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1 Introduction

In this paper, we are interested in evolutionary games, in which the interaction of
strategies is studied as a dynamical system. We are interested in the special case in
which the strategies’ interactions follow a specific dynamical system known as the
replicator dynamics.

An evolutionary game is said to be symmetric if there are two players only and,
furthermore, they have the same strategy sets and the same payoff functions. This
type of game models interactions of the strategies of a single population. In contrast,
an asymmetric evolutionary game, also known as multipopulation games, is a game
with a finite set of players (or populations) each of which has a different set of
strategies and different payoff functions.

In our model, the pure strategies set of each player (or population) is a metric space
and consequently the replicator dynamics lives in a Banach space (a space of finite
signed measures). In particular, if we have n players each of which has m; strategies,
fori =1, ..., n, then the replicator dynamics is in R”, where m = er‘l:l m;.

The main goal of this paper is to establish conditions under which a finite-
dimensional dynamical system approximates the replicator dynamics for games with
strategies in metric spaces. In this manner, we can use numerical analysis techniques
for finite-dimensional differential equations to approximate a solution to the replica-
tor dynamics, which lives in an infinite-dimensional Banach space. This is important
because it will allow us to study games with pure strategies in metric spaces such
as models in oligopoly theory, international trade theory, war of attrition, and pub-
lic goods, among others. To achieve this goal, we first present a finite-dimensional
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approximation technique for games in metric spaces and we give a proposal of a
finite-dimensional dynamical system to approximate evolutionary dynamics in a
Banach space, see Sect. 4. After, in Sects. 5 and 6, we establish general approxima-
tion theorems for the replicator dynamics in metric spaces and use these results for
a finite-dimensional approximation given in Sect. 4, see Notes 1 and 3.

Oechssler and Riedel [24] propose two approximation theorems for symmetric
games. The first theorem establishes the proximity in the strong topology of two paths
generated by two dynamical systems (the original model and a discrete approximation
of the model) with the same initial conditions. The second theorem establishes the
proximity in the weak topology of two paths with different initial conditions, and
these paths satisfy the same differential equation.

We propose here two approximation results with hypotheses less restrictive than
those by Oechssler and Riedel [24]. Our approximation theorems extend the results
in [24]. In our case, the approximation theorems are for symmetric and asymmetric
games. Also, we establish the proximity of two paths generated by two different
dynamical systems (the original model and a discrete approximation model) with
different initial conditions. In addition, our approximation results are studied in the
strong topology using the norm of total variation, and also in the weak topology
using the Kantorovich—Rubinstein metric. This last point is important because the
initial conditions and the paths (by consequence) of the original dynamics model and
the finite-dimensional dynamic approximation may be very far between them (both
initial conditions and paths) in terms of the strong topology, but very close between
them in terms of the weak topology.

These approximations require different hypotheses. The first approximation the-
orem, Theorem 1, requires a proximity in the strong topology of the two initial
conditions, and it only requires that the payoff functions for the original model be
bounded. The second approximation result, Theorem 2, weakens the hypothesis of
proximity of the two initial conditions (it only imposes a condition of proximity in
the weak topology), but it requires that the payoff functions for the original model
be Lipschitz continuous.

There are several publications on the replicator dynamics in games with strategies
in metric spaces. For instance, conditions for the existence of solutions, as in Bomze
[4], Oechssler and Riedel [23], Cleveland and Ackleh [7], Mendoza-Palacios and
Herndndez-Lerma [21] (for asymmetric games). Similarly, conditions for dynamic
stability, as in Bomze [3], Oechssler and Riedel [23, 24], Eshel and Sansone [9], Vee-
len and Spreij [30], Cressman and Hofbauer [8], Mendoza-Palacios and Hernandez-
Lerma [21, 22].

The paper is organized as follows. Section 2 presents notation and technical
requirements. Section 3 describes the replicator dynamics and its relation to evo-
lutionary games. Some important technical issues are also summarized. Section 4
introduces a finite-dimensional game to approximate evolutionary games in a Banach
space. Section 5 establishes an approximation theorem for the replicator dynamics
on measure spaces by means of dynamical systems in finite-dimensional spaces. The
distance for this first approximation is the total variation norm. Section 6 establishes
an approximation theorem using the Kantorovich—Rubinstein metric. Section 7 pro-
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poses an example to illustrate our results. We conclude in Sect. 8 with some general
comments on possible extensions. An appendix contains results of some technical
facts.

2 Technical Preliminaries

2.1 Spaces of Signed Measures

Consider a separable metric space (A, ) and its Borel o-algebra B(A). Let M[(A)
be the Banach space of finite signed measures © on B(A) endowed with the total
variation norm

l[ell == sup = |l (A). )

Ifi=1

/ flau(da)
A

The supremum in (1) is taken over functions in the Banach space B(A) of real-valued
bounded measurable functions on A, endowed with the supremum norm

If1l == sup | f(a)l. (@)

acA

Consider the subset C(A) C B(A) of all real-valued continuous and bounded func-
tions on A. Consider the dual pair (C(A), M((A)) given by the bilinear form
(-,-) : C(A) x M(A) - R

(g, 1) = /A (@ u(da). 3)

We consider the weak topology on M((A) (induced by C(A)), i.e., the topology under
which all elements of C(A) when regarded as linear functionals (g, -) on M(A) are
continuous.

2.2 The Kantorovich—-Rubinstein Metric

There are many metrics that metrize the weak topology on P(A). Here we use
the Kantorovich—Rubinstein metric. Let (A, ¥) be a separable metric space, and
P(A) the set of probability measure on A. For any u, v € P(A) we define the the
Kantorovich—-Rubinstein metric r;, as

Tir (i, V) 1= sup {/Af(a)u(da)—/Af(a)V(da) Sl = 1}, “4)

feL(A)
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where (IL(A), || - ||1) is the space of continuous real-valued functions on A that satisfy
the Lipschitz condition

1£1l == sup {1 f (@) — fBD)I/O@.b), abeA, a#b)<oco. (5

Let ay be a fixed point in A, and

My (A) = {MeM(A): sup /|f(a)|u(da)<oo}.
fel(A) J A

The Kantorovich—Rubinstein metric r;, can be extended as anorm on Mg (A) defined
as

ller = ln(A)[ 4 sup {/;f(a)u(da) Sl =1, flao) = 0} (6)

fel(A)
for any pu in Mg (A) (see Bogachev [2], Chap. 8).

Remark 1 Note that for any u, v € P(A), ri (1, v) = [t — v||gr. Indeed if 1, v €
P(A), then
sup {f f@u(da) —/ flay(da) : |IfllL = 1}

A A

FeL(A)

= sup {/;[f(a) — f(ap)In(da) —/A[f(a) — flao)lv(da) : |IfllL < 1}

FEL(A)

= sup {Ag(a)u(da)—ﬂg(a)V(da) Cllglls < 1, g(ao)=0}-

g€l(4)

2.3 Product Spaces

Consider two separable metric spaces X and Y with their Borel o -algebras 3(X) and
B(Y). We denote by B(X) x B(Y) the product o-algebraon X x Y. For u € M(X)
and v € M(Y), we denote their product by © x v and it holds that

i x vl < lulllivil. (7

As a consequence, 1 x v is in M(X x Y) (see by example Heidergott and Leahu
[11], Lemma 4.2.).

Now consider a finite family of metric spaces {X;}?_, and their o -algebras B(X;),
as well as the Banach spaces (MI(X;), || - ||) and Mk (X;), || - lg-)-Fori =1, ..., n,
let u; € M(X;) and consider the elements u = (uy, ..., i) in the product space
M(X;) X ... x M(X,) with the norm
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[4lloo := max [[u;ll < oo. )
1<i<n

These elements form the Banach space (MI(X;) X ... x Ml(X},,), || - lso). We can
similarly define the Banach space (Mg (X) X ... x Mg (X,), | - ||’;g), where

kr .
Iillee = max [|p;ller < 00. )
1<i<n

2.4 Differentiability

Definition 1 Let A be a separable metric space. We say thata mapping u : [0, c0) —
M(A) is strongly differentiable if there exists u'(t) € M(A) such that, for every
t >0,

lim W] =o. (10)

e—0

pt+e) —pu@
€

Note that, by (1), the left-hand side in (10) can be expressed more explicitly as

lim sup
=0 g)<1

1
- [/; g(a)u(t+6,da)—/Ag(a)u(t,da)} —/Ag(a)//(t,da)

€

The signed measure p’ in (10) is called the strong derivative of .

For weak differentiability, see Remark 3.

3 The Replicator Dynamics and Evolutionary Games

3.1 Asymmetric Evolutionary Games

Let I :={1, 2, ..., n} be the set of different species (or players). Each individual of
the species i € I can choose a single element ¢; in a set of characteristics (strategies
or actions) A;, which is a separable metric space. For every i € I and every vector
a := (ay, ..., a,)inthe Cartesian product A := A X ... X A,, we writea as (a;, a_;)
where a_; := (ay, ..., ai—1, Gi+1, ..., Gy) 1S in

A=A X .. XA _| XA X...XA,.
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For each i € I, let B(A;) be the Borel o-algebra of A; and P(A;) the set of
probability measures on A;, also known as the set of mixed strategies. A probability
measure i; € P(A;) assigns a population distribution over the action set A; of the
species i.

Finally, for each species i we assign a payoff function J; : P(A}) x ... x P(A,) —
R that explains the interrelation with the population of other species, and which is
defined as

Ji(pers ooy fhn) I=/ / Ui(ai, ..., an) pin(day)... 11 (day), Y
Ay Ap

where U; : Ay X ... X A, — R s a given measurable function.

For every i € I and every vector u := (uy, ..., 4y) in P(A}) X ... x P(A,), we
sometimes write @ as (Wi, h_;), Where _; := (1, coes i1s Mitls -oer M) 1S IN
P(A;) x ... x P(A;—1) x P(A;j41) x ... x P(A,). If 8, is a probability measure
concentrated at a; € A;, the vector (8y4,), t—;) is written as (a;, —;), and so

Ji gy, —i) = Ji(ai, u—p). (12)

In particular, (11) yields
Ji(pis i) == / Ji(ai, p—i)pi(da;). (13)
Ai

In an evolutionary game, the dynamics of the strategies is determined by a system
of differential equations of the form

wi(t) = Fi(ui(t), ..., () VY iel, t>0, (14)
with some initial condition p; (0) = ;o foreachi € I.The notation . (¢) represents
the strong derivative of w, (¢) in the Banach space M(A;) (see Definition 1). For each
i €1, F;(-) is a mapping

F; :P(A) x ... xP(A,)) —> M(A)).

Let
F:P(A) x...xP(A,) > M(A)) x ... x MI(A,)

be such that F(u) := (F1(w), ..., F,,(1)), and consider the vector
W' () == () (1), ..., w, (1)).
Hence, the system (14) can be expressed as

W) = F(u()), (15)
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and we can see that the system lives in the Cartesian product of signed measures
M(A) x ... x M(A,),

which is a Banach space with norm as in (8).
More explicitly, we may write (14) as

ui(t, E)) = Fi(u(t), E;) Yiel, E €B(A), t=0, (16)

where ) (t, E;) and F;(u(r), E;) denote the signed measures w;(¢) and F; (14(¢))
valued at E; € B(A;).

We shall be working with a special class of asymmetric evolutionary games which
can be described as

[ {pan) a0} Jwo=Feom) | a”

i€
where

@) I ={1, ..., n}is the finite set of players;
(ii) foreachplayeri € I wehaveasetP(A;) of mixed actions and a payoff function
Ji :P(A}) x ... x P(A,) — R (asin (12)); and
(iii) the replicator function F;(u(t)), where

R, B i= [ [ ne@) = 0. poio) e da. 19)

i

Conditions for the existence of solutions and dynamic stability for asymmetric
games are given, for instance, by Mendoza-Palacios and Hernandez-Lerma [21],
Theorems 4.3 and 4.5.

3.2 The Symmetric Case

We can obtain from (17) a symmetric evolutionary game when / := {1, 2} and the
sets of actions and payoff functions are the same for both players,i.e., A = A; = A,
and U(a, b) = U(a, b) = Uy(b, a), for all a, b € A. As a consequence, the sets of
mixed actions and the expected payoff functions are the same for both players, that
is, P(A) = P(A;) = P(A) and J (i, v) = J1(u, v) = JL(v, u) forall u, v € P(A).
This kind of model determines the dynamic interaction of strategies of a unique
species through the replicator dynamics u'(¢t) = F(u(¢)), where F : P(A) — M(A)
is given by

F(u(), E) == /E [ @ 1) = 1), 10) |12, da) VE € Ba).  (19)
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Asin (17), we can describe a symmetric evolutionary game in a compact form as

[1=11,2}, P(A), J(), W)= Fu@)]. (20)

There are several papers on the replicator dynamics in symmetric games with
strategies in metric spaces. In particular, for conditions on the existence of solu-
tions, see, for instance, Bomze [4], Oechssler and Riedel [23], Cleveland and Ackleh
[7]. Similarly, conditions for dynamic stability are given by Bomze [3], Oechssler
and Riedel [23, 24], Eshel and Sansone [9], Veelen and Spreij [30], Cressman and
Hofbauer [8], Mendoza-Palacios and Herndndez-Lerma [22], among others.

4 Discrete Approximations to the Replicator Dynamics

To obtain a finite-dimensional approximation of the replicator dynamics (15) (with
F;(-) in (18)), for an asymmetric (17) (or symmetric (20)) model, we can apply the
following Theorems 1 and 2 to a discrete approximation of the payoff functions
U; and the initial probability measures u; o, for i in /. For some approximation
techniques for the payoff function in games, see Bishop and Cannings [1], Simon
[29].

4.1 Games with Strategies in an Real Interval

Oechssler and Riedel [24] propose a finite approximation for a symmetric game.
Following [24], consider an asymmetric game (17) where, for every i in I, A; =
[ci.1, ci2] (for some real numbers with ¢; | < ¢;») and U; is a real-valued bounded

2k —1

function. For every i in I, consider the partition Py, := {&,, }mi:0 over A;, where

m;[c;i> — cinl

sm,- = [am,-’ am,-Jrl)» am; = Ci,1 + - s
2ki
form; =0,1,...,2% — 1 and &y _1 :=l[ay _1, cip]. For every i in I, the discrete
approximation to U; is given by the function
Uk,- (X1, veey Xiy anny xn) = Ui(aml, Qs ey amn),
if (X1, .oy Xiy ooy Xp) i8I0 Ey, X -+ - X &y, X - -+ X &, . Also, foreachi in I we approx-

imate a probability measure p; € P(A;) by a discrete probability distribution 1, on
the partition set Py,. Then we can write the approximation to the payoff function (11)
as
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T ks ooos ) 3= Yoo D Uiy ooy @, by, G =+ i, Emy). (1)

Em €Py Em, €Py,

Foreveryi € I andevery vector ity := ([, --v» i,) INP(Pp,) X ... X P(Py,), we

write fug as (i, k), Where pe; i= (Uiys «os Bkgys Bokiyys - Hk,) 18 10 PPy ) X
e X PPy ) X P(Py,,) x .. X P(Py,). If 8, ) is a probability measure concen-
trated at &,,, € Py, the vector (8[%}, W—;) is written as (a,, 4—;), and so

Jii g,y i) = Ji @m; s i) (22)

In particular, (21) yields

i s i) = T @m,s i, Gim,)- (23)
Em; €Py;

Note that py := (Ui, ..., Ui,) In P(Py,) X ... x P(Py,) is a vector of measures
in P(A;) x ... x P(A,). Then for any i € I and E; € B(A;) N Py,, the replicator
induced by {Uy, }ie; has the form,

o EY = Y [y () = i (O, 1, 0 s 0 6, 2%
£, €EiNPy,

2kn

which is equivalent to the system of differential equations in R 42" of the form:

1 (1 6 = [ G 111, (0) = T G 00, O) |1 0, 6). 25)

fori =1,2,...,nandm; = 0, 1,..., 2% — 1, withinitial condition {sts, o (£,)}2 -

Hence, using Theorem 1 or Theorem 2, we can approximate (14), (15) (with F;(-)
as (18)) by a system of differential equations in R?"'+-+2" of the form (25).

4.2 Games with Strategies in Compact Metric Spaces

Similarly as in Sect. 4.1, consider an asymmetric game (17) where, for every i in I,
A; is a compact metric space and U; is a real-valued bounded function. For every i in
I, consider the partition P, := {A,,, },2::;& over A;. Foreveryi in I and a fixed profile
@y s Oy s oo Q) € Ay X oo+ X Ay, X -+ - X Ay, , the discrete approximation to
U, is given by the function

Uk,- (xla ceey Xiy eeny xn) = Ui(am| s o limys oens am,,)»
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if (X1, ..., %, .0, Xp) 1810 Ay X oo X Ay, X -+ X Ay, . If for each i in 1 we can
approximate any probability measure p; € P(A;) by a discrete probability distribu-
tion 14, on the partition set Py, then we can write the approximation to the payoff
function (11) as

T Qs oo i) 7= Y o > Uiy eees )k, (Am,) - i (A, (26)

Am] EPkl A/”y, EPk”

Foreveryi € I and every vector iy 1= (Ui, s --s Mk,) INP(P,) X ... X P(Py,), we
write pg as (fbr,, U—k, ), Where fir_, i= (ks ooos Wiy Mkipys oo Mk,) 18 0 P(Py) X
e X P(Py,_)) X P(Py,,) x ... x P(P,). Note that pg := (tk,, -, pg,) in P(Py) x
... X P(Py,) is a vector of measures in P(A;) x ... x P(A,). Then for any i € I and
E; € B(A;) N Py, the replicator induced by {Uy, }ier has the following form:

o EY = Y [y, (0) = T Gt 0, a0 s 0, A, @T)

Am; €ENP,
which is equivalent to the system of differential equations in R2"+-+2" of the form:
1 (0 A = [T @ 0) = T G, O i, O) | 0 A (28)
fori =1,2,...,nandm; = 0, 1,...,2% — 1, withinitial condition { t, 0 (A, )12y

As in Sect. 4.1, using Theorem 1 or Theorem 2, we can approximate (14), (15)
(with F;(-) as (18)) by a system of differential equations in R2" +-+2"

5 An Approximation Theorem in the Strong Form

In this section, we provide an approximation theorem that gives conditions under
which we can approximate (14), (15) (with F;(-) as in (18)) by a finite-dimensional
dynamical system of the form (25) under the total variation norm (1).

The proof of this theorem uses the following two lemmas, which are proved in
the appendix.

Lemma 1 For each i in I, let A; be a separable metric space. If each map w; :
[0, o0) — M(A;) is strongly differentiable, then

dllpn(0)lloo

< I/ () |l co-
Proof See Appendix.

Lemma 2 Foreachi in I, let A; be a separable metric space and let F(-) be as in
(14), (15) (with F; as in (18)). Suppose that for each i in I the payoff function U; (-)
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in (18) is bounded. Then

IFO) = F(Wlloo = Qllv — ptllc Y, v € P(A}) x ... X P(Ay), (29)
where Q := 2n+ 1)H and H := r?galx 1U;]].

Proof See Appendix.

Theorem 1 For each i in I, let A; be a separable metric space and let U;, Uf :
Ay X ... X A, = Rbe bounded functions such thatma{x |U; — Uf|l < €, where]| - |
4SS

is the sup norm in (2). Consider the replicator dynamics induced by {U;}}

i=1
{(UfY_, ie.,

and
it B = [ [ @) = 500 i) Jstr.da. GO

i B = [ @i = o0 @ ]udan. 60
E;

foreachi € I, E € B(A;), and t > 0. If u(-) and v(-) are solutions of (30) and (31),
respectively, with initial conditions (1 (0) = wo and v(0) = vy, then for T < oo

1
sup [ln(®) —v(®)llos < 1o — volloce®” + 2¢ <6QT - —) . (32)

1€[0,7] 0

where Q .= 2n+ 1)H and H := malx 1U;]].
IAS]
Proof Foreachiinl andt > 0, let
Bilailp) == Ji(a;, w—i) — Ji(i, w—i),  Bf (ailvi) = Jf(a;, v_i) — JF (v, v_y),
and
Fi(u, E;) 5=/ Bilailmwpi(da;), Ff(v, E;) 12/ B; (ailv)vi(da;).
E; E;

Since U; is bounded, by Lemma 2 there exists Q > 0 such that

[FO) = F(lloo = Qllv — pilloc Yir, v € P(AD) X ... X P(Ap). (33)

Actually, Q := (2n+ 1)H and H := ma[x IU;||. We also have that, for alli € I and
IAS]
velP(A) x...xP(A,),

I Fi(v) = Ff ()|l < / |Bi(@ilv) — B (ai|v)|vi(da;) <2||U; — Uf|| < 2,
A;
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SO
IF(v) = F W) llo = 2e. (34)

By Lemma 1 and (33), (34), we have

d|p(®) = v(0)lloo

o < W@ vl

= [F(u@®) = F o)l
S NF @) = Fo) o + 1F0@) = FC )]l
= Qllpn@) = v(D)lloo + 2€.

Then

dlp(®) = v()lloo

o — Ollu(®) = vl = 2e.

Multiplying by e~ 9" we get

dlpu(t) = v(0) e
dt

— Q) = v(®) [l %" < 2ee™,

and integrating in the interval [0, 7], where t < T, we get

B _ 1 —e &
() — v(t) lose™ 2" — llito — volleoe 2" < 2€ (T) :

Then for all r € [0, T']

e2 — 1

1£(8) = V() lloo = Il120 — volloce? + 2¢ (

oT _ 1
< llmo — volloce®” + 2¢ (e 0 > ,

which yields (32). O

Remark 2 The last argument in the proof of Theorem 1 is a particular case of
the well-known Gronwall-Bellman inequality: If f(-) is nonnegative and f’(t) <
Qf (t) + c for all > 0, where Q and c are nonnegative constants, then

F(1) < f(0)e? +cQ (2 — 1) forall t > 0.

For the reader’s convenience, we included the proof here. O

Note I As in Sects. 4.1 and 4.2, consider a game with strategies in compact metric
spaces. For each playeri € [ consider a partition P, of A; and suppose that the initial
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condition ;o € P(A;) of (30) can be approximated in the variation norm by a discrete
probability distribution 1y, o € P(Py,). Thenforanyi € I and E; € B(A;) N Py,,(31)
can be written as (27) (or (24)), with U as (26) (or (21)). So, in this particular case,
(30) can be approximated by a system of differential equations in R2" 2" of the
form (28).

Note 2 For the existence of the replicator dynamic, only the boundedness of the
payoff functions is necessary (see Sect.4 in [21]). So, the hypothesis of compactness
on the set of strategies is not necessary in Theorem 1. Hence, the hypothesis of
compactness on the set of strategies is also not necessary to approximate (30) by a
finite-dimensional dynamical system. For example, it is sufficient that there exists
a discrete probability distribution with finite values for any probability distribution
over the set of strategies. For this last case, it is enough that for eachi € I, let A; be
a separable metric space, see Theorem 6.3, p. 44 in [26]. However, the compactness
on the set of strategies ensures the existence of Nash equilibrium.

Corollary 1 Let us assume the hypotheses of Theorem 1. Suppose that for each i

in I, there exists a sequence of functions {U;" )2, and probability measure vectors

(V"2 such that maIx |U; — Ul = 0 and |0 — v lloo = 0. If () and v"(-)
IS

are solutions of (30) and (31), respectively, with initial conditions 1 (0) = wo and

V"(0) = vy, then for T < oo,

lim sup ||H'(t) - Vn(t)”oc =0.

=00 t¢[0,T]

6 An Approximation Theorem in the Weak Form

The next approximation result, Theorem 2, establishes the proximity of two paths
generated by two different dynamical systems (the original model and a discrete
approximating model) with different initial conditions, under the weak topology. To
this end we use the Kantorovich—Rubinstein norm || - ||z on M((A), which metrizes
the weak topology.

Remark 3 Let A be a separable metric space. We say that a mapping u : [0, 00) —
M(A) is weakly differentiable if there exists u'(z) € MI(A) such that for every t > 0
and g € C(A)

1
lim — [/ glayu(t +e€,da) — / gla)u(t, da):| = / gl (t,da). 35)
e=0€ | Ja A A
If || - ||x.- is the Kantorovich—Rubinstein metric in (4), then (35) is equivalent to

lim

e—0

= 0. (36)
kr

w(t + 62 —u@ W)
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Moreover if p'(¢) is the strong derivative of (), then it is also the weak derivative
of (). Conversely, if u'(¢) is the weak derivative of p(f) and w(¢) is continuous in
t with the norm (1), then it is the strong derivative of w(¢). (See Heidergott, Hordijk,
and Leahu [11].)

Lemma 3 For each i in I, let A; be a separable metric space. If each map w; :
[0, o0) — M(A;) is strongly differentiable, then

d)| )l Lo ke
— =< t .
= Il s
Proof The proof is similar to that of Lemma 1. (]

Lemma 4 For each i in I, consider a bounded separable metric space (A;, V)
(with diameter C; > 0) and the metric space (A| X ... X A,, 0*), where 9" (a, b) =
malx{z?,-(a,-, b))} forany a,bin Ay x ... X A,. Let F(-) be as in (14), (15) (with F;
IAS]

asin (18)). For eachi in I, suppose that the payoff function U;(-) in (11) is bounded
and satisfies that ||U; ||, < 0o. Then there exists Q > 0 such that

IF() — Fau) X < Qllv — ul (37)

forallp,v e P(A)) X ... x P(A,) N Mg (A)) X ... x Mg (A,), where Q := [2H +
2n—-1)CH;], H := malx U, H, := malx WUillL, and C = malx C;.
1€ 1€ IS

Proof See Appendix.

Theorem 2 Foreachi in I, let (A;, ¥;) be a bounded separable metric space (with
diameter C; > 0), and U;, U : Ay X ... X A,, = R be two bounded functions such

1

thatmalx |U; — US|l < €.. Foreachiin I, suppose that |U; ||, < oo and consider the
IAS]
replicator dynamics induced by {U;}_, and {U}!_,, as in (30) and (31). If u(-) and

i=1
v(-) are solutions of (30) and (31), respectively, with initial conditions u(0) = wo
and v(0) = vy, then for T < oo

1
sup (@) — v < llwo — vollie?” + 2¢ (eQT - —). (38)
1el0.7] 0

where Q :=[2H 4+ 2n — 1)CH,], H := malx Ui ll, Hy = maIx 1UillL, and C =
e IAS]

max C;.
iel

Proof Foreachiinl andr > 0, let

Bi(ailpw) == Ji(ai, i) — Ji(i, u—i),  Bf (ailvi) :== Jf (ai, v—i) — JF (v, v_y),
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and
Fi(u, E;) 12/ Bi(ailwmi(da;),  Ff(v, Ep) ;:/ B; (a;|v)vi(da;).
E; E;
By Lemma 4 there exists Q > 0 such that

IF() — F(I% < Qllv — s, (39)

for all p,veP(A) x..xP(A,) NMg(A)) x ... x Mg(A,). Actually,
Q:=2H+ (2n—1)CH,],H := ma[x U\, Hy := ma[x |UillL,and C := malx C;.
1€ 1€ 1€

‘We also have that, for all 7, in I and

velP(A)) x...xP(A,) NMg(A)) x ... x Mg (A,),

1F:(v) = Ff W) ler < Sup / f(@)|Bi(ailv) — B (@i|v)|vi(da;)
L=l JA;
flah=0

<2|U; = U]l sup / flap)vi(da;)
A;

Ifllp =1
faH=0
< 2Ce.
Then!
| F(v) — FEW) || < 2Ce. (40)

By Lemma 3 and (39), (40) we have

d _ kr
M < W@ =Vl
= [|F(u(t)) — FE )"
< IF(u(®) = FOO)S + IF0@®) = FC )l

< Qllp@) —v()lls +2Ce.
(See Remark 2 after Theorem 1.) The rest of the proof is similar to that done in
Theorem 1. O

Note 3 As in Sects. 4.1 and 4.2, consider a game with strategies in compact metric
spaces. For each player i € I let |U;||; < co and consider a partition P, of A;.

INote thatif f satisfies that || f||;. < 1and f(a?) = 0, then f(a;) < ®;(a;,a?) < C; foralla; € A;.

Therefore sup flai)vi(da;) < C.
i<t Ja;
F(@)=0
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Suppose that the initial condition u; o € P(A;) of (30) can be approximated in the
weak form by a discrete probability distribution py, 0 € P(P,), then for any i € 1
and E; € B(A;) N Py, (31) can be written as (27) (or (24)), with U as (26) (or

(21)). So, in this particular case, (30) can be approximated by a system of differential
equations in R2" +-+2" of the form (28).

Corollary 2 Let us assume the hypotheses of Theorem 2. Suppose that foreachi in I,

there exist a sequences of functions {U"}22 | and of vectors of probability measures

{v"}°2, such that maIx |U; — U"|l = 0 and ||jno — vg||’;g — 0. If u(-) and v"(-)
1€

are solutions of (30) and (31), respectively, with initial conditions u(0) = wo and
V"(0) = vy, then, for T < oo,

lim sup [lu(t) — v (D)%, = 0.

=00 4¢[0,T]

7 Examples

7.1 A Linear-Quadratic Model: Symmetric Case

In this subsection, we consider a symmetric game in which we have two players with
the following payoff function:

Ux,y) = —axz—bxy+cx~|—dy, 41

with a, b, ¢ > 0 and d any real number.
Let A = [0, M], for M > 0, be the strategy set. If 2c(a — b) > 0 and 4a*> — b* >
0, then we have an interior Nash equilibrium strategy (NES)

_ 2c(a—b)
T 4a? — b2

*

Let 14(¢) be the solution of the symmetric replicator dynamics induced by (41).
Then if the initial condition is such that pg(x*) > 0, we have that £ (t) — &+ in
distribution (see, [21-23]).

Consider a game wherea =2, b=1, ¢ =5, d = 1, M = 2. For this game, the
payoff function (41) is bounded Lipschitz and by Theorem 2 we can approximate the
replicator dynamics by a finite-dimensional dynamical system of the form (25) under
the Kantorovich—Rubinstein norm. Figure 1 shows a numerical approximation for
this game where the Nash equilibrium is x* = 1. For this numerical approximation,
we consider a partition with 100 elements with the same size and use the forward
Euler method for solving ordinary differential equations. We consider the uniform
distribution as initial condition. We show the distribution for the times 0, 1000, and
2000.
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Fig. 1 Linear Quadratic
Model: Symmetric Case t=0
t=1000
t=2000
(1] L L _t =
0 1 2

Note that, under the strong norm, the Nash equilibrium x* = 1 cannot be approx-
imated by any probability measure with continuous density function.

7.2 Graduated Risk Game

The graduated risk game is a symmetric game (proposed by Maynard Smith and
Parker [20]), where two players compete for a resource of value v > 0. Each player
selects the “level of aggression” for the game. This “level of aggression” is captured
by a probability distribution x € [0, 1], where x is the probability that neither player
is injured, and %(l — x) is the probability that player one (or player two) is injured.
If the player is injured its payoff is v — ¢ (with ¢ > 0), and hence the expected payoff
for the player is

(42)

Ulr. y) = vy + 5(1—y) ify>x,
’ (1 —x) ify <x,

where x and y are the “levels of aggression” selected by the player and her
opponent, respectively.
If v < c, this game has a Nash equilibrium strategy with the density function

dp*(x)  a—1
dx 2

a=3
2

x 7, (43)

where o = % (see Maynard Smith and Parker [20], and Bishop and Cannings [1]).

Let w(¢) be the solution of the symmetric replicator dynamics induced by (42).
Then, for any initial condition wy with support [0, 1], we have that u(t) — §,+ in
distribution (see [22]).
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Fig. 2 Graduate Risk Game: r

— 101 — 6 - — 0
Casec=10;v=6:5 1=500

=1000

Fig. 3 Graduate Risk Game:

Casec=10;v=0:5 || —— =0

——— =500
=1000

Consider a game where ¢ = 10, v = 6.5. For this game, the payoff function (42) is
bounded, and by Theorem | we can approximate the replicator dynamics by a finite-
dimensional dynamical system of the form (25) under the strong norm (1). Figure 2
shows a numerical approximation for this game. For this numerical approximation,
we consider a partition with 100 elements with the same size, and use the forward
Euler method for solving ordinary differential equations. We consider the uniform
distribution as initial condition. We show the distribution for the times 0, 500, and
1000.

In the same way, Fig. 3 shows a numerical approximation for a game where
¢ = 10, v = 0.5. For this numerical approximation, we consider a partition with 100
elements with the same size, and use the forward Euler method for solving ordinary
differential equations. We consider the uniform distribution as initial condition. We
show the distribution for the times 0, 500, and 1000.
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8 Comments

In this paper, we introduced a model of asymmetric evolutionary games with strate-
gies on measurable spaces. The model can be reduced, of course, to the symmetric
case. We established conditions to approximate the replicator dynamics in a measure
space by a sequence of dynamical systems on finite spaces. Finally, we presented
two examples. The first one may be applicable to oligopoly models, theory of inter-
national trade, and public good models. The second example deals with a graduated
risk game.

There are many questions, however, that remain open. For instance, the replicator
dynamics has been studied in other general spaces without direct applications in game
theory such as Kravvaritis et al. [15-18], and Papanicolaou and Smyrlis [25] studied
conditions for stability and examples for these general cases. These extensions may
be applicable in areas such as migration, regional sciences, and spatial economics (see
Fujita et al. [10] Chaps.5 and 6). An open question: can we establish conditions to
approximate the replicator dynamics for general spaces by a sequence of dynamical
systems on finite spaces?

In the theory of evolutionary games, there are several interesting dynamics,
for instance, the imitation dynamics, the monotone-selection dynamics, the best-
response dynamics, the Brown—von Neumann—Nash dynamics, and so forth (see, for
instance, Hofbauer and Sigmund [13, 14], Sandholm [28]). Some of this evolution-
ary dynamics have been extended to games with strategies in a space of probability
measures. For instance, Hofbauer et al. [12] extend the Brown—von Neumann—Nash
dynamics; Lahkar and Riedel extend the logit dynamics [19]. These publications
establish conditions for the existence of solutions and the stability of the correspond-
ing dynamical systems. Cheung proposes a general theory for pairwise comparison
dynamics [5] and for imitative dynamics [6]. Ruijgrok and Ruijgrok [27] extend
the replicator dynamics with a mutation term. An open question: can we establish
conditions to approximate other evolutionary dynamics for measurable spaces by a
sequence of dynamical systems on finite spaces?

Acknowledgment This research was partially supported by the Fondo SEP-CINVESTAV grant
FIDSC 2018/196.

Appendix: Proof of Lemmas

For the proof of Lemmas 2 and 4, it is convenient to rewrite (11) as

Loy Ui ::/ / Ui(ai, ..., ap) i, (day)... ;i1 (day). 44)
A Ap

Hence (12) becomes
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Jian py) = / Us(as, )i (das) 45)

—i

= Ly ooopticr o ptigr vt Ui (@1

Proof of Lemma 1
‘We have the following inequalities:

dllplle d

= omax o))

1

= lim — | max [|lu; (r + €)[]] — maX[IIMi(t)II]}
e—0 € | i€l iel

1

< lim — | max [||u; (r + €)|| — ||,U«i(t)||]:|
e—>0 € _LEI

1
< lim — max Uit +e€) — u,-(t)ll]]

e—0 €
= max [l 0)1]

= ' ®. O

wi(t+€) — i)
€

= max | lim
iel |e—0

Proof of Lemma 2

Foranyiin 7/ and u,vinP(A;) x ... x P(A}), using (44) we obtain

‘ f Us(ayn(da) — / Ui (@yv(da)
A A

= |I(m,nz-»---nn)Ui - I(vl,nz-m,nn)Ui|

+ |Z(vw7z,nswﬂ7n)Ui - I(VI»VZ»UB,nnnn)Ui'

+ ..

+1Zoo, vzt Ui = Lo vz vy Ui

+1Zoo, vt Ui = Lo oo Uil
<NWUilllmz2 X oo X nallllny — vl

+ 1Uillllve x n3 X oo X nalllm2 — v2ll

+ ..

+ 1 Uilllvi X oo X vz X DulllMa—1 — Va1l
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+ Uil X oo X 1[0 = vyl
=n||Uill max|[n; —v;ll. (46)
jel
Similarly, using (45),
[i(ai, p—i) — Ji(ai, v-i)| = (n — DIIUi|[lIt — Vlloo- (47

Using (46) and (47), we have

I1Fi (1) — Fi (W) lleo

sup /A_ S @)Fi(pw) — F;(v)](da;)

IfI=1
< s [ f@lia. il - vida)
IflI<1JA;
+ sup f@alJi(ai, pu—i) — Ji(ai, v—i)|vi(da)
<1 JA;
+ sup ff(ai)”i(ll«iwl/-—i”[vi_Mi](da)
Ifll<1JA
+ sup /f(ai)”i(visv—i)*J(Mial/«—i)h)i(da)
Ifll<1JA
< Uil = vill + (0 = DI [l = vlloollvil

+ Uil i = vill + 2l Uil = viioollvil
S Hlp=view+ (= DHllp —vieo + Hllt = viioo + nH |t — Vo
= 2n+ DH|i = vloos

where H := maIx |U; || ([l
1€
Proof of Lemma 4

Foranyiand jin/ anda_;in A_; let

|Ui(aj,a_;) — U;i(bj,a_;)|
10 a-plle = su < Uiz, and
DI 08, 0 (@), (boa ) .

i Uiaj,a-j)

FNUG as I

Then for any i in 7 and u, v in P(A;) x ... x P(A}), using (44) we see that
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f Us(ayn(da) — / Ui (@yv(da)
A A

<NUi s a-D el Zoyms, o Ui = Loy Uy
+ Ui aD N sy UZ = Loy s s U7 |
+ ...
+ Ui G a— DL T om0 U = Zeonvssvnrmy Ur
+ Ui G a-i) L Zyovny i) Ul = Loy o U
=WUilllinz % «coo X nalllime — viller
+ [1Uillllvi x 13 X oo X qalllln2 — valler
+ ..
+ 1Uilllv X oo X Va2 X 0alllI0n—1 = Va1 llir
+ 1UilILlve X oo X Va1 00— Vi llkr

<nl|Uileling = vl (48)
Similarly, using (45),
[ i(ai, i) = Jiai, v-i)| < (n = DIUlLlle = vIIE. (49)
Using (48) and (49) we have

I1Fi () = Fi (V) llir

H?FEI/A fla)lFi(n) — Fi(v)](da;)
f(froL);U i

Hﬂlp /A fladlJitai, w_)llp: — vil(da)
f(a()L)i(]) i

+ sup / faplJiai, w—y) — Ji(a;, v_;)|vi(da)
i<t J A,
flag)=0

IA

=+ sup /f(ai)|Ji(MiaM—i)|[Vi_Mi](da)
A

17l <1
f(ag)=0

+ Hﬂlpl / f@plJivi, v_y) — J (i, —i)|vi(da)
L= A
flag)=0

< Uilllpi = viller + 0 = DIU; LIl = vIIE sup / fai)vi(day)
1711 J A;
flag)=0
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+ Ui i = viller + 0l Uil e = vl1%, sup / S (ai)vi(da;)
A;

£l =t
fap)=0
< 2H|u =¥ 4+ @n — DHellp — v Ci
= [2H + (211 - I)CHL]”/J/ - l"”oo,
where H := max |U;||, H := max ||U;||., and C := max C;. =
icl iel i€l
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