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Preface

Powerful techniques from various areas of Number Theory have played important
roles in breakthrough developments in areas of Wireless Communications. These
include the impact of geometry of numbers, Diophantine approximation and
algebraic number theory on lattice coding and interference alignment. This book
introduces and describes some of these developments as well as the techniques
that have made them possible. It lays particular emphasis on those that are at the
forefront of current research. The chapters are all written by leading researchers
in both areas. They present the state-of-the-art research, which illustrates the deep
interaction between number theory and wireless communications. Together, they
show that there is currently great scope to develop the mutual understanding of
methods and problems.

The book has been developed from lectures given at the international meeting
“Workshop on Interactions Between Number Theory and Wireless Communication”
held at the University of York in July 2016. Details, including list of participants,
programme and slides of talks, can be found at:

https://www.york.ac.uk/maths/events/2016/workshop-interactions-between-
number-theory-wirele/

The primary goal of the workshop was to inspire both early career and established
researchers to consolidate and build new and exciting bridges between Number
Theory and Wireless Communications. Naturally, this is also the overarching goal
of this book. With this in mind, we encouraged the speakers to develop their written
contributions in an expository way and to provide an overview of current tools and
developments. Each chapter thus foregrounds the main concepts behind the topic
under consideration while keeping technicalities to a bare minimum. The chapters
thus offer direct and accessible information about highly exciting current research
developments to researchers in both Number Theory and Communication Theory.
Breaking down the superficial “language barrier” between the two disciplines is key
to understanding the respective central problems and is the first step towards fruitful
collaboration and progress.


https://www.york.ac.uk/maths/events/2016/workshop-interactions-between-number-theory-wirele/
https://www.york.ac.uk/maths/events/2016/workshop-interactions-between-number-theory-wirele/
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To the best of our knowledge, this book is the first volume jointly edited by
individuals working in Number Theory and Communication Theory. We hope
it provides a unique insight into key concepts, cutting-edge results, and modern
techniques that play an essential role in contemporary research. Great effort has
been made to present the material in a manner that is accessible to new researchers,
including Ph.D. students. The book will also be useful for established researchers
working in Number Theory or Wireless Communications who wish to broaden their
outlook and contribute towards the deep interplay between the two.

Many communication techniques involve choosing discrete sets of points that
represent information being sent over a communication channel. These discrete sets
represent a key element of codes and are often conveniently chosen to have a linear
structure. The presence of linear structure allows for efficient and low-complexity
decoding. Furthermore, it provides powerful properties that underpin state-of-the-
art techniques for managing interference and other challenges in wireless networks.
In number theory, discrete linear structures are natural objects of study within
the geometry of numbers and Diophantine approximation. Roughly speaking, the
geometry of numbers characterizes geometric properties (such as packing and
covering radii and Minkowski minima) of linear structures known as lattices. On
the contrary, Diophantine approximation studies the properties of linear maps on
such linear structures. The basis for the theory of Diophantine approximation
is Dirichlet’s classical theorem based on the Pigeonhole principle. The opening
chapter discusses the role it plays in the world of wireless communications. The
authors present an informal discussion of aspects of wireless communications via a
series of basic examples. These allow them to introduce a variety of concepts (such
as badly approximable, singular and well approximable points) and aspects (such
as probabilistic and manifolds theories) from Diophantine approximation while
explaining their role in wireless communications. In particular, they introduce a new
concept of jointly non-singular points and use it to improve a well-known result of
Motahari et al. regarding the Degrees of Freedom (DoF) of a two-user X-channel.
An overarching goal of Chap. 1 is to provide an answer to the question: What is the
role of number theory in the world of wireless communications?

Consider multiple transmitters and receivers that communicate with each other
across a shared wireless channel. The two main challenges to establishing reliable
communication between users are the noise introduced by the channel and the
interference between simultaneously transmitted signals. Over the past few decades,
experts in network information theory have strived to determine the fundamental
limits of reliable communication over multi-user channels. At the same time,
they attempted to realize network architectures that, in practice, could approach
these limits. In Chap. 2, the authors discuss the recent developments in network
information theory based on the use of lattice codebooks (i.e. codebooks that are
a subset of a lattice over R"). The inherent linearity of lattice codebooks can
be effectively used as a building block for communication strategies that operate
beyond the performance available for classical coding schemes. In general, the
performance of these lattice-based strategies is determined by how closely the
channel coefficients can be approximated by integer coefficients. In other words, the
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performance is intertwined with the theory of Diophantine approximation. Overall,
this chapter provides a unified view of recent results that connect the performance
of the compute-and-forward strategy of recovering an integer-linear combination
of codewords to Diophantine approximation bounds. The chapter concludes by
highlighting scenarios in which novel applications of Diophantine approximation,
such as non-asymptotic approximation bounds over manifolds, have the potential to
yield new exciting results in network information theory.

With the roll out of the fifth-generation (5G) wireless systems, constructing
efficient space—time codes offering complexity reduction is crucial for many
applications including massive multiple-input multiple-output (MIMO) systems.
Traditionally, space—time codes have been developed in the context of point-to-point
MIMO communications. However, today’s wireless networks need to accommodate
numerous types of applications and devices. In view of this, the so-called distributed
space—time codes have become a prominent area of research. In practice, such
codes often exhibit a high decoding complexity. Algebraic number theory and
lattice theory provide a framework for overcoming this issue. In Chap. 3, the
authors give an overview on the topic of fast decodable algebraic space—time codes.
More precisely, the chapter provides a basic introduction to space—time coding
and brings to the forefront the powerful algebraic tools needed for the design and
construction of such codes. In particular, it describes the algebraic techniques used
for reducing the decoding complexity of both single-user and multiuser space—time
codes. The key lies in utilizing the carefully chosen underlying algebraic structure.
The necessary background to both the lattice theory and algebraic number theory
is provided. The chapter concludes by describing explicit construction methods
for fast-decodable algebraic space—time codes. These are crucial for practical
implementation.

The problem of finding the densest arrangement of spheres in an n-dimensional
Euclidean space has been extensively pursued in mathematics. It is a classical and
central problem in the geometry of numbers. The celebrated Minkowski—Hlawka
theorem (dating back to 1943) states that there is a lattice in R", such that the
corresponding best packing of spheres with centres at the lattice points has density
greater than ¢(n)2~""~D—a constant dependent on the dimension. This is an
existence statement, and to date, excluding a handful of dimensions, no explicit
lattice construction achieving the Minkowski—Hlawka lower bound for the sphere
packing density is known. The proof uses probabilistic methods to analyse a random
ensemble of lattices rather than individual instances. Recent improvements to the
Minkowski-Hlawka lower bound exploit lattices with inherited algebraic structures.
For example, Venkatesh has successfully used the structure of cyclotomic number
field lattices to obtain a super-linear improvement. The sphere packing problem
has well-established and deep connections to coding theory. Indeed, building upon
the Shannon’s seminal work from 1948, it was shown in the nineties that the same
random ensembles used to produce lattices that give rise to the Minkowski—Hlawka
lower bound can be used to construct optimal lattice codes for the basic additive
white Gaussian noise (AWGN) communication channels. In other words, for such
channels the probabalistic strategy of Minkowski and Hlawka leads to the existence
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of capacity-achieving codes. Although the AWGN channel is a good model for
deep-space or satellite channels, which operate over a line of sight, modern wireless
communications call for more general models, which take into account the sending
of information propagated over different media (e.g. fading channels) via multiple
transmit and receive antennas (e.g. MIMO channels) and to various users (e.g. relay
networks). Such channels cannot be abstracted into a simple AWGN model and
require a different strategy. With this in mind, it is fruitful to consider lattices with
additional algebraic (multiplicative) structure, often inherited by the properties of
number fields. Indeed, the cyclotomic lattices exploited by Venkatesh play a crucial
role in some recent channel constructions. In Chap. 4, the authors start by providing
a self-contained exposition of random lattices and the sphere packing problem.
This includes both the classical aspects and the recent developments. Regarding the
latter, the use of algebraic number theory to utilize the structure of algebraic lattices
is brought to the forefront. A general construction that naturally incorporates a
number of important families of algebraic lattices (such as cyclotomic, Lipschitz and
Hurwitz lattices) is described. The emphasis then switches to describing how such
lattices can be applied to build effective, reliable and secure transmission schemes
for wireless communications. The main focus on the application side is threefold:
(i) to block fading, (ii) to certain forms of MIMO channels and (iii) to improving
information security.

As alluded to in the discussion above, one of the classical problems in informa-
tion and coding theory is that of designing codes that can approach the capacity of
the AWGN channel. One promising approach is to draw codewords from a lattice
and draw upon deep results from the geometry of numbers to establish performance
bounds. However, the AWGN channel model is not sufficient for modelling the
phenomena observed in wireless communication scenarios. Recent efforts have thus
shifted towards designing codes that can approach the capacity of fading channels,
which model the wireless medium via a random matrix multiplication of the channel
input followed by the addition of Gaussian noise. Here, it is also of interest to design
good lattice codebooks that can operate near the capacity. In Chap. 5, the authors
begin by reviewing the Hermite invariant approach to the design of lattice codes for
classical AWGN channels. They then propose a reduced Hermite invariant criterion
for the design of lattice codes for fading channels. Using this criterion, they are able
to translate the problem of operating within a constant gap of the fading capacity to
the problem of finding totally complex number fields with the smallest determinant.
Drawing upon powerful results from this area, they demonstrate the existence of
lattice codebooks that can operate within a constant gap of the fading capacity.
They then discuss the limitations of this approach and outline a promising direction
based on the construction of lattice codes from ideals. They conclude the chapter
with a discussion on the connection between the reduced Hermite invariant and
homogeneous forms.

A key property of the wireless medium is that a receiver’s observation can be
written as a linear superposition of all transmitted signals and Gaussian noise. By
employing codebooks based on nested lattices at each transmitter, this property
can be leveraged in order to allow the receiver to directly recover a function of
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the codewords. The compute-and-forward framework was proposed to characterize
the achievable rates for recovering integer-linear combinations, and lattice network
coding was subsequently proposed to connect this framework to module theory from
abstract algebra, which in turns allows for a much richer set of lattice codebook
constructions. In Chap. 6, the authors provide a comprehensive overview of these
frameworks, beginning with a review of necessary concepts from abstract algebra,
lattice codes and classical construction. Furthermore, methods for obtaining per-
formance bounds for compute-and-forward are also discussed. They then propose
multilevel lattice codes as a powerful method for reducing the decoding complexity
while maintaining the performance advantages of lattice codes. They introduce
detailed procedures for constructing such multilevel lattices, including a novel
elementary divisor construction, which captures prior methods as special cases.
From here, they generalize compute-and-forward and lattice network coding to
utilize multilevel lattices and demonstrate that this approach can yield a more
efficient method for decoding multiple messages. They conclude by proposing
an iterative decoding procedure for multilevel lattice codes and demonstrate its
advantages via numerical simulations.

Shannon’s beautiful theorem concerning the existence of capacity-achieving
codes for an AWGN channel makes fundamental use of a random coding argument.
In short, independent identically distributed (i.i.d.) random ensembles according
to some codeword distribution are exploited to prove the existence of “optimal”
codes. In Chap. 7, the final chapter, the authors begin by reviewing the main
steps in Shannon’s proof, in particular the use of the i.i.d. random ensembles in
the achievability part. They then revisit the achievability part from the viewpoint
of exploiting random structured ensembles such as random linear codes and
random lattice codes. For certain scenarios (e.g. those involving relay networks
or physical layer secrecy), random structured codes achieve better “rates” than
random i.i.d. codes. Furthermore, random linear codes allow for computationally
efficient encoding (since the encoding operation essentially involves simple matrix
multiplication), and random lattice codes allow for lattice decoding, which, for
example, enjoy lower complexity than maximum likelihood (ML) decoding. The
main goal of the chapter is to provide an accessible account of recent developments
and simplifications in the use of random structured codes in achievability proofs.
The focus is on addressing the two questions: Can random linear codes achieve
the discrete memoryless channel (DMC) capacity? and, Can random lattice codes
achieve the additive white Gaussian noise (AWGN) channel capacity? These two
questions are discussed separately but in a parallel manner. Indeed, the introduced
framework unifies the approaches for DMC and AWGN channels into a streamlined
analysis.

York, UK Victor Beresnevich
York, UK Alister Burr
Boston, MA, USA Bobak Nazer
York, UK Sanju Velani

June 2020
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Chapter 1 )
Number Theory Meets Wireless Sheiie
Communications: An Introduction for
Dummies Like Us

Victor Beresnevich and Sanju Velani

Abstract In this chapter we introduce the theory of Diophantine approximation
via a series of basic examples from information theory relevant to wireless
communications. In particular, we discuss Dirichlet’s theorem, badly approximable
points, Dirichlet improvable and singular points, the metric (probabilistic) theory
of Diophantine approximation including the Khintchine-Groshev theorem and the
theory of Diophantine approximation on manifolds. We explore various number
theoretic approaches used in the analysis of communication characteristics such as
Degrees of Freedom (DoF). In particular, we improve the result of Motahari et al.
regarding the DoF of a two-user X-channel. In essence, we show that the total DoF
can be achieved for all (rather than almost all) choices of channel coefficients with
the exception of a subset of strictly smaller dimension than the ambient space. The
improvement utilises the concept of jointly non-singular points that we introduce
and a general result of Kadyrov et al. on the é-escape of mass in the space of lattices.
We also discuss follow-up open problems that incorporate a breakthrough of Cheung
and more generally Das et al. on the dimension of the set of singular points.

1.1 Basic Examples and Fundamentals of Diophantine
Approximation

Let us start by addressing a natural question that a number theorist or more
generally a mathematician who has picked up this book may well ask: what is
the role of number theory in the world of wireless communications? We will
come clean straightaway and say that by number theory we essentially mean areas
such as Diophantine approximation and the geometry of numbers, and by wireless
communication we essentially mean the design and analysis of lattice/linear codes
for wireless communications which thus falls in the realm of information theory. To

V. Beresnevich (<) - S. Velani
Department of Mathematics, University of York, York, UK
e-mail: victor.beresnevich@york.ac.uk; sanju.velani @york.ac.uk
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2 V. Beresnevich and S. Velani

begin with, with this confession in mind, let us start by describing the role of one-
dimensional Diophantine approximation. Recall, that at the heart of Diophantine
approximation is the classical theorem of Dirichlet on rational approximations to
real numbers.

Theorem 1.1 (Dirichlet, 1842) Forany& € R and any Q € N there exist p,q € Z
such that

and 1<g=<0. (1.1)

1
kol

q0

The proof can be found in many elementary number theory books and makes use
of the wonderfully simple yet powerful Pigeonhole Principle: if n objects are placed
in m boxes and n > m, then some box will contain at least two objects. See, for

example, [16, §1.1] for details. An easy consequence of the above theorem is the
following statement.

Corollary 1.1 Let& € R\ Q, that is & is a real irrational number. Then there exist
infinitely many reduced rational fractions p/q (p,q € Z) such that

< (1.2)

-

The following exposition illustrates one of the many aspects of the role of
Diophantine approximation in wireless communication. In particular, within this
section we consider a basic example of a communication channel which brings into
play the theory of Diophantine approximation. In Sect. 1.2 we consider a slightly
more sophisticated example which also brings into play the theory of Diophantine
approximation in higher dimensions. This naturally feeds into Sect. 1.3 in which
the role of the theory of Diophantine approximation of dependent variables is
discussed. The latter is also referred to as Diophantine approximation on manifolds
since the parameters of interest are confined by some functional relations. To
begin with, we consider a ‘baby’ example of a communication channel intended
to remove the language barrier for mathematicians and explicitly expose an aspect
of communications that invites the use of Diophantine approximation.

1.1.1 A ‘baby’ Example

Suppose there are two users S; and S> wishing to send (transmit) their messages
u1 and uy respectively along a shared (radio/wireless) communication channel to
a receiver R. For obvious reasons, users are often also referred to as transmitters.
Suppose for simplicity that uy, up € {0, 1}. Typically, prior to transmission, every
message is encoded with what is called a codeword. Suppose that x; = x1(u1)
and xp = xp(uy) are the codewords that correspond to u#; and uj. In general, x;
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and x; could be any functions on the set of messages. In principle, one can take
x1 = u1 and xo = up. When the codewords x; and x» are being transmitted along
a wireless communication channel, there is normally a certain degree of fading of
the transmitted signals. This for instance could be dependent on the distance of
the transmitters from the receiver and the reflection caused by obstacles such as
buildings in the path of the signal. Let 4 and &, denote the fading factors (often
referred to as channel gains or channel coefficients or paths loss) associated with
the transmission of signals from S; and $> to R respectively. These are strictly
positive numbers and for simplicity we will assume that their sum is one: h; +
hy = 1. Mathematically, the meaning of the channel coefficients is as follows: if
S; transmits signal x;, the receiver R observes h;x;. However, due to fundamental
physical properties of wireless medium, when S; and S, simultaneously use the
same wireless communication channel, R will receive the superposition of 41x1 and
hpx», that is

y =hix; + haxa. (1.3)

For instance, assuming that x; = u; and x2 = uy, the outcomes of y are

0 if ur=ur=0
h1 if u1:Oandu2=1,

y= ] (1.4)
h2 if ui =1andu2=0,

l=hi+hy if uy=uy=1.
A pictorial description of the above setup is given below in Fig. 1.1.
The ultimate goal is for the receiver R to identify (decode) the messages u; and
uy from the observation of y. For example, with reference to (1.4), assuming the

channel coefficients 2 and A, are known at the receiver and are different, that is
h1 # hy, the receiver is obviously able to do so. However, in real life there is

Sl j/ X1

/
5 Y

Fig. 1.1 Two user multiple access channel (no noise)

y\ﬁR



4 V. Beresnevich and S. Velani

Fig. 1.2 Separation of intervals of radius |z| around each possible outcome of y which contain the
values of y’

always a degree of error in the transmission process, predominantly caused by the
received signal y being corrupted by (additive) noise. The noise can result from a
combinations of various factors including the interference of other users and natural
electromagnetic radiation. In short, if z denotes the noise, then instead of (1.3), R
receives the signal

Y=y+z=hixi+hmx+z. (1.5)

Equation (1.5) represents one the simplest models of what is known as an Additive
White Gaussian Noise Multiple Access Channel (AWGN-MAC), see Chap. 2 for
a formal definition. As before, the goal for the receiver R remains to decode the
messages u#] and up, but now from the observation of y’ = y + z. Let dpin denote
the minimum distance between the four outcomes of y. Then as long as the absolute
value |z| of the noise is strictly less than dpin/2, the receiver is able to recover y
and consequently the messages 1 and u from the value of y’. This is simply due
to the fact that the intervals of radius dmin/2 centered at the four outcomes of y are
disjoint and y’ will lie in exactly one of these intervals, see Fig. 1.2. In other words,
R is able to identify y by rounding y’ to the closest possible outcome of y.

For example, it is easy to see that the maximum separation between the four
outcomes given by (1.4) is attained when Ay = 1/3 and hp = 2/3. In this
case dmin = 1/3, and we are able to recover the messages u#1 and up assuming
that |z] < 1/6. The upshot of the above discussion is the following simple but
fundamental conclusion.

Conclusion The greater the mutual separation dp;, of the outcomes of y, the better
the tolerance for noise we have during the transmission of the signal.

In information theory achieving good separation between received signals
translates into obtaining good lower bounds on the fundamental parameters of
communication channels such as Rates-of-Communications, Channel Capacity and
Degrees-of-Freedom, see Chap. 2 for formal definitions of these notions. Within this
chapter we will concentrate on the role of Diophantine approximation in answering
the following natural and important question:

How can a good separation of received signals be achieved and how often?

Indeed, to some extent, answering this and related questions using the tools of
Diophantine approximation, algebraic number theory and the geometry of numbers
is a reoccurring theme throughout the whole book. We will solely use linear
encoding to achieve ‘good’ separation. In particular, within the above ‘baby’
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example, one is able to achieve the optimal separation (dpin = 1/3) at the receiver
regardless of the values of /41 and h, by applying the following simple linear
encoding of the messages u1 and u»:

1 2
X] = 3hf1u1 and Xy = 3h£1u2.

Indeed, before taking noise into consideration, under the above encoding the
received signals become

0 if uy=u;=0,
1/3 if wy=0anduy; =1,
2/3 if wuy=1landuy =0,
1 if uy=uy=1.

y=hixi +haxy = Juy + juz = (1.6)

To summarise, the above discussion brings to the forefront the importance
of maximizing the minimal distance/separation dpi, of the received (noise-free)
signals and at the same time indicates how a linear encoding allows us to achieve
this. Nevertheless, the assumption that the messages u; and u» being sent by the
transmitters S; and S are binary in nature makes the discussion over simplistic—
especially in terms of the use of number theory to analyse the outcomes. We now
modify the ‘baby’ example to a more general situation in which S7 and S, wish to
send messages u1 and u» from the set of integers {0, ..., Q} to a single receiver R.

1.1.2 Example 1 (Modified ‘baby’ Example)

Unless stated otherwise, here and throughout, O > 2 is a fixed integer. As we shall
see, this slightly more complex setup, in which u1, uy € {0, ..., Q}, naturally bring
into play the rich theory of Diophantine approximation. So with this in mind, let us
assume that the codewords x; and x» that are being transmitted by S; and S> are
simply obtained by the linear encoding of the messages u and u, as follows

xt =ouy; and x2 = Pus O=<unu =0, (1.7)
where « and § are some positive real numbers. We emphasise that the parameters o
and g are at our disposal and this fact will be utilized later. As in the ‘baby’ example

let &1 and A, denote the channel coefficients associated with S; and S> respectively.
Then, before taking noise into account, R will receive the signal

y = hix1 + haxo = hiauy + haofus . (1.8)
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Clearly, y takes the values
hiouy +hofuz : 0 <uy,ux < Q. (1.9)

Thus, there are potentially (Q+ 1) distinct outcomes of y and they lie in the interval
[0, (h1oe + h2B) Q]. It is easily verified that if they were equally separated then their
mutual separation would be precisely

hio + ha

042 (1.10)

However, this is essentially never the case. Indeed, let dpin denote the minimal
distance between the points y given by (1.9). Without loss of generality, suppose
for the sake of simplicity that

0<hia < hp
and define the real number
h
g.= 1Y (1.11)
ha B

which in view of the above assumption is between 0 and 1; i.e. 0 < & < 1. Then, by
Dirichlet’s theorem, we have that

< (1.12)

‘é_ q0

q

for an integer pair (p,q) € Z? satisfying 1 < ¢ < Q. Since 0 < £ < 1 and
1 <g < 0, wealsohave that 0 < p < g < Q. On multiplying (1.12) by hyBq, we
find that

C
lhiag — haBp| < Ql (C) = haP). (1.13)

for some integer pair (p,q) € 7?2 satisfying 1 < g < Qand 0 < p < g. Now
observe that the quantity |hjqg — hyBp| on the left hand side of (1.13) is exactly
the distance between the two specific values of y within (1.9) corresponding to
uy = q,upy = 0and u; = 0,ur = p. Since g # 0, this demonstrates that the
minimal distance dpi, between the values of y given by (1.9) is always bounded
above by C1/Q;i.e.

C
dinin < Ql . (1.14)
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For all intents and purposes, this bound on the minimal distance is smaller than the
hypothetical ‘perfect’ separation given by (1.10). In general, we have that

Ci h h
dminfmin{ 1 hia+ 2ﬂ}

0’ 0+2

It is easily seen that we can remove the assumption that 0 < hjo < hpf if we put
C1 = max{h«a, hyB}.

Remark 1.1 On looking at (1.14), the reader may be concerned (rightly) that the
minimal distance dpi, vanishes as Q grows. Luckily, this can be easily rectified
by introducing a scaling factor A > 1 into the linear encoding of the messages u
and u». The point of doing this is that the codeword x; (resp. x2) given by (1.7)
becomes Aocuq (resp. ABuz) and this has no effect on the point of interest £ given by
(1.11) but it scales up by X the constant C; appearing in (1.13). Thus, by choosing
A appropriately (namely, proportional to Q) we can avoid the right hand side of
(1.14) from vanishing as Q grows. In subsequent more ‘sophisticated’ examples,
the scaling factor will be relevant to the discussion and will appear at the point of
linear encoding the messages.

Now let us bring noise into the above setup. As in the ‘baby’ example, if z denotes
the (additive) noise, then instead of (1.8), R receives the signal

Yy =y+z=hou +hpur+z. (1.15)

Note that as long as the absolute value |z| of the noise is strictly less than dpyin/2,
the receiver R is able to recover y and consequently #; and u» from the value
of y’. Commonly, the nature of noise is such that z is a random variable having
normal distribution. Without loss of generality we will assume that z ~ N(0, 1),
that is the mean value of noise is 0 and its variance is 1. Therefore, when taking
the randomness of noise into account, the problem of whether or not the receiver is
able to recover messages sent by the transmitters becomes probabilistic in nature.
Loosely speaking, we are interested in the probability that |z| < dmin/2—the larger
the probability the more likely the receiver is able to recover messages by rounding
¥’ to the closest possible outcome of y. Of course, if it happens that |z| > dmin/2,
then we will have an error in the recovery of y and thus the messages u| and u>.
When z ~ N(0, 1), the probability of this error can be computed using the Gauss
error function and is explicitly equal to

dmin/z
e 240 .

1—\/2/71/0

This gets smaller as dpin gets larger. Clearly, in view of the theoretic upper bound
on dpin given by (1.14) the probability of error is bounded above by the probability
that |z] < C1/2Q. Thus, the closer dpij is to the theoretic upper bound, the closer
we are to minimizing the probability of the error and in turn the higher the threshold
for tolerating noise. With this in mind, we now demonstrate that on appropriately
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choosing the parameters o and B associated with the encoding procedure it is
possible to get within a constant factor of the theoretic upper bound.

1.1.3 Badly Approximable Numbers

The key is to make use of the existence of badly approximable numbers—a
fundamental class of real numbers in the theory of Diophantine approximation.

Definition 1.1 (Badly Approximable Numbers) A real number £ is said to be

badly approximable if there exists a constant k = k(&) > 0 such that for all
qeN, peZ
‘é— HE Kz. (1.16)
q q

Note that by definition, badly approximable numbers are precisely those real
numbers for which the right hand side of inequality (1.2) associated with Dirichlet’s
corollary (Corollary 1.1) cannot be ‘improved’ by an arbitrary constant factor. By
Hurwitz’s theorem [16], if £ is badly approximable then for the associated badly
approximable constant « (§) we have that

0<k(E) <1/45.

It is well known that the set of badly approximable numbers can be characterized as
those real numbers whose continued fraction expansions have bounded partial quo-
tients. Moreover, an irrational number has a periodic continued fraction expansion
if and only if it is a quadratic irrational and thus every quadratic irrational is badly
approximable. In particular, it is easily verified that for any given ¢ > 0, the golden
ratio

y =K5+1))2

satisfies inequality (1.16) with k = 1/(+v/5 4 ¢) forall p € Z and g € N with g> >
1/(+/5¢). This is obtained using the standard argument that involves substituting
p/q into the minimal polynomial f of y over Z and using the obvious fact that
1< q*If(p/)| < q*ly —p/ql-17 — p/ql, where 7 = (v/5—1)/2 i the conjugate
of y. We leave further computational details to the reader. Observe that on taking
e = 1/+/5, we find that y is badly approximable with k (y) > +/5/6.

The reason for us bringing into play the notion of badly approximable numbers
is very easy to explain. By definition, on choosing the parameters « and § so that
& := h1a/ hy B is badly approximable guarantees the existence of a constant « (§) >
0 such that

Cy
lhiaeg — haBp| = k(§) ‘ VgeN, peZ.
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Thus, it follows that the separation between the points given by (1.9) is at least
k(£)C1/Q. In other words, the minimal distance dpi, is within a constant factor of
the theoretic upper bound C1/Q given by (1.14). Indeed, if we choose « and 8 so
that 11/ ko B is the golden ratio y we obtain that

(1.17)

The upshot is that equation (1.17) gives an explicit ‘safe’ threshold for the level
of noise that can be tolerated. Namely, the probability that |z| < dpin/2 is at least
the probability that |z| < «(y)C1/Q. In principle, one can manipulate the values
of O € N and ¢ > 0 within the above argument to improve the lower bound
in (1.17). However, any such manipulation will not enable us to surpass the hard
lower bound limit of C;/(~/5Q) imposed by the aforementioned consequence of
Hurwitz’s theorem. Therefore, we now explore a different approach in an attempt
to make improvements to (1.17) beyond this hard limit. Ideally, we would like to
replace 1/+/5 by a constant arbitrarily close to one. We would also like to move
away from insisting that & is badly approximable since this is a rare event. Indeed,
although the set of badly approximable number is of full Hausdorff dimension (a
result of Jarnik from the 1920s), it is a set of Lebesgue measure zero (a result of
Borel from 1908). In other words, the (uniform) probability that a real number in
the unit interval is badly approximable is zero. We will return to this in Sects. 1.2.2
and 1.2.7 below.

1.1.4 Probabilistic Aspects

The approach we now pursue is motivated by the following probabilistic problem:
Given 0 < k' < 1 and Q € N, what is the probability that a given real number
& € l:= (0, 1) satisfies
p K
§— ‘ > (1.18)
‘ gl qQ

for all integers p and 1 < g < Q7 Note that these are the real numbers for which
the right hand side of inequality (1.1) associated with Dirichlet’s theorem cannot be
improved by the factor of ¥’ (Q is fixed here). It is worth mentioning at this point, in
order to avoid confusion later, that these real numbers are not the same as Dirichlet
non-improvable numbers which will be introduced below in Sect. 1.1.5. To estimate
the probability in question, we consider the complementary inequality

‘g - (1.19)

< .
gl qQ
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Let 1 < g < Q. Then for a fixed ¢, the probability that a given £ € I := (0, 1)
satisfies (1.19) for some p € Z is exactly 2«’/ Q—it corresponds to the measure of
the set

. p_ kK p K’
E‘I'_U(q qQ’q+q)m]I'
PEZ

On summing up these probabilities over g, we conclude that the probability that
a given £ € I satisfies (1.19) for some integers p and 1 < ¢ < Q is trivially
bounded above by 2«’. This in turn implies that for any ' < 1/2 and any Q € N
the probability that (1.18) holds for all integers p, g with 1 < g < Q is at least

1 -2«

The following result shows that with a little more extra work it is possible to improve
this trivial bound.

Lemma 1.1 Forany 0 < &’ < 1 and any Q € N the probability that (1.18) holds
for all integers p, q with 1 < g < Q is at least

12« ,
-, ~1-1216«". (1.20)
b4

Remark 1.2 Observe that when

k' < m?)12~0.822,

the quantity 12«’/7? is strictly less than 1 and therefore the probability given by
(1.20) is greater than zero. Hence for any Q € N, there exist real numbers &
satisfying (1.18) for all integers pand 1 < g < Q.

Remark 1.3 Within Lemma 1.1 the word ‘probability’ refers to the uniform proba-
bility over [0, 1]. However, in real world applications the parameter £ appearing in
(1.18) may not necessarily be a uniformly distributed random variable. For instance,
the channel coefficients could be subject to Rayleigh distribution and this will
have an obvious effect on the distribution of £ via (1.11). Nevertheless, as long
as the distribution of & is absolutely continuous, a version of Lemma 1.1 can be
established, albeit the constant that accompanies «” will be different. For further
details we refer the reader to [1].

Proof The proof of Lemma 1.1 relies on ‘removing’ the overlaps between the
different sets £y as ¢ varies. Indeed, it is easily seen that

0 0
o _ p_ & p K’
E'_UE‘I_U U (q qQ’q+IZ)mH‘
g=1 g=1 0=p=q
ged(p.g)=1
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Therefore,
Q ! Q ! / Q
2 2 2
ProbE) <> Y =) el _ 2 Z¢(Q), (1.21)
ol 15p%q q0 o q0 qul q
ged(p,q)=1

where ¢ is the Euler function. To estimate the above sum, it is convenient to use the
Mbobius inversion formula, which gives that

pl@) _ Z wu(d)

1 g

where w is the Mobius function. Recall that

Then

Combining this with (1.21) gives the required estimate, that is a lower bound on
1 — Prob(E), the probability of the complement to E. O

Let 0 < ' < w?/12 and Q € N be given. The upshot of the above discussion
is that there exist parameters o and B so that with probability greater than 1 —
12’ /% > 0, the real number £ := hja/ hy B satisfies (1.18) for all integers p and
1 < g < Q. It follows that for such & (or equivalently parameters o and g) the
separation between the associated points given by (1.9) is at least «’C1/Q and so
the minimal distance dpj, satisfies

C C
K’ Ql < doin < Ql (1.22)
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In particular, we can choose «’ so that k() < «” in which case the lower bound in
(1.22) is better than that in (1.17) obtained by making use of badly approximable
numbers. That is to say, that the lower bound involving k' is closer to the theoretic
upper bound C;/Q. Moreover, the set of badly approximable numbers is a set of
measure zero whereas the set of real numbers satisfying (1.18) for all integers p
and 1 < g < Q has Lebesgue measure at least 1 — 12«’ /n2. This is an important
advantage of the probabilistic approach since in reality it is often the case that the
channel coefficients 41 and hy are random in nature. For example, when dealing
with mobile networks one has to take into consideration the obvious fact that the
transmitters are not fixed. The upshot is that in such a scenario, we do not have
the luxury of specifying a particular choice of the parameters o and g that leads
to the corresponding points given by (1.9) being well separated as in the sense of
(1.17). The probabilistic approach provides a way out. In short, it enables us to
ensure that the minimal distance dpi, between the points given by (1.9) satisfies
(1.22) with good (explicitly computable) probability. See [54, Section VI.B] for a
concrete example where the above probabilistic approach is used for the analysis of
the capacity of symmetric Gaussian multi-user interference channels.

Up to this point, Q has been a fixed integer greater than or equal to 2 and reflects
the size of the set of messages. We end our discussion revolving around Example 1
by considering the scenario in which we have complete freedom in choosing Q. In
particular, one is often interested in the effect of allowing Q to tend to infinity on the
model under consideration. This is relevant to understanding the so-called Degrees
of Freedom (DoF) of communication channels, see Sect. 1.2.4.

1.1.5 Dirichlet Improvable and Non-improvable Numbers

We now show that there are special values of Q for which the minimal distance dpiy
satisfies (1.22) with x” as close to one as desired. The key is to exploit the (abundant)
existence of numbers for which Dirichlet’s theorem cannot be improved. Note that in
the argument leading to (1.17) we made use of the existence of badly approximable
numbers; that is numbers for with Dirichlet’s corollary cannot be improved.

Definition 1.2 (Dirichlet Improvable and Non-improvable Numbers) Let 0 <
k" < 1. A real number £ is said to be «’-Dirichlet improvable if for all sufficiently
large Q € N there are integers p and 1 < g < Q such that

K_/

%_ S 40"

q

A real number £ is said to be Dirichlet non-improvable if for any «’ < 1 it is not «’-
Dirichlet improvable. In other words, a real number & is Dirichlet non-improvable
if forany 0 < «” < 1 there exists arbitrarily large Q € N such that for all integers p
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and1 <g < Q

/
p‘z K
q q0

A well know result of Davenport & Schmidt [28] states that:

-

a real number is Dirichlet non — improvable

¢

it is not badly approximable.

Consequently, a randomly picked real number is Dirichlet non-improvable with
probability one. The upshot of this is the following remarkable consequence: for
any random choice of channel coefficients k1, hy and parameters «, B, with
probability one for any ¢ > 0 there exist arbitrarily large integers Q such that
the minimal distance dpy,;, between the associated points given by (1.9) satisfies

C C
(1—e)Q1 < dumin < Ql.

Clearly, this is the best possible outcome for the basic wireless communication
model considered in Example 1. We now consider a slightly more sophisticated
model which demonstrates the role of higher dimensional Diophantine approxima-
tion in wireless communication.

1.2 A ‘toddler’ Example and Diophantine Approximation in
Higher Dimensions

The discussion in this section is centred on analysing the model arising from adding
another receiver within the setup of the modified ‘baby’ example.

1.2.1 Example 2

Suppose there are two users S; and Sy as in Example 1 but this time there are
also two receivers R and R;. Let Q > 1 be an integer and suppose S; wishes
to simultaneously transmit independent messages u1, v; € {0, ..., Q}, where u;
is intended for R; and v; for R;. Similarly, suppose S» wishes to simultaneously
transmit independent messages uz,v2 € {0,..., O}, where u, is intended for
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Ry and vy for R;. After (linear) encoding, S transmits x; := x1(u1, v1) and S»
transmits xp 1= x2(u2, v2); that is to say

x1 =oqu; + Bivr and  xp2 = aousr + Brva (1.23)

where o1, a2, 1 and B are some positive real numbers. Next, for i, j = 1,2, let
hi; denote the channel coefficients associated with the transmission of signals from
S; to R;. Also, let y; denote the signal received by R; before noise is taken into
account. Thus,

y1 = hiixy +hpxo, (1.24)
y2 = ha1x1 + hooxa. (1.25)

A pictorial description of the above setup is given in Fig. 1.3 below.
Substituting (1.23) into (1.24) and (1.25) gives that

1 = huaiut + hiprvr + hipaous + hizfrvs (1.26)

y2 = horaquy + hai vy + hooous + hofrvs . (1.27)
Note that there are potentially (Q 4 1)* distinct outcomes of y; and they lie in the
interval [0, (k101 + hi1 B1 + hizan + hizB2) O1.

Now let us bring noise into the setup. If z; denotes the (additive) noise at receiver
R; (i =1, 2), then instead of (1.26) and (1.27), R and R; receive the signals

yi=yi+z and Yh=y2+ 22 (1.28)

respectively. Equations (1.23)—(1.28) represent one of the simplest models of what
is known as a two-user X -channel. The ultimate goal is for the receiver R; to decode

m_ Y
Sl Y X1 V1 Rl

5 Y o R

Fig. 1.3 Two-user X-channel
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the messages u1 and u, from the observation of yi and for the receiver R, to decode
the messages v and v2 from the observation of y). Clearly, this goal is attainable
if 2|z1| and 2|z2| are smaller than the minimal distance between the outcomes of
y1 given by (1.26) and the minimal distance between the outcomes of y, given by
(1.27) respectively.

Assume for the moment that u, us, v, vy € {0, 1} and for the ease of discussion,
let us just concentrate on the signal y] received at R;. Then there are generally up
to 16 different outcomes for y;. Now there is one aspect of the above setup that
we have not yet exploited: the receiver R; is not interested in the signals vy and
vz. So if these ‘unwanted’ signals could be deliberately aligned (at the transmitters)
via encoding into a single component v; + vz, then there would be fewer possible
outcomes for y;. This is merely down to the simple fact that there are 4 different
pairs (v1, v2) as opposed to 3 different sums vy + vy when vy and v, take on binary
values. With this in mind, suppose that

x1 = Alhpouy + hipvy) and  xo = A(hpuz + hijv2) (1.29)

respectively. Here A > 1 is simply some scaling factor. Thus, with reference to
(1.23), we have that

a1 = Ahy, B1 = Ahi, ap = Aoy, B2 = Ahyy, (1.30)

and so (1.24) and (1.25) become
1= A((huhzz)ul + (ha1h12)uz + (hi1hi2) (v + vz)) (1.3D)

2= k((hzlhlz)vl + (h11h22)va + (h21h2o) (uy + uz)) . (1.32)

Clearly, there are now only 12 outcomes for either y; or y, rather than 16. The
above discussion is a simplified version of that appearing in [52, §III: Example 3]
and constitutes the basis for real interference alignment—a concept introduced and
developed in [48, 51, 52] and subsequent publications.

Remark 1.4 The original idea of interference alignment exploits the availability of
‘physical’ dimensions of wireless systems such as the frequency of the signal or
the presence of multiple antennae. In short, an antenna is a device (such as an
old fashioned radio or television ariel) that is used to transmit or receive signals.
In any case, by using several antennae it is possible for a user to simultaneously
transmit several messages and these can naturally be thought of as the coordinates
of a point in a vector space, say R”. Thus, when analysing such wireless systems
the transmitted signals can be treated as vectors in R"”. The art of interference
alignment is to attempt to introduce an encoding at the transmitters (users) which
result in unwanted (interfering) signals at the receivers being forced to lie in a
subspace of R” of smaller (ideally single) dimension. Such alignment is achieved
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by exploiting elementary methods from linear algebra, see for instance [37, Section
2.1] for concrete examples and a detailed overview of the process. The novel idea of
Motahari et al. involves exploiting instead the abundance of rationally independent
points in the real line R. For instance, with reference to Example 2 above and the
transmitted signals given by (1.29), assuming that s,/ k12 is irrational, the signal
x1 transmitted by S lies in the 2-dimensional vector subspace of R over (Q given by

Vi = 2h2Q + Ah12Q.

Similarly, assuming that s1/ k1 is irrational, the signal x, transmitted by $> lies in
the 2-dimensional vector subspace of R over QQ given by

Vo = A1 Q4+ Ah1Q.

In view of the alignment, the unwanted messages v; and v, at receiver R; are
forced to lie in a subspace of R over Q of dimension one; namely W; =
Ah11h12Q. Similarly, the unwanted messages u and uy at receiver R» lie in the
one-dimensional Q-subspace Wy = Ahp1h2Q.

As with the ‘baby’ example, we can easily modify the above ‘binary’ considera-
tion to the more general situation when the messages u1, u2, v1, vy are integers lying
in {0, ..., Q}; i.e., the setup of Example 2. It is easily seen that in this more general
situation the savings coming from interference alignment are even more stark: there
are (20 + 1)(Q + 1)? ~ 203 outcomes for either y; or y after alignment as
opposed to (Q + 1)* ~ Q* outcomes before alignment. Consequently, based on the
outcomes for y; and y; after alignment being equally spaced, we have the following
trivial estimates for the associated minimal distances:

)»(hnhzz + horhi + 2h11h12>Q
QO+ 1D(Q+1)?

dmin,l =< (1.33)

and

)~<h21h12 + hi1han + 2h21h22> 0

20+ D(Q+1)? (139

dmin,Z <

We stress that diin,1 is the minimal distance between the outcomes of y; given
by (1.31) and dmin,2 is the minimal distance between the outcomes of y» given
by (1.32). As in Example 1, ‘perfect’ separation is essentially never the case and
to demonstrate this we need to bring into play the appropriate higher dimensional
version of Dirichlet’s theorem.
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Theorem 1.2 (Minkowski’s Theorem for Systems of Linear Forms) Let §; ; €
R, where 1 <i,j <k,andlet Ay, ..., A > 0. If

k
[det(Bi, ) 1<i, j<kl < l—[)»i, (1.35)
i=1

then there exists a non-zero integer pointa = (ay, . . ., ai) such that

la1Bit + - -+ aBixl <ri, 1<i<k-1)
(1.36)
la1Be,1 + -+ + arProil < Ak

The simplest proof of the theorem makes use of Minkowski’s fundamental convex
body theorem from the geometry of numbers; see, for instance [16, §1.4.1] or,
indeed, Chap. 2 of this book.

We now show how the minimal distance dpin,1 (and similarly, dmin2) can be
estimated from above using Minkoswki’s theorem. For simplicity, consider the case
when

max{hi1h, hathia, hi1thi2} = hiihio; (1.37)

thatis, 411 > ho1 and k1 > hop. Then, on applying Theorem 1.2 with k = 3, A1 =
(h11h12)Q72, k2 = A3 = Q and

hithy hathia hihyo
(Bi,j)1<i,j<k = 1 0 0 ,
0 1 0

we deduce the existence of integers a1, a» and a3, not all zero, such that

[(h11ha2)ar + (harhi)az + (hithiz)as] < (hi1h12) Q7 2,
lai| < @, (1.38)
laz] < Q.

Remark 1.5 Tt is worth pointing out that the argument just given above can
be appropriately adapted to establish the following generalisation of Dirichlet’s
theorem. For the details see for instance [16, Corollary 1.4.7]. Here and throughout,
given a point X = (x1, ..., x,) € R" we let |x| := max{|x1], ..., |x,l}.

Theorem 1.3 Forany & = (&1, ...,&,) € R" and any Q € N there exists (p, q) €
Z x Z" such that

1
lg181 + -+ gnén + pl < o and I <lql = Q. (1.39)
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‘We now return to determining an upper bound for dpin, 1. A consequence of (1.38)
is that for any given Q > 1 there exist integers ai, aa, as, not all zero, such that

ar+az <Qr<1.

‘hnhzzal haihi2
hi1hiz hi1hiz

This together with the triangle inequality implies that

ha1hiz

hith ‘ .
hithi2

ai
hithiz

|a3|<‘ 2| + 1,

and so in view of our ‘maximal’ assumption (1.37), it follows that
laz| < lail +la2l +1 =0+ (Q -1 +1=20.
Now observe that the quantity
A x |[(hiihao)ar + (hathin)as + (hyihi)as|

is precisely the distance between the two specific outcomes of y; associated with
(1.31) given by the following choices:

Choice 1: u; = max{0, a1}, wuz = max{0,az}, v;+ v2 =max{0, az},

Choice 2: u; = max{0, —a}, up = max{0, —as}, v + vo = max{0, —a3}.

We have just observed that Theorem 1.2 guarantees that |a1| < Q, |a2] < Q and
laz] < 2Q and so uy, uz, v1, vp are integers lying in {0, ..., Q}. Hence, in view of
(1.38) it follows (under the assumption (1.37)) that

Ahithiz G
o> 0¥

dmin, 1 =

where Cr :=Ah11h12. (1.40)

For all intents and purposes, this bound on the minimal distance is smaller than the
‘perfect’ separation estimate given by (1.33). A similar analysis can be carried out
when the maximum in (1.37) is attained on another term, and for estimating dmin,2.
Obviously the parameter C; would reflect the situation under consideration.

As mentioned earlier, the receivers R; and R; can decode the respective
messages provided that the respective minimal distances dmin,1 and dmin,2 are at
least two times larger than the noise at each receiver. Given that the nature of noise
is often a random variable with normal distribution, the overarching goal is to ensure
the probability that |71 | < ;dmin,1 and |z2] < ;dmin,2 is large. Indeed, as in Example
1, the larger the probability the more likely the receivers R; (i = 1,2) are able to
recover messages by rounding y! (given by (1.28)) to the closest possible outcome
of y; (given by (1.31) if i = 1 and (1.32) if i = 2). It is therefore imperative to
understand how close dmin,1 and dmin,2 can be to their theoretical upper bounds.
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With this in mind we now describe various tools and notions from Diophantine
approximation that can be used for this purpose. In short, they allow us to get within
a constant factor of the theoretical upper bounds. As in Example 1, we start by
attempting to manipulate the encoding process so as to exploit the existence of badly
approximable points in R”. Before we embark on this discussion we make a remark
concerning the scaling factor A that first appears in (1.29).

Remark 1.6 Observe that estimating dmin,1 and dmin,2 from below is essentially the
same as estimating from below the size of the linear forms

(h11h2)ur + (hathi2)uz + (hithi2) (v1 + v2) , (1.41)
(ha1h12)vr + (hirh2)vy + (ha1hoo) (uy + uy) . (1.42)

The factor A appearing in (1.31) and (1.32) only determines the scaling of dmin,1
and din,2 and can be used to ‘adjust’ these quantities, namely, to prevent them from
vanishing as Q grows, see Remark 1.1 for a similar consideration within Example 1.
Indeed, the effect of multiplication by XA can be simply understood as increasing the
separation in the constellation of messages; i.e. the messages u1, vy, uz, v2 could be
associated with {0, A, 2A, 3A, ..., QA}instead of {0, 1,2,3, ..., Q}.

1.2.2 Badly Approximable Points

We start by stating the following simple consequence of Theorem 1.3. It is the higher
dimensional analogue of Corollary 1.1.

Corollary 1.2 For any point § € R" there exists infinitely many (p,q) € Z X
Z'"\{0} such that

1
lgi§1 + - -+ gndn + pl < . (1.43)

lq|"

Note that in the corollary we have not imposed the condition that & is not a
point on a rational hyperplane. This is since we do not impose, as in the one-
dimensional statement, the requirement that (p, q) is primitive; that is, without a
non-trivial common divisor. Naturally, badly approximable points in R" are defined
by requiring that the right hand side of (1.43) cannot be ‘improved’ by an arbitrary
constant factor. This we now formally state.

Definition 1.3 (Badly Approximable Points) A point § € R" is said to be badly
approximable if there exists a constant k = « (&) > 0 such that for all (p,q) €
7 x 7"\{0}

K
lg161 + -+ + qnén + pl = qn (1.44)
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The set of badly approximable points in R"” will be denoted by Bad(n). It is
relatively simple to verify that for any real algebraic number & of degree n + 1
the point (£, &2, ..., £") € R" is badly approximable. Indeed, consider the norm of
the algebraic number

a1 =q1E + @E*+ -+ quE" + p € Q&)

which (up to sign) is the product of 1 and its other conjugates, say o3, ..., 0t41.
For simplicity one can assume that £ is an algebraic integer. Furthermore, we can
assume that the right hand side of (1.44) is less than one and so without loss of
generality we have that |p| < |q|. Then, it is easily seen that |o;| < |q| for all j,
while the norm of «; is bounded below by 1. Here and elsewhere >> (respectively,
X) is the Vinogradov symbol meaning > (respectively <) up to a multiplicative
constant factor. The upshot is that

n+1
|q1€ + @28 + -+ qu&" + pl = lea| > [ lojI ™" > 1q1™",
j=2
whence the claim that (£, &2, ...,&") € Bad(n) follows. This argument can be

made explicit to obtain a specific lower bound for the badly approximable constant
k(&, ..., &"). Examples of badly approximable algebraic points of this ilk were first
given by Perron [55].

The reason for us bringing into play the notion of badly approximable numbers
is similar to that in Example 1. If the channel coefficients happen to be such that

hithy haihiz hyy hoy
= (1,86) = ( , ) = ( , ) (1.45)
$ hithiz hiihiz hi2” hiy

is a badly approximable point in R?, then we are guaranteed the existence of a
constant x (§) > 0 such that

‘huhzz hathis ‘ k(&)
q1 q2 >
hithiz hiithi2

for all non-zero integer points (p, q) € Z x Z*\{0}. Thus, it follows that for every
QeN:

k(&)hih
|h11h22g1 + h21h12q2 + hithipl = (g)lel 12
for all (g1, g2, p) € 73 with 1 < |q| < Q, and so the separations between any two

points given by (1.31) is at least K(‘E))ég“h”. In other worlds,

k(§)C2

02 (1.46)

dmin, 1=
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which complements the upper bound (1.40). Note that instead of (1.45) one can
equivalently consider & = (&1, &) to be either of the points

<h21h12 h11h12> <h11h22 h11h12) (1.47)
hithy” hithan )’ hothi2” haothiz) ' '

which will also be badly approximable if (1.45) is badly approximable. Thus, we

can in fact show that (1.46) with appropriately adjusted constant « (§) holds with C»
redefined as

Cy :=max{hi1hy, ha1hiz, hi1hiz}. (1.48)

A similar lower bound to (1.46) can be established for dmin 2 if

ho1h hih h h
( 22 b 22):< 2 11) (1.49)
ha1hay harhao hyy hoy
or equivalently
hi1h ho1h ho1h ho1h
( 1ha o 22) or( 2k ho 22) (1.50)
ha1hi2” ha1hiz hithay ™ hithy

is a badly approximable point in R?.

Remark 1.7 We end this subsection with a short discussion that brings to the
forefront the significant difference between Examples 1 & 2, in attempting to exploit
the existence of badly approximable points. In short, the encoding process (1.30)
leading to the alignment of the unwanted signals in (1.31) and (1.32) comes at a
cost. Up to a scaling factor, it fixes the parameters ay, o2, B1, B2 in terms of the
given channel coefficients. This in turn, means that our analysis of the linear forms
(1.41) and (1.42) gives rise to the points (1.45) and (1.49) in R? that are dependent
purely on the channel coefficients. Now either these points are in Bad(2) or not. In
other words, there is no flexibility left in the encoding procedure (after alignment)
to force (1.45) or (1.49) to be badly approximable in R”. This is very different to
the situation in Example 1. There we had total freedom to choose the parameters
o and B in order to force the point (1.11) to be a badly approximable number. The
upshot is that in Example 2, there is no such flexibility and this exacerbates the fact
that the probability of (1.45) or (1.49) being badly approximable is already zero.
The fact that Bad(n) has measure zero can be easily deduced from Khintchine’s
theorem, which will be discussed below in Sect. 1.2.4—however see Sect. 1.2.7 for
the actual derivation. Although of measure zero, for the sake of completeness, it is
worth mentioning that Bad(n) is of full Hausdorff dimension, the same as the whole
of R". This was established by Schmidt [57, 58] as an application of his remarkably
powerful theory of («, 8)-games. In fact, he proved the full dimension statement for
badly approximable sets associated with systems of linear forms (see Sect. 1.2.7).
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Remark 1.8 We note that if & is any of the points (1.45) or (1.47) and &' is any of
the points (1.49) or (1.50), then in order to simultaneously guarantee (1.46) and its
analogue for dpin 2 both & and &’ need to be badly approximable. This adds more
constraints to an already unlikely (in probabilistic terms) event, since the points &
and &’ are dependent. Indeed, concerning the latter, it is easily seen that

g =f® (1.51)

for one of the following choices of f : R? — R?

ren=(00) () () (0 2) o (Cy)e s

Clearly, the set of pairs (£, ") of badly approximable points confined by (1.51)is a
subset of the already measure zero set Bad(2) x Bad(2). Nevertheless, they do exist,
as was proved by Davenport [26], and are in ample supply in the following sense: the
set of pairs (&, ") of badly approximable points subject to (1.51) has full Hausdorff
dimension, which is two. In other words, the dimension of Bad(2) N f(Bad(2)) is
equal to the dimension of Bad(2). This follows from the results of [19].

1.2.3 Probabilistic Aspects

In this section, we consider within the higher dimensional context of Example 2,
the probabilistic approach set out in Sect. 1.1.4. Given 0 < ¥’ < 1 and Q € N, let
B,(Q, k') be the set of & € I" := (0, 1)" such that

/!

K
lq181 4 -+ +qnén + pl = o (1.53)

for all integer points (p,q) € Z x Z" such that 1 < |q| < Q. Note that § €
B,(0Q, k') are precisely the points in I" for which the right hand side of inequality
(1.39) appearing in Dirichlet’s n-dimensional theorem, cannot be improved by the
factor of " (Q is fixed here). To estimate the probability of B, (Q, «”), we consider
the complementary inequality

/

K

lg161 4 -+ qnén + pl < on (1.54)
Let 1 < |q| < Q. Then for a fixed q, it can be verified that the probability that a
given & € I" satisfies (1.54) for some p € Z is exactly 2k’ Q" —this is a relatively
straightforward calculation the details of which can be found in [63, Lemma 8]. On
summing up these probabilities over q with g; > 0 (this can be assumed without
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loss of generality), we conclude that the probability that a given & € 1" satisfies
(1.54) for some integers p and 1 < |q| < Q, is bounded above by

207720+ DN O+ 1) ~ 2% (as Q — o0).

This in turn implies the following statement.

Lemma 1.2 Forany0 < «’ <l andany Q € N

) L 1 n—1 1
Prob(8,(0,«")) >1-2"« (1 + 2Q> (1 + Q) . (1.55)

Similarly to the one-dimensional case (cf. Sect. 1.1.4), the above trivial estimate can
be improved, however, we leave this task to the energetic reader. We also note that
the probability in Lemma 1.2 is assumed to be uniform but it is possible to obtain a
version of Lemma 1.2 for other (absolutely continuous) distributions as mentioned
in Remark 1.3. In any case, the upshot of the above discussion is that for sufficiently
small ¥/ > 0 the probability that the point & given by (1.45) modulo 1 belongs
to B,(Q, «’) is positive. Hence, it follows that for any p € (0, 1) there exists an
explicitly computable constant x* > 0 with the following property: with probability
greater than p, for a random choice of the four channel coefficients i;; (7, j =1, 2),
the separation between the associated points y; given by (1.31) is at least 'C,/ 02,
and so the minimal distance dmin,1 satisfies

k'Co

dmin, 1= Q2 .

(1.56)

Moreover, the probability p can be made arbitrarily close to one. However, the cost
is that the constant «” becomes arbitrarily small. The above analysis holds equally
well at receiver R, and we obtain an analogous probabilistic bound for the minimal
distance dp;p 2 associated with the points y» given by (1.32).

Remark 1.9 Obviously (1.56) is a better lower bound for dpyiy,1 than (1.46)
whenever k' is greater than the badly approximable constant x (§) appearing in
(1.46). However, this really is not the point—both approaches yield lower bounds
for the minimal distance that lie within a constant factor of the theoretic upper bound
(1.40). The main point is that the badly approximable approach has zero probability
of actually delivering (1.46) whereas the probabilistic approach yields (1.46) with
positive probability (whenever « (§) is sufficiently small so that the right hand side
of (1.55) with «" = « () is positive).

Remark 1.10 In the same vein as Remark 1.8, we first observe that in order to
simultaneously guarantee (1.56) and its analogue for dpin 2, both the points & and &’
modulo one, where & is given by (1.45) or (1.47) and &’ is given by (1.49) or (1.50),
need to simultaneously lie in B, (Q, «’). Thus to obtain the desired (simultaneous)
probabilistic statement, we need to show the probability of both & and & modulo one
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belonging to B, (Q, «’) is positive; say 1 — «’ in line with (1.55). This would be an
easy task if the points under consideration were independent. However, the points
& and &' are confined by (1.51) and therefore the events §(modl) € B,(Q, k")
and £'(modl) € 8B,(Q, k') are dependent. Nevertheless, it can be shown that the
probability of these two events holding simultaneously is at least 1 — o x k’, where
o is an explicitly computable positive constant. We leave the details to the extremely
energetic reader.

Remark 1.11 For another specific (and powerful) application of the probabilistic
approach outlined in this section we refer the reader to [53]. In short, in [53] the
probabilistic approach is used to estimate the capacity of the two-user X channel
from below and above with only a constant gap between the bounds.

Notice that the fundamental set B,(Q, «’) that underpins the probabilistic
approach is dependent on Q. Thus, as Q varies, so does the random choice of
channel coefficients that achieve (1.56). As we shall see in the next section, this
can be problematic.

1.2.4 The Khintchine-Groshev Theorem and Degrees of
Freedom

The probabilistic approach of Sect. 1.2.3, relies on the point & associated with the
channel coefficients via (1.45) being in the set B, (Q, «’). Now, however large the
probability of the latter (a lower bound is given by (1.55)), it can be verified that

Prob(8,(0,«") < 1 — wk’ , (1.57)

where @ > 0 is a constant depending only on n. The proof of this can be
obtained by utilizing the notion of ubiquity; in particular, exploiting the ideas used
in establishing Proposition 4 in [12, Section 12.1]. Moreover, for any «' > 0 and any
infinite subset Q C N the probability that & lies in B, (Q, «’) for all sufficiently large
Q € Q (let alone all sufficiently large Q in N) is zero. This is a fairly straightforward
consequence of Theorem 1.3 and [9, Lemma 4]. This is an unfortunate downside
of the probabilistic approach, especially when it comes to estimating the so called
Degrees of Freedom (DoF) of communication channels. Indeed, when estimating
the DoF it is desirable to achieve, with probability one, close to optimal bounds
on the minimal distances (dmin,1 and dmin,2 Within the context of Example 2) for
all sufficiently large Q. Of course, the badly approximable approach described in
Sect. 1.2.2 does this in the sense that it yields (1.56) for all large QO whenever
& € Bad(2). However, as already discussed in Remark 1.9, the downside of the
badly approximable approach is that the probability of hitting Bad(2) is zero. In
this section we describe another approach which overcomes the inadequacies of
both the probabilistic and badly approximable approaches. It gives an ‘e-weaker’
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estimate for the minimal distance but as we shall soon see it is more than adequate
for estimating the DoF. The key is to make use of the fundamental Khintchine-
Groshev theorem in metric Diophantine approximation and this is what we first
describe.

Given a function ¥ : Ry — R, where R denotes the set of non-negative real
numbers, let

g1 4 4 gna £ pl < ¥ (lql)
" forim. (p, q) € Z x Z"\{0} '

W) = !5 el (1.58)

Here and elsewhere, ‘i.m.’ is short for ‘infinitely many’ and given a subset X in R”,
we will write | X|, for its n—dimensional Lebesgue measure. For obvious reasons,
points in ‘W, () are referred to as y-approximable. When n = 1, it is easily seen
that W(y) := Wi () is the set of £ = & € [ such that
pl_ ¥
& — <
q q

has infinitely many solutions (p, g) € Z x N. Investigating the measure theoretic
properties of W () was the subject of the pioneering work of Khintchine [40]
almost a century ago. The following generalisation of Khintchine’s theorem is a
special case of a result of Groshev [36] concerning systems of linear form (see
Theorem 1.12 in Sect. 1.2.7). In the one-dimensional case, it provides a quantitative
analysis of the density of the rationals in the reals.

Theorem 1.4 (Khintchine-Groshev for One Linear Form) Let v : Ry — R4
be a monotonic function. Then

0if Yol1q" 'W(g) < oo,

Lif Y02,4"W(g) = oo,

|(Wn(w)|n =

Remark 1.12 The convergence case of Theorem 1.4 is a relatively simple applica-
tion of the Borel-Cantelli Lemma from probability theory and it holds for arbitrary
functions . In the divergence case, the theorem was first obtained by Groshev
under the stronger assumption that ¢ (¢) is monotonic. In fact, the monotonicity
assumption can be completely removed from the statement of theorem if n > 2. This
is a consequence of Schmidt’s paper [56, Theorem 2] from the swinging sixties if
n > 3 and the relatively recent paper [10] covers the n = 2 case. In 1941, Duffin
& Schaeffer [29] constructed a non-monotonic approximating function ¥ for which
the sum ) q ¥ (q) diverges but |W(y)| = 0. Thus, the monotonicity assumption
cannot be removed in dimension one. For completeness, we mention that in the
same paper Duffin & Schaeffer formulated an alternative statement for arbitrary
functions. This soon became known as the notorious Duffin-Schaeffer Conjecture
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and it remained unsolved for almost eighty years until the breakthrough work of
Koukoulopoulos & Maynard [47].

An immediate consequence of the convergence case of Theorem 1.4 is the
following statement.

Corollary 1.3 Let ¢ : Ry — Ry be a function such that

o]

> g (g) < oo (1.59)

q=1

Then, for almost all & € 1" there exists a constant k (§) > 0 such that

lgiét + -+ quén + pl > €@ v(a) YV (p,@ € ZxZ"\{0}.  (1.60)

Now consider the special case when ¢ : ¢ — ¢~ "¢ for some ¢ > 0. Then
Corollary 1.3 implies that for almost all £ € I" there exists a constant x(§) > 0
such that

k@

G1E1 + -+ GuEn + p| > gl
forall (p, q) € Z x Z"\{0}. In particular, for almost all § € I" and every Q € N we
have that

_ K@

Z gne (1.61)

IG1EL + - - + Gukn +

for all (p,q) € Z x Z"\{0} with 1 < |q| < Q. Now in the same way if & given
by (1.45) is badly approximable leads to the minimal distance estimate (1.46), the
upshot of (1.61) is the following statement: with probability one, for every O € N
and a random choice of channel coefficients 4;; (i, j = 1, 2), the separation between
the associated points y; given by (1.31) is at least «x (§)C2/Q**¢ and so

k(&)C
Q2+£ :

Just to clarify, that & in the above corresponds to the point given by (1.45) associated
with the choice of the channel coefficients. Note that instead of (1.45), one can
equivalently consider £ to be either of the points given by (1.47) and this would lead
to (1.62) with C, defined by (1.48). A similar lower bound statement holds for the
minimal distance dnmin 2 associated with the points y, given by (1.32). Of course, in
this case & need to be replaced by &’ given by (1.49) or equivalently (1.50).

Remark 1.13 Recall that & is given by (1.45) or (1.47) and &’ is given by (1.49)
or (1.50) and they are dependent via (1.51) and (1.52). Note that any of the maps

dmin,l > (1.62)
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in (1.52) is a diffeomorphism on a sufficiently small neighborhood of almost every
point in R2. Therefore, if & avoids a subset of R? of measure zero, then so does &,
Thus, (1.62) and an analogous bound for dpin,2 are simultaneously valid for almost
all choices of the channel coefficients.

Remark 1.14 Note that in the above analysis, if we had worked with the function
V¥ g — g "(logg)~'~¢ for some ¢ > 0, we would have obtained the stronger
estimate

k(&)C2

Aminl 20210 @) 1 °

It will be soon be clear that (1.62) is all we need for estimating the DoF within the
context of Example 2.

A natural question arising from the above discussion is: can the constant « (€)
within Corollary 1.3 and thus (1.62) be made independent of & ? Unfortunately, this
is impossible to guarantee with probability one; that is, for almost all § € I". To see
this, consider the set

(1.63)

By (Y, k) = {s e LT g £ pl > k(gD } '

V (p.q) € Z x Z"\{0}

Then for any « and y, observe that B, (, «) will not contain the region

[—xv (gD, k¥ (|g))] x R*!

when q = (1,0,...,0) € Z". This region has positive probability; namely
2k (1)), and so the complement (which contains B, (1, k)) cannot have probability
one. Nevertheless, the following result provides not only an explicit dependence on
the probability of B, (Y, k) on k, but shows that it can be made arbitrarily close to
one upon taking « sufficiently small.

Theorem 1.5 (Effective Convergence Khintchine-Groshev for One Linear
Form) Lety : Ry — Ry be a function such that

o]

Y a"W(g) < oo.

g=1

Then, for any k > 0

Prob(B, (V. ) = 1—4nk > (2q+ 1"y (q) .
g=1
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Proof Note that

B, ) =T"\ | J Eq@),

qeZ"\{0}
where
Eq:= {E el":|gi&1 + - - + gnén + pl < k¥ (|q|) for some p € Z} .

Now, it is not difficult to verify that |Eql, = 2k (|q]) - see [63, Lemma 8] for
details. Thus, it follows that

Prob(B, (. k) := [Bu(W. K)lu = 1= > |Eqln
qeZ"\{0}
=1- Y 2y(dql
qeZ"\{0}
o0
= 1->"%" 2%y (q))
q=1 qeZ"
lal=q
o
=1-2%) ¥ ) 1
q=1 qeZ"
lal=¢
o
> 1-2 ) ¥(@)2n2q+ )" ",
q=1
as desired. O

Having set up the necessary mathematical theory, we now turn our attention
to calculating the DoF for the two-user X-channel considered in Example 2.
The advantage of utilising the Khintchine-Groshev approach rather than the badly
approximable approach, is that the value we obtain is not only sharp but it is valid
for almost every realisation of the four channel coefficients #;; (i, j = 1, 2). Here,
almost every is naturally with respect to 4-dimensional Lebesgue measure. At this
point, a mathematician with little or no background in communication theory (like
us) may rightly be crying out for an explanation of what is meant by the Degrees of
Freedom of communication channels. We will attempt to provide a basic and in part
a heuristic explanation within the context of Example 2. For a more in depth and
general discussion we refer the reader to Chap. 2.

The simplest example of a communication channel is one involving just one
transmitter and one receiver. For obvious reasons, such a setup is referred to as a
point to point channel. The DoF of any other communication channel model is in
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essence a measure of its efficiency compared with using multiple point to point
channels. In making any comparison, it is paramount to compare like with like.
Thus, given that the noise z; (i = 1, 2) at both receivers R; within Example 2 is
assumed to have normal distribution N(0, 1), we assume that the noise within the
benchmark point to point channel has normal distribution N(0, 1). In the same vein,
we assume that the messages the users transmit within both models are integers
lying in {0, ..., Q}; that is to say that Q is the same in Example 2 and the point
to point channel model. The parameter Q0 € N is obviously a bound on the
message size and it provides a bound on the number of binary digits (bits) that
can be transmitted instantaneously as a single bundle. Indeed, sending the integer O
requires transmitting a bundle of [log Q]+ 1 =~ log Q bits, where the logarithm is to
the base 2. Loosely speaking, the larger the message to be sent the larger the “power”
required to transmit the message (transmitting instantaneously more bits requires
more energy). Thus a bound on the message size Q corresponds to imposing a power
constraint P on the channel model under consideration. For physical reasons, that
are not particularly relevant to the discussion here, the power is comparable to the
square of the message size. The upshot is that a power constraint P on the channel
model places a bound on the maximal number of bits that can be reliably transmitted
as a single bundle. With this in mind, the (total) DoF of the channel characterises the
number (possibly fractional) of simple point-to-point channels, needed to reliably
transmit the same maximal number of bits as the power constraint P tends to infinity.
We now calculate the total DoF for the concrete setup of Example 2. The exposition
given below is a simplified version of that presented in [52].
In relation to Example 2, the power constraint P means that

Ix1|* < Pand |x2|* < P, (1.64)

where x; and x, are the codewords transmitted by S7 and S, as given by (1.29).
Now notice that since the messages u1, uz, vi, v2 are integers lying in {0, ..., O},
it follows that P is comparable to (A Q)z—the channel coefficients 4;; are fixed.
Recall, that A > 1 is a scaling factor which is at our disposal and this will be
utilized shortly. It is shown in [52], that the probability of error in transmission
within Example 2 is bounded above by

d>.
exp (— ré““) , (1.65)

dmin = Inin{dmin, 1s dmin,2}-

where

It is a standard requirement that this probability should tend to zero as P — oo. In
essence, this is what it means for the transmission to be reliable. Then, on assuming
(1.62)—which holds for almost every realisation of the channel coefficients—it
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follows that

dmin > (1.66)

A
Q2+s ’
and so the quantity (1.65) will tend to zero as Q — oo if we set
)\' — Q2+2£ .

The upshot of this is that we will achieve reliable transmission under the power
constraint (1.64) if we set P to be comparable to Q6+4€ ; that is

Q6+46‘ << P << Q6+46-

Now in Example 2, we simultaneously transmit 4 messages, namely u1, uz, v, va,
which independently take values between 0 and Q. Therefore, in total we transmit
approximately 4 x log Q bits, which with our choice of P is an achievable total rate
of reliable transmission; however, it may not be maximal. We now turn our attention
to the simple point to point channel in which the noise has normal distribution
N(0, 1). In his pioneering work during the forties, Shannon [62] showed that
such a channel subject to the power constraint P achieves the maximal rate of
reliable transmission %log(l + P)—for further details see Sect. 2.1 of Chap. 2.
On comparing the above rates of reliable transmission for the two models under
the same power constraint, we get that the total DoF of the two-user X-channel
described in Example 2 is at least

41 41 4
m | Qg BleEQ . (1.67)
P—oo Slog(l4+ P) 0—oc ,log(l+4 Q6F+4) 34 2¢

Given that ¢ > 0 is arbitrary, it follows that for almost every realisation of the
channel coefficients

4
DoF >
3

Now it was shown in [38] that the total DoF of a two-user X-channel is upper
bounded by 4/3 for all choices of the channel coefficients, and so it follows that
for almost every realisation of the channel coefficients

4
DoF = . (1.68)

For ease of reference we formally state these findings, the full details of which can
be found in [52], as a theorem.
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Theorem 1.6 For almost every realisation of the four channel coefficients hi;
(i, j = 1, 2), the total DoF of the two-user X-channel is §.

Remark 1.15 We reiterate that by utilising the Khintchine-Groshev approach rather
than the badly approximable approach (i.e. exploiting the lower bound (1.62) instead
of (1.46) or equivalently (1.56) for the minimal distance), we obtain (1.68) for
the DoF that is valid for almost every realisation of the four channel coefficients
hij (i, j = 1,2) rather than on a set of 4-dimensional Lebesgue measure zero.
In Sect. 1.2.6, we shall go further and show that any exceptional set of channel
coefficients for which (1.68) fails is a subset arising from the notion of jointly
singular points. This subset is then shown (see Theorem 1.9) not only to have
measure zero but to have dimension strictly less than 4—the dimension of the space
occupied by the channel coefficients. In short, our improvement of Theorem 1.6 is
given by Theorem 1.10.

1.2.5 Dirichlet Improvable and Non-Improvable Points:
Achieving Optimal Separation

We now show that there are special values of Q for which the minimal distance
dmin,1 satisfies (1.56) with «’ as close to one as desired. Recall, the larger the
minimal distance the more tolerance we have for noise. The key is to exploit the
(abundant) existence of points for which Dirichlet’s theorem cannot be improved.

Definition 1.4 (Dirichlet Improvable and Non-Improvable Points) Let 0 <
k' < 1. A point & € R”" is said to be «’-Dirichlet improvable if for all sufficiently
large O € N there are integer points (p, q) € Z x Z" with 1 < |q| < Q such that

lg1&1 + -+ qnén + pl <'Q7". (1.69)

A point & € R" is said to be Dirichlet non-improvable if for any ¥’ < 1 it is not
«’-Dirichlet improvable. Thus, explicitly, &€ € R” is Dirichlet non-improvable if for
any 0 < «’ < 1 there exists arbitrarily large Q € N such that for all integer points
(p.@) €eZxZ"withl <|q| = Q

lg1&1 + -+ qnén + pl = ' Q7" (1.70)

Remark 1.16 Note that Dirichlet non-improvable points are not the same as those
considered in the probabilistic approach of Sect. 1.2.3. There the emphasis is on
both «” and Q being uniform.

In a follow-up paper [27] to their one-dimensional work cited in Sect. 1.1.5,
Davenport & Schmidt showed that Dirichlet improvable points in R” form a set
DI(n) of n-dimensional Lebesgue measure zero. Hence, a randomly picked point
in R” is Dirichlet non-improvable with probability one. The upshot of this is
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the following consequence: for almost every random choice of the four channel
coefficients h;; (i, j = 1,2) and for any ¢ > O there exist arbitrarily large integers
Q such that the minimal distance dmin,1 between the associated points given by
(1.31) satisfies

1 —¢e)Ah1h C
( s)an 12:(1_€)Q22.

To conclude, the Dirichlet non-improvable approach allows us to almost surely
achieve the best possible separation, within the factor (1 — ¢) of the theoretic upper
bound (1.40), for an infinite choice of integer parameters Q € Q.

dmin,l =

(1.71)

Remark 1.17 Obviously, we can obtain an analogous lower bound statement for
dmin2 for an infinite choice of integer parameters Q € Q. However, it is not
guaranteed that the integer sets Q; and @ overlap and thus the problem of
optimising dmin,1 and dpip 2 Simultaneously remains open.

1.2.6 Singular and Non-Singular Points: The DoF of
X-Channel Revisited

With reference to Example 2, the Khintchine-Groshev and the Dirichlet non-
improvable approaches allows us to achieve good separation for the minimal
distances (i.e., lower bounds for dpin 1 and dpip 2 that are at most ‘e-weaker’ than
the theoretic upper bounds) for almost all choices of the four channel coefficients
hij (i,j = 1,2). We now turn to the question of whether good separation can
be achieved for a larger class of channel coefficients? For example, is it possible
that the set of exceptions not only has measure zero (as is the case with the
aforementioned approaches) but has dimension strictly less than four (the dimension
of the space occupied by the channel coefficients)? In short the answer is yes.
The key is to make use of the following weaker notion than that of Dirichlet non-
improvable points (cf. Definition 1.4).

Definition 1.5 (Singular and Non-Singular Points) A point & € R” is said to be
singular if it is «’-Dirichlet improvable for any «’ > 0. A point & € R” is said to
be non-singular (or regular) if it is not singular. Thus, explicitly, § € R" is non-
singular if there exists a constant k" = «’(§) > 0 such that there exist arbitrarily
large integers Q € N so that for all integer points (p, q) € ZxZ" with1 < |q| < QO

lg1&1 + - - - + gnén + pl ZK/Qin- (1.72)

By definition, any singular point is trivially Dirichlet improvable. Equivalently, any
Dirichlet non-improvable point is trivially non-singular.
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We let Sing(n) denote the set of singular points in R”. It is easily verified that
Sing(n) contains every rational hyperplane in R". Therefore,

n—1<dimSing(n) <n.

Here and throughout, dim X will denote the Hausdorff dimension of a subset X of
R". For the sake of completeness, we provide the definition.

Definition 1.6 (Hausdorff Dimension) Let X C R”. Then the Hausdorff dimen-
sion dim X of X is defined to be the infimum of s > 0 such that for any p > 0
and any ¢ > 0 there exists a cover of X by a countable family B; of balls of radius
r(B;j) < p such that

o]

Zr(Bi)S <e.

i=1

Remark 1.18 For most sets upper bounds for the Hausdorrf dimension can be
obtained using natural covering by small balls. Indeed, let X C R” and p > 0 and
suppose X can be covered by N, (X) balls of radius at most p. Then, it immediately
follows for the above definition that

log N,(X
dim X < lim sup 0g Np(X) .
p—0 —10g,0

Note that the Hausdorff dimension of planes and more generally smooth subman-
ifolds of R” is the same as their usual ‘geometric’ dimension. The middle third
Cantor set K is the standard classical example of a set with fractal dimension. Recall,
K consists of all real numbers in the unit interval whose base 3 expansion does not
contain the ‘digit’ 1; that is

K:={E€[0,1]: E=)> 24,37 witha; =0o0r2}.

It is well known that

1
dim#% = 082
log3

For a proof of this and a lovely introduction to the mathematical world of fractals,
see the bible [30].

Now returning to singular points, in the case n = 1, a nifty argument due to
Khintchine [40] dating back to the twenties shows that a real number is singular if
and only if it is rational; that is

Sing(1) = Q. (1.73)
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Recently, Cheung & Chevallier [22], building on the spectacular n = 2 work of
Cheung [21], have proved the following dimension statement for Sing(n).

Theorem 1.7 (Cheung & Chevallier) Letn > 2. Then

2
dim Sin; = .
im Sing(n) ni 1
Thus,
dimSing(n) =
codim Sing(n) = .
& n+1

Remark 1.19 Note that since n’f | > n— 1, the theorem immediately implies that in
higher dimensions Sing(n) does not simply correspond to rationally dependent & €
R" as in the one-dimensional case—the theory is much richer. Also observe, that
since n’fl < n, the set Sing(n) is strictly smaller than R” in terms of its Hausdorff
dimension. How much smaller is measured by its codimension; i.e. n —dim Sing(n).

Now if the four channel coefficients h;; (i, j = 1,2) happen to be such that
the corresponding point £ € R? given by (1.45) is non-singular, then there exist
arbitrarily large integers Q such that the minimal distance dpyin,1 between the
associated points given by (1.31) satisfies

k' (E)Lhi1hin _ k' (&) Ca

0 o (1.74)

dmin,l >

This of course is similar to the statement in which the point & is Dirichlet
non-improvable with the downside that we cannot replace the constant «’(§) by
(1 — ¢) as in (1.71). However, the advantage is that it is valid for a much larger
set of channel coefficients; namely, the exceptional set of channel coefficients
(h11, h12, ho1, hpp) € Ri for which (1.74) is not valid has dimension 130, which
is strictly smaller than 4—the dimension of the ambient space occupied by
(h11, h12, ha1, k). This result seems to be new and we state it formally.

Proposition 1.1 For all choices of channel coefficients (h11, h12, h21, h22) € Ri,
except on a subset of codimension %, there exist arbitrarily large integers Q such

that the minimal distance dmin,1 between the associated points given by (1.31)
satisfies (1.74).

The proof of the proposition will make use of the following two well known results
from fractal geometry [50].

Lemma 1.3 (Marstrand’s Slicing Lemma) For any X C R¥ and | € N, we have
that

dim(X x RY) =dimX + ¢.
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Lemma 1.4 Ler X C R¥ and g : RF — R¥ be a locally bi-Lipschitz map. Then
dim (g(X)) = dim X .

Proof (Proof of Proposition 1.1) Consider the following map on the channel
coefficients

hay hay
g Ry > RY suchthat g(hii, hio, hot, hoo) = <h11, hiz, ) :

hi2” hi

As we have already discussed, for any & given by (1.45) such that & Ri \ Sing(2)
we have that (1.74) holds. Hence, (1.74) holds for any choice of channel coefficients
such that

(i hizs o) & 871 (B3 x (R2 N Sing(2) ). (1.75)

By Lemma 1.3 and Theorem 1.7, it follows that
codim (R+ x (RLN Smg(2))) =5

Finally, note that locally at every point of Ri the map g is a C! diffeomorphism
and hence is bi-Lipschitz. Therefore, by Lemma 1.4 it follows that g~ preserves
dimension and thus the codimension of the right hand side of (1.75) is % This
completes the proof. O

Remark 1.20 Just to clarify, that & appearing in (1.74) corresponds to the point
given by (1.45) associated with the choice of the channel coefficients 4;; (i, j =
1,2) and «’(§) > 0 is a constant dependent on &. Note that instead of (1.45), one
can equivalently consider & to be either of the points given by (1.47) and this would
lead to (1.74) with C, defined by (1.48).

Naturally, the analogue of Proposition 1.1 holds for the minimal distance dmin,2
between the associated points given by (1.34). However, as in the Dirichlet non-
improvable setup (cf. Remark 1.17), we cannot guarantee that the arbitrary large
integers O on which the lower bounds for the minimal distances are attained,
overlap. If we could guarantee infinitely many overlaps, it would enable us to
strengthen Theorem 1.6 concerning the Degrees of Freedoms (DoF) of the two-
user X-channel described in Example 2. With this goal in mind, it is appropriate to
introduce the following notion of jointly singular points.

Definition 1.7 (Jointly Singular and Non-Singular Points) The pair of points
(&,,&,) € R" x R" is said to be jointly singular if for any & > 0 for all sufficiently
large O € N there exists an integer point (p,q) € Z x Z" with 1 < |q] < Q
satisfying

min |q1&;1 + -+ qnéjn+pl <eQ™",
1<j=<2
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where Ej =(j1,---,&j0), j =1,2. The pair (§, §,) € R" x R" will be called
Jjointly non-singular if it is not jointly singular, that is if there exists a constant
k' = «’(&,&,) > 0 such that there exist arbitrarily large QO € N so that for all
integer points (p,q) € Z x Z" with 1 < |q| < Q
min_[q1&j,1 + -+ quEjn + p| 2 £'Q7". (1.76)
1=j=<2
The set of jointly singular pairs in R” x R” will be denoted by Sing?(n). This
set is not and should not be confused with the standard simultaneous singular set
corresponding to two linear forms in n variables (see Sect. 1.2.7).
The above notion of jointly non-singular pairs enables us to prove the following
DoF statement.

Proposition 1.2 Let (hy1, h12, h21, h2y) € Ri be given and let & be any of the
points (1.45) or (1.47), let & be any of the points (1.49) or (1.50). Suppose that

(£,&) ¢ Sing*(2). (1.77)

Then (1.68) holds, that is the total DoF of the two-user X-channel with h;j (i, j =

1, 2) as its channel coefficients is g.

Proof To start with, simply observe that condition (1.77) means that there exist
k' > 0 and an infinite subset Q C N such that for every Q0 € Q and all integer
points (p, q) € Z x 7> with1 < |q| < Q

lg1&61 + @262+ pl > 'Q7% and  |qi&| + qo&b + p| = 'O, (1.78)

Consequently, for every O € Q we can guarantee that (1.74) and its analogue for
dmin 2 are simultaneously valid. This in turn implies (1.66) for every Q € Q. From
this point onwards, the rest of the argument given in Sect. 1.2.4 leading to (1.68)
remains unchanged apart from the fact that the limit in (1.67) is now along Q € Q
rather than the natural numbers. O

Proposition 1.2 provides a natural pathway for strengthening Theorem 1.6. This
we now describe. It is reasonable to expect that the set of (£, £’) not satisfying (1.77)
is of dimension strictly smaller than four—the dimension of the ambient space.
Indeed, this is something that we are able to prove.

Theorem 1.8 Letn > 2. Then

n

. 1.79
n+1) (7

dim Sing?(n) = 2n —

The theorem will easily follow from a more general statement concerning systems
of linear forms proved in Sect. 1.2.7 below; namely, Theorem 1.14. Note that
Theorem 1.8 is not enough for improving Theorem 1.6. Within Proposition 1.2,
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the point & is given by (1.45) or (1.47) and &’ is given by (1.49) or (1.50), and are
therefore dependent via (1.51) and (1.52). The above theorem does not take into
consideration this dependency. This is rectified by the following result.

Theorem 1.9 Let f : U — R" be a locally bi-Lipschitz map defined on an open
subset U C R" and let

Sing’(n) :={§ € U : (&, f(§)) € Sing*(n)}.
Then

dim Sing% (n) < n (1.80)

n
— <n
2(n+1)
As with Theorem 1.8, we defer the proof of the above theorem till Sect. 1.2.7.
Combining the n = 2 case of Theorem 1.9 with Proposition 1.2 gives the following

strengthening of the result of Motahari et al. on the DoF of a two-user X-channel
(Theorem 1.6).

Theorem 1.10 The total DoF of the two-user X-channel given by (1.68) can be
achieved for all realisations of the channel coefficients h;; (i, j =1, 2) except on a
subset of Hausdorff dimension < 4 — é; that is, of codimension > é

Clearly, Sing(n) is a subset Singip (n). Therefore, it follows that
dim Sing§ (n) > dim Sing(n)

which together with Theorem 1.7 implies that for n > 2

2 n

n
dim Sing’ (n) > =n- :
1 1 gf(n) n 1 n n 1

The gap between this lower bound and the upper bound of Theorem 1.9 leaves
open the natural problem of determining dim Sing? (n) precisely. We suspect that
the lower bound is sharp.

Problem 1.1 Letrn > 2and f : U — R”" be a locally bi-Lipschitz map defined on
an open subset U C R". Verify if

n2
dim Sing’ (n) = nal”
Note that to improve Theorem 1.10 we are only interested in the case n = 2 of
Problem 1.1 with f given by (1.52).
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1.2.7 Systems of Linear Forms

To date, we have in one form or another exploited the theory of Diophantine
approximation of a single linear form in n real variables. In fact, Example 1 only
really requires the notions and results with n = 1 while Example 2 requires them
with n = 2. It is easily seen, that in either of these examples, if we increase
the number of users (transmitters) S then we increase the numbers of variables
appearing in the linear form(s) associated with the received message(s) y. Indeed,
within the setup of Example 2 (resp. Example 1) we would need to use the general
n (resp. n — 1) variable theory if we had n transmitters.

The majority of the Diophantine approximation theory for a single linear form
is a special case of a general theory addressing systems of m linear forms in » real
variables. For the sake of completeness, it is appropriate to provide a brief taster of
the general Diophantine approximation theory with an emphasis on those aspects
used in analysing communication channel models. It should not come as a surprise
that the natural starting point is Dircihlet’s theorem for systems of linear forms.
Throughout, let n, m > 1 be integers and M, ,, denote the set of n x m matrices
E = (&;,;) with entries from R. Clearly, such a matrix represents the coordinates of
a point in R"". Also, given (p, q) € Z™ x Z" let

IqE +pl:= max [q.§; + pjl,
I<j<m ’

where §; = (§1,5, ..., &nj)" € R" is the j’th column vector of E and q.§; =
q161,j + ...+ gn&y,;j is the standard dot product.

Theorem 1.11 (Dirichlet’s Theorem for Systems of Linear Forms) Forany E €
M, m and any Q € N there exists (p, q) € Z™ x Z" such that

qE +pl<Q » and 1<|q <O0.

The theorem is a relatively straightforward consequence of Minkowski’s theorem
for systems of linear forms; namely Theorem 1.2 in Sect. 1.2.1. For the details of the
deduction see for example [60, Chapter 2]. In turn, a straightforward consequence
of the above theorem is the following natural extension of Corollary 1.1 to systems
of linear form.

Corollary 1.4 Forany E € M, », there exists infinitely many (p, q) € Z™ x Z"\{0}
such that

IqE +pl < lq/ ™.

Armed with Theorem 1.11 and its corollary, it does not require much imagination to
extend the single linear form notions of badly approximable (cf. Definition 1.3)
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and Dirchlet improvable (cf. Definition 1.4) to systems of linear forms. Indeed,
concerning the former we arrive at the set

Bad(1,m) := | & € My : liminf lql" |qE —p| > 0
qeZ’:

lql—00

This clearly coincides with Bad(n) when m = 1. As we shall soon see, Bad(n, m)
it is a set of zero nm-dimensional Lebesgue measure. Even still, Schmidt [57, 58]
showed that it is a large set in the sense that it is of maximal dimension; i.e.
dim Bad(n, m) = nm . Moving swiftly on, given a function ¢ : Ry — R let

Iq€ —p| < ¥(lq)) for

Wom(¥) =18 € My n(D: :
im. (p,q) € Z" x Z"\{0}

Here and below, M, ,(I) C M, ;, denotes the set of n x m matrices with entries
from I = (0, 1). The following provides an elegant criterion for the size of the set
Wi.m () expressed in terms of nm-dimensional Lebesgue measure. When m = 1,
it coincides with Theorem 1.4 appearing in Sect. 1.2.4.

Theorem 1.12 (The Khintchine-Groshev Theorem) Given any monotonic func-
tion ¥ : Ry — Ry, we have that
0if Yo" Y@ < o0,

|(Wn,m(w)|nm = o
Lif Y20 q" W (g)" = oo

Consider for the moment the function ¥ (r) =r~ m (logr)™™ and observe that
Bad(n, m) N M, (D) C My (D) \ Wi m (¥) .

By Theorem 1.12, |W, 1 (¥)|um = 1. Thus [M, (D) \ Wym(¥)lum = 0 and on
using the fact that set Bad(n, m) is invariant under translation by integer n x m
matrices, it follows that

|Bad(n, m)|nm = 0.
Another immediate consequence of the Khintchine-Groshev Theorem is the follow-

ing statement (cf. Corollary 1.3).

Corollary 1.5 Let y : Ry — Ry be any function such that

o0

Y a" (@ < oo.

g=1
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Then, for almost all & € M, ,, there exists a constant k (2) > 0 such that

I9E +pl > «(E)¥da) V¥ (p.q) € Z" x Z"\{0}.

The following is the natural generalisation of the set given by (1.63) to systems
of linear forms and the subsequent statement is the natural generalisation of
Theorem 1.5. Let

IqE +pl > k¥ (qD)

. (1.81)
vV (p,q) € Z" x Z"\{0}

Bum (Y, k) = !5 € My (@D :

Theorem 1.13 (Effective Convergence Khintchine-Groshev Theorem) Suppose
that

e¢]

> q" @ < oo

g=1

Then, for any k > 0

Prob(B,., (. k) = 1 —2"nk™ Y " 2q + 1" 'yr(g)" .
g=1

We highlight the fact that the probability in Theorem 1.13 is assumed to be uniform
but it is possible to obtain a version for absolutely continuous distributions as
already mentioned in Remark 1.3. Recall, that the Khintchine-Groshev theorem
(with m = 1 and n = 2) underpinned the approach taken in Sect. 1.2.4 for
calculating the Degrees of Freedom of the two-user X-channel (cf. Theorem 1.6).

We bring our selective overview of the general Diophantine approximation
theory to a close by describing singular and jointly singular sets for systems of
linear forms. In the process we shall prove Theorems 1.8 and 1.9. Recall, that the
latter allows us to improve Theorem 1.6. For ease of comparison, it is convenient to
define the sets of interest as follows:

n
min max On|q.&:.+pi|— 0
(P.QEZ" XZ" 1<j<m Qrlq.§; + pjl

Sing(n,m) ;= {8 € M, : 0<lal<0

as Q — oo
and

min min Q"[q.§; + pj| > 0

Sing” (n) := { E € M, ,,, : @@L x2% 1=j=m
0<|ql=z0Q as 0 — oo

(1.82)
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Clearly, when m = 1 the above two sets are equal and the elements coincide
with the single linear form notion of singular points (cf. Definition 1.5). In
recent groundbreaking work [25], Das, Fishman, Simmons & Urbanski proved the
following dimension statement (cf. Theorem 1.7) for the set of singular n x m
matrices: for all (n, m) # (1, 1), we have that

1
dim Sing(n, m) = mn (1 — ) .
m+n

This resolved a conjecture of Kadyrov, Kleinbock, Lindenstrauss & Margulis [39].
In short, they showed that dim Sing(n, m) < mn(1 — 1/(m + n)) and conjectured
that their upper bound is in fact sharp.

Regarding the set of jointly singular n x m matrices, it is clear that when m = 2
its elements coincide with the single linear form notion of jointly singular points
(cf. Definition 1.7). Furthermore, it follows from the definition that for any integers
my,mp > 1

Sing™! (n) x R"*™2 < Sing™ "2 (n) .

This together with Marstrand’s Slicing Lemma and the fact Sing' (n) = Sing(n),
implies that

dim Sing” (n) > (m — 1)n + dim Sing(n) . (1.83)
In turn, this together with Theorem 1.7, implies that for n > 2

dim Sing"™ (n) > nm — (1.84)

n
(n+1)
The following statement showing that we have equality in (1.84) is a natural
generalisation of Theorem 1.8 to systems of linear forms.

Theorem 1.14 Letm > 1, n > 2. Then

dim Sing” (n) = nm — (1.85)

n
n+1)°
Clearly, when m = 2 the theorem coincides with Theorem 1.8. In view of (1.84),

the key to establishing Theorem 1.14 (and thus Theorem 1.8) is the following upper
bound statement.

Theorem 1.15 Letm,n > 1. Then

dim Sing” (n) < nm — (1.86)

n
n+1)°



42 V. Beresnevich and S. Velani

Note that this upper bound estimate is valid for n = 1. Clearly, in this case it is
not sharp when m = 1 since Singl(l) = Sing(1) = Q and so dimSingl(l) = 0.
Also, note that the lower bound given by (1.83) does not match the upper bound
given by (1.86). Nevertheless, we suspect that (1.86) is sharp when m > 2.

Problem 1.2 Letm > 2. Verify if dim Sing” (1) = m — ;

Clearly, if true then we can replace the conditions on m and n in Theorem 1.14 by
mn > 1. Although, not explicitly stated or even discussed, it is worth mentioning
that Problem 1.1 concerning the set Sing? (n) also has a natural generalisation to
systems of linear form.

The proof of Theorem 1.15 (and indeed Theorem 1.9) makes use of the powerful
connection between problems in Diophantine approximation an homogeneous
dynamics. This we now briefly explain. The various Diophantine notions discussed
in this chapter correspond to certain types of orbits of unimodular lattices under the
action by diagonal matrices. For instance, as was famously discovered by Dani [23],
apoint§ = (&1,...,&,) € R" is badly approximable if and only if the orbit

{gtugZ”'H it > 0}

is bounded in the homogeneous space X,,+1 = SL,+1(R)/ SL,,+1(Z) of unimodular
lattices in R"*1, Here and throughout,

& = . for teR;
and

ug = | . . for &=(&,...,&)eR".

Today this beautiful and powerful equivalence between badly approximable points
and the behaviour of orbits in X, is simply refereed to as Dani’s correspondence.
For background and further details see for instance [24, 46].

Recall that the homogeneous space X,; is non-compact and, by Mahler’s
criterion, every bounded subset of X, is contained in

K. = {A € Xpy1: inf v > 8}
veA, v#£0
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for some ¢ > 0, where || - || is any norm on R"+!. With this in mind, in the same
paper [23], Dani went on to show that & € R” is singular if and only if the orbit
g,uEZ"H diverges as t — oo; that is, for any & > 0 there exists a constant z, ¢ > 0
such that

Vi>te  gugZ'7 ¢ Ke.

This means that the orbit g[u§Z"+1 leaves any bounded set ‘forever’ from some
‘time’ point 7, ¢. In the same vein, it can be verifed that the matrix E € M,
composed of the columns &4, ..., §,, € R" is jointly singular if and only if for any
¢ > 0 there exists a constant #;, z > 0 such that

=

Vizitg 3jell,...om}  gug 2" ¢ K. (1.87)

Unlike for singular points, for every j € {1, ..., m} the individual orbit gtung”“
need not be divergent and could in fact for some ¢ > 0 return to the bounded set K,
arbitrarily often.

The proof of Theorem 1.15 and indeed Theorem 1.9 rely on the following
powerful statement adapted for our application in mind due to Kadyrov, Kleinbock,
Lindenstrauss & Margulis [39, Theorem 1.5]. Given § € R", N > 1, s > 0 and
e > 0,let

Se(N,s,e):i={lefl,...,N}: guusZ"™" ¢ K,}.

Thus, S¢(N, s, &) corresponds to those times t = s/ (1 < £ < N) for which the
orbit g,uEZ"“ does not lie in K. In what follows, given a set X we let #X denote
its cardinality.

Theorem 1.16 (Kadyrov, Kleinbock, Lindenstrauss & Margulis) Let B be the
unit ball in R" centred at the origin. Then there exist so > 1 and C > 0 such that
forany s > s, there exists ¢ > 0 such that for any N € Nand § € [0, 1), the set

#Se (N, s,
Z(e,N,s,rS):z{éeB?: E(ng)z(s}

can be covered with Cs3N 1= pails of radius e~ DN,

Note that § € Z(e, N, s, §) if and only if the proportion of times t = s/ < sN
(1 < ¢ < N) for which the orbit g,u‘gZ’”rl avoids K is at least §. To be absolutely
precise, the case when § = 0 is not covered by [39, Theorem 1.5]. However, it is
trivially true since then Z(e, N, s, 8) = B{' and the unit ball can easily be seen to
be covered with Ce"H1=91N palls of radius e~V The next statement relates
the jointly singular sets of interest to those appearing in Theorem 1.16.
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Proposition 1.3 Let e > O and s > 1. Then

Sing”(m) N (B))" < | U ﬂ Zn(e,N,s,8),

deA; No=1 N=Ny

where

(1.88)

Ay = !5:(81,...,5,”)6 ;zmm[o,l)m:51+---+5mz1—'";”}

and

Zn(e,N,s,8) :=Z(e,N,s,81) x---x Z(e,N,s,8y).

Proof Recall, that given any E € M, , its column vectors are denoted by
£,....&, € R". Now, suppose that E € Sing”(n) N (B})". Then, by (1.87),

forany ¢ > Oand all N > s’ltg,g we have that
m
(teN:slteg<t<N U Sg, (N, s5,¢).

It follows that

m
Z#ng (N,s,e) > N—s .z

j=1
This implies that
Z’":#SE (N,s,¢) 1_t€’5
o - sN -~
Foreach j € {1,...,m}, letd; € iZ be the largest number such that

#S¢ (N, s, €)
J N > 5.

Then, with § = (41, ..., §,;) we have that

EeZu, N,s,9).

(1.89)

(1.90)
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We now show that § € A;. Since #ng(N, s,€) < N, wehave that0 < §; < 1. By
the maximality of §; we have that

o1 S (Nse)
; > >3§;.
/+s— N Z0j

By (1.89), it follow that for N sufficiently large

m
e = 1
25,31—m—8’“31—m+ . (1.91)
o K sN K

Therefore, § € Ajg. Since Ay is finite, the latter condition together with (1.90)
implies (1.88) and thereby completes the proof of the proposition. O

As we shall now see, armed with Theorem 1.16 and Proposition 1.3, it is
relatively straightforward to establish Theorem 1.15 and indeed Theorem 1.9.

Proof (Proof of Theorem 1.15) Without loss of generality, it suffices to show (1.86)
for the set Sing™ (n)N (Bf)m instead of Sing™ (n). In short, this makes use of the fact

that Sing™ (n) is contained in a countable union of translates of Sing™ (n) N (B{')m
By Theorem 1.16, for s > s9 and each § € Ay, there exists a cover of Z,,(¢, N, s, §)

by
m
l_[ CS3Ne(n+178j)nsN < s3mNe(n+1)nmst(17m:rl)nsN
j=1
balls of the same radius
r=e "tV (1.92)
Thus, in view of Proposition 1.3 and the trivial fact that
#A; < (s + D™,
it follows that we have a cover of Sing™ (n) N (B{')m by

< (s + 1)ms3mNe(n+1)nmst(lfm:rl)nsN

balls of the same radius satisfying (1.92). Therefore, by the definition of Hausdorff
dimension (see Definition 1.6 and Remark 1.18 immediately following it), for every
s > so we have that

dim (Sing” (n) N (B})") <

IOg ((S + l)ms3mNe(n+1)nmsN7(lfmS+l)nsN)
< limsup

N—o0 - log(e—(n+1)sN)
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3mN logs + ((n + DnmsN — (1 — m:rl)nsN)
= limsup ‘
N—o0 (n+DsN

3mlogs + (n + Dnms — (1 — m;rl)ns

(n+1)s
Letting s — oo gives
. . (n+1Dnm—n n
dim (Sing” (n) N (B™")") < = - ,
im (Sing” (n) N (B})") < nl mn=
and thereby completes the proof of Theorem 1.15. O

Proof (Proof of Theorem 1.9) Given f : U — R”" as in the statement of the
theorem, let

Mg :={E eM,2:§ = f(ED}.
Since f is bi-Lipschitz,
dim (Sing§ (n)) = dim (Sing®(n) N My).
Therefore, (1.80) is equivalent to

. . n
dim (Sing?(n) N My) < n — NN (1.93)

As in the previous proof, it suffices to show (1.93) for Singz(n) NMgn (Bf)2

instead of Sing?(n) N M f- With this in mind, by Proposition 1.3, for any &€ > 0 and
any s > 1 we have that

Sing?(n) N My 0 (B})? c U ﬂ Zs(e, N,s5,8) N M. (1.94)
§€As No=1 N=Ny

Observe that

3
2s

max(81, 82} > ) —
and so by Theorem 1.16, for s > sp and each § € Ay, we have a cover of
Z>(e, N,s,8) N Mgy by

1,3,
min_Cs3N e H1=3)nsN < Cs3Ne("H*2+2s)mN
1<j=<2
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balls of the same radius

r=e TtV (1.95)
Thus, in view of Proposition 1.3 and the trivial fact that

#A; < (s + 1%,
it follows that we have a cover of Sing”(n) N M £ N (B{’)2 by

1,3
& (s+ 1)2s3Ne<n+l—2+23)nsN

balls of the same radius r as given by (1.95). Therefore, for every s > sp we have
that

dim (Sing2 (n) N My N (Bf)z) <
1,3
log <(s + 1)2s3Ne<"+12+2S)"SN>
= — log(e=(r+DsN)

3N10gs~|—(n~|—1—é~|—23s>nsN
= lim sup
N—oo (n+DsN

310gs~|—(n~|—1—é~|—23s>ns

(n+ 1)s
On letting s — oo, gives
1— 1
im (Sing’(n) N My 11 (B7)? (=) n
d Sin; ) =n—- ,
im (Sing"m) A My OB ) = 0y 200+ 1)
and thereby completes the proof of Theorem 1.9. O

As mentioned at the start of this subsection, even if we increased the number
of users in the basic setup of Examples 1 & 2 we would still only need to call
upon the general Diophantine approximation theory described above for a singular
linear form (i.e., m = 1). A natural question that a reader may well be asking at
this point is, whether or not there is a model of a communication channel that in
its analysis requires us to genuinely exploit the general systems of linear forms
theory with m > 1? The answer to this is emphatically yes. The simplest setup
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that demonstrates this involves n users and one receiver equipped with m antennae.
Recall, an antenna is a device (such as an old fashioned radio or television ariel)
that is used to transmit or receive signals. Within Examples 1 & 2, each transmitter
and receiver are implicitly understood to have a single antenna. This convention
is pretty standard whenever the number of antennae at a transmitter or receiver is
not specified. For a single receiver to be equipped with m antennae is in essence
equivalent to m receivers (each with a single antenna) in cahoots with one another.
The overall effect of sharing information is an increase in the probability that the
receivers will be able to decode the transmitted messages. We now briefly explain
how the setup alluded to above naturally brings into play the general Diophantine
approximation theory for systems of linear forms.

Example 2A (Multi-Antennae Receivers) Suppose there are n users Sp,..., S,
and two receivers Ry and R, which ‘cooperate’ with one another. Furthermore,
assume thatn > 3. Let O > 1 be an integer and suppose S; wishes to transmit the
message u; € {0, ..., Q} simultaneously to Ry and R;. Next, as in Example 2, for
i=1,2and j =1,...,n,let h;; denote the channel coefficients associated with
the transmission of signals from S; to R;. Also, let y; denote the signal received by
R; after (linear) encoding but before noise z; is taken into account. Thus,

n
V1 =)»Zh1j0ljuj, (1.96)

Jj=1

n
2=1Y hjajuj. (1.97)

j=1
where A, a1, ..., a, are some positive real numbers. Now let dpin,; the minimal
distance between the (Q + 1)" potential outcomes of y;. Now, the larger the minimal
distance dmin; (i = 1,2) the greater the tolerance for noise and thus the more
likely the receivers R; are able to recover the messages uj, ..., u, by rounding

¥/ = yi + zi to the closest possible outcome of y; (given by (1.97)). Thus, it is
imperative to understand how dpin; can be bounded below. Since R; and R, are
sharing information (in fact it is better than that, they are actually the same person
but they are not aware of it!), it is only necessary that at least one of dmin,1 Or dmin,2
is relatively large compared to the noise. In other words, we need that the points
(y1, y2) € R? are sufficiently separated. In order to analysis this, we first apply the
inverse to the linear transformation

L= <h11061 hlzaz)
hara1 haop

to (y1, y2)'. Without loss of generality, we can assume that the matrix norm of L
and its inverse L~ ! are bounded above. Therefore, the separation between the points
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1, y2) € R? is comparable to the separation between the points (y1, y2) € R2,
where

(31, 52" == L(y1, )" .

Let (§,,&,) € R"™2 x R"~2 be the pair corresponding to the two columns vectors

of the matrix
t
Z . (Ll (h13a3 hlnan))
hysas ... hopop
The upshot, after a little manipulation, is that analysing the separation of the points
(y1, y2) € R? equates to understanding the quantity

max{|qé; + p1l, q&, + p2l}

for (p, q) € Z* x Z"~? with 1 < |q| < Q. In particular, asking for good separation
equates to obtaining good lower bounds on the quantity in question. In turn, this
naturally brings into play the general Diophantine approximation theory for systems
of 2 linear forms in n — 2 real variables. Note that assuming the number n of users
is strictly greater than two (the number of cooperating receivers) simply avoids
the degenerate case. For further details of the setup just described and its more
sophisticated variants, we refer the reader to [49, Example 1] and [37, Section 3.2]
and references within.

1.3 A ‘child’ Example and Diophantine Approximation on
Manifolds

The theory of Diophantine approximation on manifolds (as coined by Bernik &
Dodson in their Cambridge Tract [17]) or Diophantine approximation of dependent
quantities (as coined by SprindZuk in his monograph [63]) refers to the study of
Diophantine properties of points in R” whose coordinates are confined by functional
relations or equivalently are restricted to a submanifold M of R”. In this section
we consider an example of a communication channel which brings to the forefront
the role of the theory of Diophantine approximation on manifolds in wireless
communication.

Remark 1.21 The reader may well argue that in our analysis of the wireless
communication model considered in Example 2, we have already touched upon
the theory of Diophantine approximation on manifolds. Indeed, as pointed out on
several occasions (see in particular Remarks 1.8 and 1.13), the points of interest
£ = (61,6) and &' = (&, &) associated with the example are functionally
dependent. The explicit dependency is given by (1.51) and (1.52). However, it is
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important to stress that the actual coordinates of each of these points are not subject
to any dependency and so are not restricted to a sub-manifold of R?. The upshot of
this is that we can analyse the points independently using the standard single linear
form theory of Diophantine approximation in R”. In other words, the analysis within
Example 2 does not require us to exploit the theory of Diophantine approximation
on manifolds.

1.3.1 Example 3

In this example we will consider a model that involves several “transmitter-receiver”
pairs who simultaneously communicate using shared communication channels. For
the sake of simplicity we will concentrate on the case of three transmitter-receiver
pairs; that is, we suppose that there are three users S;, S and S3 and there are
also three receivers Ry, R and R3. Let Q > 1 be an integer and suppose for each
J = 1,2,3 the user S; wishes to send a message u; € {0, ..., Q} to receiver R;.
After (linear) encoding, §; transmits

Xji=Aoju; (1.98)

where «; is a positive real number and A > 1 is a scaling factor. Note that apart
form the obvious extra user S3 and receiver Rs, the current setup is significantly
different to that of Example 2 in that S; does not wish to send independent messages
to the receivers R; (i # j). In other words, we are not considering a three-user
X-channel and thus, unlike Example 2, the codeword of user S; does not have
any component intended for any other receiver but R;. Nevertheless, since the
communication channel is being shared, as in Example 2, the signal x; transmitted
by §; is being received by every receiver R; with appropriate channel coefficients
and thereby causing interference. Formally, for i, j = 1,2, 3 let h;; denote the
channel coefficients associated with the transmission of signals from S; to R;. Also,
let y; denote the signal received by R; before noise is taken into account. Thus,

3 3
(1.98)
Vi = E hijxj =" A E h,-jajuj. (1.99)
j=1 j=1

Now as usual, let us bring noise into the setup. If z; denotes the (additive) noise at
receiver R; (i = 1, 2, 3), then instead of (1.99), R; receives the signal

vi=yi+zi. (1.100)

Equations (1.99) and (1.100) represent one the simplest models of what is known
as a Gaussian Interference Channel (GIC). The ultimate goal is for the receivers
R; (i = 1,2,3) to decode the messages u; from the observation of ylf. This is
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attainable if 2|z;| is smaller than the minimal distance between the outcomes of y;
given by (1.99), which will be denoted by dmin,;. As before, given that the nature
of noise is often a random variable with normal distribution, the overarching goal is
to ensure the probability that |z;| < %dmin,,- is large. Indeed, as in Examples 1 & 2,
the larger the probability the more likely the receivers R; (i = 1,2, 3) are able to
recover messages by rounding y; (given by (1.100)) to the closest possible outcome
of y; (given by (1.99)). Thus, as in previous examples it is imperative to understand
how dmin,; can be bounded below. Note that there are potentially (Q + 1)3 distinct
outcomes of y; and that

0<yigAr0 (1=<ix<3), (1.101)

where the implicit implied constants depend on the maximum of the channel
coefficients ;; and the encoding coefficients « ;. It is then easily verified, based on
the outcomes of y; given by (1.99) being equally spaced, that the minimal distance
satisfies the following inequality

A
dmin,i < 1=<i<3). (1.102)

Q2
Ideally, we would like to obtain lower bounds for dnin,; that are both “close” to
this “theoretic” upper bound and are valid for a large class of possible choices of
channel coefficients. Before we embark on the discussion of tools from Diophantine
approximation that can be used for this purpose, we discuss how the idea of
interference alignment introduced in the context of Example 2 extends to the setup
of Example 3. This will naturally bring the theory of Diophantine approximation on
manifolds into play.

Assume for the moment that u; € {0, 1} and for the ease of discussion, let us just
concentrate on the signal y; received at R. Then there are generally up to 23 = 8
different outcomes for y;. However, receiver R; is not interested in the signals u;
and u3. So if these signals could be deliberately aligned (at the transmitters) via
encoding into a single component, then there would be fewer possible outcomes for
y1. Clearly, such an alignment would require that the ratio #1202/ k1303 is a rational
number. For example, if this ratio is equal to one, that is 1202 = h1323, then

1= )\<hllul + hixan(uz + u3)) .

Clearly, in this case the number of distinct outcomes of y; is reduced from 8 to 6,
since there are 4 different pairs (u2, u3) as opposed to 3 different sums uy + u3
when u; take on binary values. Let us call the scenario described above a perfect
alignment. For the received signals to be perfectly aligned at each receiver would
require imposing highly restrictive constraints on the channel coefficients, which in
practice would never be realised. Indeed, an encoding realising perfect alignment
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simultaneously at each receiver would necessarily have that the following three
ratios

hi20 haro h3io
hizos hazas h3z0

are all rational numbers. For example, if all these ratios are equal to one then we
have that

0 hip —his
det| Aoy O —ho3 | =0,
h31 —hz 0

or equivalently, that
hi2h23h31 = hazhaihis .

In reality, for the channel coefficients to satisfy this equality would be so extraordi-
nary that it is not worth considering. The upshot is that perfect alignment is simply
not feasible.

Motahari et al. [52] proposed a scheme based on the method introduced by
Cadambe et al. [20], which simultaneously at each receiver realises a partial
alignment that is effectively arbitrarily close to perfect alignment. The basic idea
is to split the messages u ; into ‘blocks’ and apply different linear encodings to each
‘block’. As it happens, there is a choice of encodings that allows for all but a few
of the received ‘blocks’ to be appropriately aligned as each receiver. On increasing
the number of blocks one can approach perfect alignment with arbitrary accuracy.
We now provide the details of the alluded scheme within the context of Example 3.
Recall, the user S; (j = 1,2, 3) wishes to send a message u; € {0,..., 0} to
receiver R;. In the first instance, given an integer B > 2 we let

ujs€f0,...,B—1}

be a collection of ‘blocks’ that determine (up to order) the coefficients in the base B
expansion of u ;. Here and throughout, for m, k € N

S=(s1,...,8m) €S :=1{0,...,k—1}"
is a multi-index which is used to enumerate the blocks—in a moment we will take
m = 6. Clearly, the number of different blocks (i.e. digits available to us when

considering the base B expansion of a number) is equal to

M :=K"
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and so the size of the message u; that S; can send to R; is bounded above by
BM — 1. Without loss of generality, we can assume that

0=BY_1. (1.103)

Now, instead of transmitting (1.98), after encoding S; transmits the message

xj=1Y Tujs. (1.104)

seSy

Here and throughout, for s € Sy
T =T, - Tpr (1.105)
are real parameters called transmit directions obtained from a fixed finite set
T:={T1,...,Tn}

of positive real numbers, called generators. As we shall soon see, the generators will
be determined by the channel coefficients. In short, they play the role the positive
real numbers o; appearing in the encoding leading to (1.98). It is worth highlighting
that the (linear) encoding leading to (1.104) varies from block to block. It follows
that with this more sophisticated ‘block’ setup, instead of (1.99), the signal received
by R; before noise is taken into account is given by

3 3
(1.104)
Vi = E hijxj = )\E hij E Tsuj,s
j=I1 j=1 seSk

~ - -
Xj

3
=2 Y hiTuis + Y Y hijTujs | . (1.106)
seSy j=1seS;
~ ~ - J#

wanted at R; -~ -

unwanted at R;

Thus, the unwanted message blocks u ;s from S; (j # i) arrive at R; with the
transmit directions T* multiplied by two possible channel coefficients #;;. It follows
that the unwanted blocks appearing in (1.106) constitute a linear form with 2M =
2k™ terms. We now choose the generators in such a way so as to align some of
these unwanted blocks with the net effect of reducing the number of terms in the
linear form. With this in mind, define the set of generators to be the collection of all
channel coefficient with i # j; namely

T = {h12, h13, ha1, ha3, h31, b3} (1.107)
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Thus, m = 6 with respect to the general description above. With this choice of
generators, it follows that the unwanted part within (1.106) can now be written as

> T (1.108)

SE€Sk+1

where the terms
vis €{0,...,2B —2}

are integers formed as sums of up to two blocks u s. Note that the coefficients of
v; s are monomials in the generators given by (1.107). Due to the multiplication by
hi; in (1.106) the exponents in the monomials appearing in (1.108) are up to k rather
than just k— 1. This explains why the summation in (1.108) is taken over Sk rather
than just Si. The upshot of choosing T as in (1.107) is that the ‘unwanted’ linear
form of 2M = 2k% terms appearing in (1.106) is replaced by a linear form given
by (1.108) of (k + D6 =M1+ l/k)6 terms. In other words, asymptotically (as k
increases) we have halved the number of terms associated with unwanted message
blocks. On substituting (1.108) into (1.106) we get that

vi=A| D hiTuis + > T |- (1.109)
seSy SESk+1
- - - - - -
wanted at R; unwanted at R;

Thus, y; is a linear form of
M =k + (k+1)°
terms! . Up to the factor A, the coefficients of the integers u; s and v; s in (1.109)

are monomials in the six generators of T and are all different. It is convenient to
represent these coefficients as a ‘coefficient’” vector

G,’ = (G,',(), G,’J,...,G,',n) where n = M/— 1. (1.110)
To reiterate, the components G; o, G; 1, - .., Gi , are the real numbers
T° with s € Sg+1 and  h; T with s € Sy (1.111)

1Observe that essentially half of the terms in (1.109) are wanted at R; compared to only a third
(before alignment) in (1.106) or indeed in (1.101).
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written in any fixed order. It is easily verified that for any € > 0, for k sufficiently
large

2M <n <2M + €. (1.112)

Now let

G G
bl ”") (1<i<3). (1.113)

gi = (Ei,lv . ~-1§i,n) = (Gi’(f IR Gl'ﬁ()
Returning to (1.109), it is easily seen that there are potentially BM " distinct
outcomes of y; and as before (cf. (1.101))

0<y; «2AB (1 <i<3), (1.114)

where the implicit implied constants depend on the maximum of the channel
coefficients h;; and the integer k. Now let dmin; denote the minimal distance
between the outcomes of y; given by (1.109). It is then easily verified, based on these
outcomes being equally spaced, that the minimal distance satisfies the following
inequality (cf. (1.102))

AB A A

dmin,i < BM, = Bn < Q2

(1<i<3). (1.115)

The last inequality makes use of (1.103) and (1.112). Recall, that our goal is the
same as in all previous examples. We wish to obtain lower bounds for dmin; that
are both “close” to this “theoretic” upper bound and at the same time are valid
for a large class of possible choices of channel coefficients. As we have seen in
Examples 1 & 2, the goal is intimately related to the Diophantine properties of
certain points defined via the channel coefficients. Within the context of Example 3,
the points of interest are precisely those corresponding to &§; € R”" as given by
(1.113). In Sect. 1.3.2, we will demonstrate that this is indeed the case by calculating
the DoF of the three-user Gaussian Interference Channel (GIC). First we make an
important observation: the coordinates of each point §; (i = 1,2, 3) are functions
of seven variables and are therefore dependent. The latter follows since k > 1 and
so by definition n > 2% > 7. The fact that the point &; of interest is of dependent
variables implies that §; lies on a submanifold M of R” of dimension strictly smaller
that n. Trivially, since the dimension of M is strictly less than n, we have that the n-
dimension Lebesgue measure of M is zero. The upshot of the dependency is that all
the measure theoretic Diophantine approximation results (such as those concerning
badly approximable, {r-approximable, Dirichlet improvable, singular, etc etc) that
we have exploited so far in our analysis of Examples 1 & 2 are pretty much
redundant. We need a theory which takes into account that the points of interest
lie on a submanifold M of R". Luckily, today the metric theory of Diophantine
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approximation on manifolds is in reasonable shape. Indeed, for a large class of so
called non-degenerate manifolds there exists

(1) arich badly approximable theory concerning Bad(n) N M—see for example
[3, 5,7, 14, 15, 64] and references within,
(i1) arich yr-approximable theory concerning ‘W, () N M—see for example [1,
6, 11, 18, 31-35, 41, 42] and references within, and
(iii) a rich Dirichlet improvable theory concerning DI(n) N M—see for example
[43, 44, 61] and references within.

For a general overview of the manifold theory we refer the reader to [16, Section 6].
In short, the recent state of the art results for the sets just listed suffice to implement
the approaches taken in Sects. 1.2.2 to 1.2.5 within the context of Example 3. As
already mentioned, we will shortly provide the details of how the ‘Khintchine-
Groshev’ approach of Sect. 1.2.4 translates to the current setup.

Observe that in above list of Diophantine sets restricted to M there is a notable
exception. We have not mentioned singular (resp. jointly singular) sets Sing(n)
(resp. Sing®(n)) and in turn we have avoided mentioning the approach taken in
Sect. 1.2.6 that enables us to improve the result of Motahari et al. on the DoF of
a two-user X-channel. The reason for this is simple—our current knowledge of
Sing(n) N M is not sufficient. We will come back to this in Sect. 1.3.3.

1.3.2 The Khintchine-Groshev Theorem for Manifolds and
DoF

The goal of this section is twofold. The first is to introduce the analogue of the
Khintchine-Groshev Theorem for one linear form (i.e. Theorem 1.4 in Sect. 1.2.4)
in which the points of interest are restricted to a submanifold of R”. The second is
to exploit this so called Khintchine-Groshev theorem for manifolds to calculate the
DoF of the three-user GIC considered in Example 3.

Let M be a submanifold of R" and let ‘W, () be the set of y-approximable
points in R” defined by (1.58). In short, if the manifold is “sufficiently” curved the
Khintchine-Groshev theorem for manifolds provides a ‘zero-one’ criterion for the
Lebesgue measure of the set

Wu()nM.

Observe that if the dimension of the manifold is strictly less than n, then with respect
to n-dimensional Lebesgue measure we trivially have that |'W,(y¥) N M|, = 0
irrespective of the approximating function ¥ . Thus, when referring to the Lebesgue
measure of the set W, (¥) N M itis always with reference to the induced Lebesgue
measure on M. More generally, given a subset S of M we shall write | S|4 for the
measure of S with respect to the induced Lebesgue measure on M. Without loss of
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generality, we will assume that
Mim=1

since otherwise the induced measure can be re-normalized accordingly. It is not
particularly difficult to show that in order to obtain an analogue of Theorem 1.4
(both the convergence and divergence aspects) for ‘W, () N M we need to avoid
hyperplanes—see [16, Section 4.5]. To overcome such natural counterexamples, we
insist that M is a non—degenerate manifold.

Non-Degenerate Manifolds Essentially, these are smooth submanifolds of R”
which are sufficiently curved so as to deviate from any hyperplane. Formally, a
manifold M of dimension d embedded in R” is said to be non-degenerate if it
arises from a non-degenerate map f : U — R"” where U is an open subset of
R? and M := f(U). The mapf: U - R",x > f(x) = (fi(X),..., fn(X)) is
said to be [-non-degenerate at x € U, where [ € N, if fis [ times continuously
differentiable on some sufficiently small ball centred at x and the partial derivatives
of f at x of orders up to / span R”. The map f is non-degenerate at x if it is
[-non-degenerate at x for some / € N. The map f is non-degenerate if it is non-
degenerate at almost every (in terms of d-dimensional Lebesgue measure) point x
in U; in turn the manifold M = f(U) is also said to be non-degenerate. It is well
known, that any real connected analytic manifold not contained in any hyperplane
of R” is non-degenerate at every point [42]. In the case the manifold M is a planar
curve C, a point on C is non-degenerate if the curvature at that point is non-zero.
Moreover, it is not difficult to show that the set of points on a planar curve at which
the curvature vanishes but the curve is non-degenerate is at most countable, see
[8, Lemmas 2 & 3]. In view of this, the curvature completely describes the non-
degeneracy of planar curves. Clearly, a straight line is degenerate everywhere.

The convergence part of the following statement was independently established
in [6] and [18], while the divergence part was established in [11].

Theorem 1.17 (Khintchine-Groshev for Manifolds) Let ¢ : Ry — Ry be a
monotonic function and let M be a non-degenerate submanifold of R". Then

0if Ygli1q" '¥(g) < oo,

Lif Y02,4" (g) = oo,

Wa(¥) " My =

Remark 1.22 In view of Corollary 1.2 in Sect. 1.2.2, it follows that
W) NnM=M if Y:q—q".

Now, given ¢ > 0 consider the function v, : ¢ + ¢ " ¢. A submanifold M of R”"
is called extremal if

Wi (Ye) " Mlp=0.
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Sprindzuk (1980) conjectured that any analytic non-degenerate submanifold is
extremal. In their pioneering work [42], Kleinbock & Margulis proved that any
non-degenerate submanifold M of R” is extremal and thus established SprindZuk’s
conjecture. It is easy to see that this implies the convergence case of Theorem 1.17
for functions of the shape ;.

Remark 1.23 For the sake of completeness, it is worth mentioning that the exter-
nality theorem for non-degenerate submanifolds of R" has been extended in recent
years to submanifolds of n x m matrices, see [2, 13, 45].

An immediate consequence of the convergence case of Theorem 1.17 is the
following statement (cf. Corollary 1.3).

Corollary 1.6 Ler v : Ry — Ry be a function such that

o]

> q" () < oo (1.116)

g=1

Suppose that M is as in Theorem 1.17. Then, for almost all & € M there exists a
constant k (§) > 0 such that

lg1&61+ -+ qnén + pl > @ Vv(a) Y (p,@ € ZxZ"\{0}. (1.117)

In line with the discussion in Sect. 1.2.4 preceding the statement of the effective
convergence Khintchine-Groshev theorem (i.e. Theorem 1.5), a natural question to
consider is: can the constant «(§) within Corollary 1.6 be made independent of
&? The argument involving the set B, (1, k) given by (1.63) can be modified to
show that this is impossible to guarantee with probability one; that is, for almost
all & € M. Nevertheless, the following result provides an effective solution to the
above question. It is a special case of [1, Theorem 3].

Theorem 1.18 (Effective Convergence Khintchine-Groshev for Manifolds) Let
I € N and let M be a compact d-dimensional C'*' submanifold of R" that is -
non-degenerate at every point. Let ¥ : R, — R4 be a monotonically decreasing
function such that

Ty = Zq”—lw(q) <00. (1.118)

g=1

Then there exist positive constants ko, C1 depending on  and M only and Cy
depending on the dimension of M only such that for any 0 < § < 1, the inequality

1B (Y, k) "Mipqg=>1—6 (1.119)
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holds with

Coé

’ Cl(sd(n+1)(21—1)} ) (1.120)
Xy

K := min {K(),

Remark 1.24 The constants appearing in (1.120) are explicitly computable, see [1,
Theorem 6] for such a statement. In [31] Theorem 1.18 was also extended to a
natural class of affine subspaces, which by definition are degenerate.

We now move onto our second goal: to exploit the Khintchine-Groshev theorem
for manifolds to calculate the DoF of the three-user GIC considered in Example 3.
The overall approach is similar to that used in Sect. 1.2.4 to calculate the DoF of
the two-user X-channel considered in Example 2. In view of this we will keep
the following exposition rather brief and refer the reader to Sect. 1.2.4 for both
the motivation and the details. With this in mind, let M denote the 7-dimensional
submanifold of R” arising from the implicit dependency within (1.113). In other
words, a point &, € M if and only if it is of the form (1.113). That M is of
dimension 7 follows from the fact that the monomials G; o, G; 1, ..., Gi, depend
on h;; and the other 6 channel coefficients that form the set T of generators. It
is also not difficult to see that these monomials are all different and therefore
linearly independent over R. Consequently, 1, &; 1, ..., & , are linearly independent
over R as functions of the corresponding channel coefficients. Hence M cannot be
contained in any hyperplane of R". Also note that M is connected and analytic, and
therefore, it is non-degenerate.

Now suppose that

EEWu(¥) (1.121)

where ¥ : ¢ — ¢ ¢ for some ¢ > 0. Then, Corollary 1.6 implies that for almost
all £ € M there exists a constant « (§) > 0 such that

K (&)
lgié1 + - - + gnén + pl > g+

for all (p, q) € Z x Z"\{0}. Here and throughout the rest of this section, almost all
is with respect to 7-dimensional Lebesgue measure induced on M. In particular, it
follows that for almost all § € M and every B € N we have that (cf. (1.61))

_ K@

> prte (1.122)

IG1EL + - - + Gukn +

forall (p,q) € Z x Z"\{0} with 1 < |q| < B. Then, the analysis as in Sect. 1.2.4
that leads to (1.62), enables us to make the following analogous statement: with
probability one, for every B > 2 and a random choice of channel coefficients h;;
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@i, j = 1, 2, 3), the minimum separation between the associated points y; given by
(1.109) satisfies

ric(&)

e (1<i<3). (1.123)

dmin, i >

We stress, that &; corresponds to the point given by (1.113) associated with the
choice of channel coefficients. Recall, that the latter determine the set of generators
(1.107) which in turn determine the coefficient vector G; and therefore the point &;.
Note that apart from the extra ¢ term in the power, the lower bound (1.123) coincides
(up to constants) with the upper bound (1.115).

Now, in relation to Example 3, the power constraint P on the channel model
means that

jP<P  (j=1,2,3), (1.124)

where x; is the codeword transmitted by S; as given by (1.104). Now notice that
since the blocks u j s (s € Sg) are integers lying in {0, ..., B — 1}, it follows that

lxj] < AB,

where the implied implicit constant is independent from B and XA. Hence, we
conclude that P is comparable to (AB)?. It is shown in [52, §5], that the probability
of error in transmission within Example 3 is bounded above by (1.65) with

dmin = min{dmin,la dmin,Z, dmin,?:}-

Recall, in order to achieve reliable transmission one requires that this probability
tends to zero as P — oo. Then, on assuming (1.123)—which holds for almost
every &; € M—it follows that

A
dmin > pnte (1125)

and so the quantity (1.65) will tend to zero as B — oo if we set

)\‘ — Bn+26‘ .

The upshot of this is that we will achieve a reliable transmission rate under the
power constraint (1.124) if we set P to be comparable to B2*+2+4¢; that is



1 Number Theory Meets Wireless Communications: An Introduction 61

Next, recall that the largest message u; that user S; can send to R; is given by
(1.103). Thus, it follows that the number of bits (binary digits) that user S; transmits
is approximately

logBM = MlogB.

Therefore, in total the three users S; (j = 1,2, 3) transmit approximately 3M X
log B bits, which with our choice of P is an achievable total rate of reliable
transmission; however, it may not be maximal. On comparing this to the rate of
reliable transmission for the simple point to point channel under the same power
constraint, we get that the total DoF of the three-user GIC is at least

3Mlog B . 3Mlog B 3M
im = lim 1 on2idey = |4 2e” (1.126)
P—o0 2 log(1 + P) B—00 5 log(1+ B ) n+1+42¢

Given that ¢ > 0 is arbitrary, it follows that for almost every (with respect to the
7-dimensional Lebesgue measure) realisation of the channel coefficients

3M
DoF >
n—+1

Now recall that n + 1 = M’ = (k + 1)°® + k% and M = k®. On substituting these
values into the above lower bound, we obtain that

3k

DoF > .
= k16 4 k6

Given that k is arbitrary, it follows (on letting k — oo) that for almost every
realisation of the channel coefficients

3
DoF > .
2

Now it was shown in [20] that the DoF of a three-user GIC is upper bounded by 3/2

for all choices of the channel coefficients, and so it follows that for almost every
realisation of the channel coefficients

3
DoF = _ . (1.127)

1.3.3 Singular and Non-Singular Points on Manifolds

With reference to Example 3, we have seen in the previous section that the
Khintchine-Groshev theorem for non-degenerate manifolds allows us to achieve



62 V. Beresnevich and S. Velani

good separation between the received signals y; given by (1.123). More precisely,
for almost all choices of the channel coefficients &;; (i, j = 1,2, 3) we obtain the
lower bounds (1.115) for the minimal distances dmin,; that are only ‘e-weaker’ than
the ‘theoretic’ upper bounds as given by (1.123). As in the discussion at the start of
Sect. 1.2.6, this motivates the question of whether good separation and indeed if the
total DoF of 3/2 for the three-user GIC can be achieved for a larger class of channel
coefficients? Concerning the latter, what we have in mind is a statement along the
lines of Theorem 1.10 that improves the Motahari et al. result (Theorem 1.6) for the
total DoF of the two-user X-channel. Beyond this, but still in a similar vein, one
can ask if the more general DoF results of Motahari et al. [52] for communications
channels involving more users and receivers can be improved? Clearly, the approach
taken in Sects. 1.2.6 and 1.2.7 based on the Diophantine approximation theory of
non-singular and jointly non-singular points can be utilized to make the desired
improvements. However there is a snag—we would require the existence of such
a theory in which the points of interest are restricted to non-degenerate manifolds.
Unfortunately, the analogues of Theorems 1.7, 1.8, 1.9, 1.14 and 1.15 for manifolds
are not currently available. In short, obtaining any such statement represents a
significant open problem in the theory of Diophantine approximation on manifolds.
Indeed, even partial statements such as the following currently seem out of reach.
As we shall see, it has non-trivial implications for both number theory and wireless
communication.

Problem 1.3 Letn > 2 and M be any analytic non-degenerate submanifold of R”
of dimension d. Verify if

dim (Sing(n) N M) < d := dim (M) (1.128)

Recall, that Sing(n) is the set of singular points in R”"—see Definition 1.5 in
Sect. 1.2.6.

Remark 1.25 Determining the actual value for the Hausdorff dimension of the set
Sing(n) N M for special classes of submanifolds M (such as polynomial curves—
see below) would be most desirable. It is not difficult to see that the intersection of
M with any rational hyperplane is contained in Sing(n). Therefore,

dim (Sing(n) "1 M) >d — 1.

When d > 1, this gives a non-trivial lower bound. Obviously, when d = 1 the lower
bound is trivial.

From a purely number theoretic point of view, Problem 1.3 is of particular
interest when the manifold is a curve (d = 1). It has a well-known connection
to the famous and notorious problem posed by Wirsing (1961) and later restated
in a stronger form by Schmidt [59, pg. 258]. This we now briefly describe. The
Wirsing-Schmidt conjecture is concerned with the approximation of real numbers
by algebraic numbers of bounded degree. The proximity of the approximation is
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measured in terms of the height of the algebraic numbers. Recall, that given a
polynomial P with integer coefficients, the height H(P) of P is defined to be the
maximum of the absolute values of the coefficients of P. In turn the height H («) of

an algebraic number « is the height of the minimal defining polynomial P of « over
Z.

Conjecture 1 (Wirsing-Schmidt) Let n > 2 and & be any real number that is not
algebraic of degree < n. Then there exists a constant C = C(n, &) and infinitely
many algebraic numbers a of degree < n, such that

& —al <CH@ ™!, (1.129)

Note that when n = 1 the conjecture is trivially true since it coincides with the
classical corollary to Dirichlet’s theorem—the first theorem stated in this chapter.
For n = 2 the conjecture was proved by Davenport & Schmidt (1967). For n > 3
there are only partial results. For recent progress and an overview of previous results
we refer the reader to [4] and references within.

The connection between the Wirsing-Schmidt conjecture and Problem 1.3 comes
about via the well know fact that the former is intimately related to singular points
on the Veronese curves V, := {(£,&2,...,&") 1 £ € R}.

Lemma 1.5 Letn > 2and & € R. If (§,&2,...,&") ¢ Sing(n), then the Wirsing-
Schmidt conjecture holds for &.

The proof of the lemma is pretty standard. For example, it easily follows by adapting
the argument appearing in [7, Appendix B] in an obvious manner. A straightforward
consequence of the lemma is that any upper bound for dim (Sing(n) N (V) gives
an upper bound on the dimension of the set of potential counterexamples to the
Wirsing-Schmidt conjecture. When n > 3, currently we do not even know that the
set of potential counterexamples has dimension strictly less than one—the trivial
bound. Clearly, progress on Problem 1.3 with M = V,, would rectify this gaping
hole in our knowledge.

We now turn our attention to the question raised at the start of this subsection;
namely, whether good separation and the total DoF of 3/2 within the setup of
Example 3 can be achieved for a larger class of channel coefficients? To start with
we recall that the 7-dimensional submanifold M of R” arising from the implicit
dependency within (1.113) is both analytic and non-degenerate. Thus it falls under
the umbrella of Problem 1.3. In turn, on naturally adapting the argument used to
establish Proposition 1.1, a consequence of the upper bound (1.128) is the following
statement: for all choice of channel coefficients {h;;, h12, h13, hat, ha3, h3t, h3o}
(i = 1,2,3) except on a subset of strictly positive codimension, the minimum
separation dpin, ; between the associated points y; given by (1.109) satisfies (1.123).
The upshot is that if true, Problem 1.3 enables us to obtain good separation for
a larger class of channel coefficients than the (unconditional) Khintchine-Groshev
approach outlined in Sect. 1.3.2.
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As we have seen within the setup of Example 2, in order to improve the ‘almost
all’ DoF result (Theorem 1.6) of Motahari et al. we need to work with the jointly
singular set Sing? (n) appearing in Theorem 1.9. This theorem provides a non-trivial
upper bound for the Hausdorff dimension of such sets and is the key to establishing
the stronger DoF statement Theorem 1.10. With this in mind, we suspect that
progress on the following problem is at the heart of improving the ‘almost all’ DoF
result for the three-user GIC (see (1.127)) obtained via the Khintchine-Groshev
approach. In any case, we believe that the problem is of interest in its own right.
Recall, that Sing™ (n) is given by (1.82) and is the jointly singular set for systems of
linear forms.

Problem 1.4 Letk, ¢, m,d € N, n=k+¢, U Cc R%and V C R" be open subsets.
Suppose that f : U — RF and g : U — R are polynomial non-degenerate maps.
Foreachu € U and v € V let E(u, v) be the matrix with columns (v; f (u), g(u))’
and let

Sing’} ,(n) = ’(u, VeUxV:Ewv) e Singm(n)].
Verify if
dim (Sing’;’ g(n)) <d+m.

Of course, it would be natural to generalise the problem by replacing ‘poly-
nomial’ with ‘analytic’ and by widening the scope of the n x m matrices under
consideration. On another front, staying within the setup of Problem 1.4, it would
be highly desirable to determine the actual value for the Hausdorff dimension of the
set Sing’;’ e (n). This represents a major challenge.
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Chapter 2 )
Characterizing the Performance Shethie
of Wireless Communication

Architectures via Basic Diophantine
Approximation Bounds

Bobak Nazer and Or Ordentlich

Abstract Consider a wireless network where several users are transmitting simul-
taneously. Each receiver observes a linear combination of the transmitted signals,
corrupted by random noise, and attempts to recover the codewords sent by one
or more of the users. Within the context of network information theory, it is of
interest to determine the maximum possible data rates as well as efficient strategies
that operate at these rates. One promising recent direction has shown that if the
users utilize a lattice-based strategy, then a receiver can recover an integer-linear
combination of the codewords at a rate that depends on how well the real-valued
channel gains can be approximated by integers. In other words, the performance
of this lattice-based strategy is closely linked to a basic question in Diophantine
approximation. This chapter provides an overview of the key findings in this
emerging area, starting from first principles, and expanding towards state-of-the
art results and open questions, so that it is accessible to researchers with either an
information theory or Diophantine approximation background.

2.1 Introduction

Consider multiple transmitters and receivers that communicate with each other
across a shared wireless channel. The two main challenges to establishing reliable
communication between users are the noise introduced by the channel and the
interference between simultaneously transmitted signals. Over the past few decades,
the field of network information theory has striven to determine the fundamental

B. Nazer
Department of Electrical and Computer Engineering, Boston University, Boston, MA, USA
e-mail: bobak@bu.edu

0. Ordentlich (<)

The Rachel and Selim Benin School of Computer Science and Engineering,
Hebrew University of Jerusalem, Jerusalem, Israel

e-mail: or.ordentlich@mail.huji.ac.il

© Springer Nature Switzerland AG 2020 69
V. Beresnevich et al. (eds.), Number Theory Meets Wireless Communications,
Mathematical Engineering, https://doi.org/10.1007/978-3-030-61303-7_2


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-61303-7_2&domain=pdf
mailto:bobak@bu.edu
mailto:or.ordentlich@mail.huji.ac.il
https://doi.org/10.1007/978-3-030-61303-7_2

70 B. Nazer and O. Ordentlich

limits of reliable communication over multi-user channels as well as architectures
that can approach these limits in practice [11, 14, 34].

In this chapter, we discuss recent developments in network information theory
based on the use of lattice codebooks, i.e., codebooks that are a subset of a lattice
over R” [36]. The inherent linearity of these codebooks is appealing for two reasons.
First, linearity lends itself to more efficient encoding and decoding algorithms.
Second, since lattices are closed under integer-linear combinations, it is possible for
areceiver to directly decode an integer-linear combination of transmitted codewords
(without first recovering the individual codewords) [26]. This phenomenon can
be used as a building block for communication strategies that operate beyond the
performance available for classical coding schemes.

In general, the performance of these lattice-based strategies is determined by how
closely the channel coefficients can be approximated by integer coefficients. For
any particular choice of channel coefficients, we can identify the optimal integer
coefficients, and the resulting performance. However, it is often of interest to have
universal bounds that do not depend on the specific realization of the channel. As
we will demonstrate, classical and modern results from Diophantine approximation
can be used to establish such bounds.

Overall, this chapter attempts to provide a unified view of recent results that
connect the performance of the “compute-and-forward” strategy of recovering an
integer-linear combination to Diophantine approximation bounds. We also highlight
scenarios where novel applications of Diophantine approximation techniques may
lead to new results in network information theory.

2.1.1 Single-User Gaussian Channels

Consider the following channel model for time ¢ € {1,2,...,T}:
ylt] = x[t] + z[¢] 2.1

where

* y[t] € R represents the channel output at the receiver at time ¢,

e x[t] € R is the channel input of the transmitter at time ¢,

e and z[r] € R is the noise at time ¢, which is assumed to be Gaussian, z[t] ~
N(0, 1), and generated independently for each time ¢.

Our goal is for the transmitter to reliably send information to the receiver at the
highest possible data rates. To this end, the channel may be used during 7' time
slots, which is often referred to as the blocklength of the communication scheme.
The communication rate R > 0 is defined as the average number of bits that it
transmits per time slot. One practical consideration is that the transmitter has a
maximum power level that it can sustain during its transmission. This is modeled in
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the definition below via the power constraint P > 0. Let || - || denote the Euclidean
norm.

Definition 2.1 (Code) A (27R, T, P) code for the channel (2.1) consists of

e amessage set {1,2,..., 2TR},

+ an encoder that assigns a T-dimensional vector x(m) € R’ to each message
me{l,2,..., 2TR}. The encoder is subject to a power constraint P > 0, which
dictates that [|x(m)||> < TP forallm € {1,2,...,2TR},

e and a decoder that assigns an estimate M of the transmitted message to each
possible received sequence [y[1] y[2] --- y[T]].

The message M is assumed to be uniformly distributed over {1, 2, ..., 2TR }. The
average error probability of a code is defined as

Perror = Q(M # M) 2.2)

Definition 2.2 (Achievable Rate) A rate R is said to be achievable over the
channel (2.1) with power constraint P if, for any € > 0 and T large enough, there
exists a (2TR, T, P) code with perror < €.

Definition 2.3 (Capacity) The capacity of the channel (2.1) with power constraint
P is the supremum of the set of all achievable rates.

The capacity of the Gaussian channel is due to Shannon [33].

Theorem 2.1 (Gaussian Capacity) The capacity of the channel (2.1) with power
constraint P is

C= ;log(l + P). 2.3)

The proof of Theorem 2.1 consists of two parts: a converse part where it is shown
that if a (ZTR, T, P) code with small error probability exists, then the rate R must
satisfy R < é log(1 + P), and a direct part, where it is shown that there exists a
sequence of codes (2R, T, P), with growing T and vanishing error probability so
long as R < élog(l + P).

The main observation leading to the direct part is that, in high dimensions,
the noise sequence lives inside a ball of radius /7' (1 +§) for § > 0 with high
probability. Thus, the coding task reduces to placing the centers of 27 ¥ balls of this
radius inside a larger ball of radius +/7 P, with some small overlap between balls
that corresponds to the small allowable error probability. Shannon’s insight was that
the existence of such a packing can be shown via the probabilistic method, i.e., by
drawing the centers of the balls independently and uniformly within a ball of radius
&/T P.In this manner, the codewords are ensured to not violate the power constraint.
Alternatively, we can draw the codewordsi.i.d. according to a N (0, PI) distribution.

A typical member of the i.i.d. code ensemble lacks structure, and thus the
encoding and decoding operations require exponential complexity in 7 (i.e.,
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they essentially correspond to lookup tables for all 27 % codewords) and are not

practically realizable. The field of coding theory has striven to develop families of
codes with low encoding and decoding complexity and performance close to the
capacity limit.

The art of coding for the AWGN channel is by now well-developed and low-
complexity coding schemes operating near capacity, e.g., low-density parity-check
(LDPC) codes [9, 16, 32], turbo codes [6], polar codes [3], etc., are known and
implemented in various communication standards. A lot of these coding schemes
are based on mapping a binary linear code, i.e., a subspace in ]F2T , (or more generally,
a p-ary linear code) to the Euclidean space. Consequently, the resulting code often
has some linear structure, and can be thought of as a lattice code, as we define below.

A lattice A is a discrete subgroup of R” that is closed under reflection and real
addition. Formally, for any A1, A, € A, we have that —A{, —A2 € Aand x| + A €
A. Note that, by definition, the zero vector 0 is always a member of the lattice. Any
lattice A in R7 is spanned by some T x T matrix G such that

A={A=Gq:qeZ"}.

We say that a lattice is full-rank if its spanning matrix G is full-rank.

Let B(0,r) = {x € RT : ||x|| < r} be the T-dimensional, zero-centered, closed
ball of radius r > 0. A lattice code is constructed by intersecting a base lattice A,
with some shaping region V C B(0, ~/T P), whose role is to enforce the power
constraint. The rate of the lattice code £ = A NV is therefore R = log|ANYV].

The main motivation for using lattice codes for the AWGN channel is to exploit
the linear structure of A for simplified encoding and decoding algorithms. In
particular, for the AWGN channel, the optimal decoder corresponds to finding the
codeword with the smallest Euclidean distance from the channel output. When a
lattice code £ = A NV is used, this can be approximated by applying the nearest
neighbor lattice quantizer defined as

OA(y) = argmin ||y — A, (2.4)
AEA

to the channel output, and returning the corresponding message if Qa(y) € V, or
declaring an error otherwise.

The choice of the shaping region V should on the one hand result in a high rate,
and on the other hand maintain much of the structure of the base lattice, such that
there is a “convenient” mapping between the message set {1, 2, ...,2R87} and the
points in £, and that a lattice decoder, which essentially ignores the shaping region,
would still perform well. Erez and Zamir [15] showed that for any P > 0, there
exists a base lattice A and a shaping region V (more precisely, a sequence in T of
AT YD) guch that the lattice code £ = A N <V achieves the AWGN channel
capacity under (a slight modification of) lattice decoding. In particular, they took V
as the Voronoi region of a coarse lattice A, C A.
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For the point-to-point AWGN channel, the interest in lattice codes is motivated
by the need to lower the complexity of encoding and decoding operations so as
to render them practically feasible. For networks with multiple transmitters or
receivers, lattice codes can also be used to approach the performance suggested by
i.i.d. random codes. Interestingly, as we will explore below, lattice codes can also
be used to derive lower bounds on multi-user capacity that cannot be established via
i.i.d. ensembles.

2.2 Gaussian Multiple-Access Channel Model

We will focus on bounds for the Gaussian multiple-access channel (MAC), which
is a canonical model for a wireless network where multiple transmitters simulta-
neously communicate with a single receiver. We assume that there are K users,
each equipped with a single antenna, that wish to communicate with an N-antenna

receiver for time ¢ € {1,2, ..., T}, leading to the following model:
K
il =) hexlt] + zlt] 2.5)
k=1
where

+ y[t] € R" represents the channel output at the receiver at time ¢,

* xi[t] € R is the channel input of the kth user at time ¢,

+ h; € RV is the vector of channel gains from the kth user to the N antennas of
the receiver,

e and z[t] € RY is the noise vector at time 7, which is assumed to be Gaussian,
z[t] ~ N(0, I), and generated independently for each time 7.

It will be useful to express all of the channel gains together in matrix notation,

ylr] = Hx[t] + z[7] (2.6)
H="[h; hy --- hg] 2.7)
x[1] = [x1le] x20e] - xg[e]]T (2.8)

where the (n, k)th entry £, ; of H represents the channel gain from the kth user to
the nth antenna.

Definition 2.4 A TR ... 2TRx T P) code for the channel (2.6) consists of

. Kmessagesets{l,Z,...,2TR"}, k=1,...,K,
e K encoders, where encoder k assigns a T-dimensional vector xi(my) € RT
to each message my; € {l,2, ...,2TR’<}. All encoders are subject to a power
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constraint P > 0, which dictates that ||xy (my) ||2 <TPforallk=1,...,K and
my € {1,2,...,2T Ry,
« and a decoder that assigns an estimate (i, ..., mg) of the transmitted messages

to each possible received sequence Y = [y[1] y[2] --- y[T]] € RN*T

In the sequel, it will be useful to compactly represent all time slots ¢ together:

Y =HX + Z, (2.9)
where
Y =I[yll] - y[T]] € RN*T (2.10)
X =[x[1] -+ x[T]] = [xi(m1) - xg(mg)]" € RE*T (2.11)
Z=z[1] --- z[T]] € RV*T, (2.12)

The message My of the kth user is assumed to be uniformly distributed over
{1,2,..., 2TR’<}, and My, ..., Mk are assumed to be mutually independent. The
average error probability of a code is defined as

Perror = 32((M1,...,MK> - (Ml,...,Mm). (2.13)

Definition 2.5 (Achievable Rates) A rate tuple (R, ..., Rg) is said to be achiev-
able over the channel (2.6) with power constraint P if, for any € > 0 and T large
enough, there exists a (2TR1, o 2TRe T P) code with perror < €.

Definition 2.6 (Capacity Region) The capacity region of the channel (2.6) with
power constraint P is the closure of the set of all achievable rate tuples.

The Gaussian MAC (2.6) with power constraint P, is a special case of the family
of discrete memoryless MACs, for which the capacity region is known, and can be
expressed in closed form [2, 11, 22].

Theorem 2.2 (MAC Capacity Region) The capacity region of the Gaussian
MAC (2.6) with power constraint P is the set of all rates satisfying

1
" Ri < logdet (I+ PHIHs). (2.14)
keS

forall S =iy, ..., is;} C[K], where Hs = [h;, --- hi g 1.

As in the point-to-point AWGN case, the direct (achievability) part of Theo-
rem 2.2 is established by drawing each user’s codebook independently at random
from an i.i.d. ensemble [14, §9.2.1]. Consequently, the proof does not lead to
practical communication schemes for this channel.
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Note also that unlike the point-to-point AWGN model, here the channel is
characterized by a channel matrix H. Thus, in general, different codes are needed
for different channel matrices, even if Ry, ..., Rk, T and P are fixed. In practical
scenarios, H is seldom known in advance, and typically it is changing with time.
Thus, a more natural approach is to design the encoders independently of H, and to
only adapt the decoder w.r.t. the actual channel matrix H. Moreover, since capacity-
approaching codes with low-complexity for the point-to-point AWGN channel
exist, a very appealing approach is to manipulate the MAC output Y using signal
processing, in order to induce parallel point-to-point channels from it.

The most natural, and widely used, example of such an approach is based on
linear estimation. In particular, in order to decode x; = X (M), we can first set
5’2 = b;{rY, where the vector by € R is selected to minimize akz = E|lxx — ¥«
Now, the channel from x; to ¥, can be thought of as a point-to-point AWGN channel
with noise variance akz. Thus, if x; is encoded via a “good” code for the AWGN
channel, we can apply the corresponding decoder, and decode x; from y; with small
error probability, if Ry < ; log ( :; ).1 We refer to the above communication scheme

as a linear equalization scheme, since roughly speaking, the vectors {by,...,bg}
attempt to equalize the channel matrix H € RV*X to I, the identity matrix of size
K. The achievable rates for linear equalization are characterized in the following
theorem (see, e.g., [17]).

Theorem 2.3 (Performance of Linear Equalization) Ler ¥ = (P’llK +
HTHY1 and let okz = Xk. Then, any rate tuple (Ry, ..., Rg) that satisfies
1 P
Ry < _log ( 2) (2.15)
2 o}

is achievable over the Gaussian MAC (2.6) with power constraint P, under linear
equalization.

2.3 Exploiting Linear Structure

As discussed above, many of the coding strategies employed in practice can be
viewed as lattice codes. It turns out that the linear structure of these lattice code
ensembles opens up a new equalization possibility: rather than decoding each
codeword individually, we can directly decode any integer-linear combination of
codewords. Specifically, since the lattice is closed under addition, any integer-linear

IThe 1+ term from the capacity expression C = ;log(l + P) is lost to compensate for the
dependence between x; and e; = x; — yx. However, if we set H = 1 to model a point-to-point
AWGN channel, we find that (2.15) is equal to the AWGN capacity 1/21log(l + P) as desired.
See [36], [10, Lemma 2] for more details.
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combination of lattice points is itself a lattice point, and thus afforded the same
protection against noise as the original codewords.

To illustrate the potential gains of this approach, consider the following example
from [37].

Example 2.1 There are K = 2 users and N = 2 receive antennas. The channel
matrix is integer-valued

H= [% ﬂ (2.16)
From (2.6), the receiver observes

2x] + XTi|

Y = 1 2|+ 7. 2.17

[x{ +x! @17

For large P, the linear equalizer roughly reduces to inverting the matrix H, i.e.,
b-lr =[1 —1]and b-zr = [—1 2], which yields the effective channel outputs

§i=xi +blZ (2.18)
Jo=x +bJZ, (2.19)
and rates

1 P 1 P
Ri= log|1 ~ 1 2.20
1 zog(+2) 2og(2) (2.20)
R 11 1+P 11 P (2.21)
= (0] '\' 0 .
27,08 5s) 7 2%\ s

where the approximations become tight as P increases. On the other hand, if both
encoders employ the same lattice code, then the integer-linear combinations 2x1 +xX»
and x| + x, are themselves codewords and can be decoded at rates

1
1 P =
0g<5+>
1 1~|—P
0 =~
g2

as will be shown by Theorem 2.4. After removing the noise, we can solve for the
desired codewords x; and x». The high-level intuition is that this strategy offers an
advantage since it does not enhance the noise during the linear equalization step.

; log(P) (2.22)
1
5 log(P) . (2.23)

The example above demonstrates that there can be performance advantages to
recovering integer-linear combinations as an intermediate step towards decoding
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the transmitted messages. We now turn to the general case where the channel coeffi-
cients are not necessarily integer-valued. As we will see, it is still possible to decode
integer-linear combinations of codewords, and the performance is determined by
how closely the integer coefficients approximate the real-valued channel gains.
First, we need to be a bit more precise about what we mean by recovering linear
combinations.

Definition 2.7 A 27®1 ... 2TRx T P) computation code for the channel (2.6)
consists of

* K message sets {1, 2, ...,2TR’<}, k=1,...,K,
* K encoders, where encoder k assigns a unique T-dimensional vector xi (my) €

RT to each message my € {1,2, ..., 2TRk}. All encoders are subject to a power
constraint P > 0, which dictates that ||xx(my)||> < TP forallk =1, ..., K and
my € {1,2,...,2T Ry,

e and, for a chosen integer vector a = [a] --- aK]T e ZX, a decoder that

assigns an estimate v of the integer-linear combination of the codewords v =
Z,le agXy (my) to each possible received sequence Y € RV,

For a given channel matrix H € RV*X and integer vector a € ZX, the average
error probability of a computation code is defined as

Perror = PV # V) . (2.24)

The rates at which it is possible to recover an integer-combination depends on
both the vector of integer coefficients a € ZX and the channel matrix H € RV*K
as well as the power P. The definition below is useful for concisely describing the
computation rate.

Definition 2.8 The computation rate function R(H, a, P) is achievable over
the channel (2.6) if, for any ¢ > O and 7 large enough, there exists a
(2TR1, . 2TRe T, P) computation code such that, for any H € RVNXK and
a € ZX, we have that Perror < € if

R < R(H,a, P) Vk. (2.25)

According to the definition above, the receiver is free to recover any integer-
linear combination of codewords for which (2.25) is satisfied. That is, the transmit-
ters are completely agnostic as to the choice of the integer coefficients as well as the
channel matrix H, i.e., a codeword depends only on the selected message.

Remark 2.1 For the sake of conciseness, we have focused on the symmetric case
Ry = --- = Rg. Specifically, for a given H and a, all rates Ry, ..., Rx must
be below the scalar rate threshold given by R(H, a, P), which can be thought
of as setting all rates equal to one another. More generally, we might expect to
describe the attainable performance by a region. See [27] for relevant definitions
and theorems.
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Example 2.2 'We can interpret a capacity-achieving multiple-access code as a com-
putation code in the following sense. A multiple-access code allows the receiver to
decode all of the transmitted messages, from which it can reconstruct the transmitted
codewords, and then any integer-linear combination of interest. It follows from
Theorem 2.2 that the computation rate described by the function

1 T
R(Ha,P) = min , o logdet (I n PHSHS) : (2.26)

which has no dependence on the integer vector a, is achievable.

Intuitively, we expect that, for a more interesting computation code, R(H, a, P)
should depend on a and should be larger than (2.26) whenever H and a are “close.”
Our approach is for each encoder to employ the same lattice codebook £ = AN V.
Since all codewords can be viewed as elements of the lattice, xx(my) € A,
then we have that integer-linear combinations are elements of the lattice as well
Zle arxy(my) € A. The key idea is that, if the lattice codebook is designed
to tolerate noise up to a certain variance, then we can recover any integer-linear
combinations for which the effective noise variance is below this level. Overall, the
job of the each encoder is simple: it maps its message my into the corresponding
lattice codeword xi (my), and transmits it, paying no attention to nature’s choice of
the channel matrix H or the receiver’s choice of the integer vector a.

At the receiver, our goal is to recover v = Zle apxy(my) = a'X from Y. We
are free to select the integer vector a based on our knowledge of H. As a first step,
we use an equalization vector b € RY to create the effective channel

j'=b'Y (2.27)
=b'HX+b'Z (2.28)
—a'X +z]; (2.29)
where
zli =0 H-—a)X+b'Z. (2.30)

It can be shown that the effective noise variance is
1
Ellzert]|* = [IbI* + P[H'b —a|* . (2.31)

This variance is minimized by taking §' to be the linear least-squares error (LLSE)
estimator of the integer-linear combination a' X from the channel output Y, which
corresponds to setting the equalization vector to

b=Pa"H (I1+PHH') . (2.32)
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We define the resulting effective noise variance to be
_ -1
okM,a, P)=a' (P"'I+HH) a. (2.33)

After this equalization step, the receiver uses a lattice quantizer to obtain an
estimate of the integer-linear combination v = QA (¥). For a good lattice code, the
receiver can successfully decode if R < log(P /aesz(H, a, P)). Overall, this strategy
leads to the following theorem [26, 27, 37].

Theorem 2.4 (Computation Rate Region) The computation rate region described
by the function

1 P
RMH,a, P) = _lo 2.34
( )=, loe (ogff(H, a, P)) (239

1 1
= - log (aT(I + PH'H) a) (2.35)

is achievable over the channel (2.6) with power constraint P.

Note that the matrix (I + PHTH)71 is symmetric and positive definite, and
therefore admits a Cholesky decomposition

' LT, (2.36)

(I+ PH'H)~
where L is a lower triangular matrix with strictly positive diagonal entries. With this
notation, we can express the computation rate function as

1
RH.a, P) =~ log IL a2 (2.37)

In many cases, the receiver is interested in decoding L linearly independent linear
combinations, but does not care about the particular coefficients. Therefore, we can
use the L linearly independent integer vectors aj, ..., ar that yield the highest
computation rates R(H, a;, P) > --- > R(H, ar, P). Accordingly, we define the
kth computation rate Reomp,x (H, P) £ R(H, at, P) to be the rate associated with
decoding the kth best integer coefficient vector a; that is linearly independent of
{ar, ..., ag_1}.

In some applications, it suffices to recover L < K linear combinations at a single
receiver. For instance, K receivers could each decode one (linearly independent)
integer-linear combination and forward it to a single node that solves for the
transmitted codewords. In other cases, it will be of interest to recover K (linearly
independent) integer-linear combinations at a single receiver. Overall, if we wish to
recover L linear combinations, then the rate of the lattice codebook must be smaller
than Reomp, . (H, P).
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Fig. 2.1 The integer-forcing receiver architecture. The receiver employs linear equalization
followed by parallel decoding to recover K linear combinations of the transmitted codewords.
It can then solve for the individual codewords (and thus the original messages)

As a concrete example, consider the integer-forcing architecture for a Gaussian
MAC as illustrated in Fig.2.1. Each of the K users employs the same lattice
codebook. Similarly to the strategy used to establish Theorem 2.3, the receiver
applies a linear equalizer B to its observation Y to obtain the effective channel
output Y = BY. In Theorem 2.3, this equalization step is used to induce an
effective channel that is close to the identity matrix, which facilitates the parallel
decoding of the K transmitter codewords. For the integer-forcing receiver, the
equalization is instead used to create any effective integer-valued, full-rank channel
matrix A. Parallel decoding can then be used to reliably decode the integer-linear
combinations AX, which can then be solved for the desired individual messages.

2.4 Universal Bounds via Successive Minima

In this section, we derive bounds on the computation rates { Rcomp, « (H, P)} 1§=1 using
known results about the successive minima of a lattice. These bounds can be used to
approximate computation rates without first finding the optimal integer coefficients.

Definition 2.9 (Successive Minima) Let A(G) be the lattice spanned by the full-
rank matrix G € RE*K Fork = 1, ..., K, we define the kth successive minimum
as

i (G) 2 inf[r . dim (span (A(G) REX r))) > k] .

In words, the kth successive minimum of a lattice is the minimal radius of a ball
centered around 0 that contains k linearly independent lattice points.

Let L be the matrix defined in (2.36), A(LT) be the lattice generated by LT, and
Ak (LT) its kth successive minimum. By (2.37) and the definition of Reomp,x (H, P),
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we have that
Reompk (H, P) = —log A (LT). (2.38)

It follows that any upper bound on A (L") immediately translates to a lower bound
on Reomp,k (H, P). For k = 1, such bounds are given by Minkowski’s first theorem.
Let Vx = Vol(8(0, 1)) be the volume of the K-dimensional unit ball. While an
explicit expression

%

VK= rkat 1)

exists, we will be content with the estimate Vg > 2K K~X/2 which is obtained by
noting that B(0, 1) contains a cube with side 2/ VK [24].

Theorem 2.5 (Minkowski’s First Theorem) For any full-rank G,

1
K
M(G) <2 ('de‘t/(G”) < VK|det(G)| ¥ . (2.39)
K

From Minkowki’s first theorem we immediately obtain a lower bound on
Reomp,1(H, P), given as a simple function of H, K, and P.

Theorem 2.6

1 1
Reomp.1 (H. P) > log det(I + PH'H) — , logK. (2.40)

Proof From (2.38) and Theorem 2.5 we have that
1 T 1
Reomp,1(H, P) > — o log |det(L")| — 5 log K
__ ! log |det(LL")| — ! log K
2K 2
= ! logdet@+ PH'H) — | logk

where the last equality follows from (2.36). O

Theorem 2.2 implies that for any rate-tuple (Ry, ..., Rg) that is achievable over
the channel (2.6) with power constraint P, we must have

K
1
R < , logdet(I + PH'H). (2.41)
k=1
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The expression on the right hand side of (2.41) is referred to as the sum-capacity of
the channel.? Consequently, if the symmetric rate-tuple (R, ..., R) is achievable,
then we must have that

R < ! logdet(I + PH'H), (2.42)
2K
where the expression in the right hand side of (2.42) is an upper bound on the
symmetric capacity of the channel. In light of this, the interpretation of Theorem 2.6
is that Reomp,1 (H, P) cannot be much smaller than the symmetric capacity, for all
H and P.
Next, we turn to estimating Zle Reomp,x (H, P). By (2.38), we have

K K
Y Reomp k(H, P) = = > "log i (L)

k=1 k=1
K
= —log ( [T (LT)>. (2.43)
k=1
Our goal is therefore to estimate the product of successive minima. Letaj, ..., ax €
ZX be linearly independent vectors such that Ay (LT) = |ILTag|, and let A =
[a1]---|ax] € ZK*K _ Since |det(A)| > 1, we have

K K
|det(L”)| < |det(L")| - |det(A)| = |det(L"A)| < [ ILTacl = [ [ Ac@T).
k=1 k=1
(2.44)

An upper bound on the product of the successive minima is given by Minkowski’s
second theorem.

Theorem 2.7 (Minkowski’s Second Theorem) For any full-rank G,

K
]G <2~ (|de;<G>|) < KK12|det(G)|. (2.45)
k=1 K

With (2.43), (2.44) and Theorem 2.7, we can establish the following.

2Specifically, it can be shown that there is a choice of rates Ry, ..., Rg satisfying >, Ry =
;log det(I + PHH) that satisfies the capacity region constraints from Theorem 2.2 and any

choice of rates with a higher sum rate ), Ry > ; log det(I + PHTH) will violate these capacity
constraints.
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Theorem 2.8 ([31, Theorem 3])

1 S X
logdet(I+ PH'H) — _ 10gK <> Reomp(H, P)
2 2 k=1 ’

1
<, logdet(+ PH'H). (2.46)

Proof By the definition of L in (2.36), we have
1 1
log |det(LT)| = , log |det(LLT)| = , logdet(I+ PH'H). (2.47)

The lower bound now follows from (2.43), (2.45), and (2.47), whereas the upper
bound follows from (2.43), (2.44), and (2.47). |

Theorem 2.8 asserts that the sum of the computation rates is never too far from
the sum capacity of the channel (2.6) with power constraint P. An operational
meaning for Zle Reomp,x (H, P) is given in [31], where a low-complexity coding
scheme based on compute-and-forward for the Gaussian MAC (2.6) that achieves
this sum-rate is proposed. The remarkable conclusion from Theorem 2.8, is that
while the individual computation rates { Rcomp, x (H, P)} may be very sensitive to the
entries of H, their sum is, to the first order, only influenced by the corresponding
sum-capacity. This phenomenon is illustrated in Fig. 2.2.

14 T T T T T T T T T
Reomp,1 (H, P)
12l — — = Reomp2(H, P) i
. Reomp1 (H, P) 4 Reomp2(H, P)

Normalized computational rate

Fig. 2.2 Reomp,1 (H, P) and Reomp,2(H, P) as a function of & for the channel y = x1 + hx; +z
at P = 40dB. The sum of these computation rates is nearly equal to the multiple-access sum
capacity. All rates are normalized by this sum capacity 1/21log(1 + (1 + h?)P)



84 B. Nazer and O. Ordentlich

We are often particularly interested in estimating the value of Reomp, x (H, P),
as this is the quantity that dictates the symmetric communication rate over the
MAC channel (2.6) with power constraint P, when decoding is done via first
recovering K integer linear combinations. However, directly estimating this quantity
may be challenging, as it requires to first find K — 1 linearly independent
shortest lattice vectors. Estimating Rcomp,1(H, P), on the other hand, is a much
simpler task, as it only involves one shortest lattice vector. It is thus desirable to
estimate Reomp,x (H, P) as a function of Rcomp,1(H, P). Using the monotonicity
of Reomp,k(H, P) in k and Theorem 2.8, yields the following simple estimate,
which shows that if Rcomp,1(H, P) is close to 211( logdet(I + PHTH), then so is
Rcomp,K(Ha P)-

Proposition 2.1

U ogd t(I+ PH'H) K og k
(0) (&) — (0)
2k 08 ) %8

1 +
—(K-1) (Rcomp,l(H, P) — 2K log det(I + PHTH)):|
1
= Reomp.x (H, P) < logdet(I+ PH'H), (2.48)
where [x]T = max{0, x}.

Proof By definition, we have that Reomp,1(H, P) > -+ > Rcomp,x (H, P), which
implies that

L
> Reompk(H. P) < L - Reomp,1(H, P) (2.49)
k=1

L
Z Rcomp,k(H, P)y>L- Rcomp,L(Ha P). (2.50)
k=1

The upper bound in (2.48) follows from (2.50) with L = K, combined with the
upper bound from (2.43). To establish the lower bound in (2.48) we can write

K K—-1
Rcomp,K(Ha P) = Z Rcomp,k(Ha P) — Z Rcomp,k(H, P)
k=1 k=1

1 K
>, logdet(I + PH'H) — ) log K — (K — 1)Reomp.1(H, P),
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where we have used the lower bound from (2.43), and (2.49) applied with L = K —1
in the last inequality. To arrive at the left hand side of (2.48), we write

1
Reomp,1(H, P) = logdet(I + PH'H)
1
+ (Rcomp,l(Hv P) — K log det(I + PHTH)> . (2.51)

An alternative route for estimating Rcomp,x (H, P) involves studying the dual
lattice of A(LT).

Definition 2.10 (Dual Lattice) For a lattice A (G) with a full-rank generator matrix
G e REXXK the dual lattice is defined by

A*G) 2 A ((GT)*) . (2.52)

By definition, we have that if x € A(G) and x* € A*(G), then x'x* € Z. Let

X1, ..., Xk € A(G) belinearly independent vectors such that | Xk || = Ax(G) fork =
1,..., K and let x* € A*(G) be such that ||x*|| = A ((GT)’I). Since {x1,...,Xg}
form a basis for RX, we must have that x! x* # 0 for some k € {1, ..., K}. Thus,

for this k, we must have that
MG 2 (GD7) = Ixill - Ix* = I X" = 1, (2.53)

where we have used the Cauchy—Schwartz inequality and the fact that x,{x* € Z.
Since Ak (G) is monotone in k and k < K, we conclude that

Ak (G) Ay ((GT)‘1> > 1. (2.54)

It turns out that the product of successive minima of a lattice and its dual can also
be upper bounded.

Theorem 2.9 (Banaszczyk [4, Theorem 2.1]) Let A(G) be a lattice with a full-
rank generating matrix G € RK*X and let A*(G) = A ((GT)_I) be its dual lattice.
The successive minima of A(G) and A*(G) satisfy the following inequality

2 (G) Ak —pit ((GT)_1> <K, VYk=12,... K.

Banaszczyk’s theorem and (2.54) yield the following estimate on Reomp, x (H, P).
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Theorem 2.10 ([29])

1
log< min | (lal? + P||Ha||2)> —log K = Reomp,k (H, P)

acZK\{0

1
< log| min (||a||2+P||Ha||2>
acZK\ (0}

(2.55)

Proof By (2.38), Theorem 2.9, applied with k = K, and (2.54) we have that
log Ai(L™Y) —log K < Reomp.x (H, P) <log A (L71). (2.56)
By definition of successive minima,

ML= min L 'a)?
acZK\ {0}
= min aT(LLT)_la
acZK\ {0}

= min a'(I+ PH H)a, (2.57)
acZK\{0}

where we have used the definition of L from (2.36) in the last equality. The theorem
now follows by substituting (2.57) in (2.56). |

2.5 Asymptotic Bounds

For the single-user AWGN channel (2.1) with power constraint P, the capacity
is C(P) = ! log(1 4+ P) bits/channel use, by Theorem 2.1. The MAC channel
model (2.6) with power constraint P is richer than the AWGN model (unless
N = K = 1), but we would nevertheless like to compare it to a simple AWGN
channel. In our context, the notion of degrees-of-freedom (DoF) is a first-order
approximation that measures how many AWGN channels (or fractions thereof) are
needed to attain the same rate as the MAC sum capacity. To be precise, let C(H, P)
be the sum-capacity of the channel (2.6), i.e.,

1
CH,P) = , log det(l + PHTH>. (2.58)
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Then, the DoF offered by the MAC channel (2.6) with channel matrix H is defined
as

logdet( I+ PH'H
CH,P) Oge<+ )

C(P) ~ rioe  log(l+ P) (2.59)

DoF(H) £ lim
P—oo
It is well known that DoF(H) = rank(H). In particular, for almost all H € RV*K
(w.r.t. Lebesgue measure) we have that DOF(H) = min(K, N).
In order to characterize the asymptotic behavior of communication schemes

based on decoding integer-linear combinations, we define the DoF associated with
decoding the best £ equations as

Rcomp,f (Ha P)

de H) = lim . 2.60
comp.c ) = fim ) (2.60)
By Theorem 2.8, we have that
H,P) - Klogk) &
C(H, P) 2 0g(K) < Rlcomp,k(Ha P) < C(H, P) 2.61)

C(P) 2 llog(1+P) ~ C(P)

Since the upper and lower bounds coincide in the limit of P — oo, we see that

K
> " deomp.k (H) = DoF(H) = rank(H) < min{K, N}. (2.62)
k=1

The main purpose of this section is to show that for almost all H € RV*K
(w.r.t. the Lebesgue measure) we have that deomp,1(H) = -+ = deomp,x (H) =
min{}(( N} By (2.62) and the monotonicity of dcomp,k (H), it suffices to show that for
almost every H we have deomp, x (H) > mm{,’g N} Our focus will therefore be on
establishing lower bounds for dcomp, x (H).

Our starting point is Theorem 2.10. Denoting the Kth singular value of H by
ok (H), this theorem gives

1 .
Reomp,x (H, P) > ) log< min (||a||2 + PIIHa||2)) —logK (2.63)
acZK\{0}

1
> log( min (||a||2 + Po,%(H)uauz)) “logK
2 acZK\ (0}

v

1 2
) log (1 + PO‘K(H)) —logk.
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Since 012( (H) is strictly above 0 whenever rank(H) = K, we conclude that if
rank(H) = K then deomp,x(H) = 1. For K < N, this is indeed the case
for almost every H € RN*K  Thus, we have established that if K < N then
deomp,x (H) > mm{;{( N} for almost every H € RV*K . The interesting case is
therefore N < K, which we assume in the derivation.

Instead of bounding (2.63) in terms of ox (H), we can resort to the tradeoff
between the allowed length of a and the smallest attainable | Hal| [29]

1 .
Reomp. (H, P) = log( min (al’* + P||Ha||2)) —log K
2 acZk\ (0}
1
> log( min <32+PH32))—10 K, 2.64
5108 (anK\{o} lalls |HallZ, g (2.64)
where for x € R” we define ||X||oc = max{|xi], ..., |xm|}. For 0 < € < 1, define
ke(H) > 0 as
Ha
ke(H) £ inf I ',';”l ) (2.65)
RN g N e
We have that

- 2 2 - 2 2002 (15 11
PIHal%) = 2+ P2 (e TN 1
min (lalk + PiHal, w;“f?é?...( + PicZ(H)

: 2y, 1— 5L
> min (t + Px;(H)t ™ N l—e)
t>0

N

1 K 1 k(179 N-e)

- : 1 -(KE(H)P)K :
1-%1—e) \N1-¢

(2.66)

where the last equality is obtained by straightforward differentiation. Substitut-
ing (2.66) in (2.64) and recalling the definition of deomp, xk (H), we have established
that for any 0 < € < 1, the following holds

N . logk.(H)
dcomp,x (H) > K (I-e) (1 +2 th ) . (2.67)

—00 IOg P

It now remains to show that x.(H) > O for every 0 < € < 1, and almost
every H. To this end, we resort to the literature on systems of small linear forms.
Several results in this field can be used, depending on whether the entries of H
are independent or dependent (i.e., they can be characterized by fewer than NK
parameters). Below, we state the most general available result, which was recently
obtained by Beresnevich, Bernik, and Budarina [5].



2 Performance of Wireless Architectures via Diophantine Approximation 89
2.5.1 Small Linear Forms

We will need several definitions before we can state (an adaptation of) the main
result from [5].
Forj=1,....,N,letU; C R% be an open ball, and f; = (fj1,..., fjk) :

Uj— RX be functions. For (X1, ...,Xy) € Uy x --- x Uy, we define
fi(x1) Ju&xn ... fikx)
F=F(x,...,xy) 2 : = : : : e RV*K,
fv(xn) INTXN) - fk ()

(2.68)

For p > 0, define the set
W, p) = {(Xl, LX) €U x - x Uy ¢ IF(X1, ... Xv)alloo < (lalloe) ™)

for infinitely many a € ZX \ {0}}.
(2.69)

Theorem 2.11 ([5, Theorem 2]) Let K > N > 1 be integers, and let
Uy,..., Uy, f1,...,fn, F and W, p) be as above. Suppose that for each
J =1,..., N the coordinate functions fj1, ..., fjk of the map f; are analytic and
linearly independent over R. Then,

0 j K _1,
1 (W, p)) = : N ’fp = N (2.70)

where w(B) denotes the Lebesgue measure of a set B C RY.
An immediate corollary of Theorem 2.11 is the following.

Corollary 2.1 Let K > N > 1 be integers, and let Uy, ..., Uy, f1,...,fy, F
and W(F, p) be as above. Suppose that, for each j = 1,..., N, the coordinate
functions fj1, ..., fjk of the map £; are analytic and linearly independent over R.
Then, for any 0 < € < 1 and almost every (X1, ...,Xy) € Uy X --- x Uy, we have
that ke (F(x1,...,xy)) > 0.

We can now combine Corollary 2.1 and (2.67) for several cases of particular
interest.
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2.5.2 Independent Channel Gains

A common assumption in wireless communication is that the entries h;; of the
channel matrix H € RV*X are independent. In the context of Theorem 2.11, this
corresponds to taking U; = [—T, 'L’]K forall j =1,..., N, where T € RT is some
large number, and f;(x;) = (xj1,...,x;x). These functions certainly satisfy the
conditions of Corollary 2.1, and we can therefore deduce the following.

Corollary 2.2 Let K > N > 1. For almost every H € RN*K we have that k. (H) >
0.

Now, combining the corollary above and (2.67) we see that for K > N > 1
we have that deomp, x (H) > Il\é for almost every H € RNXK Recalling that for
1 < K < N we have that dcomp, xk (H) > 1 for almost every H € RV*K we recover
the following lemma from [29].3

Lemma 2.1 ([29, Lemma 3]) For almost every H € RV*K
K - deomp,x (H) = min{K, N}. (2.71)

Roughly speaking, this allows us to conclude that, in the limit of large P, the
integer-forcing strategy does as well as the optimal sum-capacity-achieving scheme.

2.5.3 Dependent Channel Gains

In many applications of interest, the channel model Y = HX + Z represents an
effective channel induced by certain signal processing operations performed at the
transmitters and the receivers. Often, these operations create dependencies between
the entries of H, which requires replacing the Lebesgue measure in the DoF analysis
with a measure on a suitable manifold.

As a canonical example, we will consider the symmetric two-user X-channel [20,
21, 23,25, 28]. This channel consists of two transmitters emitting the signals x; and
Xy, respectively, each in R'™T and satisfying the power constraint ||x ||2 < TP,and
two receivers observing the signals

yi=x1+g8x2+17;
Y2 = gX1 + X2 + 72,

3The proof of Lemma 3 from [29] relied on [19, Corollary 2], which can be obtained as a special
case of [5, Theorem 2].
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respectively, where z;,z, € R'*T are two statistically independent i.i.d. N(0, 1)
noises. Each transmitter has two messages, one for the first receiver and one for the
second receiver, and we assume all four messages are of the same rate R. We now
describe one particular transmission scheme for this channel. We use one lattice
codebook of rate R and power P, such that the message from user k to receiver j is
encoded to a lattice codeword X jk- The users then transmit

X (X11 + gXa1)

1
V142

X2 (X22 + gX12) -

1
VIR

Consequently, the receivers observe

(ill + g(X21 +X22) + g2i12> +1z

1
yi = \/1~|—g2

1 - - - -
yo = (x22+g(x12+xu) +g2X21) +17.
V1+g2

Since the channel output is symmetric across receivers, it suffices to analyze the
rates that allow the first receiver to decode its two desired codewords X1 and Xj».
Noting that X, £ %12 + %11 is a lattice codeword itself, we can write

yi=h'X; +1z, (2.72)

where

.
h=h(g) = L1878l Xi = [i{l % i}] . 2.73)

1
Vi+g
Thus, the effective channel (2.72) induced by our transmission scheme falls
within our generic model introduced in the first section. We can decode the two
desired codewords X1 and X|», as well as the nuisance codeword X», by decoding
three integer-linear combinations and then inverting them. Thus, the asymptotic
performance of our scheme depends on dcomp,3 (h).

We would like to apply Corollary 2.1 in order to show that «.(h(g)) > 0 for
almost every g € R. To this end, we take U; = [—1, ] for some large 7 € R™ and
set

1 x2 X
f = , , , 2.74
1) (x/l—i-x2 V14 x2 \/1+x2> (79
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such that h(g) = fi(g) € RI*3. Certainly, f; satisfies the conditions of Corol-
lary 2.1, and we therefore obtain the following.

Corollary 2.3 For almost every g € R we have that k¢ (h(g)) > 0.

Combining the corollary above with (2.67), we have established that for almost
every g € R, the proposed communication scheme attains deomp,3(h(g)) = 1/3.

The operational implication of this result, is that using the lattice-based commu-
nication scheme proposed above, each user can send both of its messages reliably,
each with a rate that scales like ; . % log(P) with P. To appreciate this, note that
the naive scheme, which avoids interference by transmitting each of the 4 messages
over different 7' /4 channel uses, can only achieve reliable communication with rates
below } - ) log(1 +4P).

2.6 Non-Asymptotic Bounds

For communication applications, it is often of interest to understand performance
for finite P, as in practice the allowed transmission power is limited, and usually
quite moderate.

As a canonical example, consider the symmetric K-user Gaussian interference
channel, depicted in Fig.2.3. In this channel model, there are K users, each
transmitting a signal x; € RT k =1,...,K, subject to the power constraint
[xk||> < T P. There are also K receivers with observations

e=X+g) Xj+zm k=1,....K (2.75)
J#k

m; —s|  Encoder Decoder [— "

my —|  Encoder Decoder [— "2

mg —  Encoder Decoder [— MK

Fig. 2.3 Block diagram of a symmetric Gaussian K -user interference channel
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where g € R is the (symmetric) interference gain, and z is i.i.d. Gaussian noise
with zero mean and unit variance. The goal of the kth receiver is to decode only
the codeword x¢, whereas all other codewords are interference. In the proceeding
discussion, we will assume that 1 < g < JP.

The naive approach for dealing with interference is to avoid it entirely. This
corresponds to splitting the channel uses into 7/K different slots, and letting only
one user transmit within each slot. In this scheme, when the kth user transmits, the
kth receiver observes its signal without any interference, and the resulting achievable
rate is 11< . élog(l + K P).

A different, and sometimes more efficient, approach, is interference alignment.
For the symmetric interference channel, this approach boils down to having all
users encode their messages using the same lattice codebook. Consider the sum
of interfering codewords at receiver k, Xinterference.k = ok Xj- Owing to the fact
that the lattice is closed under integer-linear combinations, Xinterference k 1S itself a
lattice codeword. Consequently, the effective two-user channel seen by receiver k is

Yk = Xk + & Xinterference,k 1 Zk- (2.76)

Now, it is possible to recover X, by decoding two linearly independent integer-linear
combinations of Xy and Xinterference, k-

The achievable rate of this interference alignment scheme is therefore the second
computation rate* for the channel H = [1 g]. By Theorem 2.10, we can lower
bound the second computation rate by

1 .
Reomp,2(H, P) > ) log< mmo} (||a||2 + P||Ha||2)> —1. 2.77)

acZ2\{

Setting H = [1 g], a = [—p ¢], and assuming without loss of generality thatg > 0,
we can write
min (Jla]> + P||Hal*) =

. 2 2 2
min ( +qg-+ P — ) .
pPeZ,qeN,(p,q)#(0,0) P 1 28 = pl

acZ2\(0}
(2.78)
Defining p = p — g |g] and g = g — | g], we can rewrite this as
. ~ ~ ~12
min _((qle)+ P’ +q>+ Plalel +ag —alel = p°) 279
sengamin o o\@lgl+ P +a lqlgl +92 —qlgl - p|
. ~ ~ ~12
- min (( L] + ) +q%+ Plgg — ) (2.80)
pegeN (pg#00) \ o1 TP T 98 = 7|

4Up to a small correction term, due to the fact that the effective user Xipgerference k has power (K —
1) P instead of P. See [31] for more details.
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Since g > 0 by definition, we see that for p < 0 the expression above is lower
bounded by P. We can therefore write

min (Jal? +P|Ha|?) >

(Gles+ 5 +4* + Plag - 5[°)
acZ?\{0}

i min
PEZ,qeN,(p,q)#(0,0)

=mind P, min ((qlg) + 5+ >+ Plag - )
(P.q)EN?\{0}

> min ] P, min rnax(q2|_gJ2, Plgg —ﬁ|2) . (2.81)
(P,q)EN?\{0}

Next, we will study the behavior of the last term in (2.81). In particular, for an
integer 1 < b < +/Pand 0 < § < 1, we will study the Lebesgue measure of the
“outage set”

Wy = {ge [b.b+1) :  min max(q*|g]? Plgg — pl») < JgPé(H)}
(p.q)EN2\{0} 2
~ —lts P4(1_8) -
Cb+{xe[0,1):|qx—p|<x/bP 4(+)f0rsomeq§ b ,peN}
(2.82)
Note that for all g € [b, b+ 1) \ ‘W, s, we have that
min (||a||2 + P||Ha||2) - V8 pla-s (2.83)
aeZ?\(0} 2
which implies, by (2.77), that
1 8 3
R> log(g’P)— logP — 2.84
_40g(g)40g ) (2.84)
forallg € [b,b+ 1)\ Wps, 1 <b </P.
In order to upper bound (W s), for any g € Z*, we define the set
1 —1 )
Th.s(q) 2 Ho o } + ""SI} mod [0, 1), (2.85)
q q q
where 7 = [—1, 1]and @ s = VbP—i0+ Ttis easy to see that
qmax (b,8)
Wiscb+ | Tos@). (2.86)

q=1
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.
where gmax (b, 8) £ LP ‘:(/lb S)J. Therefore,

qmax (b,3)
wWes) <u| | Tos@
q=1

qde (b 8)

< Z (Tb.5(a))

= 2qmax (b, ) Dps

<2pP73, (2.87)

Now, setting 6 = 2(y + 1)/ log(P), (2.84) and (2.87) imply that we can achieve
a rate satisfying

y+1 3

log(g*P) — 5 5

—_ s =

2 14
=4 log(g”“ P) 5 2 (2.88)
forall g € [b, b+ 1) \ ‘W, where W = W), 55 +1)/10g(P) has Lebesgue measure at
most 277,

To appreciate this result, it should be contrasted with the rate attained by
interference avoidance. The interference alignment rate scales with P as , ! log(g2 P)
whereas that of interference avoidance only scales as 2 log(P). For K > 3 and
large P, the improvement is very significant. It can also be shown that the symmetric
capacity of the symmetric K -user Gaussian interference channel is upper bounded
by i log(g®P) + 1. Thus, we have the following theorem.

Theorem 2.12 ([31]) The lattice interference alignment scheme described above
attains the symmetric capacity of the symmetric K-user Gaussian interference
channel to within 3 + y /2 bits for all g € [1,~/P) \ {W}, where the set W C
[1,~/P) has Lebesgue measure at most (WP —=1)277.

2.7 Conclusions and Open Problems

In this chapter, we demonstrated that classical and modern results from the theory
of Diophantine approximation are extremely useful for obtaining upper and lower
bounds for the performance of lattice-based communication strategies. In particular,
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the compute-and-forward strategy makes it possible for a receiver to obtain integer-
linear combinations of codewords, with the rate determined by how well the
real-valued channel coefficients are approximated by the chosen integer coefficients.
Though not discussed in this survey, similar ideas have been found useful for
distributed data compression, where the compression rates are determined by how
well the source covariance matrix can be approximated by a matrix with integer
coefficients [12, 18, 30]. While explicitly identifying these integer coefficients is a
challenging optimization problem, we can obtain universal bounds on the achievable
communication rates via Diophantine approximation.

A major focus of this chapter was on degrees-of-freedom characterizations, i.e.,
the first-order term in the rate expression as the power P tends to infinity. For this
regime, Diophantine approximation results allow us to obtain tight bounds up to
a set of channel matrices with Lebesgue measure zero, even when dependencies
exist between the channel gains, as in interference alignment. Going further, one
can follow a similar approach to determine the degrees-of-freedom of essentially
any interference network (see, for instance, [7, 8, 25, 35] for more details).

We also considered non-asymptotic bounds that hold for any choice of P.
Specifically, we examined the symmetric K -user Gaussian interference, and derived
alower bound on the capacity whose gap to the upper bound depends on the measure
of the excluded channel gains. Similar results are available for the two-user X chan-
nel [28]. For larger networks, we need to rely on more sophisticated interference
alignment schemes, and more research is needed to develop non-asymptotic bounds
that can handle the resulting dependencies. Specifically, alignment schemes for K -
user interference channels (with arbitrary channel gains) utilize many signaling
directions based on monomials constructed from the channel gains [7, 25]. This
corresponds to a codeword emitted per signaling direction with a rate penalty for
each additional codeword layer. In the limit as P tends to infinity, these rate penalties
can be safely ignored to approach the optimal degrees-of-freedom of 1/2 per user.
However, for finite P, we must carefully tradeoff the number of codeword layers
with the measure of excluded channel gains to attain the best performance. This
in turn requires non-asymptotic Diophantine approximation bounds over manifolds.
See [1, 13] for recent progress in this direction.
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Chapter 3 )
On Fast-Decodable Algebraic Shethie
Space-Time Codes

Amaro Barreal and Camilla Hollanti

Abstract In the near future, the 5th generation (5G) of wireless systems will
be well established. They will consist of an integration of different techniques,
including distributed antenna systems and massive multiple-input multiple-output
(MIMO) systems, and the overall performance will highly depend on the channel
coding techniques employed. Due to the nature of future wireless networks, space—
time codes are no longer merely an object of choice, but will often appear naturally
in the communications setting. However, as the involved communication devices
often exhibit a modest computational power, the complexity of the codes to be
utilised should be reasonably low for possible practical implementation. Fast-
decodable codes enjoy reduced complexity of maximum-likelihood (ML) decoding
due to a smart inner structure allowing for parallelisation in the ML search. The
complexity reductions considered in this chapter are entirely owing to the algebraic
structure of the considered codes, and could be further improved by employing non-
ML decoding methods, however yielding suboptimal performance. The aim of this
chapter is twofold. First, we provide a tutorial introduction to space—time coding
and study powerful algebraic tools for their design and construction. Secondly, we
revisit algebraic techniques used for reducing the worst-case decoding complexity
of both single-user and multiuser space-time codes, alongside with general code
families and illustrative examples.

3.1 Introduction

Let us start this chapter by introducing, very briefly, the reader to the field of alge-
braic space—time coding. While there are various design criteria to be considered as
well as a plethora of code constructions for a variety of different channel models and
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communications settings, we will here only review the developments most relevant
to the rest of this chapter.

The first space—time code, the Alamouti code [1], was introduced in 1998
and gave rise to a massive amount of research in the attempt to construct well-
performing codes for various multi-antenna wireless communications settings. It
was discovered that the code matrices constituting this particular code actually
depict an algebraic structure known as the Hamiltonian quaternions, and by
restriction to Lipschitz (i.e., integral) quaternions, the (unconstrained) code becomes
a lattice. As Hamiltonian quaternions are the most popular example of a division
algebra, this finding prompted the study of general division algebra space—time
lattice codes [4, 34].

Division algebras are related to achieving full diversity by maximising the rank
of the code matrices [38]. Soon it was noticed that by choosing the related field
extensions carefully, one can achieve non-vanishing determinants (NVD) [4] for
the codewords, implying a non-vanishing coding gain [38]. As the coding gain is
inversely proportional to the decoding error probability, this in turn prevents the
error probability from blowing up. A related notion, the diversity—multiplexing gain
[43] captures the tradeoff between the decay speed of the decoding error probability
and available degrees of freedom. It is known that for symmetric systems, that is,
with an equal number of transmit and receive antennas, full-rate space-time codes
with the NVD property achieve the optimal tradeoff of the channel.

Several explicit constructions of space—time codes based on cyclic division
algebras exist in the literature. For instance, Perfect space-time codes and their
generalisations [5, 12, 30] provide orthogonal lattices for any number of antennas,
whereas maximal order codes [14, 15, 39] optimise the coding gain, while giving up
on the orthogonality of the underlying lattice.

In the multiuser settings considered in this chapter, multiple users are com-
municating to a joint destination, with or without cooperating with each other.
When cooperation is allowed, it is possible to take advantage of intermediate
distributed relays which aid the active transmitter in the communication process.
Various protocols exist for enabling this type of diversity—the one considered
here is the non-orthogonal half-duplex amplify-and-forward protocol, see [42]. The
non-cooperative case is referred to as the multiple access channel (MAC), where
users transmit signals independently of each other. Some algebraic MAC codes are
presented in [22, 23], among others.

One of the biggest obstacles in utilising space-time lattice codes and realising
the theoretical promise of performance gains is their decoding complexity. Namely,
maximum-likelihood (ML) decoding boils down to closest lattice point search, the
complexity of which grows exponentially in the lattice dimension. More efficient
methods exist, most prominently sphere decoding [41], which limits the search
to a hypersphere of a given radius. However, the complexity remains prohibitive
for higher dimensional lattices. To this end, several attempts have been made
to reduce the ML decoding complexity. In principle, there are two ways to do
this: either one can resort to reduced-complexity decoders yielding suboptimal
performance, or try to build the code lattice in such a way that its structure naturally
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allows for parallelisation of the decoding process, hence yielding reduction in the
dimensionality of the search. In this chapter, we are interested in the latter: we will
show how to design codes that inherently yield reduced complexity thanks to a
carefully chosen underlying algebraic structure.

On our way to this goal, we will introduce the reader to the basics of lattices
and algebraic number theory, to the extent that is relevant to this chapter. We will
also lay out the typical channel models for the considered communications settings.
Whenever we cannot explain everything in full detail in the interest of space, suitable
references will be given for completeness. We assume the reader is familiar with
basic abstract algebra and possesses some mathematical maturity, while assuming
no extensive knowledge on wireless communications.

The rest of the chapter is organised as follows. We begin in Sect.3.2 by
familiarising the reader with the important notion of lattices and recall related
results. Following a section introducing concepts and results from algebraic number
theory, we study a particular class of central simple algebras, specifically cyclic
division algebras, and their orders. We then move on to providing a background
in wireless communications in Sect. 3.3, introducing the well-known multiple-input
multiple-output fading channel model and related performance parameters. As a
coding technique employed in this multiple-antenna communications setup, we then
introduce the main object of this chapter, space—time codes. We recall code design
criteria, and furthermore show how codes can be constructed from cyclic division
algebras. In Sect. 3.4, maximum-likelihood decoding is introduced, and we discuss a
possible decoding complexity reduction by algebraic means, defining the concept of
fast-decodable space—time codes. The definition of fast decodability is then further
refined, which allows us to consider more specific families of space—time codes with
reduced decoding complexity. We further recall a useful iterative method for code
construction. Finally, in Sect. 3.5 we discuss two specific communication scenarios
as well as explicit methods to construct fast-decodable space—time codes.

3.2 Algebraic Tools for Space-Time Coding

Although space-time codes are primarily a tool for data transmission, they are of
a highly mathematical nature. Indeed, design criteria derived for minimising the
probability of incorrect decoding, which we will revisit in Sect. 3.3.2.1, can be met
by ensuring certain algebraic properties of the underlying structure used for code
construction. For this reason, we first devote a chapter to the mathematical notions
needed for space—time code analysis and design.

We start with basic concepts and results about lattices, objects which are of
particular interest as almost all space—time codes with good performance arise from
lattice structures. This is both to ensure a linear structure—a lattice is simply a
free Z-module, thus an abelian group—as well as to avoid accumulation points at
the receiver, to which end the discreteness property of a lattice is useful. Our main
references for all lattice related results are [10, 11].
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In a successive section, we then introduce relevant tools and objects from
algebraic number theory, such as number fields, their rings of integers, and prime
ideal factorisation. These tools will play a crucial role in the construction of space—
time codes. As references, we have [28, 29].

Most importantly, we finally introduce central simple algebras and their orders,
the main objects that will determine the performance of the constructed codes. Over
number fields, every central simple algebra is cyclic, and we study these in detail.
We refer to [6, 27, 31] for good general references.

3.2.1 Lattices

We begin with the simplest definition of a lattice in the ambient space R”".

Definition 3.1 A lattice A C R" is the Z-span of a set of vectors of R" that are
linearly independent over R.

Note that we do not require that the number of vectors spanning A equals the
dimension n. Indeed, any lattice is isomorphic to Z' as groups for t < n. A lattice is
thus a free abelian group of rank rk (A) = ¢, and is called full-rank or shortly full,
if the rank and dimension coincide, i.e., t = n. We give an alternative and useful
group theoretic definition.

Definition 3.2 A lattice A C R" is a discrete! subgroup of R”.

A lattice A € R” can hence be expressed as a set

t
A= {x:Zzib; Zi GZ},
i=1

with b; € R” (and the z; uniquely determined by x). We say that {by, ..., b;} forms
a Z-basis of A.

We can conveniently define a generator matrix and the corresponding Gram
matrix for A

Mp =[bi -+ by]: Gr=M M,

so that every element of A can be expressed as x = Mz for some z € Z".

Example 3.1 The simplest lattice is the integer lattice Z" in arbitrary dimension
n > 1. A generator and Gram matrix for Z" is simply the n x n identity matrix.

A more interesting example in dimension n = 2 is the hexagonal lattice A>. A
Z-basis for this lattice can be taken to be by = (1,0)" and by = (—1/2,/3/2)". A

1By discrete, we mean that the metric on R” defines the discrete topology on A, i.e., any bounded
region of R” contains only finitely many points of the subgroup.
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Fig. 3.1 The Voronoi regions of the hexagonal lattice A,

graphical representation of the lattice, as well as a generator and Gram matrix with
respect to this basis are presented in Fig. 3.1.

To each lattice A, we can associate its fundamental parallelotope, defined as
Pa = {Mpyly € [0, 1)"}. Note that we can recover R” as a disjoint union of the
sets X+ P4 forall x € A. Since M contains a Z-basis of A, any change of basis is
obtained via an integer matrix with determinant £1. Hence, the Lebesgue measure
of P, is invariant under change of basis. Thus, we define the volume of a lattice
A C R”" as the Lebesgue measure of its fundamental parallelotope,

vol (A) := vol (Py) = /det(G o).

We have defined a lattice to be a discrete subgroup of R” and they are, by
definition, free Z-modules. It is however possible and often desirable to extend the
definition to other rings and ambient spaces, such as the ring of integers of a number
field, or an order in a cyclic division algebra. In this more general context, we define
a lattice A to be a discrete and finitely generated abelian subgroup of a real or
complex ambient space V. In the previous derivations, we have set V = R". Of
interest for purposes of space—time coding is to consider lattices in V = Mat(n, C).
In this case, we can also identify a full lattice in V with a full lattice in R2"2 via the
R-linear isometry

L : Mat(n, C) — R>",

[ag,...,u,] — (Re(u11), Im(uyy1), ..., Im(ui,), ..., Re(uun), Im(u,,,,))’ .
(3.1
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We have |[U||r = ||t(U)||, where || - || (resp. || - || F) denotes the Euclidean (resp.
Frobenius) norm, and « maps full lattices in V to full lattices in the target Euclidean
space. This map will be crucial for decoding considerations in later sections.

Let A C Mat(n, C) be a full lattice with Z-basis {B1, ..., By}, B;i € Mat(n, C).
A generator matrix and the corresponding Gram matrix for A can be given as

My =[uB) - «B]: Ga = MMy = (Re(Tr(B] B))).
l’]

The volume of A is the volume of the corresponding lattice ((A) in Rznz, ie.,
vol (A) = +/det(G ).

Example 3.2 We exemplify the notion of a lattice in Mat(n, C) and corresponding
vectorisation on the famous Alamouti code [1]. As we shall see later, the Alamouti
code is constructed from a lattice in Mat(2, C) corresponding to Hamiltonian (or
more precisely Lipschitz) quaternions. More concretely, it is a finite subset

X4 C { [M + l:m —(x3 —.ix4)}
X3+1x4 X1 —1Iix2

(X1,...,x4) € Z“}.
A basis of the underlying lattice A 4 consists of the matrices

10 i 0 0—1 0i
B = ;0 B = ;0 B3 = ; Ba= .
e T e s ) B

Using the defined isometry ¢, we can identify A 4 with a lattice in R®, which we
again denote by A 4, with generator and Gram matrix

10 00
01 00
00 10 2000
00 01 0200
Maa=100 —10]° % |0020
00 01 0002
10 00
10-10 0]

The volume of this lattice is vol (A4) = \/det(GAA) =4.

3.2.2 Algebraic Number Theory

In this section, we recall fundamental notions from algebraic number theory which
are indispensable for space—time code constructions. We assume that the reader is
familiar with basic Galois theory.
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Let L/K be an arbitrary field extension. If we view L as a vector space over K,
we can define the degree of the field extension as the vector space dimension, that is,
[L : K] :=dimg (L). If the degree is finite, we call the extension finite. An element
a € Liscalled algebraic over K if there exists a non-zero polynomial f(x) € K [x]
such that f (o) = 0, and the field extension L/K is called algebraic if all elements
of L are algebraic over K. Consider the homomorphism ¢ : K[x] — L, f(x)
f (o). Since « is algebraic, ker(¢) # 0, and can be generated by a single polynomial
mg .« (x), chosen to be monic of smallest degree admitting « as a root. We call this
unique polynomial the minimal polynomial of « over K. When K = Q or when the
field is clear from context, we may shortly denote m (x).

Definition 3.3 An algebraic number field is a finite extension of Q.

Example 3.3 The simplest example of a field extension over Q is the Gaussian field
Q@) = {a + bi|a,b € Q}, where i = +/—1 is the imaginary unit. The minimal
polynomial of i € C over Q is given by m; (x) = x> + 1.

We will henceforth consider L/K to be an extension of algebraic number fields.
In the above example, we constructed the field Q(i) by adjoining an algebraic
element i € C to Q. By the notation Q(i) we hence mean the smallest field that
contains both Q and i. This is a more general phenomenon.

Theorem 3.1 (Primitive Element Theorem) Ler L /K be an extension of number
fields. Then, there exists an element o € L such that L = K («).

We see that we can construct the field L by adjoining the algebraic elemento € L
to K and, since mg (x) is irreducible, we have the isomorphism

L= K[x]/{mk «(x)).

It now becomes apparent that the degree of the field extension equals the degree of
the minimal polynomial of the adjoined element, [L : K] = deg(mg «(x)).

Example 3.4 Consider the number field K = Q(v/2,+/3). We claim that K =
Q(+/2 + +/3) and is hence generated by a single element. The inclusion QW2 +
\/3) C K is trivial, as V2443 ¢ @(\/2, \/3). For the reverse inclusion, it suffices
to express V2 and /3 in terms of elements of Q(+/2 + +/3). Note that as (v/2 +
V3)? =5+ 26 it follows that +/6 € Q(+/2 + +/3), and we have

Jao 2EV6 _ 3+46
V2+3 V243
This shows that Q(v/2, v/3) = Q(v/2 4+ +/3). The minimal polynomial of o :=

V243 ismg(x) = x* —10x2+ 1, and we see that Q(e) is an extension of degree
4.

We now define a very important ring associated with a number field K .
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Definition 3.4 Let K be a number field. The integral closure of Z in K consists of
all the elements @ € K for which my(x) € Z[x]. The integral closure is a ring,
called the ring of integers Ok of K. We call any element « € Ok an algebraic
integer.

Example 3.5 Consider the field extension Q(i)/Q. The ring of integers of Q(7)
is precisely Z[i]. It is however not always true that Ok () = Z[«]. Consider for
example Q(\/ 5)/Q. We have that Z[\/ 5] is composed of algebraic integers, but

Z[/5] # Ok . For example, the element ”2‘/ 3 is aroot of the polynomial x> —x — 1,
but 1+2‘/5 ¢ Z[+/5]. In fact, it turns out that Ox = 7Z [ HZ*/S].

As we have seen, @ € K is an algebraic integer if and only if m,(x) € Z[x].
Further, the field of fractions of Ok is precisely K. In the above examples, the ring
of integers Og = Z[6] admits a Z-basis {1, 6}. In fact, we have the following result.

Theorem 3.2 Let K be a number field of degree n. The ring of integers Ok of K is
a free Z-module of rank n.

As a consequence, the ring of integers Ok admits an integral basis over Z, that
is, a basis as a Z-module. Given an extension L/K of number fields, it is however
not true in general that the ring of integers Oy, is a free Og-module. This holds for
instance if Ok is a principal ideal domain (PID). We will be considering extensions
of Q and Q(i), hence circumventing this problem.>

Consider a number field K of degree n over Q. We fix compatible embeddings
of K into C, and identify the field with its image under these embeddings. More
precisely, there exist exactly n pairwise distinct embeddings (i.e., injective ring
homomorphisms) o; : K — C, forming the set Homg(K, C) = {0, ..., 0,}.

We split the embeddings into those whose image is real or complex, respectively.
More concretely, let o1, ...,0, : K — R, and 0541, ...,0, : K — C. Note that
the embeddings with complex image come in conjugate pairs, of which there are
exactly s := ",". We call the tuple (r, s) the signature of the number field K.

We can use the embeddings to define two important functions, namely the norm
and trace of elements in K. For each o« € K, consider the induced QQ-linear
homomorphism ¢, : K — K, where for all 8 € K, we have ¢4(8) = «ff. By
fixing a basis of K over QQ, ¢, can be represented by a matrix A, € Mat(n, Q).
This is referred to as the left regular representation.

Definition 3.5 Let K be a number field of degree n, and let « € K. The norm and
trace of o, respectively, are defined as

Nmg () = det(Aq) = [[oi(@); Tk (@) =Tr(Ag) = Y 0i(@).
i=1 i=1

These definitions are independent of the choice of a basis for Ag.
2The practical reason behind this choice is that the popular modulation alphabets, referred to as

pulse amplitude modulation (PAM) and quadrature amplitude modulation (QAM), correspond to
the rings of integers of these fields.
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We note that the norm and trace are generally rational elements. When « € Ok,
however, we have Nmg («) , Trg (o) € Z.

Definition 3.6 Let K be a number field of degree n, with ring of integers Ok, and

let{b1, ..., b,}be an integral basis of Ok . The discriminant of K is the well-defined
integer

[Trg (b1by) - - - Trg (biby)

dg = det
| Trx (bnb1) - - Trg (buby)
_ 2
o1(by) -+ o1(by)
= det : :
Lon(b1) -+ 0, (by)

The determinants above can indeed be shown to be equal. The discriminant dg is
independent of the choice of basis, and hence an invariant of the number field.

Example 3.6 Consider the number field K = Q(+/—5), with ring of integers Og =
Z[/—5]. As K is a degree-2 extension of , and generated by a complex element,
we have that its signature is (r, s) = (0, 1). A representative of the pair of complex
embeddings is given by o7 : /=5 — —+/—5, and the complex conjugate o7 is
simply the identity.

Given an element @ = xo + ~/—5x; € K, the norm and trace of « can be
computed to be

Nmg (@) = o1(@)oz(er) = x§ + 5x1; Trg (@) = 01(e) + 02(at) = 2x0.

Moreover, we can compute the discriminant of K by choosing a basis {1, v —5}
of Ok and computing the determinant

dg = det (E _f__SSDZ = —20.

The motivation for studying number fields has its origins in the factorisation of
integers into primes. In the ring Z, prime and irreducible elements coincide, and
every natural number factors uniquely into prime numbers. By generalising the ring
Z to the ring of integers Ok of a number field, unique factorisation into prime
elements is no longer guaranteed. However, the underlying structure of the ring Ok
allows for a generalisation of unique factorisation by making use of ideals, instead
of elements.
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Let K be a number field of degree n, and a C Ok a non-zero ideal. Then a factors
into a product of prime ideals, unique up to permutation,

8
a=[]»i"
i=1

where e¢; > 0. We define the norm of the ideal a as the cardinality of the finite ring
N(a) := |Ok/al. The ideal norm extends multiplicatively, and moreover N(a) € a.
Consequently, if N(a) is prime, then a is a prime ideal. More importantly, if N(a) =
pf' e pz" is the prime factorisation, then (as we can show that a divides N(a)Og)
it is clear that every prime divisor of a is a prime divisor of p;Ok for some i.

Remark 3.1 1If all prime divisors of pOg are known for all primes p € Z, then all
ideals of Ok are known.

Let p C Ok be a prime ideal. Then p N Z = pZ is a prime ideal of Z, p prime.
We can hence write

PL=p'py - py

for p; distinct prime ideals of Ok . The number e = e(p/pZ) is referred to as the
ramification index of pZ at p. We further define the residue class degree of p/pZ as
the integer f > 1 which satisfies N(p) = p/.

Example 3.7 Consider K = Q(i), and let p > 2 be a rational prime. We want to
study the factorisation of p in Ox = Z[i]. We have the following isomorphisms:

ZIi/(p) = ZIx1/(p. x> + 1) = Fp[x]/(x* + 1)

By norm considerations, as N(pZ[i]) = |Z[il/{p)| = |]Fp[x]/(x2 + 1) = p?, we
have that p can either remain prime in Z[i], or be the product of two prime ideals.
On the other hand, we know that pZ[i] is prime if and only if Z[i]/(p) is a field. In
fact,

ZL/(p) = ZIx1/{p, x* + 1) Z Fplx]/(x* + 1),

so that the residue class degree is f = 2. This quotient is a field precisely when
x2 + 1 is irreducible. This is the case for p % 1 mod 4.

For the case p = 1 mod 4, we can factor x2 + 1 = (x — a)(x — b), and we geta
factorisation pZ[i] = (i —a)(@ — b).

3.2.3 Central Simple Algebras

Let K be a field, and A O K a finite-dimensional associative K-algebra, i.e., a
finite-dimensional K-vector space and a ring together with a K-bilinear product.
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The algebra is simple, if it contains no non-trivial two-sided ideals, and moreover
central if its centre is precisely K. The algebra is a division algebra if all of its non-
zero elements are invertible. We have the following important theorem, which is a
simplified version of a more general result.

Theorem 3.3 (Wedderburn) Every central simple K-algebra is isomorphic to
Mat(n, D) for some uniquely determined n and some division K -algebra D, unique
up to isomorphism.

If A is a central simple K-algebra and D is the division algebra from the above
theorem, we denote by ind(A) = /[ D : K] the index, and by deg(A) = /[A : K]
the degree of the algebra. A is a division algebra if and only if ind(A) = deg(A).

If A is a finite-dimensional central simple algebra over a field K, then A is
said to be cyclic if it contains a strictly maximal subfield L such that L/K is a
cyclic field extension, i.e., the Galois group is a cyclic group. If K is a number
field, every K -central simple algebra is cyclic, and vice versa. This family of central
simple algebras has been widely used for space—time coding since the work [34]. We
start with the special case of cyclic algebras of degree 2, also known as quaternion
algebras.

Definition 3.7 Let K be a field, and a,y € K not necessarily distinct. A
quaternion algebra (a, y) is a K-central algebra defined as

(a,y)k ={x =x0+ix; + jx2 + kx3|x; € K},

where the basis elements satisfy the rules

i’=a, j’=vy, ij=—ji=k.
Example 3.8 The most famous example is the set of Hamiltonian quaternions,
which can be defined as H = (—1, —1)r. An element x € H is of the form
x = xo0 +ix; + jxy + kx3 with (xg, x1, X2, x3) € R*, 2 = j2 = —1 and
ij=—ji=k.
For quaternion algebras, we have the following deep and important classification
result.

Theorem 3.4 Let (a, y)k be a quaternion algebra. We have two possibilities.

(a) (a,y)k is adivision algebra.
(b) (a,y)k =Mat(2, K).

We can determine which of the cases apply by means of a simple quaternary
quadratic form. To be more precise, consider an element x = xo+ix;+ jx2+kx3 €
(a, y)k, and define the norm of x as

Nm(x) = xx* = x} — ax? — yx3 + ayx3,
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where x* = xg —ix]; — jxy — kx3 is the conjugate of x. Then, the quaternion algebra
(a, y)k is division if and only if Nm(x) = 0 implies x = 0.

Example 3.9 Recall the set of Hamiltonian quaternions H. The norm of an element
x =x0+ix1+ jxo + kx3 € His Nm(x) =xg~|—x12—|—x%~|—x32 >0.Asx; € R, we
have equality if and only if x = 0. Hence, H is a division algebra.

A quaternion algebra is a degree-4 vector space over the centre K. They are a
special case of the more general cyclic algebras, a family of central simple algebras
which we study in the sequel.

Definition 3.8 Let L/K be a degree-n cyclic Galois extension of number fields,
and denote by (o) = Gal (L/K) its Galois group. A cyclic algebra is a tuple

n—1

C=(L/K.o.y)=EDeL,
i=0

where ¢ = y € K* and multiplication satisfies le = eo (I) foralll € L.

The algebra C is K -central simple, and is called a cyclic division algebra if it is
division.

The usefulness of cyclic division algebras for purposes of space-time coding
starts with the existence of a matrix representation of elements of the algebra. To be
more precise, each element x = Z?;ol e'x; € Cinduces for all y € C a right L-
linear map p : y — xy, which is referred to as the left-regular representation of the
algebra, and describes left multiplication with x. We can define a matrix associated
with p, given by

x0 Yo(xn_1) yo2(xu—2) --- yo" I (x))
x1 o(xo) yot(xa—1) yo" 1 (x)
x = p(x):= : :
Xn—2 0(Xn=3) 0 (n—a) Yo" (xu—1)
Xn—1 G(xn—Z) O—2(1571—3) ce Un_l (X())

Example 3.10 Let us consider again the Hamiltonian quaternions. Using the above
notation, we write e = j and

H=(C/R,c =%,y =—1)=Ce jC,

with ¢j = jc* forall ¢ € C and j2 = y = —1. Note that we have intentionally
chosen to represent H as a right vector space in order to be compatible with the left
regular representation.
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Let now x = xo + jx| with xg, x; € C. If we multiply the basis elements {1, j}c
from the left by x, we get

x-1=x0+ jxi1,

X j= o+ jx1)j =xo0f + jxij = jx§ + j2xt = —xf + jxg .

In a matrix form, we have

X p(x) = |:x0 —xiki| .

X1 oXxg

Note that this matrix corresponds to the Alamouti code.

Example 3.11 Let L/K be a number field extension of degree n = 3. Then, we

can pick a basis {1, e, e2} of a cyclic algebra C over its maximal subfield L, where

e = y e K*. Letx = xo0+ex; + €2 x5, and consider left multiplication. Similarly

as above,

x-1 =xo—|—ex1+e2xz,
x-e=(xo+ex1+ ezxg)e =eo(xg) + eza(xl) + e3o(x2)
= yo(x2) + e (x0) + %0 (x1) ,
x-e2 = (xo+ exi + e2x2)e’ = e’o(xg) + 20 (x1) + e*o (x2)

= yo(x1) +yeo (x2) +¢*o (xo) .
We see that in this basis, left multiplication by x can be represented by the matrix

X0 Yo (x2) yo?(x1)
p(x) = |x1 o(x0) yo(x2)
x2 o(x1) o?(xo)

We close this section by recalling how to ensure that a cyclic algebra (L/K, o, y)
is division by means of the element y € K*. The result is a simple corollary to a
result due to A. Albert.

Theorem 3.5 Let C = (L/K, o, y) be a cyclic algebra. If y™/P is not a norm of
some element of L for all prime divisors p of n, then C is division.
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3.2.3.1 Orders

Given a number field K, the collection of integral elements form the ring of integers
Ok of K. This ring is the unique maximal order of K , a concept which we will now
recall in a more general context.

Definition 3.9 Let C = (L/K, o, ) be a cyclic division algebra. An Og-order T’
in C is a subring of C sharing the same identity as C and such that I is a finitely
generated Ok -module which generates C as a linear space over K.

An order is maximal if it is not properly contained in another order of C.

Every order of a cyclic division algebra is contained in a maximal order. Within a
number field K, the ring of integers Ok is integrally closed and the unique maximal
order of K. In general, a maximal order I" of C is not integrally closed, and a division
algebra C may contain multiple maximal orders. In contrast, the following special
order is often of interest due to its simple structure. It is in fact the initial source for
space—time codes with non-vanishing determinants.

Definition 3.10 Let C = (L/K, 0, y) be a cyclic division algebra. The natural
order of C is the Og-module

n—1

hat := @ eiOL.

i=0

Note that I'py is not closed under multiplication unless y € Ok .

Remark 3.2 Given a cyclic division algebra C = (L/K, o, y) and an element
c € I', where ' C C is an order, we can define concepts like the reduced norm
nm(c) = det(p(c)) and reduced trace tr(c) = Tr(p(c)). These are elements of the
ring of integers of the centre, i.e., nm(c), tr(c) € Og. Consequently, for K = Q
or K imaginary quadratic, we have |nm(c)| > 1 for any non-zero ¢ € I, an
observation which is crucial for achieving the non-vanishing determinant property
(cf. Sect. 3.3.2.1).

3.3 Physical Layer Communications

In this section, we study the characteristics and properties of a wireless channel,
discussing various methods for combating the effects of fading and noise.

3.3.1 Rayleigh Fading MIMO Channel

In a wireless environment, in contrast to wired channels, the signal traverses several
different paths between a transmitter and receiver. Consequently, different versions
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of the signal distorted by (independent) environmental effects will come together
at the receiver, causing a superimposed channel output. Together with dissipation
effects caused by urban scatterers as well as interference, the signal experiences
fading, and various statistical models exist to describe these phenomena. Here, we
consider the widely used Rayleigh fading channel model. In addition, thermal noise
at the receiver further distorts the channel output.

To be more precise, assume a single source, equipped with n; > 1 transmit
antennas, and a single destination, with n, > 1 receive antennas. If n;,n, > 2
we refer to the setup as the multiple-input multiple-output (MIMO) model, while
the case (ny, n,) = (1, 1) is termed the single-input single-output (SISO) channel
model. The mixed cases (n; = 1,n, > 1) and (n; > 1,n, = 1) are the SIMO and
MISO channel setups, respectively.

Consider a channel between n; transmit antennas and n, receive antennas. The
wireless channel is modelled by a random matrix

hir hiz -+ hip,

ha1 hao hon,
H = . ) . € Mat(n, x n;, C),

hnrl hnr2 T hnrnt

We assume that the channel remains static for T > n; time slots and then changes
independently of its previous state, and refer to 7 as the channel delay or channel
coherence time. Each of the entries h;; of H denotes the path gain from transmit
antenna j to receive antenna i. They are modelled as complex variables with i.i.d.
normal distributed real and imaginary parts,

Re(h;j), Im(h;) ~ N(O, o),

yielding a Rayleigh distributed envelope

hijl = /Re(hij)? + Im(hi;)? ~ Ray(on)

with scale parameter o, which gives this fading model its name.

The additive noise is modelled by a matrix N € Mat(n, x T, C) with i.i.d.
complex Gaussian entries with finite variance o,2. To combat the destructive effects
of fading, the transmitter encodes its data into a codeword matrix X € Mat(n; X
T, C). Each column x; of X corresponds to the signal vector transmitted in the ith
time slot, across the available transmit antennas. If we denote each column of the
noise matrix N by n;, the received signal at each time slot 1 <i < T is given by
the channel equation

yi = Hx; + n;.



114 A. Barreal and C. Hollanti

We assume that the destination waits for the T subsequent transmissions before
starting any decoding process. As usual, we assume perfect channel state informa-
tion at the receiver, while the transmitter only has statistical channel information.
The channel is supposed to remain fixed during the entire transmission process, and
hence we can summarise the overall channel equation in a compact form to read

Y=HX+N.

Thus, by allowing the use of multiple antennas at the transmitter and/or receiver,
we have created spatial diversity. By ensuring a separation of the antennas by at
least half the used wavelength, the multiple signals will fade independently of each
other. On the other hand, the transmission over multiple time slots enables temporal
diversity, providing copies of the signal at the receiver.

The physical conditions in an actual wireless channel are rapidly changing.
Consequently, the comparison in performance of two different codes needs to be
considered with respect to a standardised quantity. We define the signal-fo-noise
ratio (SNR) at the receiver as the ratio of the received signal power to noise power,
that is,

_E[IHX|?]
OE[INI?]

3.3.1.1 Performance Parameters of a Wireless Channel

Consider a MIMO channel with n; transmit antennas and n, receive antennas. The
first quantity that we need to mention is the capacity of the channel.

Definition 3.11 Assume that the receiver knows the realisation of the channel
matrix H. For a fixed power constraint on the channel input, the capacity of a MIMO
channel is the upper bound on the mutual information between the channel input and
output, given the channel realisation.

As the capacity depends on the channel matrix, it needs to be viewed as a random
variable. The ergodic capacity of a MIMO channel is given by

SNR .
Cy =Ep |logdet | I,, + H'H)]|.
ng

Recently, the authors in [24] gave criteria for algebraic space—time codes from
division algebras to achieve the channel capacity up to a constant gap.

Equivalently we can interpret the capacity of the channel as the upper bound on
the amount of information that can be transmitted, so that the probability of error
can be maintained arbitrarily low. At high SNR, the capacity of the channel scales
with the number of antennas. More specifically, an SNR increase of 3 dB results in
an increase in capacity by min {n,, n,}.



3 On Fast-Decodable Algebraic Space-Time Codes 115

We now define two quantities which allow us to compare different coding
strategies for the MIMO channel.

Definition 3.12 Consider a MIMO channel.

(1) The diversity gain of a coding strategy is the asymptotic slope of the corre-
sponding error probability curve with respect to the SNR in a log — log scale.

(i) The coding gain measures the difference in SNR required for two different full-
diversity coding strategies to achieve the same error probability.

3.3.2 Space-Time Codes

This section introduces the main object of the survey: space—time codes. These
codes are tailor-made for MIMO communications. We start with basic definitions
and relate the enabled spatial and temporal diversity to the matrix structure of space—
time codewords.

In the first subsection, the basic code design criteria for minimising the proba-
bility of incorrect decoding are derived. While the design criteria are independent
of the actual code construction method and hold for any matrix codebook, various
results are then introduced exposing how the criteria can be met by purely algebraic
means. Hence, it becomes clear which properties the underlying structures should
exhibit in order to construct well-performing codes.

After this, we utilise the algebraic tools introduced in Sect.3.2 in order to
construct space—time codes meeting the derived criteria.

3.3.2.1 Design Criteria for Space-Time Codes

Recall the Rayleigh fading n; x n, MIMO channel model with channel coherence
time 7. We have seen that the codewords X need to be taken from some collection
of matrices X C Mat(n, x T, C). Very naively, and this is our first definition, we
simply define a code to be a finite collection of such matrices.

Definition 3.13 Let € C R* be a finite subset and k € Z.. A space—time code is
the image of an injective map ¢ : ¢k — Mat(n, x T, C).

Having no structure, however, may lead to accumulation of the received signals.
To circumvent this problem, forcing a discrete and linear structure on the code is
helpful, e.g., a lattice structure. We give the more specialised definition of linear
space—time codes, which we will consider henceforth.

Definition 3.14 Let {Bi}i.‘:1 be an R-linearly independent set of matrices in
Mat(n; x T, C). A linear space—time block code of rank k is a set of the form

S,’GS},

k
X = { Z B,’S,’
i=1
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where S C Z is a finite signalling alphabet. In relation to the previous definition,
we have X = ¢(€k), where € = S.

As the matrices {B,-}ﬁ.‘:1 form a basis of a lattice A C Mat(n; x T,C), X is
called a space—time lattice code of rank k = rk (A) < 2n,T, the upper bound being
imposed by the R-dimension of Mat(n; x T, C).

We henceforth refer to such a code X simply as a space—time code. As the
transmit power consumption is directly related to the Frobenius norm of the
transmitted codeword, the finite codebook is usually carved out to consist of a
desired number of lattice elements with smallest possible Frobenius norms.>

The code rate of X is defined as R = k/T real symbols per channel use.* In
the literature, a code is often said to be full rate if all available degrees of freedom
from the transmitter’s point of view are utilised, i.e., k = 2n,;T and R = 2n,T /n; =
2T. This is a consequence of mainly having considered symmetric square systems,
that is, the case n; = n, = T. Here, we do not restrict to symmetric systems and
define full rate as the maximum rate that still maintains the discrete structure at
the receiver and allows for linear detection methods such as sphere-decoding [41].
More precisely, for n, receive antennas we define full rate as 2n,. Hence, in order
to achieve full rate as defined in this chapter (avoiding accumulation points at the
receiver’s space), for n, receive antennas we should choose a lattice of rank 2n, T
(instead of 2n,T).

Consider a space—time code X, and let X € X be the transmitted codeword. A
receiver observes its channel output Y and, as it is assumed to know the channel
H and the noise is zero-mean, decodes a maximum-likelihood estimate of the
transmitted codeword by computing

X =argmin||Y — HX|?}. (3.2)
XeX

The probability £2(X — X’) that a codeword X’ # X is decoded when X was
transmitted is asymptotically upper bounded with increasing SNR as

PX > X) < (det ((X — X)X — x/)*) SNR"’)inr

From this upper bound, two design criteria can be derived [38]. The diversity
gain of a code as defined above relates to the minimum rank of (X — X’) over all

3The smallest Frobenius norms correspond to the shortest Euclidean norms of the vectorised
matrices. Directly, this would mean spherical constellation shaping. However, it is often more
practical to consider a slightly more relaxed cubic shaping. This is the case in particular when the
lattice in question is orthogonal, as then the so-called Gray-mapping [13] will give an optimal bit
labelling of the lattice points.

“In the literature, the code rate is often defined in complex symbols per channel use. We prefer
using real symbols, as not every code admits a Gaussian basis, while every lattice has a Z-basis.
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pairs of distinct code matrices (X, X') € X2 Thus, the minimum rank of X should
satisfy

min rk (X — X/) =min{n,, T} = n,.
X£X/

A code satisfying this criterion is called a full-diversity code.

On the other hand, the coding gain can be shown to be proportional to the
determinant det ((X - XX -X )*). As a consequence, the minimum taken over
all pairs of distinct codewords,

min det ((X — X)X — X’)*) ,
X£X'

should be as large as possible. For the infinite code

k
Noo = {ZS,’B,’ S GZ},

i=1
we define the minimum determinant as the infimum

Amin(Xoc) 1= inf det ((X — X)X — X/)*) .

If Anin(Xso) > 0, i.e., the determinants do not vanish as the code size increases,
the code is said to have the non-vanishing determinant property.

We assume henceforth that the number of transmit antennas and channel delay
coincide, n; = T =: n. Given a lattice A C Mat(n, C), we have by linearity

Amin(A) =  inf |det(X)|?.

This implies that any lattice A with non-vanishing determinants can be scaled so
that Apin(A) achieves any wanted nonzero value. Consequently, the comparison of
two different lattices requires some sort of normalisation. Let A be a full lattice with
volume vol (A). The normalised minimum determinant and normalised density of
A are the normalised quantities

Amin(A) | _ Amin(A)?"

5(A) = : -
) vol (A) 2n vol (A)

’

and satisfy the relation S(A)? = n(A):lz . Thus, for a fixed minimum determinant,
the coding gain can be increased by maximising the density of the code lattice.
Or, the other way around, for a fixed volume, the coding gain can be increased by
maximising the minimum determinant of the lattice.
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3.3.2.2 Constructions from Cyclic Division Algebras

We move on to illustrate how space—time codes satisfying the two introduced criteria
can be designed. We begin by ensuring full diversity, to which end the following
result is helpful.

Theorem 3.6 ([34, Prop. 1]) Let K be a field and D an index-n division K -algebra
with a maximal subfield L. Any finite subset X of the image of a ring homomorphism
¢ : D> Mat(n, L) satisfies tk (X — X') = n for any distinct X, X' € X.

This leads to a straightforward approach for constructing full-diversity codes,
namely by choosing the underlying structure to be a division algebra. In the same
article, cyclic division algebras were proposed for code construction as a particular
example of division algebras. The ring homomorphism ¢ is the link between
the division algebra and a full-diversity space—time code, as we illustrate in the
following.

Let C = (L/K,o0,y) be a cyclic division algebra of degree n. The left-
regular representation p : C — Mat(n, C) is an injective ring homomorphism (cf.
Definition 3.8 and the discussion beneath). We identify elements in C with elements
in Mat(n, C) via p. This leads to the following definition.

Definition 3.15 Let C be an index-n cyclic division algebra with left-regular
representation p : C — Mat(n, C). A space—time code constructed from C is a
finite subset

X C p(O).

To be consistent with Definition 3.14, let {B,-}i.‘=1 C Mat(n, C) with k < 2n? be

a set of Q-linearly independent matrices in p(C). For a fixed signalling alphabet
S C Z, symmetric around the origin, the space—time code X is of the form

k
XZ!ZS;B; S,'ES}.

i=1
If C admits a basis over Z[i], we may also consider the lattice with respect to its
Z[i]-basis, and the signalling alphabet will then be a subset in Z[i].

Note that, given an element X = p(x), where x € C, we have that det(X) =
det(p(x)) € K. We can however restrict to certain subrings of the cyclic division
algebra, for instance an order I'. For any x € T, we have det(p(x)) € Og. This
yields |det(p(x))| > 1 for K = Q or K an imaginary quadratic number field. Then,
we can consider finite subsets of p(I") as space—time lattice codes guaranteeing
non-vanishing determinants (cf. Remark 3.2).

Example 3.12 Consider a MIMO system with n = n; = T = 2, and consider the
index-2 number field extension L/K = Q(, v 5)/Q(i). The ring of integers of L

is Op = 7ZJ[i, 0] with 6 = 1+2*/5, and we pick the relative integral basis {1, 6} of
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Op over Ox = Z[i]. The Golden code [5] is constructed from the cyclic division
algebra

g = (L/Kv o, 7/) = (51 V)Q(l)

with o : /5 > —+/5 and y € Q(i) non-zero and such that y # Nmy,k (/) for any
| € L. We pick y = i, leading to a (left regular) matrix representation of G of the
form
X = plx) = |:x0 +0x1i(x2+ 6(9)x3):|
x2 +0x3 x0+0(0)x;

_ 10 6 0 01 0ioc(0)
_xo[oJ—i—m[og(@)}—i-xz[lo}—i-m[@ 0 }

where x; € K.

The algebra G is a division algebra by Theorem 3.5, so that the Golden code
is indeed a full-diversity space—time code. Moreover, by restricting the codewords
to the natural order I'y,; by choosing x; € Z[i] guarantees the non-vanishing
determinant property (cf. Remark 3.2).

The actual Golden code lattice is a twisted version of p(I',4) in order to
get an orthogonal lattice. The twisting does not affect the normalised minimum
determinant.

3.4 Codes with Reduced ML Decoding Complexity

Using multiple antennas for increased diversity—and additionally enabling tempo-
ral diversity—comes at the cost of a higher complexity in decoding. The worst-case
complexity of maximum-likelihood (ML) decoding is upper bounded by that of
exhaustive search, and is often computationally too expensive for practical use for
higher-dimensional code lattices. A fast-decodable space—time code is, in colloquial
terms, simply a space—time code whose worst-case ML decoding complexity is
lower than that of exhaustive search.

Yet, independently of the actual decoder used, the ML decoding complexity of
a space-time code can sometimes be reduced by algebraic means, allowing for
parallelisation in the ML search. If the underlying code lattice is of rank k, this
requires in principle joint decoding of k information symbols. One way to achieve
fast-decodability (this is also how we define fast decodability more formally below)
is then to reduce the dimensionality of the (e.g., sphere) decoder, that is, to enable
parallelisation where each parallel set contains less than k& symbols to be jointly
decoded.

In this section we introduce the technique of ML decoding and revise criteria
for a space—time code to be fast-decodable. We further specify different families of
fast-decodable codes and study their potential decoding complexity reduction.
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3.4.1 Maximum-Likelihood Decoding

In the previous sections, we have seen what properties a space—time code should
exhibit to potentially ensure a reasonable performance, at least in terms of reliability.
There are however more aspects of the communication process which need to
be taken into consideration. Orthogonal lattices allow for efficient encoding of
the information symbols and bit-labelling of the codewords, while not necessarily
yielding the best possible error performance. On the other hand, a too complicated
lattice structure makes it more complex to encode a signal in the first place, and may
require brute force bit labelling of the codewords.

On the receiver’s side, the structure of the code lattice determines the complexity
of the decoding process. Indeed, as already mentioned, the major bottleneck in
effective implementation of algebraic space—time codes has been their decoding
complexity. The concept of fast-decodability was introduced in [9] in order to
address the possibility for reducing the dimensionality of the ML decoding problem
(cf. (3.2)) without having to resort to suboptimal decoding methods.

Given a finite signalling alphabet S C Z, the ML decoding complexity of a
rank-k space-time code X is defined as the minimum number of values that have
to be computed for finding the solution to (3.2). The upper bound is the worst-case
decoding complexity that we denote by ©(5), which for its part is upper bounded by
the exhaustive search complexity, ®(S) < |S|¥. The following definition is hence
straightforward.

Definition 3.16 A space—time code X is said to be fast-decodable if its ML
decoding complexity is upper bounded by

D(S) = c|S|¥,

where k’ < k is the number of symbols to be jointly decoded and ¢ < k is a constant
describing the number of parallel symbol groups to be decoded. If ¢ = k, this means
that we can decode symbol-wise (k' = 1) with linear complexity. We refer to k’ as
the complexity order.

We will mostly drop the constant ¢ in the rest of the chapter and concentrate
only on the order k', and also by abuse of notation write D(S) = |S |k/ without the
constant.

Now let us proceed to investigate how to determine the complexity order of a
space—time code X. Let {B; }f.‘: | be a basis of X over Z, and X € X the transmitted
signal. Recall the isometry (3.1), which allows us to identify the space—time code
lattice with a lattice in Euclidean space. In addition, for ¢ € C let

i [Re(c) —Im(c)i|
" |Im(c) Re(e) |°



3 On Fast-Decodable Algebraic Space-Time Codes 121

From the channel output Y = HX + N, define the matrices
B =[u(B)) - u(By)] € Mat@n,T x k,R),
By = [((HB)) -+ «(HBy)] € Mat2n, T x k,R).

The equivalent received codeword under the isometry can be expressed as ((H X) =
Bpys for a coefficient vector s = (s1,...,5) € Sk, and we get an equivalent
vectorized channel equation

u(Y) = Bys + u(N)
= (It ® H)Bs + 1(N),

where H = (h;;);.; and ® denotes the Kronecker product.

We go on to perform Q R-decomposition on By, or equivalently on (I ® H)B.
We write By = QR with Q € Mat(2n, T x k, R) unitary and R € Mat(k, R) upper
triangular. More precisely, if we write

By =[by -+ by], 0=q - q.

the matrix R is precisely given by

Irill (g1, b2) {qi,b3) --- (q1, bi)
0 ezl {qz,b3) --- (q2, bg)

0 0 e 00 [l

where

i—1

(q;j,b;) b;
rp=b;; ri=b - 4 9= :
l l jZ::l (aj.q;) "’ " byl

Since the receiver has channel state information, and as the noise is zero-mean,
the decoding process, as we have already seen, requires to solve the minimisation
problem

X =argmin||Y — HX|%.
XeX

Using the O R decomposition, we can solve the equivalent problem

§ = argmin ||«(Y) — Bys||> = argmin ||QT«(Y) — Rs|?,
seSk seSk

a problem which can be solved using a real sphere-decoder [41]. It is now clear
that the structure of the matrix R determines the complexity of decoding. With
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zero entries at specific places, the involved variables can be decoded independently
of each other, allowing for parallelisation in the decoding process, and potentially
reducing the decoding complexity.

Moreover, different orderings of the weight matrices B;, or equivalently of the
symbols s;, result in different zero patterns in the matrix R. An algorithm for
the optimal ordering of the weight matrices resulting in the minimum possible
decoding complexity is given in [20], and was implemented in [18]. We use
the implementation found in the latter article for the explicit computation of the
decoding complexity reduction of the example codes exposed in the remaining of
this section.

Before we move on to define more specialized families of fast-decodable codes,
we present the usual approach to give sufficient conditions for a code to be fast-
decodable. This so-called Hurwitz-Radon quadratic form approach is discussed
in [19, 20, 36], among others. The idea behind the Hurwitz-Radon approach on
which the quadratic form is based is to give a criterion for when two variables of
the considered code can be decoded independently. More specifically, the variables
si, sj can be decoded independently if their corresponding weight matrices B;, B;
are mutually orthogonal, i.e.,

T t
BiB! + B;B =0.

To be more precise, we give the following result

Proposition 3.1 ([36, Thm. 2][8, Thm. 1]) Let X be a space—time code of rank k
with weight matrices {B;};’.‘Zl. The matrices B; and Bj are mutually orthogonal, if
and only if the columns b; and b; of By are orthogonal.

In particular, the entry (7, j) of the associated matrix R is zero. Relating to
this condition, the Hurwitz-Radon quadratic form is a tool which allows to deduce
the actual ML decoding complexity of a space—time code based on the mutually
orthogonality of the weight matrices. In particular, the criterion based on the
quadratic form shows that fast decodability can be achieved solely by designing the
weight matrices cleverly, and is independent of the channel and number of antennas.
We give the following definition.

Definition 3.17 Let X be a space—time code of rank k, and let X € X. The Hurwitz-
Radon quadratic form is the map

Q: X - R,

k
X = ZB,'S,' — Z Sisjmij,
i=1

I<i<j=<k

where m;; := || B B} + B; Bl ||}

Note that B;, B; are mutually orthogonal if and only if m;; = 0.
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3.4.1.1 Multi-Group Decodable Codes

We begin with the family of multi-group decodable codes.

Definition 3.18 Consider a space-time code X defined by the weight matrices

{Bi}i'{:l-
(1) The code is g-group decodable if there exists a partition of {1, ..., k} into g
non-empty subsets I'1, ..., 't such that fori € I'y, j € [', with u # v, the

matrices B; and B; are mutually orthogonal.

(i) The code is conditionally g-group decodable if there exists a partition of
{1,...,k}into g+1 non-empty subsets I'1, ..., I'g, I" such that fori e I'y, j €
I'y with 1 <u < v < g, the matrices B; and B; are mutually orthogonal.

The family of codes which we refer to as conditionally g-group decodable codes
are in the literature also known as fast ML decodable codes. We use the terminology
of conditionally g-group decodable so as to not confuse the general notion of fast
decodability with this specific family of fast-decodable codes.

In the following, we consider a space—time code X with weight matrices { B; };'.‘:1

and corresponding real information symbols si,...,sx € S. For X g-group
decodable or conditionally g-group decodable, we may without loss of generality
order the variables according to the g groups I'1, ..., Iy, i€,
{S1, .. ~7S\F1\} eIy,
{siciers sy} € T,
(3.3)
Sg—1 yee ey Sg1 S Fg.
T Inil+1 . ITil+IT|

We have the following result, which will be helpful in determining the decoding
complexity of a code (cf. Theorem 3.7).

Proposition 3.2 ([19, Lemma 1]) Let X be a g-group decodable space—time code,
and let M = (m;j); j be the Hurwitz-Radon quadratic form matrix (cf. Definition
3.17) and R = (rij);,j the R-matrix from the QR decomposition of By. Then,
mij =rij = 0fori < jwhenevers; € I'y and sj € I'y with u # v. In particular,
the R-matrix takes the form

Dy
R= _
Dy
where D; € Mat(|T';|, R) is upper triangular, 1 < i < g, and the empty spaces are
filled with zeros.
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Example 3.13 The first example we give is the complexity order of the Alamouti
code X4 (cf. Sect. 3.2). We recall that this code consists of codewords

x|t ixy —(x3 —ixs)
xX3+ixg Xx1—ixp ’

where (x1, x2, x3,x4) € Z* are usually taken to be integers to guarantee non-
vanishing determinants.

The R-matrix associated with this code is in fact a diagonal 4 x 4 matrix with
equal diagonal entries. Hence, X4 is 4-group decodable, and exhibits a complexity
order k' = 1. In other words, it is single-symbol decodable.

Example 3.14 We recall the code constructed for multiple-access channels in [3,
Ex. 6]. Consider the cyclic division algebra

C= <F(\/—3, i)/F(i), o, _st) ,

where F = Q(\/S) and o : v/—3 > —«/—3 but fixes F(i). Let t be a generator of
the cyclic Galois group Gal(F (i)/F), i.e., t(i) = —i. Let us extend the action of t
from F (i) to F(i, ~/—3, /—y) by letting it act as identity on both /-3 and \/—,
as justified by the isomorphism extension theorem. Consider codewords of the form

¥ — [X1 T(Xl)i| ’
X2 1(X2)

1+‘2/73 and k = 1, 2 we have

where T acts element-wise, and for § =
X = [ Xkt xk20 ==y s+ xk,40(9))i|
=y (k3 + xi,40) Xk,1 + xk,20(0)

with xi ; € Of(). Hence, each X corresponds to the left-regular representation
of an element in the natural order I'y,, € C, after balancing the effect of y by
spreading it on the diagonal.’

The complexity of exhaustive search for a signalling alphabet S is |S|32. The
above code, however, is 2-group decodable. In fact, the associated R-matrix is of

the form
k= |: 1 i|
D>

with D; € Mat(16, R) upper triangular. The code hence exhibits a complexity order
k' = 16, resulting in a reduction of 50%.

SThis is a usual trick to balance the average energies of the codeword entries more evenly. See [3,
Ex. 1] for more details.
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In the case of conditionally g-group decodable codes, i.e., where we have a
further non-empty group I', the R matrix is not entirely block-diagonal. Instead,
we have the following result.

Proposition 3.3 ([7, Lem. 2]) Let X be a conditionally g-group decodable code,
and let M = (m;;);,j be the Hurwitz-Radon quadratic form matrix and R = (r;); j
the R-matrix from the QR decomposition. Then, m;; = r;j = 0 fori < j whenever
si€lyands; e I'ywithl <u < v < g. In particular, the R-matrix takes the form

D Np

Dy N
N
with D; € Mat(|T';|,R) and N € Mat(|T"|, R) are upper triangular, and N; €
Mat(|I;| x [T'[, R).

Example 3.15 As an example of a conditionally g-group space—time code we recall
the famous Silver code [16, 32]. The code is contained as a subset in the cyclic
division algebra

C = (QG, V-1 /QW~T),0,7),

Note that o is not just complex conjugation, as o (i) = —i and o(v/7) = —/7.
With y = —1, the algebra is division, and the resulting code is fully diverse and has
non-vanishing determinants. The Silver code is however not directly constructed as
a subset of p(I") for I" an order of C. Instead, it is defined as

Xs ={X = Xa(x1,x2) + TXp(x3, x4)| X1, ..., x4 € Z[i]},

where x1,...,x4 € Z[i] and

10 X1 —xx
[0—1:|’ Alx1, x2) [xz X :|

(I +i)x3+ (=24 20)xs —(1 —2i)xf — (1 + i)x:';}

Az, x)= [ (4 2i)x3+ (1= i)xg (1 —i)xk + (—1 — 20)x

In particular, a codeword is of the form

g 1 [VTH A+ Dxs (=14 203 =037 — (1= 20xf — (1 +i)x]
VT VT = (42033 — (L= iDxg xfVT— (1 —i)xf — (=1 —2i)x5]

Using the optimal ordering of the weight matrices, we find that the complexity
order of the Silver code is k' = 5, resulting in a complexity reduction of 37.5%.
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Example 3.16 As a second example, we recall the Srinath-Rajan code, originally
proposed in [36] for a 4 x 2-MIMO channel. To the best of the authors’ knowledge,
this is the best performing code known for a 4 x 2 system among codes with the
same complexity order. We recall the construction illustrated in [37], where the
underlying algebraic structure was discovered.

Let L/F be a cyclic Galois extension with cyclic Galois group Gal(L/F) =
(t), and consider a cyclic division algebra C' = (L/F, t, y’). Moreover, let C =
(L/K, o, y) be a cyclic division algebra of degree n, where K # F and to0 = oT.
We requirey € KN Fandy’ € F\K.

For the 4 x 2 Srinath-Rajan code, we make the choices

i) L =QG V5, K =QW5), F=Q(@).
(i) C'=(L/F,t,y")withy’ =i ¢ K and 7 : +/5 — —+/5. This cyclic division
algebra gives rise to the Golden code.
(iii)) C=(L/K,o,y)withy = —lando :i > —i.

Fix the F-basis {61, 62} of L, with 0 = 1 +i(1 —60),6, = 06 € O, where
6= 1+2«/ 3 Codewords are of the form

x0 —o(x1) it(x2) —ito(x3)
x1 o(xg) it(x3) ito(x2)
xy —o(x3) T(x0) —t0o(x])
x3 o(x2) t(x1) tOo(x0)

X =

where x; = x;101 + x;202 with x;; € Z[i].

This code is conditionally 4-group decodable, where 8 real variables need to be
conditioned, and the remaining 8 variables can be grouped in 4 groups of 2. This
can be seen from the structure of the R-matrix, which for this code takes the form

D Ny
D, N
R = Ds N3 |,
Dy Ny
N

where D; are 2 x 2 upper triangular matrices, N; are 2 x 8 matrices, and N is an
8 x 8 upper triangular matrix. This yields a decoding complexity order £’ = 10.
This is a reduction in complexity of 37.5%.

To summarize, we observe that the R matrix allows to directly read the decoding
complexity of a g-group decodable and conditionally g-group decodable code. After
conditioning the last |I"| variables, the variables in each group I'; can be decoded
independently of the other groups. This is summarized in the following result.
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Theorem 3.7 The decoding complexity order of a (conditionally) g-group decod-
able code X with possibly empty subset I is given by

k' =1|T|+ max |T].
I<i<g

Unfortunately, there is a trade-off between the maximum rate and maximum
decoding complexity reduction of space—time codes. The recent work [8] treats
both these questions for multi-group decodable codes by analysing the mutually
orthogonality of matrices in central simple subalgebras of Mat(n, C) over number
fields. The authors show on one hand that there is a lower bound for the decoding
complexity of full-rate n x n space—time codes. They furthermore derive an upper
bound on the number of groups of a multi-group decodable code. We summarise the
results relevant to our chapter in the following theorem. For a more general setting,
see Theorems 7-8 and Corollary 16 in [8].

Theorem 3.8 ([8]) Let X be an n x n space—time code defined by the weight
matrices {B; }izizl, and let S denote the employed real signalling alphabet.

(i) If X is full-rate, then the decoding complexity order is not better than n> + 1.
(ii) If X is multi-group decodable and the weight matrices are chosen from a K -
central division algebra with K a number field, we have g < 4.

3.4.1.2 Fast-Group Decodable Codes

Fast-group decodable codes combine the structure of the block-diagonal R-matrix
with further parallelisation within each of the independent groups. We start with the
formal definition.

Definition 3.19 Consider a space-time code X defined by the weight matrices
{Bi}i.‘zl. The code is fast-group decodable if

(a) Thereis a partitionof {1, ..., k} into g non-empty subsets I', ..., Iy such that
wheneveri € I'y, j € I'y with u # v, the matrices B; and B; are mutually
orthogonal.

(b) In addition, for at least one group I';, we have (q;,,b;,) = 0, where [} =
1,...Li—landlhb =11 +1,...,L; with L; < |I7y|.

Consider a fast-group decodable space—time code X, and denote by I'y, ..., Iy
the groups in which the corresponding symbols can be jointly decoded. Assume
that the variables s1, . . ., sx are without loss of generality ordered according to their
groups, as described above (3.3).

Proposition 3.4 ([19, Lem. 3]) Let X be a g fast-group decodable space—time
code, and let M = (m;j); j be the Hurwitz-Radon quadratic form matrix and
R = (rij)i,j the R-matrix from the QR decomposition. Then, m;j = rij = 0
fori < j whenevers; € 'y, s; € I'y withu # v. Furthermore, each group
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I'; admits to remove L; levels from the sphere-decoder tree if Miy iy, = 0, where
h=1,....,Li—1landlh = 11 + 1,...,L;, with L; < |T'j|. In particular, the
R-matrix takes the form

where the empty spaces are filled with zeros. Each of the matrices R; € Mat(|T';|, R)
is of the form
Ri = |:Dl Bil i|
B;,

with D; € Mat(L;, R) is diagonal, B;, is a square upper triangular matrix and B,
is a rectangular matrix.

Theorem 3.9 The decoding complexity of a g fast-group decodable space—time
code X with real signalling alphabet S is given by

max {|T';|—L;+1}
D(S) = || :

Example 3.17 The authors in [33] construct a 4 x 4 fast-group decodable code based
on an orthogonal space—time code. Codewords are of the form

X1 +ixp +ixys +ixye +ixy7 X7 +ixg +x13 +ixis X3 +ixg +x11 +ixg2 —X5 —ix6 + X9 +ix]0
Yo —x7+ixg —xi3 +ixig x)+ixy +ixis —ixie —ixyg X5 —ixe + X9 —ixio X3 —ixg —xp +ixp
—x3 +ixg —x11 +ixg2 —X5 — iXg — X9 —ix]Q X] —ix2 +ix15 —ixje +ix17 X7 —ixg —X13 +ix14

X5 —iXe — X9 +ix1o —X3 —ix4 +x11 +ix12 —X7 —ixg +Xx13 +ix14 X1 —ix2 +ixys +ixie —ixyy

where x; are real symbols. We refer to the original paper for more details on the
explicit construction. The algebraic structure of this code allows to remove 5 levels
from the sphere decoding tree. In particular, the decoding complexity order is k' =
12, resulting in a reduction in decoding complexity of ~30%.

3.4.1.3 Block Orthogonal Codes

The last family of fast-decodable codes that we treat are block orthogonal codes.
We define this family by means of the structure of the associated R-matrix.
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Definition 3.20 Let X be a space-time code. The code is said to be g-block
orthogonal if the associated R-matrix has the structure

Ry Byp -+ By,
Ry, - By

R= E
Ry

where the empty spaces are filled with zeros and the matrices B;; are non-zero
rectangular matrices. Further, the matrices R; are block diagonal matrices of the
form

with each of the blocks U; ; is a square upper triangular matrix.

Assuming that each of the matrices R; has the same number of blocks k, we can
determine a block orthogonal code by the three parameters (g, k, p), where g is the
number of matrices R;, k denotes the number of block matrices which compose
each matrix R; and p is the number of diagonal entries in the block matrices U; ;.

Example 3.18 The aforementioned Golden code is a (2,2,2) block orthogonal
code. However, as its decoding complexity order is k' = 6 < 8 = k, it is not
fast-decodable by the requirement of a strict inequality as per Definition 3.16.

As an example of a fast-decodable block orthogonal code, we consider the
(2, 4, 2) block orthogonal code from [21]. For a signalling vector (sq, ..., s16), a
codeword is of the form

1000
0-10 0
X =X'(s1,...,s8) + X'(s9, ..., 516),
(81 8) 0010 (59 16)
00 0-1
where
(s1 — 2) +i(s3 —54) 0 (s7 — s8) +i(ss — s6) 0
, 0 (s1 —s2) +i(s4 — s3) 0 (sg —87) +i(s6 — $5)
X'(s1,...,58) = ,
—(s7 4+ 58) +i(s5 + 56) 0 (51 +52) — (53 + 54) 0
0 (s7 4+ s8) —i(s5 + s6) 0 (s1+82) +i(s3 +54)

Remark 3.3 Recall that the property of fast decodability relates to the reduction
in decoding complexity without resorting to suboptimal decoding methods. By
modifying the decoding algorithm used, the decoding complexity of certain codes
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can be lowered. For example, the main algorithm of [35] reduces the complexity
order of the Golden code from k = 6, corresponding to the complexity of ML-
decoding, to k¥’ = 4, while maintaining nearly-ML performance. The algorithm is
specific to the Golden code, but has been generalized to the 3 x 3 and 4 x 4 perfect
codes in, respectively, [2, 17].

In contrast to the previously introduced families, the approach via the Hurwitz-
Radon quadratic form does not capture the complexity reduction for block orthogo-
nal codes. This was recently addressed in [26], where relaxed conditions are derived
for classifying codes into the here treated families of fast-decodable codes. More
precisely, for block orthogonal codes we do not have an analogue of Proposition 3.3
or 3.4 relating the matrix M of the quadratic form to the R-matrix in the QR
decomposition of By.

3.4.2 Inheriting Fast Decodability

Crucial for space-time codes to exhibit desirable properties is the underlying
algebraic framework. Constructing codes for larger number of antennas means
dealing with higher degree field extensions and algebras, which are harder to handle.
We briefly recall an iterative space—time code construction proposed in [25] which,
starting with an n x n space—time code, results in a new 2n x 2n space—time code
with the same code rate and double (lattice) rank. The advantage of this construction
is that when applied carefully, the resulting codes inherit good properties from the
original space—time codes.

As the general setup, consider the tower of extensions depicted in Fig. 3.2.

The cyclic Galois group of L/K is generated by o, i.e., Gal(L/K) = (o), and
we denote the left-regular representation by p : C — Mat(n, L). Let t € Aut(L) be
an automorphism of L, and make the following assumptions:

(y)=y; to=o0T. 3.4

Fig. 3.2 Tower of extensions
for the MIMO example code C= (L / K y 0, ’7)

n

L

Cyclic Galois | n
K

Finite Galois

Q
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By the above assumptions we have tp = pt. Moreover, T can be extended to an
automorphism of C and p(C), respectively, by

n—1 n—1
T (Z eixi) = Zeif(xi); T ((aijij) = (T("ij))i,j'
i=0 i=0

We can now fix an element 6 € C, as well as a Q-automorphism of L, 7 €
Autg(L), and have the following important definition.

Definition 3.21 Let K be a finite Galois extension of Q and C = (L/K, o, y) be a
cyclic division algebra of degree n. Fix 6 € C and T € Autg(L) as above.

(a) Define the function
arg : Mat(n, L) x Mat(n, L) — Mat(2n, L)

X1y [X O]
Y 1(X)
(b) If 6 = ¢ 0’ is totally real or totally imaginary, ' > 0 and ¢ € {£1, %i}, define
the alike function

drp : Mat(n, L) x Mat(n, L) — Mat(2n, L)

X V/O't(Y)
(X’Y)H[x/e/Y T(X) }

The defined maps restrict to C x C — Mat(2, C) by identifying x, y € C with
their representation X = p(x), ¥ = p(y).

Suppose that the algebra C gives rise to a rank-k space—time code X defined
via matrices {B;}*_,. Then, the matrices {ar ¢ (B;, 0), orz,0 (0, B,’)}f=1 (or applying
ar(:, -), respectively) define a rank-2k code

S,'ES}.

We summarise the main results of [25] in the following proposition.

Proposition 3.5 ([25, Thm. 1, Thm. 2]) Let C = (L/K, o, y) be a cyclic division
algebra giving rise to a rank-k space—time code X defined by the matrices {B;};’.‘Zl.
Assume that T € Autg(L) commutes with o and complex conjugation, and further
t(y) =y, t2 = id Fix 0 € KO, where K') is the subfield of K fixed by t.
Identifying an element of C with its left-regular representation p, we have:

k
Xig = Z [sicz,0(Bi, 0) + skyicz,0(0, B)]

i=1

(i) The image I = a.¢(C, C) is an algebra and is division if and only if 6 # z1(2)
for all z € C. Moreover, for any ar(x,y) € I, we have det(ar g(x,y)) €
K,
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(ii) If in addition 6 = 60" is totally real or totally imaginary, the image
I = ag(C, C) retains both the full-diversity and non-vanishing determinant
property. If for some i, j, Bj B;.r + Bj B;r =0, we have

@r.0(Bi, 0)dr0(Bj,0)" +Gro(Bj,0)are(Bi,0)" =0,
@r0(0, B)ar (0, Bj))' + Gr0(0, Bj)ar (0, B))" = 0.

The second part of Proposition 3.5, in particular, states that under appropriate
conditions, fast decodability is inherited from the rank-k space—time code X to the
iterated code Xij;.

3.5 Explicit Constructions

All the notions and concepts introduced in the previous sections lead to this last
part. To conclude the chapter, we focus on explicit construction methods for fast-
decodable space—time codes.

Throughout this chapter, we have provided multiple examples of space—time
codes with reduced ML decoding complexity. Such examples can sometimes be
found by chance, but most often a clever design gives rise to infinite families of
codes with reduced decoding complexity. In the following, we turn our attention
to communication setups for which such general results are known. To the best of
the authors’ knowledge, the constructions presented here are the only general fast-
decodable algebraic constructions found in literature.

3.5.1 Asymmetric Space-Time Codes

Above we have exemplified the 4 x 2 Srinath-Rajan code, the best performing code
for this channel among codes with the same complexity order. Here, we discuss
a methodology for constructing well-performing fast-decodable space—time codes
for the 4 x 2 MIMO channel, offering a reduction in decoding complexity of up to
37.5%.

The motivation behind the following construction is the structure of the Alamouti
code (cf. Example 3.13). As we have seen, the decoding complexity of the Alamouti
code equals the size of the employed real signaling alphabet, ©(S) = |S| (or more
precisely D(S) = 4[S| as we are decoding each of the 4 real symbols in parallel).
Motivated by this observation, it is of interest to study space—time codes which are
subsets of the rings Mat(k, H). This motivates the next result.
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Theorem 3.10 ([40]) Let C be a cyclic division algebra of degree n, with center K
of signature (r, s), r + 2s = m. There exists an injection

¥ : C < diag (Mat(n/2, )" x Mat(n, R)" ™" x Mat(n, C)*),

where each n x n block is mapped to the corresponding diagonal block of a matrix
in Mat(mn, C). Here, w is the number of places which ramify in C.
In particular, C can be embedded into Mat(n /2, H) if

(i) The center K is totally real, i.e., r = m.
(ii) The infinite places of K are ramified in C.

The ramification assumptions of places in the considered algebra are rather
technical, and the interested reader is referred to [40] for further details.

While the above result guarantees the existence of an injection into Mat(n /2, H)
when the conditions are satisfied, it does not make the embedding explicit. This is
achieved in the following result.

Theorem 3.11 ([40, Prop. 11.1]) LetC = (L/Q, o, y) be a cyclic division algebra
satisfying the requirements from Theorem 3.10. Given for x € C an element X =
p(x) € X, where X is a space—time code arising from the algebra C, we have an
explicit map

Y : C — Mat(n,; /2, H)
X+ BPX(BP)™',

where P = (pjj);,j is a permutation matrix with entries

. . AN |
1 lf2)[land]—"2,
pij =731 if2liandj="4",

0 otherwise,

and B = diag(\/|y |, |7, ... V171, l¥D.

We now turn our attention to the 4 x 2 MIMO channel. Given the results
inroduced above, we recall a construction method for fast-decodable space—time
codes for this channel.

Theorem 3.12 ([40]) Let C = (K /Q, 0, y) be a division algebra of index 4, where
K is a totally complex field containing a totally real field of index 2. Assume that

(i) [K:Q]=4,

(ii) y,v* & Nmg g (K*),
(iii) Gal(K/Q) = (o) with 0?2 complex conjugation,
(iv) y <O.
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Let Ox = Zw1 + Zwy + Zw3 + Zwy be the ring of integers of K, and consider
the left regular representation p of x € C, which under the above assumptions can
be written as

x1 Yo (xa) yx3 yo(x2)*
X2 o(x1) yxy yo(x3)*
x3 o(x2) xi yo(xa)*
x4 o(x3) x5 o(x)*

Here, x; = gai—3w1 + g4i—2w2 + gai—1w3 + gawy fori =1,..., 4 withg; € Q
for all j, and * denotes complex conjugation.

For y the explicit map given in Theorem 3.11, Y (I") is a lattice of dimension 16
in Mat(4, C) with the non-vanishing determinant property. For a signaling alphabet
S, codes arising from this construction have a decoding complexity order of 10 <
k' < 16, that is, enjoy a reduction in decoding complexity of up 10 37.5%.

Example 3.19 The MIDOy, code is a space—time code constructed in [40]. It is in
fact a (2, 2, 4) block orthogonal code, constructed from an algebra over the fifth
cyclotomic field Q(¢s). Consider the cyclic division algebra

8
C = (Q(Q‘S)/Qs o, _9> B

where o : {5 — ;“53.

Fix the Z-basis {1 — ¢s, {5 — ¢2, ¢ — £3,¢3 — ¢§} of Ok . Consider a maximal
order I' of C, and ¢ the conjugation given in Theorem 3.11. Under this conjugation,
codewords are of the form

X1 —rzxi‘ —r3o(x4) —ro(x3)*
r2x; xy ro(x3) —r3o(xg)*
X(x1,...,x4) = 3 % 2 %
rx3 —r’x3 o(xy) -—r<o(xz)

rx3 rx;y r2o(x1)  o(x)*

3 1/4
where r = ( 9) and

xi = g4i—3(1 — ¢5) + g4i—2(¢5 — 4“52) + g4i71(§52 - 4“53) + g4i(§53 - 4“54),
o(xi) = gaim3(1 — &) + g4i—2(53 — &5) + gai—1(Ls — ¢§) + gai (L5 — ¢2).

The decoding complexity order of this code is k&’ = 12, resulting in a reduction
in decoding complexity of 25%.

-1 P R S
By choosing the basis { 1, §5+2§5 , & ;5 , & 4§5 } of Ok instead, the decoding

complexity can be further reduced. However, this is no longer an integral basis,
and the price to pay is a smaller minimum determinant, yielding a slightly worse
performance.
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3.5.2 Distributed Space-Time Codes

The second setting we consider is a cooperative communications scenario. More
concretely, we consider the communication of (M + 1) users with a single
destination, where every user as well as the destination can be equipped with either
a single antenna or multiple antennas. In this scenario, enabling cooperation and
dividing the allocated transmission time allows for the M inactive users to aid
the active source in communicating with the destination by acting as intermediate
relays. For more details on the transmission model we refer to [3, 42]. While this
is a more involved transmission scheme, from the destinations point of view it can
be modeled as a virtual MIMO channel. Assume that the destination is equipped
with n, receive antennas. Setting T = n := 2Mn,;, where n; is the number
of transmit antennas available at each transmitter, we get the familiar channel
equation ¥ = HX + N, where X € Mat(n,C) and Y € Mat(n, x n, C) are the
(overall) transmitted and received signals, and the structure of the channel matrix
H € Mat(n, x n, C) is determined by the different relay paths.®

Furthermore, it is discussed in [42] that for this channel model, block-diagonal
space—time codes, that is, where each X € X takes the form

X1
X =diag(Xn)y, =
Xu

with X, € Mat(2n,, C) are good choices for this channel if they additionally respect
the usual design criteria such as non-vanishing determinants. To achieve this block
structure, the following function is crucial.

Definition 3.22 Consider an M-relay channel as discussed above. Given a space—
time code X C Mat(2n,, C) and a suitable function 5 of order M (i.e., n™ (X) = X),
define the function

W, u: X — Mat(2n,M, C)

X > diag {ni(X)]i:; -

nM=1(X)

We begin with the case where n; = 1 and n, > 2. Consider the tower of
extensions depicted in Fig. 3.3, where £ is taken to be totally real, m € Zx; and
a € Z\ {0} are square-free.

6 As remarked in Sect. 3.4.1, the property of fast decodability is independent of the channel. Hence,
we omit details on the structure of the effective channel.
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Fig. 3.3 Tower of extensions ~ .
fo;gthe SIM(‘f))vcode ’ C= (a”ﬂK = (L/K’ g \/a = 7\/6’ ’Y>

construction ‘ 2

2M

Assume that C is division. Let o be the generator of Gal(L/K), and fix a
generator 1 of Gal(K /F).

To have balanced energy and good decodability, it is necessary to slightly modify
the matrix representation of the elements in C, thus for I' C C an order, instead
of representing x = xo + ,/yx1 € I by its left-regular representation p(x), we
define the following similar and commonly used function that maintains the original
determinant,

. xo  —+/—vo(x1)
p:X I:\/_Vxl o (x0) i| . 3.5)

Theorem 3.13 ([3, Thm. 11) Arising from the algebraic setup in Fig. 3.3 with a <
0, y < 0, define the set

. ; M-1

X = {Unn X xepr) = {dlag (v ®),_,

Xe ,5(I‘)}.

The code X is of rank 8M, rate R = 4 real symbols per channel use and has
the non-vanishing determinant property. It is full-rate if n, = 2. Moreover, X is
conditionally 4-group decodable, and its decoding complexity order can be reduced
fromk = 8M to k' = 5M, resulting in a complexity reduction of 37.5%.

Example 3.20 For M = 2 relays and & = v 5, consider the tower of extensions in
Fig.3.4. The algebra C is division [3, Exp. 1].

Let x = xo + +/—yx1 with xo,x; € Op and X = j(x). For (n) = I'(K/F),
define the 2-relay code

. 1
X = {lIJ’IsZ(X)}XEﬁ(OL) - {diag (nl (X))i=0 - [X n(X)H Xe ﬁ(OL)} '
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c=(-3.-%) =(L/Ko: VT V3 -%)

|2

L= K(/73)
|2

! K:Q(ng)
|2

Fig. 3.4 Tower of extensions for the SIMO example code

The resulting code is a fully diverse code of rank 16 with non-vanishing determi-
nants, which is conditionally 4-group decodable having decoding complexity order
kK’ = 10 in contrast to k = 16.

We move on to the case where the transmitter and each relay is now equipped
with n, > 1 antennas. We require that the number of relays is expressible as M =
(p — 1)/2, with p > 5 prime. Let henceforth n, = 2. Assume further a single
destination with n, > 1 antennas, and consider the tower of extensions in Fig. 3.5,
where K = Q(§) = Q7 (¢,) C Q(¢p) is the maximal real subfield of the pth
cyclotomic field, thatis, & = ¢, + ¢ > I anda € 7\ {0} is square-free. Let (o) =
Gal(L/K) and (n) = Gal(L/F).

C=(a,7)g =(L/K,0:\/a— —/a,7)

L= K(Ja)
y K

K =Q()
F =Q(v/a) M

Fig. 3.5 Tower of extensions for the MIMO code construction
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Theorem 3.14 ([3, Thm. 2]) In the setup as in Fig. 3.5, choose a € Z ¢ such that
p = aOk is a prime ideal. Fix further y < Q0and 6 € Ox NR* = Z[E] N R* such
that

ey and 6 are both non-square mod p,
* the quadratic form (y, —0)r = ljy — 6 with l1,ly € L is anisotropic, i.e.,
evaluates to zero ifand only if y = 6 = 0,

and further let T = o. Then, if I' C C is an order, the distributed space—time code

~ . [~ Mil ~
X = {%,M(af,em Y) = diag (0 @ea(X. YD) _ ‘ X.Ye p(r)}

is a full-diversity space—time code of rank 8 M, rate R = 2 real symbols per channel
use (hence full-rate for n, = 1), exhibits the non-vanishing determinant property
and is g-group decodable, with g € {2, 4}. Its decoding complexity order is

O — 4M  ifa =1 mod 4,
2M  ifa # 1 mod 4,

resulting in a reduction in complexity of 50% and 75%, respectively.

Example 3.21 We construct a 4-group decodable code for M = 3 relays, arising

from the tower of extensions depicted in Fig. 3.6, where § = {7 + ¢ and y =
- 1-2P§ ’

In the following, let t = o and (n : £ g2 —2) = I'(L/F). Choose further
0=3(1-&)=1¢6",withf = —1and 8’ € R., and let ppyin(x, &) be the minimal
polynomial of £. With these choice of elements, the conditions from Theorem 3.14
are satisfied.

Fig. 3.6 Tower of extensions .
for the MIMO example code C= (L/K’U PV =V D, _1_?__5)
|2
L= Q( \% _57 5)
|2
3
K=Q()
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Letx € I' C C, and set v = +/—5. We define a space—time code X( consisting
of codewords of the form
X = j(x) = [ X1+ xw -y (x3 +X4a(a)))i| ’
V=Y (03 + xa0) X1+ x20 (@)

where x; € Ok, 1 < i < 4. Next, we iterate Xo with the help of @(-, -) to obtain
the set

I [ x Vo) .
X _{ar,g(X,Y)_[\/e,Y (%) :HX,Yep(F)}

and finally adapt the iterated code to the 3-relay channel by applying the map n,
resulting in distributed space—time code

. 2
X = {%(azf,e(x, ¥)) = diag (1 @eo (X, Y”),_o‘ X.Ye /3(1“)}

The resulting relay code is fully diverse, exhibit the non-vanishing determinant
property and are fast-decodable. More concretely, X is 4-group decodable with
decoding complexity order &’ = 6 in contrast to k = 24, resulting in a complexity
reduction of 75%.

3.6 Conclusions

In this chapter, we have given an overview on the topic of fast decodability of
algebraic space—time codes. Traditionally, space—time codes have been developed
in the context of point-to-point MIMO communications. However, with the devel-
opment of new communication protocols in order to accommodate different types of
applications and devices in modern wireless networks, so-called distributed space—
time codes have recently become a popular subject of research. Due to the nature
of the underlying communication protocols, such codes often exhibit a too high
decoding complexity for practical use. Following the ideas of fast-decodability
of more traditional space—time codes, this chapter aimed at giving an overview
on the subdivision of space—time codes into different families of so-called fast-
decodable codes. Moreover, we were particularly interested in the specific reduction
in decoding complexity offered by these codes.

While crucial for practical implementation, only few explicit construction meth-
ods of fast-decodable space—time codes can be found in literature. In this chapter,
we further recalled explicit constructions of asymmetric and distributed space—
time codes with reduced decoding complexity, accompanied by example codes to
illustrate the presented methods.

With the upcoming fifth generation (5G) wireless systems in mind, the develop-
ment of new constructions of suitable well-performing space—time codes offering
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complexity reduction is crucial for many applications, and opens up an interdisci-
plinary and rich research direction for future work.
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Chapter 4 )
Random Algebraic Lattices and Codes Shethie
for Wireless Communications

Antonio Campello and Cong Ling

Abstract In this chapter we will review classical and recent advances on “proba-
bilistic” constructions for Euclidean lattices. We will then show recent refinements
of these techniques using algebraic number theory. The interest in algebraic lattices
is twofold: on the one hand, they are key elements for the construction of sphere
packings with the best known asymptotic density; on the other hand, they provide
effective solutions to a number of wireless communication problems. We will
focus on applications to fading channels, multiple-input-multiple-output (MIMO)
channels and to information-theoretic security.

4.1 Introduction

The problem of finding the densest arrangement of spheres in R” is a central subject
in the Geometry of Numbers, with a variety of well-established connections to
Coding Theory. Let A, denote the best possible sphere packing density achievable
by a Euclidean lattice of rank n. The celebrated Minkowski-Hlawka theorem (or
lower bound), e.g. [7, 10] asserts the existence of lattices with density

An > ()27 (4.1)

forall n > 2, where ¢(n) = 1 + 1/2" 4+ 1/3" + ... is the Riemann zeta function.
Up to very modest asymptotic improvements, to date this is the best known lower
bound for A, in high dimensions.

No explicit construction of lattices achieving the lower bound is known. Typical
methods for establishing the result rely on random ensembles of lattices and on
mean-value arguments [11, 23]. Rush [20] and Loeliger [14] obtained the lower
bound from integer lattices constructed from linear codes in ]F;l,, in the limit when
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p — oo. A method due to Rogers [19] shows how to obtain packings which
provide an improvement to (4.1) by a linear factor. More recent improvements
entail the construction of lattices with additional (algebraic) structure. For instance,
Vance [25] showed that the best quaternionic lattice improves linearly on (4.1), and
Venkatesh [26] resorted to cyclotomic number fields lattices in order to obtain a
super-linear improvement on the bound.

In the context of communications, the companion problem to sphere-packings is
the one of reliably transmitting information over a Gaussian (AWGN) channel. The
related “unconstrained” lattice problem can be stated as follows: Given a normal
random vector z with entries distributed according to N(O, 02), what is the unit
volume lattice that minimizes the “probability of error”, i.e., the probability that z
leaves the Voronoi cell of A? See Fig.4.1b for an illustration. When o is small,
both problems coincide and dense lattices in low dimensions are also good in terms
of probability of error. In high dimensions, the connection is also understood to
some extent: the same random ensembles used to produce lattices satisfying the

Fig. 4.1 Sphere packing in
two dimensions (a) and an
illustration of error and
“no-error” events (b)

no error

(b)
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Minkoswki-Hlawka lower bound can be used to construct optimal lattice codes with
vanishing probability of error.

Modern communications, on the other hand, go beyond the Gaussian channel and
entails sending information propagated over different media (e.g., fading channels),
using multiple antennas (e.g., MIMO channels) and to various users (e.g., relay
networks). For such applications, it is desirable to enrich the lattices with some
algebraic (multiplicative) structure, often inherited by the properties of number
fields. Interestingly, lattices with precisely the same structure as the ones in the
works of Vance [25] and Venkatesh [26] play a crucial role in some of these
applications. There has been a recent increase in the literature on this relation
and the applications of high dimensional algebraic lattices to various problems. In
this text we provide a glimpse of some of these relations, showing how algebraic
constructions can be advantageous from a mathematical and applications point of
view.

4.1.1 Structure

The objective of this chapter is twofold. In the first part we provide a self-contained
exposition of random lattices and their packing density. In the second part, we
show how such lattices can be applied to building effective reliable and secure
transmission schemes for wireless communications. We will focus on reliable and
secure communications over block-fading and MIMO channels.

The content of Sect.4.2 is fairly classical. We exhibit the original “analytical”
method of finding dense lattices due to Davenport and Rogers, and Rogers’
argument for obtaining the linear improvements depicted in Table 4.1. Further infor-
mation on these and related results can be found individually in excellent references
in the literature, e.g. [7, 19] or [10]. For a more “modern” and “information-
theoretic” treatment on the analysis of random ensembles from codes, one can
consult [28, Chapter 7].

The improvements in Sect. 4.3 are more recent and are not present in textbooks.
We have thus attempted to include them in a general framework so as to pro-
vide a self-contained description. A suitable framework is based on “generalized
reductions”, as recently defined in [4]. In particular, this allows us to recover

Table 4.1 Best

; Dimension r(n) Reference

improvements on the lower

bound neN 2 [11]
neN log(2(e —e~H~1n) [19]
n = 4m log(24e='m) [25]
n=2¢(m) log(2m) [26]

n large 65,963.8n [26]



146 A. Campello and C. Ling

“coding-theoretic” versions of the results in Vance [25] for Hurwitz lattices and
Venkatesh [26] for cyclotomic lattices.

Sections 4.4 and 4.5 are mainly based on [5] and [13]. The objective of these
sections is to provide a glimpse of how random algebraic lattices can be used in
applications to information security of wireless communications.

4.1.2 Summary of Results

Since the work of Hlawka that established (4.4), there have been many attempts to
refine the lower bound, by establishing that

log, Ap > —n +r(n), “4.2)

where r(n) > 0 is an “improvement” term (see Table 4.1). For all known
improvements r(n) = O(logn), with the bound in [26] being slightly better than
previous results (it can produce an extra O (logloglogn) term in r(n)). These
improvements are very modest in comparison to (4.1). On the other hand, there
is no known upper bound of the form r(n) = o(n), as one could expect. The
best available bound on the literature is r(n) < 0.41n for large n. Furthermore,
if one considers more general (non-lattice) packings, there is experimental evidence
that linear (®(n)) improvements in log A, (i.e. exponential improvements on the
density) are possible.

For the communications problem, the asymptotic behavior of lattices (and even
non-lattices) as n — oo is much better understood. A result due to Poltyrev
[18] shows that any sequence of lattices A, Aa, ... of increasing dimension and
vanishing probability of error must satisfy

lim suplog V(A)!/" > log(2mea?), (4.3)
n—>oo

and the bound is achieved by random lattices [14]. Explicit constructions that
achieve the bound have been recently found [27]. It is perhaps surprising that,
in terms of packing density, these construction are very far from the Minkowski-
Hlawka lower bound.

4.1.3 Notation

The Euclidean norm of a vector x € R” is denoted by ||x|| = (xf +...+ x%)lﬂ.
The ball of radius r in R” is denoted by B! = {x e R" : |[x|| <r}. A lattice A
is a discrete additive subgroup of R”. Denote by span A the minimal subspace of
R”" that contains A. The rank of A is defined to be the dimension of span A. The
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quotient (span A)/A is compact, and its volume, denoted by V (A), is said to be the
volume of A. It is also the volume of the Voronoi cell

Va={xespan A:|x|| <|x—y| forally € A}.

The first minimum A1 (A) of A is the shortest Euclidean norm of non-zero vectors
in A. In general, the i-th minima of A are defined as

Ai (A) = min {r : dim (span {B;’ N A}) = i} )
The packing density of a rank m lattice A is defined as

vol B}! ,

In general, if A can pack a measurable set S (i.e., the translates of S by vectors of
A are disjoint), then its packing density or efficiency can be defined as the ratio

vol S
V(A)

4.2 Classical Methods

According to a translation due to Gruber [10], Hlawka described his proof of the
lower bound as follows: “(...) consider the problem of catching fish of given length
from a pond. Making one haul, one may catch such a fish only by chance. For this
reason it makes sense to catch many fish, hoping that a fish of the desired length is
among them. In probability theory this is called a random sample.”

This description refers to the probabilistic method of analysing a random
ensemble of lattices rather than individual instances. The method is nowadays
well-established and widely used for a variety of discrete problems, including
sphere-packing. Four years after the publication of Hlawka’s proof, Shannon [22]
used the probabilistic method, or “random coding” in the information theory jargon,
to establish the existence of capacity-achieving codes. The resemblance is not
incidental: as observed later by several authors [14, 18], and as we will see later, the
Minkowski-Hlawka random argument essentially implies the existence of capacity-
achieving codes for the Gaussian channel.
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4.2.1 Random Lattices
4.2.1.1 Overview

In a nutshell, the analysis of the packing density is done indirectly by analyzing the
lattice point enumerator. Suppose S is a convex set (for example, a ball), and let

Ns(A) = #(A\{0}NS)

be the number of non-zero lattice points in S. If Ng(A) = 0, then the translations
of the set S/2 = {x/2: x € S} by points of A are disjoint or, in other words, A can
pack S/2. This packing has density

vol §/2  vol§
V(A)  2"V(A)

However, finding a lattice with small (or zero) Ns(A) is usually hard. Therefore,
we opt to analyse the average behaviour of Ns(A) over a sufficiently large family
of lattices, say L, and guarantee that Ep [Ng(A)] is small.

These are the essential ideas for the establishment of the bound (4.1). The main
differences between the various proofs in the literature is in the way of constructing
LL. We present below a method due to Davenport-Rogers, which can be found in
classical textbooks like [7]. An ensemble proposed by Loeliger [14] is particularly
popular in applications, due to its relation to classical error-correcting codes. We
will describe it in a generalized way in Sect. 4.3.4.

In what follows, we adopt the “information-theoretic” terminology in [28, Ch. 7]
for random lattices. We say that a collection of lattices LL of the same volume V > 0
is a Minkowski-Hlawka-Siegel (MHS) ensemble if:

1S
EL [Ns(A)] = VOV , 4.4)

for any measurable set S (in the sense of Jordan). Such an average implies the lower
bound 1/2"~! in the following way. From (4.4), it follows that it must exist at least
one A € L such that N (r) < (¢(m)V)~'vol B,, where B, denotes a ball of radius
r. Now if we force the right-hand side to be equal to 2(1 — ¢), for some small ¢ > 0,
then, since a lattice has at least two minimum vectors, we must have N (r) = 0.
Therefore A can pack balls of radius r/2; rearranging the terms gives us density:

_2(1—¢)

A on—1

which is, up to ¢, the Minkowski-Hlawka bound. If A is a lattice with a guaranteed
number of minimum vectors (say, L) we can, by similar arguments, achieve density
L(1 —¢g)/2M.
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Rogers-Davenport Proof Before stating the proof, we recall some facts about
measurable sets. Notice that if S C R” is a measurable set (in the sense of Jordan),
then its volume can be calculated by discretizing it with fine scalings of the Z"
lattice, which gives us the formula:

vol § = lim (Ns(ﬁ—lz")ﬁ—") . 4.5)

Also notice that we can calculate the volume of S by slicing it into parallel
hyperplanes and making the distance between successive hyperplanes tend to zero.
For instance, consider

H:{(xl,...,xn)eR":x,,=0},

with normal vector e, = (0, ..., 0, 1). We have:
vol S = lim Y~ p~'vol, 1(S N (H + zey)), (4.6)
pP—>00
zep~1Z\{0})

where vol ,_1(S N (H + ze,) denotes the volume of the (n — 1)-dimensional sets
SN (H + ze,) (i.e., its (n — 1)-dimensional Jordan measure in the space H + ze,).

With the above facts in mind, Rogers-Davenport construct the random ensembles
Ly, p > 0, as follows. For a number p > 0 and a vector u € R~ in the cube
[0, p!/m=1y=1 define the lattice

A, p) = v )+ 1 o7 s x D e 2

In other words, A (u, p) is the lattice generated by the columns of

ol 0 0 ... 0 0
0 pr1 0 ... 0 0
el .

: U
0 0 0 ..pi 0
up U2 U3 ...Up—1 P

1

We then define the ensemble

L, = {A(u,p):ui cl0, p"/" fori=1,...,n— 1}. 4.7)
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Suppose a lattice in L, is chosen by picking a point u in the cube uniformly at
random. We have the following:

Theorem 4.1 The ensemble defined in (4.7) satisfies

vol S

Jim By, INs(MT =,

(4.8)

Proof By scaling A appropriately we can suppose without loss of generality that
V =1.Let C, = [0, p!/=D)1=1 be the cube with side-length p!/"*~ and volume
p. For p sufficiently large, since S is bounded, there is no point in S of the form
(p"/=Dx, z), with x € Z" !\ {0}. The average of Ng over the ensemble is thus
given by:

1 1
/NS(A(U,P))dU= > /NSD(H+pzen)(A(“sP))du
P Jc, cezvoy P I Co

1
=y NSA(H + pzen)—pzes (A (W, p))du
zeZ\{0} p Cp

= D p Volum1 (SN (H + pzen)) — pzen)

zeZ\{0}
= D P volu i (SN (H + pzen))).
zeZ\{0}
From (4.6), the last equation tends to S as p — oo, finishing the proof. O

The limit in Theorem 4.1 is slightly weaker than Eq. (4.4), and it allows us to
recover the Minkowski-Hlawka lower bound (4.1) up to a factor (say) (1 — ¢) in the
numerator, for any small (but positive) €. To obtain the bound with ¢ = 0, we can
resort to a compactness argument due to Mahler [7]. We omit the details.

Note that the lattice point enumerator

Ns(A)= Y 1s(x) (4.9)

xeA\[0}

can be replaced by the sum of any integrable function (in the sense of Riemann)
that vanishes outside a compact set, with essentially the same proof. In this case we
obtain

Bl Y, f®]= V_I/Rnf(x)dx. (4.10)

xeA\{0}

As observed by Siegel [23, Rmk. 1, p. 346], the theorem can be further
generalized to integrable functions that decay sufficiently fast with the norm of
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x. A sufficient condition is that f(x) decays faster than the harmonic series, i.e.
f(x) < ¢/(1 + [x|)"*, for constants ¢, 8 > 0. A function of particular interest

. . . .. . _ 2
satisfying this condition is f(x) = e 7I*I
lattice is known as its theta series

CRGED I

XEA

for T > 0, for which the sum over a

The average behavior of the theta series becomes

n/2
EL[OA(T)] = V! (Z) 1. “.11)

As the dimension increases, for a fixed volume V, the point T = 7 corresponds to
a phase transition. If t > 7 the theta series vanishes when the dimension increases,
whereas for T < 7 grows unboundedly.

4.2.2 Primitive Points

The extra term ¢ (n) in the enumerator of (4.1) is obtained by considering primitive
lattice points. A lattice point X € A is said to be primitive if the equivalent
conditions hold:

1. x is part of a basis for A

2. x is visible from the origin, i.e. the line segment {Ax : A € (0, 1)} contains no
point of A.

3. The greatest common divisor of the coefficients of x when written as a linear
combination of a basis for A is equal to one.

An illustration of Condition 2 for the Eisenstein lattice (cf. Sect.4.3.1) is given
in Fig. 4.2. It is perhaps surprising that the “fraction” of primitive vectors of a lattice
is very close to 1, even for small dimensions (the precise number is 1/¢(n), which
tends to 1 very quickly as n — 00). Loosely speaking, in high dimensions almost
any lattice point can be extended to a basis for A.

Statements on the sum of non-zero lattice points can usually be translated into
statements for primitive points by means of the so-called M&bius inversion, namely:

Y =" rew,
r=1

xeA’ xeA\{0}

where p is the Mobius function (cf. [7]) that satisfies the identity
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Fig. 4.2 Primitive (black)
points in the Eisenstein
lattice. Non-primitive points o o o B o
are depicted in red. Black
points are visible from the
origin, whereas red points B . o o
have at least one other lattice
point blocking the view

For simplicity of the statements, and in order to highlight the main ideas of the
theorems, we omit the analysis of primitive points.

4.2.3 Linear Improvement

Rogers was the first author to obtain a linear improvement on the Minkowski-
Hlawka theorem [19]. Instead of only looking at the packing radius directly, a new
insight in Rogers’ method is that the Minkowski-Hlawka theorem actually tells us
more information about the successive minima of a lattice.
Let us define the successive densities of a lattice as
vol By a2

Ai(N) = V(A)

di=1,...,n, 4.12)

where A; (A) are its successive minima. Notice that A; (A) is not strictly speaking a
“density” and it may in principle be greater than 1 fori > 2. However the following
lemma (which we refer to as Minkowski’s lemma), states that from a lattice with
good average i-th densities we can construct a lattice with good density. We present
a “matrix-based” proof below.

Lemma 4.1 (Minkowski) Let A be a rank n-lattice with
n I/n
(]_[ A,»(A)) =34. (4.13)
i=1

Then_there exists another rank-n lattice A with packing density A(A) =
A1(A) = 6.
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Proof Let vi,...,v, € A be linearly independent vectors that achieve the
successive minima (||v;|| = X;(A)). Let Q be the matrix whose columns are the
Gram-Schmidt orthogonalization of the vectors v; and D = diag(1/A1, ..., 1/Ay).
We claim that

A={y=0Q0'D0Ox:xeA} (4.14)

satisfies the conditions of the theorem. To calculate the first minimum of 1~\, we first
write

Ilyll? = x' Q' D*Ox = w' D*w > [[w||> 3, 2,

where w = Ox and k is the smallest index such that wy # 0 and w; = 0 for
Jj > k. Notice that by construction x is linearly independent of vy, ..., vx—1 and
thus ||x]| > Ag. Therefore A1 (A) > 1, with equality achievedbyy = Q" DQv; € A.
The density of A is thus:

vol BM([\)/2 vol By» _

AA) = = (1(A) . A (D))
V(A) " V(A)
O
Theorem 4.2 For any ¢ > 0, there exists a lattice A with
n I/n
2 1—
[Jaw) = né(m)(1 &) (4.15)
. e(l1—e™)
i=1
Proof Consider the radial function f : R" — R,
1 if |x|| < re-—m/n
—J1 Iy - 1- 1
fo=11! —log( x ) if x|l € (re(=m/7 pel/n |
0 otherwise
Let vi,...,v, be vectors achieving the successive minima. Notice that if we

guarantee that v; are in the spherical-shell given by Condition 2 in the definition
of f, then

Y fwn=1 —1og(“";} A"),
i=1

therefore upper-bounding f is the same as lower bounding the product of the
minima (and consequently the successive densities). That is precisely the proof
strategy we will follow.
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Integrating f using hyperspherical coordinates, we get

e(l—e™)
/ fXdx =r"V, . (4.16)
R n
From Theorem 4.2, there exists A such that
Yofwn=2) fv)< Y. f®< f S X). (4.17)
i=1 i=1 xeA\{0} R"

Now if we choose r such that the right-hand side of (4.16) is lesser or equal than
2(1 — ¢), we conclude that

Y fe =1 —log<n";} M) <1,

i=1
therefore Aj...A, > r". Rearranging the terms and using the definition of
successive minima gives us the bound. O

Again, we can remove the factor (1 — €) in the above Theorem by a compacity
result due to Mahler. In the proof of Rogers notice that Eq. (4.17) uses the fact that
A is closed under reflexion in the origin, i.e., under the action of the multiplicative
group {1, —1} ~ C,. This raises the natural question whether lattices with a
larger symmetry group could improve the bound. This is precisely the nature of
the improvements of [25] given in the next section.

4.3 Random Algebraic Lattices

In what follows we describe three examples of important families of lattices and
their sublattices.

4.3.1 Eisenstein Integers Z|]

As an illustrative example, consider the ring of Eisenstein integers

Zlwl={a+bw:a,b e Zlwl},
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where @ = (—1 + i+/3)/2. It has the largest unit group %/ among all complex
quadratic ring of integers. Indeed, U is the cyclic group of order 6 given by

U= {il,:l:w,:l:w2},

with primitive elements —w and —w> = w + 1. We have Z[w]Q = Q(~/—3) c C.
A Z[w]-lattice is a free Z[w] sub-module of C" with a free basis {b1, ..., b,} which
generates C" as a vector space over C. A Z[w]-lattice is closed under multiplication
by Eisenstein integers and, in particular by elements of 2. Indeed, the group U acts
freely on the set of elements of the same norm, which means that each “layer” of a
Z|w]-lattice contains at least 6 vectors.

The trace form tr(x, y) = xy induces a Hermitian inner product in the complex
space C", where y stands for the conjugate of y. We define the k-th complex
minimum of an Eisenstein lattice as

A}{C(A) = min !r : dimg span !x eA: \/tr((x, X)) < r} = k} .

In other words, )»}(C is the minimum value such that the ball of radius r contains k
linearly independent vectors over C.

Example 4.1 The exceptional lattice E¢ [8, p. 126] produces the densest packing in
RO [3]. It is generated by the vectors (6, 0, 0), (0,6,0) and (1, 1, 1) in C3, where
0 = i+/3 = w — @. Its three complex minima are equal to +/3 and achieved by the
basis vectors.

Sub-lattices Ideals p C Z[w] produce complex sub-lattices of Z[w]. For instance if
a € Zlw] with N(a) = aa = p arational prime, then the quotient Z[w]/ {(a) ~ .

4.3.2 Cyclotomic Lattices

Let K = Q(¢) be the cyclotomic field of degree n = ¢(m), where ¢ is a n-th
root of unity. A cyclotomic lattice in K? is a Z[¢]-module. It can be embedded in
R”" from the cyclotomic embeddings o;(¢) = ¢'. Multiplication by elements of
Z[¢] translates into multiplication by a diagonal matrix in R”. Indeed, if A is a
cyclotomic lattice, u € A and a € Z[¢], then

D, o(uy)
D, o (uz)

o(au) = (Dy ® I (u) = § o
D, o (uyr)

where D, is the diagonal matrix with elements o1 (a), ..., on(a).
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The following simple observation is key to the results of Venkatesh [26].

Proposition 4.1 A cyclotomic lattice of degree n = ¢ (m) has at least m distinct
shortest vectors.

Proof Letu € A be a vector of Euclidean norm r, where A is a Z[¢]-lattice. The
vectorsu; = ¢'u,i =0,...,m — 1 belong to A and have Euclidean norm:

o ()2 Z Joscw|* = |o, @12 oy |

- Z o] = llo @i = r2.

This shows that the group of cyclotomic units acts freely on the “layers” of A and
proves the assertion of the proposition. O

Indeed, ¢ (m) of such vectors (corresponding to the distinct primitive roots of
unity) are linearly independent over R, i.e., the set of vectors of minimum norm of
a cyclotomic lattice generate R, This property is referred in the literature to as
well-roundness.

Example 4.2 1f { is a p-throot of unity, and b; = (1— ) Z[¢]is the ideal generated
by (1 —¢)’, the lattice obtained by embedding b; in R” ~lis called Craig’s lattice,
denoted by Ag)_l. If i is choosen to be [ = |[n/2log(n + 1)], a Craig’s lattice has

1
A (A) 2t n
V(A (p+D = \/logn <\/27re * 0(1)> '

ratio:

From this we obtain
log, A 2 —(1/2)loglogn.

This is considerably weaker than (4.2) for high dimensions, but impressive for such
a simple construction.

Sublattices Similarly to the Eisenstein lattices, one can construct ideal lattices with
quotient equivalent to ¥, as follows. Let p = 1 (mod ¢ (m)). The ideal pZ[{] can
be factorized into ¢ (m) distinct prime ideals py, ..., Py (). For instance, a prime
can be factorized from the factorization of the corresponding cyclotomic polynomial
modulo p. For any of these ideals we have Z[{]/p; ~ F

The square of this number is known as the Hermite constant.
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Remark 4.1 This construction can be generalized to any (totally real or CM) field
K, by considering its ring of integers Ok and a prime ideal p above a prime that
splits.

4.3.3 Lipschitz and Hurwitz Lattices

The quaternion skew-field H is given by

H={a+bi+cj+dk:a,b,c,d e R},
with the usual relations k = ij, i? = j* = —1 and ij = —ji. It has
an Hermitian structure by considering the inner product (x,y) = xy, where
a+bi+ (c+di)j = a — bi —cj — dk. The skew-field of quaternions can be
identified with R* under the natural mapping

o(a+bi+cj+dk)=(a,b,c,d) eR? (4.18)

with usual inner product. Lattices in H” can be constructed from orders in H.
An order in H is a Z-lattice which is also a subring of H. A “natural way” of
constructing an order in H is by taking

L={a+bi+cj+dk:a,b,c,del}.

This corresponds to the set of Lipschitz integers. This order is, however, not
maximal, i.e., it is strictly contained in a bigger order. The Hurwitz order H is the
maximal quaternionic order defined by:

H={a+bi+cj+d-1+i+j+ij)/2:a,b,c,del}.

By considering the mapping (4.18), the orders L and H correspond to Z-lattices
in R*. Indeed, o (L) = Z*, whereas o (H) = Dy is the checkerboard lattice in
dimension four [8, Sec. 7.2]. The Lipschitz order £ has index 2 over the Hurwitz
order H.

Alattice in H™ is called a Hurwitz (resp. Lipschitz) lattice if it is a H left-module
(resp. L-module). Hurwitz lattices are, in particular, invariant under multiplication
by elements of the Hurwitz unit group

H* = {1, +i, £, 2k, (1 i+ j £k)/2},

which has order 24. Similarly to cyclotomic lattices, the units ™ acts freely in the
set of vectors of the same norm of a Hurwitz lattice A € H, meaning that each shell
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has at least 24 vectors. The matrix-representation of a quaternion x + yj, x,y € C

is given by
X =y
yx )

The reduced norm nrd of a quaternion is the discriminant of the corresponding
matrix. We have

nrd(a+bi+cj+dk)=a2+b2+c2+d2.

Sublattices One can consider (left) ideals in H to construct sub-lattices. For
instance the sublattice corresponding to pH, where p is a prime, has index p* in H
and

where M (F ) is the ring of matrices with entries in IF,,. A possible ring isomor-
phism is obtained by setting

10) ... (0-1 o (a b
¢>(1)=(01),¢>(1>—(1 0 ) andas(])—(bgm _a),

where a and b are two integers such that a*> + b> = —1 (mod p). Notice that such
an isomorphism preserves the residue class of the reduced norm, i.e. nrd(x) =
det¢ (x) (mod p), for any x € H.

4.3.4 A General Construction

It is possible to define a general construction that may be specialized in various
ways and subsumes a number of constructions in the literature. We first recall the
definition of a linear code.

Definition 4.1 Let IF;, be a field with p elements, where p is a prime or a prime
power. A k-dimensional vector subspace C C IF’;, is called a (linear) code with
parameters (n, k, p) (or simply an (n, k, p)-code).

Let A be a rank m lattice and let n < m be an integer. We define a reduction as
follows:

Definition 4.2 Let ¢, : A — [, be a surjective homomorphism. Given a linear
code C, its associated lattice via ¢, is defined as

Ap(C) £ ¢,1(O).
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It is not hard to see from the above definition that A,(C) is indeed a rank-m
lattice. The reduction nests A, (C) between the base (fine) lattice A and the kernel
(coarse) lattice A, = ker ¢,,. This definition generalizes the idea of lifting a code to
the Euclidean space by shifting the codewords through vectors of pZ", the so-called
Construction A.

Example 4.3 By considering A = Z", A, = pZ" and ¢, the componentwise
reduction modulo p we recover the so-called Construction A, which was used by
Rush [20] and Loeliger [14] to construct dense packings. Various important lattices
can be built via Construction A. Most of the works on applications of lattices to
communications hugely rely on Construction A [28]. See Fig. 4.3a for an illustration
of ¢3.

Example 4.4 By replacing the ring Z by the ring of integers of a number field, we
enable a number of different constructions. As an illustration, let Q[+/13] be the
quadratic field with ring of integers Z [1], where u = 1+§/13 . The rational prime
3 = —pup splits and the ideal p = pZ[p] is such that Z[u]/p ~ Fz. With a slight
abuse of notation, define

¢p(x) = (x (mod p), x (mod 1)),

where the modulo-u operation identifies a point with its representative in Z[u]/p,
which can be chosen to be in {—1, 0, 1}.

We have ker ¢, = 3Z[u]. Let o (x) = (x, x) be the embedding of x in R2. One
possible full set of representatives for the quotient Z[u]/3Z[u] ~ IE‘% is

0% 0,002 ©,0.1% 0D a1, -1% 1.1 —a.,
g ¢p g ¢1)
w—> W,u)— O,D, (u+1) > w+Lpu+tl) — (1,1,
- O ¢1) o ¢p

W=D pu-Lu—1D D L0 (cu—1D S (T u—1 25 (—1,1).

The pre-image by ¢3 of a code spreads its corresponding representatives along R?
(Fig. 4.3b).

Example 4.5 (Natural Reductions) In general, from any starting lattice A we can
find a “natural” reduction to IE";, as follows. Given a basis x1, .. ., X, for A, take ¢,
to be the linear mapping defined by ¢, (x;) = e; € I, where e; is the i-th canonical
vector (0,...,0,1,0,...,0) € IE";, Itis clear that ¢ is surjective and ker ¢, = pA,
therefore the associated sequence of reductions is non-degenerate. This provides a
systematic way of constructing good sublattices of a given lattice.
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.................... -
(-1,1) io,1) (1% V]
x x x

(-1,0) @0 (1,0
x x x x x x

1)

®
=
®

-{1,1) (0.-1) (1,-
x x x

e i i

(a) (b)

Fig. 4.3 Constructions from different base lattices and ¢3. Blue dots represent the fine lattice A
and red dots represent the coarse lattice ker ¢3. (a) Z-lattices (Example 4.3). (b) Z[u]-lattices
(Example 4.4)

The advantage of a reduction is that we can exploit properties of linear codes
over " and, as it turns out, random codes over IF,, are well behaved. This was
recognized by Rush [20] and Loeliger [14], that showed from two different methods
that the existence of certain codes over IF,, implies the existence of good lattices.

Letg: IF;’, — R be a function and define g*(S) as the sum of g over all non-
zero points of S. Let C be a code chosen at random from all codes of dimension k. It
was proven in [14], from a simple counting argument, that the average of g assumes
the simple form

Elg* (O] = (p" — 1)/(p" - Dg* (). (4.19)
Now let
L, = {BA,(C) : Cisan (n, k, p) — code} (4.20)

be the ensemble of all lattices associated to codes of dimension k, normalized to
volume V (i.e., B = Vl/’”/(p"_k V(A)'/™). The uniform distribution on the set of
codes induces a uniform distribution on L. In order to push Eq. (4.20) from codes
to lattices, we need to impose some restrictions on the reductions.

Definition 4.3 A sequence of reductions (¢ ,,j)?ozl, oA — F;j , with increasing
primes p; < p2 < --- is said to be non-degenerate if

MAp) = epl,
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for all j some constants ¢, « > 0. Similarly, the sequence of associated ensembles
(Eq. (4.20)) is said to be non-degenerate.

Non degeneracy is indeed very mild and can be satisfied by the “natural”
reduction in the previous examples. For the following theorem, let # be an infinite
subset of the prime numbers.

Theorem 4.3 If (¢) pep is a non-degenerate sequence of reductions and L., are
the corresponding ensembles, then

lim B, [N, (A)] =V 'vol B,.
p—>00
Proof

E[N5, (BA)] =E[Ng, (BAp ] +E[Np, (BA(O\BAp)].

Under the hypothesis, the first term tends to zero as p — oo. The second term,
using Eq. (4.19) for g(x) = 13, (d);l({x})), is equal to

vol B,

E[Np, (Ap(CO\NAR)] = (p* — D/(p" — DNg, (BA) — v

where the last limit is obtained by applying a linear transformation to Eq. (4.5). O

From the above theorem and standard arguments, viz. Section 4.2, one can
establish the existence of lattices constructed from any reduction ¢, approaching
the lower bound.

Matrix Rings For the case of Hurwitz lattices (and more general orders over
Division Algebras), as seen in Sect. 4.3, the “natural” underlying alphabet in the
reduction is the ring M, (F,) of n x n matrices with entries in IF,. In these cases,
a version of Theorem 4.3 over matrix rings is preferred. Such a theorem can be
derived from the following Lemma 4.2 on random codes over matrix rings. Let R
be a finite ring and R* its units. Denote by (R")* the set of vectors in R” such that at
least one coordinate is a unit. A linear code in C C R” is a free R-submodule of R"
(with the natural scalar multiplication). Let g : R" — R be non-negative function.
For a code C, we define g*(C) = > .ccnr)y- 8(¢)-

Lemma 4.2 ([4]) If Cp is the set of all codes of rank k, and a code is chosen in C
uniformly at random, then

k
IR

* R * 7
ﬂﬂmfmmﬁ@)
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From this construction, and from a Rogers-like argument [25], it is possible to
show the existence of Hurwitz lattices with real dimension 4m and density As, >
24m /2, improving the results in Sect. 4.2.3.

4.4 A Glance at Applications to Wireless Communications

Up to now, we have only considered the problem of finding dense sphere-packings.
As briefly described in the introduction, this problem is related to the one of finding
good codes for the transmission of information over wireless media. This relation is
well-established and can be interpreted via the Minkowski-Hlawka theorem.

In this second part of the chapter, we will show how the techniques considered
previously, and the lattices constructed in Sects.4.2 and 4.3 can be used in
applications to wireless communications. In particular, we will show how algebraic
lattices can be used to achieve the capacity of several communication channels.

Readers are referred to [24] for background of wireless communications. Prac-
tical design and applications of the proposed codes require more research in the
future. See [6] for a code design based on a combination of algebraic lattices and
polar codes.

4.4.1 Infinite Constellations
4.4.1.1 Classic AWGN Channel

The Gaussian channel problem can be described as follows. A signal, represented by
avector x € CT is to be sent to a receiver through a noisy channel. One of the most
fundamental way of modeling the noise is by supposing that it is additive and each
entry is independent distributed according to a Gaussian distribution. The observed
vector by a receiver after T slots of transmission (or “channel uses”) is given by:

Yy=Xx+w,

where w is a noise component, whose entries are iid, circularly symmetric Gaussian
with variance 61% per complex dimensions. The objective of the receiver is to recover
x with high probability, given the observation y.

Infinite Constellation Problem First assume that the possible transmitted signals
can be any point in a lattice’> A C C”. One possible strategy is to find the closest
lattice point to y and declare it as our estimate. This decoding strategy is usually

2Notice that in this part we consider complex lattices, since C” is the typical ambient space in
applications to wireless. The results in the previous sections can be “adapted” to complex lattices
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known as lattice decoding. The probability of error of lattice decoding is given by
Pe(A) = P(W & Vi), (4.21)

where V is the Voronoi cell of A (we recall Fig.4.5a in the introduction for an
illustration). If the volume of V, is sufficiently large and its points are sufficiently
separated apart (in comparison to the noise variance auz]) we can clearly distinguish
between each signal. However this strategy wastes too much volume. A more
significant problem is the following: Given a target probability of error P, what
is the lattice that achieves P, with the minimum possible volume? Conversely, one
can ask, for a fixed a volume, what is the lattice that minimizes P,(A)?

Another possible decoding strategy is to only decode points which are uniquely
contained in a sphere of radius r (a threshold radius to be determined later). This
strategy unveils the relation between the probability of error of a “random” lattice
and the Minkowski-Hlawka theorem 4.1.

Proposition 4.2 (Lemma 7.7.1,[28]) Let S be a sphere of radius r. The probability
of error of a lattice is upper bounded by

Pe(A) = P(W ¢ 5) + Ew [Nsyw(A)],

where Nsiw(A) is the lattice point enumerator (4.9).

Therefore, a bound on the probability of error can by obtained by bounding the
lattice point enumerator. But the average behavior of Ng;w(A) over an ensemble of
lattices L is well-known from Theorems 4.1 and 4.3. The radius r can be choosen
to be slightly greater than VTo2, which guarantees that the probability that w ¢ S
vanishes as the dimension increases.

We are particularly interested in high-dimensional signals, i.e., when T — oo is
large. In this case, from the above proposition we can deduce a result firstly proved
by Poltyrev [18] that establishes that a vanishing probability of error is possible for
a sequence of lattices A, Aa, ... with

Tlim sup log V(AT)I/T > log(neaz).
— 00

Notice the slight difference between the above equation and (4.3), due the use of
complex dimensions.

We will say that A1, A, ..., is AWGN-good if its probability of error vanishes
with log V(A)!/T — log(rea?). The quantity

ya(@) = V()T jo? (4.22)

in a natural way. For instance, a complex full-rank lattice in C” can be naturally identified with a
lattice in R", for n = 2T.
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is usually called the volume-to-noise ratio (VNR) of a lattice, with respect to noise
o. Poltyrev’s result can then be re-written as log yx (o) — logme.

4.4.1.2 Compound Channel Model

Another, more general communication scenario arises when transmitting informa-
tion using multiple antennas, through an unknown channel. After one channel use,
the vector observed by a receiver can be modeled as follows

y=Hx+w, (4.23)

where H is a fixed matrix with dimensions n x m, and w is again a circularly
symmetric Gaussian noise. In typical applications, the channel matrix H is known
to the receiver but not known to the transmitter. After 7 channel uses, the channel
equation can be written as:

Y =H X +W (4.24)
—_ —— = =
nxT nxm mxT nxT
or in vectorized form
y = H x + w, (4.25)
_— = = =~
nx1 nxmT mTx1  nTx1
where
H
H
H=1Ir H =
H

is a block-diagonal matrix.

Infinite Compound Channel Model Again let us suppose that the transmitted
signal x is in a lattice A C C"T. The probability of error is denoted by P.(A, H),
and corresponds to the probability that w leaves the Voronoi cell of the transformed
lattice HA.

If H were known by both the transmitter and receiver, it would be possible
to design the lattice H™!'A, that completely ignores the effect of A. However
multiplication by H™! changes the volume of A to

volH 'A = D x vol A,
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where D = +/detH™H and H' is the Hermitian transpose of H. Therefore it follows
that with this strategy, according to the Poltyrev limit, the smallest possible volume
for a lattice to have vanishing probability of error can be calculated as:

log VAH ' M)/ = logdetD!/"T +1log V(A)'/"T

1 (4.26)
> log(neaz) T log D.
n

However, the assumption that H is known by a transmitter is very strong. It is
perhaps surprising that even without this assumption, it is possible to design a
sequence of lattices achieve the bound (4.26). In what follows, we will explain
a construction with vanishing probability of error for any matrix H with fixed
determinant D = +/detHH.

4.4.1.3 Block Fading Channel

In the block-fading channel, the channel matrix H in Eq. (4.24) is diagonal, with
dimension n x n. Note that here “block fading” means n parallel channels, all of
which are fixed during a time interval of length 7. Our objective is to design a
lattice A € C"7 so that the probability of error P, (A, H) vanishes simultaneously
for all H of the same determinant. For the following definition we recall that, from
the definition of the volume-to-noise ratio (VNR) we have

|detH|Y/"V (A)Y/1T

y'}‘[A (Gw) = 2
Gw

Definition 4.4 (Fading-Good Lattices [5]) We say that a sequence of lattices A
of increasing dimension n7T is universally good for the block-fading channel if
P,(A,H) - 0as T — oo for any VNR

YareH)A(ow) > me

and all H with |detH| = D

In order to build lattices for the block fading channel, we resort to the generalized
Construction A over Ok, as in Sect.4.3.2 (see also the remark at the end of the
section). In this case, we choose a totally complex (CM) number field K /Q(i)
(or any other quadratic base field), of degree equal to » matching the number of
rows/columns of matrix H.

Let p C Ok be a prime ideal above p with norm p®. Then Og /p ~ I ,¢. The Ok -
lattice A associated to a linear code C C IF[TJZ can be described using a convenient
notation as:

Ak =c+yp'. (4.27)
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Fig. 4.4 Handling an
ill-conditioned channel
realization by the
quantization of the channel
space

The associated real lattice A (C) will be then obtained by applying the embeddings
of K in AX(C). Notice that this construction suits the generalised reductions as in
Sect.4.3.4, and therefore can generate lattices which satisfy the Minkowski-Hlawka
theorem. One advantage of the following construction is that it can “compactify”
the set of possible matrices with fixed discriminant H due the group of units of
K and a theorem of Dirichlet. In other, words, for any matrix H with discriminant
D it is possible to find E and U such that EU = H and A(C) is invariant under
multiplication by U, i.e., UA(C). An illustration of this process is in Fig. 4.4.

Using this property, and the Minkowski-Hlawka theorem, the existence of a
universal lattice for the block-fading channel can be proven by averaging the
aforementioned construction over random codes C (with p — o0) [5],as T — oo.

4.4.2 Power-Constrained General Model
4.4.2.1 Shaping

For practical applications, it is not possible to suppose that all lattice points are
available for transmission. Due to physical limitations of the transmission devices,
the power of the signal is usually constrained, and one can only send signals that
satisfy

1 2 2 2

TIE[|x1| P+ ] < P

where P > 0 is a given power parameter. One way of satisfying the power
constraint, is to choose lattice points inside a sphere of radius /T P. We will explain
next another technique, called probabilistic shaping, where the entire lattice is used,
but the points are not picked uniformly, but chosen according to a discrete Gaussian
distribution. In the power constrained case the normalized entropy of the signals

1 1
JHE) == 3 P log P(x),

xXeA
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measures the communication rate of a scheme, where P (x) denotes the probability
(mass) of the sent point x.

4.4.3 Lattice Gaussian Distribution

In order to deal with power constraints, we have to shape the infinite lattice
constellation A. In this subsection, we define the lattice Gaussian distribution for
Z[i]-lattices. The definitions here are formally the same as for its real counterpart
explained in [13], and the difference is a factor 2 in most cases.

Recall that an n-dimensional Z[i]-lattice A in the Euclidean space C" is defined
as

A =LB)={Bx:xeZ[i]"}

where B € C"™*" is the generator matrix. The dual lattice A* of a lattice A is
defined as the set of vectors v € C" such that (v,i) = via e Z[i], forall A € A.
The volume of A is defined as that of its real equivalent: V(A) = |detB|?.

Foro > 0and ¢ € C", the continuous Gaussian distribution of covariance matrix
% centered at ¢ is given by

— 7(x7c)TZ’l(x7c)

F2e® = ez ’

for x € C". For convenience, we write f vs(X = f «/E’O(X).
Consider the A-periodic function (see Fig. 4.5a)

1 —(x—c fy-l X—C
Fusa®=) fysa®=_, det(E) D e E e, (4.28)

AeA AeA

foal)

(a) (b)

Fig. 4.5 Lattice Gaussian distributions. (a) Continuous periodic distribution f; A (x). (b) Discrete
Gaussian distribution Dp 4 (A)
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for all x € C”". Observe that f; 5 restricted to a fundamental region R(A) is a
probability density. We define the discrete Gaussian distribution over A centered at
¢ € C" as the following discrete distribution taking values in A € A:

F 5.

, YA eA,
fys. @)

Dy vz, Q)=

where f«/E’C(A) = ZleA sz,c()‘) = f\/E’A(c). Again for convenience, we write
D, ys = D, g5 - Figure 4.5b illustrates the discrete Gaussian distribution. As
can be seen, it resembles a continuous Gaussian distribution, but is only defined
over a lattice.

The flatness factor of a lattice A quantifies the maximum variation of f /5 , (X)
forx € C".

Definition 4.5 (Flatness Factor) For a lattice A and for covariance matrix VI,
the flatness factor is defined by:

eA(VE) & max V(A) fyg A0 —1].

In words, flJ/ZV/(‘X;), the ratio between f Vs, A(X) and the uniform distribution

over R(A), is within the range [1 — eA(«/E), 1+ eA(«/E)].
Proposition 4.3 (Expression of €5 (v'X)) We have:

_ V(A) _Afe-Ia
a(VE) = 7det(X) ge

22 Fy—1
ZZETL’XZ A._l

A*eA*

In particular, if ¥ = 021, then

o) = (m(o)) @A( 12>_1
T o

= Op= (7‘[ o 2) —1
vyl . . .
where yp(o) = s IS the volume-to-noise ratio (VNR), and ®p(t) =
D aeA e~ "TINP s the theta series.
A consequence of the Minkowski-Hlawka theorem of Sect.4.2 applied to the

theta series (see also the remark before Sect. 4.2.2) is the existence of sequences of
lattices with vanishing flatness factor.
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Theorem 4.4 (Minkowski-Hlawka) Vo > 0 and V5 > 0, there exists a sequence
of lattices A" such that

exm (@) < (1+6)- (VA(';(U)) , (4.29)

i.e., the flatness factor can go to zero exponentially for any fixed VNR yyw (0) < .

More generally, €5 (v/X) — 0 if the generalized VNR YAm VX)) = d‘;(([)\:))ll/;n < 7.

The significance of a small flatness factor is twofold. Firstly, it ensures that the
“folded” distribution f Vs, AX) is flat; secondly, it implies the discrete Gaussian
distribution D or is “smooth”. We refer the reader to [12, 13] for more details.

The following lemma is particularly useful for communications and security [16].

Lemma 4.3 Given x| sampled from discrete Gaussian distribution D, , . U3, and
X sampled from continuous Gaussian distribution f ;5,,. Let ¥o = X1+ X2 and let
Z;l = Efl + E;l. Ifen(/23) <e < é, then the distribution g of X = X1 + X2 is
close to f s5,:

8X) € [z, (X) [1 —4e, 1+ 4e].

This lemma has profound implications. On one hand, it implies capacity, i.e.,
the discrete Gaussian distribution over a lattice is almost capacity-achieving if the
flatness factor is small [12]. On the other hand, it implies security, i.e., Alice’s signal
received by Eve is indistinguishable from a continuous Gaussian distribution.

4.5 Achieving Channel Capacity

4.5.1 AWGN Channel

Consider the classic AWGN channel
y=x+w

where the vectors have dimension 7', the codeword length.
In [12], a new coding scheme based on the lattice Gaussian distribution was
proposed. Let A be an AWGN-good lattice in C” of dimension T, whose error

probability vanishes if the VNR V(IS%I/T > me. The encoder maps the information

bits to points in A, which obey the lattice Gaussian distribution (cf. Fig.4.5b)

X ~ Dp o, -
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Since the continuous Gaussian distribution is capacity-achieving, we want the
lattice Gaussian distribution to behave like the continuous Gaussian distribution (in
particular P ~ 082). This can be assured by a small flatness factor. Thus, while we
are concerned with the discrete distribution Dy o, , we in fact require the associated
periodic distribution f5, A to be flat.

Since the lattice points are not equally probable a priori in the lattice Gaussian
coding, we will use maximum-a-posteriori (MAP) decoding. In [13], it was shown
that MAP decoding is equivalent to Euclidean lattice decoding of A using a scaling

coefficient « = 02402 which is asymptotically equal to the MMSE coefficient
P fg%. In fact, the error probability of the proposed scheme under MMSE lattice

decoding admits almost the same expression as that of Poltyrev [18], with o,

replaced by 6,y = 7% , - To satisfy the sphere bound, we choose the fundamental
volume V (A) such thzlt ’
VOYT > mes?. (4.30)

Meanwhile, the rate of the scheme is given by the entropy of the lattice Gaussian
distribution:

1 1
H(x) =R — log(rreasz) 7 log V(A)
n

2.2

olo

< log(reo?) —log 7 §ow
g(reay) g< eof—ﬂﬂ)

w
2
o;
=log <1 + 032>
w

— log (1 + SNR).

Combining these results, we arrive at the following theorem.

Theorem 4.5 (Coding Theorem) Consider a lattice code whose codewords are
drawn from the discrete Gaussian distribution Dy o, for an AWGN-good lattice A.
Any rate up to the channel capacity log (1 4+ SNR) is achievable, while the error
probability of MMSE lattice decoding vanishes exponentially fast.

4.5.2 Compound Block Fading Channel

In the general form, our framework is able to tackle the compound MIMO channel;
specializing this model we will obtain the block fading channel and the AWGN
channel. More precisely, we consider an n x n MIMO channel described by the
equation

y=Hx+w, (4.31)
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where H € C™" is the channel matrix, and x € C”" is the input subject to the
power constraint E[x'x] < nP. The noise entries of w are circularly symmetric
complex Gaussian with zero-mean and variance 03). The signal-to-noise ratio (SNR)
per receive antenna is defined by SNR = nP /03). Assume that the receiver has
complete knowledge of H (but the transmitter does not have CSIT), which is fixed
during a whole transmission block. The (white input) achievable rate of this channel
is

C = log det (I 4 SNR H*H) : (4.32)
Consider the set H of all channel matrices with fixed white-input capacity C:
H= {H € C™" : logdet (I + SNRHTH) = C}. (4.33)

This can be viewed as a compound channel with capacity C. The compound channel
model (4.33) arises in several important scenarios in communications, such as the
outage formulation in the open-loop mode and broadcast [17].

The compound channel demands a universal code that achieves the capacity for
all members H e H. This represents one of the most difficult problems in coding
theory. Note that (4.33) reduces to a compound block fading channel if H is diagonal
(here n denotes the number of blocks), and to the AWGN channel if H = 1.

Applying the “unconstrained” construction described in Sect. 4.4.1.3 along with
Gaussian shaping, it can be shown that the average error probability [ P.(A)]
vanishes as long as the VNR > e (as T — 00):

I+ SNRH'H|» V (A)nr
>TJe

2
Oy

(4.34)
Thus, any rate
1
R —n log(neof) ~r log(V(A)) < log|I + SNRHTH| =C

is achievable. Note that the achievable rate only depends on H through determinant
[T + SNR H'H|. Therefore, there exists a lattice A achieving capacity C of the
compound channel.

4.5.3 MIMO Fading Channel

The case of MIMO channels is more technical due to non-commutativity of the
underlying algebra. Let O be the natural order of cyclic division algebra A. Take
a two-sided ideal J of O and consider the quotient ring O/J. Define a reduction
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B : O — 0/J. For a linear code C over O/F, B~'(C) is a lattice A (in (C"ZT).
However, the quotient ring O/ is non-commutative in general, e.g., a matrix
ring, skew polynomial ring etc. Nevertheless, as we have seen in Sect.4.3.4 it
is still possible to prove the Minkowski-Hlawka theorem using codes over rings.
Thus, there exists a sequence of lattices universally good for MIMO fading, hence
achieving the capacity of compound MIMO channels. Note that recently [17] and
[15] have achieved a constant gap to the capacity of compound MIMO channels.

4.5.4 Approaching Secrecy Capacity
4.5.4.1 Gaussian Wiretap Channel

Now consider the Gaussian wiretap channel where Alice and Bob are the legitimate
users, while Eve is an eavesdropper. The outputs y and z at Bob and Eve’s ends are
respectively given by

:y =X+ W, (4.35)

Z=X+w€a

where wp,, w, are T-dimensional Gaussian noise vectors with zero mean and
variance obz, oez respectively.

For secrecy rate R, we use coset coding induced by a lattice partition A, C Ap
such that

1
7102 1Ab/Acl = Rs.

The fine lattice Ap is the usual coding lattice for Bob, i.e., it is an AWGN-good
lattice. The coarse lattice A, is new, and turns out to be a secrecy-good lattice. To
encode, Alice uses the secret bits to select one coset of A, and transmits a random
point inside this coset.

Let us discuss intuitively why this scheme is secure. Informally, given message
m, Alice samples a lattice point uniformly at random from a coset A, + A,, (this
corresponds to Poltyrev’s setting of infinite lattice coding [18]). Due to the channel
noise, Eve observes the periodic distribution

1 )

> o
(moP)T

AEA+An

If the flatness factor €p,(o,) is small, it will be close to a uniform distribution,
regardless of message m. Then Eve would not be able to distinguish which message
Alice has sent. With a careful design of A., this is possible, because Eve’s channel
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is noisier. Of course, the technical difficulty here is that one cannot really sample a
lattice point uniformly from a lattice or its coset.

Now we describe the wiretap coding scheme more formally. Consider a message
set M = {1,...,e"R}, and a one-to-one function ¢ : M — A,/A. which
associates each message m € M to a coset ’Xm € Ap/Ae. One could choose the
coset representative A, € Ap N R(A,) for any fundamental region R(A.). In order
to encode the message m € M, Alice actually samples x,, from lattice Gaussian
distribution

Xm ~ DAe‘i’A-myUx‘

. . . ~ O30p
equivalently, Alice transmits A 4+ A,, where A ~ Dy, o, —1,,- Let 0, = \/0524:0 5 and
s e

0/ = /o2 +02. Regev’s Lemma (cf. Lemma 4.3) implies that if €4, (6.) < ;.
then:

V (pzm(lm), f5:) < 4en, (Ge).

We see that the received signals converge to the same Gaussian distribution f.
This already gives distinguishing security, which means that, asymptotically, the
channel outputs are indistinguishable for different input messages.

An upper bound on the amount of leaked information then follows.

Theorem 4.6 (Information Leakage [13]) Suppose that the wiretap coding
scheme described above is employed on the Gaussian wiretap channel (4.35),
and let e = €p, (0.). Assume that e < éfor all T. Then the mutual information
between the confidential message and the eavesdropper’s signal is bounded as
follows:

i(M; Z) < 8erTR — 8er log8er. (4.36)

A wiretap coding scheme is secure in the sense of strong secrecy if
lim7_ 0 1(M; Z) = 0. From (4.36), a flatness factor e7 = 0(;) would be enough.
In practice, an exponential decay of the information leakage is desired, and this
motivates the notion of secrecy-good lattices:

Definition 4.6 (Secrecy-Good Lattices) A sequence of lattices AT is secrecy-
good if

exm(o) = eiQ(T), Yyam (o) < m. 4.37)

In the notion of strong secrecy, plaintext messages are often assumed to be

random and uniformly distributed in M. This assumption is deemed problematic

from the cryptographic perspective, since in many setups plaintext messages are

not random. This issue can be resolved by using the standard notion of semantic
security [9] which means that, asymptotically, it is impossible to estimate any
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function of the message better than to guess it without considering Z at all.
The relation between strong secrecy and semantic security was recently revealed
in [2, 13], namely, achieving strong secrecy for all distributions of the plaintext
messages is equivalent to achieving semantic security. Since in our scheme we make
no a priori assumption on the distribution of m, it achieves semantic security.

It can be shown that, under mild conditions (similar to those in [13]), the secrecy
rate

R < log(1 4+ SNRp) — log(1 + SNR,) — 1 (4.38)
is achievable, which is within 1 nat from the secrecy capacity. It is worth mentioning
that this small gap may be fictitious, due to our proof technique.
4.5.4.2 Fading Wiretap Channel
The channels for Bob and for Eve are given by

y=Hpyx+w,, z=Hx+w,,

respectively. We fix the capacity C, of Eve’s compound channel with white inputs
H, = {H, € C"" : log det (1 + SNR HZHe) —C,). (4.39)

as well as the capacity C; of Bob’s compound channel. The secrecy capacity of
compound MIMO wiretap channels with white inputs is given by Schaefer and
Loyka[21]:

Cs =Cp —Ce,. (4.40)

Similarly to lattice coding over the Gaussian wiretap channel, we use a pair of
nested lattices Ap C A.. These lattices are built in the same manner as above:

Ap=Cp+p" (4.41)
Ae=Ce+p” (4.42)

where the codes satisfy C, C Cyp.

In order to encode the message m € M, Alice samples X, from distribution
Dp,+a,,.0,- Similarly to (4.25), let H, = It ®H, of size nT . Eve observes a discrete
Gaussian distribution D¢y, (a,+1,,),H,0,> COntaminated by i.i.d. Gaussian noise of
standard deviation o,. We would like this to be indistinguishable from a continuous
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Gaussian distribution of covariance matrix Xy = 037{67{2 + 021, regardless of m.
By Lemma 4.3, we need

E\/Z3 (WgAe) — 0
where X5 = GS_Z(We?Q)_l + 0,721 In other words, we want the flatness factor

€, A, (+v/23) = er to vanish with 7.
We derive the expression

V(H.Ae ATso
ern(V/T3) = ( ) Z ATE

7T det(X3) N

_ V(H.A.) Z _"T(H:EZ;I'HE" 1
7T det(X3) X
V(Ae)

= gt det(o, 21+ o, >HIH,) x

T (o5 21rog 2H e )1

Z e7x 2 —1.

AeA,

It is worth mentioning that this expression shares the same form of Eve’s correct
decoding probability given in [1, (13)] except the MMSE correction term crs’zl.
Applying Minkowski-Hlawka, we obtain

En [es,n, (v/3)]
V(Ae)
= nnT

V(Ae)

= 2\nT
(roy)"

det(o. 21 + 0, 2H!H,)
det(I + p.HH,)T.

Now we calculate the information leakage to Eve. If we slightly reduce the VNR
of A, Ep,[€,a, (v/23)] in (4.43) will vanish exponentially with 7. Similar to the
Gaussian wiretap channel (4.36), the mutual information between Alice and Eve is
bounded for any Hp, H, as

i(M; Z) < 8erT Ry — 8er log(8er). (4.43)
Again, it is tricky to exhibit the existence of a universal code for all H,, H,.

Fortunately, thanks to the unit groups, this can be resolved by quantizing the
channels in the same manner as for capacity [21].
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For a vanishing flatness factor, we need the condition

det(I + SNR, HiH,) /" V (A,) 7

2
Oy

< 7. (4.44)

From (4.34) and (4.44), we obtain the secrecy rate

1+ SNR, H]H,|
R; < log —n=Cp,—C, —n,

‘I + SNR, H/H,

which is the secrecy capacity to within a constant gap of n nats. Again, this gap may
well be fictitious.

Then one may claim the existence of a universal lattice code which achieves the

secrecy capacity to within n nats, under semantic security. Extensions to the MIMO
wiretap channel are also possible, using cyclic division algebras. The security proof
is very much the same, except that H;, and H,, are full matrices.
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Chapter 5 )
Algebraic Lattice Codes for Linear Shethie
Fading Channels

Roope Vehkalahti and Laura Luzzi

Abstract There exists an old and well established connection between lattice code
design for the additive white Gaussian noise (AWGN) channel and the mathematical
theory of lattices. Code design principles can be translated into the language of
geometry of numbers and are related to the most central problems in classical lattice
theory. These connections appear both in the practical design of short lattice codes,
and also in the asymptotic regime when designing codes that perform well from the
capacity point of view. However, when considering modern wireless channels, one
must take into account new features such as time or frequency selective fading and
multiple antennas. Such channels can not be abstracted into a simple AWGN model,
and require a different coding strategy. While in recent years plenty of research
has been done on code design for fading channels, few works have focused on
the problem of approaching capacity. In this survey, we review and generalize our
recent works and show how it is possible to perform code design for a large class
of different fading channels from a unified perspective and how this approach can
be used to build very robust lattice codes that perform within a constant gap from
the corresponding capacity. Our approach can be seen as a generalization to fading
channels of the classical connection between sphere packing problems and design
of capacity approaching lattice codes.

5.1 Introduction

In the decades following Shannon’s seminal work, the quest to design codes for
the additive white Gaussian noise (AWGN) channel led to the development of a rich
theory, revealing a number of beautiful connections between information theory and
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geometry of numbers. One of the most striking examples is the connection between
classical lattice sphere packing and the capacity of the AWGN channel. The main
result states that any family of lattice codes with linearly growing Hermite invariant
achieves a constant gap to capacity. These classical results and many more can be
found in the comprehensive book by Conway and Sloane [5].

The early sphere packing results suggested that lattice codes could achieve the
capacity of the AWGN channel and led to a series of works trying to prove this,
beginning with [6] and finally completed in [7]. Thus, while there are still plenty
of interesting questions to consider, the theory of lattice codes for the single user
AWGN channel is now well-established.

However, although the AWGN channel is a good model for deep-space or
satellite links, modern wireless communications call for more general channel
models which include time or frequency varying fading and possibly multiple
transmit and receive antennas. Therefore, in the last 20 years, coding theorists
have focused on the design of lattice codes for multiple and single antenna fading
channels [3, 23].

Yet the question of whether lattice codes can achieve capacity in fading channels
has only been addressed recently. The first work that we are aware of is due
to S. Vituri [25, Section 4.5], and gives a proof of existence of lattice codes
achieving a constant gap to capacity for i.i.d SISO channels. It seems that with minor
modifications this proof is enough to guarantee the existence of capacity achieving
lattices. In the single antenna i.i.d fading channels, this problem was considered also
in [10] and in our paper [24].

In [13], it was shown that polar lattices achieve capacity in single antenna i.i.d
fading channels. This is not only an existence result, it also gives an explicit code
construction. In [4], the authors prove existence of lattice codes achieving capacity
for the compound MIMO channel, where the fading is random during the first s time
units, but then gets repeated in blocks of length s. This work is most closely related
to [20], which was considering a similar question.

In [14, 15], we proved that lattice codes derived from number fields and division
algebras do achieve a constant gap to capacity over single and multiple antenna
fading channels. As far as we know, this was the first result achieving constant gap
to MIMO capacity with lattice codes. In [11], the authors corrected and generalized
[10] and improved on our gap in the case of Rayleigh fading MIMO channels.

However, while in our work [15], the gap to capacity is relatively large, our code
construction is almost universal in the sense that a single code achieves a constant
gap to capacity for all stationary ergodic fading channel models satisfying a certain
condition for fading (5.9). With some limitations, this gap is also uniform for all
such channels (see Remark 5.4).

In this work, we are revisiting some of the results in [15] and presenting them
from a slightly different and more general perspective. Our approach is based on
generalizing the classical sphere packing approach to fading channels. In [15], we
introduced the concept of reduced Hermite invariant of a lattice with respect to a
linear group of block fading matrices. As a generalization of the classical result
for AWGN channels, we proved that if a family of lattices has linearly growing
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reduced Hermite invariant, it achieves a constant gap to capacity in the block fading
MIMO channel. In this work, we extend this result and show that given any linearly
fading channel model we can define a corresponding notion of reduced Hermite
invariant. We also prove that in some cases the reduced Hermite invariant of a lattice
is actually a homogeneous minimum with respect to a homogeneous form (which
depends on the fading model). From this perspective, the classical sphere packing
result [5, Chapter 3] is just one example of the general connection between linear
fading channels and the homogeneous minima of the corresponding forms.

In Sect. 5.2, we begin by defining a general linear fading model, which captures
several channels of interest for practical applications. In Sect. 5.3, we recall how to
obtain a finite signal constellation from an infinite lattice under an average power
constraint. In Sect. 5.4, we review how the classical Hermite invariant can be used as
a design criterion to build capacity approaching lattice codes in AWGN channels. In
Sect. 5.5, we generalize the concept of Hermite invariant to linear fading channels by
introducing the reduced Hermite invariant. We also show that replacing the Hermite
invariant with the reduced one as a code design criterion leads to an analogous
capacity result in linear fading channels.

In Sect.5.6, we focus on channels where the fading matrices are diagonal.
This brings us to consider ergodic fading single antenna channels. Following [15],
we show how lattice constructions from algebraic number fields can be used to
approach capacity in such channels. We begin by considering lattices arising from
the canonical embedding of the ring of algebraic integers, then examine the question
of improving the gap to capacity using non-principal ideals of number fields [24].!
In particular, we show that our information-theoretic problem is actually equivalent
to a certain classical problem in algebraic number theory.

Finally, in Sect. 5.7, we extend the results in [15] and show that in many relevant
channel models the reduced Hermite invariant of a lattice is actually a homogeneous
minimum of a certain form.

5.2 General Linear Fading Channel

In this work, we consider complex vector-valued channels, where the transmitted
(and received) elements are vectors in CX. A code C is a finite set of elements in CF.
We assume that both the receiver and the transmitter know the code.

Given a matrix H € My (C) and a row vector x € Ck, in order to hold on the
tradition that a transmitted vector is a row, we introduce the notation

Hlx]= (Hx")T.

"More precisely, the ideal lattice construction was considered in the extended version of [24],
available at http://arxiv.org/abs/1411.4591v2.
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Let us assume we have an infinite sequence of random matrices Hy, k =
1,2..., 00, where for every k, Hy is a k x k matrix. Given such sequence of matrices
we can define a corresponding channel. Given an input x = (xp, ..., xx), we will
write the channel output as

y = Hi[x]+ w, 6.1

where w is a length k random vector, with i.i.d complex Gaussian entries with
variance 1 and zero mean, and the random matrix Hy represents fading. We assume
that the receiver always knows the channel realization of Hy and is trying to guess
which was the transmitted codeword x based on y and Hy. This set-up defines a
linear fading channel (with channel state information at the receiver), where the
term “linear” simply refers to the fact that the fading can be represented as the
action of a linear transform on the transmitted codeword. This type of channel (but
without channel state information) has been considered before in [26].

In the following sections, we consider the problem of designing codes for this
type of channels. In the remainder of the paper, we will assume the extra condition
that the determinant of the random matrices Hj is non-zero with probability one.
The channel model under consideration captures many communication channels of
practical significance. For example, when Hj is the identity matrix, we have the
classical additive Gaussian channel. Furthermore, if Hj is a diagonal matrix with
i.i.d Gaussian random elements with zero mean, we obtain the Rayleigh fast fading
channel. Finally, if H is a block diagonal matrix, we obtain a block fading MIMO
channel.

5.3 Lattices and Finite Codes

As mentioned previously, our finite codes C are simply subsets of elements in CF.
We consider the ambient space C¥ as a metric space with the Euclidean norm.

Definition 5.1 Letv = (vy, ..., vx) be a vector in CK. The Euclidean norm of v is
oll = /X il

Given a transmission power P, we require that every codeword x € C ¢ Ck
satisfies the average power constraint

1 2
g xIE =P (5.2)

The rate of the code is given by R = logilc‘ .

In this work we focus on finite codes C that are derived from lattices.
A full lattice L C CF has the form L = Zb; & Zby & - - - © Zbyy, where the
vectors by, ..., by are linearly independent over R, i.e., form a lattice basis.
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Given an average power constraint P, the following lemma suggests that by shift-
ing a lattice and considering its intersection with the 2k-dimensional ball B(v/kP)
of radius +/k P, we can have codes having roughly Vol(B(vk P)) elements, where
the notation Vol stands for the volume.

Lemma 5.1 (See [8]) Suppose that L is a full lattice in Ck and S is a Jordan-
measurable bounded subset of CX. Then there exists x € C such that

Vol(S)
I(L+x)NS| > Vol(L)”

Let o be an energy normalization constant and L a 2k-dimensional lattice in
Ck satisfying Vol(L) = 1. According to Lemma 5.1, we can choose an element
xg € Ck such that for the code

C = B(WkP)N (xg +aL) (5.3)
we have the cardinality bound

Vol(B(vkP)) _ CyP*

> =
ICl= Vol(x L) ok

, 5.4

where C; = (”kk,)k. We can now see that given a lattice L with Vol(L) = 1, the
number of codewords we are guaranteed to get only depends on the size of «.
From now on, given a lattice L and power limit P, the finite codes we are
considering will always satisfy (5.4). We note that while the finite codes are not
subsets of the scaled lattice oL, they inherit many properties from the underlying

lattice.

5.4 Hermite Invariant in the AWGN Channel

In this section, we will present the classical Hermite invariant approach to build
capacity approaching codes for the AWGN channel [5, Chapter 3]. We remark that
this channel can be seen as an example of our general set-up (5.1) by assuming that
for every k the random matrix Hy is a k x k identity matrix with probability one.
The channel equation can now be written as

y=x+w,

where x € C C C* is the transmitted codeword and w is the Gaussian noise vector.
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After the transmission, the receiver tries to guess which was the transmitted
codeword x by performing maximum likelihood (ML) decoding, and outputs

X =argmin|y — x|| = argmin ||lx — X + w]|| .
xeC xeC

This suggests a simple code design criterion to minimize the error probability.
Given a power limit P, the codewords of C should be as far apart as possible. As the
properties of the finite code C are inherited from the underlying lattice, we should
give a reasonable definition of what it means that lattice points are far apart.

Definition 5.2 The Hermite invariant of a 2k-dimensional lattice Ly < CF is
defined as

inf{ ||x]> | x € Lg, x # 0}

h(Ly) = Vol (L) /&

’

where Vol(Ly) is the volume of the fundamental parallelotope of the lattice L.

Theorem 5.1 Let Ly C CF be a family of 2k-dimensional lattice codes satisfying
h(Ly) > 2kc, where c is a positive constant. Then any rate

2
R <log, P —log,
wec

is achievable using the lattices Ly with ML decoding.

Proof Given a power limit P, recall that the finite codes we are considering are of
the form C = B(\/ kP) N (xg + aLy). Without loss of generality, we can assume
that Vol(Ly) = 1. Here « is a power normalization constant that we will soon solve
and which will define the achievable rate. The minimum distance in the received
constellation is
d = min |x —Xx]|.
x,xeC

XF#X

The error probability is upper bounded by

P, <P {uwn2 > (§>2} :

Note that we can lower bound the minimum distance as follows:

d*>>a* min |x||*> > o®h(Ly) > a?2ck.
xeLi\(0)
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Therefore we have the upper bound

(5.5)

2 a’ck
P < Pillwl® = .

2

Let € > 0. Since 2 ||w||? is a x2 random variable with 2k degrees of freedom, due
to the law of large numbers,

. lwl|* . 2 [|w|?
lim P >1 = lim P >1 .
Pl ! P ety o =10 (56)
Assuming a? = 2(ljg),we then have that P, — O when k — oo, and the cardinality

bound (5.4) implies that

Cl > CiP*  CiPFck
T oaZk 2KA 4 ek

L .. . .
For large k, Cy ~ \(722]( using Stirling’s approximation.

It follows that Ve > 0 we can achieve the rate

2(1 +¢)

R =log, P —log, rec

Since € is arbitrary, this concludes the proof. O

Remark 5.1 There exist several methods to find families of lattices satisfying the
condition of Theorem 5.1. For example the Minkowski-Hlawka theorem provides a
non-constructive proof of the existence of 2k-dimensional lattices Ly C C* having
Hermite invariants h(Ly) ~ jfe [5].

5.5 Hermite Invariant in General Linear Fading Models

In the previous section, we saw how the Hermite invariant can be used as a design
criterion to build capacity approaching codes in the AWGN channel. Let us now
define a generalization of this invariant for linear fading channels.

Suppose we have an infinite sequence of random matrices Hy, k = 1,2..., oo,
where Hy is a k x k matrix. Given an input x = (x1, ..., x;), we will write the
channel output as

y = Hi[x] + w,
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where w is a length k random vector, with i.i.d complex Gaussian entries with vari-
ance 1 per complex dimension. We assume that the receiver knows the realization
of H.

Given a channel realization H, the receiver outputs the ML estimate

X =argmin | H[x]+w — H[X]] .
xeC
From the receiver’s perspective this is equivalent to decoding the code

H[C] ={H[x] | x € C}

over an AWGN channel.
As we assumed that the finite codes are of the form (5.3), we have

H[C]C{H[x]|x €xgp +al}={z|z € H[xr] +aH[L]},
where
H[L]={H[x]|x € L}.

We can now see that the properties of H[C] are inherited from the set H[L].

If we assume that the matrix H has full rank with probability 1, then the linear
mapping x — H[x] is a bijection of C¥ onto itself with probability 1.

Assuming that Ly C C* has basis {b1, ..., bor} we have that

H[Li] ={H[x]|x € Ly} = ZH[b1]1® - - - © ZH[b2],

is a full-rank lattice with basis {H[b1], ..., H[by]}. Since it is full-rank, we know
that h(H[Lg]) > O, but is it possible to choose Ly in such a way that A(H[L])
would be non-zero irrespective of the channel realization H? Let us now try to
formalize this idea.

‘We can write the random matrix H in the form

Hy = |det(Hy)|"* Hy

where |det(H;')| = 1. Clearly, if the term |det(H)|'/* happens to be small, it will
crush the Euclidean distances of points in H[Lg]. However, we will show that if the
random matrices Hj are “well behaving”, then it is possible to design lattices that
are robust against fading.

Definition 5.3 Let A be a set of invertible matrices such that VA € A, |det(A)| =
1. The reduced Hermite invariant [15] of a 2k-dimensional lattice L C C* with
respect to A is defined as

tha(L) = inf {h(A[LD)}.
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It is easy to see that

inf{ inf ||A[x]||2]= inf ’inf||A[x]||2]. (5.7)
AeAlxeLl, x#0 xeL, x#0lAeA

This observation suggests the following definition.
Definition 5.4 We call
llxlla = inf{ [[A[x]]| | A € A},
the reduced norm of the vector x with respect to the set A.
With this observation we realize that

inf{|[x[1% | x € L, x # 0}

(5.8)

If the set A includes the identity matrix, we obviously have
tha(L) < h(L).
Suppose that { Hi}xen+ is a fading process such that Hy € My xx(C) is full-rank

with probability 1, and suppose that the weak law of large numbers holds for the
random variables {log det(HkaT)}, i.e. 3u > 0 such that Ve > 0,

. 1 o
kli)noloIP’ Hk logdet(HyH}) — u

> e} =0. 5.9

We denote the set of all invertible realizations of H; with ﬂ,’{‘. Then define
Ap = {ldet(A)| "V *A | A € A). (5.10)

Theorem 5.2 Let Ly C CK be a family of 2k-dimensional lattice codes satisfying
tha, (Lr) > 2kc for some positive constant c, and suppose that the channel satisfies
(5.9). Then any rate

2
R <logy, P + pu — log,
wec

is achievable using the codes Ly with ML decoding.

Proof Given a power constraint P, recall that we are considering finite codes of the
form (5.3), where « is a power normalization constant that we will soon solve.
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The minimum distance in the received constellation is

dy = min ||H[x — Xx]|| = min ||H[ax]|,
x,xeC xeLy
XF#X x7#0

and by the hypothesis on the reduced Hermite invariant,

d3 > a? Ti{l{o} IH[x]|I> > a*det(H H") Y *tha, (L) = o?det(H H)/*2ck.
XeLy

The ML error probability is bounded by

P, sP{nwn2 > (?)2}

Fixing € > 0, the law of total probability implies that

A L B P ||2>d%"d%’>1+ cpl% g
<
S T =y e =77 ak ¢

2 d2
P!”u]}c” zl+e}+P{4’Z <1~|—€}

2 2dtHHT1/k
51?{”“11” Zl—i—e}—i—P{ace(z ) <1+e}

IA

Recall that the first term tends to zero when k — oo due to (5.6). The second term
will tend to zero as well if we choose

2(1+¢)
10g2 e =M — )

for some § > 0. Equation (5.4) gives us that

R="11 IC| < log, P —1 o’
= (0] (0] (0]
k 23] = 108, 253 Ck

k
For large k, Cy ~ f}rzi:k' It follows that we can achieve rate

2(1 +¢€)

R =1logy P+ — 6 —log, rec
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Since € and § are arbitrary, any rate

2
R <logy P + 1 —log,
mec

is achievable. O

Remark 5.2 In the case of the classical Hermite invariant, there exist several
methods to build lattices with large Hermite invariant. In fact, one can prove that
on average (with respect to a certain probability measure), random lattices have
large Hermite invariants.

However, in the case of the reduced Hermite invariant the situation is quite
different. Given a set of matrices Ay C My (C), it might be impossible to find even
a single lattice for which rhg, (L) > 0. Even if we know that such lattices do exist,
it might be very hard to find them. Even harder (if possible) it is to find a family of
lattices satisfying the conditions of Theorem 5.2 for any c. In the following section,
we will give some examples of sets Ay for which this is possible.

Remark 5.3 Analysing the proof of Theorem 5.2, one can see that maximizing
the reduced Hermite invariant can be used as a code design criterion for the
corresponding fading channel. In particular, a fixed code satisfying this criterion
achieves the same rate under different fading channel statistics.

5.6 Code Design for Diagonal Fading Channels

Let us now consider a fading channel where for every k we have Hy =
diag[hi, ha, ..., hi]. Assume that each h; is non-zero with probability 1 and that
{h;} forms an ergodic stationary random process. In this model, sending a single
symbol x; during the ith time unit leads to the channel equation

yi = hi - x; +wj, (5.1D

where w; is a zero-mean Gaussian complex random variable with variance 1.

The corresponding set of matrices Ay in (5.10) is a subset of the set of diagonal
matrices in M (C) having determinant with absolute value 1.

The assumption that the process {4;} is ergodic and stationary implies that each
of the random variables /; has equal statistics. Therefore we can simply use 4 to
refer to the statistics of all ;. Assuming now also that Zle ,1 log |h;|*> converges

in probability to some constant, we have the following.

Corollary 5.1 Suppose that we have a family of lattices Ly C CF, where
tha, (Lr) > 2kc for some positive constant c. Then any rate

2
R <E, [log2 P |h|2] — log,
wec

is achievable with the family Ly over the fading channel (5.11).



190 R. Vehkalahti and L. Luzzi
Proof This statement follows immediately from Theorem 5.2, where u =
Ex [log, Ih]?]. O

Given two sets 3{;6 C Ay, we have for any lattice L that
rhﬂ/k (L) = thg, (L).

From now on, we will fix Ay to be the set of all diagonal matrices in M (C) having
determinant with absolute value 1. Note that with this choice, if rhg, (Ly) > 2kc
then Corollary 5.1 holds for any channel of the form (5.11).

Let (x1,x2,...,x%) € Ck. According to [15, Proposition 8] we have?

NGer o x5, = klx - x5, (5.12)
We can now see that a lattice with large reduced Hermite invariant must have the

property that the product of the coordinates of any non-zero element of the lattice is
large.

Definition 5.5 Given x = (x,...,x¢) € Ck, we define its product norm as
n(x) =T Ixil.
Definition 5.6 Then the normalized product distance of Ly is
. n(x)
Ndp min(Lx) = in - (5.13)
xeLi\(0) VoI (L)?
Combining (5.12), (5.8) and (5.13) we have that
rha, (L) = k(Ndp,min(Li))*'¥. (5.14)

This result gives us a more concrete characterization of the reduced Hermite
invariant and suggests possible candidates for good lattices.

5.6.1 Codes from Algebraic Number Fields

The product distance criterion in the previous section had already been derived in
[3] by analyzing the pairwise error probability in the special case where the process
{h;} is i.i.d Gaussian. The authors also pointed out that lattices that are derived
from number fields have large product distance. We will now shortly present this
classical construction and then study how close to the capacity we can get using

2More precisely, this result is slightly stronger than the statement of Proposition 8, but it is clear
from its proof.
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number fields. For the relevant background on algebraic number theory we refer the
reader to [17].

Let K/Q be a totally complex extension of degree 2k and {01, ..., ox} be a set
of Q-embeddings, such that we have chosen one from each complex conjugate pair.
Then we can define a relative canonical embedding of K into CF by

V() = (01(x), ..., 0k (x)).

The following lemma is a basic result from algebraic number theory.

Lemma 5.2 The ring of algebraic integers Ok has a Z-basis W = {wy, ..., w}
and {Y(wy), ..., Y (wax)} is a Z-basis for the full lattice (O ) in CK.

For our purposes, the key property of the lattices ¥ (Ok) is that for any non-zero
element ¥ (x) = (o1 (x), ..., o0r(x)) € ¥(Og), we have that

k
o] =nrwow ez,
i=1

where nrg (x) is the algebraic norm of the element x. In particular, it follows that
T 03 ()] > 1.

We now know that ¥ (Ok) is a 2k-dimensional lattice in C¥ with the property
that Ndp min (¥ (Ok)) # 0 and therefore rha, (¥ (Ok)) # 0. This is true for any
totally complex number field. Let us now show how the value of rhg, (¥ (Ok)) is
related to an algebraic invariant of the field K.

We will denote the discriminant of a number field K with dg. For every number
field, it is a non-zero integer.

The following lemma states some well-known results from algebraic number
theory and a translation of these results into our coding-theoretic language.

Lemma 5.3 Let K/Q be a totally complex extension of degree 2k and let  be the
relative canonical embedding. Then

Vol(¥ (Ok)) = 27%/|dx]|,
k

22 2k
NpminW @) = 1 and A WO =

We have now translated the question of finding algebraic lattices with the largest
reduced Hermite invariants into the task of finding the totally complex number fields
with the smallest discriminant. Luckily this is a well-known mathematical problem
with a tradition of almost a 100 years.
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In [16], J. Martinet proved the existence of an infinite tower of totally complex
number fields { Ky} of degree 2k, where 2k = 5 - 27, such that

b 2
ldk,|* = G2, (5.15)

for G ~ 92.368. For such fields K; we have that

k
2\2 2k
Ndp min(¥ (Ok,)) = (G) and rhg, (¥ (Ok,)) = G’

Specializing Corollary 5.1 to the family of lattices Ly = ¥ (Ok,) derived from
Martinet’s tower, which satisfy the hypothesis with ¢ = 1/G, we then have the
following result:

Proposition 5.1 Finite codes drawn from the lattices L achieve any rate satisfying

26
R <E, [log2 P |h|2] —log, * .
e

Remark 5.4 We note that given a stationary and ergodic fading process {h;} the
capacity of the corresponding channel is

C =T [logy(1 + PIH)]|

It is easy to prove that the rate achieved in Proposition 5.1 is a constant gap from
the capacity. This gap is also universal in the following sense. Let us consider all
ergodic stationary channels with the same first order statistics for |4|?. Then the
same sequence of finite codes achieve the same gap to capacity in all the channels
simultaneously.

Remark 5.5 We note that the number field towers we used are not the best known
possible. It was shown in [9] that one can construct a family of totally complex fields
such that G < 82.2, but this choice would add some notational complications.

Remark 5.6 The families of number fields on which our constructions are based
were first brought to coding theory in [12], where the authors pointed out that the
corresponding lattices have linearly growing Hermite constant. This directly implies
that they are only a constant gap from the AWGN capacity. C. Xing in [27] remarked
that these families of number fields provide the best known normalized product
distance. Overall number field lattices in fading channels have been well-studied in
the literature. However, to the best of our knowledge we were the first to prove that
they actually do achieve a constant gap to capacity over fading channels.
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5.6.2 Codes from Ideals

As seen in the previous section, lattice codes arising from the rings of algebraic inte-
gers of number fields with constant root discriminants will achieve a constant gap to
capacity over fading channels. However, known lower bounds for discriminants [18]
imply that no matter which number fields we use, the gap cannot be reduced beyond
a certain threshold (at least when using our current approach to bound the error
probability). It is then natural to ask whether other lattice constructions could lead us
closer to capacity. The most obvious generalization is to consider additive subgroups
of Ok and in particular ideals of Ok, which will have non-zero reduced Hermite
invariant. Most works concerning lattice codes from number fields focused on either
the ring Ok or a principal ideal aOg; a more general setting was considered in
[1] and [19], which addressed the question of increasing the normalized product
distance using non-principal ideals 1.

The problem with this approach is that while finding the reduced Hermite
invariant of lattices ¥ (O ) or ¥ (aOf) is an easy task, the same is not true for v (1)
when [ is non-principal. We will now show how this problem can be reduced to
another well-known problem in algebraic number theory and how it can be used to
study the performance limits of the lattices (/). Here we will follow the extended
arXiv version of [24].

We note that number theoretic proofs are easier when using the equivalent
product distance notation rather than the reduced Hermite invariant. Therefore, we
will mostly focus on the product distance in this section.

Let K be a totally complex field of degree 2k. We will use the notation N(/) =
[Ok : I] for the norm of an ideal /. From classical algebraic number theory, we
have that N (aOk) = |nrkg g(a)| and N(AB) = N(A)N(B).

Lemma 5.4 Suppose that K is a totally complex field of degree 2k and that I is an
integral ideal in K. Then (1) is a 2k-dimensional lattice in C* and

Vol (¥ (1)) = [Ok : 1127/ |dk]|.

This well-known result allows us to compute the volume of an ideal, but computing
its normalized product distance is a more complicated issue. In [1, Theorem 3.1],
the authors stated the analogue of the following result for the totally real case. It is
simply a restatement of the definitions.

Proposition 5.2 Let us suppose that K is a totally complex field of degree 2k and
that I is an integral ideal of K. We then have that

k

Ndp,min(¥ (1)) = > , min(/), (5.16)
|dk |4

in [nrg jQ(x)]

h in(l) :=
where min([I) xgll\{o} N()
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Proof This result follows from Lemma 5.4, the definition of the normalized product
distance and from noticing that \/lan/Q @) = In(¥x))]. |

Due to the basic ideal theory of algebraic numbers, min(/) is always larger or
equal to 1. If 1 is not a principal ideal, then we have that min(/) > /2. Comparing
this to Lemma 5.3 we find that, given a non principal ideal domain Ok, in order to
maximize the product distance we should use an ideal / which is not principal. Now
there are two obvious questions. Given a non principal ideal domain O, which ideal
I should we use and how much can we gain? Before answering these questions, we
need the following.

Lemma 5.5 ([1]) For any non-zero element x € K,

Ndp,min(‘/f(XI)) = Ndp,min(‘/f(l))-

This result proves that every ideal in a given ideal class has the same normalized
product distance. It follows that given a ring of integers Ok, it is enough to consider
one ideal from every ideal class. Given an ideal I we will denote with [/] the ideal
class to which I belongs.

Let us denote with Ny (K) the norm of an ideal A in K with the property that
every ideal class of K contains an integral ideal with norm N(A) or smaller. The
question of finding the size of Ny, (K) is a classical problem in algebraic number
theory. We refer the reader to [28] for further reading. The following result is from
the extended arXiv version of [24].

Proposition 5.3 Let us suppose that K is a totally complex number field of degree
2k and that I is an ideal that maximizes the normalized product distance over all
ideals in K. We then have that

2k12 /N (K 2k (Noin(K ) VK
Ndpinw (D) = 2 YNty (i) = KON
|d[(|4 |dK|2k

Proof Let L be any ideal in K, and suppose that A is an integral ideal in the class
[L]~! with the smallest norm. Then there exists an element y € Ok such that
yOx = AL. As n(¥(y)) = ~/N(L)N(A) and N(A) < Npin(K) we have that
dp.min(L) = /N (L) Npin (K) and N min (9 (1)) = ¥rin (02

Assume that S is an ideal such that N(S) = Npjn(K) and choose I as an element
from the class [S]~!. For any non-zero element x € I, we then have that xOx = IC,
for some ideal C that belongs to the class [S]. Therefore, we have that n(y (x)) >

JNI)N(C). O

This result translates the question of finding the product distance of an ideal into
a well-known problem in algebraic number theory. It also suggests which ideal class
we should use in order to maximize the product distance.
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Denote with K the set of totally complex number fields of degree 2k. Then the
optimal normalized product distance over all complex fields of degree 2k and all
ideals [ is

2512/ Nimin (K))
max .

1 (5.17)
Keku  |dg|s

As far as we know, it is an open question whether the maximum in (5.17) is
always achieved when K is a principal ideal domain. Some preliminary data can be
found in [1]. We point out that Proposition 5.3 makes this problem computationally
much more accessible.

5.7 Reduced Hermite Invariants as Homogeneous Forms

Let us now see how different linear channels define different sets Ay and how
the corresponding reduced norms can be seen as different homogeneous forms.
For simplicity, we will study the case when we transmit four information symbols
(x1, x2, X3, X4).
In the AWGN channel, the receiver sees
(x1, x2, X3, x4) + (w1, w2, w3, we),

where w; are Gaussian random variables. Here the set ﬂil) simply consists of a
single element, the 4 x 4 identity matrix. Therefore we obviously have

2 2 2 2 2
||(x1,x2,x3,X4)||ﬂ(1) = [x1|” + [x2|” + [x3]7 + [xa]”.
4

Let us then consider a channel where the fading stays stable for 2 time units and
then changes. Then the received signal will be of the form

(hix1, hixa, hoxs, haxs) + (w1, w2, w3, w4).
Assuming that /; are non-zero with probability 1, we can see that
2 .
ﬂf‘) = {diaglay, a1, a2, a2] | |ay - az2| =1, a; € C}.

Following the proof of [15, Proposition 8], we get the following result

et 2,55 501 Py = 2/ (i 4 [6a2) - (sl o+ sl (5.18)
4
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Earlier we considered the fast fading channel in which the channel can change
during every time unit giving us the following received vector:

(hix1, hoxa, h3x3, haxs) + (w1, w2, w3, w4).
In this case, we have that
ﬂf) = {diag[ay, az, az,a4] | lay -az - a3 - a4] = 1, a; € C}. (5.19)
and that

2 1/2
101 %2, 03, 30117 ) = Alxixaxsn] V2, (5.20)
4

In all the previous examples, the channel could be represented as a diagonal
action. On the other hand, for a 2 x 2 MIMO system, the channel matrix will have
a block diagonal structure. In this case, the received vector can be written as

(h1x1 + haxo, hax1 + haxa, hi1x3 + hoxa, h3xs + haxs) + (w1, w2, w3, wa).
Here the set ﬂf) consists of matrices

hihy 0 O
hz3 hgy 0 O
0 0 hy hy
0 0 h3 hy

| det

hi h2\| |
h3 ha)|
According to [15, Proposition 8], we have that

I1Cx1, x2, x3, X4)|I;<4> = 2|(x1x2 — x3x4)|. (5.21)
4

We immediately note that all the reduced norms share common characteristics.

Definition 5.7 A continuous function F: C* — R is called a homogeneous form of
degree o > 0 if it satisfies the relation

|F(ax)| = || |F(x)] (Vo e R,Vx e chy.

Given a full lattice L € CX and assuming that Vol(L) = 1, we can define the
homogeneous minimum of the form F as

MF,L)y= inf |F(x)|.
(F, L) xean\{o}I ()]
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Setting || ”i(") = F 70> We can see that each of the squared reduced norms
4

defined previously are homogeneous forms of degree 2.

As we saw in Theorem 5.2, given a sequence of random matrices Hy of size k x k
and the corresponding sets Ay in (5.10), we can use rhg, as a design criterion for
building capacity-approaching lattice codes. In many cases of interest, || |I§qk =Faq,
will be a homogeneous form and rhiz, (L) = A(F, L). For instance, this is the case
if we extend the previous examples to general size k and define

ﬂ,({l) = I,
2 .

ﬂék) = {diaglai, a1, a2, az, ..., ar, ar] | lajaz - - -ar| = 1, a; € C},
3 .

AP = (diaglay, az, ..., a] | |lajaz - ar| = 1, a; € C}.

In the case where Ar = {Ii}, we have recovered the classical connection between
sphere packing and AWGN capacity, but we also proved that there exist similar
connections between different channel models and the corresponding homogeneous
forms.

A natural question is now how close to capacity we can get with these methods by
taking the best possible lattice sequences in terms of their homogeneous minimum.
We will denote with £y the set of all the lattices L in C¥ having Vol(L) = 1. This
leads us to the concept of absolute homogeneous minimum

A(F) = sup A(F,L).
LeLy

Finding the value of absolute homogeneous minima is one of the central problems
in geometry of numbers. As we saw earlier it is a central problem also in the theory
of linear fading channels.

In the case Ay = {Ik}, A(Fga,) is the Hermite constant yy. The value of the
Hermite constant for different values of k£ has been studied in mathematics for
hundreds of years and there exists an extensive literature on the topic. In particular
good upper and lower bounds are available and it has been proven that we can get
quite close to Gaussian capacity with this approach [5, Chapter 3].

In the case of F 2% the problem of finding homogeneous minima has been

k
considered in the context of algebraic number fields and some upper bounds

have been provided. Similarly, for F 72> there exists considerable literature. These
k
and related results can be found in [8]. However, for the case of homogeneous

forms arising from block diagonal structures, there seems to be very little previous
research. As far as we know, the best asymptotic lower bounds are given in [15].
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Remark 5.7 We note that the reduced norms in our examples are not only homo-
geneous forms, but multivariate polynomials and the sets ﬂ,(:) are groups. As we
obviously have that

AP o = x4
A0 = lxlg

forany A € ﬂ,(f), we can see that || | |;(i) is actually a classical polynomial invariant
k

of the group 3{,((’). At the moment, we do not know what conditions a matrix group
Ay should satisfy so that the corresponding reduced norm would be a homogeneous
form. Just as well we do not know when some power of the reduced norm is a
polynomial.

This is a nice standalone problem in mathematics but it is also an essential
question from the coding theory point of view. Let us elaborate on this. While
we have throughout this paper concentrated on asymptotic results and capacity
questions, maximizing the reduced Hermite invariant can also be used as a code
design criterion for short block lengths. In particular, codes based on this code
design principle can be expected to be particularly robust. For example, the lattice
that has the largest known reduced Hermite invariant rhﬂf) in [22] also has

the best known performance in 2 x 2 quasi-static MIMO channel for most data
rates. Similarly, the number fields maximizing the corresponding reduced Hermite
invariant have the best performance in the fast fading SISO channel. In order to find
such lattice codes, it is essential to be able to describe the reduced norm in a simple
form.

Remark 5.8 We also point out that interestingly all the code constructions that
maximize the reduced Hermite invariant are based on algebraic structures. For
example, the lattices that maximize rh A are based on division algebras. The

4
lattices maximizing rh A3 On the other hand are built using number fields, as seen in
4

the previous section. We clearly see that .?{4(12) C .?{4(13) and ﬂf) - .?{4(14). Therefore
for any lattice L C C* we have that rhﬂf) (L) < rhﬂ(‘z> (L) and rhﬂf) (L) <
rh ﬂf) (L). It follows that both the division algebra and number field construction
can also be used for the block fading SISO channel.

Remark 5.9 While the definition of the reduced Hermite invariant is very natural,
we have found very few previous works considering similar concepts. The first
reference we have been able to locate is [21]. There the author considered matrices
of type (5.19) and proved (5.12) in this special case. Our results can therefore be
seen as a natural generalization of this work. The other relevant reference is [2]
where the authors defined the Hermite invariant for generalized ideals in division
algebras in the spirit of Arakelov theory. Again their definition is analogous to ours
in certain special cases.



5 Algebraic Lattice Codes for Linear Fading Channels 199

References

1.

2.

3.

e

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Bayer-Fluckiger, E., Oggier, F., Viterbo, E.: Algebraic lattice constellations: bounds on
performance. IEEE Trans. Inf. Theory 52(1), 319-327 (2006)

Bayer-Fluckiger, E., Cerri, J.-P., Chaubert, J.: Euclidean minima and central division algebras.
Int. J. Number Theory 5(7), 1155-1168 (2009)

Boutros, J., Viterbo, E., Rastello, C., Belfiore, J.-C.: Good lattice constellations for both
Rayleigh fading and Gaussian channels. IEEE Trans. Inf. Theory 52(2), 502-518 (1996)

. Campello, A., Ling, C., Belfiore, J.-C.: Universal lattice codes for MIMO channels. IEEE

Trans. Inf. Theory 64(12), 7847-7865 (2018)

. Conway, J.H., Sloane, N.J.A.: Sphere Packings, Lattices and Groups. Springer, New York

(1988)

. de Buda, R.: Some optimal codes have structure. IEEE J. Select. Areas Commun. 7, 893—-899

(1989)

. Erez, U., Zamir, R.: Achieving 1/21log(1 4+ SNR) on the AWGN channel with lattice encoding

and decoding. IEEE Trans. Inf. Theory 50(10), 2293-2314 (2004)

. Gruber, PM., Lekkerkerker, C.G.: Geometry of Numbers. Elsevier, Amsterdam (1987)
. Hajir, F, Maire, C.: Asymptotically good towers of global fields. In: Proceedings of the

European Congress of Mathematics, pp. 207-218. Birkhéuser, Basel (2001)

Hindy, A., Nosratinia, A.: Approaching the ergodic capacity with lattice coding. In: IEEE
Global Communications Conference (GLOBECOM), pp.1492-1496, Austin (2014)

Hindy, A., Nosratinia, A.: Lattice coding and decoding for multiple-antenna ergodic fading
channels. IEEE Trans. Commun. 65(5), 18731885 (2017)

Litsyn, S.N., Tsfasman, M.A.: Constructive high-dimensional sphere packings. Duke Math. J.
54(1), 147-161 (1987)

Liu, L., Ling, C.: Polar codes and polar lattices for independent fading channels. IEEE Trans.
Commun. 64, 4923-4935 (2016)

Luzzi, L., Vehkalahti, R.: Division algebra codes achieve MIMO block fading channel capacity
within a constant gap. In: IEEE International Symposium on Information Theory (ISIT), Hong
Kong (2015)

Luzzi, L., Vehkalahti, R.: Almost universal codes achieving ergodic MIMO capacity within a
constant gap. IEEE Trans. Inf. Theory 63, 3224-3241 (2017)

Martinet, J.: Tours de corps de classes et estimations de discriminants. Invent. Math. 44, 65-73
(1978)

Narkiewicz, W.: Elementary and Analytic Theory of Algebraic Numbers. Springer, Berlin
(1980)

Odlyzko, A.M.: Bounds for discriminants and related estimates for class numbers, regulators
and zeros of zeta functions: a survey of recent results. Sém. Théor. Nombres Bordeaux 2(1),
119-141 (1990)

Oggier, E.: Algebraic methods for channel coding. PhD Thesis, EPFL, Lausanne (2005)
Ordentlich, O., Erez, U.: Precoded integer-forcing universally achieves the MIMO capacity to
within a constant gap. IEEE Trans. Inf. Theory 61(1), 323-340 (2015)

Skriganov, M.M.: Constructions of uniform distributions in terms of geometry of numbers.
Algebra i Analiz 6(3), 200-230 (1994)

Vehkalahti, R., Hollanti, C., Lahtonen, J., Ranto, K.: On the densest MIMO lattices from cyclic
division algebras. IEEE Trans. Inf. Theory 55(8), 3751-3780 (2009)

Tarokh, V., Seshadri, N., Calderbank, A.R.: Space-time codes for high data rate wireless
communications: performance criterion and code construction. IEEE Trans. Inf. Theory 44,
744-765 (1998)

Vehkalahti, R., Luzzi, L.: Number field lattices achieve Gaussian and Rayleigh channel
capacity within a constant gap. In: IEEE International Symposium on Information Theory
(ISIT), Hong Kong (2015)



200 R. Vehkalahti and L. Luzzi

25. Vituri, S.: Dispersion Analysis of Infinite Constellations in Ergodic Fading Channels (2015).
Available at http://arxiv.org/abs/1309.4638v2. This is a revised and extended version of the
author’s M.S. Thesis, Department of Electrical Engineering, Tel Aviv University (2013)

26. Weinberger, N., Feder, M.: Universal decoding for linear Gaussian fading channels in the
competitive minimax sense. In: IEEE International Symposium on Information Theory (ISIT)
Toronto (2008)

27. Xing, C.: Diagonal lattice space-time codes from number fields and asymptotic bounds. IEEE
Trans. Inf. Theory 53, 3921-3926 (2007)

28. Zimmert, R.: Ideale kleiner Norm in Idealklassen und eine Regulatorabschitchung. Invent.
Math. 62, 367-380 (1980)


http://arxiv.org/abs/1309.4638v2

Chapter 6 )
Multilevel Lattices for St
Compute-and-Forward and Lattice

Network Coding

Yi Wang, Yu-Chih Huang, Alister G. Burr, and Krishna R. Narayanan

Abstract This work surveys the recent progresses in construction of multilevel
lattices for compute-and-forward (C&F) and lattice network coding (LNC). This
includes Construction w4 and elementary divisor construction (a.k.a. Construction
mp). Some important properties such as kissing numbers, nominal coding gains,
goodness of channel coding, and efficient decoding algorithms of these construc-
tions are also discussed. We then present a multilevel framework of C&F where each
user adopts the same nested lattice codes from Construction m4. The achievable
computation rate of the proposed multilevel nested lattice codes under multistage
decoding is analyzed. We also study the multilevel structure of LNC, which serves as
the theoretical basis for solving the ring-based LNC problem in practice. Simulation
results show the large potential of using iterative multistage decoding to approach
the capacity.

6.1 Introduction

There has recently been a resurgence in research on lattice codes. Erez and
Zamir [5] have shown that lattice codes can achieve the channel capacity with
nested lattice shaping and an MMSE estimator at the receiver. This is indeed
an inspiration for researchers to explore lattice code in the area of network and
wireless communications. The random ensemble of nested lattice codes is capable of
producing capacity-achieving lattice codes, and its structure is in particular suitable

Y. Wang (2<) - A. G. Burr
Department of Electronic Engineering, University of York, York, UK
e-mail: yi.wang @york.ac.uk; alister.burr@york.ac.uk

Y.-C. Huang
Department of Communication Engineering, National Taipei University, New Taipei City, Taiwan

K. R. Narayanan

Department of Electrical & Computer Engendering, Texas A&M University, College Station, TX,
USA

e-mail: krn@tamu.edu

© Springer Nature Switzerland AG 2020 201
V. Beresnevich et al. (eds.), Number Theory Meets Wireless Communications,
Mathematical Engineering, https://doi.org/10.1007/978-3-030-61303-7_6


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-61303-7_6&domain=pdf
mailto:yi.wang@york.ac.uk
mailto:alister.burr@york.ac.uk
mailto:krn@tamu.edu
https://doi.org/10.1007/978-3-030-61303-7_6

202 Y. Wang et al.

for many problems within network communications, which opens the window in
exploiting the structure gain induced by the channels.

The use of nested lattice codes in physical layer network coding was first
proposed by Nazer and Gastpar, who developed the compute-and-forward (C&F)
relaying strategy as a compelling information-transmission scheme in Gaussian
relay networks. Two key features of C&F have made the scheme attractive in
network communications: (1) the relay computes a set of linearly independent
equations instead of directly decoding/amplifying the source messages/received
signals. (2) no channel state information (CSI) is required at the transmitters
and no global channel-gain information is required at the destination. Feng et al.
formulated a generic algebraic framework, namely lattice network coding (LNC)
which employs algebraic approach to reinterpret C&F and make a direct connection
between LNC and C&F. In particular, the LNC makes no assumptions on the
underlying nested lattice codes, and induces an end-to-end linear network coding
channel over modules.

This chapter places the fundamental theories behind LNC, which provides the
design guidelines of lattice-based network coding from the aspect of practical
implementation. The use of Construction A lattices provides a feasible way to
implement LNC networks. However, the decoding complexity of a Construction
A lattice closely relies on the underlying linear code over a prime field. When the
size of the prime field increases, decoding these lattice codes within LNC networks
is typically infeasible due to the exponential increase of the computational cost.

This chapter induces the concepts of multilevel lattices and correspondingly the
multilevel lattice network coding (MLNC) strategy, which resolves the complexity
problem and retains the property of LNC in the meantime. The theory leads to a new
lattice construction approach, namely the elementary divisor construction, which
is a reinterpretation of multilevel lattices construction approaches—Construction
w4 and Construction 7p (introduced in the next few sections). These multilevel
lattices construction methods developed subsume most of the existing construction
methods, e.g. Construction A and Construction D.

Multi-stage lattice decoding, especially iteration-aided multi-stage lattice decod-
ing, is therefore proposed in the next few sections. The simulation results reveal that
with the aid of iterative decoding, the system performance is greatly improved with
significantly reduced computational costs.

MLNC, multilevel lattices and multi-stage lattice decoding resolve the problem
of decoding lattice codes based on fields or rings constituting a large message space,
where the multilevel lattices based on these can readily be partitioned into a set of
primary sublattices based on much smaller message spaces following the theory
developed, so that multistage lattice decoding may be used for decoding. Note that
MLNC provides the theoretical basis of a practical implementation strategy when
using lattice codes within Gaussian relay networks. It is therefore a generic theory
which is suitable not just for lattices constructed from channel codes, but for any
lattice codes, e.g. complex low density lattice codes or signal codes.
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6.2 Problem Statement

We consider the compute-and-forward relay network introduced by Nazer and
Gastpar [21] which consists of L source nodes and M destination nodes as shown
in Fig 6.1. Each source node has a message wy € {1,2,..., W}, £ € {1,...,L}
which can alternatively be expressed by a length-N’ vector over some finite field,
ie.,wy € Z;V " where g € Nwith W = ¢V ". This message is fed into an encoder 82’
whose output is a length-N codeword x; € CV. The transmitted signal is subject to
an average power constraint given by

E[X?] < P. (6.1)

The signal observed at the destination m is given by

L
ymln] =Y hmexeln] + zmlnl, ne{l, ..., N}, (6.2)
(=1

where h,,¢ € C is the channel coefficient between the source node £ and destination
m, and z;;[n] ~ CN(O, 1). Collectively, one can also define the channel model for
using the channel N times as

L

Ym =Y hweXe + . (6.3)
(=1

Fig. 6.1 A compute-and-forward relay network where Sip,..., S; are source nodes and
Dy, ..., Dy, are destination nodes
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Instead of individual messages, each destination node is only interested in comput-
ing a function of messages

w, = fm(wy,...,wr). (6.4)

Upon observing y;, the destination node m forms i, = QZ (Ym) an estimate of u,,.
These functions are then forwarded to the central destination which can recover all
the messages given sufficiently many functions.

Definition 6.1 (Computation Codes) For a given set of functions f1,..., fu, a
(N, N') computation code consists of a sequence of encoding/decoding functions
(8N ey Sg )/ (QN Y QAN,I) described above and an error probability given by

P & Pe ({tim # um}) . (6.5)

Definition 6.2 (Computation Rate at the Relay m) For a given channel vector
h, £ Aty .-, B L]T and a given function f;,, a computation rate R(hy,, f;;) is
achievable at the relay m if for any ¢ > 0 there is an (N, N’) computation code such
that

N' = NR(hy, fn)/log(g) and P} <. (6.6)

Note that the first condition is equivalent to saying that W > 2N R /)

Throughout the paper, we consider equal power constraints and assume all the
transmitters transmit at a same rate. However, similar to [20], the proposed
framework can be extended to the unequal power constraint and/or unequal rate
cases.

In practice, since no cooperation among the relays is assumed, a greedy protocol
which mimics the behavior of random linear network coding is adopted in [21]
where each relay computes and forwards the function with the highest computation
rate. After that, if given those functions, the central destination is able to recover
all the messages, then decoding is successful. Otherwise, the central destination
declares failure. The achievable computation rate for the transmitters is then equal
to ming, R(hy,, fin).

6.3 Background
6.3.1 Algebra
6.3.1.1 Ideal and Principal Ideal Domain

Let S be a commutative ring with identity 1, and $* = S\0. The set of units U(S)
in S refers to any element x in S such that xs = sx = 1 for some s € S. Any root of
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unity in aring S is a unit. The set of zero divisors Z(S) in S refers to any element x
in Sif xs = sx = 0 for some s € S*. Anelement p € S, p ¢ Z(S), p &€ U(S), is
called a prime in S when p | ab for some a, b € S*, implies either p | a or p | b.

An ideal I of R is a non-empty subset of R that is closed under subtraction
(which implies that 7 is a group under addition), and is defined by:

1.Va,bel,a—bel.
2. VaeI,Vse S, thenas € I andsa € 1.

If A= {aj,---,an} is a finite non-empty subset of S, we use (aj, - -- , an) to
represent the ideal generated by A, i.e.

(ar, -+ ,am) ={a1s1+---+amsSpm : 51, - ,5m € S}

Note that S has at least two ideals {0} and {S}.

Anideal 7 of § is said to be proper if and only if 1 ¢ 7. An ideal 7 1,y is said to
be maximal if Ty, is a proper ideal and the only ideals that include 7y« are S and
7 max itself. We say that an equivalence relation a ~ b on the set S is defined by 7
ifand onlyifa — b e 1.

An ideal 7 of S is principal if T is generated by a single element a € 7, written
as I = (a). A principal ideal ring is a ring whose every ideal is principal. If §
is a principal ideal ring without zero divisors, then R forms an ideal domain, and
more precisely, a principal ideal domain (PID). Examples of PIDs include the ring
of integers, the ring of Gaussian integers Z[i] and the ring of Eisenstein integers
Zlw].

6.3.1.2 Modules Over PID

Again, let S be a commutative ring with identity 1. An S-module M over S is an
abelian group (M, +) under a binary operation +, together with a function .7 :
S x M —— M which satisfies the same conditions as those for vector space. Note
that modules over a field are the same as vector spaces. An S-submodule of M is a
subgroup N of M which is closed under the action of ring elements, and hence the
submodule N forms also an S-module under the restricted operations.

An S-module is said to be finitely generated (f.g.) if M has a finite spanning set
{my,---,my}suchthat ), Rm; = M.

The annihilator Anng(m) of an element m € M is the set of elements s € S such
that sm = 0, which forms an ideal. The annihilator of M is the elements s € S such
that {sm = 0|Vm € M}, denoted by Anng(M) = ({Anng(m)|m € M}.If M is a
free S-module, then Anng(M) = (0).

We define an action of S satisfying Vs € S,Vm € M, and forallm+ N € M/N,

s(m+ N)=sm+ N,

then M/ N is referred to as a quotient S-module.
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The torsion submodule M., of M is defined by:
Mror = {m € M : Anng(m) # {0}}

A torsion free module is trivial.
Let M and N be two S-modules. An S-module homomorphism is a map ¢ :
(M, +, ) —> (N, H, ®), which respects the S-module structures of M and N, i.e.,

@ (sim1 + somz) = s1¢(m1) H s2¢ (m2)

@(simy - soma) = s1¢(m1) © s2¢(m2)
Vs1,s2 € S,Vm1,my € M. An S-module homomorphism ¢ : M +—— N is called
an S-module isomorphism if it is both injective and surjective, which is denoted by

M = N. The kernel of ¢ denotes the elements in M which makes the image of ¢
equal to zero.

6.3.2 Lattices and Lattice Codes

Lattices defined within R are explained as follows: An N-dimensional lattice A" is
a discrete subgroup of RY which satisfies A1 + A2 € AY and —A; € AN whenever
A1,A2 € AN. One way to express a lattice is through its generator matrix G, €
RN xN as

A:[GAb:beZN}. (6.7)

For any vector x € R", a nearest neighbor quantizer associated with A quantizes x
to the nearest element in A. That is,

QA (x) £ argmin|x — A[, (6.8)
AeA
where ||.|| denotes the L,-norm and the ties are broken systematically. The

fundamental Voronoi region V, is the collection of all x € RV that result in
Or(x)=0.1e.,

Va2 {xeRY: Qa(x) =0} (6.9)
If G is full rank, the volume of V,, which we denote by Vol(V), can be easily
computed as Vol(Vp) = |det(G)|. The mod A operation returns the quantization

error with respect to A. Mathematically, it is given by

x mod A =x— Qa(X). (6.10)
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Alternatively, this can be thought of as mapping x to the element of the coset x + A
within V. We shall refer x mod A to as the coset leader of x + A.

Let us now consider the problem of transmission over an additive white Gaussian
noise channel without any power constraint. We adopt a lattice A as our transmission
scheme and every lattice point can be sent since there is no power constraint. The
signal model is given by

y=X+12, (6.11)

where x € A is the transmitted signal, y is the received signal, and z is the additive
noise whose elements are drawn i.i.d. from N(0, o'2). One attempts to form X an
estimate of x based on the received y. The decoding probability is defined as p, =
P {f( #* x}. A sequence of lattices A is said to be good for channel coding if p. — 0
in the limit as n — oo as long as the volume of V, is larger than the volume of the
typical noise ball, i.e.,

. Vol(Vp) ¥
o< .

6.12
2me ( )

6.3.3 Construction A

Here, we briefly review one of the most famous constructions, namely Construction
A. Construction A[3, 16]: Let p be a prime and C be a linear code of length N and
dimension r over I, i.e., C is a r-dimensional subspace of the vector space IE‘,IY .
The Construction A lattice associated with C is given by

A={erN:xmodpec]. (6.13)

An alternative and constructive way to describe this lattice construction is as
follows. Let M be the natural mapping from I, onto the coset leaders of Z/ pZ. We
denote by MY Fg — (Z/pZ)N that performs M elementwisely. Construction
A “lifts" C to the Euclidean space R" by taking the union of all the cosets
MY (¢) + pZN , ¢ € C, which forms

A= M@+ pz") = MV ©) + pz, (6.14)
ceC

where 4 above is the Minkowski sum. The fact that Construction A always produces
lattices is due to the linearity of C and the isomorphism nature of the natural
mapping M.

Construction A lattices have been popular for decades due to the tight connection
between lattices generated and their underlying linear codes. In [18], Loeliger
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exploits the close connection between Construction A lattices and their underlying
linear codes. He then uses “random coding argument" to show that Construction A
can produce lattices that are good for channel coding. Erez et al. in [4] show that
Construction A can produce lattices that are good in many senses simultaneously
including packing, shaping, channel coding and MSE quantization. In [5], an
ensemble of nested lattice codes carved from Construction A lattices is proposed
and is shown to achieve the AWGN channel capacity. Ordentlich and Erez later
simplify the proof of the capacity-achieving property in [22] by introducing a new
ensemble of nested lattice codes which preserve the tight connection between the
lattice codes and the linear codes. In this article, we will consider several multilevel
lattice constructions evolved from Construction A.

6.4 Compute-and-Forward and Lattice Network Coding

In this section, we briefly review the compute-and-forward paradigm [21] and
the lattice network coding framework [8]. It should be noted that although lattice
network coding subsumes every lattice-based scheme (including compute-and-
forward in [21]) as a special instance, we review both the frameworks. It is mainly
because lattice network coding is a general framework and as a consequence, it
is hard to prove the achievable computation rates as well as to construct optimal
coding schemes. In contrast, compute-and-forward specifically uses nested lattice
codes from Construction A lattices and thus its achievable computation rates can be
derived.

6.4.1 Compute-and-Forward

In [21], the destination m aims at computing a function of the form
Wy = amW1 D ... 0 anLWL, (6.15)

where wy is the p-ary expansion of wy and ay¢ € IFp. It first computes the
linear combinations of codewords whose coefficients are Gaussian integers a,, =
[ami, - .-, aur] and then maps this integer combination back to linear combinations
of messages in (6.15) where b,,¢ = o (a;,¢) with o (.) being the ring homomorphism
used in Construction A for generating the underlying lattice [3, 16]. In this scenario,
the function f,, is completely characterized by the coefficients a,, and thus the
achievable computation rate is denoted as R(hy,, a,,).
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Each source node adopts an identical nested lattice code (A ¢, A.) of Erez and
Zamir [5]. The source node £ first bijectively maps its message w; to a lattice
codeword ty € Ay NV, and sends a dithered version

x¢; = (ty —up) mod A.. (6.16)

Given a, = [am1,...,an L]T, the relay m scales the received signal by the
MMSE estimator ¢, and adds the dithers back to form

L
y, = (amym + ZamguZ> mod A, (6.17)
=1
= (teq,m + zeq,m) mod A, (618)
where
K
tegm = Y dmetme mod A, (6.19)
=1
and
L
Zegm = (amzm + Z((thmL - amL)XZ> ) (6.20)
=1
with
o2, L

2
eq,m nE”ZEq,m”

o2 | 4+ Pl hy — an|>. (6.21)

Due to the linearity of lattice codes, t.; » is a codeword in Ay N V4, and hence
one can directly compute this function at the relay m. Intuitively speaking, one can
arbitrarily rotate and scale the received signals by o, such that the resulting channel
coefficients would be arbitrarily close to the Gaussian integer vector a,,; however,
one might also cause uncontrolled noise enhancement. It turns out that the optimal
choice of «, is the linear MMSE estimator given by

Ph’ a,,

: 6.22
1+ Plhy, |2 (22

OMMSE,m =

This leads us to the main result of [21] as follows.
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Theorem 6.1 (Nazer-Gastpar) For given channel coefficients h,, and Gaussian
integer vector ay, the following computation rate is achievable at the relay m.

-1
P|h* a,, |

R(h,,, =log"t 2 _ m , 6.23

(h,,, a,) = log ((IIamII 1+ Pl |2 (6.23)

where log™ (.) £ max{0, log(.)}.

After computing t.4 »,, the relay m can recover the function u, in (6.15). At the
central destination, one can invert the matrix B = [by, ..., bys] to recover all the
messages if the matrix is invertible.

Remark 6.1 The coding scheme in [21] in fact transmits signals in the real and
the imaginary parts separately and independently. Here, we describe the scheme
by directly looking at the complex field and Gaussian integers. This perspective
has motivated the generalization of the compute-and-forward paradigm to the ring
of Eisenstein integers in [25, 26] and other rings of imaginary quadratic integers in
[15] where a,, in (6.23) is chosen from Z[w] and other imaginary quadratic integers,
respectively, instead of Z[i].

6.4.2 Lattice Network Coding

Feng et al. formulated a general algebraic framework for lattice network coding
(LNC) [9], giving practical design guidelines for compute-and-forward. LNC is
based on a finite lattice quotient, in which each transmitter sends an information-
embedding coset through a coset representative. LNC scheme serves as a direct
connection between C&F and module theory (in abstract algebra). In particular, a
generic LNC makes no assumptions on the structure of the underlying nested lattice
code, which makes a variety of code-design techniques available.

The key aspect of LNC is the so-called linear labelling of the points in a
nested lattice code which produces a beneficial compatibility between the arithmetic
operations and the linear operations in the message space that used for linear
network coding. The linear labellings induces a noncoherent network coding
channel with a message space having the module-theoretic algebraic structure. This
provides the theoretical basis for achieving network coding over general Gaussian
relay networks.

LNC specifies a map ¢ : A — W from lattice points in A to messages in the
message space W to facilitate practical implementation of linear labelling. The map
¢ satisfies two conditions,

1. for any two points A1, A2 € A with A] — A € A, (A1) = p(A2);
2. o(s1A1 + 52A2) = s19(X1) + s20(A2), Vs1, 52 € Sand VA1, Ay € A.
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As discussed above, C&F is specifically implemented by constructing lattices
with Construction A. LNC generalises this and allows more powerful lattice codes
to be used, e.g. low density lattice codes [29] and signal codes [7] which provides
high coding gain.

Previous work, e.g. in [8, 24, 27], has given LNC design guidelines when quotient
lattices are constructed from existing channel codes using complex construction A.
In this book chapter, we consider a multilevel structure for lattice network coding,
which provides a practical solution to the ring-based network coding problem. We
also show an efficient lattice construction approach (which we term the elementary
divisor construction (EDC)) based on the theorems developed, which also subsumes
the most important previous lattice constructions.

6.5 Multilevel Lattices Evolved from Construction A

In this section, we review some multilevel lattices evolved from Construction
A lattices including Construction D, Construction w4, and elementary divisor
construction (a.k.a. Construction mp). Efficient decoding algorithms for these
lattices are also discussed. These multilevel lattices will enable multistage compute-
and-forward presented in Sect. 6.6.

6.5.1 Construction D

Construction D [1] [3, Page 232] is a multilevel lattice construction that constructs a
lattice from a sequence of nested linear codes. Consider a sequence of nested linear
codes constructed over IF,, namely C lL'cc?2c...ccrtl Inthis sequence of
codes, C¥ 1! is the trivial (N, N)-code and Clisa (N, rl)-code forl € {1,2,...y}
with 7! < ... <r”.One way to generate such a sequence of codes is to first choose
{g1,...,gy) that spans C?*! and then use only the subset of the first 7/ vectors
{g1.,..., 8.} to generate C ! The procedure of Construction D is given as follows.
A multilevel lattice Ap with y + 1 is given by

Ap=J3p"Z%+ > P D angilan €(0.1,..p—1}}.  (624)

I<i<y 1<i<r!

where all the operations are over RY. In [6], an alternative presentation of
Construction D is given as a extension of Construction A with coding over a finite
chain ring. This is done by relating the nested linear codes with a single linear code
C over Zpy. Let M : Zpy — Z/pYZ be a ring isomorphism. A Construction D



212 Y. Wang et al.

lattice associated with C can be alternatively represented as
Ap = M'(C) + p'Z". (6.25)

Construction D has been shown to be able to produce lattices that are good for
channel coding [11]. Recently in [32], a lattice ensemble called polar lattices has
been proposed which use the Construction D procedure with nested polar codes as
the underlying linear codes. Thanks to the explicitness of the construction of good
polar codes, polar lattices have provided an explicit construction of lattices that
are good for channel coding. Later in [17], polar lattices have also been shown to
achieve the rate distortion bound of memoryless Gaussian source.

6.5.2 Construction w4

We now present Construction 4 in two different ways that are equivalent to each
other: The first presentation is to regard it as a generalization of Construction A to
allow the underlying codes being over Z, where ¢ is a positive squarefree integer
(A number is said to be squarefree if its prime decomposition contains no repeated
factors.). The second one is to think of it as a generalization of Construction A to
multilevel codes in which each level’s code is over a different prime field.

Construction 74 constructs lattices from linear codes over finite rings Z,, where
g € N is chosen to be squarefree and hence can be factorized into a product of
primes as ¢ = py -...- pr. Let C be a linear code over Z,. The Construction 74
lattice associated with C is given by

Ar, = {x eZV : X mod € c} (6.26)

Let G be a generator matrix of C. From the Chinese remainder theorem, C can
be uniquely decomposed into K linear codes C', ..., CX where G; = G mod p;
is a generator matrix of C!. Evidently, C! is a linear code over the prime field F i

An alternative and constructive way to describe Construction 74 is as follows.
Let p1,..., px be K distinct primes and let ¢ = p; - ... - pg. From Chinese
remainder theorem, there exists a ring isomorphism

M:F, x...xFp — Z/qZ. (6.27)

We start with K linear codes. Let Cl, l € {1,...,K}, be a (N, rl) linear code
constructed over I ,,. We map the codewords in C'x...xC¥toA* e (Z/)qT)N
by applying M element-wise. We again denote by MY for this function that maps
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elements in (Fp, x ... x F,, )V to (Z/qZ)" element-wise. After this, we tile A* to
R¥ . Overall, we obtain

Ap, =MV, Ch) 4+ g2V

=[erN:a(x)eclx...xcL}, (6.28)

where 0 2 M~! o mod ¢ is a ring homomorphism. It has been shown in [13] that
there exists a sequence of Construction 74 lattices that is good for channel coding.

6.5.3 Multilevel Lattice Network Coding

We assume S is a PID over C. Briefly if there is a matrix G5 € (C”,X", n’ < n such
that all its n’ row vectors ga 1, -+, ga.w € C" are linearly independent, the set of
all S-linear combinations of ga 1, - - - , g forms an S-lattice A € C", written by,
A ={sGy :s€e S"/}, where G is called the lattice generator.

Following the explanation in Sect. 6.3.1.2, an n-dimensional S-lattice is precisely
an S-module, and similarly the sublattice A’ in A forms a S-submodule. The
partition of the S-lattice, denoted by A/A’ represents |A : A’| < oo (the index
of A’) equivalence classes.

Theorem 6.2 Let A and A’ be S-lattices and S-sublattices, ' C A, |A : A'| < oo
such that A/ A" has nonzero annihilators. Then A/’ is the direct sum of a finite
number of quotient sublattices,

AN = Np /N, @ Apy /Ny @@ Ap, /N, (6.29)
where Ap, /N, £ {x € A/N : p/r = 0} for some y > 1, and every p;, i =
1,2, .-+, mis adistinct prime over S.

Theorem 6.2 proves that A/A’ can be decomposed into the direct sum of m
sublattices A ,,,./A’pl_ (the primary sublattices) which itself forms a new lattice
system. Hence A /A’ can be regarded as an m layer quotient lattice.

Theorem 6.3 Every primary sublattice A,,,./A’pi is isomorphic to a direct sum of
cyclic p;-torsion modules:

Ap /N, =S/ @ S/(pP) @ - @ S/(p) (6.30)

for some integers 1 < 01 < 6y < --- < 6; which are uniquely determined by
Api /N,
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Theorem 6.3 implies that the quotient primary S-sublattice system A,/ A’pi is
isomorphic to a cyclic p;-torsion module. The right-hand side of (6.30) can be
viewed as the message space of A, / A;,l, which is detailed in Lemma 6.1.

Lemma 6.1 There exists a map:

¢i Ay — D S/p) (6.31)
J

which is a surjective S-module homomorphism with kernel K(¢;) = A;,l,. To ease
the abstract representation, we consider A;,i = A in the sequel. Thus, K(¢;) = N’
fori =1,2,---  m. If the message space is taken as the canonical decomposition

of (6.30), ie. W = @j S/(pigj), there exists a surjective homomorphism ¢ :
(A +, ) — (w1 ®---Ow"; H, @) and also an injective map cj; : (w1 ®---D
w") — A such that

PPW ©-ow)=wo ow" (6.32)

Lemma 6.2 The generator matrix of the S-sublattice A ), at the ith layer can be
expressed in the form of:

Diag(S' -~ L. pf}1 ---p&) 0

Ga, = b - Ga (6.33)
0 | P
and
$i(WGa,) = (W' + (p{"). - w4+ (p") (6.34)

where w' € S/(pl.g’) andw € W' @ --- © W". Gy is the generator matrix of the
fine lattice A, p?, j =1,2,---,m is a vector, with all elements being the same
elementary divisor p?j over S, and t = dim(A p,/A").

Lemma 6.2 shows a way to produce the quotient S-sublattice of each layer

defined in Theorem 6.2. A , /A’ forms an independent lattice system, and the direct
sumofall Ay, /A, i =1,2,--- ,misequalto A/A.

6.5.4 Elementary Divisor Construction

Theorems and Lemmas developed above provide good theoretical basis for creating
a general lattice construction method, namely elementary divisor construction,
which is also described in another form named construction 7 p [13].
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Lemma 6.3 Let A and A’ be S-lattices and S-sublattices, A’ C A, |A : A'| < oo
such that A/ A’ has a nonzero annihilator @ which can be uniquely factorised into
distinct powers of primes in S, @ = (I/I(S)pi/1 p;/z .- p¥m™ Then AJA' is the direct
sum of a finite number of quotient sublattices, Ap, /A = {r» € AJA": p/') = 0},
i=1,2,---,m, and given by,

AN =Ap /N SNy /N B DA, /N (6.35)

Elementary Divisor Construction (EDC) Let pi, p2,---, pm be some distinct
primes in a PID S, and & = U(S)p}' p}* -+ pi" is a unique factorisation, y; > 1.
LetCL, C%, .- ,C™ bem [n, k;] linear codes overS/(pi/'), S/(p,):,’” S, S/(p,):,’”),
respectively. The elementary divisor construction lattice is defined by:

A2peS":60eCtdCd---mC™ (6.36)
and the sublattice is:
AN E{wr:res")

where 6 : S > (S/(p]")" ® (S/(Py’)" @ --- ® (S/{py' )" is a natural map
obtained by extending the ring homomorphism o : § —> S/(p]") x S/(p}?) x

- x S/(pym) to multiple dimensions. Apparently A’ € A. The message space
under EDC is

W= (S/p!"Vr @@ (S/(pym))kn (6.37)

where k; is the message length of the ith layer which sums up to k = Z?=1 kj.

The elementary divisor construction is a straightforward extension of Lemma 6.5,
which defines a class of lattices constructed by m linear codes, with each operating
over either a finite field or a finite chain ring. Hence the quotient A /A’ must consist
of m primary sublattices A ,,, /A’, with each constructed by the ith linear code. The
primary sublattices A ,, of the ith layer is defined by:

Ap, 2 {hp €8S :6i(hp) € CH) (6.38)
where 6; is a natural map:
Gi : (8:8)" > (8;S/p] 8:8)" = (S/(p]' D) (6.39)

obtained by extending the ring homomorphism o; : §S +—— §8;S/( pl?/i 8;S) to

multiple dimensions. The scaling factor §; = %, can be proved in terms of the
p

proof in Theorem 6.2. l
We consider three scenarios based on different algebraic fields which the linear

codes may belong to.
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Scenario 1 Assume that the primary sublattice at each layer is constructed by
a linear code over a finite field, thus, y1 = y» = --- = y, = 1. Then,
C' € (8:S/(pi8;))". This group of lattices corresponds to the lattices constructed
from Construction 74 in Sect.6.5.2. Since the coarse lattice A’ is generated by a
single element @, A/A’ forms a cyclic torsion module which allows us to produce
the generator matrix of the ith layer lattice Ap,. It will have a form described in
Lemma 6.2, given by:

(k1) ki—1) (kit1) (kim)
Gn Diag (p ! p, VI uP,JJI P ) 0 G (6.40)
Pi 0 Lnn—«k

where pEk") is a length-k; vector with each element p;. G p in (6.40) gives the
generator matrix for the ith layer lattices, when the message input

w=[wh, w2 W', ddy] (6.41)

where w' € (8;S/(pidi)i, d; € §"*i.

Since EDC lattices are constructed by some linear codes, the matrlx G must
include the generator matrix of each linear code C'. Let 6; (Mg, k X(n—k-)]) be a
generator matrix for a linear code C' (without loss of generality, we consider that
the linear code is systematic in this case.), then G is an mn x n matrix defined below,

_ | _
Ly Bglx(n—kl)
I, Bkzx(n—kz)
G=|1I, B?mx(n—km) (6.42)
0 ol
L 0 WIn—km

Equation (6.42) follows from Lemma 6.5 and part of the proof of Theorem 6.2.
The generator matrix of the coarse lattice A’ is therefore given by,

. } (ki) -
Gy = | D8 (Iz;ﬂk,-’l’i ’IZ/-,-ij) 0 Ga,, (6.43)
0 Lnn—k

It can be easily observed that these generator matrices are consistent with the
Theorems and Lemmas proposed earlier. Note that the generator matrix for linear
code C' is 6; ((Ix; B k x (1—ky) 1) where 0; is defined in (6.39). Theorem 6.4 establishes
the theoretic fundamental for low-complexity lattice decoding (i.e. layered integer
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forcing) of MLNC, and states that there exists a surjective S-module homomorphism
@; which satisfies Lemma 6.4, with kernel K(¢;) = A, which plays a key role in
decoding the ith layer linearly combined messages. Its generator matrix has a form:

Diag(L, p/), 1) 0
Gy = el G (6.44)
0 Imnfk

We can easily verify A/A; = (S/(p; Mk in terms of these generator matrices.

Figure 6.2 depicts the structure of a 2-layer EDC lattice based on scenario 1 and
Eisenstein integers, where p; = 1 4+ 2w and p, = 2. The primary sublattice of
layer-1 can be represented as A, € 815 = 28 and these sublattices are marked as

green points in Fig. 6.2a. It is clear that in this case C' € 25/2(1 +2w))" = IE‘/;I.
Similarly, the primary sublattice of layer-2 can be represented as A,, € 625 =

(1 4+ 2w)S and in this case C? € ((1 + 2w)S)/2(1 4+ 2w)))" = IE‘/; The Voronoi
region of A/ for the ith layer is illustrated by the blue line. The red line represents
the Voronoi region of coarse lattice A’.

Scenario 2 When Vi = 1,2,---,m, y; # 1, the primary sublattice A, at each
layer is constructed by a linear code over a finite chain ring T = 6; S/( pl}/ 18;) [10].
A finite chain ring is a finite local principal ideal ring, and the most remarkable
characteristic of a finite chain ring is that its every ideal (including (0)) is generated
by the maximal ideal, which can be linearly ordered by inclusion, and hence, forms
a chain. The finite chain ring 7 has a unique maximal ideal and hence the resultant
residue field is Q = §;S/(p;d;) with size g = |8; S/{pié;i)|. The chain length of the
ideals is indeed the nil-potency index of p; which is, in this case y;. We referto T a
(g, vi) chain ring.

At the ith layer, the generator matrix G;CR of a linear code over T has a standard

form given in (6.45), where Ik(t denotes an identity matrix with dimension k,/' t,l

i=12,---,mandt =0,1,---,y —1.HenceGiFCRhasadimensionk; X n

o vi—1 g, _ . ’ /
where k; = } :' ki,z' Here Z;;,1 = t 4+ 1,2,---, y;, denotes a ki,z X /cl.JJrl

(kz{,y,- = n — k;) matrix which is unique modulo p}/"ft [19]. In (6.45), I:_yi is an
upper triangular matrix with dimension k; x k;, and By, , ;s has a dimenlsion of

k; x (n — k). Note that the codeword is row spanned by Gi?CR and all rows of G;CR
are linearly independent.

To study the message space of the linear codes over the finite chain ring, we
first examine the kernel of the generator matrix G;CR" This is equivalent to finding
the null space for the encoder & . w — C, where & (W) & w G;CH and

w = [Wk[o’ Wi s Wi y.,l]' Here w' is grouped into blocks of size Wi/ which

R

Here, the index i used in klf ; is the indicator of layer.
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(b)

Fig. 6.2 Layer structure of a 2-layer EDC lattice. The green points and blue lines represent the
primary sublattices and Voronoi region of V5 for the corresponding layers, respectively. Dotted
lines represent the Voronoi region of the fine lattice. (a) Layer 1. (b) Layer 2
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corresponds to the row blocks defined in (6.45). In order to obtain the all-zero
codeword C' = 0, we solve the homogeneous system W' Gp~; = 0, which gives

Wy € ply' tTkl{»t, t =0,1,---,y — 1. This result is based on the fact that if

d € T", then pid = 0 = d € pl}/"itT”. The null space of the encoder &' is
therefore:

ka,o 26,1 26 2 Zé,}’i—l Z(l) vi
0 pily, PiZiy e PiZyy, PiZyy
. 25i

Gi’CR = 0 0 Di Ik’ P ZlZ,}’i—l le Vi = I:I;ly, Bkz{’"_kz{:l

o 0 o el

i Pi M,y Pi vi—Lyi |

(6.45)
w = [pliThio, ... pThn (6.46)

According to the first isomorphism theorem, the codeword C' is isomorphic to a
direct summation:

¢ =a/pi o @/pl ' D e e (T/piT)
~ i / i — / k.
= (5 S/(pl a0 @ (8;S/(pl T ek @ @ (8:8/(pisi)) i (6.47)

The right-hand side of (6.47) denotes the message space W' of the linear code
over the finite chain ring 7 in terms of the generator matrix GFCR Note that each
component in the direct sum of (6.47) forms another module or vector space, and

(yi—k]

the size of the fth component is ¢ ir, This leads to the overall message size

il o\
IC| = qu:O i=Dkis Of course, We can obtain this result directly from the kernel

of G%CR, Fhus, IC| = ]_[)/’71 (p T) i which gives the same result.
Let p!" be alength-k! vector:

“’yz =
=P, P, (k’ y o Pi, ]

where pZi(k{O) denotes a length-kl’.’o vector, with each component being p;". Note

that p!" is closely related to (6.46). Following Lemma 6.2, the generator matrix of
the primary sublattice A p, of the ith layer in this scenario has a form:

o o | e (BB L B B 0 ] 648
" 0 Ln—i
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where k' = Y i, k. The EDC lattices in this scenario are constructed by some

linear codes over different finite chain rings, and the matrix G must be associated

with the generator matrix of each linear code C' over the finite chain ring. Let 6; (d -
= = ; i . .

(7 pli By k1) be the codeword of C' = W'Grpg over the finite chain ring 7,

d €; Ski. Then, G in (6.48) is an mn x n matrix defined below:

Y1 B/ _
1 Tkn—k

7
~ %
Lo Bign-i,
G=|T,m By nu, (6.49)
0 WIn_ki

L 0 WInfk,’n _

Hence, we are able to construct A ,, and hence the EDC lattice A for this scenario
based on the generator matrices presented above. Note that message space of each
layer follows from (6.47), and kz{,t should be selected such that

vi—1
yiki =Y (i = Ok}, (6.50)
t=0

in order to guarantee the consistency to the message size of the ith layer EDC lattices

defined in (6.37). It is easy to prove that there exists k; , € ZTNt=0,1,---,y—1,
satisfying (6.50).
The generator matrix of the coarse lattice A’ is given by,
1 i D }’z m /
Gy = | D8 <IZ;11 o P I k,-> 0 Ga,, (6.51)
0 Lun—k

Following (6.51), it is obvious that A/A’ = W' @& ... @ W™. The generator
matrix for A} has a form:

1 i 5YVi m /
G = Diag (Iz;-zllk}”’i ’IZj=f+nkj) 0 g (6.52)
0 Imn—k

which will be used for layered integer forcing detection.
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Every ideal of T is generated by the maximal ideal, which forms a chain with
chain length y;. Hence the residue field Q plays an important role in producing the
linear codes over 7. We now consider a matrix in the form of:

; . 0 -1 i1
G}, = Diag (piﬁ(kf,o)’ .. ,p, - 1)> : (6.53)

where gf{{ € QZ{ n’ and QZ{ “n isa klf’ , X n matrix with each entry over the coset
it it it

representative of the residue field Q = §;S/(p;é;). Each row of Gj'j must satisfy
the condition that none of its rows are linear combinations of the other rows. The
message space of Gy, could be partitioned into y; — 1 levels. We first define the vector

,3(” 8, B, .. ﬂ(f)] when t = 0, where j = 0, 1, ---y; — 1, is the level

1ndlcator and ﬂ(j) = ﬁ(]) H,/S(J) ,BIE ]whent = 1,2,---,y — 1.
l

Accurately ﬂ /) represents a length- k , segment of the jth level message over the

vector space Q i+ The full message space of the jth level is given by,

o
B = [p,ﬂ,(j),p, B pl B 00 ] (6.54)
K=ok,

where the powers of p; can not be negative integers. Hence the message space of
Gpis W' = BO + M ... 4 B¥i=D The codewords C' can be produced by

C' = WiGhH = (/3(0> Ty (O N ﬁ(yﬁl)) Gi,

-1

=06+Clipi+"'+c§/i—1p;/i (6.55)

Since none of the rows of G{) are linear combinations of the other rows, ci is
therefore row spanned by

g = [g}cg,o; gy i gj{;‘t] (6.56)

Itis obvious that cﬁ, t=0,1,---,y — 1 forms a set of nested codes cf) - c"1 -
- C c _, over Q. Followmg the Q-adic decompostion theorem of finite chain

ring [10, 19], we assert that the codeword C' in (6.55) generated by G is indeed
over T.
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In terms of (6.53) and (6.54), the message space corresponding to g};, should be
it

written as:
vi—l
i =t p(j)
W) = Z By (6.57)
j=t

this complies with the Q-adic decomposition and leads to the result that the message
space corresponding to gf{{ is (T/(p) “'y)kir. This implies that the right-hand

side of (6.47) is precisely the message space of GiD. Mathematically the primary
sublattices A ; can also be represented in the form below:

vi—1 JE//
A=Y i 8 +p! S 18l € Qi (6.58)
j=0 ¢=1
(35)

where Ji/ji = k;ﬁo—i-- : —|—kl’ i It is interesting to see that (6.58) has the same structure
as complex construction D. Now we conclude that the primary S-sublattices
constructed by a linear code over a finite chain ring subsumes construction D.
Based on this result, we may now construct EDC lattices for this scenario using a
set of nested linear codes over a finite field. Let g’&ni k) € Q:7 K xn bean (n—k) xn

matrix, then the G matrix is:
1 7 T 1T g
=6} . 6yl og, " o] (6.59)

Scenario 3 This corresponds to a hybrid case of scenario 1 and 2, and we give the
following summaries:

1. m =1, y1 = 1, then the EDC lattice in (6.36) is a complex construction A lattice
which is indecomposable.

2. m=1,y1 > 1,y € Z" then the EDC lattice in (6.36) is a complex construction
D lattice which is indecomposable.

3.m > 1,y € Z*,i = 1,2,---,m, then the EDC lattice in (6.36) is decom-
posable, and consists of some sublattices constructed by either construction A
or D.

Note that in (3), a new class of lattices over S is generated by a number of linear
codes over either finite field or chain ring, which generalises the scenario 1 and 2.
Scenario 3 suggests that the design of EDC lattices is very flexible, and we also
give more detailed discussion about why EDC lattices are good at low-complexity
decoding and throughput improvement for PNC in the next sections.



6 Multilevel Lattices for Compute-and-Forward and Lattice Network Coding 223
6.5.5 Nominal Coding Gain and Kissing Number

The nominal coding gain and kissing number of the EDC lattices are described in
this section for all three scenarios. The definition such as the minimum-norm coset
leaders and minimum Euclidean weight of the codeword follows from [9].

Scenario 1 We first study the nominal coding gain and kissing number of the ith
layer primary sublattices in this scenario. Following (6.38) and (6.39), we know
that C' is a linear code of length n over 8; S/ p;8; S. Thus, ¢! (cl (), -, cn +
(w)) € C'. We denote ¥ (¢') the Euclidean weight of a codeword ¢! in C?, and
) (C') the minimum Euclidean weight of non-zero codewords in C'. Let © be a

mm
scaling factor depending on which PID is used, and N (a)r(r’lfn (C)) be the number of

(@) (Cl)

codewords in C' with the minimum Euclidean weight i

Proposition 6.1 Let C' be a linear code over 8;S/ p;5; S, and A p, /A the primary
quotient lattice system of the ith layer constructed by C', A, 2 A/, then the
nominal coding gain is given by:

(i) ]
C
o(Ap /A = @min(C) (6.60)

?pi P D12
and the kissing number is:

o) (e

N mm
K(Ap /A = N (@, (C) (H,irfé(f)l) B pil® = 1 < Nas) 6.61)
N@® (), Otherwise

Here Nqy(s) represents the number of units in §.

It is of interest to study the nominal coding gain and kissing number of A/A’
in terms of the m linear codes C'. Following the proof of Theorem 6.2, and the
descriptions in prior sections, ¢ = ¢! + ¢ +---+¢", & € Cand C € (S/(w))"
Thus, the nominal coding gain of EDC lattices is determined by the m linear codes
Cl over8;S/pi8;S,i=1,2,---,m

Proposition 6.2 Ler C',--- ,C™ be m linear codes over §; S/ pidiS, i =
1,2,---,m, respecttvely Leté¢ =c ++---+c¢" ¢ e Candd e C.
The nominal coding gain of the EDC lattices A/A’ in scenario 1 is given by

2(kg—ky)

Wmin (é) 1_[?:2 |Pj | »

o(A/A) = M
?p1 217001812

(6.62)

where ki <ky <--- < ky,.
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Scenario 2 This corresponds to the case where y; > 1, y; € Zfori = 1,2, e, m.

The primary sublattice of the ith layer can be constructed by a linear code C' over

a finite chain ring 8, S/(w ), where §; = 9, . This follows immediately from (6.38)
p.

and (6.39). Here, we are more concerned with the nominal coding gain and kissing
number when the ith primary sublattice is constructed by a set of nested linear codes
over the residue field Q, since the linear code over a finite field is easier to generate.
Let C"0 C ... < C"%~! be nested linear codes of length-n over Q, where Ch s
an [n, ZQ -0 k’ Z] linear code for the 7th nested code at the ith layer, and we denote

&

w,(C") the minimum Euclidean weight of non-zero codewords in C'. We have:

Proposition 6.3 LerC'? C ... C Ci~! be y; nested linear codes of length-n over
Q, and A,/ N be the primary quotient lattice of the ith layer constructed from C"',
t=0,1,---,y; —1, then the nominal coding gain of the ith layer is lower bounded
by

|[71| Zr =0 ()’z t)kltm1n0<t<y,—l{|pt|2t @, t)(Cz t)}

o(Ap /A = P Pmin (6.63)

and the kissing number is upper bounded by:

o&D it
O min (20

N
K(Ap/N) < Zy Nt(wl(fn;)(cl ) (\Piqlé(i)l) PP = 1< Nus)
P A (o)) Otherwise

(6.64)

It is of interest to study the nominal coding gain of A/A’ in this scenario. If each
primary sublattice is constructed via a set of nested linear codes over a finite field
Q = 8;S/(p8;) for the ith layer, the nominal coding gain o(A/A’) will be related
to overall ) /* | y; linear codes since there are y; nested linear codes for eachi. Let
C be a composite code such that ¢ = ¢! + --- + ¢” where ¢/ = "0 + p;ct! +

-+ pg’i_lci’yi_l. Hence C' € 8;S/(w) and C € S/(w). We denote @min(C) the
minimum Euclidean weight of non-zero codewords in C‘, then:

Proposition 6.4 Ler C'0 C ... C C"i~! be y; nested linear codes of length-
n over Q, and let C be a composite code such that ¢ = ¢! + --- + ¢ where
¢ = 04 pieit 44 priT!
scenario 2 is given by:

¢V~ The nominal coding gain for A/A' in

min é
o/ = OO
V(YA

omin(C) TTIL, | pil? Zgl(y{—t)ki;’

6.65
a2 (6.65)
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Scenario 3 As explained in the preceding section, in this case, y; > 1, y; € Z,
and hence the EDC lattice consists of a number of primary sublattices which can be
constructed by linear codes over either finite field or finite chain ring. The nominal
coding gain and kissing number of the primary sublattices in each case have been
derived in Propositions 6.1 and 6.3. We are more interested in the nominal coding
gain of A/A’ in this scenario. Again, we consider the primary sublattices of scenario
2 is constructed over a set of nested linear codes. Let C be a composite code such

that ¢ = ¢! + .-+ + ¢” where

= ¢, C' €685/pisiS, vi=1
Ot pict! 4 pl TNl e 0,y > 1

We can easily prove that o(A/A’) has similar form as (6.65) if we set k,/',o = k; for
vi =L

6.6 Multistage Compute-and-Forward Over Finite Rings

In this section, we discuss the extension of the schemes in Sect. 6.4 to the multilevel
setting. We first present multistage compute-and-forward [14], a generalization of
compute-and-forward in [21]. We then discuss multilevel lattice network coding,
a generalization of lattice network coding in [8]. Similar to their single-level
counterparts in Sect. 6.4, while multilevel lattice network coding is a general
framework and subsumes multistage compute-and-forward as a special case, the
latter specifically narrows the codes to be those from Construction 74 lattices in
Sect. 6.5.2 and thus the achievable computation rate can be analyzed.

6.6.1 Multistage Compute-and-Forward

In this subsection, we consider only the ring of integers Z and the real channel
coefficients (where the complex channel coefficients will be discussed in the
subsequent sections), i.e., i j¢ € R. The results for the complex case can be similarly
obtained by considering either Z[i], Z[w], or other rings of imaginary quadratic
integers as the underlying ring of integers. In what follows, similar to compute-
and-forward [21], we consider the asymptotic regime where we would like to know
under which rates, the probability of error would vanish as the blocklength becomes
large.

Let pi1,..., pm be distinct primes. From the Chinese Remainder Theorem,
there exists M : x?* |F, — Z/I}",p;Z a ring isomorphism, which can be
easily obtained by solving the Bézout’s identity. The key enabler of our multistage
compute-and-forward is to recognize the fact that from CRT, each integer a;; € Z
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can be uniquely represented as
aje=aje+ T piajy, (6.66)

withaj, € Z and aje € Z/T1]. | p;Z which itself can be uniquely represented by
its coordinate in x7_ I, as

aje=M®bjs,....b%). (6.67)

With the above relationship, we can collectively write a; = a; + I1_ | p;a; where
a; = M(b;, R b;”). In our proposed scheme, each transmitter decomposes the
message wy into m sub-messages and represent each sub-message by its p;-ary
expansion w € IE‘Q”,/ fori € {1, ..., m}. The functions we aim to compute at the

J
relay j are given by

u,2b oW ... eb, 0w, (6.68)
fori e {l,..., m}.

The proposed multistage compute-and-forward scheme is based on the multilevel
nested lattice codes from Construction 4 lattices recently proposed in [13]. To use
the proposed multilevel lattices for transmission over a power-constrained system,
a multilevel nested lattice code construction is proposed in [13], which tailors
the nested lattice code construction of Ordentlich and Erez [22] specifically for
Construction w4 lattices. In this construction, two lattices, namely the coarse and
fine lattices, are constructed in such a way that the coarse lattice is a sub-lattice of
the fine one. The code then consists of all the fine lattice points lying inside the
fundamental Voronoi region of the coarse lattice. To this end, we first construct
two sets of linear codes Cl, R C? and Ccl, ..., C" that will later be used for
constructing the fine and coarse lattices, respectively. Specifically, let

Ci=(G.ow|w eF}, (6.69)
. . . . mi
P ={GowI|w eF,/}, (6.70)

where G’ is a n x m! matrix and G’} = [ij f}i], where G is a n x (m’} —ml)
matrix. We then use Construction w4 with these codes to generate

-1
Ap 2y (L pi)” M(Ch,....CH+yZ",
-1
Ac 2y (T p)) " MCL.....CIH +yZ", (6.71)
where y is for the power constraint. Clearly, C£ C C}, i € {1,...,m} and thus

Ac C Ajy. We then form the nested lattice code corresponding to A /A, by
selecting a complete set of coset leaders with the minimum energy as codewords.
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Mathematically, the multilevel nested lattice codes is given by A NV 4. The design
rate is given by

m I i

m,—m.,
Raesign =Y. ' log(py). (6.72)

i=1

The design rate becomes the actual rate if every G"f is full-rank which will be
fulfilled with high probability.

The transmitter £ first decomposes the message wy into (wé, R w’lﬂ), where
w@ is a length (mff- — m') vector over F,, and pads m’. 0 in front of w@ to get

vjé = |:0i:| ,1 € {l,...,m}, is then encoded via Cito get cZ = Gif ® vjé. The
W, :
codewordty € Ay NV, is formed as

te= (v (M)~ Ml ) + v, ) mod A, 6.73)

with ¢, € ZN. It then sends a dithered version
x; = (tg —up) mod A.. (6.74)
At the receiver j, by scaling the received signal by «; and adding the dithers back,

one obtains y/j in (6.17). Moreover, with the relationship aj¢ = aj; + 1'[?”=1 pidje,
one can further rewrite t.4 ; in (6.19) as

L
teg,j = <Z(c_lj[ + H?Llpiflj()t(> mod A,
=1

L
= (y(H;"=1p,~)‘1 Y MBjy, - BIIMUe - )
=1

= N )
—}—yZQ%—yZ&ﬂ l):/I t; | mod A,
=1 =1

L L
(iJ(y(H?;lp»lM (EB bioc, ..., oc;"> + ycj) mod A,
=1 =1
(6.75)
where ¢; € ZN and (a) holds because M(.) is a ring isomorphism and

I, pi/yte € ZN . One can then decode the fine lattice point corresponding to
t.4,j by decoding the equivalent codeword @le bj. , © ¢, which corresponds to
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the message @5:1 bj.g O] vj;, level by level. This in turn gives an estimate of u;
fori € {1,...,m}. Let Z* . be a zero-mean Gaussian random variable having a

s

(4
same second moment with Z,, ;. Similar to [13], one can show that there exists a
sequence of Ay whose error probability under multistage decoding can be made
arbitrarily small whenever

Vol(Ap)r > 27 exp(l)a2, ;27 n P EeilZis.p), (6.76)

This leads to reliable computation under multistage decoding whenever

NACEY
8 (Vol(Af))

log(Vol(A,)) — ! log(Vol(A ¢))
n

R =

1
GAy) 2

2 sk
log 27 eaezq2_ nDZeqlZey)

1
n
1
n
1
) log

1o , P2\ N
210g la;ll*— 1+ Py - 210g(2ﬂeG(Ac))+nD( eql1Zeg),

6.77)

in the limit as N — oo.

Note that if A, is good for MSE quantization, then G(A,) — oo and
rllD(ZeqHqu) — 0 [34]; thus, (6.77) becomes the achievable computation rate
of Nazer and Gastpar in Theorem 6.1. However, this will require a sequence of
Construction w4 lattices that is good for MSE quantization, whose existence has
not been proved yet. We also note that for the hypercubic shaping, i.e., A, = yZ",
G(A.) = 1/12 and thus,

—1
1 Plh%a;|? 1 Te
R log™ A% = / -1 , 6.78
> log (uajn Lt P oz (") (6.78)

which is 1.53dB away to the achievable computation rate in Theorem 6.1 in the
high signal-to-noise ratio (SNR) regime.

6.6.2 Layered Integer Forcing

Based on the Theorems developed above, we show in this section an efficient way
of decoding the linear combination of the multi-source messages within multilevel
network decoding, named layered integer forcing (LIF), with greatly reduced
complexity. The traditional layered integer forcing can be found by papers e.g. [35].
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Fig. 6.3 System diagram of the multilevel lattice network coding and multistage decoding. The
right-hand side of H represents the decoding for a single relay

Traditional Approach Theorems 6.2, 6.3, and Lemma 6.1 imply that the message
space with large cardinality may be expressed as a set of smaller message spaces
over the hybrid finite field and finite chain ring. Figure 6.3 depicts a multilevel lattice
network coding architecture, with L sources and a single relay. The encoder &, at
the £th source maps the original message w, = W} ®---@w, toa fine lattice point
A (assuming n-dimension) via the injective map ¢ defined in Lemma 6.1. Then we
add a dither d; € C" which is uniformly distributed over the fundamental Voronoi
region Vs of A’. The dithered lattices pass through a nested shaping operator
in order to restrain the power consumption. This operation is performed via the
sublattice quantization:

Ay =Qa (W) - W) +dy) (6.79)

where A, € A’, and Qx/(-) : C" —— A’ is a coarse lattice quantizer. The output of
the £th source is given by:

Xt =&MW @ - owh

=W D---OW) +dy— A, (6.80)

Note that x; is uniformly distributed over V5 due to the effect of the dither. The
average power of the transmitted signal x; is given by:

1
P = | xe |17 dxg (6.81)
nVol(Va) Jy,,

which is the second moment per dimension of x; over V /. The message space at
each source consists of a direct sum of m small message spaces (assuming there
are m levels ) over different finite fields or chain rings. The encoder &; constructs a
one-to-one relation between the message space and the coset system A /A’
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At the relay, given the received signals y and an S-integer vector a =
[a1,aa,--- ,ar]’ e S, the decoder aims at computing a new lattice point which
is regarded as an S-linear combination of transmitted lattice points from all sources.
The homomorphism designed for the coset system will be used for decoding the
lattice point to a linear combination of the original messages. We assume in this
paper that the fading coefficients h = [hy, hy, - -, hr ], and dithers are perfectly
known at the relay. The decoder can be described, generally, by:

D:(C",C S C)— W, G=D(ylh, i, d (6.82)

Thus, the output of D(y|h, a, o, d) is the estimates of the linear combination of the
original messages of each source. Here « is a scaling factor [21] which maximises
the computation rate. Note that the aforementioned decoder (6.82) may vary
according to the specific problem. There may be additional information available
to the decoder, and the decoder may also have extra outputs. However, basically the
core idea for the decoding remains the same. Based on the quotient lattice A/A’,
we have:

=Dy, a, a,d)
(i)cp(QA(ay Zam)) (6.83)
(=1
L
( (Dau( (w)—xz)+neff)) (6.84)
(=1
L
©y (Z z¢><w[>+aA<neff)> (6.85)
=1
4 L
QP arwe B ¢ @ (merr) (6.86)
=1

where (a) follows from the fact that we expect to quantize a set of scaled received
signals which are subtracted from the corresponding dithers. (b) follows from the
manipulation of:

Neff

L L L
ay =) aexe+ ) arde+ Y (ahy — do)xe +az (6.87)
=1 =1 =1

(c) follows from the definition of the lattice quantizer, and (d) follows from the
properties of a surjective module homomorphism, and also Lemma 6.1. Note that
here p(Ge) =ar e W' @ --- HW".
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Equations (6.83)—(6.86) reveal the decoding operations for the traditional lattice-
based PNC. We are able to decode a linear combination of messages @5:1 agwy
over all sources without errors provided that ¢ (Qa (nefr)) = 0. Thus, the successful
decoding is guaranteed if and only if the effective noise is quantized to the kernel of
¢, K(9).

The problems left unsolved are: (1) how to exploit rich ring features in order
to make it practically applicable in lattice-based network coding. (2) when the
cardinality (the coset representatives) of A/A’ is large, the complexity of the lattice
quantizer becomes unmanageable, which restricts the application of LNC. What
is the practical lattice network decoding approach that could greatly relieves the
decoding load in LNC. We study a new decoding solution which is specifically
designed in terms of MLNC, and which relaxes the two problems mentioned.

Layered Integer Forcing The breakthrough of MLNC (based on Theorems and
Lemmas developed) is that

 The original message space over A/A’ can be decomposed into a direct sum of
m smaller message spaces in terms of Apl./A’, i=1,2,---,m.

* The relay can decode each layer independently; thus the decoder tries to infer
and forward a linear combination of messages of each layer separately over the
message subspace defined in Theorem 6.3.

Let us recall the traditional decoding operations explained in (6.83)—(6.86).If we
are only concerned with the linear combination of a particular layer, the quantization
of the effective noise need not necessarily be the kernel of ¢. There must exist other
lattice points in A /A’ such that the homomorphism of these points does not interfere
with the linear combination of that layer following the aforementioned theorems.

Theorem 6.4 There exists a quotient S-lattice A /A with generator matrices G
for A, and GAI{ for A, which satisfies:

Diag(L, p!', -+, p, 1) 0
GAI/_ = = '}: - Ga (6.88)
0 In—k

and there is a surjective S-module homomorphism @;:
i A S/{p") @ S/ (P @ @ S/(p]") (6.89)

whose kernel K(¢;) = A. The quotient S-lattice A /A is isomorphic to the direct
sum of cyclic modules:

AN =S/ @ S/(pP)y @ - @ S/(pl) (6.90)
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Note that although both A ,, /A" and A/A! are isomorphic to S/(p?l )GBS/(p?2 e)

RN S/(pl.e’), they belong to different coset systems. A, /A’ is related to the
construction of lattices that have multilevel structure, whereas A/A] is related to
the decoding issues, i.e. LIF.

Theorem 6.4 defines a new sublattice A} which plays a key role in decoding
MLNC, as it is the kernel of the quotient S-lattice that possesses a surjective
homomorphism ¢; for the ith layer. Hence it is possible to decode an S-linear
combination of fine lattice points to an S-linear combination of the original
messages of the ith layer. This is explained in Lemma 6.3.

Lemma 6.4 Given the embedding injective map ¢ : (W', -, w™") —> A, there
exists a surjective S-module homomorphism ¢;, i = 1,2, --- ,m, defined in (6.89),
satisfying:

wow ¢ pM e (ph)

o L (6.91)
0, wephe- o ph

wi(cﬁ(wl@-~-€9wm))={

Based on Lemma 6.3, it is now possible to decode the linear combination of the
messages of each layer separately and independently. Assuming the messages at the
ith layer is of interest, the relay computes:

o' =D (yh,a, o, d) (6.92)
. L .
_ (QA (aty _ Zagd@)) (6.93)
=1
where
o (. ch st e e - W (6.94)

and o/ € C and a’ are the scaling parameter and S-integer coefficients of the ith
layer, respectively, which are determined by some optimisation criterion in terms of
the quotient S-lattice A/A].

Theorem 6.4 and Lemma 6.4 lay the foundation of the layered integer forcing.
The linear combination of @’ can be recovered in terms of LIF by:

L
i €y (aA(Zéé(¢3<wé ® - ® W) — ) +neff)>
=1

L

() ~i o~

< cpi(zagqs(w} B DW)— A — A, +QA(neff))
=1
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L
Loy < apw o @ W?)) B¢ <QA (neff)>
=1

L
© Daiw, By (QA (neff)) (6.95)
=1

where (d) follows from (6.80) and basic arithmetic manipulations; (e) follows from
the definition of the lattice quantizer Q,, and also the S-linear combination of the
lattice points is restricted in V,/; (f) follows from the property of a surjective S-
module homomorphism, and aIS(; the fact that A" C )\; and K(¢;) = )\;. (g) follows
from Lemma 6.3, and note that ¢; (a;) = a, € W'.

Lemma 6.5 The linear combination of the messages at the ith layer W =
@5:1 ayw, can be recovered if and only if Qx (Negr) € Aj. Thus, Pr(i’ # u') =
Pr(Qa (nett) ¢ A)).

Lemma 6.5 reveals that the lattice A’ defined in Theorem 6.4 plays a key role in
decoding the messages of the ith layer.

6.6.3 Multistage Iterative Decoding Algorithm for EDC
Lattices

In this section, we present an iteration-aided multistage decoding approach specif-
ically designed for EDC, which provides a feasible way of improving the perfor-
mance of decoding the linear combinations, and also of increasing the overall rate
with low decoding-complexity. We consider S to be a ring of Eisenstein integers
Z|w] in the sequel.

We have clearly revealed the possible encoding structure for EDC. Recalling the
definition for EDC, we know that the map 6 : 8" +— (S/(p!"))" @ (S/{p}*))" @
< @ (S/(pymy)* is a natural projection of a surjective ring homomorphism o :
S+ S/(pY") x S/(pY) x - x S/(pi") <—> Fp, x - x Fj, by applying it
element-wise [3] (y; = 1,Vi = 1,2, --- , m). Note that in this case, o is actually an
f.g. abelian group homomorphism. It is easy to see that each level S/(p;) is coded
by an [n, k;] linear code C' over F 5: (afinite field or finite chain ring determined by

pi)-
6.6.3.1 Soft Detector for EDC
A general decoding method LIF for MLNC has been developed in the prior sections,

based on the optimised scaling factor ¢, S-integer coefficient vectors a;, and a good
EDC lattice quantizer, e.g. a Viterbi decoder with modified metrics (see appendix).



234 Y. Wang et al.

Thus, when EDC is employed in MLNC, LIF is also feasible. In this section, we
explore another detection approach designed specifically for the EDC-based MLNC
( which follows from the structure of the EDC lattices). Especially an iterative
detector is developed, which exploits the multilevel structure gain of EDC by using
multistage decoding.

First, we consider the non-iterative multistage decoding. The detector tries to
decode the linear function of each level stage-by-stage, with the aid of the a priori
information from the preceding layers. The detection structure is similar to the
point-to-point multilevel codes, e.g. [2, 28] whereas here the a priori information
is the soft estimation. We develop a layered soft detector (LSD) which calculates
the posteriori L-vector (a vector of Log-likelihood ratio) for each layer with the aid
of the multiple a priori L-vectors.

The LSD decodes the linear function of each layer over the corresponding non-
binary finite field, and hence the a priori information of each layer is no longer a
scalar value. We define the a priori information A’ to be a vector-based random
variable with realization:

2 = |10g (FEIV =00 o PrEIV! =1, ) (6.96)
Pr(g|Vi = 0) Pr(£|Vi = 0) '

where Vi denotes the possible linear combinations at the ith le\_/el, which is a
uniformly distributed random variable whose kth realization is v,’C € IE‘,;,., k =
1,2,---, pi — L.Pr(g|V! = v};) is the probability of the a priori channel outputs

E = £ given the event V! = v}. Assume that w’. € Fjz,i = 1,2,---,m,
j =1,2,---, L to be the message of the ith level and the jth source, the linear
function is defined by f'(w},---,w}) = DL, aywy, over Fj;. Note that the

integer coefficient aé can be determined either by the lattice reduction approach as
introduced in [9, 12] over the ith quotient lattice A/ A; as defined in Theorem 6.4,
or by the maximum mutual information criterion as described later.

In the multistage iterative decoding, the proposed LSD outputs the extrinsic L-
vector e for the ith level, based on the a priori L-vector al, jel{l,--- ,m},j#i.
Assume that there is a two level EDC and the decoding proceeds from layer 1 (which
is regarded as the first stage decoding) to layer 2 (the second stage decoding). The
extrinsic outputs of layer 1 feed into layer 2 to assist the second stage decoding.
With the aid of the a priori L-value, layer 2 estimates and forwards the extrinsic
information (which serves as the a priori information of layer 1) to layer 1. The
process is repeated and all layers are activated in turn for the second and subsequent
iterations. We refer to this approach as the iterative MSD (IMSD) scheme for
MLNC. The detection process is similar to iterative decoding of multilevel codes,
e.g. [30] whereas the nature of the detection is different. As the iteration proceeds,
each layer will produce more reliable extrinsic L-vector e/ which also serves as the
a priori information of the soft-in soft-out non-binary decoder for the corresponding
C'. Figure 6.4 illustrates the multistage iterative decoding with two stages.
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Fig. 6.4 Two-stage LSD

iterative decoding model. 1~ —>_’| Lattice DEC 1 I_
Interleaver and de-interleaver 1
are not shown | _ I.-vector
e
y | :
" 1 —>—>| Lattice DEC 2 |_
|
P L-vector
T <
I A oA
—_— e ———— —————p U1, U
After max iterations ’
Table 6.1 Code type and .
code rate assigned for each i gD
level 1 [=20% 4+ 202D3, 20% + (—202)D + 202 D?]

24+ (1 —w)D?>+ (-2)D?
-2+ (=2)D + (-2)D* + (1 — ?*) D?

It is seen that the maximum achievable rates for the network coded linear
combinations are RY = log, 3 and R = log, 4 for level 1 and 2. The allowable
rate at a certain level is higher when the a priori information from another layer is
available. We assume two memory 3, 1/2-rate convolutional codes are used at both
levels (over F3 and P52 respectively). EDC lattices achieve overall rate ; log,(12),
with the number of trellis states 27 and 64 at the corresponding levels. However, a
single convolutional code over ring Rj; needs 1728 trellis states. The complexity
reduction is obvious.

6.6.4 Simulation Results

We focus mainly on the applications of EDC lattices in MLNC. Note that MLNC
design applies in principle to any lattice codes (e.g. complex low density lattice
codes [31, 33], Signal codes [23]) but we use EDC lattices to verify the theory
developed and decoding performance.

We are mainly concerned with the performance of the multiple access channel
(MAC) such as the two-way relay channel (TWRC), which can be viewed as the
building block for more complicated network topologies. All simulations are based
on a two-layer EDC lattice which has the same configuration. Thus, the two layers
are constructed via linear codes C! € F3 and C? € F,.. The linear codes at both
layers are non-binary convolutional codes, with their generator polynomials defined
in Table 6.1. Note that the decoder of the non-binary convolutional codes is based on
the maximum a posterior (MAP) probability criteria and modified BCJR algorithm,
where the soft output of the component symbols is produced.
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We examine the performance of MSD based on the asymmetric coding rates over
each level, where the rate of layer 2 is set to R® = 2 and layer 1 is set to R = %
Thus, the sublattice A, is constructed via a higher rate linear code. The overall
message rate is given by

1 3
Rimes ~ 5 log, 3 + 4 log, 4 bits/symbol

Note that the SER curve of level 1 (red dashed circle) without MSD should closely
match that with MSD (red solid circle) when multistage decoding is used in layer
1. Simulations in Fig. 6.5 confirm this. Based on the increased coding rate, we are
more concerned with the SER performance of layer 2. It is observed from Fig. 6.5
that the SER performance of layer 2 is greatly degraded if MSD is not employed,
with approximately 3 dB loss at 10~ compared to the half-rate code used at this
level. However, when MSD is used, the SER (blue solid square) of layer 2 has more
than 3 dB gain over the non-MSD case (blue dashed square) as a result of the reliable
a priori feedback from layer 1. The overall performance of MSD-based detection is
determined mainly by layer 1, whereas for non-MSD-based detection, the overall
performance is dominated by layer 2. That is the reason why the overall SER of
the MSD-based scheme performs better than the non-MSD scenario, with 2 dB gain
obtained at 107>, It is interesting to note that when the decoding of the A i/ N

10°2 z R4
EEEES A iSas T o
1
1
1
1
107" ¢ 1

[ [——SER; Overall; MSD
[ [—e—SER; Level 1; MSD
r|—8— SER; Level 2; MSD
***** FER; Overall; MSD

20

@ 107 E] o FER; Level 1; MSD

[T [|l=—— FER; Level 2; MSD

E [ |= = =1(Y;v"V?) @R = 0.5l0g,,(3)+3/4l0g,,(4)
w

D o3| © - I(Y:v') @R = 0.509,(3)

F |- 8 -iv VAV @R = 3/dlog,(4)

[ |— = = SER; Overall; Non-MSD

L |— © —SER; Level 1; Non-MSD
4l & — SER,; Level 2; Non-MSD

107 Fl- e FER; Level 2; Non-MSD
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Fig. 6.5 SER and FER performance for an MLNC constructed from a two layer EDC lattices; soft

detection; multistage decoding/non-multistage decoding/IMSD; frame length: 103. Asymmetric

coding rate: Rggs = ; log,(3); R,(ggs = Z logy(4); hi =hy =1
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which is constructed from a higher rate linear code occurs at a later stage of MSD,
the overall SER performance of MSD over non-MSD performs better. Hence, MSD
is particularly suitable for the detection of EDC lattices in terms of MLNC design,
since each layer of EDC operates over an asymmetric finite field or finite chain ring.
Now the overall SER is 4.5dB from the capacity. Note that the measure of SER
is based on the correct recovery of the linear combinations of original messages at
each source over the respective algebraic field.

Iterative Multistage Decoding We believe that there is room to improve SER and
FER performance further. Based on the soft detector developed, and also the soft
decoder developed for the non-binary convolutional codes, we propose to apply the
iterative technique to EDC-lattice-based MLNC. Note that a pair of pseudorandom
interleaver and de-interleaver has been employed in the iterative systems.

Figure 6.5 depicts the result when IMSD is used. It is observed that with 5
iterations, the SER curve (black solid thick line) has a sharp turbo cliff reaching
SER = 107> at 10dB, which is only 1.4dB from the capacity. Thus, iterative
decoding gives 3.3dB gain over the traditional MSD decoding, and 5.3dB gain
over non-MSD decoding, as shown in the figure. When sufficient iterations are
given, the L-value outputs from the soft detector at both layers are sufficiently
reliable that the decoder can make the estimation with small probability of error. The
simulation result also validates the soft detector algorithm specifically developed for
EDC-based MLNC, and implies that there is large potential in employing iterative
decoding in the multilevel lattice network coding.

In Fig. 6.6, we also show the performance of the LSD when the fixed fading
is considered. The channel fading vector is set to h = [—1.17 + 2.15i,1.25 —
1.63i], which is the same as the fading vector used in scenario 1 of [23]. We employ
a half-rate code for layer 1, and 2-rate code for layer 2. We employ multistage
decoding with 5 iterations between the two layers. A sharp turbo cliff occurs, which
reaches SER = 107> at 3.9 dB, approximately 1.7 dB from the capacity. When no
iteration is employed, there is more than 5 dB loss. This implies that small number of
additional iterations to generate more reliable values is worthwhile in improving the
overall SER performance. The iterative multistage soft detection for EDC lattices
achieves the overall rate of Ryes & 2.29 bits/symbol at 3.9 dB. This demonstrates
the potential of iterative decoding in improving the performance of physical layer
network coding.

6.7 Conclusions

In this chapter, we have reviewed the recent progresses in using structured codes
for harnessing interference. Our focus was mainly on reducing the complexity of
compute-and-forward. Two frameworks have been reviewed, namely multi-stage
compute-and-forward and the multilevel lattice network coding. For the multi-stage
compute-and-forward, the achievable computation rate under multi-stage decoding
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E 1

t |—8— Overal SER @ 5 iterations

[ |—2—Level 1 SER @ 5 Iterations

[ |—8— Level 2 SER @ 5 Iterations
-2 | |=-8-—Overal FER @ 5 iterations

10 f|—8-—Level 1 FER @ 5 iterations

[ |—-8-—Level 2 FER @ 5 iterations

[ |= = =1(Y;v'V2h) @R = 0.5log,,(3)+3/4l0g,,(4)

SER/FER

[ == =1vv'in) @R =05l0g,(3)
10'3 Fl= = =1v;v3vih) @R = 3/4l0g,,(4)
[ |—&— SER; Overall; No Iterations
[ |—%— SER; Level 1; No Iterations
| |—€— SER; Level 2; No lterations
—-&-—FER; Overall; No lterations

Il A ; Level 2; No lterations
104 £ |9~ FER; Level 2; No lterati
[ |—-©-—FER,; Level 1; No lterations

10-5 I I
-2 0 2

SNR (dB)

N —py g R = = R P O .

Fig. 6.6 SER and FER performance for an MLNC constructed from a two layer EDC lattices;
soft detection; LIF; frame length: 103. Rggs = é log, (3); Rggs = ilogz @); h = [-1.17 +
2.15i,1.25 — 1.63i]

has been analysed. EDC lattices are proposed based on the multilevel lattice network
coding theory and reinterprets the Construction 74 and Construction wp whose
goodness is discussed. Some useful properties for the lattices such as generator
matrix, kissing numbers and nominal coding gains have been discussed. Low-
complex decoding algorithms of these two frameworks have also been discussed and
iterative detection is used to support the decoding performance. The performance of
these algorithms have been evaluated through computer simulations.

Appendix: LIF Quantizer

We show here a LIF quantizer QI(fI)F implemented via a modified Viterbi decoder.
The quantization problem for the ith layer can be mathematically expressed as:

argmin ||’y — (671 (c) + ADI? (6.97)
¢

=argmin [|(@'y =671 (") — Qu((@'y =6 ()| (6.98)

subject to: ¢ e, xi € A, (6.99)

sMeCled---dC=c)d---C" (6.100)
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where Q. (X) is the coarse lattice quantizer for the ith layer and can be expressed

as a modulo operation x mod A; (as defined in Theorem 6.4). 6 1 (-) is the inverse
operation of ¢ which produces a set of lattice points A.

We can construct a trellis for the non-binary convolutional code C'. Assume that
the states of the kth and (k + 1)th time slots are s and si+1, respectively. The code
corresponding to the branch that exists from s; and arrives at sx41 is denoted as

i . o
Cy— s, - The metric for each branch is given by

@'y =07 (ehy g ) = Qur (@'Y — 0 (el g DI (6.101)

where o ~!(-) is the inverse operation of o (-). We employ the Viterbi algorithm to

estimate the best possible outcome ¢’. This implements the LIF quantizer Q](jl)F for
EDC-based MLNC.
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Chapter 7 )
Nested Linear/Lattice Codes Revisited Chack for

Renming Qi and Chen Feng

Abstract Random nested linear/lattice codes have played an important role in
network information theory. However, the proofs associated with these codes are
sometimes involved, making them less accessible than conventional random codes.
Recently, several attempts have been made towards simplifying the proofs related
to nested linear/lattice codes. In this chapter, we review these recent developments
with a particular focus on presenting a unified approach.

7.1 Introduction

In 1948, Claude E. Shannon established the maximum rate at which information can
be transmitted reliably over a noisy channel [41]. The mathematical setup is shown
in Fig. 7.1, where the channel is modeled as a probabilistic mapping from the input
to the output, and the encoder and decoder are to be designed. Under this setup,
Shannon proved a remarkable “phase transition” result: There is a fundamental rate
limit—referred to as the channel capacity—under which one can design the encoder
and decoder to achieve an arbitrarily small probability of error, but above which the
probability of error is bounded away from zero (i.e., it cannot be made arbitrarily
small no matter how we design the encoder and decoder) [41].

Shannon’s channel coding theorem consists of two parts. The achievability part
says that the probability of error can be made arbitrarily small for any rate below the
channel capacity. The converse part states that the probability of error is bounded
away from zero for any rate above the capacity. While the converse part applies to
any decoder, the achievability part often involves several specific decoders, such as
the maximum-likelihood (ML) decoder [14, p.37] and the joint typicality decoder
[41][4, p.199]. These decoders, together with a random coding argument where
the encoder generates independent and identically distributed (i.i.d.) codewords
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Fig. 7.1 Model of a point-to-point communication system

according to some codeword distribution, are used to prove the existence of good
codes (without explicitly constructing them).

Practical communication systems are subject to complexity constraint. To control
the computational complexity of encoding and decoding operations, codes with
(algebraic) structures are used in practice. This motivates a study of structured
codes, such as linear codes [2] and lattice codes [12, 13, 53]. In the sequel, we
formally present the system setup and then discuss the use of structured codes in
this setup.

7.1.1 System Setup

Here we describe Shannon’s mathematical model of a point-to-point communication
system depicted in Fig.7.1. Let X and Y denote the input and output alphabets,
respectively. The channel maps an input sequence (of length n) x = (x1, ..., x,) to
an output sequence (of length n) y = (y1, ..., ¥») in a symbol-by-symbol manner.
For example, when X and Y are finite, the conditional probability for the channel to
output y € Y" givenx € X" is

p(ylx) =[] pOilxo,
i=1

where p(y|x) is a conditional probability mass function (pmf). This channel model
is called a discrete memoryless channel (DMC). When X and Y are continuous
alphabets, the conditional probability density function (pdf) f(y|x) should be used
instead of p(y|x). In particular, when

_-0?
202

1
e )
V202

the corresponding channel model is called an additive white Gaussian noise
(AWGN) channel.

The encoder maps a message m € {1, ..., M} to its corresponding codeword
x(m) from a codebook C = {x(1),...,x(M)}. The decoder receives an output
sequence y from the channel, and finds an “estimate” m of m according to certain
decoding rule (such as ML decoding or joint typicality decoding).

fOlx) =
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We say an error occurs if . # m and denote this error probability as
Pe(m; C) £ PG # m),

where the randomness comes from the channel noise. We define the average error
probability as

1 M
Po(C)£ | ) Pem; 0).
m=1

A rate R is said to be achievable if there exists a sequence of codebooks C")
of length n and size M™ such that M™ > 2"R and P, (C™) — 0 asn — oo.
Achievable rates are often derived using a random coding argument. For a DMC
with p(y|x), we can fix a pmf p(x) and construct a random i.i.d. ensemble in which
each symbol of each codeword is generated independently according to p(x). More
specifically, we randomly and independently generate M = [2"R7 codewords
x(m) form € {1,..., M™}, each according to p(x) = []'_, p(x;). Hence, the
probability of generating a particular codebook C™ in the ensemble is

M®™

p(C™) =TT pxom).

m=1

The key idea behind Shannon’s random coding argument is the following.
Although the error probability P, (C™) for a particular codebook C™ is often
hard to evaluate, the expected error probability averaged over all the codebooks
in the ensemble is much simpler to analyze. In other words, the random coding
argument is an instance of the probabilistic method [1]. Using the random coding
argument, Shannon proved that random i.i.d. ensembles achieve both DMC capacity
and AWGN channel capacity under joint typicality decoding in his 1948 paper [41].

7.1.2 Structured Codes

Instead of random i.i.d. ensembles, we can make use of random structured ensem-
bles (such as random linear codes and random lattice codes) for the achievability
proof. For example, Elias used random linear codes to establish the achievable
rate for the binary symmetric channel (which is a special case of the DMC) in
1955 [10]. Perhaps surprisingly, in their seminal work [17], Korner and Marton
demonstrated that random linear codes yield better achievable rates than random
i.i.d. ensembles for a multi-user source coding problem. Modern developments
along this direction include coding problems from relay networks [16, 28, 29, 31, 40,
44, 49], interference channels [3, 26, 30, 32, 34, 37, 42], distributed source coding
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[18,19,45,48,51], and physical-layer secrecy [15,47, 50], where random structured
codes achieve better rates than random i.i.d. codes.

The use of random structured codes is also of practical value. For instance, ran-
dom linear codes allow for computationally efficient encoding (since the encoding
operation is essentially a matrix-vector multiplication), and random lattice codes
allow for lattice decoding (which enjoys lower complexity than ML decoding and
joint typicality decoding). Hence, the following two questions naturally arise

1. Can random linear codes achieve the DMC capacity?
2. Can random lattice codes achieve the AWGN channel capacity?

Unlike random i.i.d. codes, random structured codes are much less well under-
stood. For example, it is only recently that Padakandla and Pradhan have demon-
strated nested linear code ensembles that achieve DMC capacity under joint
typicality encoding and decoding [35-37]. In an independent work, Miyake and
Muramatsu showed that nested linear code ensembles with special structures based
on sparse matrices can also achieve DMC capacity under ML decoding [24, 25, 27].
In 2004, Erez and Zamir showed that nested lattice code ensembles achieve
the AWGN channel capacity under lattice encoding and decoding [11]. See [5—
7, 11, 21-23, 38, 46] for a history of this long standing problem and Zamir’s book
[52] for a survey of recent results.

Despite these exciting developments, the achievability proofs associated with
random structured codes are sometimes involved, making them much less accessible
than their counterparts—random i.i.d. codes. Very recently, several attempts have
been made towards simplifying the proofs related to random nested linear/lattice
codes [20, 33, 39]. In this chapter, we will review these new developments and
simplifications, with a particular focus on presenting a unified approach based on
elementary probability, linear algebra, and number theory.

Here, we would like to point out that this chapter is written for a broad audience
including those who are less familiar with information theory. Those who are
already familiar with information theory can skip many parts in Sects. 7.2 and 7.3.

7.1.3 Notations

We closely follow the notations in [9]. We use the notation F, R, Fq to denote a
(general) field, the real numbers, and the field of order q, respectively. We use X, Y
to denote the alphabets. We use lowercase letters x, y, ... to denote constants. We use
bold lowercase letters x, y, ... to denote constant row vectors. The i-th component
of x is denoted as x;. An all-zero vector (0, ..., 0) with a specified dimension is
denoted as 0. The i -th unit vector is denoted as e;. We use uppercase, sans-serif font
letters to denote constant matrix and codebooks, e.g., a linear code C, and a matrix
G e F’éx". We use uppercase letters X, Y, ... to denote random variables. We use
bold uppercase letters X, Y to denote random row vectors. The i-th component of
X is denoted as X;. We use bold, uppercase, sans-serif font letters to denote random
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Table 7.1 Summary of key notations

Notation
F,R, Fq

X, Y

x, X

x, X

C,C

A A

V(A), V(A)
G,G

B(s,r)

I¢)

px (), E(X), Var(X)
(x| x)
H()
I1(X;Y)
T (X)
TU(X, Y)
TOX | y)
on()

Definition

A field, the real numbers and a field of order q, respectively
The alphabets

Constant and random variable, respectively

Constant and random row vector, respectively

Constant and random linear code, respectively

Constant and random lattices, respectively

The Voronoi region of lattice A and the volume of V(A), respectively
Constant and random matrice, respectively

The ball centered at s with radius r

The indicator function

The pmf, expectation and variance of X

The empirical pmf of x

The entropy

The mutual information between X and Y

The typical set

The joint typical set

The conditional typical set

The nearest neighbor quantizer with respect to A

matrix, e.g., a random linear code C and a random matrix G. A summary of our key
notations is provided in Table 7.1.

7.2 Preliminaries

7.2.1

Nested Linear Codes

An (n, k) linear code over Fq is a k-dimensional subspace of the vector space [Fg.
Such a code can be expressed as

C:{aG:ae]Fla}

for some full-rank matrix G € IF]E‘X" (called a generator matrix of C).

A nested linear code is a pair of linear codes (Cy, C.) such that C. C Cy, i.e.,
each codeword of C. is also a codeword of Cf. For convenience, Cf is called the
fine code and C. is called the coarse code. A coset of C. in C is defined as

c;+C.={cy+c:ceC.l,
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where ¢y is some codeword of Cf. Two cosets are either identical or disjoint [8].
The number of (distinct) cosets of C. in C is called the index of C. in C; and is
denoted by [C : C.]. By Lagrange’s theorem [8],

ICrl
[Cr:Ccl= :

GRS oN
where |C | and |C.| denote the cardinalities of C ; and C,, respectively.

Suppose that a nested linear code consists of an (n, k) fine code C; and an
(n, k¢) coarse code C.. Then the index [Cy : C.] is g/ e, since ICyl = qks

. . k
and |C.| = g*. Moreover, there exist two generator matrices G f € qu " and

G, € IE‘I(;”X" for C¢ and C,, respectively, such that

Ge
o-[2)

where G’ is a matrix of size (ky — k¢) X n.

7.2.2 Nested Lattice Codes

A lattice is a discrete subgroup (under vector addition) of R”. Any (full-rank) lattice
A in R” can be expressed in terms of some (full-rank) n x n generator matrix G €
R}’l Xn as

A ={aGp :a cZ"}).

That is, A is the set of all integer combinations of the rows of G, .
A nearest neighbour quantizer Q 5 : R" — A associated with the lattice A maps
a vector in R” to the closest lattice point

QOa(x) =argmin||x — 4|, (7.1)
AeA

where ties in (7.1) are broken systematically. The Voronoi region of A, denoted by
V(A), is the set of all vectors in R” which are quantized to 0, i.e., V(A) = {x €
R" : QA (x) = 0}. The volume of the Voronoi region is denoted by V (A).

A nested lattice is a pair of lattices (A, Af) such that A. C Ay. Similar to
nested linear codes, A ¢ is called the fine lattice and A is called the coarse lattice.
A coset of A in Ay is defined as

AfFAc={As+r:he A
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A nested lattice code L(A¢, Ay) consists of the lattice points of Ay in the
Voronoi region V(A,), i.e.,

LA Ap) = A NV(AL).

For this reason, L(Ac, A ) is also known as a Voronoi codebook. The number of
codewords in L(Ac, A ) is

V(Ac)
Intuitively, each lattice point of A ¢ “occupies” a Voronoi region of volume V (A r),
and so the number of lattice points inside V(A.) is V(Ac)/ V(A ).

There is an alternative characterization of nested lattice codes: L(A¢, Ay)
consists of the shortest vectors of distinct cosets. To see this, for each coset A r + A,
let us take a particular coset representative Ay — Qa (A y). First, Ay — Oa (Ay)
is the shortest vector in the coset Ay + A, by the definition of Q4 (-). Second,
A s — Ona.(Ay) is in the Voronoi region V(A.) of A, (Fig.7.2).

Fig. 7.2 Black (grey) points belong to the fine (coarse) lattice. The small (large) hexagon area
is the Voronoi region of the fine (coarse) lattice. The lattice points inside the large hexagon form
the Voronoi codebook (the ties on the boundaries are broken systematically). There are 16 lattice
points in the codebook due to the tie breaking. Also note that the volume of the large hexagon is
16 times the volume of the small one
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7.2.3 Nested Construction A

A nested lattice code can be constructed from a nested linear code. Consider two
linear codes C; and C; over the field Zp = {0, 1, ..., p — 1}, where each code C;
is determined by a (full-rank) k; x n generator matrix G; for i = 1, 2. Suppose that
the generator matrices are related as

_ G2
G| = [G,} , (7.2)

where G’ is a matrix of size (k; — kp) x n. Clearly, we have C, c C; C Zg. By
“lifting” these linear codes to Z" via Construction A, we obtain two lattices

Al={x€Z":xmodp e Cy}
and
Ay={x€Z":x modp € Cy}

with A, C A1 C Z".
Finally, we apply some positive scaling factor y to obtain a fine lattice

Ap=yAI 2 {yrA: L e A}
and a coarse lattice
Ac=yAry 2 {yL: e A}
with Ac C Ay C yZ". The volumes of the Voronoi regions of Ay and A, are
V(Ay) = y"p" ¥ and V(A.) = p"p" k2, respectively.
To facilitate encoding and decoding operations, we “label” each (discrete) point

of yZ" as follows. Let ¢ : yZ" — Zp be a map from points in yZ" to vectors in
Zy, given by

1
¢(x) = x mod p.
14

Clearly, a point x is in Ay (or A, respectively) if and only if its label ¢(x) is a
codeword in C; (or C,, respectively). Moreover, the map ¢ is homomorphic, i.e.,

Vx,y e yZ", o(x +y) = o(x) + ¢(y).

It is also convenient to define an inverse operation that maps a vector in Zp, to
a point in yZ". This can be done through an embedding map ¢ : Zp — yZ": for
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Fig. 7.3 A visualization of ¢(-) when p = 5. The labels of the points in yZ" can be obtained by
periodically shifting the labels in the rectangle

any c¢ in Zp, we choose a point x in yZ" of the shortest Euclidean norm such that
¢(x) = c. Clearly, such a point x = ¢(c¢) must live in the grid yZ" N [— yzp’ yzp],,
(Fig.7.3).

In fact, the embedding map ¢ can be viewed as a Euclidean embedding for the
vector space Zr,, which connects the nested lattice codes with the underling nested

linear codes.

7.2.4 Results from Number Theory

Several results from number theory will be used in this chapter and they are listed
below.

Let G be a random matrix uniform over ZIEZX", i.e., each entry of G is drawn
uniformly and independently from Zp.

Lemma 7.1 (Uniformity) For any fixed non-zero vector a, aG is uniform over Z.

Proof We leave it as an exercise to our readers. O
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Lemma 7.2 (Linear Independence = Statistical Independence) For any lin-
early independent vectors a and b, the random vectors aG and bG are statistically
independent.

Proof Since a and b are linearly independent, there exists a full rank matrix
A € Z’E‘DX" whose first row vector is a, and the second row vector is b, i.e.,
e1A = a, eA = b. For any fixed vectors ¢y, ¢y € Z’H‘D, e1AG = aG = ¢ and
e2AG = bG = ¢y, if and only if the first and second row vector of AG are ¢; and
2. Let Se,c, =B e ZIHEX" | e1B = ¢y, e2B = ¢2}, then |S,, ,| = p%~2". Hence

1

P@aG = ¢;,bG = ¢;) = Z PG=A"'B) = |
pn

BESCM2

Hence, P(aG = ¢, bG = ¢») = P(@aG = ¢|) P(bG = c¢;), which means aG
and bG are statistically independent. O

Lemma 7.3 (Crypto Lemma) Let A be a lattice. Let D be a random variable
uniformly distributed over V(A). Let T be a random variable over V(A), and is
independent from D, then X = D + T mod A is uniformly distributed over V(A),
and is independent from T.

Remark 7.1 This lemma is a discrete parallel of [11, Lemma 1].

Proof Note that P(X = x | T =¢) = P(D =[x —¢tfmod A | T = t). By
the fact that D and T are independent, we obtain P(X = x | T =¢) = P(D =
[x — t] mod A). Since D is uniform over V(A), P(X = x | T = t) is constant for
all possible combinations of x and ¢. Hence, X is uniformly distributed over V(A),
and is independent from T'. O

Let B (s, r) denote a ball of radius » > O centered at the point s € R”, i.e,
B(s,r)isthe set {x € R" : |x — s|| < r}. For convenience, we denote B (0, r) as
B (r). The volume of B(r) is given by r"*V,,, where V,, is the volume of the unit-
radius ball.

Lemma 7.4 (Integer Points Inside a Ball [33, Lemma 1]) For any s € R", the
number of points of Z" inside s + B(r) can be bounded as

v, (max{r— é",o}) <|1Z'NB(s,r)| <V, (r~|— “é”) .

Lemma 7.5 (Bertrand’s Postulate [43]) For any integer n that is larger than 3,
there exists a prime P such thatn < p < 2n — 2.
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7.3 Achievable Rate of Nested Linear Codes

7.3.1 Performance Analysis of a Nested Linear Code

We begin with the analysis of a (pre-determined) nested linear code.

Codebook Generation Given a pair of linear codes (Cr, C.) and a dither vector
d e ]Fg, we construct a codebook whose codewords are shifted cosets of the form
{ct +d + C. : ¢y € Cr}. The number of (distinct) codewords is [C ¢ : C.], which
does not depend on the dither vector d. These codewords can be expressed using
generator matrices as follows.

Let Gy € F';f'x" and G, € IF]E‘CX" be two generator matrices for C and Ce,
respectively, such that
G
G, = [ Gﬁ} .

Then all the codewords (i.e., the shifted cosets) can be expressed as
’ k p—ke
!mG+d+CC:me]Fq }

. . kp—ke
Note that there is a one-to-one correspondence between the vectors in ]qu and
the shifted cosets of C.. Hence, m can be viewed as the “index” of the shifted coset
mG’ + d + C., and the codebook contains ¥/ ~%¢ (distinct) codewords.

. k —ke
Encoding To send a message vector m € ]qu , the encoder first finds an
“information-carrying” shifted coset mG’ + d + C.. The encoder then checks the
intersection

mG' +d +C. N7 (X).

If the intersection is nonempty, the encoder transmits a vector x € Fg chosen
uniformly at random from the intersection. Otherwise, the encoder declares a failure
and then transmits a vector x € [y chosen uniformly at random from the shifted

coset mG’ + d + C. (which is not in ‘Tg')(X)).
Decoding Upon receiving y € Fg, the decoder searches for a unique index m e

kp—ke . .
qu such that the corresponding shifted coset

mG +d+C.NTM(X | y) #0.

If there is none or more than one such vector, the decoder declares a failure.
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Analysis For any given message vector m, we say the decoding is successful if the
unique index m = m. This occurs if all of the following events happen
« mG +D+C.NT(X) # W

« (x,y) € T™(X,Y) (which implies that mG' + d + C. N T (X | y) # B);
o Vm' #m:m'G +d+C.NTM(X | y) =0

7.3.2 Average Performance Analysis of Nested Linear Codes

We then proceed to the average performance analysis, which allows us to apply the
probabilistic method.

Random Codebook Generation Randomly generate a matrix G € Fg’ “" and a
vector D € IF’& where each entry of Gy and D is drawn independently and uniformly

from Fq. As before, let
G
G, = [ Gﬁ} .

IrfrG 7 is full rank, then G, is also full rank and, in particular, they are valid generator
matrices. In this case, the codebook consists of qkf ~ke shifted cosets of the form

{mG’—I—D~I—Cc:mngfikC}.

IfG r is not full rank, we declare a codebook failure.
Encoding The same as before.
Decoding The same as before.

Analysis of the Probability of Error For any given message vector m, successful
decoding occurs upon receiving Y if all of the following events happen

* Gy is full rank;

« mG +D+C.NTY(X) #0;

« (X,Y)eTW(X,Y);

o Vm' #m,l:(mG +D+IG.Y) ¢ TWX,Y).

To conduct the error analysis, we define the following events

* & = {Gy is not full rank};

e &(m)={mG + D +C.NTY(X) = 0);

© &(m) ={(X.Y) ¢ T™W(X, V)

o E(m)={3Im #m,l: MG +D+1G.Y) e T"(X,Y)}.
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Let P, (m) be the error probability for message m. Then, by the union bound, we
have

Pe(m) < P(&1) + P(&2(m)) + P(E3(m)) + P(Ea(m)).

7.3.2.1 Bounding P(&y)

Note that G is full rank if and only if the rows of G are linearly independent.
Hence, we have

kf—l qi
PE)=1- 1 - )
&) ]"[( qn>

i=0

Moreover, we have

A~
L
|
Qa
~
v
—_
|
Q

This implies that P(&1) < 11 Hence, P(&1) > 0asp — coor (n—kys) —
q-1 q" kg .
Q.

7.3.2.2 Bounding P(&E;(m))

Note that &, (m) is equivalent to

S (mG/ +D+IG, € 7i7)(X)> —0.

IeFg
Since mG’ + D + G, is uniformly distributed over I, we have

£ (1(m 4 0+ 16 < 7)) = 7
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and

(it ee)) < (1),

Note that for any I’ # I, mG' + D + I'G, and mG’ + D + IG, are independent.
Hence,

LTS 00
=dq

El Y H(mG’+D+lGC 673')(?()) "

IeFy
and

Var| 301 (mG/ +D+IG, ¢ 74;,’)()())

k
leFy

_ITE®N (1T 00
q" Q)

Finally, by Chebyshev’s inequality, we have

PEm) =P [ 3 1(mG +D+16. e 7 (X)) = o)
IeF
_ Var (¥, gt 1(mG + D +1G: 7?)()0)2
E (e 1 (mG + D +1Ge € T (X))
qn—kc

< .
7% ()]

7.3.2.3 Bounding P(&E3(m))
By the law of total probability, we have
P(x.1) ¢ TOX. 1))
=P(X e TP (X)) P(X.Y) ¢ TV (X, V)X € TV (X))
+P(X ¢ TP (X)) P(X.Y) ¢ T (X, V)IX ¢ T8 (X))
<P((X,Y) ¢ TVX, V)X e TS (X)) + P(X ¢ T (X)).
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By the conditional typicality lemma [9, p. 27], P((X,Y) ¢ T{(X, V)X €
'7'2',1)(X )) — 0, as n — oo. Finally, note that X ¢ '7'2',1)(X ) is equivalent to the event
&E,(m). Hence, we obtain P ((X, Y) ¢ ‘Tg")(X, Y)) — 0, as long as P(&E;(m)) — 0.

7.3.2.4 Bounding P(E4(m))

By the union of events bound, we have

P@Esm) < Y > P(m'G + D +1G,.Y) e T (X, Y)).
m'#m 1

For each term, by the law of total probability, we have

P(m'G + D +1G..Y) e T (X.Y)) =Y PY
y

= y)P(m’G’+ D +1G. e T (X | y)‘Y = y)-

Note that, for any m’ # m and any I, the random vector m'G’ + D + IG,
is independent of the random shifted coset mG’ + D + C.. This implies that
m'G’' + D + IG, is independent of Y. Hence,

Pan'G' + D +1G, e T (X | p)IY = y) =Pm'G'+ D +1G, € T (X | y)).

n)
Since Pn'G’ + D +1G, € T (X | y)) = ¢ L we have

T (X
PE4s(m) | Y = y) < (qkf—kv _ 1) qk(,'l € (n 2]
q
n)
L g TE Il
qn
Hence, we have

ITO(X | p)

qn—kf

P(Es(m)) <> P(Y =y)
y
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7.3.2.5 Putting Everything Together

Our goal is to select k. and k¢ (as functions of n) such that

n—ky— oo (7.3)
qnfkc
-0 (7.4)
178 (X))
n)
Vy: |7—£ (i(kl 2 — 0. (7.5)
q's

Let § > 0 be some constant. We choose q* % = 27(1=€=DHX) ang qr—kr =
I+t HXIY) More precisely, we choose

" (1—¢€ —-8HX) —‘
ke=|n— n
log, q

and

L (14+e€+8HX|Y) J
kf: n— nj.
’ log,

We can easily verify that conditions (7.3), (7.4) are satisfied. The inequality (7.5)
is also satisfied by (A.1) in Appendix 2. Finally, we calculate the achievable rate

! 1
10g, @/ = 1Y) — (€ + ))H(X) — (e + HH(XIY) —2 Oizq.

Since ¢, €’ and 8§ can be arbitrarily small, any rate below 7 (X; Y) is achievable as
n — oo.

7.4 Achievable Rate of Nested Lattice Codes

7.4.1 Performance Analysis of a Nested Lattice Code

Codebook Generation Given a pair of lattice codes (A r, A.) and a dither vector
u € R", we construct a codebook whose codewords are shifted cosets of the form
{Ar+u+Ac: Ay € A} The number of codewords is V(A¢)/ V(A r), which does
not depend on the dither vector u.



7 Nested Linear/Lattice Codes Revisited 257

Suppose that the pair (A s, A.) is constructed via Nested Construction A using
generating matrices (G, G¢) and a scaling factor y. Then all the codewords (i.e.,
the shifted cosets) can be expressed as

{@(mG’) +u+A.:me F];f_k"] )

. .k p—ke
Note that there is a one-to-one correspondence between the vectors in ]pr and
the shifted cosets of A.. Hence, m can be viewed as the “index” of the shifted coset
@(mG’) + u + A, and the codebook contains p¥/ —%¢ (distinct) codewords.

. k '*kr
Encoding To send a message vector m € pr , the encoder first finds an
“information-carrying” shifted coset ¢(mG’) + u + A.. The encoder then transmits
a shortest vector x € R” in the shifted coset, i.e.,

x =¢mG) +u mod A..

Decoding Upon receiving y € R”, the decoder searches for a unique index m €
k p—ke . . . . .o
IE‘pf such that the distance between its corresponding shifted coset ¢(mG’) +u +

Ac and ay is the shortest among all the shifted cosets, where @ = _I: y 18 some
scaling factor (whose role will be explained later). P and N are the average power
of the codeword and the noise per dimension, respectively. That is,

m = argmin d (§(mG') +u + Ac, ay).
m
In fact, one can easily show that the unique shifted coset with the shortest distance

is given by O, (y —u) +u + A, (Fig. 7.4).

Analysis For any given message vector m, the average power constraint is satisfied
if

« GmG)+u+A.NB (JnP) £
The decoding is successful if

o Vm' #m:d(gm'G)+u+ Ac,ay) > d(¢mG) +u+ Ac,ay).

7.4.2 Average Performance Analysis of a Nested Lattice Codes

We then proceed to the average performance analysis, which also allows us to apply
probabilistic methods.
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Fig. 7.4 The transmitted vector is x, which is then “shifted” by the Gaussian noise z to y. The
received signal y is scaled by « to ay. The decoder will find the nearest coset to ay. In this
example, the nearest coset to ay is the coset containing x (the star points) instead of the one
containing x (the rectangle points). Hence, a decoding failure happens

Random Codebook Generation Randomly generate a matrix Gy € Z]H;f " and a
vector U € Zp where each entry of G ¢ and U is drawn independently and uniformly

over Zp. As before, let
G
o= ¢]

andif G 7 is full rank, so is G... In this case, the codebook consists of pkf —ke shifted
cosets of the form

{fﬁ(mG’) +¢WU)+ A me F’;f"‘”} .

IrfrG 7 is not full rank, we declare a codebook failure.

Encoding The same as before.

Decoding The same as before.

Analysis of the Codebook Failure Let &; = {G is not full rank}. As before

1 1

P@En = b 1piks”

Hence, P(&1) — 0,asp — oo or (n —ky) — 0.
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Analysis of Encoding Failure Recall that | X|?> < nP if and only if $(mG’) +
oU)+A.NSB <\/n P) #+ (), where 8 («/n P) is the ball centred at the origin with

radius v/n P. Let
Ex(m) = (§(mG) + G(U) + A N B (VnP) =),

We will show that P(E,(m)) — 0 under certain condition.
Note that when 8B <\/ n P) C[— Vzp, yzp]", &, (m) is equivalent to

Y (gz(me’ fu+IG)eB (an)) —0,

Iy

because the set {¢ (mG' +u +1G.) : I € Z]H‘;'} generates all the points of ¢ (mG') +
@(U) + A, inside the cube [— Vzp, Vzp]n_

Since ¢ (MG’ + u +1G,) is uniformly distributed over the grid yZ" N

[— yzp, Vzp]", we have

: <H (¢(mG’ +u+IG)eB («/ﬁ))) _remn ff*/”P) |
and

Var (]1 (ga(mG’ +u+1G,) € B (an)))

. |yZ"mB(JnP)| - |yZ"mB(JnP)|

p" p"
Similar to the case of nested linear codes, we have

p" —ke¢

P(&x(m)) < :
lyZ' N B (an) |

(7.6)

Analysis of the Decoding Failure Recall that successful decoding occurs upon
receiving Y if

vm' #m :d(Gm'G) + GU) + Ac, aY) > d (¢(mG) + G(U) + A, aY).
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Let
&(m) ={3m' #m :d(¢(m'G") + ¢(U) + Ac, aY)
<d(¢mG) + ¢U) + Ac,aY)}.

Recall that X = ¢(mG’) + ¢(U) mod A, and, in particular, X € ¢(mG’) +
¢(U) + A.. Hence,

d(@mG") + ¢(U) + Ac,aY) < [ X —aY| = (@ — DX +aZ].

Let W = (¢ — 1)X 4+ oZ be the “effective noise”. By the Total Probability
Theorem, we have

P(&;(m)|G. = G¢)
<PWw ¢ B (re) |Gc = Gc)
+P(W € B(r.) |G: = Gc) P(E3(m)|W € B(r.), G = Go),

where B (r.) is the “typical ball” for the effective noise W with radius r,. It will be
specified in Sect. 7.4.2.1. It follows that

P(&3(m)) = P(W ¢ B(r.))

+ Y P(W e B(r.),Ge = Go) P(E(m)|W € B(r), Ge = Go).
G

7.4.2.1 Bounding P(W ¢ B (r.))

Let € be a small positive constant. We seta = _I:  and set the radius

re = V(1 +n((@ — 1)2P + a2N)

nPN
- )
J(+OP+N

Let
Ex = (IX|l > VnP},
&z ={IZ| > V(1 +¢/2)nN1,

Ep = {IXZT|| > niv/nPNY}.
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It is clear that when n is large, &% N & N &% implies | W] < r.. Hence,
P(W ¢ B(r.)) < P(&x) + P(&z) + P(&Ep).
Note that Ex is the same event as &, which is bounded via (7.6). Since Z ~

N(0, N1,), we obtain P(Ez) < 8¢*n~! by Chebyshev’s inequality. Ep represents
the event that X and Z are “almost orthogonal””. We bound its probability by

P@&p) <PEp | IX]| < VnP)+P(|X|| > VnP)

=P(IXZT|? > n2 PN | | X|| < VnP) +P(&))

E(IIXZTII2 | IX| < +/nP)
n2 PN

+ P(&)

where the last inequality follows from the Markov’s inequality. Note that for any
given X = x with || x| < vVnP,xZT ~ N(O, ||x||>N), we then obtain E(|| X ZT ||? |
IX] < +/nP) <nPN.Hence,

P(Ep) <n 2 +P&).
Therefore,

pn —ke

P(W ¢ B(r.) <82n~' 412 +2 x .
lyZn N B (an> |

7.4.2.2 Bounding P(E3(m) | W € B(r,), G, = G,)
Note that

P&3(m) | W € B(re),Ge = Go)

IA

P@Em #m:d(¢gm'G)+¢U)+ Ac,aY) < |[W| | WeB(r),G =G)

IA

> PA(@m'G) +GWU) + Ac,aY) < [W] | W e B(r,).Ge =Ge).
m'#m

Note also that

(¢(m'G) + ¢(U) + Ac, aY)

(em'G) +¢(U) + A, X + (@ — DX + aZ)
(¢

(¢

m'G)+¢WU)+Ac, X+ W)

d
d
=d
= d(§m'G) — GmG') + A, W).
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Hence,

P& m)|W € B(r.), G = G)
< Y P(d(¢m'G) = GmG) + A, W) < [W| | W € B(r) , Ge = Gi)
/#m
< > PA(@m'G)—gmG)+ Ac, W) <r. | WeB(r),G =GC,).

m'#m

Next, we observe that G and W = (« — 1) X +« Z are conditionally independent
when given G. = G_. To see this, note that conditioned on G, = G, X is uniformly
distributed over yZ" N V(A.) and is independent of G’ by Lemma 7.3. By the total
probability theorem, we have

P(d(¢(m'G) — @(mG') + Ac, W) <r|]W € B(re),Ge = G)

_ f o, T100 1 GOP (A (500G = GmG) + A, w) < 1[G = Go) du
weB(r,

where

fwig.(w | Go)

fwe W 1G) =o' i G =Gy

It turns out that the term P (d ((ﬁ(m’G’) —¢mG) + A, w) <r.|G. = GC) can
be bounded following Loeliger’s approach [23].
Since d (¢(m'G’) — ¢(mG') + A., w) < r. implies

[¢(m'G") — ¢(mG)] mod A, € [w+ B (r.)] mod A,
we have

P (d ((Z)(m/G/) - @(mG/) + A, w) <r.|Gc = Gc)
<P ([¢(m'G) — (mG')] mod A, € [w+ B (r.)] mod A | G = G).
On the other hand, ([¢(m'G’) — ¢(mG’)] mod A.) is uniformly distributed over
yZ" N V(A.), and so
P ([¢(m'G) — $(mG)] mod A € ([w+ B (re)] mod Ac)|Ge = Gc)
_YZ" 0 V(A N (w+ B (re))
- pnfkg
_Z'nw+38 (Ve))|
pn k
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Therefore,

P (d(¢m'G") + @) + Ac,aY) < W[ | W € B(re) . Ge = Gc)

lyZ" 0 (w + B (re))]

<
weB(r,) pr—ke

and

PEm)|W € B(r), G, = G,) < phi ke max 17710 HBC]
weB(re) pr—ke

lyZ" 0 (w + B (re))]
~ weBre) pkr ’

7.4.3 Putting Everything Together

By the union bound, the error probability P, of the coding scheme is bounded by
P < P@&1) + P(&) + Pe(E3), (1.7)

because the decoding is successful if G, is full rank, | X||> < nP, and the shifted
coset containing ¢(mG") + @(U) is the closest coset to oY . In Sect. 7.4.3.2, we will
show that, for any € > 0, we can select parameters k¢, k¢, P, y as functions of n
such that a rate of

1 1+ P/N
R = _log, P/
2 1+e€

is achievable with error probability P, — 0 as n — oco.

However, the above result does not imply that our random ensemble achieves
the AWGN capacity, because the power constraint is not always satisfied. In fact,
the power constraint is violated with probability P(&;). To address this issue, we
introduce a spherical shaping strategy, which is in parallel with the minor change
introduced in [9, p.47] for proving the channel coding theorem with input cost
constraint.

7.4.3.1 Spherical Shaping

We apply a “truncated” spherical shaping to X as follows

X, if|X[| <nP,
Xs =
0, otherwise.
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Clearly, the power constraint is always satisfied for the new coding scheme. Note
that the error probability for the new coding scheme is still bounded by P(&1) +
P(&>) + P(&3), because the spherical shaping “converts”I an encoding failure to a
decoding failure.

7.4.3.2 The Selection of Parameters

To complete the proof that our random ensemble achieves the AWGN capacity with
lattice encoding and decoding, we carefully select the values of k¢, k¢, P, ¥ so that
P, goes to zero and the rate of our coding scheme goes to the AWGN capacity as n
goes to infinity.

We have already bounded the error probability as

P. < P&1) + P(&) + P(&3)

1 2 1, —1 prhe
< nfk_+8€n +n"243x
p—1pHs |yZ"ﬂ$(\/nP)|
lyZ" 0 (w + B (re))l
+ max .
weB(re) p" ks
Using Lemma 7.4, we obtain
1 2 1 1
¢S ppprky TOEM
n
pr ke (G+2) v
+3 x

_I_
(max ’ VP “én,O})n Vi pr ks
Y
Now our goal is to select p, y, k. and k¢ (as functions of n) such that

1 1
p—1p*t

pn—k(,

(max { */;P - ‘é",O})

(5+4) W
pn—kf

-0 (7.8)

L >0 (7.9)
Va

0 (7.10)
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Under the constraint 8 (\/ n P) cl- yzp’ P1", which is equivalent to

yp = 2+/nP. (7.11)

Letn > Oand § € (0,1) be two constants. Then let y = n=2" and let p
be the smallest prime number satisfying p > na . By Bertrand’s Postulate [43],
p < 22+, Hence, we can denote p = ,unéJ”’, where € [1, 2]. We then assign

2

) | 2logy(VPr2" — 1) +logy (1 = )nVi)
. = n —_ )
‘ (1+2n) logy n + 2log, u

and

1 2
210g2(\/}lr62n2'7 +3) +1logy( Lsn Vi)

kr=|n
(1+2n) logy n + 2log, 1.

. 1,1, . 1 . .
Since yp > n2t2", it grows faster than n2 and then the constraint (7.11) is

2
met when n is large. By the facts that lim,_, o nV,’ = 2me from [33, (2)] and that
rllre2 < P for small €, one can verify that 1 < k. < ky < n when n is large. We now
substitute p, k1 and k> into (7.8),(7.9) and (7.10). It is clear (7.8),(7.9) and (7.10)
vanish as n — oo.
Finally, we calculate the achievable rate

.1 kr—k .1 nP 1 1+ P/N
Y ¢ = fd
nhm nlogzp nlmgozlogz(rez) 210g2( I +e >,

where € can be arbitrarily small.

7.5 Conclusions

In this chapter, we review the recent developments towards simplifying the achiev-
ability proofs related to nested linear/lattice codes. In Sect. 7.1, we introduce the
model of the communication system and the motivation of using nested linear/lattice
codes. In Sect. 7.2, we present definitions related to nested linear/lattice codes and
introduce several elementary results from number theory that we use in our proofs.
In Sect. 7.3, we prove that nested linear codes achieve the DMC channel capacity.
In Sect. 7.4, we prove that nested lattice codes achieve the AWGN channel capacity.
We make a particular effort in keeping these two proofs in parallel. Potential future
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work includes optimizing the exponent of the growth rate of the prime p as a
function of n, extending the results to the multi-user setting such as compute-and-
forward, as well as providing achievability proofs without the random dither.

Appendix 1: Entropy

We briefly introduce various definitions related to entropy.

Entropy Let X be a discrete random variable with probability mass function (pmf)
p(x). The “uncertainty” about the outcome of X is measured by its entropy

H(X) = —Ex(log p(X)).

Conditional Entropy Let X, Y be two discrete random variables. Since p(y|x)isa
pmf, we can define H (Y|X = x) for every x. The conditional entropy is the average
of H(Y|X = x) overevery X, i.e.,

HY|X) = Z H(Y|x)p(x) = — Ex y(log(p(Y|X))).
X
Joint Entropy Let (X, Y) be a pair of discrete random variables with pmf p(x, y).
The joint entropy is
H(X,Y)=—E(og p(X,Y)).
Mutual Information The mutual information between X and Y is

plx,y
I(X;Y) = E p(x,y)log .
oy p(x)p(y)
It can be shown

IX;Y)=HX)—HX|Y)=HY)- HY|X)=HX)+HY) - H(X,Y).

Appendix 2: Typical Sequences

Let X be a discrete alphabet. For a vector x = (x1, x2, ..., x,) € X", we define its
empirical pmf as

i = xi = x}

(x| x) = " forx € X.
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For X € X ~ px(x;) and € € (0, 1), define the set of e-typical n-sequences x € X"
(or the typical set in short) as

‘Té")(X) ={x:|7(x|x)— px(x)] <epx(x) forallx € X}.

Let X = (X1, X2, ..., X,) be a random vector in X" whose elements are i.i.d.
random variables with each element x; ~ py(x;), i € [1, n]. Then by the weak law
of large numbers, for each x € X,

(x| X) - px(x) in probability.

Hence,

lim P(X € T (X)) = 1.

Intuitively, for any x € ‘Té’l)(X ), the empirical average ,11 >, xi should be close
to the expectation E(X). In fact, we have a more general result as follows.

Lemma G.6 (Typical Average Lemma) Let x € T7UV(X). Then for any non-
negative function g(-) on X,

1 n
(1—e)E@(X) < Y glx) <1+ E@(X)).
n i=1

The proof is direct by noting ,11 Yo 8xi) = Y cxmx | x)g(x). Let g(x) =
—log px(x) and note that E(— log px(x)) = H(X), we obtain

2 nIHOHX) < o) < o n(I=OHX),

Equipped with this, we can bound the size of ‘Tg’”(X). Note that the
er,rén)(x) px(x) < 1, we obtain

|’T£")(X)| < on(1+e)H(X)
Also note that by the law of large numbers,
lim P(X € T (X)) =1.
That is to say when n is sufficiently large, P(X € ‘7'2")(X )) > 1 — €. Hence,

IT8(X)] = (1 — e)2n1-OHE),
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The notion of the typical set can be extended to multiple random variables. For

(x,

y) € X" x Y", define their joint empirical pmf as

7(x,y|x,y) = i : (xi’yii: @, for (x,y) e X x VY.

Let (X, Y) ~ pxy(x,y). The set of jointly e-typical n-sequences is defined as

T(X,Y)

={(x,y):|l7(x,y | x,y) — pxy(x,y)| < epxy(x,y) forall (x,y) e X xY}.

Also define the set of conditionally e-typical n-sequences as

TOX |y) =f{x:(x,y) e TV (X, 1)}

It can be shown that for sufficiently large n,

Vy e Y |T(X | y)| < 2" IHOHXID), (A.1)
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