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Abstract This paper is devoted to study of existence of at least two positive solutions
for anonlinear Neumann boundary value problem involving the discrete p-Laplacian.
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1 Introduction

In this paper, we investigate the existence of two positive solutions for the following
nonlinear discrete Neumann boundary value problem

—A(@p(Auk — 1)) + qk)pp(uk)) = Af (k,u(k)), kell,N], N,
Au(0) = Au(N) = 0, S

where A is a positive parameter, N is a fixed positive integer, [0, N + 1] is the discrete
interval {0, ..., N + 1}, ¢,(s) := |s|f"’2s, 1 < p <+ooandforallk € [0, N + 1],
q(k) > 0, Au(k) := u(k + 1) — u(k) denotes the forward difference operator and
f 10, N + 1] x R — R is a continuous function.

G. Bonanno - G. D’Agui ()

Department of Engineering, University of Messina, Contrada Di Dio (S. Agata),
98166 Messina, Italy

e-mail: dagui@unime.it

G. Bonanno
e-mail: bonanno @unime.it

P. Candito

Department DICEAM, University of Reggio Calabria, Via Graziella (Feo Di Vito),
89122 Reggio Calabria, Italy

e-mail: pasquale.candito@unirc.it

© Springer Nature Switzerland AG 2020 299
S. Pinelas et al. (eds.), Differential and Difference Equations with Applications,

Springer Proceedings in Mathematics & Statistics 333,
https://doi.org/10.1007/978-3-030-56323-3_23


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-56323-3_23&domain=pdf
mailto:dagui@unime.it
mailto:bonanno@unime.it
mailto:pasquale.candito@unirc.it
https://doi.org/10.1007/978-3-030-56323-3_23

300 G. Bonanno et al.

The theory of difference equations employs numerical analysis, fixed point meth-
ods, upper an lower solutions methods (see, for instance, [3, 5, 7, 23]). The variational
approach represents an important advance as it allows to prove multiplicity results,
usually, under a suitable condition on the nonlinearities, see [1, 2, 7-11, 14-22, 24,
25].

In the present paper, we study the problem (¥, ;) following a variational approach,
based on a recent result of Bonanno and D’ Agui (see [6]), that assures the existence
of at least two non trivial critical points for a certain class of functionals defined on
infinite-dimensional Banach space. This theorem is obtained by combining a local
minimum result given in [13], together with the Ambrosetti-Rabinowitz theorem
(see [4]). In the application of the mountain pass theorem, to prove the Palais-Smale
condition of the energy functional associated to the nonlinear differential problems,
the Ambrosetti-Rabinowitz condition is requested on the nonlinear term, in particular
this means that the nonlinear term has to be more than p-superlinear at infinity.

In this paper, exploiting that the variational framework of the problem (N, ;) is
defined in a finite-dimensional space, we prove that the p-superlinearity at infinity
of the primitive on the nonlinearity is enough to prove the Palais-Smale condition.
For a complete overview on variational methods on finite Banach spaces and discrete
problems, see [12]. We obtain, here, Theorem 2, which gived the existence of two
positive solutions, by requiring an algebraic condition on the nonlinearity (we mean
(6) in 2).

The paper is so organized: Sect.2, contains basic definitions and main results on
difference equations and some critical point tools, in addition, Lemma?2 is given in
order to prove the Palais-Smale condition of the functional associated to problem
(N3, r)- Section 3 is devoted to our main result. In particular, our main theorem allows
us to obtain two positive solutions with only one hypothesis on the primitive of the
nonlinear term f without any asymptotic behaviour at zero. Moreover, a consequence
(Corollary 1) (requiring the p-superlinearity at infinity and the p-sublinearity at zero
on the primitive of f) of our main result is presented in order to show the applicability
of our results.

2 Mathematical Background

In the N + 2-dimensional Banach space
X={u:[0,N+1]—> R: Au(0) = Au(N) = 0},

we consider the norm

N+1 N 1/p
[|u]| := <Z|Au(k - DI? + Zq(k)|u(k)|”) Yu € X.

k=1 k=1
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Moreover, we will use also the equivalent norm

ltlloo := max |u(k)|, Yu e X.
ke[0.N+1]

For our purpose, it will be useful the following inequality

lulloo < llullg~"?, VYu e X, where g:= min gy. (D)
ke[1,N]

Moreover, we mention the classical Holder norm on X.

N1 ’
lull, = (Z |u<k)|f’> :
k=0

We observe that being X a finite dimensional Banach space, all norms defined on it
are equivalent and in particular, there exist two positive constants L; and L, such
that

Lillull, < lull < Lafull,. @

To describe the variational framework of problem (¥, ), we introduce the fol-
lowing two functions a

N
D(u) = W and Y¥(u) := ZF(k, uk)), Yu e X, 3
k=1

where F(k,t) := fot f(k, &)dE& for every (k,t) € [1, N] x R. Clearly, @ and ¥ are
two functionals of class C' (X, R) whose Gateaux derivatives at the point u € X are
given by

N+1

') (v) =Y ¢y (Au(k— 1) Av (k= 1) + g (k) lu (k)" u (k) v (k) ,
k=1

and
N
W) =Y f (k,u k) vk),
k=1

for all 4, v € X. Taking into account that
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N N+1
=Y A@p(Autk = D))K) = Y ¢p(Autk — 1) Avk — 1), Yu v, €X,
k=1 k=1

it is easy to verify, see also [25], that

Lemma 1. Avectoru € X is asolution of problem (N, ) if and only ifu is a critical
point of the function I, = @ — AW. B

Let (X, | - ||) be a Banach space and let I € C'(X, IR). We say that I satisfies the
Palais-Smale condition (in short (P S)-condition), if any sequence {u, },cn € X such
that

1. {I(u,)},en is bounded,
2. {I'(u,)}nen converges to 0 in X*,

admits a subsequence which is convergent in X.
Here, we recall the abstract result established in [6], on the existence of two
non-zero critical points.

Theorem 1. Let X be a real Banach space andlet @, ¥ : X — R be two functionals
of class C" such that il)l(f & = @(0) =¥ (0) =0. Assume that there are r € R and

ueX,with0 < ®(u) < r, such that

sup ¥ (u) _
ued®-1(]—o0,r)) W (u)
< —, “4)
r D)
and, for each
D (1) r

reE A=

va@)  sup Y@
ued-1(]—oo,r])

the functional I, = ® — MW satisfies the (P S)-condition and it is unbounded from
below.

Then, for each A € A, the functional I, admits at least two non-zero critical points
U1, up o such that I (u; 1) <0 < I(u; ).

Here and in the sequel we suppose f(k, 0) > O forall k € [1, N]. We assume that
fk,x) = f(k,0) forall x < O and forall k € [1, N]. Put

Fk,
Loo(k) = lim inf - &8).

s——+o00 sP

Lo := min L (k).
ke[l,N]

We give the following lemma.
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Lemma 2. If Lo, > 0 then I, satisfies (PS)-condition and it is unbounded from
p

L
below for all ) € :| Lz , +oo|:, where L; is given in (2).
p

o0

p p

L
Proof. Since Lo, > 0 we put A > 2 and!/ suchthat Lo, > [ > —i Let {u,} be
p

a sequence such that nEToo L.(uy) i coan nEToo I, (u,) = 0. Put u;t = max{u,, 0}
and u, = max{—u,, 0} foralln € IN. We have that {«, } is bounded. In fact, one has
|Au, (k — D)|" < —¢, (Au,(k — 1)) Au,, (k — 1),

forall k € [1, N + 1], and
q (k) |, (0" = —q (k) | ()17 2wy (k) (k).

forallk € [1, N + 1].

So we have,
N+1
Y (JAuy e = D]" + g k) [uy (0)]")
k=1
N+1
<- (¢p (Aun(k — 1)) Au,, (k — 1) + g (k) |, () |72 up(yu,, (k) .
k=1
So,
N+1
luy 17 = (|Au, k= D" + q (k) |u, (0)]")
k=1
N+1
< - Z (¢p (Aun(k — 1)) Au, (k — 1) + q(k) lua, (k) |72 un (k)u,, (k)
k=1
= =D (u,) (u,).

By definition of u,, and taking into account that f(k, x) = f(k,0) forallx < 0 and
forall k € [1, N], we have

N
W) uy) =Y f Ky uy (k) uy (k) = 0.

k=1

So, we get

lu, P < =@ (up)(u,) < =D (wa) () + 1% () (uy,),
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that is
i, 17 < =I5 (un) (uy, ), (5)
L (u,)(u;
for all n € IN. Now, from lim Il{(u,,) =0, one has lim M =0, for
n—+00 n—-+00 ||un ||
which, taking (5) into account, gives liT lu, || = 0. So, we obtain the claim.
n— 100

M
And, there is M > 0 such that |lu, || < M, |lu,|l, < = L,0<u, (k)<L for
1

allk € [1, N] foralln € IN.
At this point, by contradiction argument, assume that {u,} is unbounded (that is,

{u;'} is unbounded).
.. Pk, s) .

From hmlnf = Lo (k) > Ly > [ there is §; > O such that F(k,s) > Is?
s—+00 Ky

for all s > §;. Moreover,

F(k,s) > min F(k,s) > [s? — [ (max{8, L}))’ + min F(k,s)
sel—L,&] sel—L,&]

> [s? — max{l (max §;, L)? — %niLn(S ] F(k,s),0} =1s? — Q(k)
se|—L,ox

for all s € [—L, &]. Hence, F(k,s) > Is? — Q(k) for all s > —L. It follows that

N
F (k. 1y(k)) > I (uy (k)" — Q(k) for all n € N and for all k € [1,N], > Fi(k,
N N . =
1, (0) = > [L (k) — Q)] = HlualZ = > Qk) = Ljuyll?, — 0. that s,
k=1 k=1

() = gl — 0.

for all n € IN. Therefore, one has

1 r Lg b4 r %)
Li(up) = @ (up) — A (1) = ;Ilunll — AW (uy,) < 7llunllp = Munlly, + 20,

that is
LY —
Li(uy) < (7 - M) a2 + 20,
LP
foralln € IN. Since ||u, |, — +oc and =2 _ Al < 0, one has liT L, (u,) = —0c0
n——+0o0

and this is absurd. Hence, I, satisfies (P .S)-condition.
Finally, we get that /; is unbounded from below. Let {u,} be such that {u,} is
bounded and {u} is unbounded. As before, we obtain ¥ (u,,) > I||u,, ||§ — Q, forall
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Ly _
n € IN and, consequently, I, (u,) < =2 _ Al) ||u,,||§ + 1 Q, foralln € IN. Hence,

lirf I, (u,) = —oo and the proof is complete.

3 Main Results

In this section, we present the main existence result of our paper. We start putting

N
Q=) qk).
k=1

Theorem 2. Let f : [1, N] x R — IR be a continuous function such that f (k,0) >
0 forall k € [1, N], and f(k,0) # O for some k € [1, N]. Assume also that there

exist two positive constants c and d with d < c such that

N
Zmax F(k, &) Z Fk,d)
. -1 Lo
— < gmin{ — s (- (6)
c? Q Cdr L,
Then, for each A € A with
_ p L? P
A = |max g d , 2 i ¢ ,
p Y b PLs | P ‘.
F max F
Y F(k,d) Z max F (k. €)

k=1
the problem (N, r) admits at least two positive solutions.

Proof. We consider the functionals @ and ¥ given in (3). @ and ¥ satisfy all
regularity assumptions requested in Theorem 1, moreover we have that any critical
point in X of the functional /, is exactly a solution of problem (N;, r). Furthermore,
irslf @ = ®(0) = ¥ (0) = 0. In order to prove our result, we need to verify condition
(4) of Theorem 1. Fix A € A, from (6) one has that L., > 0 and A is non-degenerate.
LP
From Lemma?2, the functional I, satisfies the (P S)-condition for each A > L2 s
Pl




306 G. Bonanno et al.

cP
and it is unbounded from below. Now, putr = q—, an condieru € @~ (]—o0, r]);
p

so such a u satisfies

1
—llull” <,
SO
1
lull < (pr)».
One has
| 1
r P
Jul < —llull < (”—) =ec.
qF q
So,

N N
W) =) Flul) <) max Fk, ),
k=1 """

k=1

for all u € X such thatu € &~! (J—o0, r]).
Hence,

N
sup W (u) anfix F(k, &)
ued 1 (=oo.r) _ P sl= . o
q cr

r

Now, let be &i € RV*? be such that ii(k) = d for all k € [0, N + 1]. Clearly, u € X
and it holds

Q) = ; ®)

and so, we have

v (i) _ P = 9)
o@@) QO dr ’

Therefore, from (7), (9) and assumption (6) one has

sup v (u) .
wed1(J—oo,r]) W (u)

< —.
r D (un)
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Moreover, taking into account that 0 < d < c¢ and again by (6), we have that

0<d< (%)c (10)

Indeed, by contradiction, if we suppose that d > (%) ’ ¢, we have

N N N
Z‘r?‘ix F(k, &) ZF(k,d) ZF(k, d)
=1 1=¢ k=1

> > L= :
cP cP 0 dar

which contradicts (6). Hence by (8) and (10) we get 0 < @ (u) < r.
So, ﬁnally we obtain that 7, admits at least two non-zero critical points and then,
forall A € A C A, these are non zero solutions of (V| l)'

Since we are interested to obtain a positive solution for problem (N, r), we adopt
the following truncation on the functions f (k, s),

[ fks), if s = 0;
frks) = {f(k, 0), if s < 0.

Fixed A € AF. Working with the truncations f* (k, s), since we have that f (k(0, s) #
0 for some k € [1, N], let # a non trivial solution guaranteed in the first part of the
proof, now, to prove the u is nonnegative, we exploit the u is a critical point of the
energy functional [, = @ — AY associated to problem (N, s+). In other words, we
have that u € X satisfies the following condition

N+1 N

N
D dp(Auk — D)Avk — D) + ) q)d,@®)vk) =Y f+(k, u)vk), Yu, v € X.

k=1 k=1 k=1

(1)
From this, taking as test function v = —u ™, it is a simple computation to prove that
lu—|| = O, that is u is nonnegative. Moreover, arguing by contradiction, we show
that u is also a positive solution of problem (¥, _ (). Suppose that u(k) = 0 for some
k € [1, N]. Being u a solution of problem (Nx,fj we have

¢p(Au(k — 1)) — ¢, (Au(k)) = f(k,0) =0,
which implies that

0> —lutk — D" utk — 1) — lutk + )" uk + 1) > 0.
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So, we have that u(k — 1) = u(k + 1) = 0. Hence, iterating this process, we get
that u(k) = 0 for every k € [1, N], which contradicts that u is nontrivial and this
completes the proof.

Now, we present a particular case of Theorem 2.

Corollary 1. Assume that f is a continuous function such that f(k,0) > 0 for all
k € [0, N] and

F(k,t
lim sup &, 1) = +o00, (12)
t—0t tP

and Pk
t
lim . 1) = 400,
t—+o00 tpP

P
forall k € [0, N], and put \* = 4 sup ¢
P >0

ZmaxF(k &)

§l=c

Then, for each X\ € 10, A*[, the problem (Ns.y) admits at least two positive
solutions.

Proof. First, note that L., = +00. Then, fix A € ]0, A*[ and ¢ > 0 such that

P
A< ki ¢
p
Z max F(k, &)
[§1=c
k=
From (12) we have
Z F(k, 1)
lim sup = o 00,
t—0+t tp
N
Y Fk.d)
then there is d > 0 with d < ¢ such that Pt e > T Hence, Theorem 2

ensures the conclusion.
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