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Abstract Overdetermined polynomial least-squares collocation for two-point
boundary value problems for higher index differential-algebraic equations shows
excellent convergence properties while at the same time being only slightly
more expensive than the widely used collocation method for ordinary differential
equations by piecewise polynomials. In the present paper, basic properties of this
method when applied to initial value problems by a windowing technique are
proven. Some examples are provided in order to show the potential of time-stepping
approach.

Keywords Differential-algebraic equation - Higher index - Initial-value
problem - Essentially ill-posed problem - Least-squares problem - Polynomial
collocation

Mathematics Subject Classification (2010) 65L80, 651.08

1 Introduction

In a number of recent papers [7-10] convergence results for an overdetermined
polynomial least-squares collocation for two-point boundary value problems for
higher index differential-algebraic equations (DAEs) have been established. This
method is comparable in computational efficiency with the widely used collocation
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method for ordinary differential equations using piecewise polynomials. For initial
value problems (IVPs), a considerable increase in numerical efficiency of the
overdetermined polynomial least-squares collocation method is expected if one can
construct time-stepping or windowing techniques. Below, we consider some key
issues in this respect. Our ultimate goal is that overdetermined collocation is used
on succeeding individual time-windows, though we emphasize that the present note
deals with the very first attempts in this context only.
We are interested in general initial-value problems (IVPs),

FUDX) (@), x(),t) =0, tela,bl, Gux(a)=r. (1.1)

x : [a, b] = R™ is the unknown vector-valued function defined on the finite interval
[a, b] C R. We assume an explicit partitioning of the unknowns into differentiated
and nondifferentiated (also called algebraic) components by selecting

D eRF™ D —[I 0]

with the identity matrix I; € R¥*K. The function f : RF x R” x R — R™ is
assumed to be sufficiently smooth, at least continuous and with continuous partial
derivatives with respect to the first and second arguments.

The initial values deserve some special attention. For a solution to exist they must
be consistent. We will ensure this by requiring special properties on the matrix G,.
It is reasonable to assume that at most the differentiated components xi, . . ., x; are
fixed by initial conditions, which leads to the requirement

G, € R*™  kerG, D kerD,

such that G,x(a) = G.DVDx(a). Moreover, we will assume that the initial
conditions are independent of each other, that is rank G, = [, where [ denotes
the actual dynamical degree of freedom. Later on, more detailed requirements,
depending on the DAE will be posed.

Let the interval [a, b] be decomposed into L subintervals,

a=wy<w; <---<wg=>h,
with lengths H, = w), — w;—1, A = 1,..., L. First, for A = 1, we provide

an approximating segment ¥ : [wg, w;] — R™ by applying overdetermined
collocation to the IVP

FDFWY @), M), ) =0, telwy,wil, GeiM)=r. (1.2)

For A > 1, having already the segment A1 (w0, wi—1] — R™, we intend to

determine the next segment M [wa—g, wy] — R™ by solving the DAE

FUDEMY 1), #M (1), 1) =0, 1 € [wiy, wil. (1.3)
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In order to obtain an appropriate approximation to the solution of (1.1), we need
to compensate the now unavailable initial conditions by certain transfer conditions
using ¥*~11. Below we investigate two different approaches, namely,

G (wy- I wy—1) = Gw—DF*Nwy-), (1.4)
with a suitably prescribed matrix function G : [a, b] — R/*™ and
DiM(w;—1) = D Nwy—). (1.5)

The construction of appropriate transfer conditions is crucial for the success of the
method.'
In the present note we merely deal with the linear version of the IVP,

A (Dx) (1) + Bt)x(t) —q(t) =0, t€la,b], (1.6)
Ggox(a) =r, (1.7)

in which the right-hand side ¢ : [a,b] — R™ and the matrix coefficients A :
la,b] — R™* and B : [a, b] — R™ ™ are assumed to be sufficiently smooth,
however at least continuous, thus uniformly bounded.

As it is well-known,” conventional time-stepping methods such as the BDF in
the famous DAE solver DASSL work well only when applied to index-1 DAEs and
special form index-2 DAEs. The so far available time-stepping solvers for more
general higher-index DAEs are definitely bound to the construction and evaluation
of so-called derivative array systems,3 e.g., [3,4, 12, 16, 17], which accounts for
a serious limitation in view of applications. The recently discussed ansatz of
overdetermined least-squares collocation [7-10] fully avoids the use of derivative
arrays and no reduction procedures are incorporated, which is highly beneficial.
However, this is a global ansatz over the entire interval, not a time-stepping method
and large ill-conditioned discrete systems may arise. For this reason, eventually, a
time-stepping version would be much more advantageous. Recall that we come up
with very first related ideas here.

The paper is organized as follows: We describe the global overdetermined
collocation procedure in Sect. 2 and collect there the relevant convergence results. In
Sect. 3 we derive basic error estimates for overdetermined collocation on arbitrary
individual subintervals corresponding to both procedures (1.2)—(1.3) and (1.4). A
corresponding result for the approach (1.2)—(1.3) and (1.5) is provided in Sect. 4.
We study the simpler time-stepping version with uniform window-size H and the

1t should be noted that also an appropriate continuous functional of ¥/*~1 can be considered as a
suitable candidate for defining a transfer condition.

2We refer to [1, 6] for an early discussion and to [2, 13] for a topical one.

3 Also called prolongation. The necessary differentiations have to be provided analytically or via
automatic differentiation.
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same uniform stepsize on all subintervals in Sect. 5. Convergence of the method
using the transfer condition (1.4) is shown in Sect. 5.1. However, our estimates in
Sect. 4 are not sufficient to show convergence for the case (1.3), (1.5). Therefore,
an investigation of a very special system in Sect. 5.3 provides some hints on what
could be expected in that case. In order to demonstrate the behavior of the method,
we provide a more complex example in Sect. 6 using both approaches, (1.4) as well
as (1.5).

2 Global Overdetermined Collocation

2.1 The Global Procedure

Let us consider first the case of global overdetermined collocation, that is L = 1
and H = b — a. Let, for a given n € N, a grid 7 on the interval [a, b] be defined:

T a=ty<---<t,=b,

wheretj =a+ jhand h = (b — a)/n?

In order to be able to introduce collocation conditions we will need a space of
piecewise continuous functions. Let C; ([a, b], R™) denote the space of all functions
x : [a,b] — R™ which are continuous on each subinterval (z;_1, ¢;) and feature
continuous extensions onto [#;_1,¢;], j = 1,..., n. Furthermore, let &y denote
the set of polynomials of degree less than or equal to N, N > 1. We define the
ansatz space

X = {p € Cx(la, b], R™)|Dp € C([a, b], RY),
Pelij i) € Pnok=1,...k,

pK|(tj,1,t.f) € <@N—la Kk =k+ 17 cee,m,

j=1,...,n}.
Let now M points 7; be given such that 0 < 71 < --- < 1)y < 1. The set of
collocation points is given by
Sem=1{tji=tjia+ghlj=1,...,n i=1,..., M} 2.1)

4A generalization to quasi-uniform grids is easily possible.
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Using this set Sy ., an interpolation operator Ry : Cr(la,b], R™) —
Cr([a, b], R™) is given by assigning, to each w € C,([a, b], R™), the piecewise
polynomial R, pw with

Rme|(tj_1,,j) € Py-1, j=1,....n, Rymw(@)=w(),t € Syu.
The functional
r (%) = [Re ot (f (D) (), (), N72 +1Gax(@) —r[, x € Xy,
can be represented as (cf. [10, Subsection 2.3], also [8, 9])
O m(x) = W LW +|Gox(a) —r|?, x € Xn,
with the vector W € R™Mn

Wi Y FUDx)Y (1), x(tj1), 1))

W=|": e R"Mn W; = m : e R™

W, FUDX) (tjpm), x(tjm)s tim))

with the matrix .Z being positive definite, symmetric and independent® of A.
Moreover there are constants «;, k, > 0 such that

ki VP < VTPV <k, V2, VeR"™" (2.2)

If the DAE in (1.1) is regular with index one, [ = k, and M = N, then there is
an element X, € X, such that @, »(¥;) = 0, which corresponds to the classical
collocation method resulting in a system of nMm + [ equations for nNm + k =
nMm + | unknowns. Though classical collocation works well for regular index-1
DAE:s (e.g., [14]), it is known to be useless for higher-index DAEs.

Reasonably, one applies [/ initial conditions in compliance with the dynamical
degree of freedom of the DAE. In the case of higher-index DAEs, the dynamical
degree of freedom is always less than k. For 0 </ < kand M > N + 1, necessarily
an overdetermined collocation system results since nMm + [ > nNm + k.
Overdetermined least-squares collocation consists of choosing M > N + 1 and
then determining an element X, € X, which minimizes the functional @, y, i.e.,

Xr € argmin{® p(x)|x € X }.

This runs astonishingly well [9, 10], see also Sect. 6.

5The entries of . are fully determined by the corresponding M Lagrangian basis polynomials,
thus, by M and 11, .. ., ™.
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2.2 Convergence Results for the Global Overdetermined
Collocation Applied to Linear IVPs

We now specify results obtained for boundary value problems in [8-10] for a
customized application to IVPs. Even though we always assume a sufficiently
smooth classical solution x, : [a,b] — R™ of the IVP (1.6), (1.7) to exist, for
the following, an operator setting in Hilbert spaces will be convenient. The spaces
to be used are:

L?>=L%*((a,b),R™}), H),={xeL?DxeH' ((a,b),R}), Y=L*xR.
The operator T : H [1) — L? given by
(Tx)(1) = A@)(Dx)'(t) + B(t)x(1), a.e.t € (a,b), x € H),

is bounded. Since, for x € H}), the values Dx(a) and thus G,x(a) = G,DT Dx(a)
are well-defined, the composed operator .7 : X — Y given by

. Tx 1
Tx = |:Gax(a):|’ x € Hp,

is well-defined and also bounded.

LetU; : H ll) — H [1) denote the orthogonal projector of the Hilbert space H [1)
onto X.

For a more concise notation later on, we introduce the composed interpolation
operator Zr m : Cx([a, b], R™) x R > v,

e[l

With these settings, overdetermined least-squares collocation reduces to the mini-
mization of

1 (X) = Rt (Tx — @13, + |Gax(@) — 11> = |Rrt(Tx — 7. x € Xn,
that is, to find
X € argmin{@, y(x)|x € Xr}.

Later on, we will provide conditions which ensure that ker Z py 7 U, = X # such
that X is uniquely defined. Therefore,

Xg = (%n,MyUn)+<%n,M y.
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We consider also the related functional
®(x) = Tx —ql}, +1Gax(@) —rI* = | Tx =y, x € Hp,
and the corresponding method for approximating the solution x, by determining
Xy € argmin{® (x)|x € X}.

As before, the conditions assumed below will guarantee that the minimizer x, is
unique such that

Xg = (TUx)"y.

Below, the operator 7 is ensured to be injective. Since .7 is associated with
a higher-index DAE, the inverse .7 —1 is unbounded and the IVP is essentially ill-
posed in the sense of Tikhonov. Following ideas to treat ill-posed problems, e.g.,
[11], the proofs in [8—10] are based on estimates of the type

Br
”xﬂ_x*”[-]' = — +ag,
b Vr

- B
1Xz — xsll 1 §~_n+0571,
H
b Vr

in which
ar = |(I — Un)x*”Hll)’
Bz = 17U = Uz)x)lly,

Br = ”%mMy(I —Up)xslly,

17 plly . ITpI2, +1Gap(@)?
Yo = 1n ——— = inf ,
peXap#0 [Pllyy  peXe.p0 P51
oo HmTply IRz mT P, +1Gap(@l?
peXn,p#0 ||p||HL1) peXy,p#£0 ”p”HLl)

The most challenging task in this context is to provide suitable positive lower bounds
of the instability thresholds yy and y;, [8-10] and, what is the same, upper bounds
for the Moore-Penrose inverses

1 1
I(TUNT| = vt (%t TU) TN = —.

T T
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It should be noted that .7 and %, y.7 are of very different nature: While .7
is bounded, Zy 7 is unbounded owing to the fact that R, p is an unbounded
operator in L2, see [8].

We now briefly summarize the relevant estimations resulting from [8, 9] for IVPs.

For details we refer to [8, 9].

The general assumptions with respect to the DAE and the initial conditions are:®

1. The operator T is fine with tractability index p > 2 and characteristic values
O<rg<---=<ry1<ry=m.

2. The initial conditions are accurately stated such that [ = m — Zf‘ _01 (m —rp)
and G, = G4I14,(a), with the canonical projector I1.,,. This implies im .7 =
imT x R/, see [14, Theorem 2.1].

3. The coefficients A, B, the right-hand side ¢ € im T, and the solution x, are
sufficiently smooth.

Result (a), see [9]:  Assume M > N + 1. Then there are positive constants ¢y, cg,
¢y and c such that, for all sufficiently small stepsizes i > 0,

Vo = C)/hp'_la Op < CochN» Br < CﬂhNa
and eventually

N—p+1
Xp — X <ch .
[l x5 *”H[l) =

Result (b), see [8]:  Assume M > N+ u. Then there are positive constants cq, Cg,
¢y, and ¢ such that, for all sufficiently small stepsizes & > 0,

~ ~ -1 N 5 ~ N
J/n Z C}/hu k] aﬂ S Co{h k) ﬂ?‘[ S C/Sh k)
and eventually
=~ ~p N—p+1
Xg — X 1 <ch .
N =

By [8], one can do with ¢, = ¢, /2. We refer to [9, 10] for a series of tests which
confirm these estimations or perform even better. Recall that so far, IVPs for higher-
index DAEs are integrated by techniques which evaluate derivative arrays, e.g., [5].
Comparing with those methods even the global overdetermined collocation method
features beneficial properties. However, a time-stepping version could be much
more advantageous.

5The following results are also valid for index-1 DAEs. However, we do not recommend this
approach for = 1 since standard collocation methods work well, see [14].
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3 Overdetermined Collocation on an Arbitrary Subinterval
[¢,¢+ H] C [a, b]

3.1 Preliminaries

We continue to consider the IVP (1.6), (1.7) as described above, but instead of
the global approach immediately capturing the entire interval [a, b] we now aim at
stepping forward by means of consecutive time-windows applying overdetermined
least-squares collocation on each window. As special cases, we have in mind the
two windowing procedures outlined by (1.2), (1.3), and (1.4), and by (1.2), (1.3),
and (1.5). At the outset we ask how overdetermined collocation works on an
arbitrary subinterval,

[f,f+ H] C [a, b].

It will become important to relate global quantities (valid for overdetermined least-
squares collocation on [a, b]) to their local counterparts (appropriate on subintervals
of length H). We introduce the function spaces related to this subinterval,

L2, =LX@. 7+ H),R"), H,=H'(G.7+H).R",

s

1 _ 2 1 _ 72 l v 72 k
HD,sub - {)C € Lsub|Dx € Hsub}’ quh - Lsub x R ’ YSMb - Lsub x R ’
equipped with natural norms, in particular,

2
X = (||X
Il = (12

sub

DI )12 x € Hp e

ub
Note that we indicate quantities associated to the subinterval by the extra subscript
sub only if necessary and otherwise misunderstandings could arise.

Now we assume that the grid = is related to the subinterval only,

T o ft=ty<---<t,=t+H,

where 1; =t + jh and h = H/n. The ansatz space reads now

Xz ={p € Cx(l.i + H.R™)| Dp € C(I7.1 + H].RY),

Pelijripy € Pny k= 1,00k, pelaj_yap) € Pn—1, k =k+1,...,n,

j=1,...,n}

With0 < 11 < --- < 1)y < 1, the set of collocation points

SH,MZ{IJ','=l‘j_1+‘1,','/’l|j=1,...,n, i=1,...,M} 3.1
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belongs to the subinterval [7, f + H]. Correspondingly, the interpolation operator

R,y actson C ([t, £+ H], R™). We introduce the operator Ty Hé sub = qub,

(TaupX) (1) = A()(Dx)' (1) + B()x(1), a.e.t € (i,1+ H), x € Hp, .

and the composed operators s, : Hll)’mh — Youp and fsub : HL]),M? — fsub,
Tsupx 5 Tsupx 1
TeupX = ot A, Fpx =1 2|, xeH )
sub |:G(t)x(t) sub Dx (i) D.sub

Occasionally, we also use the operators T7c sup : Hll) sub R and Ticp.sub -
1 k &3
Hp, o, — R given by

Tic subx = G(t-)x(f)» Ticp,subX = DX(ZT), X € H[l),sub’

which are associated with the initial condition posed at 7. Here, aiming for injective
composed operators, we suppose a function G : [a, b] — R’ such that

ker G(1) = ker Mean (1), imG(t) =R, |G(t)| < cg, t € [a, b]. (3.2)

Since Ty, inherits the tractability index, the characteristic values of T, and also the
canonical projector (restricted to the subinterval, see [13, Section 2.6]), the local
initial condition at f, G (f)x (f) = r, is accurately stated. Then im Fy,, = im Ty, X
R! and ker F;,;, = {0}, so that the overdetermined least-squares collocation on
[z, f + H] works analogously to the global one described in Sect. 2.

The composed interpolation operators % y and %A’m v act now on C, ([, +
H],R™) x R and Cr ([7, 7 + H], R™) x R,

w| | RymO w A w| | Rym O w

Let Ur sub : HL]) b = HL]) +up DE the orthogonal projector of HLI) sup ONto Xy C

1
HD,sub' B
Accordingly, we define oz sup and, furthermore, Br sub, Vr,subs Br,subs V. subs
associated with the operator 5, and, similarly, ﬁﬂ,sub, V. subs Bﬂ,mh, )aﬂﬁm;,
associated with Zy,p.

The following lemma provides conditions for the existence of a function G :
[a, b] — R having the properties (3.2). The latter is a necessary prerequisite for the
transition condition (1.4).
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Lemma 3.1 Let the operator T be fine with tractability index . > 2, characteristic
valuesO <rg <---<ry_1 <ry=m, l =m— Zf;l (m —r;), and the canonical
projector function I 4.
Then there are continuously differentiable functions G  [a,b] — R™>" and K -
[a, b] = Rk such that

imG() =R/, kerG(r) =ker Hean(t), [I; 01K(1)D = G(1), 1 € [a, b,
K (t) remains nonsingular on [a, b], and, with k = (maxa5t§b|K(t)|)_l,
|Dz| = |K (1) 'K (1)Dz| = |K (1)Dz| > k|G(1)z], z € Rk, 1 €la,bl.

Proof We choose an admissible matrix function sequence with admissible projector
functions Qo, ..., Qu—1, see [13, Section 2.2]. Denote P; = I — Q;,I1; =
Py--- P;. Then, IT;,_1 and DI'I,L_lDJr are also projector functions, both with con-
stant rank /. Since DIT,, D7 is continuously differentiable, we find a continuously
differentiable matrix function I'yy, : [a, b] — R!*K 5o that

im Iy, (1) = Rl, ker Iy, (1) = ker(DHu,1D+)(t), t €la,b].

Furthermore, there is a pointwise reflexive generalized inverse Fd_yn : la,b] —

Rk also continuously differentiable, such that Iy, Fd_yn = [ and Fd_yn Tayn =
DI, D*. Similarly, we find constant-rank continuously differentiable matrix

functions I, : [a, b] — R™=)>k and pointwise generalized inverses I, . :
[a, b] — RK*(m=ri) gych that
Loitilyy =1, Ty Twii =DIi1QiDT, i=1,...,u—1.

nil,i nil,i

The resulting £ x k matrix function

den
K an'l,l _ | Tayn
: Fnil
Fnil,//.fl
remains nonsingular on [a, b] owing to the decomposition I; = DD* =

DIMyQ D" +---+ DM, »0,1D"+ DII,_;D*.

Set G = I'yyy D = [I; 0]K D. This implies ker G(¢) = ker [T, ;. Taking into
account the fact that ker I7,,_| = ker I1;4,, see [13, Theorem 2.8], one has actually
ker G(t) = ker I1.,y,.
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Finally, we derive for z € Rk t e [a, b],

|Dz|* = |K ()" 'K (1) Dz|* = k*|K (1) Dz|* = k*(IG ()2 + | it (1) Dz|?)

> 12|G(1)z ],

which completes the proof. O

Lemma 3.2 Fort €la,b],0 < H<b—t, and

5 12
Cy = —,2H
H (max <H ))

telf.i+Hl, xeHp gy,

it holds that

Dx(0)] < CullDxlly1 =< Crrll¥ll s

Proof By definition, x € Hll) b implies 4 = Dx € Hslub. Since Hslub is
continuously embedded in Cg,p, it follows that

t
u(t)=u(s)+/ u'(t)ydr, t,selt,t+ H],

which gives

t 2 +H
|u(r>|252|u(s)|2+2</ |u’<r)|dr) SZIM(S)|2+2H/: lu'(v)]dr.
K t

Integrating this inequality with respect to s leads to
+H I+H
lu(s)|?ds + 2H2ﬁ |’ (7)|*d.

t

t

Hum? <2 /
t
Finally, with Cg as defined in the assertion, it holds that

2 2 2 2 2
Iuli,,, < Chllully < Chllxlly,

and the assertion follows. O
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Lemma 3.3 Let the function G fulfilling (3.2) with the bound cg be given, and
denote cr = (2max{|| A%, | BI3D"2.

(1) Then, for each subinterval, the inequalities
Ty < H}
I Aubx”Lzub =cCr le“[-[ll),mb’ X € Hp cub

1
Ticsupx| = ccCrllxliyy o 1Ticpsunx| = Cullxllyy o x € Hp g,
(3.3)

are valid.
) If M > N+1and A, B are of class CM | then there are constants Cap1, Cap2,
both independent of the size H of the subinterval, such that

1
||Rn,MTsubUnx||L§ub < Capillx ”Hzl).sub’ X € HD,sub’

M—-N-1/2 1
IR TubUnx = ToupUsntll 2 < Capth™ N2l x € Hp g

Proof
(1) Regarding that A, B are given on [a, b], by straightforward computation we
obtain
1 Taupx 32 < 2max{l| Al supr 1Bl2e s} XI5, <crlxly,

sub D,sub D,sub

Applying Lemma 3.2 we find the inequalities (3.3).
(2) These inequalities can be verified analogously to the first two items of [8,
Proposition 4.2]. O

We are now prepared to estimate the values o sub, Br.sub> Br.sub> Br.sub, and
ﬂﬂ,xulr

Theorem 3.4 Let the operator T described in Sect. 2 be fine with tractability index
w > 2 and characteristic values 0 < ro < -+ < ry_1 <ry =m 1l =m—

Zf:o] (m —r;). Let the coefficients A, B, as well as the solution x, of the IVP (1.6),
(1.7) be sufficiently smooth. Let the function G with (3.2) be given and [t,t + H] C
[a, b].

Then there are positive constants oy sup, Cg, C~',3, éﬁ, C:‘f; such that
o sub < CoH'?Y,
Br.sub < Ch™, Brsup < Cph™,
Br.sub < Cgh", /én,sub < é,ghN.

uniformly for all individual subintervals [, t + H] and all sufficient fine grids X .
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Proof First we choose N nodes 0 < 7,1 < --+ < Ty y < 1 and construct the
interpolating function py j,; € X so that

Dpyint (1) = Dxx(D),  Paint(tj + Toih) = x4(tj + 1y ih), i=1,..., N, j=1,..., n,
yielding
% = Paint loo,sub + 1(Dx2) — (Dpsint) lloo,sub < Ch™

with a uniform constant C, for all subintervals. C, is determined by x, and its
derivatives given on [a, b]. Now we have also

X5 — Pxint ”Hzla b < CuV2HARY,

and therefore, with C, = C, V2,

U sub = I — U7T,Sub)x*||Hll) oub = — Un,suh)(x* - p*,int)”Hé b < Cov HhN~

Set Cp = ﬁmax{l, b — a}C, such that CH\/HCO, < Cp for all H. Using
Lemma 3.2 we derive

ID((I = Ug sub)%:)(D)| < Crpttm sup < Cph”.
We derive further

B sup = | Toun( — Un sun) x5, ,
= | Tyup (I — Un,suwx*niz +1G@DTD — Uy sup) x) (D)

< I Tsun P07 g + G CHRY < (G Cob — a) + cGCHN*N = Cpn?",

/371 sub — ”%ub(l Uxr sub)x*”y
sub

= I Tsup(I = Ussu) el + 1D = Usup) x) DI
< 1 Toup ez + cGCHRN < (cFCo(b — a) + CHRN = Can*".

Following [8, Section 2.3], we investigate also wy = Ty (X4 — Print) € Cr ([, 7+
H], R™) and use the estimate (cf. [8, Section 2.3])

-1/2 N
H™ 2 R rwill 12 50 < | R tWilloosub < CLllwslloo,sup < max{[|Allo. | Blloo}CrLh".
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Here, C1 denotes a constant that depends only on the choice of the interpolation
nodes 741, ..., T« N. Then we derive
”Rn,MTsuh(I - Un,xub)x*”LZ,sub = ”Rﬂ,MTsuh(I - Uﬂ,sub)(x* - P*,int)”Lz,sub
S WRz,m Tyup (x4 — p*,int)”Lz,sub
+ ”Rrr,M TvuhUrr,suh(x* - p*,int)”LZ,wb

=< ||Rn,Mw*||L2,sub + Capillxs — p*’im“Hzl) sub

< CrrvVHRY,
where Crr = Cr max{||A|lco, || Blloo} + \/EC*CABL Therefore,
B sub = 1 Zxm Tour(I = Un sup)xs 1§
= 1Re uToun (I = Unsun)Xsll 2 +1GODT DU = Unup)x) DI

< CrrHIN + cGCH N < Crp(b— )N + g, CH N = Con?N,

% A )
ﬁn’,sub = ”%n,mzub(l - Un,sub)x*”f, )
Su.

= 1Rt Toun (I = Ussub)¥all 2+ 1D = Unun) 2) (D)

su

< CrrHIPN + CHn*Y < Cp(b — a)h®™ + CH*N = C3n*N. o

3.2 Overdetermined Collocation on [t,t + H] C [a, b],
with Accurately Stated Initial Condition at t

We ask if there are positive constants ¢, and ¢, serving as lower bounds for all
the individual constants characterizing the instability thresholds associated to each
arbitrary subinterval [z, + H] C [a, b].

Theorem 3.5 Let the operator T described in Sect. 2 be fine with tractability index
n > 2 and characteristic values 0 < rg < -+ < ry_1 <ry =m, 1l =m—
Zf:ol (m — ri). Let the coefficients A, B, the right-hand side q € im T, as well
as the solution x, of the IVP (1.6), (1.7) be sufficiently smooth. Let g, denote the
restriction of q onto the subinterval [f,f + H] C [a, b].
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Let a function G with (3.2) be given.

(1) Then, for each arbitrary r € R, there is exactly one solution X[r] of the equation
TsubX = (qsup, 1) and

ey = xellgy =< Csun Ir = G@Dxx(D)]-

X[r] coincides on the subinterval with x., if and only if r = G(£)x.(7).
Furthermore, there is a bound C, such that cyyy < C,p is valid for all
subintervals.

(2) If M = N + 1, there is a constant C,, > 0 such that,

1 1
—1
Vi, sub = Cyh# , ||(<7subU7r,sub)+”owaH[l) sub = Y. b = C., hr—1
i T,5U y

uniformly for all subintervals and sufficiently small stepsizes h > 0.
3) If M > N + u, there is a positive constant C’y = % such that

1 1
+ = <
“(%N,M%ubun,sub) ”YWb%Hll)‘xub = )77r o C' pi—1
58 y

uniformly for all subintervals and sufficiently small stepsizes h > 0.
Proof

(1) This is a consequence of Proposition A.1 in the Appendix.

(2) The constant C,, can be obtained by a careful inspection and adequate modifi-
cation of the proof of [9, Theorem 4.1] on the basis of Proposition A.1 below
instead of [9, Proposition 4.3]. Similarly to [9, Lemma 4.4], we provide the

inequality
n—1p—i
lal%,,, < lglz =laly: +> 3 dislDLui) I}z 4 € Zn,
su. l:l X:O Su.

with Z; = {q € L2 ,|D.%,_iq € CE T+ HLRY,i=1,...,u—1} C
Tsup X, with coefficients d; ¢ being independent of the subinterval.
(3) This statement proves by a slight modification of [8, Proposition 4.2]. O

Theorem 3.5 allows to apply homogeneous error estimations on all subintervals.
Note that the involved constants Cy, etc. may depend on N and M. For providing the
function G with (3.2), the canonical nullspace N4, = ker I1.,, must be available,
not necessarily the canonical projector itself. Owing to [13, Theorem 2.8], it holds
that Ney, = kerIl,_; for any admissible matrix function sequence, which makes
N,y easier accessible. Nevertheless, though the function G is very useful in theory
it is hardly available in practice.
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For problems with dynamical degree I = 0 the canonical projector I1.,, vanishes
identically, that is, the initial condition is absent, and Ty, itself is injective. This
happens, for example, for Jordan systems, see also Sect. 5.3. In those cases, with no
initial conditions and no transfer the window-wise forward stepping works well.

Let Xz 04 be already computed as approximation of the solution x, on an
certain old subinterval of length H,;4 straight preceding the current one [7, 7 + H].
Motivated by Theorems 3.4 and 3.5 assume

- N—p+1
— < Ch
1% 01d x*”[-];ub’old =C old

for sufficiently small stepsize ;4. Applying Lemma 3.2 we obtain
- - - N—p+1
| DXy 01d(t) — Dxy(£)| < CH(,[dChU[dM .
Next we apply overdetermined least-squares collocation on the current subinterval
[z, + H]. We use the transfer condition r = G(#)Xz,14(f) to state the initial
condition for the current subinterval. The overdetermined collocation generates the
new segment X,
T = argmin{|| Ryt (Tounx = DIy +1GHXD) = GDFrota DI |x € Xr),
which is actually an approximation of x[,] being neighboring to x,, such that
1% = xrill gy < AV

Owing to Theorem 3.5 we have also

”x[r] - x*“H[l) b < Csuplr — G(f)x*(f” = Csub|G([)in,old(t_) - G({)x*(;ﬂ
N— 1
= CsuchCHa[dChOld wr
If h = hyg, it follows that

Fr—x < Cyuph™ ~HH!
1% *”Hll),suh = Csub

with Csup = csupcgCh,,C + ¢. This is the background which ensures the
windowing procedure (1.2), (1.3), (1.4) to work.
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4 O_V‘Erdetermined Collocation on a Subinterval
[t,t+ !1 ] C [a, b], with Initial Conditions Related
to Dx(¢t)

Here we proceed as in the previous section, but now we use the initial condition
Dx(t) = 7 instead of G(f)x(f) = r, to avoid the use of the function G. Obviously,
this formulation is easier to use in practice since D is given. However, in contrast to
the situation in Theorem 3.5, the equation ﬁsubx = (gsub, ) is no longer solvable
for arbitrary 7 € R¥. For solvability, 7 must be consistent.

Theorem 4.1 Let the operator T described in Sect. 2.2 be fine with tractability
index i > 2 and characteristic values 0 < rg < -+ < ry_1 < ry =m, | =
m— Zﬁ:ol (m —r;). Let the coefficients A, B, the right-hand side g € im T, as well
as the solution x, of the IVP (1.6),(1.7) be sufficiently smooth. Then the following
holds:

(1) ﬁmb is injective. A
(2) If M > N + 1, there is a constant C,, uniformly for all possible subintervals
and sufficiently small stepsizes h > 0 such that
?ﬂ,sub = éyh“71~

and hence

A 1 1
“(%ubUn,sub)Jr“ Voub 4 =< = .
s Y, sub Cyh”_]

B) If M > N + u, there is a constants éy > 0 uniformly for all possible
subintervals and sufficiently small stepsizes h > 0, such that

A A 1 1
”(%n,M%ubUﬂ,sub)-i_”ﬁm = = =<

b X - X :
Y, sub Cyh:“_l

Proof The assertions are straightforward consequences of Theorem 3.5 and
Lemma 3.1.

Jx = 0 means Tx = 0 and Dx(7) = 0, thus also GHx() =
[1; 01K (r)Dx(t) = 0, finally Zx = 0. Since 7 is injective it follows that x = 0.
For p € X,

1 Zap Iy, = TPl +1DPOF 2 1 Tapplz + 6 IGO @)

2
= min{1, k*}| Zuppll3,, = min{l, «?) (cyh“—lnpn% ) :
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and
%1 Tsus Pl = 1R TP 72+ |1DP@OF = [ RemTaunpll72 +k*IGHp@

2
> min{1, €*}|%x. it Tsuv plly,,, > min{1, %} (Cyh“*‘npn,{b wb) .0

In contrast to the situation in Sect. 3.2 the equation jmbx = (qsup,T) is no
longer solvable for all # € R¥. Recall that gy, is the restriction of ¢ = T'x, so that
Gsup € im Tgyp. Denote

& _ | Gsub SI1 — | Dsub | s — s _ 510 — | Dy (F) — 7
’ [Dx*(r‘)]y [r} poE e

and, following [11], we take $!°! as noisy data and compute
F21 = argmin(| % w(Fuupx = YODIT, il € Xx)
= argmin{|| R, v (Tsup = Gsun) 7>+ IDx (@D = F7x € X}

and similarly,

&) = argmin{| Fuupx — P13, gl € Xa)

= argmin{| Tyupx — quupllj> +1Dx (D) = F|x € Xz ).
Applying the error representation [11, Equation (2.9)] we arrive at
B = 5y = Geu TUDT P = 9)
+ T Un) R Tsun (1 = Uz — (I = Un)x

and, correspondingly,

0Ty, = (FUDTGP = ) + (T Un) " Goup(I = U )xs — (I — Uy )%

Thus,
B2l < {15 = 31 + Brsup) + ax = 54 B} + s
T Hp sup = Cyhlkl ’ Cyhl‘*l ’
X 1 R R X 1 x
IR — sl < = U5 = 51 + Brsun) +ax = = {8 4 Brsub) + .

D,sub A

Cyhn-! Cyhn-l
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All these estimations can be put together in order to arrive at a recursive error
estimation for the application of (1.3), (1.5). Unfortunately, this estimate is not
sufficient for proving convergence of the windowing technique in contrast to the
approach using accurately stated initial conditions of Sect. 3.2!

5 Time-Stepping withb —a = LH and H = nh

Wesetnow H = (b —a)/L, wy, =a+AH, A=0,...,L, and h = H/n, and
study the somehow uniform time-stepping procedures.

5.1 Time-Stepping with Accurate Transfer Conditions

In the time-stepping approach corresponding to (1.3)—(1.4), the transfer conditions
are given so that G is chosen according to (3.2). Let #* be the approximation
provided by the overdetermined least-squares collocation for the subinterval [a +
(A — 1)H, a + LH] corresponding to the initial and transfer conditions
Ga)@[Tl](a) =r,
Gw)iM@a+ - DH) = Gw)ii a4+ 0. — DH), 1> 1.

Then we obtain from Theorem 3.5 and Lemma 3.2, for A = 1,

1 _ < CpN-1H _.
1 = xillyy =€ .

For A > 1,letr = G; 2 Y@ + (A — 1)H). Then it holds

<[ < Ix] —
”'xﬂ x*”H[}).sub - ”xﬂ x[r]”H[]),xub + ”.x[r] x*”HI_I).sub

IA

ChN =M1 4 Cplr — Gaxs(a + (L — DH)

IA

ChN =M 4 CpegCp || Z21 — x, Iy

IA

CON I eyl —xllyy ) =tdy

where C = max{Cpcg, C‘}. Hence,

dy < ChN=FFL gy < C(Chdy—y + RV 7HHY),
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A solution of this recursion provides us with

r—1 5 A
- _ - 1—(CCn)

d, <Y C(CCy) AV HH = C——— 7
A_LZO (CCh) [ —éch

hN—pH—l

A similar estimation can be derived for the least-squares approximations using the
operator (f%ub Un,sub)+ .

Example 5.1 The index-2 DAE withk =2, m =3, [ =1,

101 Moo 0 -1 -1
01 ([O 1 0j| X)/(t) + T]t(l - T’}[) —-n 0 —nt x([) = C](l‘), (51)
00 1—nt 1 0

is taken from [10, Example 1.1]. One has N¢q,(¢) = {z € R3| ntz1 — z2 = 0} so
that

G(t) = [m —1 0]

will do. We consider the DAE on the interval (0,1). The right-hand side g is chosen
in such a way that

x1(t) = e 'sint,

2

x2(t) = e sint,

x3(t) = e 'cost

is a solution. This solution becomes unique if an appropriate initial condition is
added. With G, = G(0), the initial condition becomes

G,x(0) = G, [00 1]T —0.

In the following experiments, n = —25 and & = —1 have been chosen. This allows
for a comparison with the experiments in [10].

This problem is solved on equidistant grids using, for each polynomial degree
N, M = N + 1 Gaussian collocation points scaled to (0, 1). The tables show the
errors of the approximate solutions in H Ll) (0, 1). The columns labeled order contain
an estimation keg of the order

kest = log(|lxz — x*”H})(O,l)/”x?T/ - x*”H’l)(o,l))/]Og 2.

Here, 7’ is obtained from 7 by stepsize halving. It should be noted that the norm
is taken for the complete interval (0, 1) even in the windowing approach. In order
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Table 1 Errors and estimation of the convergence order for (5.1) and 7 = 0, H = 1 using M =

N +1
N=1 N=2 N=3 N =4 N=5
n Error Order | Error Order | Error Order | Error Order | Error Order
10 | 1.21e+0 1.65e—1 2.84e—3 7.55e—6 2.82e—7

20 | 1.12e40 | 0.1 |3.74e—2|2.1 5.04e—425 |9.66e—7 |3.0 1.51e—8 4.2
40 | 1.29e—0| —0.2 | 1.55e—2|1.3 |9.59¢e—5|2.4 1.25e—7 129 |7.74e—10| 4.3
80 | 1.16e—0| 0.2 |6.65e—3 1.2 1.83e—5|2.4 1.31e—8 |33 1.32e—10 2.6
160 | 9.80e—1| 0.2 |3.21e—3|1.0 |3.05e—6|2.6 1.31e-9 |33 1.75e—10| —0.4
320 | 8.63e—1| 0.2 |1.60e—3|1.0 |494e—7 2.6 |2.00e—10/2.7 |3.62¢e—10 —1.1

Table 2 Errors and estimation of the convergence order for (5.1) and n = 1 using H = 1/L

N =1 N=2 N=3 N =4 N=5
L Error Order | Error Order | Error Order | Error Order | Error Order
10 | 3.76e+0 2.19¢—1 2.82¢e—3 9.34e—6 2.84e—7

20 |2.67e+0| 0.5 |7.62e—2|1.5 |5.06e—4|2.5 1.29e—6 2.9 1.53e—38 4.2
40 | 1.77e+0| 0.6 |3.30e—2|1.2 |9.72e—5|2.4 1.92e—7 2.7 |7.90e—10| 4.3
80 | 1.62e+0| 0.1 |1.39e—-2|1.2 1.89e—5 24 [238e—8 [3.0 [4.67e—11| 4.1
160 | 1.65e+0| —0.0 | 5.06e—3|1.5 |3.20e—6 2.6 |2.26e—9 |3.4 1.13e—10| —1.3
320 | 1.66e+0| —0.0 |1.91e—-3 |14 |526e—7 2.6 |2.21e—10|3.4 1.46e—10| —0.4

to enable a comparison, we provide the results for solving the problem without
windowing in Table 1. This corresponds tof = 0 and H = 1.

In the next experiment, the time-stepping approach using accurately stated
transfer conditions has been tested with n = 1. The results are shown in Table 2. O

A more complex example is presented in Sect. 6.

5.2 Time-Stepping with Transfer Conditions Based on D

In our experiments in fact, the situation is much better than indicated by the
estimates in Sect. 4. The latter are not sufficient to show convergence of the present
time-stepping approach when the transfer conditions are based on D, see (1.5).

Example 5.2 (Continuation of Example 5.1) We apply the time-stepping procedure
under the same conditions as in Example 5.1, however, this time the transfer
conditions are chosen as

o =5"a. =12

The results are presented in Table 3. The errors are slightly worse than those of
Table 2 where accurately stated transfer conditions are used. However, the observed
orders of convergence are similar, at least for N > 2 = p — 1. The values forn = 2
and n = 3 have also been checked. The orders are identical to those of Table 3
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Table 3 Errors and estimation of the convergence order for (5.1) andn = 1 using H = 1/L

N =1 N=2 N=3 N =4 N=5
L Error Order | Error Order | Error Order | Error Order | Error Order
10 | 1.80e+0 1.46e—1 3.27e-3 9.85¢e—6 3.16e—7

20 |2.36e+0 | —0.4 |4.65e—2|1.6 |5.84e—4|2.5 1.35e—6 | 2.9 1.71e—8 4.2
40 | 2.77e+1| —=3.5 | 1.66e—2 | 1.5 1.09e—4 2.4 1.75e—7 |29 8.78¢—10| 4.3
80 |5.07e+2| —4.2 | 6.64e—3 1.3 2.03e-5 24 1.76e—8 |3.3 6.65e—11| 3.7
160 | 1.11e+3 | —1.1 |3.19e—3 | 1.1 35le—6|2.5 1.60e—9 3.5 1.50e—10| —1.2
320 | 7.46e+2| 0.6 |1.59¢e—3|1.0 |6.44e—7 2.4 1.85e—10|3.1 3.07e—10| —1.0

even if the errors are smaller due to the smaller stepsize h. For N = 1, divergent
approximations are obtained. However, this is beyond the scope of our theoretical
results even in the case of accurate transfer conditions. O

5.3 Studying the Damping of Inconsistent Transition Values

The results of the previous sections show that the windowing method converges if
the transfer conditions used refer to the dynamic components, only. The latter are,
in general, not easily available unless a detailed analysis of the DAE is available.
However, so far we do not know any conditions for convergence if the practically
accessible values of the differentiated components Dx are used in the transfer
conditions.” Example 5.2 indicates, however, that the use of (1.5) may be possible.
In order to gain some more insight into what could be expected in the setting of
Sect. 5.2, we will consider a simple special case in this section.

The model problem in question here is a simple system featuring only one Jordan
block,

J(Dx) +x =0,
Dx () =r.

Here, J € R¥*W=D p e R=DXU where

10

"In the index-1 case, Dx describes just the dynamic components such that convergence is
assured for using all differentiated components. However, for index-1 DAEs, much more efficient
collocation methods are available.
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This system has index p and no dynamic components, / = 0. The system is solvable
for r = 0, only, leading to the unique solution x.(¢t) = 0. When trying to solve the
system using the proposed windowing technique, the only information transferred
from the subinterval [7, 7+ H ] to the next one is the value of the approximate solution
x5 at the end of the interval, Dx, (f+ H). The latter is an approximation to the exact
solution Dx,(f + H) = 0 that cannot be guaranteed to be consistent with the DAE.
Therefore, we ask the question of how Dx, (f + H) depends on r.
Let

. 5 2
Xt = argmin{l Fupxll}2 | pulx € Xx)

= argmin{|| Tupx|l7>  +1Dx(D) = rljylx € Xx}

where Tx = J(Dx)' + x. Obviously, Dx[,1,(f + H) depends linearly on r. There
exists a matrix S = S(N, H, n) such that Dxp, - (f + H) = Sr which we will
denote as the transfer matrix. For convergence of the method, it is necessary that the
spectral radius p(S) of the transfer matrix is bounded by 1.

The analytical computation of § is rather tedious. After some lengthy calcula-
tions, we found that, for 4 = 2, it holds, with n = (N + 1)_1,

2
(-1+vT=n2) + (-1-vi=n)

~ )7"21_”.

p(S(N,H,n) =n"

In particular, p(S) is independent of H and n can be chosen arbitrarily. Moreover,
the damping of the inconsistent value r is the better the larger n is. This result can be
compared to the experiments in Example 5.2 (an index-2 problem) where we cannot
identify any influence of an inaccuracy due to inconsistent transfer conditions.

For larger values of u, we determined p(S) by numerical means. Results are
shown in Tables 4, 5 and 6. We observe that, for an index © > 2, n must be chosen

Table 4 Spectral radius of the transfer matrix S(N, H,n) forn = 1 and H = 0.1 (left panel)
and H = 0.01 (right panel). The column headings show the index n

N |2 3 4 5 N |2 3 4 5

2 |33e—1 |2.1le+0 |1.3e+0 | 1.le+0 2 |33e—1 |2.1e+0 | 1.le+0 | 1.0e+0
3 |25e—1 |1.8e+0 |5.9e+0 |2.9e+0 3 [25e—1 |1.8e+0 |59e+0 |1.5e+0
4 2.0e—1 |1.5e+0 |7.le+0 | l.4e+1 4 12.0e—1 |1.5¢e+0 |7.1le+0 | l.4e+l
5 |1.7e—1 |1.3e+0 |7.0e+0 |2.3e+1 5 |1.7e—1 | 1.3e+0 |7.0e+0 |2.3e+l
6 |15e—1 |1.le+0 |6.5¢+0 |2.7e+1 6 |15e—1 |1l.le+0 |6.6e+0 |2.8e+l
7 1.2e—1 |9.7e—1 |6.1e+0 |2.9e+1 7 1.2e—1 |9.7e—1 |6.1le+0 |2.9e+1
8 |l.le—1 |87e—1 |5.6e+0 |2.9e+1 8 |l.le—1 |87e—1 |5.6e+0 |2.9e+l



Least-Squares Collocation for Higher-Index DAEs

115

Table 5 Spectral radius of the transfer matrix S(N, H,n) forn = 2 and H = 0.1 (left panel)
and H = 0.01 (right panel). The column headings show the index 1

N |2

2 |59e-2
3 32e-2
4 2.0e-2
5 |1l4de-2
6 | 1.0e—2
7 |7.9e-3
8 |6.2e—3

Table 6 Spectral radius of the transfer matrix S(N, H, n) for n

3

1.4e+0
6.4e—1
3.7e—1
2.5e—1
1.8e—1
1.3e—1
1.0e—1

4 5

1.5e+0 | 1.2e+0
8.0e+0 | 9.9e+0
5.0e+0 | 2.0e+1
3.1e+0 | 3.0e+1
2.1e+0 | 2.2e+1
1.5e+0 | 1.6e+1
1.2e+0 | 1.2e+1

N |2 3

2 |59e—2 | 1.4e+0
3 132e—2 |6.4e—1
4 |2.0e—2 |3.7e—1
5 |14e—-2 |2.5e—1
6 | 1.0e—2 | 1.8e—1
7 |79e—-3 | 1.3e—1
8 [6.2¢e—3 |1.0e—1

H = 0.01 (right panel). The column headings show the index p
3 4 5

2

1.0e—2
4.1e-3
2.1e—3
1.2e—3
7.4e—4
4.9e—4
3.5e—4

OO\]O\UlewNz

6.8e—1
1.8e—2
8.1e—-2
4.3e—2
2.6e—2
1.7e—2
1.2e—2

1.8e+0
6.1e+0
2.1e+0
9.2e—1
5.1e—1
3.1e—1
2.1e—1

1.4e+0
2.5e+0
1.7e+1
1.8e+1
8.5¢+0
4.8e+0
3.0e+0

N |2 3

2 |1.0e—2 | 6.8e—1
3 4.1e-3 | 1.8e—1
4 [2.1e-3 |8.le—2
5 |[1.2e—-3 4.3e-2
6 |7.4e—4 |2.6e—2
7 |49e—4 | 1.7e-2
8 |35e—4 | 1.2e-2

4
1.2e+0
8.2e+0
5.0e+0
3.1e+0
2.1e+0
1.5e+0
1.2e+0

4

1.3e+0
6.3e+0
2.1e+0
9.2e—1
S.le—1
3.1e—1
2.1e—1

5

1.0e+0
2.5e+0
3.6e+2
3.2e+2
8.1e—1
2.1e+0
1.2e+1

=3 and H = 0.1 (left panel) and

5

1.0e+0
5.5e+0
4.2e+1
7.8e—1
7.5e—1
2.8e—1
2.3e—1

larger than 1 in order to ensure p(S) < 1. Moreover, p(S) depends on H only
marginally for the investigated cases.
Details of the derivations are collected in the appendix.

6 A More Complex Example

In order to show the merits of the windowing technique, we will continue to use the
example considered in [9]. This example is the linearized version of a test example
from [5]. We consider an initial value problem for the DAE

with

A(Dx)' (1) + B(t)x(1) = y(1),

100000
010000
001000
000100
000010
000001

000000

1000000
0100000
0010000
0001000
0000100

t €10,5]

0000010

6.1)
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the smooth matrix coefficient

0 0 0 -1 0 0 0
0 0 0 0 -1 0 0
0 0 0 0 0 -1 0
B(r) = 0 0 sint 0 1 —cost —2pcos’t |, p=>5.
0 0 —cost —1 0 —sint —2psintcost
0 0 1 0 0 0 2psint
2pcos?t 2psintcost —2psint 0 0 0 0

This DAE is obtained if the test example from [5] is linearized in the solution
x4(t) considered there.® It has tractability index u = 3 and dynamical degree of
freedom [ = 4. In order to use the windowing technique with accurately stated initial
conditions, we will need a function G : [0, 5] — R**” fulfilling the assumptions of
Theorem 3.5. The nullspace of the projector I1, has the representation

I—-£2 0 0 —cos? ¢
kerIly =ker| 2'2 I1—-20 |, £2=b0Ob@)’, b@t)=| —costsint
0 0 0 sint

Based on this representation, we can use

sint —cost 0 0 0 0 0
0 1 cost 0 0 0 0
G(t) = 6.2
@ —cos®sr  —sinfcos?t sinfcost sint —cost 0 0 6.2)
—(sint cos )2 —sin®rcost sin’¢ 0 1 costO

In the following numerical experiments we choose the exact solution

X1 = sint, X4 = COSt,

Xo = COSt, X5 = —sint,

X3 = 2 cos? t, x¢= —2sin2t,
ol

X7 = —p " sint,

8Compare also [9, Sections 6.3 and 6.4].



Least-Squares Collocation for Higher-Index DAEs 117

Table 7 Errors and estimation of the convergence order for (6.1) and 7 = 0, H = 5 using M =

N+3
N=1 N=2 N=3 N =4 N=5
n Error Order | Error Order | Error Order | Error Order | Error Order
10 | 2.64e+0 5.24e—1 6.29e—2 6.33e—3 5.73e—4

20 | 1.54e+0 | 0.8 1.99¢—1 | 1.4 1.77e—2 1.8 9.39e—4 | 2.8 6.12e—5 (3.2
40 |8.79e—1 0.8 9.36e—2| 1.1 6.44e—3 | 1.5 1.66e—4 | 2.5 7.31le—6 3.1
80 | 4.69e—1 0.9 4.63e—2 1.0 2.84e—3 1.2 3.42e—5|2.3 9.02e—7 3.0
160 |3.00e—1 | 0.6 2.33e—-2|1.0 1.37e-3 | 1.1 7.69e—6|2.2 1.12e—7 3.0
320 | 2.30e—1 0.4 1.18e—2|1.0 6.75e—4 | 1.0 1.82e—6 | 2.1 1.40e—8 | 3.0

which is also the one used in [9]. Setting G, = G(0), this provides us with the
initial condition®
-1
Gux(0) =

S O W

The problem is solved on equidistant grids using, for each polynomial degree N,
M = N + 3 Gaussian collocation points scaled to (0, 1). This number of collocation
points has been chosen such that the assumptions of Theorem 3.5(3) are fulfilled.
The tables show the errors of the approximate solutions in H 5 (0, 5). Similarly as in
previous examples, the columns labeled order contain an estimation keg; of the order

kest = log(llxz — x*”yll)((),s)/”xn/ - X*HH[I)((),s))/lOg 2.

Here, 7/ is obtained from 7 by stepsize halving.

In order to enable a comparison, we provide the results for solving the problem
without windowing in Table 7. This corresponds to f = 0 and H = 5. Note that
the results are almost identical to those obtained in [9] using a slightly different
formulation of the initial condition and a different number of collocation points.

In Tables 8, 9 and 10 the results using the windowing technique with transfer
conditions (1.5) for different numbers of subdivisions n of the individual windows
[£,  + H] are shown. Since the transfer condition is based on all of the differentiated
components Dx, they are expected to be inconsistent away from the initial point
t = 0.Forn = 1and N < 3, the method delivers exponentially divergent
approximations.

9This initial condition is slightly different from the one used in [9]. However, both conditions are
equivalent.
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Table 8 Errors and

timation of th N=4 N=3
estimation of the convergence

order for (6.1) and n = 1, L Error Order | Error Order
H=5/LusingM =N +3 10 | 1.21e-2 7.18e—4

20 |2.28e—3 |24 7.65e—5 | 3.2
40 |5.16e—4 2.1 9.36e—6 |3.0
80 |1.25%—4 2.0 1.18e—6 | 3.0
160 |3.10e—5 | 2.0 1.48e—7 |3.0
320 |7.74e—6 | 2.0 1.93e—8 |2.9

Table 9 Errors and estimation of the convergence order for (6.1) and n = 2, H = 5/L using

M=N+3
N=1 N=2 N=3 N =4 N=5
L Error Order | Error Order | Error Order | Error Order | Error Order
10 | 2.30e+0 2.66e—1 2.99e—2 1.99¢e—3 7.64e—5

20 | 1.64e+0 | 0.5 298e—1 | —0.2/125%—-2 13 |4.8%—4 20 |9.24e—6|3.0
40 | 1.49e+0 | 0.1 2.41e+1 —6.3/5.9% -3 1.1 1.22e—4 2.0 1.16e—6 3.0
80 | 1.45e+0|0.0 | 4.16e+5 | —14.1 3.03e—3 1.0 |3.06e—5 2.0 1.46e—7 3.0
160 | 1.44e+0 | 0.0 1.15e+14 | —28.0 | 1.54e—3 | 1.0 | 7.65e—6 2.0 1.84e—8 3.0
320 | 1.44e+0 0.0 1.48e+31| —56.8 | 7.77e—4 | 1.0 1.91e—6 | 2.0 1.09¢e—8 0.8

Table 10 Errors and estimation of the convergence order for (6.1) and n = 3, H = 5/L using

M=N+3
N =1 N=2 N=3 N =4 N=5
L Error Order | Error Order | Error Order | Error Order | Error Order
10 | 1.74e+0 1.38e—1 1.38e—2 7.31e—4 2.05e—5

20 | 1.64e+0 | 0.0 6.92e—-2 1.0 6.20e—3 1.2 1.83e—4 2.0 2.53e—6| 3.0
40 | 1.66e+0 | 0.0 3.95e—-2/0.8 3.07e-3 | 1.0 4.6le-5|2.0 3.18e—7| 3.0
80 | 1.67e+0 | 0.0 2.75e—=210.5 1.55e—-3 | 1.0 1.15e—5 2.0 3.9%—-8| 3.0
160 | 1.68e+0 | 0.0 2.35e—-2/0.2 7.81e—4 1.0 2.89%e—6 2.0 6.43e—9| 2.6
320 | 1.68e+0 | 0.0 2.23e-210.1 3.93e—4 1.0 7.22e—72.0 241e—-8| —1.9

Finally, we consider the case of using accurately stated initial conditions as
transfer conditions. So they correspond to choosing G(7) according to (6.2). The
results are collected in Table 11. The latter can be compared to the behavior of the
global method as shown in Table 7. The results are rather close to each other.
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Table 11 Errors and estimation of the convergence order for (6.1) and accurately posed transfer
conditions withn =1, H =5/Land M = N +3

N=1 N=2 N=3 N =4 N=5
L Error Order | Error Order | Error Order | Error Order | Error Order
10 | 5.32e+0 5.12e—1 8.46e—2 1.20e—2 1.03e—3

20 | 2.56e+0 | 1.1 2.67e—1/0.9 2.64e—2|1.7 247e-3|2.3 8.85e—5|3.5
40 | 2.20e+0 | 0.2 2.03e—1 /0.4 1.09e—2|1.3 5.85e—4|2.1 9.5le—6 3.2
80 | 2.17e+0 | 0.0 1.88e—1 /0.1 5.14e-3 | 1.1 1.44e—4 2.0 1.14e—6 | 3.1
160 | 2.17e+0 | 0.0 1.84e—1 /0.0 2.53e—-3 /1.0 3.59e—5 2.0 1.40e—7 | 3.0
320 | 2.17e+0 | 0.0 1.83e—1 0.0 1.26e—3 | 1.0 8.97e—6 (2.0 1.76e—8 | 3.0

7 Conclusions

We continued the investigation of overdetermined least-squares collocation using
piecewise polynomial ansatz functions. This method is known to efficiently produce
accurate numerical approximations of solutions for two-point boundary value
problems for higher-index DAEs including IVPs as a special case. Since a further
increase in computational efficiency is expected if modified for a customized
application to IVPs, we considered time-stepping techniques for IVPs in this
paper. It turned out that the success of such techniques depends strongly on
the transfer conditions used. In the case that the intrinsic structure is available,
meaning in particular that the dynamic solution components are known, the time-
stepping method has convergence properties similar to the boundary value approach.
However, if only the information about the differentiated components of the DAE is
used, so far our estimates do not secure convergence of the time-stepping approach.
Investigations of a model problem indicate that even in this case convergence can
be obtained provided that the method parameters are chosen appropriately.

The overdetermined least-squares collocation method shows impressive con-
vergence results in our experiments. On one hand, the accuracy is impressive,
on the other hand, the computational efficiency is comparable to widely used
collocation methods for ordinary differential equations. Opposed to that, there are
severe difficulties to theoretically justify these methods. The underlying reason is
the ill-posedness of higher-index DAEs. To the best of our knowledge, available
convergence results are rather sparse and important questions of practical relevance
for constructing efficient algorithms are completely open, e.g., a-posteriori error
estimations, the choice of grids, polynomial orders, collocation points etc. However,
the results so far are encouraging.
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A Proof of Theorem 3.5

The Proposition A.1 below plays its role when verifying the statements of Theo-
rem 3.5. We collect the necessary ingredients of the projector based DAE analysis
to prove Proposition A.1. We refer to [13, 15] for more details. Let the DAE (1.6)
be fine with tractability index p > 2 and characteristic values

n—1
O<ro<- - Srpi<r=m, l=m=> (m—r). (A1)
=0

Recall that this property is determined by the given coefficients A : [a, b] — R"™*K,
D =[I 0] € R and B : [a, b] — R™ ™. A and B are sufficiently smooth, at
least continuous. Then there are an admissible sequence of matrix valued functions
starting from Go := AD and ending up with a nonsingular G, see [13, Definition
2.6], as well as associated projector valued functions

Py:=D'D and Pi,..., P,y € C(la,b],R™*™)

which provide a fine decoupling of the DAE. We have then the further projector
valued functions

Qi=1—-P,i=0,....,u—1,
ITy := Py, IT; :=1I1;_1 P; € C([a, b, R™™), i=1,...,u—1,

DIT;DT € C'([a, b], R0y, i=1,..., u—1.
By means of the projector functions we decompose the unknown x and decouple
the DAE itself into their characteristic parts, see [13, Section 2.4].

The component u = DI1,_1x = DII,_; D" Dx satisfies the explicit regular
ODE residing in R¥,

' — (DI, D")'u+ DI, G, 'BIT,_\D*u = DIT,_1G}'q. (A.2)
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The components v; = IT;_1Q;x = I1;_ Q;DTDx, i=1,...,u—1, satisfy the
triangular subsystem involving several differentiations,

() */1/12 e f/‘/l,u,fl (Dvl)/
0 (A.3)
N2 p :
0 (DU;L—I)/_
I My M v | 2
;o .
+ = q
T %M—Z,;L—l
I V-1 ] [ D

The coefficients .4} ;, .#; j, and .Z; are subsequently given. Finally, one has for
vg = Qox the representation

n—1 n—1
v():foy—%D+u—Z///0jvj—Z%j(va)’. (A.4)

j=1 j=1
The subspace im DT, is an invariant subspace for the ODE (A.2). The com-
ponents vg, vi, ..., v,—1 remain within their subspaces im Qo, im 1, >0y, ...,

im ITy Q,,—1, respectively. The structural decoupling is associated with the decom-
position

x=DVu+vo+uv+---+ vt

All coefficients in (A.2)—(A.4) are continuous on [a, b] and explicitly given in terms
of the used admissible matrix function sequence as

Mot :=—000D7

Myj :=—QoPy -+ Pj_1Q;D", j=2,...,p—1,
Niiv1 = —11;_10; Qi1 DT, i=1,...,u—2,
Nij = —IT;_1Qi Piy1 -+ Pj_1Q; DY, j=i+2,...,nu—1,i=1,...,u—2,
Moj = QoPr--- Py—1#;DITj—1Qj, j=1,...,n—1,
Mij=T21QiPiy1 -+ Py AM;DI;_1Qj, j=i+1,...,u—1i=1,...,0-2,

Lo = QoP1- - PuiGl,
L =210 Piy1 - Py G i=1...,u=2,
$L71 = H;L72Qu_flG;l7

Ao = QoPy-- Py Ay,
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in which

n—1
H = (I =M )G, By 011 + Y (I = 1) (P — Q)(DIL DY DIT,
r=1

j—1
Mj ="y (I = M) PDT(DIDY) = Quy1 DT (DM DY))DIT; -1 01 D7,
k=0

j=1...,u—1
Consider an arbitrary subinterval [7, f + H] C [a, b] and use the function spaces
LY, =L*((7.i+H),R"), H.,=H'(GCi+H).RY, H},, ={xelLl,|DxeH},}.

equipped with their natural norms. Additionally, we introduce the function space
(ct., [9, 15])

. 2 . . 1
Zoub = {q €Ly, vu-1:=%4-1q9, Dv, 1€ Hy,,
j-1 j-1

— . p— . . . . . / p— . . . . .
Vu—j = ZLu—jq Z N jou—j+i (DVp—jti) Z///u—]-u—/H Vp—j+is
i=1 i=1

Dv,_j e H},, for j=2,...,u—1}
and its norm
il 1/2
lallzoy = | gz + D IDwWI5 | q€Zo.

i=1

The latter function space is very special, it strongly depends on the decoupling
coefficients which in turn are determined by the given data A, D, B.

We also assume a function G : [a,b] — R! with G(t) = G(t)Dt D for all
t € [a, b] to be given, and introduce the operator related to the subinterval T, :

Hll)’mb — L2, and the composed operator Ty,p : H})’mb — L%, xRl by

T bX 1
Tsubx = A(D_x)/ + B_x, 2ubx = |:G(;_I;x(l_)i| s X € HD,sub'
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Here, trivially, the restrictions of A and B to the subinterval are meant. The operators
Tsup and Jy,,p are well-defined and bounded. Regarding

+H
1 Tounxllyz = f |A@)(Dx)' (1) + B(@)x(1)[Pdt
Su 1t

<2max{ max |AN, max [B@®)}x|3,
te[t,t+H] D,sub

na
telf,i+H]

< 2max{ max |A(¢ 2, max |B()|*} x|
< {te[a,b]| Q] te[a,b}l O HI ”Hll).m

we see that there is an upper bound on the operator norm of 7y, uniformly for
all subintervals. Similarly, supposing G to be bounded on [a, b], there is a uniform
upper bound for the norm of Zy, too.

Proposition A.1 Let the DAE be fine on [a, b] with characteristic values (A.1) and
index pu > 2.
Let the function G : [a, b] — R! be such that

kerG(r) =kerI1,,—1(1), |G@)| <cg, |IG()"| =cG-, 1 €]a,b],

in which cg and cg- denote constants and G(t)™ is a reflexive generalized inverse
of G(t). Then it holds:

() im Tsup = Zsup, im Tsup = Zgup X Rl: ker T, = {0}.

(2) The function space Zgy,p, equipped with the norm ||-|| z,,, is complete.

(3) There is a constant cz, uniformly for all subintervals [t,t + H] C [a, b), such
that

Il <z Uqllz,, + 1Y forall € Zay.r R x = T (. r).

Note that such a functions G exists always. For instance, applying Lemma 3.1 one
can set G(t) = [I; 01K () D and supplement it by G(r)~ = DT K (1)~ '[1; 0]*.

Proof

(1) The first assertions can be verified by means of the above decoupling formulas,
which are given on [a, b], and which are valid in the same way on each arbitrary
subinterval, too. In particular, examining the equation 5, ,x = 0, we know
from (A.3) that g € qu »»q = 0 implies v; = 0 on the subinterval successively
for j = w —1,...,1. On the other hand, G(¢)x(t) = O leads to u(t) =
DII,,_1(t)x(t) = DII,_1(H)G(@)~G({)x(t) = 0. Since u € Hslub solves
the homogeneous ODE (A.2) on the subinterval, u vanishes there identically.
Finally, from (A.4) it follows that vy = 0, and hence, x = 0.

(2) Let g, € Zgyp be a fundamental sequence with respect to the ||-|| Zs,p-norm,
and v, ; € Hll), i=1,...,u—1,correspondingly defined by (A.3), further

sub’
wp; = (Dvy;), i = 1,..., u — 1. Then there exists an elements g, € L?ub
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L? -

such that g, — ¢ and there are further elements w,.; € L2((7,7 + H), RY
L? . .

so that w,; — ws;,i = 1,...,u — 1. The first line of the associated

. L?
relations (A.3) leads to v, y—1 = Lu—1Gn — Lu—19% = Vs u—1, DUy py—1 =

LZ
D%, _1qgn —> Duy 1, thus Du, 1 € Hslub, (Dvy,y—1)" = wy pu—1. The
next lines of (A.3) successively for j =2, ..., u — 1 provide

Jj—1 j—1
’
Un,u—j = Lu—jdn — ZJ’@—LM—./H (DVn,p—j+i) — Z///u—j,u—jﬂ' Un,pu—j+i
i=1 i=1
j—1 j—1
L? ,
— Lu—jqx — § :*Mt*j,u*jH(D”*,/t*jJri) - Z///A*j,u*ﬂri”*,u*jﬁ = Vs u—js

i=1 i=l

Dvy y-j € Hslub’ (Do - ) = Wi,
and eventually we arrive at g, € Zgyp.

(3) The operator Ty, is bounded also with respect to the new image space Zg,p
equipped with the norm |||z, . Namely, for each x € H é sup OWINg to the
decoupling it holds that

sub*®

Dv; = DIT;_1 Qix = DIT;_Q; D" Dx,
(Dv;)) = (DI;—1Q; DY) Dx + DIT;_1Q; D" (Dx), i=1,....,u—1.

. Z . . Z
This leads to | Tsupx |l z,,, < T ||x||Hllmlh, with a uniform constant T for

all subintervals. In the new setting, the associated operator s, : H ll) sub

Zoup X Rl is a homeomorphism, and hence, its inverse is bounded. It remains

to verify the existence of a uniform upper bound cz of the norm of z;bl O

Let an arbitrary pair (g, r) € Zsup X R/ be given and the solution x € H 5 supb OF
Taupx = (q,71), i.e, Tgpx = q, G()x(f) = r. We apply again the decomposition
of the solution x = DTu + vg + vy + --- + v,—1 and the decoupling (A.2),
(A.3), (A.4). Owing to the properties of the function G it holds that u(f) =
DIT,_()x(t) = DIT,,_1(t)G (1)~ G(t)x(t) = DIT,,_1(t)G(t) " r and thus

lu(@®)| < kilrl,

with a constant k; being independent of the subinterval. Below, all the further
constants k; are also uniform ones for all subintervals.

Let U(t,t) denote the fundamental solution matrix normalized at f of the
ODE (A.2). U is defined on the original interval [a, b], there continuously differen-
tiable and nonsingular. U (¢, 7) and U(t,7)~' = U(f, t) are uniformly bounded on
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[a, b]. Turning back to the subinterval we apply the standard solution representation

t
u(t) :U(t,t_)u(t_)—i-ﬁ U(t,$)DIT,—1 ()G, ()q(s)ds
t

t
= U(t,t_)DHu_l(t_)G(z_)_r—F[ U(t,5)DI,_1 ()G, (9)q(s)ds, 1 € [7.7 + H].
t

Taking into account that the involved coefficients are defined on [a, b] and continu-
ous there we may derive an inequality

2 2 2
IIMIIHJM < kalr|” + k3llq 5,
Next we rearrange system (A.3) to

vl % 0 Az Mpu—r (Dvy)
: : ) :
Vp—1 D‘Zufl 0 (Dv,ufl)/

in which the inverse of the matrix function

I My - M1

m=| !
. -//;L—Z,ﬂ—l
1

is again continuous on [a, b] and upper triangular. This allows to derive the
inequalities

n—1
lojl2 < kallgls ks Y NDWYIZ o j=1...n—1.

i=I
Considering also (A.4) we obtain

n—1
2 2 "2 2
X <k +k Dv; + kg|r|”.
Il <kollglys +kr Y NI+ ksirl

N su
i=1
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Since (Dx) = u’ + ’.L__I(Dv,-)’ we have further
i=1

n—1

2 2 "2 2 2 2
X <k Dv; +|r|*t =k + |r[).
¥l <k ||q||L§Mb+i§_lj||( Ve +IrP Y =ko(lgl,, + 1)

sub

B On the Derivation of the Transfer Matrix S(N, H, n)

Consider an interval (0, &). For the representation of polynomials we will use the
Legendre polynomials Py [18]. They have the properties

L [ P P()dr = 3218u. kI =0,1,....

2. () =1, P(=) = (=DK, k=0,1,....

3. P =P =@k+DP.k=12,...
Let
2 2% +1\'/?
Pr(t) = a Pi( h) ax ( - )
Then it holds

h
/0 pepidt =8, pe(0) =ar,  pe(h) = (—D¥ay.

From the representation for the derivatives, we obtain

h
E(Ckpllc—l —dipiyy) = Qk+ Dpp

where
_oa _ (%N e (k1)
“Tan " \aw-1) 0 *Tan T\ m+3)
Since po(t) = ap and p|(t) = —2ay/h, we have the representation
- Pl Po
- . = D_ . R
2 . .

/

PN PN-1
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with
—dy
0 —d; !
_ 3
F = 2 0 _d2 s D_ =
2N —1
cn—1 0 —dy—
This provides
P Po
o I 0 0
. :—F . N F: =1 .
: h : r—'D_0
Py PN

A representation of I" being more suitable for the subsequent derivations can be
obtained by observing that

I;:Dl/z 1 0 —1 D;l/Z D+:
10 -1 2N +1
Let Z denote the tridiagonal matrix in this decomposition. Then it holds

1, i>ji—jeven,
(Z_l)ijz P= e
0, else.

Hence,

0 12y n1/2
r = = p'2ypY/
|:Di/2Z‘D1_/20:|
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where
_0 _
10
| 01 O
3 101 0
D = ., Yy=-(01 01
. 101 0 10
2N +1 01 01 0 10
01 01 010

Assume now

N
Xi= ) aupr. a=(ao.....an)".

T
k=0
Then
N N
x; (0) = Zoz,-npn(O) = Zainan = aTot,- i=1,...,nu—1.
n=0 n=0
We collect the coefficients « = (a7, ..., oeﬂq)T and set
1 T
2pT g 2
A = . , C =
. ;
2 T a
1

Let now H > 0 be fixed and h = H/n for a given positive integer n. The
functional to be minimized is

0
1 1
2 2 T
Cup() = 3 Ixl: + Y Sl il ow= G
sub i— sub
on X, under the condition x; = r;,i = 1,...,u — 1. The term for i = w in this

sum can be omitted since, for given x,,_1 € Py, x, € Py_1 can always be set to

x/;_l such that the last term amounts to 0.
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For a shorthand notation, define x;' = x;|((w—1)n,vn)- Assuming the representa-
tion

N

v o_ v oV

X = Zaikpk
k=0

on ((v—1)h, vh) with p; being the polynomials py transformed onto ((v— 1)k, vh),
we obtain

"1, o, 12 2
Psup(x) = Z 5 o} |” + 3 Z EFT“,V—l +of
v=I i=2

where o = (o). ..., ay)". Furthermore,
N N
-1 —1 -1 k
xTNony =Y el o) =) el (=1
k=0 k=0

fori=1,...,u— 1.Defineb = (ag, ..., (—D)an)T.
All these equations can be conveniently written down in a matrix fashion. The
initial condition becomes

Ca' =r
while the transfer conditions read
Ba''=Ca’, v=2,....n
with
bT
B = .
bT
Leta = (a!,...,a™7T and
A C
A —-B C
% = R (g =
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Note that .27 is nonsingular since A is so. Similarly, € has full row rank since C has
the same property.
Finally, we obtain

1
Dgup(X) = Pyup() = §|.@7¢x|2 — min such that & = (1,0, ...,0)".

The transfer matrix is then given by
S(N, H,n)r = Ba"(r) forall r € R* 1.

In the case u = 2, a simple analytical solution is feasible.

B.1 The Case p =2

In order to simplify the notation, the index i will be omitted. The transfer matrix
reduces to a scalar

x"(H)

Pn =

The Lagrange functional belonging to the present optimization problem reads

o(a, A) = ZZ(ak)2+A1 Zakak—r

v=1 k=0

n N N
+ Z)‘V Zakak Z( l)kakak
k=0 k=0

v=2

In the following, we will use the notations

] 2 ko (DY b
a:Zakzi—l(N-l—l), b:Z(—l)akz p D, o=l

k=0
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The derivatives of the Lagrange functional are

ap N
— = aga, —r,
PN Z kg
k=0
30 N N
v k _v—1

:Zakak—Zak(—l) a , v=2,...,n
Ay k=0 k=0
ap n

=« + Ayag,
aC{Z k ndk
d
P o) +a — a1k, v=1,...n—1
doy

Hence, forv =1,

N N
r= Zakaé = Zak (Azak(—l)k — Alak>
k=0

k=0

= by —akj.

Similarly, for v = n,

N N
0= Zaka,’{‘ — Zak(—l)ka,‘j*l
k=0 k=0

N N
==Y afha+ D ar(=DF (hnorax = inax (~DF)
=0 k=0

=bl—1 — 2ak,.

And finally, for 1 < v < n,

N N
0= Zaka}j — Zak(—l)ka,t_l
k=0 k=0

N

=blyt1 — 2aky, + bA,_1.
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N
=> a (?»u+1ak(—1)k - )wak) - a1 (kuak(—l)k - kwldk)
k=0 k=0
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This provides us with the linear system of equations

—a b A r
b —2a b A 0
b —2a b An—1 0
b —=2a || i 0
Since x"(H) = Y p_gak(— D! = — SN s ax(— D rua = —ba, it is sufficient

to compute the last component 2, of the solution to this system. Let A, denote the
system matrix and A, the matrix obtained from A, by replacing the last column of
A, by the right-hand side. According to Cramer’s rule it holds

_ det A,
" detﬁn'

Let u,, = det A,, and v, = det An. Then we obtain the recursion

vy =,
vy, = —bv,_1.
Its solution is given by
_ v—1
vy = (—b)'"'r.
Analogously, we have
up = —a,

Uy = 2a% — b2,

U, = —2au,_1 — bzuv_g.
This recursion is a simple difference equation with the general solution
uy = c1z] + 223,

where

mgzaCJiVI—&)
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Application of the initial condition leads to ¢; = ¢
expressions we obtain

x"(H)
,

—bXr,
’

Pn =

2b"

133

= 1/2. Inserting these

2

n

an [(—1 + M)n + (—1 - M)n}

(—1 +ﬂ)n + (—1 - M)n .

From the definition of ¢ we obtain ¢ = (N + 1)~L. Hence, v/1 — ¢2 =~ 1 such that

oL ~ ck2l-L,

B.2 An Approach for p > 2

In the case u > 2, the steps taken in the case i = 2 can be repeated. The Lagrangian

system for the constraint optimization problem reads
AT €T ||a| |0
¢ 0 ||rx| |r

r=,0,...,0)7.

where

The computation steps are then
() o =—(FdT ) 16T
() A= —[C(FT) 16T Iy
(i) o« = (AT ) ECT € (AT )1 €T Iy

(iv) x(H) = Ba = B(ZT ) YT € (T ) 1€ .
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In the end, this yields
S(N,H,n) =BT o) '¢T1¢ (T )" 16T 71,

This representation can easily be evaluated using symbolic computations. It should
be mentioned that most terms in S(N, H, n) lead to simple rational expressions in
N. However, the results presented in Sect. 5.3 have been computed numerically.
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