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Abstract We consider several macroscopic models, based on systems of conserva-
tion laws, for the study of crowd dynamics. All the systems considered here contain
nonlocal terms, usually obtained through convolutions with smooth functions, used
to reproduce the visual horizon of each individual. We classify the various models
according to the physical domain (the whole space R

N or a bounded subset), to the
terms affected by the nonlocal operators, and to the number of different populations
we aim to describe. For all these systems, we present the basic well posedness and
stability results.

1 Introduction

From a macroscopic point of view, a crowd can be described through a density
function ρ, i.e., a time and space dependent quantity measuring the fraction of space
occupied by individuals. It is then natural to ground macroscopic crowd dynamics
models on Conservation Laws, which are partial differential equations of the form

∂tρ + divx(ρ v) = 0
t ∈ R

+ (time),
x ∈ � (space coordinate),

(1.1)
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where �, typically a subset of R2, is the domain available to crowd’s movements.
A key role is played by the speed law v, a map assigning to each (t, x) ∈ � the
velocity vector describing the movement of the individual at position x at time t .

Equation (1.1), also known as the continuity equation, is used in a variety of
modeling frameworks, ranging from fluid dynamics to vehicular traffic. Specific
features of crowd motion are its being not isotropic and the fact that each “particle”
moves according to what he/she sees within his/her own visual horizon. These
features are present in the speed law: in particular, in the models presented in the
sequel, v depends on ρ or on its space gradient ∇xρ through spatial averages, usually
obtained through convolutions ρ ∗ η, or ∇x(ρ ∗ η), with an averaging kernel η, i.e.,
η ∈ C1(R2;R+) and

∫
R2 η = 1. The geometry of the support of η, in particular its

diameter, describes the visual horizon of the individuals in the crowd.
Moreover, again differently from fluid particles, individuals in a crowd may

well have different destinations, behaviors or reactions. Within the framework
provided by (1.1), this variety can be described through the introduction of different
populations, replacing (1.1) with a system, say

∂tρi + divx(ρi vi) = 0 i = 1, . . . , n, (1.2)

where members of the same populations, that is, counted within the same density ρi ,
have somewhat homogeneous behaviors, for instance, sharing the same destination.
Otherwise, when a few single individuals play a leading role in directing the crowd
motion, we use equations of the type (1.1) or (1.2) coupled with ordinary differential
equations describing the leaders’ movements.

A natural question arising from the results below is the relation between nonlocal
and local models, the latter referring to situations where v depends on ρ(x), i.e., on
ρ evaluated at a single point x. Since, as is well known, ρ ∗ η → ρ as η → δ,
δ being Dirac’s delta, one might expect similar convergence results ensuring the
convergence of nonlocal models to local ones as the visual horizon vanishes, see [3].
This question motivated various results yielding negative answers [35–38] as well
as positive results, see [18].

Crowd dynamics is currently described also through other analytic tools: from
systems of partial differential equations motivated through fluid dynamics [59], to
cellular automata [4], to measure valued partial differential equations [55, 56], to
kinetic models [2, 6], to discrete or microscopic models [5, 24, 51]. Also the level of
the related works is very diverse, ranging from purely analytic investigations [39],
to numerically oriented results [14], to data analysis [54]. For more information
on mixed systems and relations among the different descriptions, refer for instance
to [7, 8, 43] and to the references therein.

It is worth mentioning also the modeling of crowd dynamics through conserva-
tion laws that mimic fluid dynamics, developed, for instance, in [41, 45].

On the other hand, nonlocal conservation laws are currently used also in the
modeling of vehicular traffic [9, 21–23], in that of supply chains [40, 58], in predator
prey dynamics [27], in the modeling of laser beams cutting steel [25, 53] as well as in
the modeling of biological pest control [31]. Other strictly analytical investigations
on nonlocal conservation or balance laws are, for instance, [42].



Crowd Dynamics Through Conservation Laws 85

Hoping that this work might serve as a reference, all statements are placed in R
N

wherever this generality does not require any extra effort.
Throughout, I is a fixed time interval, say I = [0, T ] for a positive T , or I =

R
+. The notation used for function spaces and differential operators is standard and

collected in section “List of Symbols” in Appendix.
The next section is devoted to the analytic results that serve as a basis for the

later sections. In Sect. 3 we describe models for one or more populations defined
on all of RN , so that the geometric constraints to crowd movements are encoded in
the speed law v. The case of Initial Boundary Value Problems (IBVP) is treated in
Sect. 5 while mixed systems consisting of coupled ordinary and partial differential
equations are deferred to Sect. 6.

2 Stability and Well Posedness in MultiD Conservation Laws

This section provides the basic well posedness and stability results on the Cauchy
Problem for a scalar multiD balance law of the type

{
∂tρ + divx f (t, x, ρ) = F(t, x, ρ)

ρ(0, x) = ρo(x) .
(2.1)

The definitions and theorems in this section serve both as a tool and as a model for
the subjects developed in later sections. Several monographs cover the basic theory
of conservation, or balance, laws. We refer, for instance, to [16, 44, 47].

Definition 2.1 ([47, Chapter 1]) Fix an initial datum ρo ∈ L∞(RN ;R). A function
ρ ∈ L∞(

I ; ρo + L1(RN ;R)
)

is a weak solution to (2.1) if limt→0+ ρ(t) = ρo in L1

and for any test function ϕ ∈ C∞
c (I̊ × R

N ;R+)

∫

I

∫

RN

[
ρ(t, x) ∂tϕ(t, x)

+f
(
t, x, ρ(t, x)

) · ∇xϕ(t, x)

+F
(
t, x, ρ(t, x)

)
ϕ(t, x)

]
dx dt = 0.

Even in the case of a (nonlinear) Riemann Problem [16, Chapter 5] in one space
dimension, such as

⎧
⎪⎨

⎪⎩

∂tρ + ∂x

(
1
2 ρ2

)
= 0

ρ(0, x) =
{−1 x < 0

1 x ≥ 0 ,

(2.2)
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the above definition does not single out a unique solution, since both the maps

ρ(t, x) =
{−1 x < 0

1 x ≥ 0
and ρ(t, x) =

⎧
⎨

⎩

−1 x ≤ t

x/t x ∈ ]−t, t[
1 x ≥ t

solve (2.2) in the sense of Definition 2.1.
It is the next, classical, definition that under suitable assumptions singles out a

unique solution to (2.1) and is used throughout the next sections.

Definition 2.2 ([49, Definition 1], [47, § 2.1]) Fix an initial datum ρo ∈
L∞(RN ;R). A function ρ ∈ L∞(

I ; ρo + L1(RN ;R)
)

is a Kružkov solution
to (2.1) if limt→0+ ρ(t) = ρo in L1 and for any constant k ∈ R and for any test
function ϕ ∈ C∞

c (I̊ × R
N ;R+)

∫

I

∫

RN

[ (
ρ(t, x) − k

)
∂tϕ(t, x)

+ (
f

(
t, x, ρ(t, x)

) − f (t, x, k)
) · ∇xϕ(t, x)

+ (
F

(
t, x, ρ(t, x)

)− divx f (t, x, k)
)
ϕ(t, x)

]
sgn

(
ρ(t, x)−k

)
dx dt ≥ 0 .

Both choices k > ‖ρ‖L∞(I×RN ;R) and k < −‖ρ‖L∞(I×RN ;R) show that a
Kružkov solution is also a weak solution.

The results collected below ensure that Definition 2.2 is the correct tool to
establish a well posedness theory for the Cauchy Problem (2.1).

2.1 The Linear Case

We consider first the case where f in (2.1) is linear in ρ and F is affine in ρ, i.e.:

∂tρ + divx (ρ v(t, x)) = α(t, x) ρ + β(t, x) . (2.3)

In the study of (2.3), the characteristic equation ẋ = v(t, x) plays a key role.
Therefore, with reference to (2.3), introduce the notation

t → X(t; to, xo) is the solution to

{
ẋ = v(t, x)

x(to) = xo .
(2.4)

We collect here a few results about the map X above.

Lemma 2.3 Assume that
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v ∈ C0(I × R
N ;RN) ,

v(t) ∈ C1(RN ;RN) for all t ∈ I ,

‖v(t, x)‖ ≤ A(t) + B ‖x‖ where A ∈ L1(I ;R+) and B ∈ R
+ .

(2.5)

Then, the map X defined in (2.4) is well defined and, for a.e. t, to ∈ I , x ∈ R
N and

δo ∈ R
N

∂tX(t; to, xo) = v (t, X(t; to, xo)) ,

∂toX(t; to, xo) = −v(to, xo) exp
∫ t

to
∇xv (τ,X(τ ; to, xo)) dτ ,

DxoX(t; to, xo) δo = δ(t) where

{
δ̇ = ∇xv (t, X(t; to, xo)) δ

δ(to) = δo ,

det DxoX(t; to, xo) = exp
(∫ t

to
divx v (τ,X(τ ; to, xo)) dτ

)
.

The proof relies on classical ordinary differential equations techniques; see for
instance [17, § 2.3] and [33, § 5.1].

A careful mixing of [33, Lemma 5.1, Lemma 5.2] and [27, Proposition 2.8], see
also [29], yields the following result.

Theorem 2.4 Consider the Cauchy Problem

{
∂tρ + divx (ρ v(t, x)) = α(t, x) ρ + β(t, x)

ρ(0, x) = ρo(x),
(2.6)

where v satisfies (2.5) and

α ∈ L∞(
I ; L1(RN ;R)

)
, α(t) ∈ C0(RN ;R) ,

β ∈ L∞(I × R
N ;R) , β(t) ∈ C0(RN ;R) .

Then, for all ρo ∈ (L1 ∩ L∞)(RN ;R), the map

ρ(t, x) = ρo

(
X(to; t, x)

)
exp

(∫ t

to

(
α
(
τ,X(τ ; t, x)

) − divx v
(
τ,X(τ ; t, x)

))
dτ

)

+
∫ t

to

β
(
s,X(s; t, x)

)
exp

(∫ t

s

(
α
(
τ,X(τ ; t, x)

)− divx v (τ,X(τ ; t, x))
)
dτ

)

ds

(2.7)

solves (2.6) in the sense of Definition 2.2 (Kružkov solution). Moreover, any solution
to (2.6) in the sense of Definition 2.1 (weak solution) coincides with ρ as given
by (2.7).

The explicit expression (2.7) allows to prove a variety of estimates, see [27, 29,
33].
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2.2 The General Case

The classical work by Kružkov [49] ensures the existence of a solution to (2.1), its
uniqueness and its continuous dependence on the initial datum with respect to the
L1 norm.

The stability of solutions with respect to the flow f and source F is more recent.
The case of a conservation law, i.e. F = 0, was initially addressed assuming that
the flow depends only on the unknown variable, i.e. f = f (ρ). A first result in this
direction is in [52], inspired by numerics, and an improvement was then obtained
in [15], while the case of systems in one space dimension was solved in [10].

An x dependent flow was then considered in [20] where the necessity of a priori
bounds on the total variation in space of the solution is evident.

The stability of the solutions to the general balance law (2.1) with respect to
variations in the time and space dependent flow and source was first addressed
in [32], with further improvements being provided in [50].

Introduce the following assumptions on (2.1):

(H.1) f ∈ C0(I × R
N × R;RN), the derivatives ∂ρf, ∂ρ∇xf,∇2

xf exist and are
continuous and for all R > 0, ∂ρf ∈ L∞(I × R

N × [−R,R];RN).
F ∈ C0(I × R

N × R;R) and the derivatives ∂ρF,∇xF exist and are
continuous.
For all R > 0, (F − divx f ), ∂ρ(F − divx f ) ∈ L∞(I ×R

N × [−R,R];R).
(H.2) For all R > 0, ∂ρ∇xf ∈ L∞(I × R

N × [−R,R];RN×N), ∂ρF ∈ L∞(I ×
R

N ×[−R,R];R) and
∫
I

∫
RN ‖∇x(F − divx f )(t, x, ·)‖L∞([−R,R];R)dxdt <

+∞.
(H.3) For all R > 0, ∂ρf ∈ L∞(I ×R

N ×[−R,R];RN×N), ∂ρF ∈ L∞(I ×R
N ×

[−R,R];R) and
∫
I

∫
RN ‖(F − divx f )(t, x, ·)‖L∞([−R,R];R)dxdt < +∞.

First, we recall the key well posedness result by Kružkov.

Theorem 2.5 ([49, Theorem 1]) Let f, F satisfy (H.1) and fix ρo ∈ L∞(RN ;R).
Then, the Cauchy Problem (2.1) admits a unique Kružkov solution ρ defined on all
I and L1-continuous in time from the right.

The following total variation estimate is a necessary step towards the stability
estimate on the dependence of the solution to (2.1) on flow and source.

Theorem 2.6 ([50, Theorem 2.2]) Let (H.1) and (H.2) hold. Fix an initial datum
ρo ∈ (L1 ∩ L∞ ∩ BV)(RN ;R). Then, the Kružkov solution ρ to (2.1) satisfies
ρ(t) ∈ BV(RN ;R) for all t ∈ I .

Define

R = ‖ρ‖L∞([I×RN ;R) , St = ⋃
τ∈[0,t] spt ρ(τ) ,

Rt = ‖ρ(t)‖L∞(RN ;R) , �t = I × St × [−R,R] ,

κ = (2N + 1)‖∂u∇xf ‖L∞(�ρ ;RN×N) + ‖∂uF‖L∞(�ρ ;R) .

(2.8)
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Then, for all t ∈ I , setting WN = ∫ π/2
0 (cos θ)Ndθ ,

TV
(
ρ(t)

) ≤ TV (ρo) eκt

+ NWN

∫ t

0
ek(t−τ)

∫

RN

‖∇x(F − divx f )(τ, x, ·)‖L∞([−Rτ ,Rτ ];RN)dxdτ.

Remark that when (2.1) reduces to the usual case ∂tρ +divx f (ρ) = 0, the above
estimate reduces to the well known property that solutions to conservation law have
a nonincreasing total variation in space.

Moreover, setting f = 0 and F = F(t, ρ), (2.1) reduces to a Cauchy Problem
for an ordinary differential equation and, coherently, the estimate provided by
Theorem 2.6 reduces to the standard ODE estimate resulting from the application
of Gronwall Lemma.

The continuous dependence of the solutions to (2.1) on time directly follows
from Theorem 2.6.

Corollary 2.7 ([50, Corollary 2.4]) Let (H.1)–(H.3) hold. Fix an initial datum
ρo ∈ (L1 ∩ L∞ ∩ BV)(RN ;R). Then, the Kružkov solution ρ to (2.1) satisfies
ρ ∈ C0

(
I ; ρo+L1(RN ;R)

)
and moreover for any t1, t2 ∈ I , with the notation (2.8),

‖ρ(t1) − ρ(t2)‖L1(RN ;R) ≤
∣
∣
∣
∣

∫ t2

t1

∫

RN

‖(F − divx f )(τ, x, ·)‖L∞([−R,R];R)dxdτ

∣
∣
∣
∣

+‖∂uf ‖L∞(�ρ ;R) sup
τ∈[0,t]

TV
(
ρ(τ)

) |t1 − t2| .

Moreover, under the stronger condition

sup
t∈I

∫

RN

‖(F − divx f )(τ, x, ·)‖L∞([−R,R];R)dx < +∞ ,

we have ρ ∈ C0,1
(
I ; ρo + L1(RN ;R)

)
.

We are now ready to tackle the stability of the solutions to (2.1) with respect
to variations in the flow f and in the source F . To this aim, we consider the two
Cauchy Problems

{
∂t ρ̂ + divx f̂ (t, x, ρ̂) = F̂ (t, x, ρ̂)

ρ̂(0, x) = ρ̂o(x)
and

{
∂t ρ̌ + divx f̌ (t, x, ρ̌) = F̌ (t, x, ρ̌)

ρ̌(0, x) = ρ̌o(x) .

(2.9)

Theorem 2.8 ([50, Theorem 2.5]) Let both pairs (f̂ , F̂ ) and (f̌ , F̌ ) satisfy (H.1),
(f̂ , F̂ ) satisfy (H.2) and (f̂ −f̌ , F̂ −F̌ ) satisfy (H.3). Fix initial data ρ̂o, ρ̌o in (L1∩
L∞ ∩ BV)(RN) and call ρ̂, ρ̌ the corresponding solutions. Besides the quantities
defined in (2.8), introduce also
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S̄t = ⋃
τ∈[0,t] spt ρ̂(τ ) ∪ spt ρ̌(τ ) , R̄ = max

{∥
∥ρ̂

∥
∥

L∞(I×RN ;R)
,
∥
∥ρ̌

∥
∥

L∞(I×RN ;R)

}
,

�t = [0, t] × St × [−R̄, R̄] , R̄t = supx∈RN max
{
ρ̂(t, x), ρ̌(t, x)

}
,

M = ∥
∥∂ρ̌

∥
∥

L∞(I×RN×[−Ř,Ř];R)
, κ∗ = ∥

∥∂ρF
∥
∥

L∞(�t ;R)
+

∥
∥
∥∂ρ divx(f̌ −f̂ )

∥
∥
∥

L∞(�t ;R)
.

Then, for any positive r and for any xo in R
N , the solutions ρ̂ and ρ̌ to (2.9) satisfy:

∫

‖x−xo‖≤r

∣
∣ρ̂(t, x) − ρ̌(t, x)

∣
∣dx

≤ eκ∗t
∫

‖x−xo‖≤r+Mt

∣
∣ρ̂o(x) − ρ̌o(x)

∣
∣dx

+ eκt − eκ∗t

κ − κ∗ TV (ρ̂o)

∥
∥
∥∂ρ(f̂ − f̌ )

∥
∥
∥

L∞(�t ;RN)

+ NWN

∫ t

0

eκ(t−τ) − eκ∗(t−τ)

κ − κ∗
∫

RN

∥
∥
∥∇x(F̂ − divx f̂ )(τ, x, ·)

∥
∥
∥

L∞([−Rτ ,Rτ ];RN )
dxdτ

×
∥
∥
∥∂ρ(f̂ − f̌ )

∥
∥
∥

L∞(�t ;R)

+
∫ t

0
eκ∗(t−τ)

∫

‖x−xo‖≤r+M(t−τ)

∥
∥
∥
(
(F̂ − F̌ ) − divx(f̂ − f̌ )

)
(τ, x, ·)

∥
∥
∥

L∞([−R̄τ ,R̄τ ];R)
dxdτ.

The above estimate can be easily extended to bound the L1 distance between
solutions over all of RN .

As a side remark, we observe that the recurrent appearance of the term F −divx f

is to be expected, for it reflects the obvious nonuniqueness of the distinction between
flow and source. Indeed, for instance, in the case n = N = 1, the two flow–source
pairs

f̌ (t, x, u) = u − x

F̌ (t, x, u) = 0
and

f̂ (t, x, u) = u

F̂ (t, x, u) = 1

define the same balance law and, clearly, F̌ − divx f̌ = F̂ − divx f̂ .

3 A Single Population in R
N

While moving in a crowd, each individual is affected by what happens within his/her
visual horizon. It is then natural to choose the speed law v in the general model (1.1)
so that its value at time t and position x depends on the density ρ as a function, not
only on the value ρ(t, x) attained by ρ at (t, x). In other words, the term nonlocal
means that the flux function may depend in a nonlocal way on the density. More
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precisely, we consider the Cauchy Problem

{
∂tρ + divx

(
ρ V

(
t, x, ρ,I(ρ)

)) = 0
ρ(0, x) = ρo(x),

(3.1)

where ρ is the crowd density, V is the velocity vector field, and I is a nonlocal
operator. A typical choice for the operator I is a convolution operator, such as

(
I
(
ρ(t)

))
(x) = (

ρ(r) ∗ η
)
(x) =

∫

RN

ρ(t, ξ) η(x − ξ) dξ .

As soon as η is sufficiently regular, nonnegative and with integral 1, the quantity(
I
(
ρ(t)

))
(x) above yields a weighted average of the values attained by ρ at time t

around x.
Below, we addressed the basic well posedness and stability issues related to (3.1).

In doing this, we distinguish two different nonlocalities in V i , namely the one where
the speed modulus is given by a nonlocal operator, and that where it is (also) the
velocity direction which is a nonlocal operator.

A numerical procedure to integrate (3.1) is detailed in [3].

3.1 A NonLocal Speed Modulus

As a first example of (3.1) we assume that the pedestrians’ trajectories are assigned,
but their speed depends on the local average of the crowd density. Hence, we
consider a speed law of the form

V
(
t, x, ρ,I(ρ)

) = v
(
I
(
ρ(t)

))
v(x), (3.2)

where I(ρ) = ρ ∗ η, the convolution kernel η being smooth, nonnegative and with∫
RN η(x)dx = 1, so that (ρ(t) ∗ η)(x) results in the local average of the density

ρ(t) in x + spt η. The scalar nonnegative function v is nonincreasing, meaning that
at higher densities the speed is lower. The unit vector v(x) describes the direction
typically followed by the individual at x.

Definition 3.1 ([33, Definition 2.1]) Fix ρ0 ∈ L∞(RN ;R). A weak entropy
solution to (3.1)–(3.2) on I is a bounded measurable map ρ ∈ C0

(
I ; L1

loc(R
N ;R)

)

which is a Kružkov solution to

{
∂tρ + divx (ρ w(t, x)) = 0
ρ(0, x) = ρ0(x)

where w(t, x) = (V (ρ(t))) (x) .

The basic well posedness and stability result for (3.1)–(3.2) is as follows.
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Theorem 3.2 ([33, Theorem 2.2 and Proposition 4.1]) Consider the conservation
law (3.1) with speed law (3.2). Assume that

v ∈ C2(R;R)

v∈ (C2 ∩ W2,1)(RN ;RN) with supRN ‖v(s)‖ ≤ 1,
η ∈ C2

c(R
N ;R+) is such that spt η ⊆ B(0, 1) and ‖η‖L1(RN ;R) = 1.

Then, for all α, β > 0 with β > α, there exists a time T (α, β) > 0 such that for
all ρ0 ∈ (L1 ∩ BV)(RN ; [0, α]), problem (3.1)–(3.2) admits a unique weak entropy
solution ρ ∈ C0

([0, T (α, β)]; (L1 ∩ BV)(RN ; [0, β]) in the sense of Definition 3.1.
Moreover,

1. ‖ρ(t)‖L∞(RN ;R) ≤ β for all t ∈ [0, T (α, β)] .
2. There exists a function L ∈ C0(R+;R+) such that for all ρ0,1, ρ0,2 in (L1 ∩

BV)(RN ; [0, α], the corresponding solutions satisfy, for all t ∈ [0, T (α, β)],

‖ρ1(t) − ρ2(t)‖L1(RN ;R) ≤ L(t)
∥
∥ρ0,1 − ρ0,2

∥
∥

L1(RN ;R)
.

3. There exists a constant L = L(β) such that for all ρ0 ∈ (L1 ∩ BV)(RN ; [0, α]),
the corresponding solution satisfies for all t ∈ [0, T (α, β)]

TV (ρ(t)) ≤ (
TV (ρ0) + L t ‖ρ0‖L∞(RN ;R)

)
eLt

‖ρ(t)‖L∞(RN ;R) ≤ ‖ρ0‖L∞(RN ;R) eLt .

The above result can be easily extended to ensure the existence of global in time
solutions, see Sect. 4.1 below and [33].

On the basis of Theorem 3.2, a few control problems can be addressed, leading
to the corresponding optimality conditions, see [33, § 2.2 and § 2.3].

3.2 A NonLocal Velocity Direction

Now, we consider a single nonlocal conservation law in all of RN , i.e. n = 1, where
the unknown ρ = ρ(t, x) is defined for t ≥ 0 and x ∈ � = R

N . More precisely, we
study the following Cauchy problem:

{
∂tρ + divx (ρ v(ρ) (σ (x) + I(ρ))) = 0
ρ(0, x) = ρo(x) .

(3.3)

Here the velocity function V (t, x, ρ,I) in (4.1) is equal to v(ρ) (σ (x) + I(ρ)),
where the scalar function ρ 
→ v(ρ) describes the pedestrians’ speed, independently
of geometrical considerations, the vector σ(x) ∈ R

N is the preferred direction of
the pedestrian at x, while the nonlocal term I(ρ)(x) describes how the pedestrian
at x deviates from the preferred direction, due to the crowd distribution. Roughly
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speaking, an individual at position x ∈ R
2 moves at the speed v (ρ(t, x)) depending

only on the density ρ(t, x). Moreover the individual at position x and time t is
assumed to move along the direction σ(x) + (

I
(
ρ(t)

))
(x).

On the functions defining (3.3), we introduce the following hypotheses:

(v) v ∈ C2(R;R) is nonincreasing, v(0) = V and v(R) = 0 for fixed V,R > 0.

(σ ) σ ∈ (C2 ∩ W1,∞)(RN ;RN) is such that divx σ ∈ (W1,1 ∩ W1,∞)(RN ;R).

(I) I ∈ C0
(
L1(RN ; [0, R]); C2(RN ;RN)

)
satisfies the following estimates:

(I.1) There exists an increasing CI ∈ L∞
loc(R

+;R+) such that, for all r ∈
L1(RN ; [0, R]),

‖I(r)‖W1,∞(RN ;RN ) ≤ CI (‖r‖L1(RN ;R)) and

‖divx I(r)‖L1(RN ;R) ≤ CI (‖r‖L1(RN ;R)) .

(I.2) There exists an increasing CI ∈ L∞
loc(R

+;R+) such that, for all r ∈
L1(RN ; [0, R]),

‖∇x divx I(r)‖L1(RN ;RN) ≤ CI (‖r‖L1(RN ;R)) .

(I.3) There exists a constant KI such that for all r1, r2 ∈ L1(RN ; [0, R]),

‖I(r1) − I(r2)‖L∞(RN ;RN) ≤ KI · ‖r1 − r2‖L1(RN ;R)

‖I(r1) − I(r2)‖L1(RN ;RN) ≤ KI · ‖r1 − r2‖L1(RN ;R)
∥
∥divx

(
I(r1) − I(r2)

)∥
∥

L1(RN ;R)
≤ KI · ‖r1 − r2‖L1(RN ;R) .

Following Definition 2.2, we introduce the notion of solution for (3.3).

Definition 3.3 ([34, Definition 2.1]) Fix a positive T and an initial datum ρo ∈
L1(RN ; [0, R]). A function ρ ∈ C0

(
I ; L1(RN ;R)

)
is a weak entropy solution

to (3.3) if it is a Kružkov solution (see Definition 2.2) to the Cauchy problem

{
∂tρ + divx (ρ v(ρ)w(t, x)) = 0
ρ(0, x) = ρo(x)

where w(t, x) = σ(x) + (
I
(
ρ(t)

))
(x) .

Note that Definitions 2.2 and 3.3 imply that for all k ∈ R and for all ϕ ∈
C∞

c (]−∞, T ] × R
N ;R+),

∫ T

0

∫

RN

[|ρ − k| ∂tϕ + (ρ v(ρ) − k v(k)) w · ∇xϕ sgn(ρ − k)
]

dxdt

−
∫ T

0

∫

RN

k v(k) divx w ϕ sgn(ρ − k)dxdt +
∫

RN

|ρo(x) − k| ϕ(0, x)dx ≥ 0 ,
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where w(t, x) = σ(x) + (
I
(
ρ(t)

))
(x).

The following existence and uniqueness result for (3.3) holds.

Theorem 3.4 ([34, Theorem 2.1]) Let (v), (σ ), and (I) hold. Fix ρo ∈ (L1 ∩
BV)(RN ; [0, R]). Then, there exists a unique weak entropy solution

ρ ∈ C0(
R

+; L1(RN ; [0, R]))

to (3.3) in the sense of Definition 3.3. Moreover, ρ conserves the L1 norm, i.e. for
a.e. t ∈ R

+,

‖ρ(t)‖L1(RN ;R) = ‖ρo‖L1(RN ;R),

and, for a.e. t ∈ R
+, satisfies the total variation inequality

TV
(
ρ(t)

) ≤ TV (ρo) ekt

+N WN‖q‖L∞([0,R];R)

(‖∇x divx σ‖L1(RN ;RN ) + CI (‖ρo‖L1(RN ;R))
)
t ekt ,

where

q(ρ) = ρ v(ρ) ,

k = (2N + 1)
∥
∥q ′∥∥

L∞([0,R];R)

(‖∇xσ‖L∞(RN ;RN×N ) + CI (‖ρo‖L1(RN ;R))
)

,

WN =
∫ π/2

0
(cos ϑ)N dϑ .

The proof relies on a careful application of Banach Fixed Point Theorem. Moreover
the following theorem contains stability results for (3.3).

Theorem 3.5 ([34, Theorem 2.2]) Let (v), (σ ), and (I) be satisfied by both systems

{
∂tρ+ divx [q1(ρ) (σ1(x)+I1(ρ))] =0
ρ(0, x) = ρ0,1(x)

{
∂tρ + divx [q2(ρ) (σ2(x) + I2(ρ))] = 0
ρ(0, x) = ρ0,2(x),

where q1(ρ) = ρ v1(ρ) and q2(ρ) = ρ v2(ρ) and ρ0,1, ρ0,2 ∈ (L1 ∩
BV)(RN ; [0, R]). Then, for a.e. t ∈ R

+, the two solutions ρ1 and ρ2 satisfy

‖ρ1(t) − ρ2(t)‖L1 ≤ (1 + C(t))
∥
∥ρ0,1 − ρ0,2

∥
∥

L1

+ C(t)
(‖ρ1v1 (ρ1) − ρ2v2 (ρ2)‖W1,∞ + d (I1,I2)

)

+ C(t)
(‖σ1 − σ2‖L∞ + ‖divx(σ1 − σ2)‖L1

)
,

where
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d(I1,I2)

= sup
{‖I1(ρ) − I2(ρ)‖L∞ + ‖divx (I1(ρ) − I2(ρ))‖L1: ρ ∈ L1(RN ; [0, R])} ,

and the map C ∈ C0(R+;R+) vanishes at t = 0 and depends on TV (ρ0,1),∥
∥ρ0,1

∥
∥

L1 , ‖σ1‖L∞ , ‖divx σ1‖W1,1 , ‖ρ1v1 (ρ1)‖W1,∞ , ‖ρ2v2 (ρ2)‖W1,∞ .

Theorems 3.4 and 3.5 allow to consider various realistic situations and control
problems, among which we recall the important problem of evacuation of a room in
minimum time; see [34, § 4] for more detailed discussions.

4 Several Populations in R
N

In this part we consider a system of conservation laws, i.e. n > 1, in the whole
domain R

N , where the unknowns ρi = ρ1(t, x) are defined for t ≥ 0 and x ∈ � =
R

N .
More precisely, we consider the system

∂tρ
i + divx

(
ρi V i

(
t, x, ρi,Ii (ρ)

)) = 0 i = 1, . . . , n, (4.1)

where ρ = (ρ1, · · · , ρn) is the vector of conserved quantities, n ∈ N \ {0}
denotes the number of equations, t > 0 is time, x ∈ R

2 is the space variable,
V = (V 1, · · · , V n) is the velocity vector field, and I = (I1, · · · ,In) is a nonlocal
operator, which depends on the whole vector ρ of the densities.

Remarkably, couplings among the different equations in (4.1) motivated by the
description of moving crowds allow to prove the well posedness and stability
of systems of nonlocal conservation laws in several space dimensions. As is
well known, general results of this type for local conservation laws are currently
unavailable.

For the description of a numerical procedure to tackle (4.1) we refer to [1].

4.1 A NonLocal Speed Modulus

In this part, we consider system (4.1) where the nonlocal operator acts only on
the modulus of the speed, but not on the direction. More precisely, we study the
following Cauchy problem:
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tρ
1 + divx

(
ρ1 v1

(
I1(ρ)

)
σ 1(x)

)
= 0

...

∂tρ
n + divx

(
ρn vn

(
In(ρ)

)
σn(x)

) = 0
ρ1(0, x) = ρ1

o(x)
...

ρn(0, x) = ρn
o (x) .

(4.2)

Here the velocity functions V i(t, x, ρi,Ii ) in (4.1) are given by

V i(t, x, ρi,Ii ) = vi(Ii ) σ i(x) , (4.3)

where the functions vi(r) describe the pedestrians’ speed of the i-th population,
independently of geometrical considerations, the vectors σ i(x) ∈ R

N represent the
direction of the pedestrian of the i-th class at x, while Ii (ρ) are nonlocal functions
of the overall total density. More precisely, we assume that Ii : L1(Rd;Rn) →
C0(Rd ;Rn) are given by

(
Ii (ρ)

)
(x) =

n∑

j=1

∫

Rd

ρj (t, ξ) ηj (x − ξ) dξ ,

where ηj are suitable mollifiers functions.

Definition 4.1 ([26, Definition 2.1]) Fix a positive T and an initial datum ρo ∈
L1(RN ;Rn). A function ρ ∈ C0

(
I ; L1(RN ;Rn)

)
is a weak entropy solution to (4.2)

if, for every i ∈ {1, · · · , n}, the i-th component ρi is a Kružkov solution (see
Definition 2.2) to the Cauchy problem

{
∂tρ

i + divx
(
ρi w(t, x)

) = 0
ρi(0, x) = ρi

o(x)
where w(t, x) = vi

(
Ii (ρ)

)
σ i(x) .

The following well posedness result holds.

Theorem 4.2 ([26, Theorem 2.2]) Assume that for every i ∈ {1, · · · , n}
1. vi ∈ (

C2 ∩ W2,∞)
(R;R);

2. σ i ∈ (
C2 ∩ W2,1

)
(RN ;RN) satisfies

∥
∥σ i(x)

∥
∥ ≤ 1 for every x ∈ R

N ;
3. ηi ∈ (C2 ∩ W2,∞)(RN ; [0, 1]) and

∥
∥ηi

∥
∥

L1(RN ;R)
= 1.

Then, there exists a semigroup

S : R+ × (L1 ∩ L∞ ∩ BV)(RN ;Rn) → (L1 ∩ L∞ ∩ BV)(RN ;Rn)

such that the following conditions hold.
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1. For every initial datum ρo ∈ (L1 ∩ L∞ ∩ BV)(RN ;Rn), for every t ≥ 0, the
orbit t 
→ Stρo is the unique solution to (4.2), in the sense of Definition 4.1.
Furthermore, the map t 
→ Stρo belongs to C0

(
R

+; L1(RN ;Rn)
)
.

2. For every ρo ∈ (L1 ∩ L∞ ∩ BV)(RN ; (R+)n), we have that (Stρo)i ≥ 0 for all
t > 0 and i ∈ {1, · · · , n}.

3. There exists a constant L such that, for all ρo ∈ (L1 ∩ L∞ ∩ BV)(RN ;Rn) and
t ∈ R

+,

TV
(
St (ρo)

) ≤ (
TV (ρo) + L t ‖ρo‖L∞(RN ;Rn)

)
eLt

and

‖St (ρ)‖L∞(RN ;Rn) ≤ ‖ρo‖L∞(RN ;Rn).

4. There exists a function L ∈ C0(R+;R+) such that,

∥
∥St (ρ

′
o) − St (ρ

′′
o )

∥
∥

L1(RN ;Rn)
≤ (

1 + t L(t)
) ∥

∥ρ′
o − ρ′′

o

∥
∥

L1(RN ;Rn)

for all ρ′
o, ρ

′′
o ∈ (L1 ∩ L∞ ∩ BV)(RN ;Rn) and t ∈ R

+.
5. If ρo ∈ W1,1(RN ;Rn), then St (ρo) ∈ W1,1(RN ;Rn) for all t > 0. Moreover

there exists a positive constant C such that, for t > 0,

‖St (ρ)‖W1,1(RN ;Rn) ≤ (1 + C t) eCt ‖ρo‖W1,1(RN ;Rn).

6. If ρo ∈ W1,∞(RN ;Rn), then St (ρo) ∈ W1,∞(RN ;Rn) for all t > 0. Moreover,
there exists a positive constant C such that, for t > 0,

‖St (ρ)‖W1,∞(RN ;Rn) ≤ (1 + C t) eCt ‖ρo‖W1,∞(RN ;Rn).

7. If v ∈ C4(R;Rn), then, for every initial datum ρo ∈ (W2,∞ ∩ W2,1)(RN ;Rn),
σo ∈ (W1,1 ∩ L∞)(RN ;Rn) and for all time t > 0, the semigroup S is strongly
L1 Gâteaux differentiable in the direction σo. The derivative D St(ρo)(σo) of St

at the point ρo in the direction σo is �
ρo
t (σo), where �ρo is the linear semigroup

whose orbits are the Kružkov solutions to

{
∂tσ

i + divx

(
σ i V i

(
St (ρo)

) + (
St (ρo)

)i
DV i

(
St (ρo)

)
(σ )

)
= 0

σ i(0, x) = σ i
o(x) ,

where V i is defined in (4.3).

The Cauchy problem (4.2) is also stable with respect to variations of the functions
ηi , vi , and σ i . More precisely, consider the Cauchy problems
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tρ
1 + divx

(
ρ1 v̂1

(
Î

1
(ρ)

)
σ̂ 1(x)

)
= 0

...

∂tρ
n + divx

(
ρn v̂n

(
Î

n
(ρ)

)
σ̂ n(x)

)
= 0

ρ1(0, x)=ρ̂1
o(x)

...

ρn(0, x)=ρ̂n
o (x)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tρ
1+ divx

(
ρ1 v̌1

(
Ǐ

1
(ρ)

)
σ̌ 1(x)

)
=0

...

∂tρ
n+ divx

(
ρn v̌n

(
Ǐ

n
(ρ)

)
σ̌ n(x)

)
=0

ρ1(0, x)=ρ̌1
o(x)

...

ρn(0, x)=ρ̌n
o (x) ,

where

Î
i
(ρ)(x)=

n∑

j=1

∫

RN

ρj (t, ξ) η̂j (x−ξ) dξ, Ǐ
i
(ρ)(x)=

n∑

j=1

∫

RN

ρj (t, ξ)η̌j (x−ξ) dξ.

Denote by ρ̂ and ρ̌ the respective solutions.

Theorem 4.3 ([26, Theorem 2.2]) Fix a positive constant M . Then, there exists a
function L ∈ C0(R+;R+) such that

∥
∥ρ̂(t) − ρ̌(t)

∥
∥

L1(RN ;Rn)
≤ (

1 + t L(t)
) ∥
∥ρ̂o − ρ̌o

∥
∥

L1(RN ;Rn)

+t L(t)
∥
∥η̂ − η̌

∥
∥

W1,∞(RN ;Rn)

+t L(t)
∥
∥v̂ − v̌

∥
∥

W1,∞(R;Rn)

+t L(t)
(∥
∥σ̂ − σ̌

∥
∥

L∞(RN ;Rnd )
+ ∥

∥σ̂ − σ̌
∥
∥

W1,1(RN ;Rnd )

)

for every initial data ρ̂o, ρ̌o ∈ L1(RN ;Rn), for every velocity functions v̂, v̌ ∈ (C2∩
W2,∞)(R;Rn), for every directions σ̂ , σ̌ ∈ (C2 ∩ W2,1)

(
R

N ;RNn
)
, and for every

mollifier η̂, η̌ ∈ (C2 ∩ W2,∞)(RN ; [0, 1]n) with
∥
∥η̂i

∥
∥

L1(RN ;R)
= ∥

∥η̌i
∥
∥

L1(RN ;R)
= 1

for i ∈ {1, · · · , n}.

4.2 A NonLocal Velocity Direction

In this part, we consider system (4.1) where the nonlocal operator influences the
geometric direction of the velocity. More precisely, we study the following Cauchy
problem:
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tρ
1 + divx

(
ρ1 v1(ρ1)

(
v1(x) + I1(ρ1, . . . , ρn)

))
= 0

...

∂tρ
n + divx

(
ρn vn(ρn)

(
vn(x) + In(ρ1, . . . , ρn)

)) = 0
ρ1(0, x) = ρ1

o(x)
...

ρn(0, x) = ρn
o (x) .

(4.4)

Here the velocity functions V i(t, x, ρi,Ii ) in (4.1), for i ∈ {1, · · · , n}, are given
by

V i(t, x, ρi,Ii ) = vi(ρi)
(

vi (x) + Ii (ρ1, . . . , ρn)
)

.

More precisely, the velocity V i of the i-th population is the product of a scalar
crowding factor vi(ρi) with a vector vi (x) + Ii (ρ1, . . . , ρn), which is the sum
of a preferred direction vi (x) and a deviation Ii (ρ1, . . . , ρn). The scalar vi(ρi)

approximately gives the modulus of the speed. A possible choice for the preferred
direction vi is, for instance, the tangent vector at x to the geodesic that the
individuals in the i-th population follow to reach their destination, if unaffected
by any other individual. Instead, the term Ii (ρ1, . . . , ρn) describes how the i-
th population deviates from its preferred trajectory due to the interaction among
individuals, both of the same and of different populations. It is a nonlocal functional,
since its value at any position x depends on the population densities averaged over
a neighborhood of x.

Definition 4.4 ([26, Definition 3.1]) Fix a positive T and, for every i ∈ {1, · · · , n},
the initial datum ρi

o ∈ (L1 ∩ L∞)(RN ;Rn). A map ρ ∈ C0
([0, T ]; L1(RN ;Rn)

)
is

a weak entropy solution to (4.4) if, for i = 1, · · · , n, ρi is a Kružkov solution to the
Cauchy problem

{
∂tρ

i + divx
(
ρi vi(ρi) V i(t, x)

) = 0
ρi(0, x) = ρi

o(x) ,

where V i(t, x) = vi (x) + Ii (ρ1(t), · · · , ρn(t)) (x).

The following well posedness result holds.

Theorem 4.5 ([26, Theorem 3.2]) Assume that for every i ∈ {1, · · · , n},
1. vi ∈ C2(R;R+) satisfies vi(R) = 0 for a suitable R > 0;
2. vi ∈ (C2 ∩ W1,∞)(RN ;RN) and divx vi ∈ W1,1(RN ;RN×N);
3. there exists a constant CI > 0 such that Ii : L1(RN ;Rn) → C2(RN ;RN)

satisfies, for every ρ, ρ′ ∈ L1(RN ; [0, R]n),
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∥
∥
∥∇xIi (ρ)

∥
∥
∥

L∞(RN ;RN)
≤ CI ‖ρ‖L1(RN ;Rn),

∥
∥
∥∇x divx

(
Ii (ρ)

)∥
∥
∥

L1(RN ;RN×N)
≤ CI ‖ρ‖L1(RN ;Rn),

∥
∥
∥Ii (ρ) − Ii (ρ′)

∥
∥
∥

L∞(RN ;RN)
≤ CI

∥
∥ρ − ρ′∥∥

L1(RN ;Rn)
,

∥
∥
∥divx

(
Ii (ρ) − Ii (ρ′)

)∥
∥
∥

L1(RN ;R)
≤ CI

∥
∥ρ − ρ′∥∥

L1(RN ;Rn)
.

Then, there exists a semigroup

S : R+ × (L1 ∩ BV)(RN ; [0, R]n) → (L1 ∩ BV)(RN ; [0, R]n)

such that the following conditions hold.

1. For all ρo ∈ (L1 ∩ BV)(RN ; [0, R]n), the orbit t 
→ Stρo is the unique solution
to (4.4) in the sense of Definition 4.4.

2. For all ρo ∈ (L1 ∩ BV)(RN ; [0, R]n) and t > 0

TV (Stρo) ≤ TV (ρo) eκot + N K WN eκot
(
CI + ‖divx v‖L∞(RN ;R)

)
t ,

where WN = ∫ π/2
0 cosN(θ)dθ , K > 0, and κo > 0.

3. For M > 0, there exist b ∈ C0(R+;R+) such that for all ρo,1, ρo,2 ∈
L1(RN ; [0, R]n) with TV (ρo,i) ≤ M and for all t ∈ R

+

∥
∥Stρo,1 − Stρo,2

∥
∥

L1(RN ;Rn)
≤

(
1 + t et b(t)

) ∥
∥ρo,1 − ρo,2

∥
∥

L1(RN ;Rn)
.

The Cauchy problem (4.4) is also stable with respect to variations of the functions
vi and vi.

Theorem 4.6 ([26, Theorem 3.2]) There exists a function L ∈ C0(R+;R+) such
that

∥
∥ρ̂(t) − ρ̌(t)

∥
∥

L1(RN ;Rn)
≤ (

1 + t L(t)
) ∥
∥ρ̂o − ρ̌o

∥
∥

L1(RN ;Rn)

+t L(t)
∥
∥v̂ − v̌

∥
∥

W1,∞(RN ;Rn)

+t L(t)
∥
∥v̂ − v̌

∥
∥

L∞(RN ;RNn)

+t L(t)
∥
∥divx

(
v̂ − v̌

)∥∥
L1(RN ;Rn)

for every initial data ρ̂o, ρ̌o ∈ L1(RN ;Rn), for every velocity functions v̂, v̌ ∈
(C2 ∩ W2,∞)(RN ;Rn), for every directions v̂, v̌ ∈ (C2 ∩ W2,1)

(
R

N ;RNn
)
, where

ρ̂ (resp. ρ̌) denotes the solutions for ρ̂o, v̂, and v̂ (resp. for ρ̌o, v̌, and v̌).
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5 NonLocal Conservation Laws in Bounded Domains

In this part we consider a system of conservation laws, i.e. n > 1, in an open,
connected, and bounded domain � of R

N with boundary of class C2. More
precisely, we study the initial boundary value problem for system (4.1), i.e. the
problem

⎧
⎪⎨

⎪⎩

∂tρ
i + divx

(
ρi V i

(
t, x,Ii (ρ)

)) = 0 t > 0, x ∈ �, i ∈ {1, · · · , n}
ρ(0, x) = ρo(x) x ∈ �

ρ(t, x) = 0 t > 0, x ∈ ∂� ,

(5.1)

where ρ denotes the vector (ρ1, · · · , ρn). For numerical examples; see [30].
The presence of a boundary has two different effects. First, boundary conditions

need to be carefully considered. Indeed, as is well known, the data imposed by
boundary conditions need not be strictly assumed, see [57] and the references
therein. Second, nonlocal terms have to be evaluated exclusively inside the domain
of reference. Indeed, the presence, or absence, of people behind a wall cannot
influence the pedestrians’ speed choices, see the discussion in [30].

Definition 5.1 ([30, Definition 4.1]) Fix a positive T and an initial datum ρo ∈
L1(�;Rn). A function ρ ∈ C0

(
I ; L1(�;Rn)

)
is a solution to (5.1) if, for every

i ∈ {1, · · · , n}, the i-th component ρi is a regular entropy solution, in the sense of
Definition A.2, to

⎧
⎨

⎩

∂tρ
i + divx

(
ρi w(t, x)

) = 0 t ∈ I̊ , x ∈ �

ρi(0, x) = ρi
o(x) x ∈ �

ρi(t, x) = 0 t ∈ I̊ , x ∈ ∂�

where w(t, x) = V i
(
t, x,Ii

(
ρ(t)

)
(x)

)
.

In the following well posedness result, the key assumptions require relations
(bounds) on the nonlocal operator. Remark that these bounds all depend exclusively
on values of the various functions inside the domain �. In other words, we substitute
the usual convolution

(ρ∗η)(x) =
∫

RN

ρ(x) η(x−ξ) dξ with (ρ ∗
�

η)(x) =
∫
RN ρ̄(x) η(x − ξ) dξ

∫
�

η(x − ξ) dξ
,

where ρ̄ is the null extension of ρ from � to all of RN :

ρ̄(x) =
{

ρ(x) x ∈ �

0 x ∈ R
N \ � .

This choice is coherent with the above remark about letting each individual react
exclusively to what is within his/her horizon and inside �.
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Theorem 5.2 ([28, Theorem 2.2]) Assume the following hypotheses hold.

1. For every i ∈ {1, · · · , n}, V i ∈ (C0 ∩ L∞)
(
I̊ × � × R

m;RN
)
.

2. There exists M > 0 such that for every i ∈ {1, · · · , n} and t ∈ I̊ , V i(t) ∈
C2(� × R

m;RN) and
∥
∥V i(t)

∥
∥

C2(�×Rm;RN)
≤ M .

3. For every i ∈ {1, · · · , n}, Ii : L1(�;Rn) → C2(�;Rm) is such that there exists
a positive K and a nondecreasing map K ∈ L∞

loc(R
+;R+) such that:

a. for all r ∈ L1(�;Rn),

∥
∥
∥Ii (r)

∥
∥
∥

L∞(�;Rm)
≤K ‖r‖L1(�;Rn) ,

∥
∥
∥∇xIi (r)

∥
∥
∥

L∞(�;Rm×N)
≤K ‖r‖L1(�;Rn) ,

∥
∥
∥∇2

xIi (r)

∥
∥
∥

L∞(�;Rm×N×N)
≤K

(‖r‖L1(�;Rn)

) ‖r‖L1(�;Rn) ;

b. for all r1, r2 ∈ L1(�;Rn)

∥
∥
∥Ii (r1) − Ii (r2)

∥
∥
∥

L∞(�;Rm)
≤K ‖r1 − r2‖L1(�;Rn) ,

∥
∥
∥∇x

(
Ii (r1) − Ii (r2)

)∥∥
∥

L∞(�;Rm×N)
≤K

(‖r1‖L1(�;Rn)

) ‖r1 − r2‖L1(�;Rn) .

Then:

1. For every ρo ∈ (L∞ ∩ BV)(�;Rn), there exists a unique ρ ∈ L∞(I̊ × �;Rn)

solving (5.1) in the sense of Definition 5.1.
2. For every ρo ∈ (L∞ ∩ BV)(�;Rn) and for every t ∈ I̊ ,

‖ρ(t)‖L1(�;Rn) ≤ ‖ρo‖L1(�;Rn) ,

‖ρ(t)‖L∞(�;Rn) ≤ ‖ρo‖L∞(�;Rn) exp
(
t M(1 + K ‖ρo‖L1(�;Rn))

)
,

TV
(
ρ(t)

) ≤ exp
(
t M(1 + K ‖ρo‖L1(�;Rn))

)

×
[

O(1) n ‖ρo‖L∞(�;Rn) + TV (ρo) + n t ‖ρo‖L1(�;Rn) M

×
(
1+‖ρo‖L1(�;Rn)

(
K+K2‖ρo‖L1(�;Rn)+K

(‖ρo‖L1(�;Rn)

)))
]

.

3. For every ρo ∈ (L∞ ∩ BV)(�;Rn) and for any t, s ∈ I̊ ,

‖ρ(t) − ρ(s)‖L1(�;Rn) ≤ TV (ρ(max{t, s})) |t − s|.
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4. For every initial data ρo, ρ̃o ∈ (L∞ ∩ BV)(�;Rn) and for any t ∈ I̊ , calling ρ

and ρ̃ the corresponding solutions to (5.1),

‖ρ(t) − ρ̃(t)‖L1(�;Rn) ≤ eL(t) ‖ρo − ρ̃o‖L1(�;Rn),

where L(t) > 0 depends on �, V i , Ii , ‖ρo‖L1(�;Rn), ‖ρ̃o‖L1(�;Rn),
‖ρo‖L∞(�;Rn), ‖ρ̃o‖L∞(�;Rn), TV (ρo), and on TV (ρ̃o).

5. Fix ρo ∈ (L∞ ∩ BV)(�;Rn). Let Ṽ i satisfies the same assumptions of V i . Call
ρ and ρ̃ the solutions to problem (5.1) corresponding, respectively, to the choices
V and Ṽ . Then, for every t ∈ I̊ ,

‖ρ(t) − ρ̃(t)‖L1(�;Rn) ≤ C(t)

∫ t

0

∥
∥
∥V (s) − Ṽ (s)

∥
∥
∥

C1(�×Rm;RnN )
ds,

where C depends on �, V i , Ṽ i , Ii , and on the initial datum.
6. For i ∈ {1, · · · , n}, if ρi

o ≥ 0 a.e. in �, then ρi(t) ≥ 0 a.e. in � for all t ∈ I̊ .

We conclude this section noting that the extension of Theorem 5.2 to the case of
several interacting populations in a bounded domain is, at present, apparently still
to be considered.

6 Mixed Micro–Macro Models in R
N

Here we consider the case of a system similar to (4.1) coupled with ordinary
differential equations. In typical situations, the system of conservation laws is used
to describe the evolution of several populations through their macroscopic densities,
while the ordinary differential equations model the microscopic dynamics of few
agents.

For i ∈ {1, · · · , n}, we consider the system

{
∂tρ

i + divx

[
qi(ρi) V i

(
t, x,Ii (ρ), p

)] = 0

ṗ = F
(
t, p,J

(
ρ(t)

)
(p)

)
,

(6.1)

where q(ρ) = ρ v(ρ), t > 0, x ∈ � = R
N , ρ = (ρ1, · · · , ρn) is the vector of

the macroscopic densities, p ∈ R
m describes the positions and possibly the velocity

of d ∈ N agents, so that m = Nd or m = 2Nd. Moreover Ii and J are nonlocal
operators, reflecting the fact that the behavior of the members of the population
as well as of the agents depends on suitable spatial averages. System (6.1) is
supplemented with the initial conditions

ρ(0, x) = ρo(x) and p(0) = po, (6.2)

with ρo ∈ L1(RN ;Rn) and po ∈ R
m.
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Definition 6.1 ([13, Definition 2.6]) Fix ρo ∈ (L1 ∩ BV)(RN ;Rn) and po ∈ R
m.

A couple (ρ, p) with

ρ ∈ C0(
R

+; L1(RN ;Rn)
)

and p ∈ W1,1(R+;Rm)

is a solution to (6.1)–(6.2) if the following conditions are satisfied:

1. For every i ∈ {1, · · · , n}, the map ρi is a Kružkov solution, in the sense of
Definition 2.2, to the scalar conservation law

∂tρ
i + divx

[
qi(ρi) V (t, x)

] = 0 ,

where V (t, x) = V i
(
t, x,Ii (ρ(t)) (x), p(t)

)
.

2. The map p is a Carathéodory solution to the ordinary differential equation

ṗ = F(t, p) where F(t, p) = F
(
t, p,J

(
ρ(t)

)
(p)

)
.

3. ρ(0, x) = ρo(x) for a.e. x ∈ R
N .

4. p(0) = po.

The following well posedness and stability result holds; for a proof see [13,
Theorem 2.2 and Section 4.1].

Theorem 6.2 ([13, Theorem 2.2]) Assume the following hypotheses.

1. For every i ∈ {1, · · · , n}, qi ∈ C2(R+;R+) satisfies qi(0) = 0 and qi(R) = 0,
for some R > 0.

2. For every i ∈ {1, · · · , n}, V i ∈ (C2 ∩ L∞)(R+ × R
N × R

N × R
m;RN).

3. The map F ∈ C0(R+ × R
m × R

�;Rm) is such that

a. For all compact subset K of Rm, there exists a constant LF > 0 such that, for
every t ∈ R

+, p1, p2 ∈ K and b1, b2 ∈ R
�,

‖F(t, p1, b1) − F(t, p2, b2)‖Rm ≤ LF

(‖p1 − p2‖Rm + ‖b1 − b2‖R�

)
.

b. There exists a map CF ∈ L1
loc(R

+;R+) such that for all t > 0, b ∈ R
�, and

p ∈ R
m

‖F(t, p, b)‖Rm ≤ CF (t)
(
1 + ‖p‖Rm + ‖b‖

R�

)
.

4. For every i ∈ {1, · · · , n}, the maps Ii : L1(RN ;Rn) → (C2 ∩ W2,1)(RN ;RN)

are Lipschitz continuous and satisfy Ii (0) = 0. In particular there exists a
positive constant LI > 0 such that, for every ρ1, ρ2 ∈ L1(RN ; [0, R]n),

∥
∥
∥Ii (ρ1) − Ii (ρ2)

∥
∥
∥

W2,1(RN ;RN)
+

∥
∥
∥Ii (ρ1) − Ii (ρ2)

∥
∥
∥

C2(RN ;RN)
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≤ LI ‖ρ1 − ρ2‖L1(RN ;Rn).

5. The map J : L1(RN ;Rn) → W1,∞(Rm;R�) is Lipschitz continuous and
satisfies J(0) = 0. In particular, there exists a positive constant LJ > 0 such

that, for every ρ1, ρ2 ∈ L1(RN ; [0, R]n),

‖J(ρ1) − J(ρ2)‖W1,∞(Rm;R�) ≤ LJ ‖ρ1 − ρ2‖L1(RN ;Rn).

Then, given the sets

R =
{
ρ ∈ (L1 ∩ BV)(RN ; [0, R]n) : spt ρ is compact

}
,

T = {(t1, t2) : t2 ≥ t1 ≥ 0} ,

there exists a process P : T × R × R
m → R × R

m such that:

1. for every t ∈ R
+, Pt,t is the identity map;

2. for all t1, t2, t3 ∈ R
+ with t3 ≥ t2 ≥ t1, Pt2,t3 ◦ Pt1,t2 = Pt1,t3 ;

3. for all (ρo, po) ∈ R×R
m and to ∈ R

+, the map t 
→ Pto,t (ρo, po) is continuous,
defined for t ≥ to, and the unique solution to (6.1) in the sense of Definition 6.1
with initial datum (ρo, po) assigned at time to;

4. for every (ρ1
o , p1

o), (ρ
2
o , p2

o) ∈ R × R
m, there exists a function L ∈ C0(R+;R+)

such that L(0) = 0 and, setting (ρi, pi)(t) = P0,t (ρ
i
o, p

i
o),

‖ρ1(t)−ρ2(t)‖L1(RN ;Rn) ≤(
1+L(t)

) ∥
∥
∥ρ1

o−ρ2
o

∥
∥
∥

L1(RN ;Rn)
+L(t)

∥
∥
∥p1

o−p2
o

∥
∥
∥
Rm

,

‖p1(t)−p2(t)‖Rm ≤L(t)

∥
∥
∥ρ1

o−ρ2
o

∥
∥
∥

L1(RN ;Rn)
+(

1+L(t)
) ∥
∥
∥p1

o−p2
o

∥
∥
∥
Rm

;

5. for all (ρo, po) ∈ R × R
m, if q1, q2, V1, V2, and F1, F2 satisfy the same

assumptions as q, V , and F , then there exists a function K ∈ C0(R+;R+) such
that K(0) = 0 and, calling (ρi, pi) the corresponding solutions, for t > 0,

‖ρ1(t) − ρ2(t)‖L1(RN ;Rn) + ‖p1(t) − p2(t)‖Rm

≤ K(t)
(
‖q1 − q2‖W1,∞(R+;R+) + ‖V1 − V2‖W1,∞(R+×RN×RN×Rm;RN)

)

+ K(t) ‖F1 − F2‖L∞(R+×Rm×R�;Rm) .

For further models based on the coupling of conservation laws with ordinary
differential equations, see [11, 12].
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7 Conclusions

Above, we collected various results that, together, allow a rigorous study of several
macroscopic crowd dynamics models based on conservation laws. On these bases,
several research directions naturally open.

From a strictly analytic point of view, a natural question is the relation between
the models above and the so-called microscopic ones. It is apparently still unknown
if a nonlocal conservation law model can be rigorously proved to be the limit as
n → +∞ of a microscopic model for n individuals, typically based on ordinary
differential equations. A few results in this direction, currently limited to a single
space dimension, are, for instance, in [46, 48].

From a control theoretic point of view, the modeling frameworks introduced
above allow to state many optimization problems. In particular, we stress the
relevance of shape optimization problems: is there an optimal shape for an exit,
so that emergency evacuations are as quick as possible? Preliminary results in this
direction are, for instance, in [34]. Note that, in this connection, both necessary and
sufficient conditions for optimality are nowadays apparently unknown.

From a numerical point of view, the introduction of efficient algorithms would
definitely foster the development and the spread of these models. Indeed, nonlocal
terms impose the computation of (possibly several) convolution integrals at each
time step. A detailed numerical study aimed at optimizing the choices of the meshes
used in the PDE integration and in the convolution integrals might have dramatic
effects on the integration times. Preliminary numerical studies in this direction are,
for instance, in [1, 3, 19].

Appendices

Regular Entropy Solutions for IBVP Problems

In this appendix we briefly recall the concept of regular entropy solutions for an
initial boundary value problem. To this aim, fix T > 0, an open and bounded subset
� of RN , and let us consider the system

⎧
⎨

⎩

∂tρ + divx (ρu(t, x)) = 0 t ∈ I̊ , x ∈ �

ρ(t, x) = 0 t ∈ I̊ , x ∈ ∂�

ρ(0, x) = ρo(x) x ∈ ∂� ,

(7.1)

where u ∈ (C∞ ∩ L∞)(I̊ × �;RN) satisfies, for every t ∈ I̊ , u(t) ∈ C2(�;RN)

and ‖u(t)‖C2(�;RN) ≤ M for a suitable positive constant M . The definition of a
boundary entropy–entropy flux pair is as follows.
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Definition A.1 ([28, Definition 4.1], [60, Definition 2]) The pair of functions
(H,Q) ∈ C2

(
R

2;R) × C2
(
I̊ × � × R

2;RN
)

is said a boundary entropy–entropy
flux pair for (7.1) if:

1. the function z 
→ H(z,w) is convex for every w ∈ R;
2. the equality ∂zQ (t, x, z,w) = (∂zH (z,w)) u (t, x) holds for every t ∈ I̊ , x ∈

�, and z,w ∈ R;
3. the equalities H (w,w) = 0, Q(t, x,w,w) = 0, and ∂zH (w,w) = 0 hold for

every t ∈ I̊ , x ∈ �, and w ∈ R.

It is now possible to state the definition of regular entropy solution.

Definition A.2 ([57, Definition 3.3]) A regular entropy solution to (7.1) is a
function ρ ∈ L∞(I̊ × �;R) such that, for every boundary entropy–entropy flux
pair (H,Q), in the sense of Definition A.1, for every k ∈ R and for every
ϕ ∈ C1

c(R × R
N ;R+), it holds

∫ T

0

∫

�

[H (ρ(t, x), k) ∂tϕ(t, x) + Q(t, x, ρ(t, x), k) · ∇xϕ(t, x)] dxdt

−
∫ T

0

∫

�

∂zH (ρ(t, x), k) ρ(t, x) divx (u(t, x)) ϕ(t, x)dxdt

+
∫ T

0

∫

�

divx Q(t, x, ρ(t, x), k) ϕ(t, x)dxdt

+
∫

�

H (ρo(x), k) ϕ(0, x)dx

+ ‖u‖L∞(I̊×�;RN)

∫ T

0

∫

∂�

H (0, k) ϕ(t, x)dHN−1(x)dt ≥ 0,

where HN−1 denotes the Hausdorff measure of dimension N − 1.

List of Symbols

C0,1(A;B) with A and B subsets of normed vector spaces, is the set of functions
defined on A, with values in B, that are Lipschitz continuous on A.

Ck(A;B) with A and B subsets of normed vector spaces, is the set of functions
defined on A, with values in B, whose k-derivatives are continuous
on A.

Ck
c(A;B) with A and B subsets of normed vector spaces, is the set of

compactly supported functions defined on A, with values in B whose
k-derivatives are continuous on A.

I is the closure of the set I .
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I̊ is the interior of the set I .
Lp(A;B) with p ≥ 1, A ⊆ R

n and B ⊆ R
m, is the set of measurable functions

f defined on A, with values in B, such that |f |p is Lebesgue
integrable on A.

L∞(A;B) with A ⊆ R
n and B ⊆ R

m, is the set of measurable functions f

defined on A, with values in B, essentially bounded.
R

+ is the set [0,+∞[ of 0 and all positive real numbers.
R̊

+ is the set ]0,+∞[ of all strictly positive real numbers.
S

N−1 is the unit sphere in R
N .

spt ρ is the support of the function ρ.
W1,p(A;B) with 1 ≤ p ≤ ∞, A ⊆ R

n and B ⊆ R
m, is the Sobolev space of

functions defined in A with values in B whose first weak derivative
is in Lp.
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