Chapter 1 )
Equality and Equivalence, e
Intuitionistically

Wim Veldman

For Mohammad Ardeshir

Solem enim e mundo tollere videntur qui amicitiam e vita
tollunt.

They take away the sun from the world, surely, those who take
away friendship from life.

Cicero, de Amicitia, XIII 47

Abstract We show that the intuitionistic first-order theory of equality has continuum
many complete extensions. We also study the Vitali equivalence relation and show
there are many intuitionistically precise versions of it.

Keywords Brouwer’s continuity principle « Apartness + Toy spread + Decidable
point of a spread + Perhapsive extensions

1.1 Introduction

We want to contribute to L. E. J. Brouwer’s program of doing mathematics
intuitionistically.

We follow his advice to interpret the logical constants constructively.

A conjunction A A B is considered proven if and only if one has a proof of A
and also a proof of B.

A disjunction A V B is considered proven if and only if either A or B is proven.

An implication A — B is considered proven if and only if there is a proof of B
using the assumption A.

A negation —A is considered proven if and only if there is a proof of A — 0 = 1.
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2 W. Veldman

An existential statement 3x € V[P (x)] is considered proven if and only an ele-
ment xq is produced together with a proof of the associated statement P (xo).

A universal statement Vx € V[P (x)] is considered proven if and only if a method
is given that produces, given any x in V, a proof of the associated statement P (x).

We also use some axioms proposed by Brouwer: his Continuity Principle, our
Axiom 1, a slightly stronger version of it, the First Axiom of Continuous Choice, our
Axiom 2, and his Thesis on Bars in N, our Axiom 4.

In some of our proofs, we use an Axiom of Countable Choice, our Axiom 3. Intu-
itionistic mathematicians, who accept infinite step-by-step constructions not deter-
mined by a rule, consider this axiom a reasonable proposal.

Finally, we believe that generalized inductive definitions, like our Definition 25,
fall within the compass of intuitionistic mathematics.

Our subject is the (intuitionistic) first-order theory of equality. By considering
structures (X, =) where X is a subset of Baire space N' = w“ and = the usual
equality relation on N, we find that the theory has an uncountable and therefore
astonishing' variety of elementarily different infinite models and, as a consequence,
an astonishing variety of complete extensions, see Theorem 15. The key observation?
leading to this result is the recognition that, in a spread,’ an isolated point is the same
as a decidable point.* It follows that the set of the non-isolated points of a spread
is a definable subset of the spread. In spreads that are transparent,’ the set of the
non-isolated points of the spread coincides with the coherence of the spread,® and the
coherence itself is spread. It may happen that the coherence of a transparent spread
is transparent itself and then the coherence of the coherence also is a definable subset
of the spread. And so on.

Any structure (A, R), where R is an equivalence relation on N, is a model of
the theory of equality. We study the Vitali equivalence relation, see Sect. 1.9, as an
example. This equivalence relation, in contrast to the equality relation on N, is not
stable,’ see Theorem 16.

There is a host of binary relations on A that, from a classical point of view, all
would be the same as the Vitali equivalence relation, see Sects.1.10 and 1.11, and
especially Definition 25, Corollary 3 and Definition 28. It turned out to be difficult to
find differences between them that are first-order expressible. We did find some such
differences, however, by studying structures (N, =, R), where R is an intuitionistic
version of the Vitali equivalence relation and = the usual equality, see Sect. 1.12.

IClassically, all infinite models of the first-order theory of equality are elementarily equivalent.

2This observation has been made earlier in Veldman (2001, Sect. 5). The first part of the present
paper elaborates part of Veldman (2001, Sect. 5).

3Every spread is a closed subset of AV, see Sect. 1.4.

4See Lemma 3. v € X C N is a decidable pointof X ifand only if VG € X[aa =3 Vv —(a = B)].
5See Definition 8.

5The coherence of a closed set is the set of its limit points, see Definition 7.

TR € N x N is called stable if Va¥3[——aR3 — aR (], see Definition 22.
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The paper is divided into 13 Sections and consists roughly of two parts. Sec-
tions 1.2, 1.3,1.4, 1.5, 1.6, 1.7 and 1.8 lead up to the result that the theory of equality
has continuum many complete extensions, see Theorem 15. Sections 1.9, 1.10, 1.11
and 1.12 treat the Vitali equivalence relations. Section 1.13 lists some notations and
conventions and may be used by the reader as a reference.

1.2 Intuitionistic Model Theory

Given a relational structure % = (A, Ry, Ry, ..., R,—1), we construct a first-order
language £ with basic formulas R; (X, X1, ..., X;,—1), where i < n and /; is the arity
of R;. The formulas of £ are obtained from the basic formulas by using A, vV, —, —,
3,V in the usual way.
For every formula ¢ = ¢(Xo, Xy, ..., X;u—1) of L, for all ag, ay, ..., a,—; in A,
we define the statement:
A = plag, ar, ..., am-1]

(A realizes ¢ if Xg, X1, - - ., Xpu—1 are interpreted by ay, ay, . . . , a1, respectively),
as Tarski did it, with the proviso that connectives and quantifiers are interpreted
intuitionistically.

A formula ¢ of £ without free variables will be called a sentence.

A theory (in L) is a set of sentences of L.

Given a theory I" in £ and a structure 2, we define: 2( realizes T if and only if],
forevery pin I, 2 = .

Given a structure B that has the same signature as 2, so that the formulas of £
may be interpreted in B as well as in 2, we let Th(®B), the theory of ‘B, be the set
of all sentences ¢ of L such that 8 = ¢.

A theory I' in £ will be called a complete theory if and only if there exists a
structure B such that I' = Th(®B).

This agrees with one of the uses of the expression ‘complete theory’ in classical,
that is: usual, non-intuitionistic, model theory, see Hodges (1993, p. 43). Note that
one may be unable to decide, for a given sentence  and a given structure B, whether
or not B = . Intuitionistically, it is not true that, for every complete theory I" and
every sentence ¢, either ¢ € I' or mp € T'.

Complete theories I', A are positively different if one may point out a sentence 1)
suchthaty € I'and —¢p € A3

Structures 2, B are elementarily equivalent if and only if Th() = Th(*B) and
(positively) elementarily different if T h(2l) is positively different from Th(*8).

Let I be a theory in £. A good question is the following:

How many complete theories A can one find extending I'?

81f4 € I'and =) € A, then =) € A and ——) € I': the relation positively different is symmetric.



4 W. Veldman

We will say: I' admits countably many complete extensions if and only if there
exists an infinite sequence Ag, Ay, ... of complete theories extending I" such that,
for all m, n, if m # n, then A,,, A, are (positively) different, and

" admits continuum many complete extensions if and only if there exists a function
o+ A, associating to every element « of C = 2* a complete theory extending I"
such that for all o, 3, if” a # 3, then A,,, Ag are (positively) different.

A main result of this paper is that the first-order theory of equality admits contin-
uum many complete extensions.

1.3 Equality May Be Undecidable

The first-order theory E Q of equality consists of the following three axioms:
1. VX[x =X],
2. VXVY[Xx =y - y =X] and
3. VXVYVZ[(X =Yy A Yy=2) > X =1Z].
A model of EQ is a structure of the form (V, R), where V is a set and R is

an equivalence relation on V, possibly, but not necessarily, the equality relation
belonging to V.

Classically, every complete extension of E Q is realized in one of the structures
from the list: ({0}, =), ({0, 1}, =), ({0, 1,2}, =), ... and (w, =). This shows that,
classically, E Q admits of (no more than) countably many complete extensions.

Intuitionistically, however, we have to observe that all structures on this list satisfy
the sentence

VXVylx =y v =(x=y)],
that is: the equality relation, on each of these sets, is a decidable relation.

Turning to the set A, we note that, if we define an element o of A/ by stipulating:
Vnlam) #0 < Vi < 99[d(n +i) = 9]],

where d : N — {0, 1, ..., 9} is the decimal expansion of m, then, at this moment,
we have no proof of:

a=0v-(a=0).

This is because, if a = 0, then —=3nVi < 99[a(n + i) = 9], and, if =(a = 0),
then ——3nVi < 99[d(n + i) = 9], and we have no proof of either alternative.

This example shows us that the statementVa[ao = 0 vV —(a = 0)], for a construc-
tive mathematician, who interprets the disjunction strongly, is a reckless statement.'?

a# < alf < Infamn) # Bn)], see Sect. 1.13.

10A statement is reckless if the classical mathematician holds it is true while the intuitionistic
mathematician, at this point of time, has no proof for his constructive reading of it.
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The following axiom, used by Brouwer,'! implies that the statement
Yala =0 v —(a = 0)] even leads to a contradiction.

Axiom 1 (Brouwer’s Continuity Principle)
For all R € N x w, if Ya3n[aRn], then Yoam3InVB[am C S — BRn).

An immediate consequence is:

Lemma 1 (Brouwer’s Continuity Principle, the case of disjunction)
Forall Py, P, C N, ifVala € Py vV « € Py], then
Yadm[V@lam C 8 — B € Py] v ¥VBlam C B — B € Pi]].

Proof Define R :={(a,n) |n <2 A « € P,} and apply Axiom 1. O

Theorem 1 (i) (N, =) EVX=Vy[x=Yy VvV =(X=Y)].
(i) W, =) E-VxVy[x=y v ~(x=y)]

Proof (i) Let o be given and assume: Vi[a = vV —(a = ()]
Using Lemma 1, find m such that
either VB[am C 8 — a = Blor VB[am C 8 — —(a = B)].
Consider 3 := am * {(a(m) + 1) % 0 (for the first alternative) and § := « (for
the second one) and conclude that both alternatives are false.
(i1) This is an immediate consequence of (i).

Definition 1 For each n, we let ¢, be the sentence
IxpIX1 .. -3Xn[/\,~<_,-<n =(X; = X;)].
Ty = EQ U (ty | n € w).

1, expresses that a set has at least n + 1 elements.

Note that, in classical mathematics, T;,r has only one complete extension.

Intuitionistically, however, T;,; has (at least) two positively different complete
extensions, Th((N, =)) and Th((w, =)).

The next Theorem reflects the fact that, in classical model theory, all models of
T;,,s are elementarily equivalent.

Theorem 2 The theory Ti,r U {VXVY[X =Y V —(X =Y)]} has only one complete
extension.

Proof For each n, consider the first n variables of our language: X, X, . .., Xy—1.
A formula € = (X, X1, ..., X,—1) is called an equality type if and only if it is of
the form A oij where each o;; either is the formula X; = X; or the formula
—(X; = X;)."> One may prove: for all structures (Vy, Ro), (V1, Ry), both realizing
Tinr U{YXVY[X =Y V —=(X =Y)]}, for each formula ¢ = ¢(Xo, X1, ..., X,—1), for
each equality type € = (Xo, X1, - . ., Xu=1)> (Vo, Ro) = YXoVX; ... VX, —1[e — @] if

i<j<n

1ISee Veldman (2001).
12 Inconsistent equality types may be annoying but do not cause difficulties.
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and only if (Vi, Ry) E VXoVX; ...VX,—1[e = ¢]. The proof is by induction on the
complexity of the formula ¢.

It follows that any two models (Vy, Ry), (Vi, R;), both realizing
Ting U{YXVY[X =Yy V —=(X =Y)]}, are elementarily equivalent. O

From here on, we restrict attention to infinite models of E Q, that is, to models of
Ti,r. The hackneyed question to make a survey of models that are finite, or at least
not infinite, and of models for which one can not decide if they are finite or infinite,
is left for another occasion. That the job is not an easy one will be clear to readers
of Veldman (1995).

1.4 Spreads

Definition 2 Let § be given. § is called a spread-law, Spr(f3), if and only if
Vs[B(s) = 0 < 3n[B(s * (n)) = 0]].

For every (3, we define: 3 := {« | Vn[B(an) = 0]}.

X C N is closed if and only if 33[X = F5].

X C N isaspread if and only if 33[Spr(B) A X = F3].

If Spr(B) and B(()) # 0, then F3 = @.

If Spr(B) and 5({)) = 0, then F3 is inhabited.'> One may define o such that
Vala(n) = pup[B(@n * (p)) = 0]] and observe: Yn[F(an) = 0], thatis: o € Fjp.

Is every closed set a spread?

Define (3 such that Vs[G(s) = 0 <> —Vi < 99[d(n + i) = 9]], where
d:N—{0,1,...,9}is the decimal expansion of 7.

If Fgis aspread, thatis 3y[Spr(y) A F, = Fzl, then either Fpis inhabited and
—3sVi < 99[d(s +i) =9] or Fg =¥ and ——3AsVi < 99[d(s +i) =9].

For this 3, the statement ‘73 is a spread’ thus turns out to be reckless.

Brouwer’s Continuity Principle enables one to obtain a stronger conclusion.

Theorem 3 —V33y[Spr(v) A F, = Fsl.
Proof Assume: V33y[Spr(v) A F,=F3].

Then V@[Fala € Fg] v —Iala € Fpll. Using Lemma 1, find m such that either
vB3[0m C B — Jala € Fzll or VB[0m = 3 — —3ala € Fsll.

Both alternatives are false, as we see by considering 3 = Om * 1 (for the first
alternative), and 3 = 0 (for the second one). m|

Lemma 2 (Brouwer’s Continuity Principle extends to spreads)
Let 3 be given such that Spr(3). Then, for all R C N x w,
ifVa € Fgan[aRn), thenVa € FgamIAnVy € Fglam C v — yRn].

Bx C N is inhabited if and only if o[ € X].
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Proof Assume: Spr(3).If 3({)) # 0, then F3 = ¥ and there is nothing to prove.
Assume 3({ )) = 0. Define o such that ¢({ )) = () and, for all s, for all n,

1. if B(s * (n)) =0, then o (s * (n)) = s * (n), and,
2. if B(s * (n)) # 0, then o (s * (n)) = o'(s) * (up[B(a(s) * (p)) = 0]).
Note: Vs[/é’(cr(s)) =0]and VsVt[s C t — o(s) C o(?)].

Define p : N'— A such that YaVa[o(an) C pla].

Note: Va[p|la € F3] A Ya € Falpla = al.

The function p is called a retraction of A onto Fj.

Now assume: Yo € Fpan[aRn]. Conclude: Yadn[(p|a) Rn].
Let a in F3 be given. Using Axiom 1, find m, n such that
Vy[am T v — (ply)Rn]. Conclude: Vy € Fglam T v — yRn].
We thus see: Voo € FgImIAnVy € Fglym C o — yRn]. O

Recall that, for all o, 3, a # 8 < o L 8 < In[a(n) # B(n)], and
a =< VYnlan) = B(n)] < —~(a# [),and a # B < =Vn[a(n) = B(n)].

The constructive apartness relation # is more useful than the negative inequality
relation #.

Markov’s Principle, in the form: Ya[——3n[a(n) = 0] — In[a(n) = 0]],'* is
equivalent to the statement that the two relations coincide: YaV3[a # 8 — o # (1.

The intuitionistic mathematician does not accept Markov’s Principle.

Definition 3 We let AP = AP (X,Y) be the formula Vz[—(z =X) VvV —=(z=Y)].
The following theorem reformulates a well-known fact.

Theorem 4 (Apartness is definable) For all 3 such that Spr((),
forall a, 6 in Fg, a # 0 if and only if (Fp, =) = AP[w, .

Proof First, assume « # §. Find nn such thatan # dn. Note: for every ~y in Fp, either:
An % an and v # o, or: yn # dn and  # J. Conclude: (F3, =) = AP[a, d].
Next, assume (Fg, =) = AP[a, 6], thatis Vy € Fgly #a VvV v # 4.
Applying Lemma 2, find m such that either ¥y € Falom C v — v # al
or ¥y € Fglam C v — v # 6]. The first alternative is clearly wrong (take vy := ).
The second alternative implies: am L § (if am C §, one could take v := J), and
thus: o # 9. O

Definition 4 Foreachn,welet be the sentence IXp3xX1 . . . EIXn[/\i<j<n AP(X;, Xj)].
lef =EQU{¢f | new}

1T expresses that a set has at least n + 1 elements that are mutually apart.

Every model of Tl:f realizes T;,s. In the second part of the paper we will meet a
structure that realizes Tj,; but not Tij[f, see Theorem 17 in Sect. 1.9.

The theory T,:f U{VXVy[x =y VvV =(X=Y)]} has only one complete
extension, the same as the one and only complete extension of

Ting U{YXVY[Xx =Yy V —=(X =Y)]}, see Theorem 2.

14A. A. Markov enuntiated this principle for primitive recursive c only.
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1.5 Spreads with a Decidable Equality

Definition 5 We let D = D(X) be the formula: Vy[x =y vV —=(X=Y)].

Definition 6 Assume Spr () and o € Fp.

o is an isolated point of Fjp if and only if InVy € Fglan C v — a = 7], or,
equivalently, 3nVs[(an C s A B(s) =0) — s C al.

a is a decidable point of Fy if and only if Vy € Fygla =~ VvV —=(a=7v)], or,
equivalently, (F3, =) = Dla].

Z(Fp) is the set of the isolated points of Fj.

Cantor called Z(F3) the adherence of Fp.

Lemma 3 Assume Spr ().

(i) For each o in Fp, o is an isolated point of Fs if and only if o is a decidable
point of Fp.
(i1) Z(Fp) is a definable subset of Fj.

Proof (i) Let o be an isolated point of Fg.
Find n such that Vy € Fglan C v — a = 7v].
Note: for each v in Fp, either an C v and o = v, or an L v and o # 7.
Conclude: Vy € Fgla = VvV —(a = 7)], thatis: ais a decidable point of Fj.
Now assume: « is a decidable point of F3, that is:
Vy e Fsla=vy v =(a=)]
Apply Lemma 2 and find m such that either Yy € Fglam C v — o =] or
Vv € Fplam C v — —(a = 7)]. As the second alternative does not hold (take
v = @), conclude: Vy € Fglam C v — a = ], and: « is an isolated point of
Fp-.

(i) Using (i), note: Z(Fp) = {a € F | (Fp, =) = Dlal}.

Definition 7 Assume Spr (/) and o € Fp.

o is a limit point of Fp if and only if Vn3d € Fglan T 6 A o L §], or, equiva-
lently, Vnds[an Cs A B(s) =0 A «a Ls].

L(Fp) is the set of the limit points of Fg.

Cantor called L(F}3) the coherence of Fjg.

Lemma 4 V3[Spr(3) — L(F3) C Fs \ Z(Fp)], that is:
in all spreads, every limit point is a non-isolated point.

Proof Obvious. O

Theorem 5 The following are equivalent:

(i) Markov’s Principle: YVa[——3n[a(n) = 0] — In[a(n) = 0]].
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(i) VB[Spr(B) — Fs\L(Fp) < L(Fp)], that is:
in all spreads, every non-isolated point is a limit point.

Proof (i) = (ii). Let 3 be given such that Spr(3). Assume « is not an isolated point
of Fj, thatis: =3nVs[(an C s A B(s) =0) — s C al.
Let n be given.
Define 0 such that Vs[0(s) =0 < (@n T s A B(s) =0 A s L a)].
Then —Vs[d(s) # 0] and: =—3s[d(s) = 0].
Using Markov’s Principle, we conclude: 3s[d(s) = 0].
We thus see: Vrds[as T s A B(s) =0 A s L a], and: « is a limit point of Fj.
(ii) = (i). Let us assume: V3[Spr(B8) — Fp \ Z(Fp) € L(Fp)],
Let « be given such that =—3n[a(n) = 0].
Define 3 such that
Vs[B(s) =0 <> Vm < length(s)[s(m) # 0 — In < m[a(n) = 0]]].
Note: Spr(/3) and O € Fp, and: if In[a(n) = 0], then 0 is a limit point of Fj.
Conclude: if 0 is an isolated point of F3, then —=3n[a(n) = 0].
As —=—3n[a(n) = 0], conclude: 0 is not an isolated point of Fg.
By our assumption, 0 thus is a limit point of F3.
Find s such that 3(s) = 0 and s L 0. Conclude: 3n < length(s)[a(n) = 0].
Conclude: Va[——3n[a(n) = 0] — In[a(n) = 0]], that is: Markov’s Principle.00

‘We thus see that the converse of Lemma 4, being equivalent to Markov’s Principle,
is not an intuitionistic theorem.

We could not answer the question if, in general, £(F3) is a definable subset of
(F3, =). In some special cases, however, it is, and the following definition is useful.

Definition 8 Assume Spr((3). Fj is called transparent if and only if there exists 7y
such that Spr () and F,, = L(Fp) and Yo € Fp[3n[y(an) # 0] = a € T(Fp)l.

Note that, for each 8 such that Spr(53), if Fz is transparent, then
Fs \ Z(Fp) € L(Fp). The statement that every spread Fj is transparent thus is seen
to imply Markov’s Principle.

In Sect. 1.7 we will see many examples of transparent spreads.

The fact that not every spread is a transparent spread is one of the reasons that
Brouwer did not succeed in finding a nice intuitionistic version of Cantor’s Main
Theorem,!® see Brouwer (1919).

Definition 9 Let 3 satisfy Spr(3) and let o be given.

We define: ¢ : 73 — wif and only if Vo € Fgap[p(ap) # 0].

If ¢ : 73 — w, then we define, for each av in F3, ¢ () as the number z such that
@(ag) =z + 1, where ¢ = pplp(ap) # 0].

We define: ¢ is an injective map from Fj into w, notation: ¢ : Fg <> w,
ifand only if ¢ : 7, — w and Yoo € FgV0 € Fala# 6 — ¢(a) # ¢(d)].

I5Cantor’s Main Theorem nowadays is called the Perfect Set Theorem: every closed subset of N
is the union of a perfect set and an at most countable set.
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We define: ¢ : Fg — N if and only if Va[¢" : F3 — w].

If ¢ : F3 — N, then we define, for each o in F, ¢|a as the element § of A/ such
that Vn[d(n) = ¢"(a)].

We define: ¢ is an injective map from Fj into AV, notation: ¢ : F3 < N,
if and only if ¢ : F, —> N and Vo € FVd € Fsla# 5 — ola# ¢|d].

For every X C N, Fj3 embeds into X if and only if there exists an injective map
from Fp into X

The following axiom is, at least at first sight, a little bit stronger than Brouwer’s
Continuity Principle.

Axiom 2 (First Axiom of Continuous Choice) For all R € N x w,
if Vadn[aRn], then 3o : N — wValaRp()].

Lemma 5 (The First Axiom of Continuous Choice extends to spreads) Let 0 be
given such that Spr(B3). Then, for all R € F3 X w,
if Vo € Fgan[aRn], then ¢ : Fg — wVa € FalaRp(a)].

Proof Assume: Spr(3) and 5({ )) = 0. As in the proof of Lemma 2, define
p: N — Fssuch that Valpla € Fgl A Ya € Falpla = al.

Now assume Vo € FzIn[aRn]. Conclude: Yadn[(p|a) Rn].
Applying Axiom 2, find ¢ : N — w such that Vy[(p|y) Ro(y)].
Conclude: ¢ : Fg — w and Yy € Fg[yRp()]. O

Theorem 6 Assume Spr(B). (Fs, =) = VX[D(X)] if and only if o[ : Fz — w].

Proof First assume: (F3, =) = VX[D(X)]. Then, by Lemma 3,

Yo € FganVy € Fglan C v — a = v]. Using Lemma 5, find ¢ : Fg — w such that
VYa € FgVy € Falap(a) C v — a=7].

Define 1 : F3 — w such that Voo € Fa[1p(a) = ap(a)]. Clearly, ¢ : Fo — w.

Now assume: ¢ : F3 — w. Note: Vao € FgVé € Fgla = < p(a) = p(9)].
Also: Vo € FVi € Falp(a) = 0(8) vV =(p(@) = (9))].
Therefore: VYa € FgVo € Fgla =39 vV =(ae=0)]. Conclude: (Fp, =) = VX
[D(X)]. o

Definition 10 Assume Spr(3). Fp is enumerable if and only if either F3 = ¢ or
35[Vn[d" € Fgl A Yo € Fpan[a = §"]].

Lemma 6 Assume Spr(3). Fp is enumerable if and only if Jp[p : Fg — w].

Proof Assume Fjp is enumerable and 5({ )) = 0.
Find ¢ such that Vn[6" € Fj3] and Va € Fgan[a = §"].
Using Lemma 5, find ¢ : 3 — w such that Vo € Fylar = §9@].
Note: ¢ : Fg — w.
Now assume: ¢ : g — w.
We make a preliminary observation.
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Let s, n be given such that 3(s) = 0 and ¢(s) = n + 1 and Vr C s[p(t) = 0].
Note: Va € F3[s C @ — () = n] and, therefore:

Yae Fg¥d e Fol(sCa A sTC J) - a=4].

Now let v be the element of Fj satisfying Vu[y(n) := up[BGHn * (p)) = 0]].
Define § such that, for all s, if G(s) = 0 and ¢(s) # 0 and V¢ C s[e(¢) = 0], then
s C 6% and 6* € Fp, and if not, then 6° = .

Note: Vs[0* € Fs] and Va € Fpis[a = §*]. O

Corollary 1 Assume Spr(0).
(Fs, =) = VYXI[D(X)] if and only if F3 is enumerable.

Proof Use Theorem 6 and Lemma 6. O

1.6 Spreads with Exactly One Undecidable Point

Definition 11 We let 7, be the element of C satisfying: Vs[m(s) =0 <
Vi <length(s)[s(i) <2 A (i + 1 < length(s) — s(i) <s@ + 1))]]. We define:
T =F,.

Note: 7, is a spread-law and 75 is a spread.

Let us take a closer look at 75.

Observe: Va[a € T, <> Vi[a(@i) < ai + 1) < 2]].

For each n, we define n* := On % 1.

The infinite sequence 0, 0%, 1*,2*, ... is a list of elements of 7, and a classical
mathematician might think it is the list of all elements of 7;. The intuitionistic
mathematician knows better. He defines « in 75 such that

Vola(n) =1 <> 3k < nVi < 99[d(k +i) = 9]],

whered : N — {0, 1, ..., 9} is the decimal expansion of 7. As yet, one has no proof
of the statement ‘« = 0’, as this statement implies: Vk3i < 99]d(k 4+ i) = 9]. As
yet, one also has no proof of the statement: ‘In[a = n*]’ as this statement implies:
dnVi < 99[d(n + i) = 9]. The statement that « occurs in the above list is a reckless
one.

For each n, n* is an isolated and a decidable point of 7, and 0 is a non-isolated
and an undecidable point of 7;. It follows, by Lemma 3 and Corollary 1, that 7; is
not an enumerable spread. In particular, the statement that the list 0, 0%, 1*, 2%, ... is
a complete list of the elements of 7;, leads to a contradiction, as appears again from
the following Theorem.

Theorem 7 (i) —Va € hla=0 Vv In[a =n*]].
(il) Ya € Dla #0 — In[a = n*]].
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Proof (i) AssumeVa € Thla =0 VvV In[a = n*]]. Using Lemma 2, find m, n such
that either Voo € To[0m C o — o = 0] or Yo € T[0m C o — a = n*]. Note
that both alternatives are false.

Conclude: =Va € Thla =0 Vv dn[a = n*]].

(i) Let o in 75 be given such that a # 0. Define n := um[a(m + 1) L 0]. Note:

a(n+1) =0n* (1) and a = n*.

Definition 12 Assume Spr(3). F3 is almost-enumerable if and only if either
Fs =@ or3A§[Vn[d" € Fs] A Yo € FpVedn[ac(n) = 5_”5(71)]].

This definition deserves some explanation. If 73 is almost-enumerable and inhab-
ited, we are able to come forward with an infinite sequence 89, 6L, ... of ele-
ments of Fj such that, for every « in Fp3, every attempt ¢ to prove that « is
apart from all elements of the infinite sequence 8°, &', ..., (¢ expresses the guess:
Vn[ae(n) L 6"e(n)]), will positively fail.

Almost-enumerable spreads are studied in Veldman (2018, Sect.9), where they
are called almost-countable located and closed subsets of N

Theorem 8 7, is almost-enumerable.

Proof Define ¢ such that 6°=0 and, for each n, §*'=n*=0nx1.
Note: Vn[6" € T]. Let € be given. If ae(0) = §%(0), we are done. If not, then o L 0
and we may determine n such that o = §"*' and ae(n + 1) = é"Hle(m + 1). O

Axiom 3 (Second Axiom of Countable Choice)
For every R C N x N, if Vna[nRa], then JavVn[nRa"].

Theorem 9 (i) (72, =) = IX[~D(X) A VY[AP(X,y) — D(Y)]I.
(ii) For all B such that Spr(3),
if (Fg,=) = IX[-D(X) A YY[AP(X,Y) = DY)l then F3 embeds into T,.

Proof (i) 0 is not an isolated point of 75, and, therefore, not a decidable point of
7,. Also, by Theorem 7 (ii), Voo € D[ # 0 — In[av = n*]], and, for each n, for
eachain Ty, = n* <> On * (1) C o, so one may decide: o« = n* or =(av = n*),
and: n* is a decidable point of 7.

We thus see: (73, =) = —~D(X) A VY[AP(X,Y) — D(y)][0], and are done.

(i) Assume: Spr(0) and (F3, =) = IX[-D(X) A VY[AP(X,y) — D(Y)]].

Find «v in F such that « is not an isolated point of Fj.

Note: for each s such that (s) =0, the set FysNs:={0 € Fg|sC d}isa
spread, and, if s L «, then F3 N s consists of isolated points of 3 N s only, and
thus, by Theorem 6, embeds into w.

Using Axiom 3, we find ¢ such that, for each s, if 5(s) = 0 and there exist n, i
such thats =an x (i) and i # a(n), then ¢* : FgNs — w.

We now define ¢ : Fg — 7, such that ¢)|a = 0 and, for each ¢ in F, if § # a,
then |0 = Q(Sn, @5”(6)) s 1 where n := pi[0i L . O
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1.7 More and More Undecidable Points: The Toy Spreads

Definition 13 For each n, we let 7, be the element of C satisfying: Vs[7,(s) = 0 <
Vi < length(s)[s(i) <n A (i + 1 < length(s) — s(i) <s(i + 1))]].
We also define: 7, := F,.

For each n, 7, is a spread-law and 7, and 7, = {a | Vi[a(i) < a(i + 1) < n]}is
a spread.

In this paper, the spreads 7y, 77, . .. will be called the toy spreads.

Note: 7y = @ and 7; = {0}.

Definition 14 For each s # (), we let s” be the element of A satisfying s C s' and
Vi > length(s)[sT(@) =sTG — DI.

Note that, for each n, for each s, if s # () and 7,,(s) = 0, then st e,
Theorem 10 For each n > 0, 7, is almost-enumerable.

Proof Let n > 0 be given. Define § such that, for each s, if s # () and 7,(s) = 0,
then 6° = s, and if not, then §* = 0.
We claim: Va € T,Veds[ac(s) = 6°c(s)].
We establish this claim by proving, for each k < n,
Vo € T,[Fi[a(i) > k] — Veds[ae(s) = 6°c(s)]], and we do so by backwards induc-
tion, starting with the case k = n — 1.
The case k = n — 1 is treated as follows. If Ji[a(i) = n — 1], find
ip := pila(i) = n — 1] and consider s := a(ip + 1).
Note: o = s" = §* and, therefore, for every e: ae(s) = ?s(s).
Now assume k < n — 1 is given such that
Yo € T,[Fi[a() > k + 1] — Veds[ae(s) = 6°c(s)]].
We have to prove: Vo € 7,[Ji[a(i) = k] — Veds[ae(s) = ﬁe(s)]].
Let o be given such that 3i[«(i) = k]. Let also € be given.
Define iy := pila(i) = k] and define s := a(ip + 1).
There are two cases to consider.
Case (i): ae(s) = s'e(s) = 8%e(s). We are done.
Case (ii): te(s) L ste(s). Then 3 < e(s)[a(i) > k + 1].
Using the induction hypothesis, we conclude: Is[ac(s) = 5e(s)]. O

Theorem 11 (i) For each n, for all a inT,, o € Z(7,) if and only if Im[a(m) +
1=n].

(i) Foreachn, T,y \ Z(Tpy1) = Ty = L(Ty11).

(iii) Foreachn, T, = {a € T,41 | (Ty41, =) E —Dla]}.

Proof The proof uses Lemma 3 and is left to the reader. O

Definition 15 We define an infinite sequence Dy, D1, ... of formulas, as follows.
Dy :=Vy[x=y v =(x=Yy)],
Dy :==Dy(X) A VY[=Do(y) > (x=Yy vV =(x=y))],
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D; :=—=Dy(X) A =Di(X) A
VI(=Do(y) A =Di(y)) = (x=y VvV =(x=Y))],
and, more generally for each m > 0,
Dy = Nz =DiX) A VYA =Di(Y)) = (X=Yy VvV =(x=Y))].
We also define, for each m > 0, sentences v, and p,,, as follows:
U 2= AX[Dy (X)] and p, := IX[Dy (X) A VY[Dp(y) =y =X]].

Definition 16 Assume Spr(3).
acin Fgis a limit point of order 0 of F if and only if « is an isolated point of Fj.
For each m, o is a limit point of order m+1 of Fs if and only if,
for each p, there exists a limit point v of order m such that ap C v and o L ~.

Assume n > 0 and a € 7,,. Note the following:

1. (7,, =) = Dy[«] if and only if « is an isolated point of 7, if and only if either:
n=1or:n>1and3Ipla(p) =n —1].

2. (7,,=) E —Dyla] if and only if « is a limit point (of order 1) of 7, if and only
ifn>1land o € 7,_;.

3. (7,,=) & Di[«] if and only if « is an isolated point among the limit points (of
order 1) of 7, if and only if n > 1 and & € 7,,_; and p[a(p) = n — 2].

4. (7,,=) = —~Dy A —Dq[a], if and only if « is a limit point of order 2 of 7, if
andonly if n > 2 and o € 7, 5.

5. Foreachm > 0, (7,, =) = D[a] if and only if « is an isolated point among the
limit points of order 2 if and only if n > 2 and « € 7,_; and Ip[a(p) = n — 3].

6. Foreachm > 0, (7,, =) = A, _,, ~Dila]if and only if « is a limit point of order
m of 7, ifand only if n > m and a € 7,,_,,.

7. For each m > 0, (7,,=) = Dy[a] if and only if « is an isolated point among
the limit points of order m if and only if n > m and o € 7,,_,, and Ip[a(p) =
n—m—1].

8. For eachm > 0, 7,, = 1, if and only if 7, contains an isolated point of 7,,_,, if
and only if n > m.

9. Foreachm > 0,7, = p, if and only if 7, contains exactly one isolated point of
T, if and only if 7,_,, = {0} if and only if n = m + 1.

After these preliminary observations, the following Theorem is easy to under-
stand:

Theorem 12 (i) For eachn, 7, is a trcmsparentl6 spread and,

ifn >0, thenZ(7,) ={a € 7, | Apla(p) + 1 = nl} and L(T,) = T,_1.
(i) Foralln, forallm > 0,7, = {a € Tyym | Tnim, =) E N\, ~Dilal}.
(iii) Forallm, {0} = Ti = {a € Tys1 | (Tus1.=) = Ay ~Dilal).
(iv) Foralln > 0, forallm > 0, (7,,, =) = Y, ifand only if m + 1 < n.
(v) Foralln > 0, forallm > 0, (7,, =) = pw ifand only if m + 1 = n.

Proof Use the preliminary observations preceding this Theorem. O

16See Definition 8.
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Corollary 2 Foralln, m, ifn # m, then there exists a sentence v such that (7,,, =)

= ¢ and (1,, =) = .

1.8 Finite and Infinite Sums of Toy Spreads

1.8.1 A Main Result

Definition 17 Assume Spr(3), Spr(7).

We define: Fg W F, :={{0) %6 |0 € FplU{{1)x6|d € F,)}.

For each m, we define: m @ Fp := {{(i) %0 | i <m, € Fg).

We also define: w ® Fp :={{i) *0 | i € w,d € Fg).

Note that Fg W ., m ® Fg and w ® F are spreads again.

We also define, for all m, n > 0, sentences v}, and p’; , as follows:

Pr = IxXpIxy ...Elx,l_l[/\i<j<n[AP(x,v, X)) A Nien /\j<m -D;(x)].

and  pf, 1= 3IXoIXq .. It [N [AP X X)) A Ny Njo ~ D) A
VZ[\;_, D@ — V,_,z=X]l.

The sentence 1}, expresses: ‘there exist (at least) n limit points of order m that
are mutually apart’.

The sentence p);, expresses: ‘there exist exactly n limit points of order m that are
mutually apart’.

Theorem 13 (i) Forallm,n, p,q > 0,

(n ® T, =) = ¢} ifand only if either: p+1 <mor: p+ 1 =mand q < n.
(i) Forallm,n,p,q >0, (n®7T,,=) = phifandonlyif p+1=mandn = q.
(i) Forallm,p,q >0, (w® T, =) =9} ifand only if p < m.

Proof (i) Note the following:

If p+1 <mandn > 0, then 7, and also n ® 7,, contain infinitely many limit
points of order p that are mutually apart.

If p+1=mandn > 0, then n ® 7, contains exactly n limit points of order p
that are mutually apart: the points (i) * 0, where i < n,s0 (n ® 7,,, =) = ¢} if and
only if g < n.

If p < m, then w x 7, contains infinitely many limit points of order p that are
mutually apart.

The proofs of (i), (ii) and (iii) follow easily from these observations. ]

Definition 18 Foreach k, for each s in w¥, we define: V,; = Ui (i) %6 | 0 € Ty}

Definition 19 Let 7y, /1 € A and assume ¢ : Fy — Fj.
@ 1is a (surjective) map from Fy onto F; if and only if V3 € Fi3a € Folpla = F].
Fo is equivalent to F, notation: Fy ~ Fi,if and only if there exists ¢ : Fo — F;
that is both injective!” and surjective.

17See Definition 9.
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Theorem 14 (i) For eachm, T, ® Ty ~ Tpi1.
(i) Forallm,n, ifm < n, thenT, & T, ~ 71,.
(ili) For all k, for all s in W*, there exist m, n such that Vy ~ n ® T,,.

Proof (i) Letm be given. Define ¢ : 7,, ® 7,41 — 7,,+1 such that, for all § in 7,,,,
@|{0) x 6 = (1) * S 0 4, and, for each ¢ in 7,11, ©|(1) * & = (0) x J. Clearly, ¢
is a one-to-one function mapping 7,, @ 7,41 onto Z,,, 4.
(ii) Let m be given. We use induction on n. The case n = m + 1 has been treated in
(1). Now let n be given such that m < n and 7, & 7,, ~ 7,,.
Then7Z,, @ Toy1 ~ T © (1o ® Tov1) ~ (Tn @ T) © Tt ~ Ty ® Tot ~ Loy
(iii) We use induction on k. If s € w°, thens = ()and ¥ =V, =0 ® 7,.
Now let k be given such that,
for all s in wF, there exist m, n such that V, = n ® 7,,.
Let s =t%(p) in ! be given. Find m,n such that V, =n® 7.
Note: Vs ~ V; @ 7, and consider several cases.

Case (1):t = (). ThenV, =1Q7,.

Case (2):t # () and p < m. Then, by (ii): Vy ~ V, ~n Q 7.
Case(3):t #{()and p =m.Then: V; ~V, &7, ~ (n + 1) ® 7,,.
Case (4):t # () and p > m. Then, by (ii):

Vi~ V@1, ~T,®.. 07,87, ~T,~1Q7T,.
~—

n

Definition 20 For each «, we define: V,, := |J,{(i) %0 | 6 € To)}-

Theorem 15 (E Q has continuum many complete extensions'®)

(i) Foreacha, T(V,) = J{(i) %016 € Towy A Ipld(p) +1 = a@)]}
(ii) For all o, for all n, (V,, =) = ¥, if and only if Ai[a(i) > n].
(i) For all o, for all n, (V,, =) = py if and only if
Jila@) =n+1 A Vjla(j)=n+1—i=/j]
(iv) Forall ,nin[w]¥, if ¢ L nand {(0) = n(0) =2,
then there exists a sentence 1) such that V¢, =) = and (V,), =) = —.

Proof (i) Use Theorem 12 (i).
(i) Note that, for each o, for each n, (V,,, =) = 1, if and only if V,, contains a limit
point of order n if and only if Ji[a(i) > n].

(iii) Note that, for each o, foreachn, (V,, =) = p, if and only if V,, contains exactly
one limit point of order » if and only if
difa@@) =n+1 A Vjla(j)=n+1—i=j]].

(iv) Using (iii), note that, for all ¢ in [w]®, if ((0) > 1, then Vu[(V,, =) = p, if
and only if Ap[{(p) = n + 1].

18Note that there exists an embedding p : C < {¢ € [w]* | ((0) = 2}.
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Conclude that, for all ¢,  in [w]®, for all p, if ((0) =7n(0) =2 and { L n and
p = pilC@@) # n(i)land ((p) < n(p),then—=3i[n(i) = ((p)], and, therefore,
Voo =) E Yepy—1 and (Vy, =) E —Y¢p)-1-

O

1.8.2 Finitary Spreads Suffice

Definition 21 Assume Spr((). ( is called a finitary spread-law or a fan-law if and
only if 3YVs[B(s) =0 — Vn[B(s * (n)) =0 — n < vy(s)]].
X C N is a fan if and only if there exists a fan-law 3 such that X = F.

Note that the toy spreads 7y, 77, . .. are fans.

The set V,,, however, is a spread but, in general, not a fan.

Define, for each o, V* := (J, On * (1) * To."?

Note that, for each o, V} is a fan.

One may prove a statement very similar to Theorem 15 (iv):

For all {,nin [w]*, if ¢ L nand ((0) =n(0) =2, then there exists a sentence
W such that V!, =) E v and V!, =) E —.

1.8.3 Comparison with an Older Theorem

The first-order theory DL O of dense linear orderings without endpoints is formu-
lated in a first-order language with binary predicate symbols = and [ and consists
of the following axioms:

1. ¥X[x C x],

2. VXVYVZ[(XCY A YyC 2)— XL z],

3. VXVY[(=(XCY) A =y EX) = x=Y].
4, VXVY[IXC Yy —>Vz[IxCz Vv zC V]l

5. vxay[xCy] A vYx3yly C x],

6. VXVY[XCy — 3z[xC z A zC y]], and
7. axioms of equality.

(R, =r, <p) realizes DLO.

Let DL O~ be the theory one obtains from DL O by leaving out axiom (4). If one
defines arelation <, on R by: VxVy[x <7, y <> ==(x < y)],then (R, =%, <73)
realizes DLO~ butnot DLO.

In Veldman and Janssen (1990, Theorem 2.4) one constructs a function o — A,
associating to each element e of 2 = C a subset A, of the set R of the real numbers

For each X € NV, X := {a | Vn3B € X[an C B]} is the closure of X.
Un On * (1) * T, (), in general, is not a spread, but its closure is.
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such that, for each ain C, A, is dense in (R, <%), and, for all o, 5 in C, if o L (3,
then there exists a sentence ¢ such that (A,, <r) = ¢ and (45, <gr) = .

Note: each structure (A,, <g) realizes DL O. The (intuitionistic) theory DL O
thus has continuum many complete extensions.>”

One may obtain the result of Theorem 15 (iv) for subsets of R as well as for
subsets of V. Define an infinite sequence Uy, U], . .. of subsets of R by:

Up :== P and U, := {Ox}, and for each m > 0, Uy,+1 = U, 2,,% + 2% Uy

For each m, one may define ¢ : 7,, — U,, such that ¢ is surjective and satisfies:
Vo € T,¥¢ € Tyuld L ¢ < »ld #r »ICl.

It follows that, for each m, the structures (7,,, =) and ({4,,, =r ) are elementarily
equivalent.

Define, for each cvin [w]¥, A, = U, n +r Uawm)-

Note: for all o, § in [w]¥, if a L 3, then there exists a sentence ¢ such that
(Aq,=r) F ¥ and (A3, =) E 9.

‘We thus obtain a result similar to Veldman and Janssen (1990, Theorem 2.4), this
time using not the ordering relation <x but only the equality relation =x.

Note that, forall o, Gin R, o = 3 < (—-(a <r B) AN (B <r a)).

Conclude: the relation =y, is definable in the structure (R, <R ).

Conclude: for all subsets 7', I/ of R, if there exists a sentence v such that
(7T,=r) E v and (U, =) = —, then there also exists a sentence 1* such that
(T, <r) E¢*and U, <r) E —9".

The conclusion of Veldman and Janssen (1990, Theorem 2.4) might have been
obtained as a corollary of Theorem 15 (iv).

1.9 The Vitali Equivalence Relation

For all «, 8, we define
a~y B < InVm > n[a(m) = B(m)].
The relation ~y will be called the Vitali equivalence relation.

This is because the relation ~y on N resembles the relation ~g on the set R of
the real numbers defined by:

x~gy<3g€Qx—ry=gql
The relation ~g has played an important role in classical set theory.

If one constructs, using the axiom of choice, within the interval [0, 1], a transver-
sal for this equivalence relation, that is: a complete set of mutually inequivalent

2()Classically, Th((@, <)) is the one and only complete extension of DLO.
2lforeach X CR, X :={x e R | Yndy € X[|x — y| < 2i,,]} is the closure of X.
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representatives, one obtains a set that is not Lebesgue measurable. This discovery is
due to G. Vitali.

Note: (N, ~y) = EQ.

The following theorem brings to light an important difference between (N, =)

and (N, ~y).

Definition 22 A proposition P is stable if and only if =——P — P.
A binary relation ~ on A is stable if and and only if
YavB[——(a ~ B) - a~ (1.2

Theorem 16 (Equality is stable but the Vitali equivalence relation is not stable)

i) NV, =) EVXVY[-—=(x=Yy) > x=Y]
(i) W, ~y) EVX=Vy[-=(X=Yy) = X =Y].

Proof (i) Note: for all o, 8, @ = 3 < —(« # (3), and, therefore:
——(a=p) o ~—=(a#f) o —(a#f) o a=0.
(i) Let «y be given.
Consider F7 := {« | VmVn[(a(m) *~v(m) A an) # y(n)) — m =nl].
F7 is the set of all « that differ at at most one place from +.
Note that F7 is a spread.
We have two claims.
First claim: Yo € F'[——(a ~y Y)].
The proof is as follows. Let o in F7 be given. Distinguish two cases.
Case (1). In[a(n) # ~v(n)]. Find n such that a(n) # ~(n) and conclude:
Vm > nla(m) = y(m)] and a ~vy 7.
Case (2). =In[a(n) # v(n)]. Conclude: Vn[a(n) = v(n)] and a ~vy 7.
We thus see: if In[a(n) # y(rn)] v —In[a(n) # y(n)], then o ~y 7.
As ==(3nfa(n) #y(m)] v —Infa(n) # y(n)]), also ==(a ~y 7).
Second claim: —Na € F[a ~ ~].
In order to see this, assume: Yoo € F7[a ~ 7], that is:
Ya € FanVm > n[a(m) = ~v(m)]. Using Lemma 2, find p, n such that
Ya e F'[yp C a - VYm > nla(m) = y(m)]]. Define m := max(p,n+ 1)
and define « such that Vn[a(n) # y(n) <> n =m]. Note: Yyp C v and m > n
and a(m) # ~(m). Contradiction.
Combining our two claims, we see:
not: for all v, if =—(a ~y ) then a ~y 7.
Conclude: (N, ~y) = VX=VY[-—=(X =Yy) = X =Y].
O

It follows from Theorem 16 that there is no relation #, on N satisfying the
requirements of an apartness relation’® with respect to ~v:

22The term ‘stable’ has been introduced by D. Van Dantzig, who hoped to be able to reconstruct
‘classical’, non-intuitionistic mathematics within the stable part of intuitionistic mathematics, see
van Dantzig (1947).

23See Troelstra and van Dalen (1988, p- 256).
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(i) Yav@[—(a#y B) < a~y []
(i) Ya¥i[a #y B — B #y al
(iii) YaVBla #y B8 — Vyla#y v v v #y Bl

The existence of an apartness #y would imply, by the first one of these require-
ments, that ~y is a stable relation, as, for any proposition P, =——P <« —P.
The next Theorem now is no surprise:

Theorem 17 (N, ~v) [= VXVY[—AP (X, y)].

Proof Let «, 3 be given.
Assume (N, ~y) = AP[«, 3], thatis, VY[y =y o V v =y 8.
Applying Lemma 1, find p such that

either Vy[ap C v — v =y a]l or Vy[ap C v — v~y [].
The first of these two alternatives is wrong, asap C o A o ~y «.
Conclude: Vy[ap C v — v =y (]
Define « such that ap C v and Vi > p[v(i) = 6@)].
Note:ap C v A v~y O.

Contradiction.
Conclude: (N, =y) = —AP[a, 5]
We thus see: (N, =y) = VXVY[—AP(X, y)]. O

Clearly, the relation defined by the formula A P in the structure (N, ~y) fails to
satisfy the first requirement for an apartness relation with respect to ~ .

It follows from Theorem 17 that (N, ~y), while realizing T}, > does not realize
Ts» see Definitions 1 and 4.

1

1.10 A First Vitali Variation

There are many intuitionistic versions of the classical Vitali equivalence relation.
This is obvious to someone who knows that there are many variations upon the
notion of a finite and decidable subset of N, see Veldman (1995) and Veldman (2005,
Sect. 3).

Definition 23 We define an infinite sequence N(\),, ~{,, ... of relations on N\ such

that ~, = ~y and, for each i,
a~F B < InYm > nla(m) # Bm) — a ~, B].

We also define: '
a~y B < dila~, Bl

Theorem 18 (i) ViVnVs € w"Vt € W'YaVi[s * N"V tx 0 <« ~§, A1
(i) VivaVpla ~, B — o~ Bl
(i) ViVy=VYala ~ y — a ~i 4],
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(i) Vi¥j¥avB¥al(a ~ B A B~ v) = a ~F 4],
(V) ~% is an equivalence relation on N.

Proof (i) One proves this easily by induction.
(ii) Obvious.
(iii) Let «y be given.
For each i, define 7, := {a | Vs € [w]''13j < i+ 1[aos(j) =7 os()]}
Note: for each i, F;' is a spread, and F; C F/,,.
For each i, .7-'17 consists of all « that assume at most i times a value different
from the value assumed by ~. In particular, .7-'2 = {v}.
Note: for all i, m, «, 3,
it m = pnla(n) #y(m)]and o =a(m + 1) % 3, thena € F, | < B € F;.
We have two claims.
First claim: Vi¥a € F][a ~, 7]
We prove this claim by induction.
The starting point of the induction is the observation:
Ya € .7707[04 =], so0Va € fg[a N(\), ~].
Now assume i is given such that Vo € F; A’[oz Ni ).
Assume « € ]—'7 'v1 and Jnfa(n) # y(n)]. Flnd n such that a(n) # v(n). Find
8 such that & = @(n + 1) * 8, and note: 3 € F; and thus, by the induction
hypothesis, 3 ~/, 7. Conclude, using (i): o ~¥, .
We thus see:
Ya € f?+1[3n[a(n) #yn)] - « ~§/ v], that is: Yo € fﬂ[a ~l+1 ~].
This completes the proof of the induction step.
Second claim: Yi—Va € _7-'+] [ao ~} 7]
We again use induction.
We first prove: —Va € F/[a ~y 7]. Assume Va € F|[a ~y 7], that is:
Ya € FianVm > n[a(m) = vy(m)].
Note: v € F| and }'Wl, is a spread.
Using Lemma 2, find p, n such that
Ya € Fi[7p C a — Vm > nla(m) = y(m)].
Define m := max(n + 1, p) and define « such that Vu[a(n) = v(n) <> n # m].
Note: o € F; and ¥p C a and a(m) # ~y(m) and m > n. Contradiction.
Conclude: —Va € F/[a ~y 1.
Now let i be given such that =Vo € F/, o~ 7].
We want to prove: =Va € F;,[a ~4" 4],
Assume: Yo € F;,[a ~’+1 ~1, that is:
Yo € ﬁ+23an > n[a(m) #y(m) — a~Y 'y] Using Lemma 2, find p.n
such that Va e HrZ[(*yp Ca A m> n A a(m) # ~v(@m)) - « Nv v].
Define m := max(n + 1, p). Let 3 in .’FZH be given. Define « such that m =
pnla(n) # v(n)] and Vn > mla(n) = B(n)]. Note: S .7112
and a(m) # 'y(m) and m>n,so Ni/ 7, and, therefore, by (i), 3 ~V . We
thus see: V3 € F,. il8 ~i, ] and, by the induction hypothesis, obtain a contra-
diction.
This completes the proof of the induction step.
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(iv)

v)
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Taking our first and second claim together, we obtain the conclusion:
VyVi—=Vala ~§,+1 e ~§/ v].

We have to prove: ' o

for all i, for all j, VaVB¥~[(a ~, B A B~ 7) — a~y7 4.

We use induction on i 4 j and distinguish four cases.

Case (1): i =j=0. Assume a ~9, 3 and 3~ ~. Find n, p such that
Vm > nla(m) = B(m)] and Vm > p[B(m) = vy(m)]. Define g := max(n, p)
and note: Vm > g[a(m) = ~vy(m)]. Conclude: o ~(‘), 5.

Case (2):i =0 and j > 0. Assume « ~(\), £ and (8 N{, ~. Find n, p such that
Vim > nla(m) = Bm)]  and  ¥m > p[B(m) #y(m) — B~ 7]
Define g := max(n, p). A
Assume m > ¢ and note: if a(m) # y(m), then B(m) # v(m) and 3 N'(,_l ~
Using the induction hypothesis, conclude: o N(}_l 5.

We thus see: Vi > gla(m) # ~v(m) — a ~ 7], that 1s: o ~V .

Case (3): i > 0 and j = 0. Assume « ~V 6 and 3 ~V ~. Find n, p such that
Vm > nla(m) # B(m) - a ~ " f] and  Vm > p[B(m) = y(m)].
Define g := max(n, p).

Assume m > g and note: if a(m) # ~y(m), then a(m) # F(m) and o ~,
Using the induction hypothesis, conclude: « ~V 1.

We thus see: Vi > gla(m) # v(m) — o~ a1 that 1S: & ~V .

Case (4): i > 0 and j > 0. Assume o ~}, B and 8 ~1, . Find n, p such that
Vm > nla(m) # (m) — « Ni\;l (] and

Vm > p[B(m) # y(m) — B~ 7). Define g := max(n, p).

Assume m > g and a(m) # fy(m) Then elther a(m) # B(m) and o ~~1 33,
and, by the induction hypothesis, o ~V+ = 7, or: B(m) # y(m) and B~ 5
and, by the induction hypothesis, o ~+/=1 ~.

We thus see: Vim > gla(m) # v(m) — a ~ /=1 ~]. Conclude: o« ~7 7.

is an easy consequence of (iv).

i—1

The next Theorem shows that the structures (A, ~v) and (N, ~$) have a property

in common.

Theorem 19 (~ is not stable)

N, ~%) EVX=Vy[-=(x =Yy) = x =Y]I.

Proof Let «y be given.

We repeat a definition we gave in the proof of Theorem 18 (iii).

Foreach i, 7| :={a | Vs € [w]T'3j <i + l[aos(j) = yos(HI-

In the proof of Theorem 18 (iii), we saw: ViVa € F, 7[oz ~y vl

Conclude: ViVa € F/'[ac ~% 7]

We now define: F! := {« | Vi[i = pnla(n) # v(n)] — o € Fipq]}.

Like each F;, F is a spread, and v € F).

We have two claims.

First claim: Yo € FJ[——=(a ~5 1]

The argument is as follows. Let o in F be given and distinguish two cases.
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Case (1): —3n[a(n) # y(n)]. Then o = v and o ~§ 7.
Case (2): In[a(n) # v(n)]. Find i := unl[a(n) # y(n)].
Note: & € F, | and o ~5 7.
As ==(@n[a(n) # ()] v —3nla(n) #y(n)]), also == (a ~§ 7).
Second claim: =V € FJla ~5 7]
In order to see this, assume: Yo € FJ[a ~% 7], thatis: Va € F,Ji[a ~§, v].
Using Lemma 2, find p, i such that Voo € FI[Ap C o — « Niv 1.
Define ¢ := max(p, i + 1). Let « in F be given. Define 3 such that
Vn < q[B(n) =~y(m)]and B(q) # v(g) and Vn > q[3(n) = a(n)].
Note: 8 € F,41 and g = un[B(n) # v(n)], and, therefore, 3 € F.
As g C 3, we conclude: 8 ~, 7.
As 3 ~Y a,also a ~i, 4.
We thus see: Vo € F [ ~§, 1.
As g > i, this contradicts the Second claim in the proof of Theorem 18 (iii).
Taking our two claims together, we conclude:
Vy=Va € Fl[-=(a~y v) — a~} 7]
Conclude: (N, ~%) = VX=Vy[-=(Xx =Yy) —> X =Y]. O

We did not succeed in finding a sentence 1) such that (N, ~y) = 1 and
N, ~9) B .

1.11 More and More Vitali Relations

In Veldman (1995), Veldman (1999) and Veldman (2005, Sect. 3), one studies the set
Fin := {a | a ~y 0} = {«a | 3nVm > n[a(m) = 0]}.

For each «, o € Fin if and only if D,, := {m | a(m) # 0} is a finite subset of N.
Foreachi, the set {a | a ~§, 0} is called, in Veldman (1999) and Veldman (2005),
the i-th perhapsive extension of the set Fin. It is shown, in Veldman (1995), Veldman
(1999) and Veldman (2005), that the process of building perhapsive extensions of
Fin can be carried on into the transfinite.
In a similar way, the Vitali equivalence relation ~y admits of transfinitely many
extensions.
The relation ~4, is only a first extension of ~y. Let us consider a second one.
Recall: YoV f3[a ~{ < ila '\’iv G1].

Definition 24 We define an infinite sequence ~410=~4 ~&Fl &2 of rela-
v v v v

tions on A/, such that, for each i > 0,
o Nu‘;+i+1 B <> InVm > nla(m) # Bm) — a ~ot Bl

We also define:
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a~et B < Jila ~4T .

One may prove analogues of Theorems 18 and 19 and conclude:

~¥* is an equivalence relation on V, properly extending ~%, that, like ~y and
~%, is not stable in the sense of Theorem 19.

One may continue and define ~4 " and ~4™“"“* and so on.

The process of building such extensions leads further into the transfinite, as fol-

lows.

Definition 25 Let R be a binary relation on V.
We define a binary relation R on N by:

aR™ B < InVm > n[a(m) # B(m) — aRP].

We let £ be the least class of binary relations on A such that

(i) the Vitali equivalence relation ~y belongs to &, and,
(ii) forevery Rin &, also Rt € &, and,
(iii) for every infinite sequence Ry, Ry, . .. of elements of &, also Ui R; € €.

The elements of £ are the extensions of the Vitali equivalence relation.

Note that <% and < are in £.

In general, a relation R in £ is not transitive. One may prove, for instance, that
the relation <{,, while belonging to &, is not transitive.

The next Theorem shows that £ contains many transitive relations.

Theorem 20 (£ contains many transitive relations)

(i) ~v is transitive.
(ii) Given any transitive R in &, there exists a transitive T in £ such that Rt C T.
(iii) Given any infinite and increasing sequence Ry C R| C ... of transitive relations
in €, also Ui R; is a transitive relation in E.

Proof (i) Obvious.

(i) We take our inspiration from Theorem 18 (iv) and (v).
Let a transitive R in £ be given.
Define an infinite sequence R, R!, ... of elements of £ such that R® = R and,
for each i, Rt = (RH)™.
One may prove: for all i, for all j, YaVBYY[(aR'3 A BR'y) — aR*/~], as
it is done for the special case R =~y in the proof of Theorem 18 (iv).
Define T = Ui Riandnote: T € £, RT C T and T is transitive.

(iii) Note: for every increasing sequence Ry € R; C ... of transitive relations on NV,
also |J; R; is transitive.

Theorem 20 will gain significance after Corollary 3, which shows that, for every
Rin&, R C RTand =(RT C R).
We did not succeed in proving that every R in £ extends to a transitive 7 in £.
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Definition 26 A binary relation R on N is shift-invariant if and only if
YaVB[aRfB <> (ao S)YR(B o S)].

Lemma 7 Every R in € is shift-invariant.

Proof The proof is a straightforward exercise in induction on £. Note:

(I) ~v is shift-invariant.
(I) Forevery binary relation R on A, if R is shift-invariant, then R™ is shift-invariant.

(III) For every infinite sequence Ry, Ry, ... of binary relations on /N, if each R, is
shift-invariant, then Ui R; is shift-invariant.
Conclude: every R in & is shift-invariant. O

Definition 27 We let £* be the least class of binary relations on N such that

(i) the Vitali equivalence relation ~y belongs to £*, and
(ii) for every infinite sequence Ry, Ry, ... of elements of £*, also (Ui R)T € &*.

Lemma 8 &£* C & and, for all R in &, there exists T in £* such that R C T.

Proof The proofs of the two statements are straightforward, by induction on £* and
&, respectively. O

Theorem 21 For each R in £*, R € RT and —~(RT™ C R).

Proof For each R in &£, we define Fing := {a | «R0}.%

We prove for each R in &£* there exists a fan F such that
F C Fing+ and =(F C Fing).

We do so by induction on £*.

(D) Define F := {a | YmVn[(a(m) #0 A a(n) #0) - m = nl}.

Note that F is a fan.

Foreach ain F,foreachn,if a(n) # Othen: Vm > n[a(m) = Olanda € Fin-,.
Conclude: for each o € F, if dn[a(n) # O], then o € Fin~,, thatis: v € Fing,+.
Conclude: F C Fing,+.

Now assume F C Fin~,,thatis:Ya € F3nVm > n[a(m) = 0]. UsingLemma 2,
find p, n such that Va € ]—"[Qp C a— Vm > n[a(m) = 0]].

Define ¢ := max(p, n + 1) and consider o := 0g * (1) * 0. Contradiction.

Conclude: =(F C Fin-,).

(II) Let Ry, Ry, ... be an infinite sequence of elements of £.

Let Fy, F1, ... be an infinite sequence of fans such that,
foreach n, 7, € Fin,)+ and =(F, C Fing,).

Consider R := (|J; R)*.

Define F := {a | Vn[n = pila(i) # 0] — 38 € Fyla =a(n + 1) = 3]}.2

Note that F is a fan.

24In Veldman (1995), X C N is called a notion of finiteness if Fin € X C Fin~". For every R in
&, Fing is a notion a finiteness.

BFor each n, n = (n', n"), see Sect. 1.13.
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We now prove: F C Fing+ and —(F C Fing).

Note that, for each € F, for each n, if n = pi[a(i) # 0], then there exists 3 in
Fusuchthat o = a(n + 1) * (5.

As, for each n, F, C Fing,+ C Fin, )+ and U;(R)* € (U, R)" =R
and R is shift-invariant, conclude: Vo € F[In[a(n) # 0] — «a € Fing], that is:
F C Fing+.

Now assume F C Fing, that is:

Ya € FanVm > n[a(m) # 0] — Jija €
Fing ]]. Using Lemma 2, find p, n such that
Ya € FI0p C o — Ym > nla(m) # 0 — Ji[a € Fing,]].

Define g := max(p, n + 1) and note: Vo € F[0q * (1) C o — Ji[av € Fi]].

Using Lemma 2 again, find r, i such that Va € F[0g * (1) *0r C o — o € F;].

Findn > g +r + 1 such that n’ = i and define t :=n — (¢ + 1).

Note: ¢ > r and conclude: V3 € F;[0q * (1) * 0t * (1) x 3 € Fing].

As R; is shift-invariant, conclude: F; C Fing,.

Contradiction, as =(F; € Fing,).

Conclude: = (F C Fing). O

Corollary 3 Foreach Rin &, R C R and —(R* C R).

Proof Assume we find R in £ such that R = R*.
Conclude, by induction on &: forall U in £, U C R.
Using Lemma 8, find 7 in £* such that R C T.
By Theorem 21,7 € T* and ~(Tt C T).
On the other hand, Tt C R C T.
Contradiction. O

Definition 28 We define binary relations ~7~ and NC“,I”“"” on N, as follows.

Forall a, 3, a ~y~ B < ==3InVm > nla(n) = B(n)] < =—(a ~y B), and
o Nt‘J/ImOSf 0 < V(¢ € [w]“In[ao(n) = LBol(n)].

« N‘(,”""” [ if and only if the set {n | a(n) # [(n)} is almost*-finite in the sense
used in Veldman (2005, Section 0.8.2).

The following axiom is a form of Brouwer’s famous Thesis on bars in N, see
Veldman (2006).

Axiom 4 (The Principle of Bar Induction)

For all B,C CN, if
Yadn[an € Bland B C C and Vs[s € C <> Vn[s x (n) € C]],then () € C,

or, equivalently,

forall B, C C [w]=¥,if V( € [w]”EIn[Zn € Bland B C C and
Vs € [w]=“[s € C <> Vn[s *x (n) € [w]™¥ — s *(n) € C]],then () € C.

Theorem 22 (i) ~~ and N@l’"”” are equivalence relations on N.
(ii)) Forall Rin&, ~y S R C ~".
(iii) Forall Rin&, R C ~§most,
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@iv) VO&Vﬁ[a w“i/lmosr 6 — 3R € E[aR ﬁ]
(v) Yavi[a Nt‘l/lmost 3> a ~ A,

Proof (i) One easily proves that ~7,™ is an equivalence relation. One needs the fact

that, for all propositions P, Q, (—m—P A —=—Q) — ——=(P A Q).

We prove that ~4/"%' is a transitive relation.

Let @, 3, 7y be given such that o ~4™%5" 3 and (3 ~§/most ~,

Let ¢ in [w]“ be given. Find 7 in [w]* such that Vn[a o ( o p(n) = B o ( o n(n)].
Find p such that Bolon(p)=~oCon(p).
Define n := n(p) and note: o o ((n) = v o ((n).

We thus see: Y¢ € [w]“Tnfa o ((n) =7 o ((n)], that is: v ~{™*" .

(ii) The proof is by (transfinite) induction on £. We only prove: for all R in &,
R C ~7 as the statement: for all R in £, ~y C R is very easy to prove.

(I) Our starting point is the trivial observation: YaV5[a ~y 8 — ——=(a ~y ()].

(II) Now let R in & be given such that YaVS[aRSB — ——(a ~y [)].

We have to prove: YVaVB[aRT3 — —=(a ~y B)].

We do so as follows.

Let o, 3 be given such that R 3.

Find n such that Vin > n[a(m) # B(m) — aR] and consider two special cases.
Case (1): 3m > nla(m) # B(m). Then aR (3, and, therefore: =—(a ~y 3).
Case (2): =3Im > n[a(m) # B(m). Then Vm > n[a(m) = B(m)] and o ~y 5.
In both cases, we find: =—(a ~y 3).

Conclude®®: =—(a ~y B).

(IIT) Now let Ry, Ry, ... be an infinite sequence of elements of £ such that, for
all n, YVaVB[aR, (3 — ——(a ~y B)].

Define R := J, R, and note: VaVG[aRf3 — ——=(a ~y B)].

(iii) The proof is by (transfinite) induction on £.

(D) Our starting point is the observation: VaV3[a NQ, 08— « N‘(,’m"” 1.

We prove this as follows:

Let «, 8 be given such that « N(\)/ (. Find n such that Vm > n[a(m) = B(m)].
Note: V¢ € [wW]¥l[C(n+1) >n A aol(n+1)=Fol(n+ 1]

Conclude: o ~4most 3,

(II) Now let R in € be given such that VaVB[aR3 — a ~4most 3],

We have to prove: YaV3[aR* 3 — o ~{most g].

We do so as follows.

Let «, 3 be given such that « R 3.

Find n such that Vmm > n[a(m) # 3(m) — aR]. Let ¢ in [w]* be given. Consider

C(n 4+ 1) and note {(n + 1) > n. There now are two cases.

Either co((n+1)=PBol(m+1)oraolm+1) #Boln+1).

In the first case we are done, and in the second case we conclude R 3, and, using
the induction hypothesis, find p such that a« o {(p) = B o {(p).

In both cases we conclude: dg[a o ((g) = B o ((q)].

We thus see: Y¢ € [w]“Ig[a o ((g) = B0 ((q)], that is v ~&most 3,

26using the scheme: if P — Q and =P — Q, then =— Q.
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Clearly then: YaV¥S[[aRT 3 — a ~4most 3],
(IIT) Now let Ry, Ry, ... be an infinite sequence of elements of £ such that, for
all n, YaVB[aR, [ — a ~4most g].
Define R := |, R, and note: YaV3[aR (3 — a ~4most g].
(iv) Let v, 3 be given such that o ~4™%5" 3 that is:
V¢ € [w]”Infa o ((n) = Bo((n)].
Using Axiom 4, we shall prove: there exists R in £ such that aR[3.
Define B := | J, {s € [w]*t! | o s(k) = o s(k)} and note: B is a bar in [w],
that is: V( € [w]’“’ﬂn[Zn € B].
Define C := [ J,{s € (W] | 3n < k[oos(n) = Bosm)] v IR € E[aRA]}.
Note: C = |, {s € [w]* | Vn < k[ o s(n) # Bos(n)] — IR € E[aRPB]).
Note: B C C and: C is monotone, that is:
Vs € [w]=¥[s € C — Vn[s x (n) € [w]™¥ — s *x (n) € C]].
We still have to prove that C is what one calls inductive or hereditary.
Let s in [w]=* be given such that Vn[s * (n) € [w]* — s * (n) € C].
We want to prove: s € C.
Find k such that s € [w]*. Incase 3n < k[av o s(n) = Bos(n)],s € C and we are
done, so we assume: Vn < k[ao s(n) # B os(n)].
Find a sequenceZ7 Ry, Ry, ... of elements of £ such that, for each n,
if s % (n) € [w]* and a(n) # B(n), then aR, (.
Define R := (| J; Ri)" and note: R € &.
We claim: aR[.
We establish this claim as follows.
Define p such that, if k = 0, then p := 0 and, ifk > 0, then p :=s(k — 1) + 1.
Assume we find n > p such that a(n) # B(n).
Note: s % (n) € [w]*™! and Vi < k + 1[aco (s * (n)) (i) # Bo (s * (n))(i)] and
s % (n) € C. Conclude: R, and a(|J; R 5.
We thus see: Vi > pla(n) # B(n) — a(J; R)B].
Conclude: a(l ; RT3, that is: «R3, and, therefore: s € C.
We thus see that C is inductive.
Using Axiom 4, we conclude: () € C, thatis: 3R € E[aR[].
(v) Let o, 3 be given such that o« ~¥™°5t 3 that is:
V¢ € [w]”Inf[a o ((n) = B o ((n)].
Using Axiom 4, we prove: —=—3pVn > pla(n) = B(n)].
Define B := | J,{s € [w]*! | a0 s(k) = o s(k)} and note: B is a bar in [w],
that is: V¢ € [w]“3n[Cn € B]. Define
C:=ls e [w]k | In < klaos(n) = Bos(n)] v —=—IApVn > plan) = Bn)]}.
Note: C = |ifs € [wIk | Vi < k[a o s(n) # Bos(n)] > —=—3IpVn > plan) = Bn)]}.
Note: B C C and C is monotone, that is:
Vs € [w]“[s € C — Vn[s x (n) € [w]™ — s *x (n) € C]I.
We still have to prove that C is inductive.

2T This application of countable choice may be reduced to Axiom 3. One may define B C A and a
coding mapping « — R, such that £ = {R, | a € B}.
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Let s in [w]=“ be given such that Va[s x (n) € [w]™ — s *x (n) € C]].
We want to prove: s € C.

Find k such that s € [w]*. In case In < k[ o s(n) = Bos(n)], s € C, and we
are done, so we assume Vn < k[a o s(n) # 0 os(n)].

Define g such thatg :=0ifk =0and g :=s(k — 1) ifk > 0.

Consider two special cases:

Case (1): 3n > gla(n) # B(n)].
Find suchn,note: s * (n) € [w]“andVi < k + 1[aco (s x (n))(i) # B o (s x (n))(i)]
and s * (n) € C, and conclude: =——3pVn > pla(n) = Bn)].

Case (2): =3In > gla(n) # B(n)], and, therefore, Vn > gla(n) = (B(n)].

In both cases, we find: =—3pVn > pla(n) = B(n)].

Conclude®®: =—3pV¥n > pla(n) = B(n)], and: s € C.

We thus see that C is inductive.

Using Axiom 4, we conclude: () € C, and, therefore,

——3pVn > pla(n) = B(n)], that is: =—(a ~y B). O

Corollary 4 (i) (N, ~}7) EVXVY[-=(Xx=Yy) - X =Y]I.
(ii) Foreach Rin&, (N, R) = VX=Vy[-—=(X=Yy) = X =Y.

Proof (i) Obvious, as, for any proposition P, =———P < ——P.
(i) Assume R € &.
We first prove: (A, R) = =VXVy[-—=(X =Y) — X =Y].
Assume YaV[([——(aR() — aRf].
Note: VaVi[a ~y  — aR(]and, therefore: VaV3[——(a ~y B) — —=—(aRB)].
Conclude: ~;~ C R.
By Theorem 22 (ii), R* S~77, so R* C R. This contradicts Corollary 3.
The stronger statement announced in the Theorem may be proven in a similar
way. Inspection of he proof of Theorem 22 enables one to conclude:
WV, R) E =Vy[—==(x =y) — x = Y][0].
One easily generalizes this conclusion to:
for each a, (N, R) = =Vy[-—(X =Y) = X = y][a].
Conclude: (N, R) = VX=Vy[-=(X=Yy) - X =Y]. O

Markov’s Principle has been mentioned in Sect. 1.4. Markov’s Principle is not
accepted in intuitionistic mathematics, but the following observation still is of inter-
est.

Corollary 5 The following are equivalent.

(i) Markov’s Principle: Ya[——3n[a(n) = 0] — In[a(n) = 0]].
(11) N;—. C N(‘z/lmost.
(iii) ~§/most is stable.

28Using the scheme: If P — Q and =P — Q, then =—Q.
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Proof (i) = (ii). Assume ——(« ~y (), that is =—3InVm > n[a(m) = B(m)].

Let ¢ € [w]* be given.

Assume: —An[a o ((n) = B o ((n)].

Then Vu[((n +1) > n A ao () # (o (n)], so Vrim > n[a(m) # B(m)].
Contradiction.

Conclude: =—3n[a o {(n) = [ o ((n)] and, by Markov’s Principle,
nfao C(n) = Bo )],

We thus see V(¢ € [w]¥3In[a o ((n) = (o ((n)], thatis: « N“‘,l’""” s.

(ii) = (iii). By Theorem 22 (v), ~{/"**" C ~~. Therefore: (~{/"*")™" C ~™.

Using (ii), we conclude: (~{/"")™™ C ~4/most that is: ~4™°5" is stable.

(>iii) = (i). Let « be given such that —=—3n[a(n) # 0].

Define 3 such that Vm[3(m) = 0 <> In < m[a(n) = 0]].

Note: == (8 ~y 0) and, therefore: =—(3 ~4/most ().

Conclude, using (iii), 3 N"’/l’””‘” 0.

Define ( such that Vn[((n) = n].

Find m such that 3 o ((m) = B(m) = 0 and, therefore, In < m[a(n) = 0].

We thus see: Va[——3n[a(n) = 0] — In[a(n) = 0]], that is: Markov’s
Principle. O

1.12 Equality and Equivalence

We did not succeed in finding a sentence 1) such that (N, ~v) = 1) and
N, ~%) = —. We now want to compare the structures (N, =, ~y) and
WV, =, ~%). We need a first order language with two binary relation symbols: = and
~. The symbol = will denote the equality relation and the symbol ~ will denote, in
the first structure, the relation ~y and, in the second structure, the relation ~%,. The
reader hopefully will not be confused by the fact that, in the earlier sections, where
we used the first order language with a single binary relation symbol, =, the symbol
= denoted the relations ~y and ~%.

The next Theorem makes us see that equality is decidable on each equivalence
class of ~y whereas, on each equivalence class of ~¢, it is not decidable.

Theorem 23 (i) (N, =, ~y) EVXVY[X~Yy — (X=Yy V =(X=Y))]
(i) W,=~0) EVXVYy[Xx~y— X=Yy vV =(x=Y))]

Proof (i) Let~y, a be given such that v ~y «.
Find n such that Vm > n[v(m) = a(m)] and distinguish two cases.
Eitherym + 1) =a(m + 1) andy = a,ory(m + 1) #a(m + 1) and —(y =
).
Conclude: VyVal[y ~y a - (y=a VvV =(y = a))].

(i) Let ~y be given.
Consider .7-'1”’ = {a | VmVn[(a(m) # v(m) AN a(n) #vy(n)) — m =nl}.



1 Equality and Equivalence, Intuitionistically 31

Note: F/ is a spread. Also: Ya € F| [y ~}, a] ?° and, therefore,

Ya € F[y ~% al. AssumeVa € F/[y =a VvV =(y = a)]. Applying Lemma
1,find p such thateither Vo € F][7p C a — v = alorVa[yp C a — —(y =
)], and note that both alternatives are false.

Conclude: Vy=Valy ~y o vV =(y = a)].

Lemma 9 (r\,;_‘)-i- - ,\,;—‘ and (,\,z‘zllmost)-k— - N?/lmost.30

Proof Assume a(~,7)* 5.

Find n such that Ym > n[a(m) # B(m) — o~ Bl.

Note: if Am > nla(m) # B(m)], then o ~7~ B, and if =Im > nla(m) # B(m)],
then Vm > n[a(m) = B(m)] and a ~y (3 and also o« ~~ 3.

Conclude: =—(a ~™ ), and, therefore, o ~7 3.

Assume a(~4mosty+ 3.

Find n such that Vm > n[a(m) # B(m) — o ~4most ],

Let ¢ in [w]” be given. Note: ((n + 1) > n.

Either: co{(n+1)=pPBo(n+1)

or: o ~4"" 3 and Ip[ao {(p) = B o ((p)].

We thus see: V( € [w]¥In[a o ((n) = B o ((n)], that is: « N?,l”“"” 0. O

Lemma 10 For every shift-invariant binary relation R on N,
R* C Rifand only if (N, =, R) = VXVY[(AP(X,y) > X ~Yy) = X ~y].

Proof First assume R™ C R.

Assume o # 3 — aRf.

Then: Vmm > O[a(m) # B(m) — aRf3], so: aR™ 3, and, therefore: aR 3.

We thus see: (N, =, R) = VXVY[(AP(X,y) = X ~y) > X ~Y].

Now assume (N, =, R) = VXVY[(AP(X,y) = X ~y) = X ~ Y.

Assume R 3. Find n such that Vm > n[a(m) # S(m) — aRf].

Define ~, § such that Vm[y(m) = a(n + 1+ m) A d(m) = f(n + 1+ m)].

Note: v # § — aRf, and, as R is shift-invariant, also: v # § — R4, and, there-
fore: YRJ, and also: aRS.

We thus see: Rt C R. O

Corollary 6 (i) (N, =,~77) = VXVY[(AP(X,y) > X ~y) = X ~Y].
(i) N, =, ~4mety = VXVY[(AP(X,y) = X ~y) = X ~Y].
(iii) Foreach Rin&, (N, =, R) = =VXVY[(AP(X,y) = X ~y) = X ~YI.

Proof Use Lemmas 9 and 10 and Corollary 3. O

29See the proof of Theorem 18 (iii).

30Following the terminology in Veldman (1995), a binary relation R on A should be called per-
hapsive if RT C R.
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1.13 Notations and Conventions

We use m, n, ... as variables over the set w = N of the natural numbers.
For every P C N such that Vu[P(n) Vv —P(n)], for all m,
m = un[P(n)] < (P(m) A Vn < m[—-P(n)]).
(m, n) — J(m, n) is a one-to-one surjective mapping from w x w onto w.
K, L : w — w are its inverse functions, so Vn[J(K (n), L(n)) =n].
For each n,n’ := K(n) and n” := L(n).

(ng,ny,...,n5—1) — (ng,n1, ..., Ng_1)1is aone-to-one surjective mapping from
the set of finite sequences of natural numbers to the set of the natural numbers.
(no, ny, ..., ng_1) is the code of the finite sequence (ng, ny, ..., ng_1).

s > length(s) is is the function that, for each s, gives the length of the finite
sequence coded by s.

s, n > s(n) is the function that, for all s, n, gives the value of the finite sequence
coded by s atn. If n > length(s), then s(n) = 0.

For all s, k, if length(s) = k, then s = (s(0), s(1), ...s(k — 1)).

0 = () codes the empty sequence of natural numbers,
the unique finite sequence s such that length(s) = 0.

Wk = {s | length(s) = k}.

(Wl :={s e |Vili+1 <k — s@G) <s@i+ D]}

[w]= == U [w]k.

Foralls, k,z,1,if s € w¥ and ¢ € ', then s * ¢ is the element u of w**! such that
Vi < k[u(@i) =s@)]andVj < l[utk + j) =t(j)].

SCt< Juls*xu=rt].

SCt< (STt A s #EL).

We use v, 3, ... as variables over Baire space, the set w* := N of functions from
NtoN.

(a, n) — «(n) is the function that associates to all «, n, the value of « at n.

For all v, 3, o o 3 is the element v of A such that Va[y(n) = a(ﬁ(n))].

2¥:=C = {a | Vnla(n) < 2]} is Cantor space.

For all o, for all &, for all s in w¥, a o 5 is the element ¢ of w* satisfying
Vn < k[t(k) = a(s(k))].

For each s, k, if s € w*, then, for each «, s * « is the element 3 of N such that
Vi < k[B(@i) = s(i)] and Vi[B(k + i) = a(i)].

Foreach s, foreach X CN,s* X :={s*xa | a € X}.

For each o, for each n, o is the element of AV satisfying Vm[a" (m) = o(J (n, m))].

For each m, m € N is the element of A satisfying Vn[m(n) = m].

S is the element of N satisfying Vn[S(n) = n + 1].

Valo/ (n) = (a(m)” A a’(n) = (a(n))"].

an = (a(0), a(l),...a(n — 1)).

s C a < dn[an = s].

al g« a# < Infamr) #LMm)].

[W]¢ :={C e N | Vi[¢GE) < G + D).



1 Equality and Equivalence, Intuitionistically 33

@, the set of the rationals, may be defined as a subset of w, with accompanying
relations =g, <g, <@ and operations +qg, —q. Q.

R:={a|Vnld/(n) e Q A a"(n) € Q] AVn[d/(n) <g &/(n+1) <g
o' (n+1) <g o"(M] A YmIn[a"(n) —g o/ (n) <g 51}

For all o, Bin R,

a < B < In[a’(n) <g f'(n)]anda = B < (—-(a <k B) AN =B <r a)).
Operations +x, —r are defined straightforwardly.
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