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Abstract. An elastic cylinder of finite length, one of the ends of which is
perfectly coupled to the surface of the elastic half-space is considered. A round
rigid plate of the same radius is coupled to the other end of the cylinder, and is
loaded the torsion moment that is harmonic depend of time. The surface of the
half-space outside the contact area with the cylinder and the side surface of the
cylinder are been unload. The formulated boundary problem is reduced to a
singular integral equation for a function related to stresses in the contact area of
the cylinder and half-space. Since the kernel of this integral equation contains
fixed singularities, a numerical method for solving this equation the is main
result. After solving the integral equation, approximate formulas for calculating
the contact stresses.

Keywords: Torsion oscillation � Contact problem � Singular integral equation

1 Introduction

At nowadays, one of the effective methods for solving the boundary value problems of
the mechanics of a deformable body is to reduce them to solving integral equations,
most often singular ones. Since the exact solution of these equations is rarely possible,
the actual problem is the creation of numerical methods for their solution. The presence
in the singular part of kernels with fixed singularities makes it difficult to solve r
integral equations. In the monograph [1], as well as in articles [2–4] where exact
solutions of singular integral equations are found, it is proved that the presence of fixed
singularities affects the asymptotic behavior of the solution near the ends of the inte-
gration segments. Despite this, in many cases the real asymptotic of the unknown
functions is either not taken into account Therefore, the convergence of these numerical
methods is quite slow. Articles [5–8] show that the methods based on the use of special
quadrature formulas for singular integrals and taking into account the real asymptotic
of the solution are most effective in the sense of convergence. Such method for an
integral equation with two fixed singularities, to which the contact problem of torsional
vibrations of a cylinder on an elastic half space reduces is proposed in this article.
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2 Statement of the Problem and Its Reduction to a Singular
Integral Equation

Let an elastic cylinder 0� r\r0; 0� z\a; 0�u\2p
locate on the elastic half-space 0� r\þ1;
�1\z� 0; 0� u\2 p (Fig. 1) and coupled to it.
A round rigid plate of the same radius as the cylinder and
the thickness d is connected to the upper end of the
cylinder. A torsion moment Me�ix t, harmoniously
dependent on time, is exerted to the plate. The factor e�ix t

that determines the dependence on time is omitted farther.
Under such conditions, an axisymmetric torsional defor-
mation is realized in the cylinder and half-space and only
angular displacements wj r; zð Þ; j ¼ 1; 2 is nonzero. They
are determined from the equations

@2wj

@r2
þ 1

r
@wj

@r
� w2

j

r2
þ @2wj

@z2
þ j22jwj ¼ 0; j22j ¼

q2j x
2

G2
j

; j ¼ 1; 2;

ð1Þ

where w1 r; zð Þ is displacement in cylinder, w2 r; zð Þ is displacement in half space,
q1; G1 are shear modulus and density of the cylinder, q2; G2 are shear modulus and
density of the half space. In the area of contact between the cylinder and the half-space,
the following equations are satisfied:

s 1ð Þ
u z r; þ0ð Þ ¼ q rð Þ; s 2ð Þ

u z r;�0ð Þ ¼ q rð Þ; 0� r\r0 ð2Þ

where q rð Þ is unknown stresses in the contact area. Also in the contact area, the
condition of continuity of displacements is fulfilled

w1 r; þ0ð Þ ¼ w2 r;�0ð Þ; 0� r\r0: ð3Þ

The surface of the half-space outside the contact area is considered unloaded

s 2ð Þ
zu r;�0ð Þ ¼ 0; r[ r0: ð4Þ

On the upper end of the cylinder, the conditions of couple to the plate is satisfied

w1 r; að Þ ¼ h0r; 0� r� r0: ð5Þ

where h0 is unknown plate rotation angle, It is determined from the equation

�x2j0h0 ¼ M �MR; j0 ¼ p r40dq0=2 ð6Þ

Fig. 1. The elastic cylinder
coupled with half space
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where j0 is the moment of inertia of the plate, MR is the moment of the reaction forces.
There q0 is density of the plate. The lateral surface of the cylinder is not loaded:

s 1ð Þ
ru r0; zð Þ ¼ 0; 0\z\a: ð7Þ

Angular displacement in a cylinder is the solution of the boundary value problem
(1), (2), (5), (7) and it equal

w1 r; zð Þ ¼ �
Zr0
0

g
q gð Þ
G1
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cos a j21

: ð8Þ
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Angular displacement in half-space is the solution of boundary value problem (1),
(2) (4), and it equal to
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0
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q
ð9Þ

Now it is necessary to find the unknown contact stresses q rð Þ for the final deter-
mination of the displacement in the cylinder and the half-space For this purpose, the
integral equation was obtained by substitution (8), (9) in (3). This integral equation can
be transformed into a second-kind integral equation [9] for a new unknown function.
This function is related to contact stresses by the next formulas

u xð Þ ¼
Zr0
x

g
q gð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � x2

p dg; q gð Þ ¼ � 2
p

@
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g

u xð Þdxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p : ð10Þ

As a result of the transformations detailed in [9] and the extraction of the singular
component, this equation takes the following form:

1þ cð Þg fð Þþ 1
p
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ð11Þ
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When deriving Eq. (11) the next notation was taken: x ¼ r0s; y ¼ r0f ,
u r0sð Þ ¼ r0G1g sð Þ; c ¼ a=r0; j0 ¼ j21r0; c ¼ G1=G2.

3 The Numerical Solution of Integral Equation

For construction an efficient numerical method of solving Eq. (11), we need to find out
the asymptotic of the unknown function g sð Þ for s ! �1. This defines the following
form of solution:

g sð Þ ¼ 1� s2
� �r

w sð Þ; r ¼ 1
p
arcsin

1
cþ 1

; ð12Þ

where w sð Þ is a function that satisfies the Holder conditions.
Quadrature formulas for singular integrals are based on the approximation of the

function by the following interpolation polynomial:

w sð Þ � Wn sð Þ ¼
Xn
m¼1

wm
Pr;r
n sð Þ

Pr;r
n smð Þ½ �0 s� smð Þ; ð13Þ

where wm ¼ w smð Þ, Pr;r
n sð Þ are Jacobi polynomials and sm are roots of these poly-

nomials. As a result, we obtain the quadrature formulas by the method described in
detail in the article [5]
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where Arr
m are coefficients of the Gauss – Jacobi quadrature formula [10].

Similar formulas for integrals with a logarithmic singularity are obtained by the
same method [5]:
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: ð15Þ

The functions hj Yð Þ are represented by series similar to these in formula (17).
Then in Eq. (11) the quadrature formulas (15), (17) are applied to the singular

integrals, and to the regular ones the Gauss - Jacobi quadrature formulas [12] and as
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collocation points are taken f ¼ sk; k ¼ 1; 2; . . .; n. The result of these actions is a
system of linear algebraic equations for wm;m ¼ 1; 2; . . .; n. To the resulting system it
is necessary to add the equation of motion of the plate (6). After solving the system,
from formulas (10), (12), (13) we obtain formulas for the approximate calculation of
the contact stresses.

sðfÞ ¼ qðr0fÞ
G1

¼ fð1� f2Þr�1
2
Xn
m¼1

WmA
rr
m WmðfÞ ð16Þ

Here functions WmðfÞ are represented through hypergeometric functions very
cumbersomely.

4 Results of Numerical Analysis and Conclusions

The cylinder of radius r0 ¼ 0,2 m of aluminum coupled to a cast iron base is con-
sidered, as an example. The plate adhered to the upper end of the cylinder is steel and
has a thickness of d ¼ 0,02 m. The plate is loaded by the moment with amplitude of
M ¼ 1000 n � m. The frequency of oscillation changes so that the dimensionless wave
number j0 ¼ j2r0 ¼ x r0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
q1=G1

p
is in the range 0� j0 � 10 (Fig. 2).

The calculations showed that to obtain the values of contact stresses and the angle
of rotation with a relative error of less than for the numerical solution of the integral
Eq. (11) in the formula (13), it suffices to use 10–15 interpolation points.

Using formula (18), the influence of the frequency and the ratio of the dimensions
of the cylinder on the values of contact stresses is studied. The results of these studies
are shown in the figures. The graphs in these figures correspond to the following values
of the ratio of the height of the cylinder to its radius 1−c ¼ 1; 2−c ¼ 2; 3−c ¼ 3;
4−c ¼ 4: The following conclusions can be drawn based on the analysis of the results

a) 0 0κ = b) 0 2κ =

Fig. 2. The contact stresses for other values of frequency and relative height of cylinder
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of the calculations. The proposed method for numerically solving a singular integral
equation with a fixed singularity with a small volume of calculations allows us to
obtain results with high accuracy. This is explained by the fact that the solution takes
into account the real asymptotic of unknown functions, and use special quadrature
formulas are derived for singular integrals. At torsion of a cylinder which is coupled
with an elastic foundation, the highest values of contact stress are observed under static
loading j0 ¼ 0. In the same case, with an increase in the relative length of the cylinder,
the absolute values of the contact stress increase. Monotonic increase in the absolute
values of contact stresses is observed when approaching the boundary of the contact
region in the considered frequency range 0� j0 � 10.
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