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Abstract Based on employing the unbounded order convergence instead of the
almost everywhere convergence, we identify and study a class of Banach lattices
in which the Brezis–Lieb lemma holds true. This gives also a net-version of the
Brezis–Lieb lemma in Lp for p ∈ [1,∞). We discuss an operator version of the
Brezis–Lieb lemma in certain convergence vector lattices.
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1 Introduction

Throughout this paper, (�,�,μ) stands for a measure space in which every set A ∈
� of nonzero measure has a subset A0 ⊆ A, A0 ∈ �, such that 0 < μ(A0) < ∞. It
is known that the Fatou lemma is the following implication

fn
a.e.−−→ f �⇒

∫
|f |dμ � lim inf

∫
|fn|dμ, (1)
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where (fn) is a sequence in L0(μ). The Brezis–Lieb lemma [2, Thm.2] is a
refinement of the Fatou lemma.

Theorem 1 (The Brezis–Lieb Lemma) Let j : C → C be a continuous function
with j (0) = 0 such that, for every ε > 0, there exist two continuous functions
φε, ψε : C → R+ with

|j (x + y) − j (x)| � εφε(x) + ψε(y) (∀x, y ∈ C). (2)

Let f be a C-valued function in L0(μ) and (gn) be a sequence of C-valued functions
in L0(μ) such that gn

a.e.−−→ 0; j (f ), φε(gn), ψε(f ) ∈ L1(μ) for all ε > 0, n ∈ N;
and let

sup
ε>0, n∈N

∫
φε(gn(ω))dμ(ω) � C < ∞.

Then

lim
n→∞

∫
|j (f + gn) − (j (f ) + j (gn))|dμ = 0. (3)

Two measure-free versions of Theorem 1 were proved in vector lattices in [5, 9].
The following fact is a corollary of Theorem 1 (see [2, Thm.1]).

Theorem 2 (The Brezis–Lieb Lemma for Lp (0 < p < ∞)) Suppose fn
a.e.−−→ f

and
∫ |fn|pdμ � C < ∞ for all n and some p ∈ (0,∞). Then

lim
n→∞

∫
(|fn|p − |fn − f |p)dμ =

∫
|f |pdμ. (4)

Proof We reproduce short and instructive arguments from [2]. Take j (z) =
φε(z) := |z|p and ψε(z) = Cε|z|p for a sufficiently large Cε. Theorem 1 applied to
the sequence (gn), where gn = fn − f , gives

lim
n→∞

∫
(|fn|p − (|f |p + |fn − f |p))dμ = 0. (5)

The uniform boundedness assumption on the sequence (fn) together with (5) ensure

∫
|f |pdμ � lim sup

n→∞

∫
(|f |p + |fn − f |p)dμ � C. (6)

Formula (6) allows us to rewrite (5) as (4). 	
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The Fatou lemma
(
in the case of a uniformly Lp-bounded sequence (fn)

)
follows

from Theorem 2, since

fn
a.e.−−→ f ⇒

∫
|f |pdμ = lim

n→∞

∫
(|fn|p − |fn − f |p)dμ � lim inf

∫
|fn|pdμ

⇒
∫

|f |dμ � lim inf
∫

|fn|dμ.

The next theorem is an immediate corollary of Theorem 2. Notice that the case
p > 1 was obtained by Frigyes Riesz [11, p.59].

It is known that almost everywhere equality of measurable functions is an
equivalence relation. An equivalence class is denoted by f. The notion Lp means
the collection of all equivalence classes f for which

∫ |f |p < ∞, f ∈ f.

Theorem 3 (The Brezis–Lieb Lemma for Lp (1 � p < ∞)) Let (fn) be

a sequence in Lp(μ) such that fn
a.e.−−→ f in Lp(μ) and ‖fn‖p → ‖f‖p, where

‖fn‖p :=
(∫

�

|fn|pdμ

)1/p

with fn ∈ Lp(μ) and fn ∈ fn. Then ‖fn − f‖p → 0.

The fact that Theorem 3 becomes a Banach-lattice-result by replacing a.e.-
convergence with uo-convergence, motivates investigation of the class of Banach
lattices in which Theorem 2 yields for uo-convergence. One more important reason
for this investigation lies at the sequential nature of a.e.-convergence, which makes
obstacles in obtaining net-versions of the Brezis–Lieb lemma. To show this, we
include [6, Example 1]. Let μ be the Lebesgue measure on [0, 1], Pf in[0, 1] the
family of all finite subsets of [0, 1] ordered by inclusion, and IF the indicator

function of F ∈ Pf in[0, 1]. Then IF
a.e.−−→ I[0,1] and

1∫
0

|IF |dμ = 0, however

lim
F→∞

1∫

0

(|IF |−|IF − I[0,1]|)dμ = lim
F→∞

1∫

0

(−|I[0,1]|)dμ = −1 �= 1 =
1∫

0

|I[0,1]|dμ.

Proposition 2 below may serve as a net extension of Theorem 3.
After introducing Brezis–Lieb spaces, we present and discuss an internal geo-

metric characterization of Brezis–Lieb spaces in Theorem 4 [6, Thm.4]. Possible
extensions of Theorem 4 to locally solid vector lattices are also considered. In the
last part of the paper, we prove Theorem 5 which is an operator version of Theorem 1
in convergence spaces.

In the paper, we consider normed lattices over the complex field C which are
complexifications of uniformly complete real normed lattices. More precisely, the
modulus of z = x + iy ∈ E = F ⊕ iF is defined by

|z| = sup
θ∈[0,2π)

[x cos θ + y sin θ ],
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and its norm is defined by ‖z‖ = ‖z‖E := ‖ |z| ‖F . We also adopt notations E+ =
F+, z = [z]r + i[z]i , x = Re[z], and y = Im[z] for z = x + iy in E. A net (vα) in
a vector lattice E is said to be uo-convergent to v ∈ E whenever, for every u ∈ E+,
the net (|vα − v| ∧ u) converges in order to 0.

2 Brezis–Lieb Spaces

We begin with the following definition [6, Def.1] that is motivated by Theorem 3.

Definition 1 A normed lattice (E, ‖ · ‖) is said to be a Brezis–Lieb space (shortly,
a BL-space) (resp. σ -Brezis–Lieb space ( σ -BL-space) ) if, for any net (xα)

(
resp,

for any sequence (xn)
)

in X such that ‖xα‖ → ‖x0‖ (resp. ‖xn‖ → ‖x0‖ ) and

xα
uo−→ x0 (resp. xn

uo−→ x0 ), there holds ‖xα − x0‖ → 0 (resp. ‖xn − x0‖ → 0 ).

Clearly, any BL-space is a σ -BL-space, and any finite-dimensional normed
lattice is a BL-space. Since the a.e.-convergence for sequences in Lp coincides
with the uo-convergence [8, Prop.3.1], Theorem 3 says that Lp is a σ -BL-space
for 1 � p < ∞. The Banach lattice c0 is not a σ -BL-space. Indeed, let (xn) be

a sequence in c0 given by xn = e2n +
n∑

k=1

1
k
ek , and let x =

∞∑
k=1

1
k
ek in c0. Then

‖x‖ = ‖xn‖ = 1 for all n ∈ N, and xn
uo−→ x, however 1 = ‖x − xn‖ does not

converge to 0. A minor change of a BL-space may turn it into a normed lattice which
is not even a σ -BL-space [6, EX.4]. Indeed, take any infinite dimensional BL-
space E and consider E1 = R ⊕∞ E. Take a disjoint sequence (yn) in E such that

‖yn‖E ≡ 1. Then yn
uo−→ 0 in E [8, Cor.3.6]. For each n ∈ N, let xn = (1, yn) ∈ E1.

Then ‖xn‖E1 = sup(1, ‖yn‖E) = 1 and xn = (1, yn)
uo−→(1, 0) =: x in E1, however

‖xn − x‖E1 = ‖(0, yn)‖E1 = ‖yn‖E = 1 and so, (xn) does not converge to x in
(E1, ‖ · ‖E1). Therefore E1 = R ⊕∞ E is not a σ -Brezis–Lieb space. It could be
interesting to construct an example of a σ -BL-space which is not a BL-space. The
following result of Vladimir Troitsky gives a condition under which a σ -BL-space
is a BL-space (see [6, Prop.2]).

Proposition 1 A Banach lattice with the countable sup property and a weak unit is
a BL-space iff it is a σ -BL-space.

The next definition [6, Def.2] will be used for characterizing BL-spaces.

Definition 2 A normed lattice (E, ‖·‖) is said to have the pre-Brezis–Lieb property
(shortly, pre-BL property), whenever lim sup

n→∞
‖u0 + un‖ > ‖u0‖ for any disjoint

normalized sequence (un)
∞
n=1 in E+ and for any u0 ∈ E, u0 > 0.

Every finite dimensional normed lattice has the pre-BL property. The Banach lat-
tice c0 obviously does not possess the pre-BL property. The mentioned modification
of the norm in an infinite-dimensional Banach lattice E as above turns it to a Banach



On the Brezis–Lieb Lemma and Its Extensions 29

lattice E1 = R ⊕∞ E without pre-BL property. Indeed, take a disjoint normalized
sequence (yn)

∞
n=1 in E+. Let u0 = (1, 0) and un = (0, yn) for n � 1. Then (un)

∞
n=0

is a disjoint normalized sequence in (E1)+ with lim sup
n→∞

‖u0 + un‖ = 1 = ‖u0‖.

The real version of the following result is included in [6, Thm.4]. Here we provide
its complex version.

Theorem 4 For a σ -Dedekind complete Banach lattice E, the following conditions
are equivalent:
(1) E is a BL-space;
(2) E is a σ -BL-space;
(3) E possesses the pre-BL property and has order continuous norm.

Proof (1) ⇒ (2) It is trivial.
(2) ⇒ (3) We show first that E has the pre-BL property. Suppose that there exist

a disjoint normalized sequence (un)
∞
n=1 in E+ and u0 ∈ E+ with lim sup

n→∞
‖u0 +

un‖ = ‖u0‖. Since ‖u0 + un‖ � ‖u0‖, then lim
n→∞ ‖u0 + un‖ = ‖u0‖. Denote

vn := u0 + un. By Gao et al. [8, Cor.3.6], un
uo−→ 0 and hence vn

uo−→ u0. Since E is
a σ -BL-space and lim

n→∞ ‖vn‖ = ‖u0‖, then ‖vn − u0‖ → 0, which is impossible in

view of ‖vn − u0‖ = ‖u0 + un − u0‖ = ‖un‖ = 1. In this part of the proof, both
σ -Dedekind and norm completeness of E were not used.

If the norm in E is not order continuous then, by the Fremlin-Meyer-Nieberg
theorem (see e.g. [1, Thm.4.14]), there exist y ∈ E+ and a disjoint sequence (ek) in
[0, y] such that ‖ek‖ �→ 0. Without loss of generality, we may assume ‖ek‖ = 1 for
all k ∈ N. By σ -Dedekind completeness of E, for any sequence (αn) in R+, there
exist

x0 =
∞∨

k=1

ek, xn = α2ne2n +
∞∨

k=1,k �=n,k �=2n

ek (∀n ∈ N). (7)

Now, we choose α2n � 1 in (7) such that ‖xn‖ = ‖x0‖ for all n ∈ N. Clearly,

xn
uo−→ x0. Since E is a σ -BL-space, then ‖xn − x0‖ → 0, violating

‖xn − x0‖ = ‖(α2n − 1)e2n − en‖ = ‖(α2n − 1)e2n + en‖ � ‖en‖ = 1.

The obtained contradiction shows that the norm in E is order continuous.
(3) ⇒ (1) If E is not a BL-space, then there exists a net (xα)α∈A in E such that

xα
uo−→ x and ‖xα‖ → ‖x‖, but ‖xα − x‖ �→ 0. Then |xα| uo−→ |x| and ‖|xα|‖ →

‖|x|‖.
Note that ‖|xα| − |x|‖ �→ 0. Indeed, if ‖|xα| − |x|‖ → 0, then, for any ε > 0,

(|xα|)α∈A is eventually in [−|x|, |x|]+εBE . Thus (|xα|)α∈A, and hence (Re[xα])α∈A

and (Im[xα])α∈A are both almost order bounded. Since E is order continuous and
xα

uo−→ x, then Re[xα] uo−→Re[x] and Im[xα] uo−→ Im[x]. By Gao and Xanthos [7,
Pop.3.7.], ‖Re[xα − x]‖ → 0 and ‖Im[xα − x]‖ → 0, and hence ‖xα − x‖ → 0,
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that is impossible. Therefore, without loss of generality, we may assume xα ∈ E+
and—by normalizing—‖xα‖ = ‖x‖ = 1 for all α.

Passing to a subnet, denoted by (xα) again, we may assume

‖xα − x‖ > C > 0 (∀α ∈ A). (8)

Notice that x � (x − xα)+ = (xα − x)− uo−→ 0, and hence (xα − x)− o−→ 0. Order
continuity of the norm in E ensures

‖(xα − x)−‖ → 0. (9)

Denoting wα = (xα − x)+ and using (8) and (9), we assume

‖wα‖ = ‖(xα − x)+‖ > C (∀α ∈ A). (10)

In view of (10), we obtain

2 = ‖xα‖ + ‖x‖ � ‖(xα − x)+‖ = ‖wα‖ > C (∀α ∈ A). (11)

Since wα
uo−→(x − x)+ = 0, for any fixed β1, β2, . . . , βn,

0 � wα ∧ (wβ1 + wβ2 + . . . + wβn)
o−→ 0 (α → ∞). (12)

Since xα
uo−→ x, then xα ∧x

uo−→ x∧x = x and so xα ∧x
o−→ x. Due to order continuity

of the norm in E, there exists an increasing sequence of indices (αn) in A with

‖x − xα ∧ x‖ � 2−n (∀α � αn).

By (12), we also suppose

‖wα ∧ (wα1 + wα2 + . . . + wαn)‖ � 2−n (∀α � αn+1).

Since

∞∑
k=1,k �=n

‖wαn ∧ wαk
‖ �

n−1∑
k=1

‖wαn ∧ (wα1 + . . . + wαn−1)‖

+
∞∑

k=n+1

‖wαk
∧ (wα1 + . . . + wαk−1)‖

� (n − 1) · 2−n+1 +
∞∑

k=n+1

2−k+1 = n2−n+1, (13)
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the series
∞∑

k=1,k �=n

wαn ∧wαk
converges absolutely and hence in norm for any n ∈ N.

Take

ωαn :=
(

wαn −
∞∑

k=1,k �=n

wαn ∧ wαk

)+
(∀n ∈ N).

First, we show that the sequence (ωαn)
∞
n=1 is disjoint. Let m �= p, then

ωαm ∧ ωαp =
(

wαm −
∞∑

k=1,k �=m

wαm ∧ wαk

)+
∧

(
wαp −

∞∑
k=1,k �=p

wαp ∧ wαk

)+

� (wαm − wαm ∧ wαp)+ ∧ (wαp − wαp ∧ wαm)+

= (wαm − wαm ∧ wαp) ∧ (wαp − wαm ∧ wαp)

= 0

It follows by (13), that

‖wαn − ωαn‖ =
∥∥∥∥wαn −

(
wαn −

∞∑
k=1,k �=n

wαn ∧ wαk

)+∥∥∥∥

=
∥∥∥∥wαn −

(
wαn − wαn ∧

∞∑
k=1,k �=n

wαn ∧ wαk

)∥∥∥∥

=
∥∥∥∥wαn ∧

∞∑
k=1,k �=n

wαn ∧ wαk

∥∥∥∥

� ‖
∞∑

k=1,k �=n

wαn ∧ wαk
‖

� n2−n+1, (∀n ∈ N). (14)

Combining (14) with (11) gives

2 � ‖wαn‖ � ‖ωαn‖ � C − n2−n+1 (∀n ∈ N).

Passing to the further increasing sequence of indices, we may assume that

‖wαn‖ → M ∈ [C, 2] (n → ∞).
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Now

lim
n→∞

∥∥∥∥M−1x + ‖ωαn‖−1ωαn

∥∥∥∥ = M−1 lim
n→∞ ‖x + ωαn‖ by (14)

= M−1 lim
n→∞ ‖x + wαn‖ by (9)

= M−1 lim
n→∞ ‖x + (xαn − x)‖

= M−1 lim
n→∞ ‖xαn‖

= M−1

= ‖M−1x‖,

violating the pre-BL property for u0 = M−1x and un = ‖ωαn‖−1ωαn , n � 1. The
obtained contradiction completes the proof. 	

A special case of Theorem 4 was proved by Nakano [10, Thm.33.6]. The following
result, which follows from Theorem 4, can be considered as a lemma of Brezis–Lieb
type for nets in Lp.

Proposition 2 Let fα
uo−→ f and ‖fα‖p → ‖f‖p in Lp(μ), 1 � p < ∞. Then ‖fα −

f‖p → 0.

It is not clear whether or not implication (2) ⇒ (3) of Theorem 4 holds without
the assumption that E is σ -Dedekind complete. Since any σ -Brezis–Lieb Banach
lattice has the pre-BL property, for dropping σ -Dedekind completeness assumption
in Theorem 4, it is sufficient to have the positive answer to the following weaker
question.

Question 1 Does the pre-BL property imply order continuity of the norm?

In the end of this section we mention some possible generalizations of Brezis–
Lieb spaces and pre-Brezis–Lieb property. To avoid overloading the text, we restrict
ourselves to the case of multi-normed Brezis–Lieb spaces.

A multi-normed vector lattice (shortly, MNVL) E = (E,M) (see [4]):

(a) is said to be a Brezis–Lieb space if

[xα
uo−→ x0 & m(xα) → m(x0) (∀m ∈ M)] ⇒ [xα

M−→ x0];

(b) has the pre-Brezis–Lieb property if, for any disjoint sequence (un)
∞
n=1 in E+

such that (un) does not converge in M to 0 and for any u0 > 0, there exists
m ∈ M such that lim sup

n→∞
m(u0 + un) > m(u0).

A σ -Brezis–Lieb MNVL is defined by replacing of nets with sequences.
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By using the above definitions one can derive from Theorem 4 the following
result.

Corollary 1 For an MNVL E with a separating order continuous multinorm M,
the following conditions are equivalent:
(1) E is a BL-space;
(2) E is a σ -BL-space;
(3) E has the pre-BL property.

3 Operator Version of the Brezis–Lieb Lemma
in Convergent Vector Spaces

In this section we discuss an operator extension of the Brezis–Lieb lemma in
convergent vector spaces. Firstly, let us remind some definitions [3]. A convergence

“
c−→” for nets in a set X is defined by the following conditions:

(a) xα ≡ x ⇒ xα
c−→ x, and

(b) xα
c−→ x ⇒ xβ

c−→ x for every subnet (xβ) of (xα).

A mapping f from a convergence set (X, cX) into a convergence set (Y, cY ) is said

to be cXcY -continuous (or just continuous), if xα
cX−→ x implies f (xα)

cY−→ f (x) for
every net (xα) in X. Under a convergence vector space (X, cX), we understand a
vector space X with the convergence cX such that the linear operations in X are
cX-continuous. (E, cE) is a convergence vector lattice if (E, cE) is a convergence
vector space that is a vector lattice, where the lattice operations are also cE-
continuous. Motivated by the proof of the famous lemma of Brezis and Lieb [2,
Thm.2], we present its operator version in convergent spaces.

The following hypotheses will be used in the next theorem.

(H1) Let (X, cX) be a convergence complex vector space.
(H2) Let (E, cE) and (F, cF ) be two convergence complex vector lattices, with F

is Dedekind complete.
(H3) Let E0 be an order ideal in E+ − E+.
(H4) Let T : E0 → F be a cE0oF -continuous positive linear operator, where oF

stands for the order convergence in F .
(H5) Let J : X → E be a cXcE-continuous function with J (0) = 0.
(H6) For every ε > 0, there exist two cXcE-continuous mappings 
ε,�ε : X →

E+ satisfying

|J (x + y) − Jx| � ε
εx + �εy (∀x, y ∈ X). (15)

Theorem 5 (An Operator Version of the Brezis–Lieb Lemma for Nets) Suppose

hypotheses (H1)−(H6) are satisfied. Let (gα)α∈A be a net in X satisfying gα
cX−→ 0,
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let f ∈ X be such that |Jf |,
εgα,�εf ∈ E0 for all ε > 0, α ∈ A, and let some
u ∈ F+ exist with T 
εgα � u for all ε > 0, α ∈ A. Then

T

(
|J (f + gα) − (Jf + Jgα)|

)
oF−→ 0 (α → ∞).

Proof It follows from (15) that

|J (f + gα) − (Jf + Jgα)| � |J (f + gα) − Jgα| + |Jf | � ε
εgα + �εf + |Jf |,

and hence

|J (f + gα) − (Jf + Jgα)| − ε
εgα � �εf + |Jf | (ε > 0, α ∈ A).

Thus

0 � wε,α :=
(

|J (f + gα) − (Jf + Jgα)| − ε
εgα

)
+
� �εf + |Jf | (16)

for all ε > 0 and α ∈ A. It follows from (16) and from cXcE-continuity of J and


ε, that E0 � wε,α
cE−→ 0 as α → ∞. Furthermore, (16) implies

|J (f + gα) − (Jf + Jgα)| � wε,α + ε
εgα (ε > 0, α ∈ A). (17)

Since T � 0 and T 
εgα � u, we get from (17)

0 � T

(
|J (f + gα) − (Jf + Jgα)|

)
� T wε,α + εT 
εgα � T wε,α + εu (18)

for all ε > 0 and α ∈ A. Since F is Dedekind complete and T is cE0oF -continuous,

T wε,α
oF−→ 0, and in view of (18)

0 � (oF ) − lim sup
α→∞

T

(
|J (f + gα) − (Jf + Jgα)|

)
� εu (∀ε > 0).

Then T

(
|J (f + gα) − (Jf + Jgα)|

)
oF−→ 0. 	


We end up by the following remarks on Theorem 5.

1. Replacing nets by sequences one can obtain a sequential version of Theorem 5,
whose details are left to the reader.

2. In the case of F = R and X = E = L0(μ) with the almost everywhere
convergence, E0 = L1(μ), Tf = ∫

f dμ, and J : X → E given by Jf = j ◦ f ,
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where j : C → C is continuous with j (0) = 0 such that for every ε > 0 there
exist two continuous functions φε, ψε : C → R+ satisfying

|j (x + y) − j (x)| � εφε(x) + ψε(y) (∀x, y ∈ C),

we obtain Theorem 1 from Theorem 5 by letting 
ε(f ) := φε ◦f and �ε(f ) :=
ψε ◦ f .
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