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Abstract Recently, Nitzan and Olsen showed that Balian-Low theorems (BLTs)
hold for discrete Gabor systems defined on Z;. Here we extend these results to
a multivariable setting. Additionally, we show a variety of applications of the
Quantitative BLT, proving in particular nonsymmetric BLTs in both the discrete
and continuous setting for functions with more than one argument. Finally, in direct
analogy of the continuous setting, we show the Quantitative Finite BLT implies the
Finite BLT.
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1 Introduction

Gabor systems are fundamental objects in time-frequency analysis. Given a set A C
R? and a function g € L%(R!), the Gabor system G (g, A) is defined as

G(g, A) = {g(x — m)e* ™™}y myea.

When A is taken to be Z%, G(g) = G(g,Z*) is referred to as the integer
lattice Gabor system generated by g. The Balian-Low theorem (BLT) and its
generalizations are uncertainty principles concerning the generator g of such a
system in the case that G(g, A) forms a Riesz basis.

Theorem 1.1 (BLTs) Let g € L>(R) and suppose that the Gabor system G(g) =
G(g, 7Z?) is a Riesz basis for L*(R).

(i) If 1 <p<ooand%+ql=1,theneither,
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f 1x|P|g(x)[*dx = oo or / E1718(&)*dE = oo.
R R

(ii) If g is compactly supported, then

f E118(8)12dE = oo.
R

This part also holds with g and g interchanged.

The first theorem, stated independently by Balian [2] and Low [12], was the
symmetric (i.e., p = q = 2) case of the theorem above and originally was stated
only for orthonormal bases. The first proofs contained a common error, and a new,
correct proof came later from Battle [3]. Soon afterwards, Coifman, Daubechies,
and Semmes [8] completed the argument in the original proofs and extended the
result to all Riesz bases. The second part of Theorem 1.1 was originally given by
Benedetto, Czaja, Powell, and Sterbenz [6], while Gautam [9] extended the BLT to
the full range of nonsymmetric (i.e., p # q) cases above.

The Balian-Low Theorem has been generalized in many ways. For example,
Grochenig, Han, Heil, and Kutyniok [10] extended the symmetric Balian-Low
theorem to multiple variables.

Theorem 1.2 (Theorem 9, _[1()]) Let g € L*(RY) and consider the Gabor system
G(g. Z%) = {g(x — m)e*™ "~} o If G(g, Z*) is a Riesz basis for L*(R),
then for any 1 < k <, either

/ Ix?lg(x0)]?dx = oo or / &, 1218(5)PdE = oo.
Rl ]Rl

Another important generalization is the following Quantitative BLT of Nitzan
and Olsen, which quantitatively bounds the time-frequency localization of a square-
integrable function.

Theorem 1.3 (Theorem 1, [13]) Let g € L*(R) be such that G(g) is a Riesz basis
for LZ(R). Then, for any R, L > 1, we have

C
2d +/ SE)PdE > —, 1
/xlzR|g(x>| [ EOrds = 47 ()

where the constant C only depends on the Riesz basis bounds for G(g).

This result has also been extended to Gabor systems in LZ(RI ) in [15]. (See
Theorem 5.1 below.) The Quantitative BLT is a strong result. In particular, a function
satisfying (1) automatically satisfies the conclusions of both parts of Theorem 1.1.
Later, we will use the Quantitative BLT and its higher dimensional analog to show
that nonsymmetric versions of Theorem 1.2 hold for R[> 2.
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In applications Gabor systems are used in signal analysis to give alternate
representations of data with desirable properties. Often it is useful to have window
functions which measure locally in time for efficiency while capturing local
frequency information simultaneously. Uncertainty theorems like the BLT limit
how well localized a window can be in the time and frequency domains. This
led Lammers and Stampe [11] to conjecture that finite versions of the BLT should
hold for discrete Gabor systems. The essence of this question was answered in one
dimension by Nitzan and Olsen [14] who showed that versions of both the BLT and
the quantitative BLT exist for discrete Gabor systems.

In the finite setting, instead of functions in L*(R), complex—valued sequences
defined on Zy = 7/d7 act as the object of study, where d = N2 for some N €
N. It is sometimes useful to fix representatives of Z; in connection with the view
of Z, as a discretization of R, and a convenient choice in what follows is I; =
[—d/2,d/2)(Z = {—L%’J, e, d — L%’J — 1}. Such sequences b may be thought
of as samples of a continuous function g defined on [—%, %] at integer multiples
of 1/N sothatb(j) = g(j/N) for j € 1.

Let Z‘zl denote the set of complex-valued sequences on Z; = Z/d7Z with the norm

1
1617 50 =~ D_ I )

J€ZLq

2
4
I g||iz[_ yay We define the discrete Gabor system generated by b, denoted G 4(b),
to be,

With this normalization and the sampling view noted above, ||b||4, approximates

.....

Here NZ; = {Nj : j € Z} mod d so that #(NZ,;) = N. This definition lines up
with the definition of G(g) above, as shifting g by n corresponds to shifting b by
nN, and modulation of g, g(x)e>™"*  corresponds to a new sequence b(j)e>*"i/N .
To formulate the (symmetric) BLT in a finite setting, it is useful to consider
an equivalent condition to the conclusion of the BLT which is in terms of the
distributional derivatives of g and g, Dg and Dg. In particular, the condition

/R Ix|?1g(x)]?dx = oo or fR E1218(&)17dE = oo 3)
is equivalent to
Dg ¢ L*(R) or Dg ¢ L*(R). 4)

For finite generators, b € Zd, we instead work with differences,
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Ab=1{b(j+1)—b(j)}jezy

and note that N Ab approximates the derivative of g. We normalize the discrete
Fourier transform of b by

1 i
Fa) =+ 3 b(j)e= 1T

J€La
so that F is an isometry on Zg. Then the quantity
INABIZ, + INAFab)II7
2 2

acts as a discrete counterpart to the expressions in Eq. (4). Recall that a sequence
{hn} is a Riesz basis for a separable Hilbert space, H, if and only if it is complete in
‘H and there exists constants 0 < A < B < oo such that

A <Z |cn|2> < Zch y <B (Z |cn|2> , 5)

n n

for any sequence (equivalently, a Riesz basis is the image of an orthonormal basis
under a bounded invertible operator on ‘H). Here A and B are referred to as the lower
and upper Riesz basis bounds, respectively. We say that b generates an A,B-Gabor
Riesz basis if G4(b) is a basis for Eg with Riesz basis bounds A and B.

The following Finite BLT of Nitzan and Olsen shows optimal bounds on the
growth of this quantity for the class of sequences which generate Gabor Riesz bases
with fixed Riesz basis bounds.

Theorem 1.4 (Theorem 4.2, [14]) For 0 < A < B < 00, there exists a constant
cap > 0, depending only on A and B, such that for any N > 2 and for any b € Eg
which generates an A, B-Gabor Riesz basis for Zd,

caplog(N) < INADIG + INAFa (Bl

Conversely, there exists a constant C g p such that for any N > 2, there exists b € Eg
which generates and A, B-Gabor Riesz basis for 6‘21 such that

IN AbIZ, + INAF4B)I}y < Canlog(N).

4
Nitzan and Olsen also show that the continuous BLT, Theorem 1.1, follows from
this discrete version and that the following Finite Quantitative BLT also holds.

Theorem 1.5 (Theorem 5.3, [14]) Let A, B > 0. There exists a constant Cap > 0
such that the following holds. Let N > 200/B/A and let b € Eg generate an A, B-



Balian-Low Theorems 185

Gabor Riesz basis. Then, for all positive integers 1 < Q, R < (N/16)/A/B, we
have

1:171 ldfl Cip
— > DO+ = Y 1Fabk))F = ==
N |(J)|+N |d()|_QR
j=NQ k=NR

1.1 Extension to Several Variables

The first goal of this paper is to extend Theorems 1.4 and 1.5 to several variables,
which we state below in Theorems 1.6 and 1.7.
We consider complex-valued sequences on 7L = Lgx---xZgforl > 1, and we

denote the set of all such sequences as Kg’l. The view of these sequences as samples
of a continuous g € L2([—%, %]1), where b(j) = g(j/N) for j = (j1,..., ji) € Ié,
leads to the normalization

1 1
1B1Gar = w7 2 1D = 37 > b@I.

jez, jel’

The discrete Fourier transform, F ;, on Zg’l, is given by

1 o —ogidk
Fa (b)(K) = =7 > (e T
jez),

Under this normalization, F ; is an isometry on Zg’l. The Gabor system generated
by b, G4,(b) is given by

Gai(b) = (b — Nme™ 'V} mcio,n—12 = bG—me™ T by mycnz, -
Forany k € {1,...,1},let Ay : €4" — ¢3" be defined by
Axb(§) = b(j + ex) — b(j),

1y is the standard orthonormal basis for R!. Then N Ayb approxi-
mates the partial derivative ;—g.
Xk

We have the following generalization of Theorem 1.4.

where {ek}ke{l

,,,,,

Theorem 1.6 Fix constants 0 < A < B < 00. With the same constants csp and
Cap from Theorem 1.4, for N > 2,1 <k <, and forany b € Eg’l which generates

an A, B-Gabor Riesz basis for Eg’l, we have
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caplog(N) < INAb I3 + 1N AxFai(5) s
2 2

Conversely, for N > 2 and 1 < k < I, there exists b € 231,1 which generates an
A, B-Gabor Riesz basis such that

INAbIZas + N AxFa1(0) |24, < Caplog(N).
2 2

We provide a direct proof of Theorem 1.6 in Sect.3. In Sect.4, we extend
Theorem 1.5 in the following way. For simplicity of notation, for ¢+ > 0, we let
{ljk| > t} denote the set {j € I} : | ji| > t}.

Theorem 1.7 Let A, B > 0 andl € N. There exists a constant C > 0 depending
only on A, B, and l, such that the following holds. Let N > 200/B/A and let
b e Eg’l generate an A, B-Gabor Riesz basis for E‘zl’l. Then, forany 1 < k <1 and
all integers 1 < Q, R < (N/16)/A/B, we have

1 . 1 . C
5 2 PO+ Y |-7:d,lb(.])|22ﬁ~

. NR . N
[Jk|= 5 \]k|ZfQ

1.2 Finite Nonsymmetric BLTs

In Sect.5, we prove nonsymmetric versions of the finite BLT. In the process,
we show that symmetric and nonsymmetric versions of the finite BLT follow as
corollaries of the finite quantitative BLT (Theorem 1.7), as long as N is sufficiently
large.

Theorem 1.8 (Nonsymmetric Finite BLT) Ler A, B > Oand 1 < p,q < o0 be
such that % + é = 1. There exists a constant C > 0, depending only on A, B, p and

q such that the following holds. Let N > 200+/B/A. Then, for any b € Eg’l which
generates an A, B-Gabor Riesz basis for Zg’l,

q
b(j)I>.

J
N

Jc
N

1 ro 1
Clog(N) = <7 )~ LULESDY
jelé jelﬂll

Remark 1 Theorem 1.8 gives a finite dimensional version of the nonsymmetric BLT
for parameters satisfying 1 < p, g < oo. Thus, it is a finite dimensional analog of
part (i) of Theorem 1.1 in all dimensions. In Sect. 5 we extend this result to the case
where either p or g is oo, thus giving a finite dimensional analog of part (ii) of
Theorem 1.1 for all dimensions. In the same section, a generalization of this result
is demonstrated for pairs (p, ¢) such that % + [l[ # 1. (See Theorem 5.3.)
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Remark 2 1t is readily checked that the p = ¢ = 2 version of Theorem 1.8 is
equivalent to Theorem 1.6, so the proof of Theorem 1.8 gives an alternative proof
of Theorem 1.6 for N > 200,/B/A. In particular, the proof shows that the Finite
Quantitative BLT implies the finite symmetric (and nonsymmetric) BLT.

1.3 Applications of the Continuous Quantitative BLT

In Sect. 5, we also prove several results related to functions of continuous arguments.
We first state the simplest of these results, a generalization of Theorem 1.2 to
nonsymmetric weights.

Theorem 1.9 Let g € L2(R!) and suppose that G(g) = G(g, Z*) is a Riesz basis
for L>(R"). For any 1 < k < oo, the following must hold.

(i) If 1 <p<ooand%+$=l,theneither

/ el Plg () Pdx = oo or / EY[BE)PdE = oo,
R! R!

(ii) If g is compactly supported, then

f EdEEPdE = oo,
R/

This part also holds with g and g interchanged.

In addition we are able to show more concrete estimates on the growth of related
quantities, and we also may remove the assumption that % + é =1.

Theorem 1.10 Suppose 1 < p,q < oo and let g € L*(R!) be such that G(g) =
G(g, 7%) = {e*"I" ¥ g(x — M)} on.nyez2 IS a Riesz basis for L2(RY). Let t = % + 1
Then, there is a constant C depending only on the Riesz basis bounds of G(g) such
that forany 1 <k <landany?2 < T < o0, the following inequalities hold.

i 1,1
(i) Ifr_p+q<1,then

1_2‘[7]
C( )T

-7 < f min(|xx P, T)lg(x)dx + / min(|€17, T)Ig (€)1 ds.
1-1) R! R!

(i) If T = % +1 =1, then

1
q

Clog(T) < /R  min(lxl”, T)lg () Pdx + /R  min(Ig|7, T)IRE)IPdé.
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ees _L l
(iii) If T = > +q > 1, then

< / il 1g (o) Pdx + / 1619136 2t
T —1 R! R!
When the bound 2 < T < ooisreplaced by 1 < y < T < oo, the bound

7—1 |
C—(El_zf) Lpl-t CA=y" ) 71-7 I Sect. 5 we extend

— in part (i) can be replaced by =)
this theorem to the case where either p = 0o or g = 0.

The first and second inequalities in Theorem 1.10 quantify the growth of
‘localization’ quantities in terms of cutoff weights of the form min(|xg|?, T'). The
log term in the second inequality shows a connection between the continuous BLT
and its finite dimensional versions. The last inequality, on the other hand, shows
that generators of Gabor Riesz bases must satisfy a Heisenberg type uncertainty
principle for every 0 < p < 2. A similar inequality is known to hold for arbitrary
L?(R) functions by a result of Cowling and Price [7]. However, for generators of
Gabor Riesz bases, we have explicit estimates on the dependence of the constant on
T and the result here is stated for higher dimensions.

2 Preliminaries: The Zak Transform and Quasiperiodic
Functions

The Zak transform is an essential tool for studying lattice Gabor systems. The
discrete Zak transform Z; ; of b € Eg’l for (m, n) € Zfll is given by

Zo)m ) = Y bm— NN = Y bm— 7
je{0,...N—1)! jeNzZ,

The following properties show that Z; ;(b) encodes basis properties of G4 ;(b),
while retaining information about ‘smoothness’ (see the remark following Proposi-
tion 2.1) of b and F4;(b). Note that Z; ;(b)(m, n) is defined for (m, n) € fo and
is d-periodic in each of its 2/ variables. However, the Zak transform satisfies even
stronger periodicity conditions. In fact, Z; ;(b) is N-quasiperiodic on Z?; , that is

Za1(b)(m + Nex, ) = &2 % Zy (b)(m, m), ©6)
Zgi(b)(m,n+ Ney) = Zy,;(b)(m, n).

Let Sy = {0,..., N — 1}. Then, the quasi-periodicity conditions above show that
Z4,1(b) is completely determined by its values on SIZVI.

We will use the notation 62(512\;) to denote the set of sequences W (m, n) defined
on Slzvl with norm given by



Balian-Low Theorems 189

1
IWIG, g, = vz 2o IWmmP,

21
(m,n)eSy

where here we keep the variables m and n separate due to the connection with the
Zak transform. The normalization is chosen so that if W is a sampling of a function
h(x,y) on [0, 11%, then ”WHZZ(SJZVI) approximates the L2([0, 1]1*') norm of h.

The Zak transform has many other important properties, some of which we
collect in the next proposition. Arguments for these facts are standard and presented
in [1] and [14], for instance.

Proposition 2.1 Letb € 2'2“.
(i) Zg, is a unitary mapping from Eg’l onto Ez(Slz\,l).

(ii) A sequence b € ¢! generates an A, B-Gabor Riesz basis for ! if and only
q 2 2
if Z41(D) satisfies

A < |Zai(b)(m,n)> < B, for (m,n) € Z3.

(i) Letb = Fu;(b). Then,
Za1(B)(m,m) = &7 Z4(b)(—n, m).

(iv) Fora,b € €5" define (a  b)(K) = 37 3 ;e alk = b(j). Then,

1 . .
Zayaxb)mm) = 5 3 b()Zai(@m = jm) = (Zgi(a) 1 b)(m, m),
jez),
where x| denotes convolution of b with respect to the first set of variables of
Z4.1(a), m, keeping the second set, n, fixed.

Remark 3 'We will be interested in the ‘smoothness’ of b and Z4 ;(b) for b € E‘zl’l.
Since these are functions on discrete sets, smoothness is not well defined, but we
use the term in relation to the size of norms of certain difference operators defined
on 2’21’1 and Zz(SIZ\;), which mimic norms of partial derivatives of differentiable
functions.

For 1 < k < and any N-quasiperiodic function on Zﬁi, let Ay, I be defined as
follows:

ArW(@m,n) = W(m + e, n) — W(m, n),
I;Wm,n) = W(m,n + ex) — W(m, n).

For b € (g’l define g (b) and B, (b) by
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ar(b) = INADIgs + IN A Fa 1 (B) |20,
2 2

1 1
B =—5 Do INMZaa)mmP+ 5 Y INTiZai(b)(m, m)P,

(m,n)es% (m,n)e s

The following proposition shows that «x(b) and B, (b) are essentially equiva-
lently sized. Proposition 4.1 in [14] proves this for the case / = k = 1, and it is
readily checked that the proof carries over directly to the / > 1 setting.

Proposition 2.2 Let B > 0 and let b € €3 be such that | Z4;(b)(m, n)|> < B for
all (m,n) € Zfil. Then, for all integers N > 2 and any 1 < k <1, we have

%ﬁk(b)—SnQB < ap(b) < 2B,(b) +87°B.

We thus see that in order to bound o (b) as in Theorem 1.6, it is sufficient to bound
Bi(b). Forb e ¢4 = ¢4  let B(b) = B, (b), and let

Ba.p(N) =inf{B(b)},

where the infimum is taken over all b € K‘zi such that b generates an A, B-Gabor
Riesz basis.

Theorem 2.1 (Theorem 4.2, [14]) There exist constants 0 < cap < Cap < 00
such that for all N > 2, we have

caplog(N) < B4 p(N) < Caplog(N).

To prove the lower bound in this theorem (as is done in [14]), one may examine
the argument of the Zak transform of a sequence b € Eg which generates a basis
with Riesz basis bounds A and B over finite dimensional lattice-type structures
in the square {0, ..., N}?. Due to the N-quasiperiodicity conditions satisfied by
Z4,1(b) this argument is forced to ‘jump’ at some step between neighboring points
along these lattice-type sets (See Lemma 3.1 and 3.4 in [14]). Due to the Riesz
basis assumption and part (iv) of Proposition 2.1, jumps in the argument of Z, ;(b)
correspond directly to jumps in Z; ;(b) (see Corollary 3.6 in [14]). By counting the
number of lattice-type sets which are disjoint, a logarithmic lower bound is given
for the number of jumps in Z; ;(b) corresponding to jumps in the argument, which
gives the lower bound in Theorem 2.1.

The proof of the upper bound involves an explicit construction of the argument
of a unimodular function, W, on SIZV. Since the Zak transform is a unitary, invertible
mapping between K‘é and EZ(SIZ\,), there is a corresponding be Eg so that G (b) is an
orthonormal basis (which can be scaled to form a Riesz basis with bounds A and B
for any A and B) and such that b satisfies Zg (l;) = W. For this construction, ,B(I;)
can be bounded directly to show the upper bound in the theorem.
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3 Proof of Theorem 1.6

Based on Proposition 2.2, to prove Theorem 1.6 it is sufficient to show that
Theorem 2.1 extends from E‘ZI to K’Zl’l. We show this below, and in particular that
by restricting the Zak transform of a multi-variable sequence to the kth variable
in each component, we can directly use Theorem 2.1 to prove the multi-variable
version of the lower bound. Similarly, we show that by taking suitable products of
the constructed b function mentioned above, we can also extend the logarithmic
upper bound to higher dimensions.
Let

Ba px(N, D) =inf{B,(b)},
where the infimum is over all b € 5’21’[ which generate an A, B-Gabor Riesz basis
for Zg’l.
Theorem 3.1 For the same constants 0 < cap < Cap < 00 as Theorem 2.1, for
all N > 2, and for any 1 <k <1, we have
caBlog(N) < By pi(N,l) < Caplog(N).
Proof For notational convenience, we show both the lower and upper bound with

k =1, but a similar argument applies forany 1 < k < /.

Lower Bound Letb € K‘zi’l generate an A, B-Gabor Riesz basis for Zg’l.

Letm = (m,m’) and n = (n, n’) for fixed (m’, n’) € Slzv(l_l) and define

T(mi,n1) = Tww(mi,n) = Zgi(b)((m,m'), (n,n)).
Then, T satisfies

T(my + N, ny) = Zgy(b)(m+ Ney,m) = e ¥ T(my,ny),

T(mi,n1+N)=Zg;(b)(m,n+ Ney) = T(my,ny),

so T is N-quasiperiodic on Zﬁ (see Eq.6). By the unitary property of the Zak
transform (Proposition 2.1), there exists a b € E‘ZJ sothat T = Z; 1(b1), and since
A < |T(my,n1)|* < B for any (mp,ny) € Zi, the same property shows that G;(b1)
is a Riesz basis for Eg with bounds A and B. Thus, Theorem 2.1 shows that

CaplogN) < Y |AiTwwmi,n)P+ Y N T (mi, n),

(my,n1)es, (my.n1)es%,
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Since the choice of (m’,n’) € S]Z\,(l_l) was arbitrary, this bound holds for any such

choice.
Thus, computing 8 (), we find

1
m Z Z |ATm/’n/(m1,n1)|2—|— Z |FTm/’n/(m1,n1)|2
' ,w)esal ™V | (min)esy (my.n)eS%

= Cpplog(N),

since the bound holds for each term inside the brackets, and 8 (b) is simply an
average of these terms. Taking an infimum over all acceptable b € Eg’l proves the
lower bound.

Upper Bound To prove the upper bound, we adapt the construction used to prove
the one-dimensional upper bound in [14] to higher dimensions. The sequence used
in this construction builds on a continuous construction first given in [5]. Note that
it suffices to prove the result for orthonormal bases, as the result for Riesz bases
follows by scaling the constructed generator by the Riesz basis bounds.

In Section 4.3 of [14], it is shown that there is a constant C > 0 such that for any
N > 2, there existsa b € K‘zi such that G;(b) is an orthonormal basis for 2‘21 and

BBY = > |AZaa®m )P+ Y M Zai®)m,n)|* < Clog(N).

(m,n)eS% (m,n)eS3,
For j € Zy, let bi() = b(j1)b(j2) - - b(ji). Then,
Za (b)(m,m) = Zg1(b)(my,ny)- -+ Za 1 (b)(my, ny).
Since G4(b) is an orthonormal basis for E‘zi, Z4,1(by) is unimodular, and therefore,

G4.1(by) is an orthonormal basis for Eg’l by Proposition 2.1. We have, B () is
equal to

1
w2 o |AzZai® i+ Y T Zaa® ]

(m’,n’)eZ%[’” (my.n1)eSy, (my.n)eS3,

< Clog(N).

Theorem 1.6 follows by combining Theorem 3.1 with Proposition 2.2.
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4 Proof of Theorem 1.7

In establishing a Finite Quantitative BLT for several variables, we follow a similar
argument used to prove the one variable version (from [14]), but there are some
necessary updates to certain parts of the proof. We include the details here for
completeness.

We start with a straightforward bound on the ‘smoothness’ of Z,; ;(b * ¢). This
observation is analogous to Lemma 2.6 of [14]. Let ||¢||£¢11,z = # ZJEZZ |¢@)], and

fora,b € £5", recall that (a * b) (k) = - Yjez alk = b().

Lemma 4.1 Suppose b, ¢ € K‘zi’l are such that |Zd,l(b)|2 < B everywhere. Then,
for any integer t,

VBlt|

|Zg (b *p)(m+teg,m) — Zy (b *¢)(m,m)| < N

IN Al .-

Proof From Proposition 2.1, we have
1 . .
Zaa(b$)amm) =~ > S0 Zas(b)m —j,m) = Zy 1 (b) 1 $(m, m).
jez,
Therefore, we have
|Za,i(b* ¢)(m + tex, m) — Zg 1(b * ¢)(m, n)|

t—1

D 1Zai(bx ¢)m + (s + Dex, m) — Zg 1 (b ¢)(m + seg, n)|
s=0

IA

N!
il
jez,

-1
1
= E — E Za (b)), m)[epm+ (s + 1eg —j) — ¢(m + sex — j)]
s=0

IA

t—1
B B
> % > |Ap(m + se, — )| = %tnNAmnql,l.

s=0 jeZ’d

O

Next we extend the following Lemma 5.2 of [14] to higher dimensions. The
adjustments to this lemma for the higher dimensional setting are minimal, however
we state the one-dimensional and multi-variable versions separately for comparison.

Lemma 4.2 (Lemma 5.2, [14]) Let A, B > 0 and N > 200./B/A. There exist
positive constants § = §(A) and C = C(A, B) such that the following holds (with
d = N?). Let
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(i) Q,R € Zsuchthat1 < Q, R < (N/16) - /A/B,
(ii) ¢, ¥ € 4 suchthaty", |Ap(n)| < 10R and 3, |Ayr(n)| < 100,
(iii) b € ¢4 such that A < |Z4(b)|> < B.

Then, there exists a set S C ([0, N — 11N Z)? of size |S| > CN?/QR such that all
(u, v) € S satisfy either
|Za (D) (u, v) — Za(b * $)(u, v)| =6, or (7)
|Za(Fab)(u,v) — Za((Fab) * ¢)(u, v)| = 8. 3)

Lemmad4.3 Let A,B > 0,1 <k <1, and N > 200,/B/A. There exist positive
constants § = §(A) and C = C(A, B), such that the following holds. Let

(i) Q.R € Zbesuchthatl < Q,R <. /4
(ii) ¢, ¥ € €3 be such that |N Agl| 0 < 10R and |N A || 00 < 10Q
1 1
(iii) b € €3 be such that A < Z4,(b)* < B.
Then, there exists a set S C ([0, N — 11N Z)% of size |S| > CNZI/QR such that all
(u, v) € S satisfy either
[Za.1(b)(w, V) — Zg 1 (b x ¢)(u, V)| = 8, or ©)
|Za,1(Fa1b)(@, V) — Zg 1 ((Fa,1b) x ¥)(u, v)| = 6. (10)
Proof Without loss of generality, we prove this for k = 1.

Asin Lemma 5.2 of [14], let 8; = 2+/Asin(m (§ — 555))- Also, choose K and L
to be the smallest integers satisfying

200+ BR B 200
TfKSN and B—maX{TQ,8On}§L§N.
1 1

Fors,t € Z, let

sN tN
os=|—1, and w,=|—],
K 7]

and let ¥ = infy{o,41 —o,} > [X] = &, 2 = infi{w;41 — w;} > & Then, we
have

N2
X2 >C—,
OR

where C; can be chosen to be
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-1
2 2
= | 5L 4 ne om0 |

We recall the following definition from [14]. For (u,v) € ([0, ¥ — 11N Z) x
([0, 2 — 11N Z), let

Lat(u,v) ={(u + o5, v+ w;) : (s,1) € ([0, K —11N7Z) x ([0, L — 1] N Z)},
and
Lat*(u,v) = {(N —v—w;,u+o0oy): (s,t) € ([0, K —11NZ) x ([0, L — 11N 7Z)}.

Note that Lat(u, v) and Lat(u’, v") are disjoint for distinct (u, v) and («’, v'), and
similarly for Lat*(u, v). However, it is possible that Lat(u, v) N Lat*(u’, v") # @ for
some (u, v) and (u/, V).

Now similarly, for any (m’, n’) € ([0, N — 11N Z)>¢=D et

Laty w)(u, v) = {((my, m’), (n1,n)) : (my,n1) € Lat(u, v)},
and
Lat?‘m/,n/)(u, v) ={((n, N =n), (m;,m)) : (n;, m;) € Lat™(u, v)}.

Here, by N — n’ we mean (N — n|,N —n),...,N — n;_;). We have that
Lat(m w)(u, v) N Latgy’ nn (', v') = @ unless it holds that ((u, m’), (v,n’)) =
((w’,m"), (v/, n’)), and similar properties for Latfm,ﬁn,) (u, v).

Now, fix m’, 1) € ([0, N — 11N Z)2¢=D and consider

T(mi,n1) = Ty w(mi,n1) = Zg;(b)((m1, m'), (ny,n)),

for (my,ny) € Zfi. Note that T is N-quasiperiodic on Zﬁ, and satisfies A < |T|2 <
B.

For each (u,v) € ([0, X — 11N Z) x ([0, 2 — 1] N Z), Corollary 3.6 of [14]
guarantees at least one point (s, ) € ([0, K — 1] NZ) x ([0, L — 1] N Z) so that
either

T +os41,v+w) —Tu+os,v+w)| =381, or (11)

[T +os,v+w41) =T+ o0s, v+ )| =01 (12)

We now make a claim which will furnish the last part of the proof of the lemma.
O

Claim Foru, v, o5, w;, m" and n’ as above,
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(i) If (11) is satisfied, then there exists (a,b) € Latgy n)(u, v) so that (9) is
satisfied for § = g—(').

(i) If (12) is satisfied, then there exists (a,b) € Latfm,’n,)(u, v) so that (10) is
satisfied for § = i—(‘)

Before proving this claim, we show how to complete the proof of the lemma.
For a fixed (m’, n’) there are X2 > C 1g—12e distinct choices of (u, v) to consider
and each of them either falls in part (i) or (ii) of the claim. Let S(lm/,n/) be the set of
(u, v) points which fall into category (i), and similarly let S(zm,’n/) be the set of (u, v)
points which fall into category (if). Then, for either i = 1, 2, we must have

(m/’n/)| 2 2Q—R (13)

Now, there are N2(—2) possible choices of (m’,n’). Let S| be the set of all
(m’, n’) such that (13) is satisfies with i = 1, and let S, be the set of all (m’, n) such
that (13) is satisfied with i = 2. So at least one of S| or S> must contain N2(1’2)/2
elements.

In the case that S contains this many elements (the S, case is nearly identical and
left to the reader), since Lat (' n (, v) are disjoint for distinct ((z, m’), (v, n’)), we

find at least CJTNRZI =C g—% distinct points all satisfy (9) if i = 1. The lemma is then

proved conditioning on the claim above. We then establish finally the two part claim.

Proof of Claim For both parts we use properties of the Zak transform detailed in

Proposition 2.1. First we show part (i). Let H (u, v) = Z41(b * ¢)((u, m’), (v, n’)).

Note that Lemma 4.1 and the assumptions on R and [N A¢|| .« imply that for any
1

integer ¢ satisfying r < 2¥,
[H+1,0) — Hw o)l < HEINAgl a0 < 2EER < (19)
So, if (11) is satisfied, using (14), we have
51 =1 Tu+os41,v+w) —Tu+o0g, v+
< Tw+os+1,v+tao) — Hu+os41,v+ o)l

94
+1_01 + |T(M + oy, 1)-|—a)t) — H(M +o5,0 +Cl)t)|

Upon rearranging terms, we find

W< T+ 0541, v+ o)

—Hu+os11,v+o)| +TUu+og,v+w) — Hu+os, v+ o)l
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which shows that (9) is satisfied for §' = %, and for either ((u + o441, m’), (v +
wy,m))or (u+og,m'), (v+w:, ). If (u+0sy1, v+ w) is not in Lat(u, v), by
the N-quasiperiodicity of 7', we may find another point in Lat(u, v) which satisfies
the same bound.

Now we prove part (ii). Letting b= Fa.1(b), we have,
1 <|Tu+os,v+wm1) —Tw+o0s5,v+ )
=1Za1(b)(u+ o5, m'), (v +wy1,0)) = Zg 1 (D) (1 + oy, ), (v+ @, 1))
=1Za1(B)((—v — w41, —0'), (4 + o5, m"))
—e o me)r ez, 1(B)(—v — o, —1), (4 + 05 m))]
=1Za1(B)YN —v = w1, N — 1), (u + o, m))

—e i@t o /d 7z, 1 (B)((N — v — @, N — 1), (u + o5, m))),
where we have used that Z; ;(b)(m, n) = eZ”im‘“/dZd,l(B)(—n, m) in the second
step, and for the last step we have used N-quasiperiodicity. A

LetT(v,u) = Zq,(b)((v, N—n'), (u, m’)), and H (v, u) = Z41(b*y)((v, N —
n’), (u, m’)). Then,
81 <|T(N — v — w1, u 4 0y) — e X @ri=00WHoDAT (N _y — o u+ )]

~ ~ 1)

<|T(N—v—wi41,u+05) —T(N—v—ow;,u+og)|+ ﬁ
Combining these, we see that

19 ~ ~
%51 <|T(N—-v _a)t-l—l»u"r‘o‘s) —T(N —v—ow,u+oy)|.

Arguing as in the first case above, and replacing H by Hand T by T, we find
that either (N — v — w;41, N — 1), (u,m’)),or (N —v —w;, N — 1), (u, m))
satisfy (10), with § = 2—('). Again, using quasi-periodicity, we can guarantee that

there is a point in Latz“m, ) (u, v) satisfying (10). |

Finally, we follow the construction of [14] to create the functions ¢ and
appearing in the previous lemma (Lemma 4.3) which in turn are used to prove
Theorem 1.7. Let p : R — R be the inverse Fourier transform of

L, 1§l < 1/2
pE) =120 —ésgn()), 1/2<]§|=<1.
0, 1§l =1

For f € L*(R) satisfying SUP,cR 112 f(t)| < oo and SUPg R |§2f(t)| < 00, let
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Pyf(t) = ) fl+kN)

k=—00

and for an N-periodic continuous function #, let
_ : d—1
Svh = {h(j/N)}2.

Let pr(t) = Rp(Rt). Fix 1 < k <[, and for j € Icli define the vector j’ =
e - v Jets Jk1o -2 i) € I and let

i@ = N850 (SvPyogGiK)) .-

Now ¢ (J) is equal to (Sy Py og(jx)) when j; = O for each i # k, and is zero
otherwise.

Lemma 4.4 Let ¢ ;. be as above for a positive integer R. Then,

INAcpg il = 10R.

Proof We have

1 . .
INAbrillgar = ~7 2 NIdkbriDl = 3 14Sny Pypg(iil

jel! Jk€ld
Lemma 2.10 and Lemma 5.1 of [14] show that the right hand side is bounded by
10R. O
We now have sufficient tools to prove the Finite Quantitative BLT, Theorem 1.7.

Proof (Theorem 1.7) For simplicity we show the result for k = 1. Let R and Q be
integers such that 1 < R, O < (N/16)/JA/B. Let ¢ = ¢ and ¥ = ¢ ;, and
note that Lemma 4.1 shows that

INA1gllyas < 10R, and I[N A1y[| a0 < 10Q.
1

Proposition 2.8 of [14], and the fact that 74 (N3J;0)(k) = 1 for all k € I, shows
that

Fa,1(@®)(K) = Fq(Sy Pnog) (ki)
= (SNPNF(pr)) (k1) = (SNPyp(-/R))(k1), (15)

and since R < N/2, then 0 < ¢ = Fy;(¢) < 1. Also, (k) = 1 for any k which
satisfies k| € [-RN/2, RN /2], independent of the values of k», ..., k;, that is, for
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any k € Syrg,1. The same holds for @ = Fu.1() with Q replacing R. Applying
Lemma 4.3, we find a constant C such that

CNZ[ )
oF = > 1Zaab)(m.n) — Zg (b * ¢)(m, n)|
(m,n)elr(S3)

+ Y 1Zaa®B)m,n) = Zg (b * Y)(m, m)),

(m,m)el(5¥)

where here we have let b = Fa.1(b). Using that Z;; and F4; are both isometries
and the properties of ¢ and  listed above, we have

¢ 2 A > 2
OR = 1Za.1b) = Za1(b* O gary + 12a.1(0) = Za.1 b+ )y, o

=1b—=b* @20 + 1D =B 5Pl
2 2

= 1B(1 = )20, + 16 = V)2
2 2

IA

1 1
5 2 [Fab®OP + 5 > O

. NR . NO
il=5 |JI|ZT£

S5 Nonsymmetric Finite BLT and Applications of the
Quantitative BLTs

In this penultimate section, we prove the nonsymmetric finite BLT, Theorem 1.8,
and the uncertainty principles of Theorem 1.10. We show each of these follows from
a version of the Quantitative BLT, however, the details of the proof of Theorem 1.8
are more difficult due to subtleties from discreteness. For this reason, we first
prove Theorem 1.10 which shows the central idea of both proofs without the added
technical difficulty.

First, we state the higher dimensional quantitative BLT of [15]. For notational
simplicity, we write {|xx| > s} to mean {x € R’ : |x;| > s} in situations where the
dependence on [ is clear.

Theorem 5.1 (Theorem 1, [15]) Let g € L2(RY) be such that the Gabor system
generated by g

G(g) = (™ g(x — m)} (. mez
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is a Riesz basis for Lz(Rl ). Let R, Q > 1 be real numbers. Then, there is a constant
C which only depends on the Riesz basis bounds of G (g) such that forany 1 < k <1

c
|8(x)|2dx+/ 2@)1PdE > ——. (16)
/IXkIZR [F{EYe; RQ

Remark 4 In [15], the conclusion of this theorem is stated where the integrals
in (16) are taken over R/ \ R and R’ \ Q, respectively, where Q and R are finite
volume rectangles in R¢. However, a straightforward limiting argument shows that
the result holds after removing ‘infinite volume’ rectangles, as in the statement
above.

Proof (Theorem 1.10) We will prove this for k = 1 without loss of generality.

Let 1 < S < oo, and choose R = SY/? and 0= SsV4 Note 1 < R, 0 < o0
for any value of S. Theorem 5.1 then shows that for C only depending on the Riesz
basis bounds of G(f),

C C
- < / g0 Pdx + / g&PdE. A7)
lx1|=81/»

INg 1
S srty |€11>81/2

In each case, the result follows by integrating both sides of (17) over a particular set
of S values, and then using Tonelli’s Theorem to interchange the order of integration.

Casel: 1= % +$ < 1. We have,

1— 21—1 T
C—( )Tl—f = cf $7TdsS

1—1 |
T
= f / |g(x1,x/)|2dx1dex/
R-1Jo Jpxg|=st/r
T
+ / / / 8(€1. £")dE dSdE’
R-Jo o Jig =81

min(|xq|?,T)
< / / lg(x)PdSdx
R Jo

min(j§1%.7) )
+ / / HOIATE
R JO
= /R  min(lx |7, T)lg (o) Pdx+ /R [ min(l€,17, 7)) dé.

Case2: 1= % + é = 1. Similarly, we have

T
ClogT = c/ s~las
1
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T
5/ f / lg(x1, x> dx1dSdx’
RI-1 Jo
|xi|=S1/»
T
+/ / f 15(&,, |2 dE dSdE’
RI-1 Jo
& |=S1/4
= /Rl min(|x11”, T)lg(x)|*dx +/Rl min(|&,|9, T)|3(&)|%dE.
Case3: 1= % + % > 1. Finally, in this case
C 00
=C/ S7HdS
T—1 1
o0
5/ / / lg(x1, x)2dx1d Sdx'
r-1 Jo
lx1|=S1/P
o0
+/ f / 18(¢,, &\ dE dSdE’
RI-1 Jo
& |=S1/a
= / 1 171g (o) Pdax + / 1€11718(6) 5.
R! R!
O

The following result generalizes part (ii) of Theorem 1.1.

Theorem 5.2 Suppose 1 < p < oo, and g € L*(RY) is such that G(g) =
(2T g(x — M)} n.myez2 IS a Riesz basis for L*(RYY and g is supported in
(—M, M)!. Then, there exists a constant C depending only on the Riesz basis bounds
of G(g) such that forany 1 <k < landany?2 < T < oo each of the below hold.

(i) If p > 1, then

C(1—2/r 1 e
M1y = /R minl¢41”. T)Ig (&)l ds.

(ii) If p =1, then

Clog(T) _ [ mindiel. Tz P
M R/

(iii) If p < 1, then

¢ i~ 2
Tyl RO
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This result also holds when g and g are interchanged.

The proof is nearly identical to that of Theorem 1.10, after noticing that by applying
the quantitative BLT with R = M, the integral related to |g(x)|* is zero due to
the support assumption. Note that letting 7 — oo in part (ii) gives part (ii) of
Theorem 1.9.

Finally, we focus on the finite nonsymmetric BLT. For 1 < p,q < oo and
be 3! let

g
Jk 12
—| |Faib .
N | Fa,bG)|

J
N

1 P 1
o) = 5 Y PG+ 7 >
jez! jez,

To give a finite dimensional analog of part (ii) of Theorem 1.1, it will be convenient
to define oy (b) and e} (b) as

q
| FaibG)I>.

Ji
N

J
N

1 ro 1
g b) = 57 ) LUIAEAOES DY
jez, jez!

Theorem 5.3 Let A,B > Oand 1 < p,q < oo and let T = % + é. Assume

b e Zg’l generates an A, B-Gabor Riesz basis for Eg’[. There exists a constant
C > 0, depending only on A, B, p and q such that the following holds. Let N >

200./B/A.
(i) ft=3+5<1,

1-7

N
Cl_rgaﬁﬂm.

ﬁﬂ#r:%+
Clog(N) <ol ?(b.)

(iii) If T ;

Il
|
+

1 —(200/16)!—*
c (200/16)

— Saf’q(b).

Also, if F41(b) is supported in the set (—yNyN/2,yNyN/2) N Z where yy =
L(N/16)s/A]B], then parts (i), (ii), and (iii) hold with T = % and oP-9(b) replaced
by aP°°(b). Similarly, if b is supported in the set (—y yN /2,y yN/2) N 7Z then
parts (i), (ii), and (iii) hold with T = 37 and a?+1(b) replaced by «°4(b).
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We start with a lemma giving a bound on a typical sum arising in the proof which
follows. Similar to above, {b > |ji| > a} will be used to denote {j € Ifi N e
ajl.

LemmaS.1 Let1 < v < oo, N > 200v, ¢ = 1/(16v), and yy = [cN]. If
0 <o <1, then for any b € 2‘2“, we have

YN . 1/a
o2 O = 2M Y R bGP,

S=11jx|=NS§%/2 jezd

where Cy only depends on «.

Note, we will apply this lemma with v = /B/A where A and B are Riesz basis
bounds of G4,(b) for some b € 5’2“. However, this lemma holds regardless of

whether Gg,;(b) is basis for €3

Proof Rearranging terms, we have

YN yn—1
oY i)=Y m > bGP +vy Y, IbGRIB)
S=1|jx|=NS*/2 m=1 N(m;rl)"‘ >|jk‘ZNde |jk‘ZN-;LXJ
.1/
Note that for some m, if ji satisfies |ji| > Ni then m < 2V || " Then,
from (18), we find
YN yy—l A 1/a
lbG)? < 21/ ‘— bG)I?
R S L TIPS L
—Hlkl= m=l Mo > Ny
ik 1/a
21/0{ Jr b o2
+ ZN v 1O
||~
7l/a Jk b(i) 2
< Z N 1@

O

Proof (Theorem 5.3) We prove the result for k = 1. We treat the case where p and
q are both finite and the case where one of these is infinite separately. Below, we
take T = % + %.

Casel: 1 < p,qg < oo.Let S be an integer satisfying 1 < § <
yn = L(N/16)/A/B],and R = [SV/P], Q = [SV/4]if1 < p,g <o0,R=S
if p=1,and Q = S if ¢ = 1. Note that these choices force 1 < R
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Then, for a constant C only depending on A and B, Theorem 1.7 gives

Cc/4 C 1 1
B s Y b0+ X FabiP

Nsl/P . NSl
k= =5— k1> =25—

Summing over the values of S in {1, ..., y 5} and applying Lemma 5.1 with

T =4/B/A,tofind

—Zs— _N,Z > 0P+ Z Y Fab(IP=Clay? b)

S=1 | Nslr i s/

where C’ is a constant only depending on p and g. Updating the constant C, (it
now depends on A, B, p, q)

CY S < af (b, N. D).

The proof of Case 1 follows by noting that

CT,A,BA{I__TI 0<t<1
Y8t = {CoaplogN) =1 . (19)
(1—(2010/16)"1) r>1
-7

where the constants C; 4 p depend only on 7, A, and B.

Case2: One of p or g is co. We can assume without loss of generality that
q = oo and 1 < p < oo. With this in mind, assume b generates an A, B-
Gabor Riesz basis for K‘zj’l, and further suppose Fg4;(b) is supported in the set
(=yNN/2,yyN/2) N Z. Then, Theorem 1.7 applied with Q = y y, gives

C 1
== = 2 bOP

R
YN Ljiel= MR

where the second sum does not appear due to the support condition on Fy ;(b).
Asinpart (i),let]1 < S < yyand R = [s'/1if1 < p < ooand R = S if
p = 1. Summing over values of S, and applying Lemma 5.1 we find

C VYN 1 VN
S STE s Y 0P < 27 ).
YN 5o 5=1

Nsl/p
k= 55—



Balian-Low Theorems 205

and the result follows by combining the constants and another application of
Eq.(19). ]

6 Further Questions

Upon investigation, similar arguments applied in the one-dimensional Finite BLT
apply for several variable analogs. It is interesting to consider the question of
whether there are sequences which have the ‘best’ localization properties, those for
which the oy norm is minimized over the set of all A, B-Gabor Riesz bases. There is
a conjecture [11] of Lammers and Stampe which addresses this question and is still
open to the authors’ knowledge. Also of interest is whether uncertainty principles
for different continuous basis systems (e.g. [4]) may be discretized to give similar
finite dimensional results.

Another remaining question is related to Theorem 1.9. In [10], a more general
version of Theorem 1.2 was shown to hold when G (g, Z%) is replaced by G(g, S)
for any symplectic lattice S C R?. It is not clear to the authors whether Theorem 1.9
also holds in this setting.
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