose Z to defined by:

9 =PCY = {® c PC((—,0),E): lim exp(y?)®(0)  existsin E}.

96(_°°*,0]
with norm

||¢||y=6sup exp(¥?)|¢(0)], ¢ €PC.

€(—o0,0]

For this space, axioms (A1), (A2) are satisfied. the problem (4.1)—(4.4) takes the abstract
form (1.1)—(1.3) by making the following change of variables.

y(@)(x) =v(t,x), x€][0,x],t€J=][0,1].
0(0)(x) =vo(6,x), x€[0,7],0<0.
16000 = [_argls.ns.
p(1,9) =s—pi()p2(|9(0)]).

0
L9)) = [_di(=0)p(6)(x)d6

Theorem 4. Let ¢ € 9 such that Hy holds, the problem (4.1)—(4.4) has at least one
mild solution.
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5 Conclusion

In this work, we provided the existence of mild solutions and with sufficient conditions
for some differential fractional equations. The main tool of this paper is the fixed point
theory combined with resolvent famillies. To our knowlege, there are few works using
this technique. The obtained results have a contribution to the related literature and
extend the results in [HL20, HGBA13].
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Abstract. In this article, reproducing kernel method for solving Jerk
equations is given. Convergence of the solution is shown. This method is
applied to the equation for chosen values of the parameters that seem in
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1 Introduction

Although most of the efforts on dynamical systems are related to second-order
differential equations, the behavior of some dynamical systems is governed by
nonlinear jerk (third-order) differential equations. Jerk is the rate of accelera-
tion change in physics; that is, the time derivative of acceleration, and as such
the second velocity derivative, or the third time position derivative. The jerk is
significant in some mechanics and acoustics implementations. Many geometric
features of the Jerk vector are founded for plane motion utilizing the aberrancy
features of curves [1]. Nonlinear third-order differential equations, known as non-
linear Jerk equations, including the third temporal displacement derivative, are
of great interest in investigating the structures which exhibit rotating and trans-
lating movements, such as robots or machine tools, where excessive Jerk leads
to accelerated wear of transmissions and bearing elements, noisy operations and
large contouring errors in discontinuities (such as corners) in the machining path
[2]. The jerk equations are the minimal setting for solutions showing chaotic
behaviour. The numerical solutions of the Jerk equation have been worked by
many investigators [3].

Hu et al. [4] have investigated the iteration calculations of periodic solutions
to nonlinear Jerk equations. Liu et al. [5] have obtained the periods and periodic
solutions of nonlinear Jerk equations by an iterative algorithm based on a shape
function method. Rahman et al. [6] have worked on modified harmonic balance
method for the solution of nonlinear Jerk equations.
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We investigate the Jerk equation by reproducing kernel method in this paper.
Reproducing kernel method (RKM) is very accurate and reliable method. There
are many papers related to the reproducing kernel method in the literature. We
apply this method to a new problem in this work. Akgiil [7-9] has worked on
reproducing kernel Hilbert space method based on reproducing kernel functions
for investigating boundary layer flow of a Powell-Eyring non-Newtonian fluid,
new reproducing kernel functions and the solutions of variable-order fractional
differential equations by reproducing kernel method. Akgiil et al. [10] have inves-
tigated the numerical solutions of fractional differential equations of Lane-Emden
type by an accurate technique. Aronszajn [11] has studied the theory of reproduc-
ing kernels. Arqub [12-14] has investigated the approximate solutions of DASs
with nonclassical boundary conditions using novel reproducing kernel algorithm,
the reproducing kernel algorithm for handling differential algebraic systems of
ordinary differential equations and the fitted reproducing kernel Hilbert space
method for the solutions of some certain classes of time-fractional partial differ-
ential equations subject to initial and Neumann boundary conditions. Azarnavid
et al. [15] have worked on an iterative reproducing kernel method in Hilbert space
for the multi-point boundary value problems.

In this work, we studied a Jerk equation as:

(1.1) y" =Jw,y,y"),

with initial conditions

(1.2) y(0)=0,9(0) = B,y(0) = 0.

We define the most general function of Jerk as;

(1.3) y" +ayy'y” + By'y"? + 6Py + ey’ + vy =0,

where the parameters « , 3, § , € and -y are constants.

This paper is organized as follows. In Sect. 2, the RKM is discussed with some
preliminary concept and definition. The solution procedure and approximate
solutions of Egs. (1.2)—(1.3) are presented in this section. Numerical experiments
are demonstrated in Sect. 3. Conclusion is given in the last section.

2 Reproducing Kernel Method

First of all we will construct the reproducing kernel Hilbert spaces that we need
to solve our problem.

Definition 2.1. The first reproducing kernel Hilbert space that we will use is
M3[0,1]

M3[0,1] = {ae AC[0,1]: d’,a" € AC[0,1], a® € L?[0,1]}.
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We have the inner product and the norm for this space as:

1
(a, b>M§ =a(0)b(0) + a’(0)b'(0) + a” (0)b”(0) + /0 o ()b (x)dz, a,be M3[0,1]

Ha||M§:\/<a7a>M§a aEMS[Oa 1]

Lemma 2.2. M3[0,1] is a reproducing kernel Hilbert space. We get the repro-
ducing kernel function K, by [16]:

and

2,2 3,2 4 5
Ty -y _acy T
1+;1cy+—4 + 755 St i TLY,
Ky(m):
2_2 3.2 4 5
yox yoxe© _ytr oy
1+yx+ Tt 0 o 1500 L>Y.

Definition 2.3. We construct the reproducing kernel Hilbert space M3[0, 1] as:

M4[0,1] = {a € AC[0,1]: d',a”,a’" € AC[0,1], oD € L?[0,1],a(0) = &’ (0) = a” (0) = 0}.

We have the inner product and the norm for this special Hilbert space by:

3 1
(@, b) e = Y a(0)b1(0) + / ()b (z)dz, a,be MF[0,1]
i=0 0
and

lallygs = /(@) g @€ MEO,1).

Theorem 2.4. We find the reproducing kernel function for the reproducing ker-
nel Hilbert space My[0,1] as:

hy (IIJ)7 T < ya
Ly(z) =
gy(®), x>y
where,
27 2Oy 2Py? oty 2Byl

hy(@) = =500 " 720 240 T Tad T 36

y7 y6iZT ~ y5x2 y4x3 szB

9(®) =500t 720 " 210 T 144 T 36
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Proof. We have

3 1
(b Ly)pps = D LY (0060 (0) + /O L ()b (z)dz,
i=0

by Definition 2.3. We obtain
(b, Ly) s = Ly (0)b(0) + L, (0)(0) + L (0)5"(0) + Ly (0)b"(0)
)

+L{ (1) (1) = L (0)6”(0) - L) (1)b" (1)
+L{P(0)b"(0) + L (1)b' (1) - LI (0)v'(0)
- /0 ngﬂ(x)b'(x)dz,

by integration by parts. Since b(0) = '(0) = b”(0) =0 we get
(b Ly) pa = Ly (0)6"(0) + L) (1) - LY (0)" (0) - L (1)b"(1)
1
L§f>(1)b’(1)-/0 LD ()b (z)da.
We have

Therefore, we obtain

(b, Ly) pys = —/Oy L ()b (z)da - /1 LD )V () da.

We know
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Then, we reach

L)y = [ ),

Thus, we get

(b.Ly)pgs = b(y)-
This completes the proof. a

We consider the solutions of the problem (1.3) in the reproducing kernel
Hilbert space M3[0,1]. We denote the bounded linear operator T': MZ[0,1] —
M3[0,1] as:

(2.1) Tu=vu""(z)+axB*u" (z)+262B%u(z)+6x> B?u (x) +3ex® B*u(x) + Tyu' (),
we have the following problem.

(2.2) Tu=D(r,u),

with the initial conditions

(2.3) u(0) =4/ (0) =" (0) =0,

where

D(r,u) = —au(z)u (z)u” (z) — aBu(z)u” (z) — aBxu/ (z)u” (z) - aB%zu” (z)
—pu' (x)u" (x)? - BBU" (z)? - 6/ (z)u(z)? — Béu(x)?
26 Bau (z)u(x) - 6B32? - eu(x)?® - 3e Bru(x)? - e B2 - vB.

Lemma 2.5. T is a bounded linear operator.

Proof. We need to prove
2 2
”TU”MS[OJ] <A HU”MEI[QJ} ’

where A is a positive constant. We have
(2.4)

ITull2s10,11 = (Tt T) g,y = [Tu(0)) +[Tu(0)]* +[Tu(0)] + /0 [Tu(y)]"? dy.

By reproducing property, we have

u(y) = <U(')7Ly(')>M24[0,1]
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and
Tu(y) = (u(-), TLy () ppapo,1) »
(Tu(y))" = (), (TLy()) ) ass10,1) »
(Tu(y))"” = (u(), (TLy(-))") 0,17 »
SO
[ Tu| < ||UHM§[0,1] ||TLy||M§[o,1] =4A ”“”Mé[&l] ’
thus
[Tu]” < A ||U||?\4g[o,1] :

Since

(Tw)'(y) = (u(-), (TLy) () gago,u
we get

(T | < lallagsgon 1TF) Dassion = A2 Nllassioy

so, we have
12 2
[Tu] < A3 ||ull3paj0.17 »

2 2

[Tu]"™ < A3 |Jull a0,y
2 2

[Tu)"™ < A ||U||M24[0,1] ,

that is,

1
2 2 2 2 2
ITullasz0.4 = [Tu(0)]” + [Tu(0)]™ + [Tu(0)]™ + /O [(Tw)" (y)]” dy
2
< (A7 + A3+ AF + AF) llullars70,1) »
where A= A? + A% + A% + A?% is a positive constant. 0

We construct ¢;(z) = K, (x) and 9;(x) =T*g;(x), where T is conjugate oper-
ator of T. The orthonormal system {Jz (x)} . of M4[0,1] can be acquired by

Gram-Schmidt orthogonalization operation of_{wi(x)}fjl,

(25) {b\z(m) :Zﬂlkwk(x)7 (ﬂn >07 1= 1727)
k=1
Theorem 2.6. Let {z;};-, be dense in [0,1] and ¢;(x)=T,L, (W),y,- Then the

sequence {1;(z)}c, is a complete system in M3[0,1].
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Proof. We get
Vi(z) = (T7)(2) = (T"u) (), La(y)) = (i) (), TyLa(y)) = TyLa(y)l,-,, -
Let (u(x),4(x)) =0, (i=1,2,...), which means that,
(u(z), (T")(@)) = (Tu(-),<i() = (Tu)(x;) = 0.
{2;}7°, is dense in [0, 1]. Therefore, (Tw)(z) =0. u = 0 by T~*. O
Theorem 2.7. If u(z) is the ezact solution of (2.2), then we acquire

oo 1

(2.6) u(@) =3 BuD(wr, u)ti(w).

i=1 k=1
where {z;}22, is dense in [0, 1].

Proof. We get

) = 3 (ule) 5wy, )

p M£[0,1]

= Z Zﬁzk (u(z), 1plc<ﬂd°)>1\/1§[0,1] Jz(@
i=1 k=1

=D Bar (ul@), T (@) aggjo, Vi)
i=1 k=1

= D22 B (Tule), k(@) argio,y i(x)
= Z Bi <D(r’ U>Kﬂvk>M§[o,1] 1@(90)

- Z Bie D(wk, ur )i (x).

by uniqueness of solution of (2.2). This completes the proof. O

The approximate solution u,(z) can be obtained as:

(2.7) un(@) =33 BaD (@, ur)ti(@).

i=1 k=1

3 Numerical Experiments

We apply the RKM for the approximate analytical solution of the Jerk Equation

(1.1)~(1.2).
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Example 3.1. We take into consideration

no_ _

(3.1) vy ==y +yy'y”,

with initial conditions y(0) =0, ¢’ (0) = B, 3”"(0) = 0. We have the exact solution as:

(3.2)

where Q= 1V B2 + 4.
Table 1 shows the absolute errors for B =0.2,0.3,0.4 respectively. Table 2
shows the relative errors for B =0.2,0.3,0.4 respectively.

((-9B? - 48 + 480?) sin(Qx) — B?sin(3Qx))

B B
y(x) = ) sin(Qx) + 968

Example 3.2. We investigate

(3.3) y" =y -y (y")?,

with initial conditions y(0) =0,%'(0) = B, y”(0) = 0. We get exact solution as:

B 2002 2\ o
TE ((-9B“Q” — 48 + 4807) sin(Qx)
+((12B2%(2)3 - 48Q + 48(Q)?)x cos(Qx) — B*Q?sin(3Qx))

y(x) = gsin(ﬂx) +

_ 1
where ) =2 5

Table 3 shows the absolute errors for B =0.2,0.3,0.4 respectively. Table 4

shows the relative errors for B =0.2,0.3,0.4 respectively.

Table 1. Absolute Errors for the first example.

B=02

B=03

B=04

0.125

2.8088 x 1077

4.2077 x 1077

5.6041 x 1077

0.250

0.0000011935

0.0000017943

0.0000024143

0.375

0.0000027482

0.0000041708

0.0000057546

0.500

0.0000049504

0.0000076345

0.0000109688

0.625

0.0000078006

0.0000122943

0.0000185799

0.750

0.0000112879

0.0000182374

0.0000290702

0.875

0.0000153830

0.0000254769

0.0000426444

1.00

0.0000200317

0.0000339035

0.0000590332

1.125

0.0000233859

0.0000405546

0.0000736859

1.250

0.0001115761

0.0000089211

0.0000352990

1.375

0.0001115761

0.0001651283

0.0002024070
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Table 2. Relative Errors for the first example.

B=02

B=03

B=04

0.125

0.00001126451361

0.00001124981105

0.00001123744895

0.250

0.00002412134243

0.00002417518187

0.00002439700359

0.375

0.00003751627443

0.00003795830294

0.00003928026318

0.500

0.00005163110050

0.00005308586566

0.00005720732970

0.625

0.00006666731728

0.00007005716478

0.00007942052378

0.750

0.00008281647176

0.00008922519004

0.00010670764110

0.875

0.00010024618200

0.00011073531080

0.00013910935150

1.00

0.00011910109620

0.00013449058700

0.00017583060030

1.125

0.00012972006220

0.00015015336190

0.00020497726770

1.250

0.00000985305713

0.00003143790375

0.00009353950721

1.375

0.00056991392360

0.00056376716640

0.00052021705710

Table 3. Absolute Errors for the second example.

B=02

B=03

B=04

0.125

2.8088 x 1077

4.2077 x 1077

5.6041 x 1077

0.250

0.0000011935

0.0000017943

0.0000024143

0.375

0.0000027482

0.0000041708

0.0000057546

0.500

0.0000049504

0.0000076345

0.0000109688

0.625

0.0000078006

0.0000122943

0.0000185799

0.750

0.0000112879

0.0000182374

0.0000290702

0.875

0.0000153830

0.0000254769

0.0000426444

1.00

0.0000200317

0.0000339035

0.0000590332

1.125

0.0000233859

0.0000405546

0.0000736859

1.250

0.0001115761

0.0000089211

0.0000352990

1.375

0.0001115761

0.0001651283

0.0002024070
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Table 4. Relative Errors for the second example.

B=02

B=03

B=04

0.125

0.00001126451361

0.00001124981105

0.00001123744895

0.250

0.00002412134243

0.00002417518187

0.00002439700359

0.375

0.00003751627443

0.00003795830294

0.00003928026318

0.500

0.00005163110050

0.00005308586566

0.00005720732970

0.625

0.00006666731728

0.00007005716478

0.00007942052378

0.750

0.00008281647176

0.00008922519004

0.00010670764110

0.875

0.00010024618200

0.00011073531080

0.00013910935150

1.00

0.00011910109620

0.00013449058700

0.00017583060030

1.125

0.00012972006220

0.00015015336190

0.00020497726770

1.250

0.00000985305713

0.00003143790375

0.00009353950721

1.375

0.00056991392360

0.00056376716640

0.00052021705710

Conclusions

In this paper, we investigated the nonlinear Jerk equations by the reproducing
kernel method. We constructed very useful reproducing kernel Hilbert spaces
and we found some important reproducing kernel functions in these spaces. We
found a bounded linear operator to get the results for the problems. We obtained
absolute errors and relative errors for some numerical experiments. We proved
the efficiency of the proposed method in the work.
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Abstract. The aim of this work is to get the solutions of the fractional
counterpart of a boundary value problem by implementing the reproduc-
ing kernel Hilbert space method. Convergence of the solution problem
discussed has been shown. The efficiency of the proposed technique is
demonstrated by some tables.

1 Introduction

We consider the following problem [2]:

dPw 1d
(1.1) “’+f—°"+Ha2(1— = ):07 0(r(1,
- ow
where w(r) is the velocity of the fluid, r is the radial distance from the cylindrical
conduit centre, Ha is the Hartmann electric number and « is the magnitude of
the power of non-linearity. We have the boundary conditions as:

(1.2) W'(0)=0, w(1)=0.

The existence and uniqueness of a solution to the problem have been investi-
gated in [3]. Mastroberardino [4] has investigated the problem by the homotopy
analysis method. Moghtadaei et al. [5] have applied a spectral method to investi-
gate the problem. Chebyshev spectral collocation method has been used to solve
the problem in [6]. Alomari et al. [7] have investigated fractional version of a
singular boundary value problem.

In this paper, we consider the following problem.

dw 1d°w 9 w
1.3 Y g2 (1 -0
(1.3) dr7+rdr5 @ ( 1—aw) ’

where d”/dr? and d° /drﬁ are the fractional derivative operators in the Caputo
sense. v € (1,2] and B¢ (0,1] are parameters defining the order of the fractional
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derivative with the property v - (8 > 1 and subject to the boundary conditions
(1.2). Abbas et al. [8] have presented some cases that show the fractional models
present better approximate results. Iyiolaa et al. [9] have worked the cancer
tumor model of fractional order which demonstrates better approximate results.

We apply reproducing kernel method (RKM) to get the approximate solu-
tions of Eq. (1.3). Reproducing kernel space is a special Hilbert space. Many
investigators have applied the RKM to many problems [10]. Arqub et al. [11,12]
have investigated some interesting problems by RKM.

This paper is organized as follows. In Sect.2, RKM is discussed with some
preliminary concepts and definitions. The solution procedure and approximate
solutions of Egs. (1.2)—(1.3) are presented in this section. Numerical experiments
are demonstrated in Sect. 3. Conclusion is given in the last section.

2 Reproducing Kernel Method

First of all we will construct the reproducing kernel Hilbert spaces that we need
to solve our problem.

Definition 2.1. The first reproducing kernel Hilbert space that we will use is
By [0,1]
E;[0,1]={s€AC[0,1]: s'e L*[0,1]}.

We have the inner product and the norm for this space as:

(5:)y = OO + [ S ()r, e B [0.1]

Isl g = /(.5 gy, seEL[0.1].

Lemma 2.2. E}[0,1] is a reproducing kernel Hilbert space. We get the repro-
ducing kernel function G, by [10]:

and

1+7, 1<z,

GZ(T):{1+Z 7')2

Definition 2.3. We construct the reproducing kernel Hilbert space E3 [ 0,1]
as:

E3[0,1]={s€ AC[0,1]: &',s" € AC[0,1], s¥ e L?[0,1],5'(0) =0 =s(1)}.

We have the inner product and the norm for this special Hilbert space by:

2 ) 1
(5.0) 53 = > VOO + [ O @D (r)dr, s,pe B [0,1]
=0

and
Isllg =/ 5)mgs s ES0,1].
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Theorem 2.4. We find the reproducing kernel function for the reproducing ker-
nel Hilbert space E3[0,1] as:

ho(7), T<z,

F, (7—) =
g.(t), T ) z.
Where,
7022 Ot 523 Brizd 5ri2 50 7425
h.(1)=- + - + + - +
624 3744 1872 1872 624 18720 3744
514zt N 57324 57323 ﬁ 57223 N 71322 B 7320
3744 1872 936 24 312 104 1872
722 brzt 217%% 522 0 52 520 57t
624 624 104 26 520 156 78 156
2 57° 57" 3
156 78 26 13’
2572 5t 53 548 52 257 2475
9=z (T) ==

+ - + + - +
624 3744 1872 1872 624 18720 3744

52414 52374 52373 2 52208 732 2348

T37ad TI8T2 936 24 312 104 1872

2275 52274 212272 572 2° 57° 573 5zt
+ + - —t —t— - — + —
624 624 104 26 520 156 78 156

Proof. We have

2 . ) 1
(. Py = 2 PO ) + [ FO(r)p(r)ar,
i=0
by Definition 2.3. We obtain

(p, F:) g = F=(0)p(0) + FL(0)p'(0) + F'(0)p" (0)
+F(L)p"(1) - F(0)p"(0) - XV (1)p'(1)

DO 0) + [ ED () (),
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by integration by parts. Since p’(0) =0=p(1), we get

(P, F2) gg = F=(0)p(0) + F'(0)p"(0) + F"(1)p"(1)
~FI"(0)p"(0) - F&O (1)p'(1)

1
+ f FO () (r)dr.
0
We have

F.(0) _i 5724_@_% 3,

156 156 178 26 13
Fz”(O)—leQ 25 524_@_3’

52 312 312 156 13
F(0) = 2122 z° 5zt - 52” 5

52 312 312 156 13’

F"(1)=FM(1) =0,
Therefore, we obtain

2° 524 523 522 3
Fl)po = (-4 02 02 52 By
(P Fo)es = 156+ 156 " 178~ 26~ 1370

+L2F§5)(T)p,(T)dT+L1F§5)(T)pl(7)dT.

We know
5 4 3 2
z 5z- _ 5z° 5z~ , 3
) 156 Y156 ~ 178 ~ 26 T 13 T(Z’
FO(7) =
5 4 3 2
z 5z- _ 5z° _ 5z~ _ 10
156 T 156 178 26 13’ T)Z'

Then, we reach

25 524 523 522 3
F)og= (2= + 22 222 2% L 200
(P F2)mg = (=156 + 156 178 2 " 1370

52> 522 3,
- - - — d
/ ( 156 156 178 26 T3 (AT

523 522 10,
_Z _oz 2 2 dr.
f ( 156 156 78 26 13 (D
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Thus, we obtain

2° 524 523 522 3
<P’Fz>Eg = (_R 16 18 26 E)P(O)
NS S
156 156 178 26 13
25 524 523 522
_(_ﬁ T 156 178 26 13
(- 20 N % 525 522 10 »
156 156 178 26 13
2% 524 523 522 10
5616 15 26 13

Therefore, we obtain

This completes the proof.

We consider the solutions of the problem (1.3) in the reproducing kernel
Hilbert space Ej3 [0,1]. We denote the bounded linear operator X : E3 [0,1] —»
E}[0,1] as:

dw 1dPw
2.1 X =4 ——.
(2.1) YT T e

Then, we have the following problem.
(2.2) Xw=D(r,w),

with the boundary conditions

(2.3) W'(0)=0=w(1),
where
(2.4) D(r,w) = ~Ha? (1 = _“’aw)

Lemma 2.5. X is a bounded linear operator.

Proof. We need to prove
2 2
| Xwl 0,17 < K lwlEsoa

where K is a positive constant. We have

1
2
(25)  IXelpon = (X, X gy = [Xw@F + [ [Xo/(2))" dz.
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By reproducing property, we have

w(2) = (w0, Fx()) 3o

and
Xw(z) =(w(), XF()) g3[oq]
so
[ Xwl < lwlgspo,07 1X el gspo,1) = K1 lwl 30,17 »
thus
[Xw(0)]* < K7 |l heg0.17 -
Since
(Xw)'(2) ={w(), (XF:) (D gz10,17 >
we get

[(Xw)'| < HwHEg[O,l] I (XFZ),HEg[o,l] =Ko HWHEg[O,l] J

so, we have ) )
[Xw]” < K3 HWHEg[o,l] ,

that is,

1
| Xl 047 = [Xw(0)] + [0 [(Xw)' ()] dz < (K7 + K3) |l sp0.1)

where K = K7 + K2 is a positive constant.

We construct ¢;(7) = G, (7) and ¢;(7) = X*¢;(7), where X* is conjugate
operator of X. The orthonormal system {@(T)}Z , of E3[0,1] can be acquired
by Gram-Schmidt orthogonalization operation of {; (1)},

(2.6) @(7):gﬁm¢k(7), (Bi)0, i=1,2,...).

Theorem 2.6. Let {r;}5°, be dense in [0,1] and ¢;(7) = X.F,(2)|,_. . Then
the sequence {1;(7)}ic, is a complete system in Ej [ 0,1].
Proof. We get
Pi(7) = (X76)(7) = {(X76) (2), Fr(2)) = () (2), Xo Fr (2)) = XoFr (2)],_y, -
Let (w(7),:(7)) =0, (i=1,2,...), which means that,
(w(7), (X7a) (7)) ={Xw(), () = (Xw)(7:) =0.
{7}, is dense in [0,1]. Therefore, (Xw)(7)=0. w=0 by X1,
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Theorem 2.7. If w(r) is the exact solution of (2.2), then we acquire

2.7) ()= 3 3 BuD(riwe) Bilr).

where {r;}$2, is dense in [0,1].

Proof. We get

M8

w(r) = (), Ti)) gy (1)

~
Il
[

Bire Aw (), 1(r)) mago,1y i (1)

™M
M-

~
I
—
E
I
—_

™M
M-

<
Il
[u
b
Il
[y

Bik (w(r), X*gk(r))Eg [0,1] {/;1(7’)

Bik (Xw(r), §k(r))E; [0,1] {ﬁ\i(r)

\_Mg
M-

~
I
[

o
I

1

Bir (D(r,w), Gy, >E21[0,1] 12’\1(7‘)
1

Bire D (r1e, wi )i (7).

1

o
N

~
Il
—

ko
Il

o
M-

N
Il

—

El
I

by uniqueness of solution of (2.2). This completes the proof.

The approximate solution wy,(r) can be obtained as:

28) on(r) =32 3 B D (i ) i (r).

n
i=1 k=1

3 Numerical Experiments

In Table1, we show the solution when v=1.9, 3=0.9, a =0.5 and vary the
Hartmann electric number. In Table2, we fixed the fractional derivatives as
v=1.9, 3=0.9, Ha? = 1.0 and vary the «. In Table 3, we give the solution with
the fractional derivatives v =1.3, $=0.3, Ha? = 1.0 and vary the a.
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Table 1. Approximate solutions by reproducing kernel method for ~ = %, =

and different values of Ha?.

Ha?=1

Ha?=2

0.0

0.2299695869

0.3825201644

0.1

0.2266810832

0.3754454339

0.2

0.2180411628

0.3600500656

0.3

0.2062671368

0.3434211029

0.4

0.1900081364

0.3158370163

0.5

0.1697602524

0.2874089253

0.6

0.1451770620

0.2475168041

0.7

0.1161364572

0.2007161568

0.8

0.0824312374

0.1443651864

0.9

0.0438131825

0.0777826865

1.0

-8.95x 10710

-3.54 x 1071

Table 2. Approximate solutions by reproducing kernel method for v =

Ha? = 1 and different values of a.

a=1

a=2

0.0

0.2259726183

0.2093112589

0.1

0.2226475274

0.2058336031

0.2

0.2141458034

0.1979096087

0.3

0.2029104831

0.1888516297

0.4

0.1870087144

0.1744727611

0.5

0.1673526319

0.1579851722

0.6

0.1433018034

0.1361693674

0.7

0.1147939073

0.1098299577

0.8

0.0815892945

0.0785261212

0.9

0.0434202449

0.0419967019

1.0

-9.79 x 1071°

-3.97 x 10710

9
ﬁ:E7
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Table 3. Approximate solutions by reproducing kernel method for ~ = %,

Ha? = 1 and different values of a.

a=1

a=2

0.0

0.4454618088

0.3386406399

0.1

0.4284599310

0.3204729467

0.2

0.3272191714

0.2609343009

0.3

0.2498402621

0.2849602586

0.4

0.2020451400

0.3044655878

0.5

0.1890369644

0.2413493934

0.6

0.2063732634

0.1921955815

0.7

0.1160557551

0.1449551875

0.8

0.0896312152

0.1026976873

0.9

0.0478590068

0.0537369610

1.0

2.77x107°

-8.159x 1077

4

Conclusions

In this work, we acquired the solutions of fractional version of a singular bound-
ary value problem occurring in the electrohydrodynamic flow in a circular cylin-
drical conduit based on the reproducing kernel method. We demonstrated our
effective results by some tables. We investigated the effect of the Hartmann elec-
tric number and the fractional order of the problem. We concluded that the
reproducing kernel method can be applied to much more complicated fractional
differential equations.
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Abstract. In the present work, we haired an efficient technique called, g-ho-
motopy analysis transform method (g-HATM) in order to find the solution for
the model of thrombin receptor activation mechanism (TRAM) and examine the
nature of g-HATM solution with distinct fractional order. The considered model
elucidates the TRA mechanism in calcium signalling, and this mechanism plays
a vital role in the human body. We defined fractional derivative defined with
Atangana-Baleanu (AB) operator and the projected scheme is an amalgamation
of Laplace transform with g-homotopy analysis scheme. For the achieved
results, to present the existence and uniqueness we hired the fixed point
hypothesis. To validate and illustrate the effectiveness of the considered scheme,
we examined the projected model with arbitrary order. The behaviour of the
achieved results is captured in terms of plots and also showed the importance of
the parameters offered by the considered solution procedure. The attained results
illuminate, the projected scheme is easy to employ and more effective in order to
analyse the behaviour of fractional order differential systems exemplifying real
word problems associated with science and technology.

Keywords: g-Homotopy analysis method - Laplace transform - Thrombin
receptor activation mechanism -+ Fixed point theorem * Atangana-Baleanu
derivative

1 Introduction

The human body is mainly the composition of six elements of about 99%, and those are
namely, phosphorus, calcium, nitrogen, hydrogen, carbon and oxygen. In our body, the
most generous mineral is calcium (Ca) and it is about 1.5%. Ca is the most play a vital
rule in muscle contraction and protein regulation and also it’s very essential in the
processes of contractions bones and their protection. Most of the phenomena including
cell death and fertilization are achieved with the help of calcium oscillations. With the
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exploit of the inositol phospholipid cascade by raising the cytosolic calcium levels
produced, most of the pathways of signal transduction are arbitrated [1, 2]. Ca acts as
emissary in information processing. For the analysis of enzyme phospholipase C
(PLC), G protein is playing an important role.

In the present scenario, the study of most of the phenomena related to the human
body like diseases and their behaviour, the essential components of our body and their
functions; magnetize the attention of mathematicians and researchers associated to
mathematics in order to model and analyse as well as predict its essential behaviours. In
connection with this, authors in [3] nurtured the mathematical model in order to
illustrate the mediated activation of human platelets, researchers in [4] analyse the
cytosolic calcium dynamics by the aid of mathematical model and later by the help of
fractional calculus (FC), authors in [5] present their viewpoint in order to understand
the importance of FC while analysing the mathematical model stimulating the above-
cited phenomenon.

The seed of fractional calculus (FC) is planted before 324 years, however lately
become an essential tool for the distinct discipline of science and engineering, and hence
fascinated the attention of authors. It was shortly discovered that fractional calculus is
more appropriate for modelling the phenomena describing nature in a systematic manner
as associated with integer order calculus. The calculus of arbitrary order turned out one
of the most essential tools to describe biological phenomena. The human diseases which
are modelled through derivative having fractional-order help us to incorporate the
information about its present and past states. Diverse pioneering notions and funda-
mentals are prescribed by many senior researchers [6—11]. Recently, due to diverse
applications and favourable properties, the concept of FC is widely hired to investigate
real world problems [12—20]. Particularly, authors in [21] analysed the fractional order
system exemplifying the fish farm model within the frame of new fractional operator and
also the captured some simulating consequences associated to the model using efficient
scheme, authors in [22, 23] investigated the numerical solution for the fractional order
coupled special cases of KdV equations and presented some interesting results with
respect to different fractional order. The epidemic model of childhood disease is anal-
ysed by the authors in [24] within the frame of fractional calculus and they presented the
nature of the corresponding results for distinct arbitrary order. Authors in [19] analyse
the evolution of 2019-nCoV and its dynamic structures with help of nonlocal operator
and presented some numerical surface using efficient scheme.

The activated form of phospholipase C(PLC) hydrolyzes the diacylglycerol (DAG),
5-trisphosphate [Ins(I,4,5)Ps], 5-bisphosphate [PtdIns(4,5)P;] to inositol and phos-
phatidylinositol 4. From the endoplasmic reticulum, the 5-trisphosphate is helps to
stimulate the let out of endogenous calcium. The number of activated cell surface
receptor proportional to the rate of generates of the 5-trisphosphate. The thrombin is a
multiprocessing serine protease aids from the endothelial cell to take calcium transient
and it acts as a ligand for the present model. Here, we consider the system of the
equation which described the TRS mechanism. In endothelial cells, this model provides
incite of calcium arbitrated signal transduction. The release of calcium is determined by
the 5-trisphosphate cytosolic level in the calcium homeostasis and the number of active
surface receptors (S) aid to generate the 5-trisphosphate. The receptor-ligand complex
(C) formed due to ligand binding with surface receptors and on cleavage outcomes in
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activated receptors (A). The above-cited phenomenon is illustrated with the aid of the
system of three differential equations and concentration of thrombin (&) as follows [4, 5]

dﬁT(tt) = —3eS(t) + BC(1)

N susto) — 5+ M) m
dA(t)

> = AC(2)

where 6 and f respectively symbolise the on and off rate constant of thrombin binding.

Many nonlinear and important models are effectively and methodically examined
with the assist of FC. Many senior pioneers proposed distinct definitions including,
Riemann, Liouville, Caputo and Fabrizio. Soon after the invention of each notion,
many researchers identify some limitations while examining specific problems.
Including physical meaning of the initial conditions, kernel associated to singularity,
non-locality and others associated with complex phenomena. With the assist of Mittag—
Leffler function, Atangana and Baleanu [25] proposed a new fractional-order operator
and overcome all the above-cited consequences which play a vital role while investi-
gating properties of the models.

Authors in [5] presented the simulation for the fractional system with Caputo-
Fabrizio derivative using perturbation iterative scheme, which poses interesting con-
sequences. In the present framework, we consider with AB derivative and which as
follows

ABCDES(1) = —eS(t) + BC(1)
ABCD*C(t) = 6eS(t) — (B+1)C (1), 0<a<l, (2)
o CDYA(r) = 2C(1),

where o is fractional order of the system.

As much as impartment of modelling real-world problems, finding the solution for
the corresponding system is also vital and difficult. Most of the complex and nonlinear
problems don’t have an analytical solution. In this connection, researchers preferred for
semi-analytical or numerical schemes. One of the efficient and most widely hired
methods to solve nonlinear problems is the homotopy analysis method (HAM) and
which natured by Liao Shijun [26, 27]. This solution procedure overcomes most of the
limitation arise while solving nonlinear problems with dissertation and perturbation.
However, a few limitations have been pointed out by researchers in order to reduce
computational work and time. The presented method is the mixture of LT with g-HAM
and nurtured by Singh et al. [28]. Clearly, g-HATM is an enhanced algorithm of HAM;
it does not require linearization, perturbation or discretization. Recently, many
researchers hired the considered method due to its efficacy and reliability to understand
physical behaviour numerous classes of nonlinear problems [29-34]. The considered
scheme gives more freedom to choose problems associated with distinct initial con-
ditions and it proposed with axillary and homotopy corresponding phenomena [35, 36].
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2 Preliminaries

Here, the basic notions and definitions of FC and LT are presented [25, 37-41].

Definition 1. In Caputo and Riemann-Liouville sense, for a function f € H'(a,b) the
fractional Atangana-Baleanu-derivative are presented respectively as follows [25]:

D7 0) =L )8 |2 o 5
BRDET(0) = Lo 1P, [+ o, @

where BJo] is a normalization function such that B(0) = B(1) = 1.
Definition 2. The AB integral with fractional order is presented [25] as

SE0) = F O+ 5

3 (£t = 0)*av. (5)

a

Definition 3. The Laplace transform (LT) Associated to AB operator is defined as

Bl L) - 5 1(0)
1—o s+ (a/(1—a)) °

L™ Dy (f(1))] (6)

Theorem 1. The following Lipschitz conditions satisfy respectively for the Riemann-
Liouville and AB derivatives [25]

127 Difi (1) = 2P DR ()] <Killfi (x) = L)l (7)

and
[225Dfi (1) = 2P DIA(1) || < Kalfi (%) = ()] (8)

Theorem 2. The fractional differential equation “5¢D/'f(¢) = s(¢) has a unique solution
is given by [25]

_l—oc

10 = B "0+ B O ©)

3 Basic idea of g-HATM

Here, we consider the differential equation of fractional order with respectively linear R
and nonlinear A differential operator form



48 P. Veeresha et al.

ABCDy(x, 1) + Rv(x, 1) + Nv(x, 1) = f(x,1),n — 1 <o <n, (10)

with the initial condition

v(x,0) = g(x), (11)

where 4B€D*y(x,t) symbolise the AB derivative of v(x,?), f(x,7) denotes the
source term. Using LT, Eq. (10) gives

LG 0] - 22+ o (1= a+ %) {LIRv(x O] + LIV v(x, )] - LIF (O]} = 0. (12)

By the assist of HAM, N is projected as

Nlp(x, t; )] = LIp(x, t; q)] —@ (13)

1

+ Bla]

(1-a+2) LR 0(x 6 Ol + LING (.t )] - LIf (x, O]}

Here, ¢(x,t;q) is the real-valued function. Now, we have

(1 = ng)Lp(x,1;9) — vo(x,1)] = hgN [p(x,1; )], (14)
where L is signifying LT, g € [0,1](n>1) is the embedding parameter and /i # 0 is an
auxiliary parameter. For ¢ = 0 and g = %, we have

1
@(x,10) = vo(x, 1), (p<x, ; —) =v(x,1). (15)
n

Thus, by intensifying ¢ from 0 to 1, then ¢(x,#;q) changes from vy(x,7) to v(x,?).
Using Taylor theorem near to g, we defining ¢(x,#; ¢) in series form and then we get

@(xa 5 Q) = Vo(x, t) + va(xv t)qm’ (16>
m=1
where
1 9"p(x,1;9)
vm('x7 l) = % aqm |q:0' (17)

For the proper chaise of vy(x,7),n and 7, the series (14) converges at g :%. By
simplifying Eq. (14), we achieved
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L (x,2) — KpVin—1(x, )] = ARy (Y1), (18)
where the vectors are defined as

Vi = {vo(x, 1), vi(x, 1), ..., vm(x,7) }. (19)

On employing inverse LT on Eq. (18), we get

Vi (x; t) = kmvmfl (x7 t) + hﬁil [%m(‘_}‘mfl)}; (20)
where
N km\ (¢(x) 1 a
Fon 1) = Llom2 (0] = (1= -2 (— + g (1 @+ ) L G o))
+ﬁ (1 — @+ %) LRV + His],
(21)
and
0,m<1,
km{rz7m>l. (22)
In Eq. (21), 'H,, signifies homotopy polynomial and which is defined as
1 [0"p(x,t;q
Hn =3 # and @(x,1;9) = ¢o+9¢1 + P2 +....  (23)
m! 0q 4=0
By the aid of Eqgs. (20) and (21), one can get
— km -1 g’(x) 1 a
o t) = (ki + B V1 (6, 8) — (1 - 7),& (T + W(l -+ )L t)]>
+hL? {ﬁ (1-a+%) LIRvpy + Hinoil}.
(24)

The g-HATM solution is presented as

NI RN G) (25)

m=1
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4 Solution for Proposed Model

To demonstrate the efficiency and solution procedure of the projected method, in here
we consider system describing considered a model with arbitrary order. By the assist of
Eq. (2), one can get

ABCDAS(1) + 6eS(t) — BC(1) =
ABCprC ()—5sS(t)+([3+i) () 0, 0<a<l, (26)
a CDJA(r) = 2C(1) =

with initial conditions
8(0) = So(1), C(0) = Co(1),A(0) = Ao (1) (27)

Taking LT on Eq. (26) and then using the Eq. (27), we get

LIs()] %(So(t)) + ﬁ (1= o+ ) 2{088() = pC()},
LICW) =+ (Col0) - % (1= o+ Z)L{oss() - (B+2C}. (28)
LA = $ (40() = g7 (1 = o+ Z) L)

Now, we define N as below

N'[p1(5:9), 02(1:0), 03(1:0)] = Llo1 (5;9)] = < (So(1)

(
¢ b (12 Dt ot

N[01(1:), 02(1: ), 03(0:)] = Llga(t:)] —~ (Co(0)

_ﬁ (1 et %)L{%col(t; q)+ (B+ ) (5:9)},

N*[01(65), 02(1:), 02(5: )] = Lloa(t50)] — - (Ao(0)

- BL{] (1= ot 2)Lliga(s ).
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The deformation equation of m-th order at H(x,#) = 1 is defined as

L[Sm(t) - kmSmfl(t)] - hml,m |:§m71a 6m71 ;A‘m71:| )
L[Cm(t) - kmCmfl (t)] = héRZ,m |:S:m71a émfl 7A’m71:| 3

L[Am(t) - kmAm*l (t)] = hmlm |:§m717 6‘mfl ;Am—1:| 3

where

R[St Gt Aot] = 2500 - (1-2) [0

+ ﬁ (1 — o+ %)L{éssm,l(l) — BCr1(1)},

Ro St Gt B | = LI (0] + (1 - ];—’”) {% (Co(t))}

51

(30)

+ L <1 — o+ %)L{(SSSm,l(l‘) — (ﬂ‘f';t)cmfl(t)}a

B[o]

R[St G Aot] = 2lancs0]+ (1-2) Lt}
—ﬁ (1 ot %)L{zcm_l(z)}.

Eq. (31) reduces after employing inverse LT, as follows

Sm(t) - kmSm—l (t) +hL_l {§Rl7m |:§m—l 3 6,71_1,Am_1:| }a

Cm(t) = kmcmfl(t) +hL71 {%Z,m |:Smfl; 6m7172m71} }7

Am(t) = kmAmfl(o +hL_l {%3,m |:§m71; émflyA’mfl} }

(31)

(32)

Using Sy(¢) = Ry, Cop = 0 and Ay(¢) = 0 we can obtain the terms of the series solution

with the help of the above system

(33)
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5 Existence of Solutions for the Proposed Problem

Here, to present the existence of the solution, we considered the fixed-point theorem.
Now, the system (27) is considered as

02CDS(1)] = Gi(1,9),
0°CDY[C(1)] = Ga(t, C), (34)
0" DIA()] = G5(1,A).

Using the Theorem 2, Eq. (35) is transformed to the Volterra integral equation and
defined as

S(1) = 8(0) = 52 61 (4 9) + gt fgl(/: S)(t—)*d,
(1) - €(0) = 5201, 0) + B“;‘F gz(C C)(r— )" de, (35)
A() = A(0) = 52 G3(0.A) + gt rgs(c, ) — 0"t

Theorem 3. The kernel G, satisfies the Lipschitz condition and contraction if
0< (de — ) <1 holds.

Proof. We consider the two functions u and u; to prove the required result, as follows

1G1(2,8) = Gi(2,; S1) || = [|(3¢[S(2) = S(21)] = BC (D))
<|loe = BC@OIIS() = Sl (36)
< (de = BA2)IS(1) = S(n)l],

where || C(7) || </, be the bounded function. Putting 1, = d¢ — 4, in Eq. (37), we
have

161(2,5) = Gi (&, SOl <m [I1S(2) = S(@)]l- (37)

Equation (38) signifies Lipschitz condition for G;. If 0 < (d¢ — f4,) <1, then it gives
the contraction. Similarly, we have

{ 1G22, C) = Ga(t, C1) || < ma || C(2) = C(11) I, (38)
1G3(1,4) = G3(1, A)[| < m3[|A(2) — An) -

Now, we define the recursive form of Eq. (36) as with initial conditions

g G1 (1 501) + afre ) G1 (G S) (0 = O,
1-2)

Gi
Cn(t) = Bl g (Z Cn 1) + B a;} /g2(C, e 1)( C)atfldé,7 (39)
An(t) (lli( ))g (t A,_ 1)+ Ba)al" jg3(€7 e 1)( C)fxflda

Sau(t) =

52\_/
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and
S(0) = So(r),C(0) = Co(r) and A(0) = Ap(?). (40)

The successive difference between the terms presented as

Sn1) = Gil6:Sn2)) + Bt ggl(ﬁ Su1)(t = 0)*'d,

= (llg(_x)) Ga(t, Com1) — Ga(t, Co2)) + 5557 fgz(C Cor)(t — 0", (41)

An-1) = G3(1,An-2)) + By (lf)gi(é A (=0 tag.

Notice that

u0) = 2 91(1),
Cult) = 3 a1, “2)
Alt) =2 91(1).

By using Eq. (39) and applying the norm on the first term of Eq. (42), we have

wwnég e 0+ 576

) '71/H¢1n 1) )HdC- (43)

Similarly, we have

2 (1)l < 5 H¢2n1 "+B(U)F ’72/H¢2n1 )HdC»

o0 < S o O+ s oo @

Next using the above result, we have following results.

Theorem 4. The solution for Eq. (27) will exist and unique if we have f, then

(1—0a) o
B " B@r@ "

for i =1,2 and 3.

Proof. Let S(z),C(r) and A(¢) be the bounded functions admitting the Lipschitz
condition. Now, we have by Egs. (43) and (45)
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Iull < 15,0001 S + ]
2000 < 1| G + ] (45)
5000 < I O | s+ ) -

This proves the continuity as well as existence. Now, we consider showing Eq. (46) is
a solution for the system (27)

S(r) = S(0) = S, (¢) — K1a(2),
C(1) = €(0) = Cu(t) = K1), (46)
A(r) — A0) = A, (1) — K (1).

=

To achieve the required result, we consider

10 = | 61(6.5) = Gi(15,1)

B [0 G - G s

<(B(a§‘)||(g1(z5) Gi(1,Su-1))| (47)
+ 3 )"‘()/n(g,(c S) = Gi (£, Su_))lldC
<) s S 1S = S,
S Bl M B
In the same way at 7y, we can obtain
- oty n+1 |

kol < (Sar+ gae) (48)

We can see that form Eq. (49), when n approaches to oo, ||XC1,(¢)|| tends to 0. We can
verify similarly for ||y, ()| and ||KC3,(2)]|-

Now, we present the uniqueness. Suppose S*(¢), C*(¢) and A*(r) be the set of other
solutions, then we have

(1—a)

S(t) —S*(r) = B )

(gl(tas) - gl(lv‘g*))
7 (49)
(£,8) =G, 87))dc.

/—\

O
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By employing norm on Eq. (51), we get

* _ (1 - OC) * o " *
15(2) = $*(1)]| = B) (G1(5,5) = Gi(£,57)) + Wg(gl(éd) —Gi((,87))dC
(1 - 0() * o *
= Bl mlIS() = S* @) + WWIIS(Z) = S' |-
(50)
On simplification
150 = 501 (1 = G~ gyt <0 51)

From the above condition, it is clear that S(z) = S*(¢), if

(= o
(5~ ) 2° 52)

Therefore Eq. (52) proves our result.

6 Numerical Results and Discussion

Here, we illustrated the nature of g-HATM solution for different o.. The initial condi-
tions for the proposed model is defined as

S(0) = So(t) = N,C(0) = Co(t) = 0,A(0) = Ay(r) = 0.

where N is the total number of receptors and which is 4.4 x 10*No./cell. In order to
capture the behaviour, the value of the parameters cited in Eq. (2) are considered as
follows

6 =0.0005M"'s7!, p = 142.85" !, & = lunit/mL, . = 0.1257".

The nature of results obtained by g-HATM for a considered model with different « is
dissipated in Fig. 1 with different fractional order. To analyse the behaviour of archived
results associated with 7, the h-curves are plotted for distinct « is captured in Fig. 2.
These help us to adjust and control the convergence region of the obtained results. For
a suitable 7, the obtained results rapidly tend to an analytical solution. Moreover, in the
plots the convergence region is denoted by the horizontal line. The captured figures
show the degree of freedom and more simulating consequences about the hired model
with different arbitrary order and also it signifies the novelty of the fractional operator
employed. Further, from all plots one can observer that the projected solution proce-
dure is and very effective and more accurate to examine the considered nonlinear
problem.
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Fig. 1. Behaviour of the obtained results for (a) S(¢), (b) C(¢) and (c) A(¢) with different o at
n=1and i =—1.
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7 Conclusion

The g-HATM is employed efficiently in the present framework to find the solution for
the system of equation with arbitrary order and illustrating the model of TRA mech-
anism in calcium signalling. Since, generalized Mittag-Leffler function is hired to
define fractional-order AB integrals and derivatives, these operators help us to capture
more simulating consequences and also it incorporate most essential behaviours of the
models, and hence the current study exemplifies the effeteness of the projected
derivative. Further, for the obtained results we presented the existence and uniqueness
within the frame of fixed point hypothesis. As associated to consequences available in
the literature, the results obtained by the help of projected method are more stimulating.
The graphical representations show the dependence of the considered nonlinear model
on parameters offered by the considered scheme and fractional order, and also it
exemplifies the degree of freedom when we incorporate the fractional operator in the
systems. We can be observed by the present study, the projected model is remarkably
associated with the time instant and time history-based consequences, and which can be
efficiently examined by the help of fractional calculus. Lastly, we can conclude that the
present study can aid the researchers to analyse the nature system corresponded to very
useful and interesting and consequences.
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Abstract. This article focuses on the fluctuations observed in the labor
markets. We divide the total population into three categories: employed,
unemployed and inactive, then we describe the entry-exit flows between
these different categories by two delay differential equations. Our con-
tribution is to compute an indicator for determining the behavior of the
model variables, in a neighborhood of the critical delay. Our findings
show that the model can undergo a Hopf bifurcation and the bifurcated
limit cycles is stable (or unstable), according to the crossing direction of
critical delay.

Keywords: Differential equations - Delay - Periodic solutions + Hopf
bifurcation - Limit cycles - Labor market - Employed persons -
Unemployed

1 Introduction

The study of economic fluctuations and cycles has attracted much attention in
macroeconomic theory and applied mathematics. On one hand, the resulting
mathematical models have been involved solving many problems related to the
explanation, identification and measurement or estimation of these phenomena,
and on the other hand, the obtained results align well with proposed results
in econometric studies [6,7,10,12,14]. Within this framework, we developed a
mathematical model to study the fluctuations observed empirically in the three
aggregates of labor markets namely, employment, unemployment and inactivity.
The idea is to divide the population into three distinct categories of individuals:
the employed, the unemployed and the inactive and describe the flows between
these different categories by the following system (For more details, see Fig. 1):

% =U(t) — (s + a+m)L(t), M
W = p(1 — BV Lt — ) sL(E) — (m+ 7y + B)U (L),
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Employed
L

m

v

Fig. 1. Labor market flows

with the initial condition:

(L(£),U(&)) = (#1(8),#2(E)), V€€ [-r,0], (2)

where the variable L is the number of the employed population, U is the number
of the unemployed population, v denotes the employment level, s indicates the
job loss rate, « is the rate of workers who have withdrawn from labor market due
to retirement or disability,  is the rate of unemployed people who are no longer
able to work, m is the mortality rate, p is the maximum population growth rate,
N, is the maximum load capacity, r is the time needed for a new person who has
found a job to contribute to the reproductive process and ¢; € C([-r,0], R"),
i = 1,2. Here C([—r,0],R") is the Banach space of continuous functions from
the interval [—r,0] to the set of positive real numbers RT.

Model (1) is composed of two differential equations which model the inflows-
outflows in the three categories of the total population (category U of the unem-
ployed, category L of the employed and category I of inactive people). On the
one hand, the second equation translates the feeding of category U by people
who have reached working age and who are looking for a job. This flow is indi-
cated by a logistic growth rate p. People in this category transform to category
I with a disability rate 3, or category L with a recruitment rate v or exit with
a death rate m. On the other hand, the first equation describes the evolution of
category L by the difference between the newly employed, noted YU and those
leaving this category by job loss, sL, by disability el or by death, mL.

There have been several attempts in this area. We cite for example the
model of labor force evolution, proposed by Farkas (in 1995 [16]), Only a hand-
ful of studies have been found to examine its dynamics systematically. Papers
[9,15,20] study the local and global stability of labor force evolution model using
linearization technique and Lyapunov method. The resulting numerical results
usually give the local and global stability. In empirical studies, however, the
observed data of the employed and the unemployed have oscillatory behavior.
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In this work, we prove the existence of a Hopf bifurcation point and we also
study the direction and stability of the periodic branches (limit cycles) that
evolve around this point.

The study of the oscillatory behavior of dynamical systems can be done by
fixed point methods [8,17] or by Hopf bifurcation theorem [13,25]. In the latter
case, several researchers have proposed different techniques to investigate the
behavior of dynamical systems in the neighborhoods of the critical delays. The
first is to look for a normal form in a central manifold [5,22,23]. This method
entails a long calculation. The second is the singular perturbation approach. This
technique is preferable for its computational efficiency (multiple-scale analysis
[4,21], Krylov-Bogoliubov-Mitropolsky method [2], Poincaré-Lindstedt method
[1,19], harmonic balance method [3,18] and pseudo-oscillator analysis [27]). In
this work we chose to work with the Kuznetsov method [11,26]. The method
only requires a computation of the first Lyapunov coefficient to determine the
behavior in the neighborhoods of the critical delays.

This work is structured as follows. In Sect. 2, we study the local stability and
the Hopf bifurcation of the nontrivial equilibrium position of the System (1). In
Sect. 3, we first give the essential calculations of the central manifold and the
reduction of our model to a normal form. Then, we use the Kuzentsov method
to determine the direction and stability of the periodic orbit resulting from the
Hopf bifurcation. Numerical simulations are given in Sect. 4 to support the main
aspects of our study. Finally, in Sect.5, we summarize the main findings, our
conclusion, the gaps we encountered and some perspectives on this study.

2 Hopf Bifurcation Analysis

2.1 Equilibria

In the following, we study the existence of equilibrium points for the system (1).

P
m(y+s+a+as+m)+ya+ B(s+ )
(1) admits two equilibria: Ey = (0,0) and a unique positive equilibrium E, =
(L., U.), where

Proposition 1. If

> 1, then system

L,
. — (s+a+m)
vy
and
. — YN (1_m(’y+s+a+ﬁ—|—m)+7a+ﬁ(s+&))
Coydstatm VP '

Proof. Suppose (U, L) is an equilibrium point, that is,

YU - (s+a+m)L =0, 3)
p(1 = B L + sL— (v + 5+ m)U = 0.
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It is clear that (0, 0) is a solution of the system (3). This gives that Ey is a trivial
equilibrium of system (1). Moreover, if (U, L) is an equilibrium such that U > 0
and L > 0 then we have

U = (statm)L
p(1 — (v+s+;+m)L) _ (statm)(+B+m) =0. @
TNe 7

Under the condition m(w+s+a+ﬁﬁfl)+m+ﬁ(s+a) > 1, the system of linear equa-

tions (4) has a unique non-trivial solution E, = (L., U,), where

. — (s+a+m)L,
Y
and
I TN (1_m(v+s+a+6+m)+va+ﬁ(s+a))
" (vksta+m) P '

This completes the proof.

2.2 Local Stability

The Linearized system of Egs. (1) at the positive equilibrium FE, is

G = —(s +a+m)z+9y,
W = s (ROEHEEIEIIORIEt) g yr, — (y 4 B4 m)y — Sy

(5)

For System (5) the characteristic equation is:

AN LA+ 00 N + 03 + 0, =0, (6)
where
pL.
0 =v+s+a+0+2m, 0227
Os=m(y+s+a+p+m)+ya+p(s+a)
and

*

S~ (mly 5+ @+ B m) ek B(s + ).

0s=p(y+s+a+m)
Using the Routh-Hurwitz criterion and Kuang’s results [25] for Eq. (6), we prove
the following results:

Proposition 2. If r = 0, then the positive equilibrium E, is locally asymptoti-
cally stable.
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Proof. When r = 0, the Eq. (6) becomes

L. L.
PN+ p(y+s+a+m)==0,  (7)

)\2
+ N. N.

Since v+ s +a+ 3 +2m + 5 £l 5 0 and p(y +s+a+m)k %= > 0, then, by the
Routh-Hurwitz criterion, all the roots of Eq. (6) have non-negative real parts,
and therefore the positive equilibrium FE, is locally asymptotically stable.

. yp
Let (Hl) MmOy Fstathtm) > 3.

Proposition 3. If (Hy) is valid. Then there exists ro > 0 such that,
(i) for 0 <r <rg, E, is locally asymptotically stable;

(ii) forr > ro, E. is unstable;
(iii) for r =ro, Eq. (5) admits two purely imaginary roots;

where 616502 — 04(6 2)
1 —010awy — 04(03 — wp
ro = o arccos( Bo? + 2 ),
and
1 2 2 2 2)2 2 2
wo = 5{(92 + 203 — 67) + \/(92 + 203 — 07)* + 4(63 — 63)}.
Proof. It 7+S+—a+m_m) > 3, then
02 — 03 = Ay x Ay x A3 <0,
where
Av=[m(y + s+ a+ B+m) +ya+ (s + )],
Ay — p -1
m(y+s+a+B+m)+ya+B(s+a)
and

P

A3 =3— .
’ m(y+s+a+f+m)+ya+p(s+a)

Consequently, Eq. (6) has only one purely imaginary solution,

1
iwy = i\/2{(0§ + 205 — 07) + \/(03 +2603)% 4 4(63 — 07)},

with wy > 0. By Theorem 2.7 in ([25], p. 77), we conclude that there exists
ro > 0 which satisfies the three statements (), (i¢) and (4i¢) of Proposition 3.
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2.3 Local Hopf Bifurcation

From (ii7) of Proposition 3, we have proved that Eq. (5) has a pair of purely
imaginary roots £iwg, wg > 0, when the delay crosses the critical value ry. In
the following result we show the birth of the Hopf bifurcation, in a small vicinity
of To-

Theorem 1. Under hypothesis (H1), the system (1) loses its stability through a
Hopf bifurcation when v = rg, i.e., a limit cycle appears out of the equilibrium
E,.

Proof. From Proposition 3, the characteristic equation (6) has a pair of imagi-
nary roots +iwg at r = rg. It’s easy to show that this root is simple. Thus it
suffices to show that

dRe(\
d’r( )(7’0) >0
(see, for example [13]).
We have: dRe()
Sign der( ) iro = Sign{62 + 205 — 02 — 4(62 — 62)}.

After some calculations, we get:

03 +203 — 07 —4(05 — 07) = I — In(I3 — 1)(3 — Iy), (8)
where
r oY= m)+ - (y+s+at B+m)’)
! (Y+s+a+f+m)? ’
Iy =4(m(y+s+a+f+m)+ya+ B(s + a)),
and

Iy = P .
m(y+s+a+B+m)+ya+ B(s+a)

If the hypothesis (H;) is verified, then I'5(I3 — 1)(3 — I's) < 0. Moreover, we
have 0 < m < 1. Consequently
dRe())
dr

(7‘0) > 0.

3 Direction and Stability of the Hopf Bifurcation

In this section, we use Kuznetsov’s method [24] to calculate an indicator of the
direction and stability of the bifurcated branches (limit cycles) from E..

By the change of variables: z(t) = L(rt)—L., y(t) = U(rt)— L. and r = ro+e,
where € € R is the bifurcation parameter, the system (1) becomes

{ L = (1 + ©)arz + azy) o
% = (ro + €)[brox + bory + bioxr1 + by (y1 + z1y1 + x%)]
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with
1=zt —1), y1:=yt-1),
a =—(s+a+m), ar=r,
bio = 8, bor = —(y + B+ m),
/ my+s+a+pB+m)+ya+pB(s+a) pLs
blO :( N )
Y ¢
and
’ pL* ’ 14
boy = _Tc7 by = _ﬁc-

67

Hence, system (9) is transformed into a functional differential equation in

C := C([-1,0],R?) as follows,
2(t) = Le(x) + fo(xy),

(10)

where z = (z,y)T € C, z; € C is defined by () = z(t + 6) for any 0 € [—-1,0],
¢ € R is the bifurcation parameter, £, : C — R2, is a bounded linear operator
and f: R x C — C is the nonlinear operator. L. and f are given respectively by:

L (¥) = (ro +¢) (Ar1((0)) + A2(¥(-1)))

and 0
fe¥) = (ro+e) (b;1¢1(_1)¢2(—1) + b;ow%(—1)> '

where

g [~statm) v

1= S —(’7+6+m) ’
0 O
AQ = (A _K]f*) )

with A = my+s+a+pf+m)+ya+ps+a) pL.

Y N
Using the Riesz’s representation (see [13]), we get

L) = [

) dn(97 5)"/}(9)

where,
n(6,e) = (ro +¢) (A16(0) + A20(0 + 1))

(11)

(15)

(16)

The solution operator of Eq. (10) generates a Cp-semigroup with the infinites-

imal generator A, defined by

42(0) for 0 € [~1,0)

A(6) = { f31 dn(0,e)y(0) for 6 =0

(17)
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We rewrite Eq. (10) as an abstract ordinary differential equation

dx
ditt = A (2t) + Re(y), (18)
with the nonlinear term
_ [0 for §e[-1,0),
Re(w) = { fe(xy) for 6 = 0. (19)

We denote by A* the adjoint operator of A,

2 (s), for s € (0,1]

A*¢(s):{f le( $)dn(s), for s = 0, (20)

where 77" is the transposed matrix of 7.
In order to normalize the eigenvectors of operator A and A*, we define the
bilinear form

<, é> = §(0 / / D€ — 6)dn(6,0)6(E)de

where ¢ € C and v € C* = C([0,1), (R**))

Assume that £ has two elgenvalues on the imaginary axis. Let p(6) and p*(s)
are eigenvectors of A4y and A* . In order to determine the Poincare normal form
of operator A, we needs to calculate the eigenvector p(6) and p*(s) corresponding
to iwore and —iwgrg, respectively, with <p*,p> =1 and <p*,p> = 0. Let P be
the generalized eigenspace spanned by p(f) and p(6) defined as

P={zp+zp,z € C}.
Then the orthogonal complement of P in C is
Q={y el <p,p>=0, <p*,9py>=0}.
Therefore, we get a decomposition of C as follows
C=PaQ. (21)
A straightforward calculation gives

p(e) _ (p1, 1)Tei9wo7"0

and
p* (S) — ﬂ(pQ, 1)Teisworo’
iwo—b()l—b:)l

— (iwo+bo1+bo1)
b1o+b/10 ’

where p; = ©

,and py =
Using the normalization condition <p*,p> = 1, we get

_ as(byg + bio)
T )
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where
T = ag(b/lo =+ blo)(l + b(]l’f'()eiworo) + (in + b()l + b;)l)((iw(] + b01 + bé)l) — azblo).
From (21), the state variable x; of Eq. (10) could be decomposed by

xe =Pz + w(z,i@) ) (22)
= —zp(0) — zp(0) + w(z, z,0)

where w(z,z,60) € Q. On the center manifold at r = r¢, we define
z(t) =< p*,zy >,

w(z,z,0) = x4(0) — Re {z(t)p(0)}, w(z,2)=w(z,z0).

Then
Z(t) = <p*,’(.14t>

= <p*, Aoz + Roxy> (23)
= <A*p*,xy > + < p*, Roxs>

On the invariant manifold, system (1) can be written as

2(t) = iworoz(t) + g(2, 2) (24)
where
fO(ZvE) = f(07w(z7 2) + Re(z(t)p(e)) (25)
g(z, 2) = p*(O)fO(Z, Z)
22 z2 (26)
= 9205 + 91127 + 9023 + ...
and ) .
w(z7 5) = wgo(e)% + w11(9)22 + ’wog(e)% + ...

where z and Z are local coordinates for center manifold in the direction of p
and p*.
Thus, from (10) and (24), we have

which leads to

w:AOw—’_H(zang)v (27)
where 9 _ 9
_ z zZz z
H(Z,Z,a):HQO(G)?+H11(0)?+H02(0)?+... (28)

By expanding (28) and identifying its coefficients, we get
H20 = _(AO — inoro)’wgo(e),
H11 = —Aown(ﬁ), (29)
H02 = —(AO + 2iw0r0)w02(9).
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By
iy = w(z,2) + 2p(0) + zp(0)
and 4
q(0) = (1,p1)Te’woro,
we get

1 1
z1(t) =prz+p1z+ 511}20(0)z2 + w11(0)zZz + §w02 (0)22 +...

. ) 1 1
o1 (t — 1) = prze 0wom0 4 5y zetfworo 4 ngo(—l)z2 +wi1(—1)zz + 511}02(0)22 +...

) . (30)
z2(t) =2+ 2+ 5w20(0)z2 + w11(0)zZ + 510@2(0)22 +...
Ta(t — 1) = ze w00 4 zeifworo 4 %wzo(—l)z2 + %wn(—l)zé + %woz(—l)i2 +...
Comparing with (27), we have the coefficients of (26):
_ = p 2ir0w0
920 = =2roRorpi(p1L + 1)e ,
Kr —2irow
goz2 = —QPTCOPH(P] + 1)e2rowo,
KT
g1 = —%(21711?1 +p1+p1), (31)
KT ; 1 .
gor = =L (€7 0w (< 1)(2p1 1) + Spre” 0w, (<1)
+ 1 0wy, (1) + (5 + pr)em 0 wig (<1)).
Next, we calculate w1 (0), wao(0) and go1.
For 6 € [-1,0), we have
H(z,%,0) = p*(0) fop(0) — p*(0) fop(0)
2
_ z _ _
= ~(920p(0) + Go2p(0)) 5 — (911p(0) + g110(0))2Z + ...
Using formula (27), we find
Hao(0) = —(g20p(0) + Go2p(0)), (33)
Hy1(0) = —(911p(0) + §11p(0))- (34)
Substituting (34) into (25) and (33) into (25), respectively, we get
oo = 2irgwowzo(f) + g20p(0) + Go2p(0)- (35)
So - -
~ 1rowo Ny —1rowWo .
Woon = %p 0) + %p(o) + EleZM’OwOG’ (36)

TowWo 3’)”0(4}0
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—a i’l“()w()e ;= 71;7”0&)00
wyy = 1€ 0) + I 5(0) + Es. (37)
Towo ToWo
In the sequel, we determine F; and Es.
By (27) and the operator Ay, we have
0
/ dn(0)wa0(0) = 2iwgrow20(0) — Ha0(0), (38)
-1
0
[ an®wn(®) =~ H(0). (39)
-1
From (27) and (28), we obtain
2ir0w0
o proe 0
Hoo(6) = — 0 0 —_— , 40
20(0) (9204(0) + go2p(0)) + N, <p1(p1 + 1)> (40)
_ Pro 0
Hy(0) = — 0 0 ) ) , 41
11(0) (9114(0) + g11p(0)) + N, <2p1p1+p1+p1) (41)
substituting (36) and (40) into (38) , and noticing that
0 .
<iw0rol - / dn(&)ezrow“‘g) p(0) =0, (42)
-1
O .
(—iworo - / dn(@)e‘lro“’o(;) p(0) =0, (43)
-1
we get
0 ) 2irowo 0
Diwgro — | dn()errowof ) gy = P10 : 14
( wwoTo /;1 77( )6 > 1 Nc pl(pl +1) ( )
that is
a1 — 2irowo a2 2irgwo
B = __proe ( 0 ) ’
b10672i7‘0w0 + b/lO bOl + b£)1872i’r0w0 — 2irowo N pl(pl + 1)
(45)

where E1 = (.Ell,.E12)T7 with

2ir0w0

B — proazpi(p1 + 1)e
1, — . 7 - ; 7 - R
! NC((al — 22(4}(])(b01 + b01672'”0w0 — 22(410) — as (bl() + b10672”0w0)

and .
_pro(al — 2iwg) E1,

E =
t2 az N,
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Similarly, substituting (37) and (41) into (39), we get

0
PTo 0
dn(0)Ey = — _ _ , 46
/; OBz = = (%npy+p1+p1) (46)

ai ag
pro 0
Ey =— ( - - ) (47)

, 4 N. \ 201p1 +p1 + ’
b10+b10 b01+b01 P1p1 1 D1

where E2 = (E21,E22)T, with

that is

— proaspi(p + 1)(ax(bor + byy) — az(bio + bip))
1 Nc ?

Ey

and
. proalEll

(IQNC
To give our main result, we recall the definition of an indicator of direction and
stability of limit cycles.

By, =

Definition 1. The first Lyapunov coefficient is given by [24]

Re(cy) Im(ey)
ll(T) = 7 + Re()\) 22
where ) ) N
2
o = 21 lg1al® | lgo2l® | g20gu(A+ )
2 X202 ) 22

For r = rg, we have A\ = \g = iwg, and consequently, we obtain the following
result.

Theorem 2. [24] Suppose that hypothesis (Hy) holds. Then, for X\ in neigh-
borhood of Mo, the Eq. (10) is locally topologically equivalent to the following
equation:

5= (o4 0)z + sign(h(ro)z | 2 |2 +O(] = ), (48)

. Re(A
with o = Im(()\)) Iro-

Theorem 3. [24] Suppose that hypothesis (Hy) holds. Then

(a) if l1(ro) < 0, then a stable limit cycle appears out of the equilibrium E,, for
r > ro (supercritical Hopf bifurcation).

(b) if li(rog) > 0, then an unstable limit cycle appears out of the equilibrium E.,,
for r < rg (sub-critical Hopf bifurcation).
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Fig. 2. Stable solutions of Model (1) for a delay, r smaller than the critical value, rg:

r = 3.1068 and o = 4.1068

)

Tozs o Toos
uy

Fig. 3. Periodic solutions have bifurcated from the positive equilibrium of Model (1)

for a delay closer to the critical value, ro = 4.1068

4 Numerical Simulations

4.1 Qualitative Behavior of Solutions

We consider the following hypothetical numerical parameters:

=07, s=0.01, p=0.4, m = 0.005, a = 0.01, 3 =0.03, N. = 11000000.

The positive equilibrium Ex = (1.0137 x 107,3.5561 x 10°). The first Lyapunov
coefficient 11 (rp) = 1.106447511 x 10~7, then the subcritical Hopf bifurcation

exist and an unstable limit cycle appears out of E * .

According to Fig. 2, Fig. 3 and Fig. 4, we observe three oscillatory regimes on
the labor market: convergent oscillations towards the equilibrium (see, Fig. 2),
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Fig. 4. Unstable solutions of Model (1) for a delay, r greater than the
r = 5.1068 and rog = 4.1068
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Fig.5. The variation curve of the critical delay, ro as a function of: (a) employment
level, v, (b) the job loss rate, s and (c) the maximum population growth rate p
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Fig. 6. The effect of the simultaneous variation of two parameters on the critical delay,
ro: (1) (8, p), (ii) (p,7) and (iii) (v, s)

periodic oscillations (see, Fig. 3) or divergent oscillations (see, Fig. 4). In sum-
mary, the number of the employed persons and the number of the unemployed
oscillate around the labor market equilibrium, under the effect of the delay.

4.2 Effect of Parameters on Critical Delay

In this section, we examine the effect of the parameters on the critical delay.
First, we vary one parameter and find that the critical value is a monotonic
function, see Fig. 5. Next, we vary two parameters simultaneously and find a
similar result, Fig. 6.

5 Conclusion

In this document, we have proposed a delayed labor model. We have studied the
effect of lagging on job market fluctuations. From this analysis, we concluded that
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this time lag can destabilize the Model (1) via the Hopf bifurcation phenomenon.
Using the Kuznetsov method [11], we have also shown that the proposed model
undergo a subcritical Hopf bifurcation and that the bifurcated limit cycles are
unstable, in the vicinity of the critical lag. These results can help to control
the functioning of the labor market by rationalizing the reproduction process.
The difficulties we encountered are essentially related to the non-linearity of
our model and the presence of the temporal deviation. In order to develop our
conclusions, we plan in our next work to study the effect of two delays.
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Abstract. In this paper, we are going to study the existence and unique-
ness solutions of fractional differential equations with fuzzy data, involv-
ing the fuzzy fractional differential operators of the order v € R4. The
aid method of successive approximation is provided with adequate con-
ditions for the existence and uniqueness solution. Examples are given to
explain the theory obtained.

1 Introduction

Fractional differential equations (FDEs) is a generalization and integration of
ordinary differential equations into arbitrary non-integer orders. This is com-
monly and effectively used to explain many phenomena that occur in specific
scientific fields and engineering. Indeed, many applications can be found in vis-
coelasticity, electrochemistry, power, porous media, electromagnetic, etc. (see
[1-3]). And they got a lot of attention. For the most recent work on the exis-
tence and uniqueness of solutions of initial and boundary value problems for
fractional differential equations, we list [4,5,10,23,24].

Agarwal et al. [6] have taken an initiative to incorporate the idea of a solution
for fuzzy fractional differential equations in order v > 0 to get a more practical
model than (FDEs). This contribution has inspired other writers to draw some
results about the solution’s existence and uniqueness. (see [8,10,15,16,20-23,25].
In this paper, we will study the fuzzy fractional differential equation

{D7y(t) =F(t,y(t), t € [0,a], v € Ry, 1)
Diy(t)emo = y;(0) , j=0,1,2,..., k=[],

where F' : [0,a] X R# — Rz is continuous, we shall consider this equation
with some appropriate initial condition for a given equation y;(0) € Rz (Rr; be
the set of fuzzy real numbers [20,21]) and D7 is the fuzzy fractional differential
operator (7 be a positive real number with j = [7] (['y] is the smallest integer
greater than or equal to 'y)) For earlier works concerning the crisp problem 1, the
first author studied it in [11,12] when F € [0,a] x C([0,a]) — C([0,a]) (C([0,q])
© Springer Nature Switzerland AG 2021
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is the set of continuous functions defined on [0, a]) and [13] when F' € [0,a]x X —
X, (X is the Banach space). Here we generalize this work for fuzzy set Rz .

The paper is structured as follows: In Sect. 2, we remember some basic knowl-
edge of fuzzy calculus. Several basic principles and properties of fuzzy fractional
calculus are introduced in Sect.3 and in Sect.4 we prove some results on the
existence and uniqueness of solutions of fuzzy fractional differential equations.
We denote to some examples, finally.

2 Preliminaries

We now recall some definitions needed in throughout the paper. Let us denote
by R the class of fuzzy subsets of the real axis y : R — [0, 1] satisfying the
following properties:

(7) y is normal: there exists xg € R with y(z¢) = 1,
(#i) 1y is convex fuzzy set: for all x,¢t € R and 0 < A < 1, it holds that

y(Az + (1= A)t) = min{y(z), y(t)},
(#4i) 1y is upper semicontinuous: for any xy € R, it holds that

y(wo) > lim y(z),

T—x0
(iv) [y]° = cl{z € R|y(xz) > 0} is compact.

Then R is called the space of fuzzy numbers see [27]. Obviously, R C Rg. If
y is a fuzzy set, we define [y]* = {x € R|y(z) > a} the a-level (cut) sets of y,
with 0 < o < 1. Also, if y € Rz then a-cut of y denoted by [y]* = [y$, y5].

Lemma 1. See ([14]) Let y,z : Rgz — [0,1] be the fuzzy sets. Theny = z if and
only if [y]* = [2]* for all « € ]0,1].

For y,z € Ry and A € R the sum y + z and the product Ay are defined by
[y + 2] = [y + 21595 + 251,

o rge ) AT AYS] A > 0;
Pyl = Ay = {[Ayg,xyﬁ, <0,

Va € [0,1]. Additionally if we denote 0 = X{o}, then 0 € R# is a neutral
element with respert to +.

Let d : Rp x Ry — R+ U{0} by the following equation:

d(y,z) = St[lp | du([y]®, [2]%), for ally,z € R#,
a€cl0,1

where dy is the Hausdorfl metric defined as:

du(ly]”; [2]%) = max{[yy" — 27", [y5 — 25
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The following properties are well-known see [26]:

dly+w,z+w)=d(y,z) and d(y,z)=d(zy), Yy,zwéeRgz,
dly + z,w+e) <d(y,w) +d(z,e), Vy,zwe€Rg,

and (R#,d) is a complete metric space.

Remark 1. We denote by C([0, a], Rz ) the space of all continuous fuzzy functions
on [0,a] and is a complete metric space with respect to the metric

h(y,z) = S d(y(t), =(t)).

We denote by L'([0,a],R#) the space of all fuzzy functions F : [0,a] — Rz
which are Lebesgue integrable on the bounded interval [0, a].

Definition 1. The mapping y : [0,a] — Rz for some interval [0,a] is called a
fuzzy process. Therefore, its a-level set can be written as follows:

[y(t)]a = [y?(t)vyg(t)]v te [O,G], o€ [07 1]'

Theorem 1. [8] Let y : [0,a] — Rg be Seikkala differentiable and denote
[y(®)]* = [y%(t),yS(t)]. Then, the boundary function y$(t) and yS5(t) are dif-

ferentiable and
[y 1" = [(y1)'(®), (12)' ®)], e € [0,1].
Definition 2. [9] Let y : [0,a] — Rg. The fuzzy integral, denoted by
/ y(t)dt, b, c € [0, a], is defined levelwise by the following equation:
b

[/bcy(t)dtr = [/b y{(t)dt, /b yg(t)dt}’

foral 0 <a <1.In[9],if y:[0,a] — Ry is continuous, it is fuzzy integrable.
Theorem 2. [7] If y € R4, then the following properties hold:

(Z) [y]a2 c [y]al; Zf 0 S a1 < ag S 17.
(#9) {ax} C[0,1] is a nondecreasing sequence which converges to o then

)™ = ()]

E>1

Conversely if Ao = {[yf,9y5]; € (0,1]} is a family of closed real intervals
verifying (i) and (ii), then {As} defined a fuzzy number y € Rz such that
[y]* = Aa.
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3 Fuzzy Fractional Integral and Fuzzy Fractional

Derivative
Let v € Ry and y : [0,a] — Rg be such that [y(¢)]* = [yf(t), y5(t)] for all
€ [0,a]. Suppose that y&,yg € C([0,a],R) N L([0,al, R) for all @ € [0, 1] an
let
1 ‘ y—1 a ‘ o1 a s
Ao= 7 [/ (t — s) 1y (s)ds, /O(t )18 (5)d
= [2(1) =y (1), 0y () + 5 ()] (3)

Lemma 2. See ([10]) The family {Aq; € [0,1]} given by 3, defined a fuzzy
number y € Rz such that [y]* = A,.

Now for any positive real number v > 0, we define
L t>0
v, (1) = {5}”’ 2
and
V() = Vi (0 * 3, k= D],
U_,(t)=6"(t), n=0,1,2,....

with the property @, (t) * ¥, (t) = ¥y4,(t) for p > 0, where 6"(¢) is the nth
derivative of the delta function and I" is the gamma function (for the properties
of ¥, (t) see [17,18]).

Definition 3. Let y € C([0,a],R#)NL([0,a], R ) . The fuzzy fractional prim-
itive of order v > 0 of y, is defined by

o) = 7 | (= sy (s,
by
[Ivy<t>}“=1{)[/ot<t—s>v 1y (s)ds, /Ot(t—sw ss)ds), (@)

= [y (&) = &, (1), y5 (1) = (1),

t
For v = 1, we obtain I'y(t) = / y(s)ds, t € [0, a], that is, the integral operator.

0
Also, Subsequent properties are evident.

(1) I7(A\y)(t) = M7 (y)(t) for each constant A € Rz,
(i) I'(y +2)(t) = 17 (y)(t) + 17 (2)(t) .
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Proposition 1. [10] If y € C([0,a],R#) N L*([0,a],R#) and p,y > 0, then we
have
ijvy — Ier“/y.

Definition 4. Lety € C'7%(]0,a],R.#)NL([0,a], R#) be a given function such
that [y]* = [yf,y5] for all ¢t € [0,a] and « € [0, 1] the fuzzy fractional differential
operator is defined

DVy(t) = m /Ol(t — 5)F=Y DRy (s)ds, (5)

— DRy (t) « Wi (1),

0] = Frre= | (= 9" DR (), / (£ — 9" DR ()
- [D”’“y‘f () % Wiy pry (£), D Eyg (2) * LDIM_W)] .

For k£ = 0, we obtain

[200)" = s [ a0, [ -9 s,

provided that the equation defines a fuzzy number D7y(t) € R#. In fact
[DYy(t)]" = [DVy(t), DVys(t)] for allt € [0,a] and a € [0, 1].

4 Existence and Uniqueness of the Fuzzy Solution

We now consider the fuzzy fractional differential equation

D’?Iy(t) = F(t7y(t)) , te [O,CL], (6)
Diy(t)|=0 =y;(0) e Rz, j=0,1,2,... k.

where v € R4 and F € [0,a] x Rz — Rz is a continuous function on (0, a]
xRg. We call y : [0,a] — Rz a fuzzy solution of 6, if

DYy (t) = fit,y(t), DIy (t)]=o = yi;(0)
DYy (t) = fa(t,y(t), DIyf(t)li=o = y5;(0) (7)

for ¢ € [0,a] and 0 < o < 1, where
|:F(tay):|a = [fl(tay)7f2(tay)
= [min{F(t,x) cx € [yt v, max{F(t,x) : x € [y(llvyg]}}

If we can solve it (uniquely), we have only to verify that the intervals
[y (t), y5(t)], for all & € (0, 1], define a fuzzy number y(t) € Rz.
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Definition 5. A mapping y : [0,a] — Rz is a solution to the problem 6 if it is
continuous and satisfies the integral equation

y(t) = Z %yﬂo) " %fy) /0 (t—s)"" ' F(s,y(s))ds. (8)

k
=0
According to the method of successive approximation, let us consider the
sequence {y,(t)} such that yo : [0,a] — Rz be continuous,

b 1t .
n(®) =3 50,00+ / (t — 87 F (5, yn1(5))ds, (9)

=0

where n =1,2,3,....
Now we are proving the following theorem on equivalence.

Theorem 3. Let F : [0,a] x Rg — Rz be continuous on [0,a] X Rz. And
suppose An > 0, such that

d(F(t,y(1)), F(t, (1)) <nd(y(t), 2(1)), (10)

na’

for every y(t), 2(t) € Rz, t €[0,a]. If |m

| <1 then the problem 6 has
a unique solution y(t) € C([0,a],Rz).

Proof. By using the definition 4, we can write 6 in the form

«
[ DI (0) 5 W (8), DS (1) Wrins ()] = [FL )]
from lemma 1
D1+kyf‘(t) * Llerk*W(t) = F(ta (e yg)’
DYy (8) « Urn—r (1) = F(t, 41, 95), (11)
where F = (f1, f2), operating with the convolution of ¥ (t), we get

(t, 41 (1), y5 (£)) = Wy (1),
(t, 41 (1), y5 (2)) = ¥y (1),

and taking into consideration the initial values 6 by choosing y,(0) =
[y, (0), yS, (0)] we obtain

D EyR () * Pri(t)

=F
D' Ry (t) x Wy (t) = F

y(t) = i ijy‘(o) TR /t(t —8)7T1F(s,y(s))ds (12)
par ! I'(v) Jo ’ 7

where y(t) = (y{(t),y5(t)) to 7 for all a € [0,1].
We will prove that the intervals [y (t), y5 ()], for 0 < a < 1, define a fuzzy
number. y(t) € Rg for each ¢t > 0; Means that y is a fuzzy solution to 6.
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The successive approximation yg € Rz,

t 1 =
()= 3 50500 + 75 [ (6= 9 Pl (s)ds,
jzz:oj! ! I'(y) Jo
where n = 1,2,3..., . And the integral is the fuzzy integral, define a sequence

of fuzzy numbers y,(t) € Rz. Let us show that there exists a fuzzy set-valued
mapping y : [0,a] — R4 such that d(y,(t),y(t)) — 0 uniformly on ¢ € [0,a] as

n — oo.
Let t € [0,a], from 9, it follows that, for n =1

ki 1 ¢ o
w0 =3 S0+ 15 [ =7 Fls(s)as,

and for n = 2 from 9
) 1 [t _
) =32 5050 + 5 [ =97 Flsn(s)as.
0

From 13 and 14, we have

(13)

(14)

(w21 i (01%) = di ([ [M 0= 07 P eas]*, [ [T =977 PGs,wo(enas] )

< g e ([P )] [P o] )

for any « € [0, 1].
According to the condition 10 and using proprieties 2, we get

d(ya(t), 1 (1) < =L / (t — 5)1d(y1(s), yo(s)) ds

I'(y)
Ui ! =1 gy s s))ds
= W/o t=2) se[ol?a]d(yl( hwl ))d

Now, we can apply 16 to get

na’

A=) 1 () < 77y

h(yla yo)-

Starting from 16 and 17, we assume that

A0 3010) < (7255) P

(v+

and we will show that inequality holds for d(y,+1(t), yn(t)) .

(15)

(16)

(18)
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Indeed, from 9 and condition 10, so
i (s ln0)°) = ([ [ (6= 7 Flssan)as]
1

[ / oot

< [ o ([Flano)]”

[F(s.paa()] ), (19)

for any a € [0,1]. And by properties 2, we obtain

A1 (0.9.(0) < 7 / (t = )72 d(ya(s), yn_1())ds

Nl ' y—1 na’ n—1
SW/OG_S) (W) h(y1,90)ds  (20)

<7 (7o) How) [ = sy ias

Considering 18 we have

A1 (0. 0) < (F7255) oo e

Consequently, inequality 18 holds for n = 1,2,.... We can also write

Ao (. 01(0) < (F255)" bl o) (22)

v+
From 22, with to the convergence, it follows that the suite having the general
term
na’Y n—1 .
(ﬁ> — 0, 50 d(yn(t),yn—1(t)) — 0 uniformly on 0 < ¢t < a as

v+1
n — oQ.

Hence, there exists a fuzzy set-valued mapping y : [0,a] — R# such that
d(yn(t),y(t)) — 0 uniformly on 0 < ¢ < a as n — oo.
From 10 and by 2, we get

A(F(t,yn(t), F(t,y(t))) < nd(yn(t),y(t)) — 0, (23)

uniformly on 0 <t < a as n — oo.
With 23 into account, from 9, we obtain, for n — oo

7yj(0) + 77 /0 (t— s)”ilF(s,y(s))ds7 (24)
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by the convergence of sequence 9, the end points of [yn(t)]a converge to yf(t)
and

y3'(t) respectively. Therefore at least one continuous solution exists 6.
Now, we prove that this solution is unique that, is from

k 1 t .
2(t) = Z ﬁyj(O) + W/o (t — )7 'F (s, 2(s))ds, (25)

it follows that d(y(t), z(t)

)
dr (I2(0)% o (9)]°) = dH( o]
1

= 0 Indeed, from 9 and 25, we obtain

F(’Y /(t—s'y AR 1(5))ds]a)

< ﬁ/{) (t—s)'Y*ldH([F(S,Z(S))] , [F(51yn71(s))]a)ds7 (26)

for any a € [0,1]. And by 2, we obtain

d(z(t), yn(1)) < % /Ot(t — ) (2(5), yn_1(s))ds, n=1,2,..., (27)
but t 2&] d(z(t),yo(t)) < oo being a solution of 25. It follows from 27 that
A(=0.0(0) < st m). e DLl (28)
Assume that
A(=0.9.)) < (n5g5) M), te0.0) (29)
From
a0 v 0) < i [ =7 e, v @)
and 29, one obtains
400 ®) < (1) Mew) teba G

Consequently, (29) holds for any n, therefore we have

d(z(1), ya(t)) = d(y(t), ya(t)) — 0 (32)

on t € [0,a] as n — oo. This proves the uniqueness of the solution for 6.
Now write y =14k —p, 0 <p <1, k=[] and consider the problem

{sz@ = F(t,2(t)), tel0,d),

Diz(t)]imo = 2;(0) € Ry, § = 0,1,2,...., k. (33)

Then, we get the following result.
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Theorem 4. Let F € [0,a] x Rg — Rz be continuous on [0, a] X Rz. and
satisfy the Lipschitz condition 10. If p — 0 (i.e v — 1+ k) then the solution of
6 coincides with the solution of 33.

Proof. Suppose that y(t) is a solution of 6 and z(t) is a solution of 33, then
by the equivalence between 6 and the integral Eq.8 and matching equivalence
between 33 and the integral equation

we have

aw®), #0) < (s [ = e veNds, mrs [ 04 P He)as)

1

—7t—s_lsssiz—s_1szss
= (g5 €= FGe)ds + s [ 7RG 2(e)as

;t—skszssit—s_lszss
zn+mA“ )F«(»d+nﬂ4a Y11 B (s, 2(s))ds)

! )d(/ot(t ) LE(s, y(s))ds, /Ot(t — )1 (s, 2(s))ds)

G
! ' k I'(l+k) [t =
+md(/0 (t—98)"F(s,z(s))ds + o) /O (t—s)7 F(S,z(s))ds)

1t -
< m/o (t —s)Y"Yd(F(s,y(s)), F(s, z(s))ds

B L P R PR ¢ 1) PR
+F(1+k)/o(t )" (d(F (s, 2(5)), 0)[1 I'(v) (t— )71 F])ds.
Therefore )
na
' h 35
(y,Z) >~ F(’Y—Fl) (y,Z)—’—K;p7 ( )
and hence )
M) = e (36)
(1~ rt)
where

1 ! p
= m/o (t — )" (a(F(s. (5)). 0) 1 - “rey ) )ds.  (37)

Now, since

r(1+k)

(t —s)*d(F(s,2(s)),0)]1 - T+k—p)

(t—9s)P| < (t— s)kd(F(s, z(s)), 0)

and

r(1+k)

———(t—s)P 0 0
Fihe = 0ap—0
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It follows from a theorem dominated by Lebesgue [19] that k, — 0 as p — 0
which proves that h(y,z) - 0asvy—1+k

7Erlriky(t) =z(t) in C([O, al, Rr;)
Remark 2. If the assumptions of Theorem 3 are satisfied, then

: ¥ _ pl+k ; g
7ErlrJlrkD y(t) =D %(t) in C([Oﬂ},Ry).

From 6 and 33 we have

Jim d(Dy(2), D" () =t d(F(y(0), Bt 2(0))

<n_tim d(y(0).2(0).

then

lim h(D7y,D'**z) <n lim h =0
im A(D7y, D7z) < lim Dy, 2)

which proves the result.

5 Examples

In order to illustrate the previous results, we give here two examples.
Ezample 1. Let t € [0,a], so the function F(t,y(t)) =t + y(t) is continuous on
[0,a] x Rz and Lipschitzians

d(F(ty(0). F(t.2(1) < (), 2(1),

for all y,z € Rz and t € [0, a] it follows that
d(F(t,y(t)), F(t, 2(t)) < nd(y(t), 2(t)), with n =1
Hence, we can apply our theorems to the initial value problem

D’Yy(t):t+y(t)7 te [07a]7 ’YGR+7
Djy(t)|t:0:yj(0)€Ry, j:0,1,2,k

Example 2. Let t € [0,a], then the function F(t,z(t)) = 2%(¢) is continuous on
[0,a] x Rz and Lipschitzians
di ([F (£ 2O) [F(Ly)*) = du (F(t, [=(0]), F(t, bO]"))

= du (@O0, B ©1%)

= max{| (z0)? - 57 ®)"|, |5 - ws0)*]}

< max{| (50 - w7 @) (=50 +v7 ®)],

(50 —vs®) (50 +w50)]|}
< max{| (50 +u5 ) |(|GF@ - v )] | O -5 @)])}
< (5@ +v5 ) |du (201, wO)")



for all z,y € Rz and ¢t € [0,d] it follows that d(F(t, 2(t)), F(t,yt))) <
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ARt =), Pit,y)) < sup | (25(6) + 8 (1)) |dl=(0), 5(2)),

a€l0,1]

nd(z(), y(t))

with n = sup |(z§"(t) + yg(t))|
a€l0,1]
Hence, using our results to the initial value problem

DYz(t) =2%(t), te][0,a], v€ Ry,
Diz(t)|t=0 = 2(0) € Rz, j=0,1,2,...,k.
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Abstract. In this work, we demonstrate the connection between the
solutions of approximate vector variational inequalities and approximate
efficient solutions of corresponding nonsmooth vector optimization prob-
lems via generalized approximate invex functions. The underlying varia-
tional inequalities are stated under the Clarke’s generalized Jacobian.

1 Introduction

Various significant applications in engineering and economics can only be stated
as a multiobjective optimization problem [1]. Nowadays, the connection of these
problems to vector variational inequalities is well-established for differentiable
convex functions [2]. In particular, results in this direction were developed under
various assumptions of generalized convexity [3—7] and nonsmooth invexity [8—
11]. On the other hand, relationships between a vector variational inequality and
a nonsmooth vector optimization problem (NVOP) were established under the
generalized approximate convexity assumption [12-14].

This paper is devoted to the case of NVOP involving generalized approxi-
mate invex multiobjective functions, which we have introduced in [15]. Our aim
is to use approximate vector variational inequalities (AVVIs) of Stampacchia and
Minty type in terms of Clarke’s generalized Jacobian to characterize approximate
efficient solutions. It is worth mentioning that, as generalized approximate invex-
ity is an extension of generalized approximate convexity, the results obtained in
our work are improvements and generalizations of the main results in [14].

The paper is organized as follows: in Sect. 2, we give some preliminary def-
initions, notation, and auxiliary results. In Sect. 3, we introduce the concept of
approximate efficiency for NVOPs, and derive their relationships to AVVIs using
the assumption of approximate invex functions. In Sect. 4, we give an example
to illustrate our main results. Finally, we conclude our paper in Sect. 5.
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2 Preliminaries

Let R™ be the n-dimensional Euclidean spaces, S C R" be a given nonempty
set and C' C R™ be a solid pointed convex cone. We use the following partial
ordering relations:

u>cvsu—veClC,

u>cvesu—uv € intC.

Definition 1 ([16]). Let F : S — R™ be a vector-valued function. F' is locally
Lipschitz if for each w € S there is £ > 0 and p > 0 such that, for all u,v €
B(w; p)

[1F(u) = Fo)|| < kllu—v]].
Throughout this paper, we let F := (Fy, ..., Fy,) : S — R™ be a locally lipschitz
function, € : § x S — R” be a mapping and 7 >¢ 0 be a vector.

Definition 2 ([16]). The Clarke’s generalized Jacobian of F' at u € S is given
by
OF (u) = conv{ lim JF(u):u® — u, @ e D},

1— 400

where conv denotes the convex hull, JF(u(?) indicates the Jacobian of F at u(?),
and D is the differentiability set of F'.

We note that the Clarke’s generalized Jacobian is not equal to the cartesian
product of the components’ Clarke subdifferentials. Nevertheless, one has

OF (u) C 0Fy(u) X ... X OF,(u).

Note also that O(—F)(u) = —0F (u).
We recall some definitions given in [15] which are a generalization of the
concepts of generalized approximate convexity provided in [12,14,17].

Definition 3. Fis called approximate (6, 7)—invex (A(6,7)I) at w € S, if there
is p > 0 satisfying

F(u)—F(v) >¢ Ayf(u,v) —7]|0(u,v)|, for each wu,v € B(w,p), A, € OF(v).
If Fis A(6, 7)1 at each w € S, we say that F is A(6,7)I on S.

Taking 6(u,v) = u — v, approximate invexity reduces to approximate convexity
[18]. The counter-example given in [15, Example 2.2] shows that approximate
invexity is still more general.

Definition 4. e F is approximate pseudo (0, 7)—invex of type 1 (AP(0, 7)I-1)
at w € S if there is p > 0 such that, whenever u,v € B(w, p) and if

Fu) = F(v) <¢ =7]10(u, v)]l;

then
A,0(u,v) <¢ 0 for each A, € OF(v).
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e F is approximate pseudo (6,7)—invex of type 2 (AP(6,7)I-2) at w € S if
there is p > 0 such that, whenever u,v € B(w, p) and if

F(u) —F(’U) <c 0,

then
AyO(u,v) + 7)|0(u, v)|| <c¢ 0 for all A, € OF (v).

Proposition 1. If F' is AP(0,7)I-2 at w € S, then F' is AP(0,7)I-1 at w.
Proof. Assume that there is p > 0 satisfying for each u,v € B(w,p)
F(u) = F(v) <¢ —7|0(u, v)],

then
F(u) — F(v) <¢ 0.

Since F is AP(0,7)I-2 at w, then there is p > 0, p < p, satisfying for each
u,v € B(w, p)

Ay0(u,v) + 7)0(u,v)|| <c 0 for each A, € OF (v),
which further implies that
A,0(u,v) <¢ 0 for each A, € OF(v).
Hence Fis AP(0,7)I-1 at w € S.

Definition 5. e F is approximate quasi (#,7)—invex of type 1 (AQ(A,7)I-1)
at w € S if there is p > 0 such that for each u,v € B(w, p)

A, 0(u,v) — 7)|0(u,v)|| >c 0, for some A, € IF(v),

implies
F(u) >¢ F(v).

e F'is approximate quasi (0, 7)—invex of type 2 (AQ(0, 7)I-2) at w € S if there
is p > 0 such that, for each u,v € B(w, p)

A,0(u,v) > 0, for some A, € OF (v),

implies
F(u) — F(v) >¢ 7]|6(u,v)||.

The next proposition can be easily proven.

Proposition 2. If F is AQ(0,7)I-2 at v € S, then F is AQ(0,7)I-1 at v.

Remark 1. o A(0,7)I = | AP(6,7)I-1 and AQ(0,7)I-1 |.
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e There is no relation between AP(6,7)I-2 and AQ(f,7)I-2 and A(0,7)I (for
examples, see [14]).

Now, we consider the following NVOP:
(NVOP) minF(u) := (Fi(u),- -+, Fn(u)) subject to u € S,
where each F; : S — R are real-valued functions for any i € {1,-- -, m}.
Definition 6. Let ¢ € S.
(i) ¢ is an efficient solution of (NVOP) iff there is no vector u € S such that
Fu) <c F(C).

(ii) ( is an T-approximate efficient solution (7-AES) of (NVOP) iff there is no
p > 0 such that, for each u € B((;p) \ {¢}

F(u) = F(¢) <¢ —6(u, )|l

3 Relationships Between NVOP and AVVI

Consider the following AVVI of Stampacchia and Minty type in terms of Clarke
subdifferentials as follows:

(ASVVI). To find ¢ € S such that, there is no p > 0 satisfying for each
u € B((,p) and A¢ € 0F(C)

AcO(u, Q) <c —7|0(u, Q)|

(AMVVI). To find ¢ € S such that, there is no p > 0 satisfying for each
u € B((,p) and A, € OF (u)

Aub(u,¢) <¢ —7/[0(u, Q).
The following theorems describe relations between AVVI and NVOP.

Theorem 1. Let F' be A(0,7)] at ¢ € S. If ¢ solves (ASVVI) w.r.t. T, then ¢
is a 21-AES of (NVOP).

Proof. Assume ( fails to be a 27-AES of (NVOP). It means that there is p > 0
satisfying for each u € B((,p)

F(u) = F(C) <c —27([0(u, Q). (1)
As Fis A(0,7)I at ¢, it follows that there is g > 0, satisfying

Fu) = F(¢) 2o Acb(u, ¢) = 7[|0(u, Q) V u € B((,p), Ac € OF(Q).
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By using (1) and the definition of approximate (6, 7)— invexity, and by taking
p = min(p, p), we obtain

Acb(u, ¢) = 7[|0(u, Ol <o —27(10(w, Q).

Hence
Ace(uv C) <c —THG(U’ C) ||
This means ¢ does not solve (ASVVI) w.r.t 7.

Theorem 2. Let —F be A(9,7)I at ( € S. If ( € S is a T-AES for (NVOP),
then ¢ solves (ASVVI) w.r.t 27.

Proof. Assume ( fails to be a solution of (ASVVI) w.r.t 27. It means that there
is p > 0 such that, for each v € B((,p), A¢ € OF(¢), we have

Acb(u, ¢) <c —27(|0(u, Q)]
Then
—Ac0(u,¢) >c 27(10(u, ¢)]- (2)

By 0(—F)(¢) = —0F(¢) we deduce that —A, € 9(—F)(().
As —F is A(0, 7)1 at ¢, it yields that there is p > 0 satisfying

(=F)(w) = (=F)(¢) Z¢ =Acb(u,¢) = 7[|0(u, Q)| Vu € B((,p).
By using (2) and by taking p := min(p, p), we obtain
—F(u)+F(Q)+7/10(uw, Ol z¢ —=Acb(u,¢) Zc 27(0(u, Q) Vu e B(¢, p)\{¢},

which implies
F(u) = F(¢) <c —7l0(u, QI
Therefore ¢ cannot be a 7-AES of (NVOP).

Theorem 3. Let F be A(0,7)I at ¢ € S and 6(u,()+0(¢,u) =0 for anyu € S.
If ¢ solves (AMVVI) w.r.t T, then ( is a 27-AES of (NVOP).

Proof. Assume ( fails to be a 27-AES of (NVOP). It means that there is p > 0
satisfying for each u € B((,p)

F(u) = F(C) <c —27(0(u, Q|- 3)
As —F is A(0,7)] at (, it yields that there is p > 0 satisfying
(=F)(Q) = (=F)(u) Z¢ Ab(C,u) = T0(C,u)[|  Vu € B((,p), Av € O(—F)(u),

then
F(u) = F() 2¢ Ay0(C,u) — 7(10(¢, v
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By using (3) and by taking p := min(p, p), we obtain

Ap0(Cu) = T)|0(C u)ll <o =27110(w, Q) Vu € B(C,p) \ {C}-

From O(—F)(u) = —0F (u), there is A, = —A, € 9F(u). Consequently, using
0(u, ) + 0(¢,u) = 0 together with the above inequality, we deduce

Aue(ua C) <c _T||9(u7 C)H
This means ¢ does not solve (AMVVI) w.r.t 7.

Theorem 4. Let —F be A(0,7) at ( € S and 6(u,()+0(C,u) =0 for allu € S.
If¢ €S is aT-AES for (NVOP), then ¢ solves (AMVVI) w.r.t 27.

Proof. Assume ( fails to be a solution of (AMVVI) w.r.t 27. Thus, there is p > 0
satisfying for any u € B((,p), A, € OF(u)

Aub(u,C) <c —270(u, Q|- (4)

As Fis A(0, 7)1 at ¢, it yields that there is p > 0, such that
F(¢) — F(u) >¢ Aub0(¢u) — 7||0(¢, w)|| Yu € B((,p), Ay € OF (u).
Since (¢, u) = —6(u, (), then
F(u) = F(¢) = 7)|0(u, Q| <c Aub((,w).

By using (3) and by taking p := min(p, p), we obtain

F(u) = F(¢) <¢ —/0(u, Q).
We conclude that ¢ cannot be a 7-AES of (NVOP).

Theorem 5. Let F' be AP(0,7)I-2 at ¢ € S. If { solves (ASVVI) w.r.t. T, then
¢ is a T-AES of (NVOP).

Proof. Assume ( fails to be a 7-AES of (NVOP). It means that there is p > 0
satisfying for all u € B((,p)

F(u) = F(¢Q) <¢ —7[0(u, Q)] <c 0. (5)

As F is AP(0,7)I-2 at (, it yields that there is p > 0, such that, whenever
u € B((.p)

Fu) = F(¢) <¢ 0= Acb(u, ) <c —7[0(u, ()|, VAc € OF(C).

By using (5) and the definition of approximate quasi (0, 7)—invexity type 2, and
by taking p := min(p, p), we obtain

Acb(u, Q) <c —7l6(u, Q).
This means ¢ does not solve (ASVVI) w.r.t. 7.
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Theorem 6. Let —F be AQ(0,7)I-2 at ( € S. If ( is a T-AES of (NVOP), then
¢ solves (ASVVI) w.r.t. T.

Proof. Assume ( fails to be a solution of (ASVVI) w.r.t. 7, then, there is p > 0
satisfying for each A, € OF({) and v € B((,p)

AcO(u, ¢) <c —|0(u, Q)]
Then
—AcO(u, ) >c 7[10(u, Q)[| >¢ 0. (6)

As 9(—F)(¢) = —0F(() it yields that —A, € 9(—F)(¢).
Since —F is AQ(0, 7)I-2 at , it follows that there is p > 0 such that, whenever
we B,p)

—Ab(u,¢) >0 0= —F(u) = (=F(¢)) >c 7[0(u, O]

By using (6) and the definition of approximate pseudo (6, 7)—invexity type 2,
and by taking p := min(p, p), we get

F(u) = F(¢) <c —7l0(u,{)]-
Consequently ¢ cannot be a 7-AES of (NVOP).
The following corollary can be deduced from Theorems 5 and 6.

Corollary 1. Let F be AP(0,7)I-2 at ( € S and —F be AQ(0,7)I-2 at . ( is
a 7-AES of (NVOP) if and only if { solves (ASVVI) w.r.t. T.

Theorem 7. Let F be AQ(0,7)I-2 at ¢ and O(u,() + 0({,u) =0, Vu € S. If
is a T-AES of (NVOP), then ¢ solves (AMVVI) w.r.t. T.

Proof. Assume ( fails to be a solution of(AMVVI) w.r.t. 7. Then, there is p > 0
satisfying for each A, € F(u) and u € B((,p)

AUH(U,C) SC —T||9(U,<)||
From 6(u, ) + 6(¢,u) = 0, we obtain
Aub(C u) 2o T[6(C, u)]| >¢ 0. (7)

As F is AQ(6,7)I-2 at (, it yields that, there is p > 0 such that, whenever

u € B((,p)
A0(Cu) >c 0= F(C) — F(u) >c 7[0(¢ u).-

By using (7) and the definition of approximate quasi (0, 7)—invexity type 2, and
by taking p := min(p, p), we deduce

F(u) = F(¢) <c —7l0(w, Q)lI.
This means that ¢ is not a 7-AES of (NVOP).
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Theorem 8. Let —F be AP(0,7)I-2 at ¢ and 0(u,() + 0({,u) =0, Yu € S. If
¢ € S solves (AMVVI) w.r.t. T, then  is a T-AES of (NVOP).

Proof. Assume ( fails to be a 7-AES of (NVOP). It means that there is p > 0
satisfying for any u € B((,p)

F(u) = F(¢) <¢ —7|6(u, Q)|
Thus
—F(¢) = (=F)(u) <¢ —7]|8(u, ¢)|| <c 0. (8)

As —F is AP(0,7)I-2 at ¢, it yields that there is p > 0, such that, whenever
u € B((,p)

—F(Q) = (=F)(u) <¢ 0 = Ay0(u, () <¢ —7l|0(u, Q)l, VA, € I(=F)(u).

By using (8) and the definition of approximate pseudo (8, 7)—invexity type 2,
and by taking p := min(p, p), we obtain

Af(u, Q) <¢ =7l|0(u, Q)[l, VA, € O(=F)(u), u € B((,p).

Using 0(—F)(u) = —0F(u), there is A, = —A, € 0F(u), then we have
—A,0(¢,u) <o —7]|0(u, Q).

Since 6(u, () + 6(¢,u) = 0, therefore,
Auf(u, ) <c =7[0(u, Q.-

This means ¢ does not solve (AMVVI) w.r.t. 7.

The following corollary can be deduced from Theorems 7 and 8.
Corollary 2. Let F be AQ(O,7)I-2 at ( € S and —F be AP(6,7)I-2 at { and

O(u, () +60(C,u) =0, Vu € S. ( is a T-AES of (NVOP) if and only if ( solves
(AMVVI) w.r.t. .

4 Example
Consider the following NVOP as an example to illustrate the obtained results.

u2+3u, u>0
—u? +4u, u <0,

min F(u) = {

ues

where S = R, C = RT and §(u,v) = (u — v)? for each u,v € S.
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The Clarke subdifferential of F' at u € S is defined by

2u + 3, u > 0;
OF (u) = < [3,4], u = 0;
—2u+4, u<O.

For 1 <7< 2, thereis p = % > 0 such that, for each u,v € B((,p), ¢ =0,
A, € OF (v), we have

(u—v)(u+v+3)>0, ifv>0u>0u—v>0;
(u—v)(u+v+3)<0, ifv>0u>0u—v<O0;
—u?4+4u—v2—-3v<0, ifv>0u<o0;
u? +3u+ov(v—4)>0, ifv<0,u>0;

Fu) = Fv) = (u—v)(4—u—v)>0, ifv<0,u<0,u—v>0;
(u—v)d—u—v)<0, fv<0u<0,u—v<O0;
u? +3u > 0, ifv=0u>0;
—u? 4+ 4u <0, ifv=0,u<0.
Also,

2u43-7T)(u—0v)* <0, ifv>0u>0,u—v<O0;
(2v+3—-7)(u—-v)*<0, ifv>0u<0;
20 +4—-71)(u—-v)?*<0, ifv<0,u<0,u—uv<O0;

AyO(u,v) + 7|0(u,v)|| = (
ku® <0, ifv=0,u<0,

where k € [3,4]. Hence, F is AP(0,7)[-2 at ¢ = 0.
Since for any u > 0, one has

AcO(u, ¢) + 7)|0(w, )| = ku® + 7u® >0, k € [2,3].
Hence, there is no p > 0 satisfying for each v € B((, p) and A, € OF(()
Acf(u,¢) <c —7[0(u, Q-

Thus, ¢ = 0 solves (ASVVI) w.r.t. 7.
Finally, as F' is AP(0,7)I-2 at ¢ = 0, then, from Theorem 5, { = 0 should be
a 7-AES of (NVOP). Indeed, for all v > 0 we have

F(u) — F(¢) + 7/10(u, O)|| = v* + 3u + 7u® > 0.
Hence, there is no p > 0 such that, for each v € B({;p) \ {¢}
F(u) = F(¢) <c —/|0(u, Q-
Therefore, ¢ = 0 is a 7-AES of (NVOP).

Remark 2. In the above example, the function —F is AQ(#,7)I-2 at ( = 0 and
O(u,¢) + 0(¢,u) =0, Yu € S. We can easily show that it verifies the conditions
of Theorem 6.
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5

Conclusions

We have shown the relationships between AVVI in terms of Clarke’s generalized
Jacobian and NVOP using the concepts of approximate efficiency and generalized
approximate invexity. Our work improves that of Gupta and Mishra [14] with
respect to two aspects:

If the generalized approximate invexity assumption is replaced by general-
ized approximate convexity assumption, then the proof arguments remain
the same. Consequently, our theorems are more general since the concept of
invexity includes that of convexity as a special case.

In addition to necessary conditions of approximate efficient solutions of
NVOP, we have also provided sufficient conditions using the generalized
approximate invexity of —F.

Acknowledgments. The authors are most grateful to Dr. Lhoussain Elfadil for con-
tinued help throughout the preparation of this paper.
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Abstract. In this paper, we will study the existence of an entropy solution to
the unilateral problem for a class of nonlinear anisotropic elliptic equation, with
second term being an element of L! (). Our technical approach is based on a
monotony method and the truncation techniques in the framework of the weighted
anisotropic Sobolev space.

1 Introduction

The unilateral elliptic problems in weighted anisotropic Sobolev space have recently
attracted the attention of many authors (see [5,8, 12]), who used different methods to
solve the question of the existence of solutions in the framework of weighted anisotropic
Sobolev space (we refer to [1,2,12,13] for more details). One of the motivations for
studying the unilateral elliptic problems comes from applications of mathematical mod-
eling of physical and mechanical processes in anisotropic continuous medium.

The purpose of this paper is to study the unilateral problem for a class of nonlinear
anisotropic elliptic equation of type:

Au—div(¢p(u)) =f inQ, |
u=0 on dQ, M

where Q C RY (N > 2) is a bounded open subset with smooth boundary 0€,
1 < p1,---,pny < +oo, p and W are respectively the exponent and weight func-
tion vectors, which will be specified in the following. The term ¢ = (¢y,---,¢n)
belongs to C°(R,RY), Au = —div(a(x,u,Vu)) is the Leray-Lions operator defined on

WO1 '?(Q, W), with a(x,u, Vu) is a Carathéodory’s function satisfying some hypotheses
which will be stated later. Finally, we mention that the second member f belongs to
L'(Q).

In the non weighted case w; = 1 for any i € {l,...,N}, by using monotony
method and the truncation techniques, the authors in [4] has established the exis-
tence of an entropy solutions for anisotropic elliptic unilateral problem like (1). we
refer the reader to the papers [8,15] and the references therein. Moreover, Boccardo
et al. [10] studied the existence of weak solutions for nonlinear elliptic problem with

(© Springer Nature Switzerland AG 2021
Z. Hammouch et al. (Eds.): SM2A 2019, LNNS 168, pp. 102-122, 2021.
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N9 /s du du
Au= Z{ ox; (' ox; ox;
is a bounded Radon measure on €2.

In general the function ¢; does not belongs to L}D .(£2). Then, the problem (1) does
not admit weak solution. To avoid this situation, we use entropy solutions in this paper,
this concept of entropy solution was first proposed by Benilan et al. see [7].

Motivated by the above cited papers and the results in [4], we show the existence
result for the anisotropic unilateral nonlinear elliptic problem related to the equation in
the problem (1). Specifically, we show the existence result of an entropy solutions for
the following unilateral anisotropic problem,

|Pi—2 ), when ¢;(u) =0fori=1,--- N and the right-hand side

u> yae. inQ, Ti(u) W7 (Q,3),

N N

2/ a,-(x,u,Vu)aﬂ”k(ufv)derZ/ ¢i(u) 0Ty (u—v)dx ()
=1/ =1/

< Jo [Ti(u—v)dx, Vv € Ky, NL*(Q), Yk > 0,

in the convex class Ky, := { uec Wol’P (Q,®),u>y aein .Q}, where y is a mea-
surable function on £2 such that

yteW T (Q,)NL Q). 3)

Note that the uniqueness result being a rather delicate one, due to a counter-example by
Serrin (see [16]), we also mention some works [11, 14] for further remarks.

The paper is outlined as follow: In the next section, we will give a brief discussion of
the weighted Lebesgue space and the weighted anisotropic Sobolev space. The Sect. 3
is dedicated to some necessary lemmas and basic assumptions of our problem. In the
last section, we present the main result and proofs.

2 Preliminaries

In this section, we recall some basic properties of the weighted Lebesgue-Sobolev
spaces needed to study problem (1), and we give the fundamental definitions and lem-
mas which will be used in the following pages.

Let Q be a bounded open subset of RN (N > 2) with smooth boundary Q. Let
P1,...,pn be N real numbers and 7 = {py,..., pn} be a vector of exponent, the fol-
lowing vector W = {wi,...,wy} be a vector of weight functions, i.e., every component
w; is a measurable function which is positive a.e. in 2. Further, we suppose in all our
considerations that

1

[ € L ().

1

(H)) wi €L, (Q) and w

forany i=1,..., N, we denote

du=— for i=1,...,N,
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pizmin{plv"'ap/\’}a P+:maX{Ply--~apN}-

We define the weighted Lebesgue space LP(Q,y) with weight y in Q as, the set of all
measurable functions u on Q.
we endow it

r
lelisian = il = loPrar)” 1< p<e @

We denote by WL?(!LW) the weighted anisotropic Sobolev space of all functions
u € L} () such that the derivatives du are in L? (€, w;) forany i=1, ..., N.
This set of functions is a Banach space with respect to norm (see [12])

N
llulli, 7 5 = IIMIILI(Q>+2;H9tu||p,-,w,-~ )

In the following to study the Dirichlet problem, we use the functional space
WOI’F(.Q,W) defined as the closure of C7(£2) in WL?(Q,W) with respect to the
norm (5).

Let us remark that C3(£2) is dense in WJ’?(Q,W) and (WOI"?(!LW), I-1h7)
is a reflexive Banach space, for alli = 1,...,N such that 1 < p; < o, (see [2] for more
details).

We next recall that the dual of the weighted anisotropic Sobolev space WO1 7 (Q, W)

: : i 0 3 . : — - / pi
is equivalent to W7 (Q,w*), where p’ is the conjugate of p, i.e. p; = and
i
w?‘): {W;k :Wilipi 5 l: 1,7N}
Remark 1. suppose there is s; €] %, +oo[N] ﬁ, +oo[ such that
w e LNQ), forall i=1,---,N. (6)
Then, the expression
N
HMHWOI’?(Q,W) ZZ{H@MHPWI )
is a norm defined on WO1 ’?(Q, W) which is equivalent to (5).
Note that (6) is stronger than the second integrability condition in (Hj).
Let us consider the following exponent vector p; = { Ds; = pi:il ,i=1,...,N }
Si
Lemma 1. Suppose that (H) and (6) hold, we have
_ 1,7 — ok . % Np~
e Ifp~ <N, then Wy'? (Q,W) C LY(Q) forall g € [p~,p*[, with p* = N
4

e If p~ =N, then WOL'?(Q,W) C L1(Q) forallg € [p~,+o|.
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Furthermore, the above embeddings are compacts.
The proof of this lemma comes from the fact that the following embedding (see [9]
for more details)

1.7 1,ps 1p~
Wy P (Q,W) C W, (Q)cW,” (Q)
We consider the space
%I’F(Q,W) = { u measurable in Q, T;(u) € WOI’;)(Q,W)), for any k > 0 } ,
where
z if |z <k,
Ti(2) =\ k2 if |o] > «.
]
3 Basic Assumptions and Notion of Solutions
In this section, we recall some useful technical lemmas to show our aim, and we give
the assumptions of our problem.

We suppose that a; : 2 x RxRY — R are Carathéodory functions, fori=1,...,N
which satisfies the following assumptions, forevery &, &’ € RY, 0 c Rand a.e.inx € Q,

ai(x,0,8) - & > aw; |&|", 8)
lai(x,0,&)] < By’ (Ri(x) + /017 ! P piy, ©)
(ai(xaevg)iai(xaevgl))’(gi*gi/) >0 for éi#éilv (10)

where R;(-) is a nonnegative function lying in L () and a, 8 > 0.
Moreover, we suppose that

¢; € C°(R,R) for i=1,...,N, (11)

and

feL'(Q). (12)
Lemma 2. [/]Letg € L'(Q,y) and g, C L'(Q,7y) such that ||gy||r,y < C, 1 <r < oo If
gn(x) — g(x) ace. in Q then g, — g weakly in L' (Q,7).

Lemma 3. [3] Suppose that (8)—(10) hold, let (u,), a sequence in Wol’? (2, W) such

that u, —u  weakly in Wol’? (Q,W) and
N
2/ (a;(x,un, Vi) — ai(x,u, Vu))9;(u, — u)dx — 0,
=178

then u, — u strongly in Wol’p (Q,W).
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Lemmad4. Let (u,), be a sequence from Wol’ﬁ(.Q,W), if u, — u weakly in
Wol’p (2, W). Then Ti(u,) weakly converges to Ty (u) in Wol’p (Q,W).
Proof. We have u, — u weakly in W01’7(Q,W) and WOI’F(!LW) s L1(Q), we

obtain u, — u strongly in L7(£2) and a.e. in Q, thus T (u,) — Ti(u) a.e. in Q.
On the other hand

1TiCn)lyy1.7 o 2 ZHBTk tn )| i i
< z / |Tk Uy) 8un w,( )dx)l/pi
: pi
T

Thus (7, (us)), is bounded in WJ’?(Q,W), consequently Ty (u,) — Ti(u) weakly in
Wol"p(.Q,W)). O

. N
Lemma 5. [3]Ifuc WOI'p(Q, W) then 2/ diudx=0
~ Ja

Proof. Since u € WOI'?(Q, W) there exists ux € C(£2) such that u; — u strongly in
W, (2, W)
Moreover, since u; € Cf (Q) by Green’s Formula, we have

N ,
Z/ iy dx = / . nds=0

Since d;u; — d;u strongly in LPi(Q,w;) we have d;u; — d;u strongly in L' (Q)
N

Passing to the limit in (3), we conclude that Z / diudx =0. O
; Q

4 Main Results

In this section we state and show the main result of our article.
The definition of an entropy solution for problem (1) can be defined as follows.

Definition 1. A function u € %l’p (Q, W) such that u > y a.e. in Q is said to be an
entropy solution for the unilateral problem (1), if

N
;/Q[ai(xm,Vu) 0T (u— @) + ¢i(u) ;T (u— @) dx < /-(2 FT(u— @)dx

forall ¢ € KyNL”(L).
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Theorem 1. Under the Assumptions (8)—(12), then the problem (1) admits at least one
entropy solution.

Proof:
Step 1: Approximate problems.
let us consider the following approximate problems

up € Ky

N N
Z/ a;(x,un, Vi) 0i(uy —v)dx+ Z/ O (un)0i(upy —v)dx < / o (uy —v)dx
=178 =179 Q
VveKy andVk>0,
(13)
where f, = T,,(f) and ¢/ (s) = ¢;(T,,(s)) .
We define the operators @, of Ky to Wofl’pl(Q,W*) by:

—

(Dyu,v) = 2/ 0:(Tu(u)) drvdx forallu € Ky andv € W7 (Q, @)

Lemma 6. The operator B,, = A+ @, is pseudomonotone. Furthermore, B, is coercive
in the following sense: there exists vo € Ky such that

B —
Bov=w) Vg — e for vEKy.
Vil 7w

Proof. In light of the Holder’s type inequality, we get for every u,v € WO1 7 (Q, W),

=1 1

‘<®uv’<2/¢, w(u)) dvw," widx

1

=1
bi |P} p’ o: Pl pi l’:
w/ | dx i | vw/ |Pidx

N
M=
—
b\
B

/

=N 1
/sup|q),( )\plw”’ dx bi /|8v|p’w,dx)p’

Qs|<n

1 1 1
. (sup l16s) 1+ 17hwf ) ([ fowlrwia) "

Is|<n
(supg:(9)]+1)( [ w] dx)%< / |av|p,wdx>%

Is|<n

I
-

A A
M=M= T
/N /N

I
-

IN
M=

Il
=

< COV 5
o
which implies that L= 27V >1 ¢,

IVl 7%
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Let vg € Ky, thanks to Hélder’s inequality and (9), by using the following continu-
ous embeddings Wol””' (Q,w;) — LPi(Q,w;), we obtain

L

N -1
| <Av,vg > | < Z/Q |ai(x,v, Vv)divow/ w/" |dx
i=1

N 1 1
(/ ’a, x,v, Vv)w; ” p'dx) 7 </ laivowl.”" ’p’dx) hi
Q
1

=i
L L
(/ RV (x) + o|v|P +\8iv|”fw,-dx) i (/ \9ivo\p’widx> "

o Q

IN

IN
=
AMZ

Il
-

o 1
(c1+c2/ |8v\p’wldx+/ \8v|p'wdx>”'</ \8,~v0|”"widx)"i
Q

IA
=
M=

Il
-

IN
=
M2

C’ <1+C2+12/ |c9v\p’wdx /lavo‘ w,dx

§ﬁC4Z( C2+12/ |8v\”‘w,dx) /|8v0’pw, dx) Vi
i=1
N 1 . 1
<B 2(1+C3 2/ ‘8V’p’w,dx)”*)(/ |3iv0‘piwidx>pi
— o
<B Z/ ’8v|p’wldx z / |3v0|pwldx> i
z:l
<Beu(1+6; 2/ 9| widx) " )\VOH I
Therefore
N
owlPivw.d
’<Av,vao>| E{/Q| vl wid ﬁC4HV0||W01?(Q
C4C
*ﬁ (S [ i) 5.
HVH lp QW) w)

Then,

N
| Piy).
;Aﬁmpmm N

< Av,v—vg > " ) -
| 0>1 i —EC4C3(Z/ ENEDIE
HVHWO]?(,QW) HVHWOI?(.QW) (04 =1/

Callvo 7
vﬂljgﬁ]ﬁ v0lly7
Wy (2,W) Va7 @
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According to Jensen’s inequality, we obtain
N

||VHPWE'?(Q,W) = (; (/Q |3W|Piwidx>

1

+

X

i)p
< (3 ([ i)

N
SCZ/ |0y |Piw;dx,
=178

where

e
I

+ {p_ i {|0l[ri () 2 1
p* if || 9iv|zri (@) < 1.

Then

N
2/ |9iv|Piwidx
=174

N
— o0 and 2/ |0iv|Piwidx — +eoas ||V||. 157, . — oo
||vHWOIF(Q,W) i=1 Q W() (va

)

. . < Av,yv—vp >

Using (4), we obtain W — Fooas V][ 5 5 — oo,
Wy P (W)

< D, v > d < Dy, v >

Since an

are bounded, then we get

<Bw,v,—vog> <Avv—vg> < Dy, —vg >

= oo a8 [0l 7 g ) —

||V||W017(Q.W) B ||V||WOIF(Q7W>) ||V||W017(QﬂW>) (2,w)
We conclude that B, = A + @, is coercive.
It remains to show that B, is pseudomonotone.

Let (uy); be a sequence in Wol’?(Q, W) such that

Uy — u weakly in WOI"?(Q,
Baup — % weakly in Wofl’?
limsup < Buug,up > < < y,u>.
koo
We will show that ¥ = B,u and < Bjuy,u; >—< ),u > as k — +oo. Since
WOI'?(Q,W) < LP (Q), then u — u strongly in L” () and a.e. in Q for a
subsequence denoted again (uy)g. Since (uy); is bounded in WO1 ’F(Q,W). By using
(9) we have (a;(x,u, Vuy)) is bounded in Lpf'(Q,wl’f), then there exists a function
@; € LP1(L,w?) such that

ai(xv ukavuk) — @; as k — +oo (14)
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Moreover, since (¢! (uy))x is bounded in U’é(Q,wl’-‘) and ¢/ (ug) — ¢ (u) a.e. in Q, we
obtain /

0" (ux) — ¢/'(u) stronglyin LPi(Q,w;) as k— +oo. (15)
Forallv € Wol’? (2, W) combining (14) and (15), we have

<x,v>= lim <B,u,v>

k—-o0

= lim 2/ a;(x,ug, Vug ) divdx + lim Z/ o7 (uy) divdx

koo koo
= 2/ Qidivdx+ Z/ o' (u)divdx.
=178 i=17/€

Hence, we obtain

N

limsup < Byuy,u; > = limsup [Z/ a;(x,u, Vuy ) 0; ukdx+2/ o7 (uy) diurdx

k—teo koo Li=] /€2

N

zhmsupZ/ a;(x uk,Vuk)8ukdx+Z/ o/ (u) dudx
Q

k—oo =1
< <pu>

N . N ,
2/ (p,-&,-udx+ 2/ ¢l”(u)8,udx
=172 =178

as a result

N N
limsupZ/Qa,'(x, g, Vg ) diugdx < 2/_0 Qi dudx. (16)
i=1

k——oo j—1

N
Using (10), we get 2/ (ai(x,ug, Vug) — a;(x,u, Vu) ) (djug — diu)dx > 0. Then
=17

N N
Z/ a;(x, ug, Vg ) djugdx > —Z/ a;(x, ug,nablau)dudx
=178 =178

N N
+Z/ a,-(x,uk,Vuk)aiuderZ/ a;(x, ug, Vu) i dx.
=174 =174
By (14), we have
N N
llmlan/ ai(x,uk,Vuk)z?iukde 2/ (p,&,udx a7
ke (5179 i=17Q

Using (16) and (17), we get

lim Z/ (X, g, Vg ) dugdx = / Q;diudx (18)
i=1 i=1

k— oo
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hm < Buug,up > = lim 2/ a;(x uk,Vuk)&ukdx—l— hm Z/ o7 (uy) diurdx

k—+ k—oo !

—Z/ (p,audx—f—Z/ o7 (u) diudx

=< x,u>.

Moreover, since a;(x, ug, Vi) — a;(x,u, Vu) strongly in L7 (€2, w;), by using (18) we
have

N
zlgﬂxwymyﬂmwbwmwwf@mw:o
i=1

Using Lemma 3, we obtain u; converges to u strongly in WO1 ’?(Q, W) and a.e. in Q,
then a; (x, ug, Vi) converges to a;(x,u, Vu) weakly in LPi (L2, w;) and @7 (u) converges to
¢ (u) strongly in LPi(€,w;). Then for all v € Wol"p (Q, W), we get

< X,v> :klim < Bhug,v >

= lim 2/ a;(x, g, V) 8vdx+ hm Z/ ¢ (ug ) divdx

k_)+°°z 1

N N
= Z/ ai(x,u,Vu)Bivdx—&—Z/ 0 (1) dvdx
=172 =178
=< Byu,v >
Therefore B,u = x. a

Proposition 1. Assume that (8)—(12) hold, then the problem (13) admits at least one
solution.

Proof. From Lemma 6 and Theorem 8.2 chapter 2 in [13], then the problem (13) admits
at least one solution. O

Step 2: A priori estimate.

Proposition 2. Under the assumptions (8)—(12) and if u, is a solution of the approxi-
mate problem (13). Then the following assertion is valid:

N
2/ |0: Ty () |Piwidx < C(k+1)  forallk >0,
Q

where C is a constant.

Proof. Letv =u, —NT;(u;7 —y*) where n > 0. Since v € WOI’F(Q, W) and for all
small enough, we get v € Ky,. We take v as test function in problem (13), we obtain

N
2/ a;(x,un, Vi, ) 0 Ti (w) — w)dx —1—2/ OF (un) 0; T (" — w)dx
=174

s/ﬂMﬁ—Wﬂx
JQ
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As result
N
> [ aitv.an Vi)l v )dx < [ TG - y)ax
=178 Q
N
#3107 ) 1075} — )l
i=1
Since 9;Tx (u,;} — wT) =0 on the set {u, — y' >k}, we get

N
2/ ai(x,un,Vun)ﬁi(u,T—W)dxg/ FuTi(u — yh)dx
1 Qs —yrt <k} Q

N
+ / ln n ai ;,F* + d,
; N CACOICIC S ol

thus, we have

N
Z/ ai(x,u V! )iyt dx < / fuTi (g — w)dx
; {un —y+ <k}

”8+plpld / "(u,)||0rw ™ |d
2/{ gy |97 )19 o v x+2 Al
+ (o ut Vulh)owtld
z/un TR AT

According to Young’s inequalities, we have for a positive constant A

N
2/{ ey i(xuy , Vi, )au+dx</ fiT(w —yh)dx
[ty

\ e N
M (T, n PP T d L / -t [Piv;
+C1(a)2/{uﬁ—qﬁgk} |97 ( k+||u/||w(u )|Piw; X+ < lzzl . O |Prwidx
T, " ai + d
+2 /u,, —yt<k} ‘¢’ ( k+Hllme(u ))H v ‘ X
N Apt

1— pl 1 / .
\% P d P Piyydx.
A“n —yt<k} |al(x Up, un)‘ w; X+ 2 Apl *W*Sk} ‘ iy | w;dx
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1
A o
Using to (9) and taking A = <p6,ﬁa) Pi | we have

N
2/ a;(x,un, Vu,)oiu, dX</ ST (u )
{ur —wt <k}
N / ;11 o +
+Ci(a / (T P! dx+ — / diu,y |Piwid
1( )Zi {uI*W+<k}|¢l( k+HWHw(un))| Wi X 6 Z, {M;*W+Sk}| lun| wiax
N
+ T Giwt dx+ / ()| d
D N PR 2 o RO
N o .
- Piyy.d 0; Piyy.d
—&-216/{“;7‘,# |} |Piw; x—i—z /u *W+<k}| iy |Piwidx
(6P
+ / oy |Piwidx.
Z{pi(pia)”’ : {u:fwgc}' W
Combining (3), (8), (9), (10) and (H; ), we have
N .
Z/ |0} [Piwidx < Ck+C' (19)
{uf —y <k}
As{xe Qut <k} c{xeQu" —y" <k+|y"|}, then
. N
0Ty (u,))|Piwidx = / diu |Piwidx < / i, |Piwidx.
2/ 01Tk )| Z | | ; (it —y <kt y }‘ v|

Hence, thanks to (19), we get
Z/ 10T () [Piwidx < (k+ ||y |l.)C+C' Wk > 0. 20)
Similarly taking v = u, + T} (u;, ) as test function in approximate problem (13), we have
N
2/ 10/ (1) [Piwidx < C" (k +1). @1
=1/
By (20) and (21), we obtain

N
Z/ 10T (1) [Prwi(x)dx < (k+ |yt ||+ 1)C forall k >0,
“~ Jo
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Step 3: Strong convergence of truncations.

Proposition 3. Ifu, is a solution of approximate problem (13). Then there is a function
u and a subsequence of u, such that

Ti(un) — T(u) strongly in WOI’F(Q,W)

Proof. According to Proposition 2, we obtain

_ +
T}y g < Ok o+ 17 22)

Firstly, we shall demonstrate that (u,), is a Cauchy sequence in measure in 2. For every
A >0, we obtain {|uy — up| > A} C {{ua| >k} U{{um| > kP U{| T (un) — Ti(um)| > A},
thus
meas {|u, — | > A} < meas{|u,| > k} +meas{|un| > k}
+meas {| Ty (un) — Ti(um)| > A}

Using Holder’s inequality, Lemma 1 and (22), we have

(23)

k.meas{|un| > k} = T () |dx < / T (10)lx
{43 o
1

< (meas(2)) 7™ || Tr(upn

1

< C(meas(2)) 7 | Tie(un)||

L

<Clk+ [y flo+1)7".

Mo )

1,7
Wy P (2, W)

1

Thus, meas{|u,| >k} <C (k—lip* + %) """ —0as k — +oo. Which means that,

for each € > 0, there exists kg such that for all k£ > kg, we get

meas{ |uy| >k} < g and meas{ |un| >k} < 24)

W] M

As the sequence (7 (up)), is bounded in WOl "F(.Q, W), then there exists a subsequence
(T (un))n such that T(u,) converges to v a.e. in 2, weakly in Wol’p (Q, W) and

strongly in L” (£2) as n goes to +oo. Which implies that the sequence (T;(uy)), is a
Cauchy sequence in measure in €2, then for all A > 0, there is ng such that

meas{| Ty (un) — Ti(um)| > A} < g, Vn,m > n. (25)
Using (23), (24) and (25), then VA,& > 0, we have
meas{|u, —um| > A} < e for all n,m > ny.

Hence (u,), is a Cauchy sequence in measure in €2, then there exists a subsequence
denoted again by (uy,), such that u, converges to a measurable function « a.e. in £2 and

Ti(us) = T(u) weaklyinW)'” (2, %) andae.inQforallk>0. (26)
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Now, we will prove that

N
lim Y /Q [@; (0, T (), VT (1)) — @i (%, Tie (), VI ()] (9 Tic (u) — 0iTie (1) )dx = 0.

n—oo =1

(27)

Let us consider v = u,, + Tj (u,, — T,y (u,)) ™ as test function in approximate problem (13),
we obtain

N
=, [ ittt Vi) T (= T(1))
i=1

_2/ O (un) 9T (g — T ()~ dx < — /fnTl n— Tn(up)) " dx.
Then

N
2 / a;(x, up, Vuy ) diuydx

i—1 = (m+1)<up<—m}

i\Un ind gf nT n*Tm n “dx.
JrlEI/ m+1)§un§fm}¢(u )Oiuydx /Qf 1 (u (un)) " dx

We pose @} (s / o (¢ x{ (m+1)<t<—m)dt. By using the Green’s formula, we obtain

il N
i (un) dittndx = / ;@ (i )dx = 0.
Zi/{—(mﬂ)gu,,g—m} Zi )

Then, we have

N
y / 3%, 1, Vit Gittndx < — / FaTi (t — Ton(ut))~
i—1 A= (m+1)<up<—m} Q

According to Lebesgue’s theorem, we have

lim limsup [ f,T1(uy — Tn(uy)) dx=0

Mmoo e JQ
Then, we get
lim limsup Z/ a;(x,uy, Vuy,)diuydx = 0. (28)
m—+eo e (m+1)<u,<—m}

Similarly, we choose v = u, — N T; (u, — T,y (u,,)) " as test function in approximate prob-
lem (13), we have

N
lim limsup 2/ a;(x,uy, Vi) diupdx = 0. (29)
i—1 /{Am<up<m+1}

M= psoo
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We define the following function for each m > k:

1 if |z <m
hn(z) =<0 if [z >m+1
m+1—lz ifm< |z <m41,

By using in (13) the test function @ = u, — 1 (T () — T (u)) " hy(uy, ), we obtain
N .
X [ it Va9 Tela) = 7)) )
=179
N
+y /Q 015, 6 Vi) (Ti (1) — Te(t))* it (1) dlx
i=1
N
£ [ 07 ) (Tin) = Tiw) ) (30)
i=1

N
+i§i /_Q ;" (un) Ot (Ti (1a) — Tk(u))Jrh;n(un)dx

< [ FTelun) = Ti0)) )
Q

Using (28) and (29), we get the second integral in (30) converges to O when n and m
tend to +oo.
As hp(u,) = 0if |u,| > m+ 1. Then, we obtain

N
ZI/Q O (1) 04 (T () — T (1)) F I (1) dix
N
=30 01T )4 T) ~ i)

By Lebesgue’s theorem, we get ¢ (Tp,11 (un)) i (tn) — ¢i(T (1)) (u) in Lp;‘(.Q,w;‘)
and 0;Ty(u,) — ;T (u) weakly in LPi(£2,w;) as n goes to 4o, then the third integral in
(30) converges to 0 when n and m tend to +oo.

Combining (8), (28), (29) and Lebesgue’s theorem, we get

N
lim lim / Ot |P (Ti (un) — Ty (u)) Fwidx = 0,
Z {7(m+1)§un§*m}| | ( k( ) k( ))

m——+oo p—r—-o00 =

and
N

lim lim z

M—-o0 i— {00 /{ <up<m+1} |Ostan| P (Tye () — Tic(u)) " widx = 0.
i=1 Mmsuysn

We conclude that
N

lim lim Y / (%, 1, Vit D5 (Ti (1) — Ty (1)) o (1) dlx < O,
Q

m——+oeon—oo !
i=1
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which implies that
N
lim lim z

a;(x,uy, Vun) 0 (T (un) — T (u) )y () dx
m_)+°°n_)+°°j:1 /{Tk(un)*Tk(u)ZO-,lun\Sk}

N
— lim lim / a;(x,uy, Vuy) 0Ty () by (1) dx < 0.
m%+°°nﬂ+°°i=1 {Ty (un) —Ti () >0, |up | >k} l( ) ' k( ) ( )

AS hy(up) = 01in {|u,| > m+ 1}, then we obtain

N
/ a;i(x, up, Vity) 0;Ti () iy (u ) dx

=1 T () =Ty ()20, 10n |>K}

N

>/ 035, Tt (1), VT 10) T () (1)
i=1 7 {Te(n) =T (1) 20, [u | >k}
Since (a; (X, Tyt 1 (t4n), Vi1 (1tn)) )n0 is bounded in L7 (Q,w?).

We have a;(x, Tyr1 (1), VT (1)) converges to Y weakly in LPf (£,w}). Hence

N
lim lim / 5%, T (t6n), Vs 1 (1)) T (1) i (1)
m%w"%w,gi T2 )~ T )20, s >} i

N
= mﬁr?mz /{\1 - Y, 0T () iy (u)dx = 0,
i=17/u
as results
N
lim lim Y

al-(x, Tk(un), VTk (un))
m—-toon—-too &4 /{Tk(u,,)—Tk(M)ZO}

Oi(Tie(tn) — Tie () Yy () )dx < 0. (31)

Moreover, we have a;(x,Ti(un), VI (t0)) (1) — a;i(x, T (1), VTi (1)) (1) in
LPi(Q, w) and 0;(Ti(u,) — T (u)) converges to 0 weakly in L7 (Q,w;), then
N
lim lim

a; )C,Tk Un ,VT]((M))
mﬂ+°°"ﬁ+°°i:1/{Tk(un)*Tk(u)ZO} (5 Telon)

Oi(T(un) — Tie(u) ) (1 )dx = 0. (32)
According to (10), (31) and (32), we deduce
N

lim lim z

i im Sy [T ) V) i i), V()
i=1 ¥ (ttn) =T (u) >

0i(Tie(un) — Tie () )y (1 )dx = 0. (33)

Similarly, we choose @ = u, + (Ti(un) — Ti () hm(u,) as test function in (13), we
obtain

N

lim lim

Jim i 3y [ ) Vi)~ i), V@)
i=1 kun ) —1p(u)<

Oi(T(upn) — Tie(u) )y (1 )dx = 0. (34)
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Using (33) and (34), we have

I—s—o0 —s—-c0 -

lim lim 2/ a;(x, T (un), Vi (un)) — (x,Tk(un),VTk(u))]
Oi(Ti (un) — Tie(u)) Ay (1 )dx = 0. (35)

Now, we show
lim lim 2/ i (6, Ti (), Vi (un)) — ai(x, Ti(un), VTk(u))]

m—-+oon—-o0
Oi(Ti(un) — Ty (u)) (1 — iy () )dx = 0.

Let @ = uy + Ti(uy)~ (1 — hyp(uy)) as test function in approximate problem (1), we
obtain

N
_;/_Qai(x’”nvvun)aiTk(”nYU — iy (up))dx
N » N .
+i:§:1/Qai(X7u”’Vun)aiunTk(u”) hm(un)dX7;/Q(pi(un)ai’[}c(un) (17hm(un))dx

N
+i:21 /Q 01 (1) At T (1)~ (1 )dx < — /Q FTi(n) (1= h(u))dx.  (36)
Thanks to (28) and (29), we have

lim lim Z/ a;(x, uy, Vi) Oy T (w) ~h,, (0, )dx = 0.

Mm—+oon—r+o0

Thus, the second integral in (36) converges to 0 when n and m goes to +oo. As
9Ti(ua)™ = OiTe(u)™ in LPi(2,wi) and ¢;(Ti(un))(1 = hn(un)) — &i(Ti(u))(1 —
hm(u)) strongly in L7 (Q,w}), we get

N
lim Lim Z_/Q(p,-(un)aiTk(un)*(l—hm(un))dx

m——+foopn—r o0 =

lim Z/ 01(Ti()) T ()~ (1 = (1)) .

In view to Lebesgue’s theorem, we get

lim 2/ 0i (T (w) 0Ty (u) ™ (1 — hyy(u))dx = 0.

m—s—-oo

Hence, the third 1ntegra1 in (36) converges to 0 when m and » tends to +oco.
We take @;'(1) = / 0i(s) T (s)~ h,(s)ds, in light of Green’s Formula, we obtain

N
2/ O (16) At T () 1. (u,,)dx:igi/g&tpi”(un)dxzo.
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Then the last integral of the left-hand side of (36) converges to O when n and m tend
to +oo. By using to Lebesgue dominated convergence theorem, we get the term of the
right-hand side of (36) converges to 0 as m and n goes to 4. We Conclude
N
lim lim / 1%, s Vit ) T () (1 — o (u))dx = 0. (37)
m—>+°on—>+~>°l.=1 {ungo}

Following this, for 1 small enough, we choose ¢ = u,, — N7 (1,7 — W) (1 — hy(uy,)) as
test function in (13), we obtain

N
D /Q (%, th, Vit )T (1 — W) (1 — By (1))
i=1

N
-y / a;(x, un, Vi) Oty Ty () — wH)H, (u)dx
=178

+ﬁ{/9¢i”(”n)aiTk(”;z_—W+)(l—hm(un))dx
N
- z /Q q)lrl(un)&lunTk(u: — l[/+)h;n(un)dx
i=1

< /anTk(u,T — (1 = hy(u))dx.  (38)
From the Holder inequality, (8), (28) and (29), we get
N

mlirzwngrfw; /_Q 7" (tn) Ostn Ti (1t — W)y (s )dx = 0.

By the Young inequality, we obtain

N
> | st Vi) T =y ) (1 =)
i=1

<

N
/ a;(x, tn, Vit ) Oy Ty () — w)dx
i—1 J{—(m+1)<u,<—m}

i=1
+ / FuTi(t =y ) (1= h(u))dx (39)
Q

N
n X + _
+;/{Mf{*u/+§k} 07 (un) Oytty (1 = hon (1) )dx

N
n n ai " lihm n d
Jrgi/{u;rqﬁgk} ¢l (I/l ) ]I/ ( (I/t )) X

Thank to (28), we get the first term on the right-hand converges to O when »n and m tend

to +oo. By the Lebesgue dominated convergence theorem, we obtain the second part in
the right-hand converges to 0 when m and n tend to +oo.
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As

N
Z /{quf +<k} F (1tn) ity (1 —hin (un) )
=17 YT “0)

N
= ;/Q¢{’(T{k+uw+||Lw(o)}(un))9iT{k+Hw+HLw(o>}(ui)(l—hm(un))dX-

Since aiT{k+||W+HLm(Q)}(M;D - 81-T{k+HV,+||Lw(Q)}(u+) Weakly in Lp’(.Q,Wi) and
¢in(T{k+||W+HL°°(9)}(un))(l - hm(”")) - ¢i(T{k+H‘I/+HL°°(g>}(u))(l - hm(”)) StI‘OHgly in
Lp;‘(.Q,w;‘), we obtain

N
; /Q ¢Z’<T{k+|lw+HL”(9)}(u”))giT{k+“W+\\LN(Q)}(u;:_)(l - hm(un))dx

N
=2 /Q 91 (Tttt} ) Tkt oy} (1) (1 = P (1) ) dx + € ().
i=1

Using the Lebesgue dominated convergencetheorem, we obtain

m-—eo ;]

N
lim 3, /Q 91 (Tt 1)} ) O Tty 1 9} () (1 = P (10) )l = 0.
i=1

Hence, we get the third integral converges to 0 as m and n tend to +-oco. Similarly as
(37), we have

N
lim lim /{ i, Vi) AT ) (1~ () dx =0, (41)
up>0

M= +-00 11— +-c0 4
i=1

According to (37) and (41), we obtain

N
lim lim ) / a;(x,un, Vitg)0iTi () (1 — hyy (uy))dx = 0. 42)
Q

Mm——oofp—r+o0 !
i=1

Furthermore, we have
N
Z{ /Q(ai(x, T (un), VT (un)) — ai(x, Ty (un), VT (1)) (0: T (un) — 0Ty () )dx
- i @0, T0), VT 0) = 5, i), VT (0)) (91T () = () )
N
+[Z{/_Q(a,~(x, T (un), VT (un))) 0 Ty () (1 — by () ) dx

~ % @ T), Vi) (1 — )
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N
-y /Q (%, Tt VT (0))) (9T (1) — 0T (1)) (1 = P (1) ).
i=1

Combining (35) and (42), the first and the second integrals on the right-hand converge
to 0 when m and n goes to oo.

As (ai(x, Ty (un),VTi(1,)))n is bounded in LP§(Q,w,-*) and 0;T; (u) (1 — by (uy,)) —
0in LPi(€2,w;) when m and n goes to 4o, hence the third term on the right-hand side
converge to 0 as m and n goes to +oo.

Where

a; (%, Te(un), VI (1)) (1 = P () — @i, Tie(u), Vi () ) (1 = P ()
strongly in LPi(Q,w?) and 9;T;(u,) — 0, (u) weakly in LPi(Q,w;), we get the last
integral on the right-hand side converge to 0 as m and n goes to +oco. Then, we
obtain (27).

Thanks to (26), (27) and Lemma 3, we have

Ti(uy) — T(u) strongly in W(;’?(Q,W) anda.e.in Q forallk >0.

Step 4: Passing to the limit.
Let ¢ € Ky NL”(L2), we choose v = u,, — Ti(u, — @) as test function in approximate
problem (13), we have

N N
a;(x,uy, Vun) 0T (uy — @)dx + 07" () 0 Ti(un — @)dx
;1/9 ' ;/Q ' “3)

< /Q FuT(t — @)dx,

which implies that,

N
2/ ai(x7 Tk+”(pH°°(u”)7VTk‘f‘H(Pllw(un))()iT;((un _ (P)dx
=174
N
*;/Q 9i(Tit .. (4n)) OiTi(tn — )dx < /anTk(un — ¢)dx.

As T (uy) — T (u) strongly in WOI’W(Q, W) and a.e. in Q for all kK > 0, we obtain
ai(%, Tt .. (tn), Vit .. (tn)) = @i (X, Ty g (1), VTt .. (u) ) Weakly inLP (€2, w7)

0i(Tit ol (tn)) — 0i(Try ) (1)) strongly in LPi(Q,w;)

and
0iTi(uy — @) — 9T (u— @) strongly in  LP(Q, wy;).

Passing to the limit in (43) and this completes the proof of theorem 1.
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Well-Posedness and Stability
for the Viscous Primitive Equations
of Geophysics in Critical
Fourier-Besov-Morrey Spaces
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Abstract. In this paper we study the Cauchy problem of the vis-
cous primitive equations of geophysics in critical Fourier-Besov-Morrey
spaces. By using the Fourier localization argument and the Littlewood-
Paley theory, we prove that the Cauchy problem with Prankster number
P =1 is local well-posedness and global well-posedness when the initial
data (uo, o) are small and we give a stability result for global solutions.

Keywords: Navier-Stokes equations + Global well-posedness -
Analytic solutions - Coriolis force * Fourier-Besov-Morrey space

1 Introduction

In this paper, we study the initial value problem of the viscous primitive equa-
tions of geophysics in R?, which is a fundamental mathematical model in the
field of fluid geophysics. The model reads as follows:

Opu+ vAu+ Qez x u+ (u.V)u + Vp = ghes  (t,z) € Rt x R3,
040 + pA0 + (u. V)0 = —N?u; (t,r) € Rt x R3,
(1.1)
V.au =0,
u(0,2) = up(z) r eR3,

where v = u(t,z) = (u'(t,2),u?(t,x),u?(t,x)) and p = p(t,r) denotes the
unknown velocity field and the unknown pressure of the fluid at the point
(t,z) € RT x R3, respectively and 6 is a scalar function representing the density
fluctuation in the fluid (in the case of the ocean it depends on the temperature
and the salinity, and in the case of the atmosphere it depends on the tempera-
ture), while vy = ug(z) = (ud(z),ud(z), u3(x)) denote the given initial velocity
flied satisfying the compatibility condition V.u = 0. v, u and ¢ are positive
© Springer Nature Switzerland AG 2021
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constants related to viscosity, diffusivity and gravity, respectively, {2 € R repre-
sents the speed of rotation around the vertical unit vector e3 = (0,0, 1), which

is called the Coriolis parameter, and “x” represents the outer product, hence,
—Qes x u = (Qua, —Quq,0). We recall that the Coriolis term has an another
expression —Qez X u = —QJu, where the skew-symmetric matrix J defined by
0-10
J=110 0
00 0

N is the stratification parameter, a nonnegative constant representing the Brunt-

Visala wave frequency. The ratio P := ﬁ is known as the Prandtl number and

B .= N is essentially the “Burger” number of geophysics.
When 6 = 0, N = 0 and Q = 0, the problem (1.1) become the classical
Navier-Stokes equation:

u — vAu+ (u.V)u+Vp=0 (t,z) € Rt x R3,
V. =0,
u(0,2) = up(z) = € R3.

The existence of mild solutions and the regularity have been established locally
in time and global for small initial data in various functional spaces, for example
[5-8,28,29,34,36].

If only # = 0, NV = 0 but Q # 0 the problem (1.1) corresponds to the usual
Navier-Stokes equation with Coriolis force,

up — vAu+ Qe x u+ (u.V)u+Vp=0 (t,z) € RT x R3,
Vau =0,
uw(0,z) = ug(z) z € R3.

Hieber and Shibata [22] obtained the uniform global well-posedness for the
Navier-Stokes equations with Coriolis force for small initial data in the Sobolev
space H? (R?). Iwabuchi and Takada [26] proved the existence of global solutions
for the Navier-Stokes equations with Coriolis force in Sobolev spaces H*(R?)
with 1/2 < s < 3/4 if the speed of rotation 2 is large enough compared with
the norm of initial data ||ug||;., they also obtained the global existence and
the uniqueness of the mild solution for small initial data in the Fourier-Besov

spaces FB;; and proved the ill-posedness in the space FB;;, 2 < q < oo for all

2 € R see [27]. El Baraka and Toumlilin [10] got global well posedness result

1-2a42+3
with small initial data in f}\/ “ ? for @ # 1 and Q = 0, moreover, in

[12] they generalize this result for a # 1 and Q # 0 where they proved local
well-posedness results and global well-posedness results with small initial data
in Fourier-Besov-Morrey spaces.

When 6 # 0, N # 0 and Q # 0, Babin, Maholov and Nicolaenko [3] proved
the existance of global solution for problem (1.1) in [H*(T?)]* with s > 3/4
for small initial data when the stratification parameter A is sufficiently large.
Charve [18,19] obtained the global well-posedness of problem (1.1) in [H 2 (R3)N
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H'(R?)]* under the assumptions that both Q and A are sufficiently large for

arbitrary initial data, moreover we get the global well-posedness of (1.1) in

less regular initial value spaces. [24] J.Sun and S.Cui proved that the Cauchy

problem (1.1) with P =1 is locally well-posed and globally well-posed when the
3

initial data (ug,fp) are small in Fourier-Bessov spaces FB,Q,;; for 1 < p < o0,
1 <r < oo and FBl_i for 1 < r < 2, they also proved that such problem is
ill-posed in FB;; for 2 < r < 0.

We refer to [14,23,25,32] for rich literature about global-in-time well-
posedness for fluid dynamics PDEs.
We first transform the Cauchy problem in to an equivalent Cauchy prob-
leme. By setting N := N/g, v := (v}, 0%, 03, 0%) := (ul,uQ,ug,\[TgG)7 vy =
(vg,v¢,v3,v8) = (ud,ud, ud, \/E/QO) and V := (81,02, 0s,0), (1.1) can be rewrit-
ten into the following problem:

v+ Av+Bu+Vp=—(wV) (t,z) € R xR?,
Vv =0, (1.2)
v(0,7) = vo(z) = € R3.

Where
—-vA 0 0 0 0-Q20 0
0 —vaA O 0 Q0 0 0
A 0 0 —wa o |™B=lg90 0N
0 0 0 —uA 00N O
To solve the original problem (1.1), we may consider the following integral

equation:
t ~ o~
o(t) = Topn (£)vo — / Ton(t—T)BY - (v @ v)dr, (1.3)
0

where, P = (I@’ij)4x4 the Helmholtz projection onto the divergence-free vector
fields defined by:

otherwise,

5 _ [+ RiR; 1<ij<3

and T n(.) denotes Stokes-Coriolis Stratification to the linear probleme of (1.2)
via Fourier transform, which is given explicitly by

Ton®f = 7 eos(ELoyan + sin(ELo)as, + 1) 4 (70,

€ €]
Where

€] := /&2 + €3 + & and |6 = [elh = \/N2EF + N26E + 0263
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and
¢ 0 _N%i& QNG
€172 5 €172 €172
0 Q73 _ N%62¢3  QNé&1€s
M, = HS ) \g\'22 €172
Q%6163 QPags N2(E1+E3) 0
B €12 B 5 o
QNEE3  QAN&IEs 0 NZ(&1+E5)
€172 €12 €172
0 _ 26 Q& Nag
) BIEE 5L IEE
Q&3 0 _ 9&&s NE2&3
My = 5 BIEE \EHg\' .
_ Q%68 0%& 0 _NE+E)
BISEEIEE 5 o BIEE
N&i&s _ Néags N(E7+€5) 0

REEENEEEEIE

NG NG () QNGg
|§4’2 |2§|’2 [€12
_N7&&  N7& 0 QNE1&3
‘1\4-3 — |§|/2 ‘56/2 |§(|)/2
_QN&E QNGE Q%¢3
€172 NS €172

Note that, denoting by M jl.k—th component of the matrix M;(€), it is obvious

that non-vanishing M jl i satisfies
|ML | <2for E €R, 5,k =1,2,3,4,1=1,2,3.

Inspired by the work [10,24], the aim of this paper is to prove the global existence
and the stability of the global solution of the viscous primitive equations of
geophysics in critical Fourier-Besov-Morrey spaces, using abstract lemma on the
existence of fixed point solutions.

Lemma 1.1. Let X be a Banach space with norm ||.||x and B: X x X — X
be a bounded bilinear operator satisfying

1B (u, v)llx < nllullx[lvllx

for all u,v € X and a constant n > 0. Then, if 0 < € < ﬁ and if y € X
such that ||y||x < e, the equation x := y + B(x,x) has a solution T in X such
that ||Z||x < 2e. This solution is the only one in the ball B(0,2¢). Moreover, the
solution depends continuously on y in the sense: if ||| x < e, 2’ =y’ +B(2',2'),
and ||z’ ||x < 2e, then

[z —2"|x < ly —y'llx -

1 —4en
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2 Preliminaries and Main Results

To give the precise statements of our main results, we first recall the definitions
of the Morrey space M? (R™), Besov space B, ,(R") and Fourier-Besov-Morrey

space FN, »1.q(R™) were introduced by Ferreira and Lima [16] in order to analyze
a class of active scalar equations. As usual we denote by the space of Schwartz
functions on R?, and by the space of tempred distributions on R3. Choose two
nonnegative smooth radial functions y, ¢ satisfying

swpyp C{EERY A< gl D e =1 ESRNO)
J

4
suppx C {EE€R™: (] < o} x(O+D_ e =1, £eR".
7>0

We denote ¢;(§) = ¢(279¢) and P the set of all polynomials. The space of
tempered distributions is denoted by S’. The homogeneous dyadic blocks Aj
and S; are defined for all j € Z by

Aju = <p(2_jD)u = 9in / h(2jy)u(x —y)dy,

Z Agu = x(277D)u = 23"/5(2jy)u(x —y)dy,

k<j—1

where h = F~lp and h = F~1y.
We defined the function spaces M;‘ (R™).

Definition 2.1. [28,34]. For 1 < p < o0, 0 < X\ < n, the Morrey spaces M;} =
M;‘ (R™) is defined by

Mp(R™) = {f € Li,o(R™); || flly < o0},

where N
1fllvy = sup supr™ 2 || fll Lo (B(no,r)
ro€ER™ r>0

with B(zg,r) the ball in R”™ with center z¢ and radius r.
The space My, endowed with the norm Hf”MA is a Banach space.

If 1 < p1,p2,p3 < ocand 0 < \p, Ag, A3 < n with L > p%+1%2 and % = ;‘iJr;‘j
then we have the Hélder inequality

||fg||M;\?3’ < ||fHM;‘11 Hg”MQS
Also, for 1 <p<ooand 0 < A\ < mn,
o glhy < llello gl (2.1)

for all p € L' and g € M.



128 A. Abbassi et al.

Bernstein type lemma in Fourier variables in Morrey spaces.

Lemma 2.2. [16]. Let 1 < ¢ < p < 00,0 < A, Ay < m, ”;)‘1 < ”71)‘2 and let
~ be a multi-index. If supp(f ) C {|¢] < A27}, then there is a constant C > 0
mdependent of f and j such that

1G€)7 Fllyp2e < C2

n—

] (2.2)

Then, we define the function spaces FA/, pag(R™).

Definition 2.3. (Homogeneous Besov-Morrey spaces) Let s € R, 1 < p < o0,
1 <g<ooand 0 <A\ <n, the space N, ,(R") is defined by

J\'/;A’q([gn) = {u € Z'(R"); H“”N;A,q(wq < oo}.

Here Y
. . q
{Z2eldulg,} ™ for a< o,
||u||Ns/\ (R™) = JGZ_ .
P sup2’® || A jul|npy for g =00
JEZ

The space Z’(R™) denotes the topological dual of the space Z(R™) = {f €
S(R™); 0 f(0) = 0 for every multi-index o} and can be identified to the quotient

space S'(R™)/P, where P represents the set of all polynomials on R™. We refer
to [37, chap. 8] and [15] for more details.

Definition 2.4. (Homogeneous Fourier-Besov-Morrey spaces)

Let s € R, 0<)\<n1<p<ooand1<q<ooThespace.7:/\/' 4(R™)
denotes the set of all u € Z/(R™) such that

LT 1/q
lull gy, oy = { D02 1A ullyy ) < oo, (2.3)
JEZ
with appropriate modifications made when ¢ = oo
Note that the space f}\fp 2q(R"™) equipped with the norm (2.3) is a Banach

space Since MY = LP, we have FN3,, = FBS ., FN,, = FB;j , = B5 and
FNT, 0 1 = x ! where B; is the Fourier-Herz space and y !

[4,11].

is the Lei-Lin space

Now, we give the definition of the mixed space-time spaces.

Definition 2.5. Let s e R, 1 < p < o0, 1 < ¢g,p <00, 0 <A < n, and
I=100,T), T € (0,00]. The space-time norm is defined on u(t, z) by

T 1/q
et ) eogrmnrs = { D02 WA iy |
JEL

and denote by £°(1, .7-"./\./;7/\&) the set of distributions in S'(RxR™)/P with finite
H'”[:/’(I,]:./\./;A,q) norm.
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Theorem 2.6. Let Prandtl number P = 1, i.e., p =v, Q € R, 0 < )\ < 3,
1<¢g<2.
For max{1, 3_/\} < p < o0, there exists a positive time T such that for vy =

A
(up, o) € fN N and V.ug = 0, the problem (1.1) admits a unique local
CRIPN
solution (u,0) € £4([ T), prf\: +”>.

Furthermore 1 < p < oo there exists a constant Co(p,q) such that for any vy =

Lol S 2 L
(uo,60) € FN " 7 satisfying V.ug = 0 and || (uo, %GO)H 1342 < Cop,
Eid) j\/, p/ P

P,X.q
the problem (1.1) admits a unique global solution

(u.0) € £([0 o FN vy +%)ﬁﬁl([0,oo),f/\./:;§+%>7

and it satisfies

NG

, sl YD) Y

N e (o,0yn, 7 N o008, 0
900

<20 (o, VIO L

N p,>\-,r1p i

where C is a positive constant.

Theorem 2.7. Let T denote the mazimal time of existence of a solution v =
(u,0) in

£°°([0,T*);fj\'/;§?+%) ﬂ£1<[O,T* AL ) If T* < oo, then

ol ay = oo

£1({0T*)]-'N BN
JR (TR DY

Besides; if v/ = ( ! ’) € C(R*,}'./\fp’)\tl” +p) is a global solution of (1.1), and

A

+
for all v}y € .7:./\/p A o " satisfying

o= woll_ gy <Colop{ = [" B+ I_1siy)} @0
FN FN

p>\q p>\<1

for some constant Cy sufficiently small and ||B|| is matriz norm, then the viscous
primitive equations starting from vy has a global solution v fulfilling the inequality

o
') =o@I —iven + 510(s) = o(s)ll RSN
N PP Lr([0,t),FN PP

pA,q PA,q )

oo
<Cllvg=wll_egeyen{ [ CUBI+Iol_ap)
FN L 0 N,

PiA.q P,A.q

where C is a positive constant.
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3 Well-Posedness

In this section we present the proof of Theorem 2.6. To this end, we establish
some basic estimates.

Lemma 3.1. Let T >0, s € R,0 < A < 3,1 <p<oo,1<qpr<ooand
feLr([0,T),FN,,)- There exists a constant C' > 0 such that

t
T t—1)f(r)dr C a 2.2V -
I [ Tantt=n )il cogompy < O (o 7o)
Proof: Set 1 + l = % + % The definition of the space-time norm of

£r([0,T), FN, A q) and Young’s inequality give

t
Ton(t - dr|
H/o an(t—7)f(7) Lo((0T).FN . )

_ {Zgqu(/oij/o f(TQ,N(t—T)f)(T)dTH&;df)%}l/q

a1/
<c Z?”S / ||so/e AP fryrlfar) "}
s 2Jt T) % e
<c{z o ey [ e i)
Jjqs —tuﬁQQj Ve
<oy ( : dt) 5N oy ey )
JEL 0
jq(s—2—242) £ q i
< P ED g L oy |
JEZL
<clfl e

£r((0,1),FN, 5,7 ")

Lemma 3.2. Let T >0, 0 <A <3, 1<p<oo,1<qg<oo s€R and
—1+5+3 ,
ug € FN 7 " (R3). Then there exists a constant C' > 0 such that

P,A.q

T. o a2y < Cllv s , 3.1
TN () OHm([o,T),fN+’2’) [ 0||fj\/pmq (3.1)

Proof: Since Supp ; C {£ € R3: 2771 < |¢] <2771} one has
— 2 —
18, To,n (Jvollaa < Ce™ 7 ;00 [ary

for all ¢ > 0, which yields that

e —u2% pT

— 1-—
185 T (ool ooy < € |Gl

122 p
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Thus, we have

1T, n ()voll

PyA,q

, <C s
l:P([O,T),]-'./\'ber%) < Clivollzx; .,

Proposition 3.3. [10] Let 1 < p < o0, 1 < ¢ < 2, %Sag 1—1—2‘:’), —1-2*);, and
0< <3 Set

1204342 A—2a43 4204 2
X:ﬁOO([o,oo),mej v p)mﬁl([o,oo),f/\/m; AN )
with the norm
||UHX = ”u” 1-2a43 42 +:u||u|| Cd—2a4 32 L AN .
z:oo([o,oo),f/\fp,x,q P ”) Ll([o,oo), Nprg 00 ° P)

There exists a constant C' = C(p,q) > 0 depending on «,p,q such that

IV.(u @) 174“%27%%) < CpMulxlvllx.  (3:2)

P,A,q

,Cl([O,oo),fN
Proposition 3.4. [10] Let 0 < A < 3, max{l, %} <p<oo,1<qg<2, 1=
[0,7),0<T <0 and%<a§§+}%+%. Set

cA-fat S+
Y =LYLFN, ., 7 ")
there exists a constant C = C(p,q) > 0 depending on p,q such that

[[uv] 2msasdia S Cllullyflv]ly - (3:3)
£2(I1,FN P

PA.q
Proof of Theorem 2.6. For the local existence, we set

1 3 A
54’?“1’;

Y =LY, FN, T ), I=0,T).

Here, as usual, we begin with the mild integral equation

’U(t) = TQJ\/(t)UQ — /0 TQJV(t — T)I‘@@ . (1} ® ’U)d’/", (34)

and we consider the bilinear operator B given by

t
B(v,0v') = / Ton(t —T)PV - (v@ v )dr.
0
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According to Lemma 3.1 and Proposition 3.4 with « = 1, we obtain

1B (v, ") ,
LAILFN

1,32
A A
P\, q )

t
_ ||/ Ton(t = 7)Y - (v® v')dr|
0

1,3 A
CA(rFN, 2T
< CH@-(U@v/)H e
L2LFN, P
<Clw'll ises
L2LFN, P
< Clllyllv']ly -
Lemma 3.2 yields
[To,n()volly < Cllvoll  1ya s (3:5)
Np)qu !

Now, we shall decompose the initial data ug into two terms

vo = FH(XB(0,6)%0) + F (X5 (0,6)U0) := V0,1 + vo,2,

S
where § = 0(vp) > 0 is a real number. Since vg 2 converge to 0 in prA’q” P
as 0 — 400, by (3.5) there exists § large enough such that

1
||TQvN(t)U012||Y < @ '

For the first term vg 1,

(_1.3 2 e
HTQ,N(t)vO,luy < Hzﬂ( B3 et IE

075)1;0”L4(I,M;) ¢

< H2j(f%+§+%)”

_ 2 1 1.
sup € wtle] ‘€|2||L4([0,T))||<pj|§| 2v0||M;;

£€B(0,5) te

< O8:TH

e
FN,ag

A L
Thus for arbitrary vo in FN,, * ", (3.4) has a unique local solution in ¥ on
[0,T) where
1 4
T < ( i ) .
8C20 [|uo| N
PA.q

For the global existence, we will again use Lemma 1.1 to ensure the existence of
global mild solution with small initial data in the Banach space X given by

Sl A

X =L£2([0,00), FN 7 ")YnLY[0,00), FN "7

P,Aq P,Aq ) :
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According to Lemma 3.1 and Proposition 3.3, we obtain

1 B(v, )] TS Y
L£1([0,00),FN, P F)

_ H /Ot Ton(t—7)PV-(ve® u’)dr(

O
L£1([0,00),FN, 70 P)
< CI¥.(v 0 0)| IR
L1([0,00),FN 0 70 )
< Cu o' lIxllvllx -
Similarly,
”B(val)H 1—2a+43, 42
£2([0,00),FN, . © ")
t
:H/ TQyN(t—T)]P)V~('U®’U/)dTH T
0 £22([0,00),FN , \ 2 ")
< 0”6(” ®@ )| SR
L£1([0,00),FN, P )
< Cp Mol xlv'[|x -
Finally,

IB(v,v")llx < Cp™ vl x v/l x -

Lemma 3.2 yields

1T~ (@vollx < Cllvoll  1-aassia -
PiAq
If o]y 4x < Copwith Co = 455, then (1.1) has a unique global solution
-1+ 342
A,

ueX satlfsf;ing

[[o] s ol 502 S 200voll  iisa

S E AV 21000 7K 0, fond

4 Stability of Global Solutions

In this section we prove Theorem 2.7. Let T be the maximal existence time of
a solution w of (1.1) in

S+ AN
E"O([O,T*);fNP N p) nct ([O,T*), N5 p) . In order to prove a blow-
up criterion of the solution given by Theorem 2.6, assume that 7% < oo and

[lv]l 14342 <00, then we can find 0 < Ty < T satisfying
A5 42

LH[0,7+),FN, P )

1
[[vll +342 <

it
LY([To,T),FN, "0 7)

o |
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For t € [Ty, T*), we explicitly consider the integral equation

t

o(t) = Toon (£)0(To) — /T Ton(t— 7BV - (v ® v)dr,

we obtain

t
[5(t,€)] < e EFB(Th, €)] + / et BV - (v @ v)(s,€)| ds.

To

The same reasoning as in the proof of Proposition 3.3 gives

[[vll B S lo(To) || b4

£o([To.t) FN, 7 7) N

+ [lol| IR (1]] 5.a .
Lo ([To,t), FN, 5 7 P) LI([Tot), A 57 7Y
It follows that
< 1

||U|| _71+l,+l ~ ||U(TO)|| .*14’%4’% + §||UH .71+i’+% .

£ ([To ), FN 5 ") Noad £ ([To,t),FN, 3 " ")

We can deduce that

sup |lvf| B S < 2[[v(To)|l ] V€ [To,T7).
To<s<t FNprid g
Setting
M = max(2([v(To)|| S R loll i),
P,A,q P,A,q
we have

@I 1vs4a SM, VEE[0,T7).

P:X.q

On the other side

t . t .
o(t) = e =By, — Q/ e~ FE=)(=2)PBy(7)dr — / e FE=T(ERPY L (v @ v)(7)dr .
0 0
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Then,
v(t) —v(t) = (ef“tl(fA)vo — e Ht(=R) )

t/ ’ ~ o~ t ~ ~
- (/ e =T RPY L (v @ v)(T)dr — / e FE=T(=APY . (v @ ’U)(’T')dT)
0 0

t, 7 ~ t ~
— Q(/ et 7T>(7A>]P>Bv(7')d7' —/ 67”<t7T)<7A)]PBU(T)dT>
0 0

/

’ t ’ ~ ~
= [e ' (mB)yy — et (=A)y ) [/ e -DABY . (v g v)(T)d‘r]
t

t ! ~ o~
_ [/ = h(t=T) (=) (o=t ~8)(=2) _ 1)pvy . (U®U)(T)dT]
0

t/ ’ ~
— Q[/ e r 7T)(7A)]P’Bv(7')d'r]
t
t ’ ~
_ Q[/ e H(E=T) (= 8) (g=n(t —H)(=2) _ I)ng(T)dT]
0

=J1+Jo+J3+Js+ J5.
We will estimate Jy, Jo, J3, Jy and Js;

j(—1+2+2 —ut'|€12 _ —put]€?y 5
||J1||fj\'/'71+%+% = HQJ( » ")H@j(@ ut'lel* _ - el )iy B
A
S0 3 1A _ ’r_ 2 N
< H2J( 1+p’+p)H§0j(6 n(t' —=t)|€1° I)UOHM; o

t/
(=143 42 ot —r 2 ~
[IT2]| 434 S H2J( 1+p/+p)/ llpje ule =l 5 (V 'U®”)(7)HMng
FN E T t

P,X.q b
t/
‘i A
<P [ leree amigl,
t La
1731l 4232 <
prYl;:qp’*'P

[ [ et DI I 2@ )y,

J(A‘FA) —u(t' —t)|¢
<[ [Mhes e O nE@ e gy,

0a

Il regey S [ / lipje= ¢ =R F(Bo) (1) gy dr
.F P,

<[ [ r ],
t P e

and

1751l
FN

<
A
—1+§+; ~
P,A.q

J(—1+3 1A t ’ 2 ’ 20
HZJ( 1+ +) ></ ”ije—“,(t e (176—”@ —t)|€] )}-(B’U)(T)HMé\dT”“)
0

j(—1+ 342yt —u(t! —t)|g| 2
S A A P DT e
0
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The dominated convergence theorem gives

limsup [jo(t) —v(@)]| 145,23 =0.
tt ST <t/ 'py)\,qp’ P
. . oo TS
This means that v(t) satisfies the Cauchy criterion at 7. As FN 7 7 is

A
a Banach space, then there exists an element v* in FN PG ? such that
] .
o(t) = v*in FN,, 7 " ast — T*. Set v(T*) = v* and consider the prob-
leme (1.2) starting by v*. By the well-posedness we obtain a solution exist-
ing on a larger time interval than [0,7*), which is a contradiction. Now, let
] 52 . )
v E C([O,T*);f}\/'p/\ J Sl El([O,T*),pr A ") be the maximal solution
of (1.1) corresponding to the initial condition vj. We want to prove T* = oo.
Put w = v — v and wy = v}, — v9. We have

wy+ Aw+Bw+w-Vw~+v-Vw+w- Vo =—-Vp.

We first apply P to the above equation, then we have

wy + Aw = —PBw — PV.(w @ w) — PV.(v ® w) — PV.(w @ v).

Due to Duhamel’s formula, we write
t
@, €)] < e M@0, )] +/ M F(BV.(w @ w))(s,€)| ds
0
t
+ / e ri=s)IEl® |F(PV.(v®w))(s, €)| ds
0

t
e =9 | F(BY (v @ v))(s, €)| ds

+/
0
t 2 =~
+/ e M| F(PBw)(s, )| ds .
0
Then, for t € [0,7™) we get
ullwl gy SO{lwol a1V e w) A
£1([0,6),FN, PP FNpxd ¥ LY. 5N, 3 )
+ V. (0@ w)| RArak
zl([o,t)ff\'f,)‘l;q}7+ &
+[[V.(w )| A
£1([0,6),FN, 5 ")
+|1Bu RG] J

L1([0,8),FN, 5
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Similarly,

Hw” -1 3 A < ||w0|| 1+3 42 + H@(’LU@U))H +%+A
£o2([04),FN, ") o £1([0,t), fNM D)

+|V.(vew)| P

£1([0,t), pr N

+[IV.(w® )| BT

LY[0,8),FN, 27

+ ||B’LU|| .—1+§+%)-

LY[0,6),FN,

Consequently, for ¢ € [0,T*) we get

b vy +alloll R
A £1([0,t), fNM D!
<O{lwoll vgey +IV-@OW s
FNprd LY([0,4),FN, 7 7)
+ V(v @ w)] e

L2([0,),FN |, 5 4

+[|V.(w @ v)| T
2106, N, 7P

Bl g )
L1([0,),FN i)
_1+§r+% +L1 +L2 +L3.

S [Jwol|
PX.q
Where
Ly = |¥.(we )| s
£1<[0,t),f/\fmq )
Ly = Hﬁ(v @ w)| T H@(w ® )| A AP
£y ([0,6),FN, T LY [0.).FN, 3 ")
and Ly = | Buw| 113, . The same calculus in the proof of
£ ([0, FN, 7P

Proposition 3.3 gives
+2 0

)

O 3 42 [[w] 1+5
LM([O )) p>\q ) 1([0 ) Np,)xz,)q

O NI T

p>\q p>\q

Ly S [lw]

Lz < |1B][]w]] JETETINY
£1([0.0).FN, 7 F)
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Then
(@) LR + plwll X ]
g LI[0),FN, P )
<{llwoll risin + vgan [l e
Noad  F £2([0,),FN, &5 7)) L£1([0,6),FN, P P
t
[l gl ey + 18I s
0 FN, & F FN, P 7 LY0,4),FN, P T)
Put
T = sup{t € [0,T7), ||| s < % . (4.1)
Lo(0,8,FN, S D)
For ¢t € [0,T), we have
W
[w(®)] A + EHw” ) A
pAg L1([0,6),FN, 5 4 )
t
<Cllwol vy + [ ol oa e UBI+ Tl sy}
Np,/\,q 0 PiA,q }—Np,%,q

Gronwall’s Lemma yields

t
W

lw(@®)|| .,1+%+A+*/ lwll vvsa

A PP 2 Jo FN,E T

PiX,q IR

t
<Cluoll__vogoyen{ [ COBI+Iul_ i)}
FN, L FE 0 NPT

P,A,q JIRNY

o0
<Cluoll__vogeyen{ [ COBI+I0l_ gy}
FN PP 0 N PP

PX,q PA.q

Thus if we take Cj sufficiently small in (2.4), we have

%
lw®N 1508 + vl egea < o=
o 20 oo Fa, ) 8C
which contradicts the Definition (4.1).

Then T = T* and ||w|| 3,2 < 00, therefore T* = oco. This

£1([0,77),FN L 7T
completes the proof of Theorem 2.7.
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Abstract. The main purpose of this paper is to develop the concept of
regional controllability for an important class of Caputo time-fractional
semi-linear systems using the analytical approach, where the dynamic
of the considered system is generates by an analytical semigroup. This
approach use the fixed point techniques and semigroup theory. Finally,
we present some numerical simulations to approve our theoretical results.

1 Introduction

Fractional Calculus has received a considerable amount of interest in the last
years, its main purpose is the investigation of the notions of derivation and
integration of real or complex order. Many problems in physics, chemistry, engi-
neering and control theory are represented by fractional equations (see [4,14]
and [9]), which are being used in modeling the anomalous behavior of problems
occurring in the real world . Fractional operators (integration and differentia-
tion) have an important advantage, which is the nonlocal property, where the
current state, of a fractional system, depends on historical and past states. Many
researchers worked on the existence of solutions for initial and boundary value
fractional differential equations (see [13,18] ), Zhou and Jiao discussed the exis-
tence of mild solution for fractional evolution and neutral evolution equations
in Banach spaces based on a probability density function and semigroup theory
(see [20] and [19]), seeing this big interest on fractional order systems, it is nat-
ural to study and analyze these kinds of systems as an extension or a general
case of classical dynamical systems (ie. systems with integer order derivatives).

The analysis of dynamical systems consists of many branches and various
concepts, Controllability being one amongst others. The concept of controllabil-
ity consists of steering a system into a desired state (exactly or approximately)
at time T from an arbitrary initial state. The concept in hand has a very vast
literature for various type of systems (linear, Semi-linear, nonlinear...), for more
informations (see [3,6,8,11,17,21]). In many practical applications their exists
states which are not reachable, also sometimes we only need to control the system
on a particular region, in this cases the regional controllability concept should
be considered (see [12,15,16] and references therein).

Regional controllability’s purpose is to steer a system into a desired state only
in a subregion of the whole evolution domain, this notion is a general case of

© Springer Nature Switzerland AG 2021
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https://doi.org/10.1007/978-3-030-62299-2_10


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-62299-2_10&domain=pdf
https://doi.org/10.1007/978-3-030-62299-2_10

142 A. Tajani et al.

‘global’ Controllability. This notion is developed by several researchers to cover
various types of systems. In particular, recently Ge,Chen and Kou discussed the
regional controllability for time-fractional sub-diffusion systems with Caputo and
Riemann-Liouville fractional derivatives (see [7]).

The concept in hand, namely regional controllability for nonlinear fractional
systems, is in an initial stage and needs some more research, thus the motivation
for this work, is to develop this theory for semi-linear time-fractional systems
with Caputo derivative by using the analytical approach, which is based on the
fixed point techniques and semigroup theory .

This paper is presented as follows, in Sect. 2, we introduce some preliminaries,
definitions and results which will be used throughout this work. In Sect. 3, by
using some properties of analytical semigroup and under suitable assumptions
we show that the considered system is regionally controllable by a control that
will be given later. In Sect.4 , we provide an algorithm, which is based on the
steps of the used approach. The Sect. 5 is devoted to present successful numerical
results illustrating the theoretical ones. Finally a conclusion shall be giving.

2 Preliminaries and Considered System

In this section, we recall some basic definitions and properties used throughout
this paper.

Definition 1 [10]. The (left) Caputo fractional derivative of a function y at a
point ¢ of order « €]0,1] is defined as follows :

“Dyult) = ey | -GN 0<t<T ()

We have the following two propositions.

Proposition 1 [1]. Let X and Y be two Banach spaces. Let’s consider [ €
L}, (0,T;X) and 7 : [0,T] — L (X,Y) be a strongly continuous function. Then
the convolution

(T )(t) = / F(t — 5)f(s)ds,

exists in the bochner sense and defines a continuous function from [0,T] into Y

1
Proposition 2 [1](Young’s Inequality). Let’s consider p,q,s > 1 such that — +
q

1 1
S=14-.
S

p
If 7€ L'(0,T; 2(X,Y)) and f € L"(0,T; X), then

Tf el OT:Y)  and 1Tl < Um0 ns
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Let w be a measurable function defined from [0,7] to RT. The Weighted
Lebesgue space ([2]) associate to w is defined by:

L'0,T):= {feLfOCOT ‘/ |pdt<+oo} p>1

which is a Banach space endowed with the norm :

T
Wiz = | [ wtolsioral

For 0 < a < 1, let w(t) = 7!, we denote L.,[0,T] := L. _,(0,T) and we have
the following inclusion L, _,(0,T) c L"[0,T].

Let’s consider n € N*, {2 an open bounded subset of R™ with smooth enough
boundary 92 and let o €]0,1]. For a time T > 0, set Q = 2x]0,7] and
Y = 902x]0,T] . Let’s consider the following fractional semi-linear evolution
equation:

Sl

“Dg.yul@,t) + Ayu(z,t) = Nyu(2,t) + Bu(t) in Q,
yu(gvt) =0 on X, (2)
Yu(2,0) = yo(x) in £2,

where

e —A is the infinitesimal generator of a Cjy semi-group {.#(¢) };>0 on the Hilbert
space X = L2(£2).

e N a nonlinear operator.

e B is the control operator from % into X which is linear.

e v is given in U = L2(0,T,%) and y, € X.

Without loss of generality, we denote y,, (., t) := ().

Definition 2 [5,19]. A mild solution of the system (2) is any function y, in
C(0,T;X) satisfying the following integral equation :

Yult) = Sa(t)yo + /0 (t = )" K (t — 7)Ny(r)dr + /0 (t — 1)* K (t — 7) Bu(r)dr,

(3)
/ 60 (0)7 (t°6)d0

Ka(t) = /0 " 00a(6)7(1°0)do.

where
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1 1 1
Do (0) = 59_1_5 w07 =) for all 8 positive,
and
— 1 - n—1 —na—lF(na+1) .
W (0) = - g (=)0 Tsm(nﬂ'a).

we have the following proposition.

Proposition 3 [20]. For all > —1, we have

© ra+p)
/0 Pu0)d0 = £

then we have the following remark.
Remark 1. If § = 0, we can see that ¢, is a probability density.

Let w C 2 be a subregion with positive Lebesgue measure. The restriction
operator in w is defined as follows:

Yo : L?(2) — L*(w)

y '—)ylw

and we denote its adjoint by x.
The mild solution defined by (3) can be written :

Yu(t) = Sa(t)yo + La(O) Nyu(.) + La(t) Bu(.), (4)
where .
L.(t)y(.) = /0 (t — 1) 'Ky (t — 7)y(T)dr.
We also define the restriction of the controllability operator in w by:
H® : U — L*(w)

u — XouLa(T)Bu.

Definition 3. The system (2) is said to be exactly (respectively, approximately)
w-controllable if for all y4 € L?(w) (respectively, for all € > 0 and for all y4 €
L?(w)), we can find a control u € U such that x,y.(T) = ya (respectively,

[ Xw¥u(T) = yallL2(w) < €).

Problem: For any state yg in L?(w), is it possible to find a control u* that steer
the system (2) in a finite time 7" to y4 only in the subregion w ?
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We consider the following linear system associate to the nonlinear system (2):
“Dgy(x,t) + Ay(z,t) = Bu(t) in Q,
y(&1) =0 on X, (5)

y(z,0) = yo(z) in £2,

which we suppose, for the rest of this work, to be approximately w-controllable.
Then we give the following proposition.

Proposition 4.  If the following hypotheses hold

° [yd - XwSa(T)yO - XwLOé(T)NyU* ()] € Im(H3)7
o Im(HZ) a closed subset.

Then the system (2) is exactly w- controllable by the control

U*() = H3T [yd - XwSa (T)yO - XwLa(T>Nyu* ()]

Where

* * _1
HﬁT =HJ (HgHg ) is the Pseudo-inverse operator of HS.

Proof. Using the expression (3), the solution of system (2) controlled by u* is
giving by the following formula

Yur (t) = Sa(t)yo + La(t) Nyur(.) + La (t)BHgT [yd = XwSa(T)yo — XwLa(T)Nyu~ ()]:
hence
XwYu* (T) = XwSDt(T)yO + Xwla (T)Nyu* () + HgHST [yd - stoc(T)yO - XwLa(T)Nyu* ()]7

since
[yd - XwSa(T)yO - XwLa(T)Nyu* ()] € Im(Hﬁ),

and HngfjT is the orthogonal projection on Im(H?).
Then

XwYu* (T) = XwSa(T)yo + XwLa(T)Nywx () + Yd — XwSa(T)yo — XwLa(T)Nyy*(.) = ya-

In the next section, we will study the regional controllability of the system (2)
in Im(HS) endowed with the norm

af
vl It ) = IS vl

Remark 2. H.||Im(HQ) defines a semi-norm on Im(HZ) but it becomes a norm if
the linear system (5) is approximately w-controllable .
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Proof. 1t is sufficient to show that
Hyd||1m(H5) =0=y4=0
We have
[1yall ey = 0 = 1HS yall, =0
= Hfffyd =0
— (Hg"HE)HS ya = 0

— H2*yy = 0.

Since the linear system (5) is approximately w-controllable, then ker(H2*) = {0}
by [7], therefore y4 = 0.

3 Analytical Approach

We consider the system (2) with yo = 0, moreover, let —A the infinitesimal
generator of an analytic semigroup of bounded linear operator (T'(t));>0 on X.
Let 0 be an element of the resolvent set of —A , then it is possible to define
the fractional power A” for any v belongs to the interval ]0,1]. X* := D(A¥) is
a Banach space, which is dense in X, endowed with the graph norm: ||.||x» =

147 (Il

Remark 3. For the sake of simplification, we choose the order of fractional power
of A to be the same as the order of fractional derivative.

We have the following proposition.
Proposition 5. [12] For all o €]0,1], the following properties are satisfied

(i) 3 Co >0 such that [|[A“T(t)||2x,x) < Cat™® 0<t<T.

(i) ¥V tel0,T], we have

aCy Ir2-aw)
K ay < :
Ko (@) (x,x0) < ar X Il +a(l—a)

= fal(t).

Corollary 1. Let’s consider H(t) = t* 'K, (t) and ¢ > 1. If f, € LL_,(0,7),
then

He Lq(OaT§$(X7XQ)> and ||H(-)||LQ(O7T;$(X,X“)) < ||fa(-)Hanfl(0,T)-

Hypotheses :
We assume that the following conditions hold.
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(i)  For all p,s > 1, there exists ¢ > 1 such that

1 1 1

-=14-—-- d LY_(0,T). 6

q +p s an fae a—l(?) ()
(i) Let N : LP(0,T;X%) — L*(0,T; X) be the nonlinear operator satisfying

(7)

N2 = NyllLs0.m:x) < k(2] [[yIDI2 = yllLe 0.7:x)

where k : RT x RT — R™ is such that lim  k(61,02) =0.
(91792)*%0)0)

We define the operator

af
\Il(ydvu) = Hw (yd - XwLOé(T)NyU)

Then the regional controllability problem becomes a fixed point problem of the
function ¥ (yq, .), where y, is an element of Im(H,,)

Theorem 1. If the hypotheses (i) and (i) hold and

|[La () Bul|Le0,7;x0) < Bllullv,  B>0, (8)
(iv)
r 1 1
HXwKoz(~)||$(x,Im(Hj)) =Ja € La—l(O7T)v o + S =1, 9)

are satisfied, then the following assertions hold.

1. There exists a > 0, p = p(a) > 0 and m = m(a) > 0 such that for any state
ya in B(0,p) C Im(H,,) there exists u* in B(0,m) that steers the system (2)
to yq in w. Where (0, k) is a ball with center 0 and radius k.
2. The mapping
F:2%0,p) —U
Ya F—u’,

18 a lipschitz mapping.
Proof. 1- Based on hypothesis (ii), we have

lim k(ﬁl, 02) = 0,
(61,62)—(0,0)

then 3a > 0, 3v > 0 such that

1

k;(91,92) <v<
Ly, (0,1 + ‘|fa”L171(0,T)

veh 92 < a,
Bllgal
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which gives

1
sup k(61,62) <v <
0:<a Bllgallzr_ om) + falles_ om)

Let’s consider A; = ﬁHgaHLg,l(O,T) esup k(01,02) and As = ||fa||Li,1(0,T)
i<a

sup k(01,6).
0i§a
We have A1 <1 and Ay < 1.

If we set

m= 5(1—||fa||Lq OT)Supk<90))

then m is positive.
In fact,
| fallzs_ 0.1 sup k(9 0) <A <1

Moreover, the following function

f:2%0,m)— %(0,a)

u = Yu

is a Lipschitz mapping with constant

2
For that, by the equation (4) and corollary (1), for all u,v € B(0,m), we have
lyu — yollre,1;x2) = ILa( )N (Yu — yv) + La () B(u — v)||Le(0,1;x )

SI(H # N(yu = y0)) ()l e 0,75x ) + [[La () B(w = v)l|Lr0,1:x2);

using hypotheses (ii) and (iii) we get

Yu = Yollr 0,1, x2) < Ao|[yu — YollLro,7:x) + Bllu —v||u,

hence f is a lipschitz mapping with constant A
— Ay

Next we show that ¥(y4,.) has a unique fixed point in A(0, m).

Let’s consider yq € Im (HZ) and u,v € #(0,m), we have

HW(yd,u) - w(ydﬂ’)HU = HXwLa(T)(Nyu - Nyv)”lm H2

<|lgallzr_ 0. m)[INyu — Ny
<|lgallzr_ 0,7y sup k(01,02)|[yu — yollLro,1:x2),
(0:<a)

since f is lipschitz, then

BA
— A,

¥ (ya,u) — ¥(ya, v)||lv < 1 llu—vl|o. (10)
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BA;

— A2

If we denote As :=

, we have A3 < 1, thus ¥(yq,.) is a strict contrac-

tion mapping.
For v € 2(0,m), we have y,, € #(0,a) and

||W(yd, “)HU = ||yd - XwLa(T)Nyu”Im (H)
< ||yd||1m(H3) + HXwLa(T)NyUHIm (H2)
< lallm gy + \Igal\Lg,1<o,T)a(§t<1p)k(9,0),

therefore, if

||yd‘|Im (He) <m— ||ga||Lg71(O,T)a(21ip)k(97 0)7

then ¥(yq,u) € 2(0,m).
a
We set p = *( — (lfallza_ o,y + BllgallLr _, 0.1)) sup k(9,0)),

hence, if yq4 E B(0,p) C Im (HE), we deduce from the Picard fixed point
theorem that ¥(y,,.) admits a unique fixed point u* € %(0,m).

We remark that u* obtained is solution of the exact regional controllability
problem.

Let z4 and yq in #(0, p), we have

F(za) — F(ya) = ¥(2a, F'(24)) — ¥(2a, F(ya)) + ¥ (2a, F(ya)) — ¥ (ya, F'(ya)),

since

¥ (24, F(2a)) = ¥(za, F(ya))llo < As||F(za) = F(ya)llv,

¥ (za, F(ya)) = ¥ (ya, F(ya))llo = [12a = vallim (gra)-
Then

1
[1F(2a) = Flyallo < 37— [12a = valltm (g,

therefore, F satisfies the Lipschitz condition.

Moreover, the Picard fixed point theorem gives also the existence of a sequence
which converges to the control u*.

We give the following proposition.

Proposition 6. The sequence

(N =0

Uns1 = HY (ya — xwLa(T)Nyu,),

converges to u* in B(0,m) C U .
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Proof. Let’s consider n, k € N* we have

n+k—1
tnsk — unllo < Z w41 — wllu.

l=n

By the Inequality (10) we obtain
w1 — wllo = |12 (ya, w) — ¥ (ya, w—1)|lv < As|lu — w1 |lv < Al|jui |,

which yields

n+k—1 1 —Ak
ik =l < 3 Abffunlly < T Al
l=n

hence since A} — 0, we conclude that lim ||up4r — un|ly = 0.
n—-+4oo n—-+400

The sequence (uy )y is a Cauchy sequence on #(0,m), then (uy), converges

to u in Z(0,m).

Passing to the limit in (11), we have u = ¥ (yq4, u), since ¥(yq4, .) has a unique

fixed point in B(0,m), then u = u* .

4 Algorithm

In this section, we present an algorithm which has as objective, finding a control
that steering the considered system to the desired state only in w, this leads to

some numerical simulations which will be presented in the next section.

Algorithm 1

Initialization:
Fractional order of derivative .
The region w.
Actuator (D, f).
1T = Yd.
Error estimate €.
Calculation of u; = HI®r; and obtain Yuy (T).
repeat
Tn =Tn-1+ (yd — XwYuy 1 (T))7 n>2.
Calculation of u, = HiTrn .
Solve the semi-linear system (2) controlled by w,,.
until
IXwtun (T) = Yallrmug) <e-
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5 Numerical Results

In this section, we present two numerical simulations illustrating our theoretical
result where the first one is done by using zonal actuator and the second example
is giving by using a pointwise actuator.

5.1 Case of Zonal Actuator

Let’s consider the following sub-diffusion one-dimensional system with order
a=0.7:

o o 82z(9c,t) & )
Dy z(x,t) — oz xpu(t) + Z < z,0j >)*pj(z) in [0,1]x]0,3]
j=1

z(x,t) =0 on{0,1}x]0, 3]
(2,0)=0 in [0, 1],

o
=
I

(12)
where ¢;(z) = v2sin(jrz).

The control operator in the system (12) is given by a zonal actuator (D, f)
where D =[0.2,0.3] and f = 1.

We consider the region w =]0.4 ,0.68] and the desired state z4(z) =
5.3 22 (z —1)? (z — 0.4).

Using the previous algorithm, we obtain the following results:

0.08
— — — Regional final State
Desired State o
|
#  Zonal Actuator ,/ \\
0.06 [ / !
’ | \
/o
.‘/ ' ...\.
004 { | 3
\
/o
P | \
Qo J \
S o002} / '
2 Vi ’ \
o | .\._
/ | \
0 [ — — — KEEskE — *—/" _———— — — = — N
\_\ /
\ /
N /’
- Y /
-0.02 \\\ /
-0.04

0 01 02 03 04 05 06 07 08 09 1
Space

Fig. 1. Desired state and estimate final one in w = [0.4 , 0.68]
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In the subregion ]0.4,0.68], we can see that the regional final state and the
desired state zq are very close with error || xuw2zu(#,t) — 24 ||12(w)= 7.05 x 1072
Here we have the evolution of the control function.

0.5
04 /
03r

02t |/

Control Function

01/

0 0.5 1 1.5 2 2.5 3
Times

Fig. 2. Control function.

with a transfer cost || u* ||%2(0 = 0.13.

5.2 Case of Pointwise Actuator

We will treat the same kind of system with o = 0.8 and a pointwise actuator
located in b = 0.4, which amounts to consider the following system:

CDgfz(x,t) 88 52(z,t) = dpu(t) + Z < z,05 >)*pj(x) in [0,1] x]0,2]
2(§1) =0 on {0,1}x]0,2]
z(x,0) =0 in [0, 1],

where ¢;(z) = /2sin(jrz).
The subregion under consideration is w =]0.45 ,0.7]. Let’s consider the fol-
lowing desired state:

zda(z) = z(z — 1)(3.52 — 0.2)(0.6 — x)(x — 0.1).
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Using the proposed algorithm, we obtain the following figure:
01 . .
— — — Regional final State
Desired State
#*  Pointwise Actuator
0.08} N
/0
/ \
0.06| / \
/o
\
o \
S 004 \
5] /‘/ \\
//l \
/o \
0.02} /o \
4 |
[
\
¥ |
o ==~~~ 7%, // —————————
™~ b/
e it
-0.02 : . . .
0 01 02 03 04 05 06 07 08 09 1
Space

Fig. 3. Desired and estimate final states in w.
We can see that the final state is very close to the desired state in the sub-
region ]0.45,0.7] with an error of

| Xewozu(t) = 2a || 22(w)= 6.04 x 107*

The following figure shows the evolution of the control function.
with a transfer cost || u* ||72 )= 0.03.
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B / .

/

/

/
< -0.05 /
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£
1= |
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L 01
o /
= \
= \
o \
015 ;
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\\.‘ /,"
\_
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0 02 04 06 08 1 12 14
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Fig. 4. Control function.
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6 Conclusion

In this work, we have studied the regional controllability of Caputo time-
fractional sub-diffusion system with analytical approach, which is a technical
one, based on fixed point techniques and semigroup theory, we also presented
an algorithm based on our theoretical results, which leads to successful numer-
ical results. As a future work, we are working on the concept of boundary and
gradient regional controllability for the same type of systems.
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Abstract. In this work, we will investigate the quadratic optimal con-
trol for bilinear systems. We will first study the existence of a solution for
the considered optimal control. Then, we will focus on a special class of
bilinear systems for which the quadratic optimal control can be expressed
in a feedback law form. The approach relies on the conditions of optimal-
ity and linear semi-group theory.

Keywords: Quadratic cost - Optimal control * Bilinear systems

1 Introduction

The subject of this paper is to study the quadratic optimal control for infinite
dimensional bilinear systems. The importance of bilinear systems lies in the fact
that they represent a theoretical model for real processes (natural or industrial)
and that they represent a first generalization of linear systems. Optimal con-
trol theory consists in seeking the best control strategy among others from the
set of admissible controls, that is the one that enables us to reach a precise
objective (reach a desired state, minimize a cost or energy, etc.). Quadratic cost
functions have a wide use in differential geometry, statistics, special relativity,
solid mechanics, etc. Optimal control problems have been the subject of several
works. In [7], Kalman has studied the problem of quadratic optimal control for
linear finite-dimensional systems. He characterized the control in term of the
system’s state and the solution of the Riccati equation. These results have been
generalized by Banks and Yu [4] to a class of infinite dimensional semi-linear
systems. The case of distributed bilinear systems has been considered by Alami
[2]. Another approach, based on the Pontryagin’s maximum principle, has been
developed by Pontryagin [10] for finite-dimensional systems. These results have
been generalized by different authors (e.g. [1,5,8,11,12]) for a class of semi-linear
systems with a variety of cost functions. The main limit of the approach based
on the adjoint equation is that such an equation involves the unknown optimal
control. This together with the nonlinear dependence of the state w.r.t to con-
trol becomes somehow embarrassing when one looks for the explicit expression
of optimal control.

In this work, we consider the problem of optimal control that minimizes a
given quadratic cost. In Sect. 2, we will first state our quadratic optimal problem
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for bilinear systems and then study the existence of an optimal control. In Sect. 3,
we will focus on a special class of bilinear system for which the quadratic optimal
control can be expressed in a feedback law form.

2 Quadratic Optimal Control

2.1 Problem Statement

Let us consider the following bilinear system

{ y(t) = Ay(t) + u(t)By(t) (1)
y(0) =yo € X

where

e A:D(A) C X — X is the infinitesimal generator of a linear Cp- semigroup
S(t) of isometries on a real Hilbert space X whose inner product and the
corresponding norm are denoted respectively by (.,.) and |||,

e B: X — X is a linear bounded operator,

e u(-) is a scalar valued control that belongs to the control space L?(0,T) and
y(+) is the corresponding mild solution with initial state yo € X.

The quadratic cost function J to be minimized is defined by

T T
ﬂm:2mwm+A M@Wﬁ+A u(t)?dt, ()

for any admissible control u, i.e. for which the corresponding solution y exists
and J(u) makes sense.

It is well known that for any u € L2(0,T) the system (1) admits a unique
mild solution (see [3]) and we have J(u) < +oo .

In the sequel we take U,q := L?(0,T) (the set of admissible control).

The optimal control problem may be stated as follows

{ minJ (u) -

u € Uyg

Let us introduce the following time varying cost function

ﬂ@@z%WW+AMMW%+Au@%&tGMﬂ- (4)
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2.2 Existence of the Optimal Control

In this subsection, we prove the existence of a square integrable control u that
minimizes the cost (2).

Theorem 1. There exists an optimal control solution of the problem (3).

Proof: Since the set {J(u)/u € Uy} C R is not empty and bounded from
below, it admits a lower bound J*. Let (uy,)nen be a minimizing sequence such
that J(u,) — J*.

By the coercivity of the mapping R : u — fOT |lu(t)||?dt, we deduce that the
sequence (uy,) is bounded, so it admits a subsequence still denoted by (u,) as
well, which weakly converges to u* € Ugq .

Let y,, and y* be the solutions of (1) respectively corresponding to w, and u*.

From Theorem 3.6 of [3] we have

i () — v (0] = 0. v € [0.7] 5)
Since the norm ||.|| is lower semi-continuous, it follows from (5) that for all

te0,7T)

ly*OI* < lim inflly. ()]
n—-+4oo
Applying Fatou’s lemma we obtain

T T
/ ly* (@)%t < Tim mf/ [y (£) |2t (6)
0 n—+o0 0

Taking into account that R is convex and lower semi-continuous with respect to
the weak topology, we get ( see Corollary II1.8 of [6])

R(u*) < lim inf R(up)- (7)

n—-+00

Combining the formulas (5), (6) and (7) we deduce that

J@U=%f@W+A mmwﬁ+4 o ()2t

T T
<2 lim inf|y-(T)||+ lim mf/ llyn ()]|?dt + lim mf/ wn (t)2dt
n—-+oo n—+o00 0 n—-+oo 0

< lim infJ(un)

n—-+oo

<Jn

So we conclude that J(u*) = J* and hence u* is a solution of the problem (3).
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3 Feedback Optimal Control

In the previous section, we have established an existence result of the quadratic
optimal control for the problem (3). However, this result does not provide any
information about the expression of the optimal control. This section consists
of expressing the quadratic optimal control as an explicit feedback for a class of
bilinear systems with B = I. Thus the system (1) becomes

y(t) = Ay(t) +u(t)y(t) (8)
y(0) =yo € X

Theorem 2. The feedback control defined by

u(t) = =[ly" (@), 9)

is an optimal control for the problem (3).

Proof: Observing that the mapping y — —||y||y is locally Lipschitz, we deduce
that the system (8), controlled by (9), has a unique mild solution defined on a
maximal sub-interval [0, T'], which is given by the following variation of constants
formula

¢®=S@W—AS@—wW@MM@w

Moreover, the control (9) results in decreasing norm state which implied that
the optimal solution is global (see [9] p.185).

Let v € Uyq and let y,, be the respective solution to system (8). Here, we will
show that J(u*) < J(v)- To this end, two cases will be discussed.

Case 1: y*(t) #0, Vt€[0,T]
Case 1.1: y,(t) #0, Vt € [0,T7]-
Let A, = nA(nI — A)~! be the Yoshida approximation of the operator A, and
let y,,, be the respective solution to (8) with A, instead of A. Since the operator
A, is bounded, it follows that y,, € H*(0,T).

Multiplying the system (8) by the state y,, , and using that A generates an
isometric semi-group we deduce that

1d

d _ - 2 __ 2
I, Ol 10, DN = 5 5, (O = 0Ol (B, € (0,7)

Taking into account that |ly,(¢)|] # 0, for all ¢ € [0,7] and that y,, — v,
(strongly) as n — 400, we deduce that

AN e N,Vn > N, |lyo, ()| # 0,Vt € [0,T]

so that p
2 190, Ol = v llye, (O, vt € (0,T)- (10)
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Integrating (10) over [0,T], we get

2l (D) = llyoll) = J3 20() 19, (£) 1t

=Jo ((v(t> o (D)2 = (02(E) + [l (t)||2)>dt. (11)

Using the fact that y,, — v, (strongly) as n — +o0, we deduce by taking the
limit in the relation (11) that

J(v) = 2lyoll :/o ((t) + llyo()]))?dt > 0. (12)

In particular for v = u* we get

J(W") = 2lyoll = /OT(U*(t) + Iy ()1 dt- (13)
This, together with the expression (9), gives
J(u”) = 2[lyol| = 0. (14)
Combining (12) and (14) we conclude that
J(v) > J(u*).

Case 1.2: 3t; € (0,T) /yu(t1) =0-
In this case we have y,(t) =0, V¢ € [t1,T].
Let us define ¢’ by

t'=inf{t € [0,T] /yu»(t) =0}

By the continuity of the state y, we deduce that y,(¢') = 0 and that y,(t) #
0, Vtelo,t).
Following the same method as in the previous case, we conclude that

J()(t') = J(u™)(t). (15)

Moreover, it comes from the expression of J(v) that
T T
) = [ 620+ ln@P)d =T + [ e = 1)) o)
0 t
Since y*(t) # 0 for all ¢ € [0,¢'] we deduce, according to Case 1.1, that
J(w)(T) = J(u")(t') = 2[yol|- (17)
Combining (15), (16) and (17) we conclude that

J@)(T) = J()({t') = J(W)(t') = J (u")(T).
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Case 2: 3t; € [0,T] /y*(t1) =0
Here we have y*(t) =0, Vt € [t1,T].

Then, taking ¢’ = inf{t € [0,7] /y*(t) = 0}, we deduce that y*(¢') = 0 and
y(5) £0, VEE [0,

According to Case 1 we have

J@)(t) = J(u)(t), Yo € Upg: (18)

Using the fact that y*(¢) = 0, for all ¢ € [t/, T], we derive from the expression of
J(u*) that

/

J(U*)(T)=/O (U*Q(Tt)+I\y*(t)llz)cﬁ:/0 (w™?(8) + [ly" (O 1*)dt = T (u)(¢').

(19)
In the sequel, we will show that J(v)(T) > J(v)(t'), which amounts to showing
that

[ @O+ IO )t + 20T =2 0)] > 0.
Case 2.1: y,(t) #£0, Vte [t',T)]

According to Case 1.1 we have

T T
[ @0+ 101t + 2D =2 )] = [ w0+ (o)) > 0
It follows that

J(@)(T) = J(v)(t)). (20)

Combining (18), (19) and (20) we obtain that
J()(T) = J(u*)(T).

Case 2.2 : 3t; € [t',T] /yu(t1) =0
In this case we have y,(t) =0, V¢ € [t1,T].

Then, letting ¢ = inf{t € [t',T] /y,(t) = 0}, we deduce that y,(t"") = 0 and
that y,(t) #0, Vte [t/,t"). Here again we get from Case 1.1

J()(t") = J(v)(t).

Since y,(t) = 0 for all ¢ € [¢",T], we can see that

T

T
Jwavzé<ﬁm+mmmmﬁ:J@ww+/‘&mﬁszw»

£

We conclude that

J()(T) = J(0)(t") = J(0)(¥'). (21)
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Combining (18), (19) and (21) we get that

J)(T) = J(u*)(T).
Then, we conclude that u* is an optimal control for the problem (3).
4 Examples

4.1 Wave Equation

Let us consider the following wave equation

g—;z(t, x) = Az(t,x) + u(t)a(x)z(t,m) €[0,T] and = € Q= (0,1)
Z(ta 0) - Z(tﬂ 1) =0, [07 }
z2(0,2) = zo(x), x e

where a(.) € L*(Q) and u € L?(0,T). This system has the form of the system
(1) if we take X = Hg(Q) x L*() with ((y1,21), (42, 22))x = (y1,%2) () +
(21, 22)12() and

A= (g é) with D(A) = Hy(Q) N H*(Q) x Hy(Q) and B = (2 8) '

Here B is a linear bounded operator on X and A is the infinitesimal generator
of a linear Cy- semi-group S(t) of isometries and y(t) = (z(t), 2(¢)).
The quadratic cost function is given by

: i [T . r
J(w) = 2(||2(T) 113 0y (D) 72 ()2 +/0 (I\Z(t)H?{é(n)JrHZ(t)Hiz(m)dH/O u(t)*dt-
(22)
According to Theorem 1, there exists an optimal control «* that minimizes the
quadratic cost (22).

4.2 The Transport Equation

Let us consider the following transport problem

Ly(t,x) = —Zy(t,z) +ut)y(t,z) t€[0,T) and z € Q= (0,+00)
y(£0)  =0,te0,T]
y(0.2) =mo(a), v

where u € L?(0,T) is the control and y(t) = y(t,.) € L?(Q) is the state. The
operator A = —% with domain D(A) = H}(Q) generates a Cy semi-group S(t)
of isometries on X = L2(Q) .

According to Theorem 2, the feedback control u(t) = —||ly(¢)|| minimizes the
following functional cost

J(u) = (/0+Oo y(T, 2)2dz)? + /OT(/OW y(t, x)*dx)dt + /OT u(t)?dt-
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Conclusion

In this paper, we investigated the quadratic optimal control problem for a class
of bilinear infinite dimensional systems . We formulated optimality conditions in
the general case, then we showed that the optimal control can be expressed as a
feedback law for a class of bilinear systems. The established results are applied
to wave and transport equations. As a natural continuation of the present work
is to extend the obtained results to a larger class of bilinear systems, and to
study the problems of controllability and stability of bilinear systems using a
quadratic optimal control.
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Abstract. In this paper, we study the concept of regional observability, more
precisely the regional reconstruction of the initial state of a linear fractional sys-
tem on a subregion @ of the evolution domain £2. We use the Hilbert uniqueness
method in order to reconstruct the initial state of the given system, which consists
of transforming the reconstruction problem into a solvability one. After present-
ing an algorithm that allows us to reconstruct the regional initial state, we give,
at the end, two successful numerical results, in order to backup our theoretical
work, each with a different type of sensor and with a reasonable value of error.

1 Introduction

Let Q be a bounded domain in R”, n > 1, with smooth enough boundary €2, [0,T] a
time interval, o € [0, 1] and A a second order, linear, differential operator. We consider
the following fractional system :

RL o

9" y(5,0) = Ay(r) in @ x [0,T],
¥(§:1)=0 on 982 x[0,T], (1)
. I-o .
t£%1+ ‘. y(x,1) = yo(x) in Q,

where @‘i is the left sided Riemann-Liouville fractional derivative of order ¢t. This
kind of systems are called fractional diffusion equations or processes, which mean some
kind of a diffusion phenomena governed by evolution equations involving fractional
derivatives with respect to time and whose solution is given by means of a probabil-
ity density function [21]. These systems were and are still being widely investigated
because, as the theory of continuous time random walks (CTRW) states, they provide a
better characterization of anomalous diffusion processes, they also give a better perfor-
mance compared with conventional diffusion systems [13].

Not only for this kind of systems, Fractional Calculus is a valuable and useful
tool especially in modeling real world phenomena in the fields of physics, engineer-
ing, aerospace, visco-elasticity, electricity, chemistry, control theory and so forth. For
more details see [3,18,23,25].

For instance, in [19], a time-fractional diffusion system for signal smoothing is
used, it was mentioned that the fractional model has another adjustable time-fractional
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derivative order to control the diffusion process. In the same work, already simulated
signals were used in order to compare between the classical diffusion equation and the
fractional one. It is claimed that the fractional diffusion filtering, which was applied
to nuclear magnetic resonance (NMR) spectrum smoothing, has more advantageous
results than those of the classical diffusion filtering, it was also stated that its perfor-
mance is higher than that of the classical smoothing methods.

Fractional Calculus (FC) is a wide discipline of mathematics which has been around
since 300 years ago, the first traces of this subject goes back to Leibniz and L hospital

n

in their discussion about the meaning of

- ifn= % The first attempt to give a logical
definition is due to Liouville in 1832, and since then a lot of researchers came up with
new and different definitions of fractional derivatives, we mention : Riemann-Liouville,
Caputo, Riez, Caputo-Fabrizo, Atangana-Baleanu and many other ones. We refer the
reader seeking more information about fractional calculus and its properties to see the
following books and the references therein [15,17,23].

One thing that some find hard to grasp is the initial conditions in a Riemann-
Liouville type time-fractional system, which are given as a limit of an integral, we
refer any one wondering about this issue to the work of Heymans and Podlubny [14]
where they demonstrated that, in fact, one can give a significant physical meaning to
such types of initial conditions, and it is very much possible to attribute some values to
those kinds of conditions by using appropriate measurements and observations. They
also gave a series of concrete examples where these initial conditions make complete
sense.

A very important discipline of mathematics that we are dealing with in this paper,
is control theory, this field of study plays a serious role in linking between mathematics
and technology and it includes several notions such as controllability, stability, observ-
ability, stabilization and many more.

In this paper, we deal with observability, precisely the regional observability of a
time fractional diffusion system written in terms of Riemann-Liouville time-fractional
derivative. The concept of observability was introduced for the first time by the
Hungarian-American engineer Rudolf Kalman [16]. This notion has as goal the pos-
sibility of finding and reconstructing the initial state of the considered system in a
finite time using only the outputs (measurements). This concept has been thoroughly
investigated and it also possesses a large literature for various types of system (linear,
semilinear...). For more information see [9,24,26,27] and the references therein.

We shall point out the fact that in case of distributed or diffusion systems not all
states are observable, hence the necessity of introducing a more weaker notion to cut
back the losses for non observable systems, we are speaking about regional observabil-
ity which also consists of finding and reconstructing the initial state of a system but only
in a desired subregion of the evolution domain @ C £2. Regional observability had seen
light for the first time in the nineties with professors El Jai and Afifi for discrete sys-
tems see [1], and El Jai and Zerrik for continuous systems see [2, 12]. Afterwards this
concept started to be developed by Badraoui, Boutoulout, El Alaoui, Bourray, Zouiten
and Torres to cover various types of systems and cases see [4-8, 10,28,30].

Lately, regional observability for time-fractional diffusion systems was being stud-
ied, see [13], which does not only cover the regional observability but regional analysis
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in general (regional controllability, regional stability, regional detectability...) for time
fractional diffusion processes.

The main goal of this work is to reconstruct the initial state of the considered system
using an extension of the Hilbert uniqueness method (HUM), which was firstly intro-
duced by Lions in [20]. This approach relies on the concept of duality for integer order
distributed parameter systems, this duality comes from Green’s formula. This property
fails to work for non-integer order systems, yet we can derive a similar property of dual-
ity where the adjoint or dual system is given in terms of Caputo fractional derivative.
This relation is obtained with the help of fractional green’s formula see [22].

This paper will be organized as follows : After this introduction, we give, in Sect. 2,
some preliminary results to be used along this work also as a quick follow up of the
considered system. In Sect. 3, we show the formulation and steps of the HUM approach
and in Sect. 4, we propose an algorithm that reconstructs the initial state of our system
in a desired subregion. As for Sect. 5, we present two successful numerical simulations
to back up our work, the first is given with a pointwise sensor and second with a zonal
Sensor.

2 Considered System and Preliminaries

In this section, we shall introduce some basic definitions needed to present our main
result. We give a quick reminder of some necessary notions and properties of fractional
calculus followed by other tool of control theory.

We recall the following definitions.

Definition 1 [17]. We call the left sided fractional integral of order o € [0, 1] of a func-
tion y(x,t) atz € [0,T] for all x € , the following integral formula :

1

(#736500) 0 = e =" 50,

o0
where I'(¢) := / t*~'e~'dt is the Euler’s gamma function.
0

Definition 2 [17]. We define the left sided Riemann-Liouville fractional derivative of
order o € [0, 1] of a function y(x,z) int € [0,T] for all x € Q, by :

(“Z3000) 0= 5 (2500) 0 = gy 4 f 0= Dlsyas,

Definition 3 [17]. The right sided Caputo fractional derivative of order o € [0,1] of a
function y(x,t) in¢ € [0, 1] for all x € Q is given as follows :

—1

("7 yx)) () = Fi=% / T(s—[)*a%y(x,s)ds.
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Let’s denote, if there is no confusion,

o 02

(]iy(x,.)) (t) = y(x), (RL@+y(x,.)) (1) := RL@ODLy(x,t) and

0 0 0

-

("7 306)) (=7 v,

Let A: D(A) C L*(Q) — L*(Q) be a second order, linear, differential operator, which
generates a Co-semigroup {S(¢)},~, on L?(€) and C : D(C) C L*(2) — O a linear,
possibly unbounded, operator called the observation operator, where & is the observa-
tion space.

We consider the system (1) augmented with the output equation,

(1) =Cy(.,1), t€[0,T]. 2
We give now the definition of the mild solution for the above system.

Definition 4 [29]. We say that a function y € C(0,T;L*(R2)) is a mild solution of (1) if
the following formula is satisfied:

y(x,1) =t Ry (t)yo(x), V(x,1) € Qx[0,T], 3)
where
oo
Ro(t) = [ 6E.(0)S(70)d0, 1€ [0.T],
0
£a(0) = ae"’éwa <95‘) . 6 €J0,+oo[.
and .
1 & el n—no—1ho+1 .
Oy (0) = E,Z‘l(_l) o lTsm(nmx), 0 €]0,+oo[.

Note that &, is probability density, that is,
£4(60) >0, V6 €]0, +oo| and O+m E,(0)d6 = 1,
and that the output function can be written as follows,
2(r) =17 CRy(1)y0(-) = Ko (1)y0-

The operator Ky (.) : L?>() — L*([0,T], ©) appears to be a linear operator, it is called
the observability operator and it plays an important role in the characterization of
observability.

Remark 1. The operator K (.) is bounded if C is bounded.

In order to study the concept of regional observability we need to use the adjoint oper-
ator of K (.) which is not always defined, precisely in the case when the operator C is
not bounded, so for K}, (.) to be well defined we need to assume that C is an admissible
observation operator, then we have the following definition.
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Definition 5 [31]. We say that the operator C is an admissible observation operator for
Ry, if,

T
3M > 0, such that / ICRa(0)x|2 dr < MNP, Vx € D(A).
0 7 LZ(_Q)

Remark 2. 1f C is bounded then it is also an admissible observation operator.

For the rest of this work we suppose that C is an admissible observation operator, in this
case the adjoint operator K (.) is given as follows,

K.():L*(0,T;0) — L*(Q)

T
q»—>/0 7R (1)C* (1) dr.

Let @ C €2 be a subregion with positive Lebesgue measure, we define the restriction
operator in @ by,
Xo 1 L2(Q) — (),
Y=Yy

and x> denotes its adjoint, and we have the following definition.

Definition 6 [13]. The system (1) together with the output (2) is said to be approxi-
mately regionally observable in @ (or approximately w-observable) if

Im(x,Ke()) = L* (o),

equivalently

Her (Kal)25) = {0).

We now introduce the notion of sensors which plays an important role in the domain of
observability, their main role is to collect data on the studied phenomenon.

Definition 7 [11]. A sensor is a couple (X, f), where X is a non empty subset of the
evolution domain €2, it is called the spatial support of the sensor, and f is the spatial
distribution.

A sensor is called zonal if ¥ C Q is a subset with strictly positive Lebesgue measure,
in this case f € L>(X), 0 =R and z(t) = Cy(.,t) = (f,y(.,t))Lz(Z).

A sensor is called pointwise if ¥ = {b} € Q, in this case f = 8, where 0, is the
Dirac delta function centered at b, and the output function is written

Z(t) = <8h7Y('>t)>L2(Q) :y(bvt)'

Definition 8 [13]. A sensor (X, f) is called strategic if the system (1) augmented with
the output function (2), which is given by means of the sensor (X, f) is approximately
w-observable. It is called non strategic if not.
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We now present one version of the fractional green’s formula [22].
Yy e C(0,T;L (Q)),

T . »
/0 /Q [RL@(H—y(x’t) _Ay(x’t)} V(x,t)dsdt = /Q W(X’T)j():— y(x,T)dx
T . 3
+/o /g ERTORNTD y(x’t)dx‘”*/g"’(x’o)ﬂr&ﬂol Y t)dx (4)

() /T/ Iy (g,1)
dgdt — dgdr.
+/0 /{m v, vigdgdt— | | (1) gy, 45

3 HUM Approach

Firstly we define the following set,

G= {gELz(Q) | 8010 :O}’

this choice of G is not arbitrary, in fact, we are searching for the value of the initial state
in a subregion @ without taking into account the residual part (the value of the initial
state in  \ ), hence it is natural to consider it null as in the definition of G.

For all ¢, € G, we consider the following linear system,

RL

90+(p(x,t) =AQ(x,t) inQx][0,T],

@(&,1)=0 on dQ x [0,T], (5)

lim 7 " (x,1) = @,(x) in Q,

10t 0F
the unique mild solution of this system is written,
P(x,1) =t* " 'Ro (1)@, (x), V(x,1) € Q x[0,T]. (6)
We define on G x G the following bilinear form,
()g:GxG—C

T
(‘ngo) — /0 <ta71CRa(f)(Poata71CRa(t)gO>(fdt-

This form satisfies the properties of conjugate symmetry ( (9,,80) = (80, (p0>(;> and

positiveness ((@,,¢,); > 0).
We give the following proposition.

Proposition 1. If the system (5) together with (2) is approximately w-observable then
the form (.,.),; defines a scalar product on G.
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Proof. All that remains is to prove the definiteness of (.,.)
(i.e:{@,,0,)s =0 = @, =0), in fact

G’

T T
(00)6 = || 6% CRa(1)0,.1" ' CRal0)9y), di = [ 17 CRa(t)g 2

hence
(90, 9y) =0 = [[t* 'CRa (1)@, |12 =0, vt € [0,T],

then

t*CRy(t) g, =0, ¥Vt € [0, T],

which gives

" \CRa ()X X @ = Ka (1) X (X0 @y) = 0, ¥t €[0,T],

and since the system (5) is approximately @w-observable we have that

%w(po = O’
thus
¢,=0, ino,

and by definition of G, we have
0, =0, inQ\ow,
finally
@, =0, inQ.
O

For the rest of this work, we assume that the system (5) — (2) is approximately

w-observable, hence (.,.), is a scalar product and we denote by ||.||,; :=1/(.,.), the
natural norm on G based upon the scalar product of G.

With the help of the fractional green’s formula, see equation(4), we derive the fol-
lowing retrograded system,

“DE_¢(x,1) =A*9(x,1) +C*Co(.,1) in Q2% [0,T],
$(8.1)=0 on 9Q x[0,T], @)
o(x,T)=0 in Q,

which has a unique mild solution ¢ € C (0,T;L*(£2)), given by the following integral
formula,

T
o (1) :/t (71 'R (1 —1)C*Co(1)dr. )
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if ¢, is chosen in G such that C¢(r) = z(z), then the following system
DY y(x,t) = A*y(x,1) +C*2(r) inQx[0,T],
w(&,1)=0 on dQ x [0,T], )

II/(X,T) =0 in .Q,

can be seen as the adjoint system of (5).
We define the mapping

A:G—G
Oy X Xo (W(0)),

hence the problem of regional reconstruction is reduced to solving the following
equation,

A@, =X X, (W(0)). (10)

Remark 3. x* x,, is projection operator on G.

We have the following theorem,

Theorem 1. Ifthe system (5) together with (2) is approximately w-observable then the
equation (10) has a unique solution which corresponds with the initial state in .

Proof. Let’s consider ¢, € G, we have :

<A (poa(po>(; = <XZ%w(1I/(0))7 (Po>c7

= <W(O)7(po>c7

T
= </0 lza_2Ra(1)*C*CRa(t)(podt7(p()>(;7

T
_ /0 (1% CRy 1)y, 1% ' CR (1) 9,) , dt,

=(0),0) ¢
=@, 1%

Thus A is an isomorphism. a
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4 Algorithm

This section is reserved to the proposed algorithm for the reconstruction of the initial
state in @, this leads to some numerical results which will be presented in the next
section.

In order to give an algorithm that reconstructs the initial state, we assume that the
operator A generates a complete system of eigenfunctions {¢;}, - on the state space
L*(Q) associated with the eigenvalues {A; };

Note that the family {¢;};c- is an orthonormal basis of L*(€2).

In this case, R, and ¢ are respectively expressed as follows,

Yw € LX(Q), Y(x,t) € 2 x[0,T]:

w—zE “) 0, 1) 3, ().

oo
= zta_lEaﬁa (Aita) <(Poa (Pi>L2(Q)(Pi(x),

Foo "
here, E (1))=Y ——— isthet ter Mittag Lefller function.
where wp(0) ,E{JF(HOH—ﬁ) is the two parameter Mittag Lefller function

The solution of (9) at = 0 can be written as follows, Vx € Q,
w(x,0) = / % 1E, , (1) (C'2(1), 90) 1, d70H()
From theorem 1, we have

(g ala=llal = [ ot

Case 1: If the measurements are given by mean of a pointwise sensor (b, 0p) :

20: 2 o
<A(Po7(p() 2/ )Ea.a (A’jt )dt(Pl(b)(P](b)
<(P07¢i>L2(Q><(Poa(Pj>Lz(Q)
We set
T 2002 o o ..
Al.j:/o B (") By (M) dtgi()g(b), Vi j=1,...0

Case 2 : If the measurements are given by mean of a zonal sensor (D, f) : (A@,,9,)

z | /E (3" Ev (28" )00

i,j=
<f7 (pj>L2 <§007§01>L2(Q)<(P01(PJ>L2

)
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We set

T 2002 o o .o
A= [0 B (M) B (M) 101,00 5 . 01) e i = Lo
The problem (10) can be written now as
AX =b, where Ac ., ,(C),X¢c.#, (C)and bec.#, (C), (1)

such that,
A,'j :Aija X = <(poa(Pi>L2(_Q) and bj - <X:,%w(W(0))7(p,i>L2(Q)'

After resolving the system (11), we obtain the reconstructed initial state. Then we give
the following algorithm.

Algorithm

e Initialization of : €, o, ®, Sensors, yy.
e Repeat

— Solve (9), and get ¢

— Calculate the components of A

— Solve the system (11) and get ¢,.
o Until [y, <

5 Numerical Results

In this section, we show some numerical illustrations of our result. We will present two
examples with the same system but with different output functions, the first one will be
given with a pointwise senor whereas for the second one, measurements are given by a
zonal sensor.

Pointwise Sensor

Let us consider the following time-fractional system,

RL .05 2

d .
90+y(x7t) = ﬁy()ﬁl‘) in [07 1] X [032]7

y(0,¢) =y(1,) =0 in [0,2], (12)

. 0.5 .
t’l_l)%}r S y(xt) =yolx) in [0,1],
2
The operator o has a complete set of eigenfunctions ¢;(x) = v/2sin(imx) with the
X
2.2
°me.

corresponding eigenvalues A; = —i“7w
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The system (12) is augmented by the output equation given by means of a pointwise
sensor localized at b = 0.72,

z2(r) = y(b,t), t€]0,7T],
we consider the region @ =]0.35,0.65[ and the initial state (Supposed to be unknown)
yo(x) = 2x(x—1)(2x—1).

By applying the proposed algorithm, we obtain Fig. 1.

0.03 T —
) ) . Reconstructed Intitial State
/ \ — — —Initial State
0.02 r\ *  Pointwise Sensor
001 / | \
' I \
o)
8 of— — ]
%} )
\ ' :
-0.01 \
\|
\ ,
-0.02
/
-0.03 i

0 01 02 03 04 05 06 07 08 09 1
Space

Fig. 1. Initial and estimated initial state in @ = [0.35,0.65].

. . —4
The reconstruction error is lvo— @, ||L2(w) =1.0410x 10 .
The Fig. 1 shows that the estimated and real initial state are near one another in the

subregion @.
Figure 2, shows the evolution of the reconstruction error in terms of the sensor’s

location.

Zonal Sensor

We consider, in this example, the same system (12) but with & = 0.4 and measurements
given by a zonal sensor (D, f) where D = [0.25,0.35] and f = 1. The output function

is given as follows

Z(t) = <f7y('7t)>L2(D) :
The considered subregion is @ = [0.2,0.6] and the initial state (Supposedly unknown)
is yo(x) = (e — 1)In(2 — x).
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-3
=10
7

Eroor

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
sensor's location

Fig. 2. Evolution of the reconstruction error in function of the sensor’s location.

0.3
Initial State o
— — — Reconstructed Intitial State | ’«.\\
#*  Zonal Sensor > | R
0.25 . ! 1
/ ! \
/ | \
/
0.2 / | \
|
[0 // / | \\
g 0.15 / ‘ \
A \
| | \
0.1 | | \
| ,\
/ ! | '.\
00sf / | ‘ \
\
| \
| \

0 HAEANHN

0 01 02 03 04 05 06 07 08 09 1
Space

Fig. 3. Initial and estimated initial state in @ = [0.2,0.6].

. . -3
The reconstruction error is lvo — @, ||L2(w) =32x10 .
We also see, in Fig. 3, that the reconstructed initial state and the initial one are

besides each other in the desired subregion .
The following table shows the evolution of the reconstruction error in function of

the geometric domain of the sensor.
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Table 1. Evolution of the reconstruction error in function of the geometric domain of the sensor.

Geometric domain of the sensor | Error

[0.15, 0.25] 1.8x1073
[0.25, 0.35] 32x1073
[0.35, 0.45] 1.9% 1073
[0.45, 0.55] 4.77 x 1011
[0.55, 0.65] 3.5%x1073
[0.65, 0.75] 2.9%1073
[0.75, 0.85] 2.6x1073
[0.85, 0.95] 3.4x1073

The same remark about the position of the sensor applies here. We see that if the
sensor is placed in [0.45,0.55] then the sensor is not strategic.

6 Conclusion

In this work, we studied the regional reconstruction of the initial state for a Riemann-
Liouville type time-fractional diffusion system, and for that we adopted an extension
of the Hilbert uniqueness method, which was introduced by the french mathematicians
Jacques-Louis Lions. We supposed the admissibility condition on the observation oper-
ator, which is necessary when it is unbounded, and that the considered system is approx-
imately regionally observable, which is also necessary, because we can’t reconstruct
the initial state, regionally, if the system isn’t at least approximately regionally observ-
able. We proposed an algorithm that helps us achieve our goal and at the end we gave
two successful numerical results, with satisfying errors of reconstruction, to valid our
algorithm. For the future, we are working on the concept of regional observability for
semilinear fractional diffusion systems, we also plan on making the algorithm better in
order to get a lesser error.

References

1. Afifi, L., El Jai, A.: Strategic sensors and spy sensors. Int. J. Appl. Math. Comput. Sci. 4(4),
553-573 (1994)

2. Amouroux, M., El Jai, A., Zerrik, E.: Regional observability of distributed systems. Int. J.
Syst. Sci. 25(2), 301-313 (1994)

3. Baleanu, D., Golmankhaneh, A.K., Golmankhaneh, A.K.: On electromagnetic field in frac-
tional space. Nonlinear Anal. Real World Appl. 11(1), 288-292 (2010)

4. Boutoulout, A., Bourray, H., El Alaoui, F.Z., Benhadid, S.: Regional boundary observabil-
ity for semi-linear systems approach and simulation. Int. J. Math. Anal. 4(24), 1153-1173
(2010)

5. Boutoulout, A., Bourray, H., El Alaoui, FZ.: Regional gradient observability for distributed
semilinear parabolic systems. J. Dyn. Control. Syst. 18(2), 159-179 (2012)



10.

12.

13.

14.

15.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Regional Observability of Linear Fractional Systems 177

. Boutoulout, A., Bourray, H., El Alaoui, FZ.: Boundary gradient observability for semilinear

parabolic systems: sectorial approach. Math. Sci. Lett. 2(1), 45-54 (2013)

. Boutoulout, A., Bourray, H., El Alaoui, FZ., Benhadid, S.: Regional observability for dis-

tributed semi-linear hyperbolic systems. Int. J. Control. 87(5), 898-910 (2014)

. Boutoulout, A., Bourray, H., El Alaoui, FZ.: Regional boundary observability of semilin-

ear hyperbolic systems: sectorial approach. IMA. J. Math. Control. Inform. 32(3), 497-513
(2015)

. Curtain, R.F.,, Zwart, H.: An Introduction to Infinite-Dimensional Linear Systems Theory.

Springer-Verlag, New York (1995)
El Alaoui, F. Z.: Regional observability of semilinear systems. Ph.D thesis. Faculty of Sci-
ences. Moulay Ismail University. Meknes (2011)

. El Jai, A.: Eléments d’analyse et de controle des systemes. Presses Universitaires de Perpig-

nan, Perpignan (2005)

El Jai, A., Simon, M.C., Zerrik, E.: Regional observability and sensor structures. Sens. Actu-
ators Phys. 39(2), 95-102 (1993)

Ge, F., Chen, Y., Kou, C.: Regional Analysis of Time-Fractional Diffusion Processes.
Springer International Publishing (2018). www.springer.com/gp/book/9783319728957
Heymans, N., Podlubny, I.: Physical interpretation of initial conditions for fractional differ-
ential equations with Riemann-Liouville fractional derivatives. Rheol. Acta. 45(5), 765-771
(2006)

Hilfer, R.: Applications of Fractional Calculus in Physics. World Scientific Pub. Co., Singa-
pore River Edge N.J (2000)

. Kalman, R.E.: On the general theory of control systems. In: IFAC Proceedings Volumes, vol.

1 (1), pp. 491-502 (1960)

Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.: Theory and Applications of Fractional Differ-
ential Equations. Elsevier, Amsterdam (2006)

Kumar, D., Singh, J., Al Qurashi, M., Baleanu, D.: A new fractional SIRS-SI malaria dis-
ease model with application of vaccines, antimalarial drugs, and spraying. Adv. Differ. Equ.
2019(1), 278 (2019)

Li, Y., Liu, F, Turner, . W., Li, T.: Time-fractional diffusion equation for signal smoothing.
Appl. Math. Comput. 326, 108-116 (2018)

Lions, J.L.: Controlabilité exacte, perturbations et stabilisation de systemes distribués, Paris
(1997)

Mainardi, F., Mura, A., Pagnini, G.: The M-Wright function in time-fractional diffusion pro-
cesses: a tutorial survey. Int. J. Differ. Equ. 22(3), 87-99 (2010)

Mophou, G.M.: Optimal control of fractional diffusion equation. Comput. Math. Appl. 61(1),
68-78 (2011)

Podlubny, I.: Fractional Differential Equations: An Introduction to Fractional Derivatives,
Fractional Differential Equations, to Methods of Their Solution and Some of Their Applica-
tions, 1st edn. Academic Press, Cambridge (1998)

Pritchard, A.J., Wirth, A.: Unbounded control and observation systems and their duality.
SIAM. J. Control. Optim. 16(4), 535-545 (1978)

Qureshi, S., Yusuf, A., Shaikh, A.A., Inc, M., Baleanu, D.: Fractional modeling of blood
ethanol concentration system with real data application. Chaos Interdiscip. J. Nonlinear. Sci.
29(1), 013143 (2019)

Salamon, D.: Infinite dimensional linear systems with unbounded control and observation: a
functional analytic approach. Trans. Amer. Math. Soc. 300, 383-431 (1987)

Weiss, G.: Admissible observation operators for linear semigroups. Israel. J. Math. 65(1),
17-43 (1989)

Zerrik, E., Bourray, H., El Jai, A.: Regional observability for semilinear distributed parabolic
systems. J. Dyn. Control Syst. 10(3), 413—430 (2004)


www.springer.com/gp/book/9783319728957

178 K. Zguaid et al.

29. Zhou, Y., Zhang, L., Shen, X.H.: Existence of mild solutions for fractional evolution equa-
tions. J. Integral Equ. Appl. 25(4), 557-586 (2013)

30. Zouiten, H., El Alaoui, FZ., Boutoulout, A.: Regional boundary observability with con-
straints: a numerical approach. Int. Rev. Automat. Contr. 8(5), 354-361 (2015)

31. Zouiten, H., Boutoulout, A., Torres, D.: Regional enlarged observability of Caputo fractional
differential equations. Discrete. Cont. Dyn-S. 13(3), 1017-1029 (2018)



®

Check for
updates

Stability Analysis of Fractional
Differential Systems Involving
Riemann—Liouville Derivative

Hanaa Zitane®™) | Fatima Zahrae El Alaoui, and Ali Boutoulout

Department of Mathematics, Faculty of Sciences, University of Moulay Ismail,
11201 Meknes, Morocco
hanaa.zit@gmail.com, fzelalaoui2011@yahoo.fr, boutouloutali@yahoo.fr

Abstract. We introduce the stability notion of the fractional differential
systems under Riemann-Liouville time derivative of order o € (0,1),
evolving on a spatial domain 2. Then, we characterize the asymptotic
behavior of the state. Also, we present sufficient and necessary conditions
to achieve the exponential stability of this important class of systems.
Hence, we study the state stabilization of fractional differential systems
by means of decomposition method. Several examples and simulations
are given to show the applicability of our presented results.

1 Introduction

The fractional calculus history dates back to the Seventeenth century (more
precisely to 1695), when the possible meaning of the half order differentiation was
discussed by Marquis de L’Hospital and Gottfried Wilhelm Leibniz. Since then,
this question has been studied by many well-known mathematicians over the
years, such as: Euler, Feller, Fourier, Laurent, Letnikov, Liouville, Griinewald,
Riemann and many others. However, the fractional calculus theory has been
evolved speedily since the Nineteenth century, mainly as a foundation of several
mathematical branches such as, fractional differential systems and fractional
geometry. Moreover, during last decades, the investigation, especially, of the
fractional differential systems theory was motived by the great development of
fractional calculus one. Hence, nowadays, the fractional differential systems have
been proved as a powerful tool to characterize various dynamical models and
many real world systems. For example, it can be mentioned viscoelastic systems
[1], diffusion and some heat transfer process [5], amongst others.

Stability analysis is an interesting concept in differential systems and control
theories, as well as in their applications. Indeed, the stability of integer order
differential systems was widely studied ([2,13,16]). Many approaches were used
to establish several degrees of their stability and stabilization: the asymptotic
and exponential stability have been considered using Lyapunov equation [13].
Also, the strong stabilization has been treated by means of Riccati equation
[4]. Moreover, the exponential stabilization has been developed using a specific
state space and system decomposition [16]. Recently, the stability was introduced
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to fractional calculus [11,14,18-20]. Furthermore, many studies investigated the
stability of fractional order systems [17]. For example Qian et al have been devel-
oped some stability analytical results for Riemann-Liouville fractional systems
of order @ € (0,1), including perturbed systems, linear systems and time-delayed
systems [14]. Also, a fractional Lyapunov direct method has been proposed, by
Li et al, to study the power law stability and the exponential stability [11].
Moreover, in [6], Ge et al introduced the regional stability notion for Riemann—
Liouville linear fractional differential systems, where they charcterized the strong
stability using the spectrum properties of the system dynamic and the strong
stabilization via decomposition method.

In this work, we shall present some new stability and stabilization theorems
for Riemann-Liouville linear fractional differential systems of order a € (0,1).
In details, we formulate the problem and we characterize the asymptotic and
exponential stability of such class of systems in Sect.2. In Sect. 3, we derive
the fractional differential systems stabilization using especially decomposition
method. Finally, we give a conclusion in the last section which contains a syn-
thesis and some perspectives.

2 Stability of Fractional Differential Systems

In this section we consider, in 2 C R” (n = 1,2,3,..), an open bounded subset
with a regular boundary 942, the following fractional diffusion system, defined as

BEDez(x,t) = Az(x,t), € 2, t€]0,+o0]

z(n,t) =0, n € 002, t €]0, +o0] (1)
lim+01t1_°‘z(z,t) = zo(x), z € 12,
t—0

where A : D(A) C L*(2) — L%*(£2) is a linear operator that generates a
Co-semi-group (S(t))>0 [3] on L2(£2), FLDg and oI denote, respectively, the
Riemann-Liouville derivative and integral of order o € (0,1) [10], that are
given by

ol z(., 1) = F(a)*l/o (t —v)* 12(.,v)dv

and p
BLDey(.,t) = %01}17‘12(.7 t),

“+oo
with I'(«) = / y* e ¥ dy is the Gamma function.
0
The mild solution z € C(0,T, L?(£2)) of system (1) [7] is defined as
2(t) = Ho(t)zo(.) = t* " Ka(t)20(.), (2)

where

+oo
Kot)=a /0 €60 (6)S(t°€) de 3)
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and
1

da(6) = a 1R PA(ETR), (4)
with
=gt Z Mf‘mfl sin(nma), € € (0,00).

n=1

Remark 1. P,(.) represents the function of the probability density.

First, we state some stability definitions.

Definition 1. System (1) is said to be

e Exponentially stable, if for all zg € L?(£2) there exist Q and o > 0 satisfying

2 )l < Qe lzoll, Yt > 0.

e Strongly stable, if for all zg € L?(£2) the corresponding solution z(.,t) of (1)
fulfills
lim |z(.,t)]]| = 0.

t—+4o0

Remark 2. The exponential stability implies the strong one.

In the following theorem we present the link between the strong stability of the
fractional differential system (1) and the spectrum properties of its dynamic A .
Let us introduce the sets

ol(A) = {)\ € o(A): larg\)| < %}

and
aT

o?(A) = {)\ € o(A):|arg(\)| > 7}

where o(A) indicates the points spectrum of the operator A.

Theorem 1. Let (Ay)n>1 and (Xn)n>1 be the eigenvalues and the corresponding
eigenfunctions of the operator A, with (Xn)n>1 form an orthonormal basis on

L2(2). If o1 (A) = @ and Y\, € 0%(A), n = 1,2, ..., there exists € > 0 satisfying
An < —¢, then the system (1) is strongly stable in (2.

Proof. For 2y € L?(£2), the solution of (1) [7] can be written as

) =113 " Eaa(Aat®) {20, Xn)Xn(.), V20 € L*(92), (5)

where
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From (5), one has

+oo
12,017 = 27D Y (Eaa(Aat™)? (20, x0) -

n=1

Also, using the fact that o'(A) = @ and A\, < —e¢ for all A, € 0%(A), and the
Mittag-Leffler function E, o(—x), > 0, is completely monotonic [15], yields

12(, D)1l < 71 Ea,a(—et®)|20]l-
It follows, since |Eqy o (—€t®)| <1 for o € (0,1) [8], that
lz(,, )] — 0 as t — +oo.

Example 1. Let’s consider the sub-diffusion system

2

s,
FEDYC 2 (2,t) = @z(x,t), x € 2,t€]0,400]

z(n,t) =0, n € 8, t €0, +o0] (6)
lim+OIt0'4z(a:,t) =23z —1),z € 9,
t—0

2

0
with 2 =]0, 1[. According to (6), we get that the dynamic A = with the

dx?’
eigenvalues being
Ay = —n?r? n>1 (7)
and the corresponding eigenfunctions being
Xn(z) = V2sin(nmz), n > 1.

The solution of system (6) is defined by

—+oo
2, 1) =t Eos(Ant”)(z0, Xn) X ()-
n=1

One has, for all n > 1, that

which implies that 0!(A) = @ and 02(A) = {—n?7%,n > 1}.
Also, from (7), one has that

An < —71'2, n > 1.
so, for all \,, € 02(A), there exist ¢ = 72 > 0 such that
A < —g, n>1.

Hence, by applying the above Theorem, we get the strong stability of system (6)
as it is illustrated by Fig. 1.
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Fig. 1. The state z(z,t) behavior of system (6) at t =0, t = 10, ¢t = 16.

We shall use the next lemma to study the exponential stability for system (1).

Lemma 1. Suppose there exists a function R(.) € L?(0,+oo; RY) fulfilling
[Ha(t + 1)z < R($)[|Ha(T)2],VE, 7 = 0, (8)
for all z € L*(§2), then the operators (Hu(t))e>0 are uniformly bounded.
Proof. To show the boundedness of (Hu(t))i>0, we prove that
sup||Hu (t)z]| < oo, Vz € L*(2).
>0
Otherwise, there exists a sequence (t; 4+ ry,), t; > 0 and r,, — +o0o0 with

|Hao(t1 + r0)z|| — +00 as n — +o0.
From the following relation

o)
+o0 +oo
[ Mar el ar = [ (e
0 [y

— 0,
n

n—s oo
and by Fatou’s Lemma, it follows that
lim_juf || Ho(r + o)z = 0,
almost everywhere 0 < 7 < +o00.

Thus, for some 79 < t; we can find a subsequence Ty, such that

piIEOOHHa(TO +7n,)z|| = 0.

(10)
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Moreover, by virtue of (8), one has
|Ho(ty +70,)2|| < R(t1 — 70)||Ha (0 + 70,)2]|- (11)
Then, combining (11) and (10), one obtains
| Hao(ty 4 70,)2|| — 0 as p — o0, (12)

which is absurd. Hence, using the principale of the uniform boundedness, we get
the stated result.

Theorem 2. Assume that the operator (Ha(t))i>0 satisfies the condition (8)
and the inequality

[Ho(t + 7)z]| < [|Ha ()2l Ha(r)z]l, V720, (13)

holds for all z € L*(£2), then the system (1) is exponentially stable, if and
only if
+oo
/ [ Ha(t)2]2 dt < 00, V2 € L2(02). (14)
0

Proof. Let us show that

_ oy DA
ou =ty =L a9

We have, for all t > 0, the following relation

t
1 Ha(t)2]? = [ [Ha(®)2]P dr
Ot
= / |Ho (T +t—7)z|*dr.
0
Using (13), yields
t
t|Ha(t)z]* < /O 1 Ha (t = 7)2]||| Ha(7)2]* d7.
Since the operator H,(t) is bounded for all ¢ > 0, and by virtue of (14), one gets
t| Ha(t)z]* < &]l2lf%, for some &> 0,
moreover, for ¢ sufficiently large, yields
[Ha(t)]] <1,

hence, there exists t; > 0 satisfying

In|[Ho(t)[] <0,
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for all t > t1. Then,

In ||Hq(t
og = lnf M < 0.
Furthermore, let S, = sup ||Ha(t)|| with ¢; > 0 is fixed. Thus, for every t > t;
t€]0,t1]

we may find an integer 3 > 0 such that 8t; <t < (8+ 1)t
From (13), yields

[Ha (@) = [Ha(Btr + (£ = Bt1))]|
< [[Ha (Bt)[[[[Ha(E — Bt1)]],

which implies that

nf|Ho (O] _ In[Ha(Bt)] | InflHa(t = Bt1)]
t - t t

9

using again condition (13), we obtain that

In|[Ha(®)| ()II Bt1In || Hq ()| +ln|\5pll
t t t1 t

t
taking into acount that ¢; is arbitrary and % < 1, it follows

i sup PHOL W IHL O i H (0]

t—s+o00 t T t>0 t t—+o00 t

)

which implies that (15) is satisfied.
Then, for all o €]0, —0y], there exists Q > 0 such that

| Ha(t)z]l < Qe™|l2ll,

for all z € L?(2) and t > 0.
The converse implication of the theorem is immediate.

Remark 3. When a = 1, we retrieve the exponential stability result established

in [2].

3 Stabilization of Fractional Differential Systems

In this section we investigate the strong stabilization of time fractional differen-
tial systems under Riemann-Liouville derivative of order « € (0, 1), described by

FEDS 2 (z,t) = Az(x,t) + Bu(x,t), z € 2, t €]0,+00]

z(n,t) =0, n € 082, t €]0,400] (16)
1iné+olt1_o‘z(a:,t) = zo(z), x € {2,
t—s

where the operator A is defined as in system (1), the operator B is linear and
bounded from X into L?({2), with 2 C R™ is an open bounded subset and X is
a Hilbert space of controls, and u € L?(0, +00, X).
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Definition 2. The system (16) is said to be strongly stabilizable if there exists
a bounded operator K € £(L?*(£2), X) such that the system

BDez(z,t) = (A+ BK)z(z,t), z € 2, t €]0,+00]

z(n,t) =0, n €090, t €]0,+oo (17)
liné+0]t17az(w,t) = zo(x), x € (2
t—

is strongly stable in (2.
The solution of system (17) is defined by

2(,t) =t T KK (1) 20()),
with oo
KE(t) = / £6a(€)SK (1€) de,

where ¢, (.) is given by (4) and (S%(t));>0 is the semi-group generated by A +
BK.

3.1 Characterization of Stabilization
We have the following theorem.

Theorem 3. Let (A\X),,>1 and (xE),>1 be the eigenvalues and the correspond-
ing eigenfunctions of the operator A+ BK, with (xX Jn>1 form an orthonormal
basis on L*(02). If o'(A+ BK) = @ and V)\ff € 0*(A+BK),n=1,2,..., there
exists € > 0 satisfying N < —¢, then the system (16) is strongly stabilizable in
2 by the control

u(z,t) = Kz(z,t). (18)
Proof. The system (1) admits a unique mild solution [7] given by

+oo
2(.,t) =t ! Z Eo o MKt (20, xEVWXE (), V2o € L2(92),

n=1

It follows
(., 8)]* = 3~ 1)2 (Ba,a (A5 t*)) (20, xn)*-

Also, Using the fact that o!(A) = @ and AKX < —¢ for all AX € 02(A), and the
Mittag-Leffler function E, o(—z), x > 0, is completely monotonic [15], yields

l2(, D)l < 77 Ea o (—et®)] 20l
Using the fact that |Ey o(—et®)| <1 for o € (0,1) [8], it follows that
lz(.,t)]]| — 0 as t — +oo,

which means that the system (16) is strongly stabilizable by the feedback control
u(x,t) = Kz(x,t).
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Example 2. Let us consider the fractional diffusion system

FEDO82(x,t) = Az(x,t) + Bu(t), x € 2, t €]0, +00]

2(0,1) = z(m, 1) = 0, t €10, +o0] (19)
lir%+0I?‘2z(x,t) = zsin(x), x € 2,

t—

2

1

where {2 =10, 7[, the operator Az = z+4—2% and the control operator B = I.
w2 Ox

The eigenvalues of A are defined by

n2

A=1-—,n>1 (20)

and the corresponding eigenfunctions are given by
Xn(z) = V2sin(nnz), n > 1.

System (19) is unstable since Ay, Ay > 0.
Applying the control (18), with K = —1I, to system (19). One has, the oper-
2

ator A+ BK = with the eigenvalues being

472 9z’

2
Afz—%anI (21)

and the corresponding eigenfunctions being xX () = xn(z), n > 1.
Moreover, one has

“+ o0
2w, t) = t°? Z Eos,08(As 17%)(z0, X0 )X, (2)-
n=1
From (21), we have
am 27
A9 = = =
farg(N) =7 > 5 = 2,

2
yields 0'(A + BK) = @ and 0?(A+ BK) = {—z,n > 1}.
Also, from (21), one has that

Consequently, from Theorem 3, we conclude that the system (19) is strongly
stabilizable in £2 by the beedback control (18). Numerical illustration is given in
Fig. 2.
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Fig. 2. The state z(z,t) behavior of system (19) at t =0,¢t =3, t =8 and t = 19.

3.2 Decomposition Approach

In the following, we propose an approach characterizing a feedback control
that guarantees the stabilization of system (16). We suppose that A is a self
adjoint operator with compact resolvent on H = L2({2). So, the eigenvalues
(An)n>1 of A are real (which can be numbered in decreasing order in such away
that A, — —o0) and there are at most finitely many nonnegative eigenvalues

n—--—4oo
(An)1<n<i, each with finite-dimensional eigenspace, such that A,, > —4, for some
d > 0. Yields o(A) can be decomposed as

o(A) =o05(A)Uo,(A), (22)
with 05(A) and 0, (A) defined as
os(A)={\, <=0, n=I1+11+2.}

ou(A)={\, >4, n=1,2,..,1}

Since the eigenvectors (x»)n>1 associated to the eigenvalues (\,)p>1 forms a
complete and orthonormal basis in H [16], then one has the following decompo-
sition of the state space

H= Hs S2) Hu,

with
H; = (I — P)H =Vect{xi+1, Xi+2, -}

and
H, = PH = Vect{x1, X2, xi},
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where the operator P € L(H) represents the projection one [9].
Furthermore, the decomposition of system (16) may be described by

FEDS 2g(x,t) = Aszs(x,t) + (I — P)Bu(z,t), =€ 2, t€]0,+o0]

zs(n,t) = 0, n € 992, t €]0,4+00[
1i1%+zs(x,t) = zps(x) = (I — P)zp(x), r e (23)
t—s
zs = (I — P)z, z € L?(02)
and
FEDe 2, (z,t) = Ayzy(z,t) + PBu(x,t), x € 2, t€]0,+o0]
zu(n,t) =0, n e o, telo,4o0]
lim+zu(x,t) = zpu(z) = Pzo(x), x e (24)
t—0
2y = Pz, z € L3(0),

where A and A, define the restrictions of A on Hg and H, respectively, with

o(As) = 05(A)
o(Ay) = o0u(4)
and the operator A, is bounded on H,,.

For oo = 1 case, in [16], it has been shown that if A, satisfies the following
spectrum growth condition

llSstﬂ = sup(Re(0(AL))),

t—+400

then the stabilization of system (16) boils down to the stabilization of (24).
The following theorem gives an extension of this result to « € (0,1) case.

Theorem 4. Let the spectrum o(A) of A satisfies the above spectrum decom-
position assumption (22) and o(A) C o?(A). If the system (24) is strongly
stabilizable by the control

u(z,t) = Kyzy(z,t), (25)
where K, € L(H,U) with
ool < M £, (26)

for some p > 0 and M > 0, then the system (16) is strongly stabilizable using
the feedback control (25).

Proof. One has that the system (23) admits a unique mild solution [7] given by

—+o0
2s(ot) =t ) Eaa(Ant®) (208, xn)xn ()
n=I[+1

+o0 t
+ Z /(t—T)ailEa’a()\n(t—T)a)«I—P)Bu(.77'),xn>xn(.)d7'.
n=l+1"0
(27)
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From the spectrum decomposition relation (22), we have that A\, < —4, for all
n > [+1, then using the completely monotonic property [15] of the Mittag-Leffler
function E, o(—x), > 0, yields

Boa(Mnt®) € EBaa(—6t%), ¥V n>1+1, (28)

and
EopaMn(t—=7)%) < Eqo(—=0(t—7)%), Vn>1+1. (29)

)
Replacing (28) and (29) in (27) and applying the control u(z,t) = K,z (x,t)
into (23), one obtains

|25 (- ) || <t* ! B a(—0t%)]|20s]]
t
+ 0, / (t— 1) L P By o (—8(t — 7)) dr,
0

with C, = MI'(1 — )| K. ||l — P|||B]|. Tt implies

aa( 5t®) / k(t — s)okta-lg—nds
S ‘7t — S C
Js( )] < 20l + Z el
aa( 5to¢) ( 6)k:to¢k:+a o
< el T 7 _
< =Ml + G Z ok ra D 4=
ote
- %H'ZOGH + Cpt® " Eq a1 (—6L%).
Then, since 0(A;) C 0%(A), it follows
w1 wot*™H
S < —r—— C),—— 0
st(a )H = tl,a(l_’_(sta)HZSO” + p]_+§toz’w1’ wg >0,
which leads to
lim ||zs(.,t)]] = 0. (30)

t—+o0

On the other hand, taking into acount (26) and that control (25) strongly sta-
bilizes system (24), one gets

i (., 8)] = 0. (31)
Hence, from the relation
2D < Mlzs (O + za (B (32)

it follows, by using (31) and (30), that . lirE lz(.,t)]] = 0, which achieves the

proof.
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Ezample 3. Let’s consider {2 =]0,2[ and the fractional diffusion system

2 02
BEDOA2(2,t) = 7287;2(33’” +z(z,t) + Bu(t), x € 2, t €]0,+00]

T
2(0,1) = 2(2,t) = 0, t €]0,400] (33)

lim ¢I%6z(x,t) = , € N,
m ol z(z,t) = zo(x) x
2 92z .
where the operator Az = — — + 2z, with § = 2 and
972 Q2

D(A) = {z € L*(0,2), 2(0,t) = 2(2,t) = 0, (V t > 0)}

is self-adjoint and the control operator B = d1.
The eigenvalues and the eigenfunctions of A are given by

dn =222, n>1
Xn(z) = V2sin(nmz), n > 1.

16 4
One has o(4) = {56, 570} U{An, n =4,5,...} which satisfies the spectrum
decomposition assumption (22) with
2

2
oo(A) = {2 - % n=4,5,.}

16 4
Ou(A) = {?agao}a

2n? 0.4
and o4(A) C 0?(A) because of |arg(2 — %)\ =7 > Tﬂ, for all n > 4.

The eigenvectors (xn)n>1 associated to the eigenvalues (A, ),>1 forms a com-
plete basis on L?(£2), thus the system (33) may be decomposed into sub-systems
(23) and (24) with

+oo
Agzg = Z AnZsy Xn)Xn, V 25 € Hs = Vect{xn,n > 4}
n=4
3
Ayzy = Z )\n<zU7Xn>Xnav zy € Hy = VeCt{Xla X2, X3}- (34)
n=1

On the other hand, system (33) is unstable since A1, Az, Az > 0.
So, applying the control (18), with K = —1I, to the unstable part of system
2 2
(33) with (34). It follows that the operator A, + B, K = W%’ with the
w2 Ox
eigenvalues being

)\K_%
n - 9’

and the corresponding eigenfunctions being X (z) = xn(z), n > 1.

n>1
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Yields (33) is strongly stabilizable. Indeed, for all AX € ¢, (A), one has that

2n? 0.4
larg(M)| = Jarg(— =) =7 > =T, 1<n <3

and 5
/\§<—§, 1<n<3.

Moreover, one has

+o00
2y (2, t) = 1% Z Eo.4,04(A t°*) (20, X x5 ().

n=4

Using the fact that the Mittag-LefHler function E, o(—z), > 0, is completely
monotonic [15], it follows that

0.6 = 2 0.4 K K
[za(, O < It ZE0.4,0,4(—§t ){Zu05 X0 )X |-

n=1
Also, by considering the fact that |Eq o(—¢t®)| < 1 for a € (0, 1) [8] yields
Iz (O < 2ol

which means that (26) holds with M = ||z,0]| and u = 0.6.
Hence, all the contitions of Theorem 4 are satisfied. Thus system (33) is
strongly stabilizable by u(z,t) = —2z(x, t).

4 Conclusion

The present paper deals with the concepts of the stability and stabilization of the
state for Riemann—Liouville time fractional differential system of order o € (0, 1).
We investigated several interesting strong stability criterion’s. Also, we explored
the exponential stability. Furthermore, the decomposition method is utilized to
derive the stabilization of fractional differential systems. Hence, we presented
different examples with some simultations to illustrate the applicability of the
estabilished theorems. We claim that our developed results can be useful to
analyse and control the behaviour of several real world phenomena such as some
heat transfer processes and anomalous sub-diffusion ones.

The problem of the state gradient stability of fractional time differential
systems of order o € (0,1) could be considered as our future work. Various
questions are still open, for example, extending the presented results here to
a class of complex linear fractional systems and studying the stabilization of
fractional semilinear systems as well as nonlinear ones in general, which are
closer to real applications.
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Abstract. In this paper, we consider (i) how to establish semicircu-
lar elements {Uk},lvv:l induced by N-many mutually orthogonal projec-
tions {qx}tn-y, for N € (N\ {1}) U {0}, and the corresponding free
product Banach x-probability space IL<QN) generated by {Ui}r_, (ii)
the free-distributional data on ]L(QN>, (iii) certain x-homomorphisms on
]L(QN), and (iv) how the x-homomophisms of (iii) deform the original free-
distributional data of (ii).
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1 Introduction

In this paper, we study certain x-homomorphisms acting on a free product
Banach x-algebra IL(QN) generated by mutually free, N-many semicircular ele-

ments SN = {Uk},]cvzl, induced by mutually orthogonal N-many projections
QO = {qk}{gv:h for

de
NeN €\ (1) U {oo),
where oo = |N|. Especially, we consider the cases where such x*-

homomorphisms are constructed by some shifting processes on the index set

{1,..,N}

of SN or of Q,. The main results show how our *-homomorphisms deform
the free probability on ILEQN).
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1.1 Motivations

In earlier works (e.g., [1,4,6,12,15,19-21]), semicircular elements are
constructed-and-studied in topological x-probability spaces (e.g., C*-probability
spaces, or W*-probability spaces, or Banach x-probability spaces, etc.). Different
from them, the construction of semicircular elements here is motivated by that
of weighted-semicircular elements in the Banach -probability spaces of [5] and
[8] from an analysis on the p-adic number fields Q,, for primes p.

By mimicking the weighted-semicircularity of [5] and [8], a construction of
(weighted-)semicircular elements from arbitrary mutually orthogonal |Z|-many
projections in fixed C*-probability spaces is introduced, and the correspond-
ing (weighted-)semicircular law(s) is (are) considered in [6] (See short Sects. 3
through Sect.5 below). Independently, free distributions of free reduced words
in mutually free, multi semicircular elements were characterized, estimated, and
asymptotically estimated by their joint free moments in [7] (See Sect. 6.2 below).

Based on the main results of [6] and [7], the free product Banach x-algebra
Lgv) generated by the free semicircular family SV) = {U, k }_,, which is induced
by the family Q, = {qx}1_, of mutually orthogonal projections qi, ..., gy of an
arbitrary C*-probability space (A,, 1, ), is considered as a Banach x-subalgebra
of the Banach x-probability space Lg, generated by mutually free, |Z|-many

semicircular elements. Then the free-distributional data on ]Lgv) would be char-
acterized naturally (e.g., [7]). And then, we define-and-study a certain type of

x-homomorphisms on ]Lgv). In particular, we are interested in how these mor-

phisms on ILE?N) affect the original free-probabilistic information on IL(QN).

1.2 Overview

In short Sects.2, 3, 4 and 5, we introduce backgrounds of our works briefly.
In Sect. 6, we construct an operator algebra LLg generated by our semicircular
elements under free product, and free-distributional data on ILg are considered.

In Sect. 7, certain shifting processes on Z are defined, and the corresponding
x-isomorphisms are established on Lq. It is shown that such *-isomorphisms
form a subgroup 9B of the automorphism group Aut(Lg) of Lg; and, it is iso-
morphic to the infinite cyclic abelian group (Z, +) as groups. Interestingly, our
(weighted-)semicircularity on L is preserved by the action of 9B, implying that
the action of B preserves the free probability on L.

In Sect. 8, arbitrarily given N-many mutually orthogonal projections of a C*-
algebra are fixed for N € NZ, and we study how they induce the corresponding
free semicircular family SV), and show this family generates the Banach -
probability space ]L(QN). Especially, ]L(QN) can be understood as a free-probabilistic
sub-structure of Lg of Sect.7. By restricting the action of B on Lg to that

on ]LEQN), it is proven that this restricted action of B distorts the original free

probability “on ]LE?N).” Such distortions are characterized.
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2 Preliminaries

For fundamental free probability theory, e.g., see [17,19], and the citations
therein. Free probability is the noncommutative operator-algebraic analogue of
classical measure theory (including probability theory) and statistical analysis. Tt
is not only an important branch of functional analysis (e.g., [2-4,7,12,14,15]),
but also an interesting application in related fields (e.g., [5,6,8,13,16,20,21]).

We here use combinatorial approach [17] of Speicher. Joint free moments and
joint free cumulants of operators will be computed, and the (free-probabilistic)
free product (of [17] and [19]) will be used without detailed definitions and
backgrounds.

3 The Banach *-Algebra £

Let (B, ¢) be a topological *-probability space (a C*-probability space, or a W*-
probability space, or a Banach *-probability space, etc.), where B is a topological
x-algebra (a C*-algebra, resp., a W*-algebra, resp., a Banach *-algebra, etc.),
and ¢ is a bounded linear functional on B.

An operator a € B is said to be a free random variable, if we understand it as
an element of (B, ¢). A free random variable a € (B, ¢) is said to be self-adjoint,
if the operator a is self-adjoint in B in the sense that a* = a in B, where a* is
the adjoint of a (e.g., [11]).

Definition 3.1. A self-adjoint free random variable a is weighted-semicircular
in (B, ¢) with the weight tg € C* = C \ {0} (or, in short, to-semicircular), if

B _ [KB(a, a) =ty ifn=2
k(2 0) = {O otherwise, (3.1)

for all n € N, where kB(...) is the free cumulant on B in terms of ¢ under
the Mébius inversion of [17].

Ifto = 1 in (3.1), the 1-semicircular element a is said to be semicircular in
(B, ¢). i.e., a is semicircular in (B, ¢), if

1 ifn=2

kn(a, ..., 0) = {O otherwise, (3.2)

for alln € N.

By the Mdbius inversion of [17], the weighted-semicircularity (3.1) is re-
characterized as follows: a self-adjoint operator a is tg-semicircular in (B, ), if
and only if

(=IVE

pla™) = wy, (t c%) , (3.3)
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where
def |1 if nis even
"7 10 ifnisodd,
for all n € N, and ¢, are the k-th Catalan numbers,

1 (2k> 1 (2k)! (2k)!

Tk+1\ k) k+1RQRk—k)!  KE+1D
for all k € Ng = N U {0}.

So, by (3.3), a free random variable a is semicircular in (B, ¢), if and only if
a is 1-semicircular in (B, ), if and only if

Ck

p(a”) = wy cz, (3.4)

for all n € N.

From below, we use the tp-semicircularity (3.1) (or the semicircularity (3.2))
and its characterization (3.3) (resp., (3.4)) alternatively.

If a is a self-adjoint free random variable of (B, ¢), then

the free moments{p(a™)}>2 1,
and

the free cumulants {k5(a,...,a)}>2,

provide equivalent free-distributional data of a in (B, ¢) (e.g., [17]). Indeed,
the Mobius inversion makes us have

TeENC(n)
and
k5 (a,....a) = VI
S = (el utr 1),
TENC(n)
where NC(n) is the lattice of all noncrossing partitions over {1, ..., n}, and

“V € n” means “V is a block of m,” and where p(m, 1,,) is the Mdbius functional
values at the interval [m, 1,] in NC(n), where
1, ={(1,..,n)}

is the maximal element of the lattice NC(n) having a single block (1, ...,n).
We now fix a C*-probability space (A4, 1), where A is a C*-algebra, and
assume that A contains mutually orthogonal, |Z|-many projections {g; } ez, i.e.,

g =q;=¢>in A, forall j€Z, (3.5)
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and

¢iq; = 9;;q; in A, for all i,j € Z,

where 6 is the Kronecker delta. Remark that there do exist such C*-
probabilistic structures naturally (e.g., [5,8,11]), or artificially (e.g., [6]).
Fix the family,

Q={gj:j€Z}in A, (3.6)
of mutually orthogonal projections g;’s of (3.5).
And let @ be the C*-subalgebra of A generated by the family Q of (3.6),
Q= @ca (3.7)

where C*(Y) are the C*-subalgebras generated by the subsets Y UY™* of A,
where

Y*={y":yeY}in A
Proposition 3.1. If Q is the C*-subalgebra (3.7) of A, then
Q *190

2% @ (C-qy) EOCEH, (3.8)
JEZ
in A, where @ is the direct product of C*-algebras.

Proof. The characterization (3.8) is proven by the mutual-orthogonality (3.5)
of Q.

Define the linear functionals 1; on the C*-algebra @ by

¢j (q,-) = (Sijw(q]‘), for all 7 € Z, (39)

for all j € Z, where v is the linear functional of (4, ¢). These linear func-
tionals {9;};ez of (3.9) are well-defined on @ by (3.8).

Assumption. Let (A, ¢) be a fixed C*-probability space, and let @ be the
C*-subalgebra (3.7) of A. From below, we assume

(gj) #0in C* =C\ {1}, for all j € Z,

where ¢; are projections in the generating family Q of (3.6). O

Then, as an independent C*-algebra, the C*-subalgebra @ of A forms C*-
probability spaces (Q, ¥;), where ¢; are the linear functionals (3.9) on @Q, for all j
€ Z. We call them, the j-th C*-probability spaces of Q in (A, ), for all j € Z.

Now, define bounded linear transformations ¢ and a acting on the C*-algebra
@, by linear morphisms satisfying

c(q;) = gj+1, and a(q;) = gj_1, (3.10)

for all j € Z. Then ¢ and a are well-defined operators “acting on @” by (3.8).
These are understood to be Banach-space operators in the operator space B(Q),
consisting of all bounded linear transformations on @, by understanding ) as a
Banach space under its C*-norm topology (e.g., [9]).



Deformed Semicircular Laws 199

Definition 3.2. The Banach-space operators ¢ and a of (3.10) are said to be
the creation, respectively, the annihilation on Q. Define

I=c+aon@Q. (3.11)
We call this Banach-space operator 1 of (3.11), the radial operator on Q.

Now, define a subspace £ of B(Q) by

o def mllﬂl’ (3.12)

equipped with the operator norm,

1Tl = sup{l|Tqllg : gl = 1}, (3.13)

where ||| is the C*-norm on Q, where 71 are the operator-norm closures
of subsets Z C B(Q) (e.g., [9]). By (3.12), this subspace £ forms a Banach
algebra in the vector space B(Q).

On this Banach algebra £ of (3.12), define an operation (x) by

(Z:;o tnl")* = Zio 1" in £, (3.14)

where Z are the conjugates of z € C.

Then the operation (3.13) is a well-defined adjoint on £ (See [6]), and hence,
every element of £ is adjointable (in the sense of [9]) in B(Q). So, the Banach
algebra £ of (3.12) forms a Banach *-algebra with the adjoint (3.13) in B(Q).
We call this Banach *-algebra £, the radial (Banach x-)algebra on Q.

Construct now the tensor product Banach *-algebra £q,

£0=£wcQ, (3.15)

where ®c is the tensor product of Banach *-algebras, where £ is the radial
algebra (3.12).

Definition 3.3. The Banach x-algebra £q of (3.14) is called the radial projec-
tion (Banach -)algebra on Q.

4 Weighted-Semicircular Elements

In this section, we construct weighted-semicircular elements induced by the fam-
ily Q of (3.6) in the radial projection algebra £¢ of (3.14). Let (Q, ;) be the
Jj-th C*-probability spaces of @ in (A, 1), where 1; are the linear functionals of
(3.9), for all j € Z.

Note that, if

u; 1@ g € Lo, forall j €2, (4.1)



200 I. Cho

then

uff = 1®g)" =1"®gqj, for all n € N,

for j € Z. i.e., such operators {u;}jez generate Lo, by (3.8), (3.12) and
(3.14).

By (4.1), one can define a linear functional ¢; on £ by a morphism satisfying
that

ny def n
e; (1©q:)") = ¥; (I"(a:)) (4.2)
for all n € N, for all ¢, j € Z.

By the well-defindness of the linear functionals {¢;};ez of (4.2), the Banach
x-algebra £¢ forms well-defined Banach *-probability spaces,

(£q, ¢j), forall j € Z. (4.3)
If ¢ and a are the creation, respectively, the annihilation on @ of (3.10), then
ca = 1lg = ac, the identity operator on @,
in B(Q). So, one has
c™a™ =a"*c",Vny,ne € N. (4.4)

By (4.4), we have

I" = (c+a)" = ZZ_O (Z) ckan—k, (4.5)

for all n € N, where

n n!
(k)kj'(n—k)" forallkgnENg.

By (4.5), for any n € N,

-1 _ N (20 =1 ko
1 = E o ( I >c a" ", (4.6)
and
2n __ 2n 2n k.n—k __ 2n n.n
1 —Ek_0<k)ca —(n>ca + [ Rest terms] (4.7)

(e.g., see [6] for details).
Proposition 4.1. Let 1 be the radial operator on Q). Then

(4.8) 12"~ does not contain the nonzero 1g -summand.

(4.9) 12" contains the nonzero 1g -summand, (2:> ‘1g.
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Proof. The statements (4.8) and (4.9) are shown by (4.6) and (4.7),
respectively. |
Since
uj =(1@¢)" =1"®q;,
one has
(,Oj (u?"_l) = %‘ (lQn_l (q]‘)) = 0, (410)

for all n € N, by (4.8).
Also, we have

0 (uf") = v (P (7)) = ¥y ((27,7 ) qj + [Rest termS]>

= (?) ¥ (g5) = (2:) ¥ (a5)

by (4.7) and (4.9). i.e.,

@; (u3") = (2:> ¥ (g;), for alln € N. (4.11)
Thus, by (4.10) and (4.11), the following free-distributional data are obtained.

Proposition 4.2. Fizj € Z, and let up, = 1® qi be the k-th generating operators
of (£q, @;), for all k € Z. Then

n
21 () = b0 (5 +1) ¥ (a)) 3, (412
where wy, and cz are in the sense of (3.3) for allk € Z, and n € N.

Proof. By (4.10) and (4.11), one can get that: if u; is the j-th generating operator
of £, then

and
i (u3") = (%,7) Y (q) = (Zﬁ) (2;;) v (g)
— (4 v (57 (7))
= (0 + 1) (0
for all n € N.

If £ # j in Z, and uy, is the k-th generating operator of £¢, then

@ (up) =0, for all n € N,
by (3.9) and (4.2). [ ]
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Based on (4.12), define the linear morphisms,

Ej,Q : £Q — SQ,

by linear transformations satisfying

71’(‘1‘)7171 n s .
z U if i =
By der ) (EEF)Y J 13
i@ (uf) = (4.13)
Og,, the zero operator of £5  otherwise,

for all n € N, 4, j € Z, where [§] means the minimal integer greater than or

equal to 5.

The linear transformations E; ¢ of (4.13) are well-defined on £g by the
cyclicity (3.12) of a tensor factor £ of £¢, and by the structure theorem (3.8) of
the other tensor factor @ of £¢, by (3.14).

Now, define the linear functionals 7; on £¢g by

7Y 0B on Lo, forall j € Z, (4.14)

where E; ¢ are in the sense of (4.13).

Definition 4.1. The Banach x-probability spaces,
.\ denote
L£oly) =" (Lo, 7'j)7 (4.15)
are called the j-th (free) filter of £q, for all j € Z.

Observe on the j-th filter £4(j) of (4.15) that:

i (u}) = ¢; (Ejq (u}))

_ Plg)" ! _ g™ !
-0 (g () = e )

by (4.12), ie.,
5 (u?) = wnw(qj)"c%, (4.16)
where w,, and cz are in the sense of (3.3), for all n € N, for j € Z.
Lemma 4.3. Let £o(j) = (£q, 75) be the j-th filter of £q, for j € Z. Then
7 (uf) = 050 (wnto(g5) ez ), (4.17)

for allm € N, for all i € Z.
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Proof. It i = j in Z, then the formula (4.17) holds by (4.16). Meanwhile, if i # j
in Z, then 7; (u}) = 0, by (4.2) and (4.13). Therefore, the formula (4.17) holds
for all v € Z. ]

The following theorem is proven by (4.17).

Theorem 4.4. Let £o(j) be the j-th filter of £¢, for j € Z. Then the j-th
generating operator (4.1) of £q is ¥(q;)?-semicircular in £¢(j). Meanwhile, all
other k-th generating operators uy, of £¢g have the zero free distribution on £q(j),
forallk # j in Z.

Proof. Note that the generating operators u;, are self-adjoint in £g, since

up =12 q) =10 g, = uy
for all k € Z, by (3.13).
If u; is the j-th generating operator of £q, then
n 2 3
) = (5(0)") e,
for all n € N, by (4.17). Therefore, by (3.3), u; is 1(q;)?-semicircular in
£o()-
Now, suppose k # j in Z, and take the generating operator uy of £q(j).
By the self-adjointness of ug, the free distribution of wj is characterized by the
free-moment sequence,

(7 (up))nzy = (0,0,0,0,...),
by (4.17). So, uy, has the zero free distribution on £¢(j), whenever k # j. B

By using the Mobius inversion of [17], one can obtain that: if kﬁ() is the
free cumulant on £¢ in terms of a linear functional 7;, then

5]’J€¢(Qj)2 ifn=2 (4.18)

Uk, Uy -eeees ug | = -
o\ ke {O otherwise,
n-times

for all n € N, for all j, k € Z (e.g., see [6] for details).

5 Semicircular Elements

Let £¢(j) be the j-th filter for j € Z. Then, for a fixed j € Z, the j-th generating
operator u; is 1(g;)?-semicircular in £¢(j), since

Tj (u;l) = wypt(gs)"cz,

equivalently,

| W(g)? ifn=2
I (s N — j
i (5 15) = {O otherwise, (5-1)

for all n € N, by (4.17) and (4.18).
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Theorem 5.1. Let U; = m uj in the j-th filter L£o(j) for j € Z, where u;
is the j-th generating operator of £q. If

¥(g;) € R* =R\ {0} in C*, (5.2)
then U; is semicircular in £g(j), for j € Z.

Proof. Fix j € Z, and assume the condition (5.2) holds. Then

1 *
Ut =(——u;) =0,
’ (¢(Qj)u]> ’

in £¢, because u; is self-adjoint. Consider now that

7 (U}') = gy (1))

(5.3)
D(q;)™ (wnw(%‘)”cg) = Wwnlz,

for all n € N.

Therefore, under (5.2), the self-adjoint free random variable U; is semicircular
in £4(j), by (3.4) and (5.3). ]
Assumption. For convenience, we assume from below that

¥(g;) € R*inC, forg; € Q,
for all j € Z. O

6 The Free Filterization £¢(Z)

In this section, we construct the free product Banach #-probability space £¢(Z)
of the free filters {£4(j)};jez, and the corresponding sub-structure Lo = (Lo,
7) generated by a free semicircular family

{U; € Lq(j) : 7 € Z},

and study free-distributional information on L.

6.1 The Semicircular Filterization Lo

As before, let (A, 1) be the fixed C*-probability space containing a family Q =
{¢;}jez of mutually orthogonal projections, satisfying
P(gj) € R™, for all j € Z,

and let £5(j) be the j-th filters of @, for all j € Z.
From the system,
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{Lo() :J € Z},
define the free product Banach s-probability space £¢(Z) by

£0(Z) “E* (£4(2), T)

def ) (6.1.1)
jéZ o(7) (jéZ Q.3 jéZ TJ) ’
with
EQ(Z) = 'GZQQJ , with SQJ— = QQ,Vj €7,
J
and

= jon £o(Z).
T jéZT] on £¢(Z)
For more about free-probabilistic free product, see [17] and [19].

Definition 6.1. The free product Banach x-probability space £o(Z) of (6.1.1)
is said to be the free filterization of Q C (A, ).

Define now two subsets X and S of £4(Z) by

X ={u; € £q(j) : j € Z}, (6.1.2)
and

1

§=10 ¥(g;)

where u; are the operators (4.1), for all j € Z.

A subset Y of a topological #-probability space (B, ¢) is said to be a free
family, if all elements of ) are mutually free in (B, ¢). And, a free family ) is
called a free (weighted-)semicircular family in (B, ¢), if all elements of ) are
(weighted-)semicircular in (B, ¢). (e.g., [5] and [19]).

u; € £q(j) : j € Z},

Theorem 6.1. Let X and S be the families of (6.1.2) in Lo(Z).

(6.1.3) X is a free weighted-semicircular family in £o(Z).
(6.1.4) S is a free semicircular family in £o(Z).

Proof. Let X be in the family of (6.1.2) in £o(Z). By (6.1.1), all elements w; of
X are from mutually distinct free blocks £¢(j) for all j € Z, and hence, they
are mutually free in £4(Z). Thus, the subset X' forms a free family in £4(Z).
Moreover, the powers uj € £o(Z) of uj € X are contained in the same free
block £¢(j) as free reduced words with their lengths-1 of £4(Z), for all n € N,

implying that
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T (u?) =7 (u;’) = wn(gj)"cn,Vn €N,

by (5.1). Therefore, the statement (6.1.3) holds.
Similarly, the family S of (6.1.2) is a free family in £4(Z), because

1
U;=——u; =U?, forall j €Z,
Toy)
and the family X is a free family in £o(Z). So, the semicircularity (5.4) of
U,’s shows that the statement (6.1.4) holds. [ ]

By (6.1.3) and (6.1.4), the “j-th” generating operators u; of the free blocks
£q(j), and their powers u} € £q(j) provide nonzero free-distributional data
on the free filterization £4(Z). In particular, the free (reduced) words in X US
(under operator-multiplication on £¢(Z)) have non-vanishing free distributions
on ,QQ (Z)

Definition 6.2. In the free filterization £o(Z), define a Banach * -subalgebra
Lo of £q(Z) by

Lo “ T, (6.1.5)

where X is the free weighted-semicircular family (6.1.3) of £o(Z), and Y
are the topological closures of the subsets Y of £q(Z). Construct the Banach
x-probability space,

Lo “% (Lo, 7=7|io) (6.1.6)
in £o(Z) = (£q(Z), T). We call Lg of (6.1.5) or (6.1.6), the semicircular
(free-sub-)filterization of £q(Z).

By the definitions (6.1.5) and (6.1.6), one obtains the following structure
theorem.

Theorem 6.2. Let Ly be the semicircular filterization (6.1.5). Then

Lo = T] "2 Cwll 2" ¢ | ()], (6.1.7

in £qg(Z), where “Z°7 means “being Banach-x-isomorphic,” and where (x)
in the first x-isomorphic relation of (6.1.7) means the free-probabilistic free prod-
uct of [17] and [19], and (%) in the second x-isomorphic relation of (6.1.7) is the
pure-algebraic free product inducing noncommutative free words in X.

Proof. Set-theoretically, one has

X ={v(q;)U; € £q(j) : j € Z}

in the free filterization £¢(Z), where U; € S are the semicircular elements
of (6.1.4). Therefore,
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Tl = T[] in £(2),
i.e., the equality (=) of (6.1.7) holds.
By the definition (6.1.5) of L, it is generated by the free family X', and
hence, the first *-isomorphic relation of (6.1.7) holds in £o(Z) by (6.1.1) and
(6.1.6).

Since

Cl{u;}] in £o(2),

every element T of L is a limit of linear combinations of free reduced words
in X. Note that all (pure-algebraic) free words in X have their unique free-
reduced-word forms as their operator-product in £4(Z) (e.g., [17] and [19]).
Therefore, the second #-isomorphic relation of (6.1.7) holds. |

*-1S0
]LQ = %
JEZL

6.2 Free-Distributional Data Induced by Semicircular Elements

In this section, we consider general free-distributional data on Lq. In particular,
we are interested in joint free moments of S in Lg. Throughout this section,
let (B, ¢) be an arbitrarily fixed topological *-probability space, and suppose

there are N-many semicircular elements 1, ..., zx in (B, ¢), for N € N\ {1}.
Assume further that they are free from each other in (B, ¢).
By the self-adjointness of these semicircular elements z1, ..., xx € (B, ),

the free distribution, say

denote

of them are characterized by the joint free-moments

oo

i1 Lig T 2.1
nL—_Jl <(z’1,...,in)g{1,...,N}" {p (@i 2, ")}> (6.2.1)

(e.g., [17]). i.e., the free distribution p of (6.2.1), is characterized by the free-
moments,

O (e} (622

and the “mixed” free-moments,

(i1, is) € {1,...,N}*
U <o (xZIxZZxZ) are mixed in {1,.... N}, 3, (6.2.3)
for all ny,...,ns € N

by (6.2.1). To characterize the free distribution p, we consider the free-
distributional data (6.2.2) and (6.2.3), independently.
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Corollary 6.3. The free-distributional data (6.2.2) of p are determined by the
semicircularity. i.e.,

¢ (z') = wpen, for alln €N, (6.2.4)
foralll =1, ..., N.
Proof. The formula (6.2.4) is obtained by the semicircularity (3.4). ]

Let’s concentrate on the free-distributional data (6.2.3) of the free distribu-
tion p. For any s € N\ {1}, we fix an s-tuple I,

I, %% iy, i) € {1, ..., N}, (6.2.5)

which is mixed in {1,..., N} in the sense that there exists at least one entry
ik, in Is such that iy, # 4;, for some I # ko in {1, ..., s}.
For example,
IS = (17 17 37 27 4’ 27 2) 1)7
in {1, 2, 3, 4, 51%.
From the sequence I, of (6.2.5), define a set
(L] = {1, da, s is (6.2.6)

without considering repetition. For instance, if Ig is as above, then

[Is] = {i1,i2, ..., 48},
with

=g =ig=1,
iy =g = i7 = 2,

i3 =3, and i5 = 4.

i.e., all I’sin Ig are regarded as distinct elements i1, is and ig in the set [Ig].

From the set [I] of (6.2.6), define a unique “noncrossing” partition m; y of
the non-crossing-partition lattice NC ([I]) over [I5], such that (i) starting from
the very first entry 4, construct the block V; of m(;,), satisfying

Vi = (i = i, igas o iy ) € T2, (6.2.7)

dk € {17...7]\7}7 s.t., ijl = ijz =..= ij\v\ =k,

and then do the same process to the very next entry other than i;, ...,
iy, Step-by-step, until such processes end, (ii) such a partition (s of (i) is
“maximal” in NC ([Ls]) (e.g., [17]).
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For example, if Ig and [Ig] are as above, then there exists a noncrossing
partition

() = {(i1, 42, is), (i3), (is, ig, i7), (i5)}
:{(1’ 1, 1)7 (3)1 (27 2, 2)’ (4)}7

in NC([Ig]), satisfying the above conditions (i) and (ii). In this case,

V1 = {il,ig,ig} = {1, 1, 1}, as in (627)
Denote the noncrossing partition 7(; )y € NC ([I,]) of (6.2.6) by

(1) = {V17 [x3) V;&}»

where ¢ < s and V}, € 7(;,) are the blocks of (ii), satisfying (i), for k =1, ..., t.
Then the partition 7 ) is the joint partition,

Ty = Ly V1 Ve V1, (6.2.8)

where 1)y, | are the maximal partitions of NC (V4), for all k = 1, ..., t, by
regarding V), as discrete sets.

Let I, be in the sense of (6.2.5), and let z;,, ..., ;, be the corresponding
semicircular elements of (B, ¢) induced by I, without considering repetition in
the set {z1, ..., xx} of our fixed mutually free, N-many semicircular elements
of (B, ). And then, define a free random variable X[I] by

def
X[, i, € (B,g). (6.2.9)
If X[I,] is a free random variable (6.2.9), then

p(X[L) = Y ke

TeNC([1])

by the Mobius inversion of [17], where k, are the partition-depending free
cumulants of [17],

K

II k
Ven Vs

where ky is the block-depending free cumulants of [17], and hence, it goes to
= 2k
Te€NC([Is]), m<m(1,)
by the mutual-freeness of z1, ..., xy in (B, ¢)

= > ko,v...vo,

(91,.‘.,9t)ENC(V1)><...XNC(‘/t)



= > koyv...vo,

(91 ..... et)GNCQ(Vl)X.,.XNCQ(‘/t)

= > (i[lkgl> , (6.2.10)

(91,...,9t)€N02(V1)><...XNCQ(‘/t)

by the semicircularity (3.2) of x;,, ..., z;, in (B, ¢), where NC3(X) is the
subset,
NCy(X)={m e NC(X):VV e r,|V]| =2}, (6.2.11)

of the noncrossing-partition lattice NC(X) over sets X.
By (6.2.10), (6.2.11) and (3.2), if there is at least one ko € {1, ..., t}, such
that |Vi,| is odd in N (or equivalently, if s is odd), then

¢ (X[Ls]) =0,

where X[I] is in the sense of (6.2.9).
Meanwhile, if
[Vi| € 2N, for all k =1, ..., ¢, (6.2.12)

where 2N = {2n : n € N}, then the formula (6.2.10) is nonzero.
More precisely, if the condition (6.2.12) is satisfied, then the summands
ko,v...ve, of (6.2.10) satisfy that

t
Forv..vo, Veelg“.vatkv Veell\_/I‘..\/et <iH11 > 1, (6.2.13)
by the semicircularity (3.2), where #(6;) are the number of blocks of 6;, for

all i = 1, ..., t. Therefore, if the condition (6.2.12) holds, then

SO(X[IS]) - 6 6 NC zV: NC3(V; !
(01,...,0:)ENC2(V1)x...x NC2(V¢) (6214)
— INCy (Vi) x .. x NC3 (Vi)

by (6.2.10) and (6.2.13), where |Y| are the cardinalities of sets Y.

Theorem 6.4. Let I, be a mized s-tuple (6.2.5), and let X[I,] = lﬁlajil be the
corresponding free random variable (6.2.9) of (B, ). If

(1) = 1|V1\ V..V 1|Vt|7
in the sense of (6.2.7) and (6.2.8), then

¢ if |Vi| € 2N,

ig1c@ forallk=1,..t

¢ (X[IL]) = (6.2.15)

0 otherwise,
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where ¢ are the k-th Catalan numbers for all k € Ny.

Proof. Under hypothesis,

¢ (X[Ls])
if |Vi| € 2N,
| ING2 (1) x o x NCa (V)] forl a’ﬁ' Fe 1ot
0 otherwise,
by (6.2.14).

Recall that, for every countable set X, with | X| € 2N, the set

NCy (X)={0 e NC(X) :VV €0,|V|=2}
is equipotent (or bijective) to the noncrossing-partition lattice NC (l);—‘)
over {1, ..., X1} (e.g., [5] and [8)). i.e., if |V}] € 2N, then
14

e = e ()] w210

for all k =1, ..., t. So, we have
p (X[1s])

e (3) xoonve ()] B HE2T

0 otherwise,

t
ey, if [Vi[ €2N, foralll=1,..,t
== (6.2.17)

0 otherwise,

by (6.2.16), because [NC(X)| = ¢|x|, for all finite sets X (e.g., [7,8,14,17]).
Therefore, the formula (6.2.15) holds by (6.2.17). ]

Remark 6.1. The more combinatorial computational techniques, and the
refined results of (6.2.15) are considered “analytically” in [7], including direct
estimations, and asymptotic estimations of (6.2.15). However, in this paper, the
free-distributional data (6.2.15) is enough for our purposes. The importance here
18 that the free-distributional data induced by mutually free, multi semicircular
elements are dictated by the semicircularity (3.2), by (6.2.4) and (6.2.15).

We provide some examples before finishing this section.
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Example 6.1. (1) Let x1, x2, 3, x4 be mutually free semicircular elements of
(B, ), and let

W = zizyaias € (B, )

be a free reduced word with its length-4. Then one can take

Iw=(1,1,2 22 2 1,1, 3, 3) < (i, ..., i10),

and
T(rw) = 1(i1, 92,17, 18), (13,94, 15, 86, (19, 710) }
with
‘/1 - {7/17 227 277 ZS} { a 1}7
‘/2 - {Z?n Z4a Z57 Z6} { a Q}a
and
Vs = {ir, is} = {3, 3}.
Therefore,

Iw=(1,1,3,2 4,2 2 1),

and

T(Ig) {(7,1, ig, 1 ) (i3)7 (i47 ig, i7), (25)}

— {1, 1, 1), (3), 2 2 2, @)}

satisfying that

e (X[Is]) = ($%$3$2$4$§$1) =c

by (6.2.15).
(3) Now, let W = xix3aSxs € (B, ). Then one can take

Iy = (i1,12, ..., 118),

having
T(Ig) = {V17 ‘/27 ‘/3}7
with
Vi = {i1, 12,13, 94, 19,910, 111, 912, 113, 114},
and

Vo = {is, ig, 07,48}, V3 = {i15, 116, 917, 118} -
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(Here, since all entries of Vo and V3 are identical to 2, one may/can be
tempted to make a block

{is,i6, 17,178,715, 116, 117, 118 }»
but, in such a case, this block has crossing with V1, disobeying the conditions

(i) and (i)!)
Therefore,

4,.4,.6 4

© (x1x2x1x3) = cwcacs = 168,

[SIES

by (6.2.15).

6.3 Free-Distributional Data on Lg

Let Lo be our semicircular filterization (6.1.5) of the free filterization £q(Z),
generated by the free semicircular family S of (6.1.4). By the structure theorem
(6.1.7), all free random variables of L are the limits of linear combinations of
free reduced words, formed by

N
W:IEIUZ’, for U;, e S,Vl=1,...,N, (6.3.1)

in S, for all N € N, where ny, ..., ny € N, and the N-tuple (ji, ..., jn) is
alternating in Z.

Theorem 6.5. Let W be a free reduced word (6.5.1) of Lo in S.

(6.3.2) If j1 = jo =...=jn in (6.3.1),then 7(W) is characterized by (6.2.4).
(6.3.3) If (j1,-..,Jn) is mized in (6.3.1), then T(W) is determined by (6.2.15).

Proof. Note that all semicircular elements of any topological *-probability spaces
have the same free distribution, “the” semicircular law, characterized by the free-
moment sequence

(07 C1, 0762707037()’ Cyq, )a

equivalently, the free-cumulant sequence

(0,1,0,0,0,0, ...),

by (3.2) and (3.4), where ¢ are the k-th Catalan numbers for all k£ € N.

By this universality of the semicircular law (or, by the identically-free-
distributedness of all semicircular elements in terms of [19]), the statements
(6.3.2) and (6.3.3) are shown by (6.2.4) and (6.2.15), respectively. [ |

The above theorem characterizes the free-distributional data on the semicir-
cular filterization Lg, in terms of joint free moments of generating semicircular
elements of S, by (6.3.2) and (6.3.3).
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7 Integer-Shifts on L

In this section, let (A, ¥) be the fixed C*-probability space containing a family
Q = {g;}ez of mutually-orthogonal projections ¢;’s having
P(gj) € R™, for all j € Z,

and let L be the semicircular filterization.

7.1 (%)-Shifts on Z

Let Z be the set of all integers. Define functions hy and h_ on Z by

hi(j)=j+1, (7.1.1)

and

h’*(]) = j - 1u
for all j € Z. By the definition (7.1.1), these two functions h are well-defined

bijections on Z, satisfying h;l = h_, where f~! mean the functional inverses of
invertible functions f.

Then, for these bijections h4 of (7.1.1), one can construct the bijections hgﬁ)
on 7,

WY =hiohso--ohy, (7.1.2)

n-times

for all n € N, with identities, hg) = hy, where (o) is the usual functional
composition. It is easy to check that

h(f)(j) =jxmn, foral jeZ,
for all n € N.

Definition 7.1. We call the functions hg) of (7.1.2), the n-(%)-shifts on Z,
forn € N.

7.2 Integer-Shifts on Lo

Let hgf) be n-(+)-shifts of (7.1.2) on Z, for all n € N. Define now a multiplicative
bounded linear transformation 34 on Lg by the morphisms satisfying that:

B (Uj) = Ung s (7.2.1)

for U; € S, for all j € Z, where S is our free semicircular family (6.1.4) of
£0(Z), generating L.

By (6.1.6) and (6.1.7), the above multiplicative linear transformation Sy of
(7.2.1) is well-defined on L.
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N
Lemma 7.1. LetY = lglUﬁl € Lg, forUj,, ..., Ujy € S, andny, ..., ny € N,
for N € N. Then

N
B (V)= LU . (7.2.2)

Proof. If Y € LLg be as above, then, by the multiplicativity of 8+, one has that

N ng N ny N ng
ﬁi(y) = llz_llﬁi (sz ) = llz_Il (ﬁi (Ujl)) = lgthi(jl)'
So, the formula (7.2.2) holds. [ |

Let wj,, ..., ujy, € X be weighted-semicircular elements of Lg, for N € N,
where X is the free weighted-semicircular family (6.1.3), generating L¢, and let

N
X = lllllu?l’, for ny,...,ny € N.

By (X) =By <(ll_]yll¢(qyz)”’> <llr_V[1U}fl>)

1
Uj, = ——uy, € S <= u;, = ¥(q;,)U;, € X,
Ju ¢(sz) Ji J (]) J

so, the above formula goes to

N ny N ny
= (Hotw) o (foy)
N N
- <1H1w(qﬁ)m> <ZH1Uf?i<jz>> ! (7.2.2)

by (7.2.2)
By (7.2.2)’, one can see that the freeness on L is preserved to that on L.

Then one has

since

Theorem 7.2. The multiplicative linear transformations By of (7.2.1) are x-
isomorphisms on Lq.

Proof. By (6.1.5) and (6.1.6), each element of the semicircular filterization Lq
is a limit of linear combinations of free reduced words in the generating free
semicircular family S. So, we focus on free reduced words of Lg in S.

Let (41, ..., jn) be an alternating N-tuple in Z for N € N, and let

N
Y = llillU;l”, for ny,...,ny € N.
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be a free reduced word with its length-N in Lo by (6.1.7).
Then, by (7.2.2),

N
Be(Y) = lgth;lt(jl)’ (7.2.3)

are free reduced words with their lengths-N in Lo, where hy are the (%)-
shifts (7.1.1) on Z, since

(hzl:(jl)a B h:l:(]N)) = (]1 =+ ]-a a]N + 1)
are alternating in Z, too.
Also, if Y is as above, then

pur) = (L0717 )
by the self-adjointness of Uj, , ..., U;
N

IN

_ NN —1+1
=1 h+(n—i41)

. * y
= (M0, ) = ()

by

showing that

5i(5*) = (ﬂi(S))* , forall S e LQ. (7.2.4)
By (7.2.4), the bijective bounded multiplicative linear transformations S+ of
(7.2.1) are well-defined #-isomorphisms on L. |

The above theorem illustrates that the (4)-shifts hy of (7.1.1) on Z induce
the *-isomorphisms 3y of (7.2.2) on L.

Definition 7.2. The x-isomorphisms By of (7.2.1) are said to be (% )-integer-
shift(-+-isomorphism)s on Lq.

These two *-isomorphisms (4 satisfy the following identity relation on Lg.

Lemma 7.3. The (+)-integer shifts B+ satisfy

54’,67 = 1LQ = ﬁ,ﬁ+0n LQ, (725)
where 1, s the identity map on Lg.

Proof. Tt is enough to consider the cases where we have free reduced words
formed by

N
Y = TIU of Lg, for ny,..,ny €N,
=1 7

for N € N, where (j1, ..., jn) is alternating in Z. Observe that

ﬂ-‘rﬂ—(y) =By <HU”Z ]l)> B (l 1 g 1>

N
lH1Uh+(]l 1) — lHIUJL 1+1 — =Y.
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Similarly,

B-B+(Y) =Y, in Lg.
So, for any arbitrary operators S € Lo,

B.8-(8) = 8 = B4 (S), in Lo,
Thus, the relation (7.2.5) holds. |

From the (+)-shifts S+ on Lg, construct the x-isomorphisms §7,

BL =0B+04 - B+ on L, (7.2.6)
—— ———

n-times

for all n € Ny = N U {0}, with axiomatization:

By =1L, =52

Since B+ and 1y, are well-defined x-isomorphisms, the morphisms 3} of
(7.2.9) are well-defined *-isomorphisms on L, too, for all n € N.

Definition 7.3. Let 8% be the x-isomorphisms (7.2.6) on the semicircular fil-
terization L, for all n € Ny, with aziomatization 3} = ILg- Then we call them
the n-(=£)- (integer-)shifts on Lg, for all n € Ny.

By (7.2.5) and (7.2.6), we obtain the following relation on the set {37} : n €
No}.

Lemma 7.4. Let 8} be the n-(%)-shifts on Lo, for n € Ng. Then

1]LQ Zf ny = ng
grgre = gr2pm = 4 B ifny > ny (7.2.7)
n2Tm Zf ny < nsg,
on Lq, for all n1, ny € Ny. And
B g = BT and g pn: = gtz (7.2.8)

on Lg, for all ny, no € Ny.

Proof. The formulas (7.2.7) and (7.2.8) are proven by the straightforward com-
putations. ]

The above relations (7.2.7) and (7.2.8) can be re-expressed as follows;

leimiteanal - on Lo, (7.2.9)

1432 ﬂn2 ny _
e Mez ez Mey sgn(eini+eang)

with
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+ifegny +eang >0

sgn(einy + eang) = { —ifegny +eang <0

for all ey, es € {£}, and ny, ny € Ny, where sgn is the sign map,

L[+ ifj>0
59”(J>:{ if:;'<0,

for all j € Z, and |.| is the absolute value on Z.

Now, let
B = {B% fnen,- (7.2.10)
Then it is a subset of the automorphism group,
« are
Aut (Lg) = a:Lg — Lg | * -isomorphisms », - |, (7.2.11)
on Lq

of all *-isomorphisms on Lg, where the operation (-) is the product of *-
isomorphisms.

By (7.2.10), this system B is clearly a “subset” of the automorphism group
Aut(Lg) of (7.2.11). Note that, by (7.2.9),

( 71 ng) n3 __ 6|€1n1€2n2| ns __ 6|€1"162n2€3n3|
ey - -

es e3 sgn(einiezns)i~es sgn(einieansezns)
— gragleanaesnsl | gua(gna gna) ( )
— Me 6sng(egn263n3) — Mey es Pes ) s 7.2.12

on Lo, for all eq, ez, e3 € {}, n1, na, n3 € Np.
Theorem 7.5. Let B be the subset (7.2.10) of Aut(Lg). Then

(7.2.13) B is a subgroup of Aut(Lg).

Proof. Let B be the set (7.2.10). By (7.2.9), the operation (-) is closed on B.
By (7.2.12), this operation is associative on B.
Since

/83»:1]14(3 :59 6%7
and

B¢ 1L, = By = 1L, - B¢ on Ly,
for all e € {£}, and n € Ny, the set B contains the group-identity 1, of
Aut (LQ) .
By (7.2.7), all elements 5 € % have their unique (-)-inverses #% € B, such
that

gun =11, = 247 on Lo,
for all n € Ny,
Therefore, the system 9B is a subgroup of Aut(Lg). |
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As a subgroup of Aut(Lg), the group B satisfies the following algebraic
property.

Theorem 7.6. Let B be the subgroup (7.2.10) of Aut(Lg). Then

B 2 (7, 4), (7.14)
“G’roup »” [ ; ; ; ” N N o
where “"="" means “being group-isomorphic,” where (Z, +) is the infinite
cyclic abelian group.

Proof. Define a function ® : Z — B by

®:jel— Y B, (7.2.15)

sgn(j

with correspondence

OGZ»—>1LQ:63[E%.

Then this function ® of (7.2.15) is a well-defined bijection from Z onto B,
by (7.2.6). And it satisfies that

; -\ _ pliitiel _ plil [52]
(I)(.]l +.]2) - ﬁsg.n(jl-i,-j?) - ﬁsgn(jl)ﬂsgn(jg) (7216)
= @(j1)2(j2),
in %, for all j1, jg € 7.

So, the bijection ® is a group-homomorphism by (7.2.16), i.e., the relation
(7.14) holds. [ |

The above theorem characterizes the algebraic structure of the group B =
{B% }nen, in the automorphism group Aut(Lg).

Definition 7.4. The subgroup B of the automorphism group Aut(LLg) is called
the integer-shift (sub)group (of Aut(Lg) acting) on Lq.

7.3 Free Distributions on Ly Affected by B

Let 98 be the integer-shift group (7.2.10) acting on the semicircular filterization
Lg of Q. We here consider how the action of our *-isomorphisms 8%} € B affects
the original free-distributional data on the semicircular filterization Lg.

Take an arbitrary free reduced word,

N
Y = llz_llUjllzn]LQ (7.3.1)
where U;, = ﬁj) u;, € S are the generating semicircular elements of L,
1
where uj; € & are the w(qj)z—semicircular elements, for all [ = 1, ..., N, for N

€ N, and where the N-tuple (j1,...,jn) is alternating in Z, and nq, ..., ny € N.
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Theorem 7.7. Let Y be a free reduced word (7.3.1) of Lg in S. Then

T(BE(Y)) = T(Y), (7.3.2)
for alle € {£} and k € Ny.

Proof. First assume that N = 1, and hence, Y = Uj’? in Lg. Then, by the
semicircularity of Uj,, Uj er € S in Lg, one has that

T (ﬁf(y)) =T (U;Lelk) = wnlc"Tl =T (Uﬁl) y (733)

for all g% € B.
Assume now that N > 1 in N, and the free reduced word Y € Lg with its
length-N is in the sense of (7.3.1). Note that the image

k N Nk
ﬁe (Y) = lglUjlék
is again a free reduced word with the same length-N in Lg, for all % € B.
Now, let I be the s-tuple of (6.2.5), satisfying
Y = X[I,] in Lg, for some s > N,
where X|[I;] is in the sense of (6.2.9). Similarly, let I, be the s'-tuple of
(6.2.5), satisfying
B¢ (Y) = X[Iy] in Lo,

for % € B, where X[I¢] is in the sense of (6.2.9).
Then, since Y and 3%(Y') are the same-length free reduced words having the
same free-ness structure, one has not only

s=sin N,

but also
m(I,) = 7(Iy) in NC ([L]) "E° NC (1)),

where 7(I;) and 7(Iy) are the noncrossing partitions of (6.2.7), and alattices
means “being lattice-isomorphic.” (Recall that if X and Y are finite discrete
sets, then NC(X) and NC(Y) are lattice-isomorphic, if and only if | X| = |Y|
in N).

By the semicircularity (7.3.3) of Uj,, ..., Ujy, Uj ek, -, Ujyer € S in Lg, we
have

T(BE(Y)) =7 (X[Ly]) = 7 (X[L]) = 7 (Y),

by (6.2.15) or (6.3.3), for all 3% € B.
Therefore, the statement (7.3.2) holds. |
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The above theorem shows how the original free distributional data on the
semicircular filterization Lg is affected by the group-action of the integer-shifts
of B on Lg. i.e., B preserves the free probability on Lg, by (7.3.2).

8 Semicircular Elements Induced by Multi Projections

Now, we have all ingredients for studying our main interests. In this section, we
show that if there are N-many mutually orthogonal projections in an arbitrary
C*-probability space, then there exists a corresponding free semicircular family
SW)induced by the projections in a certain free product Banach s-probability

space IL(QN), for any

N €N, = (N\ {1}) U {oc).

And then, consider certain x-homomorphisms acting on ]Lgv), and study how

they deform the free probability on L(QN).

8.1 A Free Semicircular Family S®) Induced by N-many
Projections

Let (Ao, ¥,) be a C*-probability space containing its N-many mutually orthog-
onal projections
Qo = {q(l)a"'aqg/} (811)
for N € N, and let
Qo =0C"(Q,) C A, (8.1.2)
be the C*-subalgebra of A generated by the family Q, of (8.1.1).

Suppose
o (q7) € R* in C,Vk =1,...,N. (8.1.3)

Proposition 8.1. Let Q, be the C*-subalgebra (8.1.2). Then

; N i

Qo "L & (C-qp) E TN, (8.1.4)

Proof. Since the generating set Q, of @, consists of mutually orthogonal N-
many projections ¢f, ..., ¢%, the structure theorem (8.1.4) is immediately
proven. |

Suppose there is a C*-probability space (A, ¥) containing a family Q =
{g;};ez of mutually orthogonal |Z|-many projections g;’s, satisfying

¥ (¢;) € R* in C, for all j € Z.

Assume further that there exist projections gj, , ..., gj, € Q, such that

¥ (g5) = o (¢f) mR™, (8.1.5)
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for all [ = 1, ..., N, where 1, is the linear functional on the C*-algebra A,,
satisfying the condition (8.1.3).
For convenience, we re-index the subfamily

{Qj17"'>QJN} OfQ (816)
by

{q17 sey qN} in Qa
without loss of generality, from below.
Theorem 8.2. Let Q, be the C*-subalgebra (8.1.2) of a fixzed C*-probability

space (A,, 1¥,), generated by the family Q, of (8.1.1). Then, under (8.1.5) and
(8.1.6), there exists a Banach %-subalgebra

x-iso N 7737
LG £ ¥ CHUN

of the semicircular filterization Lg of (6.1.5).
Proof. Let Q = C*(Q) be the C*-subalgebra (3.7) of the C*-probability space

(A, ) satisfying (8.1.5), under the re-indexing process (8.1.6). First, define a
linear morphism

\IIZQO_’Q
by

v (Z;\il tle) o Z;\; g+ Y. 0-q;

JEZN\{1,...,N}
Then it is an injective #-homomorphism from @, to @, by (3.8) and (8.1.4).
Thus, one can construct the semicircular elements

U=10qg=12%(q) € Lo, (8.1.7)

in the free semicircular family S of (6.1.4), generating the semicircular filter-
ization Lq, for alll =1, ..., N.

By the structure theorem (6.1.7) of L, one can define the Banach *-
subalgebra

LY COr, . O]
= C{lew(g)1=1,..,N]]

e YT W)l = * CHUY (8.1.8)

of Lo, by (8.1.7).
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It shows that: if the condition (8.1.5) is satisfied under (8.1.6), then the family
Q, of (8.1.1) induces Banach x-probability space,

LG = (L9, 7= lm).
Q Q T T|]L8V)

generated by the free semicircular family

SN = {U =1 ¥(q))}L,, (8.1.9)
as a free-probabilistic sub-structure of the semicircular filterization Lo. W

The above theorem shows that if the conditions (8.1.3) and (8.1.5) are satis-
fied under the re-indexing process (8.1.6), then the family Q, of (8.1.1) induces

a Banach x-probability space Lgv) of (8.1.8) generated by the free semicircular

family SOY) of (8.1.9), as an embedded free-probabilistic sub-structure of the
semicircular filterization Lg of (6.1.5).

Remark 8.1. As we briefly discussed in [6], whenever such a family Q, of
(8.1.1) in a C*-probability space (Ao, Vo) is fized, in fact, one can construct
the corresponding C*-probability space (A, 1), having its family Q of mutually
orthogonal |Z|-many projections, artificially-but-naturally.

Assume first that N < oo in N If Q, = C*(Q,) is the C*-subalgebra
(8.1.2) of A,, satisfying (8.1.4), then one can construct the direct product C*-
algebra Q,

Q= @& Qox "Z°CE with Qo i = Qo
keZ

equipped with its linear functional b,

l/} = & wo,k on Q> with wo,k = wo~
kEZ

So, in the above C*-probability space (Q, ¥) (or a C*-probability space (A,
) with A O Q), there exist infinitely many projections q, such that

¥(q) = ¥o(q), for somel € {1,..,N}.

Assume now that N = oo in N, and let

Qo =C" (QO) =C" ({(J% qga q(ga }) .

Then, for convenience, by the canonical re-indexing, one can let

Qo=C" ({48, a7, a3, ---}),

by identifying qf with qf_4, for all i € N.
Now, consider a subfamily Q. of Q,,

Q:) = {qzlqu—Qa } = {QS7QfaQS> } \ {q8}7



224 I. Cho
with identity:

q°r =4qy, forallk € N,

of the re-indexed family Q,, and construct

Q' =0C"(Q;)-
Then we have the direct product C*-algebra

Q=Q,Q, =" C,

equipped with its linear functional

P = 1o @ 5, with 1y, =1, |q,
satisfying

w (q(())) = 77[}0((]8)7 and (0 (q?tn) =1, (qu) )

for allm € N.

Therefore, in fact, whenever such a family Q, of (8.1.1) is fized in a C*-
probability space (Ao, o), there does exist a family Q of mutually orthogonal
|Z|-many projections in a C*-probability space (Q, ) (or (A, ¥) with A D Q),
such that @Q automatically satisfies (8.1.5) (and (8.1.6)).

By the above remark, the following corollary is regarded as a re-statement
of the above theorem.

Corollary 8.3. Let (A,, ©,) be an arbitrary C*-probability space containing
mutually orthogonal N-many projections qi, ..., qn, satisfying (8.1.3), for N €
NZ,. Then there exists a free semicircular family SW) induced by {ge}d, ina
certain Banach x-probability space Lg\’).

Proof. The proof is done by (8.1.7), (8.1.8), (8.1.9), and the very above
remark. ]

8.2 Restricted Integer-Shifts on Lgv)

Let (Ao, ©,) be a C*-probability space containing the family Q, of (8.1.1), sat-
isfying (8.1.3). In Sect. 8.1, we showed that such a family Q, of mutually orthog-
onal N-many projections induces the free semicircular family S(V) of (8.1.9) in
a free product Banach #-probability space

LSV) = (]L(QN),T), with 7 =171 |L5;)N),

of (8.1.8), for N € N. Moreover, this Banach *-probability space is under-
stood as a free-probabilistic sub-structure of the semicircular filterization Lg of
(6.1.5).
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Since the integer-shift group

B = {BF ¢ Aut(Lg) : e € {*},k € No}

of (7.2.13) acts on L¢ naturally, as an infinite cyclic abelian group, one can
restrict the action of B on L¢ to that on ILEQN).

Lemma 8.4. Let 35 € B be an integer-shift on Lo, and U, € SW) a4 semi-

circular element, generating ILE?N)7 forl =1, ..., N, and suppose ﬂf \]L<N> 1s the
Q

restriction of 3% on ]Lgv), also denoted simply by B*. If

N €Ny =N\ {oo},

then .
Uper if1<lek <N
k _ lek < <
Be (Uh) = {O otherwise, (8.2.1)
m IL(QN), where O is the zero element of IL(QN).
Meanwhile, if N = oo in N, then
ULk ife=+
Y U) =L Uy ife=—, andl >k (8.2.2)
O ife=—, andl <k,

o (V)
m ]LQ .

Proof. First, assume that N < oo in N, i.e., N € Nyq, and fix l € {1, ..., N}

arbitrarily, and let 8¥ € % be an integer-shift on Lg. Let’s restrict B* on Lgv),

ie.,

d t N
/85 enote ﬂf |]L(N) on }LEQ )
Q

Then, for a semicircular elements U; € S(N)| generating ILE?N), one has that:

if e = +, then

b U ifl+E<N
pe (L) = {o i1+ k> N (8.2:3)
and if e = —, then
k U ifl—k>1
ﬁe (Ul) - {O lf l _ k < 1’ (824)
o (V)
in ]LQ .

By (8.2.3) and (8.2.4), one obtains that

Ulek 1f1§lek§N

k _
Be () = {O otherwise, (8.2.5)
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in LY. Therefore, the formula (8.2.1) holds by (8.2.5).
Now, assume that N = oo in NS. Then, the restricted action of B* € B on
]Lgv) satisfies that: if e = +, then

BE(U1) = Uiy (8.2.6)
if e = —, then
k J U ifl—k>1

in Lgv). Therefore, the formula (8.2.2) is shown by (8.2.6) and (8.2.7). N

The above lemma not only show how the restricted action of the integer-

shift group B on ]LSV) acts on the free generator set SV), but also demonstrates

that the restrictions of integer-shifts are no longer *-isomorphisms on LEQN), in
general.

Let B be an arbitrary topological x-algebra. Then the (x-)homomorphism
semigroup Hom(B) is defined to be the semigroup (under composition)

Hom(B) ={f: f is a * -homomorphism on B}.

Since the zero map on B is contained in Hom(B), it cannot be a group
(under composition), however, it forms a well-defined semigroup.

Notation. From below, we denote the family of restricted integer-shifts on ]L(QN)

by BN ie.,

BE € B, with
ee{t}, keNy [~

Also, for convenience, we denote the restrictions 5% | € BN simply by
Q

k

e’

as above. O

Lemma 8.5. Let BWN) be the set (8.2.8) of the restricted integer-shifts on L(QN).
Then

B C Hom (]Lgv)) : (8.2.9)

equivalently, every element 3% € BWN) s a x-homomorphism on Lgv).

Proof. First, assume that N € N5 in N, If gF € BN satisfies

lek <1, orlek > N,Vi=1,...,N, (8.2.10)

then such a restricted integer-shift (% is identified with the zero x*-
homomorphism O(QN) on IL(QN), ie.,
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BET) =0 (T) =0 in L,

for all T € LG, by (8.1.8), (8.2.1) and (8.2.10).
And hence, all elements ¥ of BW) satisfying (8.2.10) are identified with
(N)
0 ie.
Q ) 9y

Bt =05 ¢ Hom (Lgv)) . (8.2.11)
Suppose that 8% € BWN) satisfies

1<lek <N, (8.2.12)

for some [ € {1, ..., N}. Then, by (8.2.1), the morphism % is a well-defined
*-homomorphism on ]Lgv), since it is the restriction of a *-isomorphism on Lg 2

]Lgv). ie.,

B € Hom(LY"), (8.2.13)
under (8.2.12).
So, if N € Nyq, then
N (V)
B™ C Hom (]LQ ) : (8.2.14)

by (8.2.11) and (8.2.13).
Assume now that N = oo in N, If ﬂ_]i e BW) | then

8k € Hom (Lgv)) : (8.2.15)
if B € BN then
8% € Hom (IL(QN)) , (8.2.16)

by (8.2.2), because there are infinitely many semicircular elements {U;}72,

), However, in this case,

generating ]Lgv
B # 08 inHom (IL(QN)> Vk € Ny, e € {£1, (8.2.17)

different from (8.2.11). Indeed, for any arbitrarily fixed 8¢ € BW), there
always exists n > k in N, such that

BE(U,) = Un_ # O in Lg.

Therefore, if N = oo in N, then

B™ C Hom (]Lgv)) \ {0973, (8.2.18)

by (8.2.15), (8.2.16) and (8.2.17).
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In conclusion, if BP) is the family (8.2.8) of the restricted integer-shifts on
LYY then
Q

B(N) C Hom (Lgv)) ,

by (8.2.14) and (8.2.18), for all N € NZ;. [ |
The relation (8.2.9) shows that all restricted integer-shifts of the family 5®)
of (8.2.8) are well-defined *x-homomorphisms on ]LEQN). However, they cannot be

*-isomorphisms in general on LEQN). Also, from the proof of (8.2.9), one can realize

that the size of B™) can be much smaller than the original integer-shift group
B, especially when N < oo in NZ. Also, the proof shows that

N<oo<=>08v) c B,

Definition 8.1. Let BW) be in the sense of (8.2.8). We call BN, the
restricted(-integer)-shift family on ]LEQN), for N € N&.

Now, consider an algebraic property of the restricted-shift family B®™) in
the homomorphism semigroup Hom (ILEQN)> . Recall that the integer-shift group
B is a group acting on Ly in Aut (Lg). How about the restricted-shift family
BN in Hom (]LEQN))? This question can be answered by (8.2.1) and (8.2.2).

If the subset BN) were an algebraic structure embedded in Hom (]LEQN)) ,
then the following relation should hold;

B, Bl € BN = gligk € B, (8.2.19)

e’

For instance, if BN) were an algebraic structure, and if 8% € B®), then

ﬁiﬁﬁ,ﬁfﬁﬁ should be in B,

Observe now that, for a generating semicircular element U, € SV) of Lgv),

with

k>1, with 1< 2k < N,
in {1, ..., N}, one has that

pE Bk (Uy) = g% (8% (Ur)) = B (Ukt)

= % (Uak) = Usgg—y, = Uy,

(8.2.20)

meanwhile, (8.2.20)

By BE (Uy) = B (Up—x) = 81 (0) = O,
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in LYY
o -
The relation (8.2.20) illustrates that two *x-homomorphisms B_lﬁ 3% . and g% B_’ﬁ

are distinct x-homomorphisms in Hom (IL(QN)> , L.e.,

Bk g £ gk Bk in Hom (]Lgv)) . (8.2.21)

The relation (8.2.21) shows that there does “not” exist 8’ = ;' |, v € B
Q
such that either

Br =gk, or g =pEpY, in BN
by (8.2.8), i.e.,

phE £ g8k ¢ I, (8.2.22)

gk gk # 5485 € Hom (LYY )\ 3™,

i.e., the relation (8.2.19) does not hold on BN equivalently, the multipli-
cation on *-homomorphisms is not closed (or, well-defined) on B®).
Theorem 8.6. The restricted-shift family BN of (8.2.8) is a subset of
Hom (L(QN)) , but it is not an algebraic sub-structure of Hom (ILEQN)> .

Proof. By (8.2.9), the restricted-shift family B(V) is a well-defined subset of the
homomorphism semigroup H om(]Lé?N)). However, by (8.2.22), it cannot be an

algebraic sub-structure of Hom (Lgv)) . |

The above theorem shows that, different from the integer-shift group B,
a subgroup of the automorphism group Aut (Lg), our restricted-shift families

B(N) have no nice algebraic properties as a subset of Hom (]L(QN)) , for N €

NZ,. However, every restricted shift BF € BW) acts nicely on Lgv), as a *-
homomorphism.

8.3 Free Probability on Lgv) Affected by BW)

In this section, we consider how the restricted-shift family B®) deform the
original free-distributional data on the free product Banach *-probability space
LY of (8.1.8).

Theorem 8.7. Let 3¢ € BWN) be a restricted shift on ]LE?N), and let U; € SV

be a semicircular element of ]Lgv), forl € {1, ..., N}, for N € N,. Then the

free distribution of W; = ¥ (U,) is either the semicircular law, or the zero free

distribution in ]Lgv) .
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Proof. Under hypothesis, for any N € N,

W — Uper € SMN) if 1 <lek < N
o, otherwise,

in LG, by (8.2.1), (8.2.2), (8.2.9) and (8.2.19). So, if W; = Uper € S™), then

it is semicircular, while, if W; = O, then it follows the zero free distribution in

L |
Q

The above theorem characterizes how the action of the restricted-shift fam-
ily B(N) deform the semicircular law induced by SN); the semicircularity is
deformed to be either the semicircular law, or the zero free distribution. So, one
can have the following generalized result.

Theorem 8.8. Let Uy, ..., U, be semicircular elements of SW) | for

[S = (lla "'als) S {1, ...,]\[}n7

forn € N, in IL(N), and let 3% € BWN) be a restricted shift on LY, Define
Q e Q
a free (non-reduced, or reduced) word X|[Is] by

_ T (N)
X[L]= LU, € Lg". (8.3.1)
Then one has either
T (B (X[L])) = 7 (X[L]), satisfying (6.2.15) (8.3.2)

or

7 (B¢ (X[1))) = 0.

Proof. Let X|[I;] be in the sense of (8.3.1). Then it is a well-defined free random

variable of LEQN)7 as a free (non-reduced, or reduced) word in SWV)| by (8.1.8).
Assume first that there exists at least one entry [, in the s-tuple I, such that

8 (Uh,) = O,
up to (8.2.1), or (8.2.2). Then, by the multiplicativity of ¥ € BN),

B (X[L) = B8 (Us,) -+ B2 (Uy,) -+ B¢ (Ur,) = O
in ]L(QN), implying that

T (B (X[L]) = 0.

Meanwhile, if

BE(U,) #0 i LYY, forall t =1, ...,s,
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then

T (BF (X[L]) = T (X[L)),

by (6.3.2), (6.3.3), (7.3.2), (7.3.3), (8.2.1) and (8.2.2), because (¥ preserves
the free “reduced” word of X[I;] (as an operator) to the same-length free

reduced word ¥ (X[I,]) with the same free-ness in ]LE;,N). Therefore, the free-
distributional data (8.3.2) holds. |

The above theorem generalizes Theorem 8.7 by (8.3.2). But, the proof of
Theorem 8.8 illustrates that the free-distributional data (8.3.2) is dictated by
the free-probabilistic information of Theorem 8.7, too.
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where pg, p1, - .-, Ppm and q1, g, - - . , ¢y can be any complex numbers or functions.
It can also be written equivalently as

m
er qe a1 92 dm—-1 dm
pot+ K §|— e
(=

= 1p€ p1+p2+ Pm— 1+pm

In this paper, we will use the second compact form above. For more information
on the theory of continued fractions, please refer to the papers [7,14] and closely
related references therein.

In general, a tridiagonal matrix of order n is defined for n € N by

ar B 0 0 -+ 0 0 0 0
Y1 G2 ﬂg 0 --- 0 0 0 0
0 Y2 (3 53 0 0 0 0
0 0 v3ag--- 0 0 0 0
Dn = <6ivj)1§i,j§n: R : : N (1.1)
0000 - - a,30,3 0 0
0000 - yms3an2Bi2 0
000O0- 0 Tn—2 Qn—1 Bn—l
000 O0- 0 0 Yno1 an
where

o, 1<i=j5<mn
Bi, 1<i=j—-1<n-1
v, 1<j=i-1<n-1

0, otherwise.

€ij =

In the papers [15,16,18], the determinant |D,| and some special cases were
discussed, computed, and applied to several problems in analytic combinatorics
and analytic number theory. In the papers [2,5,6,9,15,16,18], there are some
computation of the inverse and determinant of the general tridiagonal matrix
D,,. For more information about this topic, please refer to the papers [4,8,12,13]
and closely related references therein.

Let n > 2 and

ag ¢ 00--- 0 0 0 0
as b2 Co 0--- 0 0 0 0
as 0 b3 C3g -+ 0 0 0 0
ag 0 0bg--- O 0 0 0
Po=(Pij)iqyen=| ¢+ it (12)
Ap—3 00O0- 'bnfg Cn—3 0 0
Ap—2 00¢O0-- 0 bn,Q Cp—2 0
Ap—1 00O0- 0 0 bn—l Cn—1
an, 000 0 0 0 b,
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where
A, 1S’L§n7.]:17
G, 1<i1=73—-1<n-1;

0, otherwise.

Pij =

In this paper, by the help of mathematical induction and some proper-
ties of determinants, we will present several explicit and recurrent formulas
for evaluations of two determinants |P,| and |D,,| and will apply these newly-
established formulas to evaluations for determinants of the Sylvester matrix and
two Sylvester type matrices.

2 Explicit and Recurrent Formulas for |P,|

Right now we start off to present explicit and recurrent formulas for |P,|.

Theorem 2.1. Letn > 2 and by, # 0 for 2 < k < n. Then the determinant |P,|
can be computed recurrently by

|Pn| :)\l,ngka (21)
k=2
where c
Mo = G — ——Agpim, 1<k<n—1 (2.2)
b1

and A, p = ap.

Proof. When n = 2, it is easy to see that

a1 c| .
|| = ay by| a1by — azcy
and
2 C1A cia
)\1,2 H by, = )\1,21)2 =la1— 22 by = | a1 — 2= by = a1by —asc; = |P2|-
fie by b2

This means that the formula (2.1) is valid for n = 2.
Assume that the formula (2.1) validates for n = m—1, equivalently speaking,

m—1

|Pr1] = Atm—1 [ r-
k=2
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When n = m, expanding the determinant |P,,| according to the first rank and
utilizing the assumption for n =m — 1 give

as Co 0--- 0 0 0 0
as b3 C3 *-- 0 0 0 0
(o7} 0 b4 tee 0 0 0 0
P.l=a by, — ¢ : : :
| | ' ]];[2 g ! Am—3 00--- bm,3 Cm—3 0 0
A —2 00 0 bm_z Cm—2 0
Am—1 00-- 0 0 bm—l Cm—1
am 00 0 0 0 by

=a H b, — c1dom H by, = <a1 - Zl>\2,m> H br, = A,m H by,.
k=2 k=3 2 k=2 k=2

By mathematical induction, we derive the formula (2.1). The proof of
Theorem 2.1 is complete.
Theorem 2.2. Forn > 2, the determinant |P,| can be computed explicitly by
n n k—1 n
1Pl =ay []bx =D (1) (H e [] b) . (2.3)
k=2 k=2 =1  m=k+1

Proof. From the recurrent relation (2.2), it follows that

>\1,n =ay — —
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Cp—3 Cp—3Cn—2 Cp—3Cn—2Cn—1
bn—2 bn—an—l bn—2bn—1bn

n k
ap =y (-1 (H %j)ak

k=2 =2

for n > 2. Substituting this result into (2.1) and simplifying lead to (2.3). The
proof of Theorem 2.2 is complete.

Remark 2.1. Applying ap = k, by, = k, and ¢ = k to the explicit formula (2.3)
in Theorem 2.2 reveals

1 100--- 0 0 0 0

2 220--- 0 0 0 0

3 033--- 0 0 0 0

4 004--- 0 0 0 0 ) .
= _(2_) nl.

n—3000---n—3n—-3 0 0

n—2000--- 0 n—2n—-2 0

n—1000--- 0 0 n—1n-1
n 000--- O 0 0 n

3 Explicit and Recurrent Formulas for |D,,|

Now we are in a position to present explicit and recurrent formulas for |D,,|.

Theorem 3.1. For n € N, the determinant |D,| can be explicitly and recur-
rently computed by

n

|Dn| = aras + (o1 — Bim) H |:05m+ K

6m £Ym— Z):|

Am—p

(3.1)

QX — ¢

1—[1;;:12[ m+Km 2 (=Bm—eYm— e)]

Am—¢

Z[H ﬁe’)’z] mekat [0m + K 2 (Pt [)]

k=3 L4

and

Dlmn<a2+H[ak+K(ﬁ’“MD, (3.2)

(0777
k3 k—t
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where Kf:q for p < q is understood to be zero,

T = —1 B n Nam = 7 B2 n Nam = Y172 Bs n
1,n = —1——12 2,0 = V1 — 3, 3n = ———— — ———————F5——— "4,
n a2 ny n a 5272 ny n az a4 _ Bsgs’y ny
o2 ag- 222
k H[ 1 Ve ﬁk
Nie,n = (—1) - Nk+1,n
’ 02 2 (=Bo—mre—e) k=1 (“Br—t4+1Vk—t41) ’
« @ —m == @ L, ———s Sl
2+H1 3 [ et Ko Co—m } k1 Kimy kg1

fora<k<n-1, and

He 174

a2+HZ;3[O‘k+KZ : 2 (=Br—evr— z)}

AXg—2

T, = (_1)n

Proof. The determinant |D,,| of the tridiagonal matrix D,, in (1.1) can be
rewritten as

op /L O 0.~ 0 0 0 0
Y1 (&%) ﬂz 0O--- 0 0 0 0
_nr Qs — M B3+ 0 0 0 0
a2
0 0 v a4~ 0 0 0 0
Dy | = : e : : :
0 0 0 0 --ansfus 0 0
0 0 0 0 ct Yn—3 Op—2 ﬂn72 0
0 0 0 0 - 0 Yn—2 Onp—1 ﬁnfl
0 0 0 0 - 0 0 Yno1 on
Qi b1 0 0 0 0 0 0
N o P 0 0 0 0 0
U B 0 0 0 0
azf37:
Shm 0 0 agiigL 0 0 0
0 0 0 0 o3 By 0 0
0 0 0 0 “Yn-3 Qn—2 Pn2 O
0 0 0 0 0 Yn—2 ap-1 B
0o 0 0 0 0 0 1 an
ai B100--- 0 0 0 0
as b fP20--- 0 0 0 O
as 0 b3 63 - 0 0 0 0
ag 0 0 by--- O 0 0 0
An—3 00¢O0:--- bn73 /anfi 0 0
Ap—2 00O0- 0 bn72 ﬁn72 0
Ap—1 0 0O0- 0 0 bn—l ﬁn—l
an 00 0--- 0 0 0 by
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where
ﬁﬂz B573 Bn—aYn—a
bzzaz, b3=0[3 b4=0¢4— s ey l),l,:),=O¢TL,3—77
b2 b3 bn74
3 3 —2 —2 -1 -1
by o = Qs 671 Tn 7 [ o ﬁn Yn , by = aun ﬁn Tn
b" 3 bn72 bnfl
and
_ _ _ 2 _ 8 _ On—4a
ap = a1, a2=79, 3= —7-02, Q4= —7—03, y On-3 = — an—4,
b2 b3 bn—4
__ Tn-3 _ On-2 _ On-1
ap—2 = — Qp—3, ap—1 = — Qp—2, ap = — Ap—1
bn73 bn72 bnfl

The sequences by and ay for £k > 3 can be formulated by finite generalized
continued fractions

Br—1Vk—1 k=2 (—Br—eVr—¢)
b = XI. — = —_—
k k o _ Br—2Vk—2 kT le(l Qs
k—1 Br_37k_3
Gh—2— Bk—avk—4
g 3=
%ﬁT
and

)kHl 1 e

akz( .
zzbé

Using (2.3) results in

n k—1
|Dy| = <b2+HBk>a1 (ﬁl H Bm>a2 1)k(H By H Bm>ak
k=3

=1  m=ktl
=ay <a2+H[ak+ K27( Bi—ev Z}) 5171H|: " 2%]
k=3 QXk—t

m=3 Om—¢
n k—1 n
O T I =L
k=3 t=1 m=kt1 Am—t

- 2[0114-[({12( Be—iYe— 1)]

Qp—q
which can be rearranged as (3.1).

Making use of (2.1) and (2.2) yields (3.2). The proof of Theorem 3.1 is
complete.

4 Discussions

In this section, we discuss our main results and related ones by several remarks.
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Remark 4.1. In [3, p. 1018], it was stated that J. J. Sylvester found in 1854 that

s 1 0 0---0 O 0 0
n s 2 0---0 O 0 0
On—-1 s 3---0 0 0 0
0 0 n—2s---0 O 0 0 n
Ma(s)l =+ r o0 n =T+ n—2k),
0 0 0 0---sn—=2 0 O k=0
0 0 0 0---3 s n—-10
0 O 0 0---0 2 s n
0 0 0 0---0 O 1 s

An application of (3.1) to |M,(s)| yields

|M,(s)| = 52 + (s — n) H [8_’_7;[:}12 —(m—f)(ns—m+€+ 1)}

ilnzn (+1)

k=3 L¢=1

S

H [5+K —2 —(m—0)(n— m+€+1)]

S

=24 (s—n) ﬁ [S+mfg2—(m—€)(n—m+é+1)}
(=1 s

Hm k+1 [S+K[ 12 —(m—~)(n— m+€+1)}

m=3

n m—2 —(m—£€)(n—m-+£4+1
—n'z [k [+ K725 : )(s )}
(n— k + 1)! an 1 [ + KF 12 (m*f)(n;mHH)}
- L1 S(s5m,m)

£ 5%+ (s—n) S(s;m,n) —n! .
ml_:[3 Z n—k—!—l Hk 125(57””)

Now we try to explicitly compute

m—2 — — — 1
S(s;mun)=s+ K (m 6)(715 mt e+ )
(=1

When m = 3, it is easy to obtain that

82—2(n—1)é@
S T ag

S(s;3,n) =

When m = 4, employing the above result for S(s;3,n), we can acquire

B1s—3(n—2)ay _5(82—5n+8) a B2
b1 s2-2n+2 ap

S(s;4,n) =

If assuming S(s;k+1,n) = B" !

, then, by mathematical induction, we have

& _ Br—18 — ag—1(k+ 1)(n — k)
ay Br-1 '

S(s;k+2,m) =
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Note that ap_1 = Br_2. Then
Bk — Br—15+ Pr—2(k +1)(n — k) = 0.
Further replacing k by k + 2 results in
B2 — Brr1s + (k+3)(n —k —2)Bx = 0.
By the approach utilized in [15, Theorem 3.1], the characteristic equation is
t2—st+(k+3)(n—k—-2)=0

which has solutions

. st/s2—4(k+3)(n—k—2)
5 .

Consequently, it follows that

ﬁk:A<5+\/52—4(k+3)("—k—2)>k1+B<S—\/52—4(k+3)(n—k—2)>k1

2 2
where
s 2% —2(5n —8) — (5> —2n +2)(s + V52 —20n +80)
2y/s2 —20n + 80
and
B 25 —2(5n — 8) — (52 —2n + 2)(s — V52 — 20n + 80)

2v/52 — 20n + 80 '

In a word, we provide an alternative expression for the Sylvester determinant
| My (s)]-

Remark 4.2. In [3], by virtue of left eigenvector method, the determinants

s 1 0 0 0 0 0
ns+t 2 0 0 0 0
On—1s+2t 3 0 0 0
0 0 n—2s+3t--- 0 0 0

[ My(s, 1) = s : - : :
0 0 0 0 --s+n—-2t n-1 0
0 0 0 0o --- 2 s+(n—1t n
0 0 0 0o --- 0 1 s+ nt
2 nt n—2k
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and

s T 0 0 0 0 0
nv s+t 2z 0 0 0 0
0 (n—1)y s+2t 3z 0 0 0
0 0 (n—2ys+3t-- 0 0 0

Ma(s.tizy) =| . e |
0 0 0 0 —-s+(n—2t (n—1=z 0
0 0 0 0 2y s+ (n—-1t nx
0 0 0 o -- 0 Y s+nt
- nt  n—2k

:H 8+5+ 3 Vit +4dxy

k=0

of tridiagonal matrices similar to the Sylvester matrix were collected and calcu-
lated. These evaluations can be computed alternatively by Theorem 3.1.

Remark 4.3. The condition by # 0 for 2 < k < n in Theorem 2.1 is removed off
in Theorem 2.2. Therefore, the explicit formula (2.3) is better than the recurrent
formulas (2.1) and (2.2).

Remark 4.4. The explicit formula (2.3) can be simply reformulated as
n k—1 n
| P Z(l)kH(H e [] bm>aka
k=1 =1 m=k+1
where the empty product is understood to be 1 as usual.

Remark 4.5. Let

a1 M 00 0 0 0 T1

(%) ﬁg Y2 0 0 0 0 T2

Qa3 0 ﬁ3 Y3 0 0 0 T3

Qg 00 ﬁ4 0 0 0 T4

Un=(uijhsijen=| 1 1 1 0 00 ]

Op—3 00O0:--- ﬁn—3 Yn—3 0 Tn—3
Qp_—2 00O0-- 0 ﬁn—2 Yn—2 Tn—2
Qpn_—1 00O0-- 0 0 ﬂn—l TYn—1

an 000-- 0 0 0 B,

where
g, 1§1Sn7.]:17

Uij=4%, 1<i=j-1<n-1
T, 1<i<n—27j=mn;

0, otherwise.
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The determinant |U,| can be rewritten as

a 11 00--- 0 0 0 mn

(%) ﬁg’}/z 0--- 0 0 0 T2

as 0Py~ 0 0 0 73

as 0 004+ O 0 0 T4

3 0 0 0 BposVnos 0 Tn_s

Olp—2 00QO0-- 0 57172 Yn—2 Tn—2

Qp—1 00O0-- 0 0 ﬂn—l Tn—1

an 000-- 0 0 0 B,
m-%" 3 00 0 0 0 0
042—0‘":2 Boyz 0 --- 0 0 0 O
03—% Oﬂg’)/;;"' 0 0 0 0
ay— @™ 0 0B 0 0 0 0

ﬁn

Oén_3—L:73 000 "671—3 Yn—3 0 0
an—Q_% 000O0-- 0 Bnoa Yn—2 0
Oy = 22220 0 0-- 0 0 By 0
0
0

O, 00 0 0 0 0B,
a1 — % Y1 0--- 0 0 0
Qo — a"f? ﬁg Y2 0 -- 0 0 0
a3 — = 0 fP3y3--- 0 0 0
ar—%5 0 0B 0 0 0
= ﬁn
Olp—3 — anngs 000 Bn-3 Yn—3 0
noa = 7520 0 0 - 0 Bag Yz
Qp—1 — Otng:—l 000 0 0 ,Bn,1

An application of Theorem 2.1 and 2.2 and Remark 4.4 straightforwardly yields

n—2
|U7L Z( 1 k+1 akﬁn — TkOln H’Y@ H ﬂm - Oén 1ﬁn — Tn—10n H'YZ
= m=k+1

and

n

Unl = A [ B

k=2

where o .
Appo1 =g — =275 — iAkH,nq, 1<k<n-2
5n 6k+1

andAn 1,n—1 = Qn— 1_7771 1-

P
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Remark 4.6. The determinant |P,| of P, in (1.2) can be rearranged as

ag ¢ 00--- 0 0 0 0
ag b2 Co O e 0 O 0 O
as 0 bg C3 - 0 0 0 0
ag 0 0bg--- 0 0 0 0
|Pal=1| ¢ i :
Ap—3 000 bnfg Cn—3 0 0
Ap—2 000 0 bnfz Cp—2 0
Ap—1 000 0 0 bn,1 Cp—1
anby AnCn
0 000 0 0 —fbutyp  dncams
ai c1 0 0 0 0
0 by— %29 g 0 0 0
0 —wb py_ we 0 0 0
0 0 aabs 0 0 0
0 0 0 Cn—3 0 0
0 0 0 ~ by — % Cp—9 0
0 0 0 SRR b e o
0 0 0 0 _ Gnbn—1 bn _ OGnCn-—1
Ap—1 An—1
by— S gy e 0 0 0
7% by — 2 ... 0 0 0
0 asbs 0 0 0
—a : : :
0 0 Cn—3 0 0
0 0 N bn_g — % Cn—2 0
o0 e
0 0 0 —anbnoi oy @nCaoy
An—1 An—1
£ a1|Qn—1l-

Therefore, by virtue of Theorems 2.1 and 2.2, we derive that the determinant
|Qn—1| satisfies

Qn— 1|— P” = Ma ku (4.1)

ai

and

IQn 1| -

n n k—1 n
U 1; k(é_ﬂlcf Hbm>ak. (12)

m=k+1
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Further letting

ap = b1 — ak;rick7 1<k<n-1
Bk = Ck+1, 1<k<n-2 (4.3)
b
%:_M7 1<k<n-2
Ak41
in Egs. (4.1) and (4.2) reveals
M T
|Dp—1] = ;; H br (4.4)
k—

and

n
|Dn_1|=ku—iZ (Hce H b ) (4.5)

k=2 k 2 =1 m=k+1
From the second equality in (4.3), it is not difficult to see that ¢, = Br_1 for
2 <k <n—1.If we can derive another relations from (4.3) to express ay for
1 <k <nandbgfor2<k<mnintermsof ap for 1 < k <n —1, B for
1<k<n-—2, and v for 1 < k < n — 2, then, by substituting these relations
into (4.4) and (4.5), an alternative and explicit expression for evaluation of |D,|
would be concluded. This is an open problem and we leave it to the interested
readers.

Remark 4.7. In [1, Lemma 1.1] and [11, Lemma 2.1], it was acquired that

T1T2T3T4 " Tn—2 Tn—-1Tn

apO0OO0--- 0 0 O

ya B0 0 0 0

0O0yapB--- 0 0 O n o

b _ ] _ Ykl ek (k—l)/QU_< >,

: : : kz:l( )E b T (B) =1\ 5V

0000 6 0 0

0000 a [0

0000 vy a O

(4.6)
where U (s) is the kth Chebyshev polynomials of the second kind, which can be
generated [19,20,22] by

ZUk e sl <1, Jt] < 1.

1—2st+t2

Taking 71 = 7 = -+ = 7,1 = 0 and 7,, = 1 and reformulating, the formula (4.6)
becomes

aB0---00

Oya---00

"2, 4.7

o merrn(as) (7

000 ---ap

000--vaof .,
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This is different from

aBO---00
yaB--00 S =A™~ (o a5 )"
0Oyva--00 (a+ Vo2 ~457) (a— Va2~ 467) , o # 4Py
o = /a2 —Apy
S a" 2
(s _ 4
000---af (n+ )(2)7 « By
000---’yanxn
(4.8)
and
aB0---00
"yaﬁ-..oo
0Oya---00 n ;
_ B T
SR —jl:[l(ﬁ-&-Zoq/a CObn—i—l) (4.9)
000--af
000 ~vyof .

which are established and collected in [15, pp. 130] and [18, Theoem 4].
Comparing (4.7) with (4.8) and (4.9), taking f = v = 1 and a = 2s, and
simplifying yield

H 1—|—2\/?COS )
=1 n+1

S_"_\/i)n—f—l ( o 82_1)n+1 ,
s 1 w7l

(n+1)s =1

which are alternative explicit formulas for the Chebyshev polynomials of the
second kind Uy (s).

Remark 4.8. On 21 September 2019, we were reminded of the paper [10] in which
an alternative explicit formula for elements of the inverse of a tridiagonal matrix
and an efficient and fast computing method to obtain elements of the inverse of
a tridiagonal matrix by backward continued fractions were investigated.

Remark 4.9. Theorem 2.2 in this paper has been applied in the proof of [17,
Theorem 3.3].

Remark 4.10. This paper is a revised version of the preprint [21].
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