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Abstract. The linear second-order cone programming problem is con-
sidered. For its solution, two dual Newton’s methods are proposed. These
methods are constructed with the help of optimality conditions. The non-
linear system of equations, obtained from the optimality conditions and
depended only from dual variables, is solved by the Newton method.
Under the assumption that there exist strictly complementary solutions
of both primal and dual problems the local convergence of the methods
with super-linear rate is proved.
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1 Introduction

The second-order cone programming problem (SOCP) is one of the main pro-
grams in cone programming. The linear SOCP is a problem in which the linear
objective function is minimized on the intersection of a linear manifold with
a second-order cone (the Lorentz cone) (see [1]). Many optimization problems,
including combinatorial problems, can be reduced to the SOCP programs [1-3].

Today, there are some numerical methods for solving SOCP programs. From
these methods, the primal-dual path-following methods are the most known
[4,5]. In [6] the dual barrier-projection methods have been proposed for SOCP
programs. These methods are generalizations of the corresponding methods for
linear programming [7]. The primal Newton’s method for SOCP have been con-
sidered in [8]. Both dual barrier-projection methods and the primal Newton’s
method had been worked out with the help of optimality conditions.

In dual methods the dual variables depending on primal variable are defined.
As a result, the system of nonlinear equations with respect to dual variables,
including a slack dual variable, is derived. In [6] this derived system of nonlinear
equations is solved by the fix point method. The proposed in [6] dual methods
are of the affine-scaling type. In present paper unlike to [6] the Newton method
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is used for solving the derived system of nonlinear equations. Under assumption
that the solutions of primal and dual problems are strictly complementary dual
Newton’s methods converge locally to these solutions with super-linear rate.

The paper is organized as follows. In Sect. 1, we formulate the SOCP program.
Section 2 is principal in the paper. In this section the dual iterative methods for
SOCP programs, based on the Newton method, are constructed. In Sect.3 we
show that in the case of non-degenerate problem these dual methods are well-
posed. Finally, in Sect. 4, the local convergence of the methods is proved.

In what follows, the identity matrix of order s is denoted by I;. The symbol
0, is used for denoting the zero s-dimensional vector, and the symbol 04 is used
for denoting s x k zero matrix. By Diag () is denoted the diagonal matrix with a
vector x at its diagonal. Similarly, a block diagonal matrix with diagonal blocks
My, ..., My is denoted by DIAG (M, ..., My).

2 The Linear Second-Order Cone Programming Problem

Let £ C IR™ denote a closed convex pointed cone with the nonempty interior.
This cone induces in IR" a partial order, that is: x1 =g xo, if z1 — 22 € K. The
linear cone programming problem is

min {(c,z), Axr=0, x€K, (1)

where A is a m x n matrix, and ¢ = [¢!;...;¢"] € R", b = [b';...;b™] € R™.
The semicolons between vectors or components of a vector denote that these
vectors or components are placed one under another. The angle brackets denotes
the usual FEuclidean scalar product.
The linear SOCP program is a special case of the problem (1). Let ¢; € R™,
1 < i < r. Let also matrices A; have dimensions m X n;, 1 < i < r. Consider the
problem
min S0, (e 22), o)
Z::1 Aixi = b, I EK;H Onl, ey Tp EK;T Onr-

Here K3* is the second order cone (the Lorentz cone) in IR™, defined as
Kyi={a%z] e RxR"': 22> ||z||}, 1<i<m,

where ||-|| is the Euclidean norm. The cone K3 is self-dual, that is (K57)* = K3".
The following problem is dual to (2)

max (b, u), 3)
A?u+yi:Cia 1<i<r; wn EK;LI Onys «vvs Yr EK;LT On,.

in which v € R™.

Denote n = ny + -+« + n,.. If set ¢ = [c15...5¢], ¢ = [x15.. 52, y =
[y1;...59r) and A = [A1,...A,], K = KJ* x -+ x K3, then the problem (2)
can be written in the form of (1). The cone K is self-dual. We assume that both
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problems (2) and (3) have solutions, and that rows of the matrix A are linear
independent. We assume also that r > 1.
Let y(u) = ¢ — ATu. By

Fp={zeK: Av=0b}, Fp={lu,y) e R" xK: y=y(u)}

we will denote the feasible sets in problems (2) and (3), respectively. By Fp 4
we will denote the projection of the set Fp onto the space IR™, i.e. the set
Fpuw={ueR"™: y(u) € L}.

If x and [u,y] are solutions of problems (2) and (3), then they satisfy to the
following system of equalities

(r,y)=0, Ar=b, y=c-Alu (4)

and to inclusions: x € K, y € K. Taking into account these inclusions, the
equality (x,y) = 0 from (4) can be replaced by n other equalities

rioy; =0, 1<i<m, (5)

where the product between vectors z; € R™ and y; € R™ is defined by the
following way z; o y; = [xZTyZ, 20y + yzofl] By introducing the matrix

0 =T
Arr (ml) _ [.%‘1 Z; } ,

Ti $?In_1
the product z; o y; can be represented as x; o y; = Arr (z;) y; = Arr (y;) 2.

Compose the block-diagonal matrix Arr(y) = DIAG[Arr(y1), ..., Arr(y.)].
Then equalities (4) can be rewritten as

Arr(y)z = Arr(z)y=0,, Az=b, y=c— Ay, (6)

where, recall, z € K, y € K.

3 The Dual Newton’s Methods

Consider the iterative dual methods for solving problems (2) and (3). These methods
are analogs of the primal method proposed in [8]. In dual methods the dependence z(u)
or more general dependence x(u,y) are used to derive from (6) the system of nonlinear
equations depending on only dual variables.

In order to obtain x(u) we multiply the second equality from (6) by the matrix A7
and sum it with the first equality (6). As a result, we get the equation with respect to
x:

®(y)z = A"b, (7)

where by ®(y) is denoted the matrix: ®(y) = AT A 4+ Arr(y). The matrix ®(y) is
symmetric of order n. If ®(y) is nonsingular, then, solving the Eq. (7), we obtain

z=a(y) =& ' (y)ATb.

Taking y = y(u), we conclude that in fact the matrix ®(y) depends on wu.
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Substituting the founded z(u) = z(y(u)) into the second equation from (6), we get
the system of nonlinear equations with respect to w, namely,

[Im - Acrl(y(u))AT] b= 0. (8)

The system (8) consists of m equations. The number of unknowns is also equal to m.
Applying the Newton method to solve (8), we obtain the iterative process

Upt+1 = ux — G _l(uk) (Azy, —b). (9)

Here 2 = z(ux) and G (u) = = Az(u) = Azy(u).
Treating (7) as the identity with respect to u, we obtain after differentiating

Arry(y(u)) z(u) + @ (y(u)) zu(v) = Onm.
If ®(y(u)) is a nonsingular matrix, then
u(u) = =@ (y(u) Arru(y(u)) z(u). (10)
Since y(u) = ¢ — ATu, we get Arr,(y(u)) = —Arr,(y)AT.
Proposition 1. For any © € R™ the equality
Arr, (y(u)) z = —Arr (z) A" (11)
holds.

Proof. Let us take the product z; of any matrix Arr(y;) on the vector z; and differ-
entiate each row of z; by y; separately. First of all, the “null” row is the following:

0_ N1 _7.7J
Zi =50 ;Y- Therefore,

d o_ro0 1. . n1
d—yzi—[x“a:““.,xi } (12)

Further, for any consequent j-th row: zf = yf z? + yioa:z . Hence

diyzgz[x{;O;...;O;x?;O;...,O], 1<j<n-1. (13)

From (12) and (13) we derive that Arry(y)r = Arr(z). Hence, the equality (11)
takes place. O

According to Proposition 1 and to (10) G (u) = A®™*(u)Arr(z(u))A”. Thus, the
iterative method (9) can be written in the following form

wir = e~ [A 7 (g Arr(an)AT] ~ (Aar — ), (14)

where z = z(uk), yr = y(uk).

It is possible to consider the more general with respect to (9) iterative process. In
this process both variables v and y are updated at each iteration. In order to construct
the method we add to the right side of Eq. (7) the second equality from (6), multiplied
by some parameter 7 > 0. As a result, we obtain instead of (7) the system of equations

&)z =A"b+7 (y + AT — c) (15)
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with the solution z(u,y) = ®~"(y) f(u,y), where f(u,y) = ATb+71 (y+ A u—c).
Substituting z(u,y) in first and second equalities from (6), we obtain the system
of n + m equations

AR () f(u,y) —b=0m,  Arr(y)® '(y)f(u,y) = 0. (16)

Denote w = [u;y] and ¥(w) = [‘I’m(w); \11(2)(10)], where

T (w) = A2 (y) f(u,y) — b, P (w) = Arr(y)@ ' (y) f(u, y).

Lemma 1. Let the point w = [u;y] € Fp be such that the matriz ®(y) is nonsingular.
Then the matriz W.,(w) has the form

TA® AT A® 1T, — Arr(z(w))]

Yo (w) = TArr(y)®@ ' A" [I, — Arr(y)® '] Arr(z(w)) + TArr(y)® "

(17)

where @71 = &7 (y).

Proof. Differentiating ¥V we obtain: \Ilq(})(w) = Az, (w), \Ill(,l)(w) = Azy(w). More-
over,

P (w) = Arr (y) wu(w), P (w) = Arr (2(w)) + Arr (y) o, (w).
Because of (15), the function z(w) is satisfied to the identity
[ATA + Arr (y)] e(w)= ATb+ 7 (y A - c) . (18)
After differentiation (18) by u we obtain

[ATA + Arr (y)] zu(w) = AT, (19)

Respectfully, after differentiation (18) by y we derive the equality AT Az, (w) +
% Arr (y)z(w) = 71, or

AT Az, (w) + Arr (z(w)) + Arr (y) zy(w) = T1,. (20)
Equalities (19) and (20) can be written as
2(y)zu(w) = 7A",  B(y)wy(w) + Arr (z(w)) = T1,.
If ®(y) is a nonsingular matrix, we derive from here that
za(w) = 7@ (AT, 3,(w) = D7 (y) [r]. — Arr (2 (w))].
Thus, the matrix ¥,,(w) has the form (17). |

If the matrix ¥, (w) is nonsingular for all points w in some neighbourhood of the
solution w. of the problem (3), then it is possible to apply the Newton method for
solving the system of nonlinear equations (16). We obtain the dual iterative method

Wg+1 = Wk — T;l(wk)\lf(wk) (21)

The point we must be taken from some vicinity of the solution w.
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Denote I'(y) = A®~!(y)A”, Ki(y) = A® ' (y), Kz(y) = Arr(y)® ' (y). Then
the matrix (17) can be written as

TL(y) Ki(y) [tIn — Arr(z(w))]

Tl = Arr()KT (y) (I — Ka(y)] Arr(a(w)) + Ka(y) |

Let the point w € Fp be such that the matrix ¥, (w) is nonsingular. In this case
the matrix T'(y) is also nonsingular. Denote K3 (y) = K{ ()T 'K, (y) and

Q(w) = [In — Ka(y)] Arr(z(w)) + 7K2(y) — Arr(y)Ks(y) [7In — Arr(z(w))].
Then, by the Frobenius formula, we obtain

., . [P P,
v = [p ]

where P, = Q7! and
P, =7 '+ 77 T 'Ky (y) [7I, — Arr(z(w))] Q7' Arr(y) KT ()T,

Py, = —7 'T"'Ki(y) [r], — Arr(z(w))]Q7", Pz =-Q 'Arr(y)K] (y)I" .
At last, denote W = T 'K (y) [t I, — Arr(z(w))] Q™. It follows from previous for-
mulas that P, = —77'W and Py = 77" [I,, - WArr(y)K7{ (y)] T "

Therefore, the formulas (21) for updating the point [ux; yx] are following:

Upr1 = Up — T [(Im — WArr(y)Kf(y)) ' (Azy, —b) + WArr(yk)xk] ,

Yk = yk + Q7" [Arr(y)KlT(y)lf‘*1 (Azp — b) — Arr(yk)xk} ,

where zy = x(wi) = 7 (yr) f (ws).

4 Non-degeneracy in the Dual Problem

Let us show that the matrix ®(y) is nonsingular, if the point [u,y] € Fp is non-
degenerate.

Definition 1. [1]. The point [u,y] € Fp is called non-degenerate if Trc (y) + R(AT) =
R™, where Tic(y) is the tangent space to the cone K at the point y and R(AT) is the
image of the matriz AT.

Let [u,y] € Fp, and let the vector y € K be partitioned onto three blocks of
components: y = [yr;yr;yn]. We assume for definiteness that these blocks are con-
sisted from components y; ordered in the following way: yr = [y1; ...} Yrpl, Y1 =
Wrpt1; -5 Yrptrr)s YN = [Yrpdrp+1; -+ o5 Yrptrptry)- Recall that 7 =rp +rr 47N,

The partition of the vector y induces the partition of the index set J™ = [1 : r] onto
three subsets:

Je) =[,....;rel, Ji@)=[r+1,...orr+r1], JIn@)=[rr+rr+1.. 1]

If i € Jp(y), then y; # 0n, and y; € OK,?, where 0K} is the boundary of the
cone K. If i € Ji(y), then y; = 0,,. At last, in the case, where i € J§(y), the
inclusion y; € intK3" holds. According to the partition of the vector y onto three
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blocks of components we partition also the matrix A = [Ar, A7, An] and the vector
¢ = [cF;cr;en].
For any nonzero component y; € IR"?, i € J", the following spectral decomposition

Yi = 0i,1di1 + 05 n, din, (22)

takes place [1]. Here the pair of vectors

1 Ui 1 Yi
di,l = = |:17 77:| ) diy“z‘ = = |:17 T :| )
v2 Ll V2 [l
is a Jordan frame. The coefficients ;1 and 6; , in (22) are following:

1 0 . 1 0 .
0i1 = —= (v ill) s Oin; = —= (ys — 1%:l]) -
1= (vi + llwl) = (vi — llwl)

Both vectors d;,1 and ds,»; are orthogonal each to other and their lengths equal to one.

Ify; € K3%, then 6,1 > 0 and 6; ,, > 0. In the case, where y; # 0,, and y; € 0K,
the equality y9 = ||7:|| holds. Hence, only the first coefficient ;1 = v/2y? = v/2||%: ||
differs from zero.

Let us assume that y; € K¢ and y; # 0,,. The matrix Arr(y;) is symmetric.
Denote by H; the orthogonal matrix with columns being eigenvectors of Arr (y;). The
vectors d; 1 and d; ,, are among eigenvectors of Arr (y;). The matrix H; can be taken
in the following form

Hi = [dixlﬂhi,27 ey hi,ni72u di,ni] .
The eigenvectors h;2,...hin,—2 are arbitrary vectors from the subspace
Ry ={z=["2] e R™ : 2° =0}.

All these vectors have the unit length and are orthogonal each to others. Moreover,
they are orthogonal to the vectors d;;1 and d; »;.

Eigenvalues y? + ||7:|| and 42 — ||7:|| correspond to the eigenvectors d;,1 and d; p,,
respectively. The eigenvalue ¢ has the multiplicity n; — 2 and corresponds to eigen-
vectors h;2,...hin;—2. Denoting by X; the diagonal matrix

Zi = D1ag (ﬁ@i’l,yz‘o, ey y,?, \/i@l,nl) s

we have Arr (y;) = H;>:;HF.

If i € J7(y), then y; = 0,,. In this case the identity matrix I, can be taken as the
orthogonal matrix H;. It is evident that X; = Op,n, for this Arr (y;).

Introduce into consideration the block-diagonal matrices

Hp = DIAG [Hy, ..., Hyp], H; =DIAG [Hepi1, -y Hepirs],

The matrices Hr and H; are orthogonal. In the same way we combine the diagonal
matrices X;:

S =DIAG [Z1,...,5.,.], 3/ =DIAG [SZrpi1,- s Zrpirs]s

Let AY = ArHp, and let AY be the matrix AY, from which all columns are
removed, except the columns being the first columns of matrices A;H;, i € Jp(y). The
matrix A has the dimension m x rr. Denote A%, = [A?, A?], where AF = A/H;.

The following criterion of the non-degeneracy of the point [u,y] is valid [1].
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Proposition 2. The point [u,y] € Fp is non-degenerate if and only if columns of the
matriz AR, are linear independent.

It follows from Proposition 2, that at a non-degenerate point [u,y] the inequality
rr +nr < m takes place, where ny = Zie-’}(w Ng.

Proposition 3. [6] Let the point [u,y] € Fp be non-degenerate. Then the matriz ®(y)
is nonsingular.

We call the dual problem (3) non-degenerate, if all points [u,y] € Fp are non-
degenerate. Below we suppose that the problem (3) is non-degenerate.

5 Local Convergence of the Dual Methods

Let z. and [u«,y«] be the solutions of problems (2) and (3), respectively. We assume
without loss of generality that for the vector z. the following partition onto three blocks
of components z. = [Z«,F, T«,1, T+,n] holds. Moreover, the number of component in
blocks x4, r, x«,1 and z. v is equal to rr, rr and rn, respectively. Each component x. ;
from the block z. r belongs to the boundary of the cone K;*. Each component z. ;
from the block . s is an interior point of K5%. All z.; from the block z. n are zero
vectors.

Besides, let for the vector y. the decomposition onto block of components y. =
[y«,F, Y«,1, Yx,N] take place. Moreover, the number of components in blocks is equal to
7r, 71 and Ty, respectively. But unlike to x,, components y. ; from the block vy, are
zero vectors. On the contrary, y. ; from the block y. n is an interior point of the cone
K3t

According to (5) the following complementary condition z.;oy.; =0,1<1i<r,
holds. The strict complementary condition means that additionally z. ;+y.,; € int Kg.
In this case 7r = rp, 71 = r1 and 7n = rn. Furthermore, the matrices Arr(z. ;) and
Arr(y.,;) commute between themselves. The following decompositions

Arr(m*,i) = .FIZAZ.["IZT7 Arr(y*,i) = HZEZHZT, (23)

take place. Here H; is an orthogonal matrix, and A; and Y; are diagonal matrices with

eigenvalues of Arr(z.;) and Arr(y.;) at their diagonals, respectively. Below we set

rer=rr+rrand Jp =[1:rp], Ji =[rp+1:rpr], Jy =[rrr+1: 7], Jp; = JpUJT.
Similar to (22) for x.,; the spectral decomposition

Txi = 1i,1€i,1 + Nin,; €in, (24)

holds, where

e L {1 T } e ! {1 Do }
i,1 = = L2 ) ing = = LT
VR L El V2 [1Zi
are frame vectors. The coefficients 7,1 and 7;,,, in (24) are following:

1
), Ning, = 2 (1»‘2,1' = [1Zall) -

1 _
Mg = —= (20 + || T

V2

Both e;1 and e;,,,; are unit vectors and orthogonal each to other.
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The orthogonal matrix H; in (23) has the form
Hi=lei1, hiz,... hin;—2,€in;], (25)

where h;2,...,hin;—2 are unit vectors from the subspace Rgi. The matrix A; =
Diag (\/577231, xe’i, e xgm \/51]””) is diagonal with eigenvalues of Arr(x.;) on its
diagonal, i € Jp;. Remark, that for ¢ € Jp the last eigenvalue is zero, that is
A; = Diag (21‘27“ x(j,i, ey mﬁi,i, O) .

At solutions z. and y. according to the complementary condition the vector €; .,
must be collinear to the vector d;;;1 from the spectral decomposition (22) for yu ;.
Hence, the orthogonal matrix (25) can be used also in the spectral decomposition of
the matrix Arr(y.), 1 € Jpy, i.e. Arr(y.;) = H; X, HY , where X; is a diagonal matrix
with the vector of eigenvalues of the matrix Arr(y.,;) at its diagonal. For ¢ € Jp the
matrix X; has the form X; = Diag (O, yfyi, ceey ySy,., Qyi),i). The matrix A; is zero for
i € Jy, and, vice verse, the matrix Y; is zero, when ¢ € J7.

In addition, let the orthogonal matrix H; for i € Jy be defined by the matrix
Arr(y*,i), that is Arr(y*yi) = lelH,LT Then H; = [di,lyh’i,Qy'"7hi,ni72,di,n7’/] and
i = Diag (y2; + |Feill, ¥24, -, 94, y2i — |Jn,ill]) . Moreover, A; is a zero matrix
for i € Jy.

Let A = DIAG (IXF7 A[, AN), 3 = DIAG (EF, 2[, EN), where

Ap =DIAG (A1, ...,Ayp), Sp=DIAG (51,...,5,)

and
Ar =DIAG (Aypit,.. s Arpy), 57 =DIAG (Zrpi1,.. s Srpy) s

An =DIAG (Arpyi1,-.,Ay), ZBn =DIAG (Zppyi1,..., 50).

Set also H = DIAG (Hi,..., H,) and denote: AHF = AHp, A™I = AH;, AHN =
AHy, AH = AH. For AH the decomposition AH = [AHF , AR AHN ] is valid. With
the introduced notations the matrix G (u«) can be submitted in the form

G () = AMB MA@ AN, @) = (8%)) , (20)

where y. = y(u«) and @™ (y.) = H  ®(y. ) H.
We have by aforesaid

; (A‘}I)TAZ? +5r (A‘});A? (AI}I);AE
) = | (AF) AR (AT) AT (AT A
()T A (AR AT (AR AR 2y

All diagonal entrees of the matrix Xy are strictly positive. The diagonal matrix X
is such that there are rr zero entrees at its diagonal. All these zero entrees are first
diagonal elements of the matrices X, i € Jp.

Compute <I>7H(y*). For this purpose we firstly rearrange rows and columns of the
matrix. Suppose that first columns of the matrices A, i € Ji, are removed from A,
and the separate sub-matrix AI}I is composed from these first columns. The dimension
of AR is m x rp. Denote by AY the sub-matrix of the matrix AE composed from
the rest columns of A®. Add the sub-matrix A to the matrix A;, putting it before
Ar. The resulting m X (rp + nr) matrix denote by AIIEII. Moreover, denote by ﬁ]p the
diagonal sub-matrix of the matrix X, from which first diagonal entrees of the matrices
3, 1 € Jp, are eliminated. Let IT be a permutation matrix, realizing the mentioned
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changes of rows and columns of ®(y.). Then the matrix ®(y.) can be written in
the form

N T . ~ N T N T
} (A;‘) AR sy (A;‘) AH, (A;‘) AR )
R R B L
(AR) AR (AR)” AR, (AR) AN + =

Partition the matrix (27) onto four blocks:

H _ Wit Wiz | T
P (y*)_l—'[|:]/vlT2 W22:|H )
where
T . . oNT T
o [ s (][
(AF)T AR ()T AR, (AF)" AN

and Whe = 3N + (AE)TAE

If the non-degeneracy condition holds at the point [u«, y«], then according to Propo-
sition 3 the matrix ® (y.) is positive definite. Therefore, the diagonal blocks Wi, and
Whs are also positive definite matrices.

Using the Frobenius formula, we obtain

e H(y) =TI |:v11 V12:| o’

Viz Va2
where
Vii = Wi+ Wi WRZ WEWL!, Vie = -WiR'WiRz !, Ve =2"' (28)

and Z = Was — WHLW W,
Firstly, compute the matrix Wl_ll. According to Proposition 2 the matrix
(.AIIEII)T A, at the non-degenerate point [us, ys] is nonsingular. Denote

v = (AF)" A+ 2 - ()" a2 [ ()] () AR o)

—1
Denote also P = A%, [(.AI;[)T AI;I] (AII?I)T. The matrix P is an orthogonal projec-

tor onto the linear sub-space £, generated by columns of the matrix AE;. The matrix
P, = I — P projects onto the orthogonal complement £+ to the sub-space £. By (29)

y=3p+ (AIJ;I)TPLAI; (30)

Let £ = [(AF)" %] s = Aty (A};‘)T. With the help of the Frobenius

formula, we obtain

y—l 7:))—1 (AII}‘I)TAII:HI[(C; :| , (31)

wil = )
B {—S(A‘F*ATA‘F*W £+ E(AR)TS AN, €
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The matrix P, is idempotent, that is P, = 7P3?. Using the Sherman-Morrison-
Woodbury formula, we derive from (30)

. . U . e\ T -1 U
Yyl o5t (A?) P {Im+PLA‘F*2;1 (A}‘) PL} PLAR 521 (32)

Introduce the additional notation AI;I = [A%I,AI}II] Then the matrix Z can be

written in the form
T R o \NT
2 =3y + (4¥) {Im — Aot (A% ] AR (33)

It can be seen from (33) that the matrix Z is a Schur complement of the positive
definite matrix Wh1 at (27). Therefore, Z is a positive definite matrix too.

~ ~ ~ T N
Proposition 4. Let S =P + PLSP.L. Then A¥, Wi (.A?};l1> =S.
Proof. This equality can be obtained by direct calculations. a

Corollary 1. According to (33) Z2 =3y + (.AE)T (Im - 5‘) AR, Since I is a pos-

itive definite diagonal matriz, we obtain by the Sherman—Morrison—Woodbury formula

2 =3yt - (AR (- 3)1/2

. {IJr (1*3)1/2 Agzﬁl (AE)T (173)1/2} -1 (173)1/2 A%E;ﬁ (34)

Using the matrices (31) and (34), it is possible by (28) compute the matriz ®~F(y.).

Below, we will need in the definition of non-degeneracy of a point x € Fp in the
primal problem (2).

Definition 2. [1]. The point x € Fp is called non-degenerate, if T (x) + N (A) = R",
where Tic(x) is a tangent space to the cone K at the point x, and N(A) is a null-space
of the matriz A.

Denote by HE, i € J&, the left n; x (n; — 1) sub-matrix of the matrix H;. In other
words, HiL is the matrix H;, from which the last column e;,,; is removed. Denote also

by A;{L = A;HE. Compose from Af{L, i € Jp, the matrix A;IL = [AfIL,...,AT{{FL]
with the dimension m x (ng — ), where np = Zz‘eJ; n;. Introduce additionally the

matrix AI;}“ = [A;IL,A?}. The following criterion of non-degeneracy of the point
x € Fp is valid.

Proposition 5. [1]. The point © = [zp;xr;xN] is non-degenerate if and only if rows
of the matriz ApF are linear independent.

Lemma 2. Let z. € Fp and [u«,y«] € Fp be non-degenerate solutions of problems
(2) and (3), respectively. Let also the solutions x. and y. be strictly complementary.
Then the matriz G (u.) = A® 7 (u.) Arr(z(ux))AT is nonsingular.
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Proof. Since Az. = b and Arr (y.)z. = On, we have [Arr(y.) + A" A] 2. = A"b.
Hence, z(u«) = z.. Moreover, the expression (26) for G (u.) takes place.
Let show, that the homogeneous system of linear equations

G (ux)z = Om (35)
has only zero solution z = 0,,. It follows from here that the matrix G (u.) is nonsin-
gular.

. N . e\ T .
Denote A® = AYII. By (26) G (u.) = A" & H(y.)A(x.) (AH) , where A™ =
[AI}I],AE} and & H(y,) = II"® H(y.)IL The block-diagonal matrix A = A(z.) is

obtained from the matrix A by rearrangement of rows and columns with the help of
the permutation matrix IT, that is A = IIAIIT. This matrix can be written also in

the form A = DIAG [AF,, AN].

The right lower block Ay is a zero matrix, therefore
iH 2 a\T Hy,T A sa \T
G (ux) = Apr Vi1 Arr (.AFI) + AnViaAFr (AFI) .
Substituting V11 and V12, we derive that G (u+) is the matrix of the following form

- N N T
G (u.) = AP Wi Ay (AF))
~ ~ T ~ o ~
oA ()" - 1] A2 (8T A A ()

T

Denote Y = ARz~! (AE)T. Then, using Proposition 4, we come to conclusion
that

. . . o \T
G (u) = [Im - (Im - s) u] AW Arp; (A‘;I)

We multiply the equality (35) from the left on the matrix (AEI)TA Since I, — S =

P —PLSP., we derive that (AEI)T (Im - 3) = 0. Thus, we have

(A8) " Aot A (A5)" 2 =00, (36)

where [1 =rr +n7g.

Assume that z # 0,, and consider separately two possibilities.

1) (AgI)Tz # 07,. In this case, taking into account the expression (31) for the
matrix Wi;', we get

(A3)" AR = (%) [PLABY T (I~ PL8) ARLE] = O, T,

where lo = ngp — rp. Hence, the equation (36) is reduced to the following one:
Arr (.AIIEII)TZ = 0;,, where Ap; is a right lower diagonal [y x I sub-matrix of the
matrix A ri1. Because all diagonal entrees of the matrix Ay are positive numbers, this
equality does not fulfilled, when z # O,.

2) (.AI;I)T z = 0;,. Under this assumption z € £, therefore,

R . e \T . R N
AW Ap; (AI}_?‘II) z=PLARY 'Ap (A;I) Pz (37)
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o A\ —1 PN N ATT A -
By (32) PLARY ! = (Im-l-C) PLAES Y, where C = PLARS M (AR P Tt
follows from here and (37) that

AWt Ars (A)" 2= (1o +6) 7 PLARS AR () Pz =0

—1
But the matrix (Im + (f) is positive definite. Therefore, this equality is possible only
o SANT
when P, AES 1Ay (A‘;) PLz=0.

All diagonal entrees of the diagonal matrix 2;1[& F are positive except of rr diago-
nal entrees equal to zero. All these zero entrees correspond to the last diagonal entrees
of matrices A; in the decomposition Arr(z.;) = H;A;HY, i € Jg. Denote by A~
the sub-matrix of the matrix A, from which the last columns of the matrices A are
removed.

. o NT
Let p = Z]IQIAF (AI;) P1z. The vector p is non-zero. Really, otherwise, because

of (AIIEII)T z = 0, the rows of the matrix [.AH",AIIEII] are linear dependent. This con-
tradicts to non-degeneracy of the point x..

By the same reason the equality P J_/lfp[p = 0 is also impossible, since in the opposite
case we have contradiction with Proposition 5. a

Lemma 3. Let assumptions of Lemma 2 hold. Then the matriz ¥, (w.) is nonsingu-
lar, where w. = [ux; y«] is the solution of problem (3).

Proof. Multiplying the right column of the matrix ¥, (w.) from the right by A7 and
subtracting this column from the left column, we obtain the matrix

AP Arr(z.)AT A®~ ! [11, — Arr(z(w))]
{ [Arr(y.) @' — I,] Arr(z.) A" [I, — Arr(y.)® '] Arr(z.) + TArr(y)@fl] ’
(38)
where 2. = z(w.) is the solution of the primal problem (2), and @ = & ! (y.).
Further, we multiply the first row of the matrix (38) from the left by the matrix
A" and sum it with the second row. Since [A" A+ Arr(y.)] @' (y.) = I, we amount
to the matrix

[427 ) Are(e) A7 AT @)l = At (30)

O0nm TIn

By Lemma 2 the left upper sub-matrix A® ' (y.)Arr(z.)A” is non-singular. Under
7 > 0 the right lower sub-matrix of the matrix (39) is also non-singular. Therefore, the
matrix (38) is non-singular too. O

Remark 1. If the point [u.,y.] € Fp is non-degenerate, then due to continuity the
points [u,y] in some vicinity of [u«,y«] are also non-degenerate. Thus, the algorithmic
mappings in methods (14) and (21) are completely defined in some domain containing
points u, and ws, respectively.

Theorem 1. Let all conditions of Lemma 2 be valid. Then the iterative methods (14)
and (21) converge locally to the solutions u. and w. with super-linear rate.

Proof. The proof follows from well-known results concerning the Newton method and
from Lemmas 2, 3. a
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6 Conclusion

We have proposed two variants of the dual Mewton’s method for solving linear second
order cone programming problems. Both variants of the method converge locally with
the super-linear rate. From theoretical point of view dual methods are preferable in
compare with primal methods, when the number of equalities in the primal problem is
not large.

References

1. Alizadeh, F., Goldfarb, D.: Second-order cone programming. Math. Program. Ser.
B. 95, 3-51 (2003)

2. Lobo, M.S., Vandenberghe, L., Boyd, S., Lebret, H.: Applications of second order
cone programming. Linear Algebra Appl. 284, 193-228 (1998)

3. Anjos, M.F., Lasserre, J.B. (eds.): Handbook of Semidefinite, Cone and Polynomial
Optimization: Theory, Algorithms, Software and Applications, p. 915. Springer, New
York (2011). https://doi.org/10.1007/978-1-4614-0769-0

4. Nesterov, Y.E., Todd, M.J.: Primal-dual interior-point methods for self-scaled cones.
STAM. J. Optim. 8, 324-364 (1998)

5. Monteiro, R.D.C., Tsuchiya, T.: Polynomial convergence of primal-dual algorithms
for second-order cone program based on the MZ-family of directions. Math. Pro-
gram. 88(1), 61-83 (2000)

6. Zhadan, V.: Dual multiplicative-barrier methods for linear second-order cone pro-
gramming. In: Jaéimovié, M., Khachay, M., Malkova, V., Posypkin, M. (eds.)
OPTIMA 2019. CCIS, vol. 1145, pp. 295-310. Springer, Cham (2020). https://
doi.org/10.1007/978-3-030-38603-0-22

7. Evtushenko, Y.G., Zhadan, V.G.: Dual barrier-projection and barrier-newton meth-
ods for linear programming. Comp. Maths. Math. Phys. 36(7), 847-859 (1996)

8. Zhadan, V.G.: Primal Newton method for the linear cone programming problem.
Comput. Mathe. Mathe. Physics. 58(2), 207-214 (2018)


https://doi.org/10.1007/978-1-4614-0769-0
https://doi.org/10.1007/978-3-030-38603-0_22
https://doi.org/10.1007/978-3-030-38603-0_22

	Dual Newton's Methods for Linear Second-Order Cone Programming
	1 Introduction
	2 The Linear Second-Order Cone Programming Problem
	3 The Dual Newton's Methods
	4 Non-degeneracy in the Dual Problem
	5 Local Convergence of the Dual Methods
	6 Conclusion
	References




