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Abstract Most computer-aided engineering software provide a classical incremen-
tal computation procedure for nonlinear problems. Although little used in the lit-
erature, the Brezis-Ekeland-Nayroles (BEN) principle, an alternative step-by-step
algorithm, based on the time integration of the sum of the dissipation potential and
its Fenchel polar can have a global view of whole evolution. In short, the BEN princi-
ple converts a mechanical problem to a constrained optimization problem. Recently,
Buliga and de Saxcé have proposed a symplectic version of the BEN principle which
generalizes the Hamiltonian inclusion formalism for the dissipative systems. In the
present work, this formalism is specialized to the standard plasticity in small, finite
strains, in statics and dynamics. We apply it numerically to solve the classical prob-
lem of a tube problem in plane strain subjected to an internal pressure in statics
and dynamics. An excellent agreement is obtained between the numerical results
obtained by the BEN approach and the reference numerical solution.

1 Introduction

A lot of mechanical problems have non-linear behaviors because of dissipative phe-
nomena such as plasticity, damage, etc. Their analytical solutions cannot be deter-
mined easily. As it is unlikely to carry out all kinds of experiments for the similar
problems, the computer-aided engineering (CAE) software has been developed in
the last 30years. For a non-linear problem, most of the software uses the step-by-step
or incremental method [1–5] in computational solid mechanics.

In practice, by using the step-by-step method, some simulations cannot be com-
pletely performed because the convergence frequently fails before the end of the
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computation and it is difficult to restart. The only solution to overcome the difficulty
often lies in reducing the step size but increases the computational time. Another
difficulty arises because, in an iterative method, truncation error occur at each itera-
tion. So the computation error of the usual step-by-step method based in radial return
algorithm accumulates and grows as the number of step increases. This error cannot
be avoided and it may strongly affect the whole accuracy of complex simulations.

Using step-by-step methods, we are going, as it were, with the head down. This
is the breakthrough we want to get. To address this issue, there is few methods
in literature. We propose to start with Brezis-Ekeland-Nayroles principle (in short,
the BEN principle) [6, 7]. It is based on the dissipation potential and its Fenchel
transform over the time integration. In [8–10], the BEN principle is extended in
a pure mathematical manner a few to monotone operators and doubly nonlinear
equations, or reworked in order to have a discretized form. Recently, Buliga and de
Saxcé [11] generalized the BEN principle to the dynamics of dissipative systems by
linking two worlds together, the one of smooth functions in symplectic geometry
systems and the one of non-smooth functions for dissipative systems. They applied
this symplectic BEN principle to standard plasticity [12] in dynamics and deduce
from it the limit case of statics. The BEN principle is a tool perfectly designed to
solve complex problem of evolution of dissipative systems. In place of computing in
the step-by-step way and facing the convergence problem, the BEN principle allows
to work simultaneously over all steps, that allows to have a consistent view of the
whole evolution.

According to the authors’ knowledge, no one has ever numerically applied the
BEN principle to test its feasibility to work on all time steps simultaneously. The aim
of this paper is to implement numerically the powerful BEN principle by solving a
mechanical problem in statics and dynamics. When the analytical solution cannot be
provided, the BEN principle solution is compared with the numerical solution of a
standard finite element (FM) method solver.

The paper is divided in three parts. Firstly, we present directly the BEN principle
for elastoplasticity in statics and dynamics. Then, we apply the general principle
to the tube problem, using the mixed FE [13, 14] to avoid the drawbacks of the
standard or displacement FE, like inaccuracy of the stress field, simulation results for
elastic, elastoplastic regime in statics and dynamics. Simulation results are presented
separately with different plastic criteria and behavior laws.

2 BEN Principle for Elastoplasticity

To illustrate the general formalismand to showhow it allows to developpowerful vari-
ational principles for dissipative systems within the frame of continuum mechanics,
we consider the standard plasticity and viscoplasticity in small deformations based
on the additive decomposition of strains into elastic and plastic strains:

ε = εe + ε p = S σ + ε p
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where S is the elastic compliance tensor. Let Ω ⊂ R
n be a bounded, open set, with

piecewise smooth boundary ∂Ω . As usual, it is divided into disjoint parts, ∂Ω0 (called
support) where the displacements are imposed and ∂Ω1 where the surface forces are
imposed. U and E are suitable functional spaces of displacement and stress fields
on Ω . The standard duality between stress and strain fields is:

〈σ, ε〉 =
∫

Ω

σ : ε dΩ

Applied to the quasi-static plasticity, the BEN principle claims that the evolution
curves σ : [0, T ] → E and u : [0, T ] → U minimize:

Π̄(σ, u̇) =
∫ T

0

{
ϕ(σ) + ϕ∗(∇u̇ − Sσ̇ ) − 〈σ,∇u̇ − Sσ̇ 〉} dt (1)

among all curves satisfying:

• the equilibrium equations in statics:

∇ · σ + f = 0 in Ω, σ · n = f̄ on ∂Ω1 (2)

• the equilibrium equations in dynamics:

∇ · σ + f = ρü in Ω, σ · n = f̄ on ∂Ω1 (3)

• the kinematical conditions on supports:

u = ū on ∂Ω0 (4)

• and the initial conditions:

σ(0) = σ0, u(0) = u0 (5)

The following is detailed in statics. To show the pertinence of the principle, we
prove now that the stationarity condition of the variational principle restitues the
expected equations governing the elastoplastic evolution problem. First, we introduce
densities φ and φ∗ such that:

ϕ(σ) =
∫

Ω

φ(σ) dΩ, ϕ∗(ε p) =
∫

Ω

φ∗(ε p) dΩ,

If φ and φ∗ are differentiable, the yielding rule and the inverse law are:

ε̇ p = ∂φ

∂σ
, σ = ∂φ∗

∂ε̇ p
(6)
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Then Eq. (1) reads:

Π̄(σ, u̇) =
∫

Ω

{
∫ T

0

[
φ(σ) + φ∗(∇u̇ − Sσ̇ ) − σ : (∇u̇ − Sσ̇ )

]
dt (7)

The stationarity conditions is:

δΠ̄(σ, u̇)

=
∫
Ω

{
∫ T

0

(
∂φ

∂σ
: δσ + ∂φ∗

∂ε̇p
:
(
∇δu̇ − S

d

dt
(δσ )

)
− δσ : ∇u̇ − σ : ∇δu̇ + δσ : Sσ̇ + σ : S d

dt
(δσ )

)
dt

(8)

Taking into account that the stress fields satisfy a priori the initial conditions (5):

δσ (0) = 0, δu(0) = 0

and time integrating by part leads to:

δΠ̄(σ, u̇) =
∫

Ω

{
∫ T

0

[
δσ :

(
∂φ

∂σ
+ S

d

dt

(
∂φ∗

∂ε̇ p

)
− ∇u̇

)
+

(
∂φ∗

∂ε̇ p
− σ

)
: ∇δu̇

]
dt

(9)
Taking into account that the displacement fields satisfy a priori the kinematical con-
ditions (4):

δu = 0 on ∂Ω0

and space integrating by part the second term of the former line gives:

∫
Ω

∫ T

0

(
∂φ∗

∂ε̇ p
− σ

)
: ∇δu̇ dt dΩ =

∫ T

0
[
∫

∂Ω1

δu̇ ·
((

∂φ∗

∂ε̇ p
− σ

)
· n

)
dS

−
∫

Ω

δu̇ ·
(

∇ ·
(

∂φ∗

∂ε̇ p
− σ

))
dΩ] dt (10)

Taking into account that the stress fields satisfy a priori the equilibrium equations
(2), the expression (10) becomes:

∫
Ω

∫ T

0

(
∂φ∗

∂ε̇ p
− σ

)
: ∇δu̇ dt dΩ =

∫ T

0
[
∫

∂Ω1

δu̇ ·
((

∂φ∗

∂ε̇ p
· n − f̄

))
dS

−
∫

Ω

δu̇ ·
(

∇ · ∂φ∗

∂ε̇ p
+ f

)
dΩ] dt

Introducing this expression into Eq. (9) and considering arbitrary field variations, we
obtain for every time:

∇u̇ = ∂φ

∂σ
+ S

d

dt

(
∂φ∗

∂ε̇ p

)
in Ω (11)
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∇ · ∂φ∗

∂ε̇ p
+ f = 0 in Ω (12)

∂φ∗

∂ε̇ p
· n = f̄ on ∂Ω1 (13)

Condition (11) means that the stress and plastic strain given by Eq. (6) fulfill the
classical strain decomposition into plastic and elastic parts:

∇u̇ = ε̇ p + S σ̇ in Ω

Condition (12) and (13) mean that the stress field given by the inverse law (6) verifies
the equilibrium equations.

The previous framework is valid only under suitable assumptions of differentiabil-
ity of dissipation potentials in viscoplasticity, for instance for Norton-Odqvist model.
The case of classical plasticity is singular since the potentialφ is non-differentiable as
indicator function χK of the elastic domain K , equal to 0 on K and to+∞ otherwise.
This pitfall can be by-passed in practice by relaxing the plasticity criterion:

fvm/T (σ ) ≤ 0 (14)

thanks to a field of Lagrangemultiplier λ, with fvm vonMises criterion adn fT Tresca
one. Then BEN principle specialized to classical plasticity claims that the evolution
curves σ : [0, T ] → E and u : [0, T ] → U minimize:

Π̄(σ, u̇, λ) =
∫ T

0

{∫
Ω

λ f (σ ) + ϕ∗(∇u̇ − Sσ̇ )dΩ − 〈σ,∇u̇ − Sσ̇ 〉
}

dt (15)

among all curves satisfying the plasticity criterion (14), the equilibrium equations (2),
the kinematical conditions on supports (4) and the initial conditions (5). Formally,
the plasticity is a particular case of viscoplasticity, replacing the potential φ by λ f
and the yielding rule (6) provides the normality law:

ε̇ p = λ
∂ fvm/T

∂σ

3 The Tube Problem in Statics

The previous section provides some useful notions of the BEN principle. Thanks to
the Eqs. (1, 2, 4, 5), the mechanical problem could be solved as an optimization prob-
lem. To start up, we choose a classical academic example, the thick tube subjected
to an internal pressure.

To simplify, we take an axisymmetric problem. The internal and external radii of
the tube are a and b respectively. The imposed internal pressure is p. For material
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parameters, we have Young’s modulus E , Poisson coefficient ν and yield stress σY .
Supposing that the thick tube is in plane strain and the initial fields are null, if the
internal pressure increases in themonotoneway from zero to limit charge, the internal
wall of the tube will come to yield firstly, and successively the external wall.

Onematerial behavior laws and two yield criteria are discussed, isotropic perfectly
plastic behavior law, Tresca or von Mises criteria.

3.1 Application of the BEN Principle

Taking into account the is axisymmetry and the plane strain, the displacement u
depends only the radius and is radial:

u = ur (r) er (16)

The stress and strain tensors are given in small deformations hypothesis by:

σ =
(

σrr 0
0 σθθ

)
ε =

(
dur
dr 0
0 ur

r

)
(17)

The elastic domain is:
K = {σ such that f � 0}

The dissipation power by unit volume is:

D = σ : ε̇p

where σ and ε̇ p are associated by the normality law. The dissipation power is:

D = σYλ (18)

The dissipation potential for both criteria is:

ϕ(σ) =
∫

Ω

χK (σ )

with χK the indicator function of the elastic domain K . The Fenchel conjugate
function is:

ϕ∗(ε̇ p) =
∫

Ω

{D}

Applying the BEN principle, we minimize the functional (15) that reads:
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Π̄(σ, u) =
∫ t1

t0

{∫
Ω

D − 〈σ,∇u̇ − Sσ̇ 〉
}

dt (19)

among all the curves among all curves (σ, u) : [t0, t1] → U × E such that σ(0) = 0,
u(0) = 0, satisfying Tresca or von Mises yield condition, the normality rule and the
equilibrium equations.

3.2 Mixed Finite Element Method for Thick Tube Problem

The mixed finite element method (FEM) is proposed to discretize the functional
which allow to have different discretized fields at the same time like stress, displace-
ment, plastic multiplier etc. The mixed FEM has a better convergence in a stress
field which is statically admissible specially for beam, plate and shell element, also
a good accuracy of stress in plasticity. For the thick tube problem, there are three
unknown fields: radial and hoop stresses, radial displacement and plastic multiplier.

3.2.1 Stress Field

As the thick tube is modeled by an axisymmetric element (a � r � b), imposing
an axisymmetric element inside the thick tube with α � r � β, there are two stress
connectors (radial and hoop stresses) per end of the element gathered in the vector:

ge =

⎡
⎢⎢⎣
ge,1
ge,2
ge,3
ge,4

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

σrr |r=α

σθθ |r=α

σrr |r=β

σθθ |r=β

⎤
⎥⎥⎦ (20)

In order to satisfy a priori the internal equilibrium equations in the constrained
minimization problem, we choose a polynomial stress field σe which depends on the
stress parameters h of the element. The expression of the hoop stress is derived from
the equilibrium equation σθθ = d

dr (rσrr ), that gives in matrix form:

σe(r) = Re(r) h (21)

[
σrr
σθθ

]
=

[
1 r r2 r3

1 2 r 3 r2 4 r3

]
⎡
⎢⎢⎣
h1
h2
h3
h4

⎤
⎥⎥⎦ (22)

Owing to Eqs. (20) and (22), we have the stress connectors ge in terms of the stress
parameters h:

ge = Ceh (23)
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⎡
⎢⎢⎣
ge,1
ge,2
ge,3
ge,4

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
1 α α2 α3

1 2 α 3α2 4α3

1 β β2 β3

1 2 β 3β2 4β3

⎤
⎥⎥⎦

⎡
⎢⎢⎣
h1
h2
h3
h4

⎤
⎥⎥⎦

By eliminating the stress parameters between Eqs. (21) and (23), the stress field σe

is expressed in terms of stress connector ge of the element:

σe(r) = Re(r)C
−1
e ge = Te(r)ge (24)

3.2.2 Displacement Field

For the same element occupying α � r � β, there is one displacement connector qe
at each end:

qe,1 = ur |r=α qe,2 = ur |r=β

In order to provide a strain field which has the same number of parameters as the one
of the stress field, we add two intermediate equidistant nodes inside the element:

γ = 2α + β

3
δ = α + 2 β

3

and two extra connectors qe,3 = ur |r=γ , qe,4 = ur |r=δ . The four displacement con-
nectors are gathered in the vector:

qe =

⎡
⎢⎢⎣
qe,1
qe,2
qe,3
qe,4

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
ur |r=α

ur |r=β

ur |r=γ

ur |r=δ

⎤
⎥⎥⎦ (25)

A polynomial displacement field ur is proposed:

ur = u1 + u2r + u3r
2 + u4r

3

By defining a cubic Lagrange interpolation, we obtain the relation between the dis-
placement field ur and the displacement connectors qe:

ur (r) = Ne(r) qe (26)

with:

NT
e (r) = 1

16

⎡
⎢⎢⎣

−(1 − η) (1 − 9 η2)

−(1 + η) (1 − 9 η2)

9 (1 − η2) (1 − 3 η)

9 (1 − η2) (1 + 3 η)

⎤
⎥⎥⎦ η = 2 r − (β + α)

β − α
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The corresponding strain field εe can be expressed in terms of the displacement
connectors of the element thanks to Eq. (17):

εe(r) = Be(r) qe (27)

3.2.3 Plastic Multiplier Field

Introducing the plastic multipliers λ which are located at the four Gauss point for
each element α � r � β, the flow rule reads:

ε̇ p
e = λe

∂ fT
∂σ

= λe NY (28)

3.2.4 Discretization of the Functional

For the thick tube problem, we have three discretized fields for one element α �
r � β, stress σe, displacement ur and plastic strain rate ε̇

p
e which depend on each

connectors, stress connectors ge, displacement connectors qe and plastic multipliers
λe:

σe(r) = Te(r)ge ur (r) = Ne(r) qe ε̇ p
e = λe NY

We have now the BEN principle equation, the application of the mixed FEM. To
numerically solve the thick tube problem, it remains to obtain the discretization
form of Eq. (19).

1. Space integral discretization

For the space discretization, we would like to evaluated the stress and displacement
fields in four Gauss point for each element where the plastic multipliers are located.
So the space integral is approximated by the usual Gaussian quadrature numerical
integration method on every axisymmetric element:

∫ β

α

A(r) 2π r dr ∼=
4∑

g=1

2π wg A(rg) rg

Thanks to the localization matrices Me, Le, Pe for each unknown field, we could
carry out the assembling:

ge = Meg, qe = Leq, λe = Peλ

The discretized form of the functional Eq. (19) is:

Π̄(g, q, λ) =
∫ t1

t0

(
ΛTλ(t) − q̇T (t)G g(t) + ġT (t)F g(t)

)
dt (29)
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with:

Λ =
n∑

e=1

PT
e Λe,

G =
n∑

e=1

∫ β

α
LTe BT

e (r) Te(r) Me 2π r dr, F =
n∑

e=1

∫ β

α
MT
e T T

e (r) S Te(r) Me 2π r dr

under the constraints of:

• equilibrium (on the boundary, the internal equilibrium being satisfied a priori):

g1(t) = −p(t), g2 (n+1)(t) = 0 (30)

• plasticity (at every Gauss point g of every element e):

NT
Y,e(rg) g − σY ≤ 0, λg ≥ 0, NYλg = Be(rg) q̇e − S Te(rg) ġe (31)

• initial conditions:

g(t0) = 0, q(t0) = 0, λ(t0) = 0 (32)

with NY,e(rg) = MT
e T

T
e (rg)NY .

2. Time integral discretization

For any physical quantity a, we impose a j = a(t j ), Δa j = a j − a j−1. On each step,
we approximate the time rate by ȧ = Δa j

Δt j
. As the plasticity is independent of the time

parameterization in statics, we use for convenience sake:

Δt j = 1 (33)

Considering m time step from t0 to tm and enforcing the yield condition only at the
beginning and the end of the step, we have to minimize the objective function:

Π̄(g0, . . . , gm, q0, . . . , qm, λ0, . . . , λm) =
j=m∑
j=0

(ΛTλ j − ΔqT
j G g j + ΔgTj Fg j )

(34)
under the constraints of:

• equilibrium (on the boundary, at each time step):

g0, j = −p(t j ), g2 (n+1)−1, j = 0 (35)

• plasticity (at every Gauss point g of every element e and at every time step):
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NT
Y,e(rg)g j − σY ≤ 0, λg, j ≥ 0 NY (rg)λg, j = Be(rg) LeΔq j − S Te(rg) MeΔg j

(36)

• initial conditions:
g0 = 0, q0 = 0, λ0 = 0 (37)

3.3 Implementation and Simulation Results

Matlab and its solver fmincon can find the minimum of constrained nonlinear
multivariable function. The functional (34–37) is a quadrature non-linear function
under linear (Tresca criterion) or quadrature (von Mises criterion) constraints.

In the program, one needs to impose a small tolerance for the equality constraint
(Eq. 36) in the optimization problem because there always exists the computation
error which deduces that the equality can not be satisfied exactly. For all fields in all
temporal en points, their optimization depart points are 0.1.

For simulation work, the numerical values of the thick tube radius a, b, material
parameters Young’s modulus E , etc. need to be provided firstly. Then one needs to
specify the number of elements and number of temporal end points. And the imposed
pressure for each time step also the initial condition should be fixed. Finally,Matlab
solver will minimize the BEN principle functional.

Here are three examples, the elastic and elastoplastic casewithTresca or vonMises
criterion which are theoretically explained in the previous section. The numerical
values for the thick tube and material parameters are: a = 100 mm, b = 200 mm,
E = 210 GPa, ν = 0.3 and σY = 360MPa. For the elastic case, the internal pressure
is p = 100 MPa, and p = 200 MPa for the elastoplastic case.

3.3.1 Elastic Regime

In this regime, there are two fictive temporal end points, t = 0 and t = 1. When
t = 0, all unknown fields are equal to zero (initial conditions). When t = 1, the
internal pressure is imposed as p = 100MPa. Simulation results are shown in Figs. 1
and 2. With one element (ne = 1), the convergence of radial stress is better than the
one of the hoop stress (Fig. 1), because the radial stress is imposed as a constraint
in the beginning of simulation. For radial displacement, convergence appears with 3
elements (Fig. 2). As the plastic multipliers are equal to zero in the elastic regime, its
results are not represented here. By increasing the number of element to 3, the BEN
principle result already converges to the analytical solution.

To conclude for the elastic regime, the BEN principle solution converges soon to
the analytical solution while increasing the number of elements. Moreover, for one
element, the convergence of stress field is faster than the one of radial displacement.
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Fig. 1 Comparison between the BEN principle solution (symbols) and analytical solution (plain
line) for radial and hoop stresses with 1 & 3 & 6 elements (ne) when p = 100 MPa, t = 1
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Fig. 2 Comparison between the BEN principle solution (symbols) and analytical solution (plain
line) for radical displacement with 1 & 3 & 6 elements (ne) when p = 100 MPa, t = 1
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3.3.2 Elasto-Plastic Regime (Tresca Criterion)

For the elastoplastic regime, there are also two fictive temporal end points, t = 0 for
initial conditions and t = 1 directly for the imposed pressure p = 200 MPa which
makes the internal wall come to yield. The mid temporal end point for the elastic
regime is not necessary. As the BEN principle is based on dissipation potential,
its characteristic allows to have a better performance in plastic regime which is an
advantage comparing to usual computing code.

As the analytical solution in the plastic part is not easily to obtain, the numeri-
cal solution of software Cast3M is chosen as the reference solution. Cast3M is an
open-source software developed in French Alternative Energies and Atomic Energy
Commission (CEA).

Simulation results are shown in Figs. 3, 4 and 5. There is a better convergence for
the stress field even with one element (Fig. 3) comparing to the elastic regime. That
is a big advantage in mechanical simulation while the mechanism comes to yield.
For radial displacement, there is the convergence when 3 elements are modeled. The
extra Fig. 5 is the plastic multiplier. As these three unknown fields are linked by the
constraint of decomposition of strains, so the plastic multiplier field converges to
reference one also with 3 elements.

For the elastoplastic regime, the BEN principle solution converges to reference
solution while increasing the number of elements. It has a better convergence than
the elastic regime. The mid-step for elastic regime is not required.
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Fig. 3 Comparison between the BEN principle solution (symbols) and reference solution (plain
line) for radial and hoop stresses with 1 & 3 & 6 elements (ne) and Tresca criterion when p = 200
MPa, t = 1
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line) for plastic multiplier with 1 & 3 & 6 elements (ne) and Tresca criterion when p = 200 MPa,
t = 1
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Fig. 6 Comparison between the BEN principle solution (symbols) and reference solution (plain
line) for radial and hoop stresses with 1 & 3 & 6 elements (ne) and von Mises criterion when
p = 200 MPa, t = 1

3.3.3 Elasto-Lastic Regime (von Mises Criterion)

The only difference between Tresca and von Mises criterion is the optimization
constraint because of the computing of the equivalent stress. Only the results of
stress field is represented here for the reason of page limit.

Simulation results are represented in Fig. 6. Comparing to the Tresca criterion,
interface between elastic and plastic part of von Mises case is smaller. The conver-
gence of displacement and plastic multiplier field with von Mises criterion is faster
than the ones of Tresca. Convergence of the BEN principle while increasing the
number of element is always satisfied as before.

4 The Tube Problem in Dynamics

In dynamics, we need to consider the inertia force, ρü �= 0. After some paper work,
the functional to minimize is same as the one in statics. Expression of displacement
field is always the same. The one of stress field is modified because of the change in
equilibrium equation.
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4.1 Stress Field

There are two different methods to discretize the stress field.

• Method A allows to satisfies the balance of momentum equation exactly.
• Method B considers the equation as an optimization constraint which is satisfied
in Gauss points.

4.1.1 Method A: Balance of Momentum Satisfied Exactly

The principle is same as in the case of statics. Here we use the method due to
Schaefer ([15, 16]) in order to find the solution of the equilibrium equation. The
general solution of:

∇ · σ = ṗ

is the sum of the general solution σh of the homogeneous equation and a particular
solution σd of the non homogeneous equation. Following a method due to Schaefer,
this last one is of the form:

σd = 2∇w − (∇ · w) I , (38)

where the vector potential w is solution of ∇2w = ṗ. For the displacement field, we
seek a radial vector potential. The previous equation reduces to:

d2wr

dr2
+ 1

r

dwr

dr
− wr

r2
= ρ (v̇1 + v̇2r + v̇3r

2 + v̇4r
3)

Clearly, a solution is given by a homogeneous polynomial in r of degree five. Intro-
ducing it in the previous equation, we obtain by identification:

wr = ρ

(
v̇1
3
r2 + v̇2

8
r3 + v̇3

15
r4 + v̇4

24
r5

)

condition (38) reads in polar coordinates:

σrr = 2
dwr

dr
− 1

r

d

dr
(r wr ), σθθ = 2

wr

r
− 1

r

d

dr
(r wr )

leads to the expression of σd :

σrr = −σθθ = ρ

(
v̇1
3
r + v̇2

4
r2 + v̇3

5
r3 + v̇4

6
r4

)
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Besides, the homogeneous stress field being defined by four connectors is same as
in statics. In matrix form, the total stress field in terms of stress and displacement
parameters reads: [

σrr
σθθ

]
= σe(r) = Re(r) he+Se(r) v̇e

stress connectors are linearly depending on the stress and displacement parameters:

ge = Cehe+Dev̇e

Hence, one has: he = C−1
e (ge − Dev̇e). Eliminating the stress parameters provides

the stress field in terms of stress and displacement connectors:

σe(r) = Te(r)ge+Ue(r)q̈e

where:
Te(r) = Re(r)C

−1
e , Ue(r) = (Se(r)−Re(r)C

−1
e De) Ae

4.1.2 Method B: Balance of Momentum Satisfied in Gauss Points

We choose the same position for the radial and hoop stress field as the one of dis-
placement.

σr = h1 + h2 r + h3 r
2 + h4 r

3 σθ = h5 + h6 r + h7 r
2 + h8 r

3

There are four degrees of freedom for each stress:

g1 = σr |r=α, g2 = σr |r=β, g3 = σr |r=γ , g4 = σr |r=δ (39)

s1 = σθ |r=α, s2 = σθ |r=β, s3 = σθ |r=γ , s4 = σθ |r=δ (40)

Thus:

σe(r) =
[

σrr
σθθ

]
=

[
Ne(r) 0
0 Ne(r)

] [
ge
se

]
= Te(r) te

4.2 Spatial and Temporal Discretization

The discretized form of the functional adapts with the corresponding discretization
of the stress field.
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4.2.1 Method A

Performing the same assembling, the discretized form of the functional is:

Π̄(g, q, λ) =
∫ t1

t0

[
ΛTλ(t) − q̇T (t) (G g(t) + G̃ q̈(t))

+ gT (t) F1 ġ(t) + q̈T (t) F2 ġ(t) + gT (t) F3
...
q (t) + q̈T (t) F4

...
q (t)

]
dt
(41)

with:

Λ =
n∑

e=1

PT
e Λe,

G =
n∑

e=1

∫ β

α
LTe BT

e (r) Te(r) Me 2π r dr, G̃ =
n∑

e=1

∫ β

α
LTe BT

e (r)Ue(r) Le 2π r dr,

F1 =
n∑

e=1

∫ β

α
MT
e T T

e (r) S Te(r) Me 2π r dr F2 =
n∑

e=1

∫ β

α
LTe U

T
e (r) S Te(r) Me 2π r dr

F3 =
n∑

e=1

∫ β

α
MT
e T T

e (r) S Ue(r) Le 2π r dr F4 =
n∑

e=1

∫ β

α
LTe U

T
e (r) S Ue(r) Le 2π r dr

The Brezis-Ekeland-Nayroles claims that we have to find the minimum of (41) with
respect to the path t 
→ (g(t), q(t), λ(t)) under the constrains of equilibrium, plas-
ticity and initial conditions as in statics.

For the time discretization of any physical quantity a, we put:

a j = a(t j ), ȧ j = ȧ(t j ), · · ·

On each step, we approximate the time rates at t = t j by:

ȧ j = a j − a j−1

t j − t j−1
, ä j = ȧ j − ȧ j−1

t j − t j−1
,

...
a j = ä j − ä j−1

t j − t j−1

Considering m time step from t0 to tm and enforcing the yield condition only at the
beginning and the end of the step, we have to minimize the objective function:

Π̄(g0, . . . , gm ,q0, . . . , qm , λ0, . . . , λm) =
j=m∑
j=1

[
ΛT λ j − q̇Tj

(
G gj + G̃ q̈ j

)
+ g j

T (t) F1 ġ j (t)

+ q̈ j
T (t) F2 ġ j (t) + g j

T (t) F3
...
q j (t) + q̈ j

T (t) F4
...
q j (t)

](
t j − t j−1

)
(42)

under the constrains of:
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• equilibrium (on the boundary, at each time step):

gr=a, j (t j ) = −p(t), gr=b, j (t j ) = 0

• plasticity (at every integration point g of every element e and at every time step):

fg, j (g, q̈) − σY ≤ 0, λg, j ≥ 0,

NYλg, j = Be(rg) Leq̇
T
j − S

[
Te(rg) Meġ j +Ue(rg) Le

...
q j

]

• initial conditions:

g0 = 0, q0 = 0, λ0 = 0, ġ0 = 0, q̇0 = 0, q̈0 = 0,
...
q 0 = 0

4.2.2 Method B

Performing the assembling thanks to the localization matrices Le, Me, Pe such that:

te = Met, qe = Leq, λe = Peλ

the discretized form of the functional is:

Π̄(t, q, λ) =
∫ t1

t0

(ΛTλ(t) − q̇T (t)G t (t) + ṫ T (t)F t (t)) dt (43)

with:

Λ =
n∑

e=1

PT
e Λe,

G =
n∑

e=1

∫ β

α
LTe BT

e (r) Te(r) Me 2π r dr F =
n∑

e=1

∫ β

α
MT
e T T

e (r) S Te(r) Me 2π r dr

The Brezis-Ekeland-Nayroles claims that we have to find the minimum of (43) with
respect to the path t 
→ (t (t), q(t), λ(t)) under the constrains of:

• equilibrium (on the boundary, the internal equilibrium being satisfies a priori):

gr=a(t) = −p(t), gr=b(t) = 0,
d

dr
σr (rg) + 1

rg

[
σr (rg) − σθ (rg)

] = ρür (rg)

• plasticity and initial conditions are same as in the method A

By applying the same time discretization of method A, consideringm time step from
t0 to tm and enforcing the yield condition only at the beginning and the end of the
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step, we have to minimize the objective function:

Π̄(t0, . . . , tm, q0, . . . , qm, λ0, . . . , λm) =
j=m∑
j=1

(ΛTλ j − q̇T
j G t j + ṫ Tj F t j ) (44)

under the constrains of:

• equilibrium (on the boundary, at each time step):

gr=a, j = −p(t j ), gr=b, j = 0,
d

dr
σr (rg, j ) + 1

rg, j

[
σr (rg, j ) − σθ (rg, j )

] = ρür (rg, j )

• plasticity and initial conditions are same as in the method A

4.3 Simulation Results

The program is coded in Matlab, the solver fmincon is applied to find the local
minimum of the constrained functional (42, 44). Material parameters are, E = 210
GPa, ν = 0.3, σY = 360 MPa, a = 100 mm, b = 101 mm, ρ = 7.8 e−9 Kg/mm3.
Internal pressure history is displayed in 7. The Simulation results are displayed in
Figs. 8 and 9 for elastic and plastic cases.

There is a good consistence between the BEN principle solution and the analytical
or numerical solution.TheBENprinciple requires sufficient time steps to have abetter
precision than the one of step-by-step (Fig. 8). The method A and B does not change
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Fig. 7 Imposed pressure history
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the simulation results in elastic case (Fig. 8). As displayed in Fig. 9, the method A
is more accurate than the method B in plastic case as the momentum equation is
satisfied exactly.

5 Conclusions and Future Works

In this work, the BEN principle has numerically proven with success. It allows to
transform a mechanical problem into an optimization problem under constraints,
that is how the BEN principle has the ability to work simultaneously on all time
steps in place of using the step-by-step method and facing the convergence problem.
Comparing to an usual computing code, another advantage of theBENprinciple is the
convenience of implementation of special plastic criteria and material behavior laws,
but it is not always a good choice to impose a refined mesh to have a better solution.
Bymeans of the simulations, the BEN principle solution has a fast convergence to the
reference solution, especially for the stress field, that is a big advantage in a plastic
regime.

In the future, a more effective minimization solver is necessary to solve a large
optimization problem. Moreover, as this is a space-time coupling problem, the com-
puting time is expensive. We would like to apply the Proper Generalized Decom-
position (PGD) reduction method [17–19] to the problem in order to decrease the
computation time. The main idea of the PGD method is to separate space and time
and carry out the computation of each field separately. Moreover, this method allows
to modify the initial problem to a parametric model which is very useful for the
mechanical problem.
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