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Preface

The Workshops on Geometric Methods in Physics (WGMP) were established
in 1982 by Anatol Odzijewicz and they have been running yearly without inter-
ruption ever since under the sponsorship of the University of Bialystok.

This volume contains original scholarship based on the talks presented at
the Thirty-Eighth Workshop (June 30-July 6, 2019); the posters presented; and
the Eighth School on Geometry and Physics, which immediately preceded the
workshop. The schools were created in 2012, to precede or follow the workshops,
so as to offer an introductory series of lectures on cutting-edge areas of research
related to the workshop themes. The materials of recent WGMPs, such as program,
abstracts of the talks and lectures, and participants’ lists, are posted on the website:
http://wgmp.uwb.edu.pl. The website includes bibliographical information on the
proceedings volumes for each year.

Each workshop comes with main themes; in 2019, the themes were “Inte-
grable Systems, Classical and Quantum Field Theories, Quantum Information, Lie
Groupoids and Lie Algebroids, and Poisson Geometry.” The school’s lecturers have
each contributed an extended abstract.

The WGMP has played an exceptional role in bringing together the two
communities of mathematicians and physicists. The workshop has grown from its
original contingent of mainly eastern-European scholars, to widely international,
with participants from several continents in 2019.

The venue plays no small role in fostering a close-knit, intense experience: situ-
ated in the Bialowieza Forest, a UNESCO World Heritage Place, the village hosts
the participants in two small hotels and a variety of other local accommodations with
hospitality and customs providing the background for communal outings, bear and
bison sightings, evenings around campfires, and afternoons of discussion where new
collaborations are established and old ones come to fruition. The plenary lectures,
talks, and poster sessions take place in the Nature and Forest Museum, the oldest
museum in the Polish national parks; the school’s lectures take place in an Open-
air Museum of Wooden Architecture of the Russian People of Podlasie (in Polish:
Skansen Architektury Drewnianej Ludno$ci Ruskiej Podlasia).


http://wgmp.uwb.edu.pl

vi Preface

We hope that this collection of articles may provide the readers with an overview
of the latest knowledge in a wide variety of areas, as well as stimulate interest in the
threads represented by the school’s lecture series.

Ciudad de México, Mexico Piotr Kielanowski
Bialystok, Poland Anatol Odzijewicz
Boston, MA, USA Emma Previato

April 2020



Preface vii

Participants of the XXXVIII Workshop on Geometric Methods in Physics, Biatowieza, 2018 (Photo by T. Goliniski)
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Part I
Contributions to the XXXVIII Workshop



Toeplitz Extensions in Noncommutative m)
Topology and Mathematical Physics s

Francesca Arici and Bram Mesland

Abstract We review the theory of Toeplitz extensions and their role in operator
K -theory, including Kasparov’s bivariant K-theory. We then discuss the recent
applications of Toeplitz algebras in the study of solid-state systems, focusing in
particular on the bulk-edge correspondence for topological insulators.

Keywords Toeplitz algebras - C*-algebras - Extensions - K K -theory -
Bulk-edge correspondence

Mathematics Subject Classification (2010) Primary 46L85; Secondary 19K35,
461.80, 47B35, 81T75,81V70

1 Introduction

Noncommutative topology is rooted in the equivalence of categories between locally
compact topological spaces and commutative C*-algebras. This duality allows for a
transfer of ideas, constructions, and results between topology and operator algebras.
This interplay has been fruitful for the advancement of both fields. Notable examples
are the Connes—Skandalis foliation index theorem [17], the K-theory proof of the
Atiyah—Singer index theorem [4, 5], and Cuntz’s proof of Bott periodicity in K-
theory [22]. Each of these demonstrates how techniques from operator algebras
lead to new results in topology, or simplify their proofs. In the other direction,
Connes’ development of noncommutative geometry [19] by using techniques from
Riemannian geometry to study C*-algebras, led to the discovery of cyclic homology

The original version of this chapter was revised. A correction to this chapter can be found at https://
doi.org/10.1007/978-3-030-53305-2_27

E. Arici (04) - B. Mesland
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[18], a homology theory for noncommutative algebras that generalises de Rham
cohomology.

Noncommutative geometry and topology techniques have found ample applica-
tions in mathematical physics, ranging from Connes’ reformulation of the standard
model of particle physics [20], to quantum field theory [21], and to solid-state
physics. The noncommutative approach to the study of complex solid-state systems
was initiated and developed in [6, 8], focusing on the quantum Hall effect and
resulting in the computation of topological invariants via pairings between K -theory
and cyclic homology. Noncommutative geometry techniques have proven to be a
key tool in this field, and applications include the study of disordered systems,
quasi-crystals and aperiodic solids [44, 45]. The correct framework to describe
such systems, as has been shown recently, is via K K -theory elements for certain
observable C*-algebras.

This review is dedicated to a discussion of Toeplitz algebras and more generally
C*-extensions, and their role in noncommutative index theory. It is aimed at readers
interested in the more recent applications of Toeplitz extensions and should serve as
a brief overview and introduction to the subject. We shall provide an exposition of
operator algebra techniques recently used in mathematical physics, in particular in
the study of solid-state systems.

The paper is structured as follows. In Sect. 2 we review the construction of the
classical one-dimensional Toeplitz algebra as the universal C*-algebra generated
by a single isometry, and we recall its role in the Noether—Gohberg—Krein index
theorem, which relates the index of Toeplitz operators to the winding number of
their symbol. We conclude the section by discussing how the construction can be
extended to higher dimensions. In Sect. 3 we take a deep dive into the world of
noncommutative topology and discuss the role of Toeplitz extensions in operator
K -theory, namely in Cuntz’s proof of Bott periodicity and in the development of
Kasparov’s bivariant K -theory. This rather technical section allows us to introduce
the tools that are needed in the noncommutative approach to solid-state physics.
In Sect. 4, we describe two constructions of universal C*-algebras that will later
play a crucial role in the study of solid-state systems, namely crossed products by
the integers, Cuntz—Pimsner algebras, and their Toeplitz algebras. Finally, Sect. 5 is
devoted to describing how Toeplitz extensions and the associated maps in K -theory
provide the natural framework for implementing the bulk-edge correspondence from
solid-state physics.

2 Toeplitz Algebras of Operators

2.1 Shifts, Winding Numbers, and the
Noether—Gohberg—Krein Index Theorem

In view of the Gelfand—Naimark theorem [25], every abstract C*-algebra, commu-
tative or not, admits a faithful representation as a subalgebra of the algebra B(H)
of bounded operators on some Hilbert space H. In this section, we will start by



Toeplitz Extensions in Noncommutative Topology and Mathematical Physics 5

constructing two concrete examples of C*-algebras of operators. As mentioned in
the Introduction, we are interested in how the commutative algebra of functions
on the circle and the noncommutative algebra generated by a single isometry fit
together in a short exact sequence. This extension will later serve as our prototypical
example illustrating the use of C*-algebraic techniques in solid-state physics.

Let ' := {z € C|zz = 1} denote the unit circle in the complex plane. The
corresponding C*-algebra, C(S'), is the closure in the supremum norm of the
algebra of Laurent polynomials

1, Clz,z]
O = (zz=1)

The algebra C(S') admits a convenient representation on the Hilbert space L2(Sh
of square-integrable functions on S'. This Hilbert space is isomorphic to the Hilbert
space of sequences £%(Z), and the isomorphism is implemented by the discrete
Fourier transform

Fl2@) — 1ASYH, FH@=@m) 2 Y gue " (1

nez

Under this isomorphism, the operator of multiplication by z is mapped to the
bilateral shift operator U, defined on the standard basis {e; },cz of 02(Z) via

Ulen) = (en+1), U*(en) = en—1. (2)

It is easy to see that U is a unitary operator, i.e. U*U = 1 = UU*. The algebra
C(S") is then isomorphic to the smallest C*-subalgebra of B(¢£2(Z)) that contains
U.

In order to define the second C*-algebra we are interested in, which is genuinely
non-commutative, we shall consider the Hardy space H>(S'). This is defined as the
subset of L?(S') consisting of continuous functions that extend holomorphically to
the unit disk. The projection P : L*(SY) — H(SY) is called the Hardy projection.
Under the discrete Fourier transform, it corresponds to the projection p : £*(Z) —
£2(N).

Multiplication by z on the Hardy space corresponds to a shift operator on £2(N),
called the unilateral shift, expressed on the standard basis { f;, },en of 22(N) via:

T(fn) = (fn+l)-

Its adjoint is not invertible, as

T (fn) = .
(/o) !0 ",
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This motivates the following:

Definition 1 The Toeplitz algebra T is the smallest C*-subalgebra of B(¢2(N))
that contains 7.

It is easy to see that the Toeplitz algebra 7 is not commutative, as
T*T = 1, TT*=1-— Pxer(T*)- (3)

In particular, it follows from (3) that elements of 7 commute up to compact
operators, and in particular the generator 7 is unitary modulo compact operators.
In other words, the Toeplitz algebra can be viewed as the C*-algebra extension of
continuous functions on the circle by the compact operators:

0 — K(£2(N)) T—2-C(sh 0. (4)

The extension (4) admits a completely positive and completely contractive splitting
given by the Hardy projection P. Indeed, for every f € C(S'), the assignment

Tr(g) =P(fg), g€ H* (S (5)

defines a bounded operator on the Hardy space H>(S!), where, under Fourier
transform, 7, corresponds to the unilateral shift. As the function z generates C(S')
as a C*-algebra, every such Ty is an element of 7.

The following result implies that the Toeplitz algebra is the universal C*-algebra
generated by an element 7 satisfying 7*7T = 1:

Theorem 2 (Coburn [16]) Suppose v is an isometry in a unital C*-algebra A. Let
T = T, € T. Then there exists a unique unital x-homomorphism ¢ : T — A such
that ¢ (T) = v. Moreover, if vv* # 1, then the map ¢ is isometric.

2.1.1 The Noether-Gohberg—Krein Index Theorem

Recall that an operator F € B(H) is a Fredholm operator if F has closed range
and both ker F and ker F* are finite-dimensional. The Fredholm index of such an
operator is the integer

Ind(F) = dimker F — dimker F* € Z.

One of the key properties of the Fredholm index is that it is constant along
continuous paths of Fredholm operators. As such it is a homotopy invariant.

The completely positive linear splitting f + Ty allows one to give a precise
characterisation of which Toeplitz operators 7 are Fredholm. Moreover, the index
of a Fredholm Toeplitz operator 7y can be described entirely in terms of a familiar
homotopy invariant of the complex function f. This is the content of the Toeplitz
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index theorem, due to F. Noether and later reproved independently by Gohberg and
Krein. It was one of the first results linking index theory to topology and should be
viewed as an ancestor to the celebrated Atiyah—Singer index theorem.

Theorem 3 (Noether [41], Gohberg—Krein [27]) For f : S' — C* the operator
Tr: H*(S') — H*(S') is Fredholm and

Ind () = —w(f),

with w(f) the winding number of f. If f is a C'-function, then the winding number
can be computed as

f'(@
= dz.
= f e ®

The latter, explicit expression for the winding number shows that the Toeplitz
index should be viewed as a result of differential topology: By choosing a nice
representative in the homotopy class of the function f, the differential calculus can
be employed to compute a topological invariant. We will see an application of this
computation in Sect. 5.

2.2 Generalisation: Higher Toeplitz Algebras
2.2.1 Toeplitz Operators on Strongly Pseudo-Convex Domains

The definition of Toeplitz operators on the circle in terms of the Hardy space lends
itself to generalisations to higher dimensions. The crucial observation here is that
the Hardy space H>(S') can be defined as the closure of the space of boundary
values of holomorphic functions on the unit disk that admit a continuous extension
to the closed unit disk.

Definition 4 ([48, Definition 1.2.18]) Let 2 be a smooth domain in C" with
defining function p € C*(C"):

Q={zeC" :p() <0}
and boundary Q2 = {z € C" : p(z) = 0}. For every z € 922, the Levi form (, ), is
defined as

8%p .
(u,v); = Z 92,02, (Dujvj, u,veC.

1<i,j<n
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Then 2 is called a strongly pseudo-convex domain if the Levi form is positive semi-
definite on the complex tangent space at every point z € d€2. That, for every nonzero
u € T,(052) it holds that (u, u), > 0.

Open balls in C" are examples of strongly pseudo-convex domains. However,
the product of two open balls is not strongly pseudo-convex, showing the notion is
somewhat subtle.

Given a strongly pseudo-convex domain 2 € C" with smooth boundary, we
denote by L?(9%2) the Hilbert space of square integrable functions on the boundary
0%2. The Hardy space H 2(3Q) is defined as the Hilbert space closure in L2(32) of
boundary values of holomorphic functions on €2 that admit a continuous extensions
to the boundary €2 (cf. [48, Definition 2.3]). The orthogonal projection

Pcs : L2(0) — H?(0Q),

called the Cauchy—Szegd projection, is used to define Toeplitz operators, in analogy
with (5). Indeed, let f be a continuous function on 92, the Toeplitz operator with
symbol f is defined as

Tr(g) =Pcs(fg)s

forall g € H2(3RQ).

For any two f, f' € C(9%2), the product of Toeplitz operators Ty o Ty is equal
to Trp modulo compact operators. Moreover, for any f € C(952), the operator T’y
is compact if and only if f is identically zero. These two facts combined lead to the
following:

Theorem 5 Let Q be a strongly pseudo-convex domain. Let T (0S2) be the closed
subalgebra of B(H?*(9R2)) that contains all the Toeplitz operators. There is an
extension of C*-algebras

0 ——K(H*3Q)) ——=T(0Q) — C(3Q) —0.

The extension admits a completely positive and completely contractive linear
splitting given by the Cauchy-Szegd projection.

Applied to the unit ball in C" this construction yields the Toeplitz extensions for
odd-dimensional spheres as a special case:

0 5 K(Hz(SZd_l)) 5 T(SZd—l) 5 C(de—l) =0,

which clearly recover (4) ford = 1.
The Toeplitz algebra 7(5%¢~!) admits an equivalent description in terms of so-
called d-shifts, as described in [3, Theorem 5.7]. For an overview of the interplay
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of Toeplitz C*-algebras and index theory, as well as their role in the computation of
noncommutative invariants, we refer the reader to the excellent survey [38].

3 Toeplitz Algebras in Operator K-Theory and Bivariant
K -Theory

An indispensable tool in Fredholm index theory is operator K-theory, a functor
associating to a C*-algebra A two Abelian groups K.(A), * = 0, 1. Functoriality
means that for a x-homomorphism ¢ : A — B between C*-algebras A and B, there
are induced homomorphism of Abelian groups

0« 1 Ki(A) — Ky (B).

The key properties of the operator K-theory functor are that it is homotopy
invariant, half-exact and Morita invariant. We now define each of these properties
more precisely.

Homotopy invariance is the property that if ¢ and y are connected by a
continuous path of x-homomorphisms, then the induced maps on K -theory coincide,
that is @, = V.

Half-exactness is the property that for any extension of C*-algebras

0— 1> g7

A 0, (6)
the corresponding sequence of groups
Kal) —""= Ko(E) —""> K, (A),

is exact at K, (F).
Lastly, Morita invariance entails that for any rank-one projection p € K =
KC(£%(N)), the *x-homomorphism

A->K®A, ar— pQa,

induces an isomorphism in K -theory.
Recall that the suspension SA of a C*-algebra A is defined to be

which is a C*-algebra in the sup-norm, and pointwise product and involution
inherited from A.

The operation A — SA is functorial for x-homomorphisms, and it is customary
to define the higher K -groups as K, (A) := Ko(S" A). Via a general construction in
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topology, it follows that the extension (6) induces a long exact sequence
wo = Kpp1(A) = Kn(I) = Kp(E) = Kp(A) = K1 (D) — -, (N

of Abelian groups.
The boundary maps in such exact sequences are often related to index theory. For
instance, for the Toeplitz extension (4), the boundary map

31 K1(C(SH) = Ko(K(L2(N)) ~ Z, (8)

maps the class of a nonzero function f € C(S') to the index of the corresponding
Toeplitz operator T'y.

One of the key features of operator K-theory is Bott periodicity. It states that
for any C*-algebra A there are natural isomorphisms between its K-theory and
the K -theory of its double suspension S”A. It turns out that the three properties
of homotopy invariance, half-exactness and Morita invariance suffice to deduce
the existence of natural Bott periodicity isomorphisms K.(A) ~ K, (S2A). As a
consequence, there are only two K -functors, Ko and K1, and the exact sequence (7)
reduces the cyclic six-term exact sequence

Ko(l) —=> Ko(E) —2> Ko(A)

! l

Ki(A) TK](E) <TK1(]).

3.1 Cuntz’s Proof of Bott Periodicity

Apart from the invariance properties of the K-functor, Cuntz’s proof of Bott
periodicity (cf. [22]) exploits essential properties of the Toeplitz extension (4). By
composing the projection homomorphism 77 : 7 — C(S') with the evaluation map
evy : C(S') — C, given by ev|(f) = f(1), we obtain a character of 7

x:=eviomw:T — C. 9)

The unital embedding ¢ : C — 7T splits the homomorphism x in the sense that
x ot = idc. It is a non-trivial fact that these x-homomorphisms are mutually inverse
in K -theory, in a strong sense made precise below.

To state the result, which lies at the heart of the proof of the Bott periodicity
theorem, we shall recall the construction of the spatial or minimal tensor product
A1®A, of C*-algebras A;,i = 1, 2. Choose faithful representations 7; : A; —
B(H;) and let H; ® Hp be the completed tensor product of Hilbert spaces. One
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defines A®B to be the completion of the algebraic tensor product A ® B in the
norm inherited from the representation

T Qm Al ® Ay = B(H1 @ Ha).

Proposition 6 ([22, Proposition 4.3]) Let A be a C*-algebra. The map x ® 1 :
T®A — A induces an isomorphism x, ® 1 : Ko(T®A) 5 Ko(A).

Tensor products of C*-algebras are not unique, and the spatial tensor product is the
completion in the minimal C*-norm on the algebraic tensor product A ® B. There
is also a maximal C*-norm on A ® B, which involves taking the supremum over
all representations. A C*-algebra N is nuclear, if for any other C*-algebra A, the
minimal and maximal C*-tensor norms on N ® A coincide. For our purposes it
suffices to know that all commutative C*-algebras are nuclear. Given an extension
of C*-algebras

0 I E B 0, (10)

the sequence of tensor products

0 IQA E®A BQA 0, (11)

may fail to be exact in the middle. However, nuclearity of the C*-algebra B
guarantees exactness.

Lemma 7 (cf. [15, Corollary 3.7.4]) Let A be a C*-algebra and consider an
extension (10). If the C*-algebra B is nuclear, then the sequence (11) is exact.

We can now exploit Proposition 6, Lemma 7, and the exactness properties of the
K -functor to deduce Bott periodicity.

Theorem 8 For any C*-algebra A there are natural isomorphisms K,(A) =~
Kpi2(A).

Proof Consider the character x defined in (9) and let 7y := ker x, so that we have
an extension

0 To T C 0.

As C is nuclear, this extension has the property that the induced sequence

0 To®A TRA A 0,

is exact for any C*-algebra A as well, by Lemma 7.
The long exact sequence (7), together with the fact that S(A®B) ~ AQSB and
Proposition 6, imply that x. : K,(T®A) — K,(A) is an isomorphism for all n.
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Consequently K, (To®A) = 0 for all n. Now observe that, after identifying ker ev;
with C(0, 1), we can construct a second extension

0 K To Cp(0,1) ——=0.

As Cy(0, 1) is nuclear, this extension, too, has the property that

0 K®A To®A — = Co(0, D®A —=

is exact for any C*-algebra A, by Lemma 7. Since Cp(0, )@ A =~ SA, the long
exact sequence (7) gives an isomorphism

Knt1(C0, D®A) = K, (KQA).

Now we use the Morita invariance isomorphism K, ({®A) ~ K, (A) and the fact
that C(0, 1)®A ~ SA to deduce that

Ky12(A) ~ K,41(C(0, 1)®A) S Ka(K®A) ~ Ko(A),

which yields the Bott periodicity isomorphism. O

We remark that, in fact, the theorem holds if we replace K by any functor that is
homotopy invariant, half-exact and Morita invariant. We also note that earlier work
of Karoubi [31] provides another short and conceptual proof of Bott periodicity.
Although Bott periodicity does not hold in algebraic K -theory, Karoubi’s proof puts
algebraic and topological K -theory of Banach algebras on the same footing.

3.2 Toeplitz Extensions and Bivariant K-Theory

As we have seen so far in the Toeplitz index and Bott periodicity theorems,
extensions of C*-algebras play a crucial role in K -theory and henceforth in index
theory. An extension of a C*-algebra A by B should be viewed as a new C*-algebra,
built by “gluing together” A and B in a possibly topologically nontrivial way.

In [14], Brown, Douglas, and Fillmore initiated the study of extensions by
considering exact sequences of the form

0 K(H) E C(M) 0,

for some Hilbert space H and some compact Hausdorff topological space M. They
proved that such extensions form an Abelian group by defining addition via an
appropriate version of the Baer sum. They also showed that their Abelian group
is dual to K-theory in a precise sense governed by Fredholm index theory.
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Kasparov generalised this construction to extensions

00— K(X) E A 0,

where A is a separable C*-algebra and X a countably generated Hilbert C*-
module over a second, o-unital C*-algebra B. A technical assumption on such
extensions is that they admit a completely positive and completely contractive linear
splitting £ : A — E such that £ o m = id4. This assumption is automatically
satisfied when the quotient algebra in the extension is nuclear. Commutative C*-
algebras are nuclear, and thus the Toeplitz extensions discussed previously satisfy
this assumption. The isomorphism classes of such extensions form an Abelian group
Ext! (A, B) which is isomorphic to the Kasparov group K K{(A, B). This section
is devoted to making this statement more precise. An excellent reference for this
discussion is [28, Chapter 3].

3.2.1 Hilbert Modules and C*-Correspondences

Before we proceed, we need to recall some results from the theory of Hilbert
C*-modules. For more details on the latter, we refer the interested reader to the
monograph [37] and to the recent article [36].

Definition 9 A pre-Hilbert module over a C*-algebra B is a right B-module X with
a B-valued Hermitian product,i.e. amap (-, -)5 : X x X — B satisfying

(%" n +C>B = <$7 77>B + (%" C)Ba
(E’TI)B:“]’S)}E’ (éanb>3=<$7n>3ba
(6.6)p = 0, (6.6)p =0<§=0,

forall £, n,¢ € X and forall b € B.

Note that using the existence of approximate units in C*-algebras, one can prove
that the inner product automatically satisfies (§, An)p = A(§, n) forall §,n € X
and A € C (cf. [36, Section 2]).

For a pre-Hilbert module X, one can define a scalar valued norm || - || using the
C*-norm on B:

IEN? = (€, &)l (12)

Definition 10 A Hilbert C*-module is a pre-Hilbert module that is complete in the
norm (12).

If one defines (X, X) to be the linear span of elements of the form (&, ) for &, n €
X, then its closure is a two-sided ideal in B. We say that the Hilbert module X is
full whenever (X, X) is dense in B.
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Let now X, Y be two Hilbert C*-modules over the same C*-algebra B.

Definition 11 A map 7 : X — Y is said to be an adjointable operator if there
exists another map 7* : ¥ — X with the property that

(T&,n) = (£, T*n) forall £eX,neY.

Every adjointable operator is automatically right B-linear and bounded. However,
the converse is in general not true: a bounded linear map between Hilbert modules
need not be adjointable. We denote the collection of adjointable operators from X
to Y by Hom7 (X, Y). When X = Y, the adjointable operators form a C*-algebra in
the operator norm, that is denoted by End} (X).

Inside the adjointable operators one can single out a particular subspace, which
is analogous to that of finite-rank operators on a Hilbert space. More precisely, for
every § € Y, n € X one defines the operator 0 ,, : X — Y as

Oy (&) =&, £), Vi e X. (13)

This is an adjointable operator, with adjoint 95*1,} 1Y — X givenby 6, ¢.
We denote by ICp (X, Y) the closure of the linear span of

{0,y 1&,n € X} C Homp(X,Y), (14)

and we refer to it as the space of compact adjointable operators. In particular
Kp(X) := Kp(X,X) € Endj(X) is a closed two-sided ideal in the C*-algebra
Endj(X), hence a C*-subalgebra, whose elements are referred to as compact
endomorphisms. Elements of Kp(X) and of End}} (X) act on X from the left,
motivating the following:

Definition 12 A C*-correspondence (X, ¢) from A to B, is a right Hilbert B-
module X endowed with a *-homomorphism ¢ : A — Endjp(X).If ¢ : A —
Kp(X) we refer to (X, ¢) as a compact C*-correspondence and in the case A = B
we refer to (X, ¢) as a C*-correspondence over B.

When no confusion arises, we will omit the map ¢ and simply write X.

Two C*-correspondences (X, ¢) and (Y, ) over the same algebra B are called
isomorphic if and only if there exists a unitary U € End} (X, Y) intertwining ¢ and
v.

Given an (A, B)-correspondence (X, ¢) and a (B, C)-correspondence (Y, ),
one can construct an (A, C)-correspondence, named the interior tensor product of
(X, ¢) and (Y, ). As a first step, one constructs the balanced tensor product X ®p
Y which is a quotient of the algebraic tensor product X ®a¢ ¥ by the subspace
generated by elements of the form

Eb®@n—§ @YD), 15)

forallé e X, neY, be B.
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This has a natural structure of right module over C given by

E®nc=§&® (no),

and a C-valued inner product defined on simple tensors as

E1®n1, 5 @m)c = (n, v(&1, &) p)m)c> (16)

and extended by linearity.

The inner product is well-defined (cf. [37, Proposition 4.5]); in particular, the
null space N = {{ € X Qag Y; (¢, n) = 0} can be shown to coincide with the
subspace generated by elements of the form in (15).

One then defines X ®1// Y to be the right Hilbert module obtained by completing
X®pY inthe norm induced by (16). Moreover for every T € Endj_f; (X), the operator
defined on simple tensors by

ERn—>TE)®n

extends to a well-defined operator ¢.(7T) := T ® 1. It is adjointable with adjoint
given by T* ® 1 = ¢.(T™). In particular, this means that there is a left action of A
defined on simple tensors by

(¢ Qy D(a)(E ®@n) =¢pa)é @n,
and extended by linearity to a map
¢ ®y 1:A— Endi(X®yY),

thus turning X ®¢ Y into an (A, C)-correspondence. For all the details, we refer the
reader once more to [37, Chapter 4].

We remark that the interior tensor product induces an associative operation on
isomorphism classes of C*-correspondences.

3.2.2 Kasparov Modules and the Theory of Extensions

We now come to defining the key objects in Kasparov’s bivariant K -theory [34],
which are inspired by the geometry of elliptic operators on manifolds. For technical
reasons, Kasparov theory is developed under some mild countability assumptions.
Recall that a C*-algebra B is o -unital if it admits a countable approximate unit, and
separable if it admits a countable dense subset. Separable C*-algebras are o -unital.
A Hilbert C*-module X over B is countably generated if there is a countable subset
{x;} C X such that the right B submodule generated by {x;} is dense in X.
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Definition 13 An odd Kasparov (A, B)-bimodule is a pair (Y, F) where ¥ =
(Y, ¢) is a countably generated Hilbert C*-correspondence from A to B, and
F € Endj(Y) is a self-adjoint operator such that F?2 = 1land [F, ¢(a)] € K(Y).
An even Kasparov module is a triple (Y, F, y) such that (Y, F') is an odd Kasparov
module and y € Endj(Y) is a self-adjoint unitary that commutes with A and
anticommutes with F.

The natural equivalence relation of homotopy of Kasparov modules is conve-
niently defined via Kasparov modules for (A, C([0, 1], B)). The homotopy classes
of odd Kasparov (A, B)-modules form an Abelian group denoted K K1(A, B).
Similarly, the homotopy classes of even Kasparov modules form an Abelian
group K Ko(A, B). If we choose A = C then there are natural isomorphisms
KK.(C, B) ~ K.(B), and as such K K-theory generalises K-theory. The main
feature of the theory is the existence of an associative, bilinear product structure

KKi(A,B) x KK;(B,C) > KKi}j(A,C), (17)

the Kasparov product, defined whenever A is separable and B is o-unital. Again,
if we set A = C, we see that elements in KK ;(B, C) induce maps K.(B) —
K+ ;(C) by taking products from the right.

There is a close relationship between the Abelian groups K Ki(A, B) and
Ext!(A, B) which can be understood via the following Kasparov—Stinespring
theorem, first proved in [33].

Theorem 14 (See the Proof of Theorem 3.2.7 in [28]) Let A, B be C*-algebras,
with A separable and B o-unital. Let X be a countably generated Hilbert C*-
module over B and p : A — End} (X) be a completely positive contraction. There
exists a countably generated Hilbert C*-module Y over B, a x-homomorphism
T:A— End}}(Y) and an isometry v : X — Y such that p(a) = v*mw(a)v.

A proof of the above theorem is obtained by combining the proof of Theorem
3.2.7 in [28] with Kasparov’s stabilisation theorem for countably generated C*-
modules [33, Theorem 3.2]. For our K K-theoretic purposes, remaining in the
countably generated category is of vital importance, but the reader is invited to
consult the more general versions of this result that are available, see for instance
[37, Theorem 5.6].

It is worth noting that such an isometry v : X — Y immediately gives rise to a
Toeplitz type algebra

Ty := vv*End} (Y)vv* ~ Endj (X).

To an extension

0—— K(X) E A 0,

with a completely positive linear splitting £ : A — E, we can associate an
odd Kasparov module by observing that, as KC(X) is an ideal in E, there is a
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s-homomorphism ¢ : E — Endj(X). We consider the completely positive
contraction p ;= ol : A — Endj‘9 (X) and obtain an (A, B)-bimodule Y and
an isometry v : X — Y via Theorem 14.

Theorem 15 Let X be a countably generated Hilbert C*-module over the o -unital
C*-algebra B and A a separable C*-algebra. If

0——K(X) E A 0,

is a semisplit extension with completely contractive and completely positive linear
splitting £ : A — E, then the Stinespring dilationv : X — Y of p .= ol : A —
End} (X) makes (Y, 2vv* — 1) into an odd Kasparov module for (A, B).

Proof AsY is an (A, B)-correspondence and F = 2vv* — 1 it holds that F? = 1
and F* = F. Hence all we need to check is that [F, 7 (a)] = 2[vv™*, 7 (a)] is an
element of K(Y). Write p = vv*, so p> = p* = p and

[p.w(a)] = pr(a)(l = p) = (1 = p)m(a)p.

It thus suffices to show that pr(a)(1 — p)w(a)*p € K(Y), for K(Y) is an ideal
in Endj(Y) and thus for T € Endj(Y) it holds that T e KC(Y) if and only if
TT* € K(Y) (see for instance [ 10, Proposition I1.5.1.1.ii]). Now v/ C(X)v* C K(Y),
since for x1, xp € X it holds that vy, x,v* = Oy(x}),v(x»)> and we compute
pr(a)(1 — p)m(a®)p = vv*mw(a)(1 — vv*)m(@a*)vv*
=v(W*r(@)vv*r(a*)v — v*r(aa™)v)v*

= v(l(a)l(a®) — L(aa™))v* € vE(X)v*.

This proves that (Y, F) is a Kasparov module. O

By the previous theorem, we see that an extension of C*-algebras induces an
element in K K1 (A, B). Using the product structure (17), this leads to the elegant
viewpoint that an extension induces maps

QalY, F)] : K4«(A) = Kyy1(B),
via the Kasparov product. These maps coincide with the boundary maps in the
long exact sequence associated to the extension. For instance, the product with the

extension

0 K®A To®A — Cp(0, H®A ——=0 ,
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of the previous section induces the Bott periodicity isomorphisms K, (S?A) ~
K, (A). In fact, the extension above, in combination with the Kasparov product,
can be used to prove the general bivariant Bott periodicity isomorphisms

KK.(S?A, B) ~ KK.(A, B) ~ KK.(A, S*B),

for any pair of separable C*-algebras (A, B).

The Kasparov—Stinespring construction can be inverted up to homotopy, yielding
the statement that KKj(A, B) is isomorphic to Ext' (A, B). Effectively, this
amounts to the observation that K K -theory is nothing but the study of extensions
of C*-algebras.

To conclude, let us sketch the inverse construction. An odd Kasparov module
(X, F) for (A, B) defines an adjointable projection P := ;(F 4 1) and hence a
complemented submodule X := PY C Y. The C*-subalgebra

E:={(PTP,a) € Endy(X) ® A: T € Endj(Y), P(T —a)P e K1)},

of Endj‘g(Y) @ A is an extension of A by I(X). To see that E is closed under
products, we use that

PSPTP — PabP = P(S—a)PTP + PaP(T —b)P — Pa(l — P)bP
=P(S —a)PTP+ PaP(T —b)P —[P,a]l(1 — P)bP,
which is an element of /C(X). The quotient map E — A, given by (PTP,a) > a

has kernel K(X) = K(PY). Moreover, it admits the completely contractive linear
splitting

L:A—E, {:a+ (PaP,a).

The C*-algebra E can be viewed as an abstract Toeplitz algebra associated to the
Kasparov module (Y, F). This inverts the Kasparov—Stinespring construction, as is
easily checked.

4 Toeplitz Algebras, Crossed Products by the Integers,
and Cuntz-Pimsner Algebras

We will now describe two constructions of Toeplitz C*-algebras and quotients
thereof that appear in the study of solid-state systems, as they provide the natural
framework for implementing the bulk-edge correspondence.
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4.1 Crossed Products by the Integers and the
Pimsner-Voiculescu Toeplitz Algebra

Our first object of study are crossed products by the integers. They constitute one of
the simplest and most well-understood examples of C*-algebras associated to C*-
dynamical systems, a class of objects which were introduced to study group actions
on C*-algebras.

Let « be an automorphism of a unital C*-algebra B. This defines an action of the
additive group Z of integers on B given by

7 — Aut(B), n+> o".

The crossed product C*-algebra B xo Z is realised as the universal C*-algebra
generated by B and a unitary u satisfying the covariance condition

a"(b) =u"bu™, Vbe B,ncl.

As described in [42], crossed products by a single automorphism can be realised as
quotients in a Toeplitz exact sequence of C*-algebras, constructed starting from the
Toeplitz extension (4).

Definition 16 Let B a unital C*-algebra and « an automorphism of B. Let 7 =
C*(T) be the Toeplitz algebra of the unilateral shift. The Pimsner—Voiculescu
Toeplitz algebra T (B, ) is defined as the C*-subalgebra of (B x4 Z)®7T generated
byB®landu®T.

The Pimsner—Voiculescu Toeplitz algebra 7 (B, «) and the crossed product C*-
algebra B X Z fit into a short exact sequence involving the stabilisation of B:

0—— KQB —— T(B,a) —— B x4 Z — 0. (18)

Proof of exactness of the above sequence follows after tensoring the Toeplitz exact
sequence (4) with the algebra B, using nuclearity of C(S') together with Lemma 7,
and by realising B x4 Z as a subalgebra of BQC (S 1) (see [42, Section 2]).

The Pimsner—Voiculescu Toeplitz algebra 7 (B, «) is K K-equivalent to the
algebra B itself. The exact sequence (18) then induces six-term exact sequences
that allow for an elegant computation of the K-theory and K-homology groups of
the crossed product algebra B X Z in terms of those of the algebra B. These exact
sequences are a special case of those described in Sect. 4.2.2.
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4.2 Pimsner’s Construction: Universal C*-Algebras from
C*-Correspondences

The construction which we shall describe now generalises that of crossed products
by the integers. In [43], starting from a C*-correspondence (X, ¢) such that ¢
is injective, Pimsner constructed two C*-algebras Tx and Oy, which are now
referred to as the Toeplitz algebra and the Cuntz—Pimsner algebra of the pair (X, ¢),
respectively. Both algebras are characterised by universal properties and depend
only on the isomorphism class of the pair (X, ¢). We will describe the construction
for compact correspondences, i.e. such that Im(¢) € Kp(X).

4.2.1 The Toeplitz Algebra

As one can take balanced tensor products of C*-correspondences, as described in
Sect. 3.2.1, we consider the modules

=k
X® .= x% k>0, (19)
and we take the infinite direct sum
o
Fx=Ba@x", (20)

k=1

which is referred to as the (positive) Fock correspondence associated to the
correspondence (X, ¢).
One can naturally associate to any element £ € X a shift map:

Te(51® - ®&) =6Q81 Q- Q&, Te (b) = §b. (2D
This is an adjointable operator on F, with adjoint

TEE® - ®&) =¢(£,6)6® - @&, T (b) = 0. (22)
Definition 17 The Toeplitz algebra of the C*-correspondence X is the smallest
C*-subalgebra of End}; (F) that contains all the T for £ € X.

When (X, ¢) is a compact C*-correspondence, the compact operators on the Fock
module sit inside 7 as a two-sided ideal, motivating the following:

Definition 18 The Cuntz—Pimsner algebra Ox of a compact C*-correspondence
(X, ¢) is the quotient algebra appearing in the exact sequence

0 —— Kp(Fx) Tx = Ox 0. (23)

The image of an element T¢ € Tx under the quotient map = will be denoted by S;.



Toeplitz Extensions in Noncommutative Topology and Mathematical Physics 21

Changing the ideal in the exact sequence (23), one can define the Cuntz—
Pimsner algebra of a general (i.e. non-compact, and possibly non-injective) C*-
correspondence. We will not be concerned with this more elaborate construction
here. For details see the original papers of Pimsner [43] and Katsura [35], as well as
[15, Section 4.6].

Many well-known examples of C*-algebras admit a description as Toeplitz—
Pimsner or Cuntz—Pimsner algebras. The theory provides a unifying framework for a
variety of examples, ranging from the study of discrete dynamics to more geometric
situations.

Example Let B = C and X = C" and ¢ the left action by multiplication. If one
chooses a basis for C", then the Toeplitz algebra of (X, ¢) is the universal C*-
algebra generated by n isometries Vi, ..., V, satisfying 3, V;V.* < 1.

This yields the well known Toeplitz extension for the Cuntz algebras O,,:

0 K(F) c*\Vi, ..., V) — 0, —=0,

where F is the full Fock space on C". In particular, for n = 1 one gets back the
classical Toeplitz extension of (4).

Example (cf. [29, Section 2]) If the correspondence X is a finitely generated and
projective module over a unital C*-algebra, the Pimsner algebra of (X, ¢) can be
realised explicitly in terms of generators and relations. Indeed, since X is finitely
generated and projective, there exists a finite set {7 }?:1 of elements of X such that

E=Y"_ mi8s  VEEX.

Then, using the above formula, one can spell out the left B-action on X as

¢y =Y ni(ni,¢(b)n;)g, Vb€ B.

j=1
The C*-algebra Oy is then the universal C*-algebra generated by B together with

n operators S, . .., Sy, satisfying

SPSp=Gminjdg, Y. SiS; =1, and bS;=3 S (n,dbIn;)p,
(24)
forb € B,and j = 1,...,n. The generators S; are partial isometries if and only

if (n;,n;) = 0fori # j. For B = C and E a Hilbert space of dimension n, one
recovers the Cuntz algebra O,, of Example 4.2.1.



22 E. Arici and B. Mesland

Example Let B be a C*-algebra and « : B — B an automorphism of B. Then
X = B, seen as a module over itself, can be naturally made into a compact C*-
correspondence.

The right Hilbert B-module structure is the standard one, with right B-valued
inner product (a, b) 5 = a*b. The automorphism « is used to define the left action
viaa -b = a(a)b.

Each module X® is isomorphic to B as a right-module, with left action

a-(x1® - ®xp) = ak(@ar " xy) - a1k (25)

The corresponding Pimsner algebra Ox coincides with the crossed product algebra
B x4 7Z, while the Toeplitz algebra Tx agrees with the Toeplitz algebra T (B, «).
The extension (23) then reduces to (18).

4.2.2 Six-Term Exact Sequences

The Toeplitz extension (23) induces a six-term exact sequence in K -theory. In case
the extension is semi-split, it induces six-term exact sequences in K K -theory as
well. Split-exactness is automatic, for instance, when the coefficient algebra B is
nuclear. These exact sequences can be simplified to a great extent after making the
following observations:

* For a compact C*-correspondence (X, ¢), the triple (X, ¢,0) gives a well-
defined even Kasparov module (with trivial grading), whose class we denote by
[X].

e The ideal KC(Fy) is naturally Morita equivalent to the algebra B itself.

e By [43, Theorem 4.4.], the Toeplitz algebra 7x is K K-equivalent to the
coefficient algebra B.

In K -theory, the induced six-term exact sequence reads

R(I—-[X]) i
Ko(B) == Ko(B) —=> Ko(Ox) ,

| I

Kl(OX)TKl(B)m)KI(B) 26)

where i, is the map induced by the inclusion B — Ox and the maps 9 are
connecting homomorphisms. Up to Morita equivalence, the latter can be computed
as Kasparov products with the class of the extension (23). An unbounded repre-
sentative for the extension class was constructed [26] in the setting bi-Hilbertian
bimodules of finite Jones—Watatani index (cf. [30]), subject to some additional
assumptions.
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We conclude this section by remarking that, in the case of a self-Morita
equivalence bimodule—i.e., whenever X is full and ¢ implements an isomorphism
between B and KCp(X)—the exact sequence (26) can be interpreted as a generalisa-
tion of the classical Gysin sequence in K -theory (see [32, IV.1.13]) for the module
of sections E of a noncommutative line bundle. The Kasparov product with the
map 1 — [X] can be interpreted as a noncommutative Euler class. This analogy was
exploited in [2] to compute K -theory groups of algebras presenting a circle bundle
structure.

S Applications to Topological Insulators

We conclude by discussing the bulk-edge correspondence, a principle in solid-
state physics, according to which one should be able to read the topology of the
bulk physical system from the effects it induces on boundary states. This principle
underlies, for example, the quantization of the Hall current on the boundary of a
sample of a quantum Hall system.

In this section, we illustrate how Toeplitz extensions and the maps they induce
in (bivariant) K-theory are essential for a mathematical understanding of these
phenomena.

5.1 The Bulk-Boundary Correspondence for the
One-Dimensional Su—Schrieffer—-Heeger Model
and the Noether—-Gohberg—Krein Index Theorem

We will now give an exposition of the key ideas behind the bulk-edge correspon-
dence for the one-dimensional Su—Schrieffer—Heeger model [47], a lattice model
with chiral symmetry. Our main reference for this Subsection is [45, Chapter 1]. On
the Hilbert space C? ® C" ® ¢*(Z) we consider the one dimensional Hamiltonian

1 1
H = 2(01~|—i62)®1,,®U~|—2(61—i62)®1n®U*+m02®1n®1, (27)

where 1, and 1 are identity operators on C" and C2, respectively, m is a mass term,
U is the right shift on 02(Z) defined in (2), and the o; are the Pauli matrices

(01 (0 (10
= \10)° 2= \io) = \o-1)"

This Hamiltonian goes back to work of [47] and models a conducting polymer,
namely polyacetilene. It possess a chiral symmetry, implemented by the unitary
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operator
ie,J*HJ = —H.
The model has a spectral gap at m = 0 so there exists ¢ > 0 and a continuous

function

0 for x € (—o0, —¢]

:R R =
xR= R {lforxe [0, 00),

so that we can form the Fermi projection Pr := x (H) through functional calculus
with x. The projection PF satisfies the identity J PrJ = 1 — Pp, so that the flat
band Hamiltonian

Q:=1-2Pr =sgn(H)

satisfies again J*QJ = —Q. Moreover, Q> = 1, hence its spectrum consists of the
two isolated points +1 and —1, allowing us to write

0= 0 Ur
Ur 0
for Ur a unitary on C" ® ¢2(Z). This unitary operator, called the Fermi unitary,
provides us with a natural topological invariant for the boundary system, the first
odd Chern number, which can be computed as follows.

We use the discrete Fourier transform mentioned in (1) to write 7 Q F* as a direct
integral |, 56? Q.d; where each of the Q;’s has the form

_(ou
0= (Uz 0 ) ‘
The family of unitary operators is differentiable and the first Chern class can be
computed as the integral

H [$)
1
Chi(Up) =, /S (U Un)dz (28)

This quantity is an invariant under small perturbations.
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5.1.1 The Bulk Boundary Correspondence

We now introduce an edge for the Hamiltonian (27) by restricting it to the Hilbert
space C? ® C" ® £>(N) and imposing Dirichlet boundary conditions. The resulting
Hamiltonian is

~ 1 1
H = 2(01+i62)®1n®T~|-2(01 —i)®1, T +mor®1, ®1, (29)

with conventions as above, and with S the unilateral shift on ¢2(N) described in
Sect. 2.1. Similarly to the bulk Hamiltonian, the edge Hamiltonian has a chiral
symmetry implemented by the half-space chiral operator 7 = 0381,®1. Moreover,
it has a spectral gap at O that we denote by A.

Let us now consider the Hilbert space obtained as the span of all the eigenvectors
with eigenvalues in [—38, 8] C A, which we denote by £°. The chirality operator T
can be diagonalised on £%, and we have a splitting £% = Ei ®E8.

The difference of the dimensions of the spaces £ is the boundary invariant of
the system and it can be computed as a trace:

tr(JPs) = Ny — N_, Ni =dim&,

where P := X (|ﬁ | < d) is the spectral projection. This invariant is independent of
the choice of 4, as long as it lies in the central gap.

The bulk-edge correspondence is contained in the following identity, that relates
the bulk invariant (winding number of the Fermi unitary) to the boundary invariant
we just introduced.

Theorem 19 ([45, Theorem 1.2.2]) Consider the Hamiltonian (27) and its half-
space restriction (29). If Ur is the Fermi unitary and Chy (UF) its winding number
defined in (28), then

Ch; (Up) = Tr(J P(8)).

We remark that the Toeplitz extension (4) offers an index theoretic interpretation
of this identity. The above equality of classes follows from the six-term exact
sequence coming from the Toeplitz extension (4). Indeed, the boundary map
described in (8) maps classes of unitaries in the bulk algebra C(S§ 1) to classes of
projections in the boundary algebra K (£2(N)), whose integer K -theory classes are
given by the winding number of the relevant unitary.
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5.2 The Role of Toeplitz Extensions in the Bulk-Edge
Correspondence

The example of the Su—Schrieffer—Heeger model is in some sense paradigmatic,
as other solid-state systems can be modelled using related C*-algebraic extensions,
where Toeplitz algebras serve as models for the half-space system, while quotients
of Toeplitz algebras are used to model the edge system. Likewise, the K-theory
boundary map coming from the extension can be used to implement the bulk-edge
correspondence, relating bulk invariants to edge invariants.

The idea to model the algebra of observables of a solid-state system via
crossed product C*-algebras of some disorder space goes back to Bellissard [7].
His approach culminated in outlining a full-fledged mathematical programme for
solid-state physics based on Delone sets [6, 9]. These are uniformly discrete and
relatively dense subsets of Euclidean space, but are not required to possess any
translational symmetry. In order to work with them, one needs to replace crossed
products by groupoid C*-algebras. The recent developments around the bulk-edge
correspondence gave new impetus to this program [44]. We will now present a
selection of contemporary results that make use of Toeplitz extensions and K K -
theory.

In [12], the authors use the techniques from unbounded K K -theory to prove
the bulk-edge correspondence in K-theory for the quantum Hall effect. In their
approach, they are able to represent bulk topological invariants as a Kasparov
product of boundary invariants with the class of a Toeplitz extension that links the
bulk and boundary algebras.

A topological boundary map associated to an extension of a bulk algebra of
observables by a boundary algebra is also used in [40]. The bulk algebra is
constructed as a crossed product of the codimension-one boundary algebra by the
integers, and the K-theoretic invariants are obtained from the associated Toeplitz
extension. In their approach the authors use methods from noncommutative T-
duality [39].

In [13], the observable algebra of the physical system is a twisted crossed product
C*-algebra. The Toeplitz extensions for twisted crossed products by Z" offers
the natural framework for the investigation of the bulk-edge correspondence, as it
elegantly links the algebras of the bulk and the edge systems.

Crossed product C*-algebras are also used to describe disordered systems. The
recent paper [1] describes the bulk-boundary correspondence for disordered free-
fermion topological phases in terms of Van Daele K -theory for graded C*-algebras
[49, 50]. The relevant observable algebra is the crossed product of the algebra of
continuous functions on a compact disorder space by the action of a lattice.

In [11], the authors replaced crossed products C*-algebras by groupoid C*-
algebras. While crossed products of commutative C*-algebras are naturally an
example of groupoid C*-algebras, the advantage of this more general setting lies
in the possibility of studying systems without translational symmetries, like those
resulting from non-periodic R?-actions and the above mentioned Delone sets. The
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systems are still linked by a short exact sequence of the form

0—CV,0)K——T —C}(G,0) —=0,

where o is a 2-cocycle encoding the magnetic field, ) is a closed subgroupoid of
the groupoid G, and the algebra 7 models the half-space system.

Quite remarkably, in the one-dimensional case, the groupoid C*-algebra admits
an alternative description as Cuntz—Pimsner algebra of a self-Morita equivalence
bimodule (cf. [11, Subsection 2.3]). The map implementing the bulk-edge corre-
spondence is realised as a Kasparov product with the unbounded representative
for the class of the extension (23), as constructed in [26] (see also [2]). It remains
an interesting open question whether groupoid C*-algebras of higher dimensional
systems admit a description in terms of C*-algebras associated to families of
C*-correspondences, for instance in terms of product and subproduct systems
[23, 24, 46, 51].
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Abstract We point out the deep relation between the Poisson geometry and the
standard form representation of any von Neumann algebra. This is done via a
canonical presymplectic groupoid structure of the representation Hilbert space
# endowed with a suitable Banach manifold structure H for which the identity
mapping is a bijective weak immersion H— H.
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1 Introduction

Motivated by the similarities between finite-dimensional Poisson geometry and the
theory of von Neumann algebras that were pointed out by A. Weinstein in [10], we
discuss the Poisson geometric background of the standard form of an arbitrary von
Neumann algebra 91. The Banach-Lie groupoid &/ (9) = L), where U (M) is
the set of partial isometries and L£(907) the projections lattice of 90t was already
investigated in [6] and [9] with a view to Poisson geometry, while the Poisson
bracket on the predual 91, of 9t had been studied in [8].
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In the present note, for any standard form realization (91, H, J, P) in the sense
of [5], we find a canonical foliation of the Hilbert space H, whose leaves are Banach
manifolds that are weakly immersed into H. The manifold structure that underlies
the Hilbert space H is thus enriched to a Banach manifold structure to be denoted
by H. It turns out that # has the structure of a Banach-Lie groupoid H= M
which is isomorphic to the action groupoid U (9M) * M} = M defined by the
natural action of the groupoid U/ () = E(Dﬁ) on the positive cone 9 in the
predual. There is also a presymplectic form @ € 92(7-[) that comes from the
scalar product of H and is multiplicative in the usual sense of finite-dimensional
Lie groupoid theory. We further show that the groupoid (H, ®) = 99U} shares
several other properties of finite-dimensional presymplectic groupoids from [4] and
we investigate the Banach manifold structures of its orbits as well as the leaf spaces
of the foliation defined by the degeneracy kernel of the presymplectic form @.

Details on the facts presented in this note can be found in [2].

2 Preliminaries on W*-Algebras and Their Standard Forms

We recall here a few facts concerning W*-algebras indispensable of this presenta-
tion.

A C*-algebra is an associative Banach x-algebra 9t whose topology can be
defined by a norm satisfying ||x*x|| = ||x |2 for every x € 9. One can equivalently
define a C*-algebra as a x-algebra that is x-isomorphic to a norm-closed -
subalgebra of L°°(H), where L°°(H) is the algebra of all bounded operators on
a complex Hilbert space H.

A W*-algebra is a C*-algebra 91 that admits a predual Banach
space M, hence M = (M,.)*. Then M, is uniquely determined and we define its
positive cone

={peM | (Vx €M) (p,x*x) >0}

One can equivalently define a W*-algebra as a x-algebra that is x-isomorphic to a
von Neumann algebra, that is, a weakly closed *-subalgebra of L (H).

Since for every smooth functions f, g € C*°(9,) their derivatives at any ¢ €
M, satisfy Df (¢), Dg(p) € (M,)* = M, one defines the Lie-Poisson bracket as
follows

{f. g}(@) := (¢, [Df (@), Dg(@)]).

See [8] for details. In particular, since L' (#)* = L (#), one has a Lie-Poisson
structure on the ideal of the trace-class operators

L'(H) == {p € L®(H) | Tr|p| < +o0}.
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One also defines the lattice of projections
LOM ={peM|p=p"=p’
and the set of partial isometries
UM = {v e M| viv e LOM).
If 9 € L°°(H) is a von Neumann algebra, then one has
L) =MN L(L®(H)) and UEN) = M N UL (H)).

Every W*-algebra can be realized as a standard von Neumann algebra (see [5]).
That is, a von Neumann algebra 9t € L°°(H), along with an antilinear unitary
J =J7 ' H — H and a self-dual cone P C H satisfying

1) JMI =9 (={y € L®°(H) | xy = yx forall x € M});
(i) JxJ =x*forx € MNI;
(i) Jy =y fory € P;
@iv) xJxJP C P forx € M.

The standard form (9N, H,J,P) of any W*-algebra is unique up to unitary
equivalence.
In the above setting, the expectation map E : H — O} defined by

(E(y), x) :=(y | xy)

gives the homeomorphism E|p: P > 9. Using that homeomorphism one obtains
the polar decomposition of vectors

Y =vylyl €H, (D)

where v, € U(IM) and |y| € P, are uniquely determined if vjv, = [DN|y]] €
L), where [Py |] denotes the orthogonal projection of H onto the closure of
9|y |. Also, |y| € P is uniquely determined by the condition E(y) = E(]y|).

3 The Groupoids U(t) = L(ON) and UON) = M = Mt

Loosely speaking, a groupoid is defined by an associative partial multiplication
on a set (“of arrows”) G. In more detail, a groupoid is a set G with the following
structures:

¢ aset of unit elements (“objects”) G ©)
+ an object inclusion map €: G — G
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* source/target maps s, ¢: G — GO

* aset of composable pairs G * G := {(y1,¥2) € G x G | s(y1) = t(32)}
 the multiplicationmap G x G — G, (y1, y2) — Y1 - 2

e inversionmapt: G — G

satisfying associativity, unit element, inversion axioms whenever they make sense.
t

This groupoid should be denoted G = G but for the sake of simplicity it is denoted
s

as G = G©. The groups are precisely the groupoids G = G© for which the set
GO is a singleton.

More briefly, a groupoid is a small category whose morphisms are invertible.

A Banach-Lie groupoid is a groupoid G = G© as above for which the sets
G and Gp are Banach manifolds, the source/target maps are submersions and the
multiplication and the inversion maps are smooth (see [3] and [1] for more details).

To any W*-algebra one can directly associate a few Banach-Lie groupoids. The
groupoid of partial isometries U (9t) = L(M) has U (M) as the set of arrows and
L(ON) as the set of objects. Its structural maps as defined as follows:

* the object inclusion map ¢ : L) — U(ON) is the inclusion
LEN) = UON);
e the source s : U(IN) — L(ON) and target £ : U(ON) — L(ON) maps are

s(v) :=v*v and t(v) :=vv™;

* the inverse groupoid map ¢ : U(ON) — UN) is t(v) = v*;
¢ the product of (v, v2) € UOM) *xUEN) := {(v1, v2) € UM XUEM) : s(v1) =
t(vy) is their algebraic product vivy € U(MN).

The groupoid U/ (9M) = L(IMN) is a real Banach-Lie groupoid which was studied in
[6] and [9].

One has the action of U/(9) = L(9M) on M} (called as the co-adjoint action in
this note)

U * M > (u, p) > upu™ € M (2)
where
U 5 M = {(u, p) € UM x M5 u’u = 0u(p)}
for which oy : M} — L(OMN), defined as the support ox(p) of p € MY, is the
momentum map.

Using the action (2), one defines U(9N) x M = M, the co-adjoint action
groupoid whose structural maps are defined as follows:

* the object inclusion map e, : M — UEN) * M}

ex(p) := (0x(p), p)
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* the source s : U(MN) x M — M and target £, : UEN) * M — M maps
are

si(u,p):=p and  t.(u, p) == upu*;
e the inverse groupoid map ¢y : UON) * MF — UEON) * M} is w(u, p) =
(u*, upu™);

e the product of elements (u, p), (w,8) € UEN) * M} such that s.(u, p) =
t«(w, ) is defined by

(u, p)(w, ) := (uw, )

For the co-adjoint action groupoid the following assertions hold.
Theorem 1

(i) The groupoid U(OM) * M = I} is a Banach-Lie groupoid whose various
connected components are modeled on different Banach spaces.
(ii) Every orbit

O, = {v*pv: (v,p) €U + M)

of p € M is a weakly symplectic Banach manifold.

See [2, Sections 3 and 5] for details.

4 Poisson Geometry on the Standard Groupoid H= mr

Throughout this section, unless otherwise mentioned, (91, H, J, P) is a standard
form of an arbitrary W*-algebra.

Theorem 2 There exists a groupoid H = 9} having as structural maps

e the sourcemap s = E,

* the inversion map J,

e thetargetmapt = E o J,

s the object inclusion map € = (E|p)~': M — P — H,
* the multiplication yy - y» = vy, vy, |12 if s(y1) = t(y2).

Example 3 Assume that 91 is commutative. Then the standard form of 971 is the
4-tuple (O, H, J,P) and its corresponding standard groupoid X = P can be
described as follows. For a suitable measure space (7', ), one has I, ~ LT, ),
M~ LYT, )t :={p € LT, ) | ¢ > 0a.e.} and moreover

s H=L*(T,pw)andP = LX(T, )" :={y e LX(T, ) | y > 0 ae}
o s=t: LT, n) — LYT, )",y = |y
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Also M = {(My | f € L®(T, )}, where My: H — H, y — fy is the
multiplication-by- f operator for any f € L°°(T, u). Finally, J: H — H,y — y,
and we note that JOJ = 9 = N’ since M is commutative.

Since s = ¢, the standard groupoid H = 9} is a group bundle.

The expectation map E : H — 9} allows us to define the bijection ¢ : H —
UEN) = M by

¢(y) == (vy, Ely)), 3)

where the partial isometry v, is related to y € H by the polar decomposition (1).
Theorem 4

(i) The map (3) defines the groupoid isomorphism between U(IM) * M = M
and H = M.
(ii) This bijection is a weak immersion of Banach manifolds H and U(9N) * ;.

Corollary 5 (smooth structure of the standard groupoid) We thus obtain a
(foliation-like) Banach manifold structure H on the Hilbert space H for which the
identity map is a weak immersion H — H. Thus the standard groupoid H = I}
is a Banach-Lie groupoid.

For details see [2].

We assume again that (91, H, J, P) is a standard form of an arbitrary W*-
algebra, unless otherwise specified.

The mapping M — C*®°(M,), x — (x,-), is a Lie algebra morphism for a
unique Poisson bracket {-, -} on C®°(91,) and for the Lie bracket [x, y] := xy — yx
on <M. (See [8] and [7].) Also the Hilbert space H has the symplectic structure
defined by Im (- | -).

Theorem 6 The following assertions hold.

(i) The source/target maps s, t: H — M, are Poisson/anti-Poisson maps.
(ii) Im (- | -) gives a multiplicative presymplectic form @ € QL (H):
m*® = pri® + pry®, where m, pry, pr,: H s+« H — H are the groupoid

multiplication and the Cartesian projections, respectively.

(ii1) The leaves of the null-foliation of ® are the fibers of the submersion
(t,8): H— MF x M}

(iv) Every orbit O C 9N} has a weakly symplectic structure oo € Q*(0) and
a Poisson bracket for which O — M, is a Poisson map. Moreover, on the
transitive subgroupoid t ~1 (0) C H, one has

® = t*wp — s*we.
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Example 7 Here we study the special case of the type I factor L°(Hy) =
(L'(Ho))*, where Hg is any complex Hilbert space. To this end we introduce the
notation

o H=L*Hp) :={x € Mo | Tr(x*x) < o0},

o J: L% (Ho) — L*(Ho), J(x) := x*,

« P:={xeL*(Ho) | x =0},

o foralla € L®(Hp) we define A(a): L2(Ho) — L*(Ho), A(a)y := ay, and
then L°°(Ho) >~ L(L*®°(Ho)) =: M C L*®°(H).

Then (N, H, J, P) is a standard form of the W*-algebra L°°(H,), whose corre-
sponding standard groupoid is

L*(Ho) = L'(Ho)" == L' Ho)nP
having its source/target maps
s.t: L2 (Ho) —» L'(Ho", s =y*y, t() = yy*
and its multiplication
Y1 y2 = vyl

if y; = vjly;l € L% (Hp) for j = 1,2 with YI' V1 = y2v; . Moreover, the orbit of
any p € L'(Ho) T is

0, = {vpv* | v e L®(Hy), v*v = [pHol}.

5 Further Facts

5.1 Standard Groupoids of Finite W*-Algebras

A W*-algebra 91 is finite if every isometry in 901 is unitary, i.e.,
ueM & wu=1= uu*=1

Examples of finite W*-algebras include

1. Type: M,,(C), n=1,2, ...
2. Type II: the von Neumann of any countable discrete group.

Proposition 8 For any W*-algebra N the following conditions are equivalent:

(1) M is finite.
(i) The orbits of the standard groupoid of 9N are connected.
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5.2 Standard Groupoids of Purely Infinite W*-Algebras

A W*-algebra 9 is purely infinite (or type III) if every nonzero projection is infinite
(i.e., is equivalent to a strictly smaller projection):

pELOM\N{0) = FAueM p=u*u>uu*

Recall that M is a factor if {x € M | (Vy € M) xy = yx} = C1.

Proposition 9 [f 91 is a factor with separable predual, the following are equiva-
lent:

(1) 9N is purely infinite
(i1) Each nonzero orbit of the standard groupoid of N has exactly two connected
components.

5.3 Standard Groupoids of Type 111,

Special (type III}) purely infinite W*-algebras occur in some models of the
relativistic quantum field theory due to Haag-Kastler-Araki-Borchers-. .. We recall
that a W*-algebra 90U is type 111 if

1. M is a purely infinite factor;

2. M, is separable;

3. for every faithful state p € 901} its modular operator A, > 0 has its spectrum
equal to [0, 00).

Proposition 10 [f 9 is a factor with separable predual, the following are equiva-
lent:

(1) M is type 11
(i1) The norm-closure of every orbit of the standard groupoid of M is a sphere
in M},
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1 Quantum Cohomology

1.1 Notations and Conventions

Let X be a smooth projective variety over C with vanishing odd-cohomology, i.e.
H2k+1(X, C) = 0, for k > 0. Fix a homogeneous basis (71, ..., T,) of the complex
vector space H*(X) = P, H?*(X,C), and denote by t = (t!,...,t") the
corresponding dual coordinates. Without loss of generality, we assume that 77 = 1.
The Poincaré pairing on H*(X) will be denoted by

n(u, v) :=/ uUv, u,ve H*X), ()
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and we put ngg = n(Ty, Tg), fora, B =1, ..., n, to be the Gram matrix w.r.t. the
fixed basis. The entries of the inverse matrix will be denoted by n“ﬁ, for o, B =
1, ..., n. In all the paper, the Einstein rule of summation over repeated indices is
used. General references for this section are [7, 8, 10-13, 27, 28, 31].

1.2  Gromov-Witten Invariants in Genus 0

For a fixed B € Ha(X, Z)/torsion, denote by My (X, B) the Deligne—-Mumford
moduli stack of k-pointed stable rational maps with target X of degree S:

Mox(X,B):={f: (C,x) > X, f[C]= B} /equivalencies, )
where C is an algebraic curve of genus 0 with at most nodal singularities, x :=
(x1, ..., xg) is a k-tuple of pairwise distinct marked points of C, and equivalencies
are automorphisms of C — X identical on X and the markings.

Gromov-Witten invariants (G W-invariants for short) of X, and their descen-
dants, are defined as intersection numbers of cycles on My (X, B), by the integrals

k

d;

(T V1 T VR :=/ NTevivinvf, 3)
Mo (X, B1" ;4

for y1, ...,y € H*(X), d; € N. In formula (3),
evi: Mor(X,8) — X, fr f(x), i=1,...k, 4

are evaluation maps, and ¥; := c1(L;) are the first Chern classes of the universal
cotangent line bundles

Li > Mox(X,B), Lilf=T:;C, i=1 ...k &)

The virtual fundamental cycle [Mo (X, A1V is an element of the Chow ring
Ae (Mok(X, B)), namely

[Mox(X, )I"™ e Ap (Mox(X,B)), D:=dimcX —3+k+ fﬁ c1(X).

See [1] for its construction.
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1.3 Quantum Cohomology as a Frobenius Manifold

Introduce infinitely many variables #, := (t;‘)a, pwitha=1,...,nand p € N.

Definition 1 The genus 0 total descendant potential of X is the generating function
]—"g( € C[[¢t,]] of descendant G W-invariants of X defined by

o] (079
.Fo(t.)—zz Z Z t”"k'!‘t”k(z,,lTal,...,rkaak>,§{ﬁ.

k=0 B «i,..., o=1 p1,..., pk=0

Setting #§ = t* and 1y, = 0for p > 0, we obtain the Gromov-Witten potential of X

1™ 1%k

Ffro=> > > o (Tay - T )i g (6)

k=0 B ap,..,qx=1

Let @ € H*(X) be the domain of convergence of F(f( (¢), assumed to be non-
empty. We denote by 72 and T*< its holomorphic tangent and cotangent bundles,
respectively. Each tangent space 7,2, with p € Q, is canonically identified with
the space H*(X), via the identification a?a +> Ty. The Poincaré metric n defines a
flat non-degenerate Og-bilinear pseudo-Riemannian metric on 2. The coordinates
t are manifestly flat. Denote by V the Levi-Civita connection of 7.

Definition 2 Define the tensorc € I'(TQ ® @2 T*Q) by
4, =n"Vig, Fo a By =1,...,n, (7)
and let us introduce a product * on vector fields on 2 by

o 9 « D | )
= , ,vy=1,...,n.
arB " oty By e v

Theorem 3 ([27,31]) The Gromov-Witten potential Féx (t) is a solution of WDV'V
equations

PF (@) 7 Rt _ P FE®) e P F ()
arxarPory " 9rfor<ar®  9r®orPory T arddreare’
fora,B,e,0p=1,....n

On each tangent space T2, the product %, defines a structure of associative,
commutative algebra with unit 3‘;’1 = 1. Furthermore, the product * is compatible
with the Poincaré metric, namely

€))

nw*xv,w) =nu,v*w), u,v,wel(TQ). (10)

This endows (1,2, *p, 1p, 8‘?1 ) with a complex Frobenius algebra structure.
P
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Definition 4 The vector field

~ 1 ]
E=cX 1— _degT, )t* , 11
ci( )+o;( , deg ) 310 (11)

is called the Euler vector field. Here, deg T,, denotes the cohomological degree of
Ty, i.e. deg Ty = rq if and only if T, € H"* (X, C). We denote by U the (1, 1)-
tensor defined by the multiplication with the Euler vector field, i.e.

U:T(TQ) - T(TQR), v E=xv. (12)

Proposition 5 ([11, 13]) The Euler vector field E is a Killing conformal vector
field, whose flow preserves the structure constants of the Frobenius algebras:

£pn = 2 —dime X)n, Lgc =c. (13)

The structure (2, c, 7, a?l , E) gives an example of analytic Frobenius manifold,
called quantum cohomology of X and denoted by Q H*(X), see [11-13, 28].

1.4 Extended Deformed Connection

Definition 6 The grading operator v € End(T 2) is the tensor defined by

2 — dime X
pn(v) = , V- VE. velTQ). (14)

Consider the canonical projection 7 : C* x Q@ — €, and the pull-back bundle
7*T Q. Denote by

1. g the sheaf of sections of T2,
2. w* I the pull-back sheaf, i.e. the sheaf of sections of 7*T Q2
3. 71 .F, the sheaf of sections of 7*T'$2 constant on the fibers of 7.

All the tensors 1, ¢, E, U, i can be lifted to 7*T €2, and their lifts will be denoted
by the same symbols. The Levi-Civita connection V is lifted on 7*T €2, and it acts
so that

Viv=0 forve (™ J0)Q), (15)

where z is the coordinate on C*.
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Definition 7 The extended deformed connection is the connection V on the bundle
7*T Q2 defined by

Vv = Vv +2-w*v, (16)

~ 1

Va‘a v=Vev+UW) — ), (17)
z Z

forv,w € DN(x*T Q).
Theorem 8 ([11, 13]) The connection v is flat.

1.5 Semisimple Points and Orthonormalized Idempotent Frame

Definition 9 A point p € € is semisimple if and only if the corresponding
Frobenius algebra (T2, *p, np, 8?1 |p) is without nilpotents. Denote by €2 the
open dense subset of €2 of semisimple points.

Theorem 10 ([24]) The set Qg is non-empty only if X is of Hodge—Tate' type, i.e.
hP1(X) =0forp #q.

On Q2 there are n well-defined idempotent vector fields my, ..., m, € I'(TQys),
satisfying
Wik = 8w, n(wi,w;)=238n(mw,m), i, j=1,...,n. (18)

Theorem 11 ([10, 11, 13]) The idempotent vector fields pairwise commute:
[mi,mj1 =0fori, j =1,...,n. Hence, there exist holomorphic local coordinates
(ui, ..., un) on Qg such that ai =mifori=1,...,n.

Definition 12 The coordinates (u1, ..., u,) of Theorem 11 are called canonical
coordinates.

Proposition 13 ([11, 13]) Canonical coordinates are uniquely defined up to order-
ing and shifts by constants. The eigenvalues of the tensor U define a system of
canonical coordinates in a neighborhood of any semisimple point of Q.

Definition 14 We call orthonormalized idempotent frame a frame (f;)!_; of T Qg
defined by

fi= () im, i=1,....n, (19)

Here h?4(X) = dimc HY(X, Q‘;), with Q’;( the sheaf of holomorphic p-forms on X, denotes
the (p, g)-Hodge number of X.
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for arbitrary choices of signs of the square roots. The W-matrix is the matrix
(Via)} ,—1 of change of tangent frames, defined by

a n
a:Zwmﬁ, a=1,...,n. (20)

Remark 15 In the orthonormalized idempotent frame, the operator I/ is represented
by a diagonal matrix, and the operator i by an antisymmetric matrix:

U :=diag(uy, ..., uy), YUV '=U, (21)

v=wvpv ! vigyv=o. (22)

2 Quantum Differential Equation

The connection V induces a flat connection on ¥ (T*Q). Let & € T(w™*(T*Q)) be
a flat section. Consider the corresponding vector field ¢ € I'(z*(T€2)) via musical
isomorphism, i.e. such that £(v) = n(¢, v) forall v € T'(7*(T'Q2)).

The vector field ¢ satisfies the following system? of equations

ata{—ZC{ a=1,...,n, (23)

1
5 ;=<u+ u)g“. (24)
Z 4

Here Cy, is the (1, 1)-tensor defined by (Ca)g = c{fy.
Definition 16 The quantum differential equation (g DE) of X is the differential
equation (24).

The ¢ DE is an ordinary differential equation with rational coefficients. It has

two singularities on the Riemann sphere P! (C):

1. a Fuchsian singularity at z = 0,
2. an irregular singularity (of Poincaré rank 1) at z = oo.

2We consider the joint system (23) and (24) in matrix notations (¢ a column vector whose entries
are the components % (t, z) w.r.t. M ). Bases of solutions are arranged in invertible n x n-matrices,
called fundamental systems of solutions.
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Points of 2 are parameters of deformation of the coefficients of the g DE. Solutions
¢(t, z) of the joint system of Egs. (23) and (24) are “multivalued” functions w.r.t.
z, i.e. they are well-defined functions on € x C*, where C* is the universal cover
of C*.

2.1 Solutions in Levelt form at z = 0 and
Topological-Enumerative Solution

Theorem 17 ([7, 11, 13]) There exist fundamental systems of solutions Zo(t, z) of
the joint system (23) and (24) with expansions at 7 = 0 of the form

o0
Zo(t.2) = F(t.0)z"", R=)"Re. Ft.0=1+)Y Fiz/ (25
k>1 j=1

where (Ri)ap # Oonlyif ue — upg = k. The series F(t,z) is convergent and
satisfies the orthogonality condition

F(t,—2)"nF(t,2) = n. (26)
Definition 18 A fundamental system of solutions Zy(¢, z) of the form described in

Theorem 17 are said to be in Levelt form at z = 0.

Remark 19 Fundamental systems of solutions in Levelt form are not unique. The
exponent R is not uniquely determined. Moreover, even for a fixed exponent R, the
series F'(t, z) is not uniquely determined, see [7]. It can be proved that the matrix R
can be chosen as the matrix of the operator ¢ (X) U (—): H*(X) — H*(X) w.r.t.
the basis (TOZ)Z:1 [13, Corollary 2.1].

Remark 20 Let Zy(t, z) be a fundamental system of solutions in Levelt form (25).
The monodromy matrix Mo(¢), defined by

Zo(t, ¥V 1) = Zo(t, Mo (1), z € CF, 27)
is given by
Mo(t) = expRrv/—1w) expr~/—1R). (28)

In particular, My does not depend on ¢.
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Definition 21 Define the functions 6g (¢, z), 0(¢,z), with =1,...,nand p €

N, by
PFL )
Opp®) = "D : (29)
atoatp t5=0for p>1, t§=t*fora=1,...n
o0
Op(t.2) ==Y 0 ,(0)2". (30)
p=0
Define the matrix ® (¢, z) by
a0p(t, 2)
®(t,z)% = n** ’Zﬂ , a,B=1,...,n 31

Theorem 22 ([7, 13]) The matrix Zip(t, z) := O(t, Z)zH 71U g a fundamental
system of solutions of the joint system (23)—(24) in Levelt form at z = 0.

Definition 23 The solution Zp (¢, z) is called topological-enumerative solution of
the joint system (23) and (24).

2.2 Stokes Rays and L-Chamber Decomposition

Definition 24 We call Stokes rays at a point p € 2 the oriented rays R;;(p) in C
defined by

Rij(p) i= | =V =1 (p) —u;(pp: p € Re}, (32)
where (u1(p),...,un(p)) is the spectrum of the operator U(p) (with a fixed
arbitrary order).

Fix an oriented ray ¢ in the universal cover C*.

Definition 25 We say that £ is admissible at p € Q2 if the projection of the ray £ on
C* does not coincide with any Stokes ray R;;(p).

Definition 26 Define the open subset O, of points p € € by the following
conditions:

1. the eigenvalues u; (p) are pairwise distinct,
2. £ is admissible at p.

We call €-chamber of Q any connected component of Oy.



Quantum Differential Equations and Helices 49
2.3 Stokes Fundamental Solutions at 7 = oo

Fix an oriented ray ¢ = {argz = ¢} in C*.Form € 7., define the sectors in C*

Iy () = {ze@:¢~|—27rm<argz<¢+n—|—27‘tm}, 33)
gm(p) = {ze@:¢—n+2nm<argz<¢+2nm}. (34)

Definition 27 The coalescence locus of Q2 is the set
Ag:={peQ:ui(p)=uj(p), forsomei# j}. (35)

Theorem 28 ([11,13]) There exists a unique formal solution Zom(t, z) of the joint
system (23) and (24) of the form

Ziom(t,2) = V()" G(t, 2 exp(zU (1), (36)
Gt.o=1+Y L Gult), (37)
k=1

where the matrices G (t) are holomorphic on Q \ Agq.

Theorem 29 ([11, 13]) Let m € Z. There exist unique fundamental systems of
solutions Zy, n(t,2), Zr m(t, 2) of the joint system (23) and (24) with asymptotic
expansion
ZL,m(ts Z) ~ ZfOl’l’Il(ts Z)s |Z| — 00, Z€ HL,WL(¢)7 (38)
ZR,m(ts Z) ~ ZfOl’l’Il(ts Z)s |Z| — 00, Z€ HR,m(¢)v (39)

respectively.

Definition 30 The solutions Z1, ,, (¢, z) and Zg (¢, z) are called Stokes fundamen-
tal solutions of the joint system (23) and (24) on the sectors I ,,(¢) and I1g ,,, (¢)
respectively.

2.4 Monodromy Data

Let £ = {argz = ¢} be an oriented ray in C* and consider the corresponding Stokes
fundamental systems of solutions Zy, ,,, (¢, z), Zg,m(t, z), form € Z.
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Definition 31 We define the Stokes and central connection matrices S (p),
C™ (p), with m € Z, at the point p € Oy by the identities

ZLm(t(p),2) = Zr m(t(p), 2)S"™ (p), (40)
Zrm (D), 2) = Ziop(t(p), 2)C™ (). (41)

Set S(p) := SO (p) and C(p) := CO(p).

Definition 32 The monodromy data at the point p € O, are defined as the 4-tuple
(. R, S(p), C(p)), where

e u is the (matrix associated to) the grading operator,
* R is the (matrix associated to) the operator c; (X)U: H*(X) - H*(X),
* S(p), C(p) are the Stokes and central connection matrices at p, respectively.

Remark 33 The definition of the Stokes and central connection matrices is subordi-
nate to several non-canonical choices:

1. the choice of an oriented ray £ in @,

2. the choice of an ordering of canonical coordinates u1, . . ., u, on each £-chamber,

3. the choice of signs in (19), and hence of the branch of the W-matrix on each
{-chamber.

Different choices affect the numerical values of the data (S, C), see [7]. In particular,
for different choices of ordering of canonical coordinates, the Stokes and central
connection matrices transform as follows:

S I"ISI"I_l, Cr CH_l, IT permutation matrix. 42)

Definition 34 Fix a point p € O, with canonical coordinates (u;(p))}_,. Define
the oriented rays L ;(p, ¢), j =1, ..., n, in the complex plane by the equations

Li(p.9) = fujp) + pe¥ 159 pery ] (43)

The ray L;(p, ¢) is oriented from u;(p) to co. We say that (u;(p))7_, are in £-
lexicographical order if L j(p, ¢) is on the left of Ly (p, ¢) for1 < j <k <n.

In what follows, it is assumed that the ¢-lexicographical order of canonical
coordinates is fixed at all points of £-chambers.

Lemma 35 ([7, 13]) If the canonical coordinates (ui(p))?:1 are in {-lexicogra-
phical order at p € Oy, then the Stokes matrices S (p), m € Z, are upper
triangular with 1’s along the diagonal.
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By Remarks 19 and 20, the matrices i and R determine the monodromy of
solutions of the g DE,

Mo := exp(2m~/—1p) exp(2r~/—1R). (44)

Moreover, i and R do not depend on the point p. The following theorem furnishes
arefinement of this property.

Theorem 36 ([7, 11, 13]) The monodromy data (i, R, S, C) are constant in each
L-chamber. Moreover; they satisfy the following identities:

csTs~'c™ = my, (45)
S = C Vexp(—nv/—1R) exp(—v/—1w)n~(cTH~1, (46)
ST = cVexp(mv/—1R) exp(m~/—1)n~ 1 (cT)~". (47)

Theorem 37 ([7]) The Stokes and central connection matrices S,,, C,,, with m €
Z, can be reconstructed from the monodromy data (i1, R, S, C):

s =5, c™=p;"C, melZ (48)

Remark 38 Points of O, are semisimple. The results of [4, 5, 7, 9] imply that the
monodromy data (i, R, S, C) are well defined also at points p € Q4 N Ag, and
that Theorem 36 still holds true.

Remark 39 From the knowledge of the monodromy data («, R, S, C) the Gromov—
Witten potential FOX (¢) can be reconstructed via a Riemann—Hilbert boundary value
problem, see [7, 8, 13, 23]. Hence, the monodromy data may be interpreted as a
system of coordinates in the space of solutions of WDV'V equations.

2.5 Action of the Braid Group B,

Consider the braid group 5, with generators Sy, ..., B8,—1 satisfying the relations
BiBj = BjBi, li—jl>1, (49)
BiBi+1Bi = Bi+1BiBi+1- (50)

Let U, be the set of upper triangular (n x n)-matrices with 1’s along the diagonal.
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Definition 40 Given U € U, define the matrices APi (U),withi=1,...,n—1,as

follows
(APW)),, =1 h=1,...n h#ii+], 51
(Aﬂi(U))i+l,i+l = —Uiit1, (52)
(AW)),, = (AP O),,, =1, 53

and all other entries of A# (U) are equal to zero.

Lemma 41 ([7, 11, 13]) The braid group B, acts on U, x GL(n, C) as follows:

B, x Uy, x GL(n,C) ————— U, x GL(n,C)
Bi,U,C) — (APi(U)-U - AP (L), C- AP

We denote by (U, C)Pi the action of Bi on (U, C).

Fix an oriented ray £ = {argz = ¢} in (/C\*, and denote by ¢ its projection on C*.
Let 24,1, 2¢2 be two £-chambers and let p; € Qg ; fori = 1, 2. The difference
of values of the Stokes and central connection matrices (S1, C1) and (S», C»), at
p1 and py respectively, can be described by the action of the braid group B, of
Lemma41.

Theorem 42 ([7, 11, 13]) Consider a continuous path y : [0, 1] — Q such that

* v(0)=piandy(l) = ps,
* there exists a unique t, € [0, 1] such that £ is not admissible at y (t,),
e there existiy,...,ir € {1,...,n}, with |i; — ip| > 1 for a # b, such that the
k . .
rays’ (R[j’[j+1 (t));.:1 (resp. (R[j’ij+1 (t))j:rH) cross the ray £ in the clockwise
(resp. counterclockwise) direction, ast — t, .

Then, we have

r k -1
(S2.C) = (s1.cf, p=|]]A; -(]"[ ﬂih> : (54)
j=1

h=r+1

Remark 43 In the general case, the points p; and p> can be connected by
concatenations of paths y satisfying the assumptions of Theorem 42.

Remark 44 The action of B, on (S, C) also describes the analytic continuation of
the Frobenius manifold structure on €2, see [13, Lecture 4].

3Here the labeling of Stokes rays is the one prolonged from the initial point # = 0.
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3 Derived Category, Exceptional Collections, and Helices

3.1 Notations and Basic Notions

Denote by Coh(X) the abelian category of coherent sheaves on X, and by D?(X) its
bounded derived category. Objects of D?(X) are bounded complexes A® of coherent
sheaves on X. Morphisms are given by roofs: if A®, B® are two bounded complexes,
amorphism f: A®* — B®in DP(X) is the datum of

+ a third object C* in D (X),

* two homotopy classes of morphisms of complexes g: C* — A®and g: C* —
B°,

* the morphism ¢ is required to be a quasi-isomorphism, i.e. it induces isomor-
phism in cohomology.

7 (55)

The derived category D?(X) admits a triangulated structure, the shift functor
[1]: DP(X) — DP(X) being defined by

A°[1]:= AT, A® e DP(X). (56)

Denote by Hom*®(A®, B®) := @kez Hom(A®, B*[k]). General references for this
section are [17, 20, 21, 32].

3.2 Exceptional Collections

Definition 45 An object E € DP(X) is called exceptional iff
Hom*(E, E) = C. 57)

Definition 46 An exceptional collection is an ordered family (Eq,..., E,) of
exceptional objects of D?(X) such that

Hom*®*(E;, E;) =0 forj >i. (58)
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An exceptional collection is full if it generates D?(X) as a triangulated category,
i.e. if any full triangulated subcategory of D?(X) containing all the objects E;’s is
equivalent to DP(X) via the inclusion functor.

Example In [2] A. Beilinson showed that the collection of line bundles
B = (0,00),...,0(n)) (59)

on P is a full exceptional collection. M. Kapranov generalized this result in [25],
where full exceptional collections on Grassmannians, flag varieties of group SL,,
and smooth quadrics are constructed.

Denote by G(k, n) the Grassmannian of k-dimensional subspaces in C", by SV
the dual of its tautological bundle. Let S* be the Schur functor (see [15]) labelled by
a Young diagram A inside a rectangle k x (n — k). The collection & := (S)‘S v) , 18
full and exceptional in DP(G(k, n)). The order of the objects of the collection is the
partial order defined by inclusion of Young diagrams.

3.3 Mutations and Helices

Let E be an exceptional object in DP(X). For any X € DP(X), we have natural
evaluation and co-evaluation morphisms

j*: Hom*(E,X) ® E — X, j.: X - Hom*(X,E)*® E. (60)

Definition 47 The left and right mutations of X with respect to E are the objects
Lg X and Rg X uniquely defined by the distinguished triangles

LegX[—1]—— Hom*®*(E, X) ® E L>X’*>]LEX, ©61)
REX—>X%/.*>Hom'(X, E)Y*® E —— RgX[1], (62)
respectively.

Remark 48 1In general, the third object of a distinguished triangle is not canonically
defined by the other two terms. Nevertheless, the objects Ly E and RgX are
uniquely defined up to unique isomorphism, because of the exceptionality of E,
see [8, Section 3.3].
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Definition 49 Let &€ = (Eq,..., E,) be an exceptional collection. For any i =

1,...,n — 1 define the left and right mutations
L,'@ZZ(El,...,LEiEiJrl,Ei,...,En), (63)
Ri€:=(E1,....Ei+1,Rg  Ei, ..., Ep). (64)

Theorem 50 ([21, 32]) Foralli = 1,...,n — 1 the collections L; € and R; € are
exceptional. Moreover, we have that

LiR; =R;L; =1d, LipLiLiqyy =Liliply, i=1,...,n, (65)
LiL; =L;L;, [|i—j|l>1. (66)
According to Theorem 50, we have a well-defined action of B,, on the set of

exceptional collections of length n in DP(X): the action of the generator f; is
identified with the action of the mutation I; fori =1,...,n — 1.

Definition 51 Let € = (Eq, ..., E,) be a full exceptional collection. We define the
helix generated by € to be the infinite family (E;); 7z of exceptional objects obtained
by iterated mutations

En+i = REnJrFI "‘REi+1Ei’ Eifn = LE ...LEFIE,', i €.

i—n+1

Any family of n consecutive exceptional objects (E;1x);_, is called a foundation
of the helix.

Lemma 52 ([21]) Fori, j € Z, we have Hom®(E;, E ;) = Hom®*(E; ,, Ej_,).

3.4 Exceptional Bases in K-Theory

Consider the Grothendieck group Ko(X) = Ko(D’(X)), equipped with the
Grothendieck—Euler-Poincaré bilinear form

X(AV1.[F]) =Y (-1 dimc Hom(V, F[i]). V. F € D’(X). (67)
k

Definition 53 A basis (e;)7_, of Ko(X)c is called exceptional if  (e;, e;) = 1 for
i=1,...,n,and x(ej,e;) =0forl <i < j <n.

Lemma 54 Let (E;)!_, be a full exceptional collection in DP(X). The K -classes
([Ei:D}_, form an exceptional basis of Ko(X)c.

The action of the braid group on the set of exceptional collections in D? (X) admits
a K -theoretical analogue on the set of exceptional bases of Ko(X)c, see [8, 21].
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4 Dubrovin’s Conjecture

4.1 T-Classes and Graded Chern Character

Let V be a complex vector bundle on X of rank r, and let 1, ..., §, be its Chern
roots, so that ¢;(V) = s;(d1,...,8,), where s; is the j-th elementary symmetric
polynomial.

Definition 55 Let Q be an indeterminate, and F € C[Q]] be gf the form F(Q) =
1+ anl o, Q". The F-class of V is the characteristic class Fy € H®(X) defined

by Fy := 1_[;=1 F(5)).

Definition 56 The ['E-classes of V are the characteristic classes associated with
the Taylor expansions

(m)

m

F(1+ Q) = exp (zpr + Yt

m=2

Q”) e Crol, (68)

where y is the Euler—-Mascheroni constant and ¢ is the Riemann zeta function.
If V = T X, then we denote f‘}ﬁ its I"-classes.

Definition 57 The graded Chern character of V is the characteristic class Ch(V) €
H*(X) defined by Ch(V) := }"_ exp(27 V=18)).

4.2 Statement of the Conjecture

Let X be a Fano variety. In [12] Dubrovin conjectured that many properties of the
gDE of X, in particular its monodromy, Stokes and central connection matrices,
are encoded in the geometry of exceptional collections in D?(X). The following
conjecture is a refinement of the original version in [12].

Conjecture 58 ([8]) Let X be a smooth Fano variety of Hodge—Tate type.

1. The quantum cohomology Q H*®(X) has semisimple points if and only if there
exists a full exceptional collection in Db (X).

2. If QH*(X) is generically semisimple, for any oriented ray £ of slope ¢ €
[0, 27 [ there is a correspondence between £-chambers and helices with a marked
foundation.

3. Let € be an £-chamber and €, = (E}, ..., E,) the corresponding exceptional
collection (the marked foundation). Denote by S and C Stokes and central
connection matrices computed in 2.
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(a) The matrix S is the inverse of the Gram matrix of the x-pairing in Ko(X)c
w.r.t. the exceptional basis [E,],

(S™Dij = x(Ei, Ej); (69)
(b) The matrix C coincides with the matrix associated with the C-linear
morphism
Iy : Ko(X)¢c — H*(X) (70)
NESVEPSE
F r—>( 3 'y exp(—n\/—lcl(X))Ch(F), any
(2m)2
where d := dimc¢ X, and d is the residue class d (mod2). The matrix is
computed w.r.t. the exceptional basis [ &,] and the pre-fixed basis (To()g:1 of
H*(X).

Remark 59 Conjecture 58 relates two different aspects of the geometry of X,
namely its symptectic structure (GW-theory) and its complex structure (the derived
category D”(X)). Heuristically, Conjecture 58 follows from Homological Mirror
Symmetry Conjecture of M. Kontsevich, see [8, Section 5.5].

Remark 60 In the paper [26] it was underlined the role of I'-classes for refining
the original version of Dubrovin’s conjecture [12]. Subsequently, in [14] and [16,
I'-conjecture II] two equivalent versions of point (3.b) above were given. However,
in both these versions, different choices of solutions in Levelt form of the g DE at
z = 0 are chosen w.r.t. the natural ones in the theory of Frobenius manifolds, see
Remark 19, and [8, Section 5.6].

Remark 61 If point (3.b) holds true, then automatically also point (3.a) holds true.
This follows from the identity (46) and Hirzebruch—Riemann—Roch Theorem, see
[8, Corollary 5.8].

Remark 62 Assume the validity of points (3.a) and (3.b) of Conjecture 58. The
action of the braid group 5, on the Stokes and central connection matrices
(Lemma 41) is compatible with the action of 53, on the marked foundations attached
at each £-chambers. Different choices of the branch of the W-matrix correspond
to shifts of objects of the marked foundation. The matrix M, ' is identified
with the canonical operator «: Ko(X)c — Ko(X)c, [F] — (—1)‘1[F ® wx].
Equations (48) imply that the connection matrices C™, with m € Z, correspond
to the matrices of the morphism /I, w.r.t. the foundations (&; ® a)?m )md]. The
statement S” = § coincides with the periodicity described in Lemma 52, see [8,
Theorem 5.9].

Remark 63 Point (3.b) of Conjecture 58 allows to identify K -classes with solutions
of the joint system of Egs. (23) and (24). Under this identification, Stokes fundamen-
tal solutions correspond to exceptional bases of K -theory. In the approach of [6, 33],
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where the equivariant case is addressed, such an identification is more fundamental
and a priori, see Sect. 6.

5 Results for Grassmannians

Conjecture 58 has been proved for complex Grassmannians G(k, n) in [8, 16].
See also [22, 34]. The proof is based on direct computation of the monodromy
data of the ¢ DE at points of the small quantum cohomology, namely the subset
H 2((G(k, n), C) of Q. Here we summarize the main results obtained.

Remark 64 It* mi(n) < k < n — m(n), the small quantum locus of G(k, n) is
contained in the coalescence locus Ag, see [3]. In these cases, the computations of
the monodromy data is justified by the results of [4, 5, 7, 9]. See also Remark 38.

5.1 The Case of Projective Spaces

Denote by 0 € H?(P"~!, C) the hyperplane class and fix the basis (ak)z;é of
H*([P" ). The joint system (23) and (24) for P*—1, restricted at the point to €
H?*P" !, C), witht € C, is

0Z
=zC(1)Z, 72
9 =7 () (72)
0Z 1
= (U(t) + M) Z, (73)
9z z
with
0 nq
n0
up=| n0 . qi=¢, C(z):iu(z), (74)
n 0
X n—1 n—3 n—3 n—1
u:dlag(— h T g e s 9 ) (75)

The canonical coordinates are given by the eigenvalues of the matrix U(¢),

2with—1) 1

up(ty=ne n» qgn h=1,...,n. (76)

4Here 71 (n) denotes the smallest prime number which divides 7.
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Fix the orthonormalized idempotent vector fields, f1(¢), ..., fu(?), given by
n
fr) =Y e @ =nmig B 00T =1,
=1
and consider the following branch of the W-matrix,
-1
i@ ... o
Y(t) := : : . (77)
@ . S0

Theorem 65 ([8]) Fix the oriented ray £ in c* of slope ¢ € |0, Z[. For suitable
choices of the signs of the columns of the V-matrix (77), the central connection
matrix computed at 0 € H '(]P)"*l) coincides with the matrix attached to the
morphism

I, - Ko e — H*(P"™)

computed w.r.t. the exceptional bases

( ) A T( ) ( +1> /\ T( ) ...,O(n—l),/\"ilT (78)

for n even, and

O(n;1>,o<n—;1>,/\27_<n;3>’
<"+3> A T( ),...,O(n—l),/\n_lT (79)

for n odd. In particular, Conjecture 58 holds true for P" 1.

Remark 66 Exceptional collections (78) and (79) are related to Beilinson’s excep-
tional collection (59) by mutations and shifts. For different choices of the ray £, the
exceptional collections attached to the monodromy data computed at 0 € H*(P"~!)
are given (up to shifts) by the following list, see [6, 8].

1. Case n odd: an exceptional collection either of the form

n—1 n—1 n—1
O(—k— 5 ),T(—k— 5 —1>,O<—k— 5 +1>,
3 n—1 n—1 n—4
/\T(—k— 5 —2),(’)(—k— 5 +2>,...,/\ T(=k—n+2),

O(—k — 1), /\"_2 T (—k —n+1), O(=k),
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or of the form

n—1 n—1 2 n—1
O(—k— 5 ),O(—k— 5 +1>,/\7’(—k— 5 —1>,
n—1 3 n—1
O<—k— 5 +2>,/\7’(—k— 5 —2)...,(9(—k—1),
N 7T k=n+2), 00, N7 Tk=n+1),

for some k € Z
2. Case n even: an exceptional collection either of the form

O(—k—;), O(—k—;+1), /\ZT(—k—Z—l), O(—k—;+2),...,
o /\n_47'(—k—n+2), O(—k — 1), /\n_zT(—k—rH—l), O(—k),

or of the form

O(—k—;+1),7'<—k—;),o(—k—'zl+2),/\37'(—k—'21—1>,...,
e Ok =1, N' Tk =n+2). 0. N7 T (—k—n+1),

for some k € Z.

5.2 The Case of Grassmannians

Denote by G the Grassmannian G(k, n) parametrizing k-dimensional subspaces in
C", and by PP the projective space P! Let &1, ..., & be the Chern roots of the dual
of the tautological bundle S on G, and denote by /; (§) the j-th complete symmetric
polynomial in &1, . . ., &. An additive basis of the cohomology ring

H(G) Z Clén, -, 60 [ (it o ), (80)

is given by the Schubert classes (07.)xckx (n—k)» labelled by partitions A with Young
diagram inside a k x (n — k) rectangle. Under the presentation (80), the Schubert
classes are given by Schur polynomials in &,

Ajtk—j
det (gi >1§i,j§k
1_[,'<j (Sl - 5/)

oy = (81)
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Denote by np and ng the Poincaré metrics on H*(P) and H*(G) respectively. The
metric np induces a metric nﬁ,}k on the exterior power /\k H*(P):

M A Ak B A ABE) = det (e B)) < oy (82)

Theorem 67 ([8, 16]) We have a C-linear isometry
k
Z: (/\ H*(P), (—1)@171@") = (H*(G),ng), " A~ Ao > oy,

wheren —1>vi >vy>--->vy >0andVv:= W —k+1,vo—k+2,...,v).

Consider the domain Qg C H*(G) (resp. Qp C H*(P)) where the G W-potential
F(()G’ (resp. F(])P ) converges. Let t € C and consider the points

p=to1 € HXG,C), p:= (t fad =1k — 1))0 € H3(P, C), (83)
in the small quantum cohomology of G and IP respectively. Theorem 67 allow us to

identify’ the tangent spaces T,2g and /\k T;2p.

Lemma 68 ([8, 16]) Let W (¢) be the V-matrix defined by (77). Then the matrix
k

wC(p) = («/—1)(2) /\k VPG + 7d/—1(k = 1)) defines a branch of the V-matrix

for G.

The following results show that under the identification of Theorem 67, solutions
and monodromy data of the joint system (23) and (24) for G can be reconstructed
from solutions for the joint system for P.

Theorem 69 ([8]) Let ZF (¢, 2) be a solution of the joint system (72) and (73). The
function

76, 7) = /\k (ZP(t+JT\/—1(k— 1),z)) (84)

is a solution for the joint system for G, namely

9 G

_ G
9 = ()27, (85)
G
0Z% _ (U@(t) + ! MG) AS (86)
0z z

STn what follows, if A is a n x n-matrix, we denote by /\k A the matrix of k& x k-minors of A,
ordered in lexicographical order.
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Corollary 70 ([8]) Fix an oriented ray £ in C* admissible at both points p, p
in (83). Denote by ST(p),SC(p) and CT(p), CC(p) the Stokes and central
connection matrices at p and p, respectively. We have

S =N\ S, (87)
cS(p) = (/-1)~® (/\k cﬂﬁ)) exp(v/=1(k — Do) (88)

Proof Denote by

. Zg;p(t, z) and Zg’p(t,z) the topological-enumerative solutions for P and G

respectively, restricted at their small quantum cohomologies;

J Z%(g’m(t,z), with m € Z, the Stokes fundamental solutions of the joint

systems (23) and (24) for P and G respectively.
We have

Zg(t.2) = </\k Zip(t + 77/ =1k = 1), z)) ~exp(—m/—1(k — Do),

Z8 om0 = =D"O N ZE o -1k - 1), 2).

See [8] for proofs of these identities. |

Corollary 71 ([8]) The central connection matrix computed at 0 € H*(G) coin-
cides with the matrix attached to the morphism

I : Ko(G)c — H*(G)
computed w.r.t. an exceptional basis of Ko(G)c. Such a basis is the projection in

K -theory of an exceptional collection of D(G) related by mutations and shifts to
the twisted Kapranov exceptional collection

(§"8Y®L), L:=det ( /\2 SV> : (89)

In particular, Conjecture 58 holds true for G.

6 Results on the Equivariant g DE of P*~1

Gromov—Witten theory, as described in Sect. 1.2, can be suitably adapted to the
equivariant case [18]. Given a variety X equipped with the action of a group G,
a quantum deformation of the equivariant cohomology algebra H (X, C) can be
defined.
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Consider the projective space P"~! equipped with the diagonal action of the torus
T := (C*)". Although the isomonodromic system (72) and (73) does not admit
an equivariant analog, the differential equation (72) only can be easily modified.
By change of coordinates ¢ := exp(t), setting z = 1, and replacing the quantum
multiplication %, by the corresponding equivariant one *, ;, Eq. (72) takes the form

d

dq Z=0%g;Z. (90)

q

Here the equivariant parameters z = (z1, . . ., 2, ) correspond to the factors of T, and
Z(q, z) takes values in Hp (P"~!, C). Equation (90) admits a compatible system of
difference equations, called g K Z difference equations

Z(quls"'vzi_11"'7Zn):Ki(Q1Z)Z(q7Z)7 i=17"'1n1 (91)

for suitable linear operators K;’s, introduced in [33]. The joint system (90) and (91)
is a suitable limit of an analogue one for the cotangent bundle T*P—1 see [19, 30].
The existence and compatibility of such a joint system for more general Nakajima
quiver varieties is justified by the general theory of D. Maulik and A. Okounkov
[29].

In [33], the study of the monodromy and Stokes phenomenon at ¢ = oo of
solutions of the joint system (90) and (91) is addressed. Furthermore, elements of
Kgr (P"~1)¢ are identified with solutions of the joint system (90) and (91): Stokes
bases of solutions correspond to exceptional bases.

In [6], the authors describe relations between the monodromy data of the joint
system of the equivariant g DE (90) and ¢ K Z Eqgs. (91) and characteristic classes of
objects of the derived category D%’I (P"1) of equivariant coherent sheaves on P!
Equivariant analogs of results of [8, Section 6] are obtained.

The B-Theorem of [6] is the equivariant analog of Theorem 65. Moreover, in [6]
the Stokes bases of solutions of the joint system (90) and (91) are identified with
explicit T-full exceptional collections in D%’I (P"~1), which project to those listed in
Remark 66 via the forgetful functor D%’I (P*~1y — DP(P"~1). This refines results
of [33]. Finally, in [6] it is proved that the Stokes matrices of the joint system (90)
and (91) equal the Gram matrices of the equivariant Grothendieck—Euler—Poincaré
pairing on Kgr (P" )¢ w.r.t. the same exceptional bases.

Acknowledgments The author thanks the Max-Planck-Institut fiir Mathematik in Bonn, Ger-
many, for support.
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Abstract In this paper we study one-point rank one commutative rings of differ-
ence operators. We find conditions on spectral data which specify such operators
with periodic coefficients.

Keywords Commuting difference operators
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1 Introduction and Main Results

In this paper we study one-point rank one commuting difference operators with
periodic coefficients.

Let us consider a (maximal) commutative ring A of difference operators
consisting of operators of the form

i=Ny
Ln= Y uimT. uy, =1,Ny, N >0,
i=—N_

where T is a shift operator, Ty (n) = ¥(n + 1), m = Ny + N_ is the order of
L,, (assuming uy_ # 0). The operator L,, acts on the space of formal functions
{ty : Z — C}. The ring A is isomorphic to a ring of rational functions on spectral
curve I' with poles in points g1, ..., ¢gs € I' (see [1]). Common eigenfunctions of
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operators from .4 form a vector bundle of rank / over F\{szlq j}. More precisely,
there is a vector-function ¥ (n, P) = (Y1 (n, P),...,¥1(n, P)), P € I‘\{U‘;zlqj}
which is called Baker—Akhiezer function, such that every operator L, € A
corresponds to a meromorphic function f(P) on I" with polesin gy, ..., g

Moreover, m = Im’, where m’ is the degree of the pole divisor of f. The operators
from A are called s-point rank [ operators.

Two-point rank one operators were classified in [1, 7]. Baker—Akhiezer function
of such operators can be reconstructed from Krichever’s spectral data [1]. One-point
rank/ > 1 operators were discovered by Krichever and Novikov in [3]. Spectral data
for one-point rank one operators were found in [4]. Those operators contain the shift
operator T only in positive power. Recall that the spectral data for such operators
has the form (see [4])

S={T,y, Piq. k')
Here I' is a Riemannian surface of genus g (we do not consider singular spectral
curves), Y = y1 + ...+ ¥, is a non-special divisoron I', P, € I', n € Zis a set
of general points, ¢ € I is a fixed point, k! is a local parameter near q. There is a

unique Baker—Akhezer function ¢/ (n, P),n € Z, P € T" which is rational function
on I' and satisfies the following properties

e if n > 0, then the zero and pole divisor of ¥ has the form

W@, P)=ymn)+P+...+ Po—1 —y —ngq,
* if n < 0, then the zero and pole divisor of ¥ has the form

W, P))=yn) =Py —...— Py —y —nq,

e ifn=0theny(n, P) =1,
* in a neighborhood of ¢ the function ¥ has the following expansion

Y(n, P) =k"+ Ok"").
Here y(n) = y1(n) + ...+ yg(n), n # 01is some divisor on I'. Further we will use
the following notation y (0) = y. For arbitrary meromorphic function f(P) on I
with the unique pole in g of order m there is a unique operator

Ln =T" + 1 (T + ... +uo(n)

such that L, = f, see [4].
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If in the spectral data S all points P, coincide, P, = ¢, then we get the two-

point Krichever’s construction [1].

One-point rank one operators were studied in [4—6], in particular some explicit
examples of such operators were given. That class of operators is very interesting
because, for example with the help of those operators one can construct a dis-
cretization of the Lamé operator preserving the spectral curve. More precisely, let
(x), ¢(x) be the Weierstrass functions. We define the function Ag(x, €) by the
following formulas

Ap=-20() —s(x — &) +(x +¢),
3
A2=—2({(6)+§(3€)+§(x—28)—§(x+26)),

g1 . '
Ag :All_[(1+ £ = @i+ De) = L + (2 + De)
i=1

f dd g =2 1
£(e) + £((i + De) ) orodds =21+ 1

81

_ C(x —2ie) — ¢(x + 2ie) _
Ag = Agill (1 + £(e) + (i — e ) , foreven g = 2g;.

The operator

1 1
Ly = £2T€2+Ag(x,s)8Tg+50(8) (1)

commutes with the operator Ly, 1, operators Ly, Lyg41 are rank one one-point
operators. In the above formulas it is assumed that T, ¥ (x) = ¥ (x+¢). The operator
L> has the following expansion

Ly =9 —g(g+ Dpx)+ 0().

For small g it is checked that the spectral curve of the pair Ly, Lyg41 coincides
with the spectral curve of the Lamé operator 8% — g(g + Dp(x), see [5].
Probably this class of difference operators can be used for the construction of a
discretization of arbitrary finite-gap one dimensional Schrédinger operators. Note
that the operator (1) is periodic. So, for the discretization of the finite-gap operators
it is useful to find the condition when rank one one-point operators are periodic with
real coefficients. This is the main motivation of this paper.

In the next theorem we formulate periodicity and reality conditions of the
coefficients of the operators.

Theorem 1 Coefficients of one-point rank one operators corresponding to the
spectral data

SZ{F,V, Pn,Qak_l}
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are N-periodic, N € N, if and only if
P}’l+N = P}’lv

and there is a meromorphic function L(P) on I with a divisor of zeros and poles of
the form

AMP)=Py+...+Py—1 — Ng.
Let us assume that the spectral curve I admits an antiholomorphic involution

t: I — T, 2 =id.

I
T(Pp) =P, )=y, 1@ =9q, k) =k, 2
then the Baker—Akhiezer function satisfies the identity
V(n, P) =y, t(P)), 3)
and if additionally
T(f(P) = f(P),

then the coefficients of the operator L,, corresponding to the function

f(P), Lnwy = [, are real.

In the case of two-point rank one operators the analogue of Theorem 1 was
proved in [2]. In the two-point case we have (A) = Ng™ — Ngq.

2 Proof of Theorem 1

At the beginning we prove the second part of the theorem. The proof of this part is
usual. The identity (3) follows from the uniqueness of the Baker—Akhiezer function
with the fixed spectral data. Indeed, from (2) it follows that the function ¥ (n, T(P))
satisfies the same conditions as i (n, P), hence we get (3).

We have

Ly (n, T(P)) = f(z(P)Y(n, T(P)).
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Consequently,

Ly (n, ©(P)) = Ly (n, T(P)) = LW (n, P) = f(x(P))¥(n, T(P)).

Hence

LV (n, P) = f(P)¥(n, P).

From the uniqueness of the operator corresponding to the meromorphic function
f(P) we get

Ly = Ly,

hence, the coefficients of L,, are real.
To prove the first part of the theorem we introduce the following function

Y(n+1,P)

x@m, P) = V. P)

From the definition of the Baker—Akhiezer function we obtain that the zero and pole
divisor of x has the form

(X, P))=yn+D+P,—y@m)—q, nekl. “)
Lemma 1 Operators from A have N-periodic coefficients if and only if
x(n+N,P)=x(n,P).

Proof Letus prove the inverse part of the lemma. We assume that the coefficients of
all operators from .A are periodic. This means that the operator 7" commutes with
all operators from A, i.e., TV € A. This also means that there is a meromorphic
function A(P) on I with the unique pole in g of order N such that

TNy (n, P) = ¢ (n + N, P) = A(P)Y (n, P). 5)

We have

Y+ 1+N,P)  AMPWn+1,P)

XaANBY= NPy = e X ©

Let us prove the direct part of the lemma. We assume that x (n + N, P) = x(n, P).
We introduce a rational function on I"

AP)=xO,P)...x(N—-1,P) =y (N, P).
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Then we obtain
TNy, P)=¢y(n+N,P)=xn+N—1,P)y(n+N—1,P)=
xm+N—-1,P)x(n+N—-2,P)y(n+N—-2,P)=...=
xn+N—-1,P)...x(n, P)Y(n, P) =
xO, P)...x(N —1, P)y¥(n, P).
Hence,

VY (n, P) = M(P)Y (n, P). (N

From (7) it follows that TV e A since TV and operators from .4 have common
Baker—Akhiezer eigenfunction. Moreover A(P) has the unique pole of order N in
q.Lemma 1 is proved. O

Now we can finish the proof of Theorem 1. Let us assume that coefficients of the
operators are periodic. Then by Lemma 1 the function x is periodic and from (4)
we have

(Xn+N,P)=yn+N+ 1)+ Py —y(n+N)—q. (3)
Hence, comparing the pole divisors of (4) and (8) we get y(n) = y(n + N), and
after comparing the zero divisors of (4) and (8) we get P4y = P,,.

From the proof of Lemma 1 it follows that the function A(P) = (N, P) has an
unique pole g of order N, moreover

AP =yWN)+P+...+Pn-1 —y(0)—Ng=Py+...+ Pv—1 — Ngq.

Hence the direct part of Theorem 1 is proven.
Let us assume that there is a meromorphic function A(P) such that

A(P)=Py+...+Py_1 — Ng,

and P,y = P,. We can suppose that in the neighborhood of ¢ we have the
expansion

A=k +o®" .
Then from (4) we have

(Xn+N)=yn+N+1D+ Py —yn+N)—q
=yn+ D+ P —yn) —qg=yxh).
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Since x (n) = k+ O(1) in the neighborhood of ¢, we get x (n + N) = x(n). Hence
by Lemma 1 the coefficient of the operators are periodic. Theorem 1 is proven.

2.1 Example

Let us consider the case of elliptic spectral curve I' given by the equation
w? = F(2) =2 + a2 + ez + co.
The degree of the divisor y (n) is 1. Let
y(n) = (@ Bn) €T, B = Flom).
Commuting operators of orders 2 and 3 have the forms (see [4])

— ﬁn + ,3n+1

Ly = (T +U)*+ Wy, U, ,
Op+1 — Oy

Wy = —c2 —ap — apyi,

Ly =T+ Uy 4 Upt1 + Up2)T?
+ (U2 4 U2, + UnUnit + Wy — 60T + (U (U2 + Wy — a) + Bo).

The function x (n, P) has the form

w+,8n +,Bn‘|‘,3n+l
Z—0y Oy — Oyl

The point P, = (z,, w,) € I has the coordinates
ci(ay + apy1) + apoppi (o +opgn) + 2C2anan+1 +2(co + BnBn+1)
(ay — (Xn+1)2

— Bn+1(otn — zn) + Bn(@n+1 — 2n)

Op — Op+1

in =

’

n

If aptN = an, Bn+n = Bn, then
y(n+ N) = (@uiN, Butn) = (@, Bp) =y (), Pagn = Py,
and the meromorphic function
AMP)=xO,P)...x(N—1,P)

satisfies the conditions of Theorem 1.
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On the bi-Hamiltonian Structure m)
of the Trigonometric Spin ik
Ruijsenaars—Sutherland Hierarchy

L. Fehér and I. Marshall

Abstract We report on the trigonometric spin Ruijsenaars—Sutherland hierarchy
derived recently by Poisson reduction of a bi-Hamiltonian hierarchy associated with
free geodesic motion on the Lie group U(n). In particular, we give a direct proof of
a previously stated result about the form of the second Poisson bracket in terms of
convenient variables.

Keywords Integrable system - Spin Ruijsenaars and Sutherland models -
bi-Hamiltonian Hierarchy - Hamiltonian reduction

Mathematics Subject Classification (2010) 70HO06, 37J15, 37K10

1 Introduction

The classical integrable many-body models of Calogero—-Moser—Sutherland and
Ruijsenaars—Schneider as well as their extensions by internal degrees of freedom are
in the focus of intense investigations even today, many years after their inception.
See [1-4] and references therein. One of the sources of these models is Hamiltonian
reduction of obviously integrable ‘free motion’ on suitable higher dimensional
phase spaces, among which cotangent bundles and their Poisson—Lie analogues
are the prime examples. In this framework, the emergence of the internal degrees
of freedom, colloquially called ‘spin’, originates from the fact that symplectic
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reductions of cotangent bundles are in general not cotangent bundles, but more
complicated phase spaces.

We do not have a single, all encompassing framework for understanding
integrable Hamiltonian systems, but there exist several powerful approaches with
large intersections of their ranges of applicability. For example, the method of the
classical r-matrix incorporates many famous systems, like Toda lattices, that can be
derived by Hamiltonian reduction, too, as reviewed in [9, 10]. The r-matrix method
and Hamiltonian reduction also have several links to the bi-Hamiltonian approach
initiated by Magri [8].

It was pointed out in the recent paper [4] that one of the simplest finite-
dimensional integrable systems, the free geodesic motion on the unitary group
U(n), admits a natural bi-Hamiltonian structure, and a suitable reduction of this
free system gives rise to the so-called spin Ruijsenaars—Sutherland hierarchy. In
this contribution, we overview the results of [4], and give a new, direct proof of a
statement formulated in this reference without detailed proof.

2 Bi-Hamiltonian Hierarchy on 7*U(n) and Its Reduction

In this section we present a terse review of the results of [4].
Our starting point is the manifold 7*U(n), which we identify with the set

M:=Um) xHn) :={(g, L) | g €U®), L enHn), ey

using right-trivialization. Here, the vector space of Hermitian matrices,
H(n) = iu(n), serves as the model of the dual u(n)* of the Lie algebra u(n).

Consider the real Lie algebra gl(n, C) endowed with the non-degenerate bilinear
form

(X,Y) :=3u(XY), VX,Y egln, C). 2)

Then gl(n, C) is the vector space direct sum of its isotropic Lie subalgebras u(n)
and b(n), where b(n) contains the upper triangular matrices with real entries along
the diagonal. Consequently, we can decompose any X € gl(n, C) as

X =Xum + Xow, Xum) € un), Xom) € b(n). (3)
We also have another decomposition into isotropic linear subspaces,
gl(n, C) = u(n) + $H(n). Thus both b(n) and $H(n) can serve as models of u(n)*.

For any real function F' € C°° (1), introduce the derivatives

D\ F,D{F € C®(M, b(n)) and drF € C*(IM, u(n)) “)
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by the relation
(D1F(g,L), X) +(D{F(g, L), X') + (d2F (g, L), Y)

d ,
= F(e'Xge'X | L +1Y), (5)
dt t=0

for every X, X’ € u(n) and Y € $(n). The ‘free Hamiltonians’ of our interest are
1 k
Hi(g, L) := k tr(L*), VkeN. (6)

These feature in the ‘free bi-Hamiltonian hierarchy’ on 91, which is given by the
next theorem.

Theorem 1 ([4]) The following formulae define two compatible Poisson brackets
on IM:

{F,H}1(g, L) =(D1F,dyH) — (D1H,d>F) + (L, [d>F,d,H]), @)
and
{F,H}>(g,L)=(D1F,Ld,H) — (D1H, Ld)F)

1
+2(LdsF, (LdoH)uin) — , (DI F. g ™" (DiH)g),  (8)

2

where the derivatives are taken at (g, L) and (3) is applied. The Hamiltonians Hy

satisfy
{F, Hi}2 = {F, Hiy1h, VF € C™ (M), €))

and {Hy, He}1 = {Hi, He}o =0 for every k,{ € N. The bi-Hamiltonian flow
of the systems (M, {, }2, Hy) and (N, {, }1, Hi+1) is given by (g(t), L(t)) =
(exp(irL(0)%)g(0), L(0)).

The first Poisson bracket is the canonical one carried by the cotangent bundle of
U(n), while the second one arises from the Heisenberg double [12] of the Poisson—
Lie group U(n). The latter point is explained in [4], where it is also noted that the
Lie derivative of the Poisson tensor of { , }» along the infinitesimal generator of the
flow (g(¢), L(¢)) = (g(0), L(0) + ¢1,,) is the Poisson tensor of { , };. This implies
[13] compatibility, and the rest of the statements is readily checked as well.

The fact that the flow generated by the Hamiltonian H; on the Heisenberg
double of U(n) projects to free motion on U(n) was pointed out long time ago by
S. Zakrzewski [14], which served as one of the motivations behind Theorem 1.



78 L. Fehér and 1. Marshall

The ‘conjugation action’ of U(n) on 91 associates with every n € U(n) the
diffeomorphism A;, of 91 that operates according to

An(g, L) := (ngn~ ', nLy™h). (10)

A key property of the Poisson brackets on 91 is that they can be restricted to the set
of invariant functions with respect to this action, denoted C*°(9t)V? . This means
thatif F, H € C®(M)U™, then the same holds for their Poisson brackets {F, H};
fori = 1, 2. Because the Hamiltonians Hj are also invariant, we can restrict the ‘free
hierarchy’ to U(n)-invariant observables. This procedure, called Poisson reduction
[10], is an algebraic formulation of projection onto the quotient space 9t/U(n).
Any smooth function on 2 can be recovered from its restriction to the dense
open submanifold M, C M, which contains the points (g, L) with g having
distinct eigenvalues. Moreover, F € C™(Myee)V™ is uniquely determined by its
restriction f on the manifold T, x )(n), where T, is the set of regular elements
in the standard maximal torus of U(n). In fact, restriction engenders a one-to-one
correspondence
C% (Mpeg) ™ > C (T x Hm)N®, (11)

reg

where A (n) is the normalizer of T" in U(n), whose action preserves ’[Ffeg X H(n).
Note that A (n) is the semi-direct product of the permutation group S, naturally
embedded into U(n), with T". By taking advantage of the correspondence (11),
one can encode the Poisson brackets on C w(mtreg)m") by two compatible Poisson
brackets {, }'*d on C™(Tpg X H(n))N ™ The main result of [4] is the formula of
these reduced Poisson brackets.

For f € C* (Tﬁeg X $(n)), the b(n)p-valued derivative D1 f and the u(n)-valued

derivative d» f are defined by the equality

d
(D1f(Q. L), X) +{d2f(Q, L), Y) = f@XQ, L+1Y), 12)

dt t=0
forevery X € u(n)pand Y € $(n), where b(n)p and u(n)o denote the subalgebras of

diagonal matrices in b(n) and u(n), respectively. Decompose gl(n, C) as the vector
space direct sum of subalgebras

gl(n,C) = gl(n, C)4+ + gl(n, C)g + gl(n, C)_, (13)

defined by means of the principal gradation. Accordingly, we can decompose any
X € gl(n,C) as X = X4 + Xo + X—, where Xy is diagonal and X is strictly
upper-triangular. Then, for O € Tfeg, introduce R(Q) € End(gl(n, C)) by setting it
equal to zero on gl(n, C)g and defining it otherwise as

1 ) ) -1
R(Dgi(n,0)+g1n.0)- = 5 (Adg +id) 0 ((AdQ - ld)lg[(n,@>++g[(n,¢;),> :
(14)
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where Adp(X) = QXQf1 for all X e gl(n,C). The definition makes sense
because of the regularity of Q. Note that (R(Q)X,Y) = —(X,R(Q)Y), and
introduce the notation

[X,YIro) =[R(Q)X, Y]+ [X,R(Q)Y], VX,Y egln, C). (15)

Theorem 2 ([4]) For f,h € C Oo('Iffeg X ﬁ(n))N M) the reduced Poisson brackets
have the form

{f,RF4Q, L) = (D1 f, doh) — (Dih, d> f) + (L, [d2 f. dahlR(0)), (16)

and
{f,}54(Q, L) = (D1 f, Ldyh) — (D1, Ld> f) +2(Ld> f, R(Q)(Ld>h)), ~ (17)

where the derivatives are evaluated at (Q, L), and the notations (14) and 15) are
applied.

The reduced system that descends from the free hierarchy generated the Hamilto-
nians Hj (6) is called spin Ruijsenaars—Sutherland hierarchy. The reason for this
terminology will become clear in the next section. For the reduced equations of
motion and remarks on their integrability, see [4].

3 Useful Changes of Variables

In the first subsection we introduce new variables that behave as canonically
conjugate pairs and ‘spin variables’ with respect to the second Poisson bracket, and
allow us to interpret tr(L) as a spin Ruijsenaars Hamiltonian. These new variables
go back to the papers [3, 4]. In the second subsection we describe another, in
this case well-known [5, 7], set of new variables, which convert the first Poisson
bracket into that of canonical pairs and (other kind of) spin variables, and lead to the
interpretation of tr(L?) as a spin Sutherland Hamiltonian.

3.1 Interpretation as Spin Ruijsenaars Model

We now discuss the change of variables that the underlie the interpretation of the
reduced free system as a spin Ruijsenaars model. For this purpose, we focus on the
second Poisson bracket (17), and restrict ourselves to the open submanifold

T?eg x P(n) C T?eg x $(n), (18)
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where 3(n) denotes the set of positive definite Hermitian matrices. It is a standard
fact of linear algebra that any L € *(n) can be uniquely written in the form

L =bb' with b € B(n), (19)
and b € B(n) can be decomposed as
b =ePby with p € b(n)g, by € Bn)4, (20)
where B(n) + is the group of upper triangular matrices with unit diagonal. We define
Ai=b7'0""b,0, Q1)
and obtain the change of variables
Treg X B(n) 3 (Q, L) «— (Q, p, 1) € Ty, x b(n)o x B(n)4.. (22)

A grade by grade inspection of the defining relation (21) shows that this is
a diffeomorphism between the respective spaces. Thus every function f(Q, L)
corresponds to a unique function 7 (Q, p, A). The diffeomorphism (22) induces an
action of N'(n) on ']I‘feg x b(n)o x B(n)4+, and we are interested in the invariant
functions. The action of the subgroup T" < N (n) is especially simple, it is given

by
(Q,p. M) (0, p,tat™h, VreT, (23)

since this corresponds to (Q, L) — (Q, Lt~ 1.
For any 7 € C*°(Tp, x b(n)o x B(n)4), we define the derivatives Do F €

reg

b(n)o, dpF = u(n)o and Dy F, D) F € u(n)L by

d

]:(etXOQ, p +tYo, e Xt re! V)
dt|,—g

= (Do F, Xo) + (dpF, Yo) + (D) F, X1) + (D) F, Yy). (24)

Here, Xo € u(n)o, Yo € b(n)p and X, Yy € b(n)4 are arbitrary, the argument
(Q, p, 1) is suppressed on the right hand side, and u(n)  denotes the off-diagonal
linear subspace of u(n).

The next proposition was stated previously without elaborating its proof.
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Proposition 3 ([4]) Consider the functions F, H € C*° (T, x b(n)g x B(n)+)N(”)

reg

that are related to f,h € C*(T" x ‘B(n))N(”) according to

reg

F(Q.p. M) = f(Q.L), H(Q,p,+) =h(Q, L) with
L =ePbyblel, n:=b7'07"b, 0. (25)

In terms of the variables (Q, p, A), the second Poisson bracket (17) takes the form

2°AF, HFNQ, p, 2) = (Do F, dpH) — (DoH, dpF) + (D;.F, 2~ (D H)M),
(26)
where the derivatives are evaluated at (Q, p, A).
Proof Recall that (Q, L), (Q, b) and (Q, p, A) are alternative sets of variables. In

particular, we have the invertible correspondences:

(Q,L) < (Q,b) < (Q, p,A) with L =>bb", e := bging, A:=b"'07'bQ.
27

Here, we suppressed that A does not depend on p. Any tangent vector at a fixed
(Q, b) can be represented as the velocity vector at ¢+ = 0 of a curve of the form

(Q(1), b(1)) = (" Q, be'P), with some & € u(n), B = (Bo + B+) € b(n).
(28)

In terms of the alternative variables, the corresponding curves are easily seen to
satisfy
L(t) = L+ 1b(B+ b + o),
At = rexp(t[s — 07 b7 'EbQ + 07O — A7 BA] + 0(1)), (29)
p(t) = p+1po+o().
Of course, the curve that appears in the exponent after A lies in b(n)4.. Let us now
consider a function on our space, which is either expressed as (Q, L) — f(Q, L),

or equivalently as (Q, p, ) — F(Q, p,A). By the definition of derivatives, we
obtain the equality

d F(Qe®, L +1tb(B+ BHb" +0(1))
dt |,
d
= . F(Qe's, p+1po, rexp(tle — Q7 'b7'EbQ+ Q7 BO — A7 BAl+0(1))).
=0

(30)
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This generates the following relations between the derivatives of f and F:

2b'dy fb — dpF — QDL F Q™ + WD FA gy » B)

+(D1f —DoF — D, F+bOD,FQ 'b~", &) =0, V& € u(n)o, VB € b(n).
(31

The derivatives of f and F are taken at (Q, L) and at (Q, p, 1), respectively,
according to (12) and (24). We have (D} F,&) = 0, and the conventions
D) F, D, F € u(n)_L imply

DL FA Yumy = DaF + ODLFA™)im —diag- (32)

The matrix Xim —diag 1S obtained from the matrix X by setting to zero the off-
diagonal entries and the real parts of the diagonal entries of X, and (3) is used.
From the first term in (31) (the one involving arbitrary ), we must have

A:=2b"drfb—d,F — QD,FQ~" + WD, FA )y € b(n). (33)

But the formula of A shows that A € u(n), and thence A = 0. It is convenient to
rewrite

2bdy fb = QD FQ~" — AD, FA~! + [dpF + AD, FA~" — WD, FA ],
(34)

and, conjugating by b and using b = Q~'bQ, we get
2Ldyf =bQD,FQ v~ —baAD| Fr"1p7!
+ Adp[d,F + Ady D} F — WD, Fr™ ]

= (Adg —id)Ady-1,9 D} F + AdpldpF + Ady D} F — (ADLFA™ uin ],
(35)

from which it is easy to obtain
1 . g
2R(Q)(Lds f) =, (Adg +id)Adg-1,o DL F = (bQD,FO™'b™aiag
+ R(Q)(Adp[dpF + Ady DL F — DL FA Duwl).  (36)
Of course, we could have written everywhere Ad)LD;]-" — ()\Di]-")n_l)u(n)

(Ady D} F)p(n). Note also that Ad, denotes conjugation by m for any m €
GL(n, C).



On the bi-Hamiltonian Structure of the Trigonometric Spin Ruijsenaars—. . . 83

A glance at the last equation (36) shows that the expression in the second line
belongs to b(n)4, and this is crucial for the computation of (Ld> f, R(Q)(Ld»h))
(cf. (17)):

4HLdrf , R(Q)(Ldrh)) =
((Adg —id)Ad y-149 D} F + Adpl[dpF + Ady D} F — (WD, FA™ um],
— (Adyg D} H)diag + 5 (Adg +id)Ad -1, D} H
+ R(Q)(AdpldpyH + Ady Dy H — AD,HA )
= }(Adpo D} F, Ady-1,9 DiH) + y(dpF + Ady D} F — (AD,FA™ D .
Adg DiH + Ad; Dy H — 2(Adpo D} H)diag) — (F <> H)
= 1(AdgD| F,Ad, D|H) + }(dpF, Ad, D, H — 260D, HO b7 1)
+ 2 (Ad D}, F, Adg D} H) + (D} FA Dy — Ady. D} F, (Adpo D} H)diag)
— HAD,FA Dy, ALDH) — (F < H). (37

Notice that the terms at the beginning of the first two lines after the last equality sign
add up to

\(Adp D} F, Ad, D H) + L (Ady D, F, Ado D, ), (38)

and this is symmetric with respect to exchange of F and H; thereby it cancels.
Notice also that the second expression in the second line simplifies as follows:

(DL FA Yy — Adi D} F, (Adpo D} H) diag)
= (WD} FA Yy — Ady D} F, (Adpo D} H)im —diag) (39)
= —(Ady D} F, (Adpo D}, H)im —diag) -

which will be shortly shown to vanish. To summarize, we obtained

4Ldy f , R(Q)(Ldah)) = —%(Ade’A}', dpH + 2(Adpo D} H)im —diag)
— (dpF, Adpo Dy H) — MOD, FA Ny, ALDH) — (F o H).  (40)

Next, we may look at the other terms, and return to the £-term of (31). This gives

Dy f =DgF — (AdeD;\]:)real—diag, (41)
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which, together with (35)—discarding the term in the range of (Adp — id) as this
is in the annihilator of b(n)g — gives us

2(D1f, Ldxh)
= (DQ]: - (AthD;L]:)real—diag s Adb[de + AdAD;,H - ()\D;H)\il)u(n)p
= (Do F — (AdeD;L]:)realfdiags dyH) = (Do F — AdeD;]:, dpyH). 42)

Putting together now (40) and (42), the second term at the very end of (42) cancels,
and we arrive at

2(f, hENQ, L) = 2(D\ £, Ldyh) — 2(Lda f, Dih) + 4(Lds f, R(Q)(Ldsh))
= (DoF, dpH) + LA, D, F, WD, HA ™ )umy)
~ NAGD,F o) — (F o M), 43)

where u(n)o > ny = dpyH + 2(Adpo D] H)im —diag Tepresents the diagonal-
imaginary entities from the previous formulae. As explained below, for invariant
functions F and H, the term containing 7 vanishes, and we also have

(Ady D} F, WD, HA™ Y )
= (A&, D} F, Dy H + (WD, HA ™ im —diag) = (Ady DL F, DiH),  (44)

where we used (32) and the property (45).
By the above, the claim of the proposition follows from (43) if we can verify
that for any F € C*°(T%, x b(n)p X B(n)+)™ we have

reg
(X,AD, FA"1y =0, VX € u(n)o. (45)

In order to justify this, we remark that
(X, D} Fa~ly = W"'X1 — X, D, F). (46)

Since "1 XA — X € b(n)4, we may rewrite this as

d

(X, AD, Fa~ly = i F(Q, p, rexp(t[x~" XA — X))
t=0

d

- F(Q.p.eXre™™). @7
dt |,

In the last step we used that jt |t=0 A exp(t[)ﬁ1 XA—X]) = [X, A]. We see from (47)
that (45) follows from the T"-invariance of F, and hence the proof is complete. O
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Regarding the interpretation of Proposition 3, it is worth pointing out that one
may view the restriction to A/ (n)-invariant functions on ’[Ffeg X b(n)o x B(n)4+ as
the result of a two step process. The first step consists in Hamiltonian reduction
of Tfeg x b(n)p x B(n) by the normal subgroup T”. The formula (26) defines a
Poisson bracket already on the T"-invariant functions. In fact, its last term can be
identified as the result of reduction of the multiplicative Poisson bracket on B(n)
by the conjugation action of T", at the zero value of the pertinent moment map. In
other words, the last term of (26) corresponds to the Poisson space B(n)//oT". (Cf.
Theorem 4.3 in [3].) The second step consists in taking quotient by S, = N (n)/T".

When expressed in the variables (Q, p, 1), the Hamiltonian tr(L) = tr(bb’) =

tr(eszeri) can be written as
W(L) = Y V(@) with Vi(Q.2) = (b4(Qb(Q. D7) . (48)
l=1 12

where A is a ‘spin’ variable, and b4 (Q, 1) denotes the solution of the equation (21)
for b4+. An explicit formula of b4 (Q, A) can be extracted from Section 5.2 in [3].
Comparison of (48) with the light-cone Hamiltonians of the standard RS model [11]
justifies calling this a spin Ruijsenaars type Hamiltonian. A further justification is
that restriction of the system to a one-point symplectic leaf in B(n)//oT" yields the
spinless trigonometric RS model [6].

3.2 Interpretation as Spin Sutherland Model

Concentrating on the first Poisson bracket (16), we present another set of useful
variables

(Q, P, 9) € Treg x H()o x H(n) 1, (49)

where the subscripts 0 and _L refer to diagonal matrices and off-diagonal matrices,
respectively. The relevant change of variables is encoded by the diffeomorphism

Y Thhy X H(1)0 X H) 1 — Thy x H(n) (50)

operating according to

1
v (Q.p.#) = (Q. L(Q. p. §)) with L(Q.p,¢) =p— (R(Q) + ,id)(@).
(51
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We now express the functions f, h € C °°(']I‘feg X ﬁ(n))N @ in the form

foy=F hoy=H, F.HeC®T, xHmoxHm )N®,  (52)

reg

where A (n) acts in the natural manner inherited from the conjugation action. The
Poisson bracket { , }rlecl on C® (T, x $H(n)gxH(n) l)N ) is defined by the formula

reg
(FHE = (Foy L, Hoy Yoy, (53)

where (51) is used and the right-hand side refers to the Poisson bracket (16).
For any F € C* (Tfeg X H(n)o x H(n)1), we have the derivatives

DoF(Q.p.¢) €b(n)o, dpF(Q.p.¢) €uln)o, dpF(Q,p,¢) €unl,
(54)

defined by

(Do F(Q, p,¢), X) +(dpF(Q. p, 9), Yo) + (dpF(Q. p, $), Y1)

d
= FE*Q,p+tYo, o +1Y1), (55
dt =0

forevery X e u(n)pand Y = (Yo + Y1) € H(n).

Proposition 4 ([5, 7]) In terms of the variables (Q, p, ¢) defined by (51), the
reduced first Poisson bracket (16) has the following form:

{F, H}ﬁed(Q, D, ¢) = (DoF,dpyH) —(DoH,dpF) + (P, [dpF,dpH]). (56)

Here, F, H € COO(']Tfeg X $H(n)o X ﬁ(n)J_)N(") and the derivatives are taken at
(Q,p.®).

The change of variables (Q, L) <> (Q, p, ¢) appeared in the construction of spin
Sutherland models via the method of Li and Xu [7], whose relation to Hamiltonian
reduction of free motion on Lie groups was clarified in [5]. The proof of Proposition
4 can be extracted from these references. One can also prove it by direct calculation,
which is much simpler than the one required for the proof of Proposition 3.

The reduced Hamiltonians H,rfd arising from those in (6) can be written in terms
of the variables (Q, p, ¢) as

1
HEYQ, p,d) = ktr(L(Q,p,qs)k). (57)
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For k = 2, with Q = exp (diag(iq1, - - ., ign)), and p = diag(p1, ..., p,) this gives

HE(Q, p.g) = Z 2 Z "ff;j' (58)

2 1 sin

which is a standard spin Sutherland Hamiltonian. The last term in the Poisson
bracket (56) represents the Poisson space u(n)*//oT", and only gauge invariant
functions of the spin variable ¢ appear in the model.
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Hermitian-Einstein Metrics from )
Non-commutative U (1) Solutions Gt

Kentaro Hara

Abstract We show that Hermitian—Einstein metrics can be locally constructed by
a map from (anti-)self-dual two-forms on Euclidean R* to symmetric two-tensors
introduced in “Gravitational instantons from gauge theory” Yang and Salizzoni
(Phys Rev Lett 201602, 2006 [hep-th/0512215]). This correspondence is valid not
only for a commutative space but also for a noncommutative space. We choose
U (1) instantons on a noncommutative C2 as the self-dual two-form, from which we
derive a family of Hermitian—Einstein metrics. We also discuss the condition when
the two-forms are not instantons but they are solutions to the Yang—Mills equations.

Keywords Noncommutative geometry - Gauge field theory

Mathematics Subject Classification (2010) Primary 53Z05; Secondary 83C05

1 Background: Gravity and Gauge Theory

The coordinate transformation on the coordinate neighborhood is

71 = x2 —l—ixl, 70 1= x4 +ixd.
1.1 Gravity/Einstein Manifold

Definition 1 Assume that (M, g) is a (semi)Riemannian manifold, R, is Ricci
curvature and R is Scalar curvature.If

1
Ry )+, R(x) guv (x) =0
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then (M, g) is called Einstein manifold.

Fact2 If M = C? and g is a Hermitian metric then Ricci curvature tensor with a
Hermitian connection is calculated as follows:

R5) (x) = 050 log (det [g (x)]) . ey

1.2 Electromagnetism (Gauge Theory)

Alt, (R) is defined as the set of 4 x 4 alternative matrices.

Alty (R) := {F e M, (R)| FT = —F}

Definition 3 An automorphism * : Alt4 (R) —> Alts (R) is defined as

0 Fia 1?13 614 0 Fyy —Aﬁ24 ﬁp
—P:12 Q 3 f:24 . —F34 Q Fia —F13
—Fi3—F3 0 Fx B Py —Fig 0 F
—Fiy —Fy —F34 0 —I» Fi3 —Fpp 0

Assume that F (x) is a Alts-valued function on R* and define the 2-form on R*
as

0 Fia (x) ff13 (x) 1?14(36)
—Fax) 0 F23 (x) F24 (x)
—Fi3(x) =F3(x) 0 F3(x)
—Fi4(x) —Faa(x) —=F34(x) O

F(x):=

F () o dxp A dxy, (*ﬁ (x)) dx;, A dx,
LV
(using the Einstein summation convention).This F (x) is assumed to be an electro-
magnetic tensor in electromagnetism. If
xF (x) = —F (x)

then (x) is called instanton. This name means that it is the solution of a differential
equation. An instanton is a solution of a differential equation named Yang—Mills
equation as follows.
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Fact4 If F (x) is a instanton and ﬁ,w (x)dx, A dx, is closed then F (x) is a
solution of Yang—Mills equation which means

«F (x) = —F (x) ., d (ﬁw (x) dx, A dx,)) —0=—d ((*F (x)) dxy A dx,,) —o.
v
It is well known that the Bianchi identity leads to Gauss’s law for magnetic fields
and Faraday’s law of induction, and the Yang—Mills equation leads to Gauss’s law
and Ampere’s law for electric fields.

2 Previous Research

With the result of [4] F (x) and g (F (x)) are defined as

N ~ —1
2 (F (x)) =2 (E4 —F ) 9) _E,. )
and
Fuw () = (1 + F(x)@””),w

where E4 is the 4 x 4 unit matrix and

0-n0 0
n 000

6 .= 3
00 0-—n 3)
00no

in [3]. It is shown that g (1:" (x)) is the Eguchi Hanson metric if F is the solution

which satisfies the Bianchi identity and F is a self-dual solution. This metric
is an example of the well-known Kihler—Einstein metric. It has been known

that g (ﬁ (x)) is a Kéhler metric when F satisfies the Bianchi identity, and we
generalize this result in [1]. We have shown that g (ﬁ (x)) is Hermitian—FEinstein
metric when F is self-dual in [1].

Lemma 5 Assume that F~ € Alts (R) is an alternative matrix, 6 is defined as (3)
and the symmetric matrix g (ﬁ (x)) € M4R is defined as (2). If wF~ x) =
—F- (x) then

det [g (ﬁ* (x))] =1
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Theorem 6 As a result if*I:"_ x) = —F- (x) then
R (F’ (x)) =

In other words, it means that g (ﬁ_ (x)) is a Hermitian—Einstein metric.

As an example of self-dual Ia , instanton solutions are well known, and instanton
solutions on noncommutative manifolds are calculated in [2]. The Hermitian—
Einstein metric corresponding to this instanton solution is calculated in [1].

3 Instantons from Ricci-Flat Metrics (Main Result)

Next, we will think of a converse of the last Theorem. That means “Is the F
instanton if the metric is Ricci flat?”.
First g (F (x)) needs to be a metric. Since the metric matrix is a symmetric

matrix, therefore g (ﬁ (x)) should be a symmetric matrix, in which case a condition
that is “fairly close” to an anti-self-dual condition is derived.

Then we consider “asymptotic to zero”. In conclusion, imposing a Ricci flat
condition on the metric when F (x) satisfies this condition leads to F (x) being
anti-self-dual.

Remark 7 In the last section F was an instanton but this is not assumed in thls
section. Since F is an alternative matrix but not assumed to be an instanton now, Ia
is as follows.

0 Fow Fi@ Fu®
—F(x) 0 Fa3 (x) 124 (x)
—Fi3(x) =F3x) 0 F34 (x)
—Fia(x) —F4(x) —F34(x) 0O

Fx) =

An anti-self-dual matrix 6 is defined as (3) where 7 is a real number.

Definition 8 Let E4 be the 4 x 4 unit matrix and F (x) be a 4 x 4 alternating matrix
valued function. Assume that det [E4 —F (x) 9] # 0, then 4 x 4 matrix g (1:" (x))
is defined as

g (ﬁ (x)) =2 (E4 —F) 9)71 _E,. @)

g (F (x)) should be a symmetric matrix because we assume g (F (x)) is a metric.
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Lemma 9 Assume that g(ﬁ (x)) is a symmetric matrix. If g(ﬁ (x)) =

2 <E4 _F (x)@)il — E4 then,

0 Fia (x) Pf13(x) 1:14(36)
—Fa(x) 0 Fia (x) —Fi3 (x)
—Fi3(x) —Fa(x) 0 F34 (x)
—Fiu(x) Fi3(x) —F4(x) 0

F@)= (5)

This lemma is proved by a direct calculation. This means that if Fi» (x)+ Fa x) =
0 then F is an anti-self-dual matrix.

Now that the sufficient condition is “Ricci flat”, it is necessary to know how the
Ricci curvature is calculated by the gauge field. Before that, Fc (x) is defined for
convenience.

p oo (Fi Bz
Fe = (ﬁm ) Py (x))

=_1<A iF12 (x) —ﬁ13({)+iﬁl4(x)>
2\ Pz +iFia () iF () '

Then determinant of the metric matrix g (1:" (x)) is calculated by the gauge field as
below.

Proposition 10 It is convenient to know det [g (1:“ (x))] for calculating the Ricci

curvature because of (1). Suppose that the Hermitian matrix g (ﬁ (x)) satisfies (4)
and (5).
det [g (ﬁ (x))] — 14 8iyTr [ﬁc (x)] — 322 (Tr [ﬁc (x)]>2 o) (n3)

As is well known, the Ricci curvature is calculated from the determinant of the
metric matrix.

Lemma 11 Suppose that the Hermitian matrix g (ﬁ (x)) satisfies (4) and (5). Then
its Ricci curvature(1) is

R, (ﬁ (x)) — 93 (ﬁlz (x) + Fu (x)) e (nz) .
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Proof

Ry (x) = 050 [1og idet [g (ﬁ (x))]}]
= 2ind;d; Tr [FC (x)] — 80%9; (Tr [ﬁc (x)])2
— 1692 Tr [ﬁc (x)] 3:0; Tt [ﬁc (x)] 11672 (a] Tr [ﬁc (x)]) (ak Tr [ﬁc (x)])
— 32i? Tr [ﬁc (x)] 8:0k Tr [ﬁ@ (x)] +O (;ﬁ)
o

In physics, “the field is almost zero at a far enough distance” is a natural setting.

Definition 12 (Asymptotic to Zero) “f (z1, z2) is asymptotically zero” is defined
as

lim f(z1,z2) =0.

|21 [>+1z21? 00

The following “Maximum principle” is a famous theorem in Harmonic analysis.

Fact 13 (Maximum Principle) If a function f : C* —s C satisfies the following
condition,

Af (z1,22) = 0701 f (21, 22) + 0302 f (21,22) = 0

f is called a harmonic function. Harmonic functions satisfy the following maximum
principle: if K is a nonempty compact subset of U, then f restricted to K attains
its maximum and minimum on the boundary of K. If U is connected, this means
that f cannot have local maxima or minima, other than the exceptional case where
f is constant.

This fact leads to the following corollary.

Corollary 14 Assume that f € C* ((Cz, R)Iff (z1, z2) is asymptotically zero and

00k f (21,22) =0

forany j and k then

fz1,22)=0

Proof This f is a harmonic function on C? because

Af (z1,22) = 3701 f (21, 22) + 0502 f (z1,22) = 0.
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And f is asymptotically zero hence

f(z1,22) =0.

Remark 15 Symmetry of g (ﬁ (x)) means

0 Fio (x) ff13 (x) ﬁy(x)
—Fa(x) 0 Fia (x) —Fi3 (x)
—Fi3(x) —Fa(x) 0 F34 (x)
—Fla(x) Fiz(x) —Fa(x) O

F(x) =

and I:“,-j (x) is asymptotically zero and a;ak (1312 (x) + 1334 (x)) = (0 means

Fia(x) = —F34 (x).

Theorem 16 (Main Theorem) If E; i (x) is asymptotically zero and R ik x)=0

(mod 772) then F is an anti-self-dual matrix. That means

R, (ﬁ (x)) =0 (mod n?), lZ”erlliZI;lzﬁoo F=0
= xF~ (x)=—F (x)
Proof If
R5 (x) =0 (mod 1)
then it means
070k (Fi2 (0 + Faa (1)) =0

and F; i (x) is asymptotically zero hence

*F~(x)=—F (x).
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Abstract From the definition and properties of unital hom-associative algebras,
and the use of the Kaplansky’s construction, we develop algebraic structures called
2-hom-associative bialgebras, 2-hom-bialgebras, and 2-2-hom-bialgebras. Besides,
we define and characterize the hom-associative dialgebras, hom-Leibniz algebra and
hom-left symmetric dialgebras, and discuss their main relevant properties. Explicit
examples are given to illustrate the developed formalism.
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1 Introduction

A theory of 2-associative algebras was developed by J-L. Loday and M. Ronco in
[8], where the operad of 2-associative algebras was also introduced as a Koszul
operad. The notion of infinitesimal bialgebra was given for the first time by S.
Joni and G.-C. Rota in [6]. The basic theory was developed by M. Aguiar in [1]
and in [2]. J-L. Loday in [7] also performed a non-antisymmetric version of Lie
algebras, called Leibniz algebras, whose the bracket satisfies the Leibniz relation.
The Leibniz rule, combined with the antisymmetry property, leads to the Jacobi
identity. Therefore, the Lie algebras are anti-symmetric Leibniz algebras. In the
same work, Loday formulated an associative version of Leibniz algebras, called
diassociative algebras, equipped with two bilinear and associative operations, which
satisfy three axioms, all of them being various forms of the associative law. Recently
[5], R. Felipe built the left-symmetric dialgebras which include, as a particular case,
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the notion of dialgebras.This gave a new impulse to the construction of Leibniz
algebras.

The hom-algebra structures first arose in quasi-deformations of Lie algebras
of vector fields. Discrete modifications of vector fields, via twisted derivations,
provide hom-Lie and quasi-hom-Lie structures, in which the Jacobi condition is
twisted. Other interesting hom-type algebras of classical structures were studied.
They include hom-associative algebras, hom-Lie admissible algebras[11], and,
more generally, G-hom-associative algebras [10], enveloping algebras of hom-
Lie algebras[12], hom-Lie admissible hom-coalgebras and hom-Hopf algebras [9],
hom-alternative algebras, hom-Malcev algebras and hom-Jordan algebras [14], L-
modules, L-comodules and hom-Lie quasi-bialgebras [3], and Laplacian of hom-Lie
quasi-bialgebras [4].

In this paper, we devise a hom-type generalization of 2-associative algebras,
2-bialgebras, 2-associative bialgebras, 2-2-bialgebras and left symmetric dial-
gebras, leading to the concepts of hom-bialgebras, 2-hom-associative algebras,
2-hom-bialgebras, 2-hom- associative bialgebras, 2-2-hom-bialgebras and hom-left
symmetric dialgebras, respectively. The hom-type algebras are usually defined by
twisting the defining axioms of a type of algebras by a certain twisting map. When
the twisting map happens to be the identity map, we get an ordinary algebraic
structure. A hom-counital condition can be given as follows:

ERAKX)=(x®e)A(x) = az(x), Vx e V.

This leads to new definitions of counital hom-coassociative coalgebra and unital
hom-bialgebra structures. A unital infinitesimal hom-bialgebra condition can be
formulated by the relation:

Ao,u:(,u®(x)o(a®A)—|—((x®,u)o(A®(x)—(x2®(x.

This unital infinitesimal twisted condition permits to define the unital infinitesimal
hom-bialgebra structure. Then, we deal with the concepts of 2-hom-associative
bialgebras, 2-hom-bialgebras and 2-2-hom bialgebras. Besides, we provide a hom-
algebra version of Kaplansky’s construction of hom-bialgebras in order to build
unital analogs of 2-hom-associative bialgebras, 2-hom-bialgebras and 2-2-hom-
bialgebras. Finally, we define the notion of hom-left symmetric dialgebras gener-
alizing the classical left symmetric dialgebras, and discuss their relevant properties.

The paper is organized as follows. In Sect.2, we give the definitions of
hom-bialgebra, 2-hom-associative algebra, 2-hom-associative bialgebra, 2-hom-
bialgebra, 2-2-hom-bialgebra, and derive their main properties. In Sect.3, we
provide a hom-algebra version of Kaplansky’s constructions of hom-bialgebras
from a unital hom-associative algebra. We show that these constructions induce
a large class of 2-hom-bialgebras, 2-hom-associative bialgebras, and 2-2-hom-
bialgebras. In Sect. 4, we define and characterize the hom-associative dialgebras,
hom-Leibniz algebra and hom-left symmetric dialgebras, and discussed their main
relevant properties. Section 5 is devoted to concluding remarks.
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2 Definitions of Unital 2-Hom-Associative Bialgebras

2.1 Unital Hom-Bialgebra and Unital Infinitesimal
Hom-Bialgebra

Definition 1 ([10]) A hom-associative algebra is a triple (V, u, @) consisting of a
linear space V, a bilinearmap ¢ : V x V — V and a homomorphismea : V — V
satisfying the multiplicativity and hom-associativity properties, i.e.

aou:uoa@’z::uo((x@(x), @))
Ho(l@®@u)=po(u®a, 2

respectively.

Definition 2 ([15]) A unital hom-associative algebra is given by a quadruple
(A, u, a, e), where e € A, such that:

¢ (A, u, o) is a hom-associative algebra,
o u(x,e) = ple,x) =a(x),Vx € A,
e ale) =e.

Example Let A be an n-dimensional vector space, (n = 2, 3), over a field K with
a basis {e;}i=1....n. The following product p and linear map « on .4 define a unital
hom-associative algebra in each of the following cases:

o uleg ®ey) = er, ulex ®ex) = ez, uler ®e2) = ulea ®ey) = 0,a(er) =
e and a(ep) = 0.

* ule1®ep) =er, ulex2®ez) =ep, uleg @ex) = pulex ®e)) = —ez, ale)) =
er and a(er) = —ep.

o u(e1®ey) =eq, u(e2®e) = ez, u(e1®e3) = —e3, u(e3ey) = —e3, u(e3®
e3) = ey, a(e;) = e and a(e3) = —e3.

Definition 3 ([13]) A hom-coassociative coalgebra is a triple (V, A, ) consisting
of alinear space V, alinearmap A : V — V®YV, and a homomorphisme : V — V
satisfying

a® oA =Aoa (comultiplicativity) 3)

(¢ ® A)o A = (A ® @) o A (hom-coassociativity). @)
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Example Let A be a 3-dimensional vector space over K with a basis
{e1, €2, e3}. The following coproduct A and linear map « on A define a hom-
coassociative coalgebra:

Ale1) =e1 ®e1, Aler) =ex® ey,

A(e = e1®ez3+e3Rer) +
3 \/ 1 3 3 1 \/

a(er) = ep,a(er) = 0and a(e3) = e3.

s (—e1 ®e +e3®e3),

Definition 4 A counital hom-coassociative coalgebra is defined as a quadruple
(V, A, &, @) such that the triple (V, A, «) is a hom-coassociative coalgebra satis-
fying the hom-counital condition

(EQRWAMX)=(x®e)A(x) = az(x),‘v’x eV. (&)

Example Let A be a 3-dimensional vector space over K with a basis
{e1, €2, e3}. The following coproduct A and linear map « on .4 define a counital
hom- coassociative coalgebra:

Ale)) =e1 Qe1, Aler) =er® e,

A(e3) = f\;l(el®e3 +€3®€1)+\}

a(e;) =ep,a(ez) =0, a(e3) = e3,

s (—e1 ®e +e3®e3),

1 5
e€(e1) = 1,e(ex) = 1 and €(e3) = +2\/ .
Definition 5 A unital hom-bialgebrais a system (V, u, n, A, &, @), where u : V®
V — V(multiplication), n :  — V(unit), A : V — V ® V (comultiplication),
e :V — K (counit), and « : V — V (endomorphism) are linear maps satisfying
the following properties:

(1) the quadruple (V, u, n, @) is a unital hom-associative algebra;
(2) the quadruple (V, A, ¢, @) is a counital hom-coassociative coalgebra;
(3) the compatibility condition is expressed by the following three identities:

() A(nx®y) =Ax)e A(y),Vx,y eV,
b) a® 0 A=Aoa,

(©) e(ulx ®y)) =ex)e(y),

(d) eoa(x) =e¢e(x).
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Example Let A be a n-dimensional vector space, (n = 2, 3), over a field IC with a
basis {e;}i=1....n. The following product u, coproduct A and linear maps «, € on A
define a unital hom-bialgebra:

e w1 ®er) =eq, ulea2®ez) =0, uler @ez) = ulea Ver) = ey,
aer) = e, alez) = e,
Ae1) =e1 Qey, Alez) =0ex ® e,

e(e1) = 1 and e(ea) = é(e #0).

e ule1®er) =ep, ule1 @e3) = ulezer) =e3, uler @ er) = ey,
pu(es ®es) = e + e3,
ale;) = ey, aler) =0, a(e3) = e3,
Ale1) =e1 Qel, Aler) =ex R e,

V5-1 1
A(e3) = 25 e1®e1+\/5(61®e3+e3®61—263®e3),
— /5
ele1) =1, e(ep) = 1l and g(e3) = 2\/ .

It is worth noticing that the conditions (3.a) and (3.b) of Definition 5 do not
lead to define a unital hom-bialgebra structure in (A, ) given by u(e; ® e;) =
e1, plea®ez) = ey, pler ®e2) = ulea ®ep) = —ez, aler) = e, aer) = —ea.

Definition 6 A unital infinitesimal hom-bialgebra (V, u, n, A, ¢, «) is a KC-vector
space V equipped with a unital hom-associative multiplication @ and a counital
hom-coassociative comultiplication A, which are related by the unital hom-
infinitesimal relation

Aopu=uU®a)o(@@A)+ (@Qu) o(AQa)—a’Qa. (6)

Note that the unital hom-bialgebras, given in the previous example, are not unital
infinitesimal hom-bialgebras. The presence of the term o> @ in Eq. (6) complicates
the construction of non trivial examples of unital infinitesimal hom-bialgebras,
unital 2-hom-associative bialgebras and unital 2-2-hom-bialgebras. Finding such
more relevant examples is a task in the core of our current concerns. It deserves
further works, which will complete and enrich the present study.

Example Let A be a 2-dimensional vector space over K with a basis {ef, e2}.
The next product u, coproduct A and linear maps «, ¢ on A define a unital hom-
bialgebra:

uler @er) =e1, ulea @er) = ez, (e @ez) = ulea ®er) =0,
a(e;) = ey, a(ez) =0,

Aler) =e1 ®e1, Ale2) =0,¢e(e1) = 1and e(e2) = 0.
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2.2 2-Hom-Associative Algebra

The 2-hom-associative algebras generalize the 2-associative algebras in the sense
where the associativity laws are twisted.

Definition 7 A 2-hom-associative algebra over K is a vector space equipped with
two hom-associative structures. A 2-hom-associative algebra is said to be unital if
there is a unit e, which is a unit for both operations.

Example Let A be a 3-dimensional vector space over K with a basis
{e1, €2, e2}. The following multiplications w1, up and linear map « on A define
a unital 2- hom-associative algebra:

niler ®er) =er, pni(es @es) =e3, niler ®e3z) = pi(es @ er) = e3,
u2(e1 ® e1) =eq, na(ez3 ®e3) =e1 +e3, uale] ®e3) = ua(ez ® er) = es,

u2(e2 ® e2) = ez and a(er) = ey, aez) =0, a(e3) = e3.

Definition 8 Let (V, u1, u2, ) and (V', u}, 5, @') be two 2-hom-associative
algebras. A liner map f : V — V’is a morphism of 2-hom-associative algebras if

pio(f®f)=fou, wro(f®f)=fourand foa=ad"of.

In particular, the 2-hom-associative algebras (V, 11, u2, @) and (V', u}, u5, o) are
isomorphic if f is a bijective linear map such that

pi=f"opio(f® ), pa=s"ouro(f®fHanda=f""od o f.
Theorem 9 Let (V, w1, u2) be a 2-associative algebra, and o« : V. — V be an
associative algebra endomorphism. Then, Vo, = (V,a o (11, @ o U2, ) is a 2-hom-
associative algebra. Moreover, suppose that (V', /L/l, /L’z) is another 2-associative

algebraand o' : V' — V' an associative algebra endomorphism. If f : V — V' is
an associative algebra morphism that satisfies f oa = a' o f, then

fi(Viaop,aopuz,a) = (V, aou),aopus,a)

is a morphism of 2-hom-associative algebra.

2.3 Unital 2-Hom-Associative Bialgebra

We give the notion of unital 2-hom-associative bialgebras generalizing unital 2-
associative bialgebras.
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Definition 10 A unital 2-hom-associative bialgebra (V, p1, w2, n, A, e, ) is a
vector space V equipped with two multiplications @ and w2, a unit 1, a comul-
tiplication A, a counit €, and a linear map « : V — V such that

e (V,u1,n, A, &, @) is a unital hom-bialgebra, and
e (V,u2,n, A, &, @) is a unital infinitesimal hom-bialgebra.

Example Let A be a 2-dimensional vector space over K with a basis {ej, e2}. The
products i1, w2, the coproduct A and the linear maps « and ¢ given by

nile1 ®e) =er, nilea ®ep) =ep, pni(er @ ex) = pui(e2 ®ey) =0,
u2(e1 @ e1) =eq, na(e2 ®ez) =0, ua(e1 ® e2) = p2(e2 ®ey) =0,
Ae1) =e1 ®eq, Aler) =0,

a(e;) =ep,alez) =0,e(e1) =1,e(e2) =0

define a unital 2-hom-associative bialgebra structure on A.

Definition 11 Let (V, ju1, 2,1, A, e, o) and (V', ), s, n', A’ ', ) be two
unital 2-associative hom-bialgebras. A linear map f : V — V’ is a morphism
of unital 2-associative hom-bialgebras if:

s wio(f®f)=foul,
s wyo(f®f)=fonu,
s fon=n,

* (f®floA=Aof,

e ¢/=¢cof, foa=dof.

2.4 Unital 2-Hom-Bialgebra

Definition 12 A unital 2-hom-bialgebra (V, w1, u2,n, Ay, Az, €1, 82, ) is a
vector space V equipped with two multiplications w1, 2, the unit n, two
comultiplications A, Ay, two counits €1, &2, and a linear map ¢ : V — V
such that: (V, u1,n, A1, e1, ), (V,u2,n, Az, e2,a), (V,u1,n, Az, ez,a), and
(V, u2, n, A1, €1, ) are unital hom-bialgebras.

Example Let A be a 2-dimensional vector space over K with a basis {ej, e2}. The
products i1, U2, the coproducts A = A; = Aj and the linear maps @ and ¢ = ¢1 =
&y given by

puiler @er) =ey, nilez @ er) = e, uile; @ ex) = pi(e2 ®ey) =0,

p2(er @er) =e1, ua(e2 @ e2) =0, u2(e) ®ez) = ua(e2 ®e) =0,

Ale1) =e1 ®ey, Ae2) =0,

a(e;) =ep,alez) =0,e(e1) =1,e(e2) =0
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define a unital 2-hom-bialgebra structure on 4.
Example Let A be a 3-dimensional vector space over K with a basis
{e1, e2, e3}. The products © = w1 = W2, the coproducts Ay, A and the linear
maps « and €1, & given by

pler ®er) =ei, nlea2@ez) =er + e,

pi(er ® e2) = pu(ex ®er) = e, ez @ e3) = e,

Ag(er) = Az(e1) = e1 Qer, Ar(ez) = Az(e3) = e3 Qe3,

V5-1 1
Aq(er) = 25 (€1®€2+€2®€1)+\/5(_€1®€1+€2®€2),

V5+1 1
25 (€1®ez+ez®el)+\/

aer) = ey, alez) = ez, alez) =0,

As(er) = 5(61 Qe —er®e),

ei1(er) = e2(e1) =1, e1(e3) = e2(e3) =1,

1 5 1—4/5
e1(ez) = +2J ,e2(e2) = 2\/

define a unital 2-hom-bialgebra structure on A.

The unital 2-hom-bialgebra is called of type (1-1), (resp. of type (2-2)), if the
two multiplications and the two comultiplications are identical, (resp. distinct).
The unital 2-hom-bialgebra is called of type (1-2), (resp. of type (2-1)), if the
two multiplications are identical, (resp. distinct), and the two comultiplications are
distinct, (resp. identical).

Proposition 13 Let (V, u, n, A, &, ) be a unital hom-bialgebra. Then, we have
that (V, u, u,n, A, A, e, ) and (V, u, u°?,n, A, AP e, o) are unital 2-hom-
bialgebras, where u°? (x @ y) = u(y®x) and A°P(x) = toA(x), witht(x®y) =
y®x. The first unital 2-hom-bialgebra is of type (1-1), and the second one is of type
(2-2).

Proof 1t comes from a direct computation. O

2.5 Unital 2-2-Hom-Bialgebra

Definition 14 A unital 2-2-hom-bialgebra (V, w1, u2, n, A1, Az, €1,82, @) is a
vector space V equipped with two multiplications p1, (2, two comultiplications
A1, Ap, two counits €1, &2, one unit 77, and a linear map « : V — V such that

D (V,pm1,n, A1, €1, ) and (V, wa, n, Az, &2, o) are unital hom-bialgebras,
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2) (V,u1,n,As, &2, ) and (V, w2, n, A1, €1, ) are unital infinitesimal hom-
bialgebras.

Example Let A be a 2-dimensional vector space over K with a basis {ej, e2}. The
products i1, u2, the coproducts A = A; = Aj and the linear maps @ and ¢ = 1 =
&y given by

niler, e1) =e1, pi(ez, e2) = ez, ni(er, e2) = pi(ez, er) =0,
ua(er, e1) = ey, palez,e2) =0, pa(er, e2) = pa(ez, e1) =0,
Ae1) =e1 ®ey, Aer) =0,

a(e;) =ep,alez) =0,e(e1) =1,8(e2) =0

define a unital 2-2-hom-bialgebra structure on A.

A unital 2-2-hom-bialgebra is called of type (1-1), (resp. of type (2-2)), if the
two multiplications and the two comultiplications are identical, (resp. distinct).
A unital 2-2-hom-bialgebra is called of type (1-2), (resp. of type (2-1)), if the
two multiplications are identical, (resp. distinct), and the two comultiplications are
distinct, (resp. identical).

The definition of unital 2-2-hom-bialgebra morphism is similar to that of unital
2-hom-bialgebra morphism.

3 Kaplansky’s Construction of Hom-Bialgebras

In this section, we give a hom-algebra version of Kaplansky’s construction of
hom-bialgebras in order to build unital 2-associative hom-bialgebras, unital 2-hom-
bialgebras, and unital 2-2-hom-bialgebras. The following statement is in order.

Proposition 15 Let A = (V, u, n, @) be a unital hom-associative algebra, where
ez := n(l) is the unit. Let V be the vector space spanned by V and ey, vV =
span(V, e1). Then, K1(A) = (\7, Wi, n1, A1, €1, 1) is a unital hom-bialgebra
where the multiplication (11 is defined by:

pi(er ®x) = pui(x @ep) =arj(x) Vx € V,
mix®y)=px®y) Vx,y eV,
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the unit 01 is given by n1 (1) = e1, while the comultiplication A1, the counit €1, and
the linear map o are defined by, Vx € V:

Ar(er) =e1 ® ey
Ax) =a(x)®e; +e1 @alx) —ex ® a(x)
e1(en) =1,61(x) =0
aj(er) = ey, a(x) = a(x),
respectively.

Proof

o (V, u, n, @) is a unital hom-associative algebra. We have: Vx € V,

1 (a1 (x), pier, e1)) = pi(a(x), e2) = pu(e(x), e2) = @*(x), and

(i (x, e2), a1 (en) = wi(ie(x, e2), e1) = wi(a(x), er) = a(x).

Then, ju1 (a1 (x), pi(e2, e1)) = 1 (1 (x, €2), ai(er)) = (x).
By permutigg x,e1,ey, we find the same result. Therefore,

Ve,y,z €V, piler(x), ni(y,2) = wi(uilx,y), @i(z)). Hence,
(V, n1, 1, 1) is a unital hom-associative algebra.
¢ We have

(1 ®ADNoAI(x) = (01 @ A(a1(x) el +e1 @ai(x) —ex ® ay(x))
= Ap(@1(x) ®er + Aj(er) ® @i (x) + Aj(er) ® af (x)
= (A1 ®ap) o Ar(x),

and

(E1®@a1) o Aj(x) = 1 @ (x) = aj(x)
(@1 ®¢1) 0 Al(x) =af(x) ® 1 = af(x).

Then, (61 ®a1) o A1(x) = (@1 ®e1) o Ar(x) = oz% (x). Hence, we can conclude
that (17, A1, €1, 1) is a counital hom-coassociative coalgebra.
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A1) @ AL(y) = u1(@(x), a(y) ® e + €1 ® 1 (@), a(y)
@ uiE),a() = oad® x @) ®er+e1 @ uoa® (x®y)
o ®@uoaf X ®y) =a (i ®y) el +e @ar(uix ® )
—a®@a(rix®y) = Ai1(ni(x ®y));
Al(a1(x) = a3 (x) ® e) + €1 @ af (x) — 2 ®@ af (x)
—o® @) ®er +e1 @1 (x) — 2 @ (1) = ¥ 0 Ay(x).

Then, A is a homomorphism of the hom-associative algebras (V, u, @) and (V&
V,e,aa ® ).

Therefore, we can conclude that Ky (A) = (\7, 1, N1, A1, €1, 1) is a unital hom-
bialgebra. O

Proposition 16 Let A = (V, i, n, a) be a unital hom-associative algebra, where
ez 1= n(l) is the unit. Let V be the vector space spanned by V and ey, V =
span(V, e1). Ka(A) := (V, uz, n2, A2, €2, @2) is a unital hom-bialgebra, where
the multiplication iy is defined by:

paler ®x) = pa(x ®er) = ax(x), Vx € V,

WmEx®Y)=ux®y), Vx,yeV,

the unit 0y is given by n2(1) = e, while the comultiplication A,, the counit &3, and
the linear map oy are defined as follows:

Az(er) =e1 ®er,

Arx(e) =e2®e1 +e1 ®ex —ex® e,

Ar(x) = (e1 —e2) @ u(x) +a(x) ® (e1 —e2) Vx € V\{er},
e(e1) =1,e0(x) =0 Vx eV,

az(ey) =ep,ax(x) = a(x), Vx € V,

respectively.
Proof We have:

<

Az (a2(x)) = (e1 — €2) ® a3 (x) + a3 (x) ® (e — €2)

®? ®?
=ay ((e1 —e2) ®@aa(x) + a2(x) ® (€1 —€2)) = @y (Az(x)).



108 M. N. Hounkonnou and G. D. Houndédji

<&
Az (x) @ Ar(y) = ual(er — e2); (e1 — e2)] ® palaa(x); aa(y)]

+ nal(er — e2); a2(y)1 ® polon(x); (er — ez)]

+ pu2lon(x); (e1 — e2)1 @ ual(er — e2); a2 (y)]

+ ma(az(x); az(y)) ® uz[(er — e2); (e1 —e2)]

= (e1 — e2) @ a2 (p2(x, y)) + aa(u2(x, y)) ® (e1 — e2)
= Ax(na(x, y)).

<&

(@®A)oAx)=e®el®aI(x) —e Qer @as(x) —er @ e @ a3 (x)
+ter®e®u3(x)Fe@a(x) ®el —el ®az(x) @er —er ® a3 (x) ® e
—l—a%(x) Qe el — a%(x) RerRel — a%(x) Qe Ve —l—a%(x) ®ex ®en

= (A2 @ a2) 0 A (x).

¢ The condition (5) is easily established.

Hence, Ky (A) = (\7, W2, m2, Ag, €2, an) is a unital hom-bialgebra. O

3.1 Construction of Unital 2-Hom-Associative Bialgebras

Here, we construct (n + 1)-dimensional unital 2-hom-associative bialgebras from
n-dimensional unital hom-associative algebras.

Lemma 17 Let A = (V, u, n, o) be a unital hom-associative algebra. The unital
hom-bialgebra Ki{(A) = (V,u1,n1, A1, &1, Q1) is a unital infinitesimal hom-
bialgebra.

Proof We know that KC; (A) is a unital hom-bialgebra. Then, we only have to show
the unital hom-infinitesimal condition. For all x, y € V, we have:

U)o (@®A)(X®Y)+ (@@ o(ARA)(x®Y) —a*(x) ®a(y)
= p(ax),a(y)) @er +e1 @ ulalx),a(y)) — e @ u(a(x), a(y))
=a(u(x,y) e +e1 @a(ulx,y) —e @ a(ulx,y)) = A(u(x, y)).

Hence, K1 (A) is a unital infinitesimal hom-bialgebra. O
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Let us point out the following:

(i) Let A = (V, u,n,a) be a unital hom-associative algebra. The unital hom-
bialgebra K (A) is not a unital infinitesimal hom-bialgebra since the unital
hom-infinitesimal condition is not satisfied.

(i) Let Ay = (V, u1, u2, n, ) be a unital 2-hom-associative algebra. Then, we
have the same hom-coalgebra structure in the associated hom-bialgebra, (or
unital infinitesimal hom-bialgebra), related to unital hom-associative algebras

(V, 1, m, ) and (V, u2, n, ).

Proposition 18 Let A = (V,u,n,a) and A\ = (V,u',n,a) be two unital
hom-associative algebras over an n-dimensional vector space V. Let K{(A) =
V, 1, n. Arer, ar) and K1 (A) = (V, Wy, 01, At, €1, ap) be the above defined
associated hom-bialgebras. Then, we have that B; = (V, U1, V“l’ ni, At, €1, 1) is
an (n + 1)-dimensional unital 2-hom-associative bialgebra over the vector space
V= span(V, e1), where n1(1) = ey.

Proof From Lemma 17, K (A’) is a unital infinitesimal hom-bialgebra, and K} (A)
is a unital hom-bialgebra, and hence B = (V, ui, M’l, N1, A1, €1, 1) is a unital
2-hom-associative bialgebra. O

Remark 19 Let (V, u, n, A, e, ) be aunital hom-bialgebra. If the comultiplication
satisfies the unital hom-infinitesimal condition, then (V, u, i, n, A, €, ) is a unital
2-associative-hom-bialgebra.

3.2 Construction of Unital 2-Hom Bialgebras

Proposition 20 Let V be an n-dimensional vector space over K. Let A1 =
(V,u1,n1,a) and Ay = (V, ua, n2, @) be two unital hom-associative algebras,
and K;j(A;) = (\7, i, n, Aj,&,a),i, j = 1,2, the above defined associated hom-
bialgebras. Then,

Bi = (V, i1, fia, 1, A1, Az, &, &) and By = (V, fiy, fia, n, A{”, Ay, 6, @)

are two (n + 1)-dimensional unital 2-hom bialgebras on V= span(V, e1), where
n)=e

Proof From Proposition 13, we establish, by a straightforward computation, that
B and ; are unital 2-hom-bialgebras. O

The next corollary gives a unital 2-2-hom-bialgebra from two unital hom-
associative algebras.

Corollary 21 Under the above conditions, B1 = (‘:/, 1, (2, n, A1, Ao, e,Q) isan
(n + 1)-dimensional unital 2-2-hom bialgebra on V = span(V, e1), where n(1) =
el.
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4 Hom-Left Symmetric Dialgebras

4.1 Hom-Associative Dialgebra

Definition 22 We call differential hom-associative algebra the quadruple
(A, -, a, d) such that (A, -, @) is a hom-associative algebra, d(a - b) =da -b+a -
db,Ya,be A, d*=0,andd oo = od.

Let us immediately emphasize that this definition has a quite strong condition.
Indeed, using the Leibniz rule twice and noting the nilpotency of d leads to
2d(a)d(b) = 0, for all a, b € A. If the ground field has characteristic different
from 2, this puts a restriction on the image of d.

Proposition 23 Let (A, -, a, d) be a differential hom-associative algebra. Consider
the products - and - on A given by x 4y = a(x)da(y) and x = y = a(x)da(y).
Then, (A, -, -, @) is a hom-associative dialgebra.

Proof By hypothesis, (A, -, o, d) is a differential hom-associative algebra. Hence
we have:

© a() Ay H2) = al) 4 @@)da2) = & @)da(e(y)da(2)
= & ()da?(y)da*(z) = o* (0)d[a(da(y)e?(2)] = o (x) 4 alda(y)a(2)]
=a(x) 4 ([da(y)a(z)) = alx) 4 (yF 2);
© (Fy) Ha@ = ([@a@ay) Ha@) = do*(x)e?(y)da*(2)
=ax) - (a(y)da(z)) = alx) = (y 4 2);
© (FY)Fa@ = (@da@a®) Fa@) = dde* (e’ (y)]e?(2)
= d(e*(x)da? (y)a*(2) = (@@)da(y) - a(z) = (x 4y) - a2).

Therefore, (A, 1, -, @) is a hom-associative dialgebra. O

Theorem 24 Let (D, 1, ) be an associative dialgebra, and « : D — D be an
associative dialgebra endomorphism. Then D, = (D, "y, ¢, @), Where 44= ao —
and by= ao -, is a hom-associative dialgebra. Moreover, suppose that (D', <, ")
is another associative dialgebra, and o' : D' — D’ is an associative dialgebra
endomorphism. If f : D — D’ is an associative dialgebra morphism that satisfies
foa=d o f, then f: Dy — D‘;, is a morphism of hom-associative dialgebras.

Proof We have:

a(x) Fo (¥ o 2) = ala(x) 4 (y "o 2)) = a(alx) daly 12)

x4 (yHd)) =?(x 4y F2) =alax) 4 (@(y F 2)))
=a(a(x) 4 e 2) =ax) d¢ (¥ Fa 2);
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(Ao ) de @) =a*(xFy) 42 = (x F (y H2))
=ax) o (y 4o 2

(Fe M Fea@ =d*(xF Y F2) =a*((x 4y) F2)
=(x ¢ y) Fo a(2);

fo-de= fo(ao ) =(foa)o—d= (0" o flod=a o (fo )
=d o(Ho(f®f)=(@oT)o(f®f)=H, o(f ®f),
and we also obtain that fo Fo=F., o(f ® f).

Hence, we can conclude that Dy is a hom-associative dialgebra, and f a morphism
of hom-associative dialgebras. O

4.2 Hom-Leibniz Algebra

Definition 25 A hom-Leibniz algebra is a triple (L, [., .] &) consisting of a linear
space L, a bilinear product [.,.] : L x L — L, and a homomorphisme« : L — L
satisfying

[[x, y], ()] = [[x, z], «(M] + [a(x), [y, z]]. (N

Proposition 26 Let (A, -, o, d) be a differential hom-associative algebra. Define
the bracket on A by

[x, y] == a(x) -da(y) —da(y) - a(x).

Then, the vector space A equipped with this bracket is a hom-Leibniz algebra.
Proof By direct computation, we obtain:

o [a(x), [y, zll = a(x)da(y)da(z) — da(y)da(z)a(x) — a(x)da(z)da(y)
+da(z)da(y)a(x);

e [Ix, y], a(2)] = a(x)da(y)da(z) — da(a(x)da(y) — da(y)a(x)da(z)
+da(z)da(y)a(x);

e [Ix, zl, ()] = a(x)da(z)da(y) — da(y)a(x)da(z) — da(z)a(x)da(y)
+da(y)da(z)a(x).
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Then, [ (x), [y, z]] = [[x, ¥], ¢(z)] — [[x, z], «(y)]. Hence, the pair (A, [.,.]) isa

hom-Leibniz algebra. O
Theorem 27 Let (L,[.,.]) be a Leibniz algebra, and « : L — L be a Leibniz
algebra endomorphism. Then, Ly = (L, [.,.]o,®) is a hom-Leibniz algebra.

Moreover, suppose that (L', [.,.]) is another Leibniz algebra, and o’ : L' — L'
a Leibniz algebra endomorphism. If f : L — L' is a Leibniz algebra morphism
satisfying f oo = o o f, then Ly — L., is a morphism of Leibniz algebras.

Proof Since

o [lx, yles 2(@]e = a(a(x, yD), a()]) = e ([[x, y], z])
= a&?([[x, zl, y1 + [x, [y, 21D = [[x, 2]a, ¢ ()]a + [2(x), [V, Z]alas
and

* fol,da=folaol,.D=(foa)ol,.]J=("0ofHo[,.J=a"o(fol.,.]
=do(l,Jo(f@MN=@ol,1No(f®N)=L[,I,0(f®))

Therefore, we have the results. O
Theorem 28 Let (D, H,, @) be a hom-associative dialgebra. Consider a linear
map [.,.]: D ® D — D defined, for x,y € D, by

[x,y]=xdy—xFy.

Then, (D, [., .], @) is a hom-Leibniz algebra.

Proof (D, ,F, @) is a hom-associative dialgebra, then, we have:

a()FekFx)=0F2)Fal) =(d2Fab);
Az Adaly) =alx) 4z Ay)=alx) Ak y).

Therefore, by direct computation, we obtain the identity (7). O

4.3 Hom-Left Symmetric Dialgebras

Now, we generalize the notion of left symmetric dialgebra introduced by R. Felipe,
twisting the identities by a linear map, as well as some theorems established in [5].

Definition 29 Let S be a vector space over a field K. Let us assume that S is
equipped with two bilinear products 4,F: S ® § — S, and a homomorphism
a : § — § satisfying the identities:
ax) 4(y 42) =alx) 4y F2), ®)
(xFEyFa =0y Fa), €)
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ax)d1yd)—xdy) da@=a(y)F(xdz) — (y Fx)da(z), (10)
ax)FOF))—GFYYFa@=a(y)F&xFz) —OFx)Fa). (11)

Then, we say that S is a hom-left symmetric dialgebra (HLSDA), or left disymmetric
hom-algebra.

Example Any hom-associative algebra (A, -, @) is a hom-left symmetric dialgebra
with F=—= -.

The definition of a hom-left symmetric dialgebra morphism is similar to that of a
hom-associative dialgebra morphism. Note also that we can construct a hom-left
symmetric dialgebra by the composition method from a classical left-symmetric
dialgebra (D, -, F) and an algebra endomorphism ¢, by considering (D, -y, Fo
,a), where x 4y y = a(x 4 y)and x Fy y = a(x F y). Let us denote by HS
the set of all hom-left symmetric dialgebras, and HD the set of all hom-associative
dialgebras.

Proposition 30 Any hom-associative dialgebra is a hom-left symmetric dialgebra.
Then, HD C HS.

Proof Let (D, ,, @) be a hom-associative dialgebra. Then, Egs. (8) and (9) are
satisfied. Since the products 4 and - are associative, then Eqgs. (10) and (11) are
established. |

Remark 31 Any hom-left symmetric algebra is a hom-left symmetric dialgebra
in which F=- . A non associative hom-left symmetric algebra is not a hom-left
symmetric dialgebra. Hence, we have HD # HS.

Proposition 32 A hom-left symmetric dialgebra S is a hom-associative dialgebra
if and only if both products of S are hom-associative.

Proof Let (S, , F, o) be a hom-left symmetric dialgebra. If S is a hom-associative
dialgebra, then the products 4 and I defined on S are hom-associative. Conversely,
suppose that the products 4 and F are hom-associative. Since S has a hom-left
symmetric dialgebra structure, then, from Eq. (10), S is a hom-associative dialgebra.

O

Theorem 33 Let (S,F, -, @) be a hom-left symmetric dialgebra. Then, the com-
mutator given by [x, y] = x 4 y—y b x defines a structure of hom-Leibniz algebra
on S. In other words, (S, [., .], &) is a hom-Leibniz algebra.

Proof We have:

e [[x,yla@]l=GxAHy) da@@) —a@FxAy) - Fx)dalz)
+a(z) F (y Fx);

e [[x,zl,a(W]l=G&H2) da(y) —a(y) F (x H42) + (2 Fx) da(y)
—a(y) F (zFx);

e [a),[y,zll=ax) 4 (yH42) — (@ 42 Falkx) —alx) Az y)
+(zZFy)Fa).
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From Egs. (10) and (11), we obtain the condition (7). |

Definition 34 Let (L, [.,.],®) be a hom-Leibniz algebra. The pair of bilinear
mappings 1, V2 : L x L — L is called an affine hom-Leibniz structure obeying
the relations:

Va(x,y) = vi(y,x) =[x, y], (12)
vVi(Vi(x, y), @(z)) = vi(valx, ), a(z)); a3)
Va(a(x), va(y, 2)) = va(a(x), vi(y, 2))
Va(a(x), va(y; 2)) — vi(@(y), va(x, 2)) = va(lx, y], a(2)) (14)
and
vi(ax), vi(y,2)) — vi(ae(y), vi(x, 2)) = vi(lx, y], @(2) (15)

forall x,y,z € L.

Theorem 35 Let (L, [.,.], @) be a hom-Leibniz algebra, and let 1, V2 define an
affine hom-Leibniz structure. Then, L is a hom-left symmetric dialgebra with - and
— defined as

xEy=vix,y); x4y =valx,y). (16)

Proof (13) implies (8) and (9). Then, (10) and (11) follow from (14) and (15),
respectively. O

5 Concluding Remarks

In this work, from the hom-counital and unital infinitesimal hom-bialgebra condi-
tions, and following Kaplansky’s construction based on unital hom-associative alge-
bras, we have built unital 2-hom-associative bialgebras, unital 2-hom-bialgebras,
and unital 2-2-hom-bialgebras, and derived their main relevant properties. Finally,
we have defined and characterized the hom-associative dialgebras, hom-Leibniz
algebra and hom-left symmetric dialgebras generalizing the ordinary left symmetric
dialgebras. The study of relevant properties of unital 2-hom-associative bialgebras,
unital 2-hom-bialgebras, and unital 2-2-hom-bialgebras will be in the core of our
forthcoming works.



2-Hom-Associative Bialgebras and Hom-Left Symmetric Dialgebras 115

Acknowledgments This work is supported by TWAS Research Grant RGA No.17-542
RG/MATHS/AF/AC_G-FR3240300147. The ICMPA—UNESCO Chair is in partnership with the
Association pour la Promotion Scientifique de 1’ Afrique (APSA), France, and Daniel Iagolnitzer
Foundation (DIF), France, supporting the development of mathematical physics in Africa.

References

10.

11.

12.

13.

14.

15.

. Aguiar, M.: Infinitesimal Hopf Algebras, New Trends in Hopf Algebra Theory (La Falda,

1999). Contemporary Mathematics, vol. 267, pp. 1-29. American Mathematical Society,
Providence (2000). MR 1800704

. Aguiar, M.: On the associative analog of Lie bialgebras. J. Algebra 244(2), 492-532 (2001).

MR 1859038

. Bakayoko, I.: L-modules, L-comodules and Hom-Lie quasi-bialgebras. Afr. Diaspora J. Math.

17(1), 49-64 (2014). MR 3270012

. Bakayoko, I.: Laplacian of Hom-Lie quasi-bialgebras. Int. J. Algebra 8(15), 713-727 (2014)
. Felipe, R.: A brief foundation of the left-symmetric dialgebras. Comunicaciones del CIMAT

No I-11-02/18-03-2011 (MB/CIMAT). https://www.cimat.mx/reportes/enlinea/I- 11-02.pdf

. Joni, S.A., Rota, G.-C.: Coalgebras and bialgebras in combinatorics. Stud. Appl. Math. 61(2),

93-139 (1979). MR 544721

. Loday, J.-L.: Une version non commutative des algébres de Lie: les algébres de Leibniz.

Enseign. Math. 39(3—4), 269-293 (1993). MR 1252069

. Loday, J.-L., Ronco, M.: On the structure of cofree Hopf algebras. J. Reine Angew. Math. 592,

123-155 (2006). MR 2222732

. Makhlouf, A., Silvestrov, S.: Hom-lie admissible hom-coalgebras and hom-hopf algebras. In:

Silvestrov, S., Paal, E., Abramov, V., Tolin, A. (eds.) Generalized Lie Theory in Mathematics,
Physics and Beyond (pp. 189-206). Springer, Berlin (2009)

Makhlouf, A., Silvestrov, S.: Notes on 1-parameter formal deformations of Hom-associative
and Hom-Lie algebras. Forum Math. 22(4), 715-739 (2010). MR 2661446

Makhlouf, A., Silvestrov, S.D.: Hom-algebra structures. J. Gen. Lie Theory Appl. 2(2), 51-64
(2008). MR 2399415

Yau, D.: Enveloping algebras of Hom-Lie algebras. J. Gen. Lie Theory Appl. 2(2), 95-108
(2008). MR 2399418

Yau, D.: Hom-bialgebras and comodule Hom-algebras. Int. Electron. J. Algebra 8, 45-64
(2010). MR 2660540

Yau, D.: Hom-maltsev, hom-alternative, and hom-Jordan algebras. Int. Electron. J. Algebra 11,
177-217 (2012). MR 2876894

Zahari, A., Makhlouf, A.: Structure and classification of hom-associative algebras (2019).
arXiv math.RA:1906.04969


https://www.cimat.mx/reportes/enlinea/I-11-02.pdf

Laguerre-Gaussian Wave Propagation )
in Parabolic Media e

S. Cruz y Cruz, Z. Gress, P. Jiménez-Macias, and O. Rosas-Ortiz

Abstract We report a new set of Laguerre—Gaussian wave-packets that propagate
with periodical self-focusing and finite beam width in weakly guiding inhomoge-
neous media. These wave-packets are solutions to the paraxial form of the wave
equation for a medium with parabolic refractive index. The beam width is defined
as a solution of the Ermakov equation associated to the harmonic oscillator, so
its amplitude is modulated by the strength of the medium inhomogeneity. The
conventional Laguerre-Gaussian modes, available for homogeneous media, are
recovered as a particular case.

Keywords Paraxial wave equation - Nonlinear Ermakov equation - Angular
momentum of light - Self-focusing of light - Laguerre—-Gaussian modes
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Secondary 35Q40, 81V80

1 Introduction

The study of optical beams having complex structures is a subject of intense
activity in current times, mainly because the properties of structured light open new
possibilities for the manipulation of individual atoms and small molecules [11, 34].
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This subject represents a feedback pathway between theory and experiment:
theoretical advances suggest new experiments while significant experimental results
require either new theoretical models or improvements in our understanding of
the behavior of light. Remarkably, after realizing that azimuthally phased beams
carry angular momentum [1], it was understood that the concept of photon angular
momentum is not limited to spin [2], but it may include either extrinsic or intrinsic
orbital angular momentum [6] (for a recent discussion on the matter see e.g. [3]).
However, it is important to emphasize that, although spin and orbital angular
momentum behave quite similar in some instances, “orbital angular momentum
has its own distinctive properties and its own distinctive optical components” [25].
Such a subtlety is fundamental in the investigation of light-matter interactions
[9, 15, 20]. In this context it is notable that the wavefront structure of the Laguerre—
Gaussian beams allows the production of force fields that have no counterpart in
conventional optical beams [8, 14]. From the practical point of view, it has been
found that Hermite—Gaussian beams with no orbital angular momentum can be
transformed into Laguerre—Gaussian beams carrying orbital angular momentum
[4, 5, 12]. Thus, one can use either cylindrical lenses [5] or Fork diffractive gratings
[4, 12] to produce Laguerre—Gaussian beams in the laboratory (sophisticated spatial
light modulators can be used instead). Nevertheless, the propagation of Laguerre—
Gaussian beams in free (homogeneous) space implies that the corresponding beam
width diverges as the propagation variable increases, which may tie down the
usefulness of such beams.

In this paper we address the problem of finding Laguerre-Gauss wave-packets
with finite beam width along all the propagation axis. With this aim we solve the
paraxial form of the wave equation for a weakly guiding inhomogeneous medium,
the refractive index of which is quadratic (parabolic) in the coordinates transverse
to the propagation. Our method is based on the approach introduced in [10],
where a Gaussian wave-packet is used to solve the Schrodinger equation for time-
dependent and nonlinear Hamiltonian operators via complex Riccati equations. The
main point in [10] is that the width of the packet is defined as a solution of the
Ermakov equation [16] associated to the one-dimensional oscillator. Such approach
was already applied to study the propagation of waves in non-homogeneous media
[13, 18, 19], were the close relationship between the paraxial wave equation and
the Schrodinger equation is successfully exploited to construct Hermite—Gaussian
wave-packets for quadratic refractive index optical media. In the present case the
beam width is an oscillatory solution of the Ermakov equation that depends on
the propagation variable and such that its amplitude is modulated by the strength
of the medium inhomogeneity. The Laguerre—Gaussian wave-packets reported here
correspond to non-dispersive beams of finite transverse optical power (localized
beams) that propagate with periodical self-focusing profile in the medium. Our
approach generalizes the methods to define finite beam widths already reported by
other authors [7, 22-24, 26, 32], and confirm that the distinctive angular momentum
properties of the Laguerre—Gaussian modes are better prepared and exploited if the
related beam propagates in parabolic media.
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The generalities to construct the above described Laguerre—Gaussian wave-
packets are outlined in Sect.2, where it is also shown that the conventional
Laguerre—Gaussian modes arise after turning-off the inhomogeneity of the medium,
just as a particular case. In Sect.3 we summarize our results and provide some
directions for future work.

2 Paraxial Wave Equation for Parabolic Media

Consider the z-propagation of waves through a weakly guiding inhomogeneous
medium, the refractive index of which is quadratic in the transverse coordinates
(the xy-plane). Using polar coordinates to write the position vector transverse to
beam propagation as p = (p, 0), the refractive index we are dealing with is of the
form

(o) =ng (1-920%), @< 1. (1)

Here, ng stands for the refractive index at the optical axis and €2 > 0 is a parameter
that characterizes the focusing properties of the medium. The corresponding
paraxial wave equation is given by

X
viu+ "2y =

. 2
2 ko 0z @

 2k2ng

The solutions U = U (p, z) of (2) describe the transversal amplitude of the electric
field in the medium. Hereafter VJ2_ stands for the transversal component of the
Laplacian operator and kg is the wave number in free space.

2.1 Lowest-Order Gaussian Mode

Following [10, 13, 18], as a fundamental non stationary solution of the paraxial wave
equation (2), we propose the Gaussian wave-packet

U(p.2) = N(2)e! S, 3)

The straightforward calculation shows that the normalization factor N(z) and the
coefficient S(z) are respectively given by

ong d i
1
2 dz nw(z) + w?

_ Mo _k
N&=p  S@= @’

“)
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where Ny is a normalization constant, w(z) is a solution of the Ermakov equation
for the one-dimensional harmonic oscillator

d*w 4w = 4 5)
dz?  kndw?
and
@= o [ o ®)
= X.
B koo ) w2 (o)
It is a matter of substitution to verify that after the identification
1 d
= Inw(z), 7
RG) ~ dz () (N

we can rewrite Eq. (3) in the ‘canonical’ form of the lowest-order Gaussian mode

No —p? [ konop?
VD=0 exp(w%z))‘“p (’ [ 2R (Z)D' ®
In analogy with the homogeneous case [30, 31], we see that Ny refers to the
maximum electric field strength, w(z) corresponds to the beam width, R(z) to the
radius of curvature, and x(z) to the Gouy phase. Notice however that the main
difference between the wave-packet (8) and the Gaussian mode of the homogeneous
case [30, 31] is the z-dependence of the beam width. Indeed, we have already

mentioned that w(z) in (8) is a solution of the Ermakov equation (5), so we follow
[29] to get

1 12
w(z) = wo |:cos2 [Q2(z—z0)] + (Qzr)? sin? [Q(z — Zo)]} , 9)

with zg an integration constant, wyg = w(zp), and zg = %konow%.

For 2 > 0 the amplitude of the beam width (9) oscillates with period 7/ 2
between wy and wy/(2zr). The latter values are respectively reached at the points
7= (n + é) o tzoandz =ngd +zo, withn =0, 1,2, ... Thus, in contraposition
to the homogeneous case where w(z) diverges for large values of z (see Sect.2.1.1),
the beam width introduced in (9) is finite over all the z-axis. Moreover, the maximum
amplitude reached by w(z) can be adjusted by varying €2, see Fig. 1a.

Now let us write explicitly the expression for the radius of curvature. From (7)
and (9), one obtains

2%Q% cot[Q(z — 20)] + tan[Q(z — 20)]

k@) = Q( - Q22)

(10)
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Fig. 1 The beam width defined in (9) and the corresponding radius of curvature (10) for parabolic
media, figures (a) and (b) respectively. In both cases zg = 0 and wy = 1, with Q = 0.5 (red curve)
and Q2 = 1 (blue-dashed curve). The divergences of R(z) identify the critical values of w(z), and
correspond to plane wavefronts

The latter expression diverges at the critical points of w(z), see Fig. 1b. Thus,
the wavefront of the Gaussian wave-packet (8) is plane at either the beam waist
(minimum beam width) or the beam ‘hip’ (maximum beam width).

On the other hand, the oscillatory profile of the beam width (9) is inherited to
the wave-packet (8). Indeed, the field intensity |U (p, z)l2 describes a spot centered
at p = 0 that increases its diameter till a maximum value as the wave-packet
propagates along the z-axis. Then, the spot starts to reduce its diameter up to recover
its initial configuration. This stretching and squeezing phenomenon is repeated over
and over along the propagation axis, see Fig.2. Such behavior corresponds to the
self-focusing of the beam, which is a consequence of the parabolic profile of the
refractive index (1). The number of stretching and squeezing of the beam width in
a given interval z € (a,b) C R is determined by the parameter €2, in complete
agreement with the periodical profile of the beam width (9).

2.1.1 Recovering the Results for Homogeneous Media

The description of the propagation in homogeneous media is obtained at the limit
Q — 07. For instance, at such a limit the beam width acquires the well known form
[30, 31]:

2
2—20
w(2)@—0+ = Whom(2) = wo\/l + ( x ) . Y
In this case wg = whom(z0) corresponds to the beam waist. In turn, z = zp defines
the focal plane and zp stands for the distance from such plane to the position at
which the spot of the beam doubles its size. On the other hand, for large values
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Fig. 2 Field intensity |U (p, z)|2 of the Gaussian wave-packet (8) for zo = 0 and kg = ng = wo =
1. The upper and lower rows correspond to 2 = 0.5 and Q = 1, respectively. From left-to-right
the columns show the transversal plane where the beam width reaches the first of its maxima, the
longitudinal plane y = 0, and the propagation of the wave-packet along the z-axis. Compare with
Fig. 1

of z, Eq.(11) can be approximated as whom(z) ~ g’lg (z — zo). Thus, the beam in
homogeneous media diverges as |z| — oo, see Fig.3a, and describes a cone of
half-angle defined by the beam angular divergency 6y ~ Zwl‘: (it is subtended by the
gray-dashed line with respect to the horizontal axis in the figure). The corresponding
radius of curvature Rnhom(z) is depicted in Fig.3b, where it is compared with the
radius of curvature of a spherical wavefront produced by a point source located at
the center of the beam waist (gray-dotted line in the figure), and with the function
R(z) defined in (10) for 2 = 0.3 (magenta curve in the figure). Notice that Ryom(z)
has only a singular point, located at p = 0, which means that the wavefront of the
corresponding wave-packet is plane at the beam waist only, so no self-focusing is
predicted for homogeneous media, as expected.

2.2 Laguerre-Gaussian Wave-Packets

We wonder whether there are other wave-packet solutions to the paraxial wave
equation associated with a parabolic refractive index. The answer is positive (see,
e.g. [26] and [13]) and it may be shown that, using cylindrical coordinates, a
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Fig. 3 The beam width wpom (z) defined in (11) and the corresponding radius of curvature Ryom(2)
for homogeneous media, Figures (a) and (b) respectively. In both cases zo = 0 and wg = 1.

The gray-dashed line in (a) identifies the beam angular divergency 6p. The gray-dotted line in
(b) represents the radius of curvature of a spherical wavefront. The magenta curves respectively
correspond to w(z), defined in (9), and to R(z), defined in (10), for 2 = 0.3. Both of them have
been included as a reference. The space between whom(z) and w(z), and the one between Ryom(2)
and R(z), has been filled by the sake of comparison. See also Fig. 1

particularly useful set of solutions can be cast in the form

o0 ([5he ~#5)
U(p,z) = exp | i — 2| ) Pr(p,2),0), 12
(0. 2) w(z) =P [2R(Z) Bx(2) (r(p.2),0) (12)
where A and B are constants to be determined, 6 stands for the polar coordinate in
the transversal plane, and r(p, z) = v/2 wpz . The straightforward calculation shows
that the function @ (r, 0) satisfies the differential equation

—VI0 420 =280, (13)

where 53 is the Laplacian in the (r, ) plane. Equation (13) resembles the stationary
Schrodinger equation for a two dimensional oscillator in the radial variable r. The
resemblance is complete if one considers that square integrability in the Hilbert
space corresponds to finite transverse optical power Py for localized beams in the
(r, 0)-plane. That is, we demand the field intensity of the wave-packets (12) to
satisfy the condition

2 00 2
P():/O /O |Uf(p,z)| pdpdf = 1.

The conventional approach used to face stationary problems in quantum mechan-
ics yields the eigenvalues

Bl =tl+2p+1, teZ, p=0,1.2..., (14)
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together with the eigenfunctions

P (r. 0) = V2p WL(W) 207 P i 15
(0= ) B (w%@)exp(_wz(z)“ > (>

and the constant

P p 2(p+ 1)
N =D \/nr(|£| +p+1) (16)
The introduction of (14)—(16) into (12) gives the expressions U f (p, 7) we were
looking for. Hereafter they are referred to as Laguerre—Gaussian (LG) wave-packets.

The results discussed in Sect. 2.1 for the non stationary Gaussian wave-packets
are recovered from the above formulae after making p = 0 and £ = 0, which
respectively means the lowest radial parameter and null orbital angular momentum.
For p = 0 and ¢ # O the field intensity |Uep (0, 2)|* describes a ring centered at
p = 0, see Fig. 4. In general, for £ # 0 and any allowed value of p, the field intensity
of the LG wave-packets (12) exhibits a well known ring-shaped distribution. The
size of the rings depends on ¢ while p defines the number of nodes in the radial
coordinate, see Fig.5 and compare with Figs. 2 and 4. Thus, controlling the values

Fig. 4 Field intensity |Uf (0,2)|? of the Laguerre—Gaussian wave-packet (12) for p = 0 and
£ = 1, with the same parameters and distribution as the panel shown in Fig. 2
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Fig. 5 Field intensity |UZ” (0, 2)|% of the Laguerre—Gaussian wave-packet (12) for p = 1 and
£ = 8, with the same parameters and distribution as the panel shown in Fig. 2

of p, £, and €2, one can manipulate the profile as well as the collapse-revival (self-
focusing) properties of the LG wave-packets (12).

2.2.1 Recovering the Results for Guided Laguerre—Gaussian Modes

If the parameters wo and 2 are related as konoQ2 = 2/ w%, then Qzr = 1 and,
according to (9), the beam width becomes a constant w(z) = wo, see [19]. In
such a case the radius of curvature R(z) diverges and the Gouy phase turns into
a linear function of z. Thus, the wavefront of the LG wave-packets is plane. The
corresponding field amplitudes, known as guided LG modes, take the form

e
2N(p+1) V2p 2p?

U (p.2) = (—1)P £.0eD

D= )\/nwgr(w|+p+1)(wo> ? (w%))

2

X exp (— pz — Bz —z20) + iee) Y]

w
0
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and are stationary eigenmodes of the Schrodinger-like operator

1 no
H=— v+ Q%2 18
with the propagation constants
Q Q
&)= "Bl="(tl+2p+1), LeZ p=0,12,... (19)
ko ko

3 Discussion of Results

We have shown that the beam width of the Laguerre—Gaussian wave-packets is
finite and periodic along all the propagation axis if it is a solution of the Ermakov
equation associated with the one-dimensional harmonic oscillator. The amplitude of
the beam width can be modulated by the strength of the medium inhomogeneity.
The wave-packets so constructed have finite transverse optical power and propagate
with periodical self-focusing in the medium. The conventional Laguerre—Gaussian
modes are recovered as a particular case, after turning-off the inhomogeneity.

Since the orbital angular momentum is a consequence of the mode structure of a
given beam, one would guess that such a property is also present in single photons
[3]. The statement seems to be strengthened by recalling that idealized plane waves
with only transverse fields do not carry angular momentum, no matter their degree
of polarization [21]. A clue may be found in the phenomenon of parametric-down
conversion [27, 28], where the quantum state of down-converted photon pairs is
entangled in at least one of their physical variables. As entanglement is a fingerprint
of the quantum world, the production of photon pairs entangled in their orbital
angular momentum states [17] bets on a quantum nature of structured light. It is
then interesting to formulate an approach based on operators in Hilbert spaces to
describe the propagation of structured light beams in diverse media. Some initial
steps on the matter were given in [33]. The complete operator-like description for
the propagation of Hermite—Gaussian wave-packets in parabolic media has been
provided in [13, 18, 19], where the Lie group formalism was addressed to construct
generalized coherent states as linear superpositions of Hermite—Gaussian modes.
The same approach can be applied to the Laguerre—Gaussian wave-packets reported
in this paper. Work in this direction is in progress.
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Abstract We describe sufficient maximality conditions for the classes of graph
surfaces on two-step Carnot groups with sub-Lorentzian structure. In particular, we
introduce a non-holonomic notion of variation of the area functional.
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formula - Maximal surface - Sufficient maximality condition
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1 Introduction

The aim of this paper is to describe the classes of maximal graph surfaces in
sub-Lorentzian geometry, namely, sufficient maximality conditions. The graph
mappings are constructed from mappings of two-step nilpotent graded groups.
These groups are a particular case of Carnot—Carathéodory spaces well-known in
various problems of pure and applied mathematics; see, e. g., [15] and references
therein. We also assume that the image and preimage are both subsets of another
nilpotent graded group possessing a sub-Lorentzian structure. This structure is a
sub-Riemannian generalization of Minkowski geometry. The main characteristic
of this geometry is that the distance between points (xi,?;) and (x2, f2), with
x1,x2 € R*and 11, 1» € R, equals

Vx1 —x)? = (11 — )2,
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i.e., the squared distance along the time-like direction ¢ is negative, while along
every space-like direction x € R" it is positive. If all tangent vectors to a surface
in R'f“ have only positive lengths then this surface is called space-like and it is
locally representable as a graph, where the time-like variable depends on the space-
like variables: ¢+ = ¥ (x) with x € R". Under some additional assumptions it is
possible to deduce certain equations describing surfaces of maximal area; it follows
that their mean curvature vanishes a. e. According to Nielsen’s hypothesis, solutions
to Einstein’s gravity equations are physically meaningful if and only if they are
representable as such surfaces in R’f“. For the details concerning the properties,
applications and interpretations of Minkowski geometry, see [19] and references:
e.g., [20, 21] etc.

Sub-Lorentzian geometry is a relatively young branch of analysis; the first results
in this area were obtained in the 1990s; see [2]. Later, series of papers studied
some fine properties of geodesics together with their connection to relativity theory
problems; see, e. g., [5, 6, 16—18]. New cases of Minkowski geometry with multi-
dimensional time were studied recently in [1, 3] etc.

In [9], the author deduced necessary maximality conditions for classes of graph
surfaces and, moreover, the equations of maximal surfaces. Here the term “maximal
surface” means a surface of maximal area (under the assumption that a solution to
the corresponding boundary value problem exists). We emphasize that [9], in view
of certain fine properties of non-holonomic geometry, the definition of argument
increment of the area functional differs substantially from the classical one. Namely,
if the horizontal part of the argument changes arbitrarily to order ¢ then the other
part of the formula that corresponds to degree two fields depending on the horizontal
ones involves additional summands of order 2. Consequently, when we take the
second differential of the area functional to obtain sufficient maximality conditions,
some new summands appear, which are absent in Riemannian geometry. Recall that
generally in non-holonomic structures the notions “maximal area” and “maximal
value of the area functional” are not the same. In the latter case, the functional can
take some maximal value but it need not correspond to any mapping defining a
surface of this area since the PDE problem may lack solutions.

The result of this paper was announced in [12].

2 Graphs on Carnot Groups

Let us recall necessary notions and results.

Definition 1 (See, e. g., [4]) A two-step Carnot group is a connected simply
connected stratified Lie group G with a graded Lie algebra V, thatis, V = Vi @ V»
with [V1, V1] = V, and [V, V2] = {0}. If we replace [Vy, Vi] = Vo by [Vq, V1] C
Vs and [V,, V2] = {0} then G is called a two-step nilpotent graded (Lie) group. A
basis in V is chosen so that each field belongs either to V; or V. The vector fields
in V; are called horizontal and their degree is equal to one. Otherwise the degree is
equal to two.
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Definition 2 The derivatives along horizontal vector fields are called horizontal
derivatives.

The group operation is defined by the Baker—Campbell-Hausdorff formula.
Now, introduce the distance corresponding to the group structure.

N
Definition 3 (See, e. g., [12]) Take w = exp( ) wiX,-)(v) with w,v € G.
i=1

1 1
Define d>(w, v) = max ’( > w?)z, ( > w;)4 } The set {w € G :
Jideg X j=1 Jideg X ;=2
dy(w, v) < r}is called the radius r > 0 ball in dy centered at v and is denoted by
Boxy (v, r).

Definition 4 ([22]; See Also [23] for the General Case) A mapping ¢ : U —
K, U C K, where K and K are nilpotent graded groups, is hc-differentiable
at x € U if there exists a horizontal homomorphism £, : K — K such that
dr(p(w), Ly {w)) = o(da(x, w)), where U > w — x. The hc-differential L, at x is
denoted by Bq) (x).

Definition 5 (See, e. g., [23]) If the horizontal derivatives of ¢ exist everywhere
and are continuous, while the images of horizontal vector fields are horizontal,
then ¢ is called a mapping of class C,, or C},{-mapping.

Let us now give a precise description of the setup. To this end, we consider a
mapping ¢ : 2 — G, where:

1. 2 c Gisanopensetand ¢ : Q — Gisa C}i-mapping;

2. G is a Carnot group of topological dimension N with basis vector
fields X1, ..., Xy, Lie algebra V = V| @ V>, where X1, ..., Xqimv; constitute
the basis of Vi, and origin 0;

3. each degree two field on G can be uniquely expressed via the commutators of
horizontal fields:

n
Xp= ) af [Xi.Xjli<j k=dimVi+1,....N (1)
ij=1

(this enables us to vary the argument arbitrarily; see the details in [10]);

4. G is a two-step nilpotent graded group of topological dimension N with basis
fields )~(1, R iﬁ, Lie algebra V= 171 ® \72, where )~(1, R idim 7 constitute
the basis of Vl, structure constants [4] {Cimg }1,m.q

(X0 Xul= D cimgXq. )
q:deg )N(q =2

forl,m=1,...,dim Vl, and originﬁ;
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5G,G c U, where U is a_two-step nilpotent graded group of topological
dimension N + N, and G n G=0= 0, 0);

6. the fields X, ..., Xy and X s oo X~ & coincide with the restrictions of the basis
fields on U to the groups G and G respectively; moreover, their degrees are equal
to those of the corresponding fields on U.

Note that the Cartesian product G x Gisa particular case of U. In general,
groups G and G are submanifolds of U intersecting at their origins. This intersection
coincides with the origin 0of U.

The following property is used to obtain the main result.

Theorem 6 ([23]) Every C},{-mapping @ of a Carnot group to a nilpotent graded
group is continuously hc-differentiable everywhere, that is, in a neighborhood of
each point x it is approximated by a horizontal homomorphism up to o(da(x, -)).
Moreover, the matrix of its hc-differential has a block-diagonal structure with
blocks (5(,0)[.1 and (/D\(p)HL, where the first block corresponds to fields in V1 and ‘71,
and the second one, to fields in V> and ‘72.

Definition 7 Given ¢, the graph mapping ¢r : Q — U assigns to each x the

N » N ~ ~
element ¢r(x) = exp( > goj(x)Xj>(x), where exp( > (pj(x)Xj>(0) = ¢(x).
j=1 j=1

Straightforward calculations show that the graph mappings of C}i-mappings
are neither hc-differentiable nor differentiable in the classical sense. Nevertheless,
a suitable tool, polynomial hc-differentiability, was created recently in [7, 8]. It
enables us to approximate graphs by smooth mappings. The main disadvantage of
graph mappings is that the differential of polynomial kc-differential does not have
block diagonal structure, which complicates the description of metric properties.
The solution is to introduce a new basis [8], called the intrinsic basis, close to initial
one but ensuring the desired structure of the polynomial ic-differential.

Theorem 8 ([14]) In a neighborhood of each ¢ (x), where x € 2, there exists an

intrinsic basis

X=X, =X+ Z aix Xi + Z bilgl
k:deg X;=2 l:deg)NQ:Z

such that the matrix of the differential of polynomial hc-differential has block lower
triangle with blocks equal to union of blocks in D¢ and unit matrices.

3 Sub-Lorentzian Structures

To describe the sub-Lorentzian structure on U, we introduce the following notation.
Since we consider non-holonomic generalization of Minkowski geometry with
multi-dimensional time, the main idea is to divide basis fields into “positive” and
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“negative”. Here, the squared length of integral curves of “negative” fields is set to
be negative.

Definition 9 Put {X,..., Xy, X1,..., X5} ={Y1, ..., Y5}, where N = N+ N.
Moreover, let the Lie algebra V on U be equal to V| @ V, with

Vi, Vil C Va,

X1, .-, Xdimvy» X1, ""Xdimvl) =,..., Ydimf/\f’ Ydimff?+l’ cees YdimVI)’
Waim v 10+ Yaimm b = (X150 Xgim 7315
(XdimV1+17 ~~~1XNdeim\71+17 ~~~7X1V)
= (Ydimﬁﬁv"'deimVI+dimV;v YdimV1+dim92++1v~~vYﬁ)v

where (YdimVI+dim\72++1’ L YR) = ()?dim‘71+1’ ..., X5). Denote dim ‘72 —N-—
dim V1, dim V" = dim V; —dim V," (= dim V1) and diim V,” = dim V,—dim V' (=
dim V5).

N
Definition 10 For a vector field T = ) y;Y; with constant coefficients, set the
Jj=1
squared sub-Lorentzian norm to be
dimV;t dim V;”
SL? _ 2 2
" (1) = max{ Z Yj Z Ydim V" 4k
j=1 k=1
dim V" dim V,~
2 2
sgn( Z Yaim Vi+j ~ Z Ydim ¥, +dim \7;+k>
j=1 k=1
dim V; dim V;~ 1
2 2
x ‘ Z YdimV+j ~ Z ydimﬁl+dim\7;+k‘ ]
j=1 k=1
If w = exp(T)(v) then the squared sub-Lorentzian distance D%(v, w) equals

dng(T). The D%-ball of radius r centered at v is Boxa% (w,r)y={xelU: D%(v, x) <
r2y.

The intrinsic squared distance %%(v, w) is defined similarly with Y; replaced by
“Yijforj=1,...,N.

Definition 11 For each x € ¢r(2), consider a neighborhood U (¢ 1(x)) C @
where o(1) from the definition of hc-differentiability is sufficiently small. Consider
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8o > 0 such that each ball in 2 of radius r < T4 lies in at least one of these
neighborhoods (since we study local property, we may assume without loss of
generality that Q C G is a compact neighborhood), where T satisfies

1 .
F W) < Uidd(pr (v)), or (w)/? < Tda (v}, w).

Define the intrinsic measure SL’Hl‘i on S C ¢r(2) as

Odim v, @dim v, 1im inf{ L
§—0 .
jeN

=1 _
e Boxys (x7, 7) Nor (Ulpr '(xj)) D S,
jeN

xjeS. rj<b<b jeNl. ()

To this end, rows 1,...,dim Vl of the matrix of the hc-differential together
are denoted by (D¢)py(x). Assume that the squares of its column lellgths are
at most 2dirilV2 — ¢ with ¢ > 0. The block starting from row dim V| + 1 is

Vi
denoted by (Dg) 1 (x) and we assume that the squares of its column lengths are at

most dimv, — € with ¢ > 0.

Remark 12 The above restrictions guarantee the space-like property of the surface
or (2); see the details in [14].

One of the main results of [14] is the following area formula for the graphs
of C},{-mappings defined on a two-step Carnot group with values in a two-step
nilpotent graded group. We formulate it for our case.

Theorem 13 The surface or(R2) is space-like and its SL'HI‘i-measure is

f SL 7 (g, v) dH (v) = / d UMY (), @

Q or ()

where the sub-Lorentzian Jacobian SLj((p, v) equals

Jaet(Eaimy, — (Do) (Do) ) Jdet(Eaimvy — (D), (D))

and SLHE is defined the same way as SL’H,I‘i, where wdim v, @dim Vzr]‘f is replaced by
b(x;,rj,v), j € N;see details in [13]. If the matrix of D(ﬁp or) has block diagonal
structure everywhere then SL’H,‘{] = SL’H,I‘i.

The following notions are important for our description of the main properties of
maximal surfaces.
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Definition 14 (cf. [11]) The area functional S(p) defined on the class of graph
mappings constructed from C}_,-mappings is

f Jaet(Esimv, — (DY (Do) i), Jdet(Eaimv, — (D). (D)) dH.
Q

&)

The area functional increment on & : Q — RIM " with & = (&1,..., &4 )
equals S(g, &, &) — S(p), where S(g, &, ¢) is the integral over 2 of

Jaet(Eamv, — ((Po)n + eDue) ((Beu + e Dy))
x \/det(Edim v, — (D) g1 + Py + 2P2)"((Dg) 1. + e P1 + €2 P2)),

Dp denotes differentiation along the horizontal fields only, Pj(x)(Xx) and
P>(x){X) are equal to

dim vy dim ¥
23 a3 2 (DX jEm(x) = (D) Xitn () ) cimg Ko
i,j=1 g>dim V] l,m=1

(6)
and

dimV, dim ¥,
doal, YN (x,-slmxjsm(x)—X,-ém(x>xjsl(x>)czmq)?q, (7

i,j=1 g>dim ¥, [,m=1

respectively, al{‘j are from (1), ¢mg are from (2), i, j = 1,...,dim Vq withi < j,
k,l,m=1,...,dimV,,g =dimV; + 1, ..., N (see the details in [10] and [11]).
Definition 15 Take 2 C G, &1, ..., éfdimVI € C;I(Q, R), and m € N. Define the

norm ||&||,,, for & as

dim ¥, 1

||é||m=(/ S @M+ Y |§(x>ﬂ|dH“<x)>m,

o k=1 B 1Bl=m
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and the (semi)norm [|§]| g, for & = (51, ..., &gy 7,) as

18015 = ( [ |§(x>ﬂ|d”ﬂ”(x>)m,

Q B:lBl=m

where £ = (X1&1, ..., X1&4im v, X281, -+, Xdim vi4im v7,)-

Definition 16 The domain Q C G is called horizontally attainable if each interior
point of it can be connected to a boundary point by a curve consisting of a finite
number of integral lines of horizontal vector fields.

Theorem 17 The area functional (5) is differentiable twice with respect
to the norm | - |lmax{6dimVi,12dimV,})- If $2 is horizontally attainable then
I - I|H,max{6dimVv;,12dimVy) IS a norm, and (5) is also differentiable twice with
respect to it.

The proof follows the scheme of [10, Theorem 5] almost verbatim with
obvious changes. The main idea is to deduce the expression of the third
derivative of /f1(g)</f2(¢) at & and then to estimate the maximal degree of
Xi&, ..., Xdimv,§ in

\/det(Edim Vi — ((5¢)H + SDHE)*((Bw)H + eDpE))

and

fa(e) = \/det(Edim vy — ((5¢)H¢ +eP + £2P2)*((5¢)HL + &P + &2P,))

as well as their derivatives at .
Theorem 18 Assume that affj in(l), cimgin (2),i,j=1,...,dimVy withi < j,

k,l,m =1,...,dim 91, g = dim Vl +1,..., ﬁ, are sufficiently small. If there
exists K > 0 such that

5 \/det(Edim vy — (/D\(p)’;“ (B‘P)Hi)
/ IDyE ( T
J Jaet(Edmy, — Do)y (D))
\/det(Edim v = (5cp)’}}(5<p)H)

2
+ ~ R ) dHU(X) = K”S”max(édimVl,lZdisz}’
\/det(Edim v, = (Dg)y; (D) 1)
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and the necessary maximality condition

\/det(Edim vV, — (/D\(P)}k_ll (B‘P)HJ-)

[ Piwe) U
J Jaet(Egmv, — D)}y (Dg)n)

Jaet(Eamv, — (D) (D))

H =0
\/det(Edim vy — (DQO);L (D(/’)Hl)

+/Dz(go,s>
Q

holds (cf. [11]), where D1(¢, &, x) and Dy (¢, &, x) are equal to

dim V| dim V;

Y D (Du&i ). Do) (Edgimy, — D)y (0)(De)n (x),;

i=1 j=I1

dim V| dim V
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®)

+ ) Y (Deu (). Duj0))(Egimv, — (D) ()(D@) (), ;5

i=1  j=1
and

dim V dim V,

Yo D P (D)ge) ;00) (Edimv, — (D). () (Do) g (),

i=1 j=1

dim V, dim V5

+ )0 Y (D)) 0, (PO O (Edimvs = (DY (D) (1)),

i=1 j=I

respectively, then (5) takes maximal value at ¢ on its neighborhood. For a
horizontally attainable domain 2, we may use || - || H max{6 dim v;,12 dim V,} instead

of | - llmax{6 dim V1,12 dim V2}-

Proof This statement is actually a reformulation of the following condition of
strong positivity of the area functional: if the functional F is differentiable twice,
its first variation at £* equals zero, and the second variation is strongly positive in
the sense that there exists K > 0 such that 8*F(¢*,8¢) > K||8¢|| then F has

minimum at ¢*. The necessary condition (8) is deduced in the same way as in [
Theorem 6]. To describe sufficiency estimates, put

fi(e) = det(Egimv, — (D@)u + D) (D) + eDyg)),
fo(e) = det(Egimv, — (D)1 + &Py + 2 P2)" (Do) 1 + eP1 + €2 P2)).

10,
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Then

_ VB BV

NG NG

LS UDNAE DA VR BVA
WAV af? af? T WA 2R

fie f@)"

Consequently, it suffices to estimate the values f" and f;’ in terms of Dy&. For

1 , We see that it 001n01des with the sum of determinants of the modified matrices
Edimv, — (D(p)H(Dcp)H where row k i is replaced by —2X& - Dy € or rowsz and j
with i # j are replaced by —X;& - (D(p)H — Xip - Dy& and —X ;& - (D(p)H —
Xip- DHE respectively, for i, j,k =1, ..., dim V1. Here Xip stands for row i of
(Dp)}.

Applying, if necessary, orthogonal transformations Oy = Opg(x) and Oy =
Op1(x), where x € €, we may assume without loss of generality that
(D(p)H(Dgo)H and (D(,o)HL (D(/))HL are diagonal matrices. Note that this
transformation corresponds to orthogonal transformation of bases within Vj(x)
and within V(x), thus, all lengths and scalar products are the same at x. Fix
x € . The assumption on the column lengths of these matrices implies that
the (diagonal) elements 1 — ay,...,1 — adimv;, of Edimv, — (D(p)H(Dcp)H are
positive and strictly separated from 0 everywhere in €2. Thus, if we replace row k
of Eqimv, — (D(p) H(D(p) H by —2X& - D& then the corresponding determinant
equals

—2(xx&, Xx8) [ 0 —aw)=-2 [] A —an)ixz&l* <0,

m:m##k m:m##k

. 1 . 5
since max a;} < . —cwithc > O fork = 1,...,dim V). Next,
il dimVl{ J} — 3dimV;

consider the first group of dim Vj(dim V; — 1) determinants. Each of them equals
the sum of four determinants of the modified matrix Egim v, — (ﬁq))’gl (ﬁq)) H, Where
rows i and j with i # j are replaced by only one term. Consider the corresponding
cases and estimate each value.

Case I Rowsi and j are replaced by —X;§& - (ﬁq))H and —X ;& - (5¢)H. Then, the
determinant is estimated as

[1 0—anXi&- Do), X & - (De)n)

m:m#i, j

[T -anlD@e)ul*QX:El* + 1XE1%).

m:m#i, j



Maximal Surfaces on Two-Step Sub-Lorentzian Structures 139

Case 2 Rowsi and j arereplaced by —X;¢-Dyé and — X ;& - (ﬁ(p)H. The estimate
is

[1 0—an(Xip- Dyt X & - (De)n)

m:m##i, j
dim V
H (- am)(a, D IXEI* + 1Dy IP1IX, s||2)
mm#z/ g=1

Case 3 Ifrowsi and j are replaced by —X;§& - (5(/))11 and —X ;@ - Dy&, then the
dim V

estimate equals J [ (1= an)(a; L IXEN + IDo)ul?I1Xi€12).
m:m##i, j gq=1
Case 4 Ifrowsi and j are replaced by —X;¢ - Dg& and —X ;¢ - Dy & then we have
. dim ¥, 5 dim ¥ )
VI G—an(a X IXEIP +a; X IXENP).
m:m##i, j q=1 gq=1
R dim Vv,
Fix i and recall that |(D¢)y||> = Y aq as the trace of DH(p*DH(p We infer
q=1

that the coefficient at || X; & ||? is equal to

dim V dim V
2oa0 ), II d=aw+ 3 >[I a-ane
g=1 JijF#i mmAL g=1 j:j#q mm#q.j
-2 J]J0-aw=— ] d=an-2<0
m:mz#i m:m=£i
c o~ . 1 . .
with ¢ > 0 since 0 < rna(ﬁmVl{aq} < 2dimv? c with ¢ > 0 fori =

., dim Vj.

Consider now f," and its estimates. It coincides with the sum of determinants
of the modified matrices Edimv, — (D(p) Tl (D(p) gL where row k is replaced by
—2(PH)k - (DY) — 2(P) Py — ((D(/))HL) P>, orrows i and j with i # j are
replaced by —(P"); - (D) 1 — (D(p,)H Pyand —(P}); - (Dg)yL — (D) )y - Py
respectively, for i, j,k = 1,...,dim V5. In contrast to the horizontal case, each
summand depending on the horlzontal derivatives of £ has coefficients depending
on the entries of DH<p Thus, the absolute value of the coefficient at || D& || can
be considered strictly less than [] (1 — ay,). Since each summand also contains

m:m=#i

products of a and Cimg» We can easily see that if they are sufficiently small then

151 < IDugl* - [T 4 —am),

m:m=£i
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and finally

(Vi f2(e)) NI fl) _

" fl//\/fZ fz//\/fl 2
— , 0.
< up v = aDueP(Y ) e

Thus, the functional —S(¢) has minimum since its second variation is strongly
positive; and therefore the area functional (5) has maximum at ¢. The theorem
follows. |

Remark 19 We may replace strong restrictions on |a{" j| and |¢jmg| by adding some

restrictions to ||(5<p) gl since all coefficients at the horizontal derivatives of &
contain the horizontal derivatives of ¢. Moreover, it is possible to deduce restrictions
on (Dg) g basing on the given values of a{‘j and ¢jmq fori, j =1, ..., dim V; with
i<jandk,l,m=1,...,dimV,qg=dimV,+1,...,N.
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Following the Trail of the Operator )
Geometric Mean s

Jimmie D. Lawson and Yongdo Lim

Abstract This paper traces the development of the theory of the matrix geometric
mean in the cone of positive definite matrices and the closely related operator
geometric mean in the positive cone of a unital C*-algebra. The story begins with
the two-variable matrix geometric mean, moves to the n-variable matrix setting,
then to the extension to the positive cone of the C*-algebra of operators on a Hilbert
space, and even to general unital C*-algebras, and finally to the consideration of
barycentric maps on the space of integrable probability measures on the positive
cone. Besides expected tools from linear algebra and operator theory, one observes
a substantial interplay with operator monotone functions, geometrical notions in
metric spaces, particularly the notion of nonpositive curvature, some probabilistic
theory of random variables with values in a metric space of nonpositive curvature,
and the appearance of related means such as the inductive and power means.

Keywords Geometric mean - Operator mean - Operator monotone function -
Nonpositively curved metric spaces - Contractive barycentric map

Mathematics Subject Classification (2010) Primary 47A64; Secondary 46L.05,
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1 Introduction

Positive definite matrices have become fundamental computational objects in many
areas of engineering, statistics, quantum information, and applied mathematics.

J. D. Lawson (<)
Department of Mathematics, Louisiana State University, Baton Rouge, LA, USA
e-mail: lawson @math.Isu.edu

Y. Lim
Department of Mathematics, Kyungpook National University, Taegu, Korea
e-mail: ylim@knu.ac.kr

© The Editor(s) (if applicable) and The Author(s), under exclusive licence 143
to Springer Nature Switzerland AG 2020

P. Kielanowski et al. (eds.), Geometric Methods in Physics XXXVIII,

Trends in Mathematics, https://doi.org/10.1007/978-3-030-53305-2_10


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-53305-2_10&domain=pdf
mailto:lawson@math.lsu.edu
mailto:ylim@knu.ac.kr
https://doi.org/10.1007/978-3-030-53305-2_10

144 J. D. Lawson and Y. Lim

They appear as “data points” in a diverse variety of settings: covariance matrices
in statistics, elements of the search space in convex and semidefinite programming,
kernels in machine learning, observations in radar imaging, and diffusion tensors in
medical imaging, to cite only a few. A variety of computational algorithms have
arisen for approximation, interpolation, filtering, estimation, and averaging. Our
interest focuses on the last named, the process of finding an average or mean, which
is again positive definite.

A simple computation would be to take the arithmetic mean of a given finite set
of positive definite matrices. However, researchers have learned that to find a mean
or average that performs well and exhibits desirable properties, one needs to take
into account the underlying geometric structure of €2, the space of n x n-positive
definite matrices.

Formally a mean of order n, or n-mean for short, on a set X is a function u :
X" — X satisfying the idempotency condition Vx € X, pu(x,x,...,x) = x. Itis
frequently assumed in the definition of a mean that a mean is invariant under any
permutation of variables; we call these symmetric means. The mean p : X" — X
is continuous or a topological mean if X is a topological space and u is continuous.
Typically a mean represents some type of averaging operator.

The subject of (binary) means for positive numbers or line segments has a rich
mathematical lineage dating back into antiquity. The Greeks, motivated by their
interest in proportions and musical ratios, defined at least eleven different means
(depending on how one counts), the arithmetic, geometric, harmonic, and golden
being the best known. A geometric construction for the geometric mean +/ab of
a,b > 0 is given by Euclid in Book II in the form of “squaring the rectangle,” i.e.,
constructing a square of the same area as a given rectangle of sides a and b. The
study of various means and their properties on the positive reals has remained an
active area of investigation up to the present day.

2 Positive Definite Matrices

Let M, (C), or simply M,, denote the set of n x n complex matrices. We may
identify M,, with the set of linear operators on C", where we consider C" to be a
complex Hilbert space of column vectors with the usual Hermitian inner product.
Denoting the conjugate transpose of A € M,, by A*, we recall that A is Hermitian
if A = A* and unitary if A* = A~'. The Hermitian matrix A is positive definite
if Vu # 0, (u, Au) > 0. These notions readily generalize to B(H), the algebra of
operators on an arbitrary Hilbert space.

The following are well-known equivalences for a Hermitian matrix A to be
positive definite:

1. (Ax, x) > O for all 0 # x, where (-, -) is the Hilbert space inner product on C".
2. A = BB* for some invertible B.
3. A has all positive eigenvalues.
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4. A=expB =) o2, B"/n! for some (unique) Hermitian B.
5. A = UDU* for some unitary U and diagonal D with positive diagonal entries.

The positive definite n x n-matrices form an open cone in H,,, the n x n Hermitian
matrices, with closure the positive semidefinite matrices (equivalently, (Ax, x) > 0
for all x). We denote the open cone of positive definite matrices by €2 (or €2, if we
need to distinguish the dimension).

We define a partial order (sometimes called the Loewner order) on the vector
space H,, of Hermitian matrices by A < B if B — A is positive semidefinite. We
note 0 < A iff A is positive semidefinite and write 0 < A if A € Q iff A is positive
definite. The matrix A is sometimes called strictly positive in this setting.

Every positive definite (Hermitian) matrix operator has a unique spectral decom-
position

A= Xn:)\;Ei,
i=1

where 4; > 0 (A; € R) is the i""-eigenvalue and E; is the orthogonal projection
onto the eigenspace of A;. One then has

n
AY =M E;,
i=1

from which one can easily deduce that every positive definite matrix has a unique
positive definite kth-root.

The arithmetic and harmonic means readily extend from R>? to the set of positive
definite matrices:

A(A, B) = ;(A +B);  HA,B)=24""'+B"HL

The geometric mean is not so obvious (e.g., v/AB need not be positive definite for
A, B positive definite). One approach is to rewrite the equation x> = ab (which
has positive solution the geometric mean of a and b) in its appropriate form in the
noncommutative setting:

XA 'X =8B
A2 A=124=125 A=1/2 = A-1/2g A~ 1/2
AT12X A2 — (A712BA-1/2)1/2
X = AV2(A-12BA1/2)12 4172,
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We write A#B(= A1/2(A71/ZBA*1/2)1/2A1/2) for the matrix geometric mean.
Other connections between the matrix geometric mean and the one for positive real
numbers may be found in [8].

3 Operator Monotone Functions and the Kubo—-Ando
Theorem

For M1, M> € R and a mapping f : M1 — M>, we define a function on the set of
all Hermitian A with spectrum contained in M| by f(A) = Y 7_, f(A)E;, where
A = Y7 M E; is the spectral decomposition (functions constructed in this way
are called primary matrix functions and provide a simple example of the functional
calculus). A continuous function f : M| — M3 is operator monotone if f(A) <
f(B) whenever A < B. Operator monotone functions defined on some interval are
continuous, monotone (nondecreasing), and concave.

If Mu(A, BYM* = n(MAM*, M BM*) for all invertible M, the mean u : Q x
Q — Q is said to be invariant under congruence transformations. The mean p is
monotonic if A1 < Ay, B < By implies (A1, B1) < u(Az, By). The next result
is a major 1980 result of F. Kubo and T. Ando [6].

Theorem Every operator monotone function f : R=0 — R>% with f(1) = 1 gives
rise to a congruence-invariant, monotonic mean |4 defined by

WA, B)[= A2u(l, A" V2BA=V/2)A2] = A2 f(A"V2BA1/2)A2,

The association f — g is a bijection between the operator monotone functions
and the congruence-invariant, monotonic continuous means. (For the converse, one

defines f from w(I,AI) = f(A)1.)

To illustrate we apply the Kubo—Ando roadmap for passing from numeric to
matrix means for certain important examples:

1. The Geometric Mean A#B and Weighted Geometric Mean A#,B:
y(a,b)=~ab— f(x)=y(l,x)=x"?
— G(A, B) = A#B = A'2(A™12BA1/2)1/2 5172
vi(a,b)y =a'~'b" — G/(A, B) = A#,B = AV/2(A"12BAT1/2)1 p1/2
2. The Arithmetic Mean:
ala,b)=(a+hb)/2 — fx)=a(,x)=1/2)1+x)

— A(A, B) = AY2((1/2)(1 + A~'2BA~1/2)A1/2
=(1/2)(A+B)
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The Kubo—Ando Theorem provided the foundation for the rapid development
of the theory of matrix and operator means of two variables. However, no such
analogous theorem has been discovered for multivariable means, even when the
extension is known for the case of the positive reals. Some means, such as the
arithmetic and harmonic, admit rather obvious extensions to the n-variable matrix
case. But the problem of extending the geometric mean to the multivariable matrix
setting remained unsolved for a number of years. An important step along the way
was the gradual realization that the geometric matrix mean of two variables had an
important alternative geometric/metric characterization, apparently first appearing
in print in an article of the authors in 2001 [8].

4 Means of Several Variables and NPC-Spaces

In 2004 Ando et al. [2] gave the first extension of the binary geometric mean to n-
variables, which came to be called the ALM mean. They listed desirable axiomatic
properties for such an n-variable extension g and showed they were satisfied by their
extension. The proofs typically involved extending from the known case of n = 2
by induction.

LetA=(A1,...,A,),B=(B1,...,B,) € Q".

(P1) (Consistency with scalars) g(A) = (A --- A" if the A;’s commute;
(P2) (Joint homogeneity) g(a1 A1, ..., a,A) = (ay - --an)' /" g(A);
(P3) (Permutation invariance) g(Ay) = g(A), where Ay = (Ag(1), ..., Aom));
(P4) (Monotonicity) If B; < A; forall 1 <i < n, then g(B) < g(A);
(P5) (Continuity) g is continuous;
(P6) (Congruence invariance) g(MAM*) = Mg(A)M* for M invertible, where
M(Ay,...,Ap))M* = (MA M*, ..., MA,M*);

(P7) (Joint concavity) g(AA + (1 —1)B) > Ag(A)+ (1 —A1)g(B) for0 < A < 1;
(P8) (Self-duality) g(A7!, ..., A- )"l = g(Ay,..., An);
(P9) (Determinantal identity) Det g(A) = []/_, (DetA;)!/"; and

(P10) (AGH mean inequalities) n(}_;_, A;l)’1 <gA) < i Yo A

But a better candidate soon appeared. To understand it, we need some back-
ground. The parallelogram law in Hilbert spaces is given by

sum of 2 diagonals squared = sum of 4 sides squared

d?(x1, x2) + 4d*(x, m)(= 2d(x, m))%) = 2d*(x, x1) + 2d*(x, x2)
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x

x i)

Replacing the equality by an inequality in a general metric space yields the more
general semiparallelogram law: for all x1, xo € X, there exists m € X such that for
any x € X,

d*(x1, x2) + 4d*(x, m) < 2d*(x, x1) + 2d*(x, x2) (NPC)

One can show that m = m(x1, x2) is unique and is the unique metric midpoint
between x; and x».

(Global) NPC-spaces are complete metric spaces satisfying the semiparallelo-
gram law (NPC). They have been intensely studied in recent years, often under
alternative names such as CAT(0)-spaces or Hadamard spaces.

Condition (NPC) is a metric version of NonPositive Curvature, since the
distance metric of a simply connected Riemannian manifold satisfies (NPC) iff the
Riemannian metric has nonpositive curvature in the usual sense.

Example The open cone €2, of n x n positive definite matrices becomes a
Riemannian manifold when equipped with the trace Riemannian metric: (X, Y)4 =
trA"'XA~1Y, where A € Q, and X,Y are n x n Hermitian matrices. The
corresponding distance metric on €2, is given by d(A, B) = || log(A’l/zBA’l/zuz,
where || - ||2 is the Frobenius (or Hilbert-Schmidt) norm. The cone €2, equipped
with the metric d is an NPC-space. Furthermore, the unique midpoint between
A, B € Q, is the geometric mean A#B.

Let (M, d) be a metric space. Given a weight w = (wy, ..., w,) (each w; > 0 and
Z?Zl w; = 1), the weighted least squares mean A(W; ay, ...,a,)of (ai,...,a,) €
M" is defined as the solution to the optimization problem of minimizing the
weighted sum of distances squared:

n
argmin Z w,-82(x, a;),
XeM i—1
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provided the solution uniquely exists. This is the case for NPC spaces, since the
function defined by x +— Y7, w;8%(x, a;) is uniformly convex in this case. E.
Cartan considered such “barycenters” in the case of Riemannian manifolds, where
they uniquely exist for the ones of nonpositive curvature, and M. Fréchet considered
them in more general metric spaces. Thus the least squares mean is also called the
Cartan mean or Fréchet mean.

First M. Moakher [13] and independently R. Bhatia and J. Holbrook [3, 4]
studied the uniformly weighted least squares mean for the set of positive definite
matrices 2 equipped with the trace metric as a multivariable generalization of
the two-variable geometric mean. They established its (unique) existence and
verified several of the axiomatic properties (P1)—(P10) satisfied by the Ando-Li—
Mathias geometric mean: consistency with scalars, joint homogeneity, permutation
invariance, congruence invariance, and self-duality (the last two being true since
congruence transformations and inversion are isometries). Further, based on com-
putational experimentation, Bhatia and Holbrook conjectured monotonicity for the
least squares mean, but this was left as an open problem.

S Monotonicity, Probability, and the Inductive Mean

One other mean will play an important role in what follows, one that we shall call
the inductive mean, following the terminology of K.-T. Sturm [15]. It appeared
elsewhere in the work of M. Sagae and K. Tanabe [14] and Ahn et al. [1]. It
is defined inductively for NPC spaces (or more generally for metric spaces with
weighted binary means x#;y) for each k > 2 by S2(x,y) = x#y and for k >
3, Sk(x1,...,xk) = Sk—1(x1, ..., xk—1)#1xr. (Here x#;y is the unique point z
such thatd(x,y) = (1 —t)d(x, z) +td(y, zk) for 0 < ¢ < 1.) Note that this mean at
each stage is defined from the previous stage by taking the appropriate two-variable
weighted mean, which is monotone. Thus the inductive mean is monotone.

Let (X, d) be an NPC metric space, {x1,...,x,} € X. SetN,, ={1,2,..., m}
and assign to k € N,, the probability wy, where 0 < wy < 1 and ZZLl w; = 1.
For each w € ]_[;';1 N,,, define a sequence 0 = o0, in X by 0 (1) = x,(1), o(k) =
Sk (Xw(1), - - - Xw(k))>, Where Si is the inductive mean. (The sequence o, may be
viewed as a “walk” starting at 0 (1) = x4(1) and obtaining o (k) by moving from
o (k — 1) toward x, ) a distance of (1/k)d(c(k — 1), X4 k)).) The following is a
special case of Sturm’s main results in [15].

o0

Theorem 1 (Sturm’s Theorem) Giving [[,2 | Ny, the product probability, the set
o
{we l_[ Ny, : limo,(n) = A(W; x1, ..., Xm)}
n=1 "

has measure 1, i.e., 0,(n) — A(W; X1, ..., Xp) for almost all .
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More generally, Sturm establishes a version of the Strong Law of Large Numbers
for random variables into an NPC metric space, with limit the least squares mean.
Using Sturm’s Theorem, the authors were able to show (2011) [8]:

Theorem 2 Let Q2 be the open cone of positive definite matrices of some fixed
dimension n.

(1) The least squares mean A on 2 is monotone: A; < B; for 1 < i < n implies
A(A1, ..., Ay) < A(By,...By).

(2) All ten of the ALM axioms hold for A.

(3) In a natural way A can be extended to a weighted mean, and appropriate
weighted versions of the ten properties hold.

Note The ALM mean is typically distinct from the least squares mean for n > 3.
Thus the ALM axioms do not characterize a mean. The latter fact had already been
noted by Bini et al. [5], who introduced a much more computationally efficient
variant of the ALM mean [5].

6 The Karcher Equation

The uniform convexity of the trace metric d on 2 yields that the least squares mean
is the unique critical point for the function X — > ;_, d 2(X, Ax). The least squares
mean is thus characterized by the vanishing of the gradient, which is equivalent to
its being a solution of the following Karcher equation:

n
Zwi log(X~'24;x7 %) =0. (1)

i=1

The Karcher equation (1) can be used to define a mean on the cone €2 of positive
invertible bounded operators on an infinite-dimensional Hilbert space (where one no
longer has an NPC-space), called the Karcher mean. As we just previously noted,
restricted to the matrix case it yields the least squares mean.

Power means for positive definite matrices were introduced by Lim and Palfia

[11].

Theorem 3 Let Ay,..., A, € Q and let w = (wq, ..., wy,) be a weight. Then
for each t € (0, 1], the following equation has a unique positive definite solution
X = Pi(w; Ay, ..., Ay), called the weighted power mean:

n
X = Z w;i (X# Ap).

i=1
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When restricted to the positive reals, the power mean reduces to the usual power
mean

1
Pi(w;ay,...,an) = (wiaj + -+ wypay)’ .

In 2014 the authors showed [9] that the preceding notion of power mean extended
to the setting of bounded operators on a Hilbert space [9] and established that the
power means are decreasing, s < ¢ implies Ps(-; -) < P;(-; -). Using power means
we were able to establish the existence and uniqueness of the Karcher mean in the
C*-algebra of bounded operators on a Hilbert space.

Theorem 4 [In the strong operator topology
A(; )= lim P(-; ) =inf P(-; ),
=0t >0

where A is the Karcher mean, the unique solution of the Karcher equation

n
X =An(Ar1, ..., Ap) & Zlog(Xfl/zA,'Xfl/z) =0.

i=1

Via this machinery many of the axiomatic properties of the least squares mean in
the finite-dimensional setting were extended to the corresponding Karcher mean in
the infinite-dimensional setting.

Recent work by Lim and Palfia [12] and independently by Lawson [7] shows that
the preceding constructions and results remain valid for the open cone of positive
invertible elements in any unital C*-algebra.

7 Barycenters

A Borel probability measure on a metric space (X, d) is a countably additive non-
negative measure p on the Borel algebra B(X), the smallest X-algebra containing
the open sets, such that £ (X) = 1. We denote the set of all probability measures
on (X, B(X)) by P(X). Let Po(X) be the set of all uniform finitely supported
probability measures, i.e., all u € P(X) of the form pu = ,11 Z?zl dx; for some
n € N, where d, is the point measure of mass 1 at x.

A measure u € P(X) is said to be integrable if

/Xd(x, ydp(y) < oo.

The set of integrable measures is denoted by P! (X).
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The Wasserstein distance (alternatively Kantorovich-Rubinstein distance) d"
on P(X) is a standard metric for probability measures. It is known that 4" is a
complete metric on P1(X) whenever X is a complete metric space and that Py(X)
is d%-dense in P! (X).

One can view the Karcher mean (Aq,...,A,) — A(Aj1,...,A,) on £, the
open cone of positive invertible operators, alternatively as yielding a barycenter
for the probability measure with weight 1/n at each Ag. It turns out that this
barycentric map is contractive from Po(2) to €2, and hence extends uniquely to
a contractive barycentric map A : P'(Q) — €. We call this extended map the
Karcher barycentric map. It is characterized by

X=Ap) < / log(X~'"2AX"V)du(A) = 0.
Q

The existence and basic theory and properties of the Karcher barycentric map can
be found in [10]. We note that from its definition it extends the Karcher mean.

8 Summary

In the preceding we have attempted to trace out how the matrix/operator geometric
mean has strikingly developed over the past 15 years from a two-variable mean
to a multivariable matrix mean (the least squares mean) to an operator mean in
unital C*-algebras (the Karcher mean) to a barycentric map on integrable Borel
probability measures. Whatever future developments may hold, it is clear that a
substantial theory has already emerged.
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Abstract We describe the notion of hom-Lie—Rinehart algebras as an algebraic
analogue of hom-Lie algebroids. We consider modules (left and right) over this
hom-structure and describe homology and cohomology complexes by considering
coefficient modules. In the sequel, we consider some special classes of hom-
Gerstenhaber algebras and their relationship with hom-Lie algebroids by Mandal
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1 Introduction

The notion of Lie—Rinehart algebras plays an important role in many branches of
mathematics. The idea of this notion goes back to the work of N. Jacobson to study
certain field extensions. Over the years, this notion appeared with different names
in several areas which include differential geometry and differential Galois theory.
J. Huebschmann described Lie—Rinehart algebras as an algebraic counterpart of Lie
algebroids in [2] and developed systematically through a series of papers. There is
also a growing interest in twisted algebraic structures or hom-algebraic structures.
The first appearance of a hom-algebra was the notion of hom-Lie algebra, in the
context of some particular deformation called g-deformations of Witt and Virasoro
algebra of vector fields. Later on, many essential results on hom-Lie algebras and
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hom-associative algebras followed in the works of A. Makhlouf, Y. Sheng, D. Yau
and coauthors. In [3], C. Laurent-Gengoux and J. Teles introduced the notion of
hom-Lie algebroids through a formulation of hom-Gerstenhaber algebras, following
the one-one correspondence between Lie algebroid structures on a vector bundle
and Gerstenhaber algebra structures on the exterior algebra of multisections of
the vector bundle. In fact, this one-one correspondence is an outcome of a more
general categorical result for the algebraic counterpart, namely the existence of
adjoint functors between the category of Lie—Rinehart algebras and the category
of Gerstenhaber algebras. This adjunction leads us to define the notion of hom-Lie—
Rinehart algebras and to construct a pair of adjoint functors between the category
of hom-Gerstenhaber algebras and the category of hom-Lie—Rinehart algebras (for
details see [4, 5]).

2 Hom-Lie-Rinehart Algebras

Let R be a commutative ring with unity, A be an associative commutative R-algebra,
and ¢ : A — A be an algebra endomorphism.

Definition 1 A hom-Lie—Rinehart algebra over (A, ¢) is given by a tuple
(A,L,[—,—],¢,a, p) where L is an A-module, [—,—] : L x L — L is a
skew symmetric bilinear map, & : L — L is a ¢-function linear map satisfying
a([x,y]) = [a(x), ()], and the map p : L — Dery A is a ¢-function linear map
such that following conditions hold.

1. The triplet (L, [—, —], «) is a hom-Lie algebra.
2. (p, ¢) is a hom-Lie algebra representation of (L, [—, —], &) on A.
3. [x,a.y] =¢(@)[x,y]+ p(x)(a)x(y) foralla € A, x,y € L.

A hom-Lie-Rinehart algebra (A, L, [—, —], ¢, «, p) is said to be regular if the map
¢ : A — Ais an algebra automorphism and « : L — L is a bijection.

Example

1. Let L be a Lie—Rinehart algebra over an associative commutative algebra A, and
(o, ¢) be an endomorphism of L, then the tuple (A, L, [—, —]o, ¢, &, pp) is a
hom-Lie-Rinehart algebra, where [—, —]¢ :=a o [—, —],and py := ¢ o p.

2. Hom-Lie—Rinehart algebra associated to the space of ¢-derivations: Let ¢ :
A — A be an algebra automorphism. Then (Dery A, [—, —]¢, ag) is a hom-
Lie algebra, with oy (D) = ¢ o D o qﬁ_l and the bracket [D1, D]y = ¢ o Dy o
ploDrop ! —poDrogploDyop!, forany Dy, Da, D € Dery(A). In
fact, the tuple (A, Dery A, [—, —]g, oy, @p) is a hom-Lie—Rinehart algebra over
(A, ¢) with the anchor p = .

3. The hom-Lie—Rinehart algebras associated to a Poisson algebra equipped with
an automorphism is described in [4].
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2.1 Homomorphisms of Hom-Lie—Rinehart Algebras

Deﬁnition 2 Let (Av La [_a _]L7 ¢a oL, IOL) and (Ba L/ﬂ [_7 _]L/a ]/fa ors, IOL/) be
hom-Lie—Rinehart algebras, then a hom-Lie—Rinehart algebra homomorphism is a
pair of maps (g, f), satisfying the following identities:

1. foap=apof gop=vog;
2. f(x, yD =[f(x), f(W] forallx,y e L;
3. glpL(x)(@) = pr/(f(x))(g(a)) forallx € L, a € A,

where the map g : A — B is a R-algebra homomorphismand f : L — L’ isa
g-function linear map

Let us denote by hLR the category of hom-Lie-Rinehart algebras and by hGR the
category of hom-Gerstenhaber algebras.

Theorem 3 There are adjoint functors between the categories hLR and hGR.

3 Modules of Hom-Lie-Rinehart Algebras

Let (L, @) := (A, L,[—, -], ¢, a, p) be a hom-Lie—Rinehart algebra over (A, ¢).
Also, let M be an A-module and 8 : M — M be a ¢-function linear map.

3.1 Left Modules Over Hom-Lie—Rinehart Algebras

Definition 4 A pair (M, B) is said to be a left module over a hom-Lie Rinehart
algebra (L, «) if the following conditions hold forall X € L, a € A, m € M.

e Thereisamap6 : L ® M — M, such that the pair (6, ) is a hom-Lie algebra
representation of (L, [—, —], ) on M. Let {x, m} := 6(x, m);

¢ {a.X,m}=¢@){X, m};

¢ {X,am}=¢@{X,m}+ p(X)(a).B(m).

Example

1. If « = Idp, and B = Idj then (L, @) is a Lie—Rinehart algebra and M is a left
Lie—Rinehart algebra module over L.
2. The pair (A, ¢) is a left module over (L, «).
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Let (£, @) be a regular hom-Lie—Rinehart algebra. We define a cochain complex
(Alta(L, M), 5), where Alta(L, M) := @nzo Hom 4(N', L, M). The coboundary
map 6 : Alty (L, M) — Altg‘Irl (L, M) is defined as follows:

8f(x1, -+ s Xnt1)
n+1 .
=Y D@ ) (fle ), K T ()
i=1
+ Y DB A (xS F e ()

I<i<j<n+l1

for f € At} (L, M), and x; € L, for 1 < i < n+ 1. The cohomology of a
regular hom-Lie—Rinehart algebra (£, o) with coefficients in the left module (M, 8)
is given by the associated cohomology of the cochain complex (Alt4(L, M), §).

Theorem 5 Let (L, ) be a regular hom-Lie—Rinehart algebra over (A, ¢). If
L is a projective A-module of rank n, then there is a bijective correspondence
between right (L, a)-module structures on (A, ¢) and left (L, a)-module structures
on (N} L, @).

Corollary 6 Let (L, «) be a regular hom-Lie—Rinehart algebra over (A, ¢). If
L is a projective A-module of rank n, then there is a bijective correspondence
between left (L, a)-module structures on (N L, &) and exact generators of the hom-
Gerstenhaber algebra bracket on N L.

3.2 Right Modules Over Hom-Lie—Rinehart Algebras

Definition 7 The pair (M, B) is a right module over a hom-Lie Rinehart algebra
(L, @) if the following conditions hold forall X € L, a € A, m € M.

e Thereisamap8 : M @ L — M such that the pair (6, 8) is a hom-Lie algebra
representation of (L, [—, —], ) on M. Let {m, X} := 0(m, X);
* {am, X} ={m,a.X} =¢(a).{m, X} — p(X)(@).B(m).

Remark 8 There is no canonical right module structure on (A, ¢).

For n > 0, we take C, (L, M) := M ®a A\ L and define a boundary map d :
Cho(L, M) — Cp_1(L, M) as

dim ® (x1 Q-+ ® xn))

=Y DMm x) @ (@) @ @ a(x) ® -+ ® alxy))

i=1

+3 DB @ (xi, x)j] e(x) @+ @) @ ®a(x)) @ ®a(xn)).

i<j
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Then it follows that (C(L, M), d) is a chain complex. The homology of (£, «) with
coefficient in the right module (M, B) is given by H'"R(L; M) := H.(C.(L, M)).

Example If « = Idy and B = Idy, then H™R(L; M) is the Lie-Rinehart algebra
homology with coefficients in M. For A = R, the pair (0, B) is a representation
of hom-Lie algebra (L, [—, —], @) on M and HMR(L; M) is the homology of a
hom-Lie algebra with coefficients in M.

Theorem 9 Let (L, o) be a hom-Lie—Rinehart algebra over (A, ¢). Then there is
a bijective correspondence between right (L, a)-module structures on (A, ¢) and
exact generators of the associated hom-Gerstenhaber algebra bracket on N L.

Corollary 10 The homology HMR(L, A) is isomorphic to the homology of the
chain complex associated to the hom-Gerstenhaber algebra structure on N L.

4 Representation of a Hom-Lie Algebroid

In this section, we consider hom-Lie algebroids as a particular case of hom-Lie—
Rinehart algebras. Let A := (A, ¢,[—, —], p,®) be a hom-Lie algebroid and
(E, ¢, B) be a hom-bundle over a smooth manifold M. A bilinear map V
I'A ® TE — T'E, denoted by Vi (s) := V(x,s), is a representation of .4 on the
hom-bundle (E, ¢, B) if it satisfies the following properties:

1. Vi (s) = ¢*(f).Vi(s) forallx e I'A, s e I'E and f € C*°(M);

2. Vi(f.s) = ¢*(f).Vi(s) + p(x)[f].B(s) forall x € TA, s € TE and f €
C>®(M);

3. The pair (V, B) is a hom-Lie algebra representation of (I'A, [—, —],®) on T E.

Example

1. Let A = (A,9,[—, —], p, @) be a hom-Lie algebroid over M. Then Ve s
a canonical representation of .4 on the hom-bundle (M x R, ¢, ¢*), given by
V4 (x, f)=p&)[flforallx € T A and f € C®°(M).

2. Let A = (A, ¢,[—, —1, p, @) be a hom-Lie algebroid over M and (E, ¢, B) be
a hom-bundle over M, where E is a trivial line bundle over M with s € TE, a
nowhere vanishing section of E over M such that 8(s) = c.s for some ¢ € K.
DefineamapV :T'AQT'E — I'E by V(x, f.5) = p(x)[f].B(s) forallx e A
and f € C°°(M). Then the map V is a representation of A on (E, ¢, B).

Proposition 11 ([5]) Let A = (A, ¢,[—, —1, p, @) be a regular hom-Lie alge-
broid. Then there is a one-one correspondence between representations of A on the
hom-bundle (N" A, ¢, &) and exact generators of the associated hom-Gerstenhaber
algebra 2l ;= (>0l AR A% A, [—, =14, @) (here, & is extension of the map « to
higher degree elements).

Example Cohomology of regular hom-Lie algebroids: Let A := (A, ¢, [—, —], p, @)
be a regular hom-Lie algebroid over M and the map V be a representation
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of A on the hom-bundle (E,¢,B). Then we define a cochain complex
(C*(A; E),dag) for A with coefficients in this representation as follows:
C*(A; E) := @p>o"(Hom (A" A, E)), and the coboundary map d4 g is defined as
follows for E € I'(Hom(A"A,E)),x; e TAand 1 <i <n+1.

(dA’EE)(Xl, o a'anrl)
n+1 )
=Y DVt (Bl ), e ()
i=1
+ D (EDTBE @A ([ xg D e ), e f e e o ().

I<i<j<n+1

* We denote the cohomology of the resulting cochain complex (C*(A; E), da k)
by H*(A, E).

o If o = Ids and ¢ = Idy, then A is a Lie algebroid and H*(A, E) is the
usual de-Rham cohomology of the Lie algebroid A with coefficients in the
representation on the vector bundle E.

Theorem 12 (Dual Description of a Hom-Lie Algebroid, see [1,5]) Ler (A, ¢, o)
be a regular hom-bundle over M, i.e. the map ¢ : M — M is a diffeo-
morphism and o« : TA — T'A is an invertible map. Then a hom-Lie alge-
broid structure A := (A, ¢, [—, —], p, @) on the hom-bundle (A, ¢, ) is equiv-
alent to a (&, &)-differential graded commutative algebra on @,>o (A" A*),
where the map & : T(A"A*) — T(A"A*) is defined by a(&)(x1, -+, x,) =
G*E@ (x1), -+ a7 (xn)) forE e T(A"A®), and x; € TA, forl1 <i <n.

5 Strong Differential Hom-Gerstenhaber Algebras

A hom-Gerstenhaber algebra 2 := (®;eczAi, A, [—, —], @) is called a differential
hom-Gerstenhaber algebra if it is equipped with a degree 1 map d : A — 2 such
that

1. the map d is a (o, «)-derivation of degree 1 with respect to the graded
commutative and associative product A, i.e. for X, Y € %,

dXAY)=d(X) Aa(Y) + (—=DXla(X) Ad(Y).

2. d? = 0 and the map d commutes with ,i.e.d oo = ¢ o d.



On Hom-Lie—Rinehart Algebras 161

The hom-Gerstenhaber algebra 2 is said to be a strong differential hom-
Gerstenhaber algebra if d also satisfies the equation:

d[X, Y] = [dX, a(Y)] + [e(X),dY]

for X, Y € 2. A strong differential hom-Gerstenhaber algebra 2! is called regular if
the map « : 2 — 2 is an invertible map.

Example

1. For any hom-Poisson manifold, the hom-Gerstenhaber algebra associated to the
tangent hom-Lie algebroid (and to the cotangent hom-Lie algebroid) is a strong
differential hom-Gerstenhaber algebra.

2. For any purely hom-Lie bialgebra (g, g*), the associated hom-Gerstenhaber
algebras are equipped with a strong differential.

3. Given a Gerstenhaber algebra (A, [—, —], A) with a strong differential d and an
endomorphism « : (A, [—, =], A) = (A, [—, —1], A) satisfyingd oo = ¢ o d,
the tuple (A, A, [—, =)o = @ o [—, —],@,dy = @ o d) is a strong differential
hom-Gerstenhaber algebra.

Theorem 13 The tuple (Q}iez+ C(AA), A, [—, =1, a,d) is a strong differential
regular hom-Gerstenhaber algebra if and only if (A, A*) is a hom-Lie bialgebroid
(see [1, 5]).
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Abstract We consider certain degenerations of trigonal curves and hyperelliptic
curves, which we call one step degeneration. We compute the limits of correspond-
ing quasi-periodic solutions using the Sato Grassmannian. The mixing of solitons
and quasi-periodic solutions is clearly visible in the obtained solutions.

Keywords KP equation - Soliton - Quasi-periodic solution - Sato
Grassmannian - Trigonal curve

Mathematics Subject Classification (2010) 37K40, 35C08, 14H70

1 Introduction

The aim of this paper is to compute explicitly the limits of quasi-periodic solutions
of the KP (Kadomtsev-Petviashvili) equation according to certain degenerations of
trigonal and hyperelliptic curves, which we call one step degeneration.

The KP equation is the 2 + 1 dimensional equation given by

3”[2[2 + (_4ut3 + 61/“/![1 + utltltl)tl = 07 (1)

where (#1, t2) and 3 are space and time variables respectively. It can be rewritten in
the Hirota bilinear form:
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where D;,’s are Hirota derivatives defined by

n

fU+9)8t—=3"D/f 5" .

n!
n=0

For a solution 7 of (2) u = 2(log ), gives a solution of (1). The KP hierarchy is
the infinite system of differential equations which contains the KP equation (2) as
its first member [6]. It is given by

o dz
2mi

/ t(t—s—[z "Dt +s+ [zfl])e_zzﬁil 5 =0, 3)

where 1 = (11,12,...), s = (s1,82,...), [z71] = [z_l,z_2/2, 1_3/3,...] and
the integral signifies taking the coefficient of z~! in the series expansion of the
integrand. Expanding (3) by s we get differential equations for 7(¢) in the Hirota
bilinear form. A solution 7 (¢) is sometimes called a tau function. The introduction
of the infinitely many variables is indispensable to the Sato theory which we use in
this paper.

The KP hierarchy has a variety of solutions. Among them soliton solutions and
algebro-geometric solutions are relevant to us. Soliton solutions are the solutions
expressed by exponential functions given as follows (see [11] for example). Take
positive integers N < M, non-zero parameters kj, 1 < j < M andan N x M-
matrix A = (a;, ;). Then soliton solution is given by

(1) = Z AIAIen(Kil)+“‘+T)(K,'M)’ )

I=(i1<--<inN)

o0
A= l_[(Kiq —«i,), Ar=det(api)i<pqg<n, nk)= Ztik'-
p<q i=1

Recently it was discovered that the shapes of soliton solutions form various web
patterns and that they are related with the geometry of Grassmann manifolds, cluster
algebras (see [11] and references therein).

Quasi-periodic solutions, which is also called algebro-geometric solutions,
constitute a class of solutions expressed by theta functions of algebraic curves with
positive genus. Periodic solutions are contained in this class. Soliton solutions can
be considered as the limits of quasi-periodic solutions when periods go to infinity.
In terms of curves soliton solutions are the genus zero limits of quasi-periodic
solutions. Our original motivation of the research was to take these limits and
compare the structure of the quasi-periodic solutions and that of solitons described
in [11]. However in the course of study [2] we come to the recognition that the limits
to positive genus solutions are more fundamental. Anyhow the difficulty here is that
to take a limit of a theta function or, in other words, to take a limit of the period
matrix of an algebraic curve, is not very easy.
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In [2, 18, 19] we have demonstrated that the Sato Grassmannian (UGM) approach
to this kind of problem is very effective. The reason, roughly speaking, is explained
as follows. There is a one to one correspondence between points of UGM and
solutions of the KP-hierarchy up to constants. Using UGM an algebro-geometric
solution can be described as a series whose coefficients are constructed from some
rational functions on an algebraic curve. In this way the difficult problem on taking
limits of period matrices reduces to much easier problem on taking limits of rational
functions. In this paper we develop the UGM approach further.

We consider the following degeneration of algebraic curves, which we call one
step degeneration, given by

mn+1 m(n—1)+1
V= Jle-e) =y =c-0" [ @-ap, ©)
j=1 j=1

for m = 2,3. Fix m and denote by C, the non-singular curve before taking the
limit. We define some canonical tau function t, o(¢) (see (35)) corresponding to the
curve C,,. Then we express the limit of 7, o (¢) in terms of t,_1 o(¢) with the variable
t being appropriately shifted. Then a solitonic structure can be seen clearly in the
degeneration of the algebro-geometric solution 7, ¢(¢). This is another crucial idea
in this paper.

The results are as follows. For m = 2, that is, the case of a hyperelliptic curve,
we have (Theorem 24),

lim 7, o(f) = Ce 2 X1 @'tz
n(al/?) -1/2 nan(—a'’?) -172
x|e Tn-1,0(f — [ 77D + (=1 Tn-1,0(0 = [—a /7] ), (6)
for some constant C. It is observed that the soliton factors e”**"/) pop out from
7,,0(¢). Then the solution (6) looks like a mixture of solitons and quasi-periodic
solutions. Using the formula repeatedly and noting that 7y o(f) = 1 if ; = 0 we get

well known soliton solutions of the KdV equation.
For m = 3 we have (Theorem 18)

. _ 00 1
limz,0(t) =€ 6 = ot

0 - 1 1
X § a, B)eli (@ D4n(zj @ H+n® ™
. 3'8 ( i,], k( ,3)
0<i<j<2,0<k<2

X Tam1,0( = [2i(@)] = [2(@)] = [z (B)]) )\ fea’

Z[(a) —-w la—l/3 w = 3271[/3’ (7)
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for some constants C‘,-, j.k(c, B). A new feature in this case is the appearance of the
derivative with respect to the parameter 8. This corresponds to the fact that the limit
of 7, to genus zero curve in this case is not a soliton but a generalized soliton [18].
The constants Cﬂ‘,-, j.k(c, B) should be expressed by some derivatives of the sigma
function. The explicit formulas for them are important for the further analysis of the
solutions.

We remark that the formula of the forms (6), (7) can be generalized for m > 4
in (5). They should be treated in a subsequent papers. A generalization of the results
in this paper to other class of curves such as that treated in [1] is also interesting.

The paper is organized as follows. In Sect. 2 we first review the theory of the
Sato Grassmannian (UGM). Then we explain how to embed the space of functions
on an algebraic curve to UGM. Next we apply the general theory to our concrete
examples and define the frame &, of a point of UGM corresponding to the space
of regular rational functions on C,\{co}. Then we study the degeneration of &,
and define the frame £, as a gauge transformation of &,. In order to express &,
by an object associated with the curve C,,—1 we study the frame associated with
the space of rational functions on C,_;1\{oo} which are singular at three points.
Decomposing some rational functions we derive the degeneration formula of the tau
function 7 (¢; 5,,) corresponding to %n in terms of some tau functions associated with
the curve C,—1 in the final subsection of Sect. 2. In Sect. 3 we first review the sigma
function of a so called (N, M) curve. Then we recall the sigma function expression
of T(z; &,). Next we express the tau function corresponding to the space of functions
with additional singularities as a shift of 7(; £,). By substituting these formulas to
the degeneration formula derived in Sect. 2 we express the limit of 7(z; &,) in terms
of the shift of 7(t; §n_1). In Sect. 4 we derive a similar degeneration formula for
hyperelliptic curves based on the results of [2].

2 Sato Grassmannian and 7-Function

In this section we briefly recall the definition and basic properties of the Sato
Grassmannian.

2.1 Sato Grassmannian

Let V = C((z)) be the vector space of Laurent series in the variable z and Vy =
Clz™"1, Vo = zC[[z]] two subspaces of V. Then V is isomorphic to Vy & Vj.
Letw : V — V, be the projection map. Then the Sato Grassmannian UGM is
defined as the set of subspaces U of V such that the restriction |y has the finite
dimensional kernel and cokernel whose dimensions coincide.
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To anelement Y a,z" € V we associate the infinite column vector (a;),cz. Then
a frame of a point U of UGM is expressed by a Z x N<o matrix § = (&; j)iez, jeN<o»
where columns, and therefore a basis of U, are labeled by the set of non-positive
integers N<o. A frame & is written in the form

E1,-1 .10
&0,-1 %00
b=l -————-————— (8
&1 &0
&1 &0

It is always possible to take a frame satisfying the following condition, there exists
a negative integer / such that

1 ifj<landi=
§i0=10 o S , ©)
0 if(j<landi < j)or(j>landi <I).

In the sequel we always take a frame which satisfies this condition, although it is
not unique.

A Maya diagram M = (m /')7.;0 is a sequence of decreasing integers such that
mj = —j for all sufficiently large j. For a Maya diagram M = (m j)j‘;o the
corresponding partition is defined by A(M) = (j +m j)?io. By this correspondence
the set of Maya diagrams and the set of partitions bijectively correspond to each
other.

For a frame £ and a Maya diagram M = (m j)?io define the Pliicker coordinate
by

Em = det(§m,,j)—i,j<0
Due to the condition (9) and the condition of the Maya diagram M this infinite
determinant can be computed as the finite determinant det(&,;, j)i<—i,j<o for

sufficiently small k.
Define the elementary Schur function p,(¢) by

30 | tak" - n
eLm=1"1%" — Zp,,(t)/c .
n=0

The Schur function [13] corresponding to a partition A = (A1, ..., A;) is defined by

sy (1) = det(pa;—i+j (D) 1<i,j<i-
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Assign the weight j to the variable ¢;. Then it is known that s, (¢) is homogeneous
of weight [A\| = A1 + -+ - + X;. To a point U of UGM take a frame & and define the
tau function by

T(t;8) =Y Emsian (). (10)
M

If we change the frame £ t(¢; &) is multiplied by a constant. We call t(¢; &), for
any frame £ of U, a tau function corresponding to U. So tau functions of a point of
UGM differ by constant multiples to each other.

Then

Theorem 1 ([24]) The tau function t(t; &) is a solution of the KP-hierarchy.
Conversely for a formal power series solution t(t) of the KP-hierarchy there exists
a point U of UGM such that T (t) coincides with a tau function of U.

The point U of UGM corresponding to a solution t(¢) in Theorem 1 is given as
follows [10, 16, 23, 24].

Let W*(¢; z) be the adjoint wave function [6] corresponding to 7(#) which is
defined by

T(t + [z]) o >% hiz .

W*(t; z) = )

(1)

Define W (z) by the following expansion
(tOW* (13 2)) lr=(x,0,0,0,...)
1 e .
= 7((,0,0,0,..) +[zDe ™ =Y W@ (12
i=0
Then

[e¢)

U=) C¥@). (13)
i=0

By this correspondence between points of UGM and tau functions the following
property follows. Let U be a point of UGM, 7(7) be a tau function corresponding to

Uand f(z) = e Xt di § be an invertible formal power series. Then f(z)U belongs
to UGM and the corresponding tau function is given by

ezt dili ¢ (1), (14)

It is sometimes called the gauge transformation of t(¢).
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2.2 Embedding of Algebro-Geometric Data to UGM

In this section we recall the construction of points of UGM from algebraic curves
(see [14, 19] for more details).

Let C be a compact Riemann surface of genus g, ps a point on it, z a local
coordinate around pso. For m > 0 and points p;, | < i < m, on C, such that
pj # oo for any j, we denote by

HO(C, 00} pj + o)) (15)
j=1

the vector space of meromorphic functions on C which have a pole at each p; of
order at most 1 and have a pole at p, of any order. By expanding functions in the
local coordinate z we can consider H(C, O(Z'}Ll Pj + *Poo)) as a subspace of
V = C((2)). Then

Proposition 2 ([14, 19]) The subspace z8~"H(C, O(Z’;Ll Dj + *Pso)) belongs
to UGM.

Remark 3 This Proposition was proved in [19] from the general results [14], for
m < g. But the case m > g can be proved in the same way.

2.3 Tau Function Corresponding to Zero Point Space

For n > 1 and mutually distinct complex numbers {O‘i}?L consider the compact
Riemann surface C,, corresponding to the algebraic curve defined by the equation

3n+1

¥=T]@=ep. (16)
j=1

The genus of C, is g = 3n and there is a unique point on C,, over x = co which we
denote by oo.

Consider the space H 0(C,, O(x00)) which corresponds to m = 0 in (15). It is
the space of meromorphic functions on C which are regular on C,\{co}. It can be
easily proved that it coincides with the vector space C[x, y] of polynomials in x, y.
A basis of this vector space is given by

x', x'y, x'y i >0. (17)
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We take the local coordinate z around oo such that

3n+1 1/3

x=z7 y=z%F@, FRo=|[[0-4dH] . a8
j=1

In the following we denote by z this local coordinate unless otherwise stated. The
function F}, (z) is considered as a power series in z by the Taylor expansion at z = 0.

By Proposition 2 z8 H(C,,, O(x00)) determines a point of UGM. Writing (17)
in terms of z and multiplying them by z& we get a basis of it,

Z3n_3i, Z—l—3i Fn (Z), Z—3n—2—3i Fn (Z)2 l Z 0 (19)
We define the frame §n from this basis as follows.

For an element v(z) = > a;z', a, # 0, define the order of v(z) to be —n and
write ord v(z) = —n.

n<i

Definition 4 Label the elements of (19) by v; ,ﬂi < 0, in such a way that ord vy <
ordv_; < ordv_p < --- and define the frame &, of Z8HY(C,,, O(x00)) by

é}’l = ('-'76721571760)' (20)

By the construction of €, the tau function t(7; &,) has the following expansion
(see [16])

T(t; &) = s, (1) + howot, 1)

where h.w.t means the higher weight terms, A" is the partition determined from the
gap sequence wy < --- < wy at oo of C,, and is given by

A = (wg — (g —1)...., w2 — Lwy).

Example 5 AV = (3,1,1),A? =(6,4,2,2,1,1),A3 =9,7,5,3,3,2,2, 1, 1).

2.4 Degeneration

Let us take a complex number o which is different from o;, 1 < i < 3n — 2 and
consider the limit

A3p g1, 03p, 03p—1 —> O, (22)
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which means that the curve C,, degenerates to
3n—-2
3 3
y=x—-0a) l—[(x—aj).

j=1

which we call one step degeneration of C,,.
In the limit

Fuz) — (I—az’)F1(2),

and the basis (19) tends to

23 BN —az)Fi (), 2N = ) R (2020 2 0.
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(23)

(24)

Let W, be the point of UGM generated by this basis. Multiply (24) by (1 — az3)™2

we have

Z3n—3z Z—1—3t

’ Fo1(z), 273273 ()2 > 0.
1—az3)? (I—az®) " 1@, 2 n-1(2) b=

By taking linear combinations we have

Lemma 6 The following set of elements gives a basis of (1 — az>) 2 W,,.

Z3Vl7673l’ Z7473l Fn—l(z)a Z73n7273l Fn—l(z)2a l Z 0’

Z3n Z?771—3 Z—l

) , F,_1(2).
(1 —az3)? 1 —az’ l—az3™" 1)

(25)

(26)

We arrange the basis elements of this lemma according as their orders and define

the frame &, as follows.

Definition 7 Define the frame &, of W), by

Sn = (' ces V22, V-1, UO),

with
. Z3n
0 = ,
(1 —az3)?
. Z3n—3
_1 = 9
1 —az3
Vo) = 2873 0<i<n-2,
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-1

z
V_(ntl) = Fu-1(2),
Vo (n4242i) = 77373, 0<i<n-—1,
L AN O<i<n—1
V_(n4342i) =2 n—1(2), <i<n-—-1,
—3n—2-3i 2 .
V_@ng243i) =2 7 T Fam1(2)7, i >0,
—3n—3-3i ~
V_Gng343i) =2 00, i >0,
—3n—4-3i :
V_@nat3iy =2 0 Fa1(2), i>0.

Since we have the expansion
3y-2 Wi
log(1 — T =6 ,
g(1 —az?) 12_1 &

the following relation holds by (14),
T(t; &) = O TE S lim T (11 ), @7)

where the lim signifies taking the limit (22).

2.5 Three Point Insertion

Consider the curve C,—; defined by (16) where n is replaced by n — 1. The genus
of Ch1is g’ =3n—3 =g — 3. Let

Q;j=(c,Yy), j=0,12, (28)
be points on C,,_1. We assume ¢ # «; for any 7, j. Define ¢; by

‘_y2+ij+Yj2
(/)]— x—Cj ’

The pole divisor of this function is Q; + (2¢’ — 1)oo. Consider the space
HO(Cp_1, 0(Qo + Q1 + Q2 + %00)). A basis of it is given by

x!, xiy, xiyz, pj, i>=0, j=0,12
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Werite this basis in terms of the local coordinate z and multiply it by z8 "3 we have

PO A, @), TR, ()7 20, 20, j=0,1,2.
(29)

By Proposition 2 z8 3 HO(C,_1, O(Qo + Q1 + Q2 + *00)) is a point of UGM
and the set of functions (29) is a basis of it. Using this basis define the frame of
28 3 HY(Cp1, O(Qo + Q1 + Q2 + *00)) by

&-1(Qo, 01, 02)

3n

6 3
= (oo Ve (ug3)s Ve (nf2)s Vs - -, V2, 200 000, 2"

—6 3n—6
@1, 27" ),

where v; is the same as that in &,.

2.6 Degeneration Formula in Algebraic Form

Corresponding to the parameter o in (22) let Pi(er) = (o, @' yo(e)), i = 0,1,2
be points on C,_1, where @ = e*"//3. Take Q; = Pj(@) in (28) and denote the
function ¢; by ¢;(c). Then

¥2 + (@ yo(@))y + (@ yo(a))?

pjla) = ‘

Lemma 8 For0 <i <2 we have

y' 1

2

_ (+Dj,,.

= c ) W pj(a)
— 2—i J

X —ao 3yo(®) s

The lemma can be verified by direct computation. From these relations we have

S 1 2 i_3n—6
V1= 8 T e ;‘” 2" i) (30)
'Rl (2) 1 = 2 3n6
et = s T g ;‘” 2" %pi (@) 31)

3n

_ < _ 9 1 2 i 3n—6
PT a2 T 0p (3yo(ﬁ)2 ;‘” : mm)

The third equation is obtained by differentiating the first equation in «.

(32)

B=a
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Let A be a partition and consider the Pliicker coordinate of (£,),. Substitute the
above expression to the definition of (§,); of &,. Then Egs. (30)—(32) mean that each
of the column vectors of &, corresponding to vg, v_1, V—(,+1) is a sum of vectors.
So we have

— (=D" IHk+2j (1 _ i—)
(n)i 27yp—1,0()’ 0<l.<j§0<k<2w (=
el

 ap (En—1(Pi (@), Pj(@), Pc(B)):) | p=a-

Multiplying this equation by s, (x) and summing up in A we get

(6y) = (=" Z Wi T2 (1 — i)

27yn-1,0(@)? 0<i<j<2,0<k<2
d
X 95 (t(t; En—1(Pi(@), Pj(@), P(B)))) |p=a-

Finally using (27) we obtain

Theorem 9 Consider the limit (22). Then the limit of the tau function of the frame
&, defined by (20) is given by the following formula:

limz(r; &) = D" enat > W TRH2I (1 — i)

5
27 yn-1.0(e) 0<i<j<2,0<k<2

d
x 38 (1’ (t: En—1(Pi (@), Pj(a), Pk(ﬂ)»)‘;;:a '

Remark 10 The new feature of the trigonal case compared with the hyperelliptic
case studied in [2] (see Theorem 20) is the existence of a derivative in the parameter
B. In [18] the degeneration to genus zero curve in the trigonal case was directly
studied. The obtained solutions are not solitons but generalized solitons. The
appearance of the derivative corresponds to this phenomenon.

3 Analytic Expression of Tau Functions

In this section we derive the analytic expression of tau functions appeared in The-
orem 9 in terms of the multivariate sigma function [3-5, 15, 16]. The fundamental
idea behind constructing the expression is due to Krichever [12].
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3.1 The Sigma Function of an (N, M) Curve
We consider the general (N, M)-curve [5] defined by f(x, y) = 0 with

fa,yy=yN—xM— 3" iy, (33)
Ni+Mj<NM

where N, M are relatively prime integers such that 1 < N < M. We assume that
the curve is non singular. We denote the corresponding compact Riemann surface
by C. Then the genus of C is given by g = 1/2(N — 1)(M — 1). There is one point
on C over x = oo which is also denoted by co. Here we recall several necessary
facts related with the curve C. See [15, 16] for details.

We assign the order Ni + Mj to the monomial x’y/, i, j > 0, and define f;,
i > 1, to be the i-th monomial in this order. For example f; = 1, f> = x. Then the
set of differentials

fer1-idx

du,' = —
Iy

constitutes a basis of holomorphic one forms. We choose an algebraic fundamental
form @(p1, p2) on C x C as in [15]. It has the decomposition of the form

8
B(p1, p2) = dp,Qp1, p2) + Y dui(p1)dri(pa),
i=1

where Q(p1, p2) is a certain meromorphic one form on C x C and dr;(p) is a
certain differential of the second kind on C with a pole only at oo (see [15] for more
precise form of @, €, dr;). Taking a symplectic basis {o;, ,B,-}‘l.g:l of the homology
group of C we define the period matrices wg, i, kK = 1, 2, I1 by

“an = an). 2= an).

J J
and [T = a)fla)z. Define Riemann’s theta function by

9[6](Z1 1—[) — Z en’i’(ere’)H(m+€')+2ni'(m+e/)(z+6”)7

mezs
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where € = “(¢/,€”) € R, €', ¢"” € RS. Let I18' 4+ 8", 8/, 8" € (1/2)Z8, be a
representative of Riemann’s constant with respect to the choice of the base point oo
and {o;, ,B,-}le, and § =1(8',8") € (1/2)2°¢.

Let (wy, ..., wg), wy < --- < wg, be the gap sequence of the curve C at oo (see
[7, 15] for example). Define the partition AV-M) by

ANM) = (y — (g — 1), ..., w2 — 1, wy).

By the definition A" = A(3:31+D,
Definition 11 The sigma function is defined by
0 (u) = Ce2"Mer “p[—5]((2w1) "\, T,
u =t(u1,...,ug)

for some constant C.

Assign the weight w; to u;. Then the constant C is specified by the condition that
o (u) has the expansion of the form

o(u) = s,w.m (l)|;wi —u; +how.t

It is known that C is explicitly expressed by some derivatives of the Riemann’s
theta function [17, 20]. The sigma function satisfies the following quasi-periodicity

property:

2
o(u+ Z 2w;im;)

i=1

— (_1)’m1m2+2(t5'm1 —’5”’"2)3’(2,-2:1 2mmi)(u+2,-2:1 a’imi)a(u)_ (34)

3.2 Sigma Function Expression of Tau Functions

Here we derive sigma function expressions for the tau functions corresponding to
the spaces in Proposition 2 in the case of (N, M) curves.
We take the local coordinate z around oo such that

x=zV, y=z2M1+0().
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Expand du;, @ in z as
o0
du; = bzl
Jj=1

1
Z qi, /Zl zé dz1dz,
i,j>1

a(p1, p2) = Z2)2

where z; = z(p;). The differential du, has a zero of order 2g — 2 at oo and has the
expansion of the form

dug = z%72(1 + Z by 7’ "2 )dz.
J=2g

Define c; by the expansion

10g<\/ —2g2 ) Zc,,.

In [16] there is a misprint, ¢;z’ should be c;z'/i as above. Define g x N matrix B
and the quadratic form g by

o]

B = (biizizgj=1,  q0)= Y Gijtit).
ij=1
The following theorem is proved in [16].
Theorem 12 ([16]) A tau function corresponding to z8 HO(C, O(x00)) is given by
70(t) = e~ Zim1 i t28 g (B (35)
It has the expansion of the form

70(t) = s; . (t) +how.t. 36)

Remark 13 In [16] it is proved that to(¢#) defined by (35) is a solution of the N-
reduced KP-hierarchy [6].

More generally the tau function corresponding to the m-point space with m > 1
given by Proposition 2 is described in terms of the shift of 7o (#).
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Theorem 14 Let p;, 1 < i < m, be points on C\{oo} and z; = z(p;). A tau
function corresponding to z8~™ H(C, O L, pi + %00)) is given by

TP pu) = X TG D — 3 [)), (37)

i=1

where n(k) = Y oo, ik, [w] = [w, w?/2, w3/3,.. ]

By (14) and by that the KP-hierarchy is the system of autonomous equations, if
7(¢) is a solution of the KP-hierarchy, so is eXit1Vilig (t 4 ¢) for any set of constants
{yi} and a constant vector ¢. Therefore t(¢|p1, ..., pm) is a solution of the KP-
hierarchy.

Then the theorem is proved by calculating the adjoint wave function using (13).
To this end we need some notation.

Let E(p1, p2) be the prime form [8] (see also [10]). Define E(z1, z2), E(q, p)
with z; = z(p;) and g being a fixed point on C by

E(z1,22) E(q.p) = E(z(q), z(p))
Vdzi/dz' ' Jdz(p)

Define E (g, p) for g fixed by

E(p1, p2) =

~ 1 2 —1 N
E(g,p) = E(q, p)\/d”g(p)ezf; dutmer) [ du.

du="(duy, ..., dug).
In [15] two variables E (p1, p2) arld one variable E (o0, p) were introduced and
studied. It should be noticed that E(qg, p) is a multiplicative function of p while

E(q, p) is a —1/2 form. Similarly to the case of E (oo, p) in [15] the following
lemma can be proved.

Lemma 15

(i) The function E(q, p) has the expansion in 7 = z(p) near oo of the form

E(q,p) = (z—2(@)z* "1 + 0(2)).

(ii) Let y be an element of 1 (C, 00) and its Abelian image be
8 (myia; +maiBi). Then

E(q,v(p)/E(q, p)

— (_1)’m1m2+2(’5'm1—’5"M2)e’(zl-2=1 Znimi)(fquu+z,~2=l wimi)’ (38)

where mj ="(m; 1, ..., Mij.g).
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By (i) of this lemma E(oo, p) has a zero of order g at co.
Let d7; be the normalized differential of the second kind with a pole only at oo,
that is, it satisfies

/ dii =0, 1<j<g, dii =d(Z™ + 0(1)).
o
Define

8
dfi = dfi + Y bji(moy")jrdug.
jk=1

By the construction their periods can be computed as (Lemma 5 in [16])
[ am=cews),,. [ a@=tews),. 6
aj j

In Lemma 5 of [16] there is a misprint: the right hand side is not the (i, j) component
but the (j, i) component.

Proof of Theorem 14 The adjoint wave function (11) corresponding to the tau
function (37) is computed as

E(c0, p)" Yo (2 du— 3", [P du+ Bt)

172 E(pi, p) o (= X0, [2 du + Br)
x e~ izt fi ,/'pd’f\i’

U*(t,z2) = C(zis ...y zm)28"

Pi

m
1 m D -1
C(Zl, el Zm) — (_1)m(1_[Zl)ez Zi:l OIO fdu('}lwl )foo du.
i=1

By Lemma 15 and (39) we can check that z 78" W*(¢, 7) is, as a function of
p € C, m(C, oo) invariant. Then the same is true for any expansion coefficient
of W*(z, z) in t. Expansion coefficients in ¢ are regular except p;, 1 < i < m, oo
and have at most a simple pole at p;. Therefore the point U of UGM corresponding
to T(t|p1, ..., pm) is contained in z8 " H(C, O L, pi + *00)). Since a strict
inclusion relation is impossible for two points of UGM [2, Lemma 4.17], these two
points of UGM coincide. O



180 A. Nakayashiki
3.3 Degeneration Formula in Analytic Form

In this section we apply the results in the previous section to the curves C,, C,—1
and associated tau functions in Theorem 9. So, in this section t, (f) denotes the
function defined by (35) for the curve C,,.

Lemma 16 We have

T(t; &) = Tuo(0). (40)

Proof Since &, is a tau function corresponding to z8 H 0(Cy, O(x00)), we have, by
Theorem 12,

T(t; gn) = CTn,O(t)y

for some constant C. Comparing the expansions (21) and (36) we have C = 1. O

Next we consider tau functions appearing in the right hand side of the equation
in Theorem 9. We need a point (&, yo(cv)) of C,,—1. To specify yo(c) is equivalent
to specify one value of z such that 773 = @, thatis, /3. In fact, if z = @~ 1/3 is
given the value of yp(«) is determined by (18) as

yo@) ="t Py (@), (4D
Since P;(a) = (a, o' yo(a)), we have
2P(@) =w a3, (42)
For simplicity we set
zi@) = w a3, (43)
Since, in general &,_1(Qo, Q1, Q2) is a frame of the point

2
2 H(Cue1, O() ] Qi + #00)) € UGM
i=0

we have, by Theorem 14,
T(t; En—1(Pi(), Pj(@), P(B)))
= Cijxla, )@@ HHnG @™+

X Tp-1,0(f — [zi(@)] = [zj(@)] = [z (B)]D,  (44)
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for some constant C; j ¢ (o, B).

Remark 17 The explicit forms of the constants C; ; x (o, B) are not yet determined.
They should be calculated by comparing the Schur function expansions and are
expected to be expressed by some derivatives of the sigma function.

Substituting (40), (44) into the relation in Theorem 9 we get

Theorem 18 Let t, 0(t) be defined by the right hand side of (35) for the curve Cp
and z; (@) defined by (43). Then, in the limit oj — o for j =3n,3n £ 1, we have

lim 7, 0()

(_1)" 376 Zloil Otll‘3] Z a)i+k+2j(1 _ wi*j)

= 5
27yo(@) 0<i<j<2,0<k<2
d =D (a1 .
X o6 (C;,j,k(cx, B)el i@ 0@ ™D+
Xm0t~ @] = @] = @) )| _ @)

for the constants C; j i (a, B) in (44), where yo(a) is given by (41).

Remark 19 In the right hand side of (45) the exponential factor, which is character-
istic to soliton solutions, is clearly visible. Since it can be shown that 79 o = 1 for the
genus zero curve y> = x which corresponds to the case o] = 0, using repeatedly the
formula (18) we obtain the formula which contains only exponential functions and
their derivatives with respect to parameters. The formulas for them were computed
in [18] independently of Theorem 18, where all constants are explicitly given as
functions of {«}. These solutions are called generalized solitons in [18].

4 The Case of Hyperelliptic Curves

In this section, based on the results of [2], we derive the corresponding formula
to (45) in the case of hyperelliptic curve X, defined by

2g+1

Y=[]@-ep (46)
j=1

and its degeneration

g1, 02g—1 —> C, 47
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where a # «j for 1 < j <2g — 2. The curve X, has the unique point over x = 0o
which we also denote by co. We take the local coordinate z around oo such that

2¢+1 172

x=z72, y= Zfzgleg(z), Fo(z) = l_[ (1 —aiz%) . (48)
j=1
Let
w® =g g—1..1

be the partition and §g a frame of z8 HO(X ¢» O(x00)) such that the corresponding
tau function has the expansion of the form

T(1: &) = 5,00 (1) + how.t. (49)
Fix one of the square root @ ~!/2 and define yg by
o= a2 F_i(a ). (50)
Then («, yo) is a point of Xg_1. Set
p+ = (&, o). (5D
Then the values of the local coordinates of p4 are
2(ps) = a2

Let &;_1(p+) be a frame of 222HY (Xg,l, O(p+ + *oo)) such that their tau
functions have the following expansions

(15 §g—1(p+)) = s,6-0 (1) +how.t. (52)

The following theorem is proved in [2] in a similar way to Theorem 9.

Theorem 20 ([2]) The following relation holds.
limz(z; §)
= (=D Qo) e 2 EE N (r(1 8,1 (py) — T Eg1(po)),  (53)

where lim in the left hand side means the limit taking ozg11, a2 to a.

Let 74,0(7) denote the function defined by the right hand side of (35) for X,.
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Lemma 21
(i) (1 &) = Tg0(0).
(i1) For some constant C¢ ()

(15 &-1(pe)) = Cel@)eX @ gy o —fea™ ), e =+

Proof

(i) Both t(z; §g) and g o(¢) are tau functions corresponding to z& HO(Xg, O(x00)).
By comparing the expansions (36) and (49) we get the result.

(i) Since the right hand side and the left hand side without C¢(«) of the equation
in the assertion are the tau functions corresponding to z8~2H°(X e—1, O(pe +
*00)) by the definition of £, 1 (p.) and Theorem 14, the assertion follows.

O

This lemma is proved in [2] in a different form. The explicit form of the constant
Cc(a) can be extracted from there. Let us give the formula.

Let m(® = [g+1] Define the sequence A®) and s®) e {41} by

A® = (@®, (é’(l))_(Zg—12g 5,28 -9,...),

$© — (_1)(g71)m(g>.

Example 22 AD = (1), A® = (3), A® = (5, 1), A® = (7, 3).
s =1,5@ =—1,s3 =1,s® = 1.

The following property of A(® is known [20, 22],

m@
1
A©:= a = s(s+1). (54)

Denote the sigma function of X, by o@D (). Set
bi=@Ef P +12e(1,2,...,6-2), 1<i<m@®?,

and define

am(gﬁ)

(g 9] (g—1)
(g=2) () = o (u).
Ag aub] “.aubm(g72)
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Then, by Theorem 4.14 of [2], we can deduce that

_ Pe
Ce(@) =s(g—2>o/§§g}2§(—/ duw)y~',  du="(duy,... duy). (55)
o0

Lemma 23 The following relation is valid.
Co(@ = (=D*'Cy(e). (56)
Proof 1t is known that the sigma function satisfies the following relation [15, 22]
o@D (—y) = (—=1)286 VgD,
By differentiating it we get

o7 () = (— 128D D ) (57)

We can easily verify that
1 (g—2) _
2g(g D4+mé¥ " =g—1 mod.2. (58)

For the hyperelliptic curve X, the following relation holds,

p- Pt
/ du = —/ du. (59)

The assertion of the lemma follows from (55), (57), (58), (59). |

Substituting the equations of (i), (ii) in Lemma 21 into (53) and using (56) we
get

Theorem 24 Let 4 o(t) be given by the right hand side of (35) for the hyperelliptic
curve X, defined by (46). Then in the limit azg11, a2g —> o we have the following
formula,

limrg (1) = (=¥ 2y0) ™ Cp(eye > 212
12 _ Y _
x (7@ D100 = [ 2 + (—DET T gy o — [—a D),

where yo, p+, C4(a) are given by (50), (51), (55) respectively.

Remark 25 The tau function 74 o(f) gives a solution of the KdV hierarchy (see
Remark 13). Again it can be shown that 7o o = 1 for the genus zero curve y> = x
which corresponds to «; = 0. Using the formula repeatedly we get the well known
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soliton solution [9, 21]. For a; # 0 we can show that 7,0(r) = eZ@+2® where
L(t) and Q(#) are certain linear and quadratic functions of 7.
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Abstract The aim of this work is to explain the role played by the Fock quanti-
zation of canonical transformations in the construction of the global semiclassical
(high-frequency) asymptotic approximation. This role may well pass unnoticed as
long as one deals with nondegenerate differential equations. However, the situation
is different for some classes of equations with degeneration, where the Fock
quantization of canonical transformations becomes instrumental in the construction
of asymptotic solutions.
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Quantization - Degenerate equation - Maslov’s canonical operator
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1 Introduction

Maslov’s canonical operator [14, 15] is a powerful tool for constructing global semi-
classical asymptotics of solutions of differential equations with a small parameter
multiplying the derivatives. The asymptotic solutions produced by this operator have
the form of sums of WKB elements' in coordinate and momentum representations,

with the 1/ h-Fourier transform F [1,/_? x applied to the latter to make them functions
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of the coordinate rather than the momentum.> The operator F ,1,/_lfx is actually the
Fock quantization of the rotation by an angle of 7 /2 in the phase plane; however,
this, in a sense, works behind the scenes, and one may not know that but still apply
the canonical operator successfully to problems with nondegenerate characteristics.
Things become more difficult when one deals with degenerate operators to which
the standard scheme of the canonical operator does not apply. In that case, to de-
singularize the problem, one may need more complicated canonical transformations
than mere rotations by 7 /2, and then the Fock quantization rule gives the right
recipe of what to do with the WKB elements arising in the new variables and how
to construct a modified canonical operator suitable for the degeneration in question.

This is exactly what happens for the class of operators with boundary degenera-
tion arising in the linear theory of run-up of long waves on a shallow beach [19, 21].
The theory of global semiclassical asymptotics for this class of problems has
been developed in the recent years by the authors and their colleagues [1, 2, 5—
10, 16, 17]. The aim of the present note is to explain how the Fock quantization
of canonical transformations enters the construction of semiclassical asymptotics.
As an example, we use the simplest problem of this class in dimension 1, that is, a
problem for an ordinary differential equation (ODE).

2 Degenerate Boundary Value Problem

Let D(x) € C®([—1,1]) be a function such that D(x) > 0 for x € (—1,1),
D(—1)=D(1) =0, D'(—1) > 0,and D'(1) < 0. Further, consider the operator

d d
Lo=-— D) with domain  D(Lg) = C3°((—1, 1))
dx dx

in the space L*([—1, 1]). The operator Lo degenerates at the endpoints of the
interval (—1, 1), and hence one cannot define any self-adjoint extensions of Lg
with the use of classical boundary conditions such as the Dirichlet or Neumann
conditions [18]. Thus, one has to use “generalized boundary conditions.” Define the
operator L in L?([—1, 1]) as the Friedrichs extension [3, Sec. 10.3] of L, which
is equivalent to the finiteness of the energy integral [22, Sec. 33.1]. Consider the
eigenvalue problem

Ln = an, ey

ZFor simplicity, we only deal here with the case of one spatial variable x (i.e., x € R'); if
x = (xg,..., xn) € R”", then the construction also involves partial Fourier transforms (Fourier
transforms with respect to part of the variables).
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which naturally arises in the approximation given by the linearized shallow water
equations as the one-dimensional model of harmonic water waves (such as seiches)
in a basin of variable depth D(x). Here n(x)e'”, v = /A, has the meaning of the
free surface elevation at the point x at time #. The motion of water is assumed to be
potential, and we use a system of units in which the acceleration due to gravity has
the value g = 1.

We will be interested in the behavior of solutions of this eigenvalue problem
with large L. One defines an asymptotic series of solutions as a sequence A, —
oo of numbers (called asymptotic eigenvalues) and a sequence of functions 1, €
D(L) such that ||n,|| = C > 0 (where the norm is taken in L2([—1, 1])) and these
functions are almost eigenfunctions in the sense that [|Ln, — Axn,|l = O(1) as
n — oo. By the well-known estimates for the resolvent of a self-adjoint operator,
an asymptotic series satisfies the relation dist(A,, 0 (L)) = O(1), where o (L) is the
spectrum of L, and has other useful properties.

Equation (1) is an ODE with singular points, and there is a vast literature
concerning the theory of such equations (e.g., see the books by Fedoryuk [11]
and Slavyanov [20] and references therein). Needless to say, problem (1) can be
solved by methods of that theory; for example, one can use the method of standard
equations with the Bessel equation serving as a standard equation (see [6, Sec. 2]).
However, these methods have a drawback in that they cannot be transferred to
the multidimensional case automatically; for us, Eq. (1) only serves as a simple
example, and we will use an approach is free from this drawback. This approach
is based on the geometry of the characteristics of the problem and extends Maslov’s
canonical operator.

3 Quantization of Canonical Transformations

The idea of quantization of canonical transformations is apparently due to Dirac,
who wrote [4, Sec. 26]:

...for a quantum dynamic system that has a classical analogue, unitary transformation in
the quantum theory is the analogue of contact transformation in the classical theory.

The definition of quantization of canonical transformations was given by Fock [12].
Since then, there have been an extensive literature on the topic. In particular, a
comprehensive theory including global aspects and featuring far-reaching general-
izations was developed by Karasev and Maslov [13]. We will need the simplest local
version essentially defined by Fock himself. In this paper, we restrict ourselves to
the one-dimensional case. Consider a canonical transformation g : R%x’p) — R%y’q).
The quantized canonical transformation is given by

T(g): L*(Ry) — L*(Ry),  [T(gul(x) = / Ko (x, y)u(y)dy,
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where the kernel K, depends on the small parameter 7 > 0 and is defined via the
generating function of g as follows.

1. If g is defined by a generating function ®(x, y) by the formulas g = —®,(x, y),
p = P, (x, y), where, by definition, CDZy (x,y) # 0, then the kernel is given by

—i\1/2 ig 7w

Koo = (, ) "en® Jor oy, argi =

2. If g is defined by a generating function ®(x, ¢) by the formulas y = ®,(x, q),
p = ® x(x, q), where, by definition, <I>;’q (x,q) # 0, then

1 L -
Ky(x,y) = zﬂh/eh“’“‘*‘” @ (. 9 dg.

The choice of the argument of the radicand is irrelevant to our discussion.
Let us present two examples.

1. Let ®(x,y) = —xy,sothat p = &, = —y, g = —P, = x, and the
transformation is the counterclockwise rotation by m/2. Then the quantized
transformation has the kernel

Kg(x,y)=<2nh) e Y, [T(g)u](x)=<2nh> /e_h”u(y)dy;

thus, T'(g) = ]—'yl/_f'x is the 1/ h-Fourier transform.

2. Now let ®(x, q) = ¢f (x) (where f'(x) # 0): then y = f(x), p = (f'(x))"'q
is the classical canonical transformation associated with a change of variables.
The kernel has the form

V@)

2rh

Kq(x,y) = en1UOD dg = /1 (0)8(y — f (X)),

and the transformation 7 (g) itself is the same change of variables in a function
followed by the multiplication by a factor ensuring the unitarity of 7'(g) in L2.

4 Semiclassical Asymptotics

The semiclassical theory deals with equations of the form Hu = 0, where
H=H (x,p), p = —ih aax, is a differential operator with a small parameter
h > 0 multiplying the derivatives. Semiclassical asymptotic theory provides rapidly
oscillating asymptotic solutions of the equation Hu =0ash — 0. Letus recall the
standard construction of the canonical operator [14, 15], again sticking to the case of

n = 1. To define the canonical operator, we need a Lagrangian manifold A C R%x »
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with a smooth measure du (volume form) on it. The canonical operator K 7\ takes
smooth functions on A to rapidly oscillating functions on R,. The manifold A must
be compact (or at least the projection A — R, must be proper).

The function K 7\‘15 is pasted together from local elements corresponding to parts
of A with “good” projection onto one of the coordinate axes. There can be two
possible cases:

(i) Assume that the projection of supp¢ C A onto the x-axis is good. Then
[K" $](x) is the WKB element

N B iS(x) du\'? . as
[KA¢](x)_exp< ) )qs(x)(dx) , whereA_ip_ax(x)}.

(i1)) Assume that the projection of supp¢ C A onto the p-axis is good. Then we
can in a similar way define the WKB element

iS(p) du\'"? . aS
xp( , )¢>(p>(dp) - where A = fx == ()},

but we cannot make it the value of the canonical operator, because it depends on
the wrong variable! To obtain a function of x, we transpose the axes by rotating
the picture by an angle of 77 /2. The Fock quantization of this rotation gives the
Fourier transform, and we obtain

. 1/2 . 1/2
G(p) + px) d
(K" p1(x) = (Z;h) fexp(’ ”h px )¢(p>(d§) dp.

Now, to define K 7\‘15 for an arbitrary compactly supported smooth function ¢ on A,
one uses a partition of unity to split ¢ into a sum of terms each of which can
be treated with the use of (i) or (ii). The consistency of (i) and (ii) in case they
both apply is ensured by additional unimodular factors; in turn, these can be chosen
consistently if A satisfies the quantization conditions (see [14, 15]).

5 Solution of the Degenerate Problem

5.1 Geometric Construction

We rewrite problem (1) in the semiclassical form

o~

Hn=n, H=pDX)p,
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with Hamiltonian H (x, p) = D(x)p®. The semiclassical asymptotics is associated
with a Lagrangian manifold A¢ contained in the set {(x, p): H(x, p) = 1}. In the
one-dimensional case, this set is a curve, and the Lagrangian manifold necessarily
coincides with it. The difficulty is that the Lagrangian manifold is singular (namely,
the projection onto the base is improper). The solution is to extend the phase space.

The geometric construction was suggested in [16] based on the idea in [23]
that one should proceed from the momentum variable p to its reciprocal, 1/p.
The natural next step (which however was not made in [23]) is to accompany this
transformation with a transformation of the variable x so as to obtain a canonical
transformation. This was done in [16]. The desired change of variables in the phase
space T*((—1, 1)) over a neighborhood of the left end x = —1 of the interval
(—1, 1) has the form

2 1 2 1
6 =p(x+1), ==, & x=q%*0 -1, p=- )

This transformation is canonical, dp A dx = dgq A df. We add the open half-line
{g = 0,0 > 0} to this chart of the phase space in the new coordinates and carry
out a similar construction near the right end x = 1. The resulting new phase space
® is diffeomorphic to a plane with two deleted points, ® ~ R?\ {(—1,0), (1, 0)}.
The closure A of the manifold A in the phase space ® is obtained by the addition
of two points; it is a smooth Lagrangian manifold diffeomorphic to a circle. To
construct asymptotic eigenfunctions, we must define the canonical operator on A in
the vicinity of the newly added points.

5.2 Modified Canonical Operator

Consider a neighborhood of a point in A \ Ag. This point is projected into
one of the endpoints of [—1, 1] and is defined by the equation ¢ = O in the
corresponding new coordinates. Thus, the endpoints are a special kind of caustic.
To define the canonical operator near these points, we use the same idea as earlier
for the “standard” canonical operator. Namely, we write a WKB element that is
a function of ¢ and then define a function of the variable x by applying the
Fock quantized canonical transformation corresponding to the classical canonical
transformation (2). To be definite, consider a neighborhood of the left endpoint x =
—1. Then the canonical transformation (2) can be defined by the generating function
®(x, g) = —x/q, and accordingly the quantized canonical transformation is

[T(g)u](X)=/K(x,9)u(9)d9,
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where

L[> _1(*i69)dgq i /2/x0
— h [
K(x,@)_znh[me ! q hj"( h )

and Jy(z) is the Bessel function of the first kind and zero order. Thus, we have
the Hankel transform instead of the usual Fourier transform in the definition of the
canonical operator. In other words, the canonical operator in a neighborhood of the
boundary point acts as an application of the Hankel transform (composed with the
Fourier transform) to a WKB element. The corresponding integral formulas can
be found in [17]; the kernels of these integrals are products of K (x, 8) by certain
rapidly oscillating exponentials. Computing these Bessel type integrals according
to [5], we arrive at the form of the modified canonical operator given in [1]. In the
one-dimensional case, these formulas do not contain any integrals and hence express
the asymptotic solution in closed form. We refer the reader for the general formulas
to [1, 6] and restrict ourselves in the present paper to the solution formulas for our
specific problem.

5.3 Formulas for the Asymptotic Eigenfunctions
The final answer in problem (1) reads [6, Eq. (1.6)]

S(—1, 1/2
( x)), xel[-1,1—el,

c(x)
S(x, 1)

c(x)

\/271a)nJo(a)nS(—1,X))(
na(x) < 12
(—1)"/ 27w Jo(wn S(x, 1))( ) , xe[-1+e1],

where ¢ > 0 is fixed,

c) = VD), S(xo,x)=/x o lcmrsl,
xo C(&)
and
T 1
wn:S(—l,l)(n+2>’ n=1,2,...,

are the asymptotic eigenvalues of the problem.

Acknowledgments The authors are grateful to A. Yu. Anikin, A. I. Shafarevich, A. A. Tolchen-
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Abstract We introduced some contact potentials that can be written as a linear
combination of the Dirac delta and its first derivative, the §-8’ interaction. After a
simple general presentation in one dimension, we briefly discuss a one dimensional
periodic potential with a §-§’ interaction at each node. The dependence of energy
bands with the parameters (coefficients of the deltas) can be computed numerically.
We also study the §-8" interaction supported on spheres of arbitrary dimension.
The spherical symmetry of this model allows us to obtain rigorous conclusions
concerning the number of bound states in terms of the parameters and the dimension.
Finally, a §-8’ interaction is used to approximate a potential of wide use in nuclear
physics, and estimate the total number of bound states as well as the behaviour of
some resonance poles with the lowest energy.

Keywords Contact potentials - Periodic potentials - Nuclear potentials - Atomic
potentials
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1 Introduction

Contact potentials are interactions supported on manifolds of lower dimension than
the dimension of the overall space [1, 3, 11, 16]. Along the present manuscript,
we shall consider the time independent one dimensional Schrédinger equation and
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contact potentials supported on isolated points (this is why we shall also use the
term of point interactions to refer to them) or on lower dimensional varieties. The
simplest case of a one dimensional contact potential is the Dirac delta interaction
8(x) supported at a point. In this case the Schrodinger equation comes from a one
dimensional Hamiltonian of the form H = —d?/dx? + V (x), where V (x) accounts
for the contact potential. This study is important in quantum mechanics and here are
a few reasons:

* Many of these models are exactly solvable and are very suitable to study
scattering properties [2, 21, 31]. In particular, they are good toy models to study
resonances and antibound states and their properties [4, 5].

* They may serve to model point defects in materials, topological insulators [10,
28] and heterostructures, which may be represented by abrupt mass changes [20,
30].

* In nanophysics: to mimic sharply peaked impurities inside quantum dots.

e In scalar QFT on a line: used to show the influence of impurities and external
singular backgrounds [33].

 Point interactions of the type Dirac delta, §(x) or §’(x), can be understood
as perturbations of a free kinetic Schrodinger Hamiltonian, but they could be
also combined with other type of interactions such as the harmonic oscillator,
a constant electric field, the infinite square well, the conical oscillator, etc.
[19, 22, 23,27, 39].

* Double §-8’ barriers have been used to study the Casimir effect [8, 17, 24, 35].

 Chains of periodic §-8" interactions have been considered in order to analyze
a solvable Kronig-Penney model in solid state, where the behaviour of band
spectrum has been thoroughly analyzed in order to obtain a better comprehension
of dielectric and conducting phenomena [15, 25].

e Although in principle we focused our attention in one dimensional non-
relativistic problems, work has been done also in the study of contact potentials
in higher dimensions [36], or as perturbations of the Dirac equation or the
Salpeter Hamiltonian [18]. There is a wide range of problems in this field that
will be studied in a near future.

In one dimension, it has been proven the existence of families depending on
four real parameters of contact potentials at each point compatible with the self-
adjointness of the Hamiltonian. There are some discussion on the physical meaning
of these families that are obtained through the formalism of self-adjoint extensions
of symmetric operators on Hilbert spaces.

Along this presentation, we shall consider the following forms for V (x):

* V(x) = —ad(x) + b8’ (x), where a and b are real numbers with a > 0.
¢ The Kronig-Penney model V (x) = Y oo (Vod(x — na) + aVi§'(x — na)).

 The radial potential V (r) = ad(r — r’) + b8'(r — r’) with a and b real.
* An application to nuclear physics, considering the previous radial potential plus
a finite spherical well Vo[0(r — R) — 1].
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2 A §-8' Perturbation of the One Dimensional Free
Hamiltonian

We start with the one dimensional Hamiltonian of the form

p2

H=Hy+ V)=, —as(x)+b8'(x), witha>0,beR, (1)
m

where Hy = p?/(2m) and V(x) := —ad(x) + b8'(x). Here, we need a definition
of the potential V (x) such that the Hamiltonian H in (1) be self-adjoint. While a
perturbation of the type —4(x) is well defined on Hy, the point is to add the term
containing the §'(x). There is not a unique definition for perturbation of this kind,
but we need one compatible with the term on §(x). This is sometimes called the
local §'(x) and the interaction V (x) has to be defined via the self-adjoint extensions
of symmetric (Hermitian) operators.

A self-adjoint determination of the Hamiltonian (1) can be provided through
the theory of self-adjoint extensions of symmetric (Hermitian) operators with
equal deficiency indices. First of all, we define the domain of the “free” operator
Hy = —d?/dx? as the Sobolev space W22 (R\{0}) of absolutely continuous functions
¥(x) : R\{0} — C, on the real line excluded the origin, such that:

(1) The first derivative v’(x) is absolutely continuous on R\{0} (note that an
absolutely continuous function admits derivative at almost all points);
(2) Both ¥ (x) and " (x) are square integrable:

/ (Y )2+ 1¥" ()P dx < 00. )

(3) ¥(0)=y'(0)=0.

With this domain, Hp is a symmetric operator with deficiency indices (2, 2), which
means that it has a set of self-adjoint extensions depending on 4 real parameters.
Note that Conditions (1) and (2) give the domain of the adjoint, HOT , of Hp. Self-

adjoint extensions of Hp have domains included in the domain of HJ and are
characterized by matching conditions at the origin. They have been classified in
[9, 31]. In our case, we propose for V(x) = —ad(x) + bd’(x) the following
matching conditions:

7% + mb
¥(Oh) R ¥(07) .
1/[’(0-'_) B —2h2am f"lz — mb 1//‘/(0_) ’ ( )

B — m2b2 K2+ mb
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where f(0%) and f(07) are the right and left limits, respectively, of the function
f(x) at the origin. The corresponding Schrodinger equation for H = Hy + V (x) is

hz

~om ') —ad()Yx) + b8 (xX) Y(x) = EY(x). 4)
Since neither the functions ¥ (x) in the domain of H nor their first derivatives are

continuous at the origin, we need to give a determination of the products & (x)yr(x)

and &’(x) ¥ (x) that replace the usual ones and that were somehow compatible

with (3). Following [31], we propose

(U 0~
sy = YO TV g0 5)

2
ot 0~ (01 + (0~
5 () ¥ (x) 1= v ( )42-1/f( )5’(x) A );Vf( )S(x). ©)

Some conclusions will be presented next. This includes bound states and
scattering coefficients.

2.1 Bound States and Scattering Coelfficients

It is well known that the Hamiltonian (1) has a bound state for b = 0, since —a is
negative. When b # 0, it is easy to prove that a bound state must exist. Furthermore,
we can find its energy and its wave function by solving the Schrodinger equation (4).
Note that outside the origin, this is the Schrodinger equation for the free particle, so
its solution should be of the form

Yx)=aeFo(—x)+Be " O(x), « =\/—2mE/h2, @)

with E < 0, 6(x) is the Heaviside step function, « = ¥(07) and 8 = ¥ (0"). In
addition, the function ¥ (x) in (7) must belong to the domain of the Hamiltonian (1),
so that it must satisfy the matching conditions (3). Taking into account (3), the final
form of (7) is

Jm

ah 2 KX 2 —KX
Yx) = " [(h= —mb) e 6(—x) + (A~ +mb) e 0(x)]. 8)

+ m?b?

Note that the function (8) is square integrable and, therefore, represents the
wave function for the unique bound state of the system. Then, we plug (8) into
the Schrodinger equation (4), which after some algebra gives the energy value for
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the unique bound state,

E— 1 ma’h® ©)
2 (ki b2m)?

It is a simple task to obtain the scattering coefficients. Assume that a monochro-
matic wave e** k = \/ZmE/hz, E > 0, comes from the left to the right. After
scattering with the potential V (x), the resulting wave function has different forms
on the regiones x < 0 or x > 0, which are given by

forx <0: Y(x) =™ + Re ™ forx>0: y(x) =Tk, (10
where R and T are the reflection and transmission coefficients, respectively. These

coefficients are easily obtained by using matching conditions (3), where we now
choose i = 1 for simplicity:

1 b
T +m 1+ R
_ 1—mb (11
T - —2am 1 —mb k(1 - R) ’
i i —
1 —m2b2 14+mb
so that,
— 2mbki 1 — m*b?)ki
R = (am 4+ 2mbki) Tk = ( m-b-)ki (12)

am + (1 +m2b2)ki’ am + (1 + m2b2)ki’
where i is the imaginary unit. Note that [R(K)|> + |T(k)|? = 1. At the exceptional
values b = +1/m, there is no transmission. This case will not be treated in the
sequel, but it was carefully considered in [24, 34].

3 The Dirac §-8’ Comb

The correspondence between boundary conditions and surface interactions in
quantum field theory was established by Symanzik some time ago [38]. One the
most interesting examples of these surface interactions is given by the Casimir effect
[14]. It was in [34] where an interpretation of the Casimir effect using a §-8" type of
potential was proposed. The idea in [34] was mimicking the plates in the Casimir
effect as two point interactions, so that the Hamiltonian becomes

2 2

0+ V@) 2m dx?

+a18x+)+bidx+@+adx—q) +bdx—q),
(13)

where g > 0 and the meaning of Hy and V (x) is obvious.
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A generalization of the Hamiltonian (13) is given by the Dirac §-8’ comb.
This is a modification of the Kronig-Penney model, which is an exactly solvable
periodic potential, used in Solid State Physics, which describes electron motion
in a periodic array of rectangular barriers. The most obvious generalization of the
Kronig-Penney model is to replace the rectangular barriers by Dirac deltas of the
same amplitude, something that can be obtained by a formal limit procedure. Now,
the one dimensional Hamiltonian H = Hy + V (x) is given by a periodic potential
of the form V (x) = Vo Y o 8(x — na), with Vo > O anda > 0.

Inspired in the above mentioned analysis of the Casimir effect, we propose the
study of the Dirac §-8’ comb, in which the potential takes the form:

(o)
Vilx) = Z Vod(x —na) +aV18'(x —na)), a,Vy>0, Vi eR. (14)

n=—0oo

so that it is a second generalization of the Kronig-Penney model. From the point
of view of physics, this chain may model a periodic array of charges and dipoles.
The objective is to solve the one dimensional Schrédinger equation using (14) as
potential.

Now, we operate on a neighbourhood of the origin, see Fig. 1. If we call {7 (x)
and 77 (x) to the wave functions in the region I (left) and 77 (right), respectively,

they have the following form (k = V- zg”E > 0):
Yr(x) = Ap e + Bre ™ yy(x) = Ay ™ + Bre ™,

Yr(x) =ik Ap e —ik Bye ™, W), (x) =ik Arp e — ik Brp e

15)
Equations (15) can be written in simplified matrix form as
vy (x) cAy
¥,(x) = = KM, , J=11I, (16)
¥ (x) By
Voo (x + a) + aVid'(x + a) Vod(x —a) +aVi6'(x —a)

T region / T region /1 T

Voo (x) + aV10'(x)

Fig. 1 Periodic potential (14) near the origin
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11 etkx
K = , M, = I (17)
ik —ik 0 e ikx

In order to include the perturbation of the form §-8" at the origin, we have to use
the matching conditions, as before. The resulting equation has the form ¢ ;; (07) =
Ty ¢¥;(07), with

with

14+ U, 0
1-U; maVy maV

Ty = 2U0/a 1-U, ’ Up = h2 , U= h2 . (18)
1-U2 1+U;

Again, (18) is valid provided that V| # +h?/(ma), otherwise the origin becomes
opaque. After some algebra, we finally arrive to the following relation between the
coefficients of the wave function to both sides of the origin:

Aqg Ap
=K 'TyK ) (19)
By, By

Then, we use the periodicity properties of the potential in order to obtain the
wave function over all the real line R and some other properties. First of all, the
Floquet-Bloch theorem imposes the following condition (x € (—a, a)):

Yx+a)=e1Yx) = ¥ (x +a) =Y (x), (20)

where g is a constant called the quasi-momentum and it is a characteristic of the
periodic potential given, and a is the distance between the nodes or points supporting
the contact potential. We may write relation (20) in matrix form, which for x €
(—a,0)is

, Ajpr , Af
Vi (x+a)=e"Y;(x) = KM,M, = "1 KM, . 2D
By By

From (17), the matrices M, and K are invertible, so that (21) implies that

. Ap .
MK Ty K — /44 1] =0 & det[Ty — " “KM, 'K '1=0, (22)
By
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where Iis the 2 x 2 identity matrix. The cancellation of the determinant in (22) has
some important consequences. With the definitions § = aq and k = ka, Eq. (22)
gives

nk 1+U12

0085=f(U1)[COS;+ Uog(U1)SIE } . S = g =

1-U% 1+ U
(23)

and Uy and Uj are as in (18). The first equation in (23) is often known as the secular
band equation and determines the dispersion relation in each energy band k =
/E,, (¢). It is an even function of Uy, or equivalently, of a V; the coefficient of ’. The
main interest of the dispersion relation comes from the fact that that it provides the
band spectrum of the Hamiltonian (14). The case U; = 0, i. e., no §’ term is present,
has been previously studied. If U; # 0, the 8’ term appears and the structure of the
band spectrum changes drastically and must be obtained numerically. The graphical
results can be seen in Fig. 2.

3.1 A Two Species Dirac §-8' Comb

Let us now consider a Hamiltonian of the form H = Hy + Vi(x) + V»(x), where
Ho = —h?/(2m) d*/dx?, Vi(x) is as in (14) and V5(x) is given by

o0
Va(x) = Z (Wo8(x —na —b) +a Wi 8 (x —na—b)), a>0, W, W €R.

n=—0oo

We called this model the two species Dirac §-8’ comb in comparison with the model
discussed just above in relation to the Hamiltonian with periodic potential Vi (x).
The objective is again to study the band spectrum. Now, the discussion is quite
similar to the precedent one, albeit a bit more complicated, but it is carried out
under the same premises. We arrive to a band secular equation of the form

cos(qa) = F(k; a, b, Wo, Wy, Uy, Uy) , (24)

where the explicit form of the function F is rather complicated and has been
obtained in [25]. A numerical analysis gives the behaviour of the band spectrum.
There are interesting differences in the behaviour of band spectrum as compared
with this band spectrum for the one species Dirac §-8' comb. Now the band shape is
completely deformed and, for certain values of the parameters U and W,,, the band
shape is the reverse of what is for the one species comb. See details in [25]. This
effect is particularly notorious for high values of |U;| and |Wj|. In addition, there
are critical values of the parameters, typically U; = +1 and W; = =+£1, for which
impenetrable barriers appear.
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4 Hyperspherical §-6’

One of the most obvious generalizations of the Dirac §-8" potentials is a homoge-
neous d-th dimensional potential supported on a hull sphere of radius ry. Due to
the symmetry of this model, this potential would be equivalent to a one dimensional
contact potential at the point r = rp > 0 plus an impenetrable barrier at the origin.
Let us pose the problem from the very beginning and consider the d-th dimensional
Hamiltonian of the form [35]

2

he ~ ~
H:=— Ag+V(x), (25)
2m
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with
Vx) =ad(x —x0) + b8 (x —xp), x=]|x|. (26)

Here it is convenient to introduce the following dimensionless quantities:

2 2a bm mc
b= H wy:= et WIS , ri= x|, 27
c

where c is the speed of light in the vacuum. After (27), the new Hamiltonian reads:
h=—Ag+wod(r —rg) +2wi1 8 (r —rg) = —Ag+ V(). (28)

Here, Ay is the d-dimensional Laplace operator, which expressed in hyperspher-

ical coordinates, (r, Q4 := {01, 62, ..., 04—2, ¢}) reads:
1 0 a1 1 Aga-1
Ad = rdfl ar <r rd1> + r2 , (29)

A ga—1 being the Laplace-Beltrami operator on functions defined on the hull hyper-
sphere $9~! with dimension d — 1. This operator satisfies the identity A gd—1 = —Lfl,
where L is the generalized d-dimensional angular momentum operator.

The eigenvalue equation for [j is separable, so that there are factorizable solutions
of the form ¢ (r, Qq) = Ryue(r) Ye(24), where Ry ¢ (r) is the radial wave function
and Y,(24) are the hyperspherical harmonics. These are eigenfunctions of the
Laplace-Beltrami operator A ga—1 with eigenvalues x (d, £) = —£({ +d —2) [29].
The radial wave function is given by

[d2 d—1d (+d-2)
_|_

w2 2 + V(r)i| Rye(r) = ARy (r), (30)

where V (r) was defined in (28).
Next, we introduce the reduced radial function,

e (r) =12 Ryg(r). 31)

The effect of this change of indeterminate is to remove the term with the first
derivative in (30). The resulting equation is

(ho + V(r) une(r) = Aeupe(r), (32)
where,

d> d+20-3)d+20—-1)

hy = —
0 dr? 4r2

(33)
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In order to define the potential V (r) using the theory of self-adjoint extensions of
symmetric operators, we need to define a domain for A, in which A be symmetric
with equal deficiency indices (2, 2). Then, the domain D(hg) is the space of
functions ¢(r) € L2(R*) with the following properties:

1. Any ¢(r) € D(hp) is in the Sobolev space W22 (RT) of absolutely continuous
functions with absolutely continuous first derivative and which second derivative
isin L2(R™).

2. They vanish at the origin, ¢(0) = 0.

3. At the point r = r, they satisfy the property: ¢ (ro) = ¢’(ro) = 0.

The domain D(hg) of the adjoint, hi, of ho is the space verifying some changes
in the above conditions: in Condition (1), we replace W%(R"’) by W%(RJ“\{ro}),
which is the space satisfying the same properties, except that its functions and their
first derivatives have finite jumps at ro and, then, Condition (3) is not fulfilled. The
domain D(ho + V (r)) that makes the operator iy + V (r) self-adjoint is the space
of all functions ¢(r) in D(hg) satisfying the following matching conditions at rg:

L)
@' (r) o) \¢'(ry)

where (p(rgt) are the right (+) and left (—) limits of ¢ (r) at r = ry. Also,

_l+w = wo (35)

o= , = .
1—w 1—w%

These matching conditions determine the boundary conditions that should be
verified by the radial wave functions R;¢(r). In fact, (31) and (34) give:

Rye(rg) a 0\ (Rulrg)
PR Bl ; (36)
RS, (ry) B o R, (ry)
with
2 _ ~ _
E —p— (x 21)(d 1) _ wo = 2(1 — d)w; +wo. 37
arp 1— (Oh 1o

These matching conditions are well defined, except at the exceptional values w; =
+1. These two cases have to be treated separately, see [24, 31].
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4.1 Bound States

Here, we present some results concerning the existence of bound states for the model
under consideration. The eigenvalue equation for bound states is (30) with A < 0.
Then, it is convenient to use the parameter k > 0 with A = —«2. The general
solution of (30) is

A1 Zy(kr) + B, K¢(kr) ifr € (0,rg),
Riee(r) = (38)
Ay To(kr) + By Ke(kr) ifr € (rg, 00) .

Then, R,¢(r) can be written in terms of modified hyperspherical Bessel functions
of the first (1;(z)) and second (K (z)) kind, respectively, where,

1 1
Te(kr) = , Lo (k) Ke(kv) = , Kewv(kv),  vi=

(rcr) (k1)

The form of the solution in terms of the functions u,¢(r) defined in (31) comes
straightforwardly from (38). The square integrability condition of the radial wave
function for bound states imposes that A = 0. Furthermore, the term multiplied
by Bj is not square integrable, except for zero angular momentum in two and three
dimensions. In three dimensions, the condition u,¢(0) = O implies that By = 0.
There are other type of arguments that show that in two dimensions, we also have
B1 = 0[26]. After these considerations, (36) can be written as

Ke(kcro) a 0 Te(kcro)
By =A| _ . (39
Kk IC, (kro) Bal Kk L, (kro)

If we divide the identity obtained with the lower component of (39) with that
found with the first component, we get the following expression called the secular
equation:

d ~ _,d
a  logKi(r)lr=r =B +a™" " 1ogZi(kr)lr=r. (40)
dr dr

Solutions for ¥ > 0 of (40) give the energies for the bound states of the model
under consideration. If we denote by yg = «rop, (40) takes the form

Live—1(yo) | aKyre—1(30)

—(a@—a™! =2 —a ! y’3 )
Ly1e(y0) Ky1e(yo) ) (@—a) vie—a™ )+ Bro

F(yo) = —yo (

Observe that the right hand side is independent on the energy and the angular
momentum. This equation cannot be solved analytically. However, it may be used to
obtain some properties concerning the number of bound states, N¢ = n? deg(d, ¢),
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that exist for given values of d and ¢. Here nf is the number of negative energy
eigenvalues and deg(d, £) the degeneracy associated with £ in d dimensions. We
listed here below these results without proofs that may be found in [26]:

1. In the d-dimensional quantum system described by the Hamiltonian (28), the
number n‘gl defined above is at most one. This is, n‘gl e {0, 1}.

2. The d-dimensional quantum system described by the Hamiltonian (28) admits
bound states with angular momentum ¢ if and only if

lomax # Lmax, and £€{0,1,..., €max}, Lmax > —1, (41)
with

w; —rowo/2 2-—d
b = mas) s L= ' 022 “2)
wy +1 2

where | A] denotes the integer part of the real number A. In addition, if A, =
—Kg is the energy of the bound state with angular momentum ¢, the following
inequality holds:

A < dey1 <0, £e€{0,1,..., €max — 1}. 43)

3. The quantum Hamiltonian (28) admits a bound state for any wg > 0, only if
d=2and ¢ =0.

5 An Application to Nuclear Physics

The §-§’ is an approximation that serves to obtain interesting results concerning
realistic models in physics. Next, we want to introduce one of these examples
coming from nuclear physics. Let us consider a model for atomic nuclei based on
a mean field potential with volume, surface and spin orbits parts, for which the
Hamiltonian is given by

2
H(r) = —ZL Vi + Uo(r) + Uso (r)(L - S) + Uy (r) , (44)

where r = |r|, i is the reduced mass and the terms Uy(r), Uso (r) and Uy (r) have
their origin in the Wood-Saxon potential:

1

Uo(r) =—=Vo f(r) ===V | 4 e—RVa’

(45)
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_Vso ., Vso R/
Usoy= "5 S == 5 (| 4 etr—Rojay2 (46)
\% e(r—R)/a (1 _ e(r—R)/a)
Ug(r) =V, fi"(r) == (47)
a

1+ e(’_R)/“)3

Here, Vo, Vso and V, are positive constants, R is the nuclear radius and a is the
thickness of the nuclear surface.
The kinetic term in (44) can be written in terms of the orbital angular momentum

L as
h? 119 9 L2/h?
- Vi=— r? _ Y ) (48)
2u 2u | r? or ar r2

Then, there exist factorizable solutions for the Schrédinger equation associated
to (48). This factorization is of the form,

v(r) = Vejm(©, @) (49)

Unej(r)
r

where the angular part, satisfies the following relations:

L2 Vejm (0, ¢) = B2 €L 4+ 1) Vejm (0, @) , (50)
and

g forj:@—i—é,

(L-S)Vijm (0, ¢) = h*Ee i Vejm (0, $), with & j == .
-2

forj:ﬁ—é.

Note that £ € N U {0}. The functions denoted as Yy, (0, ¢) are linear combination
of spherical harmonics Y;" (0, ¢), which are simultaneous eigenfunctions of the
operators L2, S% and J> = (L + S)2. The radial part of the three dimensional
Schrodinger equation has the form

H () unej(r) = Engj unej(r), (51)

where,
H(r) = R d2 ee+1) v v 4 V. i 52
(r)__zu a2 2 | 0 f()+Vso&ej f[(nN+Vy fi"(r). (52)
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Our approximation can be obtained by taking the limit @ — 07 in the potential
terms. This limit makes proper mathematical meaning in a distributional sense.
From this point of view, we have that (r > 0)

tim Uo(r) = Vol0(r — R) — 11, (53)
12})1+ Vso(r) = =Vso&,j8(r = R), (54)
11%1+ Uy(r) ==V, 8'(r — R), (55)

where 0(x) in (53) is the Heaviside step function. After this limit procedure, we
finally obtain our model, which is given by the following radial Hamiltonian with
contact potential:

ORETdE e+ Vol0(r — R) — 11— V. Sr— R — V.8 —R
T oplarr 2 + W0 — R) — 11 — Vs0&,j8(r — R) — V48 (r — R).

(56)

The advantage of the Hamiltonian in (56) over that in (48) is that the Schrodinger
equation, Hy(r) unej(r) = Engj une;j, associated to the former can be exactly solved
for all values of € and j. If we use, « := (2ju/h*)Vso& ; and B = (2u/h?)V,, this
Schrodinger equation becomes, were we omit the subindices in u(r) for simplicity:
d*u(r) 2UE  2uVy

a2 { 2 T [6(r — R) — 1]

+a8(—R)+ B8 —R)

— K(Zjl)}u(r) =0.
’

Square integrable solutions inside the nucleus are

2u(Vo+ E)
uer) = Aefyrdp 1 ),y = van .. rel.R. (6D
and outside the nucleus,
2u|E
W=De~/KrKg+i(Kr), K=\/ l;' |, r € (R,00). (58)

Then, we impose the condition that the above solution be in the domain of the
Hamiltonian (52). To do it, we need to find a relation between the coefficients Ay
and Dy such that (57) and (58) verify the precise matching relations at r = R so
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that (52) be self-adjoint. These relations are

2-p
ue(R") aop 0| (ue®) )
, | 4 2-8 .
R R
”g( ) 4_[32 248 ug( )

This gives a system of two equations, which permits to find a relation which is
independent of the coefficients A, and D, and is

o(x) 1= X Jet372(X) _ 2+ B)? o Keyzp(o) 8B+ 1) wo $(0)
C o Jes1200) 2-P8)? Kit1)200) 2-p* @-b? ° '
(60)
with
— — _ |El
x =wvl—¢, o:=uvpfe, €:= v €(0,1), (61)
0
2uR2V, 8uV. i R
UOZ\/ Mhz 0 >O, wo = w S;zgf,/ . (62)

Equation (60) if often called the secular equation. It is useful in order to obtain
results concerning bound states. These results have been derived and proven in [26].
Here, we listed some of which we consider the most interesting:

1. If for any value £ € Ny such that £ < £,,,,x the following inequality holds
wo > — ((B—22 +2¢ (B2 +4)). (63)

there exists one, and only one, energy level with relative energy

j? j?
goe (1= "R T 0, seN (64)
Yo Yo

For wp € R the final number of bound states, Ny = (2¢ 4+ 1)ny, is determined by
ng =M +my —ma, (65)
where M is

M = min{s € No| jet1/2,541 > vo}, (66)
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and, using the functions ¢ () and ¢ (o) defined in (60), we obtain

1 if(vg) > ¢p(0h), 1 if 0 > ¢ (vy),
mp = my =

0 ifg(vo) < @(0) or vo = jeri/2.m. 0 if0 < ¢(vo).

2. The quantum system governed by the Hamiltonian (56) does not admit bound
states with angular momentum £ > £y,x, Where

Cmax = max{l € No | jo41/2,1 < vo or p(vo) > $(01)}.

If there exist so € N and £9 € Ny such that vo = jgy+1/2,5, the second condition
in the previous set cannot be evaluated. Nonetheless, it is not necessary since the
existence of at least one bound state for £y is guaranteed.

3. If there exist bound states with relative energies Entjs Em+1)Lj» En(L+1); forn, ¢ €
Ny the following inequalities hold:

(Cl) 8an > 8(n+l)13js (b) En[j > 8n(€+l)jv (C) 8n[g+1/2 > 8}’1[571/2-

Notice that the second inequality only applies for j = £ 4 1/2.

4. There are two special cases, in which 8 = +£2. Now, the contact potential at
r = R becomes opaque in the sense that the transmission coefficient is equal
to zero. Here, we expect the existence of bound states alone, without resonances
or scattering states. This specific problem has been discussed in [26], where the
proposed nuclear model is tested with experimental and numerical data in the
double magic nuclei '*?Sn and °8Pb with an additional neutron.

5.1 Resonances

Apart from bound states, we may analyze scattering states or the possibility of
the existence of resonances or even antibound states. Here, we briefly discuss the
existence of resonances, which are unstable quantum states [12, 13]. Contrary to the
case of bound states, wave functions (usually called Gamow functions) for unstable
quantum states are not square integrable. Moreover, in the coordinate representation,
they show an asymptotically exponential grow at the infinity. In our case, this have
the following consequence: Although for consistency reasons, we should keep the
expression (57) for the wave function inside the nucleus (r < R), we should use
the complete solution for the Schrodinger equation outside the nucleus, i.e., in the
regionr > R. This is

_ V2uE

_ )] ) .
ug(r)—JKr (Cz HH%(Kr)—i—Dg HH%(Kr)) , K: 5
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where H® (kr) are the Hinkel functions of first (1) and second (2) kind, respec-
tively, and Cy and D, are coefficients depending solely on «. In the search for
resonances, the knowledge of the asymptotic forms of the Hinkel functions for large
values of r is essential. These are:

HO, (KV)N\/ 2 it/ H(z)l(w)%\/ 2 =t/
o TKF ) TKF

(68)

These asymptotic forms show that H M i1 (kr) is an outgoing wave function while

H @ , (kr) is an incoming wave functlon Resonances are determined by the often

called purely outgoing boundary conditions, which assumes that only the outgoing
wave function survives. This implies that Dy(x) = 0, and this is a transcendental
equation for which the solutions coincide with the resonance poles of the S-matrix
[13]. The determination of D, comes after the use of the matching conditions (59)
and the expression (57) for the wave function inside the nucleus, where without
lack of generality we may choose Ay, = 1. This gives Dy(x) = 0. The latter
is a complicated transcendental equation, which depends on Hénkel and Bessel
functions with different indices, see [26]. The solutions of this equation should be
classified in three categories:

1. Simple solutions on the positive imaginary axis correspond to bound states.

2. Simple solutions on the negative imaginary axis correspond to virtual states also
called antibound states.

3. Pairs of solutions on the lower half plane, symmetrically located with respect
to the imaginary axis that correspond to resonances. Both members of each pair
determine the same resonance and must have the same multiplicity. Usually, this
multiplicity is one, although models with resonance poles with multiplicity two
have been constructed [7, 32].

This model shows resonance poles. Due to the complexity of the relation
D¢ (k) = 0 these resonances can only be obtained numerically in most of cases.
It is important to remark that the imaginary part of the resonance poles is always
negative. This implies that the asymptotic form on r of the first expression in (68) is
exponentially growing, as previously noted.

General arguments [37] show that the number of resonance poles should be
infinite. In order to give an idea on how these poles look like, we show a few in
Fig. 3. Resonance poles lie at the intersection of two curves. Here, we have chosen
the following values of the parameters: £ = 0, v9 = 5, wg = 10 and 8 =
Observe that resonance poles are rather close to the real axis, so that their imaginary
part is rather small. Since the mean life of an unstable quantum state is related with
the inverse of the imaginary part of its resonance pole, this means that the unstable
states corresponding to the poles shown in Fig. 3 are rather stable. Some other cases
with £ = 1, 2, 3, 4 have been also considered and we have seen a similar pattern for
resonance poles [26]. Exact analytical results were also obtained.
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Fig. 3 Resonance poles are
located at the intersection of 500

curves below the real axis.
here, £ = 0, vg = 5, wg = 10
and =1 250
g o =
-2.5¢
-5.0t

- 0 5 10 15
k1

5.2 A Comment on the Self-adjointness
of the Hamiltonian (56)

Take the Hamiltonian H.(r) in (56) and fix for simplicity 722 = 1, which shall
not alter our results. Then, write H.(r) = Hy + V (r), with

d> e+ /
Hy:=—  _ + +Volor —R)—1], V(r)=ad(r—R) +b8'(r — R).

dr? r2
(69)

We study the cases £ = 0 and £ # 0 separately. Let us discuss £ = 0, first. To begin
with, take H, = —d? /dr2 with domain, D, the subspace of functions f(r) €
L?[0, o0) such that: (1) f(r) is absolutely continuous with absolutely continuous
first derivative; (2) The second derivative fi”(r) € L%[0, o) is square integrable;
(3) For all functions f(r) in this domain, either f(0) + cf’(0) = 0 for some fixed
real number c or f/(0) = 0. Each of these choices gives a self-adjoint determination
of H,.

Next, define the subdomain D.(H,) of all f(r) € D, such that f(R) =
f/(R) = 0. Choosing D.(H,) as domain of H,, we conclude that H, is symmetric
(Hermitian) with deficiency indices (2, 2). When H, is define on this domain, then
the domain of the adjoint of H,, DC(HrT ), is the space of functions f(r) fulfilling
conditions 1 and 2 above with one modification: they and their first derivatives have
arbitrary although finite jumps at »r = R. Self-adjoint extensions of H, are given
by imposing the functions f(r) € DC(H,T) the matching conditions (59) at r = R.
The exceptional cases B = £2 also give respective self-adjoint extensions. These
extensions determine self-adjoint operators of the form —d?/dr?> + a8(r — R) +
b8’ (r — R). Since the term Vp[0(r — R) — 1) is bounded, adding it does not change
anything.
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Let us consider now the case £ # 0. In this case, we do not need to establish
boundary conditions at the origin of the type f(0) = ¢f’(0), since the Hamiltonian
Hy in (69) with £ # 0 is already essentially self-adjoint when its domain is the
Schwartz space of functions supported on Rt = [0, 00), S(RT), for which we
always have that £(0) = f/(0) = 0. In this case —d?/dr?+0(e+1)/r%is essentially
self-adjoint on the mentioned domain [6] and the same condition for H, comes
trivially, since Vo[0(r — R) — 1 is bounded.

Then for any £ # 0, let us define a domain Dy ¢ of functions f(r) € L*(R1)
fulfilling the following conditions:

1. f(r) and f/(r) are absolutely continuous;

2. The function — £i” (r) = [£(£ + 1)/r?] f (r) belongs to L>(RT);
3. f£(0) =0;

4. f(R) = f'(R) =0.

The conclusion is that Hy on Dy ¢ is symmetric with deficiency indices (2, 2).

In order to add to H, the perturbation V(r) = ad(r — R) + b8'(r — R), we
define the domain of the adjoint of Hy on Dy o as the subspace of L?(R™) satisfying
the above conditions 1, 2 and 3 and replacing 4 by: 4 f(r) and f’(r) have finite
discontinuities at r = R. Then, imposing the matching conditions (59) to these
functions, we obtain the domain in which H.(r) = Hy + V(r) is self-adjoint for
any value of a and b. For £ # 0, the subindex c is irrelevant. This completes our
discussion on the self-adjoint of the Hamiltonian.

6 Concluding Remarks

Contact potentials are quite interesting in quantum mechanics because they provide
of simple models to analyze the behaviour of quantum systems. Along this presen-
tation, we were concerned with perturbations of the type ad(x — xo) + b8'(x — xo)
either in one dimension or in arbitrary dimensions with spherical symmetry, so that
the model could be projected to a one dimensional one. This is what we call §-§'
interactions.

In the first place, we have introduced a very simple one-dimensional model with
a unique §-8’ interaction on the free Hamiltonian. This interaction can be easily
studied and serves as a basis for more complicated models. The contact interaction
can be mathematically well defined using the theory of self-adjoint extensions of
symmetric operators with equal deficiency indices. The possible existence of a
bound state is investigated and scattering coefficients are determined.

This is used for the construction of a sort of Kronig-Pennery model in which
rectangular barriers are replaced by §-8’ interactions with identical coefficients, so
that the resulting potential is periodic. The behaviour of the energy bands can be
studied in terms of the variations of the coefficients of the delta and the delta prime.
We have also considered an hybrid potential with two types of §-8" interactions.
The study of the energy bands requires powerful numerical estimations and the use
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of the software Mathematica. A detailed description of this model, which could be
interesting in Condensed Matter, can be just briefly summarized in this short review
and has been published in [25].

Spherically symmetric models in quantum mechanics are often studied as one
dimensional models with an infinite barrier at the origin, after separation of radial
and angular variables. This is also the case of the §-§’ interactions supported on hull
spheres of arbitrary dimensions. Here, we have determined matching conditions that
make the Hamiltonian with this type of interaction self-adjoint and have obtained
some results concerning the number of bound states. These results depend on the
dimension as well as the angular momentum.

Finally, we have used one type of §-8’ interaction as an approximation of a mean
field potential of wide use in nuclear physics. The objective is double. In one side,
we have obtained results concerning the existence and number of bound states in
the considered model in terms of the given parameters. For two exceptional cases,
the model shows no transmission through the §-§" barrier, so that the number of
bound states is infinite. Otherwise this number is finite. Outside the exceptional
cases, the model shows resonances that are manifested as pairs of poles of the
analytic continuation to the complex plane of the S-matrix, S(k), in the momentum
representation. These resonance poles can be obtained numerically as solutions of
a transcendental equation. There is an infinite in number, so that in Fig. 2, we have
depicted some resonance poles with the lowest real part. We have also discussed the
construction of a self-adjoint Hamiltonian for such purpose.

Acknowledgments We acknowledge partial financial support to Ministerio de Economia y
Competitividad of Spain under Grant No. MTM2014-57129-C2-1-P and the Junta de Castilla y
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1 Introduction

In the work [41] it was shown that integrals of tau functions, namely the expectation
values of tau functions in ensembles of random matrices, are equal to the special
sums over partitions (Young diagrams) which can be related to the correlation
functions of the Wilson loops W*, i = 1,...,V of quantum 2D gauge theory
on a Riemann surface X, see [55, 62]:

E jon Egyon [LULE oW, ... p(Wap)) ]

dnm -
=1 Y AG) @imar 7 @ims 1 [T (W) (D)

d>01-d i=l1

Here, EU®nl IEGL@Q [t] denotes the expectation value of the tau function in a certain
N N

ensemble of random matrices, s, (W) is the GLy ( Uy) character, and W* € GLy
(or. respectively, W* € Uy). The details and notations will be explained in the next
section.

The right hand side also generates Hurwitz numbers with completed cycles [42]
Hg for covers of the base surface ¥ where the n +n, — v is the Euler characteristic
of .

The goal of the present note is to present a short review of results of [41, 42]
and to pick up all cases where the right hand side of (1) is also a tau function. The
results of the work are presented in Sect. 3. We show that integrals of tau functions
are also integrable in the sense of [24] and may be related to quantum models as
two-dimensional Yang—Mills theory on orientable [31, 55, 62] and non-orientable
[62] surfaces.

The works [40-42] and the present one appear as a result of the cross study of
three topics: integrable hierarchies [14, 22,23, 32, 33, 49, 53, 54, 56, 58—-60, 63—65],
matrix models [17, 20, 24, 25, 38, 45, 66, 67] products of random matrices [2—4, 12]
and Hurwitz numbers in case of orientable surfaces [15, 18, 43, 44], [7, 8, 13, 21,
26, 34-37] and also of non orientable ones [5, 6, 10, 11, 39, 40]. See also [9, 16, 19],

2 Random Matrices, Graphs and Tau Functions

2.1 Notations and Preliminaries

Mixed Ensembles of Random Matrices EU@ZIEGL@Q[ f] is the notation for
N N
the expectation values of a function f that depends on the entries of matrices
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Z1,....Zy, € GLy(C) and of matrices Uy, ..., Uy, € Uy, which are defined
as

nyp ni
Eyjen Bgyon /] =/f(U1,...,Unz,zl,...,zm)]'[d*u,-]'[dmz,») )
i=1 i=1

where d,U; (i = 1,...,np) is the Haar measure on Uy and du(Z;) =
c]_[a’}7 e‘KZf)av”‘zdz(Zi)a,b is the Gauss measure. Each set of Z; and of
du(Z;) is called complex Ginibre ensemble, and the whole set Zi,..., Z,,,
du(zZy),...,du(Zy,) is called n; independent complex Ginibre ensemble. The
set Uy, ..., Uy, diUi, ..., d Uy, is called ny independent circular ensemble. We
assume each f d,.U = f du(Z;) = 1. The ensemble given by (2) we call the mixed
ensemble.

Partitions: Schur Functions, Characters Then, A = (A{,...,Ay) denotes a
partition of d (this fact is written as A F d), thatis A1 > --- > Ay > 0 are natural
numbers and A1 + - - - + A; := |A| = d. The number of non-vanishing parts is called

the length of the partition: £ = £(X).
The sum in the right hand side of (1) ranges over set of all partitions £(A) < N.
Given A and a matrix X € GLy (C), the multi-variable polynomial
det (xk"_"J“N)
ij

i

det (xf"JrN). '
i

where x1, ..., xy denote the eigenvalues of X, is called the Schur function, or the
Schur polynomial, indexed by A. Here we suppose £(1) < N, otherwise we put
5:(X) = 0. The polynomial (3) is also known as the character of the group GLy
and also the character of the unitary group in case X € Uy. The Schur polynomial
is the polynomial also in the entries of X:

s (X) = 3)

1 (P(X)) = 5,(X) = dimg 1 Y 2(A)pa(X) )
Akd
where the sum ranges over all partitions of d = |A|, A = (A, Aa,...), then we

consider the sets and the variables (the so-called power sums [29])

pP=(p1,p2,--.), PA:=PAPA "

and the notation pa (X) means

N
paX) = (p1(X), p2(X)....) . pm(X) =) xi =tr(X™) o)
a=1
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or, the same
paX) =t (X2 tr (X21)- -

which is a polynomial function in the entries of the matrix X. The variables p,, (X)
are also known as Newton sums.

The notation dimg A serves for the dimension of the irrep A of the symmetric
group Sy, it is known that

dimg A = dls; (Pso),  Poc := (1,0,0,...)

Lastly, ¢, (A) are certain rational numbers which are the normalized irrep characters
of the group S, indexed by A and evaluated on the cycle class A, more precisely,

o) = 1A
dimg A

where |Ca | is the cardinality of the class A (here, let me recall that each element of
the symmetric group is the product of the non-intersecting cycles of lengths A >
Ay > ---)and x;(A) is the irreducible character evaluated on any element of Ca.
The cardinality of Ca can be written as follows

[Sal s
|Cal = n’ ZA =l_[l’”’m,-! (6)

i>1

where m; is the number of times the number i occurs in the partition (and
sometimes, partitions are written as A = 1712723"3 ... |§;| = d!.

The relation (4) is also known as the character map relation because it relates the
characters of linear groups to the characters of the symmetric group. The dimension
of the representation of the linear group indexed by A is

dimgr A = s (lg) = dimg 2 [] W —j+1)
@i, j)exr

where Iy is the identity N x N matrix.

Tau Functions In the seminal work [64, 65], Vladimir Zakharov and Alexei Shabat
discovered a way to build integrable (24 1)-dimensional systems together with their
representations of Lax type. This work has opened a huge field in science. Integrable
systems found unexpected applications in mathematics, physics and in technology.
The main example was the Kadomtsev-Petviashvili (KP) equation, which naturally
arises immediately along with the infinite number of different “higher KP equations”
compatible with each other, and this fact can be reformulated as the existence of
higher commuting flows; the group parameters of these flows were later named
higher KP times and we denote the infinite set of times p = (p1, p2, p3,...). In



2D Yang-Mills Theory and Tau Functions 225

applications of the KP equation to the sea waves, the parameters pi, p» and p3
play the role of horizontal coordinates x, y and of time, respectively. Later, starting
with the works of S.P. Novikov, the important role of the whole set of commuting
flows of higher KP emerged (see chapter 2 in [63]). An important next step was
taken by Sato and his school where the higher KP times were crucial in the vertex-
operator approach to the theory of solitons [22, 56]. Matrix generalizations of the KP
equation were also obtained in [64, 65] as part of a general approach. In the works of
the Kyoto school, such systems were called multi-component KP hierarchies. The
sets of the higher times of a multi-component hierarchy, I denote pl, R pk, where
k is the number of the components. In a series of works by the Sato school, the tau-
function approach was developed. The tau function is a kind of universal potential
that describes the entire set of higher multi-component equations. A well-known
example of a tau function is the Riemann theta function, where flows are flows on
Jacobian.

For our purpose we choose special tau functions which we call round dance tau
functions.

Example: Round Dance Tau Functions Let us use Frobenius coordinates o1 >
> o > 0Oand B > -+ > B¢ > 0 for partitions L = («|B) =
(o1, ..o, 0e|B1, - - -, Bie). (We recall that Frobenius coordinates «; and B; are the
lengths of respectively arms and legs of the hooks on the Young diagram A where
the corner of the i-th hook is the i-th node on the main diagonal, andi =1, ..., «,
where « is the number of the nodes on the main diagonal of A, see [29]. Frobenius
coordinates can also be viewed as the pairs of strict partitions (namely partitions
with strictly decreasing parts) of the same length £(«) = £(B) = «, this length
being the length of the main diagonal of the Young diagram A = («|f)).
Let me introduce the round dance tau function. The round dance tau function is
the special tau function of the multi-component KP hierarchy that can be written as
follows:

2D K
.. pP) =1+ > [ [s@iwmn®) ] i @
al,.. P j=1 i=1

k>0 s
La)==L(@> )=«

where the sum ranges over 2D sets of strict partitions: o/ = (a{j N )),
ol > > cx,(/ ) > (, and where the prime above the sum means that we set

a?P*1 = ¢! (for me, this necklace resembles a painting by Matisse called “Dance”
[30], although there are 5 dancers, which is not an even number as in my case). We
choose an even number of components, 2D, for further purposes. Let us note that
this tau function is also the tau function for the k-component KP hierarchy where
k < 2D. To get it one just “freezes” extra higher times, keeping only the k sets, say,
p', ..., p* as the variables.
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The round dance tau function generalizes the so-called hypergeometric tau
function [27, 49]

oo
1) ()
e Lm0 mPm Pm — | 4 E E (_1)\061\+|0l2|+'<
k=1 ol a?

e(a1)=é(a2)=x

X S@iay P32, @) [ [ i) fal@d) ¥

i=1

(that is the case D = 1 in (7)) where the sum range over the pairs of strict partitions
a! and o? are the Frobenius coordinates of the partition A = (a'|a?) and |a!| +
|| 4 k = |A| is the total number of nodes in the Young diagram A = (a'|a?).

In turn, the hypergeometric tau function generalizes the simplest non-trivial two-
component KP tau function

1,0 1
eXn=t PP = s (P (D) = ) ., PAPA ©)

A A

where the last two sums over, respectively, partitions A and A range over the set of
all partitions. The first equality is also known as Cauchy-Littlewood equality.

BKP Tau Functions We need also the simplest non-trivial hypergeometric BKP
tau function which is [53]

) =1+ Z Y Sl @) 1"[ fie)) faled) (10)

k=1 gl a2

which generalizes

[e¢)
1.2 1
'ClB(p) =1 —+ Z Z s(az‘al)(p) — eZm>0 2m172m+2mflpzm*l (11)

k=1gl a2

Here we have in mind the BKP hierarchy of Kac-van de Leur introduced in [23]. In
[61], it was shown that the BKP hierarchy can be treated as the orthogonal reduction
of the two-component KP hierarchy which implies that the square of a BKP tau
function is equal to a certain tau function of the two-component KP.

Remark 1 The series over partitions can be considered as formal ones according to
the grading degs; = |A|. However, there are open domains of convergency in the

space of higher times p' = (p{’), pé’), ...),i =1,...,2D. Notice that thanks to
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the infinite number of these parameters one can write
k
5:(pH)=0 if p,(qi) =+ Zx;”
Jj=1

for £(A) > k in the case of “+” factor and for A(li) > k in the case of “—” factor.
For tau functions of multi-component KP and BKP equations there exist recursion

equations.

The fermionic expression for the tau functions (7) and for that of BKP (11)
(and (10) below) one can find in Appendix B.

Content Product For a given number x and a given Young diagram A the content
product is defined as the product

=[] @+i-0) (12)

(i.j)er

The number j — i, which is the distance of the node with coordinates (i, j) to the
main diagonal of the Young diagram A is called the content of the node. For one-row
A, the content product is the Pochhammer symbol (a);,. For a given function of one
variable r, we define the generalized content product (the generalized Pochhammer
symbol) as

n@= [] rec+j-0 (13)

(i.j)er

The content product plays an important role in the representation theory of the
symmetric groups. Let us note that (13) may be re-written in Frobenius coordinated
of » = (a'le?) and yields [T/, fi (a})fz(al.z) where f;, i = 1,2 are defined in
terms of 7 (x). It was used in [49] to define the family of tau functions which we
called hypergeometric tau functions, see (8) and BKP hypergeometric tau functions
(53] (10)

Content Products in Terms of the Schur Functions Evaluated at Special Points
Examples from this paragraph were widely used in [21, 45, 47,49, 52]. The example
of the generalized content product may be constructed purely in terms of the Schur
functions: if we choose

—q

1—tigf \¥
mm=ﬂ(lt%) (14
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where t;, q;, d; are parameters, we obtain

(et g\
=11 < 50, @) ) (4

One can take a limit (14) to a rational function and obtain

| JHCON sx(P@)) 1 52 (Poo)
= 16
0= e o, H N | v 1o

Above we used the following special notations:

Poo = (1,0,0,...), p@)=(a,a,a,...) (17)
1 — ™

= (18)
—q

Actually, any reasonable content product can be interpolated by expressions (16).

Remark 2 Notice, that p(q", q) = 1 + g+ - - - +g”V~! which allows to interpret it
as p(X) where 1, ..., gV~! are eigenvalues of X.

Let us also write down the known formulae [29]

s1(p@) =5:(pc) [[ (@a+j—1i).

(@, j)er
(19)
_ dimg A _ 1_[,N<j(h, —hj)
$5.(Poo) = a 1_LN:1 o
s1(p(t, @) =s.(p0, @) [] (1 _ tq/—i),
(@, j)er o0
50, @) = g = ="
A . =
[T (@ D,
where n(A) := Zw‘)( — D
an=0—-a)yl —ag---(1 —aq"_l) @1

and whered = |A| := ZlN:l Ajisthe weightof A,and h; = A;—i+N,i=1,...,N
are called the shifted parts of the partition A, we imply N > £(}).

Remark 3 Formulae (19) and (20) possess the saturation property: they do not
depend on the choice of N if N is large enough.
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2.2 Graphs and Words

This subsection summarizes the joint works [41] and [42].

Decorated Embedded Graph: Words and Dual Words Consider an alphabet
consisting of the characters A; and B;, i = 1,...,n. Symbols A;, B; we call dual
pair foreachi = 1, ..., n, and we call this alphabet the alphabet of pairs.

Next, we consider the oriented compact surface ¥ without boundary with a
given embedded graph with F faces, n edges and Vv vertices. We assume that the
complement to the graph on X is a union of disks, therefore the Euler characteristic
of XiSE=F—n+V.

Let us decorate the graph as follows. First, we number each edge, and place A;
and B; from both sides of the edge number i in any fixed way. Second, we number all
facesby c = 1, ..., F. Let us go around the boundary of the face numbered c in the
clockwise direction and assign to each boundary edge, say e;, either the symbol A;
in case the edge is directed positively, or B; in case the edge is directed negatively.
We get the formal product of symbols written from the left to the right according
to the clockwise round trip. This product defined up to the cyclic permutations
of the characters in it we call the word W,. Thus, each symbol of the collection
{A;, B;, i =1,...,n}is assigned to an edge and each word is assigned to a face.

Notice that each symbol of the alphabet of pairs enters once and only once in the
set of words.

Such graph we call decorated and is denoted (I', Wi, ..., Wg). The given full

set of words W = (Wy,..., Wg) gives rise to the set of dual words W* =
(W, ..., W) as follows:
Let us enumerate the vertices i = 1, ..., V. Let us go in the counterclockwise

direction around a given vertex and (from the left to the right) write down symbols
which we meet prior to each outgoing edge. This product defined up to cyclic
permutations of the characters in the product we call dual word W/ assigned to
the vertex number i.

We recall that the graph I'* dual to T" has v faces, n edges and F vertices, where
each face of I'* contains a single vertex of I and each face of I contains a single
vertex of I'*. Each edge of I, say e;, crosses a single edge of I'*, denoted as e
We assign the orientation to each e in a way that e; crosses it form the left to the
right. The rule to assign the word to the dual graph is the same, however now we
write the words from the right to the left. The collection of the words of the dual
graph obtained in such a way coincides with W', ..., W presented above. We have
one-to-one correspondence

Wi We < Wi W

The decorated graph dual to (I', Wy, ..., Wy) is denoted (I™*, W}, ..., Wy).
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One can start from the alphabet of pairs A;, Bi, i = 1,...,n and the set of
products Wy, ..., W where each letter is used only once. Then one can consider the
set of F polygons: the word W,, ¢ = 1, ..., F gives rise to the polygon numbered ¢
whose edges are labeled in clockwise direction by symbols of the word read from
the left. Then, by gluing each pair of edges labeled by a pair A;, Bi, i = 1,...,n we
obtain the decorated embedded graph (I', W, ..., Wr) and also (I'*, W, ..., Wy).

We call sets of words isomorphic if one can be obtained from another by
transpositions of dual pairs @; < b;, by a re-enumeration of edges and by re-
enumeration of faces.

Chord Diagrams and Decorated Chord Networks In the previous paragraphs,
words were introduced with the help of a decorated graph drawn on a Riemann
surface X.

In this paragraph, we “forget” about the surface and the embedded graphs and
treat a word simply as a product of characters where each product is defined up to
cyclic permutations. As before, we consider the alphabet of pairs, which consists of
n pairs of dual characters a;, b;, i € 1, and require that each character enter only
once in the word set w = (W, ..., Wg). We call the set of words connected if there
is no subset of words which contains only characters from a sub-alphabet of pairs.

A set of words can be drawn on paper in a natural way as a set of F oriented
polygons with the total number of edges equal to 2n, where symbols are assigned
to edges of the polygons: each word is obtained by going clockwise around the
polygon related to the word and multiplying from left to right all the characters
along the way. We draw lines which we call chords whose endpoints are placed on
the edges with dual symbols.

For further purposes, it is convenient to draw not single chords, but dual chords:
two directed arrows that together with arrows A; and B; form (topologically) a 4-
polygon as follows. Let the arrow A; start at the point 1 and end at the point 2, and
the arrow B; start at point 3 and end at the point 4, then the chord A starts at the
point 1 and ends at the point 4 and the chord B} starts at the point 3 and ends at
the point 2. Notice that arrows-characters and arrows-chords are directed oppositely
on the polygon 1234: both characters are directed positively and both chords are
directed negatively.

Let us call this set decorated set of polygons.

We recall that a chord diagram is an oriented circle S' with a certain number of
pairs of points connected by lines called chords. A network of chord diagrams is a
set of oriented loops and a set of lines, also called chords, each chord connecting
a pair of points belonging to any circle. We call a chord internal if its endpoints
belong to the same circle, and otherwise we call it external.

Decorated sets of polygons (networks) we call isomorphic if they correspond to
isomorphic sets of words.

Below we consider only connected networks. Thus, we also ask the set of words
to be connected (which means that there is no subset of words constructed with a
sub-alphabet of pairs).
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Consider a network with F loops and n chords. One can naturally identify such
network with the set of F polygons with n pairs of edges, where edges of polygons
are segments of loops which contains endpoints of the chords.

Let us number the chords and decorate the network assigning matrices a; and b;
to the segments of loops containing the endpoints of the i-th chord. Then, up to the
Zg action A; < b;, i = 1,...,n we have a one-to-one correspondence between
the set of words w = (Wi, ..., Wr) and the decorated network or, the same, the
decorated set of polygons.

A well-known fact (see, for instance [28]) is that any set of oriented polygons
with the total number of (the oriented) edges equal to 2n gives rise to an embedded
graph drawn on a Riemann surface. It is obtained by the identification of the pair of
oriented edges in such a way that the origin of one oriented edge coincides with the
end point of the other. These identified oppositely oriented edges of polygons turn
out to be edges of the embedded graph.

A connected set of words gives rise to a connected decorated graph drawn on the
connected Riemann surface and, therefore to the dual set of words:

W= Wi, ...,Wp) » ([, Wi, ..., We) & (I, WY, ..., WQ) (22)

Operations m; and H(i) with Words and Networks Consider the decorated
network as the symmetric tensor product of Wi ® --- ® Wg. Select any pair
A;, B;, i € L This pair is either in different words, say W, = A; X and W}, = B;Y,
or in one word, say W, = A; X; B; Y. Introduce the involutive map m; which acts on
the tensor products of words: it acts identically on all words except these (or this,
according to the subscript for W) that contain(s) symbols A; and B; as follows:

m;: A X®BY — A XBY 23)
in the first case, and as
m;: A XBY—>AX®B;Y 24)

in the second case. One should pay attention to the coordination of the order of
factors on the left and right sides of the maps (23) and (24) and remember that thanks
to the fact that words are defined up to a cyclic permutations of the characters, the
left hand side of (23) can be also written as XA; Y B; = A; X®YB; = XA;®B;Y,
and the left hand side of (24) can be writtenas YA; XB; = B;YA; X = XB,;Y A;.

We see that ml.2 is the identity map. One can check that m; (m | (W)) =
m; (m;(W)),i,j=1,...n

We recall that having the set of words W and polygons we construct the Riemann
surface with the decorated graph in a unique way, and then we have the geometric
construction for the dual set of words W*, see (22). It was the geometric construction
of dual words.
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The algebraic construction is given by

Proposition 1
n
(Hmi) W® -QWe=W® W
i=1

As for the decorated network of chord diagrams, each operation m;, i € I means
the following. We represent the chord and a pair of directed edges, on which it
rests, in the form of the letter H, where the middle line denotes the chord, and
the directionality of the edges is depicted as ; -1 i. Operation m; means the
transposition of the endpoints 2 and 3: now new directed edges connect not points 12
and 43, but points 13 and 42 (notice that points 1 and 4 are origins of directed edges
in both cases). And these new edges are connected by the new chord (the middle
line of the letter H lying on its side). One may call it H-rotation, or, H(i)-rotation
having in mind that the chord and the edges are numbered by i.

The proof of the Proposition 1 is based on the realization of the fact that
composition of H(1),...,H(n) describes the passage from the decorated graph I" to
the dual decorated graph I'*. It is clear because each vertex of the ribbon graph is
the face of the graph formed by pointed arrows, while the faces of the ribbon graph
I" are the vertices of the dual graph.

Example ] W = A1A2B1By--- Ay—1A,B,—1By,. Then

W* = AbA1BoBy -+ A, A1 B, B—1.

Example2 W = A1B1ABy --- ApB,,. Then
W =A1® - ®A,QB,B,_1---Bj.
Example3 W = Ay---A,By--- By. Then
W*=A,® B,An—1---® B3A2 ® BoA| ® By.

The Surface X, ). Let us remove H pairs of faces of the decorated embedded
graph I' and glue each pair by a handle.

Next, we remove M faces of I and glue Mobius strips to the boundary of these
faces. The surface of the Euler characteristic E — 2H — M obtained from X by the
manipulation described above we denote Xy . The complement to the graph I' of
this surface is a union of F — 2H — M disks, H cylinders and M Mobius strips.

We will denote the words on the boundary of cylinders as Wi+, W,
1, ..., H, where i is the number of the handle. The words on the boundary of Mobius
we will denote W/, i = 1,..., M.

I =
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Thus, in our new notations the set of all words of the decorated I" consists of
WH W, i=1,....,H,W,i=1,...,Mand the set Wi, ..., We_ou_y which

1 1
corresponds to the faces which we do not remove.

Dressing and Dressed Words Consider any function f of matrices A;, B;, i =

1,...,n.OnecansplittheindexsetI = {i =1, ..., n} into two groups: I = I UIL,.

One defines dressed function which we denote L}]'LIZZ[ fl,c = 1,...,F by the

following replacement:

Ai,Bi = UiA, U'B; if iel
and

Ai,Bi — ZiAi,ZB; if i€l

in f. In particular, dressed words are denoted LB LIZ2 We)ec=1,...,F
Integrals of Products of Schur Functions

Proposition 2 ([41, 42]) Consider a set of partitions A=A, 2%, ..., AF and the
set of words W = (Wy, ..., Wg). Suppose the set 1, ..., n is split into two sets I
and I, |I;| =n;, i =1,2. We get

F
Iy I
Eyjon B on (LU'LZ2 []} 85 (W,»)])

\%

=6 (']\AIL?;‘Q (dimgr, A) ™™ (dimg A) "2 ]‘{ s (WF) (29
1=
and
\
Eyen Egyen (L{;L’Z2 [H 55 (W*i)]>
(A e T
=8y (@imer )7 dimg A7 [T (W) (26)

i=1

There are two ways to prove the Proposition. The first one is based on integration
of the characters, see [41] and few introductory facts in the Appendix A. The other
way [42] is to use the combinatorics of the Feynman diagrams of the matrix integrals
and the relation of this combinatorics to Hurwitz numbers.



234 A.Y. Orlov

3 The Meaning of Integrals of Tau Functions: Integrals
of Tau Functions as Tau Functions

3.1 Tau Functions as Integrands: The Meaning
of the Integrals—Orientable Case

We recall that we start with the embedded graph I" with v vertices, n edges and
F faces homeomorphic to discs. Imagine that F coincides with the number of
arguments of the round dance tau function (7): F = 2D. Then we shall use the
following notation

t(Wi, ..., Wap) :=t(p', ..., p™) 27)

where, in the right hand side, we put the round dance tau function given by (7) and
where

P = (=D pWo) = (=D pr (W, (D paWo), ... ), i=1,....2D

(28)

Proposition 3 Consider tau function (7) where higher times are given by
p = W) = (Pl (W0, pROWD), PRV, .. ).

P =w(Wp™) i=1,...,2D

(29)

Then

Eyon Egy on (L{}L’ZZ [t(Wi, ... WQD)])

v

dym
=1+) > (Nz , AQ) (dimgp 1) (dimg )7 [ [ (W7).  (30)
d>0 A i=1
|\ |=d

where

Kk 2D

AW =111 foi-1@) f2iB)

i=1j=1
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For the proof one should use Proposition 2, the explicit form of the tau
function (7) where the higher times are chosen by (28) and the known relation

Salpy(—P) = (=D 5400, (p) (1)

see [29]).
In what follows we will consider two different special choices of the sets of
functions f;, j =1,...,2D.

(A)

= filn .y = eZmom[ (@) =(-et=1)"]

"
el

(B)

* m(aﬁ»%)i m(—ﬁi—%)
f1=f1(tf‘,t§‘,...)=ez’">°t'"<q B )

oo m hi+l
e eZm>0tmq ( 2)’ fj = 1, J > 1, (33)

where, in both cases, h; = A; —i + N, i = 1, ..., N are shifted parts of the
partition A = («|B). (the second equality in both (32) and (33) was used in [49]
the proof is easy). The sets t = (t1, 72, ...) and t* = (¢, 73, ...) are the sets
of free parameters.

Remark 4 Let us consider the surface Xp ¢ in the notation of Sect. 2.2, denoted ¥’
below. We recall that it is constructed with the help of the Riemann surface ¥ and the
graph I' that has n edges, V vertices and F faces homeomorphic to discs. In the case
considered in Proposition 3, we choose F = 2D. Then, we glue up all facesby H = D
handles. The Euler characteristic of ¥’ is equal to E' = n — v. In [42] we presented

the generating function for general Hurwitz numbers Hgs (Al, cee AV) with base
surface X" with Euler characteristic v — n and ramification profiles Al, R AV and
this function is (30), the case (A) where t,, = 0:

v

1430 X o @ims ) T ()

d>0 A i=1

IA[=d
\'
=14+ Z Hy_, (Al,...,AV)HpM (W;) (34)
Al AY p=l
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It is reasonable to write down a more general case where F < 2D (we recall that
F is the number of faces and words, and 2D is the number of sets of higher times in
the round dance tau function, or the number of components in the multi-component
KP hierarchy):

Proposition 4 Consider tau function (7) where 2D = F+ H and where higher times
are chosen as follows: according to

T (pls le pzs W21 ceey pF*2H, WF72H7 WF72H+17 WF72H+21 ceey WF) (35)

where an argument of the tau function Wy on an even place (if one counts arguments
from the left to the right) denotes —p(Wy) and the argument W; on an odd place
denotes p(W;). Here p*, i = 1, ..., F — 2H are free parameters. Then

Iy I —
]EU%"]EG]L%MZ (LL/ILZZ ['L' (pl, Wl, pz, Wz, ey pF 2H,
We—on, We—an+1, We—ant2, ..., We) ])

=1+ >, (i!zzzA(k) (dimgr, A) ™" (dimg 1) "2
d>0 A

|A]=d

s (WF),  (36)
1

F—2H
T ()
i=1

v

1

where

Kk 2D

AW =[]1] fi-r@) f2B)

i=1j=1

Remark 5 Now we get the surface Xy ¢ in notations of Sect. 2.2 and, now, H < D.
We recall that it is constructed with the help of the Riemann surface ¥, whose Euler
characteristic is E = F — n + V, and the graph I that has n edges, Vv vertices and
F faces homeomorphic to discs. In the case considered in Proposition 4, we choose
F — H = D. Then, we glue up randomly selected 2H faces by H handles. The Euler
characteristic of Zy ¢ is equal to E' = E — 2H. In [42] we presented the generating

function for general Hurwitz numbers Hg (Al, L AFTZHOAL AV> with

base surface Xy ¢ with Euler characteristic E' = F — n + v — 2H and ramification
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profiles A, ..., A" 2" and Al ... AV and this generating function is (36) where
AQ) = 1:

Egrer (LZ [z(p", Wi, % W2, ..., p" 2,

We—2u, We—2u+1, We—2n+2, .- -, WF)])
\%

)" F—2H '
S \na (@ms )" I1 s (p’) s (W)
d>0 X i=1 i=1
[A|=d
F—2H \%
—1+ Y Hy (Al,...,AHH,Al,...,AV> I1 par [ Pas (W,’;)
Al,.. AT p=1 p=1
Al AY

(37)
Remark 6 Put pi = pi(W;), i=1,...,F—2H, where W,- € Uy are given matrices.

In the case of the choice (A), np = 0, and t,, = 126,52, the right hand side of (36)
coincides with the correlation function of the Wilson loops W; =P exp fxi Adz €
Uy and W;* =P expfyi Adz € Uy around the points x;, i = 1,...,F — 2H and
yi, i = 1,...,Vinthe two-dimensional gauge theory on the Riemann surface Xy o
(with the same Euler characteristic E’ as in Remark 5) found in [55, 62]

) 3 . , \2D-YM
(Wla'--aWF—ZHaWI""’W2D>Z -
H,0
1 . <h+1)2 F—2H B \'%
25 e @mon e [T (1) [T (v5) o
d=0 * i=l p=l

[Aj=d

(In gauge theory, the parameter , has a meaning of —pe? where p is the area of
3,0 and e is the coupling constant, see [62]).

In case (A) and t,, # 0, m > O the right hand side of (36) was considered as
certain generalization of 2D YM theory, see [62]. In this case the Lagrangian is not
quadratic in the curvature F' = dA + A A A any more.

The choice (B) is related to g-deformations of 2D YM theory considered in some
papers, e.g., [1, 57].

Remark 7

(i) Consider the choice (A) and n; = 0, D = 1, H = 0. Let us take ,, = £u.2,
then, the right hand side of (36) coincides with the generating function for the
double Hurwitz numbers found by A. Okounkov in [43].
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(i) In the previous case where however ,, # 0, m > 0, the right hand side
of (36) gives rise to the Hurwitz numbers evaluated on complete cycles found
by Okounkov and Pandparihander in [44]:

dnm +3)"
Y0 3 O T () img s s (W) G9)
d>0 A

|A|l=d

(iii) The case (B) where ny = 0, D = 1, H = 0 and where ¢, = §,, 1 was also
considered as the generating function for complete cycles.

3.2 Integrals of Tau Functions as Tau Functions

Proposition 5 Consider the case E' = E = 2 (E' as in Remark 5).

(1) If each W except two, say W', W3, is proportional to the identity matrix Iy,
and each of p' is fixed in form (17) with arbitrary parameters, then (36) is the
hypergeometric two-component KP tau function (see (8)) where p(W}), i =
1,2 are higher times and N is the discrete time of the two-component KP
hierarchy

(2) Ifeach W; except a single one, say W, is proportional to the identity matrix Iy
and each of p' except a single one, say p', is fixed in form (17) with arbitrary
parameters, then (36) is the hypergeometric two-component KP tau function
(see (8)) where p(W{k) and p1 are higher times, and where the matrix size N
has a meaning of discrete time of the two-component KP hierarchy

(3) Ifeach W, is proportional to the identity matrix 1y, and each of p' except two,
sayp', i = 1,2 is fixed in form (17) with arbitrary parameters, then (36) is the
hypergeometric two-component KP tau function (see (8)) where p', i = 1,2
are higher times and N is the discrete time of the two-component KP hierarchy.

Let us recall that (8) solves not only bilinear Hirota equations (see appendix section
“Hirota Equation for the TL and for the Two-Component KP Tau Functions™) but
also linear differential equations, see [49-51].

Sketch of proof. It follows from the fact that fﬁg;v i is the content product, see (19)
and can be presented in form (8).

Proposition 6 Consider case (A) and E' = E = 2.

(1) Ifeach W; is proportional to the identity matrix Ly, and each of p' except, say,
p' has form (17), then the sum (36) is the infinite-soliton tau function of the
two-component KP equation where the sets of parameters t and p* play the role
of the KP higher times and the matrix size N is the discrete time

(2) If each W3, except a single one, say, W is proportional to the identity matrix
Iy, and each of p' has form (17), then the sum (36) is the infinite-soliton tau
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function of the two-component KP equation where the sets of parameters t and
p(Wy) play the role of the KP higher times and the matrix size N is the discrete
time.

The proof follows from the analysis given in [46, 48].

Proposition 7 Consider case (B) and E' = E = 2.

1)

(@)

3)

“)

If each W;’; is proportional to the identity matrix Iy, and each of p' except
two, say, p', i = 1,2, has form (17), and p* is given by (18) with g as in the
condition (B), then the sum (36) is the infinite-soliton tau function of the two-
component KP equation where the sets of parameters t* and p' play the role of
the KP higher times and the matrix size N is the discrete time

If each W;‘ except a single one, say, W{, is proportional to the identity matrix
Iy, and each of p' except a single one, say, p', has form (17), and p" is given
by (18) with g as in the condition (B), then the sum (36) is the infinite-soliton
tau function of the two-component KP equation where the sets of parameters t*
and p(W") play the role of the KP higher times and the matrix size N is the
discrete time

If each W%, except a single one, say W, is proportional to the identity matrix
Iy, and

Spect Wi =1, g, ¢, ..., " !

and each of p' except a single one, say, p', has form (17), then the sum (36)
is the infinite-soliton tau function of the two-component KP equation where the
sets of parameters t* and p' play the role of the KP higher times and the matrix
size N is the discrete time

If each W3, except two, say W}, i = 1,2, is proportional to the identity matrix
Iy, and

Spect Wi =1,q.¢,....g" !

and each of p' has form (17), then the sum (36) is the infinite-soliton tau
function of the two-component KP equation where the sets of parameters t*
and p(W3) play the role of the KP higher times and the matrix size N is the
discrete time

The proof follows from Remark 2 and the results of work [46, 48].

3.3 Non-orientable Case

In this subsection we shall use notations of the previous subsections.
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Consider the simplest nontrivial tau function of the one component BKP which
is

P W) =" s (p(W)) (40)
A

see (11). Then, we get

Proposition 8 Consider the tau function (7) where 2D = F 4+ H — 1 and where
higher times are chosen as follows:

1 2 F—2H—1
T (p 3 Wla p 3 W25 ey p 3 WF—ZH—la WF—ZHa WF—2H+17 ceey WF—I)

(41)

where an argument of the tau function Wy on an even place (if one counts arguments
from the left to the right) denotes —p(Wy) and the argument W; on an odd place
denotes p(W;). Here p', i = 1,...,F — 2H — 1 are free parameters. Then

Iy I —2H—
EU%"IEGL%VQ(L[}LZZ[T(I)I’ le Pza W27-~-1pF = 11

We—2u—1, We—2u, We—2n41, - - -, WF—I)TlB(WF)])

F—2H-1

Al T
> 0 A @imer 1) (dimg )2 ]1 sA(p’)sz (W;)

2
L(A)<N
(42)

where A(M) is the same as in Proposition 3.
This sum can be considered in a way similar to the orientable case.

Remark 8 ([41, 42]) Now we get the surface ¥y 1 in notations of Sect.2.2. We
recall that it is constructed with the help of the Riemann surface ¥, whose Euler
characteristic is E = F — n + V, and the graph I' that has n edges, V vertices
and F faces homeomorphic to discs. In the case considered in Proposition 8, we
choose 2F — 2H — 1 = 2D. Then, we glue up randomly selected 2H + 1 faces by
H handles and one Mobius strip, and the Euler characteristic of Xy ; is equal to
E' = E — 2H — 1. In [42] we presented the generating function for general Hurwitz

numbers Hy (Al, L. AFTZHSL AL AV) with base surface Ty, with Euler



2D Yang-Mills Theory and Tau Functions 241

characteristic E’ and ramification profiles A', ..., AF28=1 and Al ... AV, and
this generating function is (42) where A(L) = 1:

EGIL%” (LZ [‘L’(pl, Wi, p2, Wa, ..., pF72H71’

We—ou—1, We—2u, We—2n41, ..., WFfl)TlB(WF)])

F—2H—-1
@h _
=1+ o @imgi ™ [T s (o) [Tsn (%)
d>0 X i=1 i=1
[A|=d
= 1+ Z HF—n+V—2H—l (Al,...,AFizHil,Al,...,Av)
Al AF—ZH—I
AlLLAY

F—2H—-1 Y
< T par[Tear(w;) @3
p=1 p=1

Remark 9 Put p = p'(W;),i = 1,...,F — 2H — 1, where W; € Uy are
given matrices. In case of the choice (A), no = 0, and t,, = 8,2, the right
hand side of (36) coincides with the correlation function of the Wilson loops
W = Pexpgﬁxi Adz € Uy and W' = Pexpggyi Adz € Uy around points
xi,i=1,...,F—2H—1land y;, i = 1,..., V in two-dimensional gauge theory
on the Riemann surface Xy ¢ (with the same Euler characteristic E” as in Remark 8)
found in [55, 62]

~ - " " 2D-YM
(Wls"'vwFszfls Wls"'s W2D>2
H,1
1 tz(h-_l,_l)z F—2H—1 . \'
—1 +dZ;) ZA: a2 (dimy 2 ]‘{ 5 (W,-) l_IISA (W;‘;) (44)

|A]=d

The right hand side of (42) generates both (1) Hurwitz numbers with non-
orientable base surface ¥y 1 (and one can replace it by Xy_x 1424 with the same
result) with Euler characteristic E' = F—n+ VvV —2H — 1 and (2) correlation function
for Wilson loops for the gauge theory on Xy 1 (and/or on Xy, 142k), see [62].

By results of [53] we can show that there are similar cases where the right hand
side of (42) is equal to the hypergeometric function of BKP equation (10) which
generates projective Hurwitz numbers as it was shown in [40].
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Proposition 9 Consider the case E' = E = 1 (E’ as in Remark 8).

(1) If each W;‘ except a single one, say W', is proportional to the identity matrix
Iy, and each of p' is fixed in form (17) with arbitrary parameters, then (36)
is the hypergeometric BKP tau function (see (10)) where p(W{) is the set of
higher times and N is the discrete time of the BKP hierarchy

(2) If each W;’; is proportional to the identity matrix Iy. and each of p' except a
single one, say p' is fixed in form (17) with arbitrary parameters, then (42) is
the hypergeometric BKP tau function (see (10)) where p' is the set of higher
times, and where the matrix size N has a meaning of discrete time of the BKP
hierarchy

Proposition 10 Consider the case (A) and E' = E = 1.

(1) If each W;; is proportional to the identity matrix 1y, and each of p' has
form (17), then the sum (42) is the infinite-soliton tau function of the two-
component KP equation where the set of parameters t plays the role of the
BKP higher times and the matrix size N is the discrete time

(2) If each W3, except a single one, say, W is proportional to the identity matrix
Iy, and each of p' has form (17), then the sum (42) is the infinite-soliton tau
function of the two-component KP equation where the set of parameters p(W;")
plays the role of the BKP higher times and the matrix size N is the discrete time

Proposition 11 Consider the case (B) and E' = E = 1.

(1) If each W} is proportional to the identity matrix Iy, and each of p' except a
single one, say, p', has form (17), and p' is given by (18) where q is the same
as written down in the condition (B), then the sum (42) is the infinite-soliton tau
function of the BKP equation where the set of parameters t* plays the role of
the BKP higher times and the matrix size N is the discrete time

(2) If each W}, except a single one, say W[, is proportional to the identity matrix
Iy, and

Spect Wi =1, q, % ....q" !

and each of p' has form (17), then the sum (42) is the infinite-soliton tau
function of the two-component KP equation where the set of parameters t* plays
the role of the BKP higher times and the matrix size N is the discrete time

The proof follows from the consideration in [53].
Let us recall that (10) solves not only bilinear Hirota equations (see [23]) but also
linear differential equations, see [53].
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Appendix A: Integration of the Schur Functions

The Expectation of s; (ZAZ"B) and of 5, (ZA)s,(Z' B)
Lemma 1 Forany N x N complex matrices A and B we have

—asr(A)s.(B)

A.l
53 (Poo) D

EgL, (sA(ZAZTB)) =N

where d = |A|.

In the case when A and B are Hermitian matrices, the first relation (A.1) is well-
known and written down in textbooks, see for instance Example 5 in [29, Section
VII]. (The only difference with the well-known formula is the factor N —4 which
results from the fact that we replace the Gauss weight e—twZZ! (see [29]) in the
definition of the measure d . by eV % Z' see (2). Then, the factor N~¢ is obtained
by the rescaling of the Schur function s; which is the homogeneous polynomial of
the weight d = |1|). However, thanks to the fact that we can present Schur functions
in form (4) where each po = pa(X) is a polynomial in the entries of matrix X.
Then, the both sides of (A.1) are analytic functions in the entries of the matrices
and, therefore, (A.1) is true for A, B € GLy(C).

Lemma 2 For any N x N complex matrices A and B the following equality is
correct:

AB
EgLy (sA(ZA)sv(Z*B)) = N*dam“;i Ep ; (A2)

where d = |A|.

The Expectation of s; (UAU ' B) and of s, (U A)s,(U" B)
Proposition 12 For any N x N complex matrices A and B the following two
equalities are correct:

By (swav's) = 7Y

where
Euy (PAWAU'E) ) = 2a NT/® 3 VHepi (A, A% A%) pha(4) P (B)
A, AP

(A4)
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where the summation in the right hand side ranges over all partitions A®, AP of the
weight d = |A| and where

dimy 2\ % @3 (A)@; (A3 (A?)
UH (A, A%, AY) := ( Y ) 1 A5
cp! ( ) ZA: d! (N)2)3 (A.5)
|A|=d

Lemma 3 Forany N x N complex matrices A and B the following two equalities
are correct and equivalent:

AB
Buy (5 WAs0TB) =5, 1) (A.6)

where

Euy (pacUA) pyr (U7B) )

= zaozps NTUADED ST (A AP A pa(AB)  (AT)
A

where the summation in the right hand side ranges over all partitions A of the
weight d = |A%| = |AP| and where Hepi (A, A9, AbY is the same three-point
Hurwitz number with the base CP'.

The Sketch of Proofs
We use
b 51(A)sx(B)
sy (AZBZ)e NuwzZ d*Z;; = A8
/(CNZ S ) ,.,lj_:ll 7T 5 (Npeo) (A9
and
N 5;(AB)
+ —NwZzz* 25
fCNZ SA(AZ)s,(Z1 B)e [z = 5 (Npo) 22 (A.9)

ij=1

These relations are used for step-by-step integration (Gaussian in the case of
complex matrices).
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As we can see, these relations perform the procedure of cutting and joining loops
in a network of chord diagrams, and also create edges of embedded graph (each
edge is a coupled pair of conjugate random matrices). Namely, the equation (A.8)
performs the splitting of the loop AZBZ" into two loops, A and B, for complex
Ginibre ensembles (the resulting equation performs the union of two loops A and B
for complex Ginibre ensembles. Every time we apply some of the relations (A.8)—
(A 9), we get the factor (the “propagator” of the edge of the embedded graph), which

sa( Np ) in the case of complex Ginibre ensemble.

Hirota Equation for the TL and for the Two-Component
KP Tau Functions

The TL tau function was introduced in [22] and may be defined by
TIh (2, T) = (n|eXiz01i% gThe™ Yizolic=i|y) (A.10)

This tau function solves Hirota equation, [22, 60]

dz ' 3
f Z.Zn —n (1 —t,z)rr"ll:L (l [z _1] t ) (l + [z ]7 t)
2mi

:f dz,z”"”ev(’_/"_’Z ') (t r —[z]) (t t+[z]) (A.11)

2mi

(see [22, 60]) which includes

9%z, - TL_aTnTLaTnTL__ TL _TL (A.12)
at10f T ot o = Tt Tl '
The two-component KP tau function
O )
(1, 1) = {n, —nle ol ) ey (A.13)

solves Hirota equation

yg dz( oo Ve —1.2) 2K (t [1*1],t> 2KP<I+[Z ", f)

2mi

_ {4z oV (7'=1.2) L 2KP = —17) L2KP (. - -1
= 7§ zmz T 1<t U — 1z ]) 7,01 (t,t+[z ]) (A.14)
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which up to the sign factor (=)™ in the first integral is (A.11) if we change 7z —
z~ ! in the second integral in (A.14).

Appendix B: Fermionic Formulae for Tau Functions

Details may be found in [49, 53]. Let {1, wT i € 7} be Fermi creation and

i
annihilation operators that satisfy the usual anticommutation relations and vacuum
annihilation conditions

Wi, ¥jl+ =08ij, Wiln)=v¥_i—1In) =0, i<n.

In contrast to the DKP hierarchy introduced in [22], for the BKP hierarchy
introduced in [23], we need an additional Fermi mode ¢ which anticommutes with
all the other Fermi operators except itself, for which ¢* = 1/2,and ¢|0) = |0)/ V2
[23]. Then the hypergeometric BKP tau function introduced in [53] may be written
as

g7 (N, n, p)

= (n |ezm>o I o X0 Ul Wi= Yo UitV o X j Wit —V26 Y Vi |n — N>

= Y gy =¢m Y nms@. BD

A 2
L()=N t)=N

Where Jm = ZieZ wiw;+m’ m > 0’ U)‘(I’l) = Zi UhiJ,»n, V(l) = eUifliUi, and

e~ Vot=Unt ifp >0,
IR IV T
g(n) = (n|eZi<0 Uit/ ¥i=3 20 UiVi ¥y |n> =11 if n=0, (B.2)
eU-1tUn if n<0.

In (B.1) the summation runs over all partitions whose lengths do not exceed N.

Remark 10 Note that, without the additional Fermi mode ¢, the summation range
in (B.1) does include partitions with odd partition lengths. One can avoid this
restriction by introducing a pair of DKP tau functions, which seems unnatural.

Apart from (B.1), the same series without the restriction £(A) < N gives the BKP
tau function. However, it is related to the single value n = 0. The n-dependence
destroys the simple form of this tau function [53].
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Round Dance Tau Function The fermionic representation for the round trip tau
functions is as follows

2D

17/ () i £ (D) iy, (D, T2

‘C(plv e p2D) = <0| 1_[ ezm>0 m‘]r{tprr{ eZ(*l) f( )(I)Wi W,l-,l
i=1

i @D) (., @D) H(D)
O B C L A OO i A |0) (B.3)

, H H , DG
where ¥/ = yp; 1 j and ]V = wzl()ﬁj and Ji, = > iy wl.(])wl.frjnz, m > 0.

The round dance tau function solves Hirota equations for the multicomponent
KP hierarchy which generalize Hirota equations for the two-component case written
down in appendix section “Hirota Equation for the TL and for the Two-Component
KP Tau Functions”, see [22].
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Abstract We develop G. A. Goldin and D. H. Sharp’s quantum current algebra
approach to many-particle Hamiltonian operators. We demonstrate its deep rela-
tionship to the Hamiltonian operators’ factorized structure. We investigate this for
completely integrable spinless systems, showing the connection with the classical
Bethe ansatz ground state representation. The quantum Hamilton operators are
considered for integrable delta-potential and oscillatory Caloger-Moser-Sutherland
models.
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1 Introduction

In this work we develop investigations of local quantum current algebra symmetry
representations in suitably renormalized representation Hilbert spaces, suggested
and proposed before by G. A. Goldin and D. H. Sharp[18, 19, 21-23] and their col-
laborators, having further applied their results to constructing the related factorized
operator representations for secondly-quantized many-particle integrable Hamil-
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tonian systems. The main technical ingredient of the current algebra symmetry
representation approach consists in the weak equivalence of the initial many-particle
quantum Hamiltonian operator to a suitably constructed quantum Hamiltonian
operator in the factorized form, strictly depending only on its ground state vector.
The latter makes it possible to reconstruct the initial quantum Hamiltonian operator
in the case of its strong equivalence to the related factorized Hamiltonian operator
form, thereby constructing, as a by-product, the corresponding N-particle ground
state vector for arbitrary N € Z.. Being uniquely defined by means of the Bethe
ground state vector representation in the Hilbert space, the analyzed factorized
operator structure of quantum completely integrable many-particle Hamiltonian
systems on the axis proves to be closely related to their quantum integrability by
means of the quantum inverse scattering transform.

The analytical studies in modern mathematical physics are strongly based on
the exactly solvable physical models which are of great help in the understanding
of their mathematical and often hidden physical nature, the solvable models are of
great importance in quantum many particle physics, among which one can single
out such as the oscillatory systems and Coulomb systems, modeling phenomena in
plasma physics, the well known Calogero-Moser and Calogero-Moser-Sutherland
models, describing system of many particles on an axis, interacting pair wise
through long range potentials, modeling both some quantum-gravity and frac-
tional statistics effects. As examples we have studied in detail the factorized
structure of Hamiltonian operators, describing such quantum integrable spatially
one-dimensional models as the delta-potential and the generalized oscillatory
Calogero-Moser-Sutherland dynamical Schrodinger type quantum systems of spin-
less Bose-particles.

2 Preliminaries: The Representation Fock and Hilbert
Spaces and Nonrelativistic Quantum Currents Algebra
Symmetry Structure

2.1 The Fock Space and Nonrelativistic Quantum Current
Algebra

Let us consider the canonical Fock space [6-9, 14, 16, 18, 28-30, 35], that is the
direct sum

PF = Dnez, F), ey
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where subspaces CD%’)I, n € Zy, are the symmetrized tensor products of a Hilbert
space H =~ Lo(R™; C). If a vector ¢ := (¢0, @1, -- -, @n, - ..) € P, its norm

1/2
lelloy = | Y llealln | 2)
nEZ+
where ¢, € CD%‘ >~ Ly (5 (R™®"; C) and || ... ||, is the corresponding norm in

CD‘(%;I for all n € Z. Note here that there holds the corresponding rigging [6, 7] of
the Hilbert spaces CDS’;, n € Zy,thatis

®n ®n ®n
D) C ), CO5) C ) 3)

with some suitably chosen dense and separable topological spaces of symmetric

functions D?S), n € Z4, allowing to describe both point wise particle objects in

®n
(), +

Hilbert spaces Q%')"_ and the corresponding Hamiltonian operator H : & — &,
governing the quantum states and their evolution. Concerning expansion (1) one
obtains by means of projective and inductive limits [3—7] the quasi-nucleus rigging
of the Fock space @ exactly in the form (3).

Consider now any vector |(«),) € <I>‘(8s")' , n € Z4, which can be written [7, 9, 12,
16, 30] in the following canonical Dirac ket-form:

R™ by means of the corresponding generalized positive ® the adjoint negative

|(a)n) = |a17a25 "'7“71)7 (4)
where, by definition,
1
o, @, ) =, Y ) ® 1) - o) )
\/n' o€eS,

and vectors |a) € QD% R™; C) ~ H, j € Z4, are bi-orthogonal to each other, that
is (alaj)y = O, for any k, j € Z. The corresponding scalar product of base
vectors (5) is given as follows:

((Bnl(@n) = Bu, Bu—1, ..., B2, Bilon, a2, ..., 0y—1, @)
= Z Brlag ) - - - Buldo ) = per{(Biladnl; j—1

o€ESy

where “per” denotes the permanent of matrix and < -|- > is the corresponding
scalar product in the Hilbert space . Based now on the representation (4) one can
define an operator a™ (a) :Q%’; —><I>?;§"H) for any |«) € H as follows:

a+(a)|a17a25'-'7an) = |C(, ala“Za---a“ﬂ)a (6)
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which is called the “creation” operator in the Fock space ®. The adjoint operator
a(B) = (@t (B)* :QD%HH) —><I>‘(Xs’;' with respect to the Fock space @ r (1) for any
|B) € H, called the “annihilation” operator, acts as follows:

a(ﬁ)|a17a27"'7an+1):: Z (ﬁ|aj)|alva2s"'7aj717&jsaj+17"'7an+1)1
j=Ln+l1

(N

where the “hat” over a vector denotes that it should be omitted from the sequence.
It is easy to check that the commutator relationship

[a(@),a™ (B)] = (@|B)n ®)

holds for any vectors |a) € H and |B) € H. Expression (8), owing to the quasi-
nucleus [6, 7] rigged Fock space (1), can be naturally extended to the general case,
when vectors |«) and |8) € H_, where H_ denotes the corresponding negative
Hilbert space of generalized functions, conserving its usual form. In particular,
taking |o) := |a(x)) = ﬁn M) e H_ = L, (R™;C) for any x € R™,
one easily gets from (8) that

[a(x), a® ()] =8(x —y) €))

where we put, by definition, < -|- > the usual scalar product in the m-dimensional
Euclidean space (R"; < -|- >), a¥(x) := a™(a(x)) and a(y) := a(a(y)) for all
x,y € R™ and denoted by 4 (-) the classical Dirac delta-function.

The construction above makes it possible to observe that if there exists the so
called unique vacuum vector |0) € CD‘(%()), such that for any x € R

a(x)|0) =0, (10)
and the set of vectors
n
[Tat@p|10) e o8 (11)
j=1

is total in @%’;, that is their linear integral hull over the functional spaces H®* is

dense in the Hilbert space @%’; for every n € Z. This means that for any vector
¢ € ® the following canonical representation

S
0= Jn!fm Puxr.oxmat(eDat ) at@)l0)  (12)

n€Z+



Many-Particle Factorized Quantum Hamiltonian Systems 255

holds with the Fourier type coefficients ¢, € CD%" forall n € Z with CD%)I ~H=
Ly(R™; C). The latter is naturally endowed with the Gelfand type quasi-nucleus
rigging, dual to

DCHLCHCH_CTD, (13)

where D := S(R™; R) is the Schwartz space on R”, making it possible to construct
a quasi-nucleus rigging of the dual Fock space ® = @ez, CD‘(%;I, where H
denotes the corresponding positive Hilbert space of testing functions. Thereby, the
chain (13) generates the dual Fock space quasi-nucleus rigging

Dp C ®p 1+ C Pr C dp_ C Dy (14)

with respect to the central Fock & r, easily following from (1) and (13).
Construct now the following self-adjoint operator p(x) : & — P as

px) = a’t(na(x), (15)
called the density operator at a pointx € R™, satisfying the commutation properties:

[o(x), p(3)] =0,
[o(x), a(y)] = —a(y)d(x —y), (16)
[p(x),at(M]=at(y)sx —y)
for any x, y € R™.

Choose now a many-particle quantum Hamilton operator H : ® — ®F in the
following secondly quantized [9, 10, 18, 21, 28, 35] representation

1

H:= 2/ (Vea™ ()| Vea())dx + V(o). (17)
Rm

where the sign “V,” means the usual gradient operation with respect to x € R™ in
the Euclidean space R™ >~ (R™; (:|-)) and, by definition,

1
V(p) I=A; dxVi(x)p(x) + Z'A; dx1dxaVa(xy, x2) @ p(xp)p(x2)

1
4oy [ dnidnadnVax ) pGpaptea) s+ 09

is the potential energy operator with suitably determined a one-particle interaction
potential V| : R — R, a two-particle interaction symmetric potential V, : R x
R™ — R, athree-particle interaction symmetric potential V3 : R” x R” xR™ — R
and so on.
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Based on the Fock space @, defined by (1) and generated by the creation-
annihilation operators (6) and (7), one can easily construct the local current operator
J(x): dp —> P, x € R™, as

(. .
J@) = . la™(x) Vxa(x) = Vya™ (x) a(x)], 19)

satisfying jointly with the density operator p(x) : ®r — Pp, x € R™,
defined by (15), the following quantum current symmetry algebra [2, 10, 18-23, 29]
relationships:

[V, J (gDl =iJ([g1.82D), [o(f1), p(f2)]=0,

. (20)
[V (gD, p(fD] = ip(g1IV f1)),
holding for all f, fi € F and g1, g» € F™, where we put, by definition,
[81,82] :== (g11V) g2 — (g2IV) g1, (21

being the usual commutator of vector fields (g1|V) and (g2|V) on the configuration
space R™.

2.2 The Nonrelativistic Quantum Current Algebra and Its
Hilbert Space Cyclic Representation

If the energy spectrum density of the Hamiltonian operator (17) in the Fock space
@ r is bounded from below, the expression (17) can be rewritten algebraically as

1

H= / (K* @)1~ K@) dx + V), (22)
]Rm

being equivalent [18, 19, 21-23] in the corresponding current algebra symmetry
representation Hilbert space ®, modulo the ground state energy eigenvalue, to the
positive definite gauge type operator form

1
2

A

[ (@ = A ol 1K) = Ak 00 i, 23)

satisfying conditions (30) and (31), where A(x; p) : ® — ®", x € R™, is some
specially constructed [26, 27] linear self-adjoint operator, satisfying the condition

K(x)[€2) = A(x; p)I€) (24)
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for any x € R™ and the ground state |2) € ®, corresponding to the chosen above
potential operators V(p) : & — P, defined by (18).

Remark 1 Here we mention that the operator K(x) : ® — ", x € R™, defined
by (24), relates to that from the work [18, 21, 26] via scaling K(x) — K(x)/2,
x € R™,

The operator K(x) : & — @™ acting already on the representation Hilbert
space P, is given by the expression

K(x) :=Vipx)/2+iJ(x), (25)

where the self-adjoint current operator J (x) : & —> @™, acting now on the Hilbert
space @, can be naturally defined (but non-uniquely) from the continuity equality

ap/dt = —i[H, p(x)] = — < V|J (x) >, (26)

holding for all x € R™. Such an operator J(x) : & — ", x € R", exists
owing to the commutation condition [H N] = 0, giving rise to the continuity
relationship (26), if additionally to take into account that supports suppp of the
density operator p(x) : ® — &, x € R™, can be chosen arbitrarily owing
to the independence of the evolution relationship (26) on the potential operator
V(p) : © — &, but its strict dependence on the existence of the corresponding
Hilbert space representation (24).

It is easy to observe that the current algebra (20) is the Lie algebra G,
corresponding to the Banach Lie group G = Diff(R™) x F, the semidirect product
of the Banach Lie group of diffeomorphisms Diff(R™) of the m-dimensional space
R™ and the abelian group F' subject to the multiplicative operation Banach group
of smooth functions F. Its properties can be effectively studied by means of the
corresponding continuous unitary representations [17, 19, 21-23, 31] of the unitary
density family ¢/ : = {exp[ip(f) : f € F} in a suitable Hilbert space ® generated
by a cyclic vector |2) € ®. Then we can put, by definition,

Lf) = QIU()I) 27)

for any f € F and observe that functional (27) is continuous on F' owing to the
continuity of the representation. Therefore, this functional is the generalized Fourier
transform of a cylindrical measure w on F’ :

(QIU(NHIR) = /s explin(f)ldu(n). (28)

From the spectral point of view, there is an isomorphism between the Hilbert
spaces @ and L;“)(F; C), defined by |2) — Q(n) = 1 and U(f)|Q) —
explin(f)] and the extended by linearity upon the whole Hilbert space ®. Thus,
having constructed the nonlinear functional (27) in an exact analytical form, one
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can retrieve the representation of the unitary family ¢/ in the corresponding Hilbert
space ®. The cyclic vector |2) € @ can be, in particular, obtained as the ground
state vector of some unbounded self-adjoint positive definite Hamilton operator
H: d — o, commuting in addition with the self-adjoint non-negative particle
number operator

N::/ p(x)dx, 29)

that is [ﬁ, N] = 0. Moreover, the conditions
HQ) =0 (30)
and

inf (¢[Hlp) = (QH|Q) =0 (1)
(pEDI:I

hold for the operator H: ® — &, where Dy, denotes its dense in & domain of
definition.

To find the functional (27), which is called the generating Bogolubov type
functional for moment distribution functions

Fo(xp, x2, .00 x0) 1= (] 1 p(x1)p(x2) ... p(xn) 1 [2), (32)

where x; € R™, j = 1,n, and the normal ordering operation : - : is defined
[6,9, 10, 19-23] as

n

j—1
D). pCa) s = [T oG =D 80— | (33)

j=1 k=1
Remark 2 The self-adjointness of the operator A(g; p) : & — &, g € F, can
be stated, following schemes from works [2, 10, 18], under the additional existence

of such a linear anti-unitary mapping T : & — & that the following invariance
conditions hold:

To@T ' =p(0),  TIOT'=-J@), TI)=I2) (34)
for any x € R™. Thereby, owing to conditions (34), the following equalities
Kx)[€2) = A(x; 0)[€2) (35

hold for any x € R™, giving rise to the self-adjointness of the operator A(g; p) :
d— P, geF.
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It is easy to observe that the time-reversal condition (34) imposes the real
value relationship for the ground state Qy = Qny € Py L(;)(R’"XN ; C) of

the canonically represented N-particle Hamiltonian Hy : (DES)—> <I>§$) for arbitrary
N € Z.4, existing [9, 31] owing to the commutativity condition [H, N] = 0.
Moreover, taking into account the relationship (35), one can easily observe that
on the invariant Fock subspace CI>§$) C ®&F the operator K(x) : & —> Dp is
representable as

3
Ky(x) = Z o —xj), (36)
J=1,N J

entailing the following expression for the related operator Ay (x; p) : <I>§(?—> @5\‘5)
on the subspace <I>§$) C OpF:

(An(x; p) = Z S(x —xj)Vy,; In|Qn(x1, x2, ..., XN)I. (37)
j=LN

The latter makes it possible to derive its secondly quantized [7, 9] expression as

A(x; p) = fR " dxadxs...dxy : p(x)p(x2)p(x3) X - -
x p(xy-1)p@xN) 1 Viln|[Qy(x1,x2, ..., xn)] (38)

which holds for any x € R and arbitrary N € Z, . Being interested in the infinite
particle case when N — oo, the expression (38) can be naturally decomposed
[11,15,27] as

1
AGip) =) n,/ dyidyz - -dyn s p)p(YDP (P (y3) X -

n€Z+

X P(Yn—1)PYn) : Va W1 (x5 y1,¥2, -+, Yn), (39)

where the corresponding real-valued coefficients W,, € Hz(l)(R’"X”; R) should be
such functions that the series (39) were convergent in a suitably chosen representa-
tion Fock space ® r, for which the resulting ground state limy_. o0 Qn =~ |2) € OF
is necessarily cyclic and normalized.
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3 The Density Operator Representation of the Nonrelativistic
Local Current Algebra and the Factorized Structure of
Quantum Integrable Many-Particle Hamiltonian Systems

3.1 The Calogero-Moser-Sutherland Quantum Model: The
Density Operator Current Algebra Symmetry
Representation, the Hamiltonian Reconstruction
and Integrability

The Calogero-Moser-Sutherland quantum bosonic model on the axis R is governed
by the N-particle Hamiltonian

Z( —a)x2)+ > ﬁ(_mz (40)

j=1,N j#k=1,N

in the symmetric Hilbert space L;‘V)(RN ; C), where N € Z, and the interaction
constants w > 0, 8 € R are such that (8 — 1) > —1/4, when the model (40) is
stable and has no bound eigenstates. As it was stated in a very interesting and highly
speculative works [25, 32], there exists linear differential operators

Rl 1
Dj:= - i — E 41
J 0x; wxj =P Xj — Xk @1
k=1,N k#j

for j = 1, N, such that the Hamiltonian (40) is factorized as the bounded from
below symmetric operator

Hy = Z 'D;rDj + Ew, (42)
j=1,N
where
Loy o
= 3ﬂ Np~ + 2pN (43)

is the ground state energy of the Hamiltonian operator (40) with the average
particle density per length unite p > 0, that is there exists such a vector |Qy) €

Lg) RN ©), satisfying for N — oo the eigenfunction condition

Hy|Qn) = EN|QN) (44)
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and equals

20 =[] @-w’ep= Y Jx). (45)

j<k=1,N j=1N

coinciding at w = 0 with the corresponding Bethe ansatz representation [24, 33] for
the ground state of the standard quantum Calogero-Moser-Sutherland model.

Being interested additionally in proving the quantum integrability of the gen-
eralized Calogero-Moser-Sutherland model (40), we will proceed to its second
quantized representation [7, 9, 10, 28, 33—-35] and studying it by means of the density
operator representation approach to the current algebra, described above in Sect. 2
and devised before in [18, 19, 21-23, 26, 27].

The secondly quantized form of the generalized Calogero-Moser-Sutherland
Hamiltonian operator (40) looks as

l
H= [ [ud @00+ o0 Cop ]
0

I I + +
+/3(/3—1)/ dx/ dy‘/f ()Y (y)ilfz(y)ilf(x)7 46)
0 0 (x—y)

acting in the corresponding Fock space ®r := ®pez, oY, o) ~ L;”(R"; O,
n € Z4. To proceed to the current algebra representation of the Hamiltonian
operator (46), it would useful to recall the factorized representation (42) and con-
struct preliminarily the following singular Dunkl type [1, 13, 25, 32] symmetrized
differential operator

3
Dy(x):= Y x —x))(,  —wx))
J=1.N J

DS (5(%—xj)+5(x—x,f) @

Xj — Xk Xp — Xj
Jj#k=1,N  k=1,N k#j

in the Hilbert space Lg) (RY; C), N € Z,, parameterized by a running point x € R.
The corresponding secondly quantized representation of the operator (47) looks as
for any x € R, or in the density operator p : & — P representation form as

D(x) = Vyp(x)/2 4+ iJ(x) — wxp(x)

ﬂ/ ( p(x )p(y) p(y)p(x):)’ 48)
y—x
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which is equivalently representable in a suitable current algebra symmetry represen-
tation Hilbert space @, as

D(x) = K (x) — wxp(x) — / dy g sp(x)p(x) . (49)
R~ (x—y)

Now, based on the operator (48), one can formulate the following proposition.

Proposition 1 The secondly quantized Calogero-Moser-Sutherland Hamiltonian
operator (46) in a suitable current algebra symmetry representation Hilbert space
® is weakly equivalent to the factorized Hamiltonian operator

ﬁ:/de*(x)p(x)*lD(x) (50)
R

modulo the ground state energy operator E : & — @, where

L2, @
E= _B°Np>+ /N, (51
3 2
where, as before,
N::/,o(x)dx (52)
R

is the particle number operator, and satisfies the determining conditions
(H—-E)[€2) =0, D(x)|€2) =0 (53)

on the suitably renormalized ground state vector |Q2) € ® for all x € R. Moreover,
for any integer N € 7 the corresponding projected vector |Q2n) = |Q)|o, exactly
coincides with the related Bethe ground state vector for the generalized N-particle
Calogero-Moser-Sutherland model (40) and satisfies the following eigenfunction
relationships:

NI|Qy) = N|Qn),

1
E[Q2y) = (

_ w _
3/32Np2 + sz) 1Qn) == En|Q),

ensuing exactly the result (43).

Remark 3 When deriving the expression (1), we have used the identities

pX)p(y) = :px)p(y): +p(¥)S(x — y),
pX)p(Mp) =:p@)p(p@):+:px)p(y):8(y —2) (54)
+:0(p(2): 8z —x)+ :p(@)p(x): 8(x —y) + p(x)d(y — 2)d(z — x),
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which hold [6, 9, 18, 27] for the density operator p : & — & at any points x, y, z
e R.

Observe now that the operator (48) can be rewritten down in ® as
D(x) = K(x) — A(x), (55)
where, by definition,

K(x) := Ve p(x)/2 +iJ (x), Alx) := ox —i—,B/ dy :p(x)p;y): (56)
R

X —

for all x € R/{[0, []Z}. Recalling now the second condition of (53), one can rewrite
it equivalently as

K(x)[2) = A(x)[€2) (57)

on the renormalized ground state vector |2) € @ for all x € R/{[0,[]Z}. On the
other hand, owing to the expression (50), we obtain the searched for current algebra
representation

A= /Rdx(ld(x) — A@))p () (K(x) — A(x)) (58)

of the Calogero-Moser-Sutherland Hamiltonian operator (40) in the suitably renor-
malized Hilbert space &, as it was already demonstrated in the work [26, 27], using
the condition (57) in the form (38).

Let us discuss now shortly the quantum integrability of the Calogero-Moser-
Sutherland model (40). Owing to the factorized representation (58) one can easily
observe that for any integer p € Z the suitably symmetrized Hamiltonian operator
densities h(x) := Dt (x)p(x)"'D(x) : ® — &, x € R, commute to each other and
with the particle number operator N : & — &, that is

[h(x), h(y)] =0, [h(x),N] =0 (59)

for any x, y € R/[0,[]Z. As a result of the commutation property (59) one easily
obtains that for any integer p € Z, the symmetric operators

A® .= f dxh(x)? (60)
R
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also commute to each other
[ﬁ(l’)’ ﬁ(Q)] =0 61)

for all integers p,q € Z., and in particular, commute to the Calogero-Moser-
Sutherland Hamiltonian operator (50):

AP A] = 0. (62)

Concerning the related N-particle differential expressions for the operators (60), it
is enough to calculate their projections on the N-particle Fock subspace CDS) C
®f, N € Z,. Namely, let an arbitrary vector |¢y) € @5\‘5) is representable as

o) i= [ vt [T digwrt:p00) (63)

j=LN

for some coefficient function fy € L(ZS)([O, nv. C). Then, by definition,

HPlgy) = lo). (64)
where
|¢§j’)>=AN(H§P>fN>(x1,x2,...,xN> [T dxjv*epioy (65)
j=1,N

for a given p € Z4 any N € Z,. In particular, for p = 2, when H® 4+ E =
H : & — ®p, one easily retrieves the shifted Calogero-Moser-Sutherland
Hamiltonian operator (40):

82 -1 252
HY =— % b T 3 P~ (ﬂp —i—a),6/2>N. (66)

- (x~—xk)2_ 3
j=IN T jgk=1,N

Respectively for higher integers p > 2 the resulting N-particle differential operator
expressions Hlilp) : L(ZS)(RN; C) — L(ZS)(RN; C), N € Z,, can be obtained the
described above way by means of simple yet well cumbersome calculations, and
which will prove to be completely equivalent to those, calculated before at w = 0 in
the work [25].
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3.2 Quantum Many-Particle Hamiltonian Dynamical System
on Axis with §-Interaction, Its Quantum Symmetries
and Integrability

In this section we will consider a quantum non-relativistic many-particle Bose-
system on the axis R, governed by the Hamiltonian operator:

32
Hy :=— Z axz + o Z S(Xj — Xk), (67)

j=LN j#k=1,N

where o € Ry is an interaction constant, and acting in the symmetric Hilbert space

Lg)(RN ;C), N € Z4. The corresponding secondly quantized expression [6, 8,

9, 14, 29, 35] for the Hamiltonian operator (67) in the related Fock space ®p =~
® L;S)(R”; C) equals

nEZ+

H= / dx (W + eyt yt ), (68)
R

where the creation ¥+ — and annihilation ¥ — operators satisfy the canonical
commutator relationships

W), v (] =8 —y),

+ + (69)
(Y7 x), "M =0=[¢¥x), y(¥]

for any x, y € R. The Hamiltonian operator (68) via the Heisenberg recipe [9, 28,
35] naturally generates on the creation ¢ : ® p — @ and annihilation ¢ : ®p —
®  operators the following quantum Schrodinger type evolution flow:

AV Jdi = [T, Y] =~y + 21y,
Y[ = YT = g - diay Y

with respect to the temporal parameter ¢ € R. Subject to the quantum Schrodinger
type evolution flow above the particle number operator N = fR p(x)dx and the
Hamiltonian operator (68) in the Fock space ®F are its conservative symmetries,
that is

d d
N =0, H=0 (70)

dt dt
for any + € R. The quantum model (68), as is well known [8, 33, 35], presents
a completely integrable quantum Schrodinger type dynamical system, possessing
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an infinite hierarchy of quantum commuting to each other operators in the Fock
space ®r. This result was proved by means of the quantum inverse scattering
transform [33], based on existence of a special so called Lax type quantum
operator linearization in the associated operator-valued space C°°(R; End CD%).
In what follows below we will prove the quantum integrability of the quantum
Schrodinger type evolution flow (3.2), making use of the local quantum current
algebra representation technique, devised in [18, 19, 21, 23, 26], similar the way
this was done in sections above.
Let us define in the Fock space @ ¢ the following structural operator:

D®(x) := K (x) — a/Rdyﬂg(x — ) p@pO) (71)

where for any ¢ > 0 the expression ¥:(x —y) == d(x —y —¢) = {l, ifx >
y—e¢e}A{0, ifx < y+ e}forx,y € R denotes the shifted classical Heaviside
P-function, and construct the following quantum operator:

H® = / dxD@ () p(x)"'D® (x). (72)
R
The next proposition (72) states an equivalence of the quantum Hamiltonian

operator (68) and the weak operator limit limg_,¢ ae,

Proposition 2 The many-particle quantum operator (68) in a suitably chosen Fock
space O is weakly equivalent, as ¢ — 0, to the operator expression (72), and
satisfies the following regularized limiting relationship:

reg lim H® := lim (H@) — N3 /3) —H. (73)
E—>

e—>0

Proof Having taken into account that 9, (x — y)8(x —y) = 0 = 9. (x — y)8'(x — y)
and ﬁé (x —y) =68(x —y —e¢)forany x,y € R, one can calculate the operator
expression (72) and obtain:

H® = f dxyrf ()Y (x) + @ / dxp(0)p(x — ) +&*N°/3. (74)
R R

O

Insomuch as from the latter expression (74) one easily ensues that

lim (H@) — N3 /3) —H, (75)

e—0

the weak operator relationship (73) in the Fock space & is proved.
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It is important to mention now the quasi-local operators D@+ x)p (x)~ID®@ (x)
: ® — &, x € R, owing to their construction, are commuting to each other, that is

(D) p(x)~'D® (x). DO (3p(3) D)) = 0 (76)

for any x, y € R. The latter makes it possible to construct a countable hierarchy of
operators

aer .— / dx (D(S),+(x)p(x)—lD(£)(x)>p 77)
R

for p € Z, commuting to each other, that is
[ﬁ(&p)’ ﬁ(&q)] -0 (78)

for any p,q € Z.,. Applying to the hierarchy of operators (77) the standard weak
regularization procedure as ¢ — 0, one can construct, respectively, a countable
hierarchy of quantum operators

AP .= reg lim H®? (79)
e—0
on the Fock space ® for p € Z, also commuting to each other, that is
[ﬁ(P)’ ﬁ(q)] =0 (80)

for any p, g € Z, as this naturally follows from the commutator relationship (78).
The latter then means that the quantum Schrédinger type dynamical system (3.2) is
integrable, other way confirming the classical result of [34].

Remark 4 Tt is worthy to mention that the following generalized quantum many-
particle Hamiltonian Bose system

2
Hy = — Z aax2+a Z 8(xj — xk)

j=1,N j#k=1,N

. 9 9
+ip Y <axjoa(xj—xk)+5(xj—xk)OBXk),

JF#k=1,N

where o, B € R, are interaction constants, and acting on the symmetric Hilbert
space Lgs) (RVN: C), N € Z, (that is with (a8 + 88’)-interaction potential) generates
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the corresponding secondly quantized quantum Hamiltonian system

1
dy/dr = [H Y] = —ivre + 209 Yy + 269 7Y,
81)
dytjdn = L H YT = i, - 2ie Dy +2puT Y

with the quantum Hamiltonian operator

H= fRdx[w:wx +aytytyy + ity Ty — v Ty (82)

on the Fock space ®r, which is completely integrable, as it was proved before
in [8, 28, 29] by means of the quantum inverse scattering transform. This fact,
eventually, allows us to speculate that there exists a suitable local current algebra
cyclic representation space ®, allowing to construct a related structural operator
D(x) : & — ®,x € R, factorizing the quantum Hamiltonian operator A= fR
DT (x)p(x)"'D(x), and reducing, up to some renormalizing constant operator,
to (82) on the corresponding Fock space ® .

4 Conclusion

In the work we succeeded in developing an effective algebraic scheme of con-
structing density operator and density functional representations for the local
quantum current algebra and its application to quantum Hamiltonian and symmetry
operators reconstruction. We analyzed the corresponding factorization structure for
quantum Hamiltonian operators, governing spatially many- and one-dimensional
integrable dynamical systems. The quantum delta-potential and generalized oscil-
latory Calogero-Moser-Sutherland models of spin-less Bose-particle systems were
analyzed in detail. The central vector of the density operator current algebra
representation proved to be the ground vector state of the corresponding completely
integrable factorized quantum Hamiltonian system in the classical Bethe ansatz
form. The latter makes it possible to classify quantum completely integrable
Hamiltonian systems a priori allowing the factorized form and whose ground state is
of the Bethe ansatz from. These and related aspects of the factorized and completely
integrable quantum Hamiltonian systems are planned to be studied in other place.
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Quantum Master Equation )
for the Time-Periodic Density e
Operator of a Single Qubit Coupled

to a Harmonic Oscillator

C. Quintana, P. Jiménez-Macias, and O. Rosas-Ortiz

Abstract The reduced density operator of a single qubit coupled to a quantum
oscillator is time-periodic even for stationary Hamiltonians. We construct some
quantum master equations for such density operator and show that they can be
expressed in the Lindblad form. Although the qubit is treated as an open system
that exchanges information with the oscillator (environment), the dynamics of the
entire system is unitary and such that no information is lost at any time. The time-
evolution of the qubit is therefore developed with balanced gain and loss profile.
Some subtleties arise since the appropriate master equation must include not only
the decay (diffusion) process but also the excitation of the qubit. The advances
reported in this work are addressed to cover the decay process only.

Keywords Quantum master equation - Jaynes—Cummings model - Lindblad
superoperator

Mathematics Subject Classification (2010) Primary 81S22; 81R15;
Secondary 81V80

1 Introduction

The study of open quantum systems finds a diversity of applications to construct
realistic dynamical models in quantum physics [2, 3, 5, 19]. The efforts are
addressed to describe the non-unitary behavior that results from the interaction of a
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given quantum system with its environment. Special attention has been payed to the
non-equilibrium features of driven quantum systems during the last decades. The
latter motivated by the spectacular improvements in the experimental manipulation
of atoms and photons [10, 16]. Formal approaches to the dynamics of open quantum
systems use the construction of master equations for the related density operator
of either Markovian (the characteristic times of the system are no longer than
those of the environment) or non-Markovian systems [2, 19]. In the former case
the environment may be represented by complete positive trace-preserving maps
acting on the system to describe the time-evolution in Lindblad form [7, 11, 12].
Complete positivity ensures unitary time-evolution for the “system + environment”
entity while positivity guarantees the statistical interpretation of the density matrix.
For non-Markovian systems the Lindblad form of the related master equation is not
granted (one of the reasons is that positivity can be violated, see e.g. [14]) and, in
general, it is more difficult to find solutions of the dynamics, even numerically. As
a matter of fact, the number of exactly solvable models of open quantum systems is
small since the exchange of information between system and environment usually
involves a large number of degrees of freedom.

The purpose of this contribution is to gain an understanding of the construction
of exactly solvable master equations for time-periodic density operators where the
existence of a unique generator for the stroboscopic dynamics is a major problem
(seee.g. [4, 8, 13, 17]). With this aim we shall focus on the simplest quantum optical
example: a two-level atom embedded in a cavity with a single-mode quantized
electromagnetic field. Although the simplicity of the model, the coupling between a
qubit and a harmonic oscillator, it is commonly used to study many atomic systems
in quantum optics (for instance, interesting effects can be found in ion traps and
cavity QED experiments [10, 16]). As the “qubit + oscillator” system is exactly
solvable by unitary time-evolution, we already know the state of the qubit by tracing
over the degrees of freedom of the oscillator (environment). The reduced density
operator is therefore time-dependent and defined by periodic functions that rule
the population inversion of the energy levels. Considered as an open system, using
dipole and rotating-wave approximations, and assuming weak atom-field couplings,
the interaction of the qubit with its environment must be associated with a master
equation. In the sequel we provide a diversity of master equations for the related
time-periodic density operator and show that they can be written in the Lindblad
form.

The paper is organized as follows. In Sect.2 some generalities concerning the
Lindblad master equation are provided and the problem we are dealing with is
defined. Section 3 deals with the explicit derivation of the master equation, some
concrete realizations are provided as examples and the corresponding solutions are
analyzed. A summary of our results and some concluding remarks are given in
Sect. 4.
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2 Statement of the Problem

Let S and ‘H respectively denote a given quantum system and the corresponding
Hilbert space. The quantum state of S is described by a positive operator in H,
denoted p and called density operator, which has trace one [15]. For closed quantum
systems the density operator at time ¢ > f arises from the unitary transformation of
the initial state p(r) = U(t, 10)p(t0) U (¢, 19). In general, to study the dynamics
of the system, one may consider an additional Hilbert space M+ in which the
operators serve as vectors and the inner product is defined as A - B = Tr(A"B) [19].
In this context, a superoperator is a map from My into itself. Of special interest,
the superoperator A(z, o) that maps the density operator at initial time ¢ = #( into
the density operator at time ¢ > #p,

p (1) = A, 10) [p(t0)], ey

satisfies the initial condition A(#,f9) : p(to) — p(tp). The time-evolution
superoperator A(t, fp) is generated by the Liouville superoperator £, which is
defined through the generalized Liouville-von Neumann equation:

d

= L(p). 2
it (o) @)
For closed (non-dissipative) quantum systems the superoperator A(z, fp) defines a
unitary time-evolution while the Liouville superoperator takes its Hamiltonian form

Lu(p) = —i[H, p], 3

with H the Hamiltonian of the system and [A, B] the commutator between A and
B.
For open (dissipative) quantum systems it is necessary to impose the Markov

property
A, )N, 10) = AL, 10), O<to<n <t 4

Equation (4) means that the time-evolution of p in the interval (7o, ) can be
constructed by evolving it in the intervals (#o, 1) and (#1, t), where #; is an arbitrary
point between #y and ¢. In other words, the time-evolution superoperator A(z, #p)
forms a two-parameter semi-group and defines a dynamical map of the system [19].

The linear operator differential equation (2) is usually called master equation
and constitutes a standard tool to describe the dynamics of open quantum systems.
All the information about the time-evolution of the system is encoded in the
Liouville superoperator £, which generates infinitesimal changes in p and may be
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decomposed into its Hamiltonian and purely dissipative parts £ = Ly + Lp [7, 11],
with Ly given in (3) and

d>—1
1
Lo(e) =Y &0 (F,-pF} - {F}Fi,p}). 5)

ij=1

Here d stands for the dimension of #, {1’7,'}?21 is a set of orthonormal operators
F; - Fj = §; j that are traceless fori # d, and F» = jdl.

Clearly, L is characterized by the Hamiltonian H while £p is determined by
the positive semidefinite matrix G(¢) = [g;,j (t)] [7, 11]. Using a diagonalized form
of G(t), the jump operators F; account for relevant elementary dissipative processes
having a relaxation time 7 ~ g;jl (t), where g;;(t) > 0Vt > 19 [18]. Note that the
spectrum of Ly is pure imaginary, defined by differences between the eigenvalues
of the Hamiltonian, so Ly generates unitary time-evolution. On the other hand, the
spectrum of Lp includes negative real eigenvalues that are associated with decay
(dissipation) as the system evolves in time (see e.g. [1]).

Equation (2) can be faced in two different forms. Assume first that the effect of
the environment has been properly encoded in the dynamical generator £. That is,
the matrix G (¢) and the operators F; are already known (without explicit reference
to a given model) or they have been guessed to construct an effective model. Only
a very small number of this kind of problems can be solved in closed form and
numerical resources are required in general. Other option considers the construction
of the Liouville superoperator £ from a model that includes information of the
system, the environment and the corresponding interaction, after tracing over the
environment degrees of freedom. However, there is not a general rule to define
neither the operators F; nor the matrix G(t).

2.1 The Model

Hereafter we assume that the whole system S is closed and divided into a subsystem
Sy and its environment Sg. Let H4 and HEg be respectively the Hamiltonians of
Sa and Sg. As they act on their corresponding Hilbert spaces 4 g, we promote
them to act on the Hilbert space 7 of the entire system S by means of the tensor
products Hy ® g and [4 ® HEg, with [4 g the identity operator in H 4 g [6]. We
also assume that the initial state is separable p(f9) = pa (o) ® pg(fo), and that
the subsystem S4 interacts with its environment Sg at time ¢ > fy through the
interaction Hamiltonian H;, which acts on H. Hence, the Hamiltonian of the entire
system is givenby H = Hy ® [ + 14 ® Hg + Hj.

Provided an explicit form of H we are able to obtain the states p(¢) of the
entire system S in closed form. To analyze the dynamics of S4 we trace over
the environment degrees of freedom to get the reduced operator p4 = Trg(p).
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Similarly, pg = Tra(p) represents the state of the environment. After evaluating
g‘zlz pA (1), we shall look for the Liouville superoperator £ such that the following
equation holds

jt pa = L(pa). (6)
Thus, we face the inverse problem of an open quantum system: given the state pa (¢),
we look for the dynamical generator £ that produces the time-evolution p4 (fg) —
pA(l).

It is clear that the solution of the inverse problem described above is not unique,
so we address the model to the identification of the simpler forms of £ that include
the state p4(¢) as a solution of the master equation (6).

We shall consider that p4 represents the state of a system S4 interacting with
a controlled environment Sg. That is, as the time-evolution of the entire (closed)
system § = S4 + Sk is unitary, the information interchanged between S4 and Sg
is never lost. The excitations and decays of S4 are correlated with the decays and
excitations of Sg, and vice versa.

3 Effect of Environment Interactions

The simplest model to study is a two-level system that interacts with a single-mode
quantized electromagnetic field in an isolated QED cavity. Using notation free of
units we write H4 = éo_o, and Hg = a'a + ; for the qubit and field Hamiltonians,
respectively. Note that the atomic transition frequency and the field frequency are

on resonance. Hereafter, a' and a stand for the conventional ladder boson operators

while
10 01 00
= = _ = 7
o3 (O_l), o (OO), o (10), ™

are respectively the Pauli z-matrix and ladder operators:

[0,0-1=03, [03,06]1 =+20%, 07 =1, 07 =02 =0, 0 =0-.  (8)
In the dipole and rotating-wave approximations the interaction Hamiltonian reads
H = vy (O‘+ Qa-+o_ ®a+), with y the atom-field coupling constant. The
dynamics of the entire system is therefore governed by the Jaynes—Cummings model

[9].
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3.1 Environment with Definite Energy

Let us consider that the qubit interacts with a field of definite energy. That is, the
state of the environment is represented by a Fock state at any time. Let us take |+) ®
|[r) = |4, r) as the initial state of S, where |+) is the excited state of the qubit and
|r) the Fock state representing the field with exactly r photons. The straightforward
calculation shows that, at time ¢ > 0, the state of the entire system S is given by

p(1) = cos>(Yi/r + D+, r)(+, r| 4+ sin? (yt/r + D|—, r + 1) (—, r + 1]
+i sin(ytx/r +1) COS(J/I\/}” + D[+, r){—r+1]—|—r+ 1D{+,r|].

So we arrive at the time-periodic density operator
pa(t) = cos>(y1n/r + DIF)(+| +sin*(y1v/r + DI =) (=1, ©)

which has period T = V«/7;+1’ pa(t + t) = pa(t). Thus, although the Jaynes-

Cummings Hamiltonian H is not time-dependent, the unitary evolution of p(#)
provides a concrete form for the time-dependence of p4 (¢) that is defined by the
parameters of the field (the number of photons r) and the atom-field coupling (the
constant y). From (9) it is immediate to get the population inversion

(03)(t) = cos(*T 1), (10)

which is also of period t. Thus, the first transition p; — p_ is produced att = /2,
with p1 = [+)(+]| and p— = |—)(—|. Given r we have T — oo as y — 0, meaning
that the above transition is almost improbable for very weak couplings. On the other
hand, considering that H4 does not depend on time, one finds that the periodicity of
pA(t) is a consequence of the controlled exchange of information between Sy and
Sk (no information is lost in S at any time!). The dynamical evolution of p4 () is
therefore a periodic transition between p4 and p_ where information is transferred
to, and taken from, the environment with no loss.
Using (9) we obtain a periodic equation of motion

d
g P20 = fD)o3, (1)
where the time-dependent function
T . 5
f@) =— . sin(“" 1) (12)

is of period 7. It is remarkable that the time-periodicity of Eqgs. (11)-(12) is not
provided by the Hamiltonian H4, which is time-independent, but by the interaction
of S4 with Sg after the partial trace.
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To express the dynamical equation (11)—(12) in the form of the master equa-
tion (6) we first notice that [H4, p4s(t)] = 0, so the Hamiltonian part Ly of the
dynamical generator L is equal to zero. Thus, only the purely dissipative part of £
contributes to the time-evolution of the subsystem S4. On the other hand, from the
relationships (8) one realizes that the set {03, 04} is appropriate to construct Lp.
We make the identification F; = j203, F,=04,F3=o0_,and Fy = \}211. In this
form the dissipative generator £p includes three elementary processes: two finite
temperature amplitude damping (represented by the jump operators F> and F3), and
a dephasing in the o3 basis (represented by the jump operator Fp) [18]. Using the
above identification, for the state p4 () given in (9) one finds the time-dependent
dissipative matrix

0 g12() g13()
G@) = —gn2®) gn@® 0 |, (13)
—gi3(t) 0 g33(0)

where g12(¢) and g13(¢) are functions to be determined, and
.2 2 _ .2
g22(t) sin”(7 1) — g33(t) cos™(T 1) = — . sin( ' 1). (14)

Depending on the nontrivial matrix elements g;;(¢), the eigenvalues of G(t) are
either all-real or one complex (together with its complex-conjugate) and one real. In
the former case one can write G (¢) = diag[A1(¢), A2(¢), A3(#)] to get a diagonalized
version of the dissipative generator (5). However, although we can pay attention
to the elementary dissipative processes associated with the diagonalized form of
G (1), the eigenvalues A ; are time-dependent in general and they could even acquire
negative values. The time-dependence of A j, as well as its possible time-periodicity,
arises from the controlled exchange of information between S4 and Sg via the
matrix elements g;; () # 0 (compare with [4, 8, 13, 17]).

3.1.1 Diagonalized form of the Dynamical Generator
For all-real eigenvalues, without loss of generality, let us consider the following
cases:

e Casel. If g12 = g13 = 0 the dissipative matrix (13) is diagonal with eigenvalues
A =0, Ay = g22, and A3 = g33. The dynamical generator is therefore

1 1
LY (p) = gn [a+pa_ —, loo. p}} + 833 [a_;m —, loyo. p}} :
(15)
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To gain additional insight into the physics of this case one may consider
the mean-field equations of the Hamiltonian H4 = %03 and the Pauli ladder
operators o+. The straightforward calculation leads to

d .
g {HA) = =222+ g33) (Ha) + 822 cos®(T1) — gzzsin*(T1), (16)
and
Loty = = (g + g33) low) (17)
dt 04) = 2 822 833) (0+).

Remark that (H,) is equal to half the population inversion (10).
e Case II. For g3 = 0 the dynamical generator is given by

1 1
E%D(p) = E%) (p) + 812 [o_wo— —O4P03— {o—03, p} + ) {0304, p}} .
(18)

In turn, the eigenvalues of the dissipative matrix (13) are given by

1
A3 =g33, Ax= ) [gzz + \/g§2 - 48%2} . (19)

The simplest root g2 = 0 reduces the above results to those of Case 1.
* Case III. For g2 = 0 the dynamical generator is of the form

1 1
E(Dm) (p) = E%) (p) + g13 [03p0+ —o-po3 — {0403, p} + ) {o30-, p}} .
(20)

The eigenvalues of the dissipative matrix (13) are in this case

1
A3 =g, Atr= ) |:g33 + \/853 - 48%3:| . 21

The simplest root g13 = 0 reduces the above results to those of Case I.

As indicated above, the time-dependence (and possible time-periodicity) of the
eigenvalues A ; is determined by the analytic expressions of the matrix elements
gij(t) # 0. Some insights are given below, where we discuss concrete realizations
of the dissipative matrix (13).
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3.1.2 Examples

Let us analyze the already diagonalized form of Lp given in (15). We distinguish
four immediate cases:

e Case 1. Making goo = go = const in Eq. (14) one gets the time-periodic
eigenvalue

2
gn(t) = ;T tan (7 1) + go tan’ (T1), (22)

which is of period 7, g33(t + 7) = g33(¢), and acquires negative values as
t — v~ . Integrating (17) one gets an expression for (o4 (¢)) that is nonnegative
(and represents decay) in the time-interval (0, él’), just the values of ¢ for which
the eigenvalue (22) is positive in one cycle. In (ér, 7) both functions acquire
negative values. That is, (o (¢)) and g33(¢) are not useful as the dipole moment
and eigenvalue of the dissipative matrix G(#) in the time-interval (él’, 7).

* Case 2. For g33 = g1 = const, we arrive at the expression

2
gn(0) = gieo(70) = 7 cot(F0). (23)

Here g22(t + 1) = g22(¢). In this case (17) produces a decaying function (o4 (¢))
that diverges at + = 0 and is undefined at + = 7. In turn, the eigenvalue
g22(t) acquires negative values in the cycle. For g; = 0 the function (o ()) is
nonnegative in the cycle but the eigenvalue g»>(¢) is negative in the time-interval
0, ) 7).

e Case 3. Assuming g22(¢) = g33(¢) # const we obtain the time-periodic function

2(1) = g33(t) = Z tan(27 1), (24)

which is of period él’. In this case the eigenvalues gp>(¢) and goo(f) are

nonnegative in (0, }11), where (04 (¢)) is real and nonnegative.
e Case 4. If goo(r) and g33(¢) are both time-dependent and g22(¢) # g33(¢), then

b4
g =—Tcot(Tr), gu@) = . tan (71). (25)
The time-periodic functions (24) have the period t. The function (o4 (¢)) is real

and nonnegative in (0, él’), where g27(¢) and g33(¢) are negative and positive,
respectively.
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4 Discussion

Despite the simplicity of the (Jaynes—Cummings) model used in the previous
sections to describe the entire (closed) system S = S4 + Sk, the derivation of the
master equation for the qubit S4-interacting with the quantized single-mode field
Sg-is nontrivial. For the system discussed in this work the Liouville superoperator
L contains only the purely dissipative part Lp.

In contrast with the dissipative models where the environment permanently takes
energy from the system under study, our approach is such that the environment Sg
takes energy from Sy at some intervals of time while it supplies energy to Sy at the
complementary time-intervals. The time-evolution of Sy is therefore described by
a time-periodic density operator p4 (f + t) = pa(t), which implies a balanced gain
(acceptor) and loss (donor) profile since the entire system S is closed. However,
some subtleties must be attended in order to get a completely satisfactory approach.
To be concrete, the construction of the Lindblad superoperator presented here is
useful to describe the transition p4 — p_ only, which is developed during half the
period of one cycle (recall that we have taken p; = |+)(+]| as the initial state of
the qubit). At the present stage we would like to emphasize that the weak coupling
y << 1 could be useful since the period t acquires large values. In general, in order
to cover the entire period, the excitation process p— — p4 must be also included.
Then, it is necessary an additional construction of the master equation in which the
information is taken from the environment by the system. It is expected that both
constructions will be complementary to describe the entire transition p — p— —
P+, developed in one-cycle evolution (the approach has been successfully applied
to study Floquet-like open quantum systems [4, 8, 13, 17]). Work in this direction is
in progress and will be reported elsewhere.
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Hamiltonians with All-Real Spectra e
Through Supersymmetric Algorithms
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Abstract The energy spectra of two different quantum systems are paired through
supersymmetric algorithms. One of the systems is Hermitian and the other is char-
acterized by a complex-valued potential, both of them with only real eigenvalues
in their spectrum. The superpotential that links these systems is complex-valued,
parameterized by the solutions of the Ermakov equation, and may be expressed
either in nonlinear form or as the logarithmic derivative of a properly chosen
complex-valued function. The non-Hermitian systems can be constructed to be
either parity-time-symmetric or non-parity-time-symmetric.

Keywords Non-Hermitian Hamiltonians - Supersymmetric quantum mechanics -
PT-symmetry - Darboux transformations - Ermakov equation
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1 Introduction

The supersymmetric formulation of quantum mechanics is a subject of intense
activity in contemporary physics. It is addressed to analyze the spectral properties
of exactly solvable potentials as well as to construct new integrable quantum models
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[5, 12, 21]. Sustained by the factorization method [2, 20], the supersymmetric
approach is basically algebraic [3] and permits the pairing between the spectrum
of a given (well-known) Hamiltonian Hy to the spectrum of a second (generally
unknown) Hamiltonian Hj. In terms of differential operators, it has been found
that the factorization of either Hy or Hj is not unique [20] and that the pairing
of Hp with Hj is ruled by a Darboux transformation [1], which was introduced
in 1882 [13] (see historical details in e.g. [21, 28]). The keystone is a solution
u (not necessarily normalizable) of the eigenvalue equation Hou = eu that is
used to generate the Darboux transformation Vi(x) = Vp(x) + 2 d‘i B(x) [2, 20],
where B(x) = —ddx Inu(x) is called superpotential and € the factorization energy.
Remarkably, not only Hermitian but also non-Hermitian Hamiltonians H; can be
produced as supersymmetric partners of a given exactly solvable (either Hermitian
or non-Hermitian) Hamiltonian Hy. Indeed, depending on the properties of Vj(x)
and B (x), the new potential V; (x) may be either real or complex-valued. In any case,
the spectrum of the new Hamiltonian H; includes either all-real eigenvalues or a
combination of real and complex eigenvalues, see e.g. [4,6-8, 10, 11,16, 17, 19,23—
217].

Quite recently, a complex-valued superpotential defined by the nonlinear expres-
sion

d LA
Bx)=— Inolx)+i ) reER, @))
dx o

x)’
has been provided to produce new classes of non-Hermitian Hamiltonians H; with
all-real spectra [25]. The function «(x) is a solution of the Ermakov equation [15]:

2 2

— 20+ VoWa) =can + L )
which is reduced to the eigenvalue equation Hyee = ea for A = 0. The eigen-
functions of the resulting non-Hermitian Hamiltonians H; satisfy some properties
of interlacing of zeros that permit the study of the related systems as if they were
Hermitian [19]. Indeed, a bi-orthogonal basis can be introduced to facilitate the
construction of coherent states for such a class of systems [27]. Moreover, the
factorization energy € can be placed at any arbitrary position in the spectrum of H;
[10]. Notedly, the eigenvalues of the non-Hermitian Hamiltonians H; are all-real
regardless of whether H; is parity-time-symmetric [9] or not.

In this communication we briefly revisit the method developed in [10, 19, 25, 27]
and show that the nonlinear superpotential (1) can be also expressed in the
‘canonical form’ B(x) = — ddx In u(x), where u is an eigenfunction of Hy with very
concrete profile. The results presented here generalize the approach introduced in
[11], where it is guessed that a complex linear-combination of eigenfunctions of Hy
may be useful to construct complex-valued potentials V1 (x). We provide a pair of
examples where the new potentials are either parity-time-symmetric or non-parity-
time-symmetric.
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2 Factorization Method and Non-Hermitian Hamiltonians

Consider an initial Hamiltonian
2

Ho = dx2

+ Vo(x), (3)
with Vy(x) a real-valued potential defined in Dom V; € R. We assume that the
energy eigenvalues £(”) € R and eigenfunctions ¢ (x) of the related eigenvalue
equation Hop(x) = E (O)¢(x) are already known. In particular, the bounded
solutions ¢, (x) belong to the discrete eigenvalues E,(,O), n = 0,1,... Let us
introduce a pair of non-mutually adjoint operators, A and B, such that

d
Hy=AB+e¢, A=—  +B(x), B=
X

d
d L TAW, “)

d

where (x) is in general a complex-valued function and € is a real constant. After
comparing (4) with (3) one arrives at the Riccati equation

d
— B+ B =Vo(x) — ¢, ﬂ’=dﬁ- )
X

Provided a solution of (5), reversing the order of the factors in (4) gives

2

Hi = BA =—
! te dx?

+ Vi), Vi) = Volx) +28'(x). (6)
Notice that the new operator Hj is not self-adjoint since V] is complex-valued in
general. Indeed, HlT =A"BT +¢ = —;;2 + V" # Hj. Nevertheless, the pair Hy
and Hj satisfies the intertwining relationships

BHy= H|B, HyA = AH,, 7
so that the eigenvalue equation H 1y, = E,(ll)wn, n = 0,1,..., is automatically
solved by the set

1
Vi1 = Jio Bou. Avo=0, E) =EP. E'’=c.  ®
E,’ —¢€

The functions v, (x) are complex-valued and such that the zeros of their real and
imaginary parts satisfy some theorems of interlacing [19].
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2.1 Complex-Valued Potentials with All-Real Spectra

In the conventional supersymmetric approaches the solution of the Riccati equa-
tion (5) is usually taken to be real-valued. However, complex-valued solutions are
feasible even for real-valued potentials Vj and real factorization energies €. Indeed,
the real and imaginary parts of Eq. (5) lead to a coupled system which is solved by
the complex-valued superpotential (1). Assuming, with no loss of generality, that
a(x) is real-valued, it may be shown that the solution of the Ermakov (2) can be
written as [25]:

5 ) 172
a(x) = [ad(x) + b o) + ed ) | ©
where u > are solutions of the system
—uiy+Vouro =eurn, Wi, uz) = ujuy — uyus = Wo, (10)

with Wy = const. The function « is free of zeros in Dom Vj if the set {a, b, c} is
integrated by positive numbers that are constrained as follows

b? —dac = —4x% /W, (11)

Using the superpotential (1), with @ given in (9), the new potential (6) is now given
by the nonlinear expression

Vi(x) = Vo(x) =2 (na(x))” +i < 22)L ) , AreR. (12)
o~ (x)

Notice that the results of the conventional supersymmetric approaches [5, 12, 21]
are automatically recovered for A = 0. On the other hand, it may be shown that the
imaginary part of Vj(x) satisfies the condition of zero total area [19]:

/ Im Vi(x)d 2
mVi(x)dx =
Dom V) az(x)

so that the total probability is conserved. The latter means that the potentials (12)
can be addressed to represent open quantum systems with balanced gain (acceptor)
and loss (donor) profile [14].

=0, (13)

Dom Vj

2.1.1 Parity-Time-Symmetric Potentials

Potentials featuring the parity-time symmetry [9] represent a particular case of the
applicability of the condition of zero total area (13). Such potentials are invariant
under parity (P) and time-reversal (T) transformations in quantum mechanics, so
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that a necessary condition for PT-symmetry is V (x) = V*(—x), where * stands for
complex conjugation. For initial potentials V(x) such that Vo(x) = Vp(—x), one
can show that making b = 0 in (9) is sufficient to get Vi(x) = Vl*(—x). In other
words, the parity-time symmetry is a consequence of the condition of zero total area
in our approach.

2.1.2 Non-parity-Time-Symmetric Potentials

For Vo(x) # Vo(—x) the property Vi(x) = V{"(—x) does not hold anymore, so the
complex-valued potentials (12) have all-real spectra although they are non-parity-
symmetric. Diverse examples have been already discussed in e.g. [10, 19, 25, 27].
Quite recently the pseudo-Hermiticity and supersymmetric approaches have been
combined to get new classes of non-parity-time-symmetric potentials with all-
real spectra [6]. Interestingly, such potentials can be manipulated to induce phase
transitions where conjugate pairs of complex eigenvalues emerge in the spectrum.
Similar results have been reported in [18], where the condition of zero total area (13)
plays a relevant role. The discussion on the subject is out of the scope of the present
work and will be reported elsewhere.

2.2 Recovering the Canonical form of the Superpotential

We wonder if the nonlinear expression (1) can be reduced to the canonical form

B=- d”i In u(x). Keeping this in mind, we first rewrite (1) as
1,2y .
a’) —iA
p=2@) " (14)
o

Using (9) and (11) we factorize the ¢-function in the form

I PR (0 (1)
o = au L u au —1 u .
a ! 2 Wo 2 ! 2 Wo 2
In turn, expanding the numerator of Eq. (14) yields
1 ! bW,
) <a2) — ik =auju) + cusus + bujus + < 20 —ik), (16)

where we have used the Wronskian defined in (10). The latter result is now
factorized:

(Cou + Cruy)(Dout + Dyuy). (17)
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The coefficients Co, C1, Do, D1 are defined by comparing the expanded version
of (17) with (16). One gets

1 ’ . 1 b A b . A
5 (az) — A= ) |:au/1+ <2 —lWO)u/gi| [aul-i-(z +lW0)M2:| . (18)

Finally, the substitution of (15) and (18) into (14) produces

_oadx) oA dl b A 19
'B__oe(x) +la2(x) T dx n[aul—l—(Z—tWO)uz] 1)

Thus, the function we are looking for is given by the linear superposition

b A
= —1 , 20
u au1+<2 lWO>M2 (20)

where the constants a, b and A are linked by the condition (11). If A = 0 the con-
straint (11) becomes b = +2./ac, so that the coefficients of the superposition (20)
are real numbers, u = /a (\/aul + «/Cbtz), as expected.

The expression (19) shows that the superpotential S(x) can be written in
either the nonlinear form (1), or as the logarithmic derivative of the function u
defined in (20). The latter is a linear superposition of the solutions of (10) with
complex coefficients that are uniquely defined by the condition (11). Notice that the
derivation of the u-function (20) generalizes the approach introduced in [11], where
it is guessed that a linear combination of u# 2 would give rise to complex-valued
potentials V; whenever the appropriate complex coefficients have been included.
As an example, in [11] the authors provide the coefficients that produce a family
of oscillator-like complex-valued potentials. They also apply their method to study
the potential Vi(x) = —é(ix)N , N > 2, introduced in [9], and describe some
other potentials that can be studied within their approach. However, no general
rule to fix the appropriate complex coefficients is given in [11]. In contrast, the
linear superposition (20) is general in the sense that the rule (11) applies for
any differentiable and exactly solvable real-valued initial potential Vj(x). Diverse
examples have been already provided in [10, 19, 25, 27].

3 Examples and Discussion of Results

As immediate examples let us discuss the regular complex-valued potential Vj(x)
generated by the following initial potentials:
ikx

* Free particle. Given Vy(x) = 0, the basis set is u; = €'** and up = e~ikx

with Wy = —2ik. To get a real-valued a-function we take k = i, with ¥ > 0.
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Fig. 1 The real and imaginary parts of the complex-valued potentials with all-real spectra (12)
derived from the expressions of the free particle provided in (21) with b # 0, a = 1.5 (red curve),
and b = 0, a = 1 (dotted-blue curve). In all cases A = k¥ = 1. (a) Re Vi (x). (b) Im V| (x)

(b)

Without loosing generality we now make a = c. Then,

b A
a(x) = [2a coshkx + b]'/?, u(x):ae—“/2+<2—i )e“/z. (1)
K

The potentials Vi(x) are depicted in Fig. 1, they are of the Poschl-Teller
type, generalize the well known family of regular (real-valued) supersymmetric
partners of the free particle [22], and satisfy the condition of zero total area (13).
These potentials include only one bound state of energy E© = — }‘Kz. The effect
of b # 0 is to slide the potential to the right (red curve in Fig. 1), so that V1 (x)
is parity-time-invariant after the appropriate shift. The latter is just because the
initial potential V(x) = O satisfies the condition Vp(x) = Vp(—x) and exhibits,
at the same time, translational symmetry Vp(x) = Vp(x + xp). One may say that,
in the present case, the translational symmetry is invariant under the Darboux

transformations (12).
¢ Morse potential. It is clear that the condition Vy(x) = Vp(—x) cannot be applied

on the Morse potential
Vox)=To(1—e7*)?, xeR,yeR, Ty>0. (22)

Then, the potentials (12) associated to (22) are non-parity-time-symmetric for
any values of the set {a, b, c}. The condition Iy > y2 /2 ensures that at least one
bound state exists. It may be shown [10] that two linear independent solutions
of (10) for ¢ € R are given in terms of confluent hypergeometric functions as

follows

1
ui(x) = e_y/zy”lF] (0 + 5~ d; 1+ 20; y) ,
(23)

1
ur(x) = e_y/zy_“lFl <—a + 5 d;1—20; y) ,
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where
r o —
y=2de7, &= 9, o*=""_° w=2/Ty-e (24)
14 14
The physical energy eigenvalues are given by
Ev=y[@n+DyTo—y@+1/2?], n=01,...N, (25)
where N is given by the floor function N = L*/yr 0 — %J. The related

eigenfunctions can be recovered from (23) after substituting E, for € and the
appropriate boundary conditions. In Fig. 2 we show the potential (22) and two of
its supersymmetric partners for y = 1 and I'9 = 4. In such case, the initial
potential admits two bound states with energy eigenvalues E(()O) = 7/4 and

E 50) = 15/4. Notice that, besides the above energies, potentials Vi (x) include

the eigenvalue E(()l) = € = 1 in their spectra. Moreover, they satisfy the condition
of zero total area (13).

In summary, the method introduced in [25] and developed in [10, 19, 27]
provides complex-valued potentials with all-real spectra that includes the parity-
time-symmetric case as a particular result. The keystone of the approach relies on
the solutions to the Ermakov equation (2) and the nonlinearity of the imaginary
part of the superpotential (1). The latter permits to introduce the constraint (11)
as an universal rule to choice the complex parameters that are required in the
superposition (20) to get properly defined complex potentials in supersymmetric
quantum mechanics.

8
0.
—d}
-8t =
=2 . 4 -2 ” 4
(a) (b)

Fig. 2 The real and imaginary parts of the complex-valued potential with all-real spectra (12)
derived for the expressions of the Morse potential provided in (23) with a = ¢ = 1 (red curve),
anda = 1, ¢ = 1/3, b = 0 (dotted-blue curve). In all cases A = 2 and € = 1. The gray area
delimitates the initial Morse potential. (a) Re V;(x). (b) Im V; (x)
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Toeplitz Quantization of an Analogue )
of the Manin Plane Shethie

Stephen Bruce Sontz

Abstract The theory of the Toeplitz quantization of non-commutative algebras,
that has been developed in several recent papers by the author, is applied to the
specific example of an algebra which is a multi-variable generalization of the Manin
plane (sometimes known as the quantum plane). Then a holomorphic sub-algebra is
defined, and a sesqui-linear form is used to define a projection of the algebra onto
the sub-algebra. Using all of this, Toeplitz operators are introduced with symbols
in the algebra. These Toeplitz operators are linear maps from the holomorphic sub-
algebra to itself, which is a pre-Hilbert space. Consequently, the Toeplitz operators
are densely defined, linear operators in the Hilbert space completion of the sub-
algebra. The Toeplitz quantization of the algebra is defined to be the linear mapping
of a symbol to its Toeplitz operator. Creation and annihilation operators are defined
as Toeplitz operators with certain symbols, and their commutation relations are
studied.

Keywords Toeplitz quantization - Toeplitz operator
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1 Introduction

The topic of this paper concerns a multi-variable analogue of the Toeplitz quantiza-
tion of the non-commutative complex Manin plane. The approach here is to define
and study Toeplitz operators in this new setting. Then this generalizes the material
in [3]. While this paper has been motivated by a construction in [2], the method of
coherent state quantization used there is distinct from the Toeplitz quantization used
here. Further discussion of this topic can be found in [3, 4] and [5].
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2 Main Results

Let F denote the free algebra on the 2n generators 61,61, ..., 6,, 0,. This is a *-
algebra, where the x-operation (or conjugation) satisfies 6 = 6; and 6;* = 6; for
i =1,...,n. We define A to be the quotient of the free algebra F divided by the
bilateral x-ideal Z generated by these elements:

0:0; —rij0;0; 1<i<j<n, D
0:0; —sij0;0; 1<i<j=<n. 2

for non-zero, complex numbers r;; and s;;. Since 7 is a *-ideal, it also contains these
elements:

0;0; —r;’}@,'@j 1<i<j=<n, 3)
0;0; —S?}Q,’Qj I1<i<j<n. (@)

We let A* denote the complex conjugate of the complex number A. In order to make
the relations (2) and (4) consistent, we must require s7; = s;;, that is s;; € R. The
algebra A is a multi-variable analogue of the Manin (or quantum) plane studied in
[3], where the case n = 1 is considered. Then we claim that .4 has a vector space
(Hamel) basis given by the set {096%}. Here

a=(ay,a,...,a,) € N"

is a length n multi-index. Also we put ¢ := 6}"65? - - - 6;". Similarly, we put ” :=
9?' cee GZ”, where b = (b1, ..., by) is also a multi-index of length n. From now on
all multi-indices will have length n. One point is that the relations allow us to push
all occurrence of 8’s in a monomial in A to the right of all occurrences of 6°s. Then
within each of these two groupings of 6’s and 6’s we can order the sub-scripts so
that they increase when read from left to right. This shows that the set

b
{696 = 61" ..M 0 .. 05 | a, b e N

spans the vector space .A. To show the linear independence of this set is mildly
trickier. Basically, the idea is that each relation in (1)—(4) preserves the number of
0;’s and the number of 6;’s in an expression that is a scalar multiple of a word.
So the word #“#” minus any linear combination of words of the form 6¢6¢ with
(c,d) # (a, b) can not be an element in the ideal Z of relations defining A.

The *-operation (or conjugation) on F passes to the quotient .4 and is given on
the standard basis elements 696° where a = (a1,...,ay)and b = (by, ..., b,) by

O0")* = 00705 -0 = 0" 0 5)
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where al = (an, ..., ay) is the multi-index that is the franspose of the multi-index
a and similarly for b7 .

Clearly, 096")* = C(a, b) 626%, where the constant C(a, b) is non-zero and
computable in terms of products of the constants 7;;. Then the definition (5) is
extended anti-linearly to finite linear combinations of these basis elements. Taking
a=b=1(0,...,0), the zero multi-index of length n, we see that 1* = 1.

The space P of ‘holomorphic polynomials’ (which is one motivation for using
the notation P) is defined to be the sub-algebra (but not *-algebra) generated by the
elements 61, ..., 0, of A.

Next a sesqui-linear form on A is defined on pairs of elements of the standard
basis and then extended sesqui-linearly to .A. Our convention is that a sesqui-linear
form is anti-linear in its first entry and linear in its second entry. The definition on
these basis elements is given for multi-indices a, b, ¢, d by

(096", 0°0%) := w(a + d)datdpre = w(a+d)Sa—p.c—d. (6)

where w(a) > 0 1is a positive weight defined for every multi-index a. Here a 4+ d :=
(a1+dy, . .., ay+d,) is the usual sum of multi-indices of length n. Similarly for b+c
as well as for the differences @ — b and ¢ — d. Also, d, 5 is the Kronecker delta. It is
straightforward to show that this sesqui-linear form is complex symmetric. The case
n = 1is studied in detail in [3], where a necessary and sufficient (and messy, though
computable) condition is given for this sesqui-linear form to be non-degenerate. It
is expected that a similar result holds here.

Proposition 1 The identity {f, g)* = (f*, g*) holds for all f, g € A if and only if
the identity w(a) = w(a’) holds for all multi-indices a. In this case the conjugation
map * : A — A is anti-unitary.

Proof It suffices to consider the case f = 090” and g = #°0¢. Then
(fs g>* = <9a9b’ 96901)* = (w(a + d)‘sa-i-d,b+c)>|< =w(a + d)8a+d,h+c
by evaluating with (6). Next we have that
T T T T
(f*.g%) = (0" 0 . (07 07 ) =w®b" + )81y (1) (47 yar)
=w(b+ )47 @rayr = w(@+d) )oarapie.

giving the first result. The second follows from (f, g)* = (g, f). O

Of course, for n = 1 every multi-index a satisfies ¢ = a”. Next by taking
b=d=(0,...,0)in the above definition (6), we find that

(Oa’ 9C> = w(a)‘sa,c



296 S. B. Sontz

for all multi-indices a and c. This implies that the sesqui-linear form of .4 when
restricted to P is a positive definite inner product. This makes P into a pre-Hilbert
space (which is another motivation for using the notation P). Moreover, the set

@ = {g, = w@) %0% |a e N}

is an orthonormal set in P, which is also a Hamel basis of P. We let { denote the
Hilbert space completion of the pre-Hilbert space P. Then H plays the role of the
Segal-Bargmann space in this example. See [1].

Definition 1 Define the linear map P : A — A by

P(f) =) {pe, [Yoc forall f e A, (7)

ceNn

provided that this infinite sum makes sense. Using Dirac notation we have P =
ZceNn |@c) (@c|, a formal expression for the moment.

It remains to show the infinite sum in (7) converges. First we consider the case
f= 090° where a, b are multi-indices. Then for any multi-index ¢ we consider the
coefficient of ¢, in (7), namely

(@es [) = (9e, 090°) = w(c) 7126, 090%) = w(c) ™ *w(a)dc,a—p. (8)

So there is at most one value of the multi-index ¢ € N” for which this is non-zero,
namely for ¢ = a — b in the case when a > b. Of course, a > b means thata; > b;
forevery j = 1, ..., n. So (7) makes sense in this case. Since any f € A is a finite
linear combination of the basis elements 66? it follows that only a finite number of
terms in the infinite sum (7) are non-zero.

Now we evaluate the projection map P on a basis element 0¢6” using the result
in (8):

P0“0") = (9, 0°0")pc = Y w(©)”Pw(a) 8c.a—b e ©)

c c

= w(a — b)Y w(@)ga—p,

provided that a > b. Otherwise, P(Q“Gb) = 0 if a > b does not hold. Clearly,
P(¢) € P holds for all ¢ € A and P, when restricted to the pre-Hilbert space P, is
the identity. So P is a projection in the sense that P> = P holds. But P : A — A
is not always an orthogonal projection, since A is not necessarily a Hilbert space.
However, as the reader can check, ( f, Pg) = (Pf, g) does hold for all f, g € A.
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We are now ready for a central definition.

Definition 2 For any g € A the (right) Toeplitz operator with symbol g, denoted
T, is defined for all ¢ € P by

Tg(p) == P(pg) € P.
Then the linear map g — T is called the Toeplitz quantization.

Clearly, T, : P — P is a linear map. Left Toeplitz operators are defined by
fg(cp) := P(gg) € P. They will not be considered here.

We next define L(P) := {A : P — P | A is linear}. Since P is only a pre-
Hilbert space, and not a Hilbert space, the set L(P) is not a standard object studied
in analysis. However, it is easy to show that with the standard definitions of addition
and scalar multiplication it is a vector space over the complex numbers and that
it is closed under composition of mappings. In short, £(P) is an algebra. Notice
that the elements of L(P) are densely defined linear operators in H, the completion
of P, and they may be either bounded or unbounded. Of course, T, € L(P) for
every symbol g € A. Whether T, is bounded or unbounded is a question for further
analysis for every symbol g € A.

Definition 3 For each j = 1, ..., n we define the creation operator A; = T@J. and
the annihilation operator A = Tej.

We define the canonical commutation relation (CCR) algebra to be the sub-
algebra of L£(P) generated by the operators A;, Ajforl < j < n.The CCR algebra
is a quotient of the free algebra on 2n non-commuting variables. The two-sided ideal
R of that quotient map is called the ideal of canonical commutation relations and
any minimal set of generators of the ideal R is called a set of canonical commutation
relations.

Theorem 1 The creation operator Aj for j = 1,...,n is given for every multi-
index a by
AN 172
+ U)(Cl + 8/)
Aj(pa) = Rj(a) < w(a) Pate;s (10)

where Rj(a) is given as the product

Rj(a) = ]_[ rit#0. (11)

I=j+1
Proof We see for 1 < j < n that

A}(wa) = Ty;(9a) = P(¢ab)) = patj = w(a)~'/260;

w(a—i—q))l/2

= Rj(@ w(a)~'?6“"*) = R;(a) ( w(a)

Pa+e, (12)
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where ¢; = (0,...,0,1,0,...,0), the multi-index with zeros in all of its entries
except the j-th entry which is equal to 1. Also, the formula for R;(a) given as
in (11) follows by commuting 6; past the factors 6, for/ = j + 1,..., n using the
relation (1). |

In our previous paper [3], where the case n = 1 was considered, the factor (11) is
not written explicitly since it is 1. As the reader can readily check, the formula (12)
implies that the kernel of Aj. is zero. For the case j = n we have R, (a) = 1 and so

wia +e)\'?
Pa+eps
w(a)

Al(wa) = (
which is more in line with results in previous papers such as [3].
Theorem 2 The annihilation operator Aj for j =1, ..., nis given for every multi-

index a by

w(a)

172
_e;, Ifa; >1,

Aj(ga) = <w(a—s,~)> bame; ;2
0 ifa; = 0.

13)

Proof We see by using (9) that

Aj(9a) = Ty, (9a) = Ppab)) = w(@)" 2 P66 ) = w(a)" 2 P(6°6°))

1/2
= w@ P wa—e) P wa) g, = (w(z)(_a)s‘)> Gas.
J

provided that a; > 1. Otherwise A (¢,) = Ofora; = 0. O

In particular, Aj(1) =O0forall j =1,...,n. Also, forn > 2 the kernel of A; is
infinite dimensional.

As the reader may have already realized, these computations imply that for
1 < j < n the operators A; and A; are not in general adjoints of each other.
For example, consider the case j = 1 and n = 2. Take f1 = 6>, f» = 616> and
compute

(f1. ALf2) = (62, P(016201)) = (PO, 6016201) = (62, 6162601) = w((1, 1)),

where we used (6) with multi-indices a = (0,1), b = (0,0),¢c = (1,1) and d =
(1, 0). On the other hand

(AT f1, )= (P(f101), f2) = (6201,6162) = (r;,'0162,0162) = ry w((1, 1)),

where we used (6) with multi-indices a = (1,1),b = (0,0),¢c = (1,1) and d =
(0,0). So Ay and AJ{ are not adjoints exactly when rj» # 1, that is when 0; and
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65 fail to commute. Basically, the same argument applies for n > 2 to any pair of
non-commuting 6’s. However, for n = 1 we do have that A; and AI are formal

adjoints, that is, A7 D AI as densely defined operators in H.

We now are going to consider the commutation relations of the creation and
annihilation operators. It is a straightforward exercise to prove for the annihilation
operators that

AjAp — ArA; =0 (14)

for all j and k. This commutation relation is classical in the sense that it says that
Aj and Ay commute. The case of creation operators is decidedly more delicate. For
starters we do not wish to fall into the trap of thinking that all we have to do is take
the adjoint of the relation (14) for annihilation operators.

Theorem 3 For j, k =1, ..., n the creation operators A;r. and Az satisfy
ATAL = ALAT =0 for j <k (15)
and
ATAT —ri ATAT =0 forj >k (16)
ik JkARA J s

where r i is the non-zero complex number in (1).

Proof Clearly, explicit computations are called for. Suppose first that j < k. Then
using (12) twice we see that

+ wia+e)\"? &

A}Ak(%):Rk(a)( w(a)") Al Gate)
_ wia + &)\ "? ' w(a + e +¢;) 172
_Rk(a)< w(a) ) R/(Cl‘|‘8k)< wia + &) ) Pa+er+e;

w(a + e +¢€;) 172
Pa+er+e-

=Rk(a)Rj(a+€k)( w(a)

Taken in the other order, we calculate again for j < k that

+e; 1/2
AJAT 0 = Rj@ (w(l‘; (af’)> AL@atey)
e\ /2 +ei+ 1/2
= Rj(a) (w(fu<a>€])) Rilate)) (w(Z)(aiiSk)gk)> baerta

w(a +¢j + &) 172
Pa+ej+ei-

=Rj(a) Rk(a—l—ej)( w(@)
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So it comes down to evaluating the four R factors. Note that R;(b) for a multi-index
b = (by,...,by) depends only on the entries b1, ..., b, in a right tail of the
multi-index b. Using the hypothesis j < k we find that

Ri(a+¢j) = Re(a) and Rj(a+ &) = rjfkle(a).

It follows for j < k that A Al — ;' A{AT = 0 which is (15). Multiplying this by
—r jx and interchanging subscripts yields (16). O

Equation (15) is to be understood as a classical commutativity relation (which
means that the corresponding element in the ideal of CCR in the free algebra on
2n generators is homogeneous, in this case of degree 2), even though (15) does
not necessarily give the commutativity of the operators A" and Az. Notice that in
general (15) is not the same relation as the defining classical relation for the algebra
A, which is

9j9k _rjkgkgj =0 forj <k.

The remaining commutation relations are for A; and A,t. Here are the relevant
formulas for j, k € {1, ..., n} obtained from (10) and (13):

T w(a + &)
AjA; ¢a = Ri(a) 12 Patec—ej>
(w(@w(a + & — €)))
and
(w(@yw(a+ e —e))'"?

A]tAj(pa = Ri(a — ¢j) w(a —e)) Pa+ter—s;-
However, unless the weights satisfy some extra restrictions, there seems to be
nothing simple to be said in general about the commutator [A ;, AZ] in this case, not
even when j = k. This is unfortunate since it is precisely with these commutation
relations that there is the possibility of finding non-zero ‘quantum correction’ terms
that would include Planck’s constant 7. See [5] for the details on how this is done.

3 Concluding Remarks

While the example in this paper does not satisfy all the properties of the general
theory in [3], it still has reasonable Toeplitz operators, including the creation
and annihilation operators. So the CCR algebra in this example, while difficult
to describe completely, does provide an interesting quantum theory which merits
further study. Moreover, by putting all r;; = 1 in the relations (1), we get an example
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more in line with the general theory. But the algebra still is not factorizable as a
product of 2n sub-algebras, each generated by one element, due to the remaining
non-trivial relations (2).

There are many other papers that consider Toeplitz quantization with non-
commutative symbols. See [6] for references to that literature. It is worth noting
that the Toeplitz quantization presented here does not use a measure. Also, it does
not start out with some abstract commutation relations which one tries to realize
as operators acting in a Hilbert space. Rather here, the commutation relations arise
naturally within the context of the theory.
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Abstract A phase space approach to systems with both: classical degrees of free-
dom and purely quantum discrete ones is discussed. Formulas for the Stratonovich—
Weyl quantizer and star product for such systems are proposed. The Wigner
function, its properties and the time evolution are presented.
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1 Introduction

The Hilbert space formulation of quantum mechanics constitutes mathematical
frames for description of physical phenomena in systems localized in configuration
space R". For such systems effects related to discrete internal degrees of freedom,
especially spin, are also modeled in some Hilbert spaces. The crucial difference
between the Hilbert space applied to represent quantities with classical counterparts
and the space to model internal properties lies in the dimension of space. While
position, momentum, angular momentum etc are represented by linear operators
acting in infinite dimensional separable Hilbert spaces, spin is represented in a finite
dimensional Hilbert space.
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Problems appear when one tries to a phase space counterpart of model of
quantum system. Representation of classical degrees of freedom modeled in the
Hilbert space formulation on infinite dimensional space is well known (for review
see [1, 6]) and there are some indications suggesting what to do with non classical
discrete degrees of freedom (see Refs. [5—40] in [3]).

Our contribution is devoted to this question. First we perform construction of
lattice I“*+1 being a phase space analog of (s + 1)-dimensional Hilbert space
HG+D_ Then we discuss physically acceptable correspondences between operators
acting in H®*D and functions on grids T'®*+1 and star products representing
multiplication of operators on I'¢*1)_ Finally we consider representation of states
on this lattice building respective Wigner functions.

The current article is based on our paper [4].

2 The Stratonovich—-Weyl Quantizer for Systems with Phase
Space R

In order to deduce a solution of problem of representation quantum internal
degrees of freedom on a phase space we will analyse a relationship between phase
space description and Hilbert space model for degrees of freedom having classical
counterparts first.

Let a Hilbert space of our system be a space isomorphic to the space of square
integrable functions L (R). As a basis of it one can choose a system of orthonormal
generalised vectors

(gld')=8G —a). q.4' €R. (1

In physics these objects can be identified with eigenstates of operator of position
but this fact is irrelevant to our construction. Strictly speaking kets |¢), |¢’) are not
elements of space L%(R). However, it is well known that they may be used in order
to decompose functions from Lz(R) i.e.

L*®) > |V) = /R (a|%)|q)dq.
An alternative decomposition can be done with the use of vectors

1 ipx
|p>:/1é\/2nh eXP( A )|q>dq, o
(plp')=80"=p), p.p R
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Analogously
L*(R) > |\IJ>=/R(p|lIJ>|p>dp
and

)= o oo (")l wap

Collecting operators of projection on all directions |q>, q € Rand | p), p € Rwe
introduce self-adjoint operators

c}=/Rq|q)dq(q

with the commutation relation

, ﬁ=/Rp|p)dp(p| A3)

Applying these operators we build two families of unitary operators:
exp(iAp) and exp(ing), A, €R ()

indexed by real parameters X, .
They satisfy the following commutation rule

ihip o o i o o
exp{— exp(iAp) exp(ijLg) = exp ’ exp(ijng) exp(irp). )

As itis easy to calculate, expressions standing at both sides of equality in formula (5)
are equal to the series exp{i (Ap + q)}. To shorten notation we will simply write

Uk, ) == expli Ap + pd)}.

One can establish a correspondence between some linear operators acting in the
Hilbert space L*(R) and functions on R?. This correspondence is of the form

h _1 (A ) oy
f =) / drd P expli Op-+ug)) Te {FUH ). (6)
7T JRxR 2

As one can see from (6) there exist several correspondences. They are determined by

a function P (mé“ ) which refers to the operator ordering [2, 5]. For example if P =

1 then we deal with the Weyl ordering. For the symmetric ordering P = cos (h;“ ) .
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Since in formula (6) the inverse of P (mi“ ) appears, it must be different from zero

almost everywhere.

Relation (6) indicates that the phase space used for representation of classical
degrees of freedom is R?.

This observation can be easily generalised for the Hilbert space L>(R") and the
phase space R?". There exists a formula inverse to (6)

1 -
f= ) / dpdqf(p, )UPI(p, q), (7
JTh R2
where
~ __ h Al ) N
Q[Pl(p,q) = 2 o drdu’P 5 exp{—i(Ap + ug) U, 1) (8

denotes the Stratonovich—Weyl quantizer. Thus indeed for classical degrees of free-
dom the Hilbert space formulation and the phase space description are equivalent
and the explicit form of this equivalence is given by expressions (6) and (7).

Formulas derived in this section can be easily generalised for the Hilbert space
of functions L?(R") and its respective phase space R>".

3 Representation of Discrete Degrees of Freedom

Let us assume that a quantum system under consideration is characterised also by
internal discrete degrees of freedom. Thus in order to deal with effects referring
to those internal features we need to introduce a finite dimensional Hilbert space
HEFD = Cs*1 where s + 1, s = 0, 1,... is equal to the number of degrees of
freedom.

Following the pattern introduced in the previous section we construct an
orthonormal basis

{o). |1).....

in H+D_ But this Hilbert space can be spanned by another system of vectors

s)}, <n|n/>=5nnr, n,n=0,1,...,s 9)

R .
) = Vs+1 gexF(’”‘f’m)'”>’ (10)

(¢m|¢m’> =8mm’ , m,m/ =0, 1,...,S
with

2

¢m=¢0+s+1m

which is also a basis.
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Having at disposal two hermitian operators

N

=Y nlnnl o =Y dulon)enl an

we construct families of unitary operators:

Vomexp(i 7 a (12)
= €X 1 n
p s+1

satisfying property Vst =1 and
U :=exp(id) (13)

fulfilling the equality Ustl = exp {i (s + 1)¢0}i
These operators obey the commutation relation

Tkl O\ Ap o~y Tkl O\ A A
- Uutv' = ViU®, k,l e Z. 14
exp( 1s+1> exp<ls+1> € (14)
In order to simplify formulas we put
Dk, 1) ) gk
) =expli .
P s+ 1

Now we are able to assign a function f (¢, n) of two discrete real arguments ¢y,
and n to some operator f acting in the Hilbert space 71 by relation

J (@m,n)

=s+1 Z/c Lk, l)exp{ (kd)m zj:lzn)} xTr[fﬁ+(k,z)}. (15)

k,1=0

Function f (¢, n) is defined on a discrete phase space (a grid) {(¢m, n)}:n =0
denoted by '+, Therefore we see that a phase space counterpart of HD is a
lattice T¢+D. K(k, 1) plays the same role as P (hé“ ) in the continuous case and is

responsible for the choice of ordering.
The inverse formula is of the form

1 d .
f= m;:()fwm,n)sz[iq(cpm,n), (16)
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where the Stratonovich—Weyl quantizer is given by

A 1 a A 2
QUK (P, n) := Z Kk, DDk, 1) exp { —i [ kpm + m)t.  an
s+ 1 s+1
k,1=0
Let us discuss some properties of function C(k, [) which is called a kernel. For
simplicity we assume that the kernel depends on the product of numbers k and / so
we put K (”kl> .
Moreover to assure existence of a one to one correspondence between functions
and operators there must be

wkl
IC<S+1);£0VI¢,IG{O,...,S}. (18)

For any function f on which depends on one variable i.e. f = f(¢n) or f = f(n)
the associated operator should be of the form f f (d)) or f f (), respectively.
Therefore

K@) = 1. (19)

One expects that for any real function f(p, g, ¢, n) the corresponding operator f
is Hermitian. Thus

IC*( wkl ) (1R (n(s+ 1—k)(s +1 —l)>’ 1<ki<s

s+1 s+1
(20)
and K*(0) = K(0) which is in agreement with condition (19).
Sometimes one adds the constraint
Tr { QUK G, W) QUK (G 1)} = (5 + D Sum
implying
kl
‘/C(” )‘=1v05k,15s. Q1)
s+1

Lets us take a look at some possible choices of the kernel. Please notice that one
cannot put X (”kl> =1forall0 <k,l <s.
Thus the simplest acceptable form of the kernel seems to be K(0) = 1 and

K (f_{f{) =+1 for kI # 0. These requirements are fulfilled e.g. when (”kl ) =

(=D* fors + 1 being an odd number. The case when s + 1 is an even number, is
more complicated.
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Putting together results obtained for continuous and discrete degrees of freedom
one can observe that expressions relating operators from the Hilbert space L>(R) ®
# G+ and functions on the phase space R x R x I'¢*1) are given by the following
formulas

R hap wkl \\ !
TP fm ) =50 14 Z/ﬂwdkd“@( 2 )K<s+1>>

k,1=0

i
s

x expli(Ap + uq)} exp{ 247:1 (km + ln)} Te [ fUt L DT kDY (22)

and

1 ® v ki
f= / dAdudpqu( )IC( ) X
Q2m)%(s + 1)? k,l,mZn=o RxRxRxR 2 s+1

2 ~ ~
exp{—i(Ap + nq)} exp {—is 47:1 (km + ln)} F(P.q, ¢m, U, WDk, I).
(23)

4 Star Product on the Grid T¢tD

An interesting question is construction of star product on a phase space mixing both
continuous and discrete degrees of freedom. As an object of study we choose a spin
é nonrelativistic particle. The orthonormal basis {|n)},=0,1 in HP is spanned by
eigenvectors of third component of spin i.e.

030) = 1-10), o3[1) =—1-]1).

The phase space representation of our quantum system is the Cartesian product R3 x

R? X {(@m, n)}m.n=0,1. Therefore now p = (p1, p2. p3), ¢ = (q1,92,93), » =
(X1, X2, 23) and 0 = (1, 12, 43). A scalar product is denoted by .
As kernels we choose

P(’“z'“) —1, K(”zkl) — (=DM, k1=0,1. (24)
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Then the *- product of two functions f and g has the following form

(f*8)(p.q, Pm.n)
J— 1 ZI: /! lh? i 1
= 16 f(p,q,aﬁmun)eXp{ ) }g(p,q,abm,n )

m’ .0’ m" 0" =0
x {4+ D DT 4 DD+ D)
+ DD D 4 DD+ (DY)
i [ D (D = D)
— DT 4 D EDT T = o) es)

The continuous component of this product is of course the Moyal product where
‘P denotes the Poisson operator which for systems of 3-dimensional configuration

space equals
0 0 a 0
<>
P = E — .
dq; dpj  9p;j dq;

5 Representation of States on the Discrete Phase Space

In the Hilbert space formulation of quantum mechanics information about a state of
system is encoded in a density operator 0. Thus the average value of an observable
f is calculated as

(F) = Te(f 5} (26)

Since the state is determined by an operator we can easily find its phase space analog
with the use of correspondence (22).

We define the Wigner function of the state p in 3-D space associated to the
kernels (P, K) as

t{PQIP, KI(p. ¢, dm, )} -

PW[P» ’C](Ps q, ¢Wl’ n) = (27‘[h)3(s + 1) T
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Consequently, the mean value of a function f(p, g, §n, n) can be found from the
formula

(f(Prgsbmm) = ) /R} . dpdqf(p.q, ¢m, M) pw[P,KI(p.q, ¢m, n).

m,n=0

Let us mention some properties of Wigner function. Like density of probability, it
is a real function

P[P, K1 = pw[P, K] 27)
Moreover it is normalised in a sense that its trace equals 1
N
— R3xR3

Although the Wigner function itself is not a density probability, it leads to marginal
distributions being true densities of probability

Z /R3 dppw[P, K1(p. q, ¢m. n) = Tr{plq){ql},

m,n=0

> /R} dqpw[P.K1(p. q. ¢m.n) = Tr{plp)(pl},
m,n=0

(29)
> [ dpdaotP Kip. g, m) = Tl
m=0 xR

> [ dpdaowtP KYp.q. busm) = Te(D16,) 00
n=0 xR

On the other hand, the time evolution for the Wigner function pw [P, K1(p, ¢, ¢m.,
n; t) reads

) LK 1
"W[;f ]+m (pw[P, K% H — H % pw[P. K]) o, (30)

where the Hamiltonian H = H(p, q, ¢, n) is defined as

H(p.q,dm.n) =T |[HQUP, KI(p, q, dm. 1)} .

Formula (30) is known as the Liouville-von Neumann-Wigner equation.
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6 Conclusions

We show that it is possible to build phase space version of non relativistic quantum
mechanics also for discrete purely microscopic degrees of freedom like spin. But in
this case the phase space is not a symplectic differentiable manifold but a lattice.
Physical applications of the method can be found in our paper [4], where we
calculate the Landau levels, the corresponding Wigner functions for a spin ; particle

and the magnetic resonance for a spin ; uncharged particle.
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1 Introduction

In [1] the quantum analogue of the classical definition of an integrable Hamiltonian
system was defined. By a Quantum Completely Integrable System (QCIS) on an
algebraic variety X the authors understand a pair (A, 6), where A is an irreducible
n-dimensional affine algebraic variety, and 6 : Op — D(X) is an embedding
of algebras (here the algebra D(X) of differential operators on X is the quantum
analogue of the Poisson algebra O(T*X)).
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By definition, a QCIS § = (A, 0) is said to be algebraically integrable if it is
dominated by another QCIS §” with k(S") = 1 (see loc. cit.), where the rank of
QCIS is the dimension of the space of formal solutions of the system

0y =gy, geOp

near a generic point of X. In [1] these definitions were also generalized to
the case of integrable systems on a formal polydisc. Thus, in this case X is
Spec(K[[x1, x2, ..., x,]]) and the symbols Oy, K (X), D(X) denote respectively
KI[[x1,...,xa]1], K((x1, ..., xn)), Ox[01, ..., 0,], where 0; = 9/9x;.

Recall that for a commutative K-algebra R the filtered ring D(R) is generated
by Derk (R) and R inside the ring Endg (R)

(D(R))o C(D(R))1 C(D(R)2C ..., (D(R))i-(D(R)); C (D(R))i+;,

where (D(R)); are defined inductively. So, QCIS for a formal polydisc are just
subrings of commuting operators in Ox[d1,...,d,]. The case n = 1 is well
known: the theory of commuting ordinary differential operators has a rich history;
in mathematical physics it appears as an algebro-geometric tool in the theory of
integrating non-linear soliton systems and the spectral theory of periodic finite-zone
operators (see [5, 6, 9]). The theory of commuting partial differential operators is
much more complicated and is not yet completed, though many articles have been
published on this theme.

In this paper we briefly review all already known, recently discovered and also
some conjectured properties of spectral surfaces of two-dimensional quantum inte-
grable systems and their isospectral deformations. Unlike the theory in dimension
one, there are strong restrictions on the geometry of algebro-geometric spectral data
of commutative subrings. Consequently, the problem of classification of QCIS or the
problem of finding new examples of such systems can be reformulated as a problem
of finding algebraic projective surfaces with special properties.

This short review is based on earlier works on this theme [2, 11, 13, 21-23], and
on two works in preparation [12, 19].

Let’s recall some important points from these works. Investigating the theory of
commuting operators with scalar coefficients, in [21] the author offered an analogue
of the Krichever classification theorem for commutative subalgebras in a certain
completion D5 of the algebra of partial differential operators in two variables. In
the approach of [21] the subalgebras in D, appears quite naturally, in particular
as isospectral deformations of subalgebras in D; (unlike the theory in dimension
one, where isospectral deformations still belong to the same ring of differential
operators).

However, there are several versions of completion. In most papers cited above a
non-symmetric version D> was used. The advantage of this version is the existence
of analogues of the Schur theory, an important tool of the classification theory. The
classification offered in [21] dealt with subrings B C D> satisfying certain mild
conditions, and these subrings are classified in terms of certain geometric spectral
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data, but the conditions and the definition of spectral data are quite technically
difficult. With the help of special properties of spectral data investigated in [13, 23],
a refined classification of rank one subrings in D5 (for an appropriately defined
notion of rank) was proved in [22]. In that refinement the definition of spectral data
becomes simpler and leads to a purely geometric notion of pre-spectral data.

On the other hand, there is a “symmetric” version of completion introduced
in [2, Def. 5.1], which is more convenient in some cases (e.g. for finding explicit
iso-spectral deformations, see [2, §6] and Sect. 7), and which contains the non-
symmetric one. In this paper we present the following result: the refined classifica-
tion of rank one subrings can be extended to certain rank one subrings (including
the old ones, and satisfying weaker conditions) and even rank r subrings in the
symmetric version of completion, see Sect. 7. The final classification is somewhat
simpler than in [22, Th. 2.1], however the price is a hidden huge group of units. We
expect that this is a final most convenient form of classification theorems. It helps
to investigate further properties of spectral surfaces discussed in Sect. 8.

The paper is organized as follows. In Sect. 2 we recall the definition of
the “symmetric” version of completion D™ of the ring of partial differential
operators, and its basic properties. In Sect. 3 we recall the non-symmetric version
of completion. In Sect. 4 we recall the notion of spectral module and its basic
properties. In Sect. 5 we describe 1-quasi-elliptic subrings—commutative subrings
in D;"™ that admit effective description in terms of algebro-geometric spectral data.
These rings are subrings in D,, but considered up to conjugation by a unity in D™,
In Sect. 6 we describe basic algebraic properties of quasi-elliptic rings. In Sect. 7
we present new form of the classification theorem of 1-quasi-elliptic rings in f);ym,
recall two explicit examples of such rings and their isospectral deformations, and
describe the necessary conditions that the spectral data of the rings in D; satisfy.
Conjecturally, these conditions are also sufficient (see Sect. 7.1). In Sect. 8 we
present several results and conjectures about normal forms, i.e. normal spectral
surfaces from classification Theorem 27.

Everywhere in this paper we assume that K is a field of characteristic zero.

2 The Ring ﬁf,ym and Its Order Function ord

In this subsection we define a symmetric version of completion of the algebra of
PDOs D, = K[[x1,...,x,]1[01, ..., d,]. It can be thought of as a simple purely
algebraic analogue of the algebra of (analytic) pseudodifferential operators on a
manifold. It was defined first in [2]. Here we’ll use a slightly different notation than
in loc. cit.

Denote R := K[[x1, ..., x,]]. Consider the K-vector space

M= R[31, ... 9]l = | 3 axd* ‘akek forallk e NA L,
k>0



316 A. Zheglov

where k is the multi-index, ok = 3{” e B,If", and k > 0 means that k; > O for all
1<i<n.

Letv : R — Ng U oo be the discrete valuation defined by the unique maximal
ideal m = (xq, ..., x,) of R. Denote by lkl=ki+ ...+ k.

Definition 1 For any element 0 # P := " a;8X € M we define its order to be
k>0
ord(P) := sup {|k| — v(a) | k € Nj} € Z U {0}, (1)
and define ord(0) := —o0. Define
ﬁzym = {Q e M | ord(Q) < oo}

Let P € D;’™. Then we have uniquely determined o ; € K such that

P= Z g x' ok, )
k

>0

For any m > —d we put:

Py, = Z (xk,,'xiak

|i|—[k|=m

to be the m-th homogeneous component of P. Note that ord(P,,) = —m and we
o0
have a decomposition P = ) P,

m=—d

Remark 2 Note that for a partial differential operator P with constant highest
symbol the order ord(P) and the usual order coincide.

Definition 3 Define the highest symbol of P € DY™ as o (P) := Poracp)y = P—q.
We say that P € ﬁ;ym is homogeneous if P = o (P).

Theorem 4 ([2, Th.5.3]1) There are the following properties of D™

1. DY™isa ring (with natural operations -, + coming from D,); D™ > D,.
2. R has a natural structure of a left D)™ -module, which extends its natural
structure of a left D, -module.

3. We have a natural isomorphism of K -vector spaces
F:= D™ /mD))™ — K[o1,..., 0.
4. Operators from ﬁiym can realize arbitrary endomorphisms of the K -algebra R

which are continuous in the m-adic topology.
5. There are Dirac delta functions, operators of integration, difference operators.
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Remark 5 Unlike the usual ring of PDOs the ring D™ contains zero divisors.
There are the following properties of the order function (contained in the proof
of [2, Th. 5.3]):

1. ord(P - Q) < ord(P) + ord(Q), and the equality holds if 6 (P) - 6 (Q) # O,
2.0(P-Q)=0(P)-0(Q),providedco(P)-c(Q) #0,
3. ord(P + Q) < max{ord(P), ord(Q)}.

In particular, the function — ord determines a discrete pseudo-valuation on the ring
By,

n
Remark 6 There are other possible ways to define a “symmetric” completion of the
ring D, (see [21, §2.1.5]). E.g. we can define for each sequence in mD,;, {(Py),,cN},
such that P, (R) converges uniformly in R (i.e. for any k > 0 there is N > 0 such
that P, (Ié) C m* forn > N) a k-linear operator P : R — R by

P(f)=lim Y Pu(f), P:=) P,

n—00 py=0

and define a completion to be the ring consisting of such operators. This completion
is bigger, but D;)"™ has finer properties sufficient for many aims. In particular, the
classification theory from [21] deals with commutative subrings belonging to the

. sym
more narrow ring Dny .

3 The Ring 13,, and Its Order Function ord,,

From technical point of view it is more convenient to deal with a more narrow
non-symmetric version of completion D,, (it is well adapted for the classification of
commutative subrings).

Definition 7 We define D; = D™ and define D, = D:*"|[9,]. Obviously, D, C
DY™.

Definition 8 We define the order function ord, on D, as ord,(P) = lif D, 5 P =
[
ZS =0 Ps 8}; .
The coefficient p; is called the highest term and will be denoted by H T, (P) (as
the term naturally associated with the function ord,,).

The order function ord, and the highest term H T, behave like the ord-function
and highest symbol. Namely, the following properties obviously hold:

1. HT,(P - Q) = HT,(P) - HT,(Q) provided HT,,(P) - HT,(Q) # 0;

2. ord, (P-Q) < ord,(P)+ord,(Q), and the equality holds if HT,,(P)-HT,(Q) #
0’

3. ord, (P + Q) < max{ord,(P), ord,(Q)}.
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In particular, the function — ord,, determines a discrete pseudo-valuation on the ring
Dy,.

4 Commutative Subrings in IA),S,ym and Their Spectral
Modules

Let B C D;"™ be a commutative subring.

Definition 9 The B-module F = D)™ /mDy™ ~ K[y, ..., d,]is called spectral
module of the ring B.

Note that F is actually a right ﬁzym module. However, since the ring B is
commutative, we will view F as a left B-module, having the natural right action
in mind. The following proposition explains the term “spectral”.

Proposition 10 Let B C D™ be a finitely generated commutative subring such
that the spectral module F is finitely generated.

For any character x : B — K, where K, is an extension of K, consider the
vector space

Sol(B, ) ={f € Kyllx1.x2]]| Qo f=x(Qf VQeB}
Then there exists a canonical isomorphism of vector spaces
Fly := (B/ker x) ®p F >~ Sol(B, x)*

1 alrl ¢

assigning to a class 3" € F|, the linear functional f + - X
ploxy ...0x,

on

0,0
the vector space SOl(B, X)~ In particular, dimg (SOl(B, X)) < oo for any x.

The proof is verbally the same as in [2, Th. 4.5 item 2] (by replacing the rings D
and C[[x, x2]] there with D,,, K, [[x1, x2]] here), cf. [13, Rem. 2.3].

5 TI'-Order and Quasi Elliptic Rings

In this subsection we describe commutative subrings in D™ that admit effective
description in terms of algebro-geometric spectral data. Below we give a review of
the most investigated case, when n = 1 or 2. Even in these cases there are many
nontrivial open questions.

First we introduce the notion of I"-order. This order is defined on some elements
of the ring D™,
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Definition 11 Let’s denote by D, the subring in o™ consisting of operators
not depending on 9;,, . . ., 8iq. The I'-order is defined recursively.

We say that a nonzero operator P € ﬁ3’3"“" has I'-order k1 if P = Zflzo Ds07,
where 0 # py, € R.

We say that a nonzero operator P € bfl+1’i+2"“’" has I'-order (ki,...,k;) if
P = lelzo pSZ)l.S, where p; € ﬁi,’i+1"“’", and the I'-order of py; is (ki, ..., ki—1).

We say that a nonzero operator P € D)™ has T-order
OrdF(P) = (kla M k}’l)

if P = Zf”zo ps0;, where pg € ﬁﬁ, and the I'-order of py, is (ki, ..., kn—1).
In this situation we say that the operator P is monic if the highest coefficient
(defined recursively in analogous way) px,

Definition 12 The subring B C D, c D)™ of commuting operators is called 1-
quasi elliptic (or just quasi elliptic for short) if there are n operators Py, ..., P, such
that

1. ordr(P;) = (0,...,0,1,0,...,0,7;) for1 <i < n, where 1 stands at the i-th
place and [; € Z;

2. ordr(P,) = (0,...,0,1,), where l, > 0;

3. For1 <i <nord(P;) = |ordr(P;)l;

4. P; are monic.

We call operators Py, ..., P, formally 1-quasi elliptic if they satisfy the condi-
tions 1-3 above and the highest coefficients of P; are constants, and we call them
monic 1-quasi elliptic, if they satisfy the conditions 1-4 above.

6 Properties of Quasi Elliptic Rings

6.1 Case n = 1: Commuting Ordinary Differential Operators

Immediately from Definition 12 it follows that 1-quasi-elliptic subalgebras in D
are exactly elliptic subalgebras of ordinary differential operators.

Definition 13 An ordinary differential operator P = a,d" +ap_ 10"+ 4y e
D of positive order n is called (formally) elliptic if a, € K*. Aring B C Dy
containing an elliptic element is called elliptic.

Recall several basic properties of elliptic subrings. The following useful obser-
vation is due to Verdier [18, Lemme 1].

Lemma 14 Let B be a commutative subalgebra of D1 containing an elliptic
element P. Then all elements of B are elliptic.
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Proposition 15 ([3, Prop. 3.1]) Let P = a, 3" ~|—a,,_13"’1 +---4ag € Dy, where
a,(0) # 0. Then there exists ¢ € Aut(D1) such that

Q:=@(P)=0"+by 20" 24+ by A3)

for some by, ...,b,—» € K[[x]].
Theorem 16 Let B be a commutative subalgebra of D.

1. Then B is finitely generated integral domain of Krull dimension one. In particu-
lar, B determines an integral affine algebraic curve Cqy := Spec(B).

2. Moreover, Cy can be compactified to a projective algebraic curve C by adding a
single smooth point p, which is determined by the valuation

P ord(Q) — ord(P)
i ’
0 r

where Quot (B) is the quotient field of B and r is the rank of B:

val, : Quot(B) — Z,

r = GCD{ord(P), P € B}

Comment to the Proof In the stated form, this result can be found in the articles of
Mumford [16, Section 2] and Verdier [18, Proposition 1]. Note that ord = ord in
this theorem.

Theorem 17 Let B C D1 be a commutative subalgebra of rank r. Then the spectral
module F is finitely generated and torsion free over B. Moreover, Quot (B)Qp F =
Quot (B)®".

Comment to the Proof In the stated form, this result can be found in [18,
Proposition 3] and [16, Section 2].

Elliptic commutative subrings admit an effective description in terms of their
algebraic-geometric spectral data.

Definition 18 The (one-dimensional) algebraic-geometric spectral data of rank r
consist of

* ( is an integral projective curve over K;
* p e Cisaclosed regular K-point;
e Fis acoherent torsion free sheaf of rank  on C with

ho(C, F) =h'(C, F) =0;

* zisalocal coordinate (a formal local parameter) at p;
s ¢ Fp X (K[[zID®" is a trivialisation (i.e. an Op =~ K|[z]]-module
isomorphism).

There is a naturally defined notion of an isomorphism of spectral data.
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Theorem 19 There is a one-to-one correspondence
[BC Dy ofrankr] <— [(C,p, F,z,¢) ofrankr]/ =
[BC Dy ofrank 1]/ ~<— [(C, p, F) ofrank1]/ =~

where

* [B] means a class of equivalent commutative elliptic subrings, where B ~ B’ iff
— -1
B=f"'B'f, feD;j.
* ~ means “up to linear changes of variables”
* (C, p,F,z,¢) means the algebraic-geometric spectral data of rank r

Comment to the Proof In the case C is a smooth Riemann surface, the classification
theorem has been proven by Krichever [9, 10]. Singular curves and torsion free
sheaves which are not locally free were included into the picture by Mumford [16,
Section 2] and Verdier [18, Proposition 4]. Mumford’s approach was further
developed by Mulase [14, Theorem 5.6] and Quandt [17]. We use here the most
generic algebraic form of the classification theorem convenient for our presentation.

Remark 20 The major interest concerns those commutative subalgebras of Di
which belong to the subalgebra C{x}[d] of ordinary differential operators, whose
coefficients are convergent power series. If P = a,9" + ap_10" 1 4+ ... 4 ag is
such an operator then shifting the variable x > x 4 ¢ with ¢ € C such that |g] is
sufficiently small, we may always achieve that a,(0) # 0. Note that this operation
can not be extended on the whole D;. Nonetheless, one can show that all elements
of B belong to C{x}[d] (this follows for example from Schur’s theory) and one
can choose a common radius of convergence for all coefficients of all elements
of B. According to proposition 15, we can transform P into a normalized elliptic
differential operator.

6.2 Case n = 2: Commutative Subalgebras in 132

In this section we give a description of basic properties of 1-quasi elliptic subrings
in D,.
Proposition 21 Let B be a 1-quasi elliptic commutative subring in ﬁ;ym. Then

1. B and gr(B) are integral, where gr denotes the associated graded ring with
respect to the filtration defined by the function ord, and the function — ord
induces a discrete valuation of rank one on B and on its field of fractions
Quot(B),

2. the T"-order is defined on all elements of B, in particular, the function — ordr is
a discrete valuation of rank two;
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3. the natural map
©: gr(Dy") — gr(Dy"™)/mgr(Dy"™) = K (&1, &]

induces an embedding of vector spaces on gr(B);

4. the spectral module F is torsion free;

S. forany P € B holds: ord(P) = k + I, where (k,!) = ordr (o (P)).

6. trdegg (Quot(B)) = 2, the field Quot(B) is finitely generated over K and the
localisation Quot(B) - F is a finitely generated Quot(B)-module.

Remark 22 Unlike the case n = 1 1-quasi elliptic rings are not necessarily finitely
generated. The most simple example is the subring K[1, 8{85, i>0,j>0]C Ds.
More interesting examples see in [8].

Comment to the Proof The first item follows from [21, Cor. 3.1], the second follows
from lemma [23, L. 2.6], items 3-5 are contained in [22, Lemma 2], two first
assertions of item 6 are contained in [24, Lemma 2], the last assertion follows from
the same arguments as in loc. cit. A more detailed proof will appear in [19].

7 Classification Problem for Commutative Subalgebras in D

Finitely generated quasi elliptic subrings admit a similar, though much more com-
plicated, classification in terms of their spectral data. In [21] such a classification
was given for quasi elliptic subrings with an extra property (strongly admissibility).
In [22, Th. 1] it was shown that for rank one subrings (see the definition below) this
classification can be refined, in particular, the corresponding spectral data become
much easier. Here we present the most pleasant refinement of the classification
for quasi elliptic subrings whose algebraic and analytical ranks are coincide.
Surprisingly the proof needs a significant improvement of the technique used in
earlier papers; the details will appear in [19].

Definition 23 Let B C D, be a commutative subring. Then we define the
analytical rank as

An.rank(B) := rtk(F - Quot(B)) = dimqyp) (F - Quot(B)).
We define the algebraic rank of B as
Alg.rank(B) := GCD{ord(P)| P € B}

We say that B is of rank r if An.rank(B) = Alg.rank(B) = r and the spectral
module F is finitely generated.
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Remark 24 1t is not difficult to see that An.rank(B) > Alg.rank(B) (cf. [13,
Rem. 3.3]). Moreover, if B is a finitely generated ring over K, then the following
conditions are equivalent: 1) F is a finitely generated B-module and An. rank(B) =
Alg.rank(B) =r, 2) dimg By, /B, (n—1) ~ rn forall n > 0. In case r = 1 this was
proved in [22, Cor. 1], and in general case the details will appear in [19].

Definition 25 The (two-dimensional) algebraic-geometric spectral data of rank r
consist of

1. X is an integral projective algebraic surface over K ;

2. C is an integral ample (Q-Cartier divisor on X. Moreover, C> = r.
3. p € Cisaclosed K-point, which is regular on C and on X;

4. local K -algebra homomorphism'

7 :Ox.p —> K[lu,1]]

satisfying the following property. If f is a local equation of the curve C at P,
then 7w (f)K[[u, t]] = " K[[u, t]] and the induced map 7 : O¢. p = Op/(f) —
K[[u]]l = K[[u, t]1/(¢) is an isomorphism. (The definition of = does not depend
on the choice of appropriate f. Besides, from this definition it follows that 7 is
an embedding, K [[u, ¢]] is a free (")&X,p-module of rank r with respect to .)

5. F is a coherent torsion free sheaf of rank r on X, which is Cohen-Macaulay
along C;

6. an Op-module embedding

¢ Fp = Kl[u,1]]

subject to the following condition for any n > 0. By item 2 there is the minimal
natural number d such that C’ = dC is a very ample divisor on X. Let y;, :
HO(X, F(nC")) = F(nC’)p be an embedding (which is an embedding, since
F(nC'’) is a torsion free quasi-coherent sheaf on X). Let ¢, : F(nC')p — Fp
be the natural O p-module isomorphism given by multiplication to an element
f"d e Op, where f € Op is chosen as in item 4. Let 7, : K[[u,t]] —
K [[u, t]]/(u, )"¥ ! be the natural ring epimorphism. We demand that the map

twogoe oy : H' (X, F(nC")) —> K[lu, 11/ (u, )"+

is an isomorphism. (These conditions on the map ¢ do not depend on the choice
of the appropriate element f.)

IRecall that (/D\X, p = K[[ f, g]] by the Cohen structure theorem.
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Remark 26 The last three most difficult items of this definition can be replaced by
the following items of “more geometric nature” (see details in [19]):

e F is a coherent torsion free sheaf of rank r on X, which is endowed with a chain
of coherent torsion free subsheaves

F=FoDF-1D...DF_y1 D F_g =~ F(=C)

such that the sheaves (F; /F;_1) have support on C, (F;/F;—1)|c are torsion free
sheaves of O¢-modules of rank one, x ((F;/Fi—1)|lc) = 1+ifor0>i > 1—dr,
and forn > 0

ndr + 1)(ndr +2

WX, Faucy = "D

o T @X p =~ KJ[u,t]] is an isomorphism of local K-algebras such that ¢
corresponds to a local equation f of C at p, and u corresponds to a local equation
of ponC;¢: Fp o~ (’)@r is a trivialisation at p defined up to composition with
a permutation isomorphlsm @%’p o~ (’A)?’p, which is given by a permutation
matrix, i.e. a matrix with only zeros and units as entries and such that each row
and each column contains exactly one unit.

There is a naturally defined notion of an isomorphism of spectral data (see [21,
Def. 3.11]).

Theorem 27 There is a one-to-one correspondence

[B C ﬁsym of rankr] <— [(X,C, p, F,m,¢) ofrankr]/ =~
[B c D™ ofrank 1]/ ~<— [(X,C,F) ofrank 1]/ ~

where

* [B] means a class of equivalent commutative finitely generated 1-quasi-elliptic
subrings, where B~ B' iff B = f~'B'f, f € D’k

* [(X,C, p, F,m,¢)] means a class of lsomorphlc algebro-geometric spectral
data of rank r:

* ~ in the second row means a stronger equivalence: By ~ By if there is a linear
change of variables ¢ and a unity U € ﬁ;ym, ord(U) = O such that By =
U~lp(By)U.

* [(X, C, F)] means a class of isomorphic triples (simplified spectral data of rank
one), where an isomorphism of triples is just an isomorphism of surfaces that
induces an isomorphism of corresponding curves and sheaves.

Remark 28 The geometric part of the spectral data can be easily described: X =~
PI‘O_]B C =~ Proj(grB), F =~ Pr0]F where B, F are the Rees ring and Rees
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module with respect to the filtration defined by the function ord (and gr B is the
associated graded ring).

We can additionally assume that X is Cohen-Macaulay because of the following
result:

Proposition29 [f B C Dy isa finitely generated 1-quasi-elliptic commutative
subring, then there exist a Cohen-Macaulay commutative subring B D B with the
same properties.

Moreover, if B C D», then BC Ds.

Comment to the proof. The proof is based on the following facts. If B is additionally
strongly admissible, then both statements follow from [21, Th. 3.2] combined
with [21, Th. 4.1]. If B C D; is not strongly admissible, then it becomes strongly
admissible after a generic linear change of variables [21, Prop.2.4]. If B C Dy is
not strongly admissible, then the same is true up to conjugation by a unity in ﬁ;ym
(as in Theorem 27, item 3), the details will appear in [19].

Remark 30 There is the following analogy with n = 1 case. Recall that isospectral
deformations of rank one commutative rings of ODOs determine the KP flows on the
Jacobian (or on its compactification) of the spectral curve, see e.g. [15]. Isospectral
deformations of rank one commutative rings of PDOs determine some flows on the
moduli space M, of stable torsion free coherent sheaves on the spectral surface X
with fixed Hilbert polynomial x (n) = ("d+1)2("d+2) with respect to the ample line
bundle Ox (dC), cf. [2, §6], or on the Picard scheme of a formal punctured ribbon,
cf. [13, Introduction].

An open subset of this moduli space parametrises Cohen-Macaulay sheaves
(see [7, Th. 12.2.1]). Cohen-Macaulay sheaves on Cohen-Macaulay surfaces can
be effectively described with the help of matrix-problem approach due to Burban
and Drozd, see [2] and references therein. Then the higher-dimensional version of
the Sato theory (“algebraic inverse scattering method”, see loc. cit.) is used to obtain
explicit examples or explicit deformations of known examples of commuting PDOs.

Below we’ll recall some examples obtained with the help of these techniques.

Example This is an example of explicit equations of isospectral deformations and
their explicit solution obtained in [21, Ex. 4.2].
Consider a commutative subring B C D, generated by 3 operators:

1

P=03-2 81,
2771 = a2t

1
Q=010+ 8101,
1—xp

P =3-3 ! 819, — 3 ! )
TR T =2 T T =3t
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where 81 is the Dirac delta-function: 81 (f (x1, x2)) = f(0, x2) (these operators were
obtained in [21, Ex. 4.2] with the help of the higher-dimensional Sato theory starting
with the simplest Schur pair). The (projective) spectral surface of the ring B =

K[P, P, Q] is a rational singular surface, with normalisation le More precisely,

it can be obtained by gluing two lines 2P' on P? (see [20, Ex.30]).
The system of isospectral deformations for these operators is a modified Parshin
system (cf. [25] or [20, §6.3]; the detailed description will appear in a separate paper)

oN ii
=VY), i,j>0
at,'j N ] =

where
Vil = (L' MY) 4, L1, (L M), MY),

with initial conditions M = /P, L = QP~! (these operators belong to an
appropriately defined ring of pseudo-differential operators E, see [21]). This system
is equivalent to the modified Sato-Wilson system

N ;L

= —(S8i9357H_s,
=~
where S = 1+ 518, ' + 520,24 ... € E(t), 5; € Dy, and L = S(0)3;S(0)"",
M = S(0)3,S(0)~! (5(0) means S |t;;=0), and first equations of this system can be
transformed to the following equations:

as1 1 3 5 a8 1
81‘1 = 4(51))(2)(2)52 - 2(Sl)x2a 3t2 = _(Sl)xz(sl)xl - z(sl)xzxzala
9 4)
1
I = (513, = D001 — (55,01

where 51 = 51(x1, X2, 11, I2, 13) is the first coefficient of the operator S(z).
Notably, s1(0) = lsz 81 is a solution of the equations above (cf. with the rational

stationary solution u (x) = —1 /x2 of the KAV equation).

Example This is an example of explicit isospectral deformations of the quantum
(algebraically) completely integrable Calogero-Moser system obtained in [2, §6].
Consider the Calogero—Moser operator with rational potential

P —2( N )
- 8x12 8x§ x1—&)*  (x2—&)?%)°
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where (&1, &) € C? is such that £1& # 0. Then (cf. e.g. [4]) H can be included
into a large ring of pairwise commuting differential operators By C D;, where
By ~ A = (C[z%, z?, z%, zg], and the isomorphism is given with the help of the
Berest BA-function:

22 1

21
Vg, =2z122 + + + ,
¢ H—x2 &—-—x1 & —xDE—x)

i.e. for any g € A there exists a unique L, € By s.t.
Lq Ve = gWpe.

Explicit calculations of the corresponding algebro-geometric spectral data and
of the moduli space of coherent torsion free sheaves with fixed Hilbert polynomial
leads to the following deformed BA-function (which encodes a dense open part of
the moduli space):

W(x1, x2,21,22) = Ype + BV,

where

21 22
1+ +
W P (52 El)
165 — B)E1 — x1) (&2 — x2)
1
T - — 6
1

T - & - 6

(eXP(X1Z1)Z1 + (&1 —x1) eXP(XlZl)Z%)

(eXp(mzz)zz + (62— x2) eXP(XzZz)z%) .

The simplest deformations of differential operators from By can be described as
follows. For any g € z%z%A denote ¢'(z1, 22) := q/(z%z%). Then

A 1 1
D"3 Ly =Sq'@ro@ — | | )@= ). where

1 —
S=S0+BT,

1 1 1
So = 0107 + 01 + dr + ,
O ! T e - T G —x)(E —x)
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1

T = ( ! (6281 + (& —x1>8282)
& —x1)E —x2) \ & !

1 2
N CCEICE xz)alaz))

+ ! 515 <1+ﬂ<81+32>)
E8r— B)E —x))(E —x2) 6 &

(here, as above, §; denote the Dirac delta functions with respect to the variable x;).

7.1 Spectral Data of Subrings in D,

Which geometric data describe commutative subrings B C D, of PDOs? We give
here the answer in the case of rank one rings.

Theorem 31 If B C D, is a finitely generated 1-quasi-elliptic commutative ring of
rank 1 with constant highest symbols, then

1. The sheaf F is coherent Cohen-Macaulay of rank 1;
2. The divisor C is a rational curve;
3. Ifn: P! - C is the normalisation map, then F|c =~ (n*(O]P)l)).

Remark 32 By [13, L. 2.1], if quasi-elliptic operators P; form Definition 12 have
constant highest symbols, then all operators from B have constant highest symbols.

Proof By remark 24 we have dimg B,,/B,—1 = n + ¢ for all n > 0, where ¢ €
7 is a constant. Then the ring B must contain two operators P, Q such that the
intersection of their characteristic divisors is empty. Indeed, if there are no such
operators, then symbols of all operators should belong to a proper ideal generated
by a homogeneous polynomial in the polynomial ring K [91, d2]. Since the ring gr B
is finitely generated (cf. [21, L. 3.8] or [19, L. 3.5] in general case), there exists
some positive integer d such that the Veronese ring (gr B)(?) is generated by its first
homogeneous component over K. Since all elements of this component belong to
the proper ideal of the polynomial ring, we must have dimg (gry, B) <dn —n +1
for all n > 0, a contradiction with dimg (gr,,, B) = dn +c.

Then by [21, L. 2.6, P. 2.4] for almost all linear changes of variables applied to
the ring B it will satisfy conditions of theorem 4 in [23], i.e. in combination with
Theorem 27 we get item 1 of our theorem.

Item 2 is proved in [13, Th.2.1]. To prove item 3 note that F|c = Proj(gr F) (as
it follows from the proof of Theorem 27, cf. also [20, Corol. 23]). Since gr B C gr F
in our case, it follows that F|c =~ (n*((’)Pl ). O

Conjecture 33 The conditions from theorem are sufficient, i.e. if the spectral triple
(X, C, F) satisfies the conditions of theorem, then the corresponding commutative
ring B from Theorem 27 will belong to D».
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8 Normal Forms

In the matrix problem approach it is important to know what are the Cohen-
Macaulay sheaves with special properties on the normalisation of the spectral
surface. So, it is important to know what are the possible normal surfaces X
such that a pre-spectral datum (X, C, F) from classification Theorem 27 exists.
We’ll call such surfaces normal forms. In this section we present several results and
conjectures about smooth normal forms.

Proposition 34 If X is a smooth normal form of a finitely generated 1-quasi-elliptic
commutative ring B C Dj of rank 1, then X ~ P? (and then C ~ Pl, F ~ Ox).

Comment to the Proof If the ring B consists of operators with constant highest
symbols (cf. remark 32), then proposition immediately follows from Theorem 31,
since all Cohen-Macaulay sheaves on smooth surfaces are locally free. In general
case it follows from two facts: first, any commutative ring of PDOs has a non-
trivial family of iso-spectral deformations; second, any commutative ring with a
smooth spectral surface can not have non-trivial iso-spectral deformation, because
H'(X, Ox) = 0. The details will appear in [12].

Are there smooth normal forms of commutative subrings from ﬁz? In [22] the
following sufficient conditions were formulated.

Proposition 35 ([22, Cor. 3]) Assume that K is uncountable and algebraically
closed. The following conditions on a smooth projective surface X are sufficient
for the existence of a commutative subring of rank one in Dj:

1) there is an ample integral curve C with C> = 1 and h°(X, Ox(C)) = 1;
2) thereisa divisqr D with (D, C)x = g(C)—1 (here g(C) means the arithmetical
genus of C), h' (X, Ox(D)) =0,i =0, 1,2, and h°(X, Ox(D + C)) = 1.

Remark 36 1t would be interesting to clarify whether these conditions are also
necessary. In general, the spectral sheaf of a ring B C D5 is not necessary Cohen-
Macaulay, see e.g. [2, Rem 6.2]. However, no examples of not CM spectral sheaves
on a smooth spectral surface (i.e. sheaf and surface from definition of spectral data)
is known yet.

Remark 37 The condition h°(X, Ox(C)) = 1 means that we are looking for normal
forms of “non-trivial” commutative subrings.

Definition 38 The subring B C ﬁz is “trivial”, if it contains the operator 91 or the
operator 9, i.e. B consists of operators not depending on x; or x».

The examples of such algebras naturally arise from examples of commuting
ordinary differential operators just by adding one extra derivation.

Proposition 39 Let X be a smooth normal form. Then the corresponding commu-
tative subring B C Dy is “trivial” iff h°(X, Ox(C)) > 2.
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Comment to the proof. The proof essentially follows from the classification The-
orem 27. Since X is smooth, the curve C is a Cartier divisor. If B is trivial, then
H O(X , Ox(C)) =~ B, by the classification theorem, and dimg By > 2. Conversely,
if dimg By > 2, then by the construction from the proof of theorem B contains
either 0, or 91 (up to a linear change of variables B contains 91, cf. [22, Th. 1], [23,
Th. 7]).

Theorem 40 ([22, Th. 5]) Assume that K is algebraically closed. Let (X, C, F)
be a pre-spectral data of rank one with a smooth surface X and g(C) < 1. Then
h0(X, Ox(C)) = 2.

Conjecture 41 If X is a smooth normal form, then it is either rational (and
corresponds to a “trivial” subring) or of general type.

Theorem 42 ([11]) There is an eight-dimensional family of pairwise non-
isomorphic Godeaux surfaces X such that on each X from this family there are
at least 840 different divisors D and four curves C; satisfying the conditions from
proposition 35.

Each of these Godeaux surfaces is a factor of a quintic in P’ (C) by the group Z’.

Conjecture 43 All normal forms have the property g = H' (X, Ox) = 0. There
are no other smooth normal forms of general type corresponding to “non-trivial”
subrings.

According to the last conjecture, the commutative rings of operators corresponding
to the smooth normal forms do not have isospectral deformations!
On the other hand, we expect there are many non-smooth normal forms:

Conjecture 44 For any smooth curve C there is a normal cone X (with the only
singularity at the cone top) which is a normal form.

A solution to some of these conjectures is expected to appear in a paper [12].
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The aims of the course were as follows.

First, introduce a large class of (1+1)-dimensional soliton equations and systems
of parabolic type' and simultaneously describe all of their local holomorphic
solutions using a local holomorphic version of the inverse scattering method.?

Parabolic type includes, for example, Korteweg—de Vries and nonlinear Schrédinger equations,
but not sine-Gordon. Presumably all physically relevant equations and systems of parabolic type
in dimension 1 + 1 either belong to the class described in these lectures or can be obtained from
elements of this class by a differential-polynomial change of unknown functions. The class of
equations and systems referred to is often denoted in the literature by abbreviations like ZS, AKNS,
AKNS-ZS, or even AKNS-ZS-D in honour of Zakharov, Shabat, Ablowitz, Kaup, Newell, Segur,
and Dubrovin. See, for example, [1, 3, 9].

2Here the potentials are germs of holomorphic matrix-valued functions, without any boundary
conditions. The scattering data are matrix-valued formal power series in the inverse spectral
parameter. The method is based on a Riemann factorization problem extended to matrix-valued
formal Laurent series in the spectral parameter.
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Second, discuss a number of special classes of solutions from this point of view
(this was omitted from the real lectures for reasons beyond my control).

Third, give a criterion for solubility of the local holomorphic Cauchy problem
for such equations in terms of the scattering data of the initial condition and discuss
what this criterion says about admissible initial conditions.

Fourth, sketch a proof of the Painlevé property: all local holomorphic solutions of
any soliton equation of parabolic type are globally meromorphic and monodromy-
free in the spatial variable.

The class of local holomorphic solutions contains (but not reduces to) the class of
algebro-geometric (or finite-gap) solutions. Thus the subject of the course is strictly
larger (in the sense of equations and solutions) than in the beautiful monograph of
Gesztesy and Holden [10] with a similar title, although we do not go in such detail
for concrete equations. See [7] for more details and references.

1 Lecture I: Riemann Problem and Soliton Equations

Let Q C (C)%, be a simply connected domain (x is the spatial variable, ¢ is the
temporal variable) and U, V : Q — gl(n, C) holomorphic maps. The system

E.=UE, E=VE (D
has a holomorphic solution E : Q — GL(n, C) if and only if
U —Vy+[U,V]=0 everywherein £. 2)

We define a (141)-dimensional soliton equation as an equation of the form U; —
Vi +[U,V]=0where U,V : Q2 x (Cle — gl(n, C) are rational functions of an
auxiliary variable z € CP' (called the spectral parameter) such that the expression
U; — Vi + [U, V]is independent of z ([9, Part II, Ch. 1, § 3]).

Unknown functions are the entries of the gl(n, C)-valued coefficients of the
partial fraction decompositions of U, V. Some of them can be expressed in terms of
the others from the condition “U; — V, 4 [U, V] is independent of z”. For example,
let U and V be polynomials in z with degU = 1 and deg V = m > 2. There is no
loss of generality in assuming that

Ux,t,2) =az+q(x, 1), Vx,t,2) =bZ" +ri(x, 02"+ 4 rp(x, 1),

where a,b € gl(n,C) are diagonal matrices, @ has simple spectrum (i.e. all its
eigenvalues are distinct), ¢ : Q@ — gl(n, C) is holomorphic and off-diagonal,
iy ..., rm : 2 — gl(n, C) are holomorphic. Then the condition “U; — V, 4 [U, V]
is independent of z” determines r1, ..., rp as differential polynomials r; = F;(g)
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(i.e. polynomials in ¢ and its derivatives with respect to x) uniquely up to diagonal
constants of integration ¢y, . . ., ¢y, € gl(n, C), and the Eq. (2) with U = az+¢q and
V =az" + Fi(¢)?" " + -+ + F,(q) takes the form

qr = la, Fuy1(q)]. (3)

Special cases of (3) witha=b= [ 1(/)2 _?/2] andg(x,1) = [U(SJ) ”()6’”] are the

heat equation and its hierarchy u; = (3" + 8;”’1 4+ -+ Ym)u (When v = 0 and
y; is the difference of the diagonal entries of c;), the Korteweg—de Vries equation
Uy — Uxxx + 6uu, =0 (whenm = 3, v = 1) and the modified Korteweg—de Vries
equation u; Uy —6ulu, =0 (whenm = 3, v = u). Taking a = diag(—i/2,i/2),
m = 2 and v(x, t) = u(x, t), we obtain the non-linear Schrodinger equation iu; +
Uyx + 2u|u|2 = 0O for real x, ¢. In the last three examples,cy = c; =--- = 0.

Let D be the set of all holomorphic GL(n, C)-valued germs3 f(z) at oo with
f(o0) = I.Suppose thata, b, c1, c2, - - - € gl(n, C) are diagonal matrices and a has
simple spectrum. Fix an integer m > 2 and a point (x, fo) € C2.

Theorem 1 ([5, 15, 17]) For every f € D there is an open neighborhood Q2 ( f) of
(x0, to) in C? such that for all (x,t) € Q(f) the function

y(x,t,z7) = exp{az(x — xo) + (bz"™ + " M+ cm) (@ — to)}f_l(z)

possesses the following property: one can find a holomorphic map y,(x,t,-) :
(C; — GL(n, C) and an element y_(x, t, -) € D such that

vt =y Dy n), Ry <zl < oo, @)
Moreover, the gl(n, C)-valued function

qre, 1) = lim z[y—(x,1,2), al, (x,1) € Q2(f) &)

is off-diagonal, holomorphic and satisfies the soliton equation (3) on Q(f).

The proof is based on the fact that E = y is a solution of (1). The solution y+
of the Riemann factorization problem (4) has the following geometrical meaning:
y+(x, t) is a parallel frame field with respect to the flat connection V(gy) := d —
U(gr)dx — V(qy)dt (this is equivalent to (1) for E = y4) and y—(x, 1) is a gauge
transformation of the trivial flat connection V(0) = d — azdx — bz™ dt to the

3The elements f € D (or rather their equivalence classes modulo right multiplication by diagonal
elements of D) will be the scattering data of the potentials ¢ 7 (x, fo) constructed below. Hence the
notation D.
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connection V(g 7). In other words, putting + = y_, we have
pux =Ulgp)n —pnU(), e =Vigmw—pnV0), (6)

where U(q) 1= az + g and V(q) := bz™ + Fi(¢)z" ' 4+ - - + Fn(q).

Examples of the solutions (5) constructed by means of the Riemann problem (4)
include the solution of the Cauchy problem for the heat equation by means of the
Laplace—Borel transform? (put t = g for simplicity):

fo) = [(1) “’ﬂ = () = [g ”fo(x)] o) = — /0 eup(ydx, (1)

the N-soliton solutions (N = 1, 2, 3, ...) are obtained in the case when f(z) is the
product of N non-trivial Blaschke factors

B—a z—

Bugp(z) =1+ P=k(p)P+ U - P), k(z) = ,

1=p z=p
where o, 8 € C and P € gl(n, C) satisfies P? = P and, finally, all algebro-
geometric solutions are obtained in the case when the columns of f(z) are the
eigenvectors of R(z), where R(z) is a rational gl(n, C)-valued function and the
matrix R(oco) has simple spectrum. These three types of examples were considered
from our point of view in [5, 15] and [4], respectively.

2 Lecture II: The Local Inverse Scattering Method

Not all local (and even global) holomorphic solutions of (3) are of the form 3
We suggest a generalization of the Riemann problem (4) which gives all local
holomorphic solutions of (3) in the form (5). Before doing this, we define the direct
scattering transform (that is, a procedure for recovery of f from g ) using the first
equation (6) as a hint.

Let O(x0)°? be the set of all gl(n, C)-valued off-diagonal holomorphic germs at
a point xo € C. Then for every ¢ € O(xo)°? there is a unique formal series

wx,z2)=1+ #x) + /Lz(zx) +... with u; € O(xp) such that
z b4

Wy = (az + q)p — paz and the series w(xp, z) — I is off-diagonal.

4The initial condition must necessarily be an entire function of exponential type.

SFor example, the Cauchy problem u(x, ty) = ug(x) for the heat equation u; = u,, has a local
holomorphic solution if and only if ug € O(C) and |ug(x)| < Aexp(le\z) for some A, B > 0;
but a solution of the form (5) exists if and only if ug € O(C) and |ug(x)| < C exp(D|x|) for some
C,D > 0.
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We define the local scattering data of any potential ¢ € O(x0)°? as the formal power
series

mi(xo) | p2(xo)
Lq(z) == u(xg,2) — I = + S
Z Z
Its radius of convergence will be zero for almost all potentials g. To measure the
rate of its divergence, we introduce the so-called Gevrey class « for every « > O:

(e.¢]
Gev, := {all formal power series ¢ = Z </)]/€< with off-diagonal
Z
k=1

|(/’k|Ak

e < oo for some A > 0}.

o0
ok € gl(n, C) such that Z
k=1

Theorem 2 ([6]) The correspondence qo + Lqo is a one-to-one mapping of
(9(x0)°d onto Gevy. Moreover, the Cauchy problem q(x, to) = qo(x) for the Eq. (3)
has a local holomorphic solution q(x, t) at the point (xq, to) € C? if and only if
qu (S Gevl/m.

We recall that m > 2 is the degree of the polynomial V in (1) and (2) or,
equivalently, the highest order of derivative with respect to x in (3).

Proof This is only a sketch of proof. We define

Ent,, := {all holomorphic maps ® : C — GL(n, C) such that
|P(2)] < AeBE" for some A, B > 0}

and consider the following Riemann factorization problem: given any ¢ € Gevy/p,
and ® € Enty,, find ¢ € Gevy/;;, and ¥ € Ent,, such that

ST+ 9@ ' =U +v(2) () (8)

as formal Laurent series. If we choose ®(x,¢,z) = exp{az(x — xo) + (bz™ +
c12" U 4+ ep)(t — 1)) for all (x,1) € C? (as before (4)) and take any element
f@) =1+ ¢(z) € I +Gevy/m, then (8) takes the form

Dx,t,2) f @) =y x, 1, Dye(x, 1, 2) )

completely analogous to (4). It has a solution y+(x, ¢, z) for all (x,7) in some
neighborhood Q2 = Q (¢) of the point (xg, #p) in C2. This is because (9) is equivalent
to solving a linear equation (/ + K (x, #))u(x, t) = ug(x, t) in an appropriate Banach
space, where K (x,t) is a holomorphic family of bounded linear operators with
K (x0,10) = 0. Then we define g5 € O(xo, 10)°¢ by the formula (5), verify that
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E = W is a solution of (1) with ¢ = gy and deduce (3). The same argument for
m = 1 and t = f yields that the maps L : O(xo)"d — Gev; and

B : Gev; — O(x0)%, Bo(x) = Z1_1)1101o Zly—(x,2), al, (10)

are inverse to each other: Bo L =1d, L o B = 1d. m|

Thus, the larger m, the smaller is the class of initial data for which (3) has a local
holomorphic solution.

Using the criterion in the theorem, one can easily construct, for every positive
integer M, examples of initial data such that (3) is soluble form =1, ..., M, but
notform = M + 1, M + 2, .... One can also construct initial data which are not
algebro-geometric but make (3) soluble (globally meromorphically in x and ¢) for
every m.

To give a concrete example, take any integers k, / > 0 and note that

0 (x—xoF

(x—x0)) 0 (b

qo(x) = [ } has Lgg € Gev, <= a <

T k142

Hence the Cauchy problem u(x, 0) = x* for the Korteweg—de Vries equation u; +
Uxxy + uu, = 0 or the nonlinear Schrodinger equation iu; + uy, + ulu |2 =0hasa
local holomorphic solution at the origin of C? if and only if k = O ork = 1 (here [ =
0, m = 3 in the first case and [ = k, m = 2 in the second). Another corollary of (11)
is the divergence of the Kontsevich-Witten series (a formal power series solution
of the whole KdV hierarchy whose coefficients are certain intersection numbers on
the moduli space of plane curves) with respect to all time variables except the first
one [8].

When the entries of gg € O(xo)°? are rational functions with a finite value at
infinity (or, more generally, elliptic functions with a common period lattice) and the
size n of matrices in question is 2, we encounter a kind of “zero-one law”: either
Lqgo € Gevg or Lgg ¢ Gev, whatever « < 1. (This can be deduced by combining
the theorem in Lecture III and Theorem 4.8 in [11].) The solutions of (3) resulting
from the first case are the so-called Calogero-Moser rational solutions. It seems to
be an open question whether this zero-one law holds for n > 3.

3 Lecture III: Painlevé Property

It was known already in the nineteenth century [16] that every local holomorphic
solution of the heat equation u; = uy, is an entire function of x for every fixed z.
We say that an equation has holomorphic (resp. meromorphic) extension property
(abbreviated to HEP or MEP respectively) if, for every solution u € O(B), where
B = {(x,1) € C?||x — xo| < 81,|t — 19| < &2}, there is a holomorphic
(resp. meromorphic) function U € O(S) with S = {(x,1) € C?||t — to] < 82}
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such that U = u on B. For example, consider the equations

ur = POy )u, ur=uxx+ Quy, u;=uyx+ R(uy), (12)
U = Uyxyx + Sy, U = tyxy + T (uy) (13)

where P, O, R, S, T are polynomials. These equations possess HEP if and only
if they are linear (i.e. P may be arbitrary, Q and S must be constants, and R, T
must be of degree < 1). They possess MEP if and only if P is any polynomial,
degQ < 1,degR < 1,degS < 2,degT < 2. There are reasons for believing
that MEP is characteristic for soliton equations and equations related to them by
differential-polynomial changes of unknown functions. See, for example, [1, 2, 12—
14] for various approaches to this and other Painlevé-type properties,

The only known proof that the Eqs. (13) with deg S < 2 and deg T < 2 possess
MEP is by means of the local inverse scattering method. These equations can be
reduced to KdV (when deg S = 1), mKdV (when deg S = 2) or potential KdV
(when deg T = 2). Hence MEP for them follows from MEP for the Egs. (3).

Theorem 3 ([6]) All equations of the form (3) (with any m > 2) possess MEP. More
generally, let go € O(x0)°% be any holomorphic germ with Lqo € Gev, for some
a < 1. Then qo extends to a meromorphic gl(n, C)-valued function on C which is
monodromy-free in the sense that the first-order system E, = (az + qo(x))E has
a globally meromorphic fundamental system of solutions E : C — GL(n, C) for
every z € C.

Proof Let q(x,t) be any local holomorphic solution of (3) near a point (xg, fp) €
C2. Put qo(x) = q(x, tp). By the criterion in Lecture II, Lgg € Gev, for some o« < 1
(namely, « = 1/m). Consider the Riemann problem (9) withm = 1 and ¢ = 1y:

TN 4+ Lao() T =y T (L Dy (x, 2).

It is equivalent to solving a linear equation (I + K(x))u(x) = up(x) in an
appropriate Banach space (see after (9)), but now K (x) is a holomorphic family of
compact linear operators (we use the inclusion Lgg € Gevy, o < 1) parametrized
by (C}C with K (xo) = 0. Hence, by the so-called meromorphic Fredholm alternative,
there is an entire function T € O(C) (playing the role of det(/ + K (x))) such that
7(xg) = 1 and

I + K(x) isinvertible <<= t(x)#0.
Moreover,the map x — t(x)(/ +K (x))" ! extendsto C as a holomorphic operator-

valued map. Hence the map y_(x,:) = (I +K () up(x)isa meromorphic Gevi -
valued map on C }C with denominator 7 (x) and, therefore, the matrix-valued function

Qo(x) := BLgo(x) = lim z[y_(x,z).a]
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is meromorphic on (C}C with denominator t(z). By the results in Lecture II
(after (10)), Qo(x) = go(x) in a neighborhood of xo. Hence Qg is the desired
meromorphic extension of go. This proves MEP since #y is arbitrary. The zero-
monodromy property follows since E = y satisfies the first equation in (1). O
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346 G. A. Goldin
1 Local Symmetry and Infinite-Dimensional Groups

It is well-known that symmetry groups describe transformations under which the
kinematics or dynamics of a physical system may be invariant or partially invariant.
Locality is the concept that “action at a distance” does not occur in physics, and that
what we measure is always in the “here and now.” To express this, we must make
use of points or regions in a manifold M (of space or of spacetime). These ideas are
joined to describe local symmetry by means of local current groups or gauge groups,
diffeomorphism groups, their semidirect products, and (sometimes) their extensions.
Local current groups (or their extensions) may describe kinematical or dynamical
symmetries or partial symmetries; gauge groups typically describe transformations
under which the outcomes of measurements remain invariant [1-4].

A local current group or gauge group S associates a Lie group L with points in
a smooth manifold M. The group elements are compactly-supported C*° functions
f : M — L, with the group operation in S defined pointwise by the operation in
L. Restricting the support of the functions f to a compact region B C M defines a
subgroup Sp for each (local) region B, consisting of functions which take the value
of the identity in L outside of B. Thus locality is encoded in the group.

The diffeomorphsim group G = Diff o(M) is the group of compactly-supported,
invertible C* maps ¢ : M — M (with C* inverse). The group operation is
composition. The support of a diffeomorphism ¢ is defined as the intersection of
all closed sets outside of which ¢ (x) = x, for x € M. A subgroup of G is defined
for a compact region B C M as the set of diffeomorphisms G g with support in B.
Again, the group G encodes locality.

Both S and G may be endowed with the topology of uniform convergence in all
derivatives. Letting M be the manifold of physical space, we consider the natural
semidirect product of S with G. We thus have local (spatial) commutativity as a
property of the group operation.

2 Quantum Mechanics and Statistical Physics
from the Group Representations

These lectures focus on the easiest case, where L = R (under addition), so the map
group S is just the function-space D of C°°, compactly-supported functions on M.
So we consider the semidirect product D x G. For fi, f» € D, and ¢1, ¢ € G, the
semidirect product group law is

(f1, ¢ (f2, $2) = (f1 + o1 12, d12), (1

where ¢1 f» = f> o ¢1, and p1¢2 = ¢ 0 P1.
A continuous, irreducible unitary representation U (f)V (¢) of D x G in Hilbert
space ‘H describes a quantum system in the physical space M. The diffeomorphism
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group describes its local kinematical symmetry. The distinct (inequivalent) irre-
ducible unitary representations of D x G describe different quantum systems. This
leads to a unification describing a wide variety of possible quantum configurations
and exchange statistics, as described below.

In (classical) statistical physics, we may have an infinite gas of (non-interacting
or interacting) identical point particles in R?, in equilibrium at a given temperature.
There may also be an external potential acting on the positions of individual
particles. The probability distribution for the particle locations (canonical ensemble)
is described by an ergodic Poisson or Gibbs measure on the configuration space
of infinite but locally finite particle configurations. This situation, too, corresponds
to a rich class of irreducible unitary representations of the local symmetry group
D x G. In particular, different two-body interaction potentials lead to inequivalent
measures, and corresponding inequivalent group representations.

3 Self-Adjoint Generators and Local Current Algebra

The corresponding infinite-dimensional Lie algebra is the semidirect sum of the Lie
algebras of D and of G. Unitary representations of D X G, satisfying appropriate
conditions, determine self-adjoint representations of this Lie algebra by (generally
unbounded) operators p(f) and J (g). Here f € D, while g evecto(M) is a
compactly-supported (tangent) vector field on M. These operators act on a common
dense invariant domain of essential self-adjointness, and are the generators of
continuous 1-parameter unitary subgroups:

U(sf) =expi(s/mp(f), V($E) =expi(s/h)J(g) (s €R), 2

where m is a unit mass and ¢ is the flow on M generated by g. The Lie algebra of
local currents is:

[, AU =0, [(f), J@]=ihpg- V), 3

[J(g1), J(g)] = —ihJ (g, g]), 4)

where g - V f is the Lie derivative of f in the direction of g, and [g;, g2] =
g1 - Vg — g - Vg is the Lie bracket of the vector fields.

This local current algebra is very natural and geometrical. In a representation,
0(f) is interpreted physically as the mass density (spatially averaged with the scalar
function f), and J (g) as the momentum density (spatially averaged with the vector
field g). Formally 6(x) and j (x) are operator-valued distributions over test-function
spaces of scalar functions and vector fields (respectively). Free nonrelativistic or
(perhaps surprisingly) relativistic Hamiltonians can be expressed explicitly in terms
of the local density and current.
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For example with M = R, a single quantum particle is described by a state W
in the Hilbert space H = Eix (R?), and the unitary representation

U(f)¥(x) = explif ()W (x), V($)W(x) = W (p(x))y/Tp(x), &)

where Jj is the Jacobian of the diffeomorphism ¢. The current algebra is repre-
sented by the self-adjoint operators,

BV =mf @)Y (x),  [J@vIx) = (h/2){g-Vy+V-[gvlix), (6)

where m is the particle mass.

4 Representations Describing Distinct Quantum Systems

A wide variety of quantum-mechanical possibilities are unified in their description
by classifying the inequivalent, irreducible unitary representations of D X G. Some
new, unexpected ones were predicted by this method!

Systems with finitely many degrees of freedom include (a) N-particle quantum
mechanics, with particles distinguished by their masses; (b) systems of N indistin-
guishable particles obeying Bose or Fermi exchange statistics (in two or more space
dimensions); (c) systems of indistinguishable particles (or excitations) obeying
intermediate, anyon statistics in two space dimensions (for given anyonic phase
shift under counterclockwise exchange) [5]; (d) systems of distinguishable anyonic
particles in two-space with distinct relative phase shifts under counterclockwise
exchange; (e) systems of particles obeying parastatistics (in two or more space
dimensions); (f) systems of nonabelian anyons in two space dimensions; (g) systems
of tightly bound charged particles—point dipoles, quadrupoles, etc.; (h) particles
with spin, arranged in spin towers according to representations of the general linear
group; and (i) particles with fractional spin, in two space dimensions.

Infinite systems described by unitary representations of the semidirect product
group D x G include (j) systems of infinitely many particles, in locally finite
configurations, corresponding to a free or interacting Bose gas; (k) systems of
infinitely many particles obeying Fermi statistics, or (in two-space) exotic statistics;
(1) systems of infinitely many particles having accumulation points; (m) quantized
vortex systems in incompressible fluids (restricting the group elements to area-
or volume-preserving diffeomorphisms), with filaments and patches of vorticity in
two space dimensions or ribbons and tubes of vorticity in three dimensions [7];
and (n) configurations of extended quantum objects, including loops and strings,
knotted configurations, and configurations of objects with nontrivial topology and/or
nontrivial internal symmetry.

By choosing M and redefining G appropriately, one also describes (0) quantum
mechanics on physical spaces that themselves are manifolds with boundary, with
singularities, or with nontrivial topology. And a certain class of representations leads
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to (p) a consistent quantum theory of particles with nonlinear time-evolutions, which
may be equivalent to linear theories via nonlinear gauge transformations, or else
may violate the “no signal” property.

The mathematical theory behind some of the above descriptions is incomplete
or only partially developed. There are many unanswered questions, opportunities
for new constructions, and (probably) new predictions to be made of a fundamental
nature [6].

S Measures, Cocycles, and Topology

Under very general conditions a unitary representation of G may be written,

d
V(p)Vi(y) = x¢()/)‘11(¢1/)\/ dlfj’ ), (N

where: y belongs to a configuration space I' carrying a group action of G inherited
naturally from M; p is a measure on I' which is quasi-invariant (i.e., the class of
measure zero sets is preserved) under the action of G; and W is a function from
I' to an inner product space WV (a complex Hilbert space), with (W (y), ¥(y))w
integrable with respect to u—ie. ¥ € H = Efl (I, W), where the inner product
in ‘H is given by (®, V) = fr(QD(y), W(y))w du(y). It may be, of course, that W
is just complex-valued. Finally, x is a unitary 1-cocycle acting on ¥ € W; i.e., it
satisfies the cocycle equation,

X¢1¢2(V) = X¢ (V)X(Z)z(d)ly)- ¢))

It is important to note that x4 (y) is defined only up to sets of p-measure zero in I'
that can depend on ¢; also, Eq. (8) holds only outside sets of measure zero that can
depend on ¢ and ¢».

The system of Radon—Nikodym derivatives oy (y) = [d g /dp](y), which exists
due to the quasi-invariance of u, is likewise a real 1-cocycle. It too is defined and
satisfies the cocycle equation (8) only up to measure zero sets.

To represent the full semidirect product group, we also need to associate
configurations y with (continuous) linear functionals on D. For example, N-point
configurations may be identified with sums of N §-functionals at distinct points in
M. Then for f € D, we have (y, f) € R; and Eq. (7) is augmented with

(W (HWI(y) =expily, /)W (y). €))

Then U (f)V (¢) provides the desired representation of D x G in H.
Given I', the group action of G on I" and a quasi-invariant measure p on I', we
may always set YW = C and x4(y) = 1 to obtain a unitary representation of D x G
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on complex-valued wave functions. But inequivalent 1-cocycles describe inequiv-
alent representations. These are constructed by “inducing” from the fundamental
group (first homotopy group) of I'. Thus does the topology of configuration space
establish the possibilities for quantum exchange statistics (as well as other exotic
possibilities) arising from kinematical symmetry.

The references below are only partial [1-7]; the reader is referred to many
additional, important sources for the results described here.
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1 Motivation

The study of systems endowed with position-dependent mass (PDM) is a subject
of great interest in many branches of physics. Among others, the examples include
dynamical systems in curved spaces with either constant curvature [12, 31] or non-
constant curvature [55], geometric optics [61], semiconductor theory [8, 9], motion
of rockets [59], raindrop problem [32], variable mass oscillators [27], inversion
potential for NH3 in density theory [4], evolution of binary systems [29], effects
of galactic mass loss [56], neutrino mass oscillations [10], and the problem of a
rigid body against a liquid free surface [54].

Despite the large number of models used to describe the dynamics of PDM
systems, the principles of the underlying theory are not fully understood. In the
classical picture a position-dependent mass function m(x) gives rise to ‘forces
quadratic in the velocity’ which lead to nonlinear differential equations of motion
in the Newtonian approach [19, 36]. In turn, the Hermiticity of the Hamiltonian
of a quantum system is part of the problem to solve if the mass depends on the
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position [17]. Nevertheless, the difficulties appearing in both pictures can be faced
by using the factorization method together with Lie algebraic tools [16-24, 33, 58].

The present work is an extended abstract from a series of lectures addressed
to introduce elements of the theory of position-dependent mass systems in both,
classical and quantum mechanics.

2 Classical Picture

The one-dimensional dynamical law for a system with position-dependent mass
m(x) > 0 that is acted by a force F' depending on position x, velocity x, and time ¢,
may be written as [19]:

dp

F(x,x;1) = o =m' ()% + m(x)X, 1)

where p = m(x) is the linear momentum. Hereafter f and f’ stand for time and
position derivatives of f, respectively. Let us rewrite the Newton equation (1) in the
standard form

m(x)xX = Fper(x, %: 1) = F(x, X3 1) —m' (x)%°. )

We immediately see that the term quadratic in the velocity corresponds to the thrust
of the system, so that Eq.(2) indicates how this term alters the velocity. Indeed,
as x2 > 0, the system is accelerated (decelerated) if the rate m’(x) is negative
(positive). Thus, a particle suffering a spatial variation of its mass is acted by a net
force Fiet that results from the combination of the external force F' and the thrust
—m’ (x)x2.

Applying the D’Alembert principle and assuming that the external force is
derivable from a scalar potential function V(x) that does not depend on either
velocity or time, from (1) we arrive at the Lagrange equation

d (0L oL ~
_ =R, L=T-YV, 3
dt(&)'c) ox v )

where R and T are the reacting thrust and kinetic energy, given by

5 . 1 / <2 1 <2
R(x,x;t) := —2m x)x=, T:= 2m(x)x .
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In turn, the Hamiltonian H can be obtained from the Legendre transformation

2

H(x, pi 1) = pi — L(x, %:1) = 2’;’(” V). )

However, as the Hamiltonian’s time rate of change H = Ri is cubic in the velocity,
the variable mass system is dissipative [40]. That is, the Hamiltonian (4) is not a
constant of motion. Yet, it may be shown [19] that the proper invariant acquires the

form
2 X
m [0V
=7 4 f dr, Q)
2my mo \ Or
where the constant mg is in mass units to get / expressed in energy units. Using
integration by parts in the latter result we arrive at the expression

(mo)I:'H(x,p; H—"0 f(’") V. (6)
m m mo

Clearly, the second term at the right hand side of (6) is just what the Hamiltonian H
lacks to be a constant of motion. The invariant / can be expressed as a modification
of the Hamiltonian (4) due to an effective potential

m [ p?
I :=Hetr = + Vet | » (7)
mg | 2m
with
m “rm\
Ver =V — 0 f ( ) Vdr. (8)
m mo

For the sake of completeness let us introduce a new “mass” term p(x) = m2(x) /mo
as well as a new “momentum” variable 7 = wx. The invariant (7) is simplified to

2 . . . .
Hett = gﬂ + Vefr, and the equations of motion can be expressed in conventional
form

. OHetr . OHetr
i = Hetthor = oy =, Hetther = — o, )
om 0x
where the Poisson bracket
af dg  df og
{f.8glxn= - (10)

dx 0w  Jm 0x
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defines the time-variation of any smooth function /# depending on x and r:

;th = {h, Heft}x n + 2}; (1D
In particular, if & = Heg, from (11) we have jt Hers = 0. Besides, from (10) one
gets {x, w}, , = 1, so that x and 7 are conjugate variables.

To summarize the results of this section let us emphasize that, although the
dynamical law for a particle that suffers a spatial variation of its mass includes
forces quadratic in the velocity, the Lagrangian can be written in the standard

form L = 2,5(2)5) — V(x), in correspondence with the conditions studied in [40].
Thez: construction of the related Hamiltonian also leads to the standard form H =
2;5();) + V(x). That is, a simple description of this kind of systems starts by
replacing the (constant) mass mg by the appropriate function of the position m (x)
in the conventional expressions of L and H. Moreover, although H is not time-
independent, it is possible to construct an energy constant of motion I = Hegt
leading to dynamical equations that have the form of the Hamilton ones. Further
details concerning the Lagrangian and Hamiltonian formulations for PDM systems
can be consulted in [19, 40]. Additional results on the matter can be found
in [26, 37, 44-47].

2.1 Algebraic Approach

The dynamical problem (9) may be studied in two general forms [19]. First, given
a specific potential V(x) acting on the mass m(x), the related phase trajectories
are found. Second, given an algebra which rules the dynamical law of the mass,
the potential and phase trajectories are constructed in a purely algebraic form.
The second approach has been successfully applied in previous works [16, 19—
24, 33, 58] and will be revisited in this section. The keystone is to notice that
the factorization method introduced in [23, 33] can be extended to the case of
PDM classical systems that obey the dynamical law (1). Indeed, working in the
(x, m)-plane, the factorization of the Hamiltonian (7) leads in a natural form to
the identification of a pair of time-dependent integrals of motion Q* which, in
turn, allows the construction of the phase trajectories (x(¢), 7w (¢)) associated to the
canonical equations. Following [19], let us look for a couple of complex functions
AT (x,m;t), A™(x,m;t), and a constant € such that the Hamiltonian (7) becomes
factorized

Hett = ATA™ +e = A" A" +¢, (12)

where

T

+ Hett. 13
J2u ) gy Heir (13)

AE = Fif(x)



Position-Dependent Mass Systems 355

Now, we ask the functions (13) to close a deformed Poisson algebra by demanding
that {A~, A"} be expressed in terms of powers of /Y Hegt. In the simplest case we
have

i {AT, AT = 20/y Herr, i {Hetr, AT} = £20y/y Her A, (14)
{Hett, ATAT} = {Hetr, A~ A} =0, (15)

with

sin |:\/2a2m0

X
/ J(t)dt:| . y=1, Heg >0,
X
sinh [\/2a2m0/ J(t)dt} . ¥ =—1, Hetr <O,
C

gx) = ¢ (16)

and J(x) = +/u(x)/mo. The function f is obtained from (16) through f2(x) =
1 — yg?(x). However, the potential allowing the above equations is not arbitrary
since it depends on the g-function as follows

€

. cos? [\/2012m0 s J(t)dt]
1—ye?x) ¢

) Heff > 07

Vett(x) = (17

, Hetr < 0.
cosh? [\/2012m0 IN J(t)dt] ‘

In other words, given the mass p(x), the Poschl-Teller potential (17) is such that the
factors (13) satisfy the deformed Poisson algebra (14)—(15). Details concerning the
time-dependent integrals of motion QF as well as further properties of the poten-
tials (17) can be consulted in [19]. For other systems see, e.g. [16, 20, 21,23, 24, 58].

3  Quantum Picture

Let us consider the one-dimensional Hamiltonian
1
H, = zm“szme“JrvEKﬁv, 2a+2b=—1 (18)

where the mass m > 0 and the potential V are functions of the position, K, is
the kinetic term of H, and P fulfills [X, P] = i#, with X the position operator.
As indicated above, the Hermiticity of the Hamiltonian H, is part of the problem
to solve. In the present case the parameter a defines the ordering of the mass
and momentum operators, so it must be properly chosen [16, 19, 22, 34, 38, 50].
Following [16, 17], the parameter a is kept arbitrary, with no more assumptions on
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a particular ordering of P and m. In position-representation, the eigenvalue equation

Hy Y (x) = EYr(x) 19)

can be reduced to a simpler form by considering the point transformation
V) =efYpw), x> yi=s), (20)

where s stands for a bijection that defines the Jacobian of the transformation J :=
s’ (x) = /m(x)/myo, and

f [ (x)|?dx = f | 4@ g (x) 2 dx < +oo. (1)
Dom(H,) Dom(H,)

The straightforward calculation gives rise to the Hamiltonian

mo | dy?

h2\ 42
H@0(y) = | - + V9 () = Ep(y) (22)
eff 2 eff ’

with an effective potential

va .-y d [(1 +a> mm'” — { ’ +a(2+a)} (m/)2i| (23)
eff - 2m3 4 16

that depends on the explicit expressions for the mass m and the initial potential V,
both of them in the y-representation. Besides,

1/4
y=sx)= /ezg(x)dx +y0, gx)=1In []1/2(x)] =1In |:m(x)i| . (24)
mo

At this stage the main simplification is the avoiding of the mass ordering in the
kinetic term of the effective Hamiltonian. Then, the techniques used to solve the
eigenvalue equation of the constant mass systems may be applied to investigate the
spectral problem defined by Eq. (22).

A further simplification is obtained if either (1) a = —1/4 or (2) the mass
function m(x) is such that Ve(faf) — V = 0. As the former case produces the identity

Ve(§) = V for any well defined mass function m(x), one says that the Hamiltonian
He(f; V% s defined by mass-independent null terms [17]. On the other hand, when
the identity Ve(g.) = V depends explicitly on the mass function m(x), fora # —1/4
we say that He(f; Y4 is defined by mass-dependent null terms [17]. In particular, a
constant mass m(x) = mg reduces the effective potential (23) to the initial one V in
y-representation.



Position-Dependent Mass Systems 357
3.1 Algebraic Approach

Let us factorize the Hamiltonian (18) in the form
H, = AB + ¢, (25)
with € a constant (in energy units) to be determined,

i i

A=— " m*Pmb+B, B=  m’Pm®+ B, AT = B, (26)
V2 V2
and B a solution of the Riccati equation
h 1\ (m
V—e= 2(a+ )( )/3—/6/:|+,32. 27
V2m [ ( 4/ \m
For arbitrary m and B the product between the factorization operators obeys the

commutation rule:

h 1\ 1> [2r®
[A,B]:—[m3/2<a+4>mi|— B (28)

Demanding the commutator (28) to close a given algebra we are in position of
getting concrete realizations of the operators A, B.

In the simplest case one has [A, B] = —hwy, so that the B-function is defined in
terms of the ordering parameter and the mass function:
ﬂ w( * l/zd h + 1 m/ + ﬂ (29)
= m r— a .
V2 NV ANREVACEL)
Therefore
2 X 2 2 x 2
, mow
v="20 / m2ar| =00 / J(rHdr| . (30)
2 2
2
Notice that m(x) = m( produces the harmonic oscillator potential V (x) = mo;)“ x2,

1/2

with B(x) = (mozw‘z’) x + Bo. Then, up to an additive constant, the operators A
and B are reduced to the conventional ladder operators of the harmonic oscillator,
as expected. For other forms of the mass function m (x) and the appropriate ordering
parameter a, the potential (30) represents a wide family of PDM potentials with the
energy spectrum of the harmonic oscillator [17]. On the other hand, the introduction
of (29) into (26) generates the ladder operators for such PDM oscillators. The
construction of the corresponding generalized coherent states is also feasible [17].
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Other PDM quantum systems can be studied through the commutator (28) by
identifying the appropriate algebra. For instance, we may look for operators A and
B such that the commutator (28) is associated with the su(l, 1) Lie algebra. The
potential (30) is in such a case associated with a family of singular oscillators [18].
Additional constructions of coherent states for PDM systems have been reported in
Refs. [1-3, 11, 14, 57, 62—-64]. Further details concerning the properties of quantum
systems with position-dependent mass can be consulted in, e.g. [5-7, 13, 15, 25, 28,
30, 35, 39, 4143, 48, 49, 51-53, 60].
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Abstract We introduce the reader to the basic concepts of the Quantum Inverse
Scattering Method and the algebraic Bethe ansatz. We describe a method for
constructing integrable systems in this framework. In particular, we obtain the
Hamiltonian of the X X X Heisenberg spin chain by this method. We also describe
a procedure for finding eigenvectors and the spectrum of quantum integrable
Hamiltonians.
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1 Introduction

This is a very short introduction to the method of the algebraic Bethe ansatz (ABA).
It is based on the lectures [2]. Interested readers are referred to this course of lectures
in which a much more detailed and extended description of the ABA can be found.
There one also can find references to numerous publications devoted to this method.
In the text below, we only formulate the main statements of the ABA. All the proofs
can be found in [2].

The ABA is a part of the Quantum Inverse Scattering Method (QISM) developed
in the works of the Leningrad School under the leadership of L. D. Faddeev [1].
This method allows one to effectively describe the spectrum of quantum integrable
models. The main advantage of the ABA is that this method deals with a special
operator algebra describing a rather wide class of quantum systems. Then different
physical systems are nothing but different representations of this algebra.
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2 Construction of Integrable Systems

Here we describe a general procedure for constructing quantum integrable systems,
which is used within the framework of the QISM. One of the main objects of the
QISM is a monodromy matrix:

(A Bw)
() = (C(u) D(u)). (1)

It’s matrix elements are operators. They depend on the complex variable u and act
in a Hilbert space H. The latter is called quantum space, while the space in which
T (u) acts as a 2 x 2 matrix is called an auxiliary space.

The commutation relations between the monodromy matrix entries are given by
an RT T -relation:

R, v)(Tw)@I)(I®T ) = (I ®T)(Tw)®I)R(u,v). )

Here R(u, v) is called an R-matrix. This is a c-number matrix, acting in the tensor
product of the auxiliary spaces.

Let we have some 7 (#) which satisfies Eq.(2). Then, multiplying (2) with
R~ !(u, v) from the right and taking the trace with respect to the auxiliary spaces
we obtain

T@T @) =TT, 3)
where
Tw)=trT(u) = A) + D). 4)

Let us expand the operator 7 (1) into power series over u centered in some point
1o

o
Tw) =Y (u—uo)I. )
k=0
Here the coefficients I are operators acting in the quantum space H. Then it follows
from (3) that all these operators commute
[Ika In] = 07 Vka n. (6)
If we now set one of I; to be the Hamiltonian of a quantum system, then we get
a model with, generally speaking, an infinite set of integrals of motion, that is, an

integrable system. This is the general scheme for constructing integrable models in
the framework of the QISM.
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The operator 7 (u) = tr T (u) is called the transfer matrix. The main task of
the QISM is to find the eigenvectors of the transfer matrix. These vectors are
simultaneously common eigenvectors of the Hamiltonian of the corresponding
quantum model and all integrals of motion.

2.1 Yang-Baxter Equation

One might have impression that R(u, v) can be any invertible matrix. However,
there are restrictions which follow from the compatibility condition. The RT T -
relation allows us to permute two monodromy matrices. We can reorder three or
more monodromy matrices using the RT T -relation successively. However, in this
case, the result may depend on the order in which the permutations are made. It
can be shown that the result is independent of the permutation order if the R-matrix
satisfies a relation

Ro3(uz, uz)Ryz(uy, uz)Rip(uy, uz) = Ryp(uy, uz) Ri3(uy, usz)Roz(uz, us),
@)

which is called Yang—Baxter equation. This equation takes place in the tensor
product C> ® C?> ® C2. The subscripts show in which two of the free spaces the
R-matrix acts non trivially.

One of the simplest nontrivial solutions to the Yang—Baxter equation (7) is given
by

R(w,v) = (u—v)l+cP, )

where 1 is the identity matrix, P is the permutation matrix, and c is a constant.

2.2 Hilbert Space

Recall that the elements of the monodromy matrix act in the quantum space H,
which we have not yet discussed. In the framework of the QISM, very small
requirements are imposed on this space. Namely, it is necessary that there exists
a vacuum vector |0) € H such that

Au)|0) = a(u)|0), D(u)|0) = d(u)[0), C)|0) = 0. )
Here a(u) and d(u) are some functions of u. Their explicit form depends on the

specific model. The action of the operator B(x) on the vacuum is free. It is assumed
that acting with this operator on |0) we generate all the space H.
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Vi N

Fig. 1 XXX Heisenberg chain

3 XXX Heisenberg Chain

As we have already mentioned, the main advantage of the ABA is that within this
method various physical models can be treated as different representations of the
same operator algebra. However, to clarify the main idea of this method, we consider
an example of a specific quantum system.

Consider a chain of N spin-1/2 particles (see. Fig. 1) and assume that the nearest
neighbors in this chain interact with each other. For simplicity, we also assume that
the strengths of the interaction along the axis x, y, and z are the same. This model
is called the X X X Heisenberg chain (magnet).

To describe this model at the mathematical language we first introduce a Hilbert
space of the corresponding Hamiltonian. For this, we associate a local quantum
space Vi with k-th site of the chain. Each of these spaces is isomorphic to C2:
V) ~ C?. The whole quantum space H of the model is a tensor product of the local
spaces Vi: H=V| ® --- ® Vn.

The spin-1/2 operators are given by the standard Pauli matrices

1/01 1 /0 —i 1(10
T = , V= , t= . 10
7 2(10) 7 2(1’0) 7 2(0—1) (10)
In the case under consideration, the Pauli matrices corresponding to the particle at

the k-th site of the chain have an additional subscript: a,?‘, where o« = x, y, z. This
means that o acts non trivially in Vi only. In other words,

of =1 - ®1®0*®1®---®1, a=uxy,z an

»
T
T
I}

Thus, these operators are the matrices of the size 2V x 2V,
Then the Hamiltonian of this quantum system can be written in the form

N
H= Z<G’falf+l + 0} 041 +‘7/f‘7/f+1)’ (12)

Uf the strengths of the interaction along different axis are different, then the model is called XY Z
Heisenberg chain.
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where we assumed periodic boundary conditions oy} = 07"

The standard problem of the quantum mechanics is to find the spectrum of the
Hamiltonian. Since in our case the Hamiltonian is a matrix of the size 2V x 2V we
are dealing with linear algebra. Therefore, we could find the eigenvalues of H by
solving the characteristic equation

det(H — A1) = 0. (13)

Let us, however, assume that the chain under consideration is a model of a one-
dimensional macroscopic crystal. This means that the number of sites of the chain
N is equal to the number of atoms in this macroscopic crystal, say, N ~ 10°. Then
the Hamiltonian is a matrix of the size 2!%° x 2106, and Eq.(13) is an algebraic
equation of degree 210° This number is so huge that there is nothing to compare it
with. Clearly, no computer can cope with such a task. We come to the conclusion that
the standard methods of the linear algebra in this case are useless, and, therefore, we
need to look for some alternative ways. One of these ways is provided by the QISM.

4 XXX Chain via QISM

The model of the X X X Heisenberg chain can be formulated within the framework
of the QISM. For this, we introduce a set of operator-valued matrices

. _fu+t 50 cop _
k(u)_ + c z ’ k_la-'-aNa (14)
CUk u — Zak

where akﬂE = %(a,f +i oky ). Then we define the monodromy matrix as follows:
Tw)=Lyw)...Ly(u)L1(1t). (15)

This matrix satisfies the RT T -relation (2) with the R-matrix (8). The corresponding
transfer matrix 7 (u) = trT(u) generates a set of commuting operators. In
particular, the Hamiltonian of the X X X chain (12) can be written in the form

dT (u)
c
du

H= T%w‘C—M (16)
U=,

where we omitted the identity operator at N for brevity.
It is easy to check that a state with all spins up (ferromagnetic state)

0 =)@ (), a7
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satisfies all the properties of the vacuum vector (9). The corresponding functions
a(u) and d(u) have the form

a(u) = @+ 5N, dw) = - 5. (18)

Thus, we have the complete description of the X X X chain on the language of the
QISM.

5 Eigenvectors of the Transfer Matrix

The ABA is a procedure for constructing the eigenvectors of the transfer matrix. We
formulate this procedure within the abstract scheme described in Sect. 2. We only
need an explicit formula for the R-matrix (8) and the action formulas (9), however,
we do not use formulas (14) and (15) for the monodromy matrix.

The main idea of the ABA is that we look for the eigenvectors of the transfer
matrix in the form

W (u)) =l—[B(uk)|0), n=0,1,.... (19)
k=1

In general, the set u = {uy, ..., u,} can contain an arbitrary number of elements,
and the parameters u can take arbitrary complex values.

We should act with the transfer matrix 7 (v) = A(v) + D(v) on the vector (19)
and check whether |W (&)) is an eigenvector of this operator. We have all necessary
tools for this. First of all, the commutation relations between the monodromy matrix
entries follow from the R7 T-relation. We need only three of them:

[B(u), B(v)] =0, (20)
A(W)B) = f(u, v)Bw)A() + g(v, u) B(v)A(u), on
D)Bu) = f (v, u)B(u)D(v) + g(u, v) B(v) D(u),
where
f(u,v):u;f—:c and g(u,v):uiv. (22)

We shall call the first term in the rhs of (21) the first commutation scheme (when the
operators keep their arguments). The term, in which the operators exchange their
arguments, will be called the second commutation scheme.

Using these commutation relations we can move the operators A and D through
the product of the operators B to the extreme right position. After this, it remains to
act with A and D on the vacuum vector via (9).



Introduction to the Algebraic Bethe Ansatz 369

Let us compute the action of the operator A(v) on the vector |W(i)). When the
operator A is permuted with the operator B, it can either keep its argument, or
borrow the argument of the operator B. As a result, we obtain

AW) |V (u)) = a(w)Ao(lu)|V(u)) + Za(uk)Ak(UW)W({% u})). (23)
k=1

Here Ay (v|u) are some unknown coefficients to be determined and iy = i \ u.
Let us compute the coefficient Ag(v|i). Obviously, this coefficient arises in
(23) if and only if we use only the first commutation scheme when permuting the
operators A(v) and B(u ;). Then, after all permutations we obtain a product of the
functions f(u, v) over u j, while the operator A(v), approaching the extreme right
position and acting on the vacuum, gives the function a(v). As the result we have

Aola) = [ f(uj, v). (24)
j=1

Let us find now A (v|u) with k& > 0. Since, | W (i)) is symmetric over the set u
(due to (20)), it is enough to find Aq(v|i). Then, in order to obtain a contribution
proportional to a(u1), it is necessary to use the second commutation scheme when
permuting A(v) and B(up). After this, when moving further to the right, A(u1)
must keep its argument, therefore, we should use the first commutation scheme only.
Thus, we arrive at

Arli) = g, un) [ ] £, u), (25)
j=2
leading to
Al = g, up) [ ] £, wo). (26)
i

The action of the D-operator can be computed exactly in the same way, and we
find

TIWG@) = a@) [ ] f@jv)+d) [] @ u)) | @)

j=1 j=1

+> g up) [a@) [T £ m) —du) [ £ up) [ 19w, ).
. T2 T2
@7)
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We see that generically | W (i)) is not an eigenvector of the transfer matrix because
of the presence of new vectors |W ({v, ix})) in the second line of (27). However, if
we impose conditions

a(uy) -
d(u) jl:[l
Jj#k

S g, uj)

s k=1,...,n, 28
£, ug) " (28)

then the sum in the second line of (27) vanishes. Then the vector | (iz)) becomes
an eigenvector of the operator 7 (v) with an eigenvalue

t(li) = a@) [ | £, v) +d@) [] £, u)). (29)

j=1 j=1

The system (28) is called the system of Bethe equations.

Thus, the transfer matrix eigenvectors have the form (19), where the parameters
u={uy,...,u,}are the roots of Bethe equations (28).

Applying this scheme to the X X X Heisenberg chain we should only substitute
the functions a(#) and d () (18) into the Bethe equations

e+ $\Y L JUj . —Uuj

( k g) -T1 UACELSY ——I1™ e k=1 a0

Uk =5 pEACTRLTY o Wke—uj—c
Jj#k

The Hamiltonian eigenvalues then can be found via (16)

2

dlog(t (v|i)) 1 ¢ ¢
-N= . 31
‘ v=5 222 s b
j=1

dv

J

Thus, the spectrum of the X X X Heisenberg chain is completely determined by
the solutions of the Bethe equations (30). Of course, the Bethe equations admit an
exact analytic solution only in exceptional cases. This is to be expected, because
having an exact solution to the system (30) would mean that we were able to find an
exact solution to the algebraic equation (13). It would be naive to hope so. However,
the system (30) is easily amenable to numerical analysis even at n and N large
enough. Furthermore, in the limit of the chain of large length, the Bethe equations
can be replaced by a linear integral equation for the density of roots, which admits
an explicit solution.
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Abstract In this note, we give a concise introduction to the noncommutative
framework for a generalization of the classical concept of compact, locally trivial
fiber bundle.
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1 From Classical to Noncommutative Bundles

Let T, B, F be topological spaces (throughout these notes always assumed compact
and Hausdorff), then the structure of a locally trivial fiber bundle F — T — B
consists of a continuous surjection ¥ : T — B such that for each point b € B
the fiber 7! (b) is homeomorphic with F, and a finite cover of B by open subsets
U; such that each set 7~ (U;) is homeomorphic to U; x F by a map which carries
fibers onto fibers. Instead of purely topological, one may also consider differentiable
bundles.
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In order to make transition from the commutative to the noncommutative world,
one trades spaces for algebras in the spirit of Gelfand’s duality. Thus each space
T, B, F is replaced by the corresponding C*-algebra of continuous, complex-
valued functions on it C(T), C(B), C(F). Remembering that Gelfand’s duality
is a contravariant functor, the projection w : T — B is replaced by a unital
embedding C(B) C C(T). From this embedding of algebras one may also recover
the algebra of functions on the fiber C(F), see [9, Remark 3.5]. In order to account
for the differentiable structure one considers dense x-subalgebras of differentiable
(or polynomial) functions O(T), O(B), O(F). A detailed account of how exactly
classical theory of differentiable fiber bundles may be developed in the language
of algebras rather than spaces is presented in [1]. The next step is to allow for
noncommutative algebras and develop an analogous theory.

2 Principal Bundles

In the classical setting, principal bundle arises when the fiber F is a compact group,
called the structure group, acting freely on the total space 7T in such a way that
the projection m identifies the base space B with the orbit space for this action.
When F is a Lie group, freeness of action automatically implies local triviality of
the corresponding bundle.

For applications to noncommutative geometry, we need to deal with structure
groups with noncommutative algebras of “functions”, that is with compact quantum
groups, whose theory was developed in the eighties by Woronowicz, [26], and by the
Russian school, [11, 21]. See [17] for a comprehensive account. A compact quantum
group G consists of a unital C*-algebra C(G) (possibly noncommutative!) and a
unital x-homomorphism

A:C(G) — C(G)®C(G),

comultiplication, which is coassociative (A ® id)A = (id ® A) A and such that both
{c®@ 1DAWY) | x,y € C(G)}and {(1 ® x)A(y) | x, ¥y € C(G)} are linearly dense
in the minimal C*-algebraic tensor product C(G) ® C(G). This definition implies,
in a non-obvious way, existence of a dense *-subalgebra O(G) € C(G) carrying
the comultiplication A and equipped with two linear maps: counit € : O(G) — C
and antipode S : O(G) — O(G) such that

m(e ® id)A =id = m(id®e)A and m(S QiId)A =€ = m(IdRS)A.
Here m : O(G) ® O(G) — O(G) denotes the algebraic multiplication. Fur-
thermore, there exists a unique faithful state 4 on C(G), the Haar measure,

characterized by the identity

(h®id)A = h = ([d®h)A.
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The x-algebra O(G) equipped with the comultiplication A, counit €, and antipode
S, is a Hopf x-algebra, [19]. O(G) is spanned by matrix elements of irreducible
representations of the (quantum) group G.

An action of a compact quantum group G on a unital C*-algebra A is a unital,
injective x-homomorphism

p:A— AR C(G)

which is coassociative (p ® id)p = (id @A) p, and such that the set {p(a)(1 ® x) |
a € A,x € C(G)} is linearly dense in the minimal C*-algebraic tensor product
A® C(G). Then A® :={a € A | p(a) = a ® 1} is the fixed point algebra, a unital
C*-subalgebra of A. In the classical case, one defines the corresponding crossed
product A x, G as the C*-algebra generated by A and the group C*-algebra C*(G),
which interact non-trivially so that x-representations of A X, G are in one-to-one
correspondence with G-covariant representations of A. A similar construction of the
crossed product is also possible for actions of compact quantum groups, see [10] for
details.

Now, by a noncommutative principal bundle we simply understand a unital C*-
algebra A playing the role of the total space, equipped with a free action of a
compact quantum structure group G, with the corresponding fixed point algebra
AC playing the role of the base space. Classically freeness means that a group
G acts with trivial stabilizers on the primitive ideal space of A. This definition is
inapplicable to the noncommutative case, since then the primitive ideal space of A
may carry little information. At least two different noncommutative generalizations
of freeness have been proposed. First one, due to Rieffel, requires that the fixed
point algebra A® and the crossed product A x o G be strongly Morita equivalent
via a natural imprimitivity bimodule contained in A X, G. This condition is called
saturatedness. See [10] for details, and [23] for a discussion of the special case
of finite quantum groups (with C(G) finite dimensional). The second one, due to
Ellwood, [12], requires that the image of the linear map

X:A®u A— AR C(G), x(a1®az) := (a1 ®1p(az) (1)

be dense in the minimal C*-algebraic tensor product. As shown in [10], these two
seemingly different definitions of freeness actually coincide.

In order to account for differentiable structure in noncommutative setting, one
needs to consider dense *-subalgebras of the ambient C*-algebras, playing the role
of smooth or polynomial functions. To this end, let H := O(G), a Hopf algebra, and
choose an A C A invariant under the action, so that p : A — A ® H. Let A7 be
the corresponding fixed point subalgebra of A. One says that the inclusion A7 € A
is Hopf-Galois if the canonical Galois map x : AQ gn A — A® H, defined as in
(1), is bijective. If, in addition, A is a faithfully flat AH -module then the extension
is called principal, [22]. It turns out that principality is equivalent to existence of a
strong connection £ : H —> A ® A, that is a unital splitting of the multiplication
map m on A, i.e. m o £ = ¢, satisfying some additional properties, see [4-6, 13].
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Finding a strong connection is a good practical way of showing principality of an
extension.

In classical geometry, every representation of the structure group of a principal
bundle gives rise to an associated bundle for which the corresponding module of
sections is projective over the algebra of functions on the base space. There is a
perfect analogy of this construction in the noncommutative setting as well. Namely,
let V be a left H-comodule, equipped with the coassociative action A : V —
H ® V. The corresponding cotensor product

AOpV =Y aj@v; e ABV Y pa) ®v; =Y a; @)

plays the role of the module of sections of the associated bundle. In fact, if the
extension A” C A is principal then Ay V is a projective A" -module (finitely
generated if V is finite dimensional). In particular, A is a projective A% -module
(typically infinitely generated).

3 Examples and Outlook

3.1 Subgroups

Let G and K be compact quantum groups, and assume there exists a surjective
sx-homomorphism ¢ : C(G) — C(K) such that Ax¢ = (¢ ® ¢)Ag. Thus K is
quantum subgroup of G. In that case, p = (id ®¢) A yields a principal action of K
on C(G). For a concrete example, let [u;;] be the fundamental matrix of the quantum
SU(N) group, [28], and let z; be the standard unitary generators for C(U (1)). Then
the assignment u;; +— §;;z; extends to such a A-commuting homomorphism ¢ :
C(SU4(N)) —> C(U(1)N). In this way, the classical group U (1)" can be viewed
as the maximal torus of the quantum group SU, (N).

3.2 Gauge Actions on Graph Algebras

Every C*-algebra C*(E) of a directed graph E comes equipped with a gauge action
of the circle group U (1). This action is principal if and only if the graph has no sinks
and no sources, [24]. On the other hand, C*-algebras of functions on quantum odd-
dimensional spheres, [25], are known to be isomorphic to graph algebras, [15]. This
leads to construction of noncommutative analogues of classical complex projective
spaces, [15, 25], and provides a convenient setting for the quantum Hopf fibration,
[14]. It is possible to consider generalized gauge actions as well, with different
“coordinates” rotated at different speeds. Fixed point algebras of such actions on
the Vaksman-Soibelman quantum spheres give rise to quantum weighted projective
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spaces, [7]. Restricting the generalized gauge action to cyclic subgroups one obtains
a large class of examples of free actions of finite cyclic groups on noncommutative
C*-algebras, [24]. In particular, fixed point algebras for such actions on quantum
odd-spheres give rise to quantum lens spaces, [7, 16].

3.3 Generalizations: The Instanton Bundle

Other approaches to noncommutative principal bundles exist in the literature,
besides the one described in these notes. In particular, one may talk about principal
bundles involving actions p that are not multiplicative (i.e. not algebra homomor-
phisms) but only coassociative, see [6]. An interesting example of such an approach
is the construction of the quantum instanton bundle SU,(2) — S; — S;‘ in
[3] and [2]. Here SU,(2) is the Woronowicz quantum SU(2) group, [27], and S;
is the Vaksman-Soibelman quantum 7-sphere, [25]. It should be noted that other
constructions of quantum instanton bundles have been proposed as well, including
the one from [18], where the action p is actually multiplicative on the polynomial
algebra of the quantum 7-sphere defined therein.

3.4 Sphere Bundles

It is not obvious how to construct a noncommutative analogue of a general locally
trivial fiber bundle. We would like to point out two sources of immediate difficulties.
Firstly, local triviality is typically defined with reference to points of the base space
B of the fiber bundle, that is to characters of the corresponding algebra of functions
C(B). This approach is inapplicable in the noncommutative setting due to possible
lack of (sufficiently many) characters on noncommutative algebras. Secondly, in
order to recover the fiber F' from the inclusion C(B) C C(T) in the classical case,
once again one has to resort to characters of C(B).

Recently, a case study of a noncommutative sphere bundle has been undertaken
in [8, 9]. Classically the full flag manifold of the SU(3) group has a natural
structure of a 2-sphere bundle over the complex projective 2-space. The total space
of this bundle admits a natural g-deformation, namely as the fixed point algebra
for the natural action of the maximal torus T? on the quantum S U, (3) group
of Woronowicz. This algebra C(SU,(3) /T?) contains a copy of the C*-algebra
C((CPqZ). It turns out that the inclusion C((Cqu) C C(SU, (3)/T?) can be viewed
as a noncommutative fibration, with a typical fiber quantum complex projective 1-
space (Cqu, i.e. the standard Podles sphere, [20]. In fact, on the level of polynomial
algebras, one obtains the desired cotensor product decomposition mimicking the
classical situation:

O(SU4(3)/T%) = O(SU, (3)) Oy, 2y O(CP,).
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