Chapter 1 )
A Generalized Central Limit Conjecture Shethie
for Convex Bodies

Haotian Jiang, Yin Tat Lee, and Santosh S. Vempala

Abstract The central limit theorem for convex bodies says that with high probabil-
ity the marginal of an isotropic log-concave distribution along a random direction
is close to a Gaussian, with the quantitative difference determined asymptotically
by the Cheeger/Poincare/KLS constant. Here we propose a generalized CLT for
marginals along random directions drawn from any isotropic log-concave distri-
bution; namely, for x, y drawn independently from isotropic log-concave densities
D, q, the random variable (x, y) is close to Gaussian. Our main result is that this
generalized CLT is quantitatively equivalent (up to a small factor) to the KLS
conjecture. Any polynomial improvement in the current KLS bound of n!/# in R”
implies the generalized CLT, and vice versa. This tight connection suggests that
the generalized CLT might provide insight into basic open questions in asymptotic
convex geometry.
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2 H. Jiang et al.
1.1 Introduction

Convex bodies in high dimensions exhibit surprising asymptotic properties, i.e.,
phenomena that become sharper as the dimension increases. As an elementary
example, most of the measure of a sphere or ball in R” lies within distance O (1//n)
of any bisecting hyperplane, and a one-dimensional marginal is close to a Gaussian,
i.e., its total variation distance to a Gaussian of the same variance is O(1/4/n).
A striking generalization of this is the central limit theorem for convex bodies in
Theorem 1.1, originally due to Klartag [16]. A function & : R" — R is called log-
concave if it takes the form i1 = exp(— f) for a convex function f : R* — RU{oo}.
A probability measure is log-concave if it has a log-concave density. A measure is
said to be isotropic if it has zero mean and identity covariance.

Theorem 1.1 (Central Limit Theorem) Let p be an isotropic log-concave mea-
sure in R" and y ~ p. Then we have

]P)xNS"*l [drv ({x, y), N(O, 1)) = c,] < cp,

for some constants cy, that tends to 0 as n — +00.

The central limit theorem is closely related to the thin-shell conjecture (also
known as the variance hypothesis) [2, 4]. Let 0,, > 0 satisfy

o7 = supExy [ (161 = v)"].
p

where the supremum is taken over all isotropic, log-concave measures p in R". The
thin-shell conjecture [2, 4] asserts the existence of a universal constant C such that
0,12 < C for all n € N. It is closely connected to the CLT: by a direct calculation,
the CLT implies a bound on o, (and the conjectured CLT parameter implies the
thin-shell conjecture); Moreover, ¢, = O (0, logn/+/n) [2, 10]. The first non-trivial
bound on o, which gives the first non-trivial bound on ¢, in Theorem 1.1, was due
to Klartag [16]. This was followed by several improvements and refinements [12, 14,
17,27]. The current best bound is o, = O (n'/*) which impliesc, = O (n=14 logn)
[18]. This follows from the well-known fact that o;, = O (¥,), where ¥, is the KLS
constant (also known as the inverse Cheeger constant) defined as follows.

Definition 1.2 (KLS Constant) For a log-concave density p in R"” with induced
measure [, the KLS constant v, is defined as

L mp@9)
Yp  SCRU =12 j1p(S)

We define ,, be the supremum of v, over all isotropic log-concave densities p in
R”.
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Theorem 1.3 ([18]) The KLS constant of any isotropic log-concave density in R"
is O(n'/*).

For other connections and implications of the KLS conjecture, including its
equivalence to spectral gap and its implication of the slicing conjecture, the reader
is referred to recent surveys [13, 20] and this comprehensive book [5].

A key fact used in the above theorem is the following elementary lemma about
log-concave densities.

Lemma 1.4 (Third Moment) For x, y drawn independently from an isotropic log-
concave density p, we have E((x, y)3) = O(n'?).

We remark that the third moment bound in Lemma 1.4, holds even if x, y are drawn
independently from different measures.

If the KLS conjecture is true, then the expression above is O (n). It is shown in an
earlier version of [18] that any polynomial improvement in the third moment bound
to n'>~¢ for some ¢ > 0 would lead to an improvement in the bound on the KLS
constant to n'/4~¢' for some €’ > 0. (The techniques used in the corresponding part
of the preprint [18] are formally included in this paper.)

Motivated by the above connection, we propose a generalized CLT in this paper.
To formally state our generalized CLT, we need the definition of L, Wasserstein
distance.

Definition 1.5 (L, Wasserstein Distance or W, Distance) The L, Wasserstein
distance between two probability measures i and v in R for p > 1 is defined by

1
Wy (u,v) < inf [/ bx = ylPdx (x, y)} n

where the infimum is over all couplings of  and v, i.e. probability measures 7 in
R? that have marginals  and v.

When convenient we will denote W, (i, v) also be Wy (x, y) where x ~ u, y ~ v.
Our generalized CLT is stated using the W, distance, which is a natural choice, also
used in related work on CLT’s [11, 28].

The content of the conjecture is that one can replace the uniform distribution on
the sphere (or Gaussian) with any isotropic log-concave density, i.e., along most
directions with respect to any isotropic log-concave measure, the marginal of an
isotropic log-concave measure is approximately Gaussian.

Conjecture 1.6 (Generalized CLT) Let x, y be independent random vectors drawn
from isotropic log-concave densities p, g respectively and G ~ N(0, n). Then,

Wa((x,y), G) = O(1). (1.1.1)
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The current best upper bound on the W, distance in Eq. (1.1.1) is the trivial bound
of O(y/n). As we will see later, a third moment bound of order O (n) in Lemma 1.4
would be implied if Conjecture 1.6 holds.

Our main result is that this Generalized CLT is equivalent (up to a small factor)
to the KLS conjecture, and any polynomial improvement in one leads to a similar
improvement in the other.

Theorem 1.7 (Generalized CLT Equivalent to KLS) Fix ¢ € (0, 1/2). If for
every isotropic log-concave measure p in R" and independent vectors x,y ~ p
and g ~ N(O, n), we have Wr({x,y),g) = O (n1/275), then for any § > 0, we
have r, = O (n'/4=€/2+%),

On the other hand, if we have ¥, = O (nl/ 4-€/ 2), then for any isotropic log-
concave measures p, q in R", independent vectors x ~ p,y ~ q and § > 0, we
have Wy ((x,y), G) = O (n'/>7¢19),

Remark 1.8 We emphasize that the equivalence between Generalized CLT and
the KLS conjecture in Theorem 1.7 does not hold in a pointwise sense, i.e. the
Generalized CLT for a specific isotropic log-concave measure p in R" alone does
not imply the corresponding bound for v, and vice versa. One needs to establish
the Generalized CLT for all isotropic log-concave measures in R” in order to deduce
the KLS conjecture.

The proof of Theorem 1.7 proceeds in three steps: (1) in Theorem 1.9 below,
we show that an improved third moment bound implies an improved bound on the
KLS constant (an earlier version of this part of the proof is implicit in the preprint
[18]), (2) in Theorem 1.27, we show that an improved bound for Generalized CLT
implies an improved third moment bound, and (3) in Theorem 1.49, we show that an
improved bound on the KLS constant implies an improved bound for Generalized
CLT. While all three parts are new and unpublished (except on the arXiv), the proof
of (3) is via a coupling with Brownian motion (we discuss the similarity to existing
literature [11]), (2) is relatively straightforward, and (1) is the most technical, based
on a carefully chosen potential function and several properties of an associated
tensor.

The main intermediate result in our proof that the Generalized CLT implies the
KLS conjecture is the following theorem.

Theorem 1.9 Fix ¢ € (0, 1/2). If for every isotropic log-concave distribution p in
R”" and independent vectors x,y ~ p, we have

By yp ((x, y>3) -0 (n”*), (1.1.2)

then for any § > 0, we have y,, = O (n1/4’€/2+5),

In fact what we show is that the KLS constant ¥,, can be bounded in terms of the
third moment.
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Theorem 1.10 Let p range over all isotropic log-concave distributions in R".
Then,

O (1) ~
v? < supEx yp ((x, y>3) = O(1) - supEy_gis )
n P b4

Exvp ((x, 9)xxT) H X
(1.1.3)

This intermediate result might be of independent interest and is in fact a refinement
of the following bound on the KLS constant given by Eldan [10].

1//,% < 5(1) - sup sup
P geSn—!

Ey~p ((x, 9>xxT> HF . (1.1.4)

We replace the supremum over & € S"~! on the RHS by the expectation over
S"~1. Here |-||  stands for the Frobenius norm (see Sect. 1.2.1). To see how (1.1.3)
refines (1.1.4), let x, y ~ p be independent vectors and o be the uniform measure
on S"~!. Then,

.

Ex~p ((x,@)xxT)HFda(Q) /SH Ery~p <<x19> (y,0) - (x,y>2) do )

= rltEx’pr ((x, y)3) .

1.2 Preliminaries

In this section, we review background definitions.

1.2.1 Notation and Definitions

A function & : R" — Ry is called log-concave if it takes the form h(x) =
exp(— f (x)) fora convex function f : R" — RU{oo}. Itis ¢-strongly log-concave if
it takes the form h(x) = h/(x)e’é 113 where R (x) : R" — R, is an integrable log-
concave function. A probability measure is log-concave (¢-strongly log-concave) if
it has a log-concave (resp. ¢-strongly log-concave) density function.

Given a matrix A € R™*", we define its Frobenius norm (also known as Hilbert-
Schmidt norm), denoted as || A|| r, to be

m n
lAlr = | D03 1A =Tr (47 4).

i=1j=1
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The operator norm (also known as spectral norm) of A, denoted [|A|op, is defined
as

1Allop = y/Aamax (AT A),

where Amax (+) stands for the maximum eigenvalue.

1.2.2 Stochastic Calculus

Given real-valued stochastic processes x; and y;, the quadratic variations [x]; and
[x, y]; are real-valued stochastic processes defined by

o0

. 2
[x]; = \II’IIIEO Z (xs, —xz,_,)" and

o
['x’ y]t = lim Z (‘x'[n - x'[nfl) (yfn - yfnfl) ’
n=1

[P|—0
where P = {0 = 19 < 11 < 10 < --- 1 t} is a stochastic partition of the non-
negative real numbers, |P| = max, (t, — 7,—1) is called the mesh of P and the

limit is defined using convergence in probability. Note that [x]; is non-decreasing
with ¢ and [x, y]; can be defined as

1
(x +yl =[x =yl .

[x, y]t = 4

For example, if the processes x; and y; satisfy the SDEs dx; = w(x;)dt + o (x;)dW;
and dy; = v(y;)dt + n(y;)d W; where W; is a Wiener process, we have

t t
L], = f o2(x)ds [x, ), = f o (xa)n(3s)ds and dlx, yl; = o (e (yo)dr.
0 0
For vector-valued SDEs
dx; = p(x)dt + X(x,)dW; and dy; = v(y,)dt + M (y;)dW;,

we have that

t
', x/], =/ (E(xs)ET(xs))__ds and d[x', y/], = (E(x,)MT(y,))__dt.
0 ij L)
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Lemma 1.11 (It6’s Formula) 116 [15] Let x be a semimartingale and f be a twice
continuously differentiable function, then

d d? )
afeey = Y 0 a4 Z ¢ T e, oy,

1

The next two lemmas are well-known facts about Wiener processes.

Lemma 1.12 (Reflection Principle) Given a Wiener process Wy and a,t > 0, then
we have that

]P’( sup Wy > a) =2P(W; > a).

0<s<t

Theorem 1.13 (Dambis, Dubins-Schwarz Theorem) [8, 9] Every continuous
local martingale M; is of the form

M; = Mo+ Wy, forallt > 0,

where Wy is a Wiener process.

1.2.3 Log-Concave Functions

Theorem 1.14 (Dinghas, Prékopa, and Leindler) The convolution of two log-
concave functions is log-concave; in particular, any marginal of a log-concave
density is log-concave.

The next lemma is a “reverse” Holder’s inequality (see e.g., [23]).

Lemma 1.15 (Log-Concave Moments) For any log-concave density p in R" and
any positive integer k,

k/2
Exmp I61E < @0 - (Banyp Ix17)

The following inequality bounding the small ball probability is from [3].

Theorem 1.16 ([3, Thm. 10.4.7]) For any isotropic log-concave density p and any
€ < €,

Pop (Ixlly < e/n) < eV,

where €g, ¢ are absolute constants.
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The following theorem from [6, 24] states that the Poincaré constant is bounded
by the KLS constant.

Theorem 1.17 (Poincaré Constant [6, 24]) For any isotropic log-concave density
p in R" and any smooth function g, we have

Vare-pg(x) < 0 (¥2) - Exnp IVg ()11
An immediate consequence of the above theorem is the following lemma which
is central to our analysis. We give a proof of this central lemma for completeness.

Lemma 1.18 For any matrix A and any isotropic log-concave density p,
Vare~ (x7Ax) = 0 (v2) - 1413

where r = rank(A + AT).

Proof Since x” Ax=xT AT x, we have Vary~, (x” Ax) =Vare~, (x” (A+AT) x) /4.
Now applying Theorem 1.17 to the projection of p onto the orthogonal complement
of the null space of matrix A finishes the proof. O

To prove a upper bound on the KLS constant, it suffices to consider subsets of
measure 1/2. We quote a theorem from [26, Thm 1.8].

Theorem 1.19 The KLS constant of any log-concave density is achieved by a subset
of measure 1/2.

The next theorem is an essentially best possible tail bound on large deviations
for log-concave densities, due to Paouris [27].

Theorem 1.20 There exists a universal constant ¢ such that for any isotropic log-
concave density p in R" and anyt > 1, Py~ (||x|| >cC- t\/n) < e ivn,

1.2.4 Distance Between Probability Measures

The total variation distance is used in the statement of classical central limit theorem
(e.g. [16]).

Definition 1.21 The total variation distance between two probability measures p
and v in R is defined by

def
drv (i, v) = sup [u(A) — v(A)].
ACR

The following lemma relates total variation distance to L1-Wasserstein distance
(see Definition 1.5) for isotropic log-concave distributions.
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Lemma 1.22 ([25, Prop1]) Let ;v and v be isotropic log-concave distributions in
R, then we have

drv(p, v) = 0(1) - Wi (i, v).

Now we relate Ly Wasserstein distance to L, Wasserstein distance for 1 <
s # t. By Holder’s inequality, one can show that for any s < ¢, we have
W (e, v) < W;(u,v). In the special case where both i and v are isotropic log-
concave distributions in R, it is shown in [25, Prop 5] that

t
W, (i, v)’ <0Q) Wy, v)s 10gf*s <Ws(/th U)S> .

In the following, we generalize this result to cases where p or v might be the
measure of the inner product of two independent isotropic log-concave vectors. This
generalization might be useful for future applications. The proof is essentially the
same as that in [25] as is therefore postponed to Appendix 1.

Lemma 1.23 Let u and v be two probability measures in R. Suppose one of the
following holds:

1. Both p and v are isotropic log-concave distributions.
2. The distribution p is isotropic log-concave, while v is the measure of the random
variable \/ln (x,y) where x ~ p and y ~ q are independent random vectors and

D, q are isotropic log-concave distributions in R”".

3. There exist isotropic log-concave distributions p,,, q., py and q, in R" such that
W is the measure of the random variable \}n (xXu, yu) and v is the measure of the
random variable \/ln (xv, Yv), where X, ~ pu, Yu ™~ qu, Xv ~ pv and y, ~ qy
are independent random vectors.

Then there exists a universal constant ¢ > 0 such that for any 1 < s < t, we have

) . '
Wi, )" < cWs(p, v)* log' ™ (W » U)s> + 't exp(—c/n).
N k)

Moreover, the above bound is valid even when the coupling (i, v) on the left-hand
side is taken to be the best coupling for W (i, v) instead of the best coupling for

Wl‘(ﬂ“v V).

1.2.5 Matrix Inequalities

For any symmetric matrix B, we define |B| = VB2, namely, the matrix formed by
taking absolute value of all eigenvalues of B.
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Lemma 1.24 (Matrix Holder Inequality) Given a symmetric matrices A and B
and any s, t > 1 with sV 471 =1, we have

Tr(AB) < (Tr|AFF)" (Tr|BI)"".

Lemma 1.25 (Lieb-Thirring Inequality [22]) Given positive semi-definite matri-
ces A and B andr > 1, we have

Tr ((Bl/zABm)r) <Tr (B’/zA’B’/z) .

Lemma 1.26 ([1, 10]) Given a symmetric matrix B, a positive semi-definite matrix
Aand a € [0, 1], we have

Tr (A“BAHB) <Tr (ABz).

1.2.6 From Generalized CLT to Third Moment Bound

In this subsection, we prove that an improved bound for Generalized CLT implies
an improved third moment bound.

Theorem 1.27 Fix € € (0, 1/2). Let p be any isotropic log-concave distribution in
R”", x, y be independent random vectors drawn from p and G ~ N(0, n). If we have

Wa((x, ), G)* = O (n”f) : (1.2.1)

then it follows that

Ex,y~p ((x, y)3) =0 <n1‘57€> .

We remark that while the equivalence between Generalized CLT and the KLS
conjecture in our main theorem (Theorem 1.7) does not hold in a point-wise sense,
the result in Theorem 1.27 holds for every isotropic log-concave p.

Proof Let m; be the best coupling between (x, y) and G in (1.2.1). In the rest of
the proof, we use E;, to denote the expectation where (x, y) and G satisfies the
coupling m>. Applying Lemma 1.23, we have

En|(x,7), GF = 0 (n2*logn).
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Now we can bound Ey y~,(x, y)3 using the coupling 7, as
Exy~p(x, ¥)’ = Ex, ((x, ) = G + G)°
= En, (G*+3G2((x,) = ) +3G (. y) =G+ ((x. 1) = G)*) .

The first term is zero due to symmetry. For the second term, we have
Er,G2(x.3) — G) = \[Eg-nomG* - \/Eny((x.y) — G)?
=00 (n") = 0(n""7).

The last two terms can be bounded similarly as

2
3

IA

(Ec-vomIGF) - (Enltr. ) - GF)

=0 (vn)-0 (nlfgE 10g§ n) =0 (nl‘sfg) ,

ErG((x,y) — G)*

and
Er, (5, 3) = G)° < Enyl(x, ) — GI* = 0 (5> logn) = 0 (n'57¢).

This completes the proof of Theorem 1.27. O

1.3 Stochastic Localization

The key technique used in part of our proofs is the stochastic localization scheme
introduced in [10]. The idea is to transform a given log-concave density into one
that is proportional to a Gaussian times the original density. This is achieved by a
martingale process by modifying the current density infinitesimally according to an
exponential in a random direction. By having a martingale, the measures of subsets
are maintained in expectation, and the challenge is to control how close they remain
to their expectations over time. We now define a simple version of the process we
will use, which is the same as in [18].

1.3.1 The Process and Its Basic Properties

Given a distribution with a log-concave density p(x), we start at time ¢t = 0 with
this distribution and at each time r > 0, we apply an infinitesimal change to the
density. This is done by picking a random direction from a standard Gaussian.
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Definition 1.28 Given a log-concave distribution p, we define the following
stochastic differential equation:

co=0, dc =dW; + udt, (1.3.1)

where the probability distribution p,, the mean p; and the covariance A, are defined
by
eCth— 5 HXH%p(x)

) =FEipx, Ar=E;v, (x— T—unT.
fRneCrTy—éHyHﬁp(y)dy H = B t = Exnp, (x—p0) (X —f4r)

pr(x) =

The following basic lemmas will be used in the analysis. For a more rigorous
account of the construction and further details of the process, the reader is referred
to[11, 18, 20]

Lemma 1.29 Forany x € R", we have dp;(x) = (x — )T dW, p; (x).
Next we state the change of the mean and the covariance matrix.

Lemma 1.30 du, = A dW; and dA; = [g, (x — ) (x — )T (o — )" dWy) ps
(x)dx — AZdt.

1.3.2 Bounding the KLS Constant

The following lemmas from [18] are used to bound the KLS constant by the spectral
norm of the covariance matrix at time ¢. First, we bound the measure of a set of
initial measure é

Lemma 1.31 Forany set E C R" with fE px)dx = é andt > 0, we have that

P 1</ Wdx <> )= ° PftuAu ds > |
4= )P = ) =10 o sllop @ =gy )

At time ¢, the distribution is 7-strongly log-concave and it is known that it has
KLS constant O (t’l/ 2). The following isoperimetric inequality was proved in [7]
and was also used in [10].

Theorem 1.32 Let h(x) = f(x)e 212/ [ f(y)e 2I¥12dy where f : R" — R,
is an integrable log-concave function. Then h is log-concave and for any measurable
subset S of R",

f h(x)dx = Q(\/t) -min{/h(x)dx,/ h(x)dx}.
3 s R\ S

In other words, the KLS constant of h is O (fl/z).
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This gives a bound on the KLS constant.

Lemma 1.33 Given a log-concave distribution p, let A; be given by Definition 1.28
using initial distribution p. Suppose that there is T > 0 such that

r 1 3
P ; IIASIIOPdss64 =

then we have Y, = O (T_l/z).

Thus to prove a bound on ), it suffices to give an upper bound on || A;||op. The
potential function we will use to bound || A; ||Op is ®; = Tr((A; — I)9) for some
even integer g. We give the detailed analysis in Sect. 1.4.

The following result from [18] will be useful. It shows that the operator norm
stays bounded up to a certain time with probability close to 1.

Lemma 1.34 ([18], Lemma 58) Assume for k > 1, ¥, = O®!'/?*) for any
isotropic log-concave distribution p in R". There is a constant ¢ > 0 s.t. for any

1

0<T< 1 :
c-k-(logn)! =k .nl/k

we have

1
P Adlle, >21] <2 — . 132
[tg[l&);]ll tllop = }_ eXP( CT) (1.3.2)

1.3.3 Bounding the Potential

In order to bound the potential ®;, = Tr((A; — 1)), we bound its derivative. We go
from the derivative to the potential itself via the following lemma, which might also
be useful in future applications.

Lemma 1.35 Let {®;};>0 be an n-dimensional It6 process with &g < L2/ and

dd, = §,dt + v,Tth. Let T > 0 be some fixed time, U > 0 be some target upper
bound, and f and g be some auxiliary functions such that forall0 <t < T

L. 8 < f(®;) and |l < g(Py),
2. Both f(-) and g(-) are non-negative non-decreasing functions,
3fW)-T <Y andgU) VT < Y.

Then, we have the following upper bound on ®;:

]P’|: max @; > U:| < 0.01.
1€[0,T]
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Proof We denote the It6 process formed by the martingale term as {Y;};>0, i.e.
Yo = 0and dY; = v,T dW;. We first show that in order to control ®;, it suffices to
control Y;.

Claim 1.36 Forany 0 < fo < T, if max;e[o,s) ¥s < [3], then we have

max &, < U.
t€[0,19]

Proof of Claim 1.36 Assume for the purpose of contradiction that max;c[o, s, ®; >
U. Denote t' = inf{r € [0, 7p]|®; > U}. It follows that for any ¢ € [0, '], we have

®; <Uand f(®) -t < f(U)-T < § . Tt follows that

U
O < P+ g +Y <U,

which leads to a contradiction. O

Since Y; is a martingale, it follows from Theorem 1.13 that there exists a Wiener
process {B;};>0 such that Y; = B[y),, for all # > 0. The next claim bounds Y; using
B;.

Claim 1.37 If max, cro,v2/64] Br = g, then we have

max Y; < U/3,
1€[0,T]

Proof of Claim 1.37 Assume for the purpose of contradiction that max;ejo,77Y; >
g. Define 1y as the first time when Y; becomes at least [3] By definition, for any

tel0,1],Y; < v. Using Claim 1.36, we have max;¢[o,;,) ®; < U. It follows that

to ) ) U2
[Y]t():/ lvllzde <T-g°(U) = .
0 64

This implies that

= < <
=B, s s Bs s

which leads to a contradiction. O

Now it suffices to bound the probability that the Wiener process { B;};>( exceeds
U/3 in the time period [0, U?/64]. Using the reflection principle in Lemma 1.12,
we have

Pr| max &, > U | <Pr max B, >U/3|=2Pr|B > U/3| <0.01.
[IE[O,T] r= } - [IE[O,U2/64] ! / :| [ U2/64 / ]_

O
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1.4 From Third Moment Bound to KLS

In this section, we show that an improved third moment bound implies an improved
bound on the KLS constant. Theorems 1.9 and 1.27 together imply the first part of
Theorem 1.7.

Theorem 1.9 Fix ¢ € (0, 1/2). If for every isotropic log-concave distribution p in
R” and independent vectors x,y ~ p, we have

By yp ((x, y>3) -0 (n”*f), (1.1.2)

then for any § > 0, we have yr,, = O (n1/4’€/2+5),

The rest of this section is devoted to proving Theorem 1.9. Throughout this
section, we assume the condition in Theorem 1.9 holds, i.e. for every isotropic log-
concave distribution p in R" and independent vectors x, y ~ p, one has

By ymp ((x, y>3) -0 (n”—e). (1.4.1)

1.4.1 Tensor Inequalities

The proof of Theorem 1.9 is based on the potential function ®;, = Tr ((A; — I)?)
for some even integer ¢g. This potential is the one of the key technical differences
between this paper and previous work using stochastic localization, which used
Tr(A7) [10, 19]. The proof of a tight log-Sobolev inequality [21] used a Stieltjes-
type potential function, Tr((ul — A)~9) to avoid logarithmic factors. The potential
we use here, Tr ((A; — 1)?) allows us to track how close A; is to I (not just bounding
how large A; is). For example, in Lemma 1.43, we bound the derivative of the
potential ®; by some powers of ®,. Since ®; is O initially, this gives a significantly
tighter bound around ¢ = 0 (compared to Tr(A?)). We will discuss this again in the
course of the proof.

For the analysis we define the following tensor and derive some of its properties.

Definition 1.38 (3-Tensor) For an isotropic log-concave distribution p in R” and
symmetric matrices A, B and C, define

Tp(A, B, C) = Evymp (x7Ay) (x7By) (x"Cy)

We drop the subscript p to indicate the worst case bound over all isotropic log-
concave distributions

T(A, B, C) Y sup Exymp (xTAy> (xTBy) (xTCy>

isotropic log-concave p
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It is clear from the definition that 7 is invariant under permutation of A, B and
C. In the rest of this subsection, we give a few tensor inequalities that will be
used throughout the rest of our proofs. The proofs of these tensor inequalities are
postponed to Appendix 2.

Lemma 1.39 For any A1, Aa, Az > 0, we have that T(A1, Az, A3) > 0 and for
any symmetric matrices By, B2, B3, we have that

T(By1, B2, B3) < T (IB1l,|B2|, |B3]).

In the next lemma, we collect tensor inequalities that will be useful for later
proofs.

Lemma 1.40 Suppose that Y, < akP for all k < n for some fixed 0 < B < é and
a > 1. For any isotropic log-concave distribution p in R" and symmetric matrices
A and B, we have that

L TA LD <TU LI - Al

T(A,I,1) < O (y2) - Tr|Al

T(A, B, 1) < O (¥2) - | Bllop Tr|Al where r = min(2 - rank(B), n).
T(A,B,I) < O (a®logn) - (Tr|B|"/®8)* Tr | A|.

T(A, B, 1) < (T(AF, L 1)" (T (1B, 1,1))"", for any s,t > 1 with
sTlar =1

SR L

Lemma 1.41 For any positive semi-definite matrices A, B, C and any o € [0, 1],
then

T (Bl/zA“Bl/z, B/2A1-p1/2, C) <T (31/2A31/2, B, C) .

1.4.2 Derivatives of the Potential

The next lemma computes the derivative of ®; = Tr((A; — 1)), as done in [18].
For the reader’s convenience, we include a proof here.

Lemma 1.42 Let A; be defined by Definition 1.28. For any integer g > 2, we have
that

dTr ((Ar = D7) = q - Exp, (= )" (A = DT = ) 6 = )T W,
—q-Tr (A, — D77 ADydr
+ 90 Y Eaen =) (A= DG~ )

a+p=qg—2

x (x — u) (A = DP(y — n)(x — u) " (v — po)dr.
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Proof Let ®(X) = Tr((X — I)?). Then the first and second-order directional
derivatives of ® at X is given by

9D
=q~Tr<(X—I)q_1H) and
X |,
82CD qi% k 2—k
—q- Tr((X—I) Hy(X — 1)1~ Hl).
OX0X |y, u ar

Using these and Itd’s formula, we have that
dTr((A, — D7) = q - Tr ((A, - I)q_ldA,>

+7 DT ((Ar = D¥eij(Ar = DPewr) dLAij, Aul,
a+p=q—2 ijkl

where e;; is the matrix that is 1 in the entry (i, j) and O otherwise, and A;; is the
real-valued stochastic process defined by the (i, j)th entry of A;.
Using Lemmas 1.30 and 1.29, we have that

dA; = Bxmp, (x — ) — )" (6 = )T dW; — A Adt

= Exwp, (x — ) (x — Mt)T(x - Mt)Tedet,z — At Adt, (1.4.2)

where W; ; is the zth coordinate of W;. Therefore,

Al Al = Y (Eamp, (6 = i = o) 8 = o) e; )

Z
X (Ex~p, (= p)i(x — p)r(x — Mt)Tez) dt

=By ymp, (6 — 10)i (6 — ) j (0 — mok(y — po)i(x — )"
X (y — up)dt. (1.4.3)

Using the formula for dA; (1.4.2) and d[A;;, Ax]; (1.4.3), we have that
dTr ((Ar — DY) = q - Exp, (x — u)T (Ar — DTN x — ) (x — w) ' aw,
—g-Tr ((At - 1)q—1A$) dt

+ g . Z ZTr ((A, — D% (A — I)ﬂekl) Ex y~p,

a+p=q—2 ijkl

X (6 = )i (6 — 1) j (v — k(v — p)r(x — )T (v — we)dt
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=g Eep, (x — )" (A = DT — ) (x — n) " dW,
—q-Tr ((At _ 1)‘1*1A3) dt
q
+o0 2 By — ) (A= Dy — )
a+p=qg—-2

x (x — u)T(Ar = DP(y — n)(x — )T (v — po)dr.

1.4.3 Bounding the Potential

The derivative of the potential has drift (d¢) and stochastic/Martingale (d W;) terms.
The next lemma bounds the drift and Martingale parts of the change in the potential
by tensor quantities. We will then bound each one separately.

Lemma 1.43 Let A; and p; be defined as in Definition 1.28. Let ®; = Tr((A;—1)9)
for some even integer q > 2, then we have that d®; = §;dt + vtTth with

1 17; 1

1 2 1+
6= a@ =T (A= DI ALA) +2g - (& +®, Tns

and

Evep = )" (A= D7 = e — )" |

ol =g |
Proof By Lemma 1.42, we have
_ T qg—1 T
d®; =q - Ex~p, (x — )" (A = DT (x — p)(x — )" dW;
—q-Tr ((At _ I)q—lAf) dt

q
0D By = 0 (A= DO ) — )
a+p=q—2
X (A= DP(y = ) (e = )" (v — o)
=q Eepr — )" (A= D70 — p) (= ) Wy
—q-Tr (A - De' A7) de
q
+ 2 ' Z Exd’“ﬁthAt(Ar — I)O‘yxTAt(At — I)ﬁyxT
atp=q-2

X A[ydt d:er(stdt + UtTdW[.
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where p; is the isotropic correspondence of p; defined by p;(x) = p (At1 2y + ,u,),

S¢dt is the drift term in d ®; and v[T dW; is the martingale term in d ®;.
For the drift term o;dt, we have

b= D T(AA = D" AlA = DP A = q T (A= 177 A7).
a+p=q—2

The first drift term is

TN T(AA D AdA - D A)

2

a+p=qg—2

<1, Z T (A 1A =11, A A — 11F | A)) (Lem 1.39)
a+pB=q—2

53- 3 T(A,|A,—I|‘1’2,AI,AI) (Lem 1.41)
a+p=qg—-2

—1
- Q(qz )T (AI(A, — 192, AI,A,).

For the second drift term, since g is even, we have that
—q-Tr (A = D17 47) = q - Tr (14 = 1197 (A — 1+ 1))
<2¢-Tr (|At — 1|q+1> +2g-Tr <|A, - 1|q—1>
I+, -1
<2q-®, *4+2¢q-®, “ns.

For the Martingale term v,T dW;, we note that

Eap(r = i) (A = DT (6 = ) = )" |

ol =g- | .

O

The Martingale term is relatively straightforward to bound. We use the following
lemma from [18] in our analysis.

Lemma 1.44 ([18, Lem 25]) Given a log-concave distribution p with mean p and
covariance A. For any positive semi-definite matrix C, we have that

|

Lemma 1.45 Let p; be the log-concave distribution at time t with covariance
matrix A;. Let ®; = Tr((A; — I1)?) for some even integer ¢ > 2 and dd; =

Eveplr = 06 = w7 Cx = )| =0 (141" - Tr (4'2C12))
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Sedt + vtTdW,. Assume ®; < n. Then,

01ll2 = g - | B, (6 = )" (A = D716 = ) = )" |
-1 1
<0(q)-|®, “ne+na).
Proof Note that
[ = w07 (4 = DI = )6 = )" |
<0 AT ‘A}/z(At - I)q_lA,l/z‘ (Lem 1.44)

<O () - AN TrA, — 197"+ 0 (1) - 1A 185 Tr| A, — 119

1 171 1 1
50<1+q>,2")-c1>t qnq+0<1+q>,2")-c1>t

IA

1= 1+, 1
O<®, e 4 @, 2q~|—nq).

Next we bound the drift term. This takes more work. We write

1
8 < 2q(q — 18" + g8,

where

1+ ! -1
St(l)=T<A,(At—1)‘1’2,At,At> and 8P =d, 1 +®, ‘na.

We bound 8;1) in the following lemma. This is the core lemma which needs
several tensor properties and bounds. It is also the reason we use Tr((A; — )9 as
the potential. Specifically, using this potential lets us write A — I as the sum of
two matrices one with small eigenvalues and the other of low rank, by choosing the
threshold for “small” eigenvalue appropriately.

Lemma 1.46 Suppose that Vi, < akP for all k < n for some a > 1 and B s.t.
1/4—€/2 < B < 1/4. Let ® = Tr((A — 1)?) for some even integer g > 21/3 and
A =4+ 2¢ — 1. Assume ® < n. Then

1 1 A 2 2
sW < 0@? - on? . [n’q ®alogn+n 4 -nad ]
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Proof We have that
s =T (A(A — 1924, A)
:T((A—I)‘f’l+(A—I)‘1’2,A—I+I,A—I+I)
<T (|A — 19 A=), A = 1|) 12T (|A — A1, 1)
—|—T(|A—I|q_1,l, 1) (Lem 1.39)
T ((A — DT AT, |A - 1|) 42T ((A — D2 AT, 1)
+T ((A — D2, 1)
<T (|A — 19 A=), A= 1|) 3T (|A — Ay, 1)
43T (|A—1|q—1,1, 1) —|—T<(A—I)q_2,l, 1) (Lem 1.41)
250 438 + 3550 + 6.
We first bound 8%1) as follows

o) =T (1A= 117" 1A= 11,14 - 1))

<T(A—I1171A—1].1) (Lem 1.41)
2

< 0(?logn) - ® (Tr|A _ 1|1/2ﬂ) (Lem 1.40.4)
1 1 1 2/3

< 0@ logn) - ® ((Tr|A — 19) % p Zﬁq) (Lem 1.24)

IA

1 1
02 logn) -n**~a0'Ta,
For 851), we write
|A—1| = Bi+ B,

where Bj consists of the eigen-components of |A — I| with eigenvalues at most 5
and B, is the remaining part. Then we can bound 8;1) as follows

o0 =7 (B B 1)+ T (B B ) +7 (B B 1)

+T (Bg‘l, B, 1) : (1.4.4)
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The first term in Eq. (1.4.4) can be bounded as

T (B{' B 1) =T (B 1.1) (Lem 1.41)
<TUILI-|B (Lem 1.40.1)

<0 (nqnl.S—e) .

The second term in Eq. (1.4.4) is bounded as

(B B ) ST (B LD T (B L) (Lem1.40.5

) (nqn1.5—5>qq .0 (wr%@);

(Lem 1.40.1 and Lem 1.40.2)

IA

(1.5— 6)( ] ﬂ 1
= oM a0 w,

where we used Tr (B ) < Tr((A — I)7) < @ in the last line. For the third term in
Eq.(1.4.4), we have

T (BY B T) =T (B 11) (s ) (Lem 1.40.5)

q-1 1

0 (Wy%q)> 0 (nqnl‘sfé)q
(Lem 1.40.1 and Lem 1.40.2)
2(g-1) 28 -1
—0() -« . nnzﬁ +(1.5— e)qcb .

For the last term in Eq. (1.4.4) , let P be the orthogonal projection from R” to the
range of B;. Notice that rank(B;) < r;‘; because each positive eigenvalue of B is at
least n. We have

T (B Bo1) =T (PBST' P PB2P.T)

<T (PBIP,P,I) (Lem 1.41)

<0 (@” rank(B2)> (Lem 1.40.3)
2q>l+2ﬂ

=0 n26a )



1 A Generalized Central Limit Conjecture for Convex Bodies 23

Summing up these four terms, we get

2 (L.5—€)(g—1) , 2B 1
sV <o0q)- [nqn”f +ain?n 0 T Pa

25 1+28
2(g-1) 2/.‘3 2/3+(15 ol el ot
+o 4 qCI) + 772/3‘1
2B4+(1.5—€)(g—1) 1 _2B _e). ]
<0@- [’”n”‘E +n9'n T Do 4 nnP T T
q)q*l P28
q
X + .y

It turns out that when 1/4 — €/2 < B < 1/4, the last two terms dominate the

first two terms (which is justified shortly). Balancing the last two terms, we choose
1 2B(g—D+1.5—€ o
n=®an ¢(+260  and this gives

(1-4p—2¢)q

B B1— 4ﬂ 2¢)(g—1)
5§”50(a2)-[q>n2ﬂ-n 2pe 4 onPP . 2%

B(1—4B—2¢) B(1—-4B-2¢)
+®n? on e L on? o 1426 }

Since B > 1/4 —€/2, B(1 — 4B — 2¢) < 0 which implies that the last two terms
dominate the first two terms in this case. We therefore have

5 < 0 - on® a1
The third term 5;1) is bounded as
sV =71 (|A —19 1)
=7 (B 1)+ (B 1)
<0()- (anln” ‘Yo nzﬂd)/n) (Lem 1.40.1 and Lem 1.40.2)

) 2B(g—1)+1.5—€ q—1
=0@)-n « @9,

where the last line is by choosing n = (n2ﬁ’1‘5+5<b)1/q. The final term 8 " is
bounded as

s = (|A 11972, 1, 1)
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=7 (B 0 0)+ 7 (BI2 1)

=0o()- (nq—znl.S—e i O{znzlsq)/nz) (Lem 1.40.1 and Lem 1.40.2)
2 28(g—2)+2(1.5—€) -2
<O0(@") n q D q .

Combining all the terms we have
B
st < O(az)-cbnzﬂ-[n‘é ®logn +n~ 142N £ Rina @ +n_3n§®_§} :

Simplifying the above with the assumptions ® < n and g > 21/3 finishes the proof
of the lemma. |

1.4.4 Proof of Theorem 1.9

We note that &y = 0. Using the bounds we have, we will show that when g is taken
as the smallest even integer greater than max{8, [1/§7}, with probability close to 1,
we can write

®, <0 (nl_ B log™4 n) ,

—2p+ 1
forallt € [0, T] where T = 0O (" 224q .
o

—2+ 251\(1

Intuitively, when &, < O (nl_ i log™4 n) and T = O (" o2 ), we have,

using the analysis of the previous section,

8T <0 (nI*lA2 log™4 n) and (v, VT <0 (nI*lA2 log™4 n)

This suggests that @, stays at most O (nl_ 2 log™ n) during a period of length

T. Formally, we prove the following lemma to get an improved bound on ,,. Our
proof applies Lemma 1.35.

Lemma 1.47 Suppose that ¥, < akP Yk < n for some o > 1 and 1/4 — €/2 <

B < 1/4. Let p be any isotropic log-concave distribution. Let ®; = Tr((A; — I1)?)
A

with g = 2[1/B]. Then for n large enough such that n*% > logn where A =

48 4+ 2¢€ — 1, there exists a universal constant C s.t.

A
Cn T

o2

]P’|: max @, > n'~ 12 log~ n:| <001 with T =
t€(0,T]
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Proof We use Lemma 1.35 with the bounds from Lemma 1.45 and 1.46. Recall we
have the following bound on the potential change.

dCDI = SIdt + UtTth,

with [|v;]]2 < g(P;) where g(P;) is defined to be +0o when &; > n and O (gq) -
-1 1
<<I>, *na +na | otherwise, and §; < f(®;) where f(®;) is defined to be +o00

when ®; > n and ;q(q — 1)8D(®;) + g8P () otherwise where
1 2 2w [ =14 —A 2 =]
(D) =0(@) - PnP - |n 1®/ logn+n % -ned, ,

and

1 1

1+ 1
sP@)=d, "+, “na.

o . AL
We show that the conditions in Lemma 1.35 are met with U = n'~12 log™ n and
26+ 4
T =" ) ** for some small enough constant C. It is easy to see that f(P,) and

g(®,) are non-negative and non-decreasing functions of ®; by our choice of ¢, so
we only need to check that the last condition of Lemma 1.35 holds.
We first consider the martingale term. For | < U < n, we have

A
_ C —B+ 43

o2
o JCn P s
=0()-U-U 2na- 2

<U-0@q)-~C-nPtitis,
Note thatg > 2/ and A < 1. Thus,
g(U)- VT <U-0@VC.
which is bounded by U /8 when C is small enough.

Now we verify that f(U)-T < U/8 for some suitably small constant C. We first
verify this for § @(@)).

QW) - T <U- (Ué n U—;n;) Cn=2P+

1_ A A A
=U.C (nqiqu 10g*1 n+ntx logf’l) n*2ﬂ+24q
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1 A
<UCn a2 logn
5 UC,
where in the last line we used ¢ > 2/8, A < 1 and n? > logn. Now we consider

s (®,). We denote the two terms in 8V (®,) as 61-(1)(<Dt), where i = 1, 2. For the
first term 8%1)(61%) we have

A
() 2 28 pn O
5, (W) T=0@) -Un"F(logn)n aU9 - )
o
_ A
=0()-UCn 24

<o0()-UC.
For the second term 8;1) (®;) we have

1) 2 2 —A 22 Cn_2ﬂ+2€4\q
8 (U)-T =0 -Un* -n"% .naU~a. )
o

=0(1)-UCn™ % log*n
o(l)-UC.

IA

This shows that

sVt < omuc.
Thus, for some suitably small C, we have f(U) - T < U/8. Applying Lemma 1.35
completes the proof of the lemma. O

When 1/4 — €/2 < B < 1/4, we get a better bound on ,.

Lemma 1.48 Suppose that Yy < ok, for all k < n for some o > 1 and 1/4 —
€/2 < B < 1/4. Let p be an isotropic log-concave distribution in R". Then for n

A
large enough such that n*% > logn, there exists a universal constant C > 0 s.t.
B i,
Y < Can 9,

where A =48 +2¢ — land g = 2[1/8].
Proof Using Lemma 1.47, with probability at least 0.99, for any t < T =

26+ 5 . .
Cn o2 * where C is some universal constant and ¢ = 2[1/8], we have

1

_A
®;, <n' " 12]log"?n.
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Assuming this event, we have

T T ) 1 A
/ 1Al lopdt 5/ (1 n q>,/‘1> <T (1 a1 1og—1n> < 1/64.
0 0

Now applying Lemma 1.33, we get
A
Yp < 0@ nP

where C is some universal constant. Since p is arbitrary, we have the result. m]
Now we are finally ready to prove Theorem 1.9.

Proof of Theorem 1.9 We start with the known bound v, < aon® for gy = 1/4
and some constant ozg. We construct a sequence of better and better bounds for ¥,

which hold for any n large enough such that n‘éq > logn, where ¢ = ©(1/8) =

O(1/(1 — 2¢ 4 46)). (Note that if A < 44, then we are done by Lemma 1.48. So

we can assume without loss of generality that A > 46). Since ¢ is fixed, one can
A

find a fixed no such that for any n > ng, the requirement n4¢ > logn is satisfied
whenever A > 4§, regardless of the current bound on .

Suppose ¥, < a;inPi is the current bound. If Bi < 1/4 —¢€/2 + 6, then we are
done. Otherwise, applying Lemma 1.48 gives the better bound

Yn < o nPi,
where oj+1 = Co; and Biy1 = Bi — 4§q < Bi — lgq (since A > 46). Therefore,
starting from By = 1/4 and repeating the procedure at most M = (65‘11 times,
we will get some m < M such that ¥, < a,nPn where ﬁm < 1/4—€/2+6
and o, < Cr 8 cho This holds for any large n such that n 1% > logn. For small
)

n that doesn’t satisfy the requirement n'2 > logn, we simply bound them by
some constant. We conclude that v, < O (nl/ 4-e/ 2+5) for any n. We note that in

fact the bound we get is n!/4~€/2+3+4/(Glogm and since ¢ = O(1/8), we can set
8§ = O(1/4/Blogn) so that the bound on 8 is 1/4 — /2 + o(1). O

1.5 From KLS to Generalized CLT

Theorem 1.49 Assume vV, = O(®n'/*=</?) for some 0 < € < 1/2 and some
dimension n. Let p,q be any isotropic log-concave distributions in R", x,y be
independent random vectors drawn from p and q and G ~ N(O, n). It follows
that

Wa((x,y),G)> =0 (nHE(logn)l/Z“) ) (1.5.1)
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This gives exactly the condition in Theorem 1.27 (up to a small polynomial factor
in log n). The remainder of this section is devoted to proving Theorem 1.49. We start
by relating (x, y) with (x, g), where x ~ p, y ~ g are independent vectors drawn
from isotropic log-concave distributions p, g in R" and g ~ N(0, I) is a standard
Gaussian vector in R”.

Lemma 1.50 Assume the conditions of Theorem 1.49. Let g ~ N(0,1I) be
independent from x and y, then we have

Wa((x, y), (x, )% = O (n' = (logm) !/}

Before we prove Lemma 1.50, we show how to use the lemma to prove
Theorem 1.49. The intuition is the following. Lemma 1.50 allows us to relate (x, y)
to (x, g). Notice for fixed x, the random variable (x, g) has a Gaussian law with
variance ||x||,. Since ||x||, is concentrated around /n, it follows that {x, g) is close
to the Gaussian distribution N(0, n).

Proof of Theorem 1.49 Using Lemma 1.50 Let g be a random vector drawn from
a standard n-dimensional normal distribution N(0, 7). By Lemma 1.50, we have

Wa((x, v), (x. g)? = O (n' = (10gm)!/2) (15.2)

For fixed sample x, the random variable (x, g) has the same law as || x|, - g1 where

1 ~ N(0, 1). Notice that G has the same law as /n - g2, where go ~ N(0, 1).
When x is fixed, we obtain a coupling between (x, g) and G by identifying g; with
g2. It follows that

Wa((x, 8). G) < Exvp (Ixll2 — V1)’ - Egono. )87
= Eop (Il — V)’

(I3 — n)? )

(Ixll2 + /n)’

Var (1x13)

1
n
Lo(u) = o),

where the last line uses Lemma 1.18 with the matrix A being the identity matrix in
R". This combined with (1.5.2) finishes the proof of Theorem 1.49. |

IA

IA

Now we are left to prove Lemma 1.50. For this we turn to the stochastic
localization technique introduced in Sect.1.3. In the proof, we make use of
Lemma 1.34. Our proof here bears structural similarities to that in [11], in that
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both proofs use stochastic localization specifically by viewing random variables as
Brownian motion.

Proof of Lemma 1.50 We apply the stochastic construction in Sect. 1.3 with initial
probability distribution pgp = p. Since p; is a martingale and p, is a point mass at
oo, We have that

X~ oo = dus = AdW;,
0 0

where we used Lemma 1.30 and Wt(") is a standard n-dimensional Brownian motion.
The inner product (x, y) can be written similarly as

o0
(X, y) = / T AW,
0

Notice that yTA,dW,(") is a martingale whose quadratic variation has deriva-
tive yTA,Zy at time . It follows that the process Wt(l) defined by dW,(l) =

ylAd Wt(") / \/ yT A?y is a one-dimensional standard Brownian motion. We there-
fore have

o
{x,y) = /0 \/yTA?y -aw,?.

Note that \/yTA,zy is concentrated near \/EywquA,zy = \/Tr (A?). Itis therefore

natural to couple (x, y) with the random variable L = |3 \/ Tr (A2)dW," . We will

show that this coupling gives an upper bound on W, ((x, y), L)?. Notice that the first
random variable (x, y) depends on both x and y but the second random variable L
depends only on x. So why would this coupling work? The intuition behind the
coupling is the following: as one takes the expectation over y, the random variable

yT A?y is concentrated around \/ Tr (A,2) and the deviation depends on the variable
IlA; ||(2)p. In the stochastic construction in Sect. 1.3, A; starts from identity and ends

up being 0. This allows good bounds on || A; ||§p.
We use E, to denote the expectation taken with respect to the randomness of
W™ (notice that both A, and W, adapt to W™). It follows that

00 2
Wa(x, y), L)? < B, [ | <\/yTA%y -/ (A%)) -de“}
0
00 2
=E,, TA%-TA%)d
)[/0 (\/y y \/r( ) t}
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o :<\/yTA?y - \/Tr (A?)>2} di

- 2
yT A2y — Tr (A?)

JyT Ay + 1o (42)

[, (7 A7y =T (42)"]
™ (47

Il
S~
3

dt

I
S~
3
&=
bs
=

IA
S~
3
&=
=

00 RY T A2
=/ o z’y) dt
0 Tr(A,)

T (4

Am&ZOW9ﬂMqu

=0 (v2) [ E[iang,]an

where the first equality uses Ito’s isometry and the last two lines follow from
Lemma 1.18. The remaining thing is to bound || A;| |gp.

The covariance matrix A; corresponds to a density proportional to the log-
concave density p(x) multiplied by a Gaussian density e~ =203 1t is well
known that the operator norm of such A, is dominated by the Gaussian term
(e.g. [10], Proposition 2.6), i.e.

”At”op < 0(1/t).

We also need an upper bound for ]Ex[||A1||gp] when 7 is close to 0. For this take
1/2—¢
cnl/2—¢ (logn)1/2+€ ’

k= 1/2176 in Lemma 1.34, we have forany 0 <t <
1
P[llAdlop = 2] < 2exp(— ). (1.5.3)
We can therefore bound E[||A;| |gp] as

) 1 1 1
Elll A 3] < 4Pl Arllop < 2]+ 5 - P[llAdllop 2 2] <4+ 5 - 2exp(~_ ).

. — nl/2—€ 1/2+€
Since ¢ < Cnl/z—i{lig;)l/Pre JAje= 15120%:1) . For fixed 0 < € < 1/2, the last

term ,12 -2exp (— clr> becomes negligible when n is sufficiently large so E[|| A;| |gp]
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/2—e

is bounded by some constant C, (that depends on €) for any ¢ < enl/ ¢ (logmy1/2+e =

T < 1. It follows that

e¢]

Walte ), 22 < 0 (v7) - [ B [l ar

0(%) . </OTC€dt+/TOO tlzdt>

<0 (%%) ) ; -0 (nl—ZE(IOgn)l/2+e).

IA

We note that L is defined using only the isotropic log-concave distribution p. One
can therefore prove a similar bound when ¢ is the n-dimensional standard normal
distribution, i.e.

Wa((x,g), L)* = 0 (nl‘ZE(IOgn)l/ere) .
Combining these two bounds, we have the desired result.

Wa((x, ¥), (x, )% = O (n'~>(logm)!/>+°).

1.5.1 Connection to Classical CLT for Convex Sets

Using exactly the same approach, we prove the following theorem which is easier
to compare with classical results on central limit theorem for convex sets. Here we
replace the W, distance in Theorem 1.5.1 by the total variation distance.

Theorem 1.51 Assume v, = O (n1/4_5/2) for some 0 < € < 1/2 and some
dimension n. Let p, q be any isotropic log-concave distributions in R". For fixed
vector x ~ p, denote (x,y) the random variable formed by the inner product of x
and 'y, when y ~ q is independently drawn from x. Let g ~ N(0, 1) be a standard
normal distribution. Then we have

Pr~p |:dTV ((|Tv”y) , g) > Cne/z} < exp (_Cnéfe(logn)l/ZJre) ,
X2

for some constants ¢ and C that depend on €.

The following lemma can be proved by using a similar approach as in the proof
of Lemma 1.50.
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Lemma 1.52 Assume ¥, = O (n1/47€/2) for some 0 < € < 1/2 and some
dimension n. Let p,q be any isotropic log-concave distributions in R" and let
x ~ p y ~qandg ~ N(,I) be independent samples. Then with probability

1
at least 1 — exp (—cn2"¢(log n)l/z"'e) over the random choice of x, we have

Wa(lr y), x. g) = 0 (n27°).

where the constant ¢ depends on €.

Proof of Theorem 1.51 Using Lemma 1.52 By Lemma 1.16, we have with proba-
bility at least 1 — exp(—(y/n)), ||x|l, > C+/n for some universal constant C > 0.
We condition on this event and the event in Lemma 1.52 such that

%wJumw=o@%ﬂ.

The probability that these events hold at the same time is at least

1 —exp (—Q (rz£76 (log n)1/2+€)> .

In this case we have

W2 ((x, 9)/ lIxllz, (x, 8)/ lIxll) = O (n™°).

Notice that for a fixed x, (x, y)/|x|l, follows a one-dimensional isotropic log-
concave distribution and (x, g)/||x|l, follows a standard normal distribution.
Applying Lemma 1.22 finishes the proof of the theorem. O

Appendix 1: Missing Proofs in Sect. 1.2.4

We restate Lemma 1.23 below for reference.

Lemma 1.23 Let ;1 and v be two probability measures in R. Suppose one of the
following holds:

1. Both u and v are isotropic log-concave distributions.
2. The distribution w is isotropic log-concave, while v is the measure of the random
variable \}n (x, y) where x ~ p and y ~ q are independent random vectors and

P, q are isotropic log-concave distributions in R".
3. There exist isotropic log-concave distributions p,, q,., pv and q, in R" such that
W is the measure of the random variable \/ln (xXu, yu) and v is the measure of the

random variable \}n (xv, Yv), Where X, ~ Dy, Yu ~ qu> Xv ~ pv and y, ~ qy

are independent random vectors.
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Then there exists a universal constant ¢ > 0 such that for any 1 < s < t, we have

) . '
Wi, )" < cWs(p, v)* log' ™ (W » v)s> + 't exp(—c/n).
N k)

Moreover, the above bound is valid even when the coupling (i, v) on the left-hand
side is taken to be the best coupling for W (i, v) instead of the best coupling for

Wl‘(ﬂ“v V).

Proof of Lemma 1.23 The result for Case 1 is given by Meckes and Meckes [25,
Prop 5]. Here we use the same idea to prove the result for Case 2. The proof for Case
3 is almost the same and is omitted.

We denote the random variable drawn from v as z and the best coupling for

Wy (i, v) as (jn (x, ), z). We use the coupling (\/In (x, y), z) in the rest of the

proof whenever we write expectations. Denote 1.} the indicator function of an event.
For any R > 0, we have

1 ! 1
Wt(\/n()ﬁy}»Z) SE‘\/n(xv)’>_Z

1
<Rtfs.]E , _
< ‘\/n(x y)—z

t

N

t

1
+E‘Jn(x,y>—z

'

) —z|zR}

<R™.W ( ! (x )S
= : s ,y>,Z

Jn
1 2t
ZRi|'E<\/n<X,Y>—Z) ,

1
el e

where the last step is by Cauchy-Schwarz. Now we bound the second term in the
above expression. Using Minkowski’s inequality, we have

(IE <\}n (x, ) — z>2t) < (Ezzr>”2’ + (IE <\}n (x, y))2t>

Since z follows an isotropic log-concave distribution, it follows from Lemma 1.15

1/2t 1/2t

1/2 . .
that (EZZ’ ) /2t < 4¢. For the second term we notice that when x is fixed, the random
variable ! (x, y) follows a one-dimensional log-concave distribution with variance

Jn
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2
“);”2_ Using Lemma 1.15 again, we have

1 2t 1 2t
E(Jn(x,y>> < Ex~p (Ey~q <\/n(x,y>> )

2t
llxl3
n

< (4% - Eyxnp < @n*.

We therefore have

1 2t 2
E <\/n (x,y)— z) < (4t + 16t2) .

Now we bound P H 1n (x,y) — z‘ > R] as follows. For some constant ¢p, Cg >

v

0, whenever R > Cr we have

1 1
]P’H\/n(x,y)—z ZR:|S]P’|:‘\/n(x,y)

1
< ]P’H\/n(x,w

Since x follows an isotropic log-concave distribution, we have from Theo-
rem 1.20 that whenever R > Cg, there exist constants ¢1, C > 0 such that

> R/2} + Pllz| = R/2]

> R/2:| + exp(—c2R).

P[lx|l, > v/Cn] < exp(—c1v/n).

Whenever ||x|, < V/Cn for fixed vector x, the random variable \/1” (x, y) follows a

one-dimensional log-concave distribution with variance at most C. Therefore when
the universal constant Cr, is large enough and when R > Cg, we have

1
e

Combining everything we have that when R > Cg,

1 t 1 s
Wt(Jn<x,y>,z> SR"SWY(Jn<x,y>,Z>

+ (4 +161%)" \/2 (exp(—c2R) + exp(—ci+/n)).

> R/Z} < exp(—c14/n) + exp(—c2R).
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Optimizing over R, for some constant ¢ > 0 we have

Cttzt

1 t ! ‘
W’( (x,y),z) §C~Ws< (x,y),z) -log' ™ s
v v we (0. 2)

+ 't exp(—ca/n).

This finishes the proof of Lemma 1.23. O

Appendix 2: Missing Proofs in Sect. 1.4.1

In this section, we give proofs of the lemmas in Sect. 1.4.1. Here we repeatedly use
the elementary facts that Tr(AB) = Tr(BA) and x” Ay = Tr (AyxT).

Lemma 1.53 For any isotropic log-concave distribution p and symmetric matrices
A and B, we have that
T,(A, B, I) = ZTr(AA,-BAi) and T,(A,B,I) = ZA,-jTr(A,-BAj),
i ij
where A; = ExwpxxTx,-.
Proof Direct calculation shows that

T,(A,B,I) = Ex,ywprAyxTByxTy = ZEx,ywprAyxTByx,’yi

1

=3 EeypTr (AxxTBnyxiy,-) = Tr(AABA)),
1 i

1

and
T,(A,B,I) = Ex,ymprAyxTByxTy = ZA;jEx,ywpx;ijTByxTy
ij
= Z AjjEy y~pTr (xxTBnyx,-yj) = Z AijTr(A; BAj).
ij ij
O
Lemma 1.39 For any A1, Az, A3 > 0, we have that T(A1, Ay, A3) > 0 and for

any symmetric matrices By, B2, B3, we have that

T(Bi1, By, B3) = T (IB1], B2, [Bs]).
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Proof Fix any isotropic log-concave distribution p. We define A; = E,~ pxxTxT
A;/ 2ei which is well defined since A3 > 0. Then, we have that

Tp(A1, Az, A3) = Ev o px T A1yxT AgyxT A3y = ) Tr(A1A;A2A)).

1

Since A; is symmetric and A1, A2 > 0, we have that Ai/zAiAzAiAyz > 0 and

Tr(A1A;A2A;) > 0. Therefore, T (A1, Az, A3) > Tp(A1, Az, A3) > 0.
For the second part, we write B] = B{l) — Bl(z) where B{l) >0, B{z) > 0 and
|B1]| = Bfl) + Bl(z). We define Bél), Béz), Bgl), Bgz) similarly. Note that

7B, B, B) =T (8", BV, B") — 1 (B, B". B)
-7 (8", B, B") + 1 (8", B, B?)
~7 (BB B) + 7 (B, B, BY)
+7 (8, BY, B") - 7 (B, B, BY).
Since Bj(i) > 0, the first part of this lemma shows that every term
T (Bfi), Béj), Bék)) > 0. Hence, we have that
T (B, By By) = T (B, ", B") + 7 (8", B", B
+7 (8", B, B) + 7 (B, B BY)
+7 (82, 8", B) + 7 (B, B", B
+7 (87,87, B) + 7 (B, B, B
=T (|B1l, Bz, |Bs]).

O

Lemma 1.54 Suppose that Y < akP forall k < n for some 0 < g < é ando > 1.
Given an isotropic log-concave distribution p and a unit vector v, the following two

statements hold for A = ExwpxxTxTv:

1. For any orthogonal projection matrix P with rank r, we have that

THAPA) < O (W ) .

min(2r,n)
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2. For any symmetric matrix A, we have that

28
TrH(AAA) < O <a2 10gn) . (TI|A|1/(2,3)> _

Proof We first bound Tr(A P A). This part of the proof is generalized from a proof
by Eldan [10]. Note that Tr((APA) = Ex~,x” PAxxTv. Since Ex”v = 0, we have
that

THAPA)<\/E (x70)?Var (+7 PAY) "™ O (Yrakcpasar) - V/TE (APA).

This gives THAPA) < O (V2iuirm)-

Now we bound Tr(AAA). Since Tr(AAA) < Tr(A|A|A), we can assume
without loss of generality that A > 0. We write A = ), A; + B where each A; has
eigenvalues between (||A||Op 2 /n, 1 Allop 2i+ly n] and B has eigenvalues smaller
than or equals to [|All,, /n. Clearly, we only need at most [log(n) + 1] many such
A;. Let P; be the orthogonal projection from R” to the span of the range of A;.
Using [|Aillop Pi > Ai, we have that

Tr(AA;A) < [|Aillop Tr(AP;A)

<0 (wéin(zmkmn)) NAillop < O@®) Y " rank(A)D* | Ajllop .

1

where we used the first part of this lemma in the last inequality.
Similarly, we have that

THABA) < 0 (¥7) - Bl < O 1Bllop) < O - | Allgp -
Combining the bounds on Tr(AA; A) and Tr(ABA), we have that

Tr(AAA) < 0(@@®) - Y rank(A)* [|Aillgp + O(1) - | Allgy

1

IA

2B
0@ - (Z rank(4;) [|A; ||é{f2ﬂ)) log(n)' =%
i

28

IA

0(c?logn) - (Tr |A|1/<2ﬂ>)

O

In the next lemma, we collect tensor inequalities that will be useful for later
proofs.
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Lemma 1.40 Suppose that Y < akP for all k < n for some fixed 0 < g < ; and
o > 1. For any isotropic log-concave distribution p in R" and symmetric matrices
A and B, we have that

LTA LD <TUII)-|Alp.

T(A, I 1) < O (y2) - Tr|Al

T(A, B, 1) < O (y2) - | Bllop Tr|A| where r = min(2 - rank(B), n).
T(A, B, 1) < O («*logn) - (Tr|B|"/@8)* Tr | A|.

T(A, B, 1) < (T(AF, L 1) (T (1B, 1,1))"", for any 5,1 > 1 with
syl =1,

“w A Wb

Proof Without loss of generality, we can assume A is diagonal by rotating space.
In particular, if we want to prove something for Tr(A*AAPA) where A, A are
symmetric matrices, we use the spectral decomposition A = UZUT to rewrite
this as

Tr(UE“UTAUEﬂUTA) = Tr(E"‘ (UTAU) L (UTAU)) ,

which puts us back in the same situation, but with a diagonal matrix A. For all
inequalities listed above, it suffices to upper bound 7" by upper bounding 7}, for any
isotropic log-concave distribution p.

For inequality 1, we note that

L 1.53 L 1.53
Tp(A 1,1 =N AGTHAD) < 1Al Y Tr (A7) = Allgy T 1 D,
i i

where the last inequality is from the third moment assumption.
For inequality 2, we note that

Lem 1.53 Lem 1.54
Tp(A 1D BN i ad) =T Y Al 0 (v2) = 0 () - Trlal
i i

For inequality 3, we let P be the orthogonal projection from R” to the span of
the range of B. Then, we have that

T,(A.B.I) < T,(Al|B. 1) (Lem 1.39)

=) " 1A4ii| Tr(Ai| B|A) (Lem 1.53)
i

@
< [1Bllop Y 14ii| Tr(A; PA))

1

= 0 (¥7) - THAIBlop (Lem 1.54)

where we used that |B| < [| By, P in D.
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For inequality 4, we note that

Lem 1

54 28
Ty(A B, D) T N ATHABA) = O logn) - Tr|Al (Tr B/

i

For inequality 5, we note that

Ty(A, B, I) < Tp(|Al,|B],I) (Lem 1.39)

=) "Tr(|A| A; |B| A) (Lem 1.53)
< Y Tr(AllAil Bl 1A

= T (1ad 1AL A0 Bl A
i
s\\ 1/s
= > (e ((1an ™ 141180)))
i
AN /1
-(Tr<(|A,~|1/’|B||A,-|1/’) )) (Lem 1.24)

= D0 (T (AT 1) (T (1l 181 1840)

(Lem 1.25)
Z (tr(1ar & ))m (e (181 A%))l/'
/s 1/t
( IAI‘ )) -(ZTrQBVA?))
= (T, (AP, 1,1))"" (T, (1B, 1, 1)) (Lem 1.53)

Lemma 1.41 For any positive semi-definite matrices A, B, C and any o € [0, 1],
then

T (Bl/ZAozBl/Z’ B/2Al—p1/2, C) <T (Bl/ZABl/Z’ B, C) .

Proof Fix any isotropic log-concave distribution p. Let A; = Eq~, B!/ 2xxT B!/2xT
cl/ 2ei. Then, we have that
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Tp(Bl/zA"‘Bl/z, BI/ZAlfaBl/2’ C)

_ ZE ((yTBl/ZAaBl/2x> (xTBl/ZAl—ozBl/Zy)xTcl/Zeincl/Zei)
i

_ ZE (Tr (AaBl/ZxxTBI/ZAlfaBl/2nyB1/2) (xTC”ze,») <yTC1/2ei))
i

=D Tr(A“A;ATUA)).

1

Using Lemma 1.26, we have that
3 (A“A,»AHA,») <> Tr (AA%) = Ey.ypx” BY2AB2yxT ByxT Cy
i i

=T, (B'"2AB'2 B,C).

Taking the supremum over all isotropic log-concave distributions, we get the result.
O
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