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Abstract. This paper investigates both the stability and Ho, perfor-
mance for a class of 2-D discrete systems with time-varying delays
described by Fornasini-Marchesini (FM) second model. A new sufficient
condition for asymptotic stability with H., performance of these sys-
tems is developed based on differences of Lyapunov functionals proposed
through introducing free weighting matrices. The findings are later tested
via linear matrix inequality (LMI) feasibility. A numerical example is
presented to demonstrate the effectiveness and benefits of the result
obtained in this study.
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1 Introduction

The 2-D systems are found in various practical and physical processes where
the information propagation occurs in two independent directions such as gas
absorption and water stream heating. During the last decade, the research on 2-
D systems both in practice and theory has enticed a large number of scholars due
to their extensive applications [16], for example, image data processing, circuit
analysis, transmission and other areas.

It has been well recognized that time-delay often occurs in practical sys-
tems, particularly in 2-D systems due to data transmission and finite speed
of information processing among various parts of the system [20]. In addition,
the reaction of realistic systems to external signals is seldom instantaneous and
always affected by time delays. The time-delay frequently degrades the system
performance and even causes the system instability [13]. Therefore, the explo-
ration of time-delay systems stability plays a key role in applied models which
has caused quite a stir in recent years.

The H,, technique introduced in [9] has been in the spotlight in recent years
which attracted researchers, for example [5,7,8,12,17,22,23]. One of it many
advantages is that it is insensitive to the exact knowledge of the statistics of the
noise signals.
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In this paper, 2-D systems are described by Fornasini-Marchesini (FM) sec-
ond model [6,10,11] and based on the free-weighting matrix approach, proposed
in [14,15,21] and by constructing a Lyapunov functional [18], a delay-dependent
H., performance analysis is reached by keeping some useful terms from the
difference of Lyapunov functions.

This paper is adjusted to five sections: In Sect. 2, the problem under study is
formulated. In Sect. 3, new criterion is obtained in terms of LMI, which ensure the
asymptotic stability and the H,, performance of 2-D discrete systems described
by the FM second model. Numerical examples are given to highlight the results
in Sect. 4. Finally, some conclusions are provided in Sect. 5.

Notations: Throughout the paper, RP denotes the p-dimensional real Euclidean
space, RP*? denotes the set of all p x ¢ matrices. 0 and I represent zero matrix
identity matrix respectively. diag{...} denotes a block-diagonal matrix in sym-
metric block matrices or long matrix expressions. X7 stand for the transpose
and the matrix X. @ > 0 (Q < 0) means that @ is real symmetric and positive
(negative) definite matrix. The notation ||z|| stands for the Euclidean norm of
the vector x.

2 Problem Formulation

We consider the 2-D system with time-varying delays described by the following
FM second model [10]:

{13(51 + 1, S92 + 1) = A1$(51 + 1, 52) —+ AQI’(Sl, S92 + 1) + Aldl’(Sl —+ 1, So — dJ)
+ Aogz(sy —di, 52+ 1) + Biw(s1 + 1, 82) + Bow(sy, 50 + 1)
z(s1, 82) = Cxz(s1,82) + Dw(sy, $2) (1)
where z(s1,52) € R™ is the state vector, z(s1,s2) € R™ the signal to be esti-
mated, w(sy,s2) € R® is the disturbance input. Ay, As, A4, Asq, B1, Bs, C
and D are constant matrices with appropriate dimensions, d; and d; are time
varying delays along horizontal and vertical directions, respectively, satisfying
71 <dj <1 and 3 < d;i < 74 where 71, 7, 73 and 74 are known positive
integers 7, = 7o — 11 and T = T4 — T3.
The boundary conditions for the system are specified as:

x(51,52) = Qsy,505 V51 20,82 € [—72,0]
x(81,82) = Vsy.s5, VS2 20,81 € [—74,0] (2)
7/10,0 = $0,0-

In what follows, the boundary conditions assumed to satisfy:

[e%s} 0 T [e%s} 0 T
§ 5,20 E sy— 7 D150 Ps1,82 < OO, E 59=0 E :51:—7'4 S1,szw81,82 <0

By considering the zero initial conditions, the Hoo norm of the system in (1)
is given by:

HG(ZI’ Z2)||°O = SUPw; ,wy€[0,27] Tmax [G(ejwl s eij)]
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where 0,4, denotes the maximum singular value of the corresponding matrix,
and

G(Zl, 2’2) = 0(2122[ - A1z1 - AQZQ - Aldzlz;dj — A2d21—d122)71

(B2za+ B1z1) + D

is the transfer function from the disturbance input w(sy,s2) to the output
z(s1,82) for the system in (1).

To get the main results of this paper, the following definition and lemmas
are needed.

lemmal [4] For given symmetric matrices

Sll Sl2:|

_ QT _
S=S _[* o

where S11 and Sy, are square matrices, the following conditions are equivalent

1. S<0;
2. S11 < 0, Sog — SSSESU < 0;
3. Sog < 0, S11 — 5?252_21512 < 0;

Definition 1. [24] The 2-D system given in (1) with zero boundary conditions
in (2) is said to have Hy, disturbance attenuation v if it is asymptotically stable
and:

[12(s1, 82)ll2 < v[[w(s1, 52)] |2 3)

For any nonzero w(sy, s2) € L2{[0,00), [0,00)} where

2(s1,82) = [zT(sl +1,52) 27 (81,82 + 1)}T

w(sy, s2) = [wh (514 1,82) wl(s1, 52 + 1)]T

3 Main Results

In this section, we consider the H,, performance analysis problem of system (1).
For this case the following theorem holds.

Theorem 1. Given integers 71 < dj < 12 and 73 < d; < 74 and scalar v > 0 the
system (1) with time varying d; and d; satisfying initial conditions given in (2)
is asymptotically stable for all nonzero w(si1,s2) € L2{[0,00),[0,00)} and (3) is
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satisfied if there exist appropriately dimensioned matrices P = P,+P, = PT > 0,
Jori=1,2,j=1,2,Qij =Q}; >0, Z1; = Z{; >0, Zy; = Z3; >0, for j = h,v

| Xy Xy | Yy Yoy R ALY o
XJ{* Xz vy = [T 0 Ny = ) g =

[ 1]: ], S; = {Sl]} ,for j=1,2 such that the following matriz inequalities

Sa;
hold:
Bi1 P2 Biz Pia Bis
*  (Bag [a3 Paa B2s
B=| * x [B33034 03| <0 (4)
* %k g Bus
* %k kg5
and
oy, = [)il ZJJ >0, Uy = {Yl Zﬂ >0, ws; = {X"j“ leiﬂzw} >0,i=hvj=12
where

Bu=0¢, Biz=[y7ad] Zu r¢1 Zo1],  Biz = [VT203 Z12 \/Tu$3 Z2o ]

Pu=[¢4 0% ], Pz =03 Pa I P], Pr2= [g” _221]

B33 = [—gm _222} y Baa= {_OI _OI] , Bss = [_Pa _(;DJ

ﬂij:{gg]for 1=2,3,4 ,7=3,45 and i#]

the zero matrix is appropriately dimensioned.

T T2 T3 T4 T5
Te 7 Tg T9
* T10 11 712
* * 13 T14

*
*
*
* ok ok * 15

S ¢o1 O = Pv2 0 7T‘:S12—]\412 S 0 0
! T R x ona|’ o o | ™ S11 —Mi
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7r:¢v30 7r:5'221\422 W:OO ﬂ_:—Q120
¢ n o o | " Sor May | "1 x —Q22

_ A2
71'13:{ Qu 0 ], 71'15:[ Lo ], ﬂzz{gg],for [ =5,9,11,12,14
with

dv1 = Nio + Niy + (7o + 1)Q32 + Q2 + Qo2 + 12 X116 + Y11 — Py
vz = NQ,Z; — Nio + Mo — S12 + 1o X195 + 70 Y128

pv3 = —Nag — Niy — Saz — S35 + Mao + My — Q32 + 72 Xo2p + 7Yoo
¢n1 = Nip + N + (7h + D@31 + Q11 + Qa1 + 71 X110 + Y110 — Pa
dn2 = N3j — Ni1 + Mi1 — S11 + 7aXi24 + Y124

¢n3 = —Nay — Ny — So1 — S31 + Moy + M3, — Q31 + T4 X204 + Th Y204

also
¢1=[A1 (A2 — 1) A1q A24 0000 By By |
P2 = [(AI_I)A2A1dA2dOOOOB1 BQ}
¢3=[A1 Ay A1g A2 0000 By B, |
$e1=[0C0000000D]
$e2=[C0000000D 0]
Proof. Let
ni(s1,s2) = a(s1 41,50 +1) — 2(s1, 52 + 1) (5)

n1(s1,s2) = A1x(s1 +1,s2) + (A2 — Da(s1,s2 + 1) + Aga(s1 + 1,52 — dj) + Aggx(sy — dj, s2 + 1)

+ Biw(sy +1,s2) + Baw(sy, s2 + 1) (6)

Tsys(s1,s2) = [ZT(S1 +1,82) 2T (s1,52 +1) ¥ (s1 + 1,82 —dj) 2T (s1 —dy, 52 + 1)
vaT(s1 4+ 1,82 —71) ¥ (s1 + 1,80 —72) 2T (s1 — 73,82 + 1) 2T (s1 — 74,52 +1) ..

T
cwT(sy +1,s2) wl(sq,s0 + l)]

= 7]1(51752) = ¢1xsys(51752)

The same for the vertical direction:

= n2(51,52) = PaZsys(S1,52)
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Choose a Lyapunov functional candidate to be

v(s1,82) = vi1(s1,82) + v2(s1,52) + v3(s1, 52) + va(s1, 82)
v(s1,82) = vi1(s1,52) + vi2(s1, 52) + v21(s1, 52) + va2(s1, 52)

+ v31(s1, 82) + v32(s1, 52) + va1(s1, 52) + vaz2(s1,52)

v11(81,82) = wT(sl, s2)Pgx(s1,s2), wvi2(s1,s2) = wT(sl, s2) Py (s, s2)
0 s1—1 —T73 s1—1
va1(s1,82) = ST i s2)Zum(s2) + D ST 0ty s2)Zaim (1, s2)
0=—74411=5; —146 0=—74+11=51 —14+6
0 sg—1 —T1 sg—1
vaa(s1,82) = D > 3 (s1,0)Z12m2(s1,1) + > > 5 (s1,1)Z22m2(s1,1)
0=—794+11l=s9—146 0=—7o+11=s9—146
sp—1 s1—1
’U31(51,S2) = Z ZT(Z,SQ +1)Q115E(l,82+1)+ Z ZT(l,Sz +1)Q21I(l,52+1)
l=s1—75 l=s1—74
sg—1 sg—1
1)32(51,52) = Z :ET(Sl +1,Z)Q12I(Sl Jrl,l)Jr Z CL‘T(Sl +1,l)Q22éL’(Sl +1,l)
l=sp—73 l=sp—71
1—-73 sp—1

’1)41(517 52) = Z Z IT(Z, S2 + 1)Q31:E(l7 So + 1)

0=1—74l=s1—140

1—7q sg—1

va2(81,82) = Z Z 27 (s1 4 1,1)Qsam(s1 + 1,1)

0=1—79l=s5—1+40

where P = P, + P, = PT >0, Qi = Qf; > 0,i=1,2,j=12, Z1; = Z[; > 0
i=1,2, Zy; = Zgj > 0 j=1,2 are to be calculated. Defining AV (s; + 1,s;) =
V(s1+1,82) = V(s1,82) and AV (s1,82+ 1) =V (s1,82 + 1) — V(s1, s2) yields

Ay (s1,52) = Tays (51 4+ 1,82) 03 Pathsiays(s1 + 1, 82) — (51, 52) Paays(s1, 52)

Apra(s1,52) = Tays (51,52 + 1)03 Potpsays(s1, 52 + 1) — xL, (51, 52) Poways(s1, 52)

sp—1
Ay (s1.80) = Izys(shsz)(ﬁ?(mzu + ThZ21)P1Tsys (51, 52) — Z n?(l,sz)zum(l,sz)
l=s1—d;
s1—1—r73 s1—1—d;
= > ol s)Zam(s2) — > 0t (Ls2)(Zar + Zun)m (U, s2)
l=s1—d; l=s1—74
so—1
A'U22(51a52) = zgys(51752)¢§(72212 + 771222)¢2zsys(51752) - Z ’I’]’;(Sl,l)212’r]2(sl,l)
l:sg—dj
sg—1—71 spg—1—d;
- > n3 (s1,1) Zazma(s1,1) — > 03 (s1,1)(Za2 + Z12)n2(s1, 1)
=55 —d l=sg—1o
Ay (s1,89) = 2T (51,52 + 1)(Q21 + Qui)a(s1, s2 + 1) — €7 (51 — 73,82 + 1)Qu12(s1 — 73,82 + 1)
—aT (51— 74,80 + 1)Qax(s1 — T4, 82 + 1)
Augn(s1,s9) = T (51 +1,82)(Q22 + Qr2)z(s1 + 1,82) — " (s1+ 1,52 — 71)Qr2z(s1 + 1,52 — 1)

— 2T (s1+ 1,82 — 72)Qa2w(s1 + 1,82 — 72)
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s1—73
Ay (s1,89) = (Th + Da” (s1, 52 + 1)Qs1a(s1, 52 + 1) — Z T (1, s2 + 1)Qz12(l, s2 + 1)
l=51—74
< (mh + 12T (s1,82 + 1)Qs1x(s1,82 + 1) —a” (81 — di, s2 + 1)Qzra(s1 — di, s2 + 1)
s2-71
Ay yo(snrs) = (To +1)a7 (s1+1,52)Qa22(s1 + 1, 52) — > 2T (514 1,)Qs2a(s1 + 1,1)

l=sg9—79

< (o 4+ Da" (514 1,82)Qa2x(s1 4+ 1,52) — " (s1 4 1,52 — d;)Qsz2x(s1 + 1,52 — dj)

From (5), we have
m(s1,s2) =x(s1+ 1,80 +1) —x(s1,82+ 1)

=
8171 8171 8171
Z m(l, s2) = Z z(l+1,80+1)— Z x(l, 50+ 1)
l=s1—d; l=s1—d; l=s1—d;
=
8171
0=uax(s1,80+1) —x(s1 —dj,s0+1) — Z m(l, s2)
l:sl—di
Sl—dj,—l
0=ux(sy —di,sa+ 1) —x(s1 —Tu,50+ 1) — Z m(l, s2)
l2517T4
81—7'3—1
0:$(81—T3,82+1)—(E(81—di,82+1)— Z ’171(l,82)
l:slfd.;

the same for vertical direction.
then the following equations are true for any matrices Ny, No, My, My, S; and

Sy with appropriate dimensions for AV (sy,s0 + 1) :

0=2x [IT(Sl,SQ + 1)N11 + .TT(Sl —d;, S9 + 1)N21

s1—1

x[z(s1, 82+ 1) —2(s1 —diysa+ 1) — > m(l,82)] (7)

lzsl—di

0=2x [IT(Sl, So + ]-)Mll + £CT(81 — di, So + ].)Mgl
s1—d;—1
X [x(s1 —diys2+1) —x(s1 — 74,82+ 1) — Z ni(l, s2)] (8)

1231 —T4
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0=2x [xT(sl, So + 1)511 + l‘T(S1 —d;, $o + 1)821
51—7'3—1

X [x(s1 — 73,82+ 1) —x(s1 —dj, 80+ 1) — Z m(l, s2)]
l=81—di

The same thing for AV (s1 + 1, s2).

(9)

In the other hand, for any appropriately dimensioned matrices X; = X! > 0,

Y; = YT >0, for i=h,v, the following equations are true:

s1—1

0 =7l (s1,92) Xnbi(s1,80) = D & (s1,52) Xn&a(s1,52)
l=s1—d;
sp—d;—1
Z &1 (s1,52) Xn&i(s1, 52)
l=s1—74
sp—T3—1
0 =& (s1,52)Ya&a(s1,82) = D &l (s1,82)Vaa(s1,52)
I=sq1—d;
s1—d;—1
Z & (51, 52)Yné(s1, 52)
l=s1—74
so—1
0 =725 (51,82) Xo€a(s1,82) — D> & (s1,92) Xoa(s1,52)
l=sp—d;
sg—dj—1
Z &3 (s1,82) Xu&a(s1, 52)
l=s9—T79
sg—71—1
0= 7063 (51,52)Voba(s1,52) = Y &3 (51,52)Voéa(s1, 52)
l=sp—d;
sp—dj—1
Z &3 (s1,52)Yola(s1,52)
l=sp—7y

51(81752) = [$T(81,S2 + 1) I‘T(Sl — di,82 + 1)]T
&a(s1,82) = [xT(sl +1,80) 2T (51 4+ 1,55 — dj)}T

(10)

(11)

(13)

Then, if the terms of the right side of the Eqgs. (7)—(13) are added to AV (s, s2) =

AV (s1 +1,82) + V(s1, 82 + 1), we have:
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AV (s1, s2) + 27 (51, 82)2(s1, 82) — 72w (51, s2)w(s1, s2) < Izys(slasz)w + ¢T (14211 + Th Z21) 1

+ ¢3 (T2 Z12 + T Z22)d2 + 611 be1 + 6 nder + D3 (Pa + Pp)ds)Tsys(s1, s2)
sp—1 sp—13—1 s1—d;—1

- > €3 (L s2)P11€3(1, 52) — > €3 (1, 52)W21€3(1, 52) — > €3 (1, 52)¥31€3(1, 52)
l=s1—d; l=s1—d; l=s51—74
sg—1 so—711—1 sg—dj—1
- > 5;(8171)‘1’1253(81,” - 55(8171)‘1’2153(811 n- > 5?(81,0%253(51,0
l=sg—d; I=sg—d; l=sg—79
T T
&s(l,59) = [&] (s1,82) 0 (I,52)]

n
E3(s1,0) = [€d (s1,2) n5 (s1,0)] "

thus if le,!pgj > O,’:p3j > 0 fOTj = 1,2 and

(¢ + ¢T (TaZ11 + ThZo1) 1 + Qg(Tzle + TvZ22)d2 + ¢6T1¢e1 + ¢eTz¢e2 + ¢3T(Pa + Py)p3) <0
which is equivalent to (4) by schur compliments, then

AV (s1,82) + ZT(S1, $2)z(s1,82) — 'ysz(sl, s2)w(sy, s2) <0

This ensures that (3) holds under zero-initial conditions for all nonzero
w(s1, s2) € La{[0,00),[0,00)} and a specified v > 0 following the similar line
n [25]. On the other hand, (4) entails that the following matrix inequality
(14) holds, which guarantees AV (s1,s2) < 0, such that the system (1) with
w(s1,82) = 0 is asymptotically stable.

B11 B2 13 Bis
* (a2 P23 Pos
* ok [B33 [35 <0 (14)

* %k (g5

8=

where

T T2 T3 T4
d)— * Mg 77 T8

* ok M0 711
* X% x T3

01 [Al (AQ*I) AldAQdOOOO]
2 [(Al—I)A2A1dA2dOOOO]
¢3=[A1 A A1g A2 0000]

This completes the proof. O
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—d;i—1 —d.—1
Remarque: The terms Zf;sl#t] n¥(l,82)Zs,m1 (1, 82) and leis2ih—2 nd (s1,
1)Zs,m2(s1,1) are kept in Theorem 1 to overcome the conservativeness. On the
other hand, 7 and 74 are split into two parts like d; and ™ —d;, d; and 74 — d;,
for vertical and horizontal direction, respectively, in order to prove Theorem 1

thus showing the benefits of the suggested method.

4 Numerical Example

In this section, we will give a numerical example to illustrate the applicability
of the proposed result.

Ezample 1. [19] Denote the design of 2-D delay-dependent H, performance and
filter for a stationary random field in image processing where the disturbances
are a random process (noise), using LMI approach proposed in (4), the 2-D
system can be converted to the 2-D FM model system (1) with the ensuing
parameters:

0.30 00 0 —0.03 —0.030
Al_[oo}’ A2_[10.2}’ Ald_[o.os 0 ] AQd_{ 0 0]

By = [(1)8}, By = [88}, C=[31], D=]01]
Given 73 = 3, 74 = 3, 71 = 2, 79 = 2 by solving the LMIs, the minimum H.,
norm bound for this example is v, = 6.9671.

Fig. 1 shows the maximum singular values plot of the transfer function matrix
of the system (1). In the figure, the grids denote the obtained H., disturbance
attenuations and its maximum value is 6.3725, which is below 6.9671.

fl I"M 4-"0"‘\
il A

4 4

Fig. 1. Transfer function (Example 1).
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Conclusion

This paper has explored the problems of stability and delay-dependent H., per-
formance analysis for 2-D discrete systems with time varying delay described
by FM second model without ignoring any terms in the derivative of lyapunov
functional by considering the relationship between the delay and it upper bound.
The new criteria may be extended to systems with uncertainties.
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