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Abstract Based on employing the unbounded order convergence instead of the
almost everywhere convergence, we identify and study a class of Banach lattices
in which the Brezis—Lieb lemma holds true. This gives also a net-version of the
Brezis—Lieb lemma in L? for p € [1, co). We discuss an operator version of the
Brezis—Lieb lemma in certain convergence vector lattices.
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1 Introduction

Throughout this paper, (€2, ¥, ) stands for a measure space in which every set A €
Y of nonzero measure has a subset Ag C A, Ag € X, such that 0 < w(Ag) < oo. It
is known that the Fatou lemma is the following implication
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where (f,) is a sequence in £%(w). The Brezis-Lieb lemma [2, Thm.2] is a
refinement of the Fatou lemma.

Theorem 1 (The Brezis-Lieb Lemma) Ler j : C — C be a continuous function
with j(0) = O such that, for every ¢ > 0, there exist two continuous functions
Ge, Ve : C— Ry with

x4+ y) = JOI < ede(x) + ¥e(y)  (Vx,y €0). 2

Let f be a C-valued function in £L°(w) and (g,) be a sequence of C-valued functions

in LO(w) such that gn —> 0; j(f), ¢e(gn), Ve (f) € L1 (w) foralle > 0, n € N;
and let

sup /¢e(gn(w))du(w) < C < oo

£>0, neN

Then
nlglgof lJ(f +8n) — G(f) +j(gn))ldpn = 0. (3)

Two measure-free versions of Theorem 1 were proved in vector lattices in [5, 9].
The following fact is a corollary of Theorem 1 (see [2, Thm.1]).

Theorem 2 (The Brezis-Lieb Lemma for £? (0 < p < o0)) Suppose f, 25 f
andf | fulPdu < C < oo forall n and some p € (0, 00). Then

nlgl;o/(lfnlp—Ifn—flp)dMZ/lflde- “)

Proof We reproduce short and instructive arguments from [2]. Take j(z) =
¢:(2) := |z|? and ¥, (z) = C¢|z|? for a sufficiently large C.. Theorem 1 applied to
the sequence (g,), where g, = f, — f, gives

Jim [ Q17 = 1717 41, = £1P)die = )

The uniform boundedness assumption on the sequence ( f;,) together with (5) ensure

/ f1Pdu < limSUP/(IfI” 1y — fIP)du < C. ©)

Formula (6) allows us to rewrite (5) as (4). |
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The Fatou lemma (in the case of a uniformly £”-bounded sequence ( f,,)) follows
from Theorem 2, since

525 g = [1rvan = tin [0 15~ £ < timint [ 1517
=>/|f|du<liminf/|fnldu-

The next theorem is an immediate corollary of Theorem 2. Notice that the case
p > 1 was obtained by Frigyes Riesz [11, p.59].

It is known that almost everywhere equality of measurable functions is an
equivalence relation. An equivalence class is denoted by f. The notion L” means
the collection of all equivalence classes f for which [ | f|? < oo, f € f.

Theorem 3 (The Brezis—Lieb Lemma for L?” (1 < p < o0)) Let (f,) be
a sequence in LP(u) such that £, 2o tin LP(u) and |f,ll, — |Ifllp, where

1/p
£, == (f |fn|pdﬂ> with f, € LP(u) and f, € f,. Then ||f, — fll, — 0.
Q

The fact that Theorem 3 becomes a Banach-lattice-result by replacing a.e.-
convergence with uo-convergence, motivates investigation of the class of Banach
lattices in which Theorem 2 yields for uo-convergence. One more important reason
for this investigation lies at the sequential nature of a.e.-convergence, which makes
obstacles in obtaining net-versions of the Brezis—Lieb lemma. To show this, we
include [6, Example 1]. Let 1 be the Lebesgue measure on [0, 1], Pr;,[0, 1] the

family of all finite subsets of [0, 1] ordered by inclusion, and [ the indicator
1

function of F € P;,[0, 11. Then I ~=> lj.1 and [ |1r|dp = 0, however
0

1 1 1
lim /(|nF|—|uF—ﬂ[o,u|>du= lim /(—w[o,m)du:—ls«él:fw[o,mdu.
F—o0 F—o0
0 0 0

Proposition 2 below may serve as a net extension of Theorem 3.

After introducing Brezis—Lieb spaces, we present and discuss an internal geo-
metric characterization of Brezis—Lieb spaces in Theorem 4 [6, Thm.4]. Possible
extensions of Theorem 4 to locally solid vector lattices are also considered. In the
last part of the paper, we prove Theorem 5 which is an operator version of Theorem 1
in convergence spaces.

In the paper, we consider normed lattices over the complex field C which are
complexifications of uniformly complete real normed lattices. More precisely, the
modulusof z=x +iy € E = F @iF is defined by

|zl = sup [xcosf + ysinf],
0€[0,27)
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and its norm is defined by ||z|| = ||zllg := || |z| ||F. We also adopt notations E =
Fy,z=1[z]r +ilzli, x = Re[z], and y = [m[z] for z = x + iy in E. A net (vy) in
a vector lattice E is said to be uo-convergent to v € E whenever, for every u € E,
the net (|v, — v| A u) converges in order to 0.

2 Brezis-Lieb Spaces

We begin with the following definition [6, Def.1] that is motivated by Theorem 3.

Definition 1 A normed lattice (E, || - ||) is said to be a Brezis—Lieb space (shortly,
a BL-space) (resp. o-Brezis—Lieb space (o-BL-space) ) if, for any net (x,) (resp,
for any sequence (x,,)) in X such that ||xy|| — |lxoll (resp. |lx,ll — llxoll) and

X sl xo (resp. x, = X0 ), there holds ||xq — xo]| — O (resp. ||x, — xoll — 0).

Clearly, any BL-space is a o-BL-space, and any finite-dimensional normed
lattice is a B L-space. Since the a.e.-convergence for sequences in L? coincides
with the uo-convergence [8, Prop.3.1], Theorem 3 says that L? is a o-BL-space

for I < p < oo. The Banach lattice cq is not a o-B L-space. Indeed, let (x,) be
n o

a sequence in cq given by x, = ez + Y. %ek, and let x = ) %ek in ¢g. Then
k=1 k=1
x|l = llxxll = 1 foralln € N, and x, 2 X, however 1 = lx — x,| does not

converge to 0. A minor change of a B L-space may turn it into a normed lattice which
is not even a o-BL-space [6, EX.4]. Indeed, take any infinite dimensional BL-
space E and consider E; = R @ E. Take a disjoint sequence (y,) in E such that
lvpllg = 1. Then y, — 0 in E [8, Cor.3.6]. Foreach n € N, let x, = (1, y,) € E|.
Then ||x,|lg, = sup(1, lyxllg) = 1and x, = (1, y») u—0>(1, 0) =: x in E, however
lx, —xllg, = 10, yo)lle, = llynlle = 1 and so, (x,) does not converge to x in
(E1, 1l - llg,)- Therefore E1 = R @ E is not a o-Brezis-Lieb space. It could be
interesting to construct an example of a o-B L-space which is not a B L-space. The
following result of Vladimir Troitsky gives a condition under which a o-B L-space
is a B L-space (see [6, Prop.2]).

Proposition 1 A Banach lattice with the countable sup property and a weak unit is
a BL-space iff it is a o-BL-space.

The next definition [6, Def.2] will be used for characterizing B L-spaces.

Definition 2 A normed lattice (E, || -||) is said to have the pre-Brezis—Lieb property
(shortly, pre-BL property), whenever limsup |[ug + u,| > |lug|l for any disjoint

n—oo
normalized sequence (u,,);2 | in E and for any ug € E, ug > 0.

Every finite dimensional normed lattice has the pre- B L property. The Banach lat-
tice co obviously does not possess the pre-B L property. The mentioned modification
of the norm in an infinite-dimensional Banach lattice E as above turns it to a Banach
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lattice E; = R @ E without pre-B L property. Indeed, take a disjoint normalized
sequence (y,)o ; in Ey. Letug = (1,0) and u, = (0, y,) forn > 1. Then (u,);2

is a disjoint normalized sequence in (E1)4+ with limsup ||ug + u,|| = 1 = |Juoll.

n—od
The real version of the following result is included in [6, Thm.4]. Here we provide
its complex version.

Theorem 4 For a o -Dedekind complete Banach lattice E, the following conditions
are equivalent:

(1) Eisa BL-space;
(2) Eisao-BL-space;
(3) E possesses the pre-B L property and has order continuous norm.

Proof (1) = (2) Itis trivial.
(2) = (3) We show first that E has the pre-B L property. Suppose that there exist
a disjoint normalized sequence (u,),>, in E4 and ug € E with limsup |lug +

n— oo
unll = lluoll- Since llug + unll = llull, then lim fluo + unll = llull. Denote

v, = ug + u,. By Gao et al. [8, Cor.3.6], u, 2% 0 and hence Un el ug. Since E is
a o-BL-space and nlggo lvpll = lluoll, then |Jv, — ugll — 0O, which is impossible in
view of ||v, — ugll = |luo + un — ugl|l = |lun|l = 1. In this part of the proof, both
o-Dedekind and norm completeness of E were not used.

If the norm in E is not order continuous then, by the Fremlin-Meyer-Nieberg
theorem (see e.g. [1, Thm.4.14]), there exist y € E and a disjoint sequence (ex) in
[0, y] such that ||ex|| 4 0. Without loss of generality, we may assume ||ex|| = 1 for
all k € N. By o-Dedekind completeness of E, for any sequence (c,) in R4, there
exist

o0 o0
o=\ e xm=oment+ \/ & (¥neh. @)
k=1 k=1,ksn,k#2n
Now, we choose ap, > 1 in (7) such that ||x,|| = ||xo| for all n € N. Clearly,

0 . . . .
Xn = xp. Since E is a o-BL-space, then ||x, — xo|| — 0, violating
lxn — xoll = l[(c2n — Deay — el = |[(a2n — Dey + el 2= llenll = 1.

The obtained contradiction shows that the norm in E is order continuous.

(3) = (1) If E is not a B L-space, then there exists a net (xy)yec4 in E such that
Xg —> x and |[xg | — llx[l, but lxe — x| # 0. Then |xg| —> |x| and [[|xq|[ —
-

Note that |[|xy| — |x]]] # 0. Indeed, if |||xy| — |x]||| = O, then, for any ¢ > O,
(|xq)eca is eventually in [—|x|, |x|]4+&Bg. Thus (|x4|)qca, and hence (Re[xy])weca
and (Im[xy])eca are both almost order bounded. Since E is order continuous and
Xo E>x, then Re[xy] = Re[x] and lm[xg] el Im[x]. By Gao and Xanthos [7,
Pop.3.7.], IRe[x¢ — x]|l = O and ||lm[xqy — x]|| — O, and hence ||x4 — x| — O,
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that is impossible. Therefore, without loss of generality, we may assume xo € E
and—by normalizing—||xy || = ||x|| = 1 for all «.
Passing to a subnet, denoted by (x,) again, we may assume

|[x¢ — x| >C >0 (Vo € A). (8)

Notice that x > (x — x5)" = (xy — x)~ — 0, and hence (x4 — x)~ — 0. Order
continuity of the norm in E ensures

(xe —x)" I = 0. ©)
Denoting wy = (x4 — x)T and using (8) and (9), we assume
[well = I(xe —X)[| > C (Va € A). (10)

In view of (10), we obtain

2 = [Ixell + x| = (xa =) ¥l = lwgll > C (Yo € A). (11)
Since wy —> (x — x)* = 0, for any fixed B1, B2, . .., B,
0 < wy A (wp, +wp, + ... +wp,) >0 (@ — 00). (12)

. uo uo o . .
Since x, — x, then x, Ax — x Ax = x and so x4, Ax — x. Due to order continuity
of the norm in E, there exists an increasing sequence of indices (¢,) in A with

[x —xe AX[| <27" (Vo > ay).
By (12), we also suppose
lwe A (We; + Way + ..o F W)l <27 Vo = otp1).

Since

o0

n—1
D lwa, Awell <D 1w, A (Way + - . + wa, )
k=1,k#n k=1

o
+ Y ey A Way -+ W)l
k=n+1

o0
< (n _ ]) '2—n+1 + Z 2—k+1 =n2—n+1’ (13)
k=n+1
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o0
the series ) wa, A Wy, converges absolutely and hence in norm for any n € N.
k=1,k#n
Take

© +
Wy, = (wan — Z We, A wak> (Vn € N).

k=1,k#n

First, we show that the sequence (“)an)zi1 is disjoint. Let m # p, then

00 + 00 +
Wa,, N g, = <wam — Z We, A wak) A (wo,p — E Wq, A wak>

k=1,k#m k=1,k#p
< (W, — Wa, AWe )T A Wy — We, Awg )T
S am am o) o) ap O
= (wam — Wq, N wap) A (wotp — Wq, N wap)

=0

It follows by (13), that

00 +
”wan - wan ” = wan - <U)an - Z wa" A wak>

k=1,k#n

oo
= |Wq, — (wan — Wq, A E We, A wak> H

k=1,k#n
o0
= |wg, A Z We,, A Wey
k=1,k#n
o0
<l Z Wq, N wolk”
k=1,ksn
<m27"FL 0 (vn e N). (14)

Combining (14) with (11) gives
22 wa, | > llwg, | > C —n27" 1 (¥n e N).
Passing to the further increasing sequence of indices, we may assume that

lwe, | = M e [C,2] (n— o0).
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Now

=M~! lim |x +w,| by (14)
n—oo

hm ”M x + l|wg, | @,

=M"" lim ||x + W, |l by (9)
n—oo

=M~ lim ||x + (x, — %)l
n—oo

= M_1 lim ||xoz,l||
n—oo

=M!

-1
=M x|,

violating the pre-BL property for ug = M~ 'x and u, = |wa,, ||_1a)an, n > 1. The
obtained contradiction completes the proof. O

A special case of Theorem 4 was proved by Nakano [10, Thm.33.6]. The following
result, which follows from Theorem 4, can be considered as a lemma of Brezis—Lieb
type for nets in LP.

Proposition 2 Let f, % fand Ifxllp — Wl in LP (), 1 < p < 0. Then ||fy —
fll, — 0.

It is not clear whether or not implication (2) = (3) of Theorem 4 holds without
the assumption that E is o-Dedekind complete. Since any o -Brezis-Lieb Banach
lattice has the pre-B L property, for dropping o -Dedekind completeness assumption
in Theorem 4, it is sufficient to have the positive answer to the following weaker
question.

Question 1 Does the pre-B L property imply order continuity of the norm?

In the end of this section we mention some possible generalizations of Brezis—
Lieb spaces and pre-Brezis—Lieb property. To avoid overloading the text, we restrict
ourselves to the case of multi-normed Brezis—Lieb spaces.

A multi-normed vector lattice (shortly, MNVL) E = (E, M) (see [4]):

(a) is said to be a Brezis—Lieb space if

[Xa on & m(xy) — m(xg) (Vm € M)] = [xq ﬂ>x0];

(b) has the pre-Brezis—Lieb property if, for any disjoint sequence (u,)5 ; in E4
such that (u,) does not converge in M to 0 and for any ug > O, there exists
m € M such that lim sup m(ug + u,) > m(ug).

n—oo

A o-Brezis-Lieb MNVL is defined by replacing of nets with sequences.
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By using the above definitions one can derive from Theorem 4 the following
result.

Corollary 1 For an MNVL E with a separating order continuous multinorm M,
the following conditions are equivalent:

(1) Eisa BL-space;
(2) Eisao-BL-space;
(3) E has the pre-BL property.

3 Operator Version of the Brezis—Lieb Lemma
in Convergent Vector Spaces

In this section we discuss an operator extension of the Brezis—Lieb lemma in
convergent vector spaces. Firstly, let us remind some definitions [3]. A convergence

“5” for nets in a set X is defined by the following conditions:

(a) xq =x :>xa£>x,and
(b) x4 Sx= xg S x for every subnet (xg) of (xq).

A mapping f from a convergence set (X, cx) into a convergence set (Y, cy) is said
to be cxcy-continuous (or just continuous), if x, X x implies f(xy) =X f(x) for
every net (xy) in X. Under a convergence vector space (X, cx), we understand a
vector space X with the convergence cx such that the linear operations in X are
cx-continuous. (E, cg) is a convergence vector lattice if (E, cg) is a convergence
vector space that is a vector lattice, where the lattice operations are also cg-
continuous. Motivated by the proof of the famous lemma of Brezis and Lieb [2,
Thm.2], we present its operator version in convergent spaces.
The following hypotheses will be used in the next theorem.

(H1) Let (X, cx) be a convergence complex vector space.

(H2) Let (E, cg) and (F, cr) be two convergence complex vector lattices, with F
is Dedekind complete.

(H3) Let Eg be an order ideal in E4 — E.

(H4) LetT : Eg — F be a cg,ofr-continuous positive linear operator, where o
stands for the order convergence in F'.

(HS5) LetJ : X — E be a cxcg-continuous function with J(0) = 0.

(H6) For every € > 0, there exist two cxcg-continuous mappings ®,, ¥, : X —
E satisfying

[J(x+y)—Jx| <edx +V¥.y (Vx,y € X). (15)

Theorem 5 (An Operator Version of the Brezis—Lieb Lemma for Nets) Suppose
hypotheses (H 1) — (H6) are satisfied. Let (g4)aca be anetin X satisfying gq = 0,
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let f € X be such that |Jf|, Pego, Ve f € Eg forall e > 0, € A, and let some
u e Fyexistwith TO®.gq <uforalle >0,a € A. Then

T(IJ(f +ga) = (Jf + Jga)|) 50 (@ — o0).
Proof 1t follows from (15) that
(f+80) —(Jf + I8 S I (f +8a) = J8al + I f] < P8+ Ve f + /S,
and hence
(f +8a) = (Jf + T8 —ePega < We f +|Jf]  (¢>0,a€A).

Thus

0 < wea = (IJ(f + 8a) = (Jf +Jga)| — 8¢sga> SV f+IJfl (16)
J’_

for all ¢ > 0 and @ € A. It follows from (16) and from cxcg-continuity of J and
®,, that Eg > we o E 0asa — oo. Furthermore, (16) implies

IJ(f +8a) —(Jf +J8u)| S Wea +€Pega (6 >0, € A). A7)

Since T > 0and TP, g, < u, we get from (17)

0< T(IJ(f +8) —(Jf+ Jga)|> STweo +eTPe8a < TWeo +eu (18)

foralle > O and o € A. Since F is Dedekind complete and T is cg,0 p-continuous,

Tweq K 0, and in view of (18)

0 < (or) — limsup T<|J(f+ga) -+ Jga)l) <eu (Ve >0).

a—>00

ThenT<|J(f+ga)—(Jf+1ga)|>$>o. O

We end up by the following remarks on Theorem 5.

1. Replacing nets by sequences one can obtain a sequential version of Theorem 5,
whose details are left to the reader.

2.Inthe case of F = Rand X = E = L%u) with the almost everywhere
convergence, Eg = L'(n), Tf = [ fdu,and J : X — E givenby Jf = jo f,
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where j : C — C is continuous with j(0) = 0 such that for every ¢ > 0 there
exist two continuous functions ¢, ¥, : C — Ry satisfying

Jx4+y) =i <epe(x) +vY:(y) (¥Vx,y (),

we obtain Theorem 1 from Theorem 5 by letting ®.(f) := ¢ps o f and W (f) :=
Yeo f.
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