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Abstract We study the ODE/IM correspondence for all the states of the quantum
Boussinesq model. We consider a particular class of third order linear ordinary dif-
ferential operators and show that the generalised monodromy data of such operators
provide solutions to the Bethe Ansatz equations of the Quantum Boussinesq model.

Keywords ODE/IM correspondence + Quantum Boussinesq * Opers + Bethe
Ansatz

1 Introduction

The quantum Boussinesq model (Bazhanov et al. 2002) is a 2 dimensional conformal
field theory with a W3 symmetry, and it can be exactly solved via the Bethe Ansatz
equations. This model can be realised as the quantisation of a sl3 Drinfeld-Sokolov
hierarchy, or as the continuum limit of a sl3 XXZ chain. It belongs to a large family of
theories which are known as g-quantum KdV models; they exist for any Kac Moody
algebra g (Feigin and Frenkel 1996) (in the present case g = sl3), and in the simplest
case, namely g = ;[2, the Hamiltonian structure of such a theory is the quantisation
of the second Poisson structure of the classical KdV equation (Bazhanov et al. 1996).

According to the celebrated ODE/IM correspondence (Dorey and Tateo 1999,
2000; Bazhanov et al. 2001, 2004; Dorey et al. 2007; Feigin and Frenkel 2011;
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Masoero et al. 2016, 2017; Masoero and Raimondo 2020; Kotousov and Lukyanov
2019) to every state of the g quantum KdV model there corresponds a unique g~ oper
(here g is the Langlands dual of g) whose generalised monodromy data provide the
solution of the Bethe Ansatz equations of that state.

In our previous paper (Masoero and Raimondo 2020) we constructed the opers
corresponding to higher states of the g quantum KdV model, for any g untwisted
affinization of a simply laced Lie algebra. This was done by following the definition
given in Feigin and Frenkel (2011); solutions to the Bethe Ansatz were obtained
based on our previous works (Masoero et al. 2016, 2017).

In this note we provide explicit and simpler formulas for opers corresponding
to higher states of the quantum Boussinesq model, by specialising the results of
Masoero and Raimondo (2020) to the case g = sl3. This serves two purposes: we
illustrate the general theory and its somehow heavy machinery in terms of familiar
and simple objects, and we find formulas which are much closer to the original work
on higher states opers of the sl;-quantum KdV model (Bazhanov et al. 2004), where
higher states are conjectured to correspond to Schrodinger operators with a monster
potential.

As the result of the present paper, we conjecture that the level N states of the quan-
tum Boussinesq model correspond to the following third order differential operators:

N 3 k 7!
L=20}- + )+— 0.
) Z;((z—wj)2 z2(z —wj) 2]
N _
3 aj 2(k+3)aj—k2) 72 1 P
—+ =+ X5
—i_4Z<(z—wj)3—i_z(z—wj)2+ 3z22(z — w;) +z3+z2+ < ()

Jj=1

where —3 <k < =2, and 7!, 72 € C, and where the 2N complex variables
{ae, we}e=1.. . n, satisfy the following system of 2N algebraic equations

w? 3k
aj —kay + K +3k =3 = Y ( S > (2a)
el N (wg — wj) Wy — Wj

Aag+ B =9k +2wp =y
j=1
j#e

N (9% + 16k> + 6(k? + 10k + 6)a; — Skal)wg>

Wy — LU/

N (18 —ap —ajpw}  (12k + %2 — (63 + 6k)a; — Ykap)w?
(we —wj)3 (wg —wj)?

(2b)

The parameters A, B are given by
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A = 14k* + 50k — 87! + 45,
B =27(F' — ) — k(Tk> + Tk + 97> — 137" +9),

and the additional singularities w;, j = 1..., N are assumed to be pairwise distinct
and nonzero. The system of algebraic equation (2) is equivalent to the requirement
that the monodromy around the singular point z = w; is trivial forall j =1... N,
independently on the parameter A.

The correspondence among the free parameters A, 7!, 72, k of the above equations
and the free parameters c, (A,, A3z), i (respectively the central charge, the highest
weight, the spectral parameter) of the Quantum Boussinesq model, as constructed in
Bazhanov et al. (2002) (more about this below), goes as follows:

34k +9)(3k +5)
- k+3 ’ (32)
-1 _ 2 -1 _ -1 _
A= (7' — 8)k? + 6(F' — 5)k + 97 27’ G3b)
9(k + 3)
3/2

Ay = %(fl — 7, (3c)
A= —iI'(—k —2)*12, (3d)

where I"(s) denotes the I" function with argument s. Moreover the integer N, which
is the number of additional regular singularities in (1), coincides with the level of
the state. Hence, system (2) is expected to possess p,(N) solutions, where p,(N) is
the number of bi-coloured partitions of N.

The paper is organised as follows. In Sect.2 we introduce the quantum KdV
opers, following (Masoero and Raimondo 2020) (which in turns builds on Feigin
and Frenkel 2011), and derive from the general theory of the formulas (1) and (2). In
Sect. 3 we review the construction of solutions of the Bethe Ansatz equations as gen-
eralised monodromy data, following Masoero et al. (2016), Masoero and Raimondo
(2020). Finally, in Sect.4 we briefly summarise the construction of the quantum
Boussinesq model provided in Bazhanov et al. (2002).

This work deals with differential equations and representation theory. We omit
many proofs of the analytic results, which can be found in greater generality in
Masoero and Raimondo (2020). However, we do provide all details of the algebraic
calculations.

2 Quantum KdV Opers

In this section we introduce the Quantum KdV opers, as defined in Feigin and Frenkel
(2011), in the special case g = sl3, and derive the third order scalar differential oper-
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ator (1). The reader should refer to Masoero and Raimondo (2020), and references
therein for more details.

We begin by introducing some theory of the algebra sl3(C),! which we realise as
the Lie algebra of traceless 3 by 3 matrices (in such a way that it coincides with its
first fundamental representation, also known as standard representation). The algebra
has the decomposition n_ & h @ n,, where n_ are lower diagonal matrices,  is the
Cartan subalgebra of traceless diagonal matrices, and n are upper diagonal matrices.
The subalgebra b := b @ n is called the Borel subalgebra. We provide an explicit
basis of b, as follows

100 000
hi=|0-10]), hy=]01 0], (G))
000 00-1
010 000 001
e =1000], e2=1001], e=1]1000]. (5)
000 000 000

We introduce three further elements, the sum of the negative Chevalley generators
of the Lie algebra f € n_ (principal nilpotent element), the dual of the Weyl vector
p” € b, and the dual of the highest root 6% € . We have:

000 10 0
f=|100], pv=0"=[000|. (6)
010 00—1

The unipotent group N = {exp y, y € n,} acts on sl3 via the formula

(ady)*.g
expyg=g+) —p— ady.gi=[yel
k>1 :

and the affine subspace f + b is preserved by the action. Following Kostant (1978),
and given a vector subspace s C n,, we say that the affine subspace f + 5 is a
transversal space if

1. The orbit of f + s under the action of A/ coincides with f -+ b,.
2. Foreachs € s, thenexpy.(f +s) ¢ f +sunless y =0.

The subspace s = Ce; @ Cey satisfies the above hypotheses” and the transversal
space f + s is the space of companion matrices:

IFor sake of simplicity we prefer to work with sl3-opers, instead of f’-\[3—0pers. We do that by
considering the loop algebra variable A as a free complex parameter. More about this in Masoero
and Raimondo (2020), Sect. 4.

2 As an example, the Cartan subalgebra | satisfies the first but not the second hypothesis above.
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Oab
f+s= 100]) |a,beC
010

We fix this choice for the rest of the paper.

2.1 Opers

We denote by K the field of rational functions in the variable z, and we define

1. g(K), b, (K),n (K) the Lie algebras of rational functions with values in
g, b, ny respectively.

2. The space of (global meromorphic) g-valued connections conn(K) = {0, +

8.8 € 9(K)}.

The subset op(K) = {L =0, + f + b, b € b (K)} C conn(K).

4. The group of unipotent Gauge transformations N'(K) = {exp y, y € n.(K)}, act-
ing on conn(K) via the formula

w

1 dy
expy.(0; +8) =0, — Y ———(ad,)*—= +expy.g. (7)
= (k+1)! dz

Note that the above action preserves the subset op(K).
5. The space of sl3 opers as Op(K) = op(K) /N (K).

The space of opers Op(K ) admits a very explicit description once a transversal space
f + s is fixed: any element in op(K) is Gauge equivalent to a unique connection of
the form 0, + f + s, s € s(K). Hence we have a bijection

Op(K) = {0, + f +s,5 € s(K)}.

We call 0, + f + s the canonical form of any oper Gauge equivalent to it.

2.2 Opers and Scalar ODEs

It is a standard and elementary result that the space of sl; opers coincides with the
space of third order linear scalar differential operators (with principal symbol equal
to 1 and vanishing sub-principal symbol). Indeed, for what we have said so far, any
oper has a unique representative of the form

L=0.4 f+vie + v:(2)ep,
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where vy, vy are a pair of (arbitrary) rational functions. In the first fundamental
representation, this oper takes the form

0v1(z) v12(2)
£L=0.+|1 0 o |. (8)
0 1 0

If {€], €2, €3} is the standard basis of C3, and given ¢ = C — C3, with ¥(z) =
Y1(2)er + Ya(z)€er + 13(2)€3, then the matrix first order equation

L)(z) =0,
is easily seen to be equivalent to the following scalar ODE for the third coefficient
v = ’L/J3
(@) =010, +v)¥(2) = 0. )

We will use this scalar representation in the rest of the paper.

2.3 (Ir)Regular Singularities

Let £ be an oper in the canonical form (8), and w € C a pole of v; or v,, so that

v =50G—w) " +o((z —w)™),

v =5 —w) "+ o((z — w)™®)

for some 5!, 52 # 0 and some 41, 9, € Z. We define (Masoero and Raimondo 2020)

— The slope of the singular point w € C as

01 O
= 1 —, = .
o max{,max{2,3}}e(@

— The principal coefficient of the singular point w as

—15'§%
f—p'+5e+5%e,=11 00 if u=1,
011
and
05!5?
f—i—flel—i—izez: 100 if  p>1
010



Opers for Higher States of the Quantum Boussinesq Model 61

As proved in Masoero and Raimondo (2020), the singularity is regular (in the sense
of linear connections) if ;n = 1 and irregular if p > 1.

Remark 1 In the case when w = 0o, we write v; = 70! + 0(151), and v) = 5,2 +
0(z%) for some 5', 5 # 0, and §;, §, € Z, and define the slope of w = 0o as j1 =

max{l, max{‘;—', %2} + 2}. The principal coefficient is defined as above.

2.4 sl3-Quantum KdV Opers

We define sl3-quantum KdV opers following Feigin and Frenkel (2011). To this aim
we fix =3 < k < —2 and 7', 72 € C and write

L(z,N) =Ls(z,N) +5(z), s€K(s). (10)

Here L s is the ground state oper

0 7y P24+ 0
Losz N =0.+|1 0 0 . (11)
0 1 0

We notice that L£¢ s(z, A) has two singular points: z = 0 is a regular singularity with
principal coefficient
L7

0
1

—_ O

1
0
4

while z = oo is an irregular singularity, with slope p = 3

and principal coefficient
001
100
010

As it will be reviewed in the next section, one can obtain solutions of the Bethe Ansatz
equations by considering the differential equation L¢ ;1) = 0: more precisely these
are obtained as coefficients of the expansion of the subdominant solution at +o00 in
terms of a distinguished basis of solutions defined at z = 0.

In Bazhanov et al. (2004), Bazhanov, Lukyanov and Zamolodchikov proved that
in the case g = sl,, the ground state oper could be modified without altering the
above global structure, so that the modified equations yield (different) solutions of
the same Bethe Ansatz equations (as coefficients of the same expansion). Feigin and
Frenkel (2011) extended these idea to the case of a general Kac-Moody algebra,
and conjectured that the higher level opers could be uniquely specified by imposing
on the s-valued function s the 4 conditions below. These conditions were shown
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to sufficient (Masoero and Raimondo 2020), and are expected to be necessary for
generic values of the parameters k, 7', 72 (Feigin and Frenkel 2011). We say that the
oper L(z, M) of the form (10) is a s[3-quantum KdV oper if it satisfies the following
4 assumptions:

Assumption 1 The slope and principal coefficient at 0 do not depend on s.
Assumption 2 The slope and principal coefficient at co do not depend on s.

Assumption 3 All additional singular points are regular and the corresponding prin-
cipal coefficients are conjugated to the element f — p¥ — 0" € f + b.

Assumption 4 All additional singular points have trivial monodromy for every A €

C.

The following proposition, which is Proposition 4.7 in Masoero and Raimondo
(2020) specialised to the case of g = sl3, is a first characterisation of the Quantum
KdV opers; it shows that they have the form (1).

Proposition 1 An operator L(z, X) of the form (10) satisfies the first three Assump-
tions if and only if there exists a (possibly empty) arbitrary finite collection of non-
zero mutually distinct complex numbers {w;};c; C C* and a collection of numbers

af{), aé{), aéé)}jgj C C, such that L(z, \) has the form

0 W, W,
LzN=0.+|10 0], (12)
01 0

where

=1 )
Wl(z)=:—2+2( 9 ) (13a)

(z—w)?  z(z—wj)

jeJ
2 1 3 a¥ ¥
Wa(z, \) = = + — + AF + + 2y p3) .
2( ) Z3 Zz J; ((Z - wj)3 Z(Z — wj)2 ZZ(Z _ wj)
(13b)

Note that when J is empty then (12) reduces to the ground state oper (11). If J is not
empty, then we set J = {1, ..., N}, for some N € Z,. In order to fully characterise
the sl3-quantum KdV opers, we must impose the fourth and last Assumption on
the opers of the form (12), namely the triviality of the monodromy about all the
additional singularities w;, j = 1... N. We notice that the opers of the form (12)
depend on the 4N complex parameters {af{), aé‘{), ag), w;}jer..n. We will show in
the following subsection that the trivial monodromy conditions are equivalent to
a complete system of 4N algebraic equations, which in turn are equivalent to (1)
and (2).
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2.5 Trivial Monodromy Conditions

We fix £ € 1... N and study under which conditions the oper £(z, A) of the form
(12) has trivial monodromy about wy. As we showed in Masoero and Raimondo
(2020), Assumption 3 (more precisely, the fact that 8" is a co-root) implies that the
monodromy about wy is trivial if and only if it is trivial in at least one irreducible
(nontrivial) representation. In other words, it is necessary and sufficient that the
monodromy at z = wy is trivial for the solutions of the equation L(z, A)¥ =0 in
the standard representation.
To this aim we write the above equation in the scalar form

(07 — W10, + W)@ (2) =0, (14)

and use the method of the Frobenius expansion, that is we look for solutions of the
form
PP (2) =Y Dz —wp)*™. (15)

m=>0

Writing the Laurent expansion of (14) at w, as

~+00
Wi@) =Y gz —w)" 2 qif =3, (16a)

m=0

+00
Wa@) =Y ghnz—w)" >, gy =3, (16b)

m=0

expanding the Eq.(15) in powers of z — w,, and equating to zero term-by-term we
obtain

o” P(8) =0,

PB+n@ =3 (B 47— mall) —at)) 22, an

m=1

where the indicial polynomial P(3) = (5 — 3)(6 — 1)(83 + 1). The roots of the indi-
cial polynomial, 3 = —1, 1, 3, are known as indices. Since the indices are integers,
the monodromy matrix has a unique eigenvalue, 1, with algebraic multiplicity 3,
and the monodromy is trivial if and only if the recursion (17) has a solution for
all the indices. Indeed, in such a case, ®° (e*"iz) = ol (z) for 8 = —1, 1, 3; other-
wise logarithmic terms must be added to the series (15) and the monodromy is not
diagonalizable (Wasow 2018).

We analyse the recursion (17) separately for the three indices.

The recursion (17) for the index 3 = 3 admits always a unique solution, since
PB4+r)#0,Vr>1.
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In the case 8 = 1, we have that P(3 4+ r) = 0, r > 1 if and only if r = 2. Hence
the recursion is over-determined. Computing the first two terms we obtain

(D © [©) (1
—30, :<qll _qZI)d)O ’
1 ¢ ¢ 1 ¢ ¢ 1
0x " = (2 — g ) " + (413 — 0¥ ) @(".
It follows that the recursion for the index 5 = 1 has at least one solution if and only

if
2 2 1 2
) (£) (£) ) (&) (£)
diy — 4y =§<411) — 411921 ‘*‘3(6121) . (18)

Finally, the Frobenius method for the index 3, = —1 gives

(=1 _ ) (0) (=D
32 —_<’711 +q21)¢0 :
(=1 () 5 (=1 0 (0) (=1
0x @) 7 =—qp P, *(‘112 Jr‘122)‘150 ’
=D _(,© O 5D () 5 (=1 (©) O 5D
—3%; —<‘111 _‘121>‘p2 —dyn ? _(’113 +‘123>¢0 ’
=1 _ (0) (0) (=1 (0 O 5D (0) 5 (—1) (0 (0) (=1
0x &y —(2411 _421)@3 +(‘112 _‘122)‘1’2 —43 P _(414 +424)¢0 ’

and we obtain the following constraints

o, ©o_Lw e 1( (0)2

g1y + 4y —55121 q, + 3 9
1 1
¢ ¢ ¢ ¢ 0, (@ ¢ ¢ ¢
454) + 5154) = (2451) - ‘151)) <_§CI§2)(‘]{1) + ‘12(1)) + 5(51;3) + 4§3))>
1
+ 3953 @1 + a1,

Combining these with (18) we obtain the following characterisation: the monodromy
about wy is trivial if and only if the following system of 3 equations

i =5 (o) = aitas? + (&9)"). (19)
0 =54 (245~ af?). 20)

o + a8 =1a (2480 — o) + e
+ ol (200 = aff) (ol =248 (4l +a80). @D

In order to proceed further we write explicitly the coefficients g’s, which appear
in the above equations, in terms of the parameters of the opers (12)
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)
© _ %1 o _ 4

¢ ¢
=3, =3, = , ==,
910 920 i =7, @1 = 7y,
-1 (0) N () ) )
Ol T ) 3 U1 20 = 22 %
12 w? o\ we = wj)?  we(we — wj) 2 w?
J#t
1 N () )
40 = -2 6 ar ar
13 wf st (we —wj)®  we(wg —wj)? we (we —wj)
J#t
-2 (£) (e ) () ()
retay —2a5; tw 3 a a
q%): 21 . C k+Z 5+ 21 S+ 22 ’
w; ot (wg —wj)>  we(wg —wj) we(w—wj)
J#L
=1 () N J J J
© _ 3 —ap £y 9 + bl + a4, n ai
e = (we—wp*  welwp —wj)?  wi(wg —w;)2  wiwe—w;j) /)’
¢ j=1 \\We Wi e — Wy AL P (We —Wj
J#L
(0) (0) =2
345y — ay, — 3r° — 2w
0 2 — 41 ¢ 1
= + Mkw
924 w? ¢
() [©] (0) (0)
_ Z 2ay, a4y +ay n 2ay, .
(we—w] wewe —wj)  wiwe —wp?  wi(we —w))

We notice that while Egs. (19) and (20) do not depend on A, Eq.(21) is a first-
order polynomial in \. Since the trivial monodromy conditions must hold for any A,
Eq.(21) consists of a pair of independent constraints: both the constant part in A and
the linear part in A are required to vanish independently. The vanishing of the part
of (21) which is linear in A reads:

k
) k—1 ) __
q,; we kw,” =0,

from which we obtain
aV =k, £=1,...,N. (22)

Making use of the explicit expression of the ¢’s in terms of the a’s, as given above,
and denoting

a=a?), £=1,...,N, (23)
from (20) we obtain
k2
a“)_—(k+3)mZ 3 f=L.oN (24)

Substituting (22) and (24) into the expression for the g’s found above, then from
(19) we obtain (2a), while the vanishing of the constant (in \) coefficient of (21) is
equivalent to (2b).
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We have thus arrived to the following result: an s(3 Quantum KdV oper is equiva-
lent to a scalar third order differential operator of the form (1) such that its coefficients
satisfy the system of algebraic equations (2).

2.6 The Dual Representation. Formal Adjoint Operator

Before we proceed further with our analysis, and we construct solutions to the Bethe
Ansatz equations, we introduce a second representation of the algebra sl3. This is
called the second fundamental representation or dual representation, and we denote it
by C3 .1t {€1, €2, €3} is the standard basis of C? as above, we denote by {€], €5, €3}, the
corresponding dual basis in C** such that (€f, €;) = 6;;. In these basis, the matrices
representing the elements hy, ha, 8, p¥, ey, 2, ¢y, f read

000 100 100
hi=1010], hh=[0-10], p=6"=1]00 0 |,
00-1 000 00-1
000 010 00 -1 000
e1=1001], e2=]1000), e=(0001]), f=1100
000 000 00 0 010

As we have discussed before, the general sl3 oper can be written the canonical form as
the connection £ = 9, + f + vie; + vyey, for an arbitrary pair of rational functions
vy, vz € K. In the dual representation, we thus have

OO—UZ
L=0,+[10 v
01 0

We showed that in the standard representation C? the connection £ is equivalent to the
scalar third order operator (9). In the dual representation the same oper is equivalent
to a different scalar operator, namely to its formal adjoint. Let ¢/* =: C — C3*, with
P (2) = Y{ ()€ + U5 (2)e5 + Y5 ()€}, satisfy L4 = 0 in the dual representation.
Then ¥*(z) := 15 (2) satisfies the scalar ODE

(=02 + 010, + (1, + V))¥*(2) =0, (25)
which is the formal adjoint of the Eq. (9).

The following standard isomorphisms (of s[;-modules) will be needed later to
derive the Bethe Ansatz equations: A* C? = C3* and A\* C** = C3. Explicitly,
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g hNe) =€, 1legne) =6, 1(eNe)=E¢, (26)

e ne) =€, 1ENE) =€, 1(6Ne) =e;. 27)

The above isomorphisms imply that if 1(z), ¢(z) are solutions of L (z) = 0, for
1) : C — C? in the standard representation then z(ql)(z) A ¢(z)) is a solution of the
dual equation £1*(z) = 0, with ¢0* : C — C>"; and conversely.

In the present paper we prefer to work with solutions of the equations in the
scalar form (9) and (25). Recall that the solution of the equations in the scalar
form is just the third component of the solution of the vector equation. If ¥ (z) =
Y1(@)er + Y2(2)e2 + ¥3(2)e3 and o(z) = ¢1(2)€1 + d2(2)€2 + P3(2)e€3, then a sim-
ple calculation shows that

(1t A D), e3) = Wrlas, ¢3]

where Wr[-,-] denotes the usual Wronskian Wr[f(z),g()] = f(2)g'(z) —
['(@)g(2). Similarly, for ¥*(2) =9} (2)ef +¢3()e3 + ¥5()e; and ¢*(2) =
&1 ()€ + P3(2)e5 + ¢3(2)€; we have

(€3, 10" A 9")) = Wrly3, #3].

To prove the above relations, it is sufficient to note that from the matrix first order
equations L(z) = 0, L1*(z) =0 we obtain the identities 1,(z) = —5(z) and
Y3 = —1%'(z). We have thus shown that the Wronskian of two solutions of (9)
satisfies (25), and conversely the Wronskian of two solutions of (25) satisfies (9).

2.7 Relation with Previous Works

The ground state sl3-quantum KdV oper, given by Eq.(11), was also considered —
in the scalar form — by Dorey and Tateo (2000), and by Bazhanov et al. (2002), who
wrote the following third order scalar operator

~ ~

L. B)y=8+ 50, + 3+ — E, (28)
X x
withw, = £,4, + 571579 + 0yl — 2,1y = —L,0,05 and where the ¢;’s are constrained

by the equation £; + £, + £3 = 3. In addition, in our previous paper (Masoero et al.
2016) we considered the ground state oper in the following form

L1/x 0 M _F
Lx,Ey=0+| 1 (L—Lp/x O (29)
0 1 —{y/x
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for arbitrary ¢, £, € C and M > 0. We now show that the differential operators
(11), (28), and (29) are equivalent under appropriate change of coordinates and
Gauge transformations, once the parameters are correctly identified. To show that
the differential operators (28) and (29) are equivalent, we write the operator (28) in
the oper form
0 —/x% Wa/x> +x*M — E
O+ 1|1 0 0 . (30)
0 1 0
It is then a simple computation to show that (30) and (29) are Gauge equivalent if
wesetﬁl —0; + 2, Zz—zl—fz+landZ3—£2
Next we show the equivalence between (29) and (11). As observed in Feigin and
Frenkel (2011), after the change of variable

k+3\ 3M +2
= po(x) = | —— B, k= — , 31
¢ x) ( 3 )x“ 1+M 3D

the operator (29) reads

r/z 0 2+ NK
Loz, ) =0+ 1 (n—-r)/z 0 , (32)
0 1 —r/z

where A € C and ry, r, € C are defined by the relations

k 3 3(k+2)
E—— (i) Al =

rm—-D+1,i=1,2. (33)

3 k+3

It is again a simple computation to show that the opers (32) and (11) are Gauge

equivalent provided the coefficients r', r2, 7!, 72 satisfy the following relations

(34)

—1 — (rl)Z r1r2 + (r2)2 _ rl _ rZ
PZ=r rz(r — rz) +r2(2r —rl= 2).

2.8 Weyl Group Symmetry

The parametrisation (34) of 7!, 72 in terms of ! and 2 will be very convenient when
discussing the behaviour of solutions of £(z, A\)1 = 0 in a neighbourhood of z = 0.
The Weyl group of sl3 — which is isomorphic to the group of permutations of three
elements, S3 —is a symmetry of the map (34), once its action on the parameters rtr2,

which is called the dot action, is properly defined:
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r! —r242 r! —r242
g - <r2> = (_rl +2)° T 2=\ +1)- (35)
We let the reader verify that o, T generate the group S3 (in particular 0> = 1, 73 = 1)

and that the above action is a symmetry of (34). This phenomenon is studied in great
detail and generality in Masoero and Raimondo (2020), Sect. 5.

3 The Bethe Ansatz Equations

In this section we construct solutions of the Bethe Ansatz equations as generalised
monodromy data of Quantum KdV opers, £(z, A). As proved in Sect.?2, these are
opers of the form
ow, W,
Lz, N)=0.+]|10 0], (36)
01 0

where

-1
W1(z)=%+2 ( & + k ) (37a)

S \e-wp?  z@—wp

| k 3 a; 2k +3)a; — k?
Wa(z, N) = = + — + Ak + +—L—+ : ,
? 3 2 Jgj c—wj)?  z@-wp? 32@-wj)

(37b)

and where {a;, w;};=1, n satisfy the system of equations (2). We follow Masoero
et al. (2016), Masoero and Raimondo (2020) closely and the reader should refer to
these papers for all missing proofs. Any finite dimensional representation V of sl3
defines the ODE

L(z, )Y =0, v:.C—V.

Since the monodromy of £(z, A) about w; is trivial for any j, then the solutions of
the above equation are, for fixed A, analytic functions on the universal cover of C*,
minus the lift of the points w;, j € 1... N. We denote such a domain by C. Asit was
originally observed by Dorey and Tateo, the appearance of the Bethe Ansatz equations
is due to a discrete symmetry which acts on both the variable z and the parameter \.
It is therefore necessary to consider solutions /(z, A) as analytic functions of both
variables z and \. More precisely for our purpose v)(z, -) is assumed to be an entire
function of A\. We thus define a solution to be an analytic map ) : C x C — V which
satisfies the equation L£(z, A)1(z, A) = 0 for every (z, A).

The space of solutions, which we denote by V (), is an infinite dimensional vector
space which, as we showed in Masoero and Raimondo (2020), is simply isomorphic
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to V ® O,, where O, is the ring of entire functions of the variable \. This means
that an O,-basis of the space of solutions has cardinality dim V.

3.1 Twisted Opers

Let k = —k — 2, so that 0 < k < 1. For any t € R we define the twisted operator
and twisted solution:

L1z, \) 1= L(e¥™ 7, 2k )y, (38)
wt (Z, )\) — eZimpV,(/J(eZWitZ’ eZﬂ'iZI;)\)' (39)

Taking into account the oper change of variables (Masoero and Raimondo 2020),
then from (36) we explicitly have

EI(Z7 )\) — az + f +e47TiZ‘W1(627rilZ)el +€6mlW2(€2ﬂilZ, ezmri@/\)ee’

and one easily see that the function ¢, (z, A) satisfies £ (z, A)v, (z, A) = 0. A crucial
property of the oper (36) is the following Dorey-Tateo discrete symmetry:

L7z N =L N, (40)
which leads us to consider the following (O)-linear) monodromy operator
M:VO) = V), M@ V) =™ ez, e . @)

In the case sl3, we just need to consider the equations L£'(z, A\)1 = 0 for the

standard representation and its dual. More precisely, the standard representation at 0

twist, and the dual representation at twist t = %

LE NN =0, ¢:CxC—C, (42)
L2z, 0 (2, \) =0, *:CxC— C¥, 43)
By a slight abuse of notation we denote C*(\) the space of solutions of the first

equation, and by C3*()\) the space of solutions of the latter equations, as well as the
solutions of the same equations in the equivalent scalar form

(07 = Wi (@0, + Walz, V)W (z, \) = 0, (44)
(9> — Wi(=2)0. + Wa(—z, €5 \) — W] (—2))¥*(z, \) = 0. (45)
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Since the solution of the equations in the scalar form is the third component of a
solution of the equation in the matrix form, and since p¥e3 = —e3, pVef = —¢j, the
twist for solutions of the above scalar ODEs is defined as follows

Wt(Z, )\) — e—2i7‘rll1/(€27rilz’ ezwité)\) , lp;k(z’ )\) — e—2i‘n’tl1/*(627'ritz’ 627Tit]€)\).

Equation (45) is the adjoint equation to (44) twisted by t = % ; and conversely, Eq. (44)
is the adjoint equation to (45) twisted by t = % As we recalled in Sect.2.6, the
Wronskian of two solutions of a scalar ODE solves the adjoint equation. It follows
that

1. W (z, \), @(z, ) € C3()) then

Wrl¥_ ) (z, A, @1 (z. V] € C7 (N,

2. fW*(z, \), D*(z, \) € C3*()), then

Wrld? (2. ), @1z V] € C .

3.2 The Eigenbasis of the Monodromy Operator. Expansion
atz =0

The point z = 0 is a regular singularity for the Egs.(44) and (45), but it is also
a branch point of the potential W,, because of the term AzK. Tt follows that the
standard Frobenius series cannot provide solution of the above equations at z = 0.
A generalised Frobenius series, introduced in Masoero and Raimondo (2020), does
however the job. The latter is defined as

D@ N =2" Y cnad"C" co=1. (=Xt (46)

m>n>0

where the indices (3 are computed as in the standard Frobenius method: if the equation
reads

(aﬁ + 2 J;g(l)az +2 +;(1)) ¥(z) =0,

the indices are the roots of the indicial polynomial P(3) = 3° — 38>+ 2+ a)3 +
b. The following facts are proved in Masoero and Raimondo (2020), Proposition
5.1. For every finite dimensional representation V of s(3, and under some genericity
assumptions 3 on the triple (12, 71, 72), we have:

3The genericity assumptions imply that the monodromy operator M is diagonal and no logarithmic
terms appear in the generalised Frobenius series.
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1. The series (46) converges to a solution @@ (z, \) € V(\).

2. MOD(z, \) = 2P DD (7, \), where M is the monodromy operator defined in
41).

3. The collection of the solutions @?(z, \) for all indices 3 forms an O,-basis of
V).

In the cases under our study, namely Eqs. (44) and (45), the indicial polynomials
are, respectively, given by

PB) =3 —338"+Q2—-i)g 472,
PP = =38+ @2 -+ 27 — 7%

Using (34), then we obtain the factorizations

P(B)=@B=r)(B—1+r"=rH(B =241,
P*B)=(B=r)B—=1+r =)@ =2+,

so that the indices are given by

Bi=r Bo=r'—r*+1, B=-r'+2, (47a)
Br=—-r’+2, Bi=r—r'+1, gi=r" (47b)
We denote by
{d)(ﬂl)(z’ N, (15(‘82)(1, N, q)(ﬂs)(z’ M, (48a)
{20 (z, 1), 27 (2, 1), 2 (2, M)}, (48b)

the corresponding solutions of (44) and (45) respectively. Recall that the Weyl group
acting by the dot action (35)on r!, r2, provides a group of symmetries of 7!, 72, hence
it leaves the indicial polynomial invariant, permuting its roots.* The (induced) action
of the generators o, 7 of the Weyl group, see (35), on the indices (47) is provided by
the following permutations:

U(ﬁl) = ﬁo’(i)v T(ﬁi) = ﬁT(i)» i = ]1 27 31 (493.)
o(B) =Brpy, 7B =By, i=1,2,3, (49b)

where
0(1,2,3):=(3,2, 1), 7(1,2,3) := (2,3, 1). (50)

Comparing the asymptotic behaviour at z = 0, we deduce the following 6 quadratic
identities among the (properly normalised) @ (?’s and @(?")’s. Let s € S, then (we

4Many authors fix r!, r2 by imposing the conditions R > RG, > N33, or equivalently RG5>
NG5 > RBJ (Bazhanov et al. 2002; Dorey et al. 2007; Masoero et al. 2016).
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can find a normalisation of the solutions @ @), @) guch that):

Wr[¢;ﬁi(l))’ ¢:(fi(2))] — (_l)p(s)e:tiﬂs(’y)@(ﬂ;‘l3))’ (513)

2 2

Wr[@ig‘fm), q)ff@))] — (_I)P(S)eiiﬂ(v*)(p(ﬂ.un)’ (51b)
2 2

where p(s) is the parity of s € S3, and where
S('Y) = ﬁs(Z) - ﬁs(l), S('Y*) = ﬂj(z) - ﬁj@), (52)

with the B, and 3]

;"( ) defined by the relations (47) and (49).

3.3 Sibuya Solutions. Expansion at 7 = 00

AL
We let g(z, \) be the Puiseaux series of (z’z(l + )\z’k)) 3 truncated after terms of
z~!, and S(z, \) be its primitive

L5 ) .
q(z,A):z%z(HZc,A’z*’k), S(z, /\)=/ q(y, Ndy, (53)

=0

where ¢; are the coefficients of Taylor series expansion at y = 0 of (1 — y)é, and
ZH»]

[Eyldl = .l # -1, [* ‘l =logz.
The Sibuya, or subdominant, solution of the Eqs. (44) and (45) is uniquely defined
by the following asymptotics

W(z,\) =255V (140(1)), asz— 4oo, (54a)
Wiz, \) = 23 SEV (14 0(1)),  asz — +oo. (54b)

Moreover we have that

W'z, \) =—e SV (1 +0(1), asz— 400, (55a)
U (z,\) = —e*EV (1 +0(1)), asz — +oo. (55b)

The Sibuya solutions ¥, ¥ * satisfy the following properties

— It is the solution (unique up to a multiplicative constant) with the fastest decrease
as z — +oo0.

— The asymptotic formulas (54) hold true on the sector | arg z| < 7 + ¢, forsome e >
0 (Masoero et al. 2016). In other words, if we continue analytically ¥ (z, ), ¥*



74 D. Masoero and A. Raimondo

(z, M) as well as the functions ¢g(z, \) and S(z, A) past the negative real semi-axis,
the asymptotic formulas still hold.

— The solutions ¥ (z, A), ¥*(z, \) are entire functions of )\, i.e. ¥(z, \) € C3(\)
and ¥*(z, \) € C* ().

— Finally, and most importantly, the solutions ¥ (z, \), ¥ *(z, A) satisfy the so-called
¥ -system

Wrl¥_i(z, M), ¥1(z, V]) = ¥7(z, V), (56a)

WrlW=, (2, 2), Wiz, VD) = ¥ (2, A). (56b)
The latter identities can be checked by comparing the asymptotic expansion of the
left and right hand side as z — +oc0.

The ¥-system is the last necessary ingredient to construct solutions of the Bethe
Ansatz equations.

34 0 E System and the Bethe Ansatz

As we have shown, the solutions {@ ) (z, \),@ ™) (z, \), ®¥)(z, \)} obtained in
(48a) provide an Oy, basis of C3()), and the Sibuya solution ¥ (z, \) belongs to the
same space. It follows that there exists a unique triplet of entire functions Q; (\) € Oy,
fori = 1,2, 3, such that

¥z M) = Q1N M (@, N) + QNP (2, ) + QNP ) . (5Ta)
Similarly, we have that

W N = QTN (2 M) + 03NS (2, M) + Q5N (Z N, (5Tb)
for a unique triplet of entire functions Q}(\) € O,, with i =1, 2, 3. Substituting
the expansions (57) in the ¥-system (56) and making use of the relations (51) we

obtain the following quadratic relations among the coefficients Q’s and Q*’s, which
is known as Q Q-system. For each s € S3 we have

(=1 Qi M) = €™ 0y (e N Qi (€N

— ™D Q1) (€™ N) Q0 (67N, (58a)
(=D Qy3 (V) = ™ Q% (€7N) Q) (€7 N)
_ e—iﬂs(f)*) Qj(l)(eiﬂ];A) Q;F(2) (e—irrlz)\)’ (58b)

where p(s) is the parity of s, and the phases s(v), s(7*) are defined in (52).
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Remark 2 System (58) was shown by Frenkel and Hernandez (2018) to be a univer-
sal system of relations in the commutative Grothendieck ring K (O) of the category
O of representations of the Borel subalgebra of the quantum affine algebra U, (s[3).

Finally, the Bethe Ansatz equations is a pair of functional relations for each one
of the six pairs of Q functions of the form { Q) Q;‘G)}, s € §3. Let \; denote an
arbitrary zero of the function Q1),and A{ an arbitrary zero of Qf ;). Evaluating the

above relations at e*™ ), we obtain the Bethe Ansatz equations

.7 . ]2
_ eziﬂ's(fy) QS(])(eZMTkAs) - ;F(:.;)(elﬂ' )\v)
Osy(e™2™Ng) Q3 (™)
Q;k(S)(e%Wk/\;k) _ Qs(1)(ei”k)\j)
Q;‘(S)(efﬁﬂ'k)\?) Qy([)(eimk)\?)

: ¢ *
_ esz ")

It is believed that each one of the 6 Bethe Ansatz equations is strong enough to
characterise all of the Q’s and Q*’s, by means of the so-called Destri-De Vega
equations.

4 Quantum Boussinesq Model

The quantum Boussinesq model has been described in great detail by Bazhanov
et al. (2002), from which the notation of the present section is taken and to which
we refer for further details. The model is defined by considering a highest weight
representation Va, 4, of the Zamolodchikov’s Ws-algebra (Zamolodchikov 1985),
and it is characterized by 4 parameters: the central charge —oo < ¢ < 2, the high-
est weight (A, A3) € C?, and the spectral parameter 4 € C. For generic values of
¢, Ay, Az, the representation V4, 4, is irreducible, a condition we assume from now
on. LetL,, W, n € Z, denote the generators of the V5 algebra as in Bazhanov et al.
(2002), Sect. 2. The highest weight fixes a ground state | A,, Az) € V4, a,, satisfying
Ln|A2, A3> = Wn|A2, A3> =0forn > O, and

Lo|Az, A3) = As|Az, A3)  WolAsz, Az) = Az|As, A3z).

The Ws-module Vy, 4, admits the level decomposition
[e ]
Vi, =D Vil ay LoVia, = M2+ NV,
N=0

The ground state |A,, A3) has level zero, the higher states are obtained by the
action of products of the lowering operators L,, W,, n < 0. More precisely, let
{vi...,v, U1..., g}, withy;, U; € N,beabicoloured integer partition of the integer
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N, namely v; <vj1, v; < Vjpand 3, v; + 3, 7; = N; to any such a partition
one associates a state of level N by the formula [ ] Ly, I ; W_3,10).

The integrable structure of the quantum Boussinesq model can be conveniently
encoded in the so-called Q-operators (Bazhanov et al. 2002, Sect.2), from which
the quantum integrals of motion of the model can be obtained. The Q-operators are
more precisely operator-valued functions Q; (¢), 6,» (t),i = 1,2, 3, depending on the
parameter ¢ = i, where p is the spectral parameter of the quantum model.’ The
level subspaces VXZ!) », are invariant with respect to the action of the Q-operators,

. (N N ~ . (N (N
QW VY, -V, Qv -V,

and in particular (for N = 0), the ground state |A,, A3) is an eigenvector for the
Q-operators:

Qi(1)| A, A3) = P (1)| s, As),
—(vac)

Q: ()] A2, A3) =P, (1) Az, As).

As proved in Bazhanov et al. (2002), Sect.5, the Q-operators (and therefore their
eigenvalues) satisfy the system of quadratic relations

Qi) = Qu(gNQs(g~'1) — Qs3(g1)Qa(g 1), (59a)
Qi) = Q:(gNQu(g 1) — Qa(g)Qs(g 1), (59b)
2Qx(1) = Q3(gH)Qi(g ') — Qi(gH)Qs(g~'D), (59¢)
2Qx(t) = Qi(gNQ3(g~"'1) — Q3(g1)Qi (¢~ '1), (59d)
c3Q3(1) = Qi(gNQa(g~'1) — Qa(gH)Qi (g 'D), (5%)
c3Q3(1) = Qa(gNQ (g~ ') — Qi(g1)Qa(g D), (59f)
where
g =e"s, (60a)
¢ = eirr(m—«/?pz) _ e_iW(Pl_\/gPZ)’ (60b)
¢y = 2T _ ezmpl’ (60c)
3 = TP HV3P) _ pmin(piV3p) (60d)

and the parameter g, p;, p» are related to ¢, Ay, As by the identities (Bazhanov et al.
2002, Sect. 3)

2 2 2 2
_ pitp,  c—2 2p2(p; —3py)

=50-24 h, A, =412 , A3 = ———F——
¢ (g+g ), A . T 3 G2

. (61)

5The spectral parameter 1 is denoted ) in Bazhanov et al. (2002).
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4.1 From (58) to (59)

We now prove that the QQ system (58) and the system (59) are equivalent. As a
by-product we deduce the explicit relations (3) among the parameters of the opers,
71,72, k, \, and the parameters of the quantum theory, ¢, Ay, As, u. More precisely,
we derive (3a), (3b) and (3¢) while (3d) can be found in Bazhanov et al. (2002).

Let Q;, Qf.i = 1, 2, 3 be the functions defined by the expansions (57), satisfying
the Qé—system (58). Assume that Q;(0) # 0 and Q7 (0) # 0,i =1, 2, 3. Recall the
definition of the indices 3;, 5, i = 1, 2, 3 as given in (47). Then, a direct calculation
shows that the functions

0:)

_ 20
0:(0)’

0;(0)’°

Pi(t) =t¥ PX(1) i=1,2,3

satisty (59), with the parameters g, pi, p» appearing in (60) related to the parameters
k,r', r? by the relations

A rt 2 V3
g=1_k=k+37 p1=_+__la pZZT

T+ 5 r'=r).  (62)

Substituting the above equation into (61) and using (34) we obtain (3a)—(3c).
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