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Abstract. In this work, we consider a special kind of equivalence rela-
tions, which are called local congruences. Specifically, local congruences
are equivalence relations defined on lattices, whose equivalence classes
are convex sublattices of the original lattices. In the present paper, we
introduce an initial study about how the set of equivalence classes pro-
vided by a local congruence can be ordered.
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1 Introduction

The notion of local congruence arose in an attempt to weaken the conditions
imposed in the definition of a congruence relation on a lattice, with the goal
of taking advantage of different properties of these relations with respect to
attribute reduction in formal concept analysis [11,17,21].

Formal concept analysis (FCA) is a theory of data analysis that organizes the
information collected in a considered dataset, by means of the algebraic structure
of a complete lattice. Moreover, this theory also offers diverse mechanisms for
obtaining, handling and relating (by attribute implications) information from
datasets. One of the most interesting mechanisms is attribute reduction. Its main
goal is the selection of the main attributes of the given dataset and detecting
the unnecessary ones to preserve the estructure of the complete lattice.

In [4,5], the authors remarked that when a reduction of the set of attributes
in the dataset is carried out, an equivalence relation is induced. This induced
equivalence relation satisfies that the generated equivalence classes have the
structure of a join-semilattice. Inspired by this fact, the original idea given in [1]
was to complement these studies by proposing the use of equivalence relations
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containing the induced equivalence relation and satisfying that the generated
equivalence classes be convex sublattices of the original lattice.

For example, congruence relations [6,10,12,13] hold the previously exposed
requirements. In addition, congruence relations have already been applied to the
framework of FCA [11,15,18-20]. Nevertheless, in [2] was proved that congru-
ence relations are not suitable to complement the reductions in FCA, since the
constraints imposed by this kind of equivalence relation entail a great loss of
information. This reason is the main justification to weaken the notion of con-
gruence relation, appearing the definition of local congruence. These new equiv-
alence relations are also defined on lattices and only require that the equivalence
classes be convex sublattices of the original lattice. The use of local congruences
considerably reduces the problem of the loss of information.

However, the appearance of local congruences uncovers new open problems
that require answers. One of these open problems is to provide an ordering
relation on the set of equivalence classes, that is, on the quotient set associated
with the local congruence. This is the main issue addressed in this paper. First
of all, we will show that the usually considered ordering relations on the set of
equivalence class of a congruence relation, cannot be used for local congruences.
Then, we will define a new binary relation on lattices which turns out to be
a pre-order when it is used to establish a hierarchy on the equivalence classes
provided by a local congruence. Finally, we will also state under what conditions
this pre-order is a partial order.

The paper is organized as follows: Sect.2 recalls some preliminary notions
used throughout of the paper. Section3 presents the study of the hierarchy
among the equivalence classes provided by local congruences. The paper fin-
ishes with some conclusions and prospects for future works, which are included
in Sect. 4.

2 Preliminaries

In this section, we recall basic notions used in this paper. The first notion is
related to a special kind of equivalence relation on lattices, which are called
congruence relations.

Definition 1 ([10]). Given a lattice (L, =), we say that an equivalence relation
0 on L is a congruence if, for all ag,a1,by,b1 € L,

(ao,bo) €0, ((Zl,bl) € 0 imply that (ao Vai, by V bl) €0, ((10 Aai,bg A bl) € 0.
where A\ and \V are the infimum and the supremum operators.

Now, we recall the notion of quotient lattice from a congruence, based on the
operations of the original lattice.

Definition 2 ([10]). Given an equivalence relation 6 on a lattice (L, =), the
operators infimum and supremum, Vg and Ng, can be defined on the set of equiv-
alence classes L/0 = {[alg | a € L} for all a,b € L, as follows:

[a]g Vo [b]g = [a V b]o and [a]e No [b]g = [a/\ b}g.
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Vo and Ng are well defined on L/0 if and only if 0 is a congruence.

When 0 is a congruence on L, the tuple (L/0,Vg, Ng) is called quotient lattice
of L modulo 6.

Now, let us suppose that {a, b, c,d} is a subset of a given lattice (L, <). Then,
the pairs a, b and ¢, d are said to be opposite sides of the quadrilateral (a, b; ¢, d)
if a < b, ¢ < d and either:

(avd=bandaNd=c) or (bVec=dandbAc=a).

In addition, we say that the equivalence classes provided by an equivalence rela-
tion are quadrilateral-closed if whenever given two opposite sides of a quadrilat-
eral (a,b; ¢, d), such that a,b € [z]g, with € L then there exists y € L such that
¢,d € [y]g. This notion leads us to the following result which is a characterization
of the congruence notion in terms of their equivalence classes and plays a key
role in the definition of local congruences as we will show later (more detailed
information on the characterization and the notions involved in this result can
be found in [10]).

Theorem 1 ([10]). Let (L, =) be a lattice and 6 an equivalence relation on L.
Then, 0 is a congruence if and only if

(i) each equivalence class of 0 is a sublattice of L,
(ii) each equivalence class of 6 is convez,
(iii) the equivalence classes of 6 are quadrilateral-closed.

With the goal of obtaining a less-constraining equivalence relations than
congruences, but preserving some interesting properties satisfied by this kind
of equivalence relations, the notion of local congruence arose [2] in the frame-
work of attribute reduction in FCA [7-9,11,16], focused on providing an optimal
reduction on FCA from the application of Rough Set techniques [4,5,14]. This
notion is recalled in the following definition and mainly consist in the elimination
of a restriction (last item) in the previous theorem.

Definition 3. Given a lattice (L, <), we say that an equivalence relation 6 on
L is a local congruence if the following properties hold:

(i) each equivalence class of ¢ is a sublattice of L,
(i) each equivalence class of § is conve.

Next section studies how we can define an ordering relation between the

equivalence classes obtained from a local congruence.

3 Ordering Classes of Local Congruences

In this section, we are interested in studying ordering relations for local congru-
ences. This fact is fundamental for establishing a proper hierarchy among the
classes of concepts obtained after the reduction in FCA [3-5].
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The set of equivalence classes of a congruence on a lattice L can be ordered
by a partial order <y which is defined, for all a,b € L, by means of the operators
Vg and Ay presented in Definition 2, as follows:

[alo =0 [blo if [alo = [alo Ao [blg or [blg = [alg Vo [b]o (1)

This ordering relation cannot be used for local congruences since local con-
gruences are not compatible with either supremum or infimum, that is, the oper-
ators Vy and Ag could not be well defined when the considered relation is a local
congruence due to they do not satisfy the quadrilateral-closed property unlike
congruences. In the next example, we illustrate this fact.

Ezample 1. Let us consider the lattice (L, <) shown in the left side of Fig. 1,
and the local congruence d, highlighted by means of a Venn diagram, given in
the right side of Fig. 1.

T

as .A b2 as b2

ax by ax b1
1

Fig. 1. Lattice (left) and local congruence (right) of Example 1.

It is easy to see that the considered local congruence § provides four different
equivalence classes which are listed below:

We can observe that a1, L and by, by are opposite sides, but a; and L are
not in the same equivalence class, which means that the equivalence classes of
6 are not quadrilateral-closed. As a consequence, the infimum and supremum
operators described in Expression (1) are not well defined. For example, we have
that

[az]s As [b1]s = [aa A bi]s = [L]s
[az]s Ao [b1]s = [a2 A b2]s = [a1]s
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and clearly [L]s # [a1]s. Therefore, the ordering <s cannot be defined on local
congruences. O

A property of the ordering relation, shown in Expression (1), was shown
in [10], which provides another possibility of defining an ordering on the set of
local congruences.

Proposition 1 ([10]). Let 6 be a congruence on a lattice (L, <) and let [a]g and
[blo be equivalence classes of L/6. Then, the binary relation < defined on L/6
as: [alg < [blg, if there exist a’ € [alg and V' € [blg, for all o’ <V, is an ordering
relation.

Clearly, the relation < is the associated ordering relation with the algebraic
lattice (L/0, Vg, Ng). Consequently, we cannot use either this alternative defini-
tion in the equivalence classes of a local congruence. In the following example, we
show a case where the application of this ordering relation for a local congruence
does not satisfies the transitivity property.

Ezample 2. We will consider the lattice (L, <) and the local congruence ¢ both
given in Fig.2. As we can observe, the local congruence provides five different
equivalence classes:

5
[c1]5 = [e2]s = {1, c2}
[L]s ={L}
-
az C2
ail C1
1

Fig. 2. Lattice (left) and local congruence (right) of Example 2.

If we try to order the equivalence classes of § using the ordering relation
described in Proposition 1, we obtain that [a1]s < [b1]s, since a3 < by, and
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[b1]s < [c1]s because by < ca. Nevertheless, we can see that [ai]s is not lesser
than [c1]s because neither a; nor ay are lesser than ¢; or ¢g in L. Therefore, the
ordering relation defined in Proposition 1 is not transitive for local congruences
in general and thus, it is not a partial order for local congruences. a

As we have seen in the previous example, the ordering relation defined in
Proposition 1 cannot be used either to order the equivalence classes obtained
from local congruences. However, the underlying idea of the ordering relation of
Proposition 1 can be considered to define a more suitable ordering relation for
being applied on local congruences. In order to achieve this goal, we formalize
some notions presented in [6], which are related to the ordering of elements in the
quotient set provided from equivalence relations defined on posets. The following
notion is related to the way in which two elements of the original lattice can be
connected via the local congruence.

Definition 4. Let (L, =) be a lattice and a local congruence § on L.

(i) A sequence of elements of L, (po,p1,...,Pn) with n>1, is called a §-
sequence, denoted as (po, pn)s, if for each i € {1,...,n} either (p;—1,p;) €6
or pi_1 = p; holds.

(i) If a §-sequence (po, pn)s satisfies that pg = py, then it is called a 0-cycle. In
addition, if the §-cycle satisfies that [pols = [p1]ls = -+ = [pnls, then we say
that the §-cycle is closed.

With the notions of Definition 4, we present a new binary relation on local
congruences in the following definition.

Definition 5. Given a lattice (L, =) and a local congruence 6 on L, we define
a binary relation <5 on L/§ as follows:

[*]s =5 [yls if there exists a 6-sequence (x',y)s
for some x’ € [x]s and ¥’ € [y]s.
Now, we go back to Example 2 in order to illustrate this relation.

Ezxample 3. Returning to Example 2, we want to establish a hierarchy among
the equivalence classes depicted in Fig.2 by means of the relation given in
Definition 5. By considering this definition, it is clear that [a1]s =<s [b1]s and
[b1]s =5 [c1]s. In addition, we can observe that, in this case, we also have that
[a1]s =s [c1]s since there exists a d-sequence that connects one element of the
class [a;]s with another element of the class [¢1]s, this d-sequence is shown below:

(a1,02)5 = (al,bg,bl,CQ), since aq j bQ, (bz,bl) c (; and b1 j C2

Therefore, the relationship among the elements in the quotient set L/d given
by <s are shown in Fig. 3. O
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®[T]s

® [c1]s = [c2]s

® [b1]s = [b2]s

® [a1]s = [az2]s

[ JERP

Fig. 3. Hasse diagram of the relation among the elements in L/§ of Example 3.

Observe that the binary relation <5 given in Definition 5 is a pre-order. Evi-
dently, by definition, <s is reflexive and transitive. Now, we present an example
in which the previously defined relation <s does not hold the antisymmetry
property and, consequently, it cannot be used to establish an ordering among
the equivalent classes obtained from a local congruence.

Ezample 4. Let us consider the lattice (L, <) and the local congruence ¢ given
in Fig. 4. The equivalence classes provided by § are:

[Tls ={T}
[a4 5§ = {al,GQ,a?,,CM}

]
]
bols = {b1,b2}
]
]

[a1]s = [az]s = [as]s
[b1]s
5

[c1]

[
[62 5= {01,02}
[L]s = {L}

C2

NV .

Fig. 4. Lattice and local congruence of Example 4.
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If we try to establish a hierarchy among the equivalence classes using the
binary relation given in Definition 5, we obtain that [c1]s =<5 [a1]s since there
exists another d-sequence that connects ¢; with as:

(c1,a2)s = (c1,a2) since ¢ < as

In addition, we also have that [a1]s =<5 [c1]s, because there exists a d-sequence
that connects the elements a3 and c¢s:

(az,c2)s = (as, b, b1,c2) since a3z =< by, (ba,b1) €5 and by <o

Therefore, we have that [a1]s <s [c1]s and [e1]s =5 [a1]s, but these classes are
not equal. Thus, the antisymmetry property does not hold and, as a consequence,
the obtained equivalent classes from the considered local congruence cannot be
ordered by means of the considered binary relation. a

As we have seen in the previous example, the preorder =g is not a partial
order since the antisymmetry property is not satisfied for any local congruence,
in general. Therefore, it is important to study sufficient conditions to ensure
that (L/d,=s) is a poset. The following result states a condition under which
the binary relation of Definition 5 is a partial order on local congruences.

Theorem 2. Given a lattice (L, <) and a local congruence 6 on L, the preorder
=s given in Definition 5 is a partial order if and only if either no d-cycle exists
or every 0-cycle of elements in L is closed.

Since no d-cycle of elements in L exists with respect to the local congruences
in Examples 1 and 2, we can ensure that the obtained quotient sets, together
with the binary relation <y, are posets in both examples. The following example
shows a local congruence on the lattice L given in Example 4, such as (L/d, <s)
is a poset.

Ezample 5. On the lattice (L, <) of Example 4, the quotient set L/ given by
local congruence §; depicted in the right side of Fig. 5, together with the binary
relation defined in Definition 5, is a poset.

C2

Vaaran

Fig. 5. Local congruence d; (right) of Example 5 on the lattice of Example 4 (left).



306 R. G. Aragén et al.

We can ensure that because no d;-cycle exists. The right side of Fig. 6 shows
an equivalence relation that contains the d-cycle of Example 4 in one equivalence
class. Therefore, the least local congruence, called ds, is the one that groups
all the elements in a single class and, as a consequence, the d-cycle is closed.

Therefore, by Theorem 2, the pair (L/d2, <s,) it is also a poset. O
T /QQ\
P C2 b

NV .

e

Fig. 6. Equivalence relation (right) of Example 5 on the lattice of Example 4 (left).

4 Conclusions and Future Work

In this paper, we have introduced an initial study about different ways of estab-
lish a hierarchy among the equivalence classes provided by local congruences. We
have analyzed the results of applying the usually considered ordering relations
on the quotient set of congruences, obtaining that these ordering relations are
not suitable to be used on local congruences. Based on the underlying philos-
ophy of one characterization of the ordering relation used for congruences, we
have defined a new binary relation on the equivalence classes obtained from a
local congruences. We have also proven that this binary relation is a preorder.
Moreover, we have stated a sufficient condition on the lattice in which the local
congruence is defined, in order to guarantee that this preorder is actually a par-
tial order. All the ideas presented throughout this study have been illustrated
by means of diverse examples.

As future work, we are interested in continuing this study and defining
another binary relation, which will be a partial order on the equivalence classes
of any local congruence. Furthermore, we will apply this type of equivalence rela-
tions in practical problems, such as in tasks related to the reduction of concept
lattices in the framework of formal concept analysis.
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