Maximal Surfaces on Two-Step )
Sub-Lorentzian Structures s

Maria Karmanova

Abstract We describe sufficient maximality conditions for the classes of graph
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1 Introduction

The aim of this paper is to describe the classes of maximal graph surfaces in
sub-Lorentzian geometry, namely, sufficient maximality conditions. The graph
mappings are constructed from mappings of two-step nilpotent graded groups.
These groups are a particular case of Carnot—Carathéodory spaces well-known in
various problems of pure and applied mathematics; see, e. g., [15] and references
therein. We also assume that the image and preimage are both subsets of another
nilpotent graded group possessing a sub-Lorentzian structure. This structure is a
sub-Riemannian generalization of Minkowski geometry. The main characteristic
of this geometry is that the distance between points (xi,?;) and (x2, f2), with
x1,x2 € R*and 11, 1» € R, equals

Vx1 —x)? = (11 — )2,
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i.e., the squared distance along the time-like direction ¢ is negative, while along
every space-like direction x € R" it is positive. If all tangent vectors to a surface
in R'f“ have only positive lengths then this surface is called space-like and it is
locally representable as a graph, where the time-like variable depends on the space-
like variables: ¢+ = ¥ (x) with x € R". Under some additional assumptions it is
possible to deduce certain equations describing surfaces of maximal area; it follows
that their mean curvature vanishes a. e. According to Nielsen’s hypothesis, solutions
to Einstein’s gravity equations are physically meaningful if and only if they are
representable as such surfaces in R’f“. For the details concerning the properties,
applications and interpretations of Minkowski geometry, see [19] and references:
e.g., [20, 21] etc.

Sub-Lorentzian geometry is a relatively young branch of analysis; the first results
in this area were obtained in the 1990s; see [2]. Later, series of papers studied
some fine properties of geodesics together with their connection to relativity theory
problems; see, e. g., [5, 6, 16—18]. New cases of Minkowski geometry with multi-
dimensional time were studied recently in [1, 3] etc.

In [9], the author deduced necessary maximality conditions for classes of graph
surfaces and, moreover, the equations of maximal surfaces. Here the term “maximal
surface” means a surface of maximal area (under the assumption that a solution to
the corresponding boundary value problem exists). We emphasize that [9], in view
of certain fine properties of non-holonomic geometry, the definition of argument
increment of the area functional differs substantially from the classical one. Namely,
if the horizontal part of the argument changes arbitrarily to order ¢ then the other
part of the formula that corresponds to degree two fields depending on the horizontal
ones involves additional summands of order 2. Consequently, when we take the
second differential of the area functional to obtain sufficient maximality conditions,
some new summands appear, which are absent in Riemannian geometry. Recall that
generally in non-holonomic structures the notions “maximal area” and “maximal
value of the area functional” are not the same. In the latter case, the functional can
take some maximal value but it need not correspond to any mapping defining a
surface of this area since the PDE problem may lack solutions.

The result of this paper was announced in [12].

2 Graphs on Carnot Groups

Let us recall necessary notions and results.

Definition 1 (See, e. g., [4]) A two-step Carnot group is a connected simply
connected stratified Lie group G with a graded Lie algebra V, thatis, V = Vi @ V»
with [V1, V1] = V, and [V, V2] = {0}. If we replace [Vy, Vi] = Vo by [Vq, V1] C
Vs and [V,, V2] = {0} then G is called a two-step nilpotent graded (Lie) group. A
basis in V is chosen so that each field belongs either to V; or V. The vector fields
in V; are called horizontal and their degree is equal to one. Otherwise the degree is
equal to two.
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Definition 2 The derivatives along horizontal vector fields are called horizontal
derivatives.

The group operation is defined by the Baker—Campbell-Hausdorff formula.
Now, introduce the distance corresponding to the group structure.

N
Definition 3 (See, e. g., [12]) Take w = exp( ) wiX,-)(v) with w,v € G.
i=1

1 1
Define d>(w, v) = max ’( > w?)z, ( > w;)4 } The set {w € G :
Jideg X j=1 Jideg X ;=2
dy(w, v) < r}is called the radius r > 0 ball in dy centered at v and is denoted by
Boxy (v, r).

Definition 4 ([22]; See Also [23] for the General Case) A mapping ¢ : U —
K, U C K, where K and K are nilpotent graded groups, is hc-differentiable
at x € U if there exists a horizontal homomorphism £, : K — K such that
dr(p(w), Ly {w)) = o(da(x, w)), where U > w — x. The hc-differential L, at x is
denoted by Bq) (x).

Definition 5 (See, e. g., [23]) If the horizontal derivatives of ¢ exist everywhere
and are continuous, while the images of horizontal vector fields are horizontal,
then ¢ is called a mapping of class C,, or C},{-mapping.

Let us now give a precise description of the setup. To this end, we consider a
mapping ¢ : 2 — G, where:

1. 2 c Gisanopensetand ¢ : Q — Gisa C}i-mapping;

2. G is a Carnot group of topological dimension N with basis vector
fields X1, ..., Xy, Lie algebra V = V| @ V>, where X1, ..., Xqimv; constitute
the basis of Vi, and origin 0;

3. each degree two field on G can be uniquely expressed via the commutators of
horizontal fields:

n
Xp= ) af [Xi.Xjli<j k=dimVi+1,....N (1)
ij=1

(this enables us to vary the argument arbitrarily; see the details in [10]);

4. G is a two-step nilpotent graded group of topological dimension N with basis
fields )~(1, R iﬁ, Lie algebra V= 171 ® \72, where )~(1, R idim 7 constitute
the basis of Vl, structure constants [4] {Cimg }1,m.q

(X0 Xul= D cimgXq. )
q:deg )N(q =2

forl,m=1,...,dim Vl, and originﬁ;
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5G,G c U, where U is a_two-step nilpotent graded group of topological
dimension N + N, and G n G=0= 0, 0);

6. the fields X, ..., Xy and X s oo X~ & coincide with the restrictions of the basis
fields on U to the groups G and G respectively; moreover, their degrees are equal
to those of the corresponding fields on U.

Note that the Cartesian product G x Gisa particular case of U. In general,
groups G and G are submanifolds of U intersecting at their origins. This intersection
coincides with the origin 0of U.

The following property is used to obtain the main result.

Theorem 6 ([23]) Every C},{-mapping @ of a Carnot group to a nilpotent graded
group is continuously hc-differentiable everywhere, that is, in a neighborhood of
each point x it is approximated by a horizontal homomorphism up to o(da(x, -)).
Moreover, the matrix of its hc-differential has a block-diagonal structure with
blocks (5(,0)[.1 and (/D\(p)HL, where the first block corresponds to fields in V1 and ‘71,
and the second one, to fields in V> and ‘72.

Definition 7 Given ¢, the graph mapping ¢r : Q — U assigns to each x the

N » N ~ ~
element ¢r(x) = exp( > goj(x)Xj>(x), where exp( > (pj(x)Xj>(0) = ¢(x).
j=1 j=1

Straightforward calculations show that the graph mappings of C}i-mappings
are neither hc-differentiable nor differentiable in the classical sense. Nevertheless,
a suitable tool, polynomial hc-differentiability, was created recently in [7, 8]. It
enables us to approximate graphs by smooth mappings. The main disadvantage of
graph mappings is that the differential of polynomial kc-differential does not have
block diagonal structure, which complicates the description of metric properties.
The solution is to introduce a new basis [8], called the intrinsic basis, close to initial
one but ensuring the desired structure of the polynomial ic-differential.

Theorem 8 ([14]) In a neighborhood of each ¢ (x), where x € 2, there exists an

intrinsic basis

X=X, =X+ Z aix Xi + Z bilgl
k:deg X;=2 l:deg)NQ:Z

such that the matrix of the differential of polynomial hc-differential has block lower
triangle with blocks equal to union of blocks in D¢ and unit matrices.

3 Sub-Lorentzian Structures

To describe the sub-Lorentzian structure on U, we introduce the following notation.
Since we consider non-holonomic generalization of Minkowski geometry with
multi-dimensional time, the main idea is to divide basis fields into “positive” and
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“negative”. Here, the squared length of integral curves of “negative” fields is set to
be negative.

Definition 9 Put {X,..., Xy, X1,..., X5} ={Y1, ..., Y5}, where N = N+ N.
Moreover, let the Lie algebra V on U be equal to V| @ V, with

Vi, Vil C Va,

X1, .-, Xdimvy» X1, ""Xdimvl) =,..., Ydimf/\f’ Ydimff?+l’ cees YdimVI)’
Waim v 10+ Yaimm b = (X150 Xgim 7315
(XdimV1+17 ~~~1XNdeim\71+17 ~~~7X1V)
= (Ydimﬁﬁv"'deimVI+dimV;v YdimV1+dim92++1v~~vYﬁ)v

where (YdimVI+dim\72++1’ L YR) = ()?dim‘71+1’ ..., X5). Denote dim ‘72 —N-—
dim V1, dim V" = dim V; —dim V," (= dim V1) and diim V,” = dim V,—dim V' (=
dim V5).

N
Definition 10 For a vector field T = ) y;Y; with constant coefficients, set the
Jj=1
squared sub-Lorentzian norm to be
dimV;t dim V;”
SL? _ 2 2
" (1) = max{ Z Yj Z Ydim V" 4k
j=1 k=1
dim V" dim V,~
2 2
sgn( Z Yaim Vi+j ~ Z Ydim ¥, +dim \7;+k>
j=1 k=1
dim V; dim V;~ 1
2 2
x ‘ Z YdimV+j ~ Z ydimﬁl+dim\7;+k‘ ]
j=1 k=1
If w = exp(T)(v) then the squared sub-Lorentzian distance D%(v, w) equals

dng(T). The D%-ball of radius r centered at v is Boxa% (w,r)y={xelU: D%(v, x) <
r2y.

The intrinsic squared distance %%(v, w) is defined similarly with Y; replaced by
“Yijforj=1,...,N.

Definition 11 For each x € ¢r(2), consider a neighborhood U (¢ 1(x)) C @
where o(1) from the definition of hc-differentiability is sufficiently small. Consider
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8o > 0 such that each ball in 2 of radius r < T4 lies in at least one of these
neighborhoods (since we study local property, we may assume without loss of
generality that Q C G is a compact neighborhood), where T satisfies

1 .
F W) < Uidd(pr (v)), or (w)/? < Tda (v}, w).

Define the intrinsic measure SL’Hl‘i on S C ¢r(2) as

Odim v, @dim v, 1im inf{ L
§—0 .
jeN

=1 _
e Boxys (x7, 7) Nor (Ulpr '(xj)) D S,
jeN

xjeS. rj<b<b jeNl. ()

To this end, rows 1,...,dim Vl of the matrix of the hc-differential together
are denoted by (D¢)py(x). Assume that the squares of its column lellgths are
at most 2dirilV2 — ¢ with ¢ > 0. The block starting from row dim V| + 1 is

Vi
denoted by (Dg) 1 (x) and we assume that the squares of its column lengths are at

most dimv, — € with ¢ > 0.

Remark 12 The above restrictions guarantee the space-like property of the surface
or (2); see the details in [14].

One of the main results of [14] is the following area formula for the graphs
of C},{-mappings defined on a two-step Carnot group with values in a two-step
nilpotent graded group. We formulate it for our case.

Theorem 13 The surface or(R2) is space-like and its SL'HI‘i-measure is

f SL 7 (g, v) dH (v) = / d UMY (), @

Q or ()

where the sub-Lorentzian Jacobian SLj((p, v) equals

Jaet(Eaimy, — (Do) (Do) ) Jdet(Eaimvy — (D), (D))

and SLHE is defined the same way as SL’H,I‘i, where wdim v, @dim Vzr]‘f is replaced by
b(x;,rj,v), j € N;see details in [13]. If the matrix of D(ﬁp or) has block diagonal
structure everywhere then SL’H,‘{] = SL’H,I‘i.

The following notions are important for our description of the main properties of
maximal surfaces.
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Definition 14 (cf. [11]) The area functional S(p) defined on the class of graph
mappings constructed from C}_,-mappings is

f Jaet(Esimv, — (DY (Do) i), Jdet(Eaimv, — (D). (D)) dH.
Q

&)

The area functional increment on & : Q — RIM " with & = (&1,..., &4 )
equals S(g, &, &) — S(p), where S(g, &, ¢) is the integral over 2 of

Jaet(Eamv, — ((Po)n + eDue) ((Beu + e Dy))
x \/det(Edim v, — (D) g1 + Py + 2P2)"((Dg) 1. + e P1 + €2 P2)),

Dp denotes differentiation along the horizontal fields only, Pj(x)(Xx) and
P>(x){X) are equal to

dim vy dim ¥
23 a3 2 (DX jEm(x) = (D) Xitn () ) cimg Ko
i,j=1 g>dim V] l,m=1

(6)
and

dimV, dim ¥,
doal, YN (x,-slmxjsm(x)—X,-ém(x>xjsl(x>)czmq)?q, (7

i,j=1 g>dim ¥, [,m=1

respectively, al{‘j are from (1), ¢mg are from (2), i, j = 1,...,dim Vq withi < j,
k,l,m=1,...,dimV,,g =dimV; + 1, ..., N (see the details in [10] and [11]).
Definition 15 Take 2 C G, &1, ..., éfdimVI € C;I(Q, R), and m € N. Define the

norm ||&||,,, for & as

dim ¥, 1

||é||m=(/ S @M+ Y |§(x>ﬂ|dH“<x)>m,

o k=1 B 1Bl=m



136 M. Karmanova

and the (semi)norm [|§]| g, for & = (51, ..., &gy 7,) as

18015 = ( [ |§(x>ﬂ|d”ﬂ”(x>)m,

Q B:lBl=m

where £ = (X1&1, ..., X1&4im v, X281, -+, Xdim vi4im v7,)-

Definition 16 The domain Q C G is called horizontally attainable if each interior
point of it can be connected to a boundary point by a curve consisting of a finite
number of integral lines of horizontal vector fields.

Theorem 17 The area functional (5) is differentiable twice with respect
to the norm | - |lmax{6dimVi,12dimV,})- If $2 is horizontally attainable then
I - I|H,max{6dimVv;,12dimVy) IS a norm, and (5) is also differentiable twice with
respect to it.

The proof follows the scheme of [10, Theorem 5] almost verbatim with
obvious changes. The main idea is to deduce the expression of the third
derivative of /f1(g)</f2(¢) at & and then to estimate the maximal degree of
Xi&, ..., Xdimv,§ in

\/det(Edim Vi — ((5¢)H + SDHE)*((Bw)H + eDpE))

and

fa(e) = \/det(Edim vy — ((5¢)H¢ +eP + £2P2)*((5¢)HL + &P + &2P,))

as well as their derivatives at .
Theorem 18 Assume that affj in(l), cimgin (2),i,j=1,...,dimVy withi < j,

k,l,m =1,...,dim 91, g = dim Vl +1,..., ﬁ, are sufficiently small. If there
exists K > 0 such that

5 \/det(Edim vy — (/D\(p)’;“ (B‘P)Hi)
/ IDyE ( T
J Jaet(Edmy, — Do)y (D))
\/det(Edim v = (5cp)’}}(5<p)H)

2
+ ~ R ) dHU(X) = K”S”max(édimVl,lZdisz}’
\/det(Edim v, = (Dg)y; (D) 1)
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and the necessary maximality condition

\/det(Edim vV, — (/D\(P)}k_ll (B‘P)HJ-)

[ Piwe) U
J Jaet(Egmv, — D)}y (Dg)n)

Jaet(Eamv, — (D) (D))

H =0
\/det(Edim vy — (DQO);L (D(/’)Hl)

+/Dz(go,s>
Q

holds (cf. [11]), where D1(¢, &, x) and Dy (¢, &, x) are equal to

dim V| dim V;

Y D (Du&i ). Do) (Edgimy, — D)y (0)(De)n (x),;

i=1 j=I1

dim V| dim V

137

®)

+ ) Y (Deu (). Duj0))(Egimv, — (D) ()(D@) (), ;5

i=1  j=1
and

dim V dim V,

Yo D P (D)ge) ;00) (Edimv, — (D). () (Do) g (),

i=1 j=1

dim V, dim V5

+ )0 Y (D)) 0, (PO O (Edimvs = (DY (D) (1)),

i=1 j=I

respectively, then (5) takes maximal value at ¢ on its neighborhood. For a
horizontally attainable domain 2, we may use || - || H max{6 dim v;,12 dim V,} instead

of | - llmax{6 dim V1,12 dim V2}-

Proof This statement is actually a reformulation of the following condition of
strong positivity of the area functional: if the functional F is differentiable twice,
its first variation at £* equals zero, and the second variation is strongly positive in
the sense that there exists K > 0 such that 8*F(¢*,8¢) > K||8¢|| then F has

minimum at ¢*. The necessary condition (8) is deduced in the same way as in [
Theorem 6]. To describe sufficiency estimates, put

fi(e) = det(Egimv, — (D@)u + D) (D) + eDyg)),
fo(e) = det(Egimv, — (D)1 + &Py + 2 P2)" (Do) 1 + eP1 + €2 P2)).

10,
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Then

_ VB BV

NG NG

LS UDNAE DA VR BVA
WAV af? af? T WA 2R

fie f@)"

Consequently, it suffices to estimate the values f" and f;’ in terms of Dy&. For

1 , We see that it 001n01des with the sum of determinants of the modified matrices
Edimv, — (D(p)H(Dcp)H where row k i is replaced by —2X& - Dy € or rowsz and j
with i # j are replaced by —X;& - (D(p)H — Xip - Dy& and —X ;& - (D(p)H —
Xip- DHE respectively, for i, j,k =1, ..., dim V1. Here Xip stands for row i of
(Dp)}.

Applying, if necessary, orthogonal transformations Oy = Opg(x) and Oy =
Op1(x), where x € €, we may assume without loss of generality that
(D(p)H(Dgo)H and (D(,o)HL (D(/))HL are diagonal matrices. Note that this
transformation corresponds to orthogonal transformation of bases within Vj(x)
and within V(x), thus, all lengths and scalar products are the same at x. Fix
x € . The assumption on the column lengths of these matrices implies that
the (diagonal) elements 1 — ay,...,1 — adimv;, of Edimv, — (D(p)H(Dcp)H are
positive and strictly separated from 0 everywhere in €2. Thus, if we replace row k
of Eqimv, — (D(p) H(D(p) H by —2X& - D& then the corresponding determinant
equals

—2(xx&, Xx8) [ 0 —aw)=-2 [] A —an)ixz&l* <0,

m:m##k m:m##k

. 1 . 5
since max a;} < . —cwithc > O fork = 1,...,dim V). Next,
il dimVl{ J} — 3dimV;

consider the first group of dim Vj(dim V; — 1) determinants. Each of them equals
the sum of four determinants of the modified matrix Egim v, — (ﬁq))’gl (ﬁq)) H, Where
rows i and j with i # j are replaced by only one term. Consider the corresponding
cases and estimate each value.

Case I Rowsi and j are replaced by —X;§& - (ﬁq))H and —X ;& - (5¢)H. Then, the
determinant is estimated as

[1 0—anXi&- Do), X & - (De)n)

m:m#i, j

[T -anlD@e)ul*QX:El* + 1XE1%).

m:m#i, j
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Case 2 Rowsi and j arereplaced by —X;¢-Dyé and — X ;& - (ﬁ(p)H. The estimate
is

[1 0—an(Xip- Dyt X & - (De)n)

m:m##i, j
dim V
H (- am)(a, D IXEI* + 1Dy IP1IX, s||2)
mm#z/ g=1

Case 3 Ifrowsi and j are replaced by —X;§& - (5(/))11 and —X ;@ - Dy&, then the
dim V

estimate equals J [ (1= an)(a; L IXEN + IDo)ul?I1Xi€12).
m:m##i, j gq=1
Case 4 Ifrowsi and j are replaced by —X;¢ - Dg& and —X ;¢ - Dy & then we have
. dim ¥, 5 dim ¥ )
VI G—an(a X IXEIP +a; X IXENP).
m:m##i, j q=1 gq=1
R dim Vv,
Fix i and recall that |(D¢)y||> = Y aq as the trace of DH(p*DH(p We infer
q=1

that the coefficient at || X; & ||? is equal to

dim V dim V
2oa0 ), II d=aw+ 3 >[I a-ane
g=1 JijF#i mmAL g=1 j:j#q mm#q.j
-2 J]J0-aw=— ] d=an-2<0
m:mz#i m:m=£i
c o~ . 1 . .
with ¢ > 0 since 0 < rna(ﬁmVl{aq} < 2dimv? c with ¢ > 0 fori =

., dim Vj.

Consider now f," and its estimates. It coincides with the sum of determinants
of the modified matrices Edimv, — (D(p) Tl (D(p) gL where row k is replaced by
—2(PH)k - (DY) — 2(P) Py — ((D(/))HL) P>, orrows i and j with i # j are
replaced by —(P"); - (D) 1 — (D(p,)H Pyand —(P}); - (Dg)yL — (D) )y - Py
respectively, for i, j,k = 1,...,dim V5. In contrast to the horizontal case, each
summand depending on the horlzontal derivatives of £ has coefficients depending
on the entries of DH<p Thus, the absolute value of the coefficient at || D& || can
be considered strictly less than [] (1 — ay,). Since each summand also contains

m:m=#i

products of a and Cimg» We can easily see that if they are sufficiently small then

151 < IDugl* - [T 4 —am),

m:m=£i
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and finally

(Vi f2(e)) NI fl) _

" fl//\/fZ fz//\/fl 2
— , 0.
< up v = aDueP(Y ) e

Thus, the functional —S(¢) has minimum since its second variation is strongly
positive; and therefore the area functional (5) has maximum at ¢. The theorem
follows. |

Remark 19 We may replace strong restrictions on |a{" j| and |¢jmg| by adding some

restrictions to ||(5<p) gl since all coefficients at the horizontal derivatives of &
contain the horizontal derivatives of ¢. Moreover, it is possible to deduce restrictions
on (Dg) g basing on the given values of a{‘j and ¢jmq fori, j =1, ..., dim V; with
i<jandk,l,m=1,...,dimV,qg=dimV,+1,...,N.
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