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Abstract We consider the Sommerfeld problem of diffraction by an opaque
half-plane interpreting it as the limiting case as t — oo of the corresponding
non-stationary diffraction problem. We prove that the Sommerfeld formula for the
solution is the limiting amplitude of the solution of this non-stationary problem
which belongs to a certain functional class and is unique in it. For the proof of
the uniqueness of solution to the non-stationary problem we reduce this problem,
after the Fourier-Laplace transform in ¢, to a stationary diffraction problem with a
complex wave number. This permits us to use the proof of the uniqueness in the
Sobolev space H! as in (Castro and Kapanadze, J Math Anal Appl 421(2):1295-
1314, 2015). Thus we avoid imposing the radiation condition from the beginning
and instead obtain it in a natural way.
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1 Introduction

The main goal of this paper is to prove the uniqueness of a solution to the Som-
merfeld half-plane problem [23, 32, 33] with a real wave number, proceeding from
the uniqueness of the corresponding time-dependent problem in a certain functional
class. The existence and uniqueness of solutions to this problem was considered in
many papers, for example in [8, 12, 25]. However, in our opinion, the problem of
uniqueness is still not solved in a satisfactory form from the point of view of the
boundary value problems (BVPs). The fact is that this problem is a homogeneous
BVP boundary value problem which admits various nontrivial solutions. Usually the
“correct” solutions are chosen by physical reasoning [23, 25, 32, 33], for example,
using the Sommerfeld radiation conditions and regularity conditions at the edge.

The question is: from where do the radiation and regularity conditions arise,
from the mathematical point of view?

Our goal is to show that they arise automatically from the non-stationary
problem. This means the following: we prove that the Sommerfeld solution is a
limiting amplitude of a solution to the corresponding non-stationary problem which
is unique in an appropriate functional class. Since the Sommerfeld solution, as is
well-known, satisfies the radiation and regularity conditions, our limiting amplitude
also satisfies them. Of course, the limiting amplitude principle (LAP) is very well-
known for the diffraction by smooth obstacles, see e.g. [28, 29], but we are unaware
of its rigorous proof in the case of diffraction by a half-plane.

The literature devoted to diffraction by wedges including the Sommerfeld
problem is enormous (see e.g. the review in [20]), and we will only indicate some
papers where the uniqueness is treated. In paper [25] a uniqueness theorem was
proven for the Helmholtz equation (A + 1)u = 0 in two-dimensional regions D of
half-plane type. These regions can have a finite number of bounded obstacles with
singularities on their boundaries. In particular, the uniqueness of solution u to the
Sommerfeld problem was proven by means of the decomposition of the solution into
the sum u = g+ h, where g describes the geometrical optics incoming and reflected
waves and h satisfies the Sommerfeld radiation condition (clearly, # should also
satisfy the regularity conditions at the edge).

In paper [8] exact conditions were found for the uniqueness in the case of
complex wave number. The problem was considered in Sobolev spaces for a wide
class of generalized incident waves, and for DD and NN boundary conditions. In
paper [12] the same problem was considered also for the complex wave number and
for DN boundary conditions. In both papers the Wiener-Hopf method has been used.
Time-dependent scattering by wedges was considered in many papers although their
number is not so large as the number of papers devoted to the stationary scattering
by wedges. We indicate here the following papers: [1-4, 13, 14, 24, 26-31]. The
detailed description of these papers is given in [19].

In [6,7, 10, 17-20, 22], the diffraction by a wedge of magnitude ¢ (which can be
a half-plane in the case ¢ = 0 as in [20]) with real wavenumber was considered as
a stationary problem which is the “limiting case” of a non-stationary one. More
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precisely, we seek the solutions of the classical diffraction problems as limiting
amplitudes of solutions to corresponding non-stationary problems, which are unique
in some appropriate functional class. We also, like in [25], decomposed the solution
of non-stationary problem separating a “bad” incident wave, so that the other part
of solution belongs to a certain appropriate functional class. Thus we avoided the
a priori use of the radiation and regularity conditions and instead obtained them in
a natural way. In papers [10, 17, 19] we considered the time-dependent scattering
with DD, DN and NN boundary conditions and proved the uniqueness of solution
in an appropriate functional class. But these results were obtained only for ¢ # 0
because in the proof of uniqueness we used the Method of Complex Characteristics
[15, 16, 21] which “works” only for ¢ # 0.

For ¢ = 0 we need to use other methods, namely, the reduction of the
uniqueness problem for the stationary diffraction to the uniqueness problem for the
corresponding non-stationary diffraction, which, in turn, is reduced to the proof of
uniqueness of solution of the stationary problem but with a complex wavenumber,
see e.g. [5].

Note that in [18] we proved the LAP for ¢ # 0 and for the DD boundary
conditions. Similar results for the NN and DN boundary conditions were obtained
in [6, 7, 10]. A generalization of these results to the case of generalized incident
wave (cf. [8]) was given in [19]. This approach (stationary diffraction as the limit
of time-dependent one) permits us to justify all the classical explicit formulas
[13, 14, 20, 28-31] and to prove their coincidence with the explicit formulas given
in [17, 19, 22]. In other words, all the classical formulas are limiting amplitudes
of solutions to non-stationary problems as t — oo. For the Sommerfeld problem,
this was proven in [20], except for the proof of the uniqueness of the solution to
the non-stationary problem in an appropriate class. This paper makes up for this
omission.

Our plan is as follows. The non-stationary diffraction problem is reduced by
means of the Fourier—Laplace transform with respect to time ¢ to a stationary one
with a complex wave number. For this problem the uniqueness theorems can be
proven more easily in Sobolev classes (see an important paper [5]) and do not
use the radiation conditions. Then we prove that the Fourier—Laplace transforms of
solutions to non-stationary diffraction half-plane problem, whose amplitude tends
to the Sommerfeld solution, also belong to a Sobolev space for a rather wide class
of incident waves. This permits us to reduce the problem to the case of [5].

Let us pass to the problem setting. We consider the two-dimensional time-
dependent scattering of a plane wave by the half-plane

wo = {(xl,xz)eR2:x2=0,x1 ZO}~

(Obviously, W9 is a half-line in R2, but if one recalls that the initial problem is
three-dimensional, W becomes a half-plane; the third coordinate is suppressed in
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all what follows.) The non-stationary incident plane wave in the absence of obstacles
reads

u;(x,t) = e_i“"’(’_“'x)f(t —n-x), xeR’® teR, (1.1)
where
wo >0, n={ny,ny) = (cos(w + a), sin(wr + )), (1.2)

and f is “a profile function”, such that f € L! (R), and

loc

f(s) =0, s <0, sup(1 + [s])?|f(s)| < oo for some p € R, sEToof(s) =1.
(1.3)
Remark 1.1 Obviously, these functions satisfy the D’Alembert equation
Cu; (x, t) = 0 in the sense of distributions.
For definiteness, we assume that
T

3 <a <. (1.4)

In this case the front of the incident wave u; reaches the half-plane WO for the first
time at the moment + = O and at this moment the reflected wave u, (x, t) is born
(see Fig. 1). Thus

ur(x,t)=0, t<0O.
Note that for + — oo the limiting amplitude of u; is exactly equal to the Sommerfeld
incident wave [33] by (1.3), cf. also (2.1) below.

The time-dependent scattering with the Dirichlet boundary conditions is
described by the mixed problem

Ou(x, t) := (87 — Au(x, 1) =0, x € Q

t e R, (1.5)
u(xy, £0,t) =0, x1 >0
where Q := R?\ WY, The “initial condition” reads
ulx,t)y =u;(x,t), xeQ, t<0, (1.6)

where u; is the incident plane wave (1.1).
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Fig. 1 Time-dependent diffraction by a half-plane

Introduce the non-stationary “scattered” wave u; as the difference between u and
Ui,

ug(x,t) :=u(x,t) —u;(x,t), xe€Q, tek (L.7)

Since Uu; (x,1) =0, (x,7) € O x R, we get from (1.6), (1.5) that

Oug(x,t) =0, (x,1t) € O xR, (1.8)
ug(x,t) =0, xeQ, t<0, (1.9)
ug(xy, £0,¢) = —u;(x1,0,¢), x1 >0, ¢t>0. (1.10)
Denote
o+ =1 £a. (1.11)

Everywhere below we assume that
Xy =rcosep, xpy=rsing, 0<¢ <27 (1.12)

Let us define the nonstationary incident wave in the presence of the obstacle WP,
which is the opaque screen,

ui(p, 0, 1), 0 < < @4,
MQ(,O,(P, 1) = i(p % ) % P+ (1.13)
L
0, Yy <@ <2m.
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Remark 1.2 The function u; has no physical sense, since u; #* u?. The wave ug
coincides with the scattered wave u? =u— u? in the zone {(p, ¢) : 0 < ¢ < ¢4},
but in the zone {(p, @) : ¢+ < ¢ < 27} we have u? =ug + u;.

The goal of the paper is to prove that the Sommerfeld solution of half-plane
diffraction problem is the limiting amplitude of the solution to time-dependent
problem (1.5), (1.6) (with any f satisfying (1.3)) and this solution is unique in an
appropriate functional class.

The paper is organized as follows. In Sect. 2 we recall the Sommerfeld solution.
In Sect. 3 we reduce the time-dependent diffraction problem to a “stationary” one
and define a functional class of solutions. In Sect.4 we give an explicit formula
for the solution of time-dependent problem and prove that the Sommerfeld solution
is its limiting amplitude. In Sect. 5 we prove that the solution belongs to a certain
functional class. Finally, in Sect. 6 we prove the uniqueness.

2 Sommerfeld’s Diffraction

Let us recall the Sommerfeld solution [23, 33]. The stationary incident wave (rather,
the incident wave limiting amplitude) in the presence of the obstacle is

—iwpp cos(p—a) , e (), ,
Ap.g)=1° el @2.1)
0, ¢ € (¢4, 2m).

We denote this incident wave as .A? since it is the limiting amplitude of the non-
stationary incident wave u? given by (1.13):

AP (p. @) = lim " "u(x, 1),

in view of formula (1.1), see Remark 1.2. The Sommerfeld half—_plane diffraction
problem can be formulated as follows: find a function A(x), x € Q, such that

{ (A+ o) Ax) =0, xeQ, 02
A(xl, :|:0) = 0, X1 > 0,
Ax) = A0x) + A () + Ag(x), x €0, (2.3)

where A, (x) is the reflected wave,

—e—iwopcosipta) @€ (0,p-),
o= 2.4)
0, ¢ € (g, 2m),
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and Ay (x) is the wave diffracted by the edge,
Ag(x) = 0, |x] = oco. (2.5)

A. Sommerfeld [33] found the solution of this problem in the form

1 N
Alp, ¢) = Ef((%w)e_”"pc‘””d% p =0, ¢el0,2nr],
c

where
(r.9) = (1) (o) ee )

and C is the Sommerfeld contour (see [20, formula (1.1) and Fig. 3]).

In the rest of the paper we prove that this solution is the limiting amplitude of the
solution of time-dependent problem (1.5) and is unique in an appropriate functional
class.

The Sommerfeld diffraction problem can also be considered for NN and DN
half-plane. The corresponding formulas for the solution can be found in [19].

Sommerfeld obtained his solution using an original method of solutions of the
Helmholtz equation on a Riemann surface. Note that a similar approach was used
for the diffraction by a wedge of rational angle [9], where well-posedness in suitable
Sobolev space was proved.

3 Reduction to a ‘“‘Stationary’’ Problem: Fourier-Laplace
Transform

Let ﬁ(w), w € CT, denote the Fourier—Laplace transform F;_,, of h(?),

h() = Fiolh(t)] = /ei“’th(t) dt, heLi(RY); (3.1)
0

Fiw is extended by continuity to S’ RF). Assuming that ug(x, ) belongs to
S (R2 x R¥) (see (1.9) and Definition 3.1), we apply this transform to system (1.8)—
(1.10), and obtain

2\ —
! (A + V)i (x, ) =0, Ye0 | ot (3.2)

’I’?S(xl’ :I:Ov CL)) = _,M\i(.xl, :to’ (U), X1 > 0
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Let us calculate u; (x, w). Changing the variable # — n - x = 7, and using the fact
that supp f C RT we obtain from (1.1) and (1.2) that

i (x, ) = €™ flw — wp). (3.3)
Hence,
Wi (x1,0, ) = " Fw — wg), x1 >0,
and the boundary condition in (3.2) is 0y (x1, 0, ®) = —g(w)e'®"1*1. Therefore we

come to the following family of BVPs depending on w € C™: find % (x, ) such
that

(A + Dy (x, w) =0, xeQ,

~ . (3.4)
ug(x1, £0, w) = —g(@)e' "™, x1 > 0.
We are going to prove the existence and uniqueness of solution to problem (1.5),
(1.6) such that u; given by (1.7) belongs to the space M, which is defined as follows:

Definition 3.1 M is the space of functions u(x,t) € §’ (R? x @) such that its
Fourier-Laplace transform #(x, @) is a holomorphic function on w € C* with
values in C2(Q) and

(-, -, ) € H(0) (3.5)

forany w € C*.

Remark 3.2 We use the classical definition [11] of the space H 1 (Q) as the
completion of the space of smooth functions on Q with respect to the corresponding
norm. This definition does not coincide with the frequently used definition of
H'(Q) as the space restrictions of distributions from H'(R) to Q. In our case these
definitions lead to different spaces; in particular, the latter definition does not allow
for functions which are discontinuous across W. In [34], another space allowing for
the same class of functions was introduced; the proof of uniqueness of the solution
to our problem in that space is an open question.

Remark 3.3 Note that u; (x, )| g, v ¢ M., where for g € D(R?),

<ui(x, t)\szRi, 90> = / u(x, e(x,t)dxdt.
R2xR+

In fact, ‘ei“’“"‘] = ¢®2P8(9=) and fora — /2 < ¢ < a +7/2, w € CT it grows
exponentially as p — oo, and hence does not satisfy (3.5); because of this we use
system (1.8)—(1.10) instead of (1.5) (they are equivalent by (1.6)) since (1.8)—(1.10)
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involves only the values of u; on the boundary and the latter possess the Fourier—
Laplace transforms which do not grow exponentially.

Remark 3.4 Since for a (weak) solution of the Helmholtz equation u; € H'(Q)
the Dirichlet and Neumann data exist in the trace sense and in the distributional
sense, respectively (see, e.g., [S]), problem (3.4) is well-posed. Hence, problem
(1.8)—(1.10) is well-posed too.

4 Connection Between the Non-stationary Diffraction
Problem (1.5) and (1.6) and the Sommerfeld Half-Plane
Problem

In paper [20] we solved problem (1.5) and (1.6). Let us recall the corresponding
construction. First we define the non-stationary reflected wave [20, formula (26)]:

—eTi0U=MY) £(4 . x), @ € (0, p_
Uy (x, 1) = A A e T 4.1)
0, ¢ € (¢, 2m)

where n := (n1, —ny) = (—cosa, sinx) (see Fig. 1).
Note that its limiting amplitude coincides with (2.4) similarly to the incident
wave.
Second, we define the non-stationary diffracted wave (cf. [20, formula (31) for
¢ = 0]). Let
Z(B, @) :=Z(B+2mi —igp), 4.2)

and

ua(p, ¢, 1) = é/z(ﬂ, @)F(t — pcosh ) dp, (4.3)
R

where ¢ € (0,27), ¢ # @+;t > 0,

F(s) = f(s)e "0, 4.4)

Z(z)=—U<—%T+z>+U<—Sl%+z), 45)

U(¢) = coth (g(; - i% + ia)) — coth (g(g - i% - ia)), g=

1 (4.6)

for the Dirichlet boundary conditions. Below in Lemma 8.1 we give the necessary
properties of the function Z, from which the convergence of integral (4.3) follows.
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Obviously, the condition supp F' C [0, oo) (see (3.1)) implies that supp ug (-, -, t) C
[0, +00).

Remark 4.1 The function U(y + ¢) essentially coincides with the Sommerfeld
kernel (2.6). This is for a reason. In paper [17] it was proven that the solution to the
corresponding time-dependent diffraction problem by an arbitrary angle ¢ € (0, 7]
belonging to a certain class similar to M necessarily has the form of the Sommerfeld
type integral with the Sommerfeld type kernel.

Finally, we proved [20, Th. 3.2, Th 4.1] the following.
Theorem 4.2
(1) For f € Ll (R) the function

loc

u(p, ¢, 1) == ud(p, 0, 0) +ur(p, 0, 1) +ua(p, 0, 1), ¢ # o 4.7

belongs to LZIOC(Q x RY). It is continuous up to 3Q x R and satisfies the

boundary and initial conditions (1.5), (1.6). The D’Alembert equation in (1.5)
holds in the sense of distributions.
(i) The LAP holds for Sommerfeld’s diffraction by a half-plane:

iwgt

ulp,p,t) =Alp,9), ¢ # ¢+

lim e
11— o0

(the limit here and everywhere else is pointwise).

Since the main object of our consideration will be the “scattered” wave ug(x, )
given by (1.7), we clarify the connection between u; and the Sommerfeld solution

A.
Corollary 4.3 Define A;(x) = e @0+ ywhich is the limiting amplitude of
ui(x,t) given by (1.1). The limiting amplitude of us(x, t) is the function

As(x) = A(x) — A (x), (4.8)

i limy_, o0 €0 ug (x, 1) = Ag(x).
Proof The statement follows from (1.7). O

Remark 4.4 The function A is the limiting amplitude of the scattered non-
stationary wave u;(x, t) and Aj satisfies the following nonhomogeneous BVP:

(A + w%)AS(x) =0, x € Q,

4.9)
Ag(x1, £0) = —A;(x1,0), x1 > 0.

This BVP (as well as (2.2)) is ill-posed since the homogeneous problem admits
many solutions (i.e., the solution is nonunique).
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Remark 4.5 A, can be decomposed similarly to (2.3). Namely, by (4.8) and (2.3),
we have

Ay = A+ A (0) + Ag(x) — Ai(x) = A (x) + Ag (x) — Al (x), (4.10)
where Ail x) = Ai(x) — .A?(x). Obviously, problems (4.9), (4.10) and (2.2), (2.3)

with condition (2.5) are equivalent, but the first problem is more convenient as we
will see later.

5 Solution of the “Stationary” Problem

In this section we will obtain an explicit formula for the solution of (3.4) and prove
that it belongs to H'(Q) forall w € C*.

Let Z(B, ¢) be given by (4.2). First, we will need the Fourier—Laplace transforms
of the reflected and diffracted waves (4.1), (4.3).

Lemma 5.1 The Fourier—Laplace transforms of u, and ug are

o —lwopcos(ota) o (0, _),
Uur(x, w) = fw—wp)e vele) G-
0, ¢ € (p_,2m),

~ I~ iw, S
50, 9. @) = gf(w—wo)/z(;i 0) PP GB e CF o £ g (52)
R

Proof From (4.1) we have

—Fimeo [T (1 —H-0) | 9 € 0,90,

Ar( ’ =
(e, @) { 0, ¢ € (p—,2m).

Further,
o
_-7:t—>w I:e—iw()(t—ﬁ-x)f(t —n- x)] — _eiwo(ﬁ-x)/ei(w—wg)t f(t —n- .X) dt.
0

Changing the variable t —n - x = t, we obtain

o0
Wy (x, ) = —/ O™ [ O f(ry dT, @ € (0, o).
—n-x



466 A. Merzon et al.
Moreover, by (4.1),

—n-x=pcos(p —a) <c<0, ¢e,¢),
since 7/2 < @ < ¢ +a < 7w by (1.4) and (1.11). Hence, we obtain (5.1), since
supp f C R*. The second formula in (5.1) follows from definition (4.1) of u,.

Let us prove (5.2). Everywhere below we put w = w1 +iw2, w12 € R, wy > 0,
for w € CT. By Lemma 8.1(i), (1.3) and (4.4) we have

U Z(B,@)F(t — poosh )| = Ce™ e FPA+NT, p <09 £ i fER.

Hence, by the Fubini Theorem there exists the Fourier—Laplace transform of
ud('v ) t) and

T .0 = o [ 2. 0Fu[F—peonp|ap. o Fos  63)
R

We have
o0

G(p, B, w) = ]-',_>w[F(t — pcosh ,3)] = feiwa(t — pcoshB) di, weCH.
0

Making the change of the variable T = t — pcosh g in the last integral and
using the fact that supp F C [0, o0) and ﬁ(a)) = f(a) — wp) by (4.4), we get
G(p, B, w) = el®pcoshp f(a) — wp). Substituting this expression into (5.3) we obtain
(5.2). Lemma 5.1 is proven. |

5.1 Estimates for u,, d,ly, d,U,

Lemma 5.2 For any w € C, there exist C(w), c(w) > 0, such that both functions
U, and 3,1, admit the same estimate

@(p, 9. @) = Cl@)e @

>0, 9ec(0,27), ¢ #¢+. (5.4)
8,70, 0. @)| = Cl@)e@w

and 3,1, (p, ¢, w) admits the estimate

10,12, (p, 9, @)| < C(@)p e ", p>0. (5.5)
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Proof By (1.4) there exits c¢(w) > 0 such that

e—ta)pcos((p-i-a) — ewzpcos(<p+a) < e—c(w)p’ 0 < ¢ <g_

by (1.4). Therefore (5.4) holds for u,. Hence, differentiating (5.1) we obtain (5.4)
for 9,1, and (5.5) for d,u;, for ¢ # ¢_. O

5.2 Estimates for iy

Proposition 5.3 There exist C(w), c(w) > 0 such that the function iy, and 3,14,
dyitq admit the estimates

‘ﬁd(p, @, w)‘ < C(w)e™c@r,
0,740, 9, )| = C@e™@r(1 4 p112), (5.6)
8,740, 9, )| = C@e@rp(1 +p7112)
forp >0, ¢ € (0,27), ¢ # @+.

Proof

(I) By (5.2), in order to prove (5.6) for iy it suffices to prove that

|A(p, 9, )| < C(w)e @7, (5.7)
where
Alp, ¢, w) == / Z(B, )P g g £ g, (5.8)
R

Represent A as A = A1 + A, where

1
A(p, ¢, ®) ::fZ(ﬂ7¢)eiwpcoshﬁ dB
B 0€0,21), ¢%oy.
Ar(p, 0, w) = / Z(‘B’(p)eiwpcoshﬁ d,B

1B1=1
5.9
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The estimate (5.7) for A, follows from (8.1) (see Appendix 1). It remains to
prove the same estimate for the function Aj. Let

£+ =@+ — . (5.10)

Representing A1 as

1
A1(p, 9, @) = —4Ko(p, w, £4) + 4Ko (o, w, 6_) + / 2(8, gl gp,
—1

where K is defined by (8.7), we obtain (5.7) for A| from Lemma 8.2 (i) and
(8.3).
Let us prove (5.6) for d,u4. By (5.2) it suffices to prove that

1B(p, ¢, w)| < C(@)e P+ pl/?), ¢ #g¢, (5.11)

where

B(p, ¢, w) 1=/Z(ﬁ, (/))COShﬁei‘”pCOShﬂ dg.
R

Represent B as By + By, where By 2(p, ¢, ®) are defined similarly to (5.9),

1
Bi(p, ¢, ®) ::fZ(IB’(p)COShﬁeiwpcoshﬂ dg,
-1

By(p, ¢, ®) == / Z(B, ) cosh Be' PP dp ¢ £ g,
i1

From (8.1) for Z we have

o0

|B2(p, ¢, ®)| = C /6’3/2e_%“’2"’efj dp.
1

Making the change of the variable & := pef, we get
Ciwp~ 12, p<1,

1Ba(p, 9, ) < { T ew2tl2 1
517615, p =1

P
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Since for p > 1,

o0

—wé/2

id <£e—wzp/2

Tyt < ,
gl @

0

Equation (5.11) is proved for B>.
It remains to prove estimate (5.11) for Bj. Using (8.2) and (8.8) we write

1
Bi(p, ¢, w) = —4K1(p, w, e1) +4K1(p, w, e_) +/5(ﬁ, @) - cos B &P OshB gp.
-1

Hence, B satisfies (5.7) (and, therefore, (5.11)) by Lemma 8.2 (i) and (8.3).
(IIT) Let us prove (5.6) for Bwﬁd. By (5.2) it suffices to prove this estimate for 9, A,
where A is given by (5.8). From (9.3) we have

a:pA(/O’ Y, CU) = _wIOAS(pﬂ v, CL)),

. 5.12
A3(p. 9, ) =:/Z@h@smhﬁdw““ﬂdﬂ, otop. 1D
R

Similarly to the proof of estimate (5.11) for B, we obtain the same estimate
for A3, so, by (5.12), the estimate (5.6) follows. Proposition 5.3 is proven.

O
Now define the function
W) (p, 9, 1) = ulp, @, 0) = (p, 9, 1), @ #¢s, >0, (5.13)
where u? is given by (1.13). Then by (4.7),
w(p, 9. 1) =ur(p, . 1) +ualp, . 1), @ #g¢s, >0, (5.14)

where u, is given by (4.1) and uy is given by (4.3).

Corollary 5.4 Let ﬁ?(,o, @, w) be the Fourier—Laplace transform of the function
ud(p, ¢, 1). Then the functions u?, 3,u? and d,u? satisfy (5.6).

Proof From (5.14) we have

2p, 9, 0) = (p, 9, ®) +Talp, 9, ), ¢ #¢ps, oeCT, (5.15)

where u, and %y, are defined by (5.1) and (5.2), respectively. Hence the statement
follows from Lemma 5.2 and Proposition 5.3. O
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5.3 Estimates for ug(x, ®)

To estimate 1y it is convenient to introduce one more “part” u ll of the non-stationary

incident wave u;, namely the difference between u; and u?.
From (1.7) and (5.13) it follows that

us(p, 0, 1) =u(0, 0, 1) —ul (0, 9. 1), ¢ # o (5.16)

where ul (p, ¢, 1) := u;(p, ¢, 1) —u¥(p, @, t). From (1.1) and (1.13) it follows that

ul(p, ¢.1) = 0 U=e=en (5.17)
—ui(p, ¢, 1), o+ < ¢ <2m.

By (3.3),

07 0<(p<(p+7

Ui (p, ¢, w) = { ~ (5.18)

—f(w — wp) ™, o, < @ < 2m.

Lemma 5.5 There exist C(w), c(w) > 0 such that @i}, 3,1, satisfy (5.4) and d,it}
satisfies (5.5) for ¢ € (0,2m), ¢ # @+.

Proof By (3.3) it suffices to prove the statement for ¢/®™* when ¢ € (¢4, 27).
Since |¢/@MY| = 2P S~ ¢ € (@, 27) we have

apewzp cos(p—a) _ w) cos(p — or)e®2P 005(90—“)’

a(pewzp cos(p—a) _ —wapsin(p — a)e®2P COS((p—o{)’ (5.19)

and for ¢ € (g4, 2m), we have |e@2P COS@=D)| < e=@2P ¢ 5 0, ¢ € (py,27),
because cos(¢ — o) < —c < 0 by (1.4). Hence the statement follows from (5.19).

O
Corollary 5.6 The functions Uy, 9,y and d,1t; satisfy (5.6) for ¢ € (0,2m), ¢ #
Pt-

Proof From (5.16) it follows that

is(p. 9. ) = U0, 9, ) — 10} (p, 9, @). (5.20)
Thus the statement follows from Corollary 5.4 and Lemma 5.5. O

It is possible to get rid of the restriction ¢ # ¢4 in Corollary 5.6.
Letly ={(p,9):p >0, ¢ = @i}
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Proposition 5.7 The functions (-, -, ®), d,Us (-, -, @) and d,us(-, -, w) belong to
C%(Q), and satisfy (5.6) in Q (including | U1_), and

(A + oDy, 0. 0) =0, (p.9) €Q, weCt. (5.21)
Proof The function ug(p, ¢, w) satisfies (5.21) in Q \ (/4 Ul_). This follows

directly from the explicit formulas (5.20). In fact, (5.20) and (5.15) imply

o~

Wy =1y +1g — 1. (5.22)

The function u, satisfies (5.21) for ¢ # @4, ilil satisfies (5.21) for ¢ # @+ by
(5.17) and (3.3) and uy satisfies (5.21) for ¢ # @4 by (5.2), see Appendix 2. It
remains only to prove that iy € C 2(0), because this will mean that (5.6) holds by
Corollary 5.6 (and continuity) and (5.21) holds in Q including /4.

Let us prove this for ¢ close to ¢_. The case of ¢ close to ¢4 is analyzed
similarly.

Let i(s) be defined in (C\R) N B(s*), where B(s*) is a neighborhood of s* € R.
Define the jump of & at the point s* as

J(h,s*) = lim h(s*+ieg) — lim h(s* —is).
e—>0+ e—>0+

We have J (il (p. ¢, ), 9—) = f(w — wp)e ™" by (5.1).
Similarly,

T Bptir(p, 9, ), 9-) =0, T (dpplir(p, ¢, ), p_) = — f (@ — wo) (iwp)e .
From (5.2), (5.10), (8.2), and (8.3) we have

e_=—0

. - ‘
T Wq(p, 0, ), p_) = l—f(a)—a)o)/ : plwpcosh f dp
87 1 B+ie . 10

= =T @ (p, ¢, ), ¢-). (5.23)
Further, by (8.4),
T (a0, 9. ). ¢-) = 0= ~T (3,11 (p. ¢, ). ¢-).
Finally, consider

M = \.7 (a(p(pﬁd(pv (pv (1)), (p—) .
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Similarly to (5.23), expanding ¢/“?°S# in the Taylor series in A (at 0) and noting
k
that all the terms [ (ﬂi k # 2, are continuous, we obtain

B+ie_)3’
I ~ : plwpcos f s_=—0
e e,
_ —i f(w — wo)(iwp)e ™ /1 2 " 8,:—0'
2m J el

Hence,

M = f(w— wo)iwp)e™ = —T @, (p, ¢, ), 9_) .

Since ﬁ; (p, @, w) is smooth on [_ by (5.18), we obtain from (5.22) that iy € Cz(l_).
Similarly using (5.1), (5.17) and (1.1) we obtain 7i; € C2(l4). So ity € C*(Q).
Proposition 5.7 is proven. O

Corollary 5.8

(1) The function us(-, -, ) belongs to the space H! (Q) for any w € CT.
(ii) The function ugz(x,t) € M.

Proof
(i) Everywhere below x = (p, ¢) € O \ ({1 Uly). It suffices to prove that

us (-, -, @), I us(, -, 0) € Lr(Q), k=12, weCT. (5.24)

First, by Proposition 5.7, iy (x, w) satisfies (5.6). Hence, (-, w) € Ly(Q) for
any w € C*. Further, using (1.12), we have

|sin<p|2
02

|9, s (-, -, @)|* < | cos [*[Bpus (-, -, @)|* + 915 (-, -, @)

Hence, by Proposition 5.7,

. 1
05,5 (-, -, @) < Cl)e 2@ (1 + —> .
o

This implies that d,,us € L2(Q), since c(w) > 0. Similarly, dy,us(-, -, @) €
L>(Q). (5.24) is proven.
(i1) The statement follows from Definition 3.1. |
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6 Uniqueness

In Sect.5 we proved the existence of solution to (1.8)—(1.10) belonging to M. In
this section prove the uniqueness of this solution in the same space.

Recall that we understand the uniqueness of the time-dependent Sommerfeld
problem (1.5)—(1.6) as the uniqueness of the solution u; given by (1.7) of the mixed
problem (1.8)—(1.10) in the space M.

The following theorem is the main result of the paper.

Theorem 6.1

(1) Problem (1.8)—(1.10) admits a solution belonging to the space M. Its limiting
amplitude exists and is the solution of problem (4.9). The connection between
this limiting amplitude and the Sommerfeld solution is given by (4.8).

(ii) Problem (1.8)—(1.10) admits a unique solution in the space M.

Proof The statements contained in item (i) follow from Corollary 5.8, Corollary 4.3,
and Remark 4.4.

(ii) Let us prove the uniqueness. We follow closely the proof of Theorem 2.1
from [5]. Suppose that there exist two solutions ug(x,t) and vg(x, t) of system
(1.8)—(1.10) belonging to M. Consider wy(x, t) := ugs(x, t) — vs(x, 1).

Then Wy (-, -, ®) = Us(, -, ®) — Vy(-, -, w), where Uy, Vs (and, therefore, W;)
satisfy all the conditions of Proposition 5.7 and w;|yo = 0 by (3.4).

Let us prove that w; (-, -, ) = 0. Let R be a sufficiently large positive number
and B(R) be the open disk centered at the origin with radius R. Set Qg := O N
B(R). Note that O has a piecewise smooth boundary Sk and denote by n(x) the
outward unit normal vector at the non-singular points x € Sg.

The first Green identity for ws(p, ¢, -) and its complex conjugate w; in the
domain Qp, together with zero boundary conditions on Sg, yield

/[Wﬁsﬁ _ w2|ﬁs|2] dx = / (a,@s) : (ws) dSk.
Or dB(R)NQ
From the real and imaginary parts of the last identity, we obtain
/ [|wa|2 + (Ima))2|1’5s|2] dx = Re / (9, Wy ) (Wy) dSk (6.1)
Or dB(R)NQ
for Rew = 0 and

—2(Rew)(Imw) / |Ws|* dx = Im f (3nwy) (W) dSk (6.2)
Qr B(R)NQ
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for Re w # 0. Recall that we consider the case Im £ # 0. Now, note that since
@s € H'(Q), there exist a monotonic sequence of positive numbers {R} such that
R; — ocoas j — oo and

Jim / [a,,ws][w_s]ds,gj=o. 6.3)
dB(R)HNQ

Indeed, in polar coordinates (o, ¢), we have that the integrals

e’} 2 e’} 2
/ R/|ws<p,<p)|2dgo dR and / R/|anws<p,¢>|2dw dR
0 0 0 0

are finite. This fact, in particular, implies that there exist a monotonic sequence of
positive numbers R; such that R; — oo as j — oo and

2 2
fms(R,, ©)IPde = o(R; ), /wm(Rj, 9)I’dp = o(R; ") as j — oo.
0 0

Further, applying the Cauchy-Schwarz inequality for every R;, we get

27 27
/ 05 (Ri, )5 (Ri, 9)dg| < / |90 s (R, 0)Ds (Ri, 9)|dp
0 0

1/2 12

27 2
< /|anws(R,-,<p)|2d<p /ms(Ri,w)Fdw
0 0

=0(Rj_1) as j — oo,

and therefore we obtain (6.3).

Since the expressions under the integral sign in the left hand sides of equalities
(6.1) and (6.2) are non-negative, we have that these integrals are monotonic with
respect to R. This observation together with (6.3) implies

/ [|V@S|2 n (Ima))2|@s|2] de = lim / [|v@|2 1 (Imw)2|ﬂ?s|2] do =0
R—o0
0 OR
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Fig. 2 Uniqueness
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WP

B(R)

for Re w = 0 and

f|@s|2 dp = lim /mﬁ dp =0
R—o0
0 Or

for Re w # 0. Thus, it follows from the last two identities that wy = 0 in Q (Fig. 2).

7 Conclusion

O

We proved that the Sommerfeld solution to the half-plane diffraction problem
for a wide class of incident waves is the limiting amplitude of the solution of
the corresponding time-dependent problem in a functional class of generalized
solutions. The solution of the time-dependent problem is shown to be unique in
this class. It is also shown that the limiting amplitude automatically satisfies the

Sommerfeld radiation condition and the regularity condition at the edge.

Acknowledgments The authors are grateful to CONACYT (México) and CIC (UMSNH) for
partial financial support. We are also grateful to anonymous referees for valuable comments.

8 Appendix 1

Lemma 8.1

(1) The functions Z (given by (4.2)) and 3,2 admit uniform with respect to ¢ €

[0, 27t ] estimates

1Z(B,9)| < Ce P12 13,2(B, )| < CeTPI2 1] > 1.

(ii) The function Z admits the representation

4 4 Y
Z(ﬂ’w)z_ﬁ-f—lé‘_;’_—i_ﬂ—i—l{;‘_+Z(ﬂ,(p)’ gi#o

8.1)

(8.2)
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with
Z(B,9) € C°R x [0,27]), |Z(B.¢)| <C, BeRx[027]. (83)
(iii) The function 0, Z admits the representation

M4
B+ic)?  (B+ie)?

9,2 = +Z1(B.9), £+ #0, (8.4)

with
Z1(B, ¢) € CP(Rx[0,27]), |Z1(B, @)l <C, BeRx[0,2n]. (8.5
Proof
(i) Fora =im,b = in, we have

— sinh(e/2)

tha — cothh = —— )
cotha—co sinh(b) sinh(a)

Hence form = —n/8+a/4 and n = —m/8 — a/4 we obtain the estimate (8.1)
for U (¢) given by (4.6) with respect to ¢. So (8.1) for Z follows from (4.5)
and (4.2).

(i) From (4.5) and (4.6) it follows that the function Z admits the representation

ZB.9)=Z+B. )+ Z-B. )+ ZT(B.9)+Z (B, 9).

where
Z+(B,¢) = £coth <w>’
J . (8.6)
Z*=(B, ¢) = £ coth <w>_

Further, since |cothz — 1/z| < C, |Im z| < 7, z # 0, we have

Zi(Bp) ==+ +Z4(B,9), @ #ox,

B+ies

and

Zi(B,9) € C°R x [0,27]), |Z+(B, )| <C, (B,9) € R x [0,27].
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Finally, by (1.4),
ZE(B,9) € CPR x [0,27]), |ZE(B,9) <C, (B,9) €Rx[0,27].

Therefore, (8.2) and (8.3) are proven.
(iii)) From (8.2) and (5.10) we get (8.4). Finally, by (8.6),

3,ZE (B, 9) € CPR x [0,27]), 19,25 (B, )| <C, (B, 9) € R x [0,27].
Moreover, since
dpZ+(B, @) £ [4i/(B +ex)*1 € CP(R x [0, 27]),

and is bounded in the same region, (8.5) holds.

Fore,BeR,e#0,p> 0,0 € C",let

eiw,ocoshﬁ |
KO(,BvPava) = mv ’CO(,O,CU,S) :Z/K(ﬂ’pawag) dﬂ, (87)
-1

1
Ki(B, p,w, &) :=cosh B - POME [y (p, w, e):=/K1(ﬂ, P, w,¢) dB,

-1
(8.8)

1
iwp cosh B

e
KaBp.9.6) = s, Kalp,0,0) .=sz<ﬂ,p,w,s> dp dp.
51

Lemma 8.2 There exist C(w) > 0, c(w) > 0 such that the functions Ko, K1, and
KCy satisfy the estimates

IKo12(p, , )| < C@)e™“@P, p>0, e (0,2n1), ¢ #0. (8.9)

Proof 1t suffices to prove (8.9) for 0 < & < &, since the functions Ko, K1, K> are
odd with respect to ¢, and for ¢ > g9 > 0 they satisfy the estimate

1
Ko12(6. p.w.e)] = Clew) [ e dp < 2CGe>.
-1
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(I) Let us prove (8.9) for Kp. Let

coshB:=1+h(B), pecC. (8.10)

Define gy = g¢(w) such that

1 )
lh(B)] < T lw1[|R(B)] < T for |B| <2¢:=r, (8.11)
and define the contour
vei={B=ré?, —m<6<0). (8.12)

Then we have by the Cauchy Theorem
Ko(p, w, &) = I1(p,w, &) + L(p,w, &) — 2mwi Resg=—ic Ko(B, p, w, €),

where

1

Il(p,w,m=/Ko(ﬂ,p,w,s)dﬁ, Iz(p,w,s>=<f+ )Kow,p,w,s)dﬁ
—1

Yr r

and 0 < ¢ < g. First,

1
|Resg=—ic Ko(B, p, w, )| = " P2PRe <7292 0 < ¢ < g,

(8.13)
by (8.11). Further, from (8.10) we have
‘e—wzp(1+h(ﬂ))eiw1p(1+h(ﬂ)) ‘
Lip,w, )| < , d
|11 (p )| TESH ldB|
Vr
< i e—wZP/ |e—w2p h(B)+iowip h(ﬂ)| |dﬂ‘, (8.14)
=

Yr

since for B € y, we have |B +i¢| > |B| — & = 2¢9 — & > &, see Fig. 3.
Let h(B) := h1(B) +ih2(B). Then

I (p, w, €)| < i e—wzp/ewzﬂ hi(B)] gletlp 1h2(B)] dp < 27”/,—602,0/27
€0

Vr
(8.15)
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Fig. 3 Contour y;,

by (8.11). Finally,
o020 cosh B+iwy p cosh B e~ @20
. dp < ,
B +is 2¢e0(w)
(8.16)

[L(p, w, &) <
[—1,—r1U[r, 1]

since |B +ie| > 2¢&9, B € [—1, —r] U [r, 1]. From (8.14)—(8.16), we obtain
(8.9) for K.

(II) Let us prove (8.9) for Ky. Let h(B), eo(w), y» be defined by (8.10)—(8.12).
Then we have by the Cauchy Theorem

Ki(p, 0, &) = / Ki(B. p. 0, ¢) df
yrUl=1,r]Ulr,1]

—2mi Resg—_js K1(B,p,w,€), 0<e¢ <eg. (8.17)
First, similarly to (8.13), we obtain
_®2p
|Resp——ic Ki(B,p,w,8)| <lwle” 7,

by (8.11). Further, by (8.11) similarly to the proof of (8.14), (8.15), and using
(8.10), we get

’/m(ﬂ,p,w,e) dp
v

Lol 3 e—wzp/ =020 h(B) gio1p B[ 148
T g 4
Yr

@ p

<C(w)e 2. (8.18)
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Finally, similarly to the proof of (8.16) we get the estimate

‘ / Ki(B.p,w, &) dB| < C(w) e” . (8.19)
[—1,—r]U[r,1]

From (8.17)—(8.19), we obtain (8.9) for ;.
(IIT) Estimate (8.9) for K is proved similarly to the same estimate for Ky and Ky
with obvious changes. Lemma 8.2 is proven. O

9 Appendix 2
Lemma 9.1 We have
(A+w2) ua(p, 9, @) =0, @#¢s, weCT. 9.1)

Proof By (5.2) it suffices to prove (9.1) for

Ad(p, @, w) = / Z(B, @)e P oshb g, (9.2)
R

Since w € C™ the integral (9.2) converges after differentiation with respect to p and
¢. We have

3,0Ad(,0, 0, w) = (iw) / Z(B, ¢) cosh B eiwpcoshﬂ dg,
R

a/%Ad(,Oa Y, w) = —w? / Z(B, ¢) COSh2,3 el@pcosh B dp.
R

Integrating by parts, we have by (4.2) and (8.1)

dpAa(p, ¢, 0) = /aw (Zo(ﬂ +2mi — i(p)) elercoshp gg
R

— —wp / Z(B.p)sinh B PN A oA pr. (93
R
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Hence, similarly to (9.3)

02,Ad(p, ¢, ) = —ia),o/Z(ﬂ, <p)[coshﬁ + iwp sinh? ﬂ]el’wﬂmhﬁ dg,
R

and

1
(A + Dug(p, 9. ) =03 Aa(p. @, ©) + S 0Ad(p. g0)

1
T 204d(0. 0. 0) + 0’ Aalp @, @) =0. O
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