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Equations
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Abstract We would like to prove a blow-up result for Sobolev solutions to the
Cauchy problem for semi-linear structurally damped o -evolution equations, where
o > land § € [0,0) are assumed to be any fractional numbers. To deal with
the fractional Laplacian (—A)° and (—A)? as well-known non-local operators, a
modified test function method is applied to prove a blow-up result in the subcritical
case and in the critical case as well.

Keywords o-evolution equations - Structural damping - Critical exponent -
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1 Introduction

The main goal of this paper is to discuss the critical exponent to the following

Cauchy problem for semi-linear structurally damped o -evolution models:
i + (= 8)7u+ (=) u; = [ul?, W
u(0,x) = uo(x), u(0,x) =ui(x),

with some o > 1,8 € [0, o) and a given real number p > 1. Here, critical exponent
Perit = Derir(n) means that for some range of admissible p > p.,;; there exists
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a global (in time) Sobolev solution for small initial data from a suitable function
space. Moreover, one can find suitable small data such that there exists no global (in
time) Sobolev solution if 1 < p < p.i;. In other words, we have, in general, only
local (in time) Sobolev solutions under this assumption for the exponent p.

For the local existence of Sobolev solutions to (1), we address the interested
readers to Proposition 9.1 in the paper [2]. The proof of blow-up results in the
present paper is based on a contradiction argument by using the test function
method. The test function method is not influenced by higher regularity of the data.
For this reason, we restrict ourselves to the critical exponent to (1) in the case,
where the data are supposed to belong to the energy space. In this paper, we use the
following notations.

 For given nonnegative f and g we write f < g if there exists a constant C > 0
such that f < Cg. We write f ~ gifg < f < g.

* Wedenote UV ="1(§) := Frot (v(x)) as the Fourier transform with respect to the
spatial variables of a function v = v(x).

* Asusual, H* with a > 0 stands for Bessel potential spaces based on L2,

* We denote by [b] the integer part of b € R. We put (x) = \/1 + |x|2.

* Moreover, we introduce the following two parameters:

k™ :=min{o;28} and k' :=max{o;28} ifd l[0,0).

In order to state our main result, we recall the global (in time) existence result of
small data energy solutions to (1) in the following theorem.

Theorem 1 (Global Existence) Letm € [1,2) andn > mok~ with mlo =11
We assume the conditions
2 . +
<p<o ifn <2k,
m
2 n 4kt
<p< if n € (2k+ , ]
m_p_n—ZkJr yr 2—m
Moreover, we suppose the following condition:
mkT +o
p=14 " ED @
n—mk

Then, there exists a constant &y > 0 such that for any small data
(o, u1) € (L™ NHX") x (L" N L?)

satisfying the assumption ||uoll mqyx+ + lutllpnar2 < €0, we have a uniquely
determined global (in time) small data energy solution

ue® ([0, 00), Hk*) ne! ([0, o), L2)
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to (1). Moreover, the following estimates hold:

n 1_1 kK~
- ~D+
(e, g2 S (11) 205-00m 72702050 (Jlug || e groe + et | pmez2),

.
ot _ n (l_l)_k*k
D u, )] ,2 S 4+ 1) 2059072772055 (lug | it + 111l pmez2)s

_ n (171)707](7
e (2, Y2 S (U A1) 2050 0m 25055 (g | et + el pmg2)-

We are going to prove the following main result.

Theorem 2 (Blow-Up) Leto > 1, § € [0,0) and n > k~. We assume that we
choose the initial data ug = 0 and uy € L' satisfying the following relation:

/ ui(x)dx > e, 3)
[Rn

where € is a suitable nonnegative constant. Moreover, we suppose the condition

pe(is ] o)

Then, there is no global (in time) Sobolev solution u € %([O, 00), L2) to(1).

Remark 1 We want to underline that the lifespan 7, of Sobolev solutions to given
data (0, eu) for any small positive constant € in the subcritical case of Theorem 2
can be estimated as follows:

Qo—k7)(p—1)

T, < Ce 20-0-x)0-D  with C > 0. (%)

Nevertheless, catching the sharp lower bound of the lifespan 7; to verify whether
the obtained upper bound in (5) is optimal or not still remains open so far.

Remark 2 If we choose m = 1 in Theorem 1, then from Theorem 2 it is clear that
the critical exponent p,ir = perir(n) is given by

Peris () = 1+ if8€[0,§]and48<n§4a.

o
n—2§8
However, in the case § € (9, o) there appears a gap between the exponents given by
14 2,1‘3:2;’ from Theorem 1 and 1 + nz_”a from Theorem 2 for 20 < n < 85. Related
to such a gap in the latter case, quite recently, the authors in [3] have succeeded to
indicate the global (in time) existence of small data energy solutions to (1), with
o > 1, in low space dimensions for any p > 1 + nz_”a by using suitable L' — L2

decay estimates, with 1 < r; < ry < oo, for solutions to the corresponding linear
equation, after application of the stationary phase method. For this reason, at least
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in low space dimensions, we can claim that the critical exponent p.ri; = perir(n) in
the case § € ($,0) witho > 11is

20
Pcrit (n)y=1+

2 Preliminaries

In this section, we collect some preliminary knowledge needed in our proofs.

Definition 1 ([8, 10]) Let s € (0, 1). Let X be a suitable set of functions defined
on R". Then, the fractional Laplacian (—A)® in R" is a non-local operator given by

v(x) —v(y)

(=AY i veX = (A v(x) = Cpy P.v./n |2

as long as the right-hand side exists, where p.v. stands for Cauchy’s principal value,
4T(5+s) . Lo .

Cusi= (2+9) is a normalization constant and I" denotes the Gamma function.
72 (—s)

Lemma 1 Let g > 0. Then, the following estimate holds for any multi-index o
satisfying |o| > 1:

|9 x) 7| < ()7

Proof First, we recall the following formula of derivatives of composed functions
for |a| > 1:

||

3n(fx) = §jh“‘> ) > (L F) - (3 fo) |
Y1ty <a
[yil+-+lyvel=lal, lyil>1

where h = h(z) and R0 (z) = d’;}gz). Applying this formula with h(z) = z~2 and
f(x) =1+ |x|*> we obtain

||

|92 (x) 7| <Z<1+|x|)

x > 07 (L + x| - [a2 (1 + [x )]
Vit tyesa
[yil++lyvel=lal, lvi|=1



Blow-Up Results for Semi-Linear Structurally Damped o -Evolution Equations 217

||

<Cr Y A+t

k=1
1 ifo<|x] <1,
X
Z |x|2_‘y"~-~|x|2_‘y"‘ if x| > 1,
Vit ty=a
[yil++lyel=lel, lyil=1
. 2 1 it 0<lx <1,
<Gy (42 vl
k=1 B if x| >1,

—q—2 .
_ | Calafx) it 0<|x|<1,

‘kmwﬂﬂ“ if |x| =1,

where C; and C; are some suitable constants. This completes the proof. O

Lemma2 Letm €7, s € (0,1)andy :=m +s. Ifv e H* (R"), then it holds
(D) v(x) = (=A)"((=A)’v(x)) = (=) ((—A)"v(x)).

One can find the proof of Lemma 2 in Remark 3.2 in [1].

Lemma3 Letm € Z, s € (0,1) andy := m + 5. Let ¢ > 0. Then, the following
estimates hold for all x € R":

(x>7q72y if 0<qg+2m<n,
|(—A)y<x>7q| < (x)fn*zs log(e + |x|) if g-+2m=n, (6)
(x)fnizs if q+2m>n.

Proof We follow ideas from the proof of Lemma 1 in [7] devoting to the case m = 0
and s = é, that is, the case y = ; is generalized to any fractional number y > 0.
To do this, for any s € (0, 1) we shall divide the proof into two cases: m = 0 and
m>1.

Let us consider the first case m = 0. Denoting by ¥ = ¥ (x) := (x) * we write
(—A)S(x)fq = (—A)*(¥)(x). According to Definition 1 of fractional Laplacian as
a singular integral operator, we have

—-q

vx) —v(y)

(=AY (¥)(x) := Cus pov. Rr |x — y|n2s



218 T. A. Dao and Michael Reissig

A standard change of variables leads to

Cns - _2
ar == pa. [ VETITIEID T,

Gy ! Y(x+y)+¢¥(x —y) —2¢(x)
=— im 5 dy
2 e=0+ Jeqpy<1 |y|ntes
_ Cus ¢(X+y)+lﬁ(x—y)—21ﬁ(x)dy
2 Jiy=t |y|n+2s

To deal with the first integral, after using a second order Taylor expansion for ¥ we
arrive at

W+ )+ ¥ —y) =200 _ 1839 llLe

|y|n+23 ~ |y|n+2s—2 :

Thanks to the above estimate and s € (0, 1), we may remove the principal value of
the integral at the origin to conclude

Cn.s Yv(x+y)+vx—y) —2¢%(x)
s _ s
(A )0 =~ /R ) s dy.
To prove the desired estimates, we shall divide our considerations into two cases. In
the first subcase {x : |x| < 1}, we can proceed as follows:

(—aY )] < / W+ + Y= 3 =20,

e |y|n+2s
[y (x+y)+ ¥ —y) —2¢(x)]
+ d
~/|y|21 |y|n+23 y

< 1192 ! d ! d
S0y Yl Lee et [y y+ ¥l et [y y

Due to the boundedness of the above two integrals, it follows immediately

(A W) ST for x| < 1. (7
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In order to deal with the second subcase {x : |x| > 1}, we can re-write

Cn N - _2
(A (W) (x) = — ™ /|| . li/f(X+y)+1/f(x ) llf(x)dy
yiz2|x

2 |y|n+2s
B Cn,s/ Iﬂ(x+y)+1ﬂ(x—y)—21ﬂ(X)dy
2 Jiixisiyl<2ix] |y[rt2s
Cn,s Yvx+y)+yx—y) —2¢x)
- n+2s dy. ®)
2 Jiylsdixd |y[r=
For the first integral, we notice that the relations |x + y| > |y| — |x| > |x| and

|[x —y| > |yl — |x| = |x| hold for |y| > 2|x]|. Since i is a decreasing function, we
obtain the following estimate:

| YO Y =) =20
[y1=2]x]| y‘

|y|n+2s
<4y ()] : dysﬁff/ Lyl
yiz2px] [y yiz2px [y
SEIUE S )T (dueto x| & (x) for x| > 1). ©)

It is clear that |y| & |x| in the second integral domain. Moreover, it follows

z
B

For this reason, we arrive at

‘/ Y+ Y —y) -2 K)
1 d
2 Il <lyl<2lx]

|y|n+2s

bl < Iyl = 201} € {y e+ v < 311), (10)

[N NS

el < Iyl = 201} € {y s lx =yl < 31}, an

sw(f vty + [ Y(x = y)dy
lx+yl<3|x| lx—yl=<3|x]|
+ w(x)ﬁ 1dy)
2 XI=Iy1=2]x]

S ([ ey ) ). (12
[x+y|<3|x]|
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where we used the relation

/ Y(x +y)ydy = f Y(x — y)dy.
eyl <3lx| lx—yI<3lx|

By the change of variables » = |x + y|, we apply the inequality 1 4 r2 > (IE’ 2 to
get

f V(x4 y)dy 5/ (14~ 2 = 1gr 5[ A 4r)""9 ar
le+yl<3lx] r<3lx|

r<3|x|

1+ 3 x4 if 0<gqg<n,
< 1 log(e + 3|x)) if g=n, (13)
1 if g >n.

By |x| ~ (x) for |x| > 1, combining (12) and (13) leads to

‘/ w(ery)JrW(x—y)—ZW(x)dy
Jxl<lyl=<2lx|

|y|n+2s
—q—2s .
(x if 0<gqg<n,
< (x)fn*zs log(e +3|x|) if ¢q=n, (14)
(x)inizs if g >n.

For the third integral in (8), using again the second order Taylor expansion for ¥ we
obtain

|y|n+23

Yx+y)+¥x —y) —2¢(x)
‘ Iy|<4lx| dy‘

5/ | Iw(X+y)+¢(X—y)—2¢(X)|dy
[yl=,lxl

|y|n+2s
1
S max |82y (x £6y) d
/y<£x9€|0,1]| xw y ||y|n+2s—2 y
4 1
N max (x £0y)" 972 d
/ygéxee[o,u( y) |y|n+2s—2 y

< [x)72 / 12y < e (15)
Iy|<4 x|
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Here we used the relation [x £60y| > |x| —0|y| > |x| — }|x| = 1|x|. From (8), (9),
(14), and (15) we arrive at the following estimates for |x| > 1:

()77 if 0<
q <n,
(A @] )" P logle +31x) it g=n, (16)
(x)fnizs if g >n.

Finally, combining (7) and (16) we may conclude all desired estimates for m = 0.
Next let us turn to the second case m > 1. First, a straight-forward calculation gives
the following relation:

—AR) T =r( =2 P e+ 20T foranyr 0. (17)

By induction argument, carrying out m steps of (17) we obtain the following formula
forany m > 1:

m—1 m

A" ) =0 @+ 2j>( [Ten+a+2px) "

j=0 j=1

— ) T]n+a+2i)@ +2mfx) 772
j=2

+ Ci l_[(—n +q+2j)qg+2m)(g+2m+ 2)(x>—q—2m—4

j=3
m—1
+o+ D" ] @ ~|—2m~|—2j)(x>_q_4m). (18)
j=0

Then, thanks to Lemma 2, we derive

(- = A (Al )
m—1

= D" [T@+2p([[en+a+2)) (ar() "
j=1

j=0

_ C,L n(—n +q+2j)(g +2m) (_A)s<x>fq72m72
j=2
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+ Crzn l—[(_n +qg+2j)(g+2m)(g+2m+2) (_A)s(x>*q*2m74

j=3
m—1

o D [T+ 2m+2)) -y ) ). (19)
j=0

For this reason, in order to conclude the desired estimates, we only indicate the
following estimates fork =0, - - - , m:

(x>7q72y if0 < g +2m < n,
s) \—q—2(m+k) < —n—2s .
|(—A)*(x) | < (x) log(e + |x|) if g +2m =n, (20)
(x)fnizs ifg +2m > n.

Indeed, substituting g by g +2(m + k) withk =0, --- , m and y = s into (6) leads
to

x) 747 if0 < g +2m+k) <n,
(=) ()T S T logle + 1xl)if g +20m +K) =,
()" if g +20m +k) > n.

From these estimates, it follows immediately (20) to conclude (6) for any m > 1.
Summarizing, the proof of Lemma 3 is completed. O

Lemmad4 Lets € (0,1). Let Y be a smooth function satisfying 831# € L. For
any R > 0, let Yg be a function defined by

Yr(x) = (R 'x)

for all x € R". Then, (—A)*(YRr) satisfies the following scaling properties for all
x e R

(A (WR)(x) = R>((=A)’¢) (R 'x).

Proof Thanks to the assumption 831# € L, following the proof of Lemma 3 we
may remove the principal value of the integral at the origin to conclude

Cns - _2
(—AY R0 = = s [ VROED FVRE =y) = 2R()

2 R" |y|n+23
Cos [ V(R +R'y)+y (R —R'y)=2¢(R'x)
- _2R2s R" |R—1y|n+2§ d(R™y)

=R ((=0)y) (R 'x).

This completes the proof. O
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Lemma 5 (One Mapping Property in the Scale of Fractional Spaces { H*};.Rr)
Let y, s € R. Then, the fractional Laplacian

(=AY 1 = (=D f= (D) F)x) =F (€7 F(&)x)

maps isomorphically the space H® onto Hs~2v,
This result can be found in Section 2.3.8 in [12].

Lemma6 Let f = f(x) € H  and g = g(x) € H™® with s € R. Then, the
following estimate holds:

[ 760 800dx] < U Dl

The proof of Lemma 6 can be found in Theorem 16 in [6].

Lemma7 Lets € R. Let vy = vi(x) € H® and vo = vo(x) € H™’. Then, the
following relation holds:

f 01(0) v2(r)dx = f 1(6) D2 (6)dE.
R" R"

Proof We present the proof from Theorem 16 in [6] to make the paper self-
contained. Since the space § is dense in H® and H ~*, there exist sequences {v1 i}k
and {vp r}x with v x = V1 k(x) € S and vy x = V2 k(x) € & such that

lvik —villgs = 0 and |lvpx —v2llg—s = 0 fork — oo.

On the one hand, for &k — oo we have the relations

VirE) =1+ EP2 D1 x(6) — Vi) = (1 + €2 D1(5) inL2,
Var(€) := (14 [EP) 2 Dax(E) = Va(€) := (1 + [E1) 72 Da(€)  in L.

On the other hand, by Parseval-Plancherel formula we arrive at
/ v1k(0) v2x(0) dx = (vik, v21) 2 = (Viks D2k) )2 =/ V1 k(&) V2.4 (8) dE
R" R"
= [0+ IR0 1+ 1) a6 e

= [ xt®) Pascer . @
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where (-, -) 2 stands for the scalar product in L?. Moreover, applying Lemma 6 we
may estimate

[ 0101240 = 010 va()

=< ‘ /[R" (vik(x) — v1(x)) U2,k()€)dx‘ + ‘ /[R" v1(x) (V2.4 (x) — v2(x)) dx‘
< vk — villas lvakllg-s + lvillas lvae — v2llg-s = 0 ask — oo.

This is equivalent to
/ v k(x) v k(x)dx — / vi(x)va(x)dx ask — oo. (22)
R" R"

In the same way we also derive

L 0s® tu@ds > [ Do hords ask— 23)

Summarizing from (21) to (23) we may conclude

Lnewunw= [ He e d= [ 5@

Therefore, the proof of Lemma 7 is completed. O

3 Proof of Theorem 2

We divide the proof of Theorem 2 into several cases.

3.1 The Case that Both Parameters o and § Are Integers

Proof The proof of this case can be found in the paper [2]. O
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3.2 The Case that the Parameter o Is Integer
and the Parameter § Is Fractional from (0, 1)

Proof The first case is devoted to the subcritical case p < 1 + 2‘}’{,. First, we

ne
introduce the function ¢ = ¢(|x|) := ()c>_"_2(s and the function = n(t) having
the following properties:

1 forO <t < é,
1. ne %80([0, 00)) and n(f) = { decreasing for é <t <l,
0 fort > 1,

2. g OO + ") <C  foranyt e [1, 1], (24)

where p’ is the conjugate of p > 1. Let R be a large parameter in [0, 00). We define
the following test function:

Yr(t, x) :=nrO@r(x),

where ng(t) := n(R™*t) and gg(x) = ¢(R™'x) with a fixed parameter o
20 — k™. We define the functionals

00 R¥
Ig = / / (e, )P or(r, x) drdt = f / (e, )P pr (1. x) dxdt
0 R" 0 R"

and

RC!
IR.: ::ﬂ / lu(t, x)|Pop(t, x) dxdt.
o R"
2

Let us assume that u =

u(t,x) is a global (in time) Sobolev solution from

& ([0, 00), L?) to (1). After multiplying the Eq.(1) by ¢z = @g(t,x), we carry
out partial integration to derive

RCI
0<Ip= _/[R” u1(x)er(x)dx + /Ra /[R" u(t’x)atan(t)(PR(x)dxdt
2
+/0 /[R”' nR O er(x) (—A)u(t, x)dxdt

RC{
[ [ mO0re 80 utr. ) dxr
2

: —/ ur(xX)er(x)dx + J1 + Jo — Ja.
[Rn

(25)
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Applying Holder’s inequality with [17 + ;, = | we may estimate as follows:
R(X
= [ [ P ot ded
2
Ra
<(J. .
Rz"‘ R"
R(X
<y |
R2 R"

1 R® 7 , l/
<1, ( f A; 0" O2nR)]” pr(e) dxdr) "
2

1

P p Il’
u(t, )l (1, x)‘ dxdt)

1 P’ l/
or’ (6,0 ROeR()| dxdr)?

By the change of variables 7 := R~%f and ¥ := R~ !x, a straight-forward calculation
gives

1 _ n+a o 1,
S 18, R f ({2 az)” 26)

Here we used Btan (1) = R~ n”' () and the assumption (24). Now let us turn to
estimate J> and J3. First, by using ¢r € H* and u € %([O, 00), L2) we apply
Lemma 7 to conclude the following relations:

f[R QRO (= A)u(t,x) dx = A; &P PR W, ) dE
= A; u(t, x) (=2)7 g (x) dx,
fR CoR() (=AY u(t, x)dx = /R |EPTRE) W, §) dE
= /R u(t,x) (=8 gr(x) dx.
Hence, we obtain
h= fo ) f[R IR(DPR() (=) u(t, x) dxdt

=/ /nR(t)u(t,X)(—A)%R(X)dxdt,
0 R"
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R* s
= / ) / 91k (D9R(x) (—A)Pu(t, x) dxdt
[Rn
2

R(X
Zﬁa A;n dmru(t, x) (—A)’or(x) dxdt.
2

Applying Holder’s inequality again as we estimated J; leads to

1 RY _r , !
[l < 1§ (/O /R Meog " () |(=A)7gr()|” dxdr)”,

1

1 R _r , P / /
13l < Ig, (f f; e OO 9" 0 [(=8)gr(0)|” dxar)"".
2

In order to control the above two integrals, the key tools rely on results from
Lemmas 1, 3 and 4. Namely, at first carrying out the change of variables 7 := R™%t
and ¥ := R~ !x we arrive at

1 -2, n+/oz 1 - _p’ - - / o~ :,
LIS Ig R (fo /Wn(t)fp P ® | (@)@ didi)’
1

1 _ nto ! , ’
5 115 R 20+ 4 (/[Rn (p—pp 63) |(_A)a((p)(i)|l7 df)p ,

where we note (o is an integer) that (—A)%¢gr(x) = R™2(—A)? p(X). Using
Lemma 1 implies the following estimate:

1

1 _ n+a Y ’ ]
Bl S 1R R (/ ()PP di)”. 27)

Next carrying out again the change of variables 7 := R™%r and ¥ := R~ 'x and
employing Lemma 4 we can proceed J3 as follows:

1

25— +n+ot
\BISIE, R

1 17/ - - / _p/ ’ B 1/
X (/ / OO 07 @ |(=A) @)@ didt)"
) IR
1

28—+ _r o AL
S Ilé,tR o, (L}lw () |(—A)8((/))(x)|p dx)p )

Here we used 9,ng(t) = R™*n/(f) and the assumption (24). To deal with the last
integral, we apply Lemma 3 withg = n + 2§ and y = §, thatis, m =0 and s = §
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to get

1

1 _ _ n+o o ,
PARSE /P S ([ ()" 2‘%1;)”. 28)

Because of the assumption (3), there exists a sufficiently large constant Ry > 0 such
that it holds

/ U1 ()pr() dx > 0 (29)
[R’l

for all R > Ry. Combining the estimates from (25) to (29) we may arrive at

0< /[Rn 1 (0)er(x) dx < IIQI’J(R”“”V RO
n 1,@1’ R _ < 1,@1’ R Z 1 30
for all R > Ry. Moreover, applying the inequality
AyV—yfAI*IV forany A >0, y>0and0 <y < 1
leads to
0< A ()R < R0 (1)

forall R > Ry.Itis clear that the assumption (4) is equivalent to —2op’+n+a < 0.
For this reason, in the subcritical case, that is, —20p’ + n + « < 0 letting R — o0
in (31) we obtain

/ ui(x)dx =0.
[Rn

This is a contradiction to the assumption (3).
Let us turn to the critical case p = 1+ nzi, . It follows immediately —20 + ";,“ =0.
Then, repeating some arguments as we did in the subcritical case we may conclude

the following estimate:

1
0<Cy :=/ w1 (1)pr() dx < C1 I} — Ig,
[Rn
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1
where € i= ( / ()" ax)", hatis,

1

CO+IR§C111§- (32)

1 1
From (32) it is obvious that [z < C1I and Cy < C1Iy . Hence, we obtain

Ig<cV (33)
and
Ig > C([)), (34)
cy

respectively. By substituting (34) into the left-hand side of (32) and calculating
straightforwardly, we get

c”
Ig = (J)rz.
pTp
Cl

For any integer j > 1, an iteration argument leads to

cl’ cl’ P Co NP
I > = = () (35)
Cp+p2+...+pj pitl_p plil
1 c, ! Cy
1

Now we choose the constant

€y = /n <i>*n728 di

in the assumption (3). Then, there exists a sufficiently large constant Ry > 0 so that

[ mwer s =

for all R > R;. This is equivalent to

’ P C
Co>Cy =C/7", thatis, > 1.
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Therefore, letting j — oo in (35) we derive Ir — o0, which is a contradiction to
(33). Summarizing, the proof is completed. O

Let us now consider the case of subcritical exponent to explain the estimate for
lifespan T of solutions in Remark 1. We assume that u = u(t, x) is a local (in
time) Sobolev solution to (1) in [0, T) x R". In order to prove the lifespan estimate,
we replace the initial data (0, u1) by (0, eu1) with a small constant ¢ > 0, where
uy € L' satisfies the assumption (3). Hence, there exists a sufficiently large constant
R> > 0 so that we have

/ w1 (D)gr(x) dx = ¢ > 0
[RV!

for any R > R;. Repeating the steps in the above proofs we arrive at the following
estimate:

20p" —n—a

— / —
e<CR¥PHte o= ",

with R = Ta. Finally, letting T — T, we may conclude (5).

Remark 3 We want to underline that in the special case ¢ = 1 and § = é the
authors in [4] have investigated the critical exponent p. iy = perir(n) = 1 + nzl'
If weplugo = land 6 = ; into the statements of Theorem 2, then the obtained
results for the critical exponent p.,.;; coincide.

3.3 The Case that the Parameter o Is Integer and the
Parameter § Is Fractional from (1, o)

Proof We follow ideas from the proof of Sect. 3.2. At first, we denote s5 := § — [§].
Let us introduce test functions 7 = 1(¢) as in Sect. 3.2 and ¢ = @(x) 1= (x>_"_258.
We can repeat exactly, the estimates for J; and J> as we did in the proof of Sect. 3.2
to conclude

—2a+ n;»/at

1
| S I8, R , (36)

—20+ ";f"

1
Il S I R (37)

Let us turn to estimate J3, where § is any fractional number in (1, o). In the first
step, applying Lemma 7 and Holder’s inequality leads to

1 R“ _r , , !
5l < I, (/ f[R e OamgO" 9" () [~ pr(0)|” dxdr)".
2
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Now we can re-write § = ms + s5, where ms := [§] > 1 is integer and s; is a
fractional number in (0, 1). Employing Lemma 2 we derive

(=AY pr(x) = (=A)* ((=A)" g (x)).
By the change of variables ¥ := R~'x we also notice that
(—A)™@r(x) = R (=A)" () (3)

since m is an integer. Using the formula (18) we re-write

mg—1 ms
(=) gr(x) = (=" R TT (g +2/)([T(=n +q + 29 ()"
Jj=0 j=1

mg
—Ch TTn+a +20)( +2ms () 4722

j=2

ms
+C2 [(n+q +2))(q + 2ms)(g + 2ms + 2)(7) 72"

j=3
ms—1
oot (D™ [ g+ 2ms +2)(F) 7T,
j=0

where g := n + 2s;. For simplicity, we introduce the following functions:

—q—2ms—2k _ \—q—2ms—2k
or(x) = ) 1T and @ r(x) =g (R™x) = (5) 177
withk =0, --- , mg. As aresult, by Lemma 4 we arrive at
mg—1 ms
(=AY pr(x) = (=™ R ] (@ + 21)( [Tn+q+2i) (=) (9o, r)(x)
j=0 j=1

ms
— Chy T]n + 4 +20)@ + 2ms) ()% (91 &) ()
j=2

ms
+Chy []=n+a+20)(q +2ms)(q +2ms +2) (—8)% (92, p)(x)
Jj=3

mg—1
o D7 T g+ 2ms +2) (<)% (g, R)))
j=0
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ms—1 ms
= (=™ R™2725 TT (q +2)( [T (=n+q+2) ()% (¢0)®)
j=0 j=1
ms
— Cpuy [T+ a +2)(q + 2ms) (—=A) (1) (%)
j=2

ms
+ Coy [Tn+a 420 +2ms)(q + 2ms +2) (=) (92) (%)

j=3
mg—1
o D™ T @+ 2m5+2)) (=) (o) ()
j=0

= R0’ (9 (D).
For this reason, performing the change of variables 7 := R~*¢ we obtain
1 _98__ n+a
Al S I, R
<(f, L @@l e @ @] aidi)
2

1 ’ 1
—25—a4 " P NLFTAYS
SIg, R T (/W(P P (x) |(—A)5(¢)(X)|p dX)‘ .

Here we used 0;ng(t) = R~ “n/(f) and the assumption (24). After applying
Lemma 3 withg = n + 2ss and y = §, i.e. m = mg and s = s5, we may conclude

1 1 1
y o —20—a+"TE A=n—2ss -\ p 28—t
Bl S IR, R (/Ax} TEaE) S ap R o)

Finally, combining (36)—(38) and repeating arguments as in Sect.3.2 we may
complete the proof of Theorem 2. O

3.4 The Case that the Parameter o Is Fractional from (1, 00)
and the Parameter § Is Integer

Proof We follow ideas from the proofs of Sects. 3.2 and 3.3. At first, we denote
ss = o — [o]. Let us introduce test functions n = n(¢) as in Sect.3.2 and ¢ =
o(x) = (x>_n_2s“. Then, repeating the proof of Sects. 3.2 and 3.3 we may conclude
what we wanted to prove. O
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3.5 The Case that the Parameter o Is Fractional from (1, 00)
and the Parameter § Is Fractional from (0, 1)

Proof We follow ideas from the proofs of Sects. 3.2 and 3.4. At first, we denote
s¢ = o — [o]. Next, we put s* := min{s,, §}. It is obvious that s* is fractional
from (0, 1). Let us introduce test functions n = 1(¢) asin Sect. 3.2 and ¢ = ¢(x) :=
(x)fn*zs*. Then, repeating the proof of Sects. 3.2 and 3.4 we may conclude what we
wanted to prove. O

3.6 The Case that the Parameter o Is Fractional from (1, 00)
and the Parameter § Is Fractional from (1, o)

Proof We follow ideas from the proofs of Sects. 3.2 and 3.5. At first, we denote
So := 0 — [o] and 55 := § — [§]. Next, we put s* := min{s,, ss}. It is obvious that
s* is fractional from (0, 1). Let us introduce test functions n = n(¢) as in Sect. 3.2
and ¢ = ¢(x) 1= <x>7n728¥. Then, repeating the proof of Sects. 3.2 and 3.5 we may
conclude what we wanted to prove. O

4 Critical Exponent Versus Critical Nonlinearity

In Remark 2 we explained that for some models (1) we determined the critical
exponent pcrir = Perir(n) in the scale of power nonlinearities {|u|”} 1. But is this
observation sharp? In the paper [5] the authors discussed this issue for the classical
damped wave model with power nonlinearity. Here we want to extend this idea to
some models of type (1). For this reason, we discuss the following model:

!un + (=AU + (= A)uy = fulPerr® pulu]), 39)

M(O, )C) :MO(X), MI(O,)C) :ul(x)v

where o > 1,8 € [0, 9] and perir(n) = 1 + n%"éa with n > 1. Here the function

© = u(Ju]) is a suitable modulus of continuity.

4.1 Main Results

First we state a global (in time) existence result of small data Sobolev solutions to
(39).
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Theorem 3 (Global Existence) Lero > 1,5 € [0, 5] andm € [1,2). Let 0 <
0 < o. We assume the conditions

2mod 26 if §¢€l0,9),
{ e = Fooeis) (40)
mo <n <260 if 6=79.
Moreover, we suppose the following assumptions of modulus of continuity:
s (s) S m(s) (41)
and
Co
/ HS) 4 < oo (42)
0 N

with a sufficiently small constant Co > 0. Then, there exists a constant gy > 0 such
that for any small data

(o, ur) € (L™ N H?) x (L™ N L?)

satisfying the assumption |uollpmnge + luillpmnrz < €0, we have a uniquely
determined global (in time) small data Sobolev solution

u € ([0, 00), HY)
to (39). The following estimates hold:
_n 1_1 )
lut, Y2 S A+ 0720002505 (ug | o + it | pney2)
. n I _1y_ 6-28
1Dt )| 2 S A+ 07200027200 (lugl g ggo + Nl [l pmez2)-

Now we state a blow-up result to (39).

Theorem 4 (Blow-Up) Leto > 1 and § € [0, 9] be integer numbers. We assume
that we choose the initial data ug = 0 and uy € L' satisfying the following relation:

/ ui(x)dx > 0. (43)
[Rn
Moreover, we suppose the following assumption of modulus of continuity:

s u®(s) = o(u(s)) ass — +0withk = 1,2, (44)
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and

C
/ THO) e e (45)
0

N

where Cy > 0 is a sufficiently small constant. Then, there is no global (in time)
Sobolev solution to (39).

In the following we restrict ourselves to prove the blow-up result.

4.2 Proof of Theorem 4

The ideas of the following proof are based on the recent paper [5] of the second
author and his collaborators in which the authors focused on their considerations
to (39) with 0 = 1 and § = 0. For simplicity, we use the abbreviations p. :=

Derit(n) =14 n2—026 to (39) in the following proof.

Proof of Theorem 4 First, we introduce a test function ¢ = ¢(t) having the
following properties:

1 forO0 <t < 1,
@ € 65°([0, 00)) and ¢(7) = | decreasing for é <t<l,
0 fort > 1.

Moreover, we also introduce the function ¢* = ¢*(t) satisfying

(p*(r):!o for0 <t < é,

(1) for é <71 <o00Q.
Let R be a large parameter in [0, 0c0). We define the following two functions:

|x|2(¢7—5) +t )>n+2(075)

wr(t, x) = (w( R

and

|x|2(0=9) _|_t>>n+2(z778)

Pr(t,x) = ((p*( R
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Then it is clear that

suppgr C Qg :={(t,x) : (¢, |x]) € [0, R] x [0, RG]},
supppy C Qf := Qr \ {(t.x) : (t.]x]) € [0, R/2] x [0, (R/2)!/ =]}

Now we define the functional
o0
Ir :=/ A (e, 217 e (Ju (2, )@ (2, %) dxdt
0 n

=/Q (e, )P, ) )gr (0, x) d (x, 1),

Let us assume that u = u(t, x) is a global (in time) Sobolev solution to (39). After
multiplying the Eq. (39) by pr = ¢r(%, x), we carry out partial integration to derive

0<Ip= —/ w1 (0)pR(0, ) dx
IRV!
+ /Q u(t, x)(37¢r(t, x) + (—A) @r(t, x) — (A dpr(t, x)) d(x, 1)
R

- —f w1 () (0, x) dx + J.
Rn

Because of the assumption (43), there exists a sufficiently large constant Ry > 0
such that for all R > Ry it holds

/[R” u1(x)pr0, x)dx > 0.
Consequently, we obtain
0<Ir <Jgr forall R > Ry. (46)
In order to estimate Jg, firstly we have

1 |x|2@=8) 4 g\ \nt+20-8)—1 /|x|2@=0) ¢
w015 (o ) ( )
0ipr(@, ) S| (@ R ¢ R

<1 (¢*<|xI2(”“” + f))"”("*‘”*l. (47)
~ R R



Blow-Up Results for Semi-Linear Structurally Damped o -Evolution Equations 237

Further calculations lead to

1 [x]|20=8) 4 £\ \n+2c—8)-2 [x[20=8) 4 £\\2
For. 01 % po (o ) (v )|
107 @R (1, )| S r2\¢ R 2 R

1 |x|2@ =) 4\ \n+20-0)—1 | /|x]?@=D ¢
+ o (o ) )
R R R

1 [x 20 =8) 4 ¢\ \n+2(0—8)-2
<l (7

To control (—A)?@g(t, x), we shall apply Lemma 8 as a main tool. Indeed, we
divide our consideration into three sub-steps as follows:

_ 0

Step 1:  Applying Lemma 8 with A(z) and z = f(x) = |x|> we derive

the following estimate for || > 1:

r("F Y
X
R

|| |x |20 —9)~2k

< . S (x| [ (x|

[yil+-+lyel=lel

~
I
-

lyil=1
o] |2(z7 §)—2k
Z Do [P o ()|
k=1 [yil+-+lye|=la|

I<|yil=2

|2(or §)—2k

2— 2—
Z x| \)/1\,.,|x| [Vl

[yil-+lye|=lel|

I=lyil=2
el 200 —8)—2k 2(c—8)—|a|
< |x] . |x|2k—|a\§ x| X
k=1

This estimate holds for |«| < 2(o — §). But we may conclude that it holds for all
|| > 1, too and small |x|. More precisely, the singularity appearing in the case
|a| > 2(o — §) does not really bring any difficulty in the further treatment.
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‘X‘Z(a—a)_’_t
R

Step 2:  Applying Lemma 8 with (z) = ¢(z) and z = f(x) =
for all |a| > 1 the following estimate:

(M 0
. R

we get

Vi (lez(" ‘”+t)‘
)‘ R

20 —8)
(1% +1
X (T )

[yil++lyel=lel
1<|yi|<2(0—=8)

2(0—8)
<Z\ o)

y |x |20 =) =Inl | |20 =) =1yl
R R
[yil+-=+lyel=lo|
1<|yi|=2(c—9d)
|| x| 208 x| 2@ ~8)~lel s
Z( ) |7l < . (since 2~ < Rin Q%).

=1

Step 3:  Applying Lemma 8 with h(z) = 2" andz = f(x) = ¢( ‘X‘Z(Ulj)ﬂ)
we obtain

(=AY ort, 0| S D [950r(, X)] (49)
la|=20
20 2(6—98) 85—
[x| + t\\nt2(0—8)—k
()

|x|2(a—8)+t
* ‘p< R )‘

|x|2(a—5)_|_t
| X e )]

Vil+ -+l |=20
lyil=1
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20

|x |20 =8) ¢\ \n+200—8)—k
s (o )
<Y (¢ R

k=

—

|x|2(0—5)—|71\ |x|2(0—5)—|7k\
% Z R R

yil+ A+l |=20

lyil=1
< i< *(|x|2(”_‘s)+t))n+2(0*5)*k |x|2k(a—8)—20
~\? R R
1 20=8) 4 f\\n—25
< R ( *(M R + )) (since Ix?°= ~ Rin Q%).  (50)

It is clear that if § = 0, then |(—A)58,¢R(t, x)| was estimated in (47). For
the case § € (0, ], we can proceed in an analogous way as we controlled
|(—=A)? @r(t, x)| to derive

1 [x[2@=9) g\ \n+2(0-28)—1
(araera 0| s, (¢ ) . 6D
RD'*S R
From (47) to (51), we arrive at the following estimate:
|070R (1, x) + (—A) @R (t, x) — (=AY 30 (t, X)|
1 |x 20 =8) 4 ¢\ \n—26 1 n-26
< - ( *( )) — v * t,x n+2(0—38)
S ey ¢ R R (¢t X))
Hence, we may conclude
1 n—28
Jr=JrIS / lu(t, )| (2, X)) 2= d(x,1). (52)
Rafé QR

Now we focus our attention to estimate the above integral. To do this, we
introduce the function W (s) = s?¢u(s). Then, we derive

\Il(lu(t, O (er(t, x))nfzzﬁia))

pc(n—26) n—26

= (. )17 (1, 0)) =20 (Ju(t, )] (0, 0) 720 )

< lu(t, 0|7 o, Op(jut, 0l) = W(lu, ) g, x). (53)
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Here we used the increasing property of the function & = w(s) and the relation

n—28
0< ((p;ke(t’ x)) n+20-8) < 1,

Due to the assumption (44), we may verify that W is a convex function on a small

interval (0, co] by the following relation:

U (s) = spf*z(pc(pc — Dus) 4+ 2pe s/ (s) + szu”(s)) > 0.

Moreover, we can choose a convex continuation of W outside this interval to
guarantee that W is convex on [0, 00). Applying Proposition 1 with A(s) = W(s),

n—26
ft,x) = |u(t, x)|((p}}(t, x))"*z(‘f*“ and y = 1 gives the following estimate:

Jg, 10t I (p(a, )75 dCx, 1)
\If< fQ}; 1d(x,1) )

Sy ¥ (1t 01 0) 50 ) e, 1
= .

Joi 1d(x. D)

We may compute
/ ld(x,1) ~ R 20,
Q%

Hence, we get

n—28
Jor 1ut, )| (g (2, x)) 205 d(x, 1)
(™ )

Rt 20 —5)

Sy ¥ (1 001 0) 59 ) e, 1
=

R 205

Jo, ¥ (lu(t, 0l(¢5(t.x)) n+"2?5’36>) d(x, 1)

= n
RiIT20-5

(54)
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Combining the estimates (53) and (54) we may arrive at

n—26
Sor lut, 1 (@g (e, x)) 209 d(x, 1)
v( )

R1+2(anfa)
- fQR W (Ju(t, x)]) ot x) d(x, t).

; 55
R1+2(578) (55)

Since © = pu(s) is a strictly increasing function, it immediately follows that
W = W(s) is also a strictly increasing function on [0, co). For this reason, from
(55) we deduce

fQ e, )] (90, ) 20 d(x, 1)
- / ()] (¢, )20 d(x, 1)

Ok

jQR W (Ju(t, x)]) okt x)d(x, t))

< R"a6 \1/‘1( o (56)
Rt 20-9)
From (46), (52) and (56) we may conclude
n—25 W (lut, X)) ppt, x)d(x, 1)
Ig < R20=5 q,—l(fQR ( ) nR ) (57)
R 269

for all R > Rp. Next we introduce the following two functions:
g(r) = / lI/(lu(t, x)|) @it x)d(x, 1) withr € (0, 00)
Or
and

R
G(R) = / g(rrldr.
0

Then, we re-write

R
G(R):/ (/ w(|u(t,x)|)go;‘(t,x)d(x,t))r—1dr
0 Or

_ /QR \Il(|u(t,x)|)(/0R ((p*(IXIZ(";‘” _|_t))n+2(z778)r_1 dr) -



242 T. A. Dao and Michael Reissig

|x|2(075)+t
r

Carrying out change of variables 7 = we derive

G = /Q ¥ (Ju(r, X)|)(ﬁx|2(a—5)+, (‘P*(f))n+2(a_8) P! df) d(x, 1)
R R
! s\ 1H2(0—8) ~—1 4~
< [ wluoon([ @ ey )
R

(since supp g™ C [1/2,1])

1
< [ wueo)( [ (e ) e
Or 1/2

(since ¢* =@ in[1/2, 1])

5 /QR \y(|u(t,x)|)(<p(|x|2(";) +l))n+2(05)</1/12;1d7) e

(since @ is decreasing)

2(0-5) 22—
< log(1 + e)/ (ju(c, x)| (M . H)) O

= log(1 + e)Ig. (58)

Moreover, it holds the following relation:
G'(RR =g(R) = /Q W (lulr, x)|) ppt, x)d(x, 1). (59)
R

From (57) to (59) we get

G(R) G'(R)
< Ix < C1RY D W~ ()
log(1 + e) R 208

for all R > Ry and with a suitable positive constant C;. This implies
G(R G'(R
\I] ( ( n}ZS ) S (n )
Co R 20— R 2(0-%)

for all R > Ry and Cy := C1log(l + e) > 0. By the definition of the function
W, the above inequality is equivalent to

G(R) \re ; G(R) G'(R)
( n—28 ) M( n ) S n
CZR 2(oc—98) C2R 2(0—98) R 2(0-%)
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for all R > Ry. Therefore, we have

1 ( G(R) )S(G’(R)

ll/ n—. [
C3R CaR 2o 2%) G(R))p

for all R > Rp and C3 = Cf" > 0. Because G = G(R) is an increasing
function, for all R > Ry it holds the following inequality:

n—28

1 G(Ro) G'(R)
3R M(Csz(Jm) = (GR)"

After denoting 5§ := R and integrating two sides over [ Ry, R] we arrive at

1 (R 1 R GG
/ S M( n—26 )dg S / ~(S)pz‘ d§
Cs Jry § C4520-9 Ry (G(3))"

_n—128 1 1
o 20' ( anZB B nzaZS )
(G(Ro)) (G(R))

n—258
20 (G(Ro)) "2

where Cy4 := G(CI%O) > (. Letting R — oo leads to
1 foo 1 ( 1 55 < n—298
- M n—28 ) §= 20 °
C3 Jry § Cy520-5) ZG(G(R())) -2

n—26
Finally, using change of variables s = C452¢~% we may conclude

00 1 _
C/ M(.S) ds S n 28 e >
Co s ZU(G(RO))Ilfzs

n—26
where C := C3(30;25) > 0 and Cp := C4R§(“"” > 0 is a sufficiently large

constant. This is a contradiction to the assumption (45). Summarizing, the proof
of Theorem 4 is completed. O

Remark 4 From the condition (42) in Theorem 3 and the condition (45) in
Theorem 4, we recognize that determining the critical exponent p..;; = 1 + n2_”25
in the scale of power nonlinearities {|u|”},1 is really sharp to (39) in the case
é € [0, g], i.e. for “parabolic like models”. However, up to now this observation

remains an open problem for “o-evolution like models” in the remaining case
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8 € (9, 0], the so-called “hyperbolic like models” or “wave like models” in the
case o = 1.

Appendix

Proposition 1 (A Generalized Jensen’s Inequality) Let y = y (x) be a defined
and nonnegative function almost everywhere on 2, provided that y is positive in
a set of positive measure. Then, for each convex function h on R the following
inequality holds:

fQ FE)y () dx fQ h(F(0)y () dx

S 9
/ y(x)dx / y(x)dx
Q Q

where f is any nonnegative function satisfying all the above integrals are meaning-

ful.
The proof of this result can be found in [5, 9].

Lemma 8 (Useful Lemma) The following formula of derivative of composed
function holds for any multi-index o.:

||

(F®) =Y _h9(r®) > @ f@)---@rr®)|.
k=1 Vit +ye<a
[yil++lyel=lal, lyil=1

where h = h(z) and h®(z) = dzhz(kZ)~

The result can be found in [11] at page 202.

Acknowledgments The first author would like to thank the Organizing Committee giving him
the opportunity to participate at the INJAM Workshop “Anomalies in Evolution Equations”.
This research of the first author (Tuan Anh Dao) is funded (or partially funded) by the Simons
Foundation Grant Targeted for Institute of Mathematics, Vietnam Academy of Science and
Technology. All the best to Prof. Massimo Cicognani and Prof. Michael Reissig on the occasion of
their 60 birthdays.

References

1. N. Abatangelo, S. Jarohs, A. Saldaia, On the loss of maximum principles for higher-order
fractional Laplacians. Proc. Amer. Math. Soc. 146, 48234835 (2018)



Blow-Up Results for Semi-Linear Structurally Damped o -Evolution Equations 245

2

3

4.

. M. D’ Abbicco, M.R. Ebert, A new phenomenon in the critical exponent for structurally damped
semi-linear evolution equations. Nonlinear Anal. 149, 1-40 (2017)

. M. D’ Abbicco, M.R. Ebert, The critical exponent for nonlinear damped o -evolution equations

(preprint, 2020). arXiv:2005.10946

M. D’ Abbicco, M. Reissig, Semilinear structural damped waves. Math. Methods Appl. Sci. 37,

1570-1592 (2014)

. M.R. Ebert, G. Girardi, M. Reissig, Critical regularity of nonlinearities in semilinear classical
damped wave equations. Math. Ann. 378, 1311-1326 (2019). https://doi.org/10.1007/s00208-
019-01921-5

. Y.V. Egorov, B.W. Schulze, Pseudo-differential operators, singularities, applications.
Birkhiuser, Basel (1997)

. K. Fujiwara, A note for the global nonexistence of semirelativisticequations with nongauge
invariant power type nonlinearity. Math. Methods Appl. Sci. 41, 4955-4966 (2018)

. M. Kwasnicki, Ten equivalent definitions of the fractional laplace operator. Fract. Calc. Appl.
Anal. 20, 7-51 (2017)

. Z. Pavi¢, Generalized inequalities for convex functions. J. Math. Extension 10, 77-87 (2016)

. L. Silvestre, Regularity of the obstacle problem for a fractional power of the Laplace operator.
Commun. Pure Appl. Math. 60(1), 67-112 (2007)

. C.G. Simander, On Dirichlet Boundary Value Problem, an L”-Theory Based on a Generaliza-
tion of Garding’s Inequality. Lecture Notes in Mathematics, vol. 268 (Springer, Berlin, 1972)

. H. Triebel, Theory of Function Spaces. Birkhduser, Basel (1983)


https://doi.org/10.1007/s00208-019-01921-5
https://doi.org/10.1007/s00208-019-01921-5

	Blow-Up Results for Semi-Linear Structurally Damped σ-Evolution Equations
	1 Introduction
	2 Preliminaries
	3 Proof of Theorem 2
	3.1 The Case that Both Parameters σ and δ Are Integers
	3.2 The Case that the Parameter σ Is Integer and the Parameter δ Is Fractional from (0,1)
	3.3 The Case that the Parameter σ Is Integer and the Parameter δ Is Fractional from (1,σ)
	3.4 The Case that the Parameter σ Is Fractional from (1,∞) and the Parameter δ Is Integer
	3.5 The Case that the Parameter σ Is Fractional from (1,∞) and the Parameter δ Is Fractional from (0,1)
	3.6 The Case that the Parameter σ Is Fractional from (1,∞) and the Parameter δ Is Fractional from (1,σ)

	4 Critical Exponent Versus Critical Nonlinearity
	4.1 Main Results
	4.2 Proof of Theorem 4

	Appendix
	References


