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Abstract A discrete-time structured population model is formulated by a popula-
tion turnover map F on the cone of finite nonnegative Borel measures that maps
the structural population distribution of a given year to the one of the next year.
F has a first order approximation at the zero measure (the extinction fixed point),
which is a positive linear operator on the ordered vector space of real measures and
can be interpreted as a basic population turnover operator. A spectral radius can
be defined by the usual Gelfand formula and can be interpreted as basic population
turnover number. We continue our investigation (Thieme, H.R.: Discrete-time popu-
lation dynamics on the state space of measures, Math. Biosci. Engin. 17:1168-1217
(2020). doi: 10.3934/mbe.2020061) in how far the spectral radius serves as a thresh-
old parameter between population extinction and population persistence. Emphasis
is on conditions for various forms of uniform population persistence if the basic
population turnover number exceeds 1.

Keywords Extinction * Basic reproduction number - Feller kernel -
Eigenfunctions * Flat norm (also known as dual bounded lipschitz norm)

1 Introduction

Many animal and plant populations have yearly cycles with reproduction occurring
once a year during a relatively short period. They also carry population structures
which may be due to spatial distribution, age or rank structure, or degree of maturity.

It seems appropriate to describe such populations by discrete-time structured
models in the form of difference equations,
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Xn = F(x11—|)7 ne N7 X0 € X+7 (1)

with the population structure being encoded in the closed subset X ; > 0 of a normed
vector space X over R, F'(0) = 0 [17, 20, 32]. The vector x,, describes the structural
distribution of the population in year n while F : X4 — X formulates the rule how
the structural distribution in a given year follows from the structural distribution of
the previous year. The norm ||x,| is some measure of the population size in year
n. F is called the (yearly) population turnover operator. The condition F(0) =0
means that the population is closed: If there is no population this year, then there is
no population next year. We use the notation

X=X\ {0} (@)
Notice that (1) is solved by
X = F"(x0), neN, 3)

where F" is the n-fold composition or iterate of the operator F and {F"; n € N} is
the discrete semiflow on X induced by the map F [26, Sect. 1.2].
Since this paper relies more heavily on dynamical systems theory than its prequel
[32], we will rather use the iterates F” than solutions of (1) to formulate our results.
A fundamental question is as to whether the population always dies out, || F” (xo) ||
— 0 asn — oo forall xgp € X, or whether it persists uniformly [26, 33]:

There is some € > 0 such that for all xg € X + there is some N € N such that || F(xg)|| > €
for all n > N (with € not depending on xg).

In addressing this question, we assume that X, is a (positively) homogeneous
subset of X:

IfxeXyando € Ry, thenax € X

We assume that F' is directionally differentiable at 0 = F(0), i.e., that all direc-
tional differentials

1
B(x) =0F(0,x) = N lgjn Ol—)F(bx), x € Xy, 4)
+3b—

exist. Itis easy to see that the directional derivative B : X, — X at0is (positively)
homogeneous (of degree one) [20, Theorem 3.1]:

Ifx € X4 and @ € Ry, then B(ax) = aB(x).

Since we rarely consider homogeneity in a different sense, B with this property
is simply called homogeneous. B is a first order approximation of F at 0 in a weak
sense, and we will need B to be a first order approximation in a stronger sense [20,
Sect. 3] with which we do not want to burden the reader quite yet. We call B the
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basic population turnover operator because it approximates the turnover operator at
low population densities.
The operator norm of a homogenous operator B : X, — X is defined as

1Bl := sup{llB(x)[l; x € Xy, lIxll =1}, ®)

and B is called bounded if this supremum exists.

Lemma 1 Assume that there are § > 0 and ¢ > O suchthat F : X, — X satisfies
|F(x)| <clx|| for all x € X+ with ||x|| < . Then the directional derivative B of
F at 0 is bounded and ||B|| < c.

1.1 The Spectral Radius of a Homogeneous Operator

Since B is homogeneous,
BN = IBI Ixll, x € X4, (6)

provided that B is bounded. This formula implies that the powers (iterates) B" :
X, — X, of a homogeneous bounded B are bounded and ||B"|| < || B|" for all
neN.

The spectral radius of a bounded homogeneous B : X1 — X is defined by the
Gelfand formula [13]

r(B) = inf |B"|"/" = lim ||B"|"/". (7)
neN n—00

The last equality is shown in the same well-known way as for a bounded linear
everywhere-defined map. See [20, 28, 31, 32] for more information.

For restrictions of bounded positive linear operators to a cone, the Gelfand formula
for the spectral radius was used by Bonsall [4] under the name “partial spectral radius”
and by Nussbaum [24] under the name ‘“cone spectral radius.” Mallet-Paret and
Nussbaum [21, 22] used the Gelfand formula for homogeneous bounded operators
on a cone under the name “Bonsall cone spectral radius”. But since this formula also
makes sense on homogeneous sets (which concept includes the vector space), we
simply say “spectral radius”.

If B has an interpretation as basic population turnover operator, then r(B) is called
the basic population turnover number [17, 20, 32].
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1.2 Preview of Extinction and Persistence Results

The following results, which highlight the role of the basic turnover number as thresh-
old parameter between population extinction and persistence, hold under additional
assumptions, all of which we do not mention here.

It will be not enough to assume that X is a closed homogeneous subset of X;
rather X, needs to be a closed cone.

A homogeneous subset X | of X is called a cone if it is also a convex subset of X
and if x = 0 is the only vector in X such that x and —x are both elements in X ;. A
cone is called a closed cone if it is a closed subset of the normed vector space X.

Cones, wedges and ordered vector spaces are studied in this context in [20, 28,
32] to which we refer. Similarly, not much can be done without assuming that B is
order-preserving i.e., for all x, x € X,

x—i€X+ S B(x)—B()?)GX.,_ (8)

e For the rest of this section, let X be the closed cone of the normed vector space
X.

e Further, let B : X, — X, be homogeneous and order-preserving and let B be an
appropriate first order approximation of F.

Theorem 1 Let X be a normal cone, F, B : X, — X, r =r(B) < 1. Then the
extinction state 0 is locally asymptotically stable in the following sense:

For each o € (r, 1), there exist some 8y > 0 and M > 1 such that |F"(x)| <
Mo" ||x|| foralln € N and all x € X with ||x] < .

See [20, Theorem 4.2] for the precise formulation. A rigorously formulated appli-
cation to a general population model in the state space of measures is given in
Theorem 4.

Theorem 2 Let F, B : X — X and B be compact and continuous, r(B) > 1.
Then, under appropriate additional assumptions, the population persists uni-
formly weakly:
There exists some € > 0 such that for all x € X, and allm € N there exists some
n € Nwithn > m and that | F" (x)| > e.

See [20, Theorem 5.2] for the precise formulation. A rigorously formulated appli-
cation to a general population model in the state space of measures is given in
Theorem 6 and to a more specific model for iteroparous populations in Theorem 25.

Theorem 3 Let F, B : Xy — X, and B be compact and continuous, r(B) > 1,

and
. | £ (x|
lim su <1

Ixll—oo NIl

Then, under appropriate additional assumptions, the semiflow induced by F has a
compact persistence attractor A; € X,:
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(a) A is a compact set, F(A;) = Ay, and inj lx] > 0.
XEA]
(b) A attracts all compact subsets K of X with in1f< x| > 0:
Xe

If K is such a subset and U is an open set with A; CU C X, then there exists
some N € N such that F"(KC) C U foralln € Nwithn > N.

Theorem 3 is a consequence of Theorem 2 and of the point-dissipativity Theorem
91n Sect. 3 and is a special case of [26, Theorem 5.7] to which we refer for the precise
assumptions. A rigorously formulated application to a general population model in
the state space of measures is given in Theorem 22.

Corollary 1 Let the assumptions of Theorem 3 be satisfied. Then there is some
€1 > 0 such that for any compact subset IC of X 1 with inf ¢k || x| > O there is some
N € N such that | F"(x)|| > €, forallx € K and alln € Nwithn > N.

The theorems above are known if B can be extended to a bounded linear map on
X and B is the Frechet derivative of F at 0 [7, 26, 33].

There are at least three motivations to consider the more general situation of a
bounded homogenous order-preserving operator. The first is of mathematical nature,
namely that the directional derivative is homogeneous but not necessarily linear and
that homogenous operators are not Frechet differentiable at O unless they are linear
[20, Sect. 3].

The second, biological, motivation are two-sex population models which often use
homogeneous mating functions resulting in homogeneous first order approximations
of the population turnover operator [18-20, 29-31].

The third motivation are structural population distributions which are best
described by measures @ on a metric space S (see [1, 2, 32] and the references
therein) which is the state space of individual characteristics [8]. A point in S gives
an individual’s characteristic, and the metric d describes how close the characteris-
tics of two different individuals are to each other. If i : B — R, is a measure on the
o-algebra B of Borel setsin S, u(T') gives the number of individuals whose structural
characteristic lies in the Borel subset 7' of S. This leads to choosing X = M(S) as
population state space, the vector space of real finite Borel measures (or rather an
appropriate closed subspace of it if S is not separable). Let X, = M (S) denote
the cone of nonnegative measures and X, = M+(S ) be M (S) without the zero
measure. The variation norm is too strong to provide the required compactness of
the basic turnover operator B on X in Theorem 2 even if B can be extended to a
bounded linear operator on X. A suitable alternative is the flat norm aka dual bounded
Lipschitz norm (see [14] and the references therein and Sect.4). The flat norm has
the trade off that important linear basic turnover operators defined on all of X are
compact and continuous on X but not bounded on X [32].
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2 A General Framework for the State Space of Measures

In this paper, we will be guided by the third motivation, a population state space
consisting of measures on a metric space S (Sect.4).

2.1 Feller Kernels

Important building blocks for the turnover map F are Fellerkernels« : B x § — Ry
where B is the o-algebra of Borel subsets of S ([32] and Sect.5). In fact, the first
order approximation of F' at 0 mentioned before will be associated with a Feller
kernel. As a first requirement,

e « (-, s) is a nonnegative measure on B3 for each s € S.

Then, for each f € C b(S) (bounded continuous function), we can form the integrals

/Sf(t)/c(dt, s) =t (AL f)(s), s eS. ©)]

As a second requirement,

e i hasthe Feller property,i.e., definition (9) provides a continuous bounded function
A* f9

and a bounded linear map A, on C?(S) is associated with «.

Cf. [3, Sect. 19.3]. See Example 10.12 in [32].

C*(8), the vector space of bounded continuous real-valued functions, is a Banach
space under the supremum norm and has C_’; (S), the subset of nonnegative functions
in C?(S), as closed convex cone. Cf;(S) denotes this cone without the zero function.

By [32, Proposition6.3], if « is a Feller kernel, « (U, -) is a Borel measurable
function on S for all open subsets U of S and thus for all Borel sets U in S. Conse-
quently, A, can be extended to M?(S) by (9), the Banach space of bounded Borel
measurable functions with the supremum norm.

For each u € M(S), we can define

/K(T,S)M(dS) = Aw(T), TeB, (10)
S

and obtain a measure Ap and a linear map on M(S) and the duality relation

/(A*f) du = / FA(AR,  feMMS), weMS). (D
S S

The linear operator A on M(S) is bounded with respect to the variation norm,
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[All = sup (S, s) = [|Axll, (12)

ses

but not necessarily bounded with respect to the flat norm [32, Sect.9, 10].

In some probabilistic applications, it is assumed that « is also a Markov kernel,
ie., k(S,s) = 1foralls € S. Then (T, s) can be interpreted as the probability that
an individual with characteristic s € S will have a characteristic within the set T
after one year. This ignores that the individual may die during the year on the one
hand or have offspring on the other hand.

So, we do not assume that « is a Markov kernel, and « (7', s) is rather interpreted as
follows: For an individual with characteristic feature s € S, k (T, s) is the sum of the
probability that, after one year, the individual is still alive and has its characteristic
feature within the set 7' and of the amount of its surviving offspring that has also
characteristic feature within the set 7. For more on Feller kernels see Sect. 5.

Definition 1 A Feller kernel « : B x § — Ry is called a uniform Feller kernel if

sup [k(T,t) —«(T,s)| — O, t — s, foralls € S. (13)
TeB

Equivalent characterizations of uniform Feller kernels are given in Proposition9,
in particular (13) implies the Feller property above. For more on uniform Feller
kernels see Sect.5.2.

2.1.1 Convolutions and Spectral Radius of Feller Kernels

The convolution of two Feller kernels k; : B x § — R4, j =1, 2, is defined by

(k1 *k2)(T, s) = //q(T, ko (dt, s), TeB,ses. (14)
S

K1 * k> is again a Feller kernel.

Definition 2 Let « : B x § — R, be a Feller kernel. We inductively define the
multiple convolution kernels k™ by k'* =k and Kk "TV* = k™ x k.
The spectral radius of the Feller kernel « is defined by

r(x) = inf (sup K" (S, s))l/". (15)

neN A ses

If A, is the map on C?(S) or on M?(S) induced by i, then A" is induced by «"*.
This implies that r(«) = r(A,), and so, in (15), ing can be replaced by lim because
ne

n—o00
of (7). See [32, Sect. 9] for more details.
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2.1.2 Irreducible Feller Kernels

Since a Feller kernel « : B x S — R, induces the positive bounded linear map A,
on the Banach lattice C?(S) with the supremum norm, irreducibility of « could be
defined as irreducibility of A, like in [25, III.8]. However, the following weaker
irreducibility concept seems to be better tailored to a Feller kernel.

Definition 3 ([27]) A Fellerkernel« : B x § — R, is called top-irreducible (short
for “topologically irreducible”) if for any nonempty open subset U of S and for any
s € S\ U there is some n € N such that «™ (U, s) > 0.

We will also use the following stronger concept.

Definition 4 A Feller kernel « : B x S — R, is called strongly top-irreducible if
for any nonempty open subset U of S and any nonempty compact subset K of §
there exists some n € N such that ™ (U, s) > Oforall s € K.

For more on (strongly) irreducible Feller kernels see Sect.5.3.

2.2 Turnover Maps on the State Space of Measures

We consider yearly turnover maps F of the following general form,

F(u)(T) = /K"(T, s) pds),  peMi(S), TebB, (16)
N

where {k"; u € M, (S)} is a family of Feller kernels «* : B x § — R,.

The interpretation of «* is as before except that individual survival, develop-
ment and reproduction play out in the environment being effected by the structural
distribution p of the population.

If 1 is the zero measure, we use the notation «°. Often, the operator A associated
with «? by (10) will turn out to be the first order approximation of F at the zero
measure.

Finally, we emphasize that, while individual survival, development, and reproduc-
tion are modeled stochastically through the family of Feller kernels, the population
model is completely deterministic.

A more specific model for a semelparous population can be found in [32, Sect.2
and 12] and for an iteroparous population in Sect. 7.

Assumption 5 For each u € M, (S), «* is a Feller kernel and {K”(S, t); K €E
M.(S),t € S} is a bounded subset of R.

Standard measure-theoretic arguments imply the following result.

Proposition 1 Let the Assumption 5 be satisfied. Then F maps M_(S) into itself.
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Definition 6 The kernel family {k"; u € M_(S)} is called upper semicontinuous
at the zero measure if for any € € (0, 1) there is some § > 0 such that

k"(T,s) < (1 +e)x(T,s), TehB,secs,

for all u € M (S) with u(S) < 6.
The kernel family {«*; u € M, (S)} is called lower semicontinuous at the zero
measure if for any € € (0, 1) there is some § > 0 such that

k"(T,s) > (1 —e)xk°(T,s), TeB,ses,

for all u € M (S) with u(S) < 6.
The kernel family {«x*; u € M (S)} is called continuous at the zero measure if
for any € € (0, 1) there is some § > 0 such that

(I —ex’(T,s) <«™(T,s) <(1+ex°T,s), TebB,ses,

for all u € M (S) with u(S) < 6.

In a preview of results, we will showcase the spectral radius of the basic turnover
kernel x¢ as a crucial threshold parameter between local stability (in the subthresh-
old case r(x?) < 1) and instability (in the superthreshold case r(k°) > 1) of the
extinction state represented by the zero measure; r(« ) is called the basic population
turnover number. For a semelparous population, as it is considered in [32, Sect. 12],
the basic turnover number coincides with the basic reproduction number.

2.3 Local (Global) Stability of the Zero Measure in the
Subthreshold Case

For perspective, we cite the following result [32, Theorem 3.6].

Theorem 4 Make Assumption 5 and let the kernel family {k"; u € M, (S)} be
upper semicontinuous at the zero measure.
(a)Ifr =r(k°) < 1, the zero measure (the extinction state) is locally asymptotically
stable in the following sense:

For each a € (r, 1), there exist some 8, > 0 and M, > 1 such that,

F"(1)(S) < o"My u(S),  neN,
if p € My(S) with 1(S) < 8.

(b)Ifr =r(k°) < landk™(T,s) < k°(T,s)forallT € B, s € S, the zero measure
is globally stable in the following sense:
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For each a € (r, 1), there exists some M, > 1 such that
F'(u)(8) <a"My n(S), neN, peMi(S).

Recall that F"(u)(S) is the total population size in the nth year and w(S) the
population size at the beginning.

2.4 Instability of the Zero Measure in the Superthreshold
Case

We consider the following concepts [10, 14, 16, 32].
Definition 7 Consider a subset N of M_.(S).

o N is called tight if for any € > 0 there exists a compact subset K of S such that
w(S\ K) <eforall u e N.

e A single measure u € M (S) is called tight, and we write u € M, (S), if {u} is
tight.

o N is called pre-tight if for any € > 0 there exists a closed totally bounded subset
T of S such that u(S\ T) < € forall u € N.

o A single measure i € M (S) is called separable, and we write u € M? (S), if
there exists a countable subset 7' of S such that (S \ T) = 0.

e A single measure u € M(S) is called separable, and we write u € M?*(S), if its
absolute value || is separable.

By definition, a subset T of § is fotally bounded if for any € > 0 there exists a
finite subset K of T such that T C UseK Uc(s). Here U.(s) = {t € S;d(t,s) < €}
is the open neighborhood with center s and radius €. T C S is compact if and only
if T is totally bounded and complete [3, Sect.3.7].

If S is a compact metric space, M (S) is trivially tight. If S is a separable metric
space, M (§) = M’.(S).

Definition 8 A Feller kernel « is called a tight Feller kernel if {k(-,s); s € S}isa
tight set of measures.

A Feller kernel « is called a Feller kernel of separable measures if all measures
k(-,s),s € 8§, are separable.

The condition r(x”) < 1in Theorem 4 is almost sharp as seen from the next result
([32, Theorem 3.13] with switched roles of x; and «»).

Theorem 5 Make Assumption 5 and let the kernel family {k"; u € M, (S)} be
lower semicontinuous at the zero measure.

Assume that k° = K| + kp with two Feller kernels k; of separable measures and
assume that k; is a tight kernel and r :==r(k°) > 1 > r(ky).
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Then there exists some eigenmeasure v € M. (S), v(S) = 1, such that

rv(T) = /K”(T, s)v(ds), T € B.
s

Further, the zero measure is unstable: There is some 8y > 0 such for any v-positive
w € M, (S) there is some n € Z, with F"()(S) > 8.

A measure u € M_(S) is called v-positive if there exists some § > 0 such that
w(T) = 68v(T) forall T € B.

In an iteroparous population, as we will consider it in Sect. 7, the Feller kernel «
may be associated with adult survival and adult development and the Feller kernel
i> with reproduction and first year development. If r(x;) < 1, x° = > > k" isa
Feller kernel, and the Feller kernel

o0
Ko 4Kk % k(° =Ky + E Ko * K|

n=1

can be interpreted as next generation kernel and its spectral radius as basic [9] (or
inherent net [5, 6]) reproduction number. We again like to think of «° = k; + «; as
basic population turnover kernel and its spectral radius as basic turnover number,
this spectral radius has also been called inherent population growth rate [6].

Remark 1 Letr(k;) < 1. The following trichotomy holds:

o r(ky+Kkyxk(®) > landr(k; +«2) > 1
or

o r(ky + iy x k) =landr(k; + k) =1
or

o r(ky + ko x k%) < land r(k; +«2) < 1.

See [32, Remark 3.14, Theorem 7.16], but notice that the roles of x| and x, have
been switched.

2.5 Persistence of the Population in the Superthreshold Case

We now give a preview of this paper’s main results in the general framework for the
population state space of measures. The proofs can be found in Sect. 6.

Assumption 9 For each u € M’ (S), k* is a Feller kernel of separable measures
and {k"(S,1); w € M’.(S), 1 € S} is a bounded subset of R.

Assumption 10 For any u € Mi(S), k*(S,s) > 0foralls € S.
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Recall that ./\/l; (S) is the set of nonnegative separable measures without the zero
measure.

Theorem 6 Assume Assumptions 9 and 10. Let the kernel family {k"; u € M?_(S)}
be lower semicontinuous at the zero measure.

Assume that k° is a top-irreducible Feller kernel and k° = k| + k, with two tight
Feller kernels «k j, where k; is a uniform Feller kernel.

Finally, assume r = r(k°) > 1 > r(k;).

Then the semiflow induced by F is uniformly weakly persistent: There exists some
8 > 0 such that lim sup F" (u)(S) > 8 forall u € Mi(S).

n—oo

The next assumption looks rather technical, but is often satisfied; the technicality
is the prize we pay for the generality of the framework. We will derive from it that
F is continuous on M, (S) with respect to the flat norm.

Assumption 11 If u € M? (S) and (u,) is a sequence in M’ (S) such that
[ fdun — [ fdu, forall f € C5(S), then

/h(t) i (dt, s) =3 | h(t) k" (dt, s) (17)
S S

uniformly for s in every closed totally bounded subset of S, forall 4 € L,
L={hel0,1% Vt,i € S: |h@t) — h(D)| <d(t, D} (18)

Assumption 12 If A is a bounded subset of M (S), then the set of measures
(k" (-, 8); s € S, u € N} is tight and the set {«*(S, s); s € S, u € N'}is bounded in
R.

This assumption will imply that F is compact on M?_(S) with respect to the flat
norm.

Assumption 13 limsup sup (S, s) < 1.
n(S)—oo ses

This assumption will allow us to use the abstract point-dissipativity result in the
upcoming Sect. 3.

Theorem 7 Make Assumptions 9, 10, 11, 12, 13 and let the kernel family {k"; u €
M(S)} be lower semicontinuous at the zero measure.

Assume that k° is a top-irreducible Feller kernel and k° = Kk + k, with two tight
Feller kernels k; where «; is a uniform Feller kernel.

Finally, assume r = r(k°) > 1 > r(«y).

Then the semiflow induced by F is uniformly persistent: There exists some § > 0
such that linnliolgf F"'(w)(S) = 8 forall u € Mj_(S).

To obtain uniform persistence in a stronger sense, we will assume the following.
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Assumption 14 If \/is atight bounded subset of M (S), then there exists a strongly
top-irreducible Feller kernel « such that

k*(T,s) > k(T,s), TeB,seS uel.

Theorem 8 Make Assumptions 9, 10, 11, 12, 13, 14 and let the kernel family
{k#; € MS(S)} be lower semicontinuous at the zero measure.

Assume that «° is a strongly top-irreducible Feller kernel and k° = k| + ky with
two tight Feller kernels k;, where «; is a uniform Feller kernel. Finally, assume
r=rk°’ >1=>r(y).

Then the semiflow induced by F is uniformly persistent in the following sense:
For each f € C ﬁ(S), there exists some €y > O with the following property:

If N is a bounded tight subset of ME(S) withinf e nr i (S) > O, there exists some
N € N such that

/de”(u) >e€; forallp e N andalln € Nwithn > N.
s

3 An Abstract Point-Dissipativity Result

The next abstract result will be used in proving Theorem 8.

Theorem 9 Let X be the closed cone of an ordered normed vector space X. Let
F : Xy — X, map bounded subsets of X into bounded subsets of X.. Let 0 :
X+ — R, be homogeneous, subadditive, continuous and uniformly positive (there
is some € > 0 such that €||x|| < 0(x) forall x € X ). Assume that

lim sup w <1 (19)
Ixl—oco  O(X)
Then, for any bounded subset B of X 1, there exists a bounded convex subset Bof
X suchthat F*"(B) C B foralln € N. Further, there exists a bounded convex subset
By of X such that for each x € X there exists some m € N such that F"(x) € By
for all n > m. If F is continuous and compact, the semiflow induced by F has a
compact attractor of bounded sets [26, Sect. 2.2.3].

Proof Cf.[26,L.7.1]. By (19) and the other properties of 6, there exists some & €
(0, 1) and Ry > 0 such that

O(F(x)) <&0(x), xe€X;,0(x)=Ry. (20)
We claim that there exists some R, > 0 such that, forall x € X,

0(x) <Ry = 0(F(x)) < Ry. 2y
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If not, for any n € N, there exists some x,, € X such that 9(x,) <n < 0(F(x,)).
Since F maps bounded sets in X into bounded sets of X, and 6 is bounded,
0(x,) — oo as n — oo. This leads to a contradiction for n large enough such that
G(Xn) = Rl:

n < 60(F(xy) < §60(x,) <n.

Let R3 = max{R;, R,}.Let R > Rjand B} = {x € X4;0(x) < R}. Since 0 is con-
vex and continuous, B;g is convex and closed. Since 6 is uniformly positive, B;g
is bounded. By (21), F (B;) - B}'. Let B be a bounded subset of X, . Then there
exists some R > Rj such that B C B} and F"(B) C B} foralln € N.Letx € X .
If ||lx|| < Rs, limsup, ., 6(F"(x)) < Rs. If 6(x) > R3, by (20), 0(F""'(x)) <
EO(F™(x)) as long as O(F"(x)) > R3. So 6(F"(x)) < R3 for some m € N and
limsup,_, ., 0(F"(x)) < R3 as well. Since 0 is uniformly positive, there exists some
¢ > O such that limsup,,_, , | F"(x)|| < cforallx € X,.

In the language of [26, Definition 2.25], we have shown that the semiflow induced
by F is point-dissipative and eventually bounded on every bounded set. If F is also
continuous and the semiflow is asymptotically smooth (in particular if F is compact).
then the semiflow has a compact attractor of bounded set by [26, Theorem2.30]. [J

4 The Ordered Vector Space of Real Measures

Let S be a nonempty set, 5 a o-algebra on S, and M(S) denote the set of real
measures on 3.

M(S) becomes a real vector space by the definitions (u + v)(T) = u(T) + v(T)
and (@u)(T) = au(T) where T € Band o € R and u, v € M(S).

M(S) contains the cone of all nonnegative measures, M, (S) (a convex homo-
geneous set). M(S) is an order-complete vector lattice: Each subset N of M(S)
which has an lower (upper) bound has an infimum (supremum).

The absolute value || of a measure (in this context also called the variation of
the measure) is given by

[l (T) =sup{uU) —u(T\U); B>U C T}
(22)

=sup(ln(@)] + [T\ U B3 U € T) =sup | Y (Tl
j=1

where the supremum is taken over all n € N and subsets {T1, ..., T,} of BB such that
T is its disjoint union [3, Corollary 10.54 and Theorem 10.56].
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4.1 Measures Under the Variation Norm and the Flat Norm

The variation norm (also called total variation) on M(S) is defined by

liells = 1wl(S), e M(S), (23)

where || is the absolute value of ¢ defined by (22).

If we Mi(S), llrnlly = u(S). So the variation norm is additive and order-
preserving on M (S), and M (S) is a normal cone. The variation norm makes
M(S) a Banach lattice; in particular, M (S) is a non-flat generating cone: Every
real-valued measure p can be written as the difference of its positive and negative
variation, ju = jt4 — ju_, and [|exll; < [l]:.

The variation norm is equivalent to the supremum norm

litlloo = sup (M1, e M(S), (24)

and the two norms are equal on M_ (S).

Let (S, d) be a metric space. B now denotes the Borel o-algebra of S which is
the smallest o-algebra that contains all open and closed sets. The sets in the Borel
o-algebra are called Borel sets. In a metric space, the Borel o-algebra is also the
smallest o -algebra for which all (bounded) continuous functions are continuous [11,
Theorem 7.1.1]. This second o -algebra is often [11] but not always [3] called the
Baire-o -algebra.

The following is a summary of results needed later. For more details, we refer to
[14]. Many of the results can already been found in [10, 11]. See also [15, 16].

For perspective, we present the following result for the variation norm.

Theorem 10 For all © € M(S),
Ik = 11() = sup | [ fauls £ < ') 17 <1,

Proof By [12, IV.6.2], u +— 6 with 8(f) = fs fdu, f e Cb(S), is an isometric
isomorphism between the Banach space of regular additive set functions with the
variation norm and the dual space of C?(S). The assertion now follows because every
real measure on B is regular [3, Theorem 12.5]. O

We introduce the following functional on M(S),

b

il =sup | [ fdu
feL N (25)

£=[f€10.11% Yo ses 1f ) = fO)] = dix, ).
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Recall that M5 denotes the set of functions from S to a set M. || - ||, is a norm on
M(S) [14], which we call the flat norm, and

leells < Nliellzs € M(S). (26)

In the literature, definitions different from (25) are used that lead to equivalent
norms. For instance, [0, 1]° is replaced by [—1, 1]5. Also different names are used
for the flat norm or its equivalent definitions. For details see [14].

All the definitions have in common that

il = w(S) = llulls, 1€ Mi(S). 27

This implies that the flat norm is additive and order-preserving on M (S).
In the following, all topological notions concerning M (S) and M, (S) are meant
with respect to the flat norm unless it is explicitly said otherwise.

Theorem 11 M (S) is a generating, normal, closed cone.

Lemma 2 Forx € S, let 8, denote the Dirac measure at x. Then 1 = ||8, |, and, for
y,x €85,
16x — 8yl = min{1, d(x, y)}.

Corollary 2 ([16]) If S is not uniformly discrete (i.e., its metric is not equivalent to
the discrete metric), then the ordered normed vector space M(S) is not complete.

4.1.1 Convergence in M _(S)

Definition 15 Let F be asetof functions f : S — Rands € S. Fiscalled equicon-
tinuous at s if for any € > 0 there exists some § > O such that | f () — f(s)| < €
forall f € Fandallr € S withd(z,s) < §. F is called equicontinuous on S if it is
equicontinuous at all s € S.

F is called uniformly equicontinuous on S C S if for any € > 0 there is some
6 > Osuchthat |f(t) — f(s)] <eforall f € Fandalls,t e S'Withd(t,s) < 4.

F is called equibounded if there exists some ¢ > 0 such that | f(s)| < c for all
se Sandall f € F.

The following is proved in [32, Proposition 6.10].

Proposition 2 Let F be an equicontinuous and equibounded family of functions
f:S— Ry and n € M(S) and (1) be a sequence in M (S) such that ||, —
Wl = 0asn — oo. Then fS fdu, — fs fdu as n — oo uniformly for f € F.

Recall the definition of a (pre-)tight set of measures (Definition 7).
To show that pre-tightness does not change under topologically equivalent metrics,
we note the following.
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Proposition 3 1 € M_ () is separable if and only if it is pre-tight.

Proposition 4 The closure of a tight set of nonnegative measures is tight. The closure
of a pre-tight set of nonnegative measures is pre-tight.

The closure of a set of separable nonnegative measures consists of separable
measures.

Proof The first two statements follow from [14, Theorem 4.10d]. The third statement
holds because a countable union of countable sets is countable.

Corollary 3 M’ (S) is a closed cone of M(S).
Here is the characterization of convergence.
Theorem 12 Let (1) in M4.(S) and pu € M. (S). Equivalent are

@ Nlpn — plls =0,
(ii) fs fd(un — 1) — 0 for all continuous functions f € C*(S),
(iii) fs fd(u, — n) — 0 for all Lipschitz continuous functions f : S — [0, 1].

4.1.2 Compactness and Completeness in M (S)

Theorem 13 Let (i) be a tight sequence in M (S) such that (j1,,(S)) is bounded.
Then (W,,) has a converging subsequence (with the limit measure being tight as well).

Proposition 5 Let N' € M, (S) be a totally bounded set of pre-tight measures.
Then N is pre-tight and, if S is complete, tight.

Theorem 14 ([16, Theorem3.8]) M, (S) is complete if and only if S is complete.

5 More on Feller Kernels

Let S be metrizable topological space and 5 and the respective Borel o -algebra.

Definition 16 A function k : B x § — R, is called a Feller kernel if

k(-,8) € My(S) foralls € S and if « has the Feller property

[s FOK(dy, ) € CP(S) forany f € CP(S).

A Feller kernel « is called a Feller kernel of separable measures if

k(- s) € M(S) forall s € §.

Cf. [3, Sect. 19.3] and Sect.2.1. For examples and details see [32]. Recall that
every Feller kernel induces maps A : M(S) — M(S) and A, : M*(S) — M>(S)
with M?(S) denoting the Banach space of bounded measurable functions with the
supremum norm. See (10) and (9). Since « is a Feller kernel, A, maps Ch(S) to
Cc’(S).

The next result is part of [32, Theorem 10.4].
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Theorem 15 Let x : B x S — R be a Feller kernel of separable measures.
Then the following hold:
(a) A maps M’ (S) into M°(S), and A : M5 (S) — M.(S) is continuous with
respect to the flat norm.
(b) A maps M?*(S) into M*(S).

Remark 2 Let « be a Feller kernel of separable measures and A* denote the restric-
tion of A from M?*(§) to M?*(S) and A%, the restriction of A from M?_(S) to M, (S5).
Since the Dirac measures are separable, we still have for the operator norms that
[A*] = | A% [l = supscs k (S, s), (see 12). By (15),

r(A%) =r(A) =r(A)) =r(x).

Remark 3 The map A induced by a Feller kernel via (10) is continuous from M ()
to M (S) with respect to the variation norms even without the Feller type property.
But it seems difficult to come up with conditions for A to be compact with respect
to the variation norm.

5.1 Tight Feller Kernels

Definition 17 A Feller kernel « : B x S — R, is called a tight Feller kernel if the
set of measures {k (-, x); x € S} is tight.

A Feller kernel « is called a pre-tight Feller kernel if set of measures {« (-, x);
x € S} is pre-tight.

See [32, Sect. 10] for the proofs of the following and other results and for examples.

Proposition 6 Let k : B x S — R be a tight Feller kernel. Then A is continuous
and compact from M (S) to M. (S) with respect to the flat norm and maps M (S)
into M!_(S).

Proposition 7 Let P : B x S — R, be a tight Feller kernel and g € Ci(S x S).
Thenik : Bx S — Ry,
k(T,s) = / g(s,t)P(dt,s), seS8,Teb, (28)
T

is a tight Feller kernel. In particular, k (S, -) € ch(S).

5.2 Uniform Feller Kernels

We start from the observation that tight Feller kernels are related to compactness in
C?(S). Recall the concepts of equicontinuity and equiboundedness, Definition 15.



Persistent Discrete-Time Dynamics on Measures 77

Proposition 8 Let k be a tight Feller kernel and Q be an equicontinuous bounded
subset of Cb(S). Let A, be the map on CY(S) induced by k via (9). Then A.(Q) has
compact closure in in C*(S).

Proof Let (g,) be a sequence in Q. Since « is tight, there exists a sequence (K ;) of
compact subsets of S such that

supk(S\ K;,s) — 0, j — oo. 29)

ses

Set § = jeny K- Then S is separable. By a version of the Arzela-Ascoli theorem

[23, Theorem 8.5], there~exists a subsequence (gy,) and some g € C b (S') such that
&n, — g pointwise on S and uniformly on each K;. Set h, = A,g, and h(s) =
[58()k(dt,s),s € S. Then h, € C’(S) and h € M>(S). Foreachs € Sand j,i €
N’

|, (s) — h(s)] 5/ 8n, ()| (dt, 5) +/ |8n, (1) — g ()| (dt, 5)
S\K; K
+f lg(®)Ik(dt, s).
S\K;

By our various assumptions, there is some ¢ > 0 such that, for all i, j € N,

17n, — hlle < 2csupk(S\ K;,s)+ csup|gn () — g®)l.

SES tek;
For all j € N, since g,, — g asi — oo uniformly on K,

lim sup [|A,, — hlloo < 2ck(S\ K).
i—00
By (29), we can take the limit as i — oo,

limsup ||y, — hllec = 0.

i—00

This shows A, (Q) is a compact subset of C?(S). Since all &, are continuous, / is
continuous as well. (Il

The preceding result motivates us to look for Feller kernels that are related to
equicontinuous sets of functions.

Proposition 9 Letx : B x S — R, bea Feller kernel and A the induced linear map
on M(S) and A, the induced linear map on MP"(S) via (10) and (9), respectively.
Then the following are equivalent:

(a) sup |k(T,t) —«k(T,s)| — O, t — s, foralls € S.
TeB
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(b) If Q is a bounded subset of M"(S), then A.(Q) is an equicontinuous and equi-
bounded subset of ch(S).

(c) If Q is a bounded subset of C*(S), then A,(Q) is an equicontinuous and equi-
bounded subset of C?(S).

(d) A is continuous from M (S) with the flat norm to M (S) with the variation
norm.

Proof Assume (a).Let f(t) = > |-, o; x1; be ameasurable function of finitely many

values «y, ..., a,;,, where T; € B are pairwise disjoint. Then

m

|4, )0 = AdH®] < M1 flloo D [T 1) = (T, 5|

i=1

Since (-, t) — « (-, s) is a real-valued measure and the 7; are pairwise disjoint,

|4 @) = AN )] <201 flloo sup (T, 1) = k(T 5)|. (30)

If f € M"(S), f is the uniform limit of a sequence of such finitely-valued measurable
functions and (30) holds for f € M b(S). This implies that A, maps MP"(S) into
C®(S). Let Q be a bounded subset of M”(S). Then A,(Q) is a bounded subset of
C’(S) and an equicontinuous subset by (a) and (30), and (b) follows.

Obviously, (b) implies (c).

Assume (c). Let (u,) be a sequence in M (S) and u € M (S) such that
ltn — ptll, — 0 as n — oo. By (¢), {A,f; f € Cb(S),0 < f < 1} is a uniformly
equicontinuous and equibounded family of functions from S to R,. By Propo-
sition 2, fS(A*f)dM,, — fS(A*f)d,u as n — oo uniformly for f e C?(S) with
0< f<1.Let feClS) with || fllw<1.Then f = f, — f_ with0 < f. < 1.
So [((A.f)du, — [¢(A,f)du uniformly for f € CP(S) with | fllec < 1. By the
duality between A, and A, (11), [ fd(Ap,) — [g fd(Ap) as n — oo uniformly
for f € C*(S) with || f|le < 1. Assertion (d) now follows from Theorem 10.

Assume (d). Ast — s, [|6; — &s|l[, = 0 by Lemma 2 and, by (d), A§;, — A§; in
variation norm and supy g |« (T, t) — k (T, s)| — 0 by (10).

Definition 18 A Feller kernel « : B x S — R, is called a uniform Feller kernel if
it satisfies property (a) of Proposition 9.

Corollary 4 If « is a Feller kernel and the map A, : C*(S) — C”(S) associated
with k is compact, then k is a uniform Feller kernel.

Corollary 5 Let k| be a Feller kernel on S and ky a uniform Feller kernel on S.
Then k1 x k3 is a uniform Feller kernel on S.

Proof Let A; be the linear maps on M (S) induced by «; via (10). By Proposition
9, A, continuously maps M (S) with the flat norm into M (S) with the variation
norm, while A; is a bounded liner map on M (S) with the variation norm. So A A,
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continuously maps M (S) with the flat norm into M (S) with the variation norm.
Since AjA; is induced by k1 x k2 [32, L.9.2], k1 % k3 is a uniform Feller kernel by
Proposition 9.

Proposition 10 Let «k be a uniform Feller kernel. Let g : S x S — R be bounded
and g(s, ) be Borel measurable and g(-, s) be continuous on S for every s € S.
Letik : B x S — R be given by

K(T,s) = / g(s, K (dt, s), ses, TebkB.
T

Then k is a uniform Feller kernel.

Proof Lets € S. Since g(s, ) is Borel measurable and bounded and « (-, s) is a finite
non-negative measure, « (-, §) is a finite non-negative measure.
Let (s,) be a sequence in S and s € S and 5, — s. Then

‘/g(sn,t)K(dt,Sn)_/g(S,Z)K(dt,S)‘
T T
s\/g(sn,mx(dt,sn)—/g(sn,r)x(dr,n]
T T
+| / g(sn. D (dt, 5) — / §(s, Dxdr, 5)|
T T

<2suplg| sup }K(f, sp) — (T, s)| + / |g(sn, t) — g(s, t)|k(dt, s).
TeB s

The last integral converges to 0 as n — oo by Lebesgue’s dominated conver-
gence theorem because |g(s,, t) — g(s, )] — 0 as n — oo pointwise in ¢t € § and
|g(sn,t) —g(s, 1) <2supg(S x S)foralln € N.

Notice that the last expression in the inequality converges to 0 as n — oo uni-
formly for T € B. ]

This trivially provides examples for uniform Feller kernels.

Example 1 Let v € M, (S) and g : S x S — R be bounded and g(s, -) be Borel
measurable and g(-, s) continuous on S for every s € S.
Letk : B x S — R be given by

k(T,s) = / g(s, )v(dr), se S, TebB.
T

Then « is a uniform Feller kernel.
The class of Feller kernels provided this way can be quite comprehensive.

Example 2 Let S be a separable metric space and « : B x § — R, be a uniform
Feller kernel.
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Choose a countable dense subset {s,; n € N} in §.
Define v € M (S).

wW(T) = Zz—"K(T, s,), T eB.
n=1

Let T € Band v(T) = 0. Then «(T, s,,) = 0 for all n € N. Since {s,; n € N} is
dense in S and « is a uniform Feller kernel, « (T, s) = O for all s € S. By the Radon-
Nikodym theorem, for any s € §, there exists a Borel measurable function g(s, -)
such that

k(T,s) = / g(s, tyv(dr), s eB. 31
T
Since « is a uniform Feller kernel,
/ lg(s, 1) — g(5,t)|v(dt) — 0, s — 3. (32)
s

Conversely, any kernel of the form (31) satisfying (32) is a uniform Feller kernel.

Theorem 16 Let k| be a tight Feller kernel and k, a uniform Feller kernel. Then
AN = [ fomns.  ses.femto)
s

defines a bounded positive linear map A, from MP(S) to Mb(S) and from Ch(S) to
Cb(S), and

(U6 = [ Fratdns). ses.femts)
s
is a bounded positive linear map A, from M?(S) to CP(S) such that A, A, is
compact from MP(S) to CP(S).
Proof Combine Propositions 8 and 9.

Theorem 17 Let k; be a uniform Feller kernel that is tight. Let k| be a tight
Felleij kernel and k = k| + ky. Assume that r(k) > r(k1). Then there exists some
f e CZ(S) such that r(k) f (s) = fs f()k(dt,s) foralls € S.

Proof Let A, be the operators on C?(S) associated with k j.By Theorem 16, A, A,
and Aiz are compact on C?(S). The assertion now follows from [32, Theorem7.17].
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5.3 Irreducible and Colonization Kernels

Recall the definition of a (strongly) top-irreducible Feller kernel (Sect.2.1.2).

Lemma3 Let x : Bx S — Ry be a Feller kernel and A, be the bounded linear
map on Cb(S) induced by (9). Then the following are equivalent:

(a) « is top-irreducible.
(b) For any nonempty open strict subset U of S there exists some s € S\ U such
that k (U, s) > 0.
(c) Forany f € C0(S), S = U,z (ALSf > 0} = U(f).
(d) For any Lipschitz continuous f : S — R, that is not identically equal to 0,
S =Upez (ALf > 0} =2 U ().
Here, {A] f > 0} is a shorthand for {s € §; (A% f)(s) > 0}.

Proof (a)=-(b): Suppose that (b) does not hold: Then there exists some nonempty
open strict subset U of S such that « (U, s) =0 for all s € S\ U. Since « (S, -) is
bounded, there exists some ¢ > 0 such that k (U, s) < cxy(s) forall s € S. Then

K*Z(U, s) = /I{(U, Hk(dt,s) < /CXU(S)K(dt,S) =ck(U,s) < CZXU(S).
s s

By induction, «™*(U, s) < c"xy(s) foralls € S and all n € N. So (a) does not hold.

(b)=>(c): Since « is a Feller kernel, the functions A% f in part (c) are continuous
and U ( f) is open as union of open sets. Since f is not the zero functionand A f = f,
U (f) is nonempty. Suppose U (f) # S. By (b), there exists some s € S\ U(f) such
that « (U(f), s) > 0. Since the measure « (-, s) is continuous from below, there is
some n € N such that « ({A” f > 0}, s) > 0. This implies that (A”™! f)(s) > 0 and
s € U(f), a contradiction.

(c)=(d): obvious.

(d)=(a): Let U be a nonempty open subset of S. Choose some #y € U. Then there
exists some Lipschitz continuous f : S — [0, 1] such that f(z) = 1, f(¢) < xu(t)
forall t € S [14, L.2.1]. By (d), for any s € S, there is some n € Z, such that 0 <
(A7 f)(s). Let s € S\ U. Then (AYf)(s) = f(s) < xu(s) = 0 and 0 < (A” f)(s)
for some n € N. Since A’ is induced by «"*,

0 < (A" f)(s) < / o (DK™t ) < K™ (U, 5).
S

So (a) holds.

Remark 4 Assume that S is not a singleton set. If ¥ : Bx § — R, is a top-
irreducible Feller kernel, then « (S \ {s},s) > Oforall s € S.

Proof Lets € SandT = S\ {s}. Since S is not a singleton set, 7' is a nonempty open
subset of S. Since « is top-irreducible, by Lemma 3(b), there exists some s € S\ T
such that (T, §) > 0. Since S\ T = {s}, «(T,s) > 0.
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Theorem 18 Let « be a top—irreducib{e Feller kernel, A, the associated linear
bounded map on C*(S), r > 0. Let f € C_’,’_(S) be an eigenfunctionrf = A, f. Then
f(s) >0foralls € S.

Proof Foralln e N, f =r™"A’ f andso f(s) > Oforalls € § by Lemma 3(c).

Theorem 19 Let « be a top-irreducible Feller kernel. Then, for any p € M+(S)
and f € Ci(S), there is some n € 7 such that fS fdA"w) = fs Alfdu>0.

Proof Let u € M+(S) and f € Cﬁ(S). By Lemma 3(c),

nely

The last is a shorthand for {s € S, (A" f)(s) > 0}. Analogous shorthands will be
used in the following.
Since w is continuous from below and w(S) > 0, there exists some m € N such

that 0 < u(Ur_o Sa(f)). Since Uy Si(f) = { Xy A" f > 0}, there is some
k € N such that u (T (f)) > 0, T (f) = { X A" f > 1/k}. Now

> [ raan= [ Y@ du
n=0 S Sn:O
A" f)d 1/k)ul(T,, 0.
E/ka<f><§ ") = (/0T () >

So there is some n € Z, such that [ f d(A"w) = [( A% f du > 0.

Corollary 6 Letk be atop-irreducible Feller kernel, A the associated linear map on
M (8S), r > 0. Let uw € M (S) be an eigenmeasure riu = Au. Then fs fdu >0

forany f € Ci(S).
Proof Foralln € N, u = r™" A" and the assertion follows from Theorem 19.

Proposition 11 Let k be a top-irreducible Feller kernel and let N be a tight subset
of M4 (S) withinf, cpr £(S) > 0. Then, for any f € Ci(S), there exist somem € N
and § > 0 such that

m

Z/Aifduza, neN.
n=0 S

Proof Let n = (1/2)inf,cpr 1(S). Then n > 0. Since N is tight, there exists some
compact subset K of S such that (S \ K) < n for all © € N and so

wK)=n, pneN. (33)
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Let f € Ci(S), f # 0. Since « is top-irreducible, S = Un6Z+ S, (f) with open sets
Sp(f) ={ALf > 0} by Lemma 3(c). Since K is compact, there exists some m € N
such that K C UZ;O S, (f). So there exists some § > 0 such that

D (AN =8, sek.

n=0

For all u € NV, by (33),

m

i/Aifdu«zf (ZAZf) dp > §u(K) = én > 0.
n=0 S K

n=0

5.3.1 Strongly Top-Irreducible Feller Kernels.

Recall the definition of a strongly top-irreducible Feller kernel (Definition 4).

Lemma 4 Letk : B x S — R, bea Feller kernel and A be the associated bounded
linear map on Cb(S). Then the following are equivalent:

(a) « is strongly top-irreducible.

(b) Forany f € o) f_(S ) and any nonempty compact subset K of S there exists some
n € Zy such that (A7 f)(s) > O forall s € K.

(c) For any Lipschitz continuous f :S — R, that is not identically equal to 0
and any nonempty compact subset K of S, there exists some n € Z, such that
(A% f)(s) > O0foralls € K.

Proof (a) = (b):

Let f € Ci(S) and K be a compact subset of S. Then U ={t € S; f(¢) >
Il fllo/2} is a nonempty open subset of S. Since « is strongly top-irreducible, there
exists some n € N such that, forall s € K.

2f@®) .,

2
0<k™U,s) < dt,s) < —— (Al .
< ‘)</U||f||of @t.5) < o A

Obviously (b) implies (c).
(¢) = (a) follows similarly as in Lemma 3(d) = (a).

Proposition 12 Letk : B x S — R, be a Feller kernel with the following property
forany f € Ci(S):

For all s € S there exists some neighborhood U, C S of s and some ng € N such
that fS f®k"™(dt,s) > O0foralln € N, n > ng, and all 5 € Us.

Then k is a strongly top-irreducible Feller kernel.
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Proof The neighborhoods U, can be chosen as open sets containing s. Let K be a
nonempty compact subset of S. Then K C [ J;.¢ U, and there exists a finite subset

S of S such that K C U5 Us. Set m = max n;. Then m € N and

seS
seSs
/f(t)/c’”*(dt,i) >0, J§eKk.
S

By Lemma 4, « is strongly top-irreducible. (]
A similar proof as for Proposition 11 yields the following result.

Proposition 13 Let « be a strongly top-irreducible Feller kernel and let N be a
tight subset of M. (S) with inf e £ (S) > 0. Then, for any f € Ci (S), there exist
some n € Nand § > 0 such that

/A’;fduz& weN.
s

Proposition 14 Let P : B x S — R, be a Feller kernel, g € Cf_(S x S), and k :
B x § — R, be defined by

k(T,s) = / g(s,r)P(dt, s), seS, TebkB. (34)
T

Assume that k is also a Feller kernel and that g(s,t) > 0 forall s,t € S.

(a) P is top-irreducible if and only if k is top-irreducible.
(b) P is strongly top-irreducible if and only if k is strongly top-irreducible.

Proof For f e Ci(S), set U, ={f, >0} and V, = {h, > 0} where f,4| = fs
fu(®)P(dt, ) and h,y = fs h,(t)k(dt,-) for all n € N. Let U(fp) and V(fp) be
the respective unions over n € N.

For any f € C i(S) and s € S, we have the equivalence of the following two
statements:

() [¢ f)P(dt,5) > 0,

(i) P({f > 0}, 5) > 0.

An analogous equivalence holds for « replacing P.

Since g is strictly positive on 2, statement (ii) for P is equivalent to the statement
(ii) for k replacing P.

With this observation, it follows by induction that U, = V), for all n € N such that
U(f)=V(f).SoS=U(f)ifandonlyif S = V(f).

The equivalence in (a) follows from Lemma 3(c).

The equivalence in (b) follows from Lemma 4(b).

In these lemmata, U, = {A} f > 0} if A, isinduced by P and V,, = {A} f > 0}
if A, is induced by «.
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5.3.2 Colonization Kernels.

The following example of strongly top-irreducible kernels seems particularly suited
for spatially structured populations, but less for populations with other structures.

Definition 19 Let k : B x S — R, be a Feller kernel. « is called a colonization
kernel if for any s € S there is an open subset U > s of S such that x(V, s) > 0 for
all nonempty open subsets V of U.

Proposition 15 Let S be connected and k be a colonization Feller kernel. Then, for
any f € Ci(S), S = UneZ+ Su(f) where S,(f) = {A}f > 0} form an increasing

sequence of open sets, and k is strongly top-irreducible.
Here A, is the operator defined in (9).

Proof Let f € Ci(S) and define S, (f) as above.

Since A’ f is continuous, the sets S,(f) form a sequence of open subsets of
S. We claim that this sequence is increasing with respect to the subset relation. It is
sufficient to show that So(f) € S1(f) because S,+1(f) = S1(AL(f)).Lets € Sand
f(s) > 0. Since « is a colonization kernel, there is an open subset U > s of S such
that «(V,s) > 0 for all nonempty open subsets V of U. Set V = {t eU; f(t) >
f(s)/2}. Then V an open subset of U and s € V; so

f(s)
2

(A f)(s) = / fx(de,s) = k(V,s)>0.
\4

This implies So(f) € S1(f).

Set S(f) = UneN S, (f). S(f) is open as union of open sets. To show that S(f)
is closed, let s € S be a limit point of S(f). Since « is a colonization kernel, there is
an open subset U > s of S such that «(V, s) > 0 for all nonempty open subsets V
of U. Since s is a limit point of S(f), U N S(f) # P and U N S, (f) # @ for some
n € Z..Since S, (f) = U,en {A2f > 1/m}, there exists a nonempty open subset
V of U and some m € N such that (A7 f)(t) > 1/m forallt € V. Forallx € U,

(AL f)(s) = /(Aif)(t)K(dt,S) = (1/myk(V,s) > 0.
Vv

So s € S,+1(f) S S(f). Since S(f) is open and closed in the connected set S,
S=S80f).

Let K be a compact subset of S. Then there exists some n € N such that K C
U;le S;(f). Since the S,(f) form an increasing sequence of sets, K C S,(f), i.e.,
(A% f)(s) > Oforall s € K. So, « is strongly top-irreducible by Lemma 4.

Lemma5 Let x : B x S — Ry be a tight colonization Feller kernel and g : S x
S — (0, 00) be continuous and bounded. Then k : B x S — R, defined by

K(T,s) = / g(s, Hk(dt, s), T eB,ses,
T
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is also a tight colonization Feller kernel.

Proof By Proposition 7, i is a tight Feller kernel.

Let s € S. Since « is a colonization kernel, there is some open subset U > s of
S such that «(V, s) > 0 for all nonempty open subsets V of U. Since g is strictly
positive and continuous, V = |,y V. With open subsets V, = {r € V; g(s, 1) >
1/n} of V.Foralln € N,

k(V,s) > / g(s,Hk(dt,s) = (1/n)k(V,, s).
v,

n

Since « (-, s) is continuous from below, «(V,,s) — «(V,s) > 0 as n — oo and
Kk(V,s) > 0.

6 Proofs for the General Framework for The state Space of
Measures. Tight Bounded Persistence Attractors

Recall that we consider yearly turnover maps F' of the following form,
F(u)(T) = /K”(T, s) ulds),  peM(S), TEeB,
s

where {k"; u € M’ (S)} is a set of Feller kernels «* : B x § — R,.

If w is the zero measure, we use the notation «°.
Proposition 16 Let the Assumption 9 be satisfied. Then F maps M?®_(S) into itself.
Proof Theorem 15(a).

Lemma 6 Let( f,,) be a bounded sequence in C*(S) and (1,,) be a bounded pre-tight
sequence in M, (S). Then

n—oo

[ Fdi =0 i f 0
s
uniformly on every totally bounded subset of S.

Proof Lete > 0.Since {u,,; n € N}is pre-tight, there exists a closed totally bounded
subset T of S such that i, (S\ T) < e foralln € N.Foralln € N,

\/fndun s/|ﬁ|dun+/ | Fold it

s T S\T

<sup | f,| sup i (S) + supsup | fi| pa(S\ T).
T keN keN S
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Since f, — 0 uniformly on T, the last but one expression converges to 0 as n — 00
and

< sup sup | fel €.
keN S

lim sup ’ / Fud i
s

n—00

Since this holds for arbitrary € > 0, the limit superior is zero and we have proved
the assertion.

Proposition 17 Let the family of Feller kernels {«k"); u € M (S)} satisfy the
Assumptions 9 and 11. Then F : M (S) — M.(S) is continuous with respect to
the flat norm.

Proof Letu € M. (S)and (u,) be asequence in M’ (S) such that ||, — pl, — O.
By Theorem 12,

/S fdp, — /S fdu,  feCi(s). (35)

Then {u,; n € N} is a compact subset of M (S) with respect to the flat norm and
pre-tight by Proposition 5 and a bounded subset of M (S).
Let f € F. By (16),

]fsde(un)—/Sde(u)] = ’/Sf,,d,un—/sfdu‘ 36)

with
fn(S)Z/Sf(t)K“”(dt,S), fs Z/Sf(t)K"(dI,S)-

By Theorem 12, it is sufficient that the expression on the right hand side of (36)
converges to 0 as n — oo.
By the triangle inequality and (36),

[ £aran - [ rarw| <] [~ Paw|+ | [ Fdw -~ [ fau|
s s s s s
Since «* is a Feller kernel, f € Cﬁ(S) and the second term on the right hand side

of the last inequality converges to 0 as n — oo by (35). As for the first term, by
Assumption 11, for any closed totally bounded subset T of S

fu(s) — f(s) — 0, n — oo, uniformly fors € 7. 37

Further, by Assumption 9, (f,, — f ) is a bounded sequence in C?(S). Now the first
term of the last inequality converges to 0 by Lemma 6.

Proposition 18 Under the Assumptions 9 and 12, the yearly population turnover
map F : M’ (S) — M?.(S) is compact; for any bounded subset N of M’.(S),
F(N) is a tight bounded subset of M?,(S).
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Proof Let N be a bounded subset of M*_(S). For any set T € Band u € N,

FGO(S\ T) =/

k"(S\T,s) u(ds) <sup «"(S\T,s)u(S).  (38)
S ses

For T = @, we obtain that {F (1)(S); u € N} is bounded in R by Assumption 12.
Let € > 0. By Assumption 12, there exists some compact set 7" in S such that

—1
S\ T, s) < 6(1 + sup M(S)) . ses.
neN

By (38), F(uw)(S\ T) < e forall u € N. By Definition 7, F (V) is a tight subset of

ME(S).
By Theorem 13, F (/) has compact closure in M*_(S).

Proposition 19 Let the Assumptions 9 and 13 be satisfied. Then

i F(n)(S)
imsup —— < 1
w(S—oo  MH(S)

Proof For all n € M?.(S),

F(u)(S) = /K“(S, s) pu(ds) < supk”(S,s) u(S).

N seS
This implies the assertion.

Theorem 20 Let the Assumptions 9, 11, 12, and 13 be satisfied.
Then the semiflow induced by F has a compact attractor of bounded sets.

Proof We apply Theorem 9. By Assumption 13 and Proposition 19, inequality (19)
is satisfied with 6(u) = w(S). F is continuous by Proposition 17 and compact and
thus asymptotically smooth by Proposition 18. All assumptions of Theorem 9 are
satisfied which implies that the semiflow induced by F has a compact attractor of
bounded sets. (]

Let us spell out what Theorem 20 means [26, Chap. 2].

Remark 5 Under the assumptions of Theorem 20, there exists a subset /C of M2 (S)
which is tight, compact with respect to the flat norm, and satisfies F (') = K. Further,
if N is a bounded subset of M (S) and U an open set in M?,_(S) with respect to the
flat norm with X € U, there exists some N € N such that F*(N) C U foralln € N
withn > N.

The tightness of X follows from Proposition 18 and F(K) = K.

Proposition 20 Under the Assumptions 9 and 10, F maps /\}li(S ) into itself.
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Proof Let u € M+(S). Then w(S) > 0. By Assumption 10, § = UjeN T; with
Tj={s € S;k"(S,s) > 1/j}.
Notice that 7; € T4 forall j € N. Since u is continuous from below, 0 < u(S) =
lim;_, . (7). So, for some j € N, u(T;) > 0 and
F(u)(S) = / (S, s)u(ds) = (1/j)u(T;) > 0
T;

and F(u) € M5.(S). O

The following result implies that the extinction state is unstable.

Theorem 21 Make Assumptions 9 and 10 and let the kernel family {k"; u €
M (8)} be lower semicontinuous at the zero measure.

Further assume that there exists somer > Qand f € C i(S) such that f(s) > 0
forall s € S and

/f(f)'fo(dhs) >rf(s), seS.
s

Then the semiflow induced by F' is uniformly weakly persistent: There exists some
8 > 0 such that limsup, _, ., F"(u)(S) > 8 for all u € M. (S).

Proof We apply [20, Theorem 5.2] with

(Bu)(T) = /SK”(T, ) (ds)

and

O (w) =/Sfdu, w € M(S).

The assumptions (a) and (b) are satisfied by Assumption 10 and the strict positivity
of f. Assumption (c) follows from the lower semicontinuity of the kernel family. [

Proof of Theorem 6. We apply Theorem 21. By Theorem 17, there is some f € C i S
such that

/f(t)ic”(dt, s) =rf(s), s €S,
s

r =r(k°). f is strictly positive by Corollary 18. (]
Proof of Theorem 1. We combine [26, Theorem4.5], Theorems 20 and 6.
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6.1 Compact Persistence Attractor

Theorem 22 Make Assumptions 9, 10, 11, 12, 13, 14 and let the kernel family
{Kt; u € MS(S)} be lower semicontinuous at the zero measure.

Assume that «° is a strongly top-irreducible Feller kernel and k° = k| + ky with
two tight Feller kernels «;, where k3 is a uniform Feller kernel. Finally, assume
r=rk° >1=>r().

Then the semiflow induced by F has a compact connected persistence attractor

.Al.'

(a) A, is a compact set with respect to the flat norm, F(A,) = A, and A, is a tight
set of measures.

(b) A; attracts all subsets N of M(S) with inf e pr 0 (S) > 0 that are compact
with respect to the flat norm or are bounded and tight: If N is such a subset and
U is an open set in ./\/lj_(S) with respect to the flat norm, Ay C U, then there
exists some N € N such that F*(N') C U foralln € Nwithn > N.

(c) Forany f € C"ﬁ’r(S), there exists some €y > 0 such that fs fdu > €y for all
YIS .Al.

(d) A is connected with respect to the flat norm. In particular, for any f € Ci S),
{ fS fdu; p e A } is a compact interval (possibly a singleton set) contained in
(0, 00).

Proof We apply [26, Sect. 5.2] with X = M (S) and p () = () for u € M2 (S).
Since F(0) =0 and F(X \ {0}) € X \ {0} by Proposition 20, the set X, := {,u €
X;Vn € Zy : F"(n) =0} = {0}.
By Theorem 6, the semiflow {F"; n € Z.,} is uniformly weakly p-persistent.
The statements (a) and (b) follow from [26, Theorem 5.7](b) as does

6 := inf wu(S) > 0. 39)

HeA;

(c) By Assumption 14, there exists a strongly top-irreducible Feller kernel & such
that
k" (T,s) > k(T,s), TeB,seS,veA.

Let A, be the map on C”(S) associated with &. For any f € C2(S), u € A;,

f FdFG) = / ( / F(rdr.5))u(ds)

S S S

> / ( / FORG1))n(ds) = f (A f) d .
S S S

By induction, for any f € C2($),

/dek(u)z/diif)du, keN,peA. (40)
S N



Persistent Discrete-Time Dynamics on Measures 91

Now let f € C i(S). By Proposition 13 since « is a strongly top-irreducible Feller
kernel, there exists some n € N and €y > 0 such that

GfS/S(AZf)dMS/Sde”(M), e A.

Since F"(A;) = Ay, this implies that fs fdv=>er>0forallv e A.

(d) Connectedness from A; follows from [26, Proposition5.9] because p with
p(u) = u(S) is concave, actually additive on M (S). By Theorem 12, for any
f € C(S), the map ¢r: M3(S) = [0,00), 97 (1) = fs fdu, is continuous under
the flat norm. Since continuous images of compact (connected) sets are compact
(connected), ¢ ¢(A;) is compact and connected and, by (c), a subset of (0, co0) if
fech(s. O

Proof of Theorem 8. Let A; be the persistence attractor from Theorem 22 and f €
Cf;(S). Then there exists some €7 > 0 such that fs fdu > ey forall u € A;. Set
U=1{ve M) fs fdv > €;}. By Theorem 12, U is an open set in M?®_(S) with
respect to the flat norm and A; C U C Mi(S). The statement now follows from
Theorem 22(b) and (c). [l

7 A More Specific Model for an Iteroparous Population

We consider a structured population the dynamics of which are governed by the
processes of birth, death, and structural development, with the last being spatial
movement to be specific.

We assume that each year has one very short reproductive season. We count the
years in such a way that the census period is just before the reproductive season.
At the end of the year, juveniles born at the beginning of the year have matured
enough that they are reproductive as well and are counted as adults. This means that
each year, at the very beginning of the year, just before the reproductive season,
all individuals are adults. Differently from the model for a semelparous population
considered in [32], individuals can reproduce several times during their life-time.

Births and deaths can be affected by competition for resources. Consider a typical
adult individual at location ¢ € S. Let g (s, t) denote the competitive effect it has
on an adult located at s € S and ¢ (s, t) denote the competitive effect it has on a
neonate located at s € S. Here g, : §? — R,. If u € M, (S) is the distribution of
adult individuals at the beginning of the year and s € S,

(Q11)(s) =/Sq1(s,t)u(dt) (41)

is the competition level exerted by w on an adult that has been at s at the beginning
of the year. while
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(Q210)(s) =/SQ2(S,I)M(dt) (42)

is the competition level exerted by w on a juvenile born at s.

Further, let g; (s, g) be the probability of an adult located ats € S at the beginning
of the year to survive competition till the end of the year when the competition level
atsisqg e Ry, g1 : S xRy — [0, 1].

Let g : S x Ry — R, be the effective per capita birth function, i.e., g2(s, q) is
the per capita amount of offspring that is produced at s € S by an adult located at s
and that survives competition till the end of the year when the competition level at s
isqg € R;.

We assume that the migration patterns of neonates and adults are possibly differ-
ent.

Let P(T, s) be the probability that an adult staying at s € S at the beginning
of the year does not die from noncompetitive causes till the end of the year and is
located at some point in the set 7" at the end of the year.

Similarly, let P,(T, s) be the probability that a neonate born ats € S at the begin-
ning of the year does not die from noncompetitive causes till the end of the year and
is located at some point in the set 7" at the end of the year.

If the measure v represents the spatial distribution of neonates shortly after the
reproductive season at the beginning of the year,

(Av)(T) = / Py(T, s)v(ds), T € B, (43)
s

provides the resulting number of adults that, at the end of the year, have not died
from noncompetitive causes and are located within the set 7.

A similar formula holds for the relation between the spatial distribution of adults
at the beginning of the year and the resulting distribution of survivors at the end of
the year.

In combination, the turnover kernel for a population with spatial distribution
JVS] M+(S) is

k*(T,s) = K{L(T, s) + K;(T, s)

K (T, 5) = Pi(T,s) g;(s, (Qjm)(5) } TeB,ses, (44)

and Q;u from (41) and (42). Notice that

K;)(T, s)= Pi(T,s) gj(s,0), T eB,s eSS, (45)

Assumption 20 For the per capita survival and reproduction rate functions g; and
82,

(gl) gj:S xR, — Riiscontinuous and bounded, j =1, 2; g1(s, ¢) < 1forall
seS, qgeR,.
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gj(s,u)
gj(s,0)

For the competitive influence functions ¢; and g5,

(g2) gj(s,0) >Oforalls € S and — 1 asu — 0O uniformly for s € S.

(q1) gq;: $2 — R, is continuous and bounded.
For the survival/migration kernels P; and P,,

(P1) P;j:B xS — Ry isaFeller kernel (Definition 16) of separable measures.
(P2) 0<Pi(S,s)<1forallseS.

Here S? and S x R, are equipped with the respective product topologies.

Lemma 7 Let the Assumptions 20 be satisfied and j = 1,2. Then, for any u €
ML(S), Qju is continuous on S and g; (s, (Qj,u)(s)) is a continuous function of
ses.
For each u € M,(S), the kernels K_’]TL, Jj=1,2, and k" are Feller kernels of
separable measures, and the Assumptions 5 are satisfied for K;ft and k" = ki + k).
Further, the kernel families {K}‘; nweM(S)}, j=1,2 and {k"; u € M, (S)}
are continuous at the zero measure.
Moreover, K{L(S, s) < lforallp e M.(S)andall s € S and r(xy) < 1.
Finally, if the kernel P; is tight, so is the kernel k5.

Proof Let u € M,(S). Then

(0,10)(s) = fsq,-(s,rm(dt)

is a continuous function of s by Lebesgue’s theorem of dominated convergence
because ¢; is continuous and bounded by Assumption 20. By the same assumption,
gj (s, (Q; u)(s)) is a continuous function of s € S as composition of continuous
functions.

Let f € C5(S). Then

/S FORL L, 5) =hy(8) 85 (5, Q).

7 (s) =f FOP (1),
S

h; € C"(S) because P; is a Feller kernel. As product of continuous functions,
s f(t)fc;-‘(dt, s) is a continuous function of s € S.

This implies that K;-L is a Feller kernel and so is x*.

Further, K;‘(S, s) < Pi(S,s)supg;(S x Ry) <supg;(§ xRy) is a bounded
function of s € S and K{‘(S, s) < 1 by Assumption 20.

The separability of Kf (+, ) is inherited from the separability of P;(-, s).

The continuity of the kernel families at the zero measure follows from Assumption
20 (g2) and (44) and (45).
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k> inherits tightness from P, via the boundedness of g,. |
The subsequent stability result follows from Theorem 4 [32, Theorem 3.6].

Theorem 23 Let the Assumptions 20 be satisfied and r = r(k°) < 1.

(a) The extinction state is locally asymptotically stable in the following sense:
For each o € (r, 1), there exist some 8, > 0 and M, > 1 such that,

F' () (S) ="My u(S),  neN,

if w € My(S) with u(S) < 8.

(b) If gj(s,q) <g;(s,0) for all s € S, g € Ry, j=1,2, the extinction state is
globally stable in the following sense:
For each a € (r, 1), there exists some M, > 1 such that

F*()(S) < o"My pu(S), neN, peMi(S).

The subsequent instability result follows from Theorem 5 and from Lemma 7 and
shows that the assumption r(k?) < 1 in Theorem 23 is almost sharp.

Theorem 24 Let the Assumptions 20 be satisfied and P, be a tight Feller kernel.
Letr =r(«°) > 1.
Then there exists some eigenmeasure v € M’_(S), v(S) = 1, such that

rv(T) = /K”(T, s)v(ds), T € B.
s

Further, the zero measure is unstable: There is some &y > 0 such that for any v-
positive i € M(S) there is some n € Z, with F"(u)(S) > §.

Recall that u € M (S) is v-positive if there exists some § > 0 such that u(7) >
Sv(T) forall T € B.

Proposition 21 Let Assumption 20 be satisfied. Assume that Py and P, are tight
Feller kernels. Then, for any u € M.(S), «{', ky and k" are tight Feller kernels.
Further, the sets of measures

{K;L(~,S); seS,ueMi(S)), j=1,2, and{k"(,s);5 €S, u € ML(S)}
are tight and the sets

kK (S,8);s €S, e Mu(S)), j=1,2, and {k" (S, 5); 5 € S, p € M4.(S)}

are bounded in R. In particular, Assumption 12 is satisfied.
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Proof «{', k5 and k" are tight Feller kernels by Proposition 7 and Lemma 7.
Since the functions g; are bounded, there exists some ¢ > 0 such that g; (s, (Qjm)
(s)) <cforalls € Sand u € M, (S),j=1,2.Forany T € B,

KES\T,s) <k™(S\T.s) < c(Pi(S\T.s)+ PAS\ T,5)).

Since P; are Feller kernels, the right hand side has a common upper bound for
s € S, T € B. This implies the boundedness of the various sets in R in the assertion
of the Proposition. Let € > 0. For j = 1, 2, since the P; are tight kernels, there exist
compact sets T; € B such that P;(S\ Tj,s) <€/(2c).Set T =T, UT,. Then T is
compact and, for all u € M_(S),s € S,

KOS\ T, ) < k"(S\T.s) < c(Pi(S\ Ti. ) + Px(S\ T2, 9)) <e.

Proposition 22 Let Assumption 20 be satisfied. If P := P; + P; is a (strongly) top-
irreducible kernel, so is k°.

Proof Set h(s) = min{g;(s, 0), g2(s,0)},s € S. Then h € Ci(S) and, by Assump-
tion 20, i(s) > O forall s € S.
By (44),

k’(T,s) > P(T,s)h(s) =: k(T,s), T eB,seSs.

Since P is a (strongly) top-irreducible kernel and £ is strictly positive, i is a
(strongly) top-irreducible kernel by Proposition 14 and so is k° as one sees from
Definition 19. ]

In view of these results, we collect the following set of assumptions.

Assumption 21 e P; and P, are tight Feller kernels.
o gi(s,q) >0forj=1,2andalls € Sandg € R,.

Lemma 8 Assume that g;(s,q) > 0 for all s € S, g € R,.. Let N be a bounded
subset of M (S) and P = Py + P; be a strongly top-irreducible kernel. Then there
exists a strongly top-irreducible kernel k such that k" (T, s) > (T, s) forall T € B,
s€SandueN.

In particular, Assumption 14 is satisfied.

Proof Let N be a bounded subset of M. (S). Since ¢ ; is bounded, by (41) and
(42) there exists some ¢ € (0, oo) such that (Q;u)(s) <cfor j=1,2,5 € S, and
u e N. Set

hj(s)zoil;gcgj(s,q), ses, j=172.

Since g is continuousand g (s, g) > Oforalls € S,q € Ry, ;(s) > Oforalls € S.
To show that £ is continuous, let s € § and (s,) be a sequence in S such that s, — s
as £ — o0o. Then T = {s;; £ € N} U {5} is a compact subset of S and T x [0, c] is a
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compact subset of § x R and g; is uniformly continuous on T’ x [0, c]. This implies
that g;(s¢, ¢) — g;(s, g) as£ — oo uniformly forg € [0, c]andso & (se) — h;(s)
for £ — oo. Finally set i(s) = min{h(s), h2(s)}. Thenh € Cf_(S) and A (s) > O for
alls € S.
By (44),
k"(T,s) > P(T,s)h(s) =: (T, s).

Since P is a strongly top-irreducible kernel and % is strictly positive, K is a
strongly top-irreducible kernel by Proposition 14. In particular, foreach u € M (S),
k*(S,s) > k(S,s) >0foralls € S.

Theorem 25 Let the Assumptions 20 and 21 be satisfied, P> be a uniform Feller
kernel, Py + P, be top-irreducible and r = r(x°) > 1.

Then there exists some strictly positive eigenfunction f € Cf_ )

with [¢ f(D)k°(dt,s) = rf(s) foralls € S.

Further, the semiflow generated by F is uniformly weakly persistent: There exists
some § > 0 such that limsup,,_, . F"(u)(S) > § forall p € ./\'/li(S).

Proof By Proposition 10, 5 is a uniform Feller kernel. By Proposition 7, 7 is a
tight Feller kernel, j = 1, 2. By Proposition 22, k? is a top-irreducible Feller kernel.
By Lemma 7, the kernel family {«*; u € M? (S)} is lower semicontinuous at the
ZEro measure.

Assumption 9 is satisfied by Proposition 21, and Assumption 10 is satisfied by
Lemma 8. By Lemma 7, r(x7) < 1. Apply Theorem 6. ]

Recall Definition 15.

Assumption 22 (a) For any closed totally bounded subset T" of S, {g (s, -); s € T}
is equicontinuous on S, j = 1, 2.

(b) For any closed totally bounded subset T of S, {g;(s,-); s € T} is uniformly
equicontinuous on bounded subsets of R, j = 1, 2.

Lemma 9 Assumption 22 is satisfied if S be completely metrizable, and Assumption
20 holds.

Proof Let T be a closed totally bounded subset of S and let S be completely metriz-
able. Then T is compact.

(b) Let ¢ > 0. Then the set T x [0, c] is compact. Since g; is continuous on
S x Ry, g; is uniformly continuous on T x [0, c]. This implies (b).

(a) Suppose that Assumption 22(a) is false for j = 1 or j = 2. Then there is some
5 € S such that {g;(s, -); s € T} is not equicontinuous at §.

Then there exists some € > 0 and a sequence (s,,) in T and a sequence (§,) in S
such that 5, — 5§ asn — oo and

|9 (sns Sn) — qj(sn, )| > €, neN.

Since T x ({3,; n € N} U {§}) is a compact subset of S, g; is uniformly continuous
on this set, a contradiction.
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Lemma 10 Let the Assumptions 20 and 22(a) be satisfied. Further let . € M’ (S)
and (w,) be a sequence in M3 (S), ||ty — plly, = 0asn — oco.

Then, for j = 1,2, (Qjia)(s) = (Q;jn)(s) as n — oo uniformly for s in any
closed totally bounded subset of S. Further Q jj, and Q ;i are bounded functions.

Proof The convergence statement follows from Proposition 2 and (41) and (42). The
boundedness statements are immediate.

Lemma 11 Let the Assumptions 20 and 22(b) be satisfied. Let T be a closed totally
bounded subset of Sand f, : T — Ry, n e N, and f : T — R, be bounded func-
tions such that f, — f uniformlyonT. Then g; (s, fn(s)) — g (s, f(s)) asn — 0o
uniformly fors € T.

Proof There exists some ¢ € (0, o) such that f,,(s), f(s) <cforallm e N,s € T.
Since {g;(s, -); s € T} is uniformly equicontinuous on [0, c], the assertion follows.

Proposition 23 Let the Assumptions 20 and 22 be satisfied. Then Assumption 11 is
satisfied for k', j = 1,2 and ic*.

Proof 1t is sufficient to show the claim for Kf‘. Let (u,) be a sequence in M, (S)
and . € M, (S) such that [ fdu, — [; fduasn — oo forall f € C2(S). Then
i, — pll, = 0 as n — oo by Theorem 12.

Leth € C2(S).Fors € S,

/‘h(t)/(f‘”(dt,s) —/h(t)/c{‘(dt,s)
s s
= [ 0P ). ©u)©) - gl Q)]
s
Since fs h(t)Pi(dt, s) < suph(S), it is sufficient to show that

g1(s, (Qima)(9)) = gi(s, (Q1w)(s)), n— o0

uniformly on every closed totally bounded subset 7 of S. But this follows by com-
bining Lemmas 10 and 11.

Assumption 23 sup Pi(S,s)gi1(s,q) < 1; inf gy(s,t) > 0;
s€S,qg>0 s, teS

g2(s,q) = 0as g — oo, uniformly fors € S.

From the interpretation of g; as probability of surviving competition, it is sug-
gestive that 0 < g;(s, ¢) < 1 (Assumption 20 gl). So, together with P;(S,s) < 1,
the first of the assumptions is not really drastic. The second assumption means that
competitive influence on somebody else’s reproduction reaches everywhere in the
habitat. The third assumption means that fertility drops very low if resources are very
low due to large competition.
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Proposition 24 Under the Assumptions 23,

sup supki(S,s) <1, supy(S,s) — 0as u(S) — oo,
HEM’ (S) s€S ses

and Assumption 13 is satisfied. Further r(k7) < 1.

Proof Recall that

k1 (S.5) = Pi(S,5)81(s, (Q1i)(s)) < Pi(S,s) sup g1(s,q),
qERL

which implies the first assertion. Further

(Qa1)(s) = si?efs ga(s, 1) ju(S) "3

uniformly for s € §, and so

K5 (S, 8) = Pa(S,9)g2(5, (Qu)(5)) = 0, u(S) — o0,
uniformly for s € S. We combine,

lim sup sup (S, s) < sup &} (S,s) + limsup supxjy (S, s)
n(S)—oo ses HeM(S), seS n(S)—oo ses

= sup Kk} (S,s) < 1.
neM’ (S), seS

Theorem 26 Let the Assumptions 20, 22 and 23 be satisfied. Assume that P, and
P, are tight Feller kernels and r(k°) > 1. )
Then there exists a fixed point F(u) = u € M’ (S).

Proof We apply [32, Theorem3.19]. Its assumptions are satisfied by Lemma 7,
Propositions 21, 23 and 24.

Theorem 27 Let the Assumptions 20, 21, 22 and 23 be satisfied. Assume that P; is
a uniform Feller kernel, Py + P, is top-irreducible and r(k°) > 1.

Then the population is uniformly persistent in the following sense: There exists
some €y > 0 such that ligiorgf F"(n)(S) > € forall u € Mj_(S).

Proof We apply Theorem 7. Its assumptions are satisfied by Lemma 7, Propositions
21,23, 24. O

Theorem 28 Let the Assumptions 20, 21, 22 and 23 be satisfied. Assume that P; is
a uniform Feller kernel, Py + P, is strongly top-irreducible and r(k°) > 1.

Then the semiflow induced by F is uniformly persistent in the following sense:
For each f € C.'j’_(S), there exists some €y > 0 with the following property:
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If N is a compact (or bounded tight) subset of ME(S) with inf e p u(S) > 0,

there exists some N € N such that

/de”(u) >e€; forallp e N andalln € Nwithn > N.
s

Proof We apply Theorem 8. Its assumptions are satisfied by Lemma 7, Propositions
21, 23, 24, Lemma 8. O
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