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Abstract In the literature, there have been considerable interests in the study of
nonsingular rational solutions for nonlinear integrable models. These nonsingular
rational solutions have appeared with different names in a variety of nonlinear sys-
tems, say, algebraic solitons, algebraic solitrary waves and lump solutions etc. More
importantly, these nonsingular rational solutions have played a key role in the study
of rogue waves. In the paper, we will develop a new procedure to generate lump solu-
tions via Bicklund transformations and nonlinear superposition formulae for some
integrable models. It is shown that our procedure can be utilized to some well-studied
equations such as KPI equation, elliptic Toda equation and BKP equation, but also to
comparatively less-studied DJKM equation, Novikov-Veselov equation and negative
flow of the BKP equation.
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1 Introduction

The theory of modern integrable systems originated from the work on the celebrated
Korteweg-de Vries (KdV) equation. It is a prototype water wave model involving a
broad variety of mathematical methods. This theory allows one to study a wide range
of phenomena and problems arising from physics, biology, and pure and applied
mathematics. The special significance of integrable systems is that they combine
tractability with nonlinearity. Hence, these systems enable one to explore nonlinear
phenomena while working with explicit solutions. One of the interesting explicit
solutions in nonlinear dynamics is that of solitons. Kruskal and Zabusky first discov-
ered solitons in the mid-1960s when they worked on the KdV equation. A soliton
is essentially a localized object that may be found in diverse areas of physics, such
as gravitation and field theory, plasma and solid state physics, and hydrodynamics.
The importance of solitons stems from the exhibition of particle-type interactions
and the characterization of the long time asymptotic behavior of the solution.

There are some other types of explicit solutions available in the literature. One
of them is so-called rational solutions, which is important to be found for integrable
equations. It provides us a criterion for integrability as the existence of an infinite
sequence of rational solutions appears to be equivalent to the Painlevé property
(Newell 1987), and the rational solutions are of, at least, potential value in physi-
cal applications. In this regard, of particularly interesting are an important class of
what we called nonsingular rational solutions. To the best of our knowledge, the
study of nonsingular rational solutions to integrable equations can be traced back
to Ames (1967) where N.J. Zabusky found simplest nonsingular rational solution
u= —H_j—gzxz to the Gardner equation

u, + 12quu, + 6u2ux + Uy = 0.

In the literature, there are three types of nonsingular rational solutions: (1) Alge-
braic solitons; (2) Lump solutions; (3) Rogue wave solutions. There are some exam-
ples which exhibit nonsingular rational solutions. In the case of algebraic solitons, a
typical example is the Benjamin-Ono (BO) equation

1 *© u(y,t)
u; +4uu, + Hu,,, =0, Hu(x,t) = —PV dy. (D)
b4

Co Y —X

In Ono (1975), Ono obtained 1-soliton solution u = m Some further
results about the algebraic solitons of the BO equation could be found in Matsuno
(1982a,b), Case (1979). The second example of algebraic solitons is the mKdV
equation v; + 6v2v, + vypr = 0, Whose simplest algebraic solution was also given by
Ono (1976) v = vy — M%(x:%%. Furthermore, N-algebraic solitons were found in
Ablowitz and Satsuma (1978). As for lump solutions, the result can be traced to Man-
akov et al. (1977) where Manakov et al. gave lump solutions to the KPI equation. In

particular, in Ablowitz and Satsuma (1978); Satsuma and Ablowitz (1979), Ablowitz
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and Satsuma developed a new method to seek lump solutions to the KPI equation and
DSI equation by taking the “long-wave” limit of the soliton solutions and there have
been many results about this topic; please see Feng et al. (1999), Grammaticos et al.
(2007), Ablowitz et al. (2000), Villarroel and Ablowitz (1999), Ma (2015), Villarroel
and Ablowitz (1994), Gilson and Nimmo (1990), Hu and Willox (1996). The third
line of research about nonsingular rational solutions is rogue wave solutions, which
is of physical significance. As is known, the NLS equation iu, + u,, + 2|u|*u =0

admits the following rogue wave solution u = (1 - %) %!, Obviously, by
2

taking u —> ue™*'", we may get a nonsingular rational solution of the equation
ity + uyy +2(ul> = Du = 0.

For more examples, please see, e.g., Kharif et al. (2009), Solli et al. (2007), Peregrine
(1983), Dubard et al. (2010), Dubard and Matveev (2011), Gaillard (2011), Guo et al.
(2012), Ohta and Yang (2012), Li et al. (2013), Ohta and Yang (2012, 2013) and
references therein.

The purpose of this paper is to develop a new procedure to generate lump solutions
to several integrable models. Different from those by Ablowitz and Satsuma by
taking the “long-wave” limit of the soliton solutions obtained and those by Ablowitz
and Villarroel based on inverse scattering transform, the technique we develop here
is via Bécklund transformations and nonlinear superposition formulae in Hirota’s
bilinear formalism (Hirota and Satsuma 1978). We will apply our procedure to the
some known examples such as KPI equation, two-dimensional Toda equation, BKP
equation to show how it works and further to the DJKM equation, Novikov-Veselov
equation and negative flow of BKP equation to show its effectiveness.

2 The Lump Solutions of KP Equation

The KP equation takes the form
(uy + 6uny + Uyyy)x +auyy, =0. 2)

Traditionally, the Eq. (2) with « = —1 is called KPI, and the one for @ = 1 is KPIL
The KPI equation does not have stable soliton solutions but has localized solutions
that decay algebraically as x> + y?> — oo and are called lumps. The lump solutions
of KPI have been first obtained by Manakov et al. (1977) and also by Ablowitz and
Satsuma (1978). Subsequently, Ablowitz and Satsuma derived the determinant form
of the N-lump solution for the KPI equation by taking limits of the corresponding
soliton solutions in Satsuma and Ablowitz (1979). In the following, we will use the
bilinear Béacklund transformation and the nonlinear superposition formula to rederive
the N-lump solutions of KPI equation.
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Through the dependent variable transformation # = 2(In f),,, the Eq.(2) can be
written in bilinear form

(DyD; + D} +aD})f - f =0, 3)

where the bilinear operator D" D¥ is defined by Hirota (2004)

3 a\" /a8 9\
D;"Dfa'bs< ) (———) a(x, )b, 1)

ax  ox’ 3 ar

x'=x,t'=t

A bilinear Bicklund transformation for Eq. (3) is given by Nakamura (1981), Hu
(1997)

(aDy + D>+ AD,)f - f' =0, 4)
(D, + D? —3arDy —3aD,D,) f - f' =0, )

where a?> = %a and A is an arbitrary constant. We represent (4)—(5) symbolically by
f BN f’. The associated nonlinear superposition formula for the Eq. (3) is stated in

the following proposition (Nakamura 1981; Hu 1997).

Proposition 1 Let fy be a nonzero solution of (3) and suppose that fy and f, are
solutions of (3) such that fy N fi (i =1,2). Then fi1, defined by

1
fo fio =c[Dy + 5()»2 — M) f1 - fa, c is anonzero real constant (6)

is a new solution to (3) which is related to f and f, under bilinear BT (4)—(5) with
parameters Ay and Ay respectively, i.e.
A1 fl A2
f < >f12
A2 fo A1

In Hu (1997), it has been shown if we choose 6; = x + p;y — ozpizt, then the

Bicklund transformation tells us 1 =g fi = 6; + B; (where B; is a constant). By

using proposition 1, we can obtain the following solution to the KP equation

2 1
Jo=——"—"[fixo— fifax + (2 — XD fifa]l =
a(p1 — p2) 2

2 2 -
10+ (o — ———— )y + i+ L2 P
a(p1 — p2) a(p1 — p2)

(7

2
016+ B+ ——
a(p1 — p2)
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bytaklngc—ap pz)m(6) Ifao =—1,py=pi,p1=— B2 =

a(p1— )
(7), then we obtain the 1-lump solution p "

H(Pl P2’

12
f2=616f — ———= >0.
(-2
Furthermore, we can obtain an N-lump solution of the KP equation by using the
nonlinear superposition formula repeatedly. For this purpose, we have the following
proposition.

Proposition 2

fl f2 fN
(_ax‘i‘%)fl (—0, —I—%)fz (_3}(4_%)]01\]
Fiv =cx : : : ®)

(=0 + 2OV f (=0, + 2V e (=0 + IOV Ay

is a determinant solution to the KP equation (3), where f;(i =1,2,...,N) is
obtained from the seed solution fy by using Bdcklund transformation (4) and (5),

. Ai
ie fo — fi.

In order to obtain the N- lump solution, we take f; =6; + B;,6; = x + p;y —
apt,hi = —api, Bi = Y oy fori=12,... Nandey = I1 A/EA/.Inthis
J#i I<i<j=N
case, from (8), we have

9i+/31 On + BN
—1+ 361+ 1) —1+ @Oy + )
Fy =cn . .

(=N + (V= 2+< W=L@) + 1) - (=N + DN - 2+< WLy + Bw)

It can be verified that the above determinant can be written as the product of the
determinants

A M AN—1 2 .2

1 7| e (7]) o = M—An 2)\N
AL (l2yN-1 —

13 () wn T2—hy
Av L (AnyN-1 2 __2 ..

1 2 ( 2 ) M—An  Aa—hy O

By using the basic property of Vandermonde determinant, we know
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2 2
61 AT Py y
N —
A A
Fy = ) ) DN 9
2 —2 ... Oy

T Ay ha—Ay

If we choose N =2M, py+i = (p))*(i = 1,2, ..., M), then Fy gives the M-lump
solutions of KPI equation which coincides with those obtained in Satsuma and
Ablowitz (1979). The positivity of (9) could be found in Ohta and Yang (2013)
for an affirmative answer.

3 The Lump Solutions of the DJKM Equation

The second equation of the KP hierarchy is the DJKM equation which is written as
Wyxxxy + 2wxxxwy + 4wxxywx + 6wxywxx — Wyyy — zwxxl =0. (10)

Through the dependent variable transformation w = 2(In f),, the Eq.(10) can be
transformed into the multilinear form

1
DU(DIDy = DD f - f1- f*+ D(DF =3D)f - f1- f2=0. (1)
A bilinear Biacklund transformation for Eq. (11) is given by

(D} +iDy+A+uD)f - f =0, (12a)
i

. 3 Lo i,
(D + 5D, = 3D} = 21D, = 5

i ,
5 5 pwD Dy — EDny)ﬂf =0, (12b)

where A, u are arbitrary constants. If we take A = 0 for simplicity, then Bécklund

transformation (12a) and (12b) can be symbolically written as f £ f'. The asso-
ciated nonlinear superposition formula for the Eq.(11) is stated in the following
proposition.

Proposition 3 Let f be a nonzero solution of (11) and suppose that f, and f, are
solutions of (11) such that fy N fi i =1,2). Then fi, defined by

1
fo f12=C[Dx+§(M2_M1)]f1 - fa, (13)

is a new solution to (11) which is related to f, and f, under bilinear BT with
parameters |1y and v respectively. Here c is a nonzero real constant.

Similar with the KP case, we obtain the 1-lump solution to the DJKM equation
by using the Bicklund transformation and nonlinear superposition formula. By set-



Nonsingular Rational Solutions to Integrable Models 85

ting0; = x + p;y — %p?t, then from bilinear BT, one obtains 1 = fi=6i+ 6
(where g; is a constant). Now from the nonlinear superposition formula (13), we
obtain the following solution of the DJKM equation

2 1
fo=——fuuo— fifox + (2 —u) fifol =
M2 — [ 2

2 2 2(B2 — B1)
016+ (B1+ ———)0 + (o — ——)01 + [Bi1fr + —————1(14)
M2 — 1) M2 — g M2 — g
by taking ¢ = - in(13). If we choose py = p, fi = 2, o = =2~ in(14),
then we obtain u, = —puj, 6, = 6 and the 1-lump solution i
=00+ — =Pt —— 50 (15)
12 =0 — =16 — > 0.
P (4 )2 (1 + 1})?

The N-lump solution could be found by using the nonlinear superposition formula
repeatedly.

Proposition 4

f] f2 fN
FN - CN . . . .

(=0 + VT i (=0 + VT e (B + 5OV

is a determinant solution to the DJKM equation (11), where f;(i =1,2,..., N) are
obtained from seed solution fy by using BT (12a)—(12b) fy AN fi.

In order to obtain the multi-lump solution, we take f; = 6; + B;, 6; = x + p;y —

%p?t, Wi =—ipi, Bi=> uzu' fori =1,2,..., N. After the proper choices of
g

parameters, the determinant F could be written as

01 + B ON + BN
Fy =cn X .
N+ DDV 2+ ELON=Y 0+ ) - N+ DEDON 2+ BN oy + By

It can be verified that the above determinant is also a product of determinants

L& ... (%)N*1 61 mzuo MIEMN

1 & ... (E2)N-1 0y 2
A M e 16
.N ) N.N—l ] . . .

1M () ——2 ___2 ... gy

H1—KN H2—HKN
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The choiceof cy =  [] MEMV gives us
l<i<j<n "™

O //«IEMZ o m—zmv

__2 6, R
M1—M2 M2—HUN

Fy = . ) ) . . (17
2 2
_ _ N

H1—HUN MH2—HUN

For N =2M and pyy; = (pi))* (i =1,2,..., M), we could find that 6y,; =
6)*, upm+i = —(u;)* and the positivity of Fy is the same with KP case. There-
fore, in this case, Fy is the M-lump solution of the DJKM equation.

4 The Lump Solutions of the Elliptic Toda Equation

We now consider the so-called elliptic Toda equation

2 82

(W + 8—y2)(10gun) =Ups1 — 2y +Up_1.

This equation has been studied in Villarroel (1998); Villarroel and Ablowitz (1994),
where the inverse scattering method was applied to obtain lump solutions. By the use
of variable transformation u,, = %, we can obtain the following bilinear form

(DI + D) fu+ fo= Q> =) f+ fo (18)

which admits a Biacklund transformation as follows
(Dy+iDy+ 27" + ) f - g =0, (19a)
((Dx —iDy)e P — heiPr 4 ye P f g = 0. (19b)

Furthermore, from the Biacklund transformation, we may get the following superpo-
sition formula.

Proposition 5 Let fo(n) be a nonzero solution of Eq.(18) and suppose that fi(n)

and f>(n) are solutions of (18) such that fy(n) L> fi(n) (@ = 1, 2), then there exists
the following nonlinear superposition formula

1 1 1
e 2P fo - fio =che 2P —xe2P fi - fo (20)

where fi, is a new solution of (18) related to f, and f, with parameters A, and A
respectively. Here c is a nonzero constant.
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In order to get the lump solution, we choose fy = 1and f; (i = 1, 2) as linear func-

tions with respecttox, y and n,i.e. 1 N fi=6i+pi=n+ pix +qy+ Bi.Then
from the Bicklund transformation (19a) and (19b), we may get ; = —A; ! Vi = My
pj =30 +2;) and g; = 3:(A;' — A;). Therefore, we get the seed function of
the lump solutions

1 _ I _ :
0, =n+ E(,\jl +A)x + Z(le — Ay, j=1,2.
Therefore the nonlinear superposition formula (20) becomes

fzn) =ch filn — 1) fo(n) — A fi(n) fa(n — 1)). 2D

In this case, if we take ¢ = ﬁ and f; = 6; 4+ B;, then (21) can be written as

1
fi2(n) =016, + (A8 — Aa(B2 — 1))04
Al — A2
1
+ A1(Br — 1) — 22B1)02 + 182 + (A2B1 — A1B2). (22)
)L] — )Lz )Ll - )‘2
Furthermore, if we take §; = )H)L_l)tz’ Br=— MA_ZM, then we have:

fi2(n) =010, + A, (23)

where A = ﬁ Obviously, if we choose A; # A2, then 0, =65, A > 0, and
therefore we get 1-lump solution of the elliptic Toda equation which is shown in

Fig.1.

Proposition 6 The elliptic Toda equation admits the general nonlinear superposi-
tion formula

e P Fy_y - Fyypt = e 72 — Ay 1e2P)Fy - By, (24)

j--i

Fig. 1 1-lump solution of the elliptic Toda equation
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where

fin) Sn(n)

Fy(n) = : :

(=" T fin=N+1) - (2" iy =N +1)
= |1(n), ..., N(n)|.

Ey(n) =1[1(n),...,N —1(n), N + 1(n)].

Here {fi(n,x,y), j=1,2,..., N + 1} are the seed functions fj(n,x,y) =n+
SO a)x + 505 = 1)y + By

Proof 1t is noted that (24) can be alternatively written as:
Fy-1(n = DFys1(n) = O Fy (= DEy () = hvsr Fn(m) Ey(n = 1) - (25)

and

N—1
Fyoin=1D=|ln—-1),...,.N—-1(n—-1)| = H(—)L,»)D[;]}

i=1

J
k
D whose j-th row and k-th column are deleted. By taking the explicit forms of F
and F into the Eq.(25), we may see the nonlinear superposition formula is a Jacobi
identity.

where the determinant D means Fy (n) and D means the (N — 1)-th minor of

Inspired by the 1-lump solution, we now choose f;(n) =0;(n)+B; =n+
%(A;l +Aj)x + %()\;l — Xj)y + B,, and therefore the solution Fy (n) can be writ-
ten as

01 + B1 On + By
—A0r+ 61— 1D —Any@On + By — 1)
Fy(n) = . )

’

(AN 1O+ B = N4 1) - (—h)¥ 1O + By = N + 1)

from which we see that if and only if we take 8; = A; > ﬁ, we can get Foy
j#E
without the odd term. On the other hand, from the determinant identity, we may get

—A —
1=y - (—Al)ﬁ 9; el W
1 —hy -+ (=2)N™ —h g, ..k

Fym)=|. . . x [T T (26)
1 =y - (=ap)¥! Ay Ay gy

AN—=A1 AN—A2
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In this case, we have the following determinant solution

S e B
9}{ s R
2 Gy e 2

2= ha—AN

Fy(n) = 27)

A Ay g
AN=A AN—A2 N

In the following, we want to construct lump solutions from (27). Here we just consider

the case of N = 4, and set the parameters as A3 = /\i*, Ay = Ai In this case, we have
1 2

AAo
(A1 — A2)?

e

Fy = 6,076,605 —_—
4 10,020, + O — 1)2

0765 +c.c+ 0165 + c.c

AT
(may = D?

A3
(h223 — D?

020; + 0101* + A,

where c.c means the complex conjugate and A is greater than zero. It means Fy is
2-lump solution of the Toda equation and Fig. 2 shows 2-lump solution of the Toda
equation.

In general, Villarroel has shown in Villarroel (1998) that the F,y given by (27) is
always greater than 0 if Ay4;A = 1 and {A;, 1 < i < 2N} are off the unit circle.

5

. i b ;

1

<> g

Fig. 2 The interaction of 2-lumps of the Toda equation
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5 The Lump Solution of the BKP Equation

In Gilson and Nimmo (1990), the lump solution of the BKP equation has been
considered by Claire Gilson and Jon Nimmo. In this part, we would like to show the
Bicklund transformation and nonlinear superposition formula can also provide us a
Pfaffian form to the lump solution of BKP, which indicates this technique could also
be used for the B, -type equations and Pfaffian forms.

Consider the BKP equation

(u; + 15uuz, + 15u> — 15uu, + usy), + Suz,, — Suy, = 0.

Through the bilinear transformation u = 2(log f),, we obtain the bilinear form for
the BKP equation

(DS —5D}Dy — 5D + 9D, D) f - f =0, (28)

whose Backlund transformation is indicated as follows (Hirota 2004)

(D} — D, —3kD? +3k’D,) f - g =0, (29a)
(=D —5D?D, + 5kD? + 5k*D? — 10k* D, + 10kD, Dy +6D,) f - g = 0.
(29b)

Furthermore, we have the following nonlinear superposition formula.

Proposition 7 Let fy be a nonzero solution of Eq.(28) and suppose that f| and f>

. A . . . .
are solutions such that fo — f; (i = 1, 2), then there exists the following nonlinear
superposition formula

[Dy — (k1 + k)1 fo - fiz = c[Dx + (k1 —k2)1f1- f2 (30)
where f1, is a new solution related to f| and f, with parameters L, and , respec-

tively. Here c is a nonzero constant.

For the Bécklund transformation (29a) and (29b), if we take fo = 1 and f;(i = 1, 2)
as the linear functions, then f; = 6, + 8; = x + 3ki2y + Sklf‘t + Bi, i =1, 2. In this
case, the nonlinear superposition formula becomes

d
_EfIZ_(kl+k2)f12=f2_f1+(k1_kz)fl'fZ- (€29)

By solving this ordinary differential equation, we may obtain the solution of the BKP
equation
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Fig. 3 The figure of 1-lump solution of the BKP equation

¥ ky — f et 2k, f 2k 42 ky — ky
S N o S IR 5 S (TR
ky — ki (k3 — k) B2 + 2ky (k3 — kD)1 — 2k,
= 616, + 0 6+ A,
ki 4k 2 (k1 + k2)? 1 (k1 + k)? :
where A = k2+2/31/32 + £ kl+k2 (k1+k (B + Bo) + 2(k s+ It can be verified that
if we take B; = kz, B = kz, ky = k% and |Imky| > |Rek;|, then the 1-lump

solution could be obtamed

Remark 1 Notice that the first order ordinary differential equation (31) may have a
general solution, however, in the lump-solution case, we just consider the polynomial
solution of f, hence this solution is unique in this sense.

In Fig. 3, the 1-lump solution of the BKP equation is drawn for a particular choice
of the parameters.

Proposition 8 BKP equation has a general nonlinear superposition formula as fol-
lows

[Dx - (k2n+l + k2n+2)]F2n . F2n+2 = [Dx + (k2n+l - k2n+2)]ﬁ2n+1 . F2n+1~ (32)
In particular, the solution F,,, F»,| and ﬁ2n+1 have the Pfaffian forms

Fon=(1,...,2n), Faps1 = (do, 1,....2n+ 1), Fopi1 = (do, 1,...,2n,2n +2),

(33)
in which the Pfaff element satisfies the following relationship
(do,i) = f; = 6 + B = x + 3kjy + 5kt + B;,
d
(di,1) = E(do’ i) +ki(do, 1) =1+ki fi, (34)

d
E(i’ D+ ki + k), j) = (do, dy, i, j), (do,dr) =0.
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In order to prove the proposition, we need following lemmas.

Lemma 1 Under the assumption of the Pfaff element (33), we have

2n

d
(L2 + O k(... 2n) = (do. dy. 1. ... 2n). (35)

i=1

Proof We will prove this conclusion by induction. For n=1, it is just the assumption
we set in (33). By assumption, it is known that

2n+2
d A A .
=@ M)+ Y k@ MA+2) = (o di,2, s fye 20+ 2)
i=2,i#]

holds for Pfaffian of order n. Then for Pfaffian of order n + 1, we have

(do.dy, 1,...,2n+2)

2n+2
=Y (=D[Wo.dr, 1, )2, joo 20+ 2) + (1, )do.dr 2, ... fo ... 20+ 2)]
j=2
2n+2 ) d
= D DU )+ G+ IR, o 20 +2)
i=2 *
. d A \
+, Pl—@, ..., i M2+ k2., i 2n +2))}
dx —
i#]
d 2n+2
:E(l,...,2n+2)+Zki(l,...,Zn—‘,—Z),

i=1
which completes the proof.

Lemma 2 Under the assumption of the Pfaffian element (33), we also have

2n+1
d
@ 1....2n4 )= (o 1....20+ )+ (Y kdo,1,....2n+1),  (36a)
dx P
d
@, 12,20+ 2) = ——(do, 1, 20,20+ 2) + (Y K)o, 1,0, 20,20 +2).
X
i#2n+1

(36b)

Proof We just prove the first equation, and the second one can be verified in a similar
way. By expansion of Pfaffian, one has
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@d.,1,....2n+1)
2n+1
=Y (=D, H(,....j,2n+1)
j=1
2n+1 ) d R
= D DT o, )+ ko, DI 20 )
j=1
d 2n+1 - ' .
= ——o.1....m+ 1)+ ;(—1)1 kj(do, Y1, ...\ jyo2n+1)

2n+1 ] 2n+1
=2 Do, Pldo.di 1o 2n 4 D = () k(L o 204 D]
j=1 i=1,i#j
2n+1

d
= -, 1,20+ D+ (Y k) (o, ..., 21+ 1),

i=1
and the equation is verified.

The Lemma 1 tells us the left side of the nonlinear superposition formula can be
written as

(do,di, 1,....20)(1,....2n +2) = (1,...,20)(do, d1, 1, ..., 2n +2), (37)

while the Lemma 2 shows the right side can be written as

—(d,1,...,2n+ 1)(do, 1,...,2n,2n +2) + (do, 1, ...,2n 4+ 1)(d;, 1,...,2n,2n + 2).
(38)
Therefore, under these two lemmas, we find that the nonlinear superposition formula
of BKP equation (30) can be written as

(do,dy,1,...,2n)(1,....2n +2) = (1,...,2n0)(do, d1,1,...,2n 4+ 2) =
—(d,1,...,2n4+1)(do, 1,...,2n,2n+2) 4+ (do, 1,...,2n 4+ 1)(dy, 1,...,2n,2n + 2),

which is the Pfaffian identity (Hirota 2004).

And then we would like to prove the F», given in (33) is always positive or
always negative under some constrains. Following the method mentioned in Gilson
and Nimmo (1990), we first consider the determinant of 2n x 2n skew-symmetric
matrix A = (4, j)1<i, j<2» Which can be represented as the square of Pfaffian given
in (33):

F} =(1,2,...,2n)% =det A. (39)

Applying Eqgs. (33) and (39), we can derive:
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ki — e+ 2k, ' 2k; )+2(k?+k§)
k+k ' -k =k (kG — k)2

I (40)

ai,j =

If we set k; = k;,;, Bi = B;,; and [Imk;| > |Rek;|, then the determinant of A can
be written as the following form:

B

C
det A = det _B* C*

, (41)

which is always positive. In Eq.(41), B = (b; j)1<i, j<n, C = (¢i,j)1<i, j<n are two
n x n matrices, whose element b; ;, ¢; ; are given by:

bij = [(ﬁ 2 e B . B 2062+ k%)
T ki ks o T e S (S St
ki — , 2k,» 2(k7 + k3)
Cij = k, [(fl ki 2)(fj ka) + (klz — k12)2]

Since Fzzn > 0 by taking k; = k;;, B; = B,,; and |[Imk;| > |Rek;| in F,, , and the
lump solution is a continuous function, so the F5, is always positive or always
negative. Therefore, the solution F,, with k; = k), B; = B,; and [Imk;| > |Rek;|
is the nonsingular rational solution of the BKP equation.

6 The Lump Solutions of the Novikov-Veselov Equation

In this part, we want to discuss the lump solution of the Novikov-Veselov equation
20t + Uy + tyyy + 30 uy) + 3w uy)y =0, (42)

which can be viewed as an extension the KdV equation in two spatial dimensions
and one temporal dimension. Biacklund Transformation and nonlinear superposition
formula and 1,2-lump solutions have been studied in Hu and Willox (1996). Here
we revisited some important facts.

Under the dependent variable transformation u = ug + 2(log f),, with ug a con-
stant, the Eq. (42) can be transformed into the multilinear form and enjoys the fol-
lowing Bicklund transformation

(DyDy — uDy —ADy +Ap+up)f - f =0, (43a)
(2D, + D} 4 D} 430Dy —3AD; + 3’ Dy —3uD)) f - f'=0,  (43b)

where A and p are arbitrary constants. The nonlinear superposition formula can be
stated as follows.
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Fig. 4 1-lump solution of the Novikov-Veselov equation

Proposition 9 Ler fy be a nonzero solution of (42) and suppose that f| and f, are
solutions of (42) such that fo - f; (i = 1,2). Then fi, defined by

[Dx — (ki + k)1 fo - fi2 = c[Dx + (ki —k2)1f1- f2 (44)

is a new solution to (42) which is related to f1 and f, under bilinear BT (43a) and
(43b) with parameters k, and k| respectively. Here c is a nonzero real constant.

To obtain the lump solutions, we have to take fo =1 and f; =6; + 8 = kizx +
upy — mt + B;. For 1-lump solution, if we setk, = ki, p; = B; and Imk; >
i THY/K;
Rek;, (i =1, 2), then
2k3k kik3 (ki + k3)

2
fio= 061+ 515) xce. +2
ki — k3 (ki — k3)?

s

where c.c. means the complex conjugate. Obviously, fi, is positive and itis a 1-lump
solution. We depict the 1-lump solution of the Novikov-Veselov equation in Fig.4.

Noticing that the nonlinear superposition formula of the Novikov-Veselov equa-
tion (44) is the same as the BKP equation (30), the Novikov-Veselov equation (44)
possesses the same structure of solution as the BKP equation except the seed function.
Hence we have the following proposition.

Proposition 10 Novikov-Veselov equation owns a general nonlinear superposition
formula

[Dx - (k2n+1 + k2n+2)]F2n : F2n+2 - [Dx + (k2n+l - k2n+2)]FA'2n+1 : F2]‘l+la (45)
where

Fo=(1,....20), Fai1 = (do, 1,....2n 4+ 1), Fays1 = (do. 1,...,2n,2n +2),
(46)
where the Pfaffian elements satisfy the following relationships
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(do, i) = fi = 6; + Bi = k*x +upy — 1+ Bi,

3
20k + ud/k?)
d
(di,i) = —(do, i) + ki (do, i),
dx

d
E(i’ D+ ki + k), j) = (do, dy, i, j), (do,dr) =0. (47)

Since the proof of this proposition is similar to that of BKP equation, we omit it here.

If we setk; = k., B; = B;,,; and [Imk;| > |Rek;|, then we can show in a similar

way in Sect. 5 that F5, is always positive or always negative. Therefore, we get the
N-lump solution of the Novikov-Veselov equation, which has the representation of

(46) with k; = k7, i = B, and [Imk;| > [Rek;].

7 The Lump Solutions for Negative Flow of BKP Equation

In Hirota (2004), Sect. 3.3, the author proposed another shallow wave equation, called
the negative flow of BKP equation

Uyt — Uxxxy — 3(”xuy)x +3u,, =0. (48)

By the dependent variable transformation u = 2(log f),, it can be transformed into
a bilinear form
[(D: — D)Dy +3D;1f - f =0,

which possesses the following Bécklund transformation

(DyDy +A7'D, +AD)f - f' =0, (492)
(D2 +31D? + 34D, — D)) f - f' =0. (49b)

Furthermore, we have the following result.

Proposition 11 Let fy be a nonzero solution of Eq.(48) and suppose that f, and

f> are solutions of (48) such that fy N fi (i = 1,2), then there exists a following
nonlinear superposition formula

(Dyx + (ki = k2)) fo - fi2 = c¢(Dx — (ki — k2)) f1 - /2, (50)

where f15 is a new solution of (48) related to f| and f> under bilinear BT (49a) and
(49b) with parameters k, and k| respectively. Here c is a nonzero constant.

A 1-lump solution of the negative flow for BKP equation is derived in the follow-
ing. Starting with fo =1, f; = x — kizy + 3ki2t + B;(i =1,2), we may obtain the
following solution
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ko 2k, 2k, kz — ki
fe= T Lt RS s
ky — ki (k3 — k3) B2 + 2k (k3 — k3B — 2k,
= 016, + % 6, + A,
ki +ky 2 ki + k)2 ki + k)2 °

where A = 1+k2'3 P2 + ﬂ1+k7 (k1+kz)2 B +’32)+2(k1+kk1)3 If we take f; =

% B = k22k11<2’ ky = ki and |Imk;| > |Rek;|, we get the 1-lump solution.

In order to obtam N-lump solutions, we need to establish a general nonlinear
superposition formula for the negative flow BKP equation.

Proposition 12 The negative flow BKP equation owns a general nonlinear super-
position formula

[Dy — (kaust + k2u12)1Fan - Fanga = [Dy + (kaust — kou2)1Fauss - Faypr (51
and the solutions F,,, Fy,+1 and ﬁ2n+[ are expressed as Pfaffians

F,=,...,2n), Fouy1 = (d, 1,...,2n+ 1), ﬁ2n+1 =(dy, 1,...,2n,2n+2),

(52)
where the Pfaff elements satisfy the following relations

(do. i) = fi = 6; + Bi = x — k}y + 3K}t + B,

d
(dl’ l) = _(d()’ l) + ki(d()a l)v

dx
d
E(i’ )+ (ki + k), j) = (do. dr. i, J), (do,dr) = 0. (53)

The proof of Proposition 12 is similar to the case of BKP equation, so we omit it
here. Furthermore, we can show in a similar way in Sect.5 that F, in (52) with
ki =k ;. Bi = B,,; and [Imk;| > |Rek;| gives the N-lump solution of the negative
flow of BKP equation.

8 Conclusion

It is truly remarkable that the lump solutions of several integrable models could be
obtained by Bicklund transformations and nonlinear superposition formulae and the
effectiveness presents itself in this paper. It is natural to expect that this technique
can be applied to more equations in AKP and BKP type, also for CKP and DKP type
equations. The lack of the bilinear Bécklund transformation of CKP equation brings
us essential difficulty to construct the nonlinear superposition formula, as well as
the lump solution. In particular, we also expect to develop the similar technique to
generate the lump solutions for the discrete integrable lattices.
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