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Abstract. The lower-bounded k-median problem considers a set C of
clients, a set F' of facilities, and a parameter B, the goal is to open k facil-
ities and connect each client to an opened facility, such that each opened
facility is connected with at least B clients and the total connection cost
is minimized. The problem is known to admit an O(1)-approximation
algorithm, while the constant is implicit and seems to be a very large
constant. In this paper, we give an approach that converts the lower-
bounded k-median problem to the capacitated facility location problem,
which yields a (516 + €)-approximation for the lower-bounded k-median
problem.

Keywords: Approximation algorithm - k-median

1 Introduction

k-median is a widely studied clustering problem and has applications in many
fields related to computer science. Given a set C' of clients and a set I of facili-
ties located in a metric space, the k-median problem aims to open a set S C F
of at most k facilities, such that the objective function » ..~ d(j,S) is mini-
mized, where d(j, S) denotes the distance from j € C' to its nearest facility in S.
This problem is known to be NP-hard, which leads to a lot of efforts devoted to
obtaining its approximation algorithms [5,7,11,13,16]. The current best approx-
imation guarantee for the problem is 2.675 + € [5], which is obtained Li and
Svensson [16].

The clustering problem has an inherent assumption that each client can be
optionally connected to any opened facility. However, many real world scenarios
associate a notion of lower bound with each facility, and the number of the clients
connected to each facility should not be less than the lower bound associated
with it. For example, in the design of buy-at-bulk network, a set of demands
needs to be connected to a set of servers, and each server is required to have
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a minimum amount of demand assigned to it. Karger and Minkoff [12] and
Guha et al. [10] introduced the lower-bounded facility location problem to deal
with such constraints. They presented constant-factor bi-criteria approximation
algorithms for the problem, which violate the lower bound of the facilities. On
the basis of the techniques given in [12] and [10], Svitkina [17] gave a (448 + ¢)-
approximation without violating the lower bound constraint. The ratio was later
improved to 82.6 + € by Ahmadian and Swamy [1]. Most recently, Li [15] gave
a (3926 + ¢)-approximation for the facility location problem with non-uniform
lower bounds.
In this paper, we consider the lower-bounded k-median problem.

Definition 1 (lower-bounded k-median). Given a set C of clients and a set
F of facilities located in a metric space, an integer k, and a parameter B, the
lower-bounded k-median problem is to open a set S of at most k facilities, and
identify a connection function o, such that the number of the clients connected
to each facility is no less than B, and the objective cost(S,o) = Zjec d(j,0(3))
is minimized, where o(j) = i denotes client j is connected to facility i € S for
each j € C, and d(j,0(j)) denotes the distance from j to o(j).

In Euclidean space, Ding and Xu [9] gave a (1 + ¢)-approximation for
the lower-bounded k-median problem with running time O(n2d - (logn)*+2 .
2rely(k/€)) Bhattacharya et al. [4] later improved the running time of the algo-
rithm in [9] to O(n?d - (logn)? - (%)O(k/e)). Ahmadian and Swamy [2] gave that
the problem admits an O(1)-approximation algorithm that runs in polynomial
time. The approximation ratio is implicit but seems to be a very large number.

1.1 Our Results

In this paper, we obtain the following result for the lower-bounded k-median
problem.

Theorem 1. There exists a (516 + €)-approxzimation algorithm for the lower-
bounded k-median problem that runs in polynomial time.

We now give the high level idea of our approach. Given an instance of the
lower-bounded k-median problem, it can be seen that the instance has a feasible
solution if |C] > B. We present a bi-criteria approximation algorithm for the
problem. The algorithm yields a constant factor approximation solution which
violates the lower bound of the facilities. To convert such a bi-criteria approxi-
mation solution to a feasible solution, we reconnect some clients and close some
facilities so that the lower bound constraint of each facility can be satisfied. We
consider an instance of the capacitated facility location problem to minimize
the loss in the cost induced by the converting. This instance is constructed by
interchanging the roles of the clients and the facilities. A set of clients connected
to a same location is now viewed as a facility whose capacity is the same as the
size of the client set, and a facility whose lower bound is violated now becomes a
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set T of clients with |T| = (1 — \) B, where AB is the number of the clients con-
nected to this facility in the original bi-criteria approximation solution. Based
on a known O(1)-approximation algorithm for the capacitated facility location
problem, we convert the bi-criteria solution to a solution satisfying the lower
bound, which induces a constant factor loss in the approximation ratio.

1.2 Other Related Work

A commonly studied extension of the clustering problem is the capacitated clus-
tering problem, which can be viewed as the opposite of the lower-bounded clus-
tering problem in some sense. In this problem, each facility is associated with a
capacity, and the number of the clients connected to a facility should be less than
its capacity. The capacitated facility location problem can be formally defined
as follows.

Definition 2 (Capacitated facility location). Given a set C of clients and a
set F' of facilities located in a metric space, an opening cost f; and a capacity u;
associated with each i € I, the capacitated facility location problem is to open a
set S of facilities, and identify a connection function o, such that the number of
the clients connected to each facility i € S is no more than u;, and the objective
cost(S,0) = > iccd(§,0(5)) + D ics fi is minimized, where o(j) = i denotes
client j is connected to facility i € S for each j € C, and d(j,0(j)) denotes the
distance from j to o(j).

The capacitated clustering problem is significantly harder than the ordinary
clustering problem. There are several known O(1)-approximation algorithms for
the capacitated facility location problem. The current best approximation guar-
antee for the problem is 5 + € [3], which was obtained based on a local search
algorithm. However, constant factor approximation algorithms for the capaci-
tated k-median problem only exist for the case where the capacity constraint or
the number of clusters can be violated [8,14].

2 A Bi-criteria Approximation

In this section, we give a constant factor bi-criteria approximation for the lower-
bounded k-median problem by constructing an instance of the k-facility location
problem. This problem can be formally defined as follows.

Definition 3 (k-facility location). Given a set C of clients and a set F of
facilities located in a metric space, an integer k, and an opening cost f; associated
with each i € F, the k-facility location problem aims to open a set S of at most
k facilities, such that the objective ;. d(j,S) + 3 ;cq fi is minimized, where
d(j,S) denotes the distance from j to its nearest facility in S.

Let I = (C, F,k, B) be an instance of the lower-bounded k-median problem.
Given a facility ¢ € F, let J; denote the set of the B clients in C' closest to i.
Given 8 € (0, 1) and a solution (S, o) of I, we call (S, o) a B-covered solution if it
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connects no less than BB clients to each ¢ € F, and let cost;(S, o) denote its cost
of the problem. We construct an instance I’ = (C, F, f) for the k-facility location
problem, where f; = % ZjeJ,- d(i,7) for each i € F. We solve the constructed
instance by the algorithm given in [6], which gives a 3.25-approximation solution
for the k-facility location problem. Let S’ be the resulted set of the open facilities.
Let costy/(S”) denote the cost of S’ for the k-facility location problem.

We now show that any A-approximation solution of I’ can be converted to
an O(\)-approximation solution of I, which induces a constant factor violation
in the lower bound of the facilities.

Lemma 1. For an arbitrary solution (S,o) of I, the solution is also a feasible
for I, and we have

Zfi < 12_ﬁﬁcost(5, o).
i€S

Proof. Since (S, 0) is a feasible solution of I, for each i € S, i is connected with
at least B clients. This implies that 3, ; d(i,7) < >-;c,-1(; d(4, 5). Thus, we
have

S =S S did)

€S i€S Jj€Ji

gAfﬁz— Y dig)

i€S,jea—1(i)

= 253 dljioly)

jeC

= 12ﬂﬁcost1(57 o),

where the first step follows from the the definition of f;. O
Lemma 1 implies that for any solution (S,o) of instance I, we have
costp (S) < %costl(S). We proceed by showing that a solution S’ to I’ can be

converted to a -covered solution (S, o) of I.

Lemma 2. Given a solution S of I', we can find a B-covered solution (S,c) of
I such that costr(S,o) < costy(S).

Proof. We prove the lemma by giving an algorithm that yields the desired (-
covered solution. Based on instance I’, we construct a new instance I* for the
k-median problem by removing all facility open costs. Let S = S’ initially. While
there exists some ¢ € S such that costp (S\{i}) < cost(S), let S = S\{i}. The
final solution (S, o) is called a minimal feasible solution of instance I*, where each
j € C is assigned to its nearest facility in S by function o. It is easy to show
that costrx(S,0) < costp(S), which implies that costyx(S,0) < costp(S) <
costp (S").
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Now we want to show that in the solution (S5,0), each facility i € S is
connected by at least 3B clients. For the sake of contradiction, assume that there
exists a facility i € S such that [o71(i)] < BB This implies that [J;\e (i) >
(1 — B)B. We know that there exists a client j' € J;\o~1(i), such that

d(i, j') < ﬁ > d(ig) < BZ (4,7)-

jeJ\o—1(i) jed

Since j’ is not connected to 4 in the solution (S, o), it is connected to some other
facility i € S with d(j',i") < d(j’,¢). Thus, we have

Z G,y < Y (d@d) +d(i,5) + d(, )

j€a=1(3) JjE€oT1(3)
< D d@i) A+ oM@ x 2d(i, )
jEa—1(4)
2
<
Z (4,1 JrﬂBx(l—ﬁBZ i,7)
j€a—1(7) JEJ;
. 2/ .
= > diGi)+ -7 > d(i, ).
j€a—1(i) jET;

If we close i and reconnect each client from ¢ to 7', then the increment in the
connection cost is no more than % ZjeJi d(i, 7), which is bounded by f/. We
have costp (S\{i}) < costp/(S), contradicting that (S,o) is a minimal feasible
solution of instance I*. Thus (S, o) is a B-covered solution of I. O

Based on Lemma 1 and Lemma 2, we get the following approximation guar-
antee.

Theorem 2. There exists a 3.25 }J_“g-approximation algorithm for the lower-
bounded k-median problem which violates the lower bound by a factor (.

Proof. We first get a solution S’ of I’ using the 3.25-approximation algorithm
for the k-facility location problem. We denote the set of the opened facilities in
an optimal solution of I by S*. We have costy (S") < 3.25cost;(S*). Thus, we
get

costy (S') < 3.25(2 fi+ Zd(jv S%))

ieS* jec

{ﬂﬁcostl(s*, o)+ Z d(j,5"))

jeC

< 3.25(;

< 3.25(12_'8ﬂ005t1(5*, ")+ costr(S*,0"))

1
= 3.251 i ﬁcostl(S*, o*),
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where the second step follows from Lemma 1. By Lemma 2, we can obtain a
[-covered solution (S°,0°) of I such that

1+0
1-4

costr(S°,0°) < costp(S") < 3.25( Jeostr(o™).

O

By Theorem 2, we can get a pseudo-solution for the lower-bounded k-median
problem, which violates the lower bound restriction by the a constant 8 € (0, 1).
This implies that we find a solution where each opened facility is connected with
at least BB clients instead of B clients. In the following we will show how to
make such a solution feasible for the lower-bounded k-median problem.

3 The Approximation Algorithm

3.1 Aggregating Clients

Given an instance I = (C,F, B, k) of the lower-bounded k-median problem,
by Lemma 1 and Lemma 2, we can obtain a bi-criteria approximation solution
(5°,0°) which violates the constraint of lower bound by a factor 3. We construct
a new instance I' for the lower-bounded k-median problem, where C, F, and B
are the same as that of I, but the metric is different from I. In instance I', each
client j € C is moved to o°(j). Then, for each i1,is € F and ji,js € C, we have
d' (i1, iz) = d(i1, i), d' (i1, j1) = d(i1,0°(j1)), and d' (j1, j2) = d(0°(j1), 0°(j2))-
For arbitrary ¢ € F and j € C, using triangle inequality, we get

d'(i, j) = d(i,0°(j)) < d(i, j) + d(5,0°(7))- (1)
For an optimal solution (S*,c*) of instance I, we have

costyi (S™,0%) < costr(S*,0%) + cost;(S°,0°)
1
< costr(S*,0%) + 3.251 i gcostl(S*,a*)

(2)

1
= (1 + 3'251_1—5) costr(S*,0%),

where the first step follows from inequality (1), the second step follows from
Theorem 2. We have the following result based on the methods in [17].

Theorem 3. If there is an oy -approzimation solution of I', we can efficiently
find an a-approzimation solution of I, where a = a1 (1 + 3.25%) + 3.25%.
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3.2 Contracting Facility Set

We now focus on instance I' = (C,F, B,k). For each i € S°, define v; =
{jlo°~1(i)} as the set of clients connected to i. We have |y;| > BB for each
i € S°. An instance I? = (C,S°, B, k) is constructed by removing each facility
in F\S° from I'.

Lemma 3. If there is a solution (S',o') of I', then we can efficiently find a
solution (S?,0?) of I? such that cost2(S?,0%) < 2cost1 (ST, ot).

Proof. For each i € F\S°, let i denote the facility in S° nearest to i. We
construct a solution (S2,02) of I? by opening each i € S' N S° and facility
i’ for each i € F N (S'\S°). For a facility i € F N (S*\S°), the clients con-
nected to 4 in solution (S',o!) are reconnected to i’. By triangle inequality and
the definition of d'(x), the increased cost induced by a client j is bounded by
d*(i,i') = d(i,i") < d(i,0°"1(j)) = d'(i,). Summing the inequality over each
j € O, we get that the total increased cost is no more than cost: (S, ot), which
implies that cost2(S?,02) < 2cost1(St,ot). O

Lemma 3 implies that a solution of instance I' can be converted to a feasible
solution of instance I2. It is easy to see that a solution (S, o) of instance I? is
also feasible of instance I'' and satisfies cost 1 (S, o) = cost2(S, o). Thus, we get
the following result for I' and I?.

Theorem 4. Given an as-approzimation solution of I?, we can find an a-
approzimation solution of I', where oy = 2a.

Proof. Let (S*!,0*!) be an optimal solution of instance I*. Using Lemma 3, we
can get a solution (52, 02) of I? that satisfies costy2(S2,02) < 2costy1 (S*1, o*1).
Let (S,0) denote an ag-approximation solution of I?, we have costz(S, o)
2apcostyi (S*1, 0*1). Recall that (S, 0) is also feasible for I' and cost (S, o)
costy2(S,0) < 2apcostyi (S*1, o*1).

o IIA

Now we focus on instance I2. We only consider one facility for each position
in I2.

3.3 Adding Penalties to Instance I?

Based on instance I2, we construct a new instance I® by considering penalties

for closing the facilities from S°. For each ¢ € S°, if 7 is closed in the solution,

then a penalty cost Pcps(i) = 2%—1 |vi¢; should be paid, where ¢; denotes the

distance from i to its nearest facility in S°\{i}. For a solution (S, o) of I, define
Pcrs(S,0) = 3505 Pers (i) as the total penalty cost of (S,0).

Lemma 4. For any solution (S,o) of I? and I3, we have

costr2(S,0) < costs(S,0) < 36— 1costIz(S, o).
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Proof. The cost of solution (S,o) of I® consists of the connection cost and
the penalty cost of the closed facilities, where the connection cost is equal to
costr2(S,0). Thus, costr2(S,0) < costys(S, o). We have

> pep)= 3 Pl

i€5°o\S i€S°\S

< 2%‘ LS S aget))
1€S5°\S jEYi
28 5 Y0
jec
25 —

1
= costyz(S, o).

5

IA

This implies that

-1
costys(S,0) = costr2(S,0) + Peys (S, 0) < 3 costr2(S, o).

O

Lemma 4 implies that I% can be converted to I® with a constant factor loss
in the approximation ratio.

Theorem 5. Given an as-approzimation solution of I3, we can find an oo-

approzimation solution of I, where cg = 3%_10‘3-

Proof. Let (S*2,6*2) be an optimal solution of instance I?. By Lemma 4, there
exists a solution (S3,03) of I® such that costys(S3,0%) < SBﬁ_lcostIz(S*2,a*2).
Let (S,0) denote an ag-approximation solution of I®, we have cost:2(S,0) <
costys(S,0) < 3ﬂTflo@,costlz (5*2,0*2). O

3.4 Constructing an Instance of Capacitated Facility Location

In this section, we show how to convert I to an instance of the capacitated
facility location problem (CFL). Recall that we only consider one facility for
each position in the lower bounded k-median problem. For each i € S, let
Al = |y;| and A? = |y;| — B, we define a variable A; € {A}l, A?}. In addition,
we define P; as the position of i for any i € S°. If A; = A}, then we close facility
i. In such case, A} clients should be reconnected. For the case where A; = A
we open facility i, if A? > 0 then |A?| clients from ~; can be reconnected without
violating the lower bound of i. Otherwise, | AZ?| clients should be reconnected to
i. It can be seen that instance I? is to identify the value of A; for each P; where
i € §°such that ), g, 4; > 0.

We now show how to construct an instance I* of CFL based on I®. To avoid
confusion, each facility in the C'FL instance is called a C-facility, and each



A Constant Factor Approximation for Lower-Bounded k-Median 127

client in CFL instance is called a C-client. The total cost of an instance of

CFL is the sum of the open cost of C-facilities and connection cost of C-clients.
For each P; where i € S°, we construct a C-facility with open cost 255_1 Il €

and capacity Al — AZ. Moreover, a set of C-clients or a C-facility in P; are
constructed depending on the value of A?. If A} < 0, then we construct a set of
|A?] C-clients. If AZ > 0, then we construct a C-facility with open cost 0 and
capacity A?. Note that some locations may have more than one C-facilities in
I*. Given a solution (S, ) of I*, let f;4(S, o) denote the open cost of C-facilities
and 074 (S, o) denote the connection cost of C-clients.

Lemma 5. Given any solution (S,o) of instance I3, we can find a solution
(S¢,0°) of instance I* of CFL such that costya(S¢,0¢) < costys(S, o).

Proof. We identify the value of A; for each P; where i € S° based on solution
(S,0). We have Y_,cq0 A; > 0 due to (S,0) is a feasible solution of I3. As
mentioned above, in instance I*, for each P; where i € S°, there are |A?| C-
clients in P; which need to be connected if A? < 0. Otherwise we open the
C-facility with open cost 0 and capacity A? at this position. Moreover, for each
P, where i € S°\ S, we open the C-facility at this position, whose open cost and

capacity are 2%—1 |vi|¢; and A} — A2 respectively.

Now, we get a set S¢ of opened C-facility for instance I*. Note that if a
position P; where i € S is located two opened C-facilities, then in this position
the total capacity is Al. If there are |A?| C-clients in P; where i € S°\ S, then
the C-facility in the same position has the priority of connecting these clients.
Recall that the capacity of such a C-facility is A} — A2, which implies that the
|A2| C-clients can be connected to it without violating the capacity. Thus, in
instance I*, we have A; = A? for each P; where i € S and A; = A% for each P;
where ¢ € S°\S. Recall that > A; > 0. Thus we can find a feasible solution
for I* based on S°.

Let (S¢,0¢) denote the constructed solution of I*, where o¢ is obtained by
“switching” the direction of o. Assume that 7 clients located in position P; are
connected to a facility located in P, by o for some 1 > 0. For the instance I4,
if there exists C-clients in Py, then 1 C-clients in P, are connected to the C-
facilities in P; by o¢. Otherwise we will do nothing and this is feasible for I*.
It can be seen that the connection cost of solution (S¢,¢¢) on instance I is no
more than the connection cost of (S, o) on I3.

In solution (S, o) to instance I3, if a facility i € S° is not opened, then a

penalty cost 2%_1 |vi|¢; should be paid. The penalty cost is equal to the open

i€S°

cost of a C-facility with capacity A} — A? in instance I*. Thus, we get

COStI4(SC,CTC) = 9[4(56, O'C) + f]4(SC, O'C)
< 0p3(S,0) + Pcps(S,0)
= costys(S, o).
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Lemma 5 implies that a solution (S, ) of I3 can be converted to a solution
(S¢,0°) of I*. We now show how a solution of I* can be converted to a solution
of I®.

Lemma 6. Given a solution (S¢,0°) of instance CFL, we can find a solution
(S,0) of instance I® such that costys(S,0) < %008t14(sc,00).

Proof. We construct a solution (S,0) of I based on solution (5¢,0¢). Given
a position, if a C-facility with open cost %m\& and capacity Al — A? in
the position is opened in I, then no facility in the position is opened in I®.
Otherwise, the facility in the position is opened in I3. For a position where a
C-facility ¢ with open cost 25[,_1 |vi|¢; and capacity A} — A? is opened in instance
I*, we have the following two cases: (1) A? > 0, and (2) A? < 0. For case (1),
a C-facility with open cost 0 and capacity A? is located in the position. For
case (2), there are |A?| C-clients in the position that can be connected with
the C-facilities located in the same position. In both cases, the C-facilities in
the position can still be connected with A} C-clients. For each position where
no facility is opened in instance I3, then A} clients in the position should be
reconnected, and the total capacity in instance I* is Al. For other positions, we
have A; = A? in both instances I® and I*. Since (S¢,0°¢) is feasible for I, we
have ) ;.go A; > 0, which implies that we can find a feasible solution for I 3
based on S.

We now find the connection function o for instance I3. Such a function cannot
be simply identified by “switching” the direction of ¢¢. Indeed, the number of
the C-clients connected with each C-facility is not guaranteed to be equal to
the capacity of the C-facility. However, all the clients need to be connected in
instance I3. This implies that connecting the clients in I® by “switching” the
direction of ¢¢ may cause some clients unconnected. It can be seen that such
unconnected clients are located in the positions where no facility is opened in
solution (S,0) and the number of the C-clients which are connected to this
position is not equal to the sum of the capacities of the C-facilities located in
the same position.

For each P; where i € S° let dp, be the set of the unconnected clients
located in P;. For the case where dp, > 0, we first attempt to connect each
unconnected client to the nearest facility i’ to 4. If i’ is opened, then we connect

each client in dp, to 7', and the connection cost is at most B¢; < ml&-. If ¢/ is not
opened, we further consider the following two cases: (1) |dp,| + |dp, | > B, and
(2) [0p,| + |dp, | < B. For case (1), we open i’ and connect each client in dp, to
i’. The condition of case (1) implies that ¢’ can be opened without violating its
lower bound. For case (2), we move each client in §; to i’ and let dp, = dp, Udp,,.
We now perform the same operation described above on P;r.

The challenge is that the procedure may be caught in several facilities, and
we cannot open a facility to satisfy the lower bound. For instance, it may be
the case that the clients are moved to a facility i’ for more than one time, and
the walk forms a cycle. Let 7 denote the facility in the previous position of i’ in
the walk. Our approach to deal with this issue is to connect these clients to the
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opened facility ¢° that minimizes the connection cost. We have |dp,| < B and
|vi| +|vi] > 28B. So there are at least |, |+ |vi«| —[dp,.| > (26 —1)B connected
clients and we can bound the connection cost as

Z d' (J,0(4)) = (28 — 1)Bd1< A’ i) (3)

JEY UYinsp,

Using triangle inequality and inequality (3), we have

> d'(4,i°) < Bd'(i,i°) < B(d"(i°,{i',i}) + ;)
JESP,

LY dey+ 2

= 28 —1
JEV, Uvinsp,

which implies that the total increased cost induced by the unconnected clients
is no more than

1

Qﬂichls(S ,o) + 2571913(5’ ,0).
Thus, we have
COStIB(S,U)§013(5,0)+P013(S70’) Qﬁ—IPCIS(S U) 2ﬂ—1913(5 O')

__2

—26—1PCIS(S U) 25_1913(3 (T)

2
= 267€1COStCFL(SC,O'C).
O

Theorem 6. Given an a4-approximation solution of CFL, we can find an as-
approzimation solution of I3, where oz = 55 Qy.

Proof. Let (5*3,0*3) be an optimal solution of instance I3. Using Lemma 5,
there exists a solution (S¢,0¢) of I* such that cost;a(S¢,0¢) < costys(S*3,0*3).
Given an ay-approximation solution (S’,0’) of I*, we have costja(S’,0') <
aricostys(S*3,0*3). By Lemma 6, we can get a solution (S, o) of I® that satisfies
costys(S,0) < 2;‘310081514(5",0’) < %O{4608t13(s*370*3>.

3.5 Combining Everything

Using the algorithm for the capacitated facility location problem given in [1],
we get a (1 —|— V/2)-approximation solution of I*. Let 3 = % By Theorem 6, we

get ag = 2,8 722-(1+ v2) = 4(1 + v/2). By Theorems 5, 4, and 3, we get ay =
Bty = B X 4(14V2) = 6(1+V2), a1 = 205 = 2x6(1+v2) = 12(1++/2),
a=a1(1+3251+ﬁ)+3251+ﬁ = 12(1 4 v2) x (1+3.25{2) +3.25{X5 ~ 516.
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