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Abstract. Deriving an effective VLSI layout for interconnected network
is important, since it increases the cost-effectiveness of parallel archi-
tectures. Graph embedding is the key to solving the problems of par-
allel structure simulation and layout design of VLSI. Wirelength is a
criterion measuring the quality for graph embedding. And it is exten-
sively used for VLSI design. Owing to the limitation of the chip area, the
total wirelength of embedded network becomes a key issue affecting the
network-on-chip communication performance. AQ.,, the n-dimensional
augmented cube, is an important interconnection network topology pro-
posed for parallel computers. In this paper, we first study the minimum
wirelength of embedding augmented cube into a linear array based on
the maximum induced subgraph problem. Furthermore, we obtain the
exact wirelength of embedding augmented cubes into grids and propose
a linear embedding algorithm to prepare for further study of efficient
layout areas.

Keywords: Graph embedding - Wirelength - Augmented cube -
Linear array - Grid

1 Introduction

The tremendous engineering advances made in Very Large Scale Integration
(VLSI) manufacturing technology has aroused great theoretical interest in VLSI
circuit layout issues. Through the effective VLSI layout of the interconnection
network, the cost-effectiveness of the parallel architecture can be improved.
These efforts have focused on minimizing the layout area of the circuits on the
chip. This is partly due to the fact that the layout, which consumes a large
amount of chip area, is more expensive to manufacture, less reliable, and more
difficult to test, than the VLSI layout which consumes less chip area [2].

In order to meet the requirements of scalability, energy consumption, size,
clock asynchronization, reusability etc. in large-scale integrated circuits, the new
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design method Network-on-Chip (NoC) came into being, which is a new innova-
tion compared to the original design patterns [25]. Grid is one of the most main-
stream NoC interconnection structures. It is to connect components together in
the form of a matrix. The topology of grid is simple, and it has good scalability
and low power consumption. Many researchers early focused on the embedding
of simple graphs into complex graphs. They studied the embedding of grids
into exchanged crossed cube, crossed cubes, locally twisted cubes, faulty crossed
cubes and twisted-cubes [9,20,21,24]. Then, another kind of embedding is to
study the embedding of complex graphs into simple graphs. They studied embed-
ding hypercubes, locally twisted cubes, exchanged hypercube and 3-ary n-cubes
into grids [1,5,6,18,19]. There is no research on the embedding of augmented
cubes into grid networks. Thus, in this paper, we mainly study the embedding
of augmented cubes into grids.

Then, we mainly introduce related work and the contribution of this paper
in the following subsections.

1.1 Related Work

Augmented cube, an enhancement to the hypercube, proposed by Choudum and
Sunitha [4], not only retains some excellent properties of hypercube but also
contains some embedding properties that hypercube does not have. For exam-
ple, n-dimensional augmented cube AQ), contains cycles of all lengths from 3
to 2™, but @, contains only even cycles [14]. Since its introduction, AQ, has
attracted the interest of many researchers because of its favorable properties.
Hsu et al. studied the fault hamiltonicity and the fault hamiltonian connectiv-
ity of the augmented cubes [12]. Ma et al. mainly studied panconnectivity and
edge-fault-tolerant pancyclicity of augmented cubes [14]. They also studied the
super connectivity of augmented cubes [15]. Edge-independent spanning trees
have important applications in networks. Thus, Wang et al. studied the edge-
independent spanning trees in augmented cubes and proposed an O(N log N)
algorithm that constructs 2n — 1 edge-independent spanning trees in AQ,, [22].
Mane et al. studied the construction of spanning trees in augmented cubes, and
constructed n—1 edge-disjoint spanning trees of the augmented cubes [16]. With
the development of optical networks, Li et al. studied the routing and wave-
length assignment for the augmented cube communication pattern in a linear
array wavelength division multiplexing optical network [13].

Graph embedding is the operation of mapping a guest graph into a host
graph. Embedding the graph into a linear array is also called linear layout (or
linear arrangement) problem. The minimum linear layout problem was first pro-
posed by Harper in 1964 and proved to be NP-Complete [7]. The grid embedding
is not only related to the ability of grid to simulate other structures, but also
the layout of different structures on the chip. Owing to the limitation of the
chip area, the total wirelength of the embedding network has become a key
issue affecting the communication performance of the on-chip network. In [1],
Bezrukov et al. obtained an approximate result of embedding the hypercube to
the grid and lower bound estimate of the wirelength. Rajasingh et al. proposed
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a minimum wirelength for embedding hypercubes into grid networks [18]. In
[19], Shalini et al. proposed a linear algorithm for embedding locally twisted
cube into a grid network and obtained the minimum wirelength. In [5], Fan et
al. studied embedding exchanged hypercube layout into a grid and obtained an
exact formula of minimum wirelength. They also studied the exact wirelength
for embedding 3-ary n-cubes into grids [6].

1.2 Contribution

The graph embedding problem is a very worthwhile topic in the field of par-
allel computing. Regarding the layout of the chip, most researchers let grid be
the guest graph because of its simple structure, good scalability and easy to
implement on the chip. Augmented cube is an enhancement to the hypercube
by adding the complement edge, which makes it more complex than other vari-
ants of hypercube. To the best of our knowledge, there are no research results on
embedding augmented cubes into grids. In this paper, we study the embedding
of n-dimensional augmented cubes into grids with minimum wirelength. The
major contributions of the paper are as follows:

(1) By studying embedding AQ), into linear array Ly, where N = 2" the
minimum wirelength of embedding can be obtained.

(2) We first study embedding AQ,, into grid M (2 ] , 2[5]) and calculate the
exact wirelength. Then we propose a linear algorithm for the embedding.

(3) We compare the embedding method mentioned in this paper with the ran-
dom embedding through simulation experiments.

The rest of this paper is organized as follows: In Sect. 2, some preliminaries
are described. In Sect. 3, the wirelength of embedding an augmented cube into a
linear array is obtained. Then we study the minimum wirelength of embedding
AQ),, into a grid. Section4 gives simulation and experimental results. The last
part is the conclusion of this paper.

2 Preliminaries

In this section, we will introduce some definitions and notations used in this
paper. Let G = (V, E) be a graph, where V(G) and E(G) denote vertex set and
edge set of graph G, respectively. Let (u,v) be an edge with end vertices u and
v. And we call u, v neighbors for each other. Given a simple graph G, if V! C V,
the subgraph of G induced by the vertex subset V' is denoted by G[V’].

Let G = (V(G),E(G)) and H = (V(H),E(H)) be two connected graphs. G
is isomorphic to H (represented by G = H) if and only if there exists a bijection
¥ from V(G) to V(H), such that if (u,v) € E(G) then (¢(u), ¥(v)) € E(H).
For asubset S C V(G),let T = {x € V(H)|thereisy € S, suchthaty = ¢ (z)}.
Then, we write T = 9(S) and S = ¢y~ (T).

For two connected graphs G and H, an embedding m = (¢, Py) of G into H
is defined as follows [11]:
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(i) v is a bijective map from V(G) — V(H).

(ii) Py is a one-to-one map from E(G) to {Py((u,v)) : Py((u,v)) is a pathin H
between (u) and P(v) for (u,v) € E(G)}.

Definition 1 [17]. The congestion of an embedding 7 of G into H is the

maximum number of edges of the graph G that are embedded on any single

edge of H. Then the congestion of an edge e in H is the number of paths

in {Py((u,v))}(uv)er(e) such that e is in the path Py ((u,v)) and denoted by
ECy(e). In the other words:

ECx(e) = {(u,v) € E(G) : e € Py((u,0))}]- (1)

Thus, The edge congestion of an embedding 7 of G into H is given by,
EC(G,H) =maz{ECr(e)|le € E(H)}. (2)
EC(G,H) = min{EC,(G, H)|rw is an embedding from G to H}.  (3)

Edge congestion is one of the important factors of embedding problem. The
wirelength we mainly study in this paper is another important factor. And there
is a significant relationship between edge congestion and wirelength.

Definition 2 [17]. The wirelength of an embedding 7 of G into H is given by

WLe(G H) = Y dw(u),v(v)), (4)

(u,w)EG
where d(¢(u), ¥ (v)) denotes the shortest length of the paths Py ((u,v)) in H.

Lemma 1 [17]. Under the embedding 7 = (¢, Py), the graph H is divided into
two subgraph H; and Hs if one edge cut S is removed. Let G1 = Gy~ (V (H}))]
and Go = G[tpy~1(V(Ha))]. If S satisfies the following conditions:

(i) For every edge (a,b) € E(G;), i = 1,2, Py(a,b) has no edges in S.
(ii) For every edge (a,b) € E(G) with a € V(G1) and b € V(Gs), Py((a,b)) has
exactly one edge in S.
(ili) Gy or G is a maximum subgraph.

Then EC,(S) is minimum and EC,(S) < EC,4(S) for any other embedding
g of G into H.

Since EC,(S) is minimum based on Lemma 1, and according to the defini-
tions of edge congestion and wirelength, the relationship between edge congestion
and wirelength is as below.

Lemma 2 [17]. Let 7 : G — H be an embedding, and 51, S, ...,S, be p edge
cuts of H such that S;NS; = @,i# 5,1 <4,j < p. Then

i=1
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Then, we would introduce the definition of augmented cube in the following.
Let AQ,, denote the n-dimensional augmented cube [4]. And it has 2™ vertices,
each of which corresponds to an n-bit binary string. AQ),, can be defined recur-
sively as below [13]:

(1) For n = 1, AQ: is a complete graph with two vertices labeled 0 and 1,
respectively. The edge (0, 1) is called 0-dimensional hypercube edge.

(2) For n > 2, an AQ,, can be recursively constructed by two copies of AQ,_1.
We denote the two copies as AQY_; and AQ)_,, where V(AQ? ;) =
{0up—oup_3...uglu; € {0,1} for 0 < i < n — 2} and V(AQL_|) =
{1up—otp—3...uglu; € {0,1} for 0 < ¢ < n — 2}. Then, we add 2" edges
between AQY_; and AQL_,, and these edges can be divided into the follow-
ing two sets:

(a) {(Oup—2upn_3...up, Ltp_oupn_s...up)u; € {0,1} for 0 <i <n — 2}, where
the edges in this set are called (n — 1)-dimensional hypercube edges, denoted
by HEn,1 .

(b) {(Oup—oun—3...ug, 1Up—2Tn—3...7)|u; € {0,1} for 0 < ¢ < n — 2}, where
the edges in this set are called (n—1)-dimensional complement edges, denoted
by CEnfl.

For example, AQ1, AQ2, AQs, and AQ4 are shown in Fig.1. We can see
that @, is the subgraph of AQ,, thus AQ), retains all favorable properties of
Qn- Tt is proved in that AQ, is (2n — 1)-regular, and (2n — 1)-connected graph
with 2" vertices for any positive integer n.

49, 40,

49, A9,

Fig.1. AQ, forn =1,2,3,4.

3 Embedding Augmented Cubes into Grids

In this section, we first study embedding AQ), into a linear array and obtain
the minimum wirelength of embedding. Then, we further study embedding AQ,,
into grid to obtain the minimum wirelength of embedding.
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3.1 Embedding Augmented Cubes into Linear Arrays

In this section, we will study the minimum wirelength of embedding AQ,, into
a linear array. Before discussing the issue, we first study maximum induced
subgraph of AQ,,. It is the key to our research on the wirelength problem.

In [3], Chien et al. solved the maximum induced graph for augmented cube.
For any positive integer m, it can be uniquely expressed as m = Z::o 2Pi where
Po > p1 > ... > pp. Chien et al. proposed a useful function [13]:

0, m<1
fm) =< >i_o(pi+2i — 5)2°%, m is even and m > 2 (6)
Z:;ol(pi +2i — $)2Pi 4+ 2r, m is odd and m > 2

Property 1 [13]. f(2% +m) = f(2¥) + f(m) + 2min{2*, m} if k > |log, m].

Let {4, (m) be the number of edges among induced subgraphs with m ver-
tices. The following lemmas can be proved by the function f(m):

Lemma 3 [13]. For any n > 1 and 0 < m < 2", then maxaq, (m) = f(m).

Lemma 4 [23]. Let {Uy,Us,...,Ux} be a partition of U, where U C V(G).
Let £(U) denote the number of edges of the graph G[U], and &(U;,U;) =
H(u,v)|u € U;j,v € Uj, where 0 < i < j < k}|. Then {(U) = Zf:(){(Ui) +
Zogi<jgk §(Ui7Uj)~

We use Ly to represent a linear array graph with the size of N, where V(Ly)
is the vertex set {I|0 <1< N —1} and E(Ly) is the edge set {(I —1,1)|1 <1<
N —1}.

Notation 1. Let lex : V(AQ,) — {1,2,...,2"} be a mapping, where N = 2"
and for arbitrary vertex u = wu,_1Up_o ... ug in AQ,,

n—1

lex(u) = Z w; %20 4 1. (7)
i=0

which is actually the decimal number of w.

n [13], Chien et al. studied the wavelengths of embedding augmented cube
into linear array by considering the congestion. They proved that the natural
embedding is an optimal scheme in embedding augmented cube into linear array.
There is a significant relationship between edge congestion and wirelength. So,
we can use the similar way to prove the following lemma.

Lemma 5. For each edge e € E(Ly), ECjex(e) = 1(2n — 1) — 2f(1). And the
embedding lex is an optimal scheme which has minimized the congestion of each
edge.
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Proof. Let U, denote a vertex set of | vertices in AQ,, defined by U,,; =
{u| >0, ' ;20 < 1}. Hence U, ; C V(AQ,,) consists of [ vertices and maps to the
first [ vertices in Ly by the embedding lex. Then EC., = (2n — 1) — 2¢(U, 1),
where e = (I — 1,1). Then we would prove that £(U,,;) = f(I) by induction
n. Clearly, the statement holds for n = 1. Suppose that the claim is true for
n <k, ie., £(Ug,) = f(I) for 0 <1 < 2*. Then consider that n = k + 1, that is
0 <1< 2F+1 The cases are as below.
Case 1: | = 0. Obviously, Ug4+1,; = @ and f(0) = 0. Hence &(Ug+1,0) = f(0).
Case 2: [ # 0. We consider the following subcases

Case 2.1: 1 < [ < 2% Tt implies that Z 0 uﬂz < 2Fforu e Ukt1,1.Sour, =0
for u € Ugy1y, i-e., Upyry is a subset of V(AQY). Uy, = @ and Upy1y = Up,.
Since AQY 4118 isomorphic to AQj and by the induction hypothesis, £ (U,?J) =
f(1) which implies £(Ug+1,) = f(1).

Case 2.2: 2% < | < 2!, This implies that [UY,,,| = [V(AQ})| and let

= |U,§7l| where I = [ — 2%, Thus for any vertex u € U,iJ, there are exactly

two vertices in UY; adjacent to u. This implies that {(UY ,, Uy ;) = 2|U, | = 2.
Since {U,SJ,U,%HJ} is a partition of Ugt1,, by Lemma4 we have {(Ugt1,) =
EUR) +EUE,) +£(UY,, UL y)- By the induction hypothesis, we have

EUrs1) = E(UR) + &(UL,) + (UL, U y)
= f(‘UIS,lD + f(|Uli,lD + f(Ulg,lv Ul%,l)
= fe" +ra)+2

Therefore, by Property 1, we have {(Uf ) = f(1).

It is obvious that ECje,; = 1(2n — 1) — 26(Uy,) = 1(2n — 1) — 2f(I). Thus we
can prove that the embedding lex is an optimal scheme which has minimized
the congestion of each edge. a

Lemma 6. Under the embedding lex of AQ),, into Ly, where N = 2™, we have
W Liex(AQp, Lon) = 2W Loy (AQp—_1, Lon—1) + 22771, (8)

Proof. Let m = lex. For n > 2, AQ, can be partitioned into two dis-
joint subgraphs AQ? _; and AQL_, by the definition of AQ,. Let edge cut
e = (2712771 + 1) € E(Ly). Let (u,v) € E(AQ,), where u € V(AQ?_,)
and v € V(AQL_, ) then we consider the hypercube edges and the complement
edges between AQY | and AQL _,, respectively.

Case 1. (u,v) € HE(n —1). For each vertex u € V(AQ%_,), there is a vertex
v in AQL_; adjacent to u. Then the distance of ¥(u) and 1 (v) in linear array
is 2771, See Fig.2. There are 2”71 vertices in AQ%_,, so Y d(¢(u),¥(v)) =
2n=1 x 2771 where u € V(AQY_;) and v € V(AQL_,).
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Fig. 2. The paths of embedding (n — 1)-dimensional hypercube edges into linear array.

Case 2. (u,v) € CE(n — 1). For any vertex u in AQ%_,, there always is a
(n — 1)-complement edge (u,v), where v € V(AQL_;). See Fig. 3. Besides, the
distance of ¥ (u) and ¢ (v) in linear array forms an arithmetic sequence with a
tolerance of 2. There are 2”1 vertices in AQY _,, so we have Y d(¢(u), ¥ (v)) =
1+3+...4+2" -1 =2""1x 2" where u € V(AQ°?_,) and v € V(AQL ).
Therefore

Fig. 3. The paths of embedding (n—1)-dimensional complement edges into linear array.

WL (AQ,,Lon) = 2W L (AQ,_1, Lon—1) + 22771
O

Theorem 1. The minimum wirelength of AQ, into Ly under embedding lex
is:

W Liew(AQy, Lon ) = 22" — 3 x 2771 (9)

Proof. We derive this theorem from Lemma6, then we would prove the result
by induction on n. For n = 1, WL, (AQ1, La) = 22 — 3 x 20 = 1. Thus, assume
that the result is true for n = k — 1. Then we prove the result for n = k.
W Licw (AQx, Lox) = 2W Licy (AQg 1, Lye—) + 227D 71
— 2(22(k—1) _ 3 X 2(1{:—1)—1) + 22](‘,—1

— 22k —3x 2k—1

Then the theorem is proved. a

3.2 Embedding Augmented Cubes into Grids

In this section, we study the minimum wirelength of embedding AQ),, into a grid
M[2%,2%], where a = | 2], b= [%] and a + b = n. Firstly, the definition of grid
is given as below:
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Notation 2 [5]. An m x n grid M (m,n) is denoted by an m x n matrix

a1 2 - Qqp
Q21 Q22 - Q2pn
am1 Om2 Omn

Where V(M) = {a;|1 <i<m, and 1 < j < n}, (qj,05,41) € E(M)
for 1 <i<m, and1 < j <n-—1, and (ag;,ok=1,) € E(M) for 1 < k <
m—1, and 1 <1 <mn. {o11,012,  ,a1,) and (@1, @ma, -+, Qmn) are called
the row-borders, while (@11, @01, ,@m1) and {1, Qopn, -+, Qmy) are called
the column-borders.

Definition 3. Let lex : AQ, — M(2“,2b) be an embedding, where a = L%J,

b= [%1 and a + b = n. Embedding lex can be defined as follows: The first
row is labeled from 1 to 2° from top to bottom, and the ith row is labeled as

(i—1)2%+1, (i —1)2% +2,...,i2% from left to right where i = 1,2,...,2°

The embedding lex of hypercube into grid has been proved in [18]. And
augmented cube is an enhancement on hypercube. Then, we first introduce some
lemmas about embedding of hypercube.

Lemma 7 [10]. Fori=1,2,3,...,2" P, ={0,1,...,i— 1} is an optimal set in
Qn-

Let A; be a horizontal edge cut of the grid M[2¢,2°], where i = 1,2,...,2% —
1, a=|%],b=[%] and a + b = n, such that A; disconnects M[27,2"] into
two components X; and X;/. For X;, there are i2° vertices. Then we let Réez =
{1,...,i2%} denote the vertices of X.

By Lemma 7, the following lemmas can be easily proved.
Lemma 8. R!** = {1,...,i2"} is an optimal set in AQ,, fori=1,2,...,2%

Similarly, let B; be a column edge cut of the grid M[2% 2% where j =
1,2,...,2° -1, a = [%J, b = [%1 and a + b = n, such that B; disconnects
M[2%,2°] into two components Y; and Yj.. For Y;, let C’jl-e"” be the vertex set of

Y;
Lemma 9. For j =1,2,...,2¢

1 1x2041---(22—1)x2°+1

otex _ ) 2 Ix20 42 (22 —1)x 20 +2
J

GIx2b 4. (29 —1)x 20+
is an optimal set in AQ,, where a = L%J, b= {%] and a +b=n.

Lemma 10. The embedding lex of AQ, into M(2%,2%) induces a minimum
wirelength W Lie, (AQp, M[2%,2%]), where a = | 2], b= [%2] and a + b = n.
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Proof. Horizontal edge cutA; disconnects M[2%,2%] into two components X; and
X;r. Similarly, column edge cut B; disconnects M[2¢,2%] into two components
Y; and Yj. Let G; and Gy be the inverse images of X; and X; under lex
respectively. The edge cuts A; and B; of the partition, satisfy conditions (i) and
(ii) of Lemma1. In order to show that ECj.,(A;) is minimum, we just need to
prove that |E(G;)| is maximum by Lemma 1.

Since G is a subcube derived from the vertices of R:®® by Lemma 8, it is true
that G; is a maximum induced subgraph of augmented cube. Thus by Lemma 1,
ECier(A;) is minimum for i =1,2,...,2% — 1.

Similarly, let G; and G be inverse images of Y} and Y} under lex, respec-
tively. By Lemma9, it is true that G; is a maximum induced subgraph of aug-
mented cube derived from the vertices of le-”. Thus by Lemmal, ECje,(B;) is
minimum for j =1,2,...,2° — 1.

Thus by Lemma 2, W Lo, (AQ,,, M (2%,2°)) is minimum. O

Lemma 11 [17]. W Ljep(Qy, Pon) = 22771 — 2771 where Pyn is a path with 2"
vertices.

Firstly, we study the paths of embedding hypercube edges into grid, and the
ends of each path are in different columns. The problem can be transformed
into calculating the wirelength of embedding a hypercube into a linear array.
By Lemma 11 Manuel et al. solved the problem of embedding Q,, into M[2%, 2],
and calculated the wirelength of a path. Then the exact wirelength of embedding
hypercube edges into grid where the ends of each path are in different columns
is 2b(22a71 _ 2a71).

Then, we study the paths of embedding complement edges into grid, and the
ends of each path are in different columns. Let the embedding m = lex. Then for

the embedding 7 (v, P,) of AQ,, into M (2%,2%), where a = L%J, b= [%W and

(1,2) (1,2)) —————|(1.3) (1,4)

(2,1) (2,2) (2,3) (2,4)

(41) (4,2) (43) (4,4)

Fig.4. The paths of embedding 3-dimensional complement edges of AQs into
M[4 x 4].
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a + b = n, horizontal edge cut A; disconnects M[2%,2%] into two components
X; and X;/. Let G; and G, be the inverse images of X; and X; under m,
respectively. Let e = (u,v) be a complement edge of AQ,,, where u € V(G;)
and v € V(Gy), thus ¥(u) = o € V(X;) and ¥(v) = ayy € V(Xyi). So
d((u),¥(v))) = |i' — i + |j/ — j|. Then, we use W, to denote the sum of
d(¢(u),¥(v))), where 2% is the number fo rows in grid.

Lemma 12. For embedding m-dimensional complement edges into M[2%,2],

where a <m <n—1and a = QL%J, the wirelength of embedding is
Wo = 2W,_y + 20707220 4 20y, (10)

Proof. Let i = 297!, so the horizontal edge cut A; disconnects M[2%, 2] into
two M[2971, 2% M, and Ms, as depicted in Fig.4. Let e = (u,v) be a com-
plement edge of AQ,,, where ¥(u) = a; ; € V(M1[2¢71,2%)) and ¢(v) = ayrjr €
V (M3[2¢71,2%)). Then the distance of e in grid is d(v(u), 1 (v)) = |i—4'|+|j —5'].
There are 27! vertices in M[2%~1,2°], so there are 2"~ complement edges that
one end vertex is in M7 and the other end is in Ms. Let y; be a vertex of the ith
row. Then for the first row Ry, there are 2° vertices, so

> d(W(y1), (V) =2 x (2% + (2° +2) + (2° +4) + ...

P(y1) €V (R1),(v)EV (M2)
+ (2% + 2" - 2))
— 2b[2a+1 + 2(21}—1 _ 1)]
It is similar for the rest rows from 2 to 2%~ !, then the distance of all the

paths of embedding complement edges into M|[2%,2°], where for each path one
end is in M7 and the other end is in M.

D d@(yr), ¢ () + Y d(y2), ¥(v A+ Z (¥ (yaa—1), P (v))
R1 Ry Rya—1

— 2a+b—2(2a—1 + 2b)

So
Wo = 2W,_y + 20707220 4 20y,

By Lemma 12, we obtain the recursion formula of the wirelength about
embedding complement edges into grids. In the following, we will calculate the
exact formula of minimum wirelength about embedding augmented cubes into
grids.

Theorem 2. The minimum wirelength of embedding AQ,, into M[2%, 2°] under

lex is:
W Liew(AQp, M) =2%(22% — 3 x 2071) 4 2b(229—1 _ ga-1)

+ 2a+b72(a2b + 2a+1 _ 2)

where a = L%J,bz {%LnEZanda—i—b:n.

(11)



58 J. Xia et al.

Y ® ® ® ® Py

Fig. 5. Mapping vertices of AQ,, to the ith row from left to right.

Proof. There are 2% rows in M[2%,2%], where a = |2, b= [2] and a + b = n.
Let H; denote the ith row, where 1 < ¢ < 2% as depicted in Fig.5. Then the
inverse images of Hy, Hs, ..., Hoa are disjoint sets in AQ,, and |(H;)| = 2°.
Obviously, vertices in H; are mapped to the ith row from left to right. There
are 2° vertices in each row. Each row can be considered as a linear array. And
the embedding for each row can be seen as the embedding of AQj into Lgs. So
for each row, W Lje, (H;, Lov) = WL(AQy, Lyy) = 220 — 3 x 2671,

Then, we study the paths of hypercube edges and complement edges in grids.
And the ends of each path are in different rows. For the hypercube edges, by
Theorem 11, we derived that the wirelength along the columns is 2°(22¢~! —
2(171).

For complement edges, we derived the result by the recursion formula in
Lemma 12. The wirelength of complement edges in different rows is 20+=2(a2b +
29+1 _2). We prove the result by induction on a. The base case is trivial. Assume
that the result is true for a = k — 1. Then we prove the result for a = k.

Wy =2Wj,_y + 2FT072(2% 4 2P)
= 20203 ((k — 1)2° + 2% — 2)) + 2802 (2F 4 2P)
— 2k+b72(k2b + 2kt+1 o 2)

Thus the minimum wirelength of AQ,, into M[2%,2%] under embedding lex
is:

W Lieo (AQ, M) = 2¢(2%0 —3 x 207 1) 20 (22e~1 _ga=1) 4 gatb=2(9b 4 gatl_9)

where a = {%J, b= %L n>2and a+b=n.
Then the theorem is proved. a

For each vertex u = up_1Up—oty_3...ug € V(AQy,), let 7 (0 < j <27 —1)
be a decimal representation of u. Thus we can use u, to represent each vertex
in AQ,,. We present Algorithm 1 for embedding AQ,, into M (2%,2°), where a =
L%J, b= [%w and a + b =n.
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Algorithm 1. Embedding AQ,, into M (2%,2°)

Input: The augmented cube AQ,, and grid M(2%,2°).
Output: Embedding lex of AQ, into M(2%2°) with minimum wire-
length.
1: /*Label the vertices of AQ, */
Set count = 1;
For each vertex in u € V(AQ), let the decimal value of u = null;
for j=0to2" —1 do
num(ud,) = count;
count = count + 1;
end for
/*Label the vertices of M (2%,2°) */
for j=0to2" —1 do
Label the ith row of M(2%,2%) as (i —1)2° +1, (i —1)2° +2, - - , 42" from left to
right where i = 1,2,---,2%.
11: end for
12: return lex.

—_

4 Simulation and Experiments

»10° % 10°

—%— Random 2r —%— Random

3 —O—Lex A 12’ —O—Lex 1
27 1675:
24 151
14+
2.4 131
£ g1z
S 18 241t
e e 1r
£15 S oof
08

3 4 5 6 7 8 9 10 3 4 5 6 7 8 9 10
n-dimensional augmented cube n-dimensional augmented cube

(a) (b)

Fig. 6. (a) Wirelength of embedding augmented cubes into linear arrays. (b) Wire-
length of embedding augmented cubes into grids

In this section, we compare the result with the other embedding scheme to
verify that the proposed embedding is superior to the random embedding [8]. The
random embedding (short for Random)is the bijection f: {1,..,n} — {1,...,n}
is random.

Firstly, we consider the wirelength of embedding augmented cubes into linear
arrays. As seen in Fig. 6(a), compared with the random embedding, the proposed
embedding has lower wirelength. With the increasing of the dimension, it also has
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better performance than random embedding. Besides, the wirelength increases
rapidly when we rise the dimension of the augmented cubes. In Fig. 6(a), when n
is less than 7, the difference is not obvious. We list the exact wirelength in Table 1.
Linear array is a special grid M|[1,n], then the comparison of two embedding
schemes in gird would be similar to the linear array. In Fig. 6(b), compared with
the random embedding, the proposed embedding has lower wirelength. And the
exact wirelength is shown in Table 1.

Table 1. Wirelength of embedding augmented cubes into linear arrays and grids in
different dimensions

Dimension | Linear array Grid
Lex Random | Lex Random

3 52 60 36 42
4 232 300 120 156
5 976 1568 432 606
6 4000 7604 1248 1864
7 16192 36018 4288 6474
8 65152 | 162366 & 11648 | 20782
9 261376 | 745656 | 39680 | 69460
10 1047040 | 3351960 | 103936 | 208526

5 Conclusions

In this paper, we study embedding augmented cubes into grid networks and
obtain the exact wirelength of embedding. Firstly, we prove that augmented
cubes can be embedded into linear arrays with minimum wirelength and obtain
the exact wirelength based on the maximum induced subgraph problem. Fur-
thermore, we obtain the minimum wirelength of embedding augmented cubes
into grids and propose a linear algorithm.
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