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Preface

Since the mid-1980s, the following volumes containing collections of papers
reflecting the activity of the Israel Seminar in Geometric Aspects of Functional
Analysis have appeared:

1983-1984 Published privately by Tel Aviv University

1985-1986 Springer Lecture Notes in Mathematics, vol. 1267
1986-1987 Springer Lecture Notes in Mathematics, vol. 1317
1987-1988 Springer Lecture Notes in Mathematics, vol. 1376
1989-1990 Springer Lecture Notes in Mathematics, vol. 1469
1992-1994 Operator Theory: Advances and Applications, vol. 77, Birkh4user
1994-1996 MSRI Publications, vol. 34, Cambridge University Press
1996-2000 Springer Lecture Notes in Mathematics, vol. 1745
2001-2002 Springer Lecture Notes in Mathematics, vol. 1807
2002-2003 Springer Lecture Notes in Mathematics, vol. 1850
2004-2005 Springer Lecture Notes in Mathematics, vol. 1910
2006-2010 Springer Lecture Notes in Mathematics, vol. 2050
2011-2013 Springer Lecture Notes in Mathematics, vol. 2116
2014-2016 Springer Lecture Notes in Mathematics, vol. 2169

The first six were edited by Lindenstrauss and Milman, the seventh by Ball and
Milman, the subsequent four by Milman and Schechtman, the subsequent one by
Klartag, Mendelson, and Milman, and the last two by the present editors.

This is the second of two volumes from the years 2017-2019, the first volume is
published in Springer Lecture Notes in Mathematics, vol. 2256. As in the previous
Seminar Notes, these two volumes reflect general trends in the study of Geometric
Aspects of Functional Analysis, understood in a broad sense. Two classical topics
represented are the Concentration of Measure Phenomenon in the Local Theory
of Banach Spaces, which has recently had triumphs in Random Matrix Theory,
and the Central Limit Theorem, one of the earliest examples of regularity and
order in high dimensions. Central to the text is the study of the Poincaré and log-
Sobolev functional inequalities, their reverses, and other inequalities, in which a
crucial role is often played by convexity assumptions such as log-concavity. The

v



vi Preface

concept and properties of entropy form an important subject, with Bourgain’s slicing
problem and its variants drawing much attention. Constructions related to convexity
theory are proposed and revisited, as well as inequalities that go beyond the
Brunn—Minkowski theory. One of the major current research directions addressed
is the identification of lower-dimensional structures with remarkable properties in
rather arbitrary high-dimensional objects. In addition to functional analytic results,
connections to computer science and to differential geometry are also discussed. All
contributions are original research papers and were subject to the usual refereeing
standards.

We are grateful to Vitali Milman for his help and guidance in preparing and
editing these two volumes.

Tel Aviv/Rehovot, Israel Bo’az Klartag
Haifa, Israel Emanuel Milman



Jean Bourgain: In Memoriam

Our friend and mentor Jean Bourgain passed away on December 22, 2018, at the
age of 64.

Jean Bourgain by Jan Rauchwerger. Courtesy of Vitali Milman

Jean Bourgain was one of the most outstanding mathematicians of our time.
Bourgain changed the face of analysis; he revolutionized our understanding of
analysis. He has introduced, mastered, and perfected many different methods in
every corner of analysis, including a dozen of neighboring fields, and has left his
mark in each of these directions. His achievements, vision, and insight united many
distant and very diverse directions of mathematics into one enormously powerful
and broad entity. When we say “Analysis” today we mean, besides classical
directions, also ergodic theory, PDE, several directions of analytical number theory,
geometry, and combinatorics (including complexity). This is undoubtedly the result
of Bourgain’s activity, unprecedented in its strength and diversity. The torrent of
his achievements is difficult to grasp, the number of very long-standing problems
Bourgain has solved can be counted in tens, perhaps approaching a hundred, and
this would take a whole book to describe. It is almost impossible to believe: ~550
hard analysis papers written over less than 40 years.

Jean’s passing is a terrible loss for his family and friends, and a terrible loss to
the mathematical world. We shudder at the thought of how many more theorems he

vii



viii Jean Bourgain: In Memoriam

could have proved and open problems he could have solved. He leaves behind an
unbelievable legacy of results carrying his name, whose breadth is matched only by
their depth.

In addition to being a mathematical giant, Jean has personally influenced us all.
His influence was also well felt on the GAFA seminar notes. He has published a total
of 50 papers (3 in the present volume) in every volume of the GAFA seminar notes
since its inception (45 in Springer Math. Notes series, 2 in Birkhauser series, and 3
in Mathematical Sciences Research Institute (MSRI), Berkeley). We are proud that
some of his last papers are published in these GAFA Seminar Notes (Volume I).

May he rest in peace.

Tel Aviv/Rehovot, Israel Bo’az Klartag (Editor)
Haifa, Israel Emanuel Milman (Editor)
Tel Aviv, Israel Vitali Milman (Founding Editor)
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Chapter 1 )
A Generalized Central Limit Conjecture Shethie
for Convex Bodies

Haotian Jiang, Yin Tat Lee, and Santosh S. Vempala

Abstract The central limit theorem for convex bodies says that with high probabil-
ity the marginal of an isotropic log-concave distribution along a random direction
is close to a Gaussian, with the quantitative difference determined asymptotically
by the Cheeger/Poincare/KLS constant. Here we propose a generalized CLT for
marginals along random directions drawn from any isotropic log-concave distri-
bution; namely, for x, y drawn independently from isotropic log-concave densities
D, q, the random variable (x, y) is close to Gaussian. Our main result is that this
generalized CLT is quantitatively equivalent (up to a small factor) to the KLS
conjecture. Any polynomial improvement in the current KLS bound of n!/# in R”
implies the generalized CLT, and vice versa. This tight connection suggests that
the generalized CLT might provide insight into basic open questions in asymptotic
convex geometry.

This research of the author “Yin Tat Lee” was supported in part by NSF Awards CCF-1740551,
CCF-1749609, and DMS-1839116.

This research of the author “Santosh S. Vempala” was supported in part by NSF Awards CCF-
1563838, CCF-1717349, DMS-1839323 and E2CDA-1640081.
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2 H. Jiang et al.
1.1 Introduction

Convex bodies in high dimensions exhibit surprising asymptotic properties, i.e.,
phenomena that become sharper as the dimension increases. As an elementary
example, most of the measure of a sphere or ball in R” lies within distance O (1//n)
of any bisecting hyperplane, and a one-dimensional marginal is close to a Gaussian,
i.e., its total variation distance to a Gaussian of the same variance is O(1/4/n).
A striking generalization of this is the central limit theorem for convex bodies in
Theorem 1.1, originally due to Klartag [16]. A function & : R" — R is called log-
concave if it takes the form i1 = exp(— f) for a convex function f : R* — RU{oo}.
A probability measure is log-concave if it has a log-concave density. A measure is
said to be isotropic if it has zero mean and identity covariance.

Theorem 1.1 (Central Limit Theorem) Let p be an isotropic log-concave mea-
sure in R" and y ~ p. Then we have

]P)xNS"*l [drv ({x, y), N(O, 1)) = c,] < cp,

for some constants cy, that tends to 0 as n — +00.

The central limit theorem is closely related to the thin-shell conjecture (also
known as the variance hypothesis) [2, 4]. Let 0,, > 0 satisfy

o7 = supExy [ (161 = v)"].
p

where the supremum is taken over all isotropic, log-concave measures p in R". The
thin-shell conjecture [2, 4] asserts the existence of a universal constant C such that
0,12 < C for all n € N. It is closely connected to the CLT: by a direct calculation,
the CLT implies a bound on o, (and the conjectured CLT parameter implies the
thin-shell conjecture); Moreover, ¢, = O (0, logn/+/n) [2, 10]. The first non-trivial
bound on o, which gives the first non-trivial bound on ¢, in Theorem 1.1, was due
to Klartag [16]. This was followed by several improvements and refinements [12, 14,
17,27]. The current best bound is o, = O (n'/*) which impliesc, = O (n=14 logn)
[18]. This follows from the well-known fact that o;, = O (¥,), where ¥, is the KLS
constant (also known as the inverse Cheeger constant) defined as follows.

Definition 1.2 (KLS Constant) For a log-concave density p in R"” with induced
measure [, the KLS constant v, is defined as

L mp@9)
Yp  SCRU =12 j1p(S)

We define ,, be the supremum of v, over all isotropic log-concave densities p in
R”.
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Theorem 1.3 ([18]) The KLS constant of any isotropic log-concave density in R"
is O(n'/*).

For other connections and implications of the KLS conjecture, including its
equivalence to spectral gap and its implication of the slicing conjecture, the reader
is referred to recent surveys [13, 20] and this comprehensive book [5].

A key fact used in the above theorem is the following elementary lemma about
log-concave densities.

Lemma 1.4 (Third Moment) For x, y drawn independently from an isotropic log-
concave density p, we have E((x, y)3) = O(n'?).

We remark that the third moment bound in Lemma 1.4, holds even if x, y are drawn
independently from different measures.

If the KLS conjecture is true, then the expression above is O (n). It is shown in an
earlier version of [18] that any polynomial improvement in the third moment bound
to n'>~¢ for some ¢ > 0 would lead to an improvement in the bound on the KLS
constant to n'/4~¢' for some €’ > 0. (The techniques used in the corresponding part
of the preprint [18] are formally included in this paper.)

Motivated by the above connection, we propose a generalized CLT in this paper.
To formally state our generalized CLT, we need the definition of L, Wasserstein
distance.

Definition 1.5 (L, Wasserstein Distance or W, Distance) The L, Wasserstein
distance between two probability measures i and v in R for p > 1 is defined by

1
Wy (u,v) < inf [/ bx = ylPdx (x, y)} n

where the infimum is over all couplings of  and v, i.e. probability measures 7 in
R? that have marginals  and v.

When convenient we will denote W, (i, v) also be Wy (x, y) where x ~ u, y ~ v.
Our generalized CLT is stated using the W, distance, which is a natural choice, also
used in related work on CLT’s [11, 28].

The content of the conjecture is that one can replace the uniform distribution on
the sphere (or Gaussian) with any isotropic log-concave density, i.e., along most
directions with respect to any isotropic log-concave measure, the marginal of an
isotropic log-concave measure is approximately Gaussian.

Conjecture 1.6 (Generalized CLT) Let x, y be independent random vectors drawn
from isotropic log-concave densities p, g respectively and G ~ N(0, n). Then,

Wa((x,y), G) = O(1). (1.1.1)
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The current best upper bound on the W, distance in Eq. (1.1.1) is the trivial bound
of O(y/n). As we will see later, a third moment bound of order O (n) in Lemma 1.4
would be implied if Conjecture 1.6 holds.

Our main result is that this Generalized CLT is equivalent (up to a small factor)
to the KLS conjecture, and any polynomial improvement in one leads to a similar
improvement in the other.

Theorem 1.7 (Generalized CLT Equivalent to KLS) Fix ¢ € (0, 1/2). If for
every isotropic log-concave measure p in R" and independent vectors x,y ~ p
and g ~ N(O, n), we have Wr({x,y),g) = O (n1/275), then for any § > 0, we
have r, = O (n'/4=€/2+%),

On the other hand, if we have ¥, = O (nl/ 4-€/ 2), then for any isotropic log-
concave measures p, q in R", independent vectors x ~ p,y ~ q and § > 0, we
have Wy ((x,y), G) = O (n'/>7¢19),

Remark 1.8 We emphasize that the equivalence between Generalized CLT and
the KLS conjecture in Theorem 1.7 does not hold in a pointwise sense, i.e. the
Generalized CLT for a specific isotropic log-concave measure p in R" alone does
not imply the corresponding bound for v, and vice versa. One needs to establish
the Generalized CLT for all isotropic log-concave measures in R” in order to deduce
the KLS conjecture.

The proof of Theorem 1.7 proceeds in three steps: (1) in Theorem 1.9 below,
we show that an improved third moment bound implies an improved bound on the
KLS constant (an earlier version of this part of the proof is implicit in the preprint
[18]), (2) in Theorem 1.27, we show that an improved bound for Generalized CLT
implies an improved third moment bound, and (3) in Theorem 1.49, we show that an
improved bound on the KLS constant implies an improved bound for Generalized
CLT. While all three parts are new and unpublished (except on the arXiv), the proof
of (3) is via a coupling with Brownian motion (we discuss the similarity to existing
literature [11]), (2) is relatively straightforward, and (1) is the most technical, based
on a carefully chosen potential function and several properties of an associated
tensor.

The main intermediate result in our proof that the Generalized CLT implies the
KLS conjecture is the following theorem.

Theorem 1.9 Fix ¢ € (0, 1/2). If for every isotropic log-concave distribution p in
R”" and independent vectors x,y ~ p, we have

By yp ((x, y>3) -0 (n”*), (1.1.2)

then for any § > 0, we have y,, = O (n1/4’€/2+5),

In fact what we show is that the KLS constant ¥,, can be bounded in terms of the
third moment.
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Theorem 1.10 Let p range over all isotropic log-concave distributions in R".
Then,

O (1) ~
v? < supEx yp ((x, y>3) = O(1) - supEy_gis )
n P b4

Exvp ((x, 9)xxT) H X
(1.1.3)

This intermediate result might be of independent interest and is in fact a refinement
of the following bound on the KLS constant given by Eldan [10].

1//,% < 5(1) - sup sup
P geSn—!

Ey~p ((x, 9>xxT> HF . (1.1.4)

We replace the supremum over & € S"~! on the RHS by the expectation over
S"~1. Here |-||  stands for the Frobenius norm (see Sect. 1.2.1). To see how (1.1.3)
refines (1.1.4), let x, y ~ p be independent vectors and o be the uniform measure
on S"~!. Then,

.

Ex~p ((x,@)xxT)HFda(Q) /SH Ery~p <<x19> (y,0) - (x,y>2) do )

= rltEx’pr ((x, y)3) .

1.2 Preliminaries

In this section, we review background definitions.

1.2.1 Notation and Definitions

A function & : R" — Ry is called log-concave if it takes the form h(x) =
exp(— f (x)) fora convex function f : R" — RU{oo}. Itis ¢-strongly log-concave if
it takes the form h(x) = h/(x)e’é 113 where R (x) : R" — R, is an integrable log-
concave function. A probability measure is log-concave (¢-strongly log-concave) if
it has a log-concave (resp. ¢-strongly log-concave) density function.

Given a matrix A € R™*", we define its Frobenius norm (also known as Hilbert-
Schmidt norm), denoted as || A|| r, to be

m n
lAlr = | D03 1A =Tr (47 4).

i=1j=1
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The operator norm (also known as spectral norm) of A, denoted [|A|op, is defined
as

1Allop = y/Aamax (AT A),

where Amax (+) stands for the maximum eigenvalue.

1.2.2 Stochastic Calculus

Given real-valued stochastic processes x; and y;, the quadratic variations [x]; and
[x, y]; are real-valued stochastic processes defined by

o0

. 2
[x]; = \II’IIIEO Z (xs, —xz,_,)" and

o
['x’ y]t = lim Z (‘x'[n - x'[nfl) (yfn - yfnfl) ’
n=1

[P|—0
where P = {0 = 19 < 11 < 10 < --- 1 t} is a stochastic partition of the non-
negative real numbers, |P| = max, (t, — 7,—1) is called the mesh of P and the

limit is defined using convergence in probability. Note that [x]; is non-decreasing
with ¢ and [x, y]; can be defined as

1
(x +yl =[x =yl .

[x, y]t = 4

For example, if the processes x; and y; satisfy the SDEs dx; = w(x;)dt + o (x;)dW;
and dy; = v(y;)dt + n(y;)d W; where W; is a Wiener process, we have

t t
L], = f o2(x)ds [x, ), = f o (xa)n(3s)ds and dlx, yl; = o (e (yo)dr.
0 0
For vector-valued SDEs
dx; = p(x)dt + X(x,)dW; and dy; = v(y,)dt + M (y;)dW;,

we have that

t
', x/], =/ (E(xs)ET(xs))__ds and d[x', y/], = (E(x,)MT(y,))__dt.
0 ij L)



1 A Generalized Central Limit Conjecture for Convex Bodies 7

Lemma 1.11 (It6’s Formula) 116 [15] Let x be a semimartingale and f be a twice
continuously differentiable function, then

d d? )
afeey = Y 0 a4 Z ¢ T e, oy,

1

The next two lemmas are well-known facts about Wiener processes.

Lemma 1.12 (Reflection Principle) Given a Wiener process Wy and a,t > 0, then
we have that

]P’( sup Wy > a) =2P(W; > a).

0<s<t

Theorem 1.13 (Dambis, Dubins-Schwarz Theorem) [8, 9] Every continuous
local martingale M; is of the form

M; = Mo+ Wy, forallt > 0,

where Wy is a Wiener process.

1.2.3 Log-Concave Functions

Theorem 1.14 (Dinghas, Prékopa, and Leindler) The convolution of two log-
concave functions is log-concave; in particular, any marginal of a log-concave
density is log-concave.

The next lemma is a “reverse” Holder’s inequality (see e.g., [23]).

Lemma 1.15 (Log-Concave Moments) For any log-concave density p in R" and
any positive integer k,

k/2
Exmp I61E < @0 - (Banyp Ix17)

The following inequality bounding the small ball probability is from [3].

Theorem 1.16 ([3, Thm. 10.4.7]) For any isotropic log-concave density p and any
€ < €,

Pop (Ixlly < e/n) < eV,

where €g, ¢ are absolute constants.
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The following theorem from [6, 24] states that the Poincaré constant is bounded
by the KLS constant.

Theorem 1.17 (Poincaré Constant [6, 24]) For any isotropic log-concave density
p in R" and any smooth function g, we have

Vare-pg(x) < 0 (¥2) - Exnp IVg ()11
An immediate consequence of the above theorem is the following lemma which
is central to our analysis. We give a proof of this central lemma for completeness.

Lemma 1.18 For any matrix A and any isotropic log-concave density p,
Vare~ (x7Ax) = 0 (v2) - 1413

where r = rank(A + AT).

Proof Since x” Ax=xT AT x, we have Vary~, (x” Ax) =Vare~, (x” (A+AT) x) /4.
Now applying Theorem 1.17 to the projection of p onto the orthogonal complement
of the null space of matrix A finishes the proof. O

To prove a upper bound on the KLS constant, it suffices to consider subsets of
measure 1/2. We quote a theorem from [26, Thm 1.8].

Theorem 1.19 The KLS constant of any log-concave density is achieved by a subset
of measure 1/2.

The next theorem is an essentially best possible tail bound on large deviations
for log-concave densities, due to Paouris [27].

Theorem 1.20 There exists a universal constant ¢ such that for any isotropic log-
concave density p in R" and anyt > 1, Py~ (||x|| >cC- t\/n) < e ivn,

1.2.4 Distance Between Probability Measures

The total variation distance is used in the statement of classical central limit theorem
(e.g. [16]).

Definition 1.21 The total variation distance between two probability measures p
and v in R is defined by

def
drv (i, v) = sup [u(A) — v(A)].
ACR

The following lemma relates total variation distance to L1-Wasserstein distance
(see Definition 1.5) for isotropic log-concave distributions.
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Lemma 1.22 ([25, Prop1]) Let ;v and v be isotropic log-concave distributions in
R, then we have

drv(p, v) = 0(1) - Wi (i, v).

Now we relate Ly Wasserstein distance to L, Wasserstein distance for 1 <
s # t. By Holder’s inequality, one can show that for any s < ¢, we have
W (e, v) < W;(u,v). In the special case where both i and v are isotropic log-
concave distributions in R, it is shown in [25, Prop 5] that

t
W, (i, v)’ <0Q) Wy, v)s 10gf*s <Ws(/th U)S> .

In the following, we generalize this result to cases where p or v might be the
measure of the inner product of two independent isotropic log-concave vectors. This
generalization might be useful for future applications. The proof is essentially the
same as that in [25] as is therefore postponed to Appendix 1.

Lemma 1.23 Let u and v be two probability measures in R. Suppose one of the
following holds:

1. Both p and v are isotropic log-concave distributions.
2. The distribution p is isotropic log-concave, while v is the measure of the random
variable \/ln (x,y) where x ~ p and y ~ q are independent random vectors and

D, q are isotropic log-concave distributions in R”".

3. There exist isotropic log-concave distributions p,,, q., py and q, in R" such that
W is the measure of the random variable \}n (xXu, yu) and v is the measure of the
random variable \/ln (xv, Yv), where X, ~ pu, Yu ™~ qu, Xv ~ pv and y, ~ qy
are independent random vectors.

Then there exists a universal constant ¢ > 0 such that for any 1 < s < t, we have

) . '
Wi, )" < cWs(p, v)* log' ™ (W » U)s> + 't exp(—c/n).
N k)

Moreover, the above bound is valid even when the coupling (i, v) on the left-hand
side is taken to be the best coupling for W (i, v) instead of the best coupling for

Wl‘(ﬂ“v V).

1.2.5 Matrix Inequalities

For any symmetric matrix B, we define |B| = VB2, namely, the matrix formed by
taking absolute value of all eigenvalues of B.
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Lemma 1.24 (Matrix Holder Inequality) Given a symmetric matrices A and B
and any s, t > 1 with sV 471 =1, we have

Tr(AB) < (Tr|AFF)" (Tr|BI)"".

Lemma 1.25 (Lieb-Thirring Inequality [22]) Given positive semi-definite matri-
ces A and B andr > 1, we have

Tr ((Bl/zABm)r) <Tr (B’/zA’B’/z) .

Lemma 1.26 ([1, 10]) Given a symmetric matrix B, a positive semi-definite matrix
Aand a € [0, 1], we have

Tr (A“BAHB) <Tr (ABz).

1.2.6 From Generalized CLT to Third Moment Bound

In this subsection, we prove that an improved bound for Generalized CLT implies
an improved third moment bound.

Theorem 1.27 Fix € € (0, 1/2). Let p be any isotropic log-concave distribution in
R”", x, y be independent random vectors drawn from p and G ~ N(0, n). If we have

Wa((x, ), G)* = O (n”f) : (1.2.1)

then it follows that

Ex,y~p ((x, y)3) =0 <n1‘57€> .

We remark that while the equivalence between Generalized CLT and the KLS
conjecture in our main theorem (Theorem 1.7) does not hold in a point-wise sense,
the result in Theorem 1.27 holds for every isotropic log-concave p.

Proof Let m; be the best coupling between (x, y) and G in (1.2.1). In the rest of
the proof, we use E;, to denote the expectation where (x, y) and G satisfies the
coupling m>. Applying Lemma 1.23, we have

En|(x,7), GF = 0 (n2*logn).
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Now we can bound Ey y~,(x, y)3 using the coupling 7, as
Exy~p(x, ¥)’ = Ex, ((x, ) = G + G)°
= En, (G*+3G2((x,) = ) +3G (. y) =G+ ((x. 1) = G)*) .

The first term is zero due to symmetry. For the second term, we have
Er,G2(x.3) — G) = \[Eg-nomG* - \/Eny((x.y) — G)?
=00 (n") = 0(n""7).

The last two terms can be bounded similarly as

2
3

IA

(Ec-vomIGF) - (Enltr. ) - GF)

=0 (vn)-0 (nlfgE 10g§ n) =0 (nl‘sfg) ,

ErG((x,y) — G)*

and
Er, (5, 3) = G)° < Enyl(x, ) — GI* = 0 (5> logn) = 0 (n'57¢).

This completes the proof of Theorem 1.27. O

1.3 Stochastic Localization

The key technique used in part of our proofs is the stochastic localization scheme
introduced in [10]. The idea is to transform a given log-concave density into one
that is proportional to a Gaussian times the original density. This is achieved by a
martingale process by modifying the current density infinitesimally according to an
exponential in a random direction. By having a martingale, the measures of subsets
are maintained in expectation, and the challenge is to control how close they remain
to their expectations over time. We now define a simple version of the process we
will use, which is the same as in [18].

1.3.1 The Process and Its Basic Properties

Given a distribution with a log-concave density p(x), we start at time ¢t = 0 with
this distribution and at each time r > 0, we apply an infinitesimal change to the
density. This is done by picking a random direction from a standard Gaussian.
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Definition 1.28 Given a log-concave distribution p, we define the following
stochastic differential equation:

co=0, dc =dW; + udt, (1.3.1)

where the probability distribution p,, the mean p; and the covariance A, are defined
by
eCth— 5 HXH%p(x)

) =FEipx, Ar=E;v, (x— T—unT.
fRneCrTy—éHyHﬁp(y)dy H = B t = Exnp, (x—p0) (X —f4r)

pr(x) =

The following basic lemmas will be used in the analysis. For a more rigorous
account of the construction and further details of the process, the reader is referred
to[11, 18, 20]

Lemma 1.29 Forany x € R", we have dp;(x) = (x — )T dW, p; (x).
Next we state the change of the mean and the covariance matrix.

Lemma 1.30 du, = A dW; and dA; = [g, (x — ) (x — )T (o — )" dWy) ps
(x)dx — AZdt.

1.3.2 Bounding the KLS Constant

The following lemmas from [18] are used to bound the KLS constant by the spectral
norm of the covariance matrix at time ¢. First, we bound the measure of a set of
initial measure é

Lemma 1.31 Forany set E C R" with fE px)dx = é andt > 0, we have that

P 1</ Wdx <> )= ° PftuAu ds > |
4= )P = ) =10 o sllop @ =gy )

At time ¢, the distribution is 7-strongly log-concave and it is known that it has
KLS constant O (t’l/ 2). The following isoperimetric inequality was proved in [7]
and was also used in [10].

Theorem 1.32 Let h(x) = f(x)e 212/ [ f(y)e 2I¥12dy where f : R" — R,
is an integrable log-concave function. Then h is log-concave and for any measurable
subset S of R",

f h(x)dx = Q(\/t) -min{/h(x)dx,/ h(x)dx}.
3 s R\ S

In other words, the KLS constant of h is O (fl/z).
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This gives a bound on the KLS constant.

Lemma 1.33 Given a log-concave distribution p, let A; be given by Definition 1.28
using initial distribution p. Suppose that there is T > 0 such that

r 1 3
P ; IIASIIOPdss64 =

then we have Y, = O (T_l/z).

Thus to prove a bound on ), it suffices to give an upper bound on || A;||op. The
potential function we will use to bound || A; ||Op is ®; = Tr((A; — I)9) for some
even integer g. We give the detailed analysis in Sect. 1.4.

The following result from [18] will be useful. It shows that the operator norm
stays bounded up to a certain time with probability close to 1.

Lemma 1.34 ([18], Lemma 58) Assume for k > 1, ¥, = O®!'/?*) for any
isotropic log-concave distribution p in R". There is a constant ¢ > 0 s.t. for any

1

0<T< 1 :
c-k-(logn)! =k .nl/k

we have

1
P Adlle, >21] <2 — . 132
[tg[l&);]ll tllop = }_ eXP( CT) (1.3.2)

1.3.3 Bounding the Potential

In order to bound the potential ®;, = Tr((A; — 1)), we bound its derivative. We go
from the derivative to the potential itself via the following lemma, which might also
be useful in future applications.

Lemma 1.35 Let {®;};>0 be an n-dimensional It6 process with &g < L2/ and

dd, = §,dt + v,Tth. Let T > 0 be some fixed time, U > 0 be some target upper
bound, and f and g be some auxiliary functions such that forall0 <t < T

L. 8 < f(®;) and |l < g(Py),
2. Both f(-) and g(-) are non-negative non-decreasing functions,
3fW)-T <Y andgU) VT < Y.

Then, we have the following upper bound on ®;:

]P’|: max @; > U:| < 0.01.
1€[0,T]
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Proof We denote the It6 process formed by the martingale term as {Y;};>0, i.e.
Yo = 0and dY; = v,T dW;. We first show that in order to control ®;, it suffices to
control Y;.

Claim 1.36 Forany 0 < fo < T, if max;e[o,s) ¥s < [3], then we have

max &, < U.
t€[0,19]

Proof of Claim 1.36 Assume for the purpose of contradiction that max;c[o, s, ®; >
U. Denote t' = inf{r € [0, 7p]|®; > U}. It follows that for any ¢ € [0, '], we have

®; <Uand f(®) -t < f(U)-T < § . Tt follows that

U
O < P+ g +Y <U,

which leads to a contradiction. O

Since Y; is a martingale, it follows from Theorem 1.13 that there exists a Wiener
process {B;};>0 such that Y; = B[y),, for all # > 0. The next claim bounds Y; using
B;.

Claim 1.37 If max, cro,v2/64] Br = g, then we have

max Y; < U/3,
1€[0,T]

Proof of Claim 1.37 Assume for the purpose of contradiction that max;ejo,77Y; >
g. Define 1y as the first time when Y; becomes at least [3] By definition, for any

tel0,1],Y; < v. Using Claim 1.36, we have max;¢[o,;,) ®; < U. It follows that

to ) ) U2
[Y]t():/ lvllzde <T-g°(U) = .
0 64

This implies that

= < <
=B, s s Bs s

which leads to a contradiction. O

Now it suffices to bound the probability that the Wiener process { B;};>( exceeds
U/3 in the time period [0, U?/64]. Using the reflection principle in Lemma 1.12,
we have

Pr| max &, > U | <Pr max B, >U/3|=2Pr|B > U/3| <0.01.
[IE[O,T] r= } - [IE[O,U2/64] ! / :| [ U2/64 / ]_

O
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1.4 From Third Moment Bound to KLS

In this section, we show that an improved third moment bound implies an improved
bound on the KLS constant. Theorems 1.9 and 1.27 together imply the first part of
Theorem 1.7.

Theorem 1.9 Fix ¢ € (0, 1/2). If for every isotropic log-concave distribution p in
R” and independent vectors x,y ~ p, we have

By yp ((x, y>3) -0 (n”*f), (1.1.2)

then for any § > 0, we have yr,, = O (n1/4’€/2+5),

The rest of this section is devoted to proving Theorem 1.9. Throughout this
section, we assume the condition in Theorem 1.9 holds, i.e. for every isotropic log-
concave distribution p in R" and independent vectors x, y ~ p, one has

By ymp ((x, y>3) -0 (n”—e). (1.4.1)

1.4.1 Tensor Inequalities

The proof of Theorem 1.9 is based on the potential function ®;, = Tr ((A; — I)?)
for some even integer ¢g. This potential is the one of the key technical differences
between this paper and previous work using stochastic localization, which used
Tr(A7) [10, 19]. The proof of a tight log-Sobolev inequality [21] used a Stieltjes-
type potential function, Tr((ul — A)~9) to avoid logarithmic factors. The potential
we use here, Tr ((A; — 1)?) allows us to track how close A; is to I (not just bounding
how large A; is). For example, in Lemma 1.43, we bound the derivative of the
potential ®; by some powers of ®,. Since ®; is O initially, this gives a significantly
tighter bound around ¢ = 0 (compared to Tr(A?)). We will discuss this again in the
course of the proof.

For the analysis we define the following tensor and derive some of its properties.

Definition 1.38 (3-Tensor) For an isotropic log-concave distribution p in R” and
symmetric matrices A, B and C, define

Tp(A, B, C) = Evymp (x7Ay) (x7By) (x"Cy)

We drop the subscript p to indicate the worst case bound over all isotropic log-
concave distributions

T(A, B, C) Y sup Exymp (xTAy> (xTBy) (xTCy>

isotropic log-concave p
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It is clear from the definition that 7 is invariant under permutation of A, B and
C. In the rest of this subsection, we give a few tensor inequalities that will be
used throughout the rest of our proofs. The proofs of these tensor inequalities are
postponed to Appendix 2.

Lemma 1.39 For any A1, Aa, Az > 0, we have that T(A1, Az, A3) > 0 and for
any symmetric matrices By, B2, B3, we have that

T(By1, B2, B3) < T (IB1l,|B2|, |B3]).

In the next lemma, we collect tensor inequalities that will be useful for later
proofs.

Lemma 1.40 Suppose that Y, < akP for all k < n for some fixed 0 < B < é and
a > 1. For any isotropic log-concave distribution p in R" and symmetric matrices
A and B, we have that

L TA LD <TU LI - Al

T(A,I,1) < O (y2) - Tr|Al

T(A, B, 1) < O (¥2) - | Bllop Tr|Al where r = min(2 - rank(B), n).
T(A,B,I) < O (a®logn) - (Tr|B|"/®8)* Tr | A|.

T(A, B, 1) < (T(AF, L 1)" (T (1B, 1,1))"", for any s,t > 1 with
sTlar =1

SR L

Lemma 1.41 For any positive semi-definite matrices A, B, C and any o € [0, 1],
then

T (Bl/zA“Bl/z, B/2A1-p1/2, C) <T (31/2A31/2, B, C) .

1.4.2 Derivatives of the Potential

The next lemma computes the derivative of ®; = Tr((A; — 1)), as done in [18].
For the reader’s convenience, we include a proof here.

Lemma 1.42 Let A; be defined by Definition 1.28. For any integer g > 2, we have
that

dTr ((Ar = D7) = q - Exp, (= )" (A = DT = ) 6 = )T W,
—q-Tr (A, — D77 ADydr
+ 90 Y Eaen =) (A= DG~ )

a+p=qg—2

x (x — u) (A = DP(y — n)(x — u) " (v — po)dr.



1 A Generalized Central Limit Conjecture for Convex Bodies 17

Proof Let ®(X) = Tr((X — I)?). Then the first and second-order directional
derivatives of ® at X is given by

9D
=q~Tr<(X—I)q_1H) and
X |,
82CD qi% k 2—k
—q- Tr((X—I) Hy(X — 1)1~ Hl).
OX0X |y, u ar

Using these and Itd’s formula, we have that
dTr((A, — D7) = q - Tr ((A, - I)q_ldA,>

+7 DT ((Ar = D¥eij(Ar = DPewr) dLAij, Aul,
a+p=q—2 ijkl

where e;; is the matrix that is 1 in the entry (i, j) and O otherwise, and A;; is the
real-valued stochastic process defined by the (i, j)th entry of A;.
Using Lemmas 1.30 and 1.29, we have that

dA; = Bxmp, (x — ) — )" (6 = )T dW; — A Adt

= Exwp, (x — ) (x — Mt)T(x - Mt)Tedet,z — At Adt, (1.4.2)

where W; ; is the zth coordinate of W;. Therefore,

Al Al = Y (Eamp, (6 = i = o) 8 = o) e; )

Z
X (Ex~p, (= p)i(x — p)r(x — Mt)Tez) dt

=By ymp, (6 — 10)i (6 — ) j (0 — mok(y — po)i(x — )"
X (y — up)dt. (1.4.3)

Using the formula for dA; (1.4.2) and d[A;;, Ax]; (1.4.3), we have that
dTr ((Ar — DY) = q - Exp, (x — u)T (Ar — DTN x — ) (x — w) ' aw,
—g-Tr ((At - 1)q—1A$) dt

+ g . Z ZTr ((A, — D% (A — I)ﬂekl) Ex y~p,

a+p=q—2 ijkl

X (6 = )i (6 — 1) j (v — k(v — p)r(x — )T (v — we)dt
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=g Eep, (x — )" (A = DT — ) (x — n) " dW,
—q-Tr ((At _ 1)‘1*1A3) dt
q
+o0 2 By — ) (A= Dy — )
a+p=qg—-2

x (x — u)T(Ar = DP(y — n)(x — )T (v — po)dr.

1.4.3 Bounding the Potential

The derivative of the potential has drift (d¢) and stochastic/Martingale (d W;) terms.
The next lemma bounds the drift and Martingale parts of the change in the potential
by tensor quantities. We will then bound each one separately.

Lemma 1.43 Let A; and p; be defined as in Definition 1.28. Let ®; = Tr((A;—1)9)
for some even integer q > 2, then we have that d®; = §;dt + vtTth with

1 17; 1

1 2 1+
6= a@ =T (A= DI ALA) +2g - (& +®, Tns

and

Evep = )" (A= D7 = e — )" |

ol =g |
Proof By Lemma 1.42, we have
_ T qg—1 T
d®; =q - Ex~p, (x — )" (A = DT (x — p)(x — )" dW;
—q-Tr ((At _ I)q—lAf) dt

q
0D By = 0 (A= DO ) — )
a+p=q—2
X (A= DP(y = ) (e = )" (v — o)
=q Eepr — )" (A= D70 — p) (= ) Wy
—q-Tr (A - De' A7) de
q
+ 2 ' Z Exd’“ﬁthAt(Ar — I)O‘yxTAt(At — I)ﬁyxT
atp=q-2

X A[ydt d:er(stdt + UtTdW[.
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where p; is the isotropic correspondence of p; defined by p;(x) = p (At1 2y + ,u,),

S¢dt is the drift term in d ®; and v[T dW; is the martingale term in d ®;.
For the drift term o;dt, we have

b= D T(AA = D" AlA = DP A = q T (A= 177 A7).
a+p=q—2

The first drift term is

TN T(AA D AdA - D A)

2

a+p=qg—2

<1, Z T (A 1A =11, A A — 11F | A)) (Lem 1.39)
a+pB=q—2

53- 3 T(A,|A,—I|‘1’2,AI,AI) (Lem 1.41)
a+p=qg—-2

—1
- Q(qz )T (AI(A, — 192, AI,A,).

For the second drift term, since g is even, we have that
—q-Tr (A = D17 47) = q - Tr (14 = 1197 (A — 1+ 1))
<2¢-Tr (|At — 1|q+1> +2g-Tr <|A, - 1|q—1>
I+, -1
<2q-®, *4+2¢q-®, “ns.

For the Martingale term v,T dW;, we note that

Eap(r = i) (A = DT (6 = ) = )" |

ol =g- | .

O

The Martingale term is relatively straightforward to bound. We use the following
lemma from [18] in our analysis.

Lemma 1.44 ([18, Lem 25]) Given a log-concave distribution p with mean p and
covariance A. For any positive semi-definite matrix C, we have that

|

Lemma 1.45 Let p; be the log-concave distribution at time t with covariance
matrix A;. Let ®; = Tr((A; — I1)?) for some even integer ¢ > 2 and dd; =

Eveplr = 06 = w7 Cx = )| =0 (141" - Tr (4'2C12))
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Sedt + vtTdW,. Assume ®; < n. Then,

01ll2 = g - | B, (6 = )" (A = D716 = ) = )" |
-1 1
<0(q)-|®, “ne+na).
Proof Note that
[ = w07 (4 = DI = )6 = )" |
<0 AT ‘A}/z(At - I)q_lA,l/z‘ (Lem 1.44)

<O () - AN TrA, — 197"+ 0 (1) - 1A 185 Tr| A, — 119

1 171 1 1
50<1+q>,2")-c1>t qnq+0<1+q>,2")-c1>t

IA

1= 1+, 1
O<®, e 4 @, 2q~|—nq).

Next we bound the drift term. This takes more work. We write

1
8 < 2q(q — 18" + g8,

where

1+ ! -1
St(l)=T<A,(At—1)‘1’2,At,At> and 8P =d, 1 +®, ‘na.

We bound 8;1) in the following lemma. This is the core lemma which needs
several tensor properties and bounds. It is also the reason we use Tr((A; — )9 as
the potential. Specifically, using this potential lets us write A — I as the sum of
two matrices one with small eigenvalues and the other of low rank, by choosing the
threshold for “small” eigenvalue appropriately.

Lemma 1.46 Suppose that Vi, < akP for all k < n for some a > 1 and B s.t.
1/4—€/2 < B < 1/4. Let ® = Tr((A — 1)?) for some even integer g > 21/3 and
A =4+ 2¢ — 1. Assume ® < n. Then

1 1 A 2 2
sW < 0@? - on? . [n’q ®alogn+n 4 -nad ]
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Proof We have that
s =T (A(A — 1924, A)
:T((A—I)‘f’l+(A—I)‘1’2,A—I+I,A—I+I)
<T (|A — 19 A=), A = 1|) 12T (|A — A1, 1)
—|—T(|A—I|q_1,l, 1) (Lem 1.39)
T ((A — DT AT, |A - 1|) 42T ((A — D2 AT, 1)
+T ((A — D2, 1)
<T (|A — 19 A=), A= 1|) 3T (|A — Ay, 1)
43T (|A—1|q—1,1, 1) —|—T<(A—I)q_2,l, 1) (Lem 1.41)
250 438 + 3550 + 6.
We first bound 8%1) as follows

o) =T (1A= 117" 1A= 11,14 - 1))

<T(A—I1171A—1].1) (Lem 1.41)
2

< 0(?logn) - ® (Tr|A _ 1|1/2ﬂ) (Lem 1.40.4)
1 1 1 2/3

< 0@ logn) - ® ((Tr|A — 19) % p Zﬁq) (Lem 1.24)

IA

1 1
02 logn) -n**~a0'Ta,
For 851), we write
|A—1| = Bi+ B,

where Bj consists of the eigen-components of |A — I| with eigenvalues at most 5
and B, is the remaining part. Then we can bound 8;1) as follows

o0 =7 (B B 1)+ T (B B ) +7 (B B 1)

+T (Bg‘l, B, 1) : (1.4.4)
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The first term in Eq. (1.4.4) can be bounded as

T (B{' B 1) =T (B 1.1) (Lem 1.41)
<TUILI-|B (Lem 1.40.1)

<0 (nqnl.S—e) .

The second term in Eq. (1.4.4) is bounded as

(B B ) ST (B LD T (B L) (Lem1.40.5

) (nqn1.5—5>qq .0 (wr%@);

(Lem 1.40.1 and Lem 1.40.2)

IA

(1.5— 6)( ] ﬂ 1
= oM a0 w,

where we used Tr (B ) < Tr((A — I)7) < @ in the last line. For the third term in
Eq.(1.4.4), we have

T (BY B T) =T (B 11) (s ) (Lem 1.40.5)

q-1 1

0 (Wy%q)> 0 (nqnl‘sfé)q
(Lem 1.40.1 and Lem 1.40.2)
2(g-1) 28 -1
—0() -« . nnzﬁ +(1.5— e)qcb .

For the last term in Eq. (1.4.4) , let P be the orthogonal projection from R” to the
range of B;. Notice that rank(B;) < r;‘; because each positive eigenvalue of B is at
least n. We have

T (B Bo1) =T (PBST' P PB2P.T)

<T (PBIP,P,I) (Lem 1.41)

<0 (@” rank(B2)> (Lem 1.40.3)
2q>l+2ﬂ

=0 n26a )
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Summing up these four terms, we get

2 (L.5—€)(g—1) , 2B 1
sV <o0q)- [nqn”f +ain?n 0 T Pa

25 1+28
2(g-1) 2/.‘3 2/3+(15 ol el ot
+o 4 qCI) + 772/3‘1
2B4+(1.5—€)(g—1) 1 _2B _e). ]
<0@- [’”n”‘E +n9'n T Do 4 nnP T T
q)q*l P28
q
X + .y

It turns out that when 1/4 — €/2 < B < 1/4, the last two terms dominate the

first two terms (which is justified shortly). Balancing the last two terms, we choose
1 2B(g—D+1.5—€ o
n=®an ¢(+260  and this gives

(1-4p—2¢)q

B B1— 4ﬂ 2¢)(g—1)
5§”50(a2)-[q>n2ﬂ-n 2pe 4 onPP . 2%

B(1—4B—2¢) B(1—-4B-2¢)
+®n? on e L on? o 1426 }

Since B > 1/4 —€/2, B(1 — 4B — 2¢) < 0 which implies that the last two terms
dominate the first two terms in this case. We therefore have

5 < 0 - on® a1
The third term 5;1) is bounded as
sV =71 (|A —19 1)
=7 (B 1)+ (B 1)
<0()- (anln” ‘Yo nzﬂd)/n) (Lem 1.40.1 and Lem 1.40.2)

) 2B(g—1)+1.5—€ q—1
=0@)-n « @9,

where the last line is by choosing n = (n2ﬁ’1‘5+5<b)1/q. The final term 8 " is
bounded as

s = (|A 11972, 1, 1)
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=7 (B 0 0)+ 7 (BI2 1)

=0o()- (nq—znl.S—e i O{znzlsq)/nz) (Lem 1.40.1 and Lem 1.40.2)
2 28(g—2)+2(1.5—€) -2
<O0(@") n q D q .

Combining all the terms we have
B
st < O(az)-cbnzﬂ-[n‘é ®logn +n~ 142N £ Rina @ +n_3n§®_§} :

Simplifying the above with the assumptions ® < n and g > 21/3 finishes the proof
of the lemma. |

1.4.4 Proof of Theorem 1.9

We note that &y = 0. Using the bounds we have, we will show that when g is taken
as the smallest even integer greater than max{8, [1/§7}, with probability close to 1,
we can write

®, <0 (nl_ B log™4 n) ,

—2p+ 1
forallt € [0, T] where T = 0O (" 224q .
o

—2+ 251\(1

Intuitively, when &, < O (nl_ i log™4 n) and T = O (" o2 ), we have,

using the analysis of the previous section,

8T <0 (nI*lA2 log™4 n) and (v, VT <0 (nI*lA2 log™4 n)

This suggests that @, stays at most O (nl_ 2 log™ n) during a period of length

T. Formally, we prove the following lemma to get an improved bound on ,,. Our
proof applies Lemma 1.35.

Lemma 1.47 Suppose that ¥, < akP Yk < n for some o > 1 and 1/4 — €/2 <

B < 1/4. Let p be any isotropic log-concave distribution. Let ®; = Tr((A; — I1)?)
A

with g = 2[1/B]. Then for n large enough such that n*% > logn where A =

48 4+ 2¢€ — 1, there exists a universal constant C s.t.

A
Cn T

o2

]P’|: max @, > n'~ 12 log~ n:| <001 with T =
t€(0,T]
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Proof We use Lemma 1.35 with the bounds from Lemma 1.45 and 1.46. Recall we
have the following bound on the potential change.

dCDI = SIdt + UtTth,

with [|v;]]2 < g(P;) where g(P;) is defined to be +0o when &; > n and O (gq) -
-1 1
<<I>, *na +na | otherwise, and §; < f(®;) where f(®;) is defined to be +o00

when ®; > n and ;q(q — 1)8D(®;) + g8P () otherwise where
1 2 2w [ =14 —A 2 =]
(D) =0(@) - PnP - |n 1®/ logn+n % -ned, ,

and

1 1

1+ 1
sP@)=d, "+, “na.

o . AL
We show that the conditions in Lemma 1.35 are met with U = n'~12 log™ n and
26+ 4
T =" ) ** for some small enough constant C. It is easy to see that f(P,) and

g(®,) are non-negative and non-decreasing functions of ®; by our choice of ¢, so
we only need to check that the last condition of Lemma 1.35 holds.
We first consider the martingale term. For | < U < n, we have

A
_ C —B+ 43

o2
o JCn P s
=0()-U-U 2na- 2

<U-0@q)-~C-nPtitis,
Note thatg > 2/ and A < 1. Thus,
g(U)- VT <U-0@VC.
which is bounded by U /8 when C is small enough.

Now we verify that f(U)-T < U/8 for some suitably small constant C. We first
verify this for § @(@)).

QW) - T <U- (Ué n U—;n;) Cn=2P+

1_ A A A
=U.C (nqiqu 10g*1 n+ntx logf’l) n*2ﬂ+24q
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1 A
<UCn a2 logn
5 UC,
where in the last line we used ¢ > 2/8, A < 1 and n? > logn. Now we consider

s (®,). We denote the two terms in 8V (®,) as 61-(1)(<Dt), where i = 1, 2. For the
first term 8%1)(61%) we have

A
() 2 28 pn O
5, (W) T=0@) -Un"F(logn)n aU9 - )
o
_ A
=0()-UCn 24

<o0()-UC.
For the second term 8;1) (®;) we have

1) 2 2 —A 22 Cn_2ﬂ+2€4\q
8 (U)-T =0 -Un* -n"% .naU~a. )
o

=0(1)-UCn™ % log*n
o(l)-UC.

IA

This shows that

sVt < omuc.
Thus, for some suitably small C, we have f(U) - T < U/8. Applying Lemma 1.35
completes the proof of the lemma. O

When 1/4 — €/2 < B < 1/4, we get a better bound on ,.

Lemma 1.48 Suppose that Yy < ok, for all k < n for some o > 1 and 1/4 —
€/2 < B < 1/4. Let p be an isotropic log-concave distribution in R". Then for n

A
large enough such that n*% > logn, there exists a universal constant C > 0 s.t.
B i,
Y < Can 9,

where A =48 +2¢ — land g = 2[1/8].
Proof Using Lemma 1.47, with probability at least 0.99, for any t < T =

26+ 5 . .
Cn o2 * where C is some universal constant and ¢ = 2[1/8], we have

1

_A
®;, <n' " 12]log"?n.
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Assuming this event, we have

T T ) 1 A
/ 1Al lopdt 5/ (1 n q>,/‘1> <T (1 a1 1og—1n> < 1/64.
0 0

Now applying Lemma 1.33, we get
A
Yp < 0@ nP

where C is some universal constant. Since p is arbitrary, we have the result. m]
Now we are finally ready to prove Theorem 1.9.

Proof of Theorem 1.9 We start with the known bound v, < aon® for gy = 1/4
and some constant ozg. We construct a sequence of better and better bounds for ¥,

which hold for any n large enough such that n‘éq > logn, where ¢ = ©(1/8) =

O(1/(1 — 2¢ 4 46)). (Note that if A < 44, then we are done by Lemma 1.48. So

we can assume without loss of generality that A > 46). Since ¢ is fixed, one can
A

find a fixed no such that for any n > ng, the requirement n4¢ > logn is satisfied
whenever A > 4§, regardless of the current bound on .

Suppose ¥, < a;inPi is the current bound. If Bi < 1/4 —¢€/2 + 6, then we are
done. Otherwise, applying Lemma 1.48 gives the better bound

Yn < o nPi,
where oj+1 = Co; and Biy1 = Bi — 4§q < Bi — lgq (since A > 46). Therefore,
starting from By = 1/4 and repeating the procedure at most M = (65‘11 times,
we will get some m < M such that ¥, < a,nPn where ﬁm < 1/4—€/2+6
and o, < Cr 8 cho This holds for any large n such that n 1% > logn. For small
)

n that doesn’t satisfy the requirement n'2 > logn, we simply bound them by
some constant. We conclude that v, < O (nl/ 4-e/ 2+5) for any n. We note that in

fact the bound we get is n!/4~€/2+3+4/(Glogm and since ¢ = O(1/8), we can set
8§ = O(1/4/Blogn) so that the bound on 8 is 1/4 — /2 + o(1). O

1.5 From KLS to Generalized CLT

Theorem 1.49 Assume vV, = O(®n'/*=</?) for some 0 < € < 1/2 and some
dimension n. Let p,q be any isotropic log-concave distributions in R", x,y be
independent random vectors drawn from p and q and G ~ N(O, n). It follows
that

Wa((x,y),G)> =0 (nHE(logn)l/Z“) ) (1.5.1)
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This gives exactly the condition in Theorem 1.27 (up to a small polynomial factor
in log n). The remainder of this section is devoted to proving Theorem 1.49. We start
by relating (x, y) with (x, g), where x ~ p, y ~ g are independent vectors drawn
from isotropic log-concave distributions p, g in R" and g ~ N(0, I) is a standard
Gaussian vector in R”.

Lemma 1.50 Assume the conditions of Theorem 1.49. Let g ~ N(0,1I) be
independent from x and y, then we have

Wa((x, y), (x, )% = O (n' = (logm) !/}

Before we prove Lemma 1.50, we show how to use the lemma to prove
Theorem 1.49. The intuition is the following. Lemma 1.50 allows us to relate (x, y)
to (x, g). Notice for fixed x, the random variable (x, g) has a Gaussian law with
variance ||x||,. Since ||x||, is concentrated around /n, it follows that {x, g) is close
to the Gaussian distribution N(0, n).

Proof of Theorem 1.49 Using Lemma 1.50 Let g be a random vector drawn from
a standard n-dimensional normal distribution N(0, 7). By Lemma 1.50, we have

Wa((x, v), (x. g)? = O (n' = (10gm)!/2) (15.2)

For fixed sample x, the random variable (x, g) has the same law as || x|, - g1 where

1 ~ N(0, 1). Notice that G has the same law as /n - g2, where go ~ N(0, 1).
When x is fixed, we obtain a coupling between (x, g) and G by identifying g; with
g2. It follows that

Wa((x, 8). G) < Exvp (Ixll2 — V1)’ - Egono. )87
= Eop (Il — V)’

(I3 — n)? )

(Ixll2 + /n)’

Var (1x13)

1
n
Lo(u) = o),

where the last line uses Lemma 1.18 with the matrix A being the identity matrix in
R". This combined with (1.5.2) finishes the proof of Theorem 1.49. |

IA

IA

Now we are left to prove Lemma 1.50. For this we turn to the stochastic
localization technique introduced in Sect.1.3. In the proof, we make use of
Lemma 1.34. Our proof here bears structural similarities to that in [11], in that
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both proofs use stochastic localization specifically by viewing random variables as
Brownian motion.

Proof of Lemma 1.50 We apply the stochastic construction in Sect. 1.3 with initial
probability distribution pgp = p. Since p; is a martingale and p, is a point mass at
oo, We have that

X~ oo = dus = AdW;,
0 0

where we used Lemma 1.30 and Wt(") is a standard n-dimensional Brownian motion.
The inner product (x, y) can be written similarly as

o0
(X, y) = / T AW,
0

Notice that yTA,dW,(") is a martingale whose quadratic variation has deriva-
tive yTA,Zy at time . It follows that the process Wt(l) defined by dW,(l) =

ylAd Wt(") / \/ yT A?y is a one-dimensional standard Brownian motion. We there-
fore have

o
{x,y) = /0 \/yTA?y -aw,?.

Note that \/yTA,zy is concentrated near \/EywquA,zy = \/Tr (A?). Itis therefore

natural to couple (x, y) with the random variable L = |3 \/ Tr (A2)dW," . We will

show that this coupling gives an upper bound on W, ((x, y), L)?. Notice that the first
random variable (x, y) depends on both x and y but the second random variable L
depends only on x. So why would this coupling work? The intuition behind the
coupling is the following: as one takes the expectation over y, the random variable

yT A?y is concentrated around \/ Tr (A,2) and the deviation depends on the variable
IlA; ||(2)p. In the stochastic construction in Sect. 1.3, A; starts from identity and ends

up being 0. This allows good bounds on || A; ||§p.
We use E, to denote the expectation taken with respect to the randomness of
W™ (notice that both A, and W, adapt to W™). It follows that

00 2
Wa(x, y), L)? < B, [ | <\/yTA%y -/ (A%)) -de“}
0
00 2
=E,, TA%-TA%)d
)[/0 (\/y y \/r( ) t}
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o :<\/yTA?y - \/Tr (A?)>2} di

- 2
yT A2y — Tr (A?)

JyT Ay + 1o (42)

[, (7 A7y =T (42)"]
™ (47

Il
S~
3

dt

I
S~
3
&=
bs
=

IA
S~
3
&=
=

00 RY T A2
=/ o z’y) dt
0 Tr(A,)

T (4

Am&ZOW9ﬂMqu

=0 (v2) [ E[iang,]an

where the first equality uses Ito’s isometry and the last two lines follow from
Lemma 1.18. The remaining thing is to bound || A;| |gp.

The covariance matrix A; corresponds to a density proportional to the log-
concave density p(x) multiplied by a Gaussian density e~ =203 1t is well
known that the operator norm of such A, is dominated by the Gaussian term
(e.g. [10], Proposition 2.6), i.e.

”At”op < 0(1/t).

We also need an upper bound for ]Ex[||A1||gp] when 7 is close to 0. For this take
1/2—¢
cnl/2—¢ (logn)1/2+€ ’

k= 1/2176 in Lemma 1.34, we have forany 0 <t <
1
P[llAdlop = 2] < 2exp(— ). (1.5.3)
We can therefore bound E[||A;| |gp] as

) 1 1 1
Elll A 3] < 4Pl Arllop < 2]+ 5 - P[llAdllop 2 2] <4+ 5 - 2exp(~_ ).

. — nl/2—€ 1/2+€
Since ¢ < Cnl/z—i{lig;)l/Pre JAje= 15120%:1) . For fixed 0 < € < 1/2, the last

term ,12 -2exp (— clr> becomes negligible when n is sufficiently large so E[|| A;| |gp]
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/2—e

is bounded by some constant C, (that depends on €) for any ¢ < enl/ ¢ (logmy1/2+e =

T < 1. It follows that

e¢]

Walte ), 22 < 0 (v7) - [ B [l ar

0(%) . </OTC€dt+/TOO tlzdt>

<0 (%%) ) ; -0 (nl—ZE(IOgn)l/2+e).

IA

We note that L is defined using only the isotropic log-concave distribution p. One
can therefore prove a similar bound when ¢ is the n-dimensional standard normal
distribution, i.e.

Wa((x,g), L)* = 0 (nl‘ZE(IOgn)l/ere) .
Combining these two bounds, we have the desired result.

Wa((x, ¥), (x, )% = O (n'~>(logm)!/>+°).

1.5.1 Connection to Classical CLT for Convex Sets

Using exactly the same approach, we prove the following theorem which is easier
to compare with classical results on central limit theorem for convex sets. Here we
replace the W, distance in Theorem 1.5.1 by the total variation distance.

Theorem 1.51 Assume v, = O (n1/4_5/2) for some 0 < € < 1/2 and some
dimension n. Let p, q be any isotropic log-concave distributions in R". For fixed
vector x ~ p, denote (x,y) the random variable formed by the inner product of x
and 'y, when y ~ q is independently drawn from x. Let g ~ N(0, 1) be a standard
normal distribution. Then we have

Pr~p |:dTV ((|Tv”y) , g) > Cne/z} < exp (_Cnéfe(logn)l/ZJre) ,
X2

for some constants ¢ and C that depend on €.

The following lemma can be proved by using a similar approach as in the proof
of Lemma 1.50.
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Lemma 1.52 Assume ¥, = O (n1/47€/2) for some 0 < € < 1/2 and some
dimension n. Let p,q be any isotropic log-concave distributions in R" and let
x ~ p y ~qandg ~ N(,I) be independent samples. Then with probability

1
at least 1 — exp (—cn2"¢(log n)l/z"'e) over the random choice of x, we have

Wa(lr y), x. g) = 0 (n27°).

where the constant ¢ depends on €.

Proof of Theorem 1.51 Using Lemma 1.52 By Lemma 1.16, we have with proba-
bility at least 1 — exp(—(y/n)), ||x|l, > C+/n for some universal constant C > 0.
We condition on this event and the event in Lemma 1.52 such that

%wJumw=o@%ﬂ.

The probability that these events hold at the same time is at least

1 —exp (—Q (rz£76 (log n)1/2+€)> .

In this case we have

W2 ((x, 9)/ lIxllz, (x, 8)/ lIxll) = O (n™°).

Notice that for a fixed x, (x, y)/|x|l, follows a one-dimensional isotropic log-
concave distribution and (x, g)/||x|l, follows a standard normal distribution.
Applying Lemma 1.22 finishes the proof of the theorem. O

Appendix 1: Missing Proofs in Sect. 1.2.4

We restate Lemma 1.23 below for reference.

Lemma 1.23 Let ;1 and v be two probability measures in R. Suppose one of the
following holds:

1. Both u and v are isotropic log-concave distributions.
2. The distribution w is isotropic log-concave, while v is the measure of the random
variable \}n (x, y) where x ~ p and y ~ q are independent random vectors and

P, q are isotropic log-concave distributions in R".
3. There exist isotropic log-concave distributions p,, q,., pv and q, in R" such that
W is the measure of the random variable \/ln (xXu, yu) and v is the measure of the

random variable \}n (xv, Yv), Where X, ~ Dy, Yu ~ qu> Xv ~ pv and y, ~ qy

are independent random vectors.
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Then there exists a universal constant ¢ > 0 such that for any 1 < s < t, we have

) . '
Wi, )" < cWs(p, v)* log' ™ (W » v)s> + 't exp(—c/n).
N k)

Moreover, the above bound is valid even when the coupling (i, v) on the left-hand
side is taken to be the best coupling for W (i, v) instead of the best coupling for

Wl‘(ﬂ“v V).

Proof of Lemma 1.23 The result for Case 1 is given by Meckes and Meckes [25,
Prop 5]. Here we use the same idea to prove the result for Case 2. The proof for Case
3 is almost the same and is omitted.

We denote the random variable drawn from v as z and the best coupling for

Wy (i, v) as (jn (x, ), z). We use the coupling (\/In (x, y), z) in the rest of the

proof whenever we write expectations. Denote 1.} the indicator function of an event.
For any R > 0, we have

1 ! 1
Wt(\/n()ﬁy}»Z) SE‘\/n(xv)’>_Z

1
<Rtfs.]E , _
< ‘\/n(x y)—z

t

N

t

1
+E‘Jn(x,y>—z

'

) —z|zR}

<R™.W ( ! (x )S
= : s ,y>,Z

Jn
1 2t
ZRi|'E<\/n<X,Y>—Z) ,

1
el e

where the last step is by Cauchy-Schwarz. Now we bound the second term in the
above expression. Using Minkowski’s inequality, we have

(IE <\}n (x, ) — z>2t) < (Ezzr>”2’ + (IE <\}n (x, y))2t>

Since z follows an isotropic log-concave distribution, it follows from Lemma 1.15

1/2t 1/2t

1/2 . .
that (EZZ’ ) /2t < 4¢. For the second term we notice that when x is fixed, the random
variable ! (x, y) follows a one-dimensional log-concave distribution with variance

Jn
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2
“);”2_ Using Lemma 1.15 again, we have

1 2t 1 2t
E(Jn(x,y>> < Ex~p (Ey~q <\/n(x,y>> )

2t
llxl3
n

< (4% - Eyxnp < @n*.

We therefore have

1 2t 2
E <\/n (x,y)— z) < (4t + 16t2) .

Now we bound P H 1n (x,y) — z‘ > R] as follows. For some constant ¢p, Cg >

v

0, whenever R > Cr we have

1 1
]P’H\/n(x,y)—z ZR:|S]P’|:‘\/n(x,y)

1
< ]P’H\/n(x,w

Since x follows an isotropic log-concave distribution, we have from Theo-
rem 1.20 that whenever R > Cg, there exist constants ¢1, C > 0 such that

> R/2} + Pllz| = R/2]

> R/2:| + exp(—c2R).

P[lx|l, > v/Cn] < exp(—c1v/n).

Whenever ||x|, < V/Cn for fixed vector x, the random variable \/1” (x, y) follows a

one-dimensional log-concave distribution with variance at most C. Therefore when
the universal constant Cr, is large enough and when R > Cg, we have

1
e

Combining everything we have that when R > Cg,

1 t 1 s
Wt(Jn<x,y>,z> SR"SWY(Jn<x,y>,Z>

+ (4 +161%)" \/2 (exp(—c2R) + exp(—ci+/n)).

> R/Z} < exp(—c14/n) + exp(—c2R).
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Optimizing over R, for some constant ¢ > 0 we have

Cttzt

1 t ! ‘
W’( (x,y),z) §C~Ws< (x,y),z) -log' ™ s
v v we (0. 2)

+ 't exp(—ca/n).

This finishes the proof of Lemma 1.23. O

Appendix 2: Missing Proofs in Sect. 1.4.1

In this section, we give proofs of the lemmas in Sect. 1.4.1. Here we repeatedly use
the elementary facts that Tr(AB) = Tr(BA) and x” Ay = Tr (AyxT).

Lemma 1.53 For any isotropic log-concave distribution p and symmetric matrices
A and B, we have that
T,(A, B, I) = ZTr(AA,-BAi) and T,(A,B,I) = ZA,-jTr(A,-BAj),
i ij
where A; = ExwpxxTx,-.
Proof Direct calculation shows that

T,(A,B,I) = Ex,ywprAyxTByxTy = ZEx,ywprAyxTByx,’yi

1

=3 EeypTr (AxxTBnyxiy,-) = Tr(AABA)),
1 i

1

and
T,(A,B,I) = Ex,ymprAyxTByxTy = ZA;jEx,ywpx;ijTByxTy
ij
= Z AjjEy y~pTr (xxTBnyx,-yj) = Z AijTr(A; BAj).
ij ij
O
Lemma 1.39 For any A1, Az, A3 > 0, we have that T(A1, Ay, A3) > 0 and for

any symmetric matrices By, B2, B3, we have that

T(Bi1, By, B3) = T (IB1], B2, [Bs]).
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Proof Fix any isotropic log-concave distribution p. We define A; = E,~ pxxTxT
A;/ 2ei which is well defined since A3 > 0. Then, we have that

Tp(A1, Az, A3) = Ev o px T A1yxT AgyxT A3y = ) Tr(A1A;A2A)).

1

Since A; is symmetric and A1, A2 > 0, we have that Ai/zAiAzAiAyz > 0 and

Tr(A1A;A2A;) > 0. Therefore, T (A1, Az, A3) > Tp(A1, Az, A3) > 0.
For the second part, we write B] = B{l) — Bl(z) where B{l) >0, B{z) > 0 and
|B1]| = Bfl) + Bl(z). We define Bél), Béz), Bgl), Bgz) similarly. Note that

7B, B, B) =T (8", BV, B") — 1 (B, B". B)
-7 (8", B, B") + 1 (8", B, B?)
~7 (BB B) + 7 (B, B, BY)
+7 (8, BY, B") - 7 (B, B, BY).
Since Bj(i) > 0, the first part of this lemma shows that every term
T (Bfi), Béj), Bék)) > 0. Hence, we have that
T (B, By By) = T (B, ", B") + 7 (8", B", B
+7 (8", B, B) + 7 (B, B BY)
+7 (82, 8", B) + 7 (B, B", B
+7 (87,87, B) + 7 (B, B, B
=T (|B1l, Bz, |Bs]).

O

Lemma 1.54 Suppose that Y < akP forall k < n for some 0 < g < é ando > 1.
Given an isotropic log-concave distribution p and a unit vector v, the following two

statements hold for A = ExwpxxTxTv:

1. For any orthogonal projection matrix P with rank r, we have that

THAPA) < O (W ) .

min(2r,n)



1 A Generalized Central Limit Conjecture for Convex Bodies 37

2. For any symmetric matrix A, we have that

28
TrH(AAA) < O <a2 10gn) . (TI|A|1/(2,3)> _

Proof We first bound Tr(A P A). This part of the proof is generalized from a proof
by Eldan [10]. Note that Tr((APA) = Ex~,x” PAxxTv. Since Ex”v = 0, we have
that

THAPA)<\/E (x70)?Var (+7 PAY) "™ O (Yrakcpasar) - V/TE (APA).

This gives THAPA) < O (V2iuirm)-

Now we bound Tr(AAA). Since Tr(AAA) < Tr(A|A|A), we can assume
without loss of generality that A > 0. We write A = ), A; + B where each A; has
eigenvalues between (||A||Op 2 /n, 1 Allop 2i+ly n] and B has eigenvalues smaller
than or equals to [|All,, /n. Clearly, we only need at most [log(n) + 1] many such
A;. Let P; be the orthogonal projection from R” to the span of the range of A;.
Using [|Aillop Pi > Ai, we have that

Tr(AA;A) < [|Aillop Tr(AP;A)

<0 (wéin(zmkmn)) NAillop < O@®) Y " rank(A)D* | Ajllop .

1

where we used the first part of this lemma in the last inequality.
Similarly, we have that

THABA) < 0 (¥7) - Bl < O 1Bllop) < O - | Allgp -
Combining the bounds on Tr(AA; A) and Tr(ABA), we have that

Tr(AAA) < 0(@@®) - Y rank(A)* [|Aillgp + O(1) - | Allgy

1

IA

2B
0@ - (Z rank(4;) [|A; ||é{f2ﬂ)) log(n)' =%
i

28

IA

0(c?logn) - (Tr |A|1/<2ﬂ>)

O

In the next lemma, we collect tensor inequalities that will be useful for later
proofs.
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Lemma 1.40 Suppose that Y < akP for all k < n for some fixed 0 < g < ; and
o > 1. For any isotropic log-concave distribution p in R" and symmetric matrices
A and B, we have that

LTA LD <TUII)-|Alp.

T(A, I 1) < O (y2) - Tr|Al

T(A, B, 1) < O (y2) - | Bllop Tr|A| where r = min(2 - rank(B), n).
T(A, B, 1) < O («*logn) - (Tr|B|"/@8)* Tr | A|.

T(A, B, 1) < (T(AF, L 1) (T (1B, 1,1))"", for any 5,1 > 1 with
syl =1,

“w A Wb

Proof Without loss of generality, we can assume A is diagonal by rotating space.
In particular, if we want to prove something for Tr(A*AAPA) where A, A are
symmetric matrices, we use the spectral decomposition A = UZUT to rewrite
this as

Tr(UE“UTAUEﬂUTA) = Tr(E"‘ (UTAU) L (UTAU)) ,

which puts us back in the same situation, but with a diagonal matrix A. For all
inequalities listed above, it suffices to upper bound 7" by upper bounding 7}, for any
isotropic log-concave distribution p.

For inequality 1, we note that

L 1.53 L 1.53
Tp(A 1,1 =N AGTHAD) < 1Al Y Tr (A7) = Allgy T 1 D,
i i

where the last inequality is from the third moment assumption.
For inequality 2, we note that

Lem 1.53 Lem 1.54
Tp(A 1D BN i ad) =T Y Al 0 (v2) = 0 () - Trlal
i i

For inequality 3, we let P be the orthogonal projection from R” to the span of
the range of B. Then, we have that

T,(A.B.I) < T,(Al|B. 1) (Lem 1.39)

=) " 1A4ii| Tr(Ai| B|A) (Lem 1.53)
i

@
< [1Bllop Y 14ii| Tr(A; PA))

1

= 0 (¥7) - THAIBlop (Lem 1.54)

where we used that |B| < [| By, P in D.
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For inequality 4, we note that

Lem 1

54 28
Ty(A B, D) T N ATHABA) = O logn) - Tr|Al (Tr B/

i

For inequality 5, we note that

Ty(A, B, I) < Tp(|Al,|B],I) (Lem 1.39)

=) "Tr(|A| A; |B| A) (Lem 1.53)
< Y Tr(AllAil Bl 1A

= T (1ad 1AL A0 Bl A
i
s\\ 1/s
= > (e ((1an ™ 141180)))
i
AN /1
-(Tr<(|A,~|1/’|B||A,-|1/’) )) (Lem 1.24)

= D0 (T (AT 1) (T (1l 181 1840)

(Lem 1.25)
Z (tr(1ar & ))m (e (181 A%))l/'
/s 1/t
( IAI‘ )) -(ZTrQBVA?))
= (T, (AP, 1,1))"" (T, (1B, 1, 1)) (Lem 1.53)

Lemma 1.41 For any positive semi-definite matrices A, B, C and any o € [0, 1],
then

T (Bl/ZAozBl/Z’ B/2Al—p1/2, C) <T (Bl/ZABl/Z’ B, C) .

Proof Fix any isotropic log-concave distribution p. Let A; = Eq~, B!/ 2xxT B!/2xT
cl/ 2ei. Then, we have that
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Tp(Bl/zA"‘Bl/z, BI/ZAlfaBl/2’ C)

_ ZE ((yTBl/ZAaBl/2x> (xTBl/ZAl—ozBl/Zy)xTcl/Zeincl/Zei)
i

_ ZE (Tr (AaBl/ZxxTBI/ZAlfaBl/2nyB1/2) (xTC”ze,») <yTC1/2ei))
i

=D Tr(A“A;ATUA)).

1

Using Lemma 1.26, we have that
3 (A“A,»AHA,») <> Tr (AA%) = Ey.ypx” BY2AB2yxT ByxT Cy
i i

=T, (B'"2AB'2 B,C).

Taking the supremum over all isotropic log-concave distributions, we get the result.
O
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Chapter 2 )
The Lower Bound for Koldobsky’s Shethie
Slicing Inequality via Random Rounding

Bo’az Klartag and Galyna V. Livshyts

Abstract We study the lower bound for Koldobsky’s slicing inequality. We show
that there exists a measure 1 and a symmetric convex body K € R”", such that for
allé € "' andall € R,

urK N ES ) < Cnu<K>|K|fi.

Our bound is optimal, up to the value of the universal constant. It improves slightly
upon the results of the first named author and Koldobsky, which included a doubly-
logarithmic error. The proof is based on an efficient way of discretizing the unit
sphere.

2.1 Introduction

We shall work in the Euclidean n-dimensional space R”. The unit ball shall be
denoted by B} and the unit sphere by S"~1. The Lebesgue volume of a measurable
set A C R”" is denoted by |A|. Throughout the paper, ¢, C, C’ etc stand for positive
absolute constants whose value may change from line to line.

Given a measure © with a continuous density f on R"” and a set A € R" of
Hausdorff dimension n — 1, we write

(A = /A F)dx,
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where the integration is with respect to the (n — 1)-dimensional Hausdorff measure.
For a measure ; on R"” with a continuous density and for an origin symmetric
convex body K in R” (i.e., K = —K), define the quantity

g : n(K)
w,k = inf . ,
591 K |npt (K N EL)

where £+ = {x € R", (x, £) = 0} is the hyperplane orthogonal to £. We let

Sy =sup sup S, k,
n KcCRr

where the suprema run over measures u with a continuous density f in R” and all
origin-symmetric convex bodies K € R”

Koldobsky in a series of papers [12—14] investigated the question how large
can S, be? The discrete version of this question was studied by Alexander, Henk,
Zvavitch [1] and Regev [19]. In [12], where the question has first arisen, Koldobsky
gave upper and lower bounds on S(u, K), that are independent of the dimension
in the case when K is an intersection body. In [13], he established the general
bound S, < +/n.In [14], he has shown that Su.k 1is bounded from above by an
absolute constant in the case when K is an unconditional convex body (invariant
under coordinate reflections). Further, Koldobsky and Pajor [15] have shown that
Su,k < C/p when K is the unit ball of an n-dimensional section of L .

In the case when p is the Lebesgue measure, it was conjectured by Bourgain
[5, 6] that §;, xk < C, for an arbitrary origin-symmetric convex body K. The best

currently known bound in this case is S, x < C néll, established by the first named
author [10], slightly improving upon Bourgain’s estimate from [7]. However, it was

shown by the first named author and Koldobsky [11] that S,, > ¢1§£/12gn . Moreover,
it was shown there that for every n there exists a measure yu with continuous density

and a symmetric convex body K C R” such that for all £ € S"—! and for all t > 0,

w(K)|K| ", @.1)

WHK N (EE +r6)) < ¢ V108108
n

where C > 0 is some absolute constant. Here A +x = {y + x; y € A} for a set
A C R”" and a vector x € R™. In this note we improve the bound (2.1), and obtain:

Theorem 2.1.1 For every n there exists a measure L and a convex symmetric body
L C R" such that for all § € sn—1 and forallt > 0,

Cc

\/nM(L)ILI_i, 2.2)

pt (LN E +18) <

where C > 0 is a universal constant.



2 Koldobsky’s Slicing Inequality 45

In [4], the first named author, Bobkov and Koldobsky explored the connections
of (2.1) and the maximal “distance” of convex bodies to subspaces of L. Write L,
for the collection of origin-symmetric convex bodies in R” that are linear images of
unit balls of n-dimensional subspaces of the Banach space L. The outer volume
ratio of a symmetric convex body K in R" to the subspaces of L, is defined as

1
. IDI\ »
dpvr (K, L") := f .
our (K. Lp) DeLE@r:lKCD <|K|

John’s theorem, and the fact that /5 embeds in L, entails that dy,, (K, L’;,) < /n,
for any symmetric convex body K. Combined with the consideration from [4],
Theorem 2.1.1 implies a doubly-logarithmic improvement of a result of [4]:

Corollary 2.1.2 There exists an absolute constant ¢ > 0 and an origin-symmetric
convex body L in R" such that for any p > 1,

v

dovr (L, LZ) > CJP

The construction of u and K is randomized, and follows the idea from [11]. The
question boils down to estimating the supremum of a certain random function. The
method of the proof is based on an efficient way of discretizing the unit sphere.
We consider, for every point in $"~!, a “rounding” to a point in a scaled integer
lattice, chosen at random, see Raghavan and Thompson [17]. This construction was
recently used in [2] for efficiently computing sketches of high-dimensional data. It
is somewhat reminiscent of the method used in discrepancy theory, called jittered
sampling. For instance, using this method, Beck [3] has obtained strong bounds for
the L,-discrepancy.

In Sect. 2.2 we describe the net construction. In Sect. 2.3 we derive the key esti-
mate for our random function. In Sect. 2.4 we conclude the proof of Theorem 2.1.1.
In Sect. 2.5 we briefly outline some further applications, in particular in relation to
random matrices; this discussion in detail shall appear in a separate paper.

We use the notation log®) () for the logarithm iterated k times, and log* n for the
smallest positive integer m such that log(’”) n < 1. Denote [|x|, = (Zl |x,~|”)1/’J
for x € R", and also [|x[lec = max; |x;| and |x| = [lx[l2 = +/(x, x). Write B}, =
{x e R"; |Ix|l, < 1}. We also write A+ B = {x +y; x € A,y € B} for the
Minkowski sum.

2.2 The Random Rounding and the Net Construction

We fix a dimension n and a parameter p € (0, 1/2). We define F, as the set of all
vectors of Euclidean norm between 1 — 2p and 1 + p in which every coordinate is
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an integer multiple of p//n. That is,

0

Jn

Fp=(1+pB\1-20)B5n ) 7"

0
Moreover; let € € S"~', and suppose that n € (p//M)Z" satisfies |E — Nlloo <
p//n. Then n € F,.

Proof Any x € F, satisfies ||x||; < +/n|x| < 24/n. Hence all vectors in the scaled
set (y/n/p) - F, have integer coordinates whose absolute values sum to a number
which is at most 2n/p. Recall that the number of vectors x € R” with non-negative,
integer coordinates and ||x||; < R equals

<R;il—n> < <ER’—1i—n)"

where R is a non-negative integer. Consequently,

#F, <2". eZ,o_ln—l—n "< <y’
o= " =\,

We move on to the “Moreover” part. We have | —1| < /n||€ —1llco < p. Therefore

1 —2p < |n| < p and consequently n € ((1 + p)By \ (1 —2p)B7) N jnZn = F,.
0O

n
Lemma 2.2.1 The set F, satisfies #F, < (C> , where C is a universal constant.

Definition 2.2.2 For £ € S"! consider a random vector n¢ € (0/+/n)Z" with
independent coordinates such that || — oo < p/ »/n with probability one and
I[-EnS = &. Namely, fori =1, ..., n, writing § = jn (ki + p;) for an integer k; and

pi €10, 1),

= Ik with probability 1 — p;
l Junki 1), with probability p;.

For any £ € S"~!, the random vector n* belongs to F, » with probability one,
according to Lemma 2.2.1. The random vector né — & is a centered random vector
with independent coordinates, all belonging to the interval [—p/ /1, p//n]. We
shall make use of Hoeffding’s inequality for bounded random variables (see, e.g.,
Theorem 2.2.6 and Theorem 2.6.2 in Vershynin [20]).
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Lemma 2.2.3 (Hoeffding’s Inequality) Ler X1, ..., X, be independent random
variables taking values in [m;, M;),i = 1, ..., n. Then for any 8 > 0,

n
P(ZX,-—EX,»

i=1
where ¢ > 0 is an absolute constant.

L‘ﬂ2

- c—mi)2
zﬁ) < 2¢ Tl

The next Lemma follows immediately from Hoeffding’s inequality with X; =
(n; —&)6; and [m;, Mi] = [ 6, 6:1:
Lemma 2.2.4 Forany £ € s B>0and6 € R",
£ cnp?
PUF —£.60) 2 ) <200 (= 1o, )

Here ¢ > 0 is an absolute constant.

2.3 The Key Estimate

Let N be a positive integer, and consider independent random vectors 61, ..., Oy

uniformly distributed on the unit sphere S"~!. Unless specified otherwise, the

expectation and the probability shall be considered with respect to their distribution.
For r > 0, abbreviate

2
pr)=e 2.
The main result of this section is the following Proposition.

Proposition 2.3.1 There exist absolute constants C1, . .., Cs > 0 with the follow-
ing property. Let n > 5, consider r € [Cy./n, n] and suppose that N > n satisfies
N € [Cinlog nlil/rn, n'0). Then with probability at least 1 — e™", for all £ € S"~ 1,
andforallt € R,

al nlog M
;, Y & o)+ < c3\/ iy (1 n C4«/”> Uy (q\/nt>’

P N r r r
where g > 1 — CS;/n.

We shall require a few Lemmas, before we proceed with the proof of Proposi-
tion 2.3.1.
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2.3.1 Asymptotic Estimates

For a fixed vector n € R” and ¢ € R, denote

N
1
Fa,0= > o0+ (2.3)
k=1

Observe that F'(n, t) < 1 with probability one. First, we shall show a sharpening of
[11, Lemma 3.2].

Lemma 2.3.2 Letn > 1. Let 0 be a random vector uniformly distributed on S*+2.
Foranyr > 0, foranyt € R, for any fixed n € R"3, one has

c(logn)2> Jn ta/n
E 0,n)+1) <1+ .
p(r{f,m +1) < ( . Jn +r2|n|2¢ A

Here ¢ > 0 is an absolute constant.

Proof Observe that the formulation of the Lemma allows to assume, without loss of
generality, that |n| = 1: indeed, in the case = O the statement is straight-forward,
and otherwise it follows from the case || = 1 by scaling. The random variable
(0, n) is distributed on [—1, 1] according to the density

(1—s%)>
[La—syids

Recall that for any x € [0, 1],

2
log(l — x) = —x — x2 + oY, (2.4)
and hence there is an absolute constant C > 0 such that for any x € [0, ZIZg" 1,
C(logn)?
log(1 —x) > —x — 5 . (2.5)
n

Applying (2.5) with x = 52, we estimate

1 \/21(’31gn
/ (1—s2)5dsz/ (1 —s?)2ds
1 _ 21(:1gn

/

\/210gn
n m2 C(logn)2
> e 27 um (s
- 2logn
- n

N
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’ 2 21(’)lgn )
> (1 _c (logn) )/\/ "% ds
n _ /2logn
1 1 2 J2logn 2
= (1 _ ¢ (logn) )/ ¢ ds. (2.6)
Vn n —/2logn
Recall that for any a > 0, one has
] y2 1 a2
/ e 2dy< e 2, 2.7
a a
and therefore
J2logn 2 o)
/ e 2ds > 27 — v . (2.8)
—/2logn n\/logn

By (2.8) and (2.6), we conclude that there exists an absolute constant ¢ > 0 such
that

1 ~ 2
/1(1 _ s > {/2: (1 — C(l(’f”) ) (2.9)

We remark that the second order term estimate is of course not sharp, yet it is more
than sufficient for our purposes.
Next, using the inequality 1 —x <e ¥ forx = s

1 A _(rs+t)2 e _n32+(rs+t)2
(1 —s5%2e" 2 ds < e 2 ds. (2.10)
-1

—00

2. we estimate from above

It remains to observe that

2 2

t t

ns2+(rs+t)2=<\/n+r2s+ ' )+ "
Vi +r? n+tr

and to conclude, by (2.10), that

1 2
n (rs+t) 1 \/nt

(1—sH2e" 2 ds <27 <p< ) 2.11)

/—1 Vn4r? Vn +r?

From (2.9) and (2.11) we note, for every unit vector 1 :

c(logn)? Jn t/n

Ep(r0,n)+1) < (1 + . (2.12)
v ! n Vn+r? Y Vn 4 r?
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As an immediate corollary of Lemma 2.3.2 and Hoeffding’s inequality, we get:

Lemma23.3 Let N > n > 4, r > J/nand p € (0, é). There exist absolute
constants ¢, C,C" > 0 such that for all n € (1 4+ p)B} \ (1 —2p)B} and t €
R,8> 0,

2
d (F(”’ 0> B+ tetpt (B L )V, (qm)) < TN,
n r r r

whereq > 1 —C'(p + rnz).

Proof In view of Lemma 2.2.3 (Hoeffding’s inequality), it suffices to show that
under the assumptions of the Lemma,

(logn)> n \/n(p (qh/n)
R

Eo@r@,n) +1) < (1 +c(p+ + ,)) (2.13)
n r r

Indeed, by Lemma 2.3.2, for some ¢ > 0,

C1(10gn)2) Jn 1/n
E 0,n) +1t) <1+ .
p(r{@,m +1) << h \/n+r2|n|2<ﬂ S+ 2l

It remains to observe, that since r > /n,

el qlilvn
VU ENCUCE

whereg =1+ O(p + ), and

c1(logn)? n logn)> n n
| 4 C1(logm) v SlJrc(er(g)Jrz)¢7
no ) n noor)r
with an appropriate constant ¢ > 0. O

2.3.2 Union Bound

Given p > 0, recall the notation ), for the net from Lemma 2.2.1. Our next Lemma
is a combination of the union bound with Lemma 2.3.3.

Lemma 2.3.4 (Union Bound) There exist absolute constants C1, Co, C' > 0 such
that the following holds. Let p € (0, é). Let N € [Cinlog :7, n'°] be an integer. Fix
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r € [Can/n, n]. Then with probability at least 1 — e™", for every n € Fp, and for
everyt € R,

1 logn)? 1 ¢
Fan1) < c6\/” log  + <1 +Crpt oy BT )) W’rp(qw )
N P r n r r r

for large enough absolute constants Ce, C7 > 0, which depend only on C1 and C»,
andforqg >1—C'(p + r”Z).

Proof Let
n 1 n log n)2 1 n nt
azcﬁ\/ log —|—<1—|—C7(p+ 'y Qo™ ))J w(‘” )
N P r n r r r

where ¢ > 1 — C’(p + n/r?) and the constants shall be appropriately chosen later.
Note that

1
a> c6\/ ]’\’] log = =n~*5. Coy/log2, (2.14)
0

since p < % and N < n!0,

Observe also that for any pair of vectors 6 € S"~!, 5 € Fp C 2By and for any
t > 3r, we have
lr{n,0) +1l=r,
and hence
1 9 2 7r2
e 20 mO+NT < o= (2.15)
In view of (2.14), (2.15), and the fact that » > +/n, we have, for t > 3r:

77"2
2

Fp,t)<e 2 <e 2 <n *Cgy/log2 < a,

where the inequality follows as long as Cg is chosen to be larger than 1 4 o(1). This
implies the statement of the Lemma in the range ¢ > 3r.

Next, suppose ¢t € [0, 3r]. Lete = ,12- Consider an e-net N' = {1, ..., %,} On
the interval [0, 3r] with #; = € - j. Note that

#N < [3r°14 1 < 43, (2.16)

since r > /n > 1.
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For any A € R, for any € > 0, and for any #1, ©» € R such that |[t] — 12| < €, we
have

A +02 <|A+11> +2€|A+1|+ €,
and hence

€2
P(A+1) < (A + )eldHnlers 2.17)
Observe that for all ¢ € [0, 3r], for an arbitrary n € F, C 2B}, and any 6 €
S"~! we have

Ir{n, 0) +t| < 5r,
and hence

&2 &2 541 !
e\f(ﬂ,9)+f\€+ 2 < esr€+ 2 — e’ 22 < 1 + ,
r

(2.18)
for an absolute constant C’.

By (2.17) and (2.18), for each ¢ € [0, 3r] there exists T € A/, such that

/

C
Fa.n =1+ JF@.0).

Therefore, by the union bound,

P(Ht €[0,3r], e F,: F(n,t) > a)

§P<E!r eN, meF,: Fin.7) > “C,)
1+

r

#N - #F, P F@, “ . 2.19
< , ((nr)>1+c) (2.19)

B
By Lemma 2.2.1 and (2.16),

C n
#J\/~#]-'p§4r3< )
o)

We used above thatr < n.
Let

IA
P
>
S———"
=

(2.20)
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Provided that C¢ and C7 are chosen large enough, we have:

o log n)2 n n t/n
oz B e+ 1B 2))¢¢<q¢>’ 2.21)
1-|- B n r r r
and
C’ 1 C
CA*N=C(+ ) *Cinlog =5n+nlog |, (2.22)
r o o

where ¢ and C are the constants from Lemma 2.3.3 and C is the constant
from (2.20).
By Lemma 2.3.3, (2.21) and (2.22), we have

¢
' (F UDESN a) <e PN <oy, (2.23)

r

By (2.19), (2.20) and (2.23), we conclude that the desired event holds with

probability at least
~ n ~
|- (C) e—5n—nlogg — ] —e
0

This finishes the proof. O

2.3.3 An Application of Random Rounding and Conclusion of
the Proof of the Proposition 2.3.1

We begin by formulating a general fact about sub-Gaussian random variables, which
complements the estimate from Lemma 2.3.2.

Lemma 2.3.5 Let M > 10. Let Y be a sub-Gaussian random variable with
constant 111/1 that is, suppose for any s > 0,

P(Y| > 5) < e~ M*?, (2.24)

Then there exists an absolute constant C > 0, such that for any a € R,

C
Eo(Y +a) = ¢(a) — M

Here the expectation is taken with respect to Y.
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Proof Since the condition (2.24) applies for both Y and —Y, and since ¢ is an even
function, we may assume, without loss of generality, that a > 0 (alternatively, we

may replace a with |a| in the calculations below).
We begin by writing
1 00
Ep(¥ +a) = / P@(Y +a) > N)di. = /
0

0

o0 S2
Z/ se 2 (1 —P(Y 4+al=s))ds
a
o S2
—=e¢ 2 —/ se” 2 P(]Y +a| = s)ds.
a

Note that for s > a > 0, we have

P(Y+a|>s)=PY¥ >s—a)+ P(-=Y > s+a) <2P(Y| > s—a).

By (2.24) and (2.26), we estimate

> s o0 52 2 2

/ se” 2 P(]Y +a| > s)ds < 2/ se— 2 oM =) 4
a a
o a 2
B 2/ (r + a)e_<t+2> Mgy,
0

Recall that

(t+a)? 1

(t+a)e 2 _\/,

A

and that

oo
2.2 b4
/ eM’dtz\/.
0

2M

By (2.25), (2.27), (2.28) and (2.29), letting C = ://72 , we have

C
EoY +a) z pla) - .

yielding the conclusion.

2
se” 2 P(|Y +a| < s)ds

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

O

Next, we shall demonstrate the following corollary of Lemmas 2.2.4 and 2.3.5.
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Corollary 2.3.6 There exist absolute constants C, ¢ > 0 such that forany M,r > 0

and p € (0, Cr‘j{;] and for any &€ € "1,

C
F(E, 1) <E,F(p®,t
(57)_ n (77’)+Ma

with function F defined in (2.3) and n® defined in Definition 2.2, and the expectation
taken with respect to nt .

Proof By Lemma 2.2.4, for any fixed 6 € S"~L, for an absolute constant ¢ > 0, the
random variable r(ng — &, 0) is sub-Gaussian with constant C:;’n < Al/l Therefore,
applying Lemma 2.3.5 N times with ¥ = r(n® —&,6;) and a = r (&, 6;) + 1, we get

N

1 Y oy | C
N;w@,m)—NZM

k=1

v

N
1
By D@ {n®. 6 +1)
k=1

1 o c
N 2 OrE B+~
k=1

finishing the proof. O
We are ready to prove Proposition 2.3.1.

Proof of the Proposition 2.3.1 Let p = "Ig/r". By Corollary 2.3.6, applied with
M = ci\{, we have, for every £ € sn—1,

1Y 1Y C'n
£
N§ w(r(é,9k>+r)sEnN§ @ (rin®, 00 +1) + v
k=1 k=1
N
1 C'n
< ma L0 + 1)+ . 2.31
_HE;;Ng:lrp(r(n k) +1) N (2.31)

By Lemma 2.3.4 and with our choice of p, with probability 1 — ™", (2.31) is
bounded from above by

n Nr nyn n (ogn)?> 1\ /n [qnt\ C'n
C 1 1+C ,
6\/N ogan+< + el Nr +r2+ n +r) A + N

whereg =1—C'(p + ,nz) >1-— C5(‘{"), in view of our choice of p. It remains to
note, in view of the fact that N > nCylog2 and r > C,+/n, that for an appropriate
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absolute constant C3 > 0, one has

n Nr C'n n Nr
C lo <C lo ,
6\/N & na/n + N ~ 3\/N & na/n
and for an appropriate absolute constant C4 > 0,

ni/n n logn)? 1 n
C7(*/+2+(g)+)5c4‘/.
Nr r n r r

The proposition follows. O

2.4 Proof of Theorem 2.1.1

Let m be the largest positive integer such that log" n > Cy, for a sufficiently large
absolute constant Cp > 0 to be determined shortly. Note that, hence,

log™ n < C}, (2.32)
for some absolute constant C(’).
Consider, fork =1, ..., m,
10 5 *-1 .\
Ni=n ,N2=n(10gn),...,Nk=n<log n) ,
Let also
Ri= " Re=
1_10gn,..., k—log(k)ny...
Consider independent unit random vectors 6; € S"! wherek =1, ..., m and

j=1,..., Ny. Following [11], consider the convex body
K = conv{xRibj, Lne;},

and the probability measures

1 1
Mk = N ;SRkaj’ M—k = N ;S—Rkékj,
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where § stands for the Dirac measure. We now set

*Ml*ug*...*um + U1 kU k. ok Uy

K= Vn )

Here y,, stands for the standard Gaussian measure on R”. We shall show that there
exists a configuration of 0;, such that 4 and L = 4K satisfy the conclusion of the
theorem.

Step 1 Firstly, we estimate the volume of the body L = 4K from above, following
the method of [11]. Note that forall k = 1, ..., m we have ¢ (i’;) < ¢, for some

absolute constant ¢ € (0, 1), and hence there exists an absolute constant C > 0such

that
5n A S5n
1 1-— > —-C , 2.33
Og[ w(&ﬂ_ ¢<Rk> (39
forallk =1,...,m.

By Khatri-Sidak lemma (see, e.g. [9] for a simple proof), applied together with
the Blaschke-Santalo inequality, and in view of (2.33), we have

m

51\ \ M
4K > c}I15nK°| = 4ya(5nK®) = " [ | (1 —¢ (R’Z»
k=1

m _ 2502
> " exp (—c Y Nee ) . (2.34)
k=1

Plugging the values of Ny and Ry, and using 225 > 7, we get

m 725)12 m
3 Nee M <0t 4 3 (ogh D pySen 0T < o (2.35)
P k=2

since the sum converges faster than exponentially.
By (2.34) and (2.35), we conclude that
K| < b, (2.36)

for some absolute constant cg > 0.

Step 2 Next, we estimate the sections from above. Note that (see [11] for details),

ptEt ey = : 5 (237)
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where
1 1 N1 Ny N
A= YN D e+ RE O+ A+ R O
\/Zan...Nm,_l._l —)
J1=1 2= Jm=
(2.38)
and
N1 M
B= Z > Z @(—1 + RU(E, 01),) + ... + R (€. Omj,))
\/2” Ni- 1 jo=1 1
/l /2 /m—
(2.39)

For r > Ca/n we set q(r) = 1 — Cs+/n/r where Cs is the constant coming

from Proposition 2.3.1. We define ry, 72, ..., rm € [Caa/n, n] such that

r =R
and fork > 1,
k
(ri)a/n Ry (rj)/n
Figl = q VR4 _ l—[ q\r; Vi - Riq1.
Ry 1 rj
j=1
Denote
k—1 k—1 A
C 1 C
=[] [(1 + 4*/") } <TTll1+ Vi | (2.40)
il ri /el rj

The reason for the definition of «y, is the inequality

=)=

which we will use below in a repeated application of Proposition 2.3.1. Observe that
there exists an absolute constant C > 0 such that for every k = 1 m, we have

B log¥) n 3! logt/) n
=2 1og(i—Dp
k<(1+C )]_[(1+ logi D » Ce e <C, (2.41)

since the sum converges faster than exponentially.
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Provided that Cyp > O is selected large enough, we have that for each k, the
pair N = Ny and r = ry satisfies the assumptions of Proposition 2.3.1. Applying
Proposition 2.3.1 consecutively m times with N = Ny andr = rp fork =1, ..., m,
we get that with probability at least 1 —me ™" = 1 — o(1), for every & € S"~! and
for every t € R, the term A from (2.38) is bounded from above by a constant
multiple of

Niry

N Nm m
nlog i, ar/n | Mlog nf/’j - am/n | 108 n\/rn . U1 /1
Ny Ry Ny " R N, Ry

m
/ 7z 1

c c o log™ n C
= + Q + = )
JnooW/n Z log® n Jn Vvn

k=1

for an appropriate constant C > 0, where we used (2.41) to bound o, and (2.32) to
bound log"™ n.

The same bound applies also to the term B from (2.39). We conclude, in view
of (2.37) that with high probability, for all & € S"~! and for all 7 € R,

pEL +18) < (2.42)

C
N
Step 3 Recall that p is an average of translates of the Gaussian measure, centered at

the vertices of K. As was shown in [11, Lemma 3.8], using the fact that \/n Bé’ C K,
and since 4K = 2K + 2K contains 2\/nt + 2K, one has

WEK) = ya(2/nBY) > ; (243)

where, e.g. Markov’s inequality is used in the last passage.
Combining (2.36), (2.42) and (2.43), we arrive to the conclusion of the theorem,
with L = 4K. O

2.5 Further Applications

2.5.1 Comparison via the Hilbert-Schmidt Norm for Arbitrary
Matrices

As another consequence of the Lemma 2.2.4, we have:

Lemma 2.5.1 (Comparison via the Hilbert-Schmidt Norm) Let p € (0, ;).
There exists a collection of points N C 2B} \ éBg with #N < (i)" such that
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for any matrix A : R" — RV, for every & € S"~! there exists an n € N satisfying
2 2 P’ 2
|An|” < C1|Ag]” + C2 o 1Al (2.44)

Here C, Cy, Cy are absolute constants.

Proof Recall that |Ax|> = vazl (Xi, x)%, where X; are the rows of A. In order to
prove the Lemma, it suffices to show, for every vector g € R", that

2
0
E,(n°,8)> < Ci(§, 8)* + C2 . P (2.45)

the Lemma shall follow by applying (2.45) to the rows of A and summing up.
We shall show (2.45). Using the inequality a> = (a — b +b)*> < 2(a — b)>+2b>,
we see

1(n*, &)1* < 21(n%, g) — (&, &)I* + 214, &)1,

and hence
Eyl(n®, &)* < 2B, |(n°, g) — (£, &)1 +2I(&, &)1 (2.46)
By Lemma 2.2.4, |(n%, g) — (£, g)| is sub-Gaussian with constant c"’lfll, and
hence
® _ ar p*lgl?
Byltf )~ o) <2 [ re erar < (2.47)
0 n
for some absolute constant C > 0; (2.46) and (2.47) entail (2.45).
|

A fact similar to Lemma 2.5.1 was recently shown and used by Lytova and
Tikhomirov [16].

Lemma 2.5.1 shows that there exists a net of cardinality C", such that for any
random matrix A : R” — RY whose entries have bounded second moments, with
probability at least

2 2 9
L= P([Allys = 10E[|Alls) = |

one has (2.44), with E||A||%{S in place of ||A||%IS. However, such probability
estimate is unsatisfactory when studying small ball estimates for the smallest
singular values of random matrices. In the soon-to-follow paper, we significantly
strengthen Lemma 2.5.1: we employ the idea of Rebrova and Tikhomirov [18], and
in place of the covering by cubes, we consider a covering by parallelepipeds of
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sufficiently large volume. This leads us to consider the following refinement of the
Hilbert-Schmidt norm: with k > 1, foran N X n matrix A, define

n
Be(A) = min ZaizlAe,-|2.
=1

«;€[0,1], [T/_ iz :

By acts as an averaging on the columns of A. In a separate paper we shall show that
n
there exists a net N’ C 2BJ \ %Bg, of cardinality (i) , such that for all N x n

matrices A, for every £ € S"~! there exists an n € N satisfying

2
|An|* < C1|A&I> + Z Bio(A). (2.48)

The proof shall be a combination of the argument similar to the proof of
Lemma 2.5.1 along with the construction of a net on the family of admissible
nets. The bound on the cardinality of that net shall follow, in fact, again from
Lemma 2.2.1.

The advantage of (2.48) over (2.44) is the strong large deviation properties of
Bi1o(A). For example, we shall show an elementary fact that for any random matrix
A with independent columns and E||A| |%1 g < 00,

P(Bio(A) = 2E||A|l5) < e (2.49)
The detailed proofs of the mentioned facts, and applications to sharp estimates for

the small ball probability of the smallest singular value of heavy-tailed matrices
shall be outlined in a separate paper.

2.5.2 Covering Spheres with Strips

For6 € "1, t e Rand @ > 0, consider a strip
SO, a,7):={5 €S (5,0) + 7| <a).

Observe that

N N
Z s, 1,1 = CZ(/)(NE, Ok) +1).

k=1 k=1

Therefore, Proposition 2.3.1 implies
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c

Proposition 2.5.2 For any N and for any o < n with N € [cnlog ag/z,nlo]

there exists a collection of points 01, ..., 0n € S"~! such that every strip of width
2« contains no more than

~ N
C \/anog 32 + Nv/na
on

points in this collection.

We note that in view of the point-strip duality, bounding Z,ivzl Lgg.1.1y(8)

yields estimates of the form stated in Proposition 2.5.2.

The direct consideration of the characteristic functions in place of the Gaussian
functions gives exactly the same bound as an application of Proposition 2.3.1.

In [8], Frankl, Nagy and Naszodi conjecture that for every collection of N points
on S? there exists a strip of width 1%, containing at least f(/N) points, where f(N) —
oo as N — oo. Proposition 2.5.2 generalizes Theorem 4.2 by Frankl, Nagy, Naszodi
[8] from the two-dimensional case to an arbitrary dimension, with good dimensional
constant, although it does not shed any light on the dependence on N.
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Chapter 3 )
Two-Sided Estimates for Order Statistics ¢
of Log-Concave Random Vectors

Rafal Latala and Marta Strzelecka

Abstract We establish two-sided bounds for expectations of order statistics
(k-th maxima) of moduli of coordinates of centered log-concave random vectors
with uncorrelated coordinates. Our bounds are exact up to multiplicative universal
constants in the unconditional case for all k and in the isotropic case for
k < n — cn®/® We also derive two-sided estimates for expectations of sums of
k largest moduli of coordinates for some classes of random vectors.

3.1 Introduction and Main Results

For a vector x € R" let k-maxx; (or k-minx;) denote its k-th maximum
(respectively its k-th minimum), i.e. its k-th maximal (respectively k-th minimal)

coordinate. For a random vector X = (Xy, ..., X,), k-min X; is also called the
k-th order statistic of X.
Let X = (X1, ..., X;) be arandom vector with finite first moment. In this note

we try to estimate [Ek- max; | X;| and

k
E max | Xi|=E [-max | X;].

Order statistics play an important role in various statistical applications and there is
an extensive literature on this subject (cf. [2, 5] and references therein).

We put special emphasis on the case of log-concave vectors, i.e. random vectors
X satisfying the property P(X € AK 4+ (1 —A)L) > P(X € K)*P(X € L)'~ for
any A € [0, 1] and any nonempty compact sets K and L. By the result of Borell
[3] a vector X with full dimensional support is log-concave if and only if it has
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a log-concave density, i.e. the density of a form e ™) where h is convex with
values in (—o0, 00]. A typical example of a log-concave vector is a vector uniformly
distributed over a convex body. In recent years the study of log-concave vectors
attracted attention of many researchers, cf. monographs [1, 4].

To bound the sum of k largest coordinates of X we define

1
tk, X) := inf:t > 0: ZElXill{\Xilzt} Sk}. (3.1
f i=1

and start with an easy upper bound.

Proposition 3.1 For any random vector X with finite first moment we have

E max E Xi| < 2kt(k, X). 3.2
Proof For any t > 0 we have

n
max D IXil <tk 4 Y 1Xillyx=0)-
el i=1

O

It turns out that this bound may be reversed for vectors with independent
coordinates or, more generally, vectors satisfying the following condition

P(X:| =s,1Xj| =1t) <aP(X;| > s)P(|X;| >¢) foralli # jandalls,t > 0.
(3.3)

If @ = 1 this means that moduli of coordinates of X are negatively correlated.

Theorem 3.2 Suppose that a random vector X satisfies condition (3.3) with some
o > 1. Then there exists a constant c(a) > 0 which depends only on o such that for
anyl <k <n,

c(a)kt (k, X) < [E max Xi| < 2kt (k, X).
(@)kt (k. X) m:k; il < 2kt (k, X)

We may take c(a) = (288(5 + 4a)(1 + 2a))" L.

In the case of i.i.d. coordinates two-sided bounds for £ max;|— Zie[ la; X;| in
terms of an Orlicz norm (related to the distribution of X;) of a vector (a;);<, where
known before, see [7].

Log-concave vectors with diagonal covariance matrices behave in many aspects
like vectors with independent coordinates. This is true also in our case.
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Theorem 3.3 Let X be a log-concave random vector with uncorrelated coordinates
(i.e. Cov(X;, X;) =O0fori # j). Thenforany 1 <k <n,

ckt(k, X) < [E max Xi| < 2kt (k, X).
(k. X) |1|=k§| il < 2kt (k, X)

In the above statement and in the sequel ¢ and C denote positive universal
constants.

The next two examples show that the lower bound cannot hold if n > k and
only marginal distributions of X; are log-concave or the coordinates of X are highly
correlated.

Example 3.1 Let X = (e14,¢€28,...,¢€n8), Where €1, ..., ¢,, g are independent,
P(e; = +1) = 1/2 and g has the normal N (0, 1) distribution. Then CovX = Id
and it is not hard to check that E max);— Zie[ |X;| = ko/2/7 and t(k, X) ~
In'?(n/k) ifk < n/2.

Example 3.2 Let X = (g,...,g), where g ~ N(0, 1). Then, as in the previous
example, Emax ;= 3 ;; |Xi| = k+/2/m and t (k, X) ~ In'/2(n/ k).

Question 3.1 Let X' = (X|, X}, ..., X} be a decoupled version of X, i.e. X| are
independent and X has the same distribution as X;. Due to Theorem 3.2 (applied
to X’), the assertion of Theorem 3.3 may be stated equivalently as

Emax Y |X;|~Emax Yy |X/|.
m=kZ ! m=k§ !

iel

Is the more general fact true that for any symmetric norm and any log-concave
vector X with uncorrelated coordinates

EI X ~ E[IX"|I?

Maybe such an estimate holds at least in the case of unconditional log-concave
vectors?

We turn our attention to bounding k-maxima of |X;|. This was investigated in
[8] (under some strong assumptions on the function ¢ — P(|X;| > ¢)) and in the
weighted i.i.d. setting in [7, 9, 15]. We will give different bounds valid for log-
concave vectors, in which we do not have to assume independence, nor any special
conditions on the growth of the distribution function of the coordinates of X. To this
end we need to define another quantity:

n
*(p, X) :=inf{t >0: Y P(Xi| = 1) < p} for0 < p <n.

i=1
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Theorem 3.4 Let X be a mean zero log-concave n-dimensional random vector with
uncorrelated coordinates and 1 < k < n. Then

1 1
Ek- max | X;| > Med(k-maxlX,-l) > (k= . x).
i<n 2 i<n 2
Moreover, if X is additionally unconditional then

1
Ek- max | X;| < Ct*(k— 5 X)

i<n

The next theorem provides an upper bound in the general log-concave case.

Theorem 3.5 Let X be a mean zero log-concave n-dimensional random vector with
uncorrelated coordinates and 1 < k < n. Then

1
]P’(k-maxlX,-l 2Ct*<k— ,X)) <l-c¢ 3.4
i<n 2
and
* 1 5/6
Ek-max | X;| < Ct" [ k— _k7°, X ). 3.5
i<n 2

In the isotropic case (i.e. EX; = 0, CovX = Id) one may show that t*(k/2, X) ~
*(k, X) ~ t(k, X) fork < n/2and t*(p, X) ~ " P for p > n/4 (see Lemma 3.24
below). In particular r*(n —k+1—(n—k+1)3/9/2, X) ~ k/n+n="% fork < n/2.
This together with the two previous theorems implies the following corollary.

Corollary 3.6 Let X be an isotropic log-concave n-dimensional random vector and
1 <k <n/2. Then

Ek-max; <, | X;| ~ t*(k, X) ~ t(k, X)
and

k . k —-1/6
¢ < Ek-min;<,|X;| = E(n — k 4+ 1)-max;<,|X;| < C +n .
n n

If X is additionally unconditional then
. k
Ek-min;<;| Xi| = E(n — k 4+ 1)-max; <, | X;| ~ y

Question 3.2 Does the second part of Theorem 3.4 hold without the uncondition-
ality assumptions? In particular, is it true that in the isotropic log-concave case
Ek-min;<, | X;| ~ k/nforl <k <n/2?
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Notation Throughout this paper by letters C,c we denote universal positive
constants and by C(), c() constants depending only on the parameter . The
values of constants C, ¢, C(«), c(«) may differ at each occurrence. If we need to
fix a value of constant, we use letters Cy, Cp, ... or cg, 1, . ... We write f ~ g if
¢f < g < Cg.For arandom variable Z we denote || Z||, = (E|Z|P)!/P . Recall that
arandom vector X is called isotropic, if EX = 0 and CovX = Id.

This note is organised as follows. In Sect. 3.2 we provide a lower bound for the
sum of k largest coordinates, which involves the Poincaré constant of a vector. In
Sect. 3.3 we use this result to obtain Theorem 3.3. In Sect. 3.4 we prove Theorem 3.2
and provide its application to comparison of weak and strong moments. In Sect. 3.5
we prove the first part of Theorem 3.4 and in Sect. 3.6 we prove the second part of
Theorems 3.4, 3.5, and Lemma 3.24.

3.2 Exponential Concentration

A probability measure u on R" satisfies exponential concentration with constant
a > 0if for any Borel set A with u(A) > 1/2,

1 —u(A+uBj)) < e forallu > 0.

We say that a random n-dimensional vector satisfies exponential concentration if its
distribution has such a property.

It is well known that exponential concentration is implied by the Poincaré
inequality

Var, f < B / IV f |2du for all bounded smooth functions f: R" > R

and o < 3./ (cf. [12, Corollary 3.2]).

Obviously, the constant in the exponential concentration is not linearly invariant.
Typically one assumes that the vector is isotropic. For our purposes a more natural
normalization will be that all coordinates have Li-norm equal to 1.

The next proposition states that bound (3.2) may be reversed under the assump-
tion that X satisfies the exponential concentration.

Proposition 3.7 Assume thatY = (Y1, ..., Y,) satisfies the exponential concentra-
tion with constant & > 0 and E|Y;| > 1 for alli. Then for any sequence a = (a;);_,
of real numbers and X; := a;Y; we have

Emax ) |X;| > (8464 ke X)
max 1= (8+ ) kk X0,
WI=kieT l vk

where t(k, X) is given by (3.1).
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We begin the proof with a few simple observations.

Lemma 3.8 For any real numbers z1, ..., 2z, and 1 < k < n we have

‘rﬂel)]iz lzi| = / mln{ Zl |Z,>q}}ds
e
Proof Without loss of generality we may assume that z; > zo > ... > z, > 0.
Then

k—1

k— 2k
/ mln{ Zl{zlw}ds = Z/ lds +/O kds =Y 1z — z1) + kzx
I=1 Y2+l

=1

=z1+. +Zk—maXZ|Z,

iel

Fix a sequence (X;);<, and define for s > 0,

N(s) := Zl{\XiIES}- 3.6)

i=1

Corollary 3.9 Foranyk=1,...,n,

Emax Z 1X;| = f ZIP’(N(s) > )ds,

and for anyt > 0,

EY 1Xi|1x, 12 = EN (1) +f > P(N(s) = lyds.

i=1 ro=1

In particular

EZlX x, |>,}<Emax2|x H Z <tIP’(N(t) >l)+/ ]P’(N(s)zl)ds>.

i=1 I=k+1

Proof We have

o k o o
/ Z P(N(s) = Dds = / E min{k, N(s)}ds = E/ min{k, N(s)}ds
(U 0 0

—EmaxZ|X|
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where the last equality follows by Lemma 3.8.
Moreover,

(EN (1) + / ZP(N(S) > I)ds = tEN(1) + / ” EN(s)ds
t

(0.¢]
= ]EZ (fl (1Xi|=1) +/ 1{|X,->s}dS)

i=1
n

=E)  IXilLix,=0-
i=1

The last part of the assertion easily follows, since

tIEN(t)—tZ]P’(N(t) > 1) </ ZIP’(N(s) > l)ds + Z P(N (1) > 1).
I=k+1
O

Proof of Proposition 3.7 To shorten the notation put # := t(k, X). Without loss of
generality we may assume thatay > a» > ... > a, > 0 and ax/47 = 1. Observe
first that

[k/41
Emax ) [Xi| = ) aBlYi| = k/4,

|T1=k “ ‘
iel i=1

so we may assume that #; > 16a//k.
Let u be the law of Y and

n
k
— n.
A= {y ER": Y Lgis by < 2}‘

i=1

We have

=~

Z k Z k k
E‘l}l‘a)](( = |X | z 4tk]P)< - l{laiYi‘ZéTk} Z 2) = 4tk(1 - 'LL(A))’
le =

so we may assume that w(A) > 1/2.
Observe thatif y € A and Z?:l 1{4;zi1>s) = [ > k for some s > 1 then

Y=y = Y (wz—aiy)? = (= 3K/ - 1/2)° >

s
i=[k/4] 16
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Thus we have

S\/l n v
PING =) <1—pu(A+7, By ) se™®  forl>k szt

Therefore
© © s/l 4 Vi
f P(N(s)zl)dsgf e nds = e forl >k,
73 173 \/l
and
o0 00 ad 4o\ _uvi
> (wevw zn+ [P znas) < 3 (a+ e
I=k+1 K I=k+1 Vi

4o 00 _ hkJu do _ nVk e ¢ _th/ufk
<\t + e 4 du <\t + e 42 e 42 du
Vk+1/) Ji Vk+1 k

(t N 4o )64a2 —fffzk - (t N lt)k - 1/“
= e o B
k \/k—i-l t]% = k 4k 4=2 k

where to get the next-to-last inequality we used the fact that 7, > 16a/v/k.
Hence Corollary 3.9 and the definition of # yields

n
ke <E Y IXil L 200

i=1

§E‘rﬂi)]§;|Xi|+ Z (l‘kP(N(l‘k) Zl)+/

- P(N(s) > l)ds)
I=k+1 Tk

1
< [E max | Xi| + _ktg,
\I\:k; ! 2

so E max| =« Zie[ | Xi| > éktk. |
We finish this section with a simple fact that will be used in the sequel.

Lemma 3.10 Suppose that a measure | satisfies exponential concentration with
constant . Then for any ¢ € (0, 1) and any Borel set A with w(A) > ¢ we have

1 —u(A+uBj)) < exp(— (Z +lnc)+) foru > 0.

Proof Let D :=R" \ (A +rB}). Observe that D + r By has an empty intersection
with A soif w(D) > 1/2 then

c<u(A) <1 —pu(D+rB}) <e’/
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andr < aIn(1/c). Hence u(A + aIn(1/c)By) > 1/2, therefore for s > 0,

1= u(A+ (s +aln(1/e)B;) =1 — u((A+aln(l/c)BY) +sB) < e/,

and the assertion easily follows. O

3.3 Sums of Largest Coordinates of Log-Concave Vectors

We will use the regular growth of moments of norms of log-concave vectors multiple
times. By [4, Theorem 2.4.6],if f : R” — R is a seminorm, and X is log-concave,
then

Ef(X)P)/P < clg’ EfX)DY4 forp =g =1, 3.7)

where C1 is a universal constant.
We will also apply a few times the functional version of the Griinbaum inequality
(see [14, Lemma 5.4]) which states that

1
P(Z>0) > for any mean-zero log-concave random variable Z. (3.8)
e

Let us start with a few technical lemmas. The first one will be used to reduce
proofs of Theorem 3.3 and lower bound in Theorem 3.4 to the symmetric case.

Lemma 3.11 Let X be a log-concave n-dimensional vector and X' be an indepen-
dent copy of X. Then forany 1 <k <n,

E ma X; — X/| < 2Ema X;l,
max > X = Xj| =< \1\:1;' i

il
1 X) < et(k, X — X')+ > max Y EIXl, (3.9)
k 1=k iel
and
2k, X — X') < 26%(k, X). (3.10)

Proof The first estimate follows by the easy bound

Emax » |X;— X/|<Emax Y |X;|+Emax » |X/|=2Emax » |X;|.
P& ¥ M < B 2 Il By 2 il =28 2 X
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To get the second bound we may and will assume that E|X1| > E|X,| > ... >
E|X,|. Letusdefine Y :== X —EX,Y ;=X —EX and M := ,125-;1 E|X;| >
max;>k [E|X;|. Obviously

k
Y EIXillyx; 2 <kM fort > 0. (3.11)
i=1

We have EY; = 0, thus P(Y; < 0) > 1/e by (3.8). Hence
EYil{y,>n < eEYil{Yi>,’Yi/§0} < eElY; — Yi’ll{yi,yi/>,} =ceE|X; — X;ll{Xi,X;N}
for ¢t > 0. In the same way we show that
ElYi 1y, <—sy < eE|Yi|1{Y,~<—r,Yi’30} < eE|X; — X;|1{X;,Xi>t}
Therefore
E|Yi 1)y, >y < €EIXi — X;|1jx,—x/>)-

We have

n

n
Z E| X 11{x; > er (k, X=X +M} < Z EIXi |1y, |> et (k, x—x7))
i=k+1 i=k+1

n n
< D Elillynswx—xn + ) [EXi[P(Yi| > er(k, X = X))
i=k+1 i=k+1

n n
<e Y EIXi — X[ x,—x|=1c.x—x) + M D_P(Yi| > et(k, X — X))

i=1 i=1

n
-1
<ekt(k, X - X+ M Z (et (k, X — X)) EYi[1{jy;|>er (k, x—x7))

i=1

n
< ekt(k, X — X'y + Mt (k, X = X)7' Y "BIXi — X[ x, —x/)1 6. x—x0)
i=1

<ekt(k, X — X')+ kM.

Together with (3.11) we get

n
Y BIXillx; e x— x4 1) < ket (k, X — X') +2M)

i=1

and (3.9) easily follows.
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In order to prove (3.10), note that for u > 0,
P(IX; — X]| > 2u) < P(max{|X;|, |X]} = u) < 2P(|Xi| > u),

thus the last part of the assertion follows by the definition of parameters ¢*. O

Lemma 3.12 Suppose that V is a real symmetric log-concave random variable.
Then forany t > 0 and A € (0, 1],

4 _
EIVIlgvizg < PAV] > DRIV v -

Moreover, if P(|V| > t) < 1/4, then E|V |1y |1 < 4P(V]| > 1).

Proof Without loss of generality we may assume that P(|V| > ¢) < 1/4 (otherwise
the first estimate is trivial).

Observe that P(|V| > s) = exp(—N(s)) where N: [0, co) — [0, oo] is convex
and N(0) = 0. In particular

P(|V| > yt) <P(V|>1)" fory > 1
and
P(V|>yt) = P(|V| = 1) fory €0, 1].

We have

o0 o0
EIV 1y < Y 2FUP(V| = 25 <20 Y 2FP(v| = )
k=0 k=0

o0
< 2P(|V| > 1) Zz’%l—zk < 4P(|V| > 1).
k=0

This implies the second part of the lemma.
To conclude the proof of the first bound it is enough to observe that

EIV 1(yjza) = MP(V] = 1) = MP(V] = ).
O

Proof of Theorem 3.3 By Proposition 3.1 it is enough to show the lower bound. By
Lemma 3.11 we may assume that X is symmetric. We may also obviously assume
that || X;]|3 = EX? > 0 forall i.

LetZ = (Z1,...,Z,), where Z; = X; /|| X;ill2. Then Z is log-concave, isotropic
and, by (3.7), E|Z;| = 1/(2Cy) for all i. Set Y := 2C1Z. Then X; = a;Y; and
E|Y;| = 1. Moreover, since any m-dimensional projection of Z is a log-concave,
isotropic m-dimensional vector, we know by the result of Lee and Vempala [13],
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that it satisfies the exponential concentration with a constants Cm!/#. (In fact an
easy modification of the proof below shows that for our purposes it would be enough
to have exponential concentration with a constant Cm? for some y < 1/2, so one
may also use Eldan’s result [6] which gives such estimates for any y > 1/3). So

any m-dimensional projection of Y satisfies exponential concentration with constant
Com'/4,
Let us fix k and set ¢ := ¢ (k, X), then (since X; has no atoms)

n
> EIXilLyjx, 20 = kt. (3.12)
i=1
Forl =1,2,...define
I={i enl: 7' > P(X;| > 1) > B},

where g = 278, By (3.12) there exists / such that
ZEW:'II{\anz} > k27
iel;

Let us consider three cases.

(1) I =1and |[]| < k. Then
1
Efﬂi’iz |Xi| > meiuuxim > k.
iel iel
(2) I =1and |I1] > k. Choose J C I; of cardinality k. Then
Emax > |Xi| = Y E|X;| = Y P(X;| = 1) > Bkt.
HI=kiet iel ieJ
(3) I > 1. By Lemma 3.12 (applied with A = 1/8) we have
1 1
ZE|Xi|1{|X,-|zt/8} > 32,3_7(l_1)/8ZE|X,’|1{|X,-|zt} > 32,3_7(1_1)/82_lkt.

el el

(3.13)

Moreover for i € I, P(|X;| = t) < ﬁ”l < 1/4, so the second part of
Lemma 3.12 yields

ar|p|p"t > ZE|XI|1{|X,-|2t} > k27!

iel;

and || > B 12712k = 27110k > .
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Set k' := g~ 7/827 k = 2%k, If k' > |I;| then, using (3.13), we estimate

1
E X; E|X;| > 878N "E|x; 11 > T8kt
fﬂa’igl I_| Y EIXil = 752 EIXilxizs = 4B
lEIl iel;
=212k,

Otherwise set X’ = (X;)iep, and Y’ = (Y;)iey,. By (3.12) we have

kt > Y EIXi|1x; 20 > 116,

i€l

so [Ij] < kB~! and Y’ satisfies exponential concentration with constant o’ =
Cok'/4p=1/4 Estimate (3.13) yields

ZEIXill{\Xi\Zz—lzt} > ZE|Xi|1{|X,-|zt/8} > 2712kt

i€l i€l

so t(k’, X') > 2712t. Moreover, by Proposition 3.7 we have (since kK’ < |I;|)

1
E max Ktk X).
1ch.|I1=k 4 Z X 8 + 64a’ /K

To conclude observe that

o o Cy
=27k <
N 4
and since k' > k,
Emax Y |X;| > KB max Z| | > by
=k = TR 1=k =84 160, '

3.4 Vectors Satisfying Condition (3.3)

Proof of Theorem 3.2 By Proposition 3.1 we need to show only the lower bound.
Assume first that variables X; have no atoms and k > 4(1 + «).

Let#; =t(k, X). Then E Z?:l | Xi|1{x;/>4) = ktx. Note, that (3.3) implies that
forall i # j we have

BIX: X 510X 1200 1x 1200 < CBEIXG 1 x01200BIX 1 1x1 200 - (3.14)
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We may assume that E max;j= Zie[ [ Xi| < éktk, because otherwise the lower
bound holds trivially.
Let us define

n
Y=Y |Xillgyzx, =4 and A= (EY?)'2
i=1

Since

1 1 kty
> = >
E\I}l\i)li; | Xi| > El:zktkl{YZka/2}:| zktk]P’<Y z, ),

it suffices to bound below the probability that ¥ > k#;/2 by a constant depending
only on «.
We have

n
A*=EY? <Y EX gz xiza) + 3 EIXi XX 20 1x,120)
i=1 i]

(3.14)
< kuBY +o ) EIXi[1x, 120 EIX 11x; 120

i#]

n 2
1
< kiy A+ a( ZE|X,»|1{XI.M}) < 2(k2t,§ + A%) + ak?}.
i=1

Therefore A2 < 1+ 2a)k2t,3 and for any / > k/2 we have
1
EY Lyzky /) < 10P(Y > kie/2) + EY?
k
< IGP(Y > kix/2) + (1 + 200k 1. (3.15)

By Corollary 3.9 we have (recall definition (3.6))

n
Z;mxiuﬂxnzktk} < Efﬂi’i; X
1= 1

+ % (krwaa =0+ [ r0ve) = nas)
kty

I=k+1 !
1 > o0
< kot Do (ktk]EN(ktk)zl_z—i- / EN(s)Zz—st>
I=k+1 ky
1 1 2 OO 2
< kn+ |knENGkn)*+ | EN(s)’ds).  (3.16)
6 k kit
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Assumption (3.3) implies that

n
EN(s)® =Y P(Xi| = 5)+ Y _P(Xi| =5, |X;] = 5)
i=l1 i#j

n n 2
<) P(Xi| = 5) +a (ZP(|X,~| > s)) :
i=1 i=1

Moreover for s > kt; we have
n n
1 kty
Y PUXiz ) < D EIXillgx=g < U <L,
i=1 i=1
SO
n
EN()? <(1+0a) Y P(Xi| >s) fors >kt
i=1
Thus
n n
knEN (kty)* < k(14 @) Y P(Xi| > ki) < (14 @) Y E|XiLyjx 240
i=1 i=1
and
o0 n o0 n
/k EN(s)%ds < (1 + ) Z/k P(1X;| > s)ds < (1 + ) ZEIXill{\Xilzkrk}-
Ik i=1 YKk i=1

This together with (3.16) and the assumption that kK > 4(1 + «) implies

n

1
E EIXi 11 x; 12kt < 3ktk
i=1

and

n n
2
EY = ) EIXillx;20) — ) BIXil1x,12k5) > 4 Kk
i=1 i=1

Therefore

1 1
EYI{sztk/z} >[EY — zktk > 6ktk.
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This applied to (3.15) with [ = (12 + 24a)k gives us P(Y > k1 /2) > (144 +
288a)~! and in consequence

1
E Xi| > kt(k, X).
mi’igl 12 881 4 20) &Y

Since k +— kt(k, X) is non-decreasing, in the case k < [4(1 + «)] =: ko we
have

k k 1
Emax |X;| > [E max |X;| > .
|I|=k ko |=ko 5+4a 288(1 +2)
1
>
~ 288(5 +4a)(1 + 2)

kot (ko, X)
ki (k, X).

The last step is to loose the assumption that X; has no atoms. Note that both
assumption (3.3) and the lower bound depend only on (| X;[)!"_;, so we may assume
that X; are nonnegative almost surely. Consider X° := (X; + 8Y,-)§'=1, where
Y1,...,Y, are ii.d. nonnegative r.v’s with EY; < oo and a density g, independent
of X. Then for every s, > 0 we have (observe that (3.3) holds also for s < 0 or
t <0).

P(X; > s, Xj > 1)
o o
=/O /O P(X; +ey;i 25, Xj+ey; =20g(yi)g(yj)dyidy;

=< a/O /O P(Xi =5 —ey)P(Xj =1 —eyj)g(yi)g(yj)dyidy
= aP(X; > s)]P’(Xj >1).
Thus X? satisfies assumption (3.3) and has the density function for every ¢ > 0.
Therefore for all natural k we have
n

Ell}llanl({ X! > c(a)kt(k, X?) > c(a)kt (k, X).
=1

Clearly, E max|;j—¢ Y ;_; X! — Emax|;— >_;_, X; as& — 0, so the lower bound
holds in the case of arbitrary X satisfying (3.3). O

We may use Theorem 3.2 to obtain a comparison of weak and strong moments
for the supremum norm:

Corollary 3.13 Let X be an n-dimensional centered random vector satisfying
condition (3.3). Assume that

1Xill2p < BlIXillp foreveryp >2andi =1,...,n. (3.17)
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Then the following comparison of weak and strong moments for the supremum norm
holds: for alla € R" and all p > 1,

(Emax|ai XiI”)''" < Cle, )| Emax|a;X;| + max (Ela; Xi17)"/"].
i=n i<n i<n

where C(a, B) is a constant depending only on o and f.

Proof Let X' = (X});<, be a decoupled version of X. For any p > 0 a random
vector (|a; X;|?)i<, satisfies condition (3.3), so by Theorem 3.2

(Emax|a;X;17)"" ~ (Bmax jai X]17)""”

for all p > 0, up to a constant depending only on «. The coordinates of X’
are independent and satisfy condition (3.17), so due to [11, Theorem 1.1] the
comparison of weak and strong moments of X’ holds, i.e. for p > 1,

(E max |a; X/|7)'/7 < C(,B)[Emaxla,-Xl’-l + max (E|a,-x;|l’)1/”],
i<n i<n 1=n

where C () depends only on . These two observations yield the assertion. O

3.5 Lower Estimates for Order Statistics

The next lemma shows the relation between ¢ (k, X) and t*(k, X) for log-concave
vectors X.

Lemma 3.14 Let X be a symmetric log-concave random vector in R". For any
1 <k <nwe have

1 1 1
t*(k, X EIX;| | <t(k,X) <4(r"(k X E(X;|].
3( (k, )+k|1;13§; | l|>_ (k. X) < ( (k, ”Mﬂi’i; | ,|>

Proof Let t := t(k, X) and #; := t*(k, X). We may assume that any X; is not
identically equal to 0. Then Y/ P(|1X;| > ) =k and }_;_, E|X;|1{x;24) = kik.
Obviously 7} < . Also for any |I| = k we have

D EIXi| <) (6 + EIXi L 1209) < 6 + kg = 2Kkt

iel iel
To prove the upper bound set

I :={i € [n]: P(X;| > 1)) > 1/4}.
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We have

1
kz 3 PAXil =) = I,

iell]

so |I1| < 4k. Hence

D_EIXillx 2y = D EIXi| < 4max 3 EIXi|

iel iel iel
Moreover by the second part of Lemma 3.12 we get
EIXiyx, 2y < 4 PUX| > 1) fori ¢ I,

SO

n
Y EIXilLx, sy < 450> PUXi| > 1) < 4k}
i¢h i=1

Hence if s = 41 + 2 max|sj=k ) _;<; E|X;| then

iel

n n
D EIXillgx =) < ) EIXi ) < 4{}}1?;{;E|Xil + 4kt = ks,
L

i=1 i=1
thatis #, <. m]

To derive bounds for order statistics we will also need a few facts about log-
concave vectors.

Lemma 3.15 Assume that Z is an isotropic one- or two-dimensional log-concave
random vector with a density g. Then g(t) < C for all t. If Z is one-dimensional,
then also g(t) > c for all |t| < to, where to > 0 is an absolute constant.

Proof We will use a classical result (see [4, Theorem 2.2.2, Proposition 3.3.1,
Proposition 3.3.2, and Proposition 2.5.9]): [ gllsup ~ g(0) ~ 1 (note that here we use
the assumption that Z is isotropic, in particular that EZ = 0, and that the dimension
of Z is 1 or 2). This implies the upper bound on g.

In order to get the lower bound in the one-dimensional case, it suffices to prove
that g(u) > c for |u| = ¢E|Z| > (2C1)"'e, where 1/4 > ¢ > 0 is fixed and its
value will be chosen later (then by the log-concavity we get g(u)*g(0)! ™ < g(su)
forall s € (0, 1)). Since —Z is again isotropic we may assume that u > 0.

If g(u) > g(0)/e, then we are done. Otherwise by log-concavity of g we get

o o o
P(Z > u) :/ g(s)ds 5/ g) g0y~ gs < g(O)/ e *ds < Cou < Coe.
u u u
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On the other hand, Z has mean zero, so E|Z| = 2EZ and by the Paley—Zygmund
inequality and (3.7) we have

EZ)? _ 1 EIZ])®

(
P(Z >u)=P(Zy >2¢EZ,) > (1 — 2¢)?
(Zzu)=P(Zy 22eEZ) = (1 - 2e¢) EZ2 T 16 EZ2 > ¢o

For ¢ < ¢p/Cp we get a contradiction. O

Lemma 3.16 Let Y be a mean zero log-concave random variable and let
P(|Y| > t) < p for some p > 0. Then

t 1
IED(IYI > 2) > JepP(IYI = 1).

Proof By the Griinbaum inequality (3.8) we have P(Y > 0) > 1/e, hence
t 1 1
P(y>_|>VPOU20P¥>0>  JP¥>0>  PY=>1).
2 Je Jep
Since —Y satisfies the same assumptions as ¥ we also have

]P(—th>z ! P(-Y >1t).
2 Jep
O

Lemma 3.17 Let Y be a mean zero log-concave random variable and let
P(Y| = t) > p for some p > 0. Then there exists a universal constant C
such that

P(Y| < At) < ¢ P(Y| <t) fori e [0, 1].
vp

Proof Without loss of generality we may assume that EY?> = 1. Then by
Chebyshev’s inequality 7 < p~1/2. Let g be the density of Y. By Lemma 3.15
we know that ||g|loc < C and g(t) > ¢ on [—1y, t9], where ¢, C and tp € (0, 1) are
universal constants. Thus

P(Y| <1) > P(|Y| < t04/pt) > 2cto4/pt,
and
CA
P(Y| < At) < 2|gllcort <2CAt < P(Y| <1).
cto/p

O

Now we are ready to give a proof of the lower bound in Theorem 3.4. The next
proposition is a key part of it.
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Proposition 3.18 Ler X be a mean zero log-concave n-dimensional random vector
with uncorrelated coordinates and let o > 1/4. Suppose that

1
P(lX,'l > t*(a, X)) < c foralli.
3

Then

P<L4aj-mlg:1x|Xi|> *(a, X)) "

Proof Lett* = t*(o, X), k := |4o] and L = I_*/C’J We will choose C3 in such a
way that L is large, in particular we may assume that L > 2. Observe also that @ =

" P(X;| > t* (o, X)) < nC7 L, thus Lk < C2e12¢ < 1207120 < nif
Zl—l 3 3 3
C3>1> ;.Hence
1 Lk
kmax|X|_ l-max | X;|
1
Xi| — X; 3.18
k(L—l)(z LkZI - D ') G19

iel

Lemma 3.16 and the definition of t*(«, X) yield
C
Z]P’<|X|> ) s VO a> Lk
\/e
This yields 7 (Lk, X) > t*(Lk, X) > ’ and by Theorem 3.3 we have

t*
E max Xi| = c1Lk

|I|:Lk;| il z et 2
1

Since for any norm P(||X|| < tE| X]||) < Ct fort > 0 (see [10, Corollary 1]) we
have

7
Xi| > coLkt . 3.19
(m_ax Y oIXil = e ) g (3.19)

Let X’ be an independent copy of X. By the Paley-Zygmund inequality and (3.7),

P(X;| = JEIX;]) > (i%'f;'fz > & if C3 > 16C}, s0 JEIX;| < t*. Moreover it
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is easy to verify that k = |4a] > « for o > 1/4, thus t*(k, X) < t*(a, X) = t*.
Hence Proposition 3.1, Lemma 3.14, and inequality (3.10) yield

EmaleXl_EmaxZ|X EX|<EmaxZ|X X)|
iel Il
< E max X — X!
< lll:%;u i
1

< 4kt (2k, X — X') < 16k(r*(2k, X — X) + max E[X; — X}|)
1

< 16k (21" (k, X) + 2 max E|X;|) < 96kr*.
l

Therefore

1
X;| = 800kt* . 3.20
(rpax Do IXil= ) g (3.20)

iel

Estimates (3.18)—(3.20) yield

1 3
P (k max|X | > L (ch — 800)1‘*) > 4

so it is enough to choose C3 in such a way that L > 1600/c;. O

Proof of the First Part of Theorem 3.4 Let t* = t*(k — 1/2, X) and C3 be as in
Proposition 3.18. It is enough to consider the case when t* > 0, then P(|X;| =
t*y=0foralliand ) ;_, P(|X;| > t*) = k — 1/2. Define

1
11-—{1511- P(IXZIZt)SQ}, a-—E P(X;| = %),

iel

b :={i§n: P(X;| > t*) > C13} Bi=> P(Xi| = ).

ieh

Ifp=0thena =k —1/2, |I1] = {1,...,n}, and the assertion immediately
follows by Proposition 3.18 since 4o > k.
Otherwise define

N(@) =Y 1x;<n)-

ieh

We have by Lemma 3.17 applied with p = 1/C3

ENG*) = Y P(Xi| < 1) < Csh Y P(Xi| <1%) = Csi( L] — ).

iel iely
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Thus
P (rm-me;x 1Xil < At*) =P(NOu™) = || +1 = A1)
1ely
1 N7 *
< EN(At*) < CsA.
L] +1—1[8]
Therefore
1 3
P - X;| > >
(1A1-maxixi1 = o ) =

If « < 1/2 then [B] = k and the assertion easily follows. Otherwise Proposi-
tion 3.18 yields

1 3
]P’<4 - Xi|> ) > ".
[4a)-max|Xi| = )—4

Observe that for o > 1/2 we have |4a] + [B]=4a — 14+ B>a+1/2+ =k, s0

t* r*
P [ k- max | X;| > min ,
i C4 4Cs

1 1 1

> P| |4a]- Xil> _ t*[B81- Xl > ) > .
> <L ] I}g{(l lI_C4 [B1 Il_ig};&l ,|_4C5 >_2
]

Remark 3.19 A modification of the proof above shows that under the assumptions
of Theorem 3.4 for any p < 1 there exists c¢(p) > 0 such that

P (k-max|xl-| > c(p)t*(k —1/2, X)) > p.
i<n

3.6 Upper Estimates for Order Statistics

We will need a few more facts concerning log-concave vectors.

Lemma 3.20 Suppose that X is a mean zero log-concave random vector with
uncorrelated coordinates. Then for any i # j and s > 0,

P(X;| <s,1Xj] <5) < CeP(1X;] < )P X| < 5).
Proof Let C7, c3 and fy be the constants from Lemma 3.15. If s > 19|/ X; |2 then,

by Lemma 3.15, P(| X;| < s) > 2c3fy and the assertion is obvious (with any Cg >
(2c3t9) ™). Thus we will assume that s < 7o min{|| X; |2, 1 X2}
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Let )~(,- = X;/|lXi|l> and let g;; be the density of ()~(,-, )~(j). By Lemma 3.15 we
know that || g; jllcc < C7, s0

2

~ ~ S
POX;| <s,1X;] <) =P(X;] < s/l Xill2, 1X;1 < s/11Xll2) < Cq .
1 X ll211 X j 1l

On the other hand the second part of Lemma 3.15 yields

2.2
4c3s

P(X;| < )P(X,| <s) > .
’ ! IX: 120X 112

Lemma 3.21 Let Y be a log-concave random variable. Then
P(|Y| > ut) < P(Y| = )= D/2 foru=>1,t>0.

Proof We may assume that Y is non-degenerate (otherwise the statement is
obvious), in particular Y has no atoms. Log-concavity of ¥ yields

P(Y > 1) > P(Y > —1)er1 P(Y > ut)ur,

Hence

u+l1 u+1
P(Y > ut) < ( PY = 1) ) ’ P(Yz—t):(l— P(lylft)) ’ P(Y > —1t)
PY > —1) PY > —1)

<U=P(Y|<0))T P = —) =P(Y| = 0" P(Y = —0).
Since —VY satisfies the same assumptions as Y, we also have
P(Y < —ut) <P(Y| = 0)"3 P(Y < 1).
Adding both estimates we get

P(Y| > ut) <P(Y|> 0T (1+P(Y| <) =P(Y| =02 (1 —P(Y| < 1)?).
O

Lemma 3.22 Suppose that Y is a log-concave random variable and P(|Y| < t) <
- Then P([Y| < 211) > 5SP(|Y| < 1).

Proof LetP(|Y| <t) = p then by Lemma 3.21

P(Y|<21)=1-P(Y|>21) =1 -P(Y| >0 =1-1 - p'°

> 10p — 45p* > 5p.
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Let us now prove (3.4) and see how it implies the second part of Theorem 3.4.
Then we give a proof of (3.5).

Proof of (3.4) Fix k and set t* := r*(k — 1/2, X). Then ) ;_, P(|X;| > t*) =
k — 1/2. Define

Io= {i <n: POX;| > %) < 190}, o= PIXI 2, (2D
iel
9
b= {ism B(Xi| 2 1) > 10}, p=Y BUXlzr).  (22)
iely

Observe that for u > 3 and 1 </ < |[;| we have by Lemma 3.21

P(l- maX|X | > ut*) <E Zl{‘x surt) = Z]qu | > ut™®) (3.23)

lEI] 1611

(u=3)/2
EEDY AR B R
10

1611

Consider two cases.
Casel B> || —1/2.Then || <B+1/2<k,s0k— || > 1and
a=k— ! — B <k—|D)].
2
Therefore by (3.23)

P (k-max |X;| > 5¢*) <P | (k — |])-max | X;| = 5" ) < .
iel 10

Case2 p < |Ix| — 1/2. Observe that for any disjoint sets Ji, J> and integers [, m
such that/ < |Ji]|, m < |J>| we have

(Il4+m—1)- max |x| <max{l max |x; |, m- max|x,|}
ieJiUJy eJi J:

< [-max |x;| + m-max |x;|. (3.24)
ieJ; ie)
Since

[al + Bl <a+B+2<k+2
we have [a] 4+ [B] < k + 1| and, by (3.24),

k-max |X;| < [a]-max | X;| + [B]-max | X;|.
i iel ieh
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Estimate (3.23) yields

9\ =32
P|( [a]-max | X;| > ut™ ) < foru > 3.
iel 10

To estimate [B1-max;ep, |Xi| = (|I2] + 1 — [B])- min;¢y, | X;| observe that by
Lemma 3.22, the definition of I and assumptions on g,

S P(Xi| <216%) = 5 Y B(Xi| < ) = 5(1B| - f) = 2( L] + 1 — [B).

ieh ieh

Set! := (|| +1—[B]) and

N@ =) Lyxi=n-

iely

Note that we know already that EN (21¢*) > 2I. Thus the Paley-Zygmund inequality
implies

P ([,B}-ma}x | Xi| < 211‘*) =P (l-min | Xi| < 21t*) >P(NQ1t*) > 1)
1ely

iely

\ %112
= ]P’<1\7(21t*) > 11E1§l(21t*)) , LENEIT)T
2 4 BN Q1)

However Lemma 3.20 yields
EN (21%)> < EN(211*) 4+ C¢(EN (21%)))* < (Cs + D)(EN (211%))?.

Therefore
P (k-max |X;| > 1+ u)t*) <P ([a]-r_ne;xlXil > ut*)
i L€l
+P ([ﬁ]-maxlX,-l > 21t*)
iel

9\ #=3/2 1 1
< ( ) L1 <1-
10 4(Ce+1) 5(Cs+ 1)

for sufficiently large u. O

The unconditionality assumption plays a crucial role in the proof of the next
lemma, which allows to derive the second part of Theorem 3.4 from estimate (3.4).
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Lemma 3.23 Let X be an unconditional log-concave n-dimensional random vec-
tor. Then forany 1 <k <n,

u
]I”(k-max|Xi|Zut> S]I”(k-maxlXilzt) foru>1,t>0.
I<n 1<n

Proof Let v be the law of (|X1], ..., |Xn|). Then v is log-concave on R;. Define
fort > 0,

A= {x eRf: k-max|x;| zt}-

i<n

It is easy to check that ;Au, + (1 — ;)R'jr C Ay, hence
1/u
P (k-max 1X;| > z) = v(A) = v(Au) @R = (k- max | X;| > m) )
i<n i<n

Proof of the Second Part of Theorem 3.4 Estimate (3.4) together with Lemma
3.23 yields

P (k-max|x,~| > Cut*(k — 1/2, X)) <(l—c)" foru>l1,
i<n

and the assertion follows by integration by parts. O

Proof of (3.5) Define I, I, @ and 8 by (3.21) and (3.22), where this time * =
t*(k — k>/9/2, X). Estimate (3.23) is still valid so integration by parts yields

o
El- max |X;| < (3 120 )t*.
iel l

Set
1 5/6
kg =B+ _k .
2
Observe that
1 5/6
[a]~|—k,3<a—|—,3+2k +2=k+2.

Hence [a] + kg < k + 1.
If kg > ||, thenk — |b| = [a] + kg — 1 — |I2| > [a], so

Ek- max |X;| < E(k — |I|)- max | X;| < E[a]- max |X;| < 23¢*.
i iel iel

Therefore it suffices to consider case kg < |I>| only.
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Since [o] + kg — 1 < k and kg < |I2|, we have by (3.24),

Ek-max |X;| < E[a]-max |X;| + Ekg-max |X;| < 23¢* 4+ Ekg- max | X;|.
i iel ieh ieh
Since B < k — éks/f’ andx — x — éxS/G is increasing for x > 1/2 we have

1 5 1 1 1 5
/6 5/6 _ /6
ﬂ§ﬂ+2k 2<ﬂ+ k ) <kp zkﬂ.

Therefore, considering (X;);¢y, instead of X and kg instead of k it is enough to
show the following claim:

Lets > 0,n > k and let X be an n-dimensional log-concave vector with
uncorrelated coordinates. Suppose that

1
ZP(|X,~| >s)<k— _k¥° and minP(X;|>s)>9/10
i<n 2 i1<n

then

Ek-max | X;| < Cgs.

i<n

We will show the claim by induction on k. For k = 1 the statement is obvious
(since the assumptions are contradictory). Suppose now that k£ > 2 and the assertion
holds for k — 1.

Casel P(|X;)| >s)>1— k=6 for some 1 < i < n. Then
Y OP(Xi| =) <k - Ve (12 28} <k — 1 - 1(k— 1)/8,
= == 12 = 2

0

where to get the last inequality we used that x>/% is concave on R, so (1 — )%/ <

1— gt fort = 1/k. Therefore by the induction assumption applied to (X;);,,

Ek-max |X;| < E(k — 1)-n;éax|X,-| < Cgs.
i LF1Q
Case2 P(|X;| <s) > 152k_1/6 for all i. Applying Lemma 3.15 we get

Sk‘l/f’sP(lX” <. 2 )sc S
12 1Xill2 — 11 Xill2 1 X ll2

so max; || Xj|l» < Ck'/®s. Moreover n < 190k. Therefore by the result of Lee and
Vempala [13] X satisfies the exponential concentration with o < Cok¥/12g.
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Let! = [k— Y(k*/®—1)] thens > t,(l —1/2, X) andk—[+1 > J (k>0 —1) >
VK56, Let
ok3e.

A= {x e R": l-rniax|x,~| < Clos}.
By (3.4) (applied with [ instead of k) we have P(X € A) > c4. Observe that
k-miax Ixi| > Cros +u = dist(x, A) > vk — [ + lu > ;k5/12u.
Therefore by Lemma 3.10 we get
P (k-mlax |Xi| = Cios + 3C9us> <exp(—(u+Incs)y).

Integration by parts yields

Ek-max | X;| < (C10 +3Co(1 —1Incy)) s
1

and the induction step is shown in this case provided that Cs > C19+3Co(1 —Incy).
O

To obtain Corollary 3.6 we used the following lemma.

Lemma 3.24 Assume that X is a symmetric isotropic log-concave vector in R".
Then

*(p, X) ~ nop forn > p >n/4. (3.25)
n
and
k)2, X) ~ t*(k, X) ~ 1(k, X) fork <n/2. (3.26)

Proof Observe that

D P(Xi| < t*(p, X)) =n— p.

i=1

Thus Lemma 3.15 implies that for p > c5n (with ¢5 € (é, 1)) we have t*(p, X) ~
" 7. Moreover, by the Markov inequality

n
n
P(Xi|>4) <
> Pl izd=

i=1
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so t*(n/4,X) < 4. Since p +— r*(p,X) is non-increasing, we know that
t*(p, X) ~ 1forn/4 < p < csn.
Now we will prove (3.26). We have

t*(k, X) <t*(k/2,X) <t(k/2, X) <2t(k, X),

so it suffices to show that t*(k, X) > ct(k, X). To this end we fix k < n/2. By (3.25)
we know that ¢t := Cq1t*(k, X) > C11t*(n/2, X) > e, so the isotropicity of X and
Markov’s inequality yield P(|X;| > 1) < e~ for all i. We may also assume that
t > t*(k, X). Integration by parts and Lemma 3.21 yield

o0
EIXi | 1x, o < 3P(Xi] = 1) +r/ P(Xi| = (s + 3)0)ds
0
o0
<3tP(Xi| > 1) +t/ P(X;| = t)eds < 4P(|X;| = 1).
0

Therefore

n n n
D EIXillx = <4 Y P(Xi| = 1) <4ty P(Xi| > t*(k. X)) < 4kt,
i=1 i=1 i=1

sot(k, X) <4C 11k, X). O
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Chapter 4 )
Further Investigations of Rényi Entropy Shethie
Power Inequalities and an Entropic
Characterization of s-Concave Densities

Jiange Li, Arnaud Marsiglietti, and James Melbourne

Abstract We investigate the role of convexity in Rényi entropy power inequalities.
After proving that a general Rényi entropy power inequality in the style of Bobkov
and Chistyakov (IEEE Trans Inform Theory 61(2):708-714, 2015) fails when the
Rényi parameter r € (0, 1), we show that random vectors with s-concave densities
do satisfy such a Rényi entropy power inequality. Along the way, we establish the
convergence in the Central Limit Theorem for Rényi entropies of order » € (0, 1)
for log-concave densities and for compactly supported, spherically symmetric and
unimodal densities, complementing a celebrated result of Barron (Ann Probab
14:336-342, 1986). Additionally, we give an entropic characterization of the class
of s-concave densities, which extends a classical result of Cover and Zhang (IEEE
Trans Inform Theory 40(4):1244-1246, 1994).

4.1 Introduction

Let X be a random vector in R¢. Suppose that X has the density f with respect to
the Lebesgue measure. For r € (0, 1) U (1, o0), the Rényi entropy of order r (or
simply, »-Rényi entropy) is defined as

hr(X) = 1

R 4.1)
r Rd
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For r € {0, 1, oo}, the r-Rényi entropy can be extended continuously such that the
RHS of (4.1) is log [supp(f)| for r = 0; — fRd f(x)log f(x)dx for r = 1; and
—log|| flloo for r = oo. The case r = 1 corresponds to the classical Shannon
differential entropy. Here, we denote by [supp(f)| the Lebesgue measure of the
support of f, and | f|lc represents the essential supremum of f. The r-Rényi
entropy power is defined by

Ny (X) = e2hr(X)/d.

In the following, we drop the subscript when r = 1.

The classical Entropy Power Inequality (henceforth, EPI) of Shannon [39] and
Stam [41], states that the entropy power N(X) is super-additive on the sum of
independent random vectors. There has been recent success in obtaining extensions
of the EPI from the Shannon differential entropy to r-Rényi entropy. In [7, 8],
Bobkov and Chistyakov showed that, at the expense of an absolute constant ¢ > 0,
the following Rényi EPI of order r € [1, oo] holds

N (X1 4+ X)) = ¢ ) N(X0). (4.2)

i=1

Ram and Sason soon after gave a sharpened constant depending on the number of
summands [36]. Madiman, Melbourne, and Xu sharpened constants in the r = oo
case by identifying extremizers in [31, 32]. Savaré and Toscani [38] showed that
a modified Rényi entropy power is concave along the solution of a nonlinear heat
equation, which generalizes Costa’s concavity of entropy power [19]. Bobkov and
Marsiglietti [ 10] proved the following variant of Rényi EPI

Ny (X +Y)* > No(X)* + N (Y)* (4-3)

for r > 1 and some exponent « only depending on r. It is clear that (4.3) holds for
more than two summands. Improvement of the exponent o was given by Li [27].

One of our goals is to establish analogues of (4.2) and (4.3) when the Rényi
parameter r € (0, 1). Both (4.2) and (4.3) can be derived from Young’s convolution
inequality in conjunction with the entropic comparison inequality 4, (X) > h,,(X)
for any 0 < r; < rp. The latter fact is an immediate consequence of Jensen’s
inequality. When the Rényi parameter r € (0, 1), analogues of (4.2) and (4.3)
require a converse of the entropic comparison inequality aforementioned. This
technical issue prevents a general Rényi EPI of order r € (0, 1) for generic random
vectors. Our first result shows that a general Rényi EPI of the form (4.2) indeed fails
forall r € (0, 1).
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Theorem 4.1 Foranyr € (0, 1) and ¢ > 0, there exist independent random vectors
X1, , Xy in Rd,forsomed > 1 andn > 2, such that

Ny (X1 4 Xo) < &) Ne(X0). (4.4)

i=1

We have an explicit construction of such random vectors. They are essentially
truncations of some spherically symmetric random vectors with finite covariance
matrices and infinite Rényi entropies of order r € (0, 1). The key point is the con-
vergence along the Central Limit Theorem (henceforth, CLT) for Rényi entropies
of order r € (0, 1); that is, the r-Rényi entropy of their normalized sum converges
to the r-Rényi entropy of a Gaussian. This implies that, after appropriate normal-
ization, the LHS of (4.4) is finite, but the RHS of (4.4) can be as large as possible.
The entropic CLT has been studied for a long time. A celebrated result of Barron
[3] shows the convergence in the CLT for Shannon differential entropy (see [26]
for a multidimensional setting). The recent work of Bobkov and Marsiglietti [11]
studies the convergence in the CLT for Rényi entropy of order r > 1 for real-valued
random variables (see also [12] for convergence in Rényi divergence, which is not
equivalent to convergence in Rényi entropy unless r = 1). In Sect. 4.2, we establish
the analogue of [11, Theorem 1.1] in higher dimensions and we prove convergence
along the CLT for Rényi entropies of order r € (0, 1) for a large class of densities.

As mentioned above, the reverse entropic comparison inequality prevents Rényi
EPIs of order r € (0, 1) for generic random vectors. However, a large class of
random vectors with the so-called s-concave densities do satisfy such a reverse
entropic comparison inequality. Our next results show that Rényi EPI of order
r € (0, 1) holds for such densities. This extends the earlier work of Marsiglietti
and Melbourne [33, 34] for log-concave densities (which corresponds to the s = 0
case).

Let s € [—o0, 00]. A function f: RY — [0, 00) is called s-concave if the
inequality

F=0x +2y) = (1= @) +Af (O (4.5)

holds for all x,y € R? such that f(x)f(y) > 0 and A € (0,1). For
s € {—o00,0, 00}, the RHS of (4.5) is understood in the limiting sense; that is
min{ f (x), f(y)} for s = —oo, f(x)!™*f(3)* for s = 0, and max{f(x), f(»)}
for s = oo. The case s = 0 corresponds to log-concave functions. The study
of measures with s-concave densities was initiated by Borell in the seminal work
[13, 14]. One can think of s-concave densities, in particular log-concave densities,
as functional versions of convex sets. There has been a recent stream of research on
a formal parallel relation between functional inequalities of s-concave densities and
geometric inequalities of convex sets.

Theorem 4.2 For any s € (—1/d,0) and r € (—sd, 1), there exists ¢ =
c(s,r,d,n) such that for all independent random vectors X1, --- , X, with s-
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concave densities in R, we have

n
Ne(X1 44 Xp) = ¢ Y NA(X0).

i=1

In particular, one can take

2
. 1 14n|r'| d (1 _i_ks)\r/\(nfl)(l 4 kS)1<Hr/| d
c=rt—-r 1+ r ,
( n|r’|> ;!:[1 (1 ks (L4, NI

where r' = r/(r — 1) is the Holder conjugate of r.

Theorem 4.3 Givens € (—1/d, 0), there exist 0 < rg < l and a = a(s, r, d) such
that for r € (ro, 1) and independent random vectors X and Y in R? with s-concave
densities,

Nr(X +Y)* = N (X)* + N (V)"

In particular, one can take

ro = (1 - 1+2\/3(1+ sld))_l

1 71
oy 1dl_10gr—|—(r~|—1)10g’;; + C(s) ’
(1—r)log2

where

d

W=,y <1°g (1 + k:) +rlog(l +ks) — (r + 1)10g<1 st ”)).

2r
k=1

Owing to the convexity, random vectors with s-concave densities also satisfy
a reverse EPI, which was first proved by Bobkov and Madiman [9]. This can be
seen as the functional lifting of Milman’s well known reverse Brunn—Minkowski
inequality [35]. Motivated by Busemann’s theorem [17] in convex geometry, Ball et
al. [2] conjectured that the following reverse EPI

NX 4+ < NX)YV2+ N2 (4.6)

holds for any symmetric log-concave random vector (X, Y) € RZ2. The r-Rényi
entropy analogue was asked in [30], and the r = 2 case was soon verified in [27].
It was also observed in [27] that the r-Rényi entropy analogue is equivalent to the
convexity of p-cross-section body in convex geometry introduced by Gardner and
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Giannopoulos [23]. The equivalent linearization of (4.6) reads as follows. Let (X, Y)
be a symmetric log-concave random vector in R? such that 4(X) = h(Y). Then for
any A € [0, 1] we have

h((1 — )X + 1Y) < h(X).

Cover and Zhang [20] proved the above inequality under the stronger assumption
that X and Y have the same log-concave distribution. They also showed that
this provides a characterization of log-concave distributions on the real line. The
following theorem extends Cover and Zhang’s result from log-concave densities to
a more general class of s-concave densities. This gives an entropic characterization
of s-concave densities and implies a reverse Rényi EPI for random vectors with the
same s-concave density.

Theorem 4.4 Letr > 1 — 1/d. Let f be a probability density function on R%. For
any fixed integer n > 2, the identity

sup h, (inx,-) = h,(X1)

Xi~f \iz1

holds for all A; > 0 such that Y ;_, »; = 1 if and only if the density f is (r — 1)-
concave.

The paper is organized as follows. In Sect. 4.2, we explore the convergence along
the CLT for r-Rényi entropies. For r > 1, the convergence is fully characterized
for densities on R¢, while for r € (0, 1) sufficient conditions are obtained for
a large class of densities. More precisely, we prove the convergence for log-
concave densities and for compactly supported, spherically symmetric and unimodal
densities. As an application, we prove in Sect. 4.3 that a general r-Rényi EPI fails
when r € (0, 1), thus establishing Theorem 4.1. We also complement this result
by proving Theorems 4.2 and 4.3. In the last section, we provide an entropic
characterization of the class of s-concave densities, and include a reverse Rényi
EPI as an immediate consequence.

4.2 Convergence Along the CLT for Rényi Entropies

Let { X, },en be a sequence of independent identically distributed (henceforth, i.i.d.)
centered random vectors in R with finite covariance matrix. We denote by Z, the
normalized sum

Xi+...+ X
z,= 1t (4.7)

Jn
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An important tool used to prove various forms of CLT is the characteristic function.
Recall that the characteristic function of a random vector X is defined by

ox (1) =E["X], 1 eR.
Before providing sufficient conditions for the convergence along the CLT for Rényi
entropy of order r € (0, 1), we first extend [11, Theorem 1.1] to higher dimensions.

Theorem 4.5 Letr > 1. Let X1, --- , X, be i.i.d. centered random vectors in R4,
We denote by p, the density of Z, defined in (4.7). The following statements are
equivalent.

1. hy,(Z,) = h.(Z) asn — +00, where Z is a Gaussian random vector with mean
0 and the same covariance matrix as X|.

2. hy(Zy,) is finite for some integer ny.

3. fga lox,()]" dt < 400 for some v > 1.

4. Zy, has a bounded density pp, for some integer ny.

Proof 1 — 2: Assume that &, (Z,) — h,(Z) as n — +o00. Then there exists an
integer ng such that

he(Z) =1 < hy(Zyy) < he(Z) + 1.
Since h,(Z) is finite, we conclude that /2, (Z,,) is finite as well.

2 = 3: Assume that h,(Z,,) is finite for some integer ng. Then Z,, has a
density p,, € L™ (RY).

Case 1 If r > 2, we have p,, € Lz(Rd). Using Plancherel’s identity, we have
¢z,, € L*(R?). It follows that

[ vz 0P ar= [ ox, (t1ymo) P ar < +oc.
Rd Rd

For v = 2n¢, we have

/Rd lox, (0)]" dt < +o0.

Case 2 If r € (1, 2), we apply the Hausdorff—Young inequality to obtain

”(/)Z"O ||pn() ”Lrv

”Lr’ S (zn)d/r/

where r’ is the conjugate of r such that 1/r + 1/r" = 1. Hence, for v = r’ng, we
have

/Rd lox, ()]" dt < +o0.
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3 — 4: Since fRd lox, ()" dt < 4oo for some v > 1, one may apply
Gnedenko’s local limit theorems (see [24]), which is valid in arbitrary dimensions
(see [5]). In particular, we have

lim sup [, (x) — ¢z (¥)| =0, (4.8)

=
n X xeRd

where ¢y denotes the density of a Gaussian random vector with mean O and the
same covariance matrix as Xi. We deduce that there exists an integer ng and a
constant M > 0 such that p, < M for all n > ny.

4 = 1: Since py, is bounded, then p,, € L2, and we deduce by Plancherel’s
identity that f]Rd lox, (1)|"dt < 400 for v = 2ng. Hence, (4.8) holds and there
exists M > 0 such that p, < M for all n > ng. Let us show that fRd on(x) dx —
f]Rd ¢z (x)"dx as n — +o00, where ¢y denotes the density of a Gaussian random
vector with mean O and the same covariance matrix as X;. By the CLT, for any
e > 0, there exists 7 > 0 such that for all n large enough,

/ pn(xX)dx < &,
|x|>T

which implies that

/ on(x) dx < M’_lf on(X)dx < M e,
[x|>T |x|>T

The function ¢y satisfies similar inequalities. Hence, for any § > 0, there exists
T > 0 such that for all n large enough,

‘/ pn(x)"dx —/ ¢ (x) dx
|x|>T |x|>T

On the other hand, by (4.8), for all T > 0, the function p;, (x)1{x|<7} converges
everywhere to ¢ (x)1x|<7} as n — +oo. Since o, (x)1{jx|<7} is dominated by the
integrable function M"1{|<7}, one may use the Lebesgue dominated theorem to
conclude that

< 4.

=0.

lim ‘/ on(x) dx —/ ¢ (x) dx
n=>+00 | x| <T lx|<T

O

Remark 4.6 Theorem 4.5 fails for » € (0, 1). For example, one can consider i.i.d.
random vectors with a bounded density p(x) such that -[Rd p(x)dx = +oo (e.g.,
Cauchy-type distributions). The implication 4 =— 2 (and thus 4 — 1) will not
hold since by Jensen inequality h,(Z,) > h,(X1//n) = oo foralln > 1. As
observed by Barron [3], the implication ] = 4 does not necessarily hold in the
Shannon entropy case r = 1.
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The following result yields a sufficient condition for convergence along the CLT
to hold for Rényi entropies of order r € (0, 1) for a large class of random vectors in
R

Theorem 4.7 Letr € (0, 1). Let X1, - - - , X, be i.i.d. centered log-concave random
vectors in R4, Then we have h(Z,) < 4oo foralln > 1, and

lim h, (Z,) = h,(2),
n— 00

where Z, is the normalized sum in (4.7) and Z is a Gaussian random vector with
mean 0 and the same covariance matrix as X 1.

Proof Since log-concavity is preserved under independent sum, Z, is log-concave
foralln > 1. Hence, forall n > 1, Z, has a bounded log-concave density p,, which
satisfies

pu(x) < emnon,

for all x € R?, and for some constants a, > 0, b, € R possibly depending on the
dimension (see, e.g., [16]). Hence, for all n > 1, we have

/ on(x) dx < / e "anlxlHln) gy 400,
Rd Rd

We deduce that 4,(Z,) < +ooforalln > 1.
The boundedness of p,, implies that (4.8) holds, and thus there exists an integer
no such that for all n > ny,

1
pn(0) >, $x(0).

where X is the covariance matrix of X (and thus does not depend on n). Moreover,
since p, is log-concave, one has for all x € R that

1

512 950 on()"

P (rx) = pu((1 =)0+ 7rx) > pa(0)' ™" pu(x)" >
Hence, for all T > 0, we have

21—r
n(X) dx < » d
/|x|>Tp () dx = ¢x (01— /|x|>Tp (ro) dx

21—r
= Pz, T
rgs i (Zl =0T

1 21E[]1X[2]
T2 rd+2¢Z (0)17;’ ’
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where the last inequality follows from Markov’s inequality and the fact that

E[IX112] + - - + E[| X, 2]
n

E[|Z, "] = = E[|X,|*].

Hence, for every ¢ > 0, one may choose a positive number 7" such that for all n
large enough,

/ on(x)dx < ¢, / ¢s(x) dx < g,
lx|>T |x|>T

and hence

<Eé&.

‘ / P () dx — / r () dx
[x|>T lx|>T

On the other hand, from (4.8), we conclude as in the proof of Theorem 4.5 that for
allT > 0,

=0.

lim ‘/ on(x) dx —/ ¢ (x) dx
nteo | ixi<r lx|<T

O

A function f: RY — R is called unimodal if the super-level sets {x € R? :
f(x) > ¢t} are convex for all + € R. Next, we provide a convergence result
for random vectors in R? with unimodal densities under additional symmetry
assumptions. First, we need the following stability result.

Proposition 4.8 The class of spherically symmetric and unimodal random vari-
ables is stable under convolution.

Proof Let f1 and f> be two spherically symmetric and unimodal densities. By
assumption, f; satisfy that f;(Tx) = f;(x) for an orthogonal map 7" and |x| < |y]|
implies f;(x) > f;(y). By the layer cake decomposition, we write

00
fikx) = / 1{(u,v):fi(u)>v}(xa Ada.
0

Apply Fubini’s theorem to obtain

fix a(x) = /]Rd filx —y) fa(y)dy

o0 o0
=/ / (/ L, v): iy >v)y (X — yaM)l{(u,v):fz(u>>v}(%Kz)dy)
0 0 R4

xdhidAs. (4.9)
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Notice that by the spherical symmetry and decreasingness of f;, the super-level set

Ly ={u: filu) > A}

is an origin symmetric ball. Thus we can write the integrand in (4.9) as

/R L = DL, Oy = T, x 11, (0.

This quantity is clearly dependent only on |x|, giving spherical symmetry. In
addition, as the convolution of two log-concave functions, 1 L, *17 % is log-concave
as well. It follows that for every A1, A2, and |x| < |y| we have

L, *1p,(0) = 1z, * 1z, (9).

Integrating this inequality completes the proof. O

Let us establish large deviation and pointwise inequalities for compactly sup-
ported, spherically symmetric and unimodal densities.

Theorem 4.9 (Hoeffding [25]) Let X1, - - - , X,, be independent random variables
with mean 0 and bounded in (a;, b;), respectively. One has forall T > 0,

- 21
P X;>T) <exp|— .
(; ’ ) p( > i1 (bi —ai)2>
The following result is Hoeffding’s inequality in higher dimensions.

Lemma 4.10 Let X1, -+, X, be centered independent random vectors in R4
satisfying P(|X;| > R) = 0 for some R > 0. One has for all T > 0 that
P(‘X1+---+Xn

T2
Jn > T) < 2dexp (— 2d2R2> .

Proof Let X; ; be the j-th coordinate of the random vector X;. Then we have

d
p([*1t T ) <p X1+ -+ Xnj| > v (4.10)
\/n j:1 ) ) d
d
T.n
sZP(|X1,,~+---+xn,,~|> ;/) (4.11)

1

J

T2
< 2d exp (— 2d2R2) , 4.12)



4 Further Investigations of Rényi Entropy Power Inequalities and an Entropic. . . 105

where inequality (4.10) follows from the pigeon-hole principle, (4.11) from a union
bound, and (4.12) follows from applying Theorem 4.9 to Xy ; + --- + X, ; and
(=X1,))+ -+ (=X, ). O

We deduce the following pointwise estimate for unimodal spherically symmetric
and bounded random variables.

Corollary 4.11 Let X1, --- , X, be i.i.d. random vectors with spherically symmet-
ric, unimodal density supported on the Euclidean ball Bg = {x : |x| < R} for some
R > 0. Let p,, denote the density of the normalized sum Z,,. Then there exists cq > 0
such that for alln > 1 and |x| > 2,

(Ix] — 1)?
Pn(x) < cqgexp| — 222 )

Proof Stating Lemma 4.10 in terms of p,,, we have

T2
dw < 2d — . 4.13
/|w|>rp"(w) w = exp( Zdsz) 4.13)

Since the class of spherically symmetric unimodal random variables is stable
under independent summation by Proposition 4.8, p, is spherically symmetric and
unimodal, so that

fB|x|\B‘X‘71 on(w)dw

Jiwizisi—1 o (w)dw

=00 1, (4.14)

where Bjy| represents the Euclidean ball of radius |x| centered at the origin and wy
is the volume of the unit ball. Note that

Vol(Bix\Bjx-1) = (x| — (Ix] = DDwa = 2% — Dy,

since 1 > 1 — (t — 1)? is increasing, so that (4.14) follows. Now applying (4.13)
we have

Jiwiz -1 Pn(w)dw
24 — Dy

- 2d . (x| = 1)?
o[ —
= 24— Doy TP\ 2p2r2

on(x) <
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and our result holds with

2d

4T 24 Z Dy
O

We are now ready to establish a convergence result for bounded spherically
symmetric unimodal random vectors.

Theorem 4.12 Letr € (0, 1). Let Xy, --- , X, be i.i.d. random vectors in RY with
a spherically symmetric unimodal density with compact support. Then we have

lim h,(Zp) = h,(2),
n— 00

where Z,, is the normalized sum in (4.7) and Z is a Gaussian random vector with
mean 0 and the same covariance matrix as X 1.

Proof Let us denote by p, the density of Z,. Since p; is bounded, one may
apply (4.8) together with Lebesgue dominated convergence to conclude that for all
T >0,

=0.

lim ‘/ on(x) dx — / ¢x(x) dx
n=teo xi<r lx|<T

On the other hand, by Corollary 4.11, one may choose 7' > 0 such that foralln > 1,

/ pn(x) dx < e, / ¢ (x)'dx < s,
[x|>T |x|>T

and hence

< é.

‘/ pon(x)"dx —/ ¢s(x) dx
[x|>T lx|>T

4.3 Rényi EPIs of Order r € (0, 1)

A striking difference between Rényi EPIs of orders r € (0, 1) and r > 1 is the lack
of an absolute constant. Indeed, it was shown in [8] that for r > 1 Rényi EPI of the

form (4.2) holds for generic independent random vectors with an absolute constant

1
c > irrfl . In the following subsection, we show that such a Rényi EPI does not

hold for r € (0, 1).
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4.3.1 Failure of a Generic Rényi EPI

Definition 4.13 For r € [0, oc], we define ¢, as the largest number such that for all
n,d > 1 and any independent random vectors X1, - -+ , X, in R9, we have

Nr(X1+"‘+Xn)ZCrZNr(Xi)- (4.15)

i=1

Then we can rephrase Theorem 4.1 as follows.
Theorem 4.14 Forr € (0, 1), the constant ¢, defined in (4.15) satisfies ¢, = 0.

The motivating observation for this line of argument is the fact that for r €
(0, 1), there exist distributions with finite covariance matrices and infinite r-Rényi
entropies. One might anticipate that this could contradict the existence of an r-Rényi
EPI, as the CLT forces the normalized sum of i.i.d. random vectors X1, ---, X,
drawn from such a distribution to become “more Gaussian”. Heuristically, one
anticipates that N, (X1 + - - - + X;;)/n = N,(Z,) should approach N, (Z) for large
n, where Z,, is the normalized sum in (4.7) and Z is a Gaussian vector with the same
covariance matrix as X, while Z?:l N, (X;)/n = N,(Xy) is infinite.

Proof of Theorem 4.14 Let us consider the following density
fRopa(@) = Cr(L+[x)) "1, (x) x € RY,

with p, R > 0 and Cg implicitly determined to make fg , 4 a density. Since the
density is spherically symmetric, its covariance matrix can be rewritten as 01%1 for
some og > 0, where [ is the identity matrix. Computing in spherical coordinates
one can check that limg_, o, Cg is finite for p > d, and we can thus define a density
Joo,p,a- What is more, when p > d + 2, the limiting density foo p ¢ has a finite
covariance matrix, and has finite Rényi entropy if and only if p > d/r.

For fixed r € (0, 1), we take p € (d* + 2,d*/r], where d* = min{d € N :
d > 2r/(1 — r)} guarantees the existence of such p. In this case, the limiting
density foo,p,q+ is well defined and it has finite covariance matrix oZ 1, but the
corresponding r-Rényi entropy is infinite. Now we select independent random
vectors X7, -+, X, from the distribution fg , 4+. Since fr p 4+ is a spherically
symmetric and unimodal density with compact support, we can apply Theorem 4.12
to conclude that

lim N,(Z,) = 03N, (Z14),
n—>oo

where Z, is the normalized sum in (4.7) and Z;; is the standard d-dimensional
Gaussian. Since limg_,o0c O = 0s0 < 00, We can take R large enough such that
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|O'1% - 020| < 1. Then we can take n large enough such that
Ny (Zy) < (03, +2N: (Z1a). (4.16)

Since the limiting density feo, p,q+ has infinite 7-Rényi entropy, given M > 0, we
can take R large enough such that

N (X1) > M. 4.17)

Combining (4.16) and (4.17), we conclude that for inequality (4.15) to hold we must
have

- (02, +2)N:(Z14)
- M

Cr

for all M > 0. Then the statement follows from taking the limit M — oo. O

Remark 4.15 Random vectors in our proof has identical s-concave density with
s < —r/d. In the following section, we provide a complementary result by showing
that Rényi EPI of order r € (0, 1) does hold for s-concave densities when —r/d <
s < 0.

4.3.2 Rényi EPIs for s-Concave Densities

As showed above, a generic Rényi EPI of the form (4.2) fails for r € (0, 1). In this
part, we establish Rényi EPIs of the forms (4.2) and (4.3) for an important class of
random vectors with s-concave densities (see (4.5)).

Following Lieb [29], we prove Theorems 4.2 and 4.3 by showing their equivalent
linearizations. The following linearization of (4.2) and (4.3) is due to Rioul [37]. The
¢ = 1 case was used in [27].

Theorem 4.16 ([37]) Let X1, --- , X, be independent random vectors in R4, The
following statements are equivalent.

1. There exist a constant ¢ > 0 and an exponent « > 0 such that

N¢ (Z x,-) > cizv;x(xi). (4.18)
i=1 i=1

2. Forany A1, --- , Ay > 0 such that Z?:l Ai = 1, one has

- . - ' ' d (logc 1
hy (Z/m&)—gx,hr(x,)zz( y +<a‘1)’m))’ (4.19)

i=1
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where H(L) = H(A1, - -, Ay) is the discrete entropy defined as
n
H(\) ==Y xiloghi.
i=1

Inequality (4.19) is the linearized form of inequality (4.18). One of the ingre-
dients used to establish (4.19) is Young’s sharp convolution inequality [4, 15]. Its
information-theoretic formulation was given in [21], which we recall below. We
denote by ' the Holder conjugate of r such that 1/r + 1/r" = 1.

Theorem 4.17 ([15, 21]) Let r > 0. Let A1, --- , A, > 0 such that Z?:l A =
1, and let ry, - - -, ry be positive reals such that A; = r’/r]. For any independent
random vectors X1, - -+ , X, in R?, one has

n n n
d logr logr;
h<§ JA,X,-)—E hihr, (Xi) = 2r’< f -5 f) (4.20)
i=1

i=1 i=1 !

The second ingredient is a comparison between Rényi entropies 4, and &,,. When
r > 1, we have | < r; < r, and Jensen’s inequality implies that 4, < h,,. In this
case, one can deduce (4.19) from (4.20) with k,, replaced by /,. However, when
r € (0, 1), the order of r and r; are reversed, i.e.,0 < r < r; < 1, and we need a
reverse entropy comparison inequality. The so-called s-concave densities do satisfy
such a reverse entropy comparison inequality. The following result of Fradelizi et
al. [22] serves this purpose.

Theorem 4.18 ([22]) Let s € R. Let f: RY — [0, +00) be an integrable s-
concave function. The function

G@r) = C(r)/ fx) dx
R4
is log-concave for r > max{0, —sd}, where
Cr)y=@+s) - (r+sd). (4.21)

We deduce the following Rényi entropic comparison for random vectors with
s-concave densities.

Corollary 4.19 Let X be a random vector in R with a s-concave density. For
—sd <r < q < 1, we have

1 q-r
C(r)1-r C(1)1-00-r)

hy(X) = hy(X) + log 1
C(g) '
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Proof Write ¢ = (1 — 1) - r + A - 1. Using the log-concavity of the function G in
Theorem 4.18, we have

G(q) = GG = G~ G

The above inequality can be rewritten in terms of entropy power as follows

—r 1

2.1 2. 1-q 1 2. q-r
C(g)4" 170 Ng(X) = C(r) "1 150 No(X)C (1) d 1 150,
The desired statement follows from taking the logarithm of both sides of the above
inequality. O

Theorem 4.17 together with Corollary 4.19 yields the following Rényi EPI with
a single Rényi parameter r € (0, 1) for s-concave densities.

Theorem 4.20 Lets € (—1/d,0) andr € (—sd, 1). Let X1, ---, X, be indepen-
dent random vectors in R? with s-concave densities. For all A = A, -+, Ap) €
[0, 11" such that )"}, A; = 1, we have

hy (Z\/Aix,) ZA he (Xi) = A(A)+ng<x>
i=1

i=1

where

, 1 1 ‘ Ai Ai
AW =r ((1 — r/)log(l — r/) —;(1 —~ r/)log(l - r,>>,

gk = (1 = n)r'log(1 + ks) 4 (1 —r') log (1 + krs) +ry (1 - i)
i=1

A
xlog<1+ks (1— /))
r

Proof Let r; be defined by A; = r'/r], where r’ and r] are Holder conjugates of r
and r;, respectively. Combining Theorem 4.17 with Corollary 4.19, we have

- - d logr " logr;
l
r<ZJAiXi)—§Aihr(X,»>zzr/< D D )

i=1 i=1 !

COry 1t (1) a-i-n
—i—ZA log €' EWD! (4.22)
pa Clr)
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Notice that C(r) = r¢D(r), where C(r) is given in (4.21) and D(r) = (1 +
s/r)---(1 +sd/r). Thus,

n

C(r) 1 C(1) - -
Z)‘ log (r) ( )
i=1 C@ri)'- ’z

n
log D 1 1 log D(r;
=in<°g (r)+< - >10gD(1)— og (n))
P 1—r 1—r, 1-—r 1—7r

logr « logr;
d —> A . 4.23
- (1_r Z o, (4.23)

=
Using the identities 1/(1 —r) =1 —r" and A; /(1 — r;) = A; — r/, we have
n

log D 1 1 log D(r;
Zm(og (r)+( - )logD(l)— °8 (”))
P 1—r 1—r; 1—r 1—r;

d n

/ / ’ ) ks
= (1=r)log D(r) + (1 =)' log D(1) + Y > (' — 2;) log (1+ r,-)

k=1 i=1

d
= Z ((1 — 1) log (1 + ks) + (1 — n)r’log(1 + ks)
r
k=1

Zr —A)log<1~|— s)) ng(x) (4.24)

The last identity follows from 1/r; = 1 — A;/r’. Using (4.24) and (4.23), the RHS
of (4.22) can be written as

d ,[logr Xn: logr; Y d logr 2": logr;
r _ —
2 r = n 1—r "1—r
d d d
+Dgh) = AR + Y gk,
k=1 k=1
This concludes the proof. O

Having Theorems 4.16 and 4.20 at hand, we are ready to prove Theorems 4.2
and 4.3.
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4.3.2.1 Proof of Theorem 4.2

Put Theorems 4.16 and 4.20 together. Then it suffices to find ¢ such that the
following inequality

d

d d
AL A) > 1
) <)+;gk(>_zogc

holds forall A = (A, --- , A,) € [0, 1]" such that Z?:l A; = 1. Hence, we can set

. 2 ¢
c= 1rklfexp (A()») + 4 ng()»)) )

k=1

where the infimum runs overall A = (A, - -+ , A,) € [0, 1]" such that Zl’»lzl A= 1.
For fixed r, both A(A) and gx(X) are sum of one-dimensional convex functions of
the form (1 + x) log(1 + x). Furthermore, both A(X) and gx(X) are permutation
invariant. Hence, the minimum is achieved at A = (1/n, --- , 1/n). This yields the
numerical value of ¢ in Theorem 4.2.

4.3.2.2 Proof of Theorem 4.3

The following lemma in [33] serves us in the proof of Theorem 4.3.

Lemma 4.21 ([33]) Letc > 0. Let L, F : [0, c] — [0, 00) be twice differentiable
on (0, c], continuous on [0, cl, such that L(0) = F(0) = 0and L'(c) = F'(c) = 0.
Let us also assume that F(x) > 0 for x > 0, that F is strictly increasing, and that
F' is strictly decreasing. Then IL,/,, increasing on (0, ¢) implies that IL, is increasing
on (0, ¢) as well. In particular,

L(x) L(c)
max = .
xel0,c] F(x)  F(c)

Proof of Theorem 4.3 Apply Theorems 4.16 and 4.20 with n = 2. Then it suffices
to find « such that for all A € [0, 1] we have

d - d (1
LA+ a0 > (a - 1) H(),

k=1
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where
1 1 A A 1—2
A()\.)zr/<<1_ />10g<1_ />_<1_ />10g<1_ />_<1_ 4 )
r r r r r
1—A
xlog(l— , )),
’

/ ks /
a) = (1 —r)log (1+ )—r log(1 + ks)
r
) A A 1—1
+r ((1— />log<1+ks(l— /))—l—(l— , )
r r r
xlog(l—i—ks (1—1;A>>>.

We can set

., _
AV 2 grk(A)
—(1- TS . 425
¢ ( 0221( H@G) diH HQ))) 42

We will show that the optimal value is achieved at A = 1/2. Since the function is
symmetric about A = 1/2, it suffices to show that

AR 2 ;s
_ (4.26)

CH(O) d4~H®O

is increasing on [0, 1/2]. It has been shown in [27] that —A(A)/H (A) is increasing
on [0, 1/2]. We will show that for each k = 1, --- , n the function —gi(A)/H (})
is also increasing on [0, 1/2]. One can check that —gx(}) and H(}) satisfy the
conditions in Lemma 4.21. Hence, it suffices to show that —g/(A)/H" (%) is
increasing on [0, 1/2]. Elementary calculation yields that

1

H" () =l

Define x = \rA’I and y = l‘;ll ‘,1,‘ — x. Then one can check that

,,(A)_ks 1 N 1 N 1
S = i\ ks 40 T 1+ ks(4y) T (14 ks(1 +x))2

1
+(1+ks(l +y))2>‘
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Hence, we have

i
A
_ &M = ksr' W (x),
H//(A')
where
W) by by !
X) =X
TNl ks 420 T 1+ks(4y) T (A +ks(1 +x))2

1
+(1+ks(1+y))2>'

Since s, r’ < 0, it suffices to show that W (x) is increasing on [0, 2‘1” ]. We rewrite
W as follows

W(x) = Wix) + Wa(x),

where

1 1
Wi(x) =xy<1+ks(1+x) + 1+ks(l+y)>’

1 1
Walx) = xy <(1 hs(l 42002 T (1 +ks(l +y))2>' (4:27)

We will show that both W;(x) and W>(x) are increasing on [0, 2I£’\ 1.

Now let us focus on Wj. Since y = ‘rl,‘ — x, one can check that

/ _ 1 _ ! !
Wl(x) = <|r/| 2)6) (1_|_ks(1—|-x)+1~|—ks(1+y)>

1 1
—ksxy ( — ) .
(1+ks(1+x)2  (1+ks(1+y))?
Let us denote
a®ax)=1+ks(1 +x), (4.28)

1
bﬁb(x)=1~|—ks(1~|—y)=1+ks<|/|—x~|—1). (4.29)
r
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The condition » > —sd implies that a, b > 0. With these notations, we have

YA 11
it = (a " b) <Ir’l > ksxy(a b))
_ 1 1 1 B B 2 Xy
— (a + b) (Ir’l 2x> (1 (ks) ab).

The last identity follows from

1 1 ks 1
- = —2x ).
a b ab \|V|
Since a,b > 0and x € [0, 2|1r,| ], it suffices to show that

ab — (ks)zxy > 0.

Using (4.28) and (4.29), we have
2 ks
ab— (ks)xy=04+ks){ 1+ .
r

Then the desired statement follows from thats > —1/d and r > —sd. We conclude
that W is increasing on [0, 2\1r’| ].

It remains to show that W>(x) is increasing on [0, 2|1r,| ]. Recall the definition of
W (x) in (4.27), one can check that

1 1 1 1 1
4 —
= <|r’| ) 2x> (a2 ' b2) —en <a3 ) b3>
b—a (1 1 1 1
= ks <a2 + bz) — 2ksxy <a3 B b3>

b—a

= ksa3b3 T'x),

where a and b are defined in (4.28) and (4.29), and
T(x) = ab(a® + b%) — 2k>s’xy(a® + ab + b?).

Since
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1

it suffices to show that T'(x) > O for [0, o

4] Using the identity
a'(x)b(x) + a(x)b'(x) = ks(b — a) = —a(x)d'(x) — b(x)b(x),
one can check that
T'(x) = ks(a — b)U (x),
where

Ux) = a’ +b> +4ab — 2k2s2xy.

Notice that U’(x) = 0, which implies that U (x) is a constant. Since a, b > 0, we
have

U0) = a*> + b% +4ab > 0.

Hence, T'(x) < 0, i.e., T(x) is decreasing. Therefore, since a = b when x =
we have

1
21|

Tx)>T =2a%(a® = 3k%s°x?) atx = .
2|r'| 2|r'|
It suffices to have
1
a? > 3k2s2x2, X = ,
2|r|

which is equivalent to

1 2 ( 1 )
< —-1).
7| = 14+ 4/3 \kls|

This finishes the proof that every —gx(1)/H (1) is also increasing on [0, 1/2]. Then
the numerical value of « in Theorem 4.3 follows from setting A = 1/2in (4.25). O

Remark 4.22 Our optimization argument heavily relies on the fact that
—AM)/H(A) and —gi(A)/H (L) are monotonically increasing for A € [0, 1/2].
As observed in [27], the monotonicity of —A(A)/H (X)) does not depend on the
value of r. Numerical examples show that —gx (X)/H (}), even the whole quantity
in (4.26), is not monotone when r is small. This is one of the reasons for the
restriction r > ry.
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Remark 4.23 Note that the condition r > —sd of Theorem 4.18 can be rewritten as

1 1
< —-1].
T dls|

We do not know whether Theorem 4.3 holds when
2 1 1 1
—-1) < 4 < —1].
1++/3 \dls| 1~ \dls|

4.4 An Entropic Characterization of s-Concave Densities

Let X and Y be real-valued random variables (possibly dependent) with the identical
density f. Cover and Zhang [20] proved that

h(X +Y) < h(2X)

holds for every coupling of X and Y if and only if f is log-concave. This yields an
entropic characterization of one-dimensional log-concave densities. We will extend
Cover and Zhang’s result to Rényi entropies of random vectors with s-concave
densities (defined in (4.5)), which particularly include log-concave densities as a
special case. This was previously proved in [28] when f is continuous.

Firstly, we introduce some classical variations of convexity and concavity which
will be needed in our proof.

Definition 4.24 Let A € (0, 1) be fixed. A function f: RY — R with convex
support is called almost A-convex if the following inequality

FA=MDx+2ry) = =2 f(x)+Af(y) (4.30)

holds for almost every pair x, y in the domain of f. We say that f is A-convex if
the above inequality holds for every pair x, y in the domain of f. Particularly, for
A = 1/2, it is usually called mid-convex or Jensen convex. We say that f is convex
if f is A-convex for any A € (0, 1).

One can define almost A-concavity, A-concavity and concavity by reversing
inequality (4.30). Adamek [1, Theorem 1] showed that an almost A-convex function
is identical to a A-convex function except on a set of Lebesgue measure 0. (To apply
the theorem there, one can take the ideals Z; and Z, as the family of sets with
Lebesgue measure 0 in R and R??, respectively). In general, A-convexity is not
equivalent to convexity, as it is not a strong enough notion to imply continuity,
at least not in a logical framework that accepts the axiom of choice. Indeed,
counterexamples can be constructed using a Hamel basis for R as a vector space
over Q. However, in the case that f is Lebesgue measurable, a classical result of
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Blumberg [6] and Sierpinski [40] (see also [18] in more general setting) shows that
A-convexity implies continuity, and thus convexity.

Theorem 4.25 Let s > —1/d and we definer = 1 + s. Let [ be a probability
density on RY. The following statements are equivalent.

1. The density f is s-concave.

2. Forany A € (0, 1), we have h, A X + (1 —A)Y) < h,(X) for any random vectors
X and Y with the identical density f.

3. We have h, (XJZFY) < h;(X) for any random vectors X and Y with the identical
density f.

Proof We only prove the statement for s > 0, or equivalently r > 1. The proof for
—1/d < s <0, orequivalently 1 — 1/d < r < 1, is similar and sketched below.

1 = 2: The proof is taken from [28]. We include it for completeness. Let g be
the density of X + (1 — A)Y. Then we have

1
he(X) = logEf "l (X)
= i . logAEf™~1(X) 4 (1 = WEf1(¥)) (4.31)
= 1ir10gEf"1(Ax+(1 —nY) (4.32)
= 1 10g/ f(x)r—lg(x)dx
1—r Rd
1 1=, !
== log (/ f(x)’dx) (/ g(x)’dx) (4.33)
1—r R4 Rd

= 1h,(X) + lhr(AX + (1 —1)Y).
r r

This is equivalent to the desired statement. Identity (4.31) follows from the
assumption that X and Y have the same distribution. In inequality (4.32), we use
the concavity of f”~! and the fact that ) ! , logx is decreasing when r > 1.

Inequality (4.33) follows from Holder’s inequality and the fact that llr logx is
decreasing when » > 1. For 1 — 1/d < r < 1, the statement follows from the
same argument in conjunction with the convexity of f"~!, the converse of Holder’s
inequality and the fact that 1; log x is increasing when 0 < r < 1.

2 = 3: Obvious by taking A = é

3 — 1: We will prove the statement by contradiction. We first show an example
borrowed from Cover and Zhang [20] to illustrate the “mass transferring” argument
used in our proof. Consider the density f(x) = 3/2 in the intervals (0, 1/3) and
(2/3, 1).Itis clear that f is not (r — 1)-concave. The joint distribution of (X, Y)) with
Y = X is supported on the diagonal line y = x. The Radon-Nikodym derivative
g with respect to the one-dimensional Lebesgue measure on the line y = x exists
and is shown in Fig.4.1. We remove some “mass” from the diagonal line y = x to
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Fig. 4.1 ¢ Yy
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9=34
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3
9=34
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Fig. 4.2 ¢ y

w
v

the lines y = x — 2/3 and y = x + 2/3. The new Radon—Nikodym derivative g is
shown in Fig.4.2. Let (X Y ) be a pair of random variables whose joint distribution
possesses this new Radon—Nikodym derivative. It is easy to see that X and ¥ still
have the same density f. But X+7Yis uniformly distributed on (0, 2), and thus
hy(X + Y) = log2. One can check that 4, (2X) = log(4/3).

Now we turn to the general case. Suppose that f is not (r — 1)-concave, i.e.,
f’_1 is not concave (for r > 1). We claim that there exists a set A € R4 of
positive Lebesgue measure on R4 such that the inequality

2t () <o) 434
holds for all (x, y) € A. Otherwise, the converse of (4.34) holds for almost every
pair (x, y), and thus f” ~1 is an almost mid-concave function (i.e., 1/2-concave).
By Theorem 1 in [1], f"~! is identical to a mid-concave function except on a set
of Lebesgue measure 0. Without changing the distribution, we can modify f such
that f7~! is mid-concave. Using the equivalence of mid-concavity and concavity
(under the Lebesgue measurability), after modification, f"~! is concave, i.e., f is
(r — 1)-concave. This contradicts our assumption. Hence, there exists such a set A
with positive Lebesgue measure on R?¢. Then there exists y such that (4.34) holds
for a set of x with positive Lebesgue measure on R?. We rephrase this statement in
a form suitable for our purpose. There is xo # 0 such that the set

A={xeR:2f0) ! < flx+x0)"" + flx —x0) '} (4.35)
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has positive Lebesgue measure on R?. For € > 0, we denote by A (¢) a ball of radius
€ whose intersection with A has positive Lebesgue measure on R?. Consider (X, ¥)
such that X = Y, where X and Y have the identical density f. Let g(x, y) be the
Radon-Nikodym derivative of (X, Y)) with respect to the d-dimensional Lebesgue
measure on the “diagonal line” y = x. Now we build a new density g by translating
a small amount of “mass” from “diagonal points” (x —x¢, x —xo) and (x +x¢, x +x0)
to “off-diagonal points” (x — xg, x + x¢) and (x + xp, x — x¢). To be more precise,
we define the new joint density g as

g(xs y) = glx, y)l{x=y} - \/d/25(1{(x—x0,x—x0):xeA(e)} + 1{(x+x0,x+x0):xeA(e)})

+\/d/25(1{(x—x0,x+x0):xeA(e)} + 1{(x+x0,x—x0):xeA(e)})s

where § > 0 and 1 is the indicator function of the set S. The function g is supported
on the “diagonal line” y = x and “off-diagonal segments” {(x — xg, x + xp) :
x € A(e)} and {(x + x9,x — xg) : x € A(e)}, which are disjoint for sufficiently
small € > 0. (This is similar to Fig.4.2.) When § > 0 is small enough, g(x, y) is
non-negative everywhere. Furthermore, our construction preserves the “total mass”.
Hence, the function g(x, y) is indeed a probability density with respect to the
d-dimensional Lebesgue measure on the “diagonal line” and two “off-diagonal
segments”. Let (X,Y)bea pair with the joint density g(x, y). The marginals X and
Y have the same distribution as that of X, since the “positive mass” on “off-diagonal
points” complements the “mass deficit” on “diagonal points” when we project in the

x and y directions. We claim that XJ{Y has larger entropy than X. One can check

that the density of 1" is

F@) = £ +8C1aw) — Ta@ 2o — 1ate)—x0)-

Let 2 denote the union of A(€), A(e) 4+ xo and A(€) — xo. Then we have

hy (X+ Y) _ ! log (/ Fx) dx +/ f’(x)dx>. (4.36)
2 1 —r Q Q¢

Since x¢ # 0, for € > 0 small enough, €2 is the union of disjoint translates of A (¢).
When § > 0 is sufficiently small, we have

/Qf(x)rdx = /A( : [(f(x) +28)" + (f(x +x0) = 8)" + (f(x —x0) — S)r] dx
< / [f(x)r + f(x+x0) + flx — xo)r] dx (4.37)

_ / P dx, (4.38)
Q
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where inequality (4.37) follows from the observation that for x € A(e) C A
(see (4.35)) the derivative of the integrand at 6 = 0 is

rR2F) T = flx—x0) T = flx+x0) T < 0. (4.39)

Since r > 1, (4.36) together with (4.38) implies that

h, (X+Y)> ! log</ f(x)rdx—i-/ f(x)rdx)zh(x):h(f()'
2 1—r Q Qe

This is contradictory to our assumption. Hence, f has to be (r — 1)-concave. For
1 —-1/d < r < 1, we redefine the set A by reversing inequality (4.35), and
inequality (4.37) will be also reversed. We will arrive at the same conclusion. O

Remark 4.26 The proof of | = 2 is an immediate consequence of Theorem 3.36
in [30]. The theorem there draws heavily on the ideas of [42], where a related
study, deriving the Schur convexity of Rényi entropies under the assumption of
exchangeability and s-concavity of the random variables, generalizing Yu’s results
in [43] on the entropies of sums of i.i.d. log-concave random variables. Although
we state Theorem 4.25 for two random vectors, the argument also works for more
than two random vectors. Hence, it implies the seemingly stronger Theorem 4.4.

As an immediate consequence of Theorem 4.25, we have the following reverse
Rényi EPI for random vectors with the same distribution.

Corollary 4.27 Let s > —1/d and let r = 1 + s. Let X and Y be (possibly
dependent) random vectors in RY with the same density f being s-concave. Then
we have

N (X +7Y) <4N(X).
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Chapter 5 )
Small Ball Probability for the Condition s
Number of Random Matrices

Alexander E. Litvak, Konstantin Tikhomirov,
and Nicole Tomczak-Jaegermann

Abstract Let A be an n x n random matrix with i.i.d. entries of zero mean, unit
variance and a bounded sub-Gaussian moment. We show that the condition number
Smax (A)/smin(A) satisfies the small ball probability estimate

P{smax(A) /smin(A) < n/t} < 2exp(—ct?), > 1,

where ¢ > 0 may only depend on the sub-Gaussian moment. Although the estimate
can be obtained as a combination of known results and techniques, it was not noticed
in the literature before. As a key step of the proof, we apply estimates for the singular
values of A, P{s,—k+1(A) < ck//n} < 2exp(—ck?), 1 < k < n, obtained
(under some additional assumptions) by Nguyen.

5.1 Introduction

We say that a random variable £ has sub-Gaussian moment bounded above by
K > 0if

P{l&| > 1} <exp (1 —*/(2K?), t>0.
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Let A be an n x n random matrix with i.i.d. entries of zero mean, unit variance
and sub-Gaussian moment bounded above by K, and denote by s;(A), 1 < i <
n, its singular values arranged in non-increasing order. We will write spmax(A) and
Smin(A) for s1(A) and s, (A), respectively. Estimating the magnitude of the condition
number,

K (A) = Smax(A)/smin(A),

is a well studied problem, with connections to numerical analysis and computation
of the limiting distribution of the matrix spectrum; we refer, in particular, to [20] for
discussion. Since the largest singular value smax (A) is strongly concentrated (see the
proof of Corollary 5.1.2 below), estimating « (A) is essentially reduced to estimating
Smin(A) from above and below.

The main result of [12] provides small ball probability estimates for spin(A) of
the form

P{smin(A) <t//n} < Ct+e™", <1,

for some C, ¢ > 0 depending only on the sub-Gaussian moment. It seems natural to
investigate the complementary regime—the large deviation estimates for smin(A). It
was shown in [13] that

Clnt .
Plsmin(A) = t//n} < t“ Y, 1=2

(see also [21] for an extension of this result to distributions with no assumptions on
moments higher than 2). The probability estimate was improved in [10] to

P{smin(A) = t//n} <e™, =2,

for ¢ > 0 depending only on the sub-Gaussian moment. The existing results on the
distribution of the singular values of random Gaussian matrices [4, 18] suggest that
the optimal dependence on ¢ in the exponent on the right hand side is quadratic,
i.e. the variable \/n smin(A) is sub-Gaussian. Specifically, it is shown in [18] that
Smin(G) for the standard n x n Gaussian matrix G satisfies two-sided estimates

exp(—Cr*) < Psmin(G) > t/s/n} < exp(—ct?), 1> Cy,

where C, C1,c > 0 are some universal constants. The main result of our note
provides matching upper estimate for matrices with sub-Gaussian entries:

Theorem 5.1.1 Let A be an n x n random matrix with i.i.d. entries of zero mean,
unit variance, and sub-Gaussian moment bounded above by K > 0. Then the
smallest singular value smin(A) satisfies

P{smin(A) > t//n} < 2exp(—ct?), t>1,
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where ¢ > 0 is a constant depending only on K.

As a simple corollary of the theorem, we obtain small ball probability estimates
for the condition number:

Corollary 5.1.2 Let A be an n x n random matrix with i.i.d. entries of zero mean,
unit variance, and sub-Gaussian moment bounded above by K > 0. Then the
condition number k (A) satisfies

Ple(A) <n/t} <2exp(—ct?), t>1,

where ¢ > 0 is a constant depending only on K.

Theorem 5.1.1 is a consequence of the following theorem, which is of indepen-
dent interest.

Theorem 5.1.3 Under conditions of Theorem 5.1.1 one has
P{IA™ lgs < min(n/t, /n/t)} < 2exp(—ct?), >0,

where ¢ > 0 is a constant depending only on K.

The proof of Theorem 5.1.3 uses, as a main step, the estimates
P{sn—i+1(A) < ck//n} < 2exp(—ck?), 1 <k<n,

for the singular values of the matrix A. These estimates, based on the restricted
invertibility of matrices and certain averaging arguments, were recently obtained by
Nguyen [9] under some additional assumptions (which will be discussed in the next
section).

5.2 Preliminaries

Given a matrix A, it singular values s; = s;(A), i > 1, are square roots of
eigenvalues of AA*. We always assume that s; > sp > ... By ||A|| and ||A||gs
we denote the operator £, — €2 norm of A (also called the spectral norm) and the

Hilbert—Schmidt norm respectively. Note that

lAl=s1  and  |AlGs =) s/

i>1

The columns and rows of A are denoted by C;(A) and R;(A), i > 1, respectively.
Given J C [m], the coordinate projection in R” onto R’ is denoted by P;. For
convenience, we often write A ; instead of AP;. Given m > 1, the identity operator
R¢ — R’ we denote by I,. Given x,y € R” by (x,-) y we denote the operator
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z > (x, z) y (in the literature it is often denoted by x ® y or yx ). The canonical
Euclidean norm in R™ is denoted by || - |2 and the unit Euclidean sphere by sm=1,
As the most important part of our argument, we will use the following result.

Theorem 5.2.1 Let A be an n x n random matrix with i.i.d. entries of zero mean,
unit variance, and sub-Gaussian moment bounded above by K > 0. Then for any
1 <k <nonehas

Plsn—i+1(A) < ck/s/n} < 2exp(—ck?),

where ¢ > 0 is a constant depending only on K.

The above theorem, up to some minor modifications, was proved by Nguyen in [9].
Specifically, in the case k > Clogn, the theorem follows from [9, Theorem 1.7]
(or [9, Corollary 1.8]) if one additionally assumes either that the entries of A are
uniformly bounded by a constant, or that the distribution density of the entries is
bounded. Removing these conditions requires a minor change of the proof in [9].
Further, in the case k < C logn, the above result (in fact, in a stronger form) is stated
as formula (4) in [9, Theorem 1.4]. However, [9, Theorem 3.6], which is used to
derive [9, formula (4)], provides a non-trivial probability estimate only for the event
{sn—k+1(A) < cykl_V/Jn} (for any given y € (0, 1) and ¢, depending on y), see
[9, formula (31)]. Again, a minor update of the argument of [9] provides the result
needed for our purposes. In view of the above and for the reader’s convenience, we
provide a proof of Theorem 5.2.1 in the last section.

The following result was proved in [17] as an extension of the classical Bourgain—
Tzafriri restricted invertibility theorem [2]. With worse dependence on ¢, the
theorem was earlier proved in [22]. See also recent papers [1, 8] for further
improvements and discussions.

Theorem 5.2.2 ([17]) Let T be n x n matrix. Then for any ¢ € (0, 1) there is a set
J C [n] such that

(I =a)lTlas
vnooo

We will use two following results by Rudelson—Verhsynin. The first one was
one of the key ingredients in estimating the smallest singular value of rectangular
matrices. The second one is an immediate consequence of the Hanson—Wright
inequality [5, 23] generalized in [15].

2 2
e“|\| T
| ”HSJ and  s¢(Ty) >

t=\J]= {
17|12

Theorem 5.2.3 ([14, Theorem 4.1]) Let X be a vector in R", whose coordinates
are i.i.d. mean-zero, sub-Gaussian random variables with unit variance. Let F be a
random subspace in R" spanned by n — £ vectors, 1 < £ < c¢'n, whose coordinates
are i.i.d. mean-zero, sub-Gaussian random variables with unit variance, jointly
independent with X. Then, for every ¢ > 0, one has

P{dist(X, F) < ev/€} < (Ce)* + exp(—cn).
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where C > 0, ¢,c’ € (0, 1) are constants depending only on the sub-Gaussian
moments.

Theorem 5.2.4 ([15, Corollary 3.1]) Let X be a vector in R", whose coordinates
are i.i.d. mean-zero random variables with unit variance and with sub-Gaussian
moment bounded by K. Let F be a fixed subspace in R" of dimension n — £. Then,
foreveryt > 0, one has

P{|dist(X, F) — v/£| > t} < 2exp(—ct?/K*).

where ¢ > 0 is an absolute constant.

We will also need the following standard claim, which can be proved by
integrating the indicator functions (see e.g., [9, Claim 3.4], cf. [7, Claim 4.9]).

Claim 5.2.5 Let a, p € (0, 1). Let £ be an event. Let Z be a finite index set, and
{&;}:ez be a collection of | Z| events satisfying P(£;) < p forevery z € Z. Assume
that at least «| Z| of events £, hold whenever the event £ occurs. Then P(€) < p/a.

5.3 Proofs of Main Results

Proof of Theorem 5.1.1 In the case t > n we have

Plsmin(4) = 1/v/n} = Plsi(a™)) = i/} < P} fs,»(frl)z < n?/i?)

i=1

and the result follows from Theorem 5.1.3.
Now we consider the case 1 < t < n. Let L > 1 be a parameter which we will
choose later. Then

P{smin(A) > t/v/n} =P{si(A™") < V/n/t}
< ]P’{sl(A_l)z <n/P* and Y 547> Ln/t}

=]
+]P>{s1(A*1)2 <n/?® and Y si(AT)? < Ln/t}
i>[t]
=P{ Y s = Lyt
i>[1]

+JP>{ Xn:s,-(frl)? <nft+ Ln/t}.

i=1



130 A. E. Litvak et al.

For the first summand in the last expression, we apply Theorem 5.2.1. Since
Zf’iu | l.lz < ?, we obtain

Pl Y sia™ = Lnji) = 37 Plsica™)? = Lnj2i®)
i=[1] i=[1]

= Y P{spir1(4) < V2i/VLn}.

i=[t]
Choosing L so that 4/2/L is equal to the constant from Theorem 5.2.1, we get

> Plsuin1(A) < V2i/vVIn} <2 ) exp(—ci®) < 3exp(—c't)
i=|t] i=|r]

for some ¢’ > 0 depending only on K. The bound on the second summand follows
from Theorem 5.1.3 applied with ¢/(L + 1) instead of 7. This completes the proof.
0

Proof of Corollary 5.1.2 Theorem 5.2.4 implies that there exists an absolute con-
stant ¢; > 0 depending only on K such that for everyi <n

P(ICi(A)ll2 < V/n/2) < exp(—cin)

(this can be shown by direct calculations as well, see e.g. Fact 2.5 in [6]). Since the
entries of A are independent, we obtain

P(JAll < vn/2) < [TPUICi (A2 < v/n/2) < exp(—cin?).

i=1

Note that if ||A|| > /n/2 and «(A) < n/2t then s,(A) = ||A|l/x(A) > t//n.
Therefore, by Theorem 5.1.1,

P{k(A) < n/2t} < 2exp(—ct®) + exp(—cin?).
By adjusting constants, this implies the conclusion for ¢+ < n. Since x(A) > 1, the

case t > n is trivial. |

Proof of Theorem 5.1.3 Adjusting the constant in the exponent if needed, without
loss of generality, we assume that # > C, where Cp > 0 is a large enough constant
depending only on K. Denote

n

& :={Zs,-(A1)2 511/1‘}.

i=1
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We first consider the case t < n. Applying the negative second moment identity
(see e.g. Exercise 2.7.3 in [19]),

n n
_ . .2
Zsi(A 1)2=Zd1st(c,-(A),span{c,(A), J#i)

i=1 i=1

we observe that on the event &,

[{i <n: dist(Ci(A), span{C;(A), j #i}) = /t/2}]| = n/2.

For each subset I C [n] of cardinality k < n/2 (the actual value of k will be defined
later), let 1; be the indicator of the event

{dist(Ci(A), span{C;(A), j € [n]\ I}) > \/t/2 foralli e I}.
Then, in view of the above, everywhere on the event &) we have
k
> o= ("= (1) 2o (h):
k 2k k
1C[n], |I|=k

Hence, by Markov’s inequality and permutation invariance of the matrix distribu-
tion,

P(&) < 2e) Ely.
As the last step of the proof, we estimate the expectation of 1) (with a suitable

choice of k). In view of independence and equidistribution of the matrix columns,
we have

k
Ely = (]P’{dist(Cl(A),span{Cj(A), j €\ [kI}) > /t/z}) .
Choose k := |t/4] < n/2 and denote
D :=dist(Cy(A), span{C;(A), j € [n]\ [k]}).

Using independence of columns of the matrix A and applying Theorem 5.2.4 with
£ =kand F = span{C;(A), j € [n]\ [k]}, we obtain

]P’{D > \/t/Z} < P{D ~Vk>W2-1) \/t/4} < 2exp(—é1)
for some ¢ > 0 depending only on K. Hence,

P(&) < (2e)k 2% exp(—ct k) < exp(—cr?/16),
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provided that ¢ is larger than a certain constant depending only on K. This implies
the desired result for ¢ < n.
In the case t > n we essentially repeat the argument along the same lines. Define

&)= { Y si(aTh? < nz/ﬂ}.

i=1

Observe that on the event &£,
[{i <n: dist(Ci(A), span{C;(A), j #i}) = t/v/2n}| = n/2.

Repeating the above computations with the same notation and with k = |n/4| we
obtain

]P’{D > t/x/Zn} < P{D —Vk> t/(wn)} < 2exp(—ér3/n),
which leads to
P(E)) < (2e)* 2% exp(—ckr*/n) < exp(—&t?/16),

provided that t > Cn for large enough C depending only on K. Forn <t < Cn
the result follows by adjusting the absolute constants. O

5.4 Small Ball Estimates for Singular Values

The goal of this section is to prove Theorem 5.2.1. As we have noted, the argument
essentially reproduces that of [9]. An important part of the proof is the use of
restricted invertibility (see also [3] and [11] for some recent applications of restricted
invertibility in the context of random matrices).

We will use a construction from [9]. Given an integer k and an n X n matrix A
define a k x n matrix Z = Z(A, k) in the following way. Consider singular value
decomposition A = Z?zl si (vi, -) wi, where s; = s;(A) are singular values of A
(arranged in non-increasing order) and {v;};, {w;}; are two orthonormal systems in
R"™. Fori < k denote z; = v,—;+1. Let Z be the matrix whose rows are R; (Z) = z;.
Clearly, the rows of Z are orthonormal and for every i <k,

1Azill2 = Sn—i+1 < Sn—k+1- (5.1
Moreover,

IZI=1 and || Zllus = k.



5 Small Ball Probability for the Condition Number of Random Matrices 133

The matrix Z is not uniquely defined when some of the k smallest singular values
of A have non-trivial multiplicity; we will however assume that for each realization
of A, a single admissible Z is chosen in such a way that Z is a (measurable) random
matrix.

5.4.1 Proof of Theorem 5.2.1, the Case k > Inn

Let C, ¢, ¢’ be constants from Theorem 5.2.3. Let ¥ = ~/¢’. Note that C, ¢, ¢/, y
depend only on K. Let Z = Z(A,k) be the k x n matrix constructed above.
Applying Theorem 5.2.2 to Z (one can add zero rows to make it an n X n matrix),
there exists J C [n] such that

V| =€:=y*k]| <k and se(Zy) = (1 — y)/k/n.
Fix a (small enough, depending on K') constant ¢y > 0. Define the event
Ek = {su—k+1(A) < cok/+/n}.

Consider the n x k matrix B = AZ . Using property (5.1), on the event &, we have
forevery i <k,

ICi(B)ll2 = l|Azill2 < cok/+/n,

hence ||B|lgs < cok3/2/\/n. Now, since s¢(Zj) > 0, there exists a k x £ matrix M
such that Z}—M = I;. Then

IM|| = 1/s¢(Z) < (1 —y) " "/n/k.
Therefore,
IBMIlus < I|Bllus 1M < co(1 —y)'k.

Writing B = Aj(ZNT + Aje(Zye)T, we also have BM = Ay + Aye(Zye) M.
Next denote

F=F(A,J) = span{C;(Ajc)}ieye,
and let P be the orthogonal projection on F--. Then, on the event &,

(=) 2P = IPBM3s = IPAsI}s = Y IP Ci(ADI}
ieJ

= Z dist?(C; (A), F).

ieJ
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Therefore, for at least £/2 indices i € J, one has
dist(Ci(A), F) < v2eo(1 — )~ 'k/VE < 2c0v// (1 = )7 ?).
Note that the subspace F is spanned by n — £ random vectors, it is independent

of columns C;(A), i € J, and that columns of A are independent. Therefore, by
Theorem 5.2.3 and the union bound we obtain

PEI= Y Y P{Vie s disuCi(A), F) = 2c0ve/((1 = v
T ikt
Y\ e NV 2
< @2 (@Ceo/((1 = y)y?)" + exp(—cm)

¢ 4
< (4zn max : <yt//2lc—coy) , exp(—cn/2) })

Choosing small enough ¢y and using k& > Inn, we obtain P(&) < exp(—C3€2),
where c3 > 0 depends only on K. By adjusting constants this proves the desired
result for k£ > Inn. m]

5.4.2 Proof of Theorem 5.2.1, the Case k < Inn

Let A be as in Theorem 5.2.1. It is well known (see e.g. Fact 2.4 in [6]) that there is
an absolute constant C; > 0 such that

P{IAl < CiK/n}=1—¢7". (5.2)
Let &4 denote the event from this equation. Further, from [16, Theorem 1.5] one
infers that for any y > O there are yy, 2, y3 > 0 depending only on y and K such

that, denoting

Einc(y) = {Vx € $"! with [|Ax|l2 < y1+/n, VI C [n]

with [I| > yn onehas | Prx|2 > y2},
the event satisfies
P(&inc(y)) =1 =27 73", (5.3)

The following statement was proved by Nguyen ([9, Corollary 3.8]).
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Proposition 5.4.1 For any K > 0 there are C, c1, ¢,y > 0 depending only on
K with the following property. Let A be an n x n random matrix with i.i.d. entries
of zero mean, unit variance, and sub-Gaussian moment bounded above by K. Let
2 <k <n/(Clnn), and let the random k x n matrix Z = Z(A, k) be defined as
above. Then everywhere on the event {sn,kH(A) < clk/\/n} N Einc(y) N Epg one
has

{7 Cnl: I = Lk/2), si2)(Zy) = civ/k/n}| = E™Enlh/2
Now assume that k& < Inn. Without loss of generality we may also assume that k
is bounded below by a large constant. Let C, ¢, ¢’ be constants from Theorem 5.2.3
and c1, ¢z, y from Proposition 5.4.1. Fix for a moment any realization of A from the

event {sn_k+1(A) < cok/Jn} N Eine(y) N Epa, where co € (0, c1] will be chosen
later. Let £ := | k/2] and

J={J Clnl: |J|=Lk/2], s (Z)) = 61\/16/11}-

Fix J € J and repeat the procedure used in Sect. 5.4.1 with J and £. We obtain that
for at least £/2 indices i € J, one has

dist(C; (A), F) < 2cok/(c1v/€) < 4cov/€/c, (5.4)

where F' = span{C;(Ajc)}icjc. For any fixed subset J C [n] of cardinality ¢
consider the event

Ey = {for at least £/2 indices i € J inequality (5.4) holds}.

Applying Theorem 5.2.3 and the union bound we observe
¢ ¢ £/2
P(E)) = 2" ((eoC/en)’ +exp(—c))
' €2
< (4 max !(4c0C/c1) , exp(—cn)}) .

Choosing cg to be small enough we obtain that P(£;) < exp(—C4k2), where ¢4 > 0
depends only on K. Combining this with Claim 5.2.5 and Proposition 5.4.1 we
obtain

P({sn—k+1(A) < cok/v/n} N Einc(y) N Epa) < €, exp(—cak?) < exp(—csk?)

provided that k > C,, where C» > 1 > ¢5 > 0 are constants depending on on K
only. By Egs. (5.2) and (5.3) this completes the proof in the case k < Inn. O
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Chapter 6 )
Concentration of the Intrinsic Volumes Chack for
of a Convex Body

Martin Lotz, Michael B. McCoy, Ivan Nourdin, Giovanni Peccati,
and Joel A. Tropp

Abstract The intrinsic volumes are measures of the content of a convex body. This
paper applies probabilistic and information-theoretic methods to study the sequence
of intrinsic volumes. The main result states that the intrinsic volume sequence
concentrates sharply around a specific index, called the central intrinsic volume.
Furthermore, among all convex bodies whose central intrinsic volume is fixed, an
appropriately scaled cube has the intrinsic volume sequence with maximum entropy.
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6.1 Introduction and Main Results

Intrinsic volumes are the fundamental measures of content for a convex body. Some
of the most celebrated results in convex geometry describe the properties of the
intrinsic volumes and their interrelationships. In this paper, we identify several new
properties of the sequence of intrinsic volumes by exploiting recent results from
information theory and geometric functional analysis. In particular, we establish
that the mass of the intrinsic volume sequence concentrates sharply around a specific
index, which we call the central intrinsic volume. We also demonstrate that a scaled
cube has the maximum-entropy distribution of intrinsic volumes among all convex
bodies with a fixed central intrinsic volume.

6.1.1 Convex Bodies and Volume

For each natural number m, the Euclidean space R™ is equipped with the £2 norm
II-l, the associated inner product, and the canonical orthonormal basis. The origin
of R™ is written as 0,,.

Throughout the paper, n denotes a fixed natural number. A convex body in R"
is a compact and convex subset, possibly empty. Throughout this paper, K will
denote a nonempty convex body in R”. The dimension of the convex body, dim K,
is the dimension of the affine hull of K; the dimension takes values in the range
{0,1,2,...,n}. When K has dimension j, we define the j-dimensional volume
Vol (K) to be the Lebesgue measure of K, computed relative to its affine hull. If
K'is zero-dimensional (i.e., a single point), then Volp(K) = 1.

For sets C € R" and D C R™, we define the orthogonal direct product

CxD:={(x,y) e R"™ :x eCand y € D}.

To be precise, the concatenation (x,y) € R"™ places x € R”" in the first n
coordinates and y € R™ in the remaining (n —m) coordinates. In particular, Kx {0, }
is the natural embedding of K into R,

Several convex bodies merit special notation. The unit-volume cube is the set
Q, := [0, 11" Cc R". We write B,, := {x € R" : |x|| < 1} for the Euclidean unit
ball. The volume k, and the surface area w, of the Euclidean ball are given by the
formulas

n/2 2 n/2
kp = Vol,(B,) = d and wy = nk, i

I'(1+n/2) T2 6.1.1)

As usual, I denotes the gamma function.
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6.1.2 The Intrinsic Volumes

In this section, we introduce the intrinsic volumes, their properties, and connections
to other geometric functionals. A good reference for this material is [32]. Intrinsic
volumes are basic tools in stochastic and integral geometry [33], and they appear in
the study of random fields [2].

We begin with a geometrically intuitive definition.

Definition 6.1.1 (Intrinsic Volumes) For eachindex j =0,1,2,...,n,let P; €
R™*" be the orthogonal projector onto a fixed j-dimensional subspace of R”. Draw
a rotation matrix @ € R™" uniformly at random (from the Haar measure on the
compact, homogeneous group of n x n orthogonal matrices with determinant one).
The intrinsic volumes of the nonempty convex body K C R” are the quantities

V;(K) = (”) R [Vol; (P} 0K)]- (6.1.2)

J/) Kjkn—j

We write E for expectation and Ey for expectation with respect to a specific random
variable X. The intrinsic volumes of the empty set are identically zero: V; (%) = 0
for each index j.

Up to scaling, the jth intrinsic volume is the average volume of a projec-
tion of the convex body onto a j-dimensional subspace, chosen uniformly at
random. Following Federer [11], we have chosen the normalization in (6.1.2) to
remove the dependence on the dimension in which the convex body is embedded.
McMullen [25] introduced the term “intrinsic volumes”. In her work, Chevet [10]
called V; the j-ieme épaisseur or the “jth thickness”.

Example 6.1.2 (The Euclidean Ball) We can easily calculate the intrinsic volumes
of the Euclidean unit ball because each projection is simply a Euclidean unit ball of
lower dimension. Thus,

V,(Bg:(".) O forj=0,1,2,....n.
J/) Kn—j

Example 6.1.3 (The Cube) We can also determine the intrinsic volumes of a cube:

Vi(Qy) = (j) for j=0,1,2,...,n.

See Sect. 6.5 for the details of the calculation. A classic reference is [30, pp. 224—
227].
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6.1.2.1 Geometric Functionals

The intrinsic volumes are closely related to familiar geometric functionals. The
intrinsic volume Vj is called the Euler characteristic; it takes the value zero for
the empty set and the value one for each nonempty convex body. The intrinsic
volume V] is proportional to the mean width, scaled so that V1 ([0, 1] x {0,_1}) = 1.
Meanwhile, V,,_1 is half the surface area, and V,, coincides with the ordinary volume
measure, Vol,,.

6.1.2.2 Properties

The intrinsic volumes satisfy many important properties. Let C,K < R”" be

nonempty convex bodies. For each index j = 0, 1,2, ..., n, the intrinsic volume
V; is. ..

1. Nonnegative: V;(K) > 0.

2. Monotone: C C Kimplies V;(C) < V;(K).

3. Homogeneous: V; (1K) = Y V;(K) for each A > 0.

4. Invariant: V;(TK) = V;(K) for each proper rigid motion T. That is, T acts by

rotation and translation.
. Intrinsic: V;(K) = V;(K x {0,,}) for each natural number m.
6. A Valuation: V; (%) = 0. If C U K is also a convex body, then

W

Vi(CNK) + V;(CUK) = V;(C) + V;(K).

7. Continuous: If K,, — Kin the Hausdorff metric, then V;(K,,) — V;(K).

With sufficient energy, one may derive all of these facts directly from Defini-
tion 6.1.1. See the books [14, 20, 30, 32, 33] for further information about intrinsic
volumes and related matters.

6.1.2.3 Hadwiger’s Characterization Theorems

Hadwiger [15—17] proved several wonderful theorems that characterize the intrinsic
volumes. To state these results, we need a short definition. A valuation F on R” is
simple if F(K) = 0 whenever dimK < n.

Fact 6.1.4 (Uniqueness of Volume) Suppose that F is a simple, invariant, contin-
uous valuation on convex bodies in R". Then F is a scalar multiple of the intrinsic
volume V,,.

Fact 6.1.5 (The Basis of Intrinsic Volumes) Suppose that F is an invariant,
continuous valuation on convex bodies in R". Then F is a linear combination of
the intrinsic volumes Vg, Vi, Va, ..., Vy.
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Together, these theorems demonstrate the fundamental importance of intrinsic
volumes in convex geometry. They also construct a bridge to the field of integral
geometry, which provides explicit formulas for geometric functionals defined by
integrating over geometric groups (e.g., the family of proper rigid motions).

6.1.2.4 Quermassintegrals

With a different normalization, the mean projection volume appearing in (6.1.2) is
also known as a quermassintegral. The relationship between the quermassintegrals
and the intrinsic volumes is

(7)W}">(K) =k Vo_j(K) forj=0,12...n
j

The notation reflects the fact that the quermassintegral WJ(.") depends on the ambient
dimension 7, while the intrinsic volume does not.

6.1.3 The Intrinsic Volume Random Variable

In view of Example 6.1.3, we see that the intrinsic volume sequence of the cube Q,,
is sharply peaked (around index n/2). Example 6.1.2 shows that intrinsic volumes
of the Euclidean ball B, drop off quickly (starting around index ~/27n). This
observation motivates us to ask whether the intrinsic volumes of a general convex
body also exhibit some type of concentration.

It is natural to apply probabilistic methods to address this question. To that
end, we first need to normalize the intrinsic volumes to construct a probability
distribution.

Definition 6.1.6 (Normalized Intrinsic Volumes) The fotal intrinsic volume of
the convex body K, also known as the Wills functional [18, 25, 37], is the quantity

W(K) ==Y Vi(K). (6.1.3)

Jj=0
The normalized intrinsic volumes compose the sequence

Vi (K)

Vi(K) == WK

forj=0,1,2,...,n.

In particular, the sequence {\7j Ky : j = 0,1,2,...,n} forms a probability
distribution.
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In spite of the similarity of notation, the total intrinsic volume W should not be
confused with a quermassintegral.

We may now construct a random variable that reflects the distribution of the
intrinsic volumes of a convex body.

Definition 6.1.7 (Intrinsic Volume Random Variable) The intrinsic volume ran-
dom variable Zk associated with a convex body K takes nonnegative integer values
according to the distribution

P{Zk = j} = V;(K) forj=0,1,2,...,n. (6.1.4)

The mean of the intrinsic volume random variable plays a special role in the
analysis, so we exalt it with its own name and notation.

Definition 6.1.8 (Central Intrinsic Volume) The central intrinsic volume of the
convex body K is the quantity

n

AK) IZEZKZZj Vi (K). (6.1.5)
j=0

Equivalently, the central intrinsic volume is the centroid of the sequence of intrinsic
volumes.

Since the intrinsic volume sequence of a convex body K C R” is supported on
{0,1,2,...,n}, it is immediate that the central intrinsic volume satisfies A(K) €
[0, n]. The extreme n is unattainable (because a nonempty convex body has Euler
characteristic Vp(K) = 1). But it is easy to construct examples that achieve values
across the rest of the range.

Example 6.1.9 (The Scaled Cube) Fix s € [0, 0o0). Using Example 6.1.3 and the
homogeneity of intrinsic volumes, we see that total intrinsic volume of the scaled
cube is

WsQu =) (j) sl =1+
=0

The central intrinsic volume of the scaled cube is

1 " n ~ " n s \/ s \"/
— i - i . _
A(SQ")_(1+S)"/Z:;)] (J) ' _;O’ (J) (1+s> (1 1+s>

. ns
T l+s’

We recognize the mean of the random variable BIN(s/(1 + s), n) to reach the last
identity. Note that the quantity A(sQ,) = ns/(1 + s) sweeps through the interval
[0, n) as we vary s € [0, c0).
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Example 6.1.10 (Large Sets) More generally, we can compute the limits of the
normalized intrinsic volumes of a growing set:

lim V;(sK) - 0 for j < dimK;
§—>00
lim V;(sK) > 1 for j = dimK.
§—>00

This point follows from the homogeneity of intrinsic volumes, noted in Sect. 6.1.2.2.

6.1.4 Concentration of Intrinsic Volumes

Our main result states that the intrinsic volume random variable concentrates sharply
around the central intrinsic volume.

Theorem 6.1.11 (Concentration of Intrinsic Volumes) Ler K C R" be a
nonempty convex body with intrinsic volume random variable Zg. The variance
satisfies

Var[ Zk] < 4n.

Furthermore, in the range 0 < t < /n, we have the tail inequality
P{|Zk — B Z| > t/n} < 2¢7377%8,

To prove this theorem, we first convert questions about the intrinsic volume
random variable into questions about metric geometry (Sect. 6.2). We reinterpret the
metric geometry formulations in terms of the information content of a log-concave
probability density. Then we can control the variance (Sect. 6.3) and concentration
properties (Sect. 6.4) of the intrinsic volume random variable using the analogous
results for the information content random variable.

A general probability distribution on {0, 1,2, ..., n} can have variance higher
than n? /3. In contrast, the intrinsic volume random variable has variance no greater
than 4n. Moreover, the intrinsic volume random variable behaves, at worst, like a
normal random variable with mean E Zk and variance less than 5z. Thus, most of
the mass of the intrinsic volume sequence is concentrated on an interval of about
O (4/n) indices.

Looking back to Example 6.1.3, concerning the unit-volume cube Q,,, we see that
Theorem 6.1.11 gives a qualitatively accurate description of the intrinsic volume
sequence. On the other hand, the bounds for scaled cubes sQ, can be quite poor;
see Sect. 6.5.3.
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6.1.5 Concentration of Conic Intrinsic Volumes

Theorem 6.1.11 and its proof parallel recent developments in the theory of conic
intrinsic volumes, which appear in the papers [3, 13, 22]. Using the concentration
of conic intrinsic volumes, we were able to establish that random configurations
of convex cones exhibit striking phase transitions; these facts have applications in
signal processing [3, 21, 23, 24]. We are confident that extending the ideas in the
current paper will help us discover new phase transition phenomena in Euclidean
integral geometry.

6.1.6 Maximum-Entropy Convex Bodies

The probabilistic approach to the intrinsic volume sequence suggests other questions
to investigate. For instance, we can study the entropy of the intrinsic volume random
variable, which reflects the dispersion of the intrinsic volume sequence.

Definition 6.1.12 (Intrinsic Entropy) Let K C R” be a nonempty convex body.
The intrinsic entropy of K is the entropy of the intrinsic volume random variable
ZK:

IntEnt(K) := Ent[Zk] = — Z V;(K) - log V; (K).
j=0

We have the following extremal result.

Theorem 6.1.13 (Cubes Have Maximum Entropy) Fix the ambient space R",
and let d € [0, n). There is a scaled cube whose central intrinsic volume equals
d:

d

A(sgnQn) =d when sq,= .
n—d

Among convex bodies with central intrinsic volume d, the scaled cube sq ,Q, has
the maximum intrinsic entropy. Among all convex bodies, the unit-volume cube has
the maximum intrinsic entropy. In symbols,

max{IntEnt(K) : A(K) = d} = IntEnt(sy ,Q,) < IntEnt(Qp).

The maximum takes place over all nonempty convex bodies K C R".

The proof of Theorem 6.1.13 also depends on recent results from information
theory, as well as some deep properties of the intrinsic volume sequence. This
analysis appears in Sect. 6.6.



6 Concentration of the Intrinsic Volumes of a Convex Body 147

Theorem 6.1.13 joins a long procession of results on the extremal properties of
the cube. In particular, the cube solves the (affine) reverse isoperimetric problem for
symmetric convex bodies [5]. That is, every symmetric convex body K C R” has an
affine image whose volume is one and whose surface area is not greater than 2n, the
surface area of Qj,. See Sect. 6.1.7.2 for an equivalent statement.

Remark 6.1.14 (Minimum Entropy) The convex body consisting of a single point
xo € R" has the minimum intrinsic entropy: IntEnt({x¢}) = 0. Very large convex
bodies also have negligible entropy:

lim IntEnt(sK) =0 for each nonempty convex body K C R".
§—>00

The limit is a consequence of Example 6.1.10.

6.1.7 Other Inequalities for Intrinsic Volumes

The classic literature on convex geometry contains a number of prominent inequal-
ities relating the intrinsic volumes, and this topic continues to arouse interest. This
section offers a short overview of the main results of this type. Our presentation is
influenced by [26, 28]. See [32, Chap. 7] for a comprehensive treatment.

Remark 6.1.15 (Unrelated Work) Although the title of the paper [1] includes the
phrase “concentration of intrinsic volumes,” the meaning is quite different. Indeed,
the focus of that work is to study hyperplane arrangements via the intrinsic volumes
of a random sequence associated with the arrangement.

6.1.7.1 Ultra-Log-Concavity

The Alexandrov—Fenchel inequality (AFI) is a profound result on the behavior of
mixed volumes; see [32, Sec.7.3] or [34]. We can specialize the AFI from mixed
volumes to the particular case of quermassintegrals. In this instance, the AFI states
that the quermassintegrals of a convex body K C R"” compose a log-concave
sequence:

W (K)? > W}’fl(K) : W;'?I(K) forj=1,2,3,....n— 1. (6.1.6)
As Chevet [10] and McMullen [26] independently observed, the log-concavity
(6.1.6) of the quermassintegral sequence implies that the intrinsic volumes form

an ultra-log-concave (ULC) sequence:

JoViK?2 =G+ Vi K-V (K forj=1,2,3,...,n—1. (6.1.7)
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This fact plays a key role in the proof of Theorem 6.1.13. For more information on
log-concavity and ultra-log-concavity, see the survey article [31].

From (6.1.7), Chevet and McMullen both deduce that all of the intrinsic volumes
are controlled by the first one, and they derive an estimate for the total intrinsic
volume:

1 .
Vi(K) < ViKY forj=1,2,3,...,n, hence W(K) <1 ®,
. il

This estimate implies some growth and decay properties of the intrinsic volume
sequence. An interesting application appears in Vitale’s paper [35], which derives
concentration for the supremum of a Gaussian process from the foregoing bound on
the total intrinsic volume.

It is possible to establish a concentration result for intrinsic volumes as a
direct consequence of (6.1.7). Indeed, it is intuitive that a ULC sequence should
concentrate around its centroid. This point follows from Caputo et al. [9, Sec. 3.2],
which transcribes the usual semigroup proof of a log-Sobolev inequality to the
discrete setting. When applied to intrinsic volumes, this method gives concentration
on the scale of the mean width V;(K) of the convex body K. This result captures a
phenomenon different from Theorem 6.1.11, where the scale for the concentration
is the dimension #.

6.1.7.2 Isoperimetric Ratios

Another classical consequence of the AFI is a sequence of comparisons for the
isoperimetric ratios of the volume of a convex body K C R”, relative to the
Euclidean ball B,,:
1/n 1/(n—1)
( Va(K) ) S ( Vi 1(K) ) BRI 618
Vn(Bn) Vn—l(Bn) Vi (Bn)

The first inequality is the isoperimetric inequality, and the inequality between V,
and Vj is called Urysohn’s inequality [32, Sec.7.2]. Isoperimetric ratios play a
prominent role in asymptotic convex geometry; for example, see [4, 6, 29].

Some of the inequalities in (6.1.8) can be inverted by applying affine transforma-
tions. For example, Ball’s reverse isoperimetric inequality [5] states that K admits
an affine image K for which

L\ 1/(n—1) .\ 1/n
V—1(K) Vi (K)
< consty, - .
anl(Bn) Vn(Bn)
The sharp value for the constant is known; equality holds when K is a simplex. If
we restrict our attention to symmetric convex bodies, then the cube is extremal.
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The recent paper [28] of Paouris et al. contains a more complete, but less precise,
set of reversals. Suppose that K is a symmetric convex body. Then there is a
parameter S, := B.(K) for which

Vi(K) . e \\'"? V(K \'
Vi(B,) < |:1 + const - (.B*J log (j,&)) . (Vj(Bn))
forj =1,2,3,..., const/B,. (6.1.9)

The constants here are universal but unspecified. This result implies that the prefix
of the sequence of isoperimetric ratios is roughly constant. The result (6.1.9) leaves
open the question about the behavior of the sequence beyond the distinguished point.

It would be interesting to reconcile the work of Paouris et al. [28] with
Theorem 6.1.11. In particular, it is unclear whether the isoperimetric ratios remain
constant, or whether they exhibit some type of phase transition. We believe that our
techniques have implications for this question.

6.2 Steiner’s Formula and Distance Integrals

The first step in our program is to convert questions about the intrinsic volume
random variable into questions in metric geometry. We can accomplish this goal
using Steiner’s formula, which links the intrinsic volumes of a convex body to its
expansion properties. We reinterpret Steiner’s formula as a distance integral, and we
use this result to compute moments of the intrinsic volume random variable. This
technique, which appears to be novel, drives our approach.

6.2.1 Steiner’s Formula

The Minkowski sum of a nonempty convex body and a Euclidean ball is called a
parallel body. Steiner’s formula gives an explicit expansion for the volume of the
parallel body in terms of the intrinsic volumes of the convex body.

Fact 6.2.1 (Steiner’s Formula) Ler K C R” be a nonempty convex body. For each
A >0,

Vol, (K + AB,) = Z A ke Vi (K).
Jj=0

In other words, the volume of the parallel body is a polynomial function of the
expansion radius. Moreover, the coefficients depend only on the intrinsic volumes
of the convex body. The proof of Fact 6.2.1 is fairly easy; see [14, 32].
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Remark 6.2.2 (Steiner and Kubota) Steiner’s formula can be used to define the
intrinsic volumes. The definition we have given in (6.1.2) is usually called Kubota’s
formula; it can be derived as a consequence of Fact 6.2.1 and Cauchy’s formula for
surface area. For example, see [4, Sec. B.5].

6.2.2 Distance Integrals

The parallel body can also be expressed as the set of points within a fixed distance of
the convex body. This observation motivates us to introduce the distance to a convex
set.

Definition 6.2.3 (Distance to a Convex Body) The distance to a nonempty convex
body K is the function

dist(x, K) :=min{ |y — x| : y € K] wherex € R".

It is not hard to show that the distance, dist(-, K), and its square, distz(-, K), are both
convex functions.

Here is an alternative statement of Steiner’s formula in terms of distance
integrals [18].

Proposition 6.2.4 (Distance Integrals) Let K C R” be a nonempty convex body.
Let f : Ry — R be an absolutely integrable function. Provided that the integrals
on the right-hand side converge,

n—1 00
f f(dist(x, K)) dx = £(0) - Va(K) + ) (wn-,- / fy =it dr) Vi(K).
Rr =0 0

This result is equivalent to Fact 6.2.1.

Proof For r > 0, Steiner’s formula gives an expression for the volume of the locus
of points within distance r of the convex body:

n
Vol {x € R" : dist(x, K) <r} =Y r" i, V(K.
j=0

The rate of change in this volume satisfies
d n—1 ‘
4 Volnlx € R” : dist(x, K) < r} = Zr”*l*lwn,j Vi (K). 6.2.1)
j=0

We have used the relation (6.1.1) that w,—j = (n — j)kp—j.
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Let 4 be the push-forward of the Lebesgue measure on R” to R by the function
dist(-; K). That is,

wz(A) := Vol,{x € R" : dist(x; K) € A} for each Borel set A C R.
This measure clearly satisfies 3 ({0}) = V,,(K). Beyond that, when 0 < a < b,

wi((a, b]) = Vol {x € R" : a < dist(x; K) < b}
= Vol {x € R" : dist(x; K) < b} — Vol {x € R" : dist(x; K) < a}

b g .
= / Vol {x € R" : dist(x: K) < r}dr.
e dr

Therefore, by definition of the push-forward,

/ F(distr; K)) dx = / £y dus(r)
R7 R,
— FO) - Va()

o0
d
+/ fr)- d Vol {x € R" : dist(x; K) < r}dr.
0 r

Introduce (6.2.1) into the last display to arrive at the result. O

6.2.3 Moments of the Intrinsic Volume Sequence

We can compute moments (i.e., linear functionals) of the sequence of intrinsic
volumes by varying the function f in Proposition 6.2.4. To that end, it is helpful
to make another change of variables.

Corollary 6.2.5 (Distance Integrals II) Let K C R” be a nonempty convex body.
Let g : Ry — R be an absolutely integrable function. Provided the integrals on the
right-hand side converge,

/ g(rr distz(x, K)) e dist? (x,K) dx
R7

n—1
— ¢ (0)- ! N ) y/ ) .
= g(0) V,,(K)+j2=(:)(r((n_j)/2)/o gr)-r e~ dr) - V;(K).

Proof Set f(r) = g(mr?) - e in Proposition 6.2.4 and invoke (6.1.1). O

We are now prepared to compute some specific moments of the intrinsic volume
sequence by making special choices of g in Corollary 6.2.5.
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Example 6.2.6 (Total Intrinsic Volume) Consider the case where g(r) = 1. We
obtain the appealing formula

/ e dis?(xK) g D VK = WK).

j=0

The total intrinsic volume W (K) was defined in (6.1.3). This identity appears in [18,
25].

Example 6.2.7 (Central Intrinsic Volume) The choice g(r) = 2r/ W(K) yields

. 1
27 dist? (x, K)-e 7 At @K gy —
WK Jpn W (K)

n

Z(n—j)~Vj(K) =n—E Z.
j=0

We have recognized the total intrinsic volume (6.1.3) and the central intrinsic
volume (6.1.5).

Example 6.2.8 (Generating Functions) We can also develop an expression for the

. . . o . . 2
generating function of the intrinsic volume sequence by selecting g(r) = e,
Thus,

n
/ e disP (LK) gy 5 Z M Vi(K). (6.2.2)
n ]=0

This expression is valid for all A > 0. See [18] or [33, Lem. 14.2.1].

We can reframe the relation (6.2.2) in terms of the moment generating function of
the intrinsic volume random variable Zg. To do so, we make the change of variables
A = ¢’ and divide by the total intrinsic volume W (K):

1

Ee?(Zk—n) —
W(K) Jrn

e,e%)n dist?(x,K) dx. (6.2.3)

This expression remains valid for all 6 € R.

Remark 6.2.9 (Other Moments) In fact, we can compute any moment of the intrin-
sic volume sequence by selecting an appropriate function f in Proposition 6.2.4.
Corollary 6.2.5 is designed to produce gamma integrals. Beta integrals also arise
naturally and lead to other striking relations. For instance,

n

dx _ i Vi(K)
= Kkph "§ o for A > 0.
R~ (1 + )\,dist(x, K))n+1 “ =0 V/(Bn) o=

The intrinsic volumes of the Euclidean ball are computed in Example 6.1.2.
Isoperimetric ratios appear naturally in convex geometry (see Sect. 6.1.7.2), so this
type of result may have independent interest.
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6.3 Variance of the Intrinsic Volume Random Variable

Let us embark on our study of the intrinsic volume random variable. The main
result of this section states that the variance of the intrinsic volume random variable
is significantly smaller than its range. This is a more precise version of the variance
bound in Theorem 6.1.11.

Theorem 6.3.1 (Variance of the Intrinsic Volume Random Variable) Let K C
R” be a nonempty convex body with intrinsic volume random variable Zk. We have
the inequalities

Var[Zk] < 2(n + E Zk) < 4n.

The proof of Theorem 6.3.1 occupies the rest of this section. We make a
connection between the distance integrals from Sect. 6.2 and the information content
of a log-concave probability measure. By using recent results on the variance of
information, we can develop bounds for the distance integrals. These results, in turn,
yield bounds on the variance of the intrinsic volume random variable. A closely
related argument, appearing in Sect. 6.4, produces exponential concentration.

Remark 6.3.2 (An Alternative Argument) Theorem 6.3.1 can be sharpened using
variance inequalities for log-concave densities. Indeed, it holds that

Var[Zk] < 2(n — E Zk).
To prove this claim, we apply the Brascamp-Lieb inequality [8, Thm.4.1] to a
perturbation of the log-concave density (6.3.4) described below. It is not clear

whether similar ideas lead to normal concentration (because the density is not
strongly log-concave), so we have chosen to omit this development.

6.3.1 The Varentropy of a Log-Concave Distribution

First, we outline some facts from information theory about the information content
in a log-concave random variable. Let u : R" — R, be a log-concave probability
density; that is, a probability density that satisfies the inequalities

pEx+ (1 —1)y) > u@x)u(y)'™ forx,y e R'and 7 € [0, 1].

We define the information content I, of a random point drawn from the density u
to be the random variable

I, .= —logu(y) where y~ u. (6.3.1)
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The symbol ~ means “has the distribution.” The terminology is motivated by the
operational interpretation of the information content of a discrete random variable
as the number of bits required to represent a random realization using a code with
minimal average length [7].

The expected information content [E ,, is usually known as the entropy of the
distribution p. The varentropy of the distribution is the variance of information
content:

VarEnt[u] := Var[[,] =E ([, — E IM)Z. (6.3.2)

Here and elsewhere, nonlinear functions bind before the expectation.
Bobkov and Madiman [7] showed that the varentropy of a log-concave distribu-
tion on R” is not greater than a constant multiple of n. Other researchers quickly

determined the optimal constant. The following result was obtained independently
by Nguyen [27] and by Wang [36] in their doctoral dissertations.

Fact 6.3.3 (Varentropy of a Log-Concave Distribution) Let 1 : R" — Ry be a
log-concave probability density. Then

VarEnt[] < n.
See Fradelizi et al. [12] for more background and a discussion of this result.
For future reference, note that the varentropy and related quantities exhibit a
simple scale invariance. Consider the shifted information content
Ic; = —log(cpu(y)) wherec > 0Oandy ~ pu.
It follows from the definition that

Iy —El, =1,—EI, foreachc>D0. (6.3.3)

In particular, Var[I.,] = Var[1,].

6.3.2 A Log-Concave Density

Next, we observe that the central intrinsic volume is related to the information
content of a log-concave density. For a nonempty convex body K C R”, define

1 .
UK (x) == WK e TACEK fory e R (6.3.4)
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The density uk is log-concave because the squared distance to a convex body is a
convex function. The calculation in Example 6.2.6 ensures that uk is a probability
density.

Introduce the (shifted) information content random variable associated with K:

Hy = —log(W(K) - uk(»)) =  dist?(y, K) where y ~ ux. (6.3.5)

Up to the presence of the factor W (K), the random variable Hk is the information
content of a random draw from the distribution pk. In view of (6.3.2) and (6.3.3),

Var[ Hc] = Var[1,, ] = VarEnt[uk]. (6.3.6)

More generally, all central moments and cumulants of Hyk coincide with the
corresponding central moments and cumulants of 7, :

E f(Hk —EHg) = E f(Ly —E Ly). (6.3.7)

This expression is valid for any function f : R — R such that the expectations
exist.

6.3.3 Information Content and Intrinsic Volumes

We are now prepared to connect the moments of the intrinsic volume random
variable Zk with the moments of the information content random variable Hg.
These representations allow us to transfer results about information content into
data about the intrinsic volumes.

Using the notation from the last section, Example 6.2.7 gives a relation between
the expectations:

E Zx = n — 2 E Hk. (6.3.8)

The next result provides a similar relationship between the variances.

Proposition 6.3.4 (Variance of the Intrinsic Volume Random Variable) LetK C
R” be a nonempty convex body with intrinsic volume random variable Zk and
information content random variable HK. We have the variance identity

Var[Zk] = 4 (Var[Hk]| — E Hk).
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Proof Apply Corollary 6.2.5 with the function g(r) = 4r>/ W (K) to obtain

1 .
4F Hy = 472 dist* (x, K) - e 7 ISP K0 gy
WK) Jgn

n—1

1 . .
WK j;)(n — D= j)+2)- V;(K)

=Emn — Zx)* + 2E[n — Zk]
= Var[n — Zk] + (Eln — Zk])* + 2 E[n — Zk]
= Var[Zk] + 4(E Hk)?> + 4 E Hk.

We have used the definition (6.1.4) of the intrinsic volume random variable to
express the sum as an expectation. In the last step, we used the relation (6.3.8)
twice to pass to the random variable Hk. Finally, rearrange the display to complete
the proof. O

6.3.4 Proof of Theorem 6.3.1

We may now establish the main result of this section. Proposition 6.3.4 yields
Var[Zk] = 4 (Var[Hk]—E Hk) = 4 VarEnt[uk]—2(n—E Zk) < 2n+2E Zk < 4n.

We have invoked (6.3.6) to replace the variance of Hk with the varentropy
and (6.3.8) to replace E Hk by the central intrinsic volume E Zk. The inequality
is a consequence of Fact 6.3.3, which controls the varentropy of the log-concave
density uk. We obtain the final bound by noting that E Zx < n.

Here is an alternative approach to the final bound that highlights the role of the
varentropy:

Var[Zk] < 4 Var[ Hk] = 4 VarEnt[uk] < 4n.

The first inequality follows from Proposition 6.3.4, and the second inequality is
Fact 6.3.3.

6.4 Concentration of the Intrinsic Volume Random Variable

The square root of the variance of the intrinsic volume random variable Zk gives the
scale for fluctuations about the mean. These fluctuations have size O (y/n), which
is much smaller than the O(n) range of the random variable. This observation
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motivates us to investigate the concentration properties of Zk. In this section, we
develop a refined version of the tail bound from Theorem 6.1.11.

Theorem 6.4.1 (Tail Bounds for Intrinsic Volumes) Let K C R” be a nonempty
convex body with intrinsic volume random variable Zk. For all t > 0, we have the
inequalities

P{Zkx — E Zk > t} fexp{—("JfEZK)'w* (n—i-;EZK)};

P{Z —E Zx < —t} Sexp{—(”+EZK) v <n +_I£ZK)}'

The function ¥*(s) := (1 + s) log(1 + s) — 5)/2 for s > —1.

The proof of this result follows the same pattern as the argument from Theo-
rem 6.3.1. In Sect. 6.4.5, we derive Theorem 6.4.1 as an immediate consequence.

6.4.1 Moment Generating Function of the Information
Content

In addition to the variance, one may study other moments of the information content
random variable. In particular, bounds for the moment generating function (mgf) of
the centered information content lead to exponential tail bounds for the information
content. Bobkov and Madiman [7] proved the first result in this direction. More
recently, Fradelizi et al. [12] have obtained the optimal bound.

Fact 6.4.2 (Information Content mgf) Ler © : R" — R, be a log-concave
probability density. For 8 < 1,

]Ee/S(Iu_E Iu) 5 emﬂ(ﬂ)’
where ¢(s) := —s —log(1 —s) for s < 1. The information content random variable
1, is defined in (6.3.1).
6.4.2 Information Content and Intrinsic Volumes

We extract concentration inequalities for the intrinsic volume random variable Zg
by studying its (centered) exponential moments. Define

mg(0) ;= Ee? P EZ0  forg e R.
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The first step in the argument is to represent the mgf in terms of the information
content random variable Hyk defined in (6.3.5).

Proposition 6.4.3 (mgf of Intrinsic Volume Random Variable) Let K C R” be a
nonempty convex body with intrinsic volume random variable Zx and information
content random variable Hk. For 6 € R,

mg () = e PP EH | PHEHO  \ypore g i=1—e%.
The function ¢ is defined in Fact 6.4.2.

Proof The formula (6.2.3) from Example 6.2.8 yields the identity

Eef(Zx—n) — 1 e(l—e29).n dist? (x,K) e T dist? (x,K) dx = Ee(l—ezg)HK.
W(K) Jrn

We can transfer this result to obtain another representation for mg. First, use the
identity (6.3.8) to replace E Zk with E Hk. Then invoke the last display to reach

mi(0) = E e ZkEZ0 — 20 Hi [ o0 (Zk—m)
— WEH e(17e29)HK
_ e(1+29—er?) EHc e(l—eze)(HK—IE Hk)
— o(B+log(1-B) E Hk g oB(Hk—E Hy)_

In the last step, we have made the change of variables 8 = 1 — e’ Finally, identify
the value —¢ () in the first exponent. O

6.4.3 A Bound for the mgf

We are now prepared to bound the mgf mg. This result will lead directly to
concentration of the intrinsic volume random variable.

Proposition 6.4.4 (A Bound for the mgf) Ler K C R” be a nonempty convex body
with intrinsic volume random variable Zg. For 0 € R,

mg(0) < eV @) (n+E ZK),

where Y (s) := (e* — 2s — 1)/2 fors € R.
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Proof For the parameter 8 = 1 — e2?, Proposition 6.4.3 yields
mg(0) = e~ 9B EHk | o (Hk—E Hk)

— e 9BV EHK g o Up—E L)

< g (B EHK  one(p)

— e 9B-EZK)/2  np(B) _ o9(BYn+EZK)/2
To reach the second line, we use the equivalence (6.3.7) for the central moments.
The inequality is Fact 6.4.2, the mgf bound for the information content 7, of the
log-concave density k. Afterward, we invoke (6.3.8) to pass from the information
content random variable Hk to the intrinsic volume random variable Zk. The next

step is algebraic. The result follows when we return from the variable 8 to the
variable 6, leading to the appearance of the function . O

6.4.4 Proof of Theorem 6.4.1

The Laplace transform method, combined with the mgf bound from Proposi-
tion 6.4.4, produces Bennett-type inequalities for the intrinsic volume random
variable. In brief,

P{Zkx —EZk > 1} < inf e " - mk(0)
6>0

< inf e—@l-i—l/f(@)(n-i—E ZK)
6>0

S p———|

The Fenchel-Legendre conjugate 1* of the function v has the explicit form given
in the statement of Theorem 6.4.1. The lower tail bound follows from the same
argument.

6.4.5 Proof of Theorem 6.1.11

The concentration inequality in the main result, Theorem 6.4.1, follows when we
weaken the inequalities obtained in the last section. Comparing derivatives, we can
verify that ¢¥*(s) > (s2/4)/(1 + s/3) for all s > —1. For the interesting range,
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0 <t <n, we have

—12/4
P{Zk —E Zk > t} < exp ;
n+EZg+1/3
—12/4
P{Zx —E Zx < —t} <exp .
n+EZg—1t/3

We may combine this pair of inequalities into a single bound:

P{|Zk —E Z| > 1} < 2e ~1*/4
— X .
K KI= =29 LB Z¢ +1/3

Make the estimate E Zk < n, and bound the denominator using ¢+ < n. This
completes the argument.

6.5 Example: Rectangular Parallelotopes

In this section, we work out the intrinsic volume sequence of a rectangular
parallelotope. This computation involves the generating function of the intrinsic
volume sequence. Because of its elegance, we develop this method in more depth
than we need to treat the example at hand.

6.5.1 Generating Functions and Intrinsic Volumes

To begin, we collect some useful information about the properties of the generating
function of the intrinsic volumes.

Definition 6.5.1 (Intrinsic Volume Generating Function) The generating func-
tion of the intrinsic volumes of the convex body K is the polynomial

Gk() =Y M V;(K)y=W(@K) for > 0.
j=0

We can use the generating function to read off some information about a convex
body, including the total intrinsic volume and the central intrinsic volume. This is a
standard result [38, Sec. 4.1], so we omit the elementary argument.
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Proposition 6.5.2 (Properties of the Generating Function) For each nonempty
convex body K C R",

Gg(D)

W(K) = Gk(1) and AK) = Gr(1)

= (log Gx)'(1).

As usual, the prime ' denotes a derivative.

It is usually challenging to compute the intrinsic volumes of a convex body, but
the following fact allows us to make short work of some examples.

Fact 6.5.3 (Direct Products) Ler C C R" and K C R"2 be nonempty convex
bodies. The generating function of the intrinsic volumes of the convex body C x K C
R™ ™2 tqkes the form

Gexk@) = Ge(d) - Gr().

For completeness, we include a short proof inspired by Hadwiger [18]; see [33,
Lem. 14.2.1].

Proof Abbreviate n := n| + ny. For a point x € R", write x = (x1, x2) where
x; € R"%_ Then

dist?(x, C x K) = dist’(x1, C) + dist*(x2, K).

Invoke the formula (6.2.2) from Example 6.2.8 for the generating function of the
intrinsic volumes (three times!). For A > 0,

n
A" Z)L./ V; (C x K) = / e—kzn dist? (x,CxK) dx

n

Jj=0
_ / / e—kzn dist?(x,0) e—kzn dist?(x2,K) dx1 dxy
R™"1 JR"2
ni na
= (2 Mo (A )M viK)
j=0 Jj=
Cancel the leading factors of A to complete the argument. O

As a corollary, we can derive an expression for the central intrinsic volume of a
direct product.

Corollary 6.5.4 (Central Intrinsic Volume of a Product) Let C C R™ and K C
R”"2 be nonempty convex bodies. Then

AC x K) = A(C) + A(K).
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Proof According to Proposition 6.5.2 and Fact 6.5.3,

A(C x K) = (log Goxk)'(1) = (log(GcGk))' (1)
= (log G¢ +10g Gk)'(1) = (log G¢)' (1) + (log Gk)'(1)
= A(C) + AK).

This is what we needed to show. O

6.5.2 Intrinsic Volumes of a Rectangular Parallelotope

Using Fact 6.5.3, we quickly compute the intrinsic volumes and related statistics for
a rectangular parallelotope.

Proposition 6.5.5 (Rectangular Parallelotopes) For parameters s1, s2,...,8, >
0, construct the rectangular parallelotope

P:= [O,Sl] X [0752] X X [Ossn] CR"

The generating function for the intrinsic volumes of the parallelotope P satisfies

n

Gp(L) = ]_[(1 + As;).

i=1

In particular, V;(K) = ej(s1,...,5s,), where e; denotes the jth elementary
symmetric function. The total intrinsic volume and central intrinsic volume satisfy

n

weP) =[]0 +s) and AP =) | Jsr’s
i=1 i=1 !

Proof Lets > 0. By direct calculation from Definition 6.1.1, the intrinsic volumes
of the interval [0, s] C R! are Vy([0, s]) = 1 and Vi ([0, s]) = 5. Thus,

1
Glos(W) =Y M Vi([0,s]) = 1+ As.
j=0

Fact 6.5.3 implies that the generating function for the intrinsic volumes of the
parallelotope P is

Gp() ==Y aV;(P) = [](1 +asi).
=0

j=0
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We immediately obtain formulas for the total intrinsic volume and the central
intrinsic volume from Proposition 6.5.2. Alternatively, we can compute the central
intrinsic volume of an interval [0, s] and use Corollary 6.5.4 to extend this result to
the parallelotope P. ]

6.5.3 Intrinsic Volumes of a Cube

As an immediate consequence of Proposition 6.5.5, we obtain a clean result on the
intrinsic volumes of a scaled cube.

Corollary 6.5.6 (Cubes) Let Q, C R”" be the unit cube. For s > 0, the normalized
intrinsic volumes of the scaled cube sQ,, coincide with a binomial distribution. For
eachj=0,1,2,...,n,

N

~ n . .
Vj(SQn) = (]) -pl(1—p)*~  where p= Its

In particular, the central intrinsic volume of the scaled cube is

ns

A(sQy) =np = Its

Corollary 6.5.6 plays a starring role in our analysis of the intrinsic volume
sequences that attain the maximum entropy.

We can also use Corollary 6.5.6 to test our results on the variance and concen-
tration properties of the intrinsic volume sequence by comparing them with exact
computations for the cube. Fix a number s > 0, and let p = s/(1 4 s). Then

ns
Var[Z, = 1—p) = .
ar[Z;q,] = np(1 — p) (14 5)2
Meanwhile, Theorem 6.3.1 gives the upper bound
2n(1+2
VarlZyq,] < 20+ np) = T,
" 14+
For s = 1, the ratio of the upper bound to the exact variance is 12. For s ~ 0

and s — o0, the ratio becomes arbitrarily large. Similarly, Theorem 6.4.1 gives a
qualitatively good description for s = 1, but its predictions are far less accurate for
small and large s. There remains more work to do!
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6.6 Maximum-Entropy Distributions of Intrinsic Volumes

We have been using probabilistic methods to study the intrinsic volumes of a convex
body, and we have seen that the intrinsic volume sequence is concentrated, as
reflected in the variance bound (Theorem 6.3.1) and the exponential tail bounds
(Theorem 6.4.1). Therefore, it is natural to consider other measures of the dispersion
of the sequence. We recall Definition 6.1.12, of the intrinsic entropy, which is the
entropy of the normalized intrinsic volume sequence. This concept turns out to be
interesting.

In this section, we will establish Theorem 6.1.13. This result states that, among
all convex bodies with a fixed central intrinsic volume, a scaled cube has the largest
entropy. Moreover, the unit-volume cube has the largest intrinsic entropy among
all convex bodies in a fixed dimension. We prove this theorem using some recent
observations from information theory.

6.6.1 Ultra-Log-Concavity and Convex Bodies

The key step in proving Theorem 6.1.13 is to draw a connection between intrinsic
volumes and ultra-log-concave sequences. We begin with an important definition.

Definition 6.6.1 (Ultra-Log-Concave Sequence) A nonnegative sequence {a; :
Jj=0,1,2,...}is called ultra-log-concave, briefly ULC, if it satisfies the relations

jra;=(+D-ajaj forj=1,23,....

It is equivalent to say that the sequence {j!a; : j =0, 1,2, ...} is log-concave.

Among all finitely supported ULC probability distributions, the binomial dis-
tributions have the maximum entropy. This result was obtained by Yaming Yu [39]
using methods developed by Oliver Johnson [19] for studying the maximum-entropy
properties of Poisson distributions.

Fact 6.6.2 (Binomial Distributions Maximize Entropy) Let p € [0, 1], and fix a
natural number n. Among all ULC probability distributions with mean pn that are
supportedon {0, 1,2, ..., n}, the binomial distribution BIN(p, n) has the maximum
entropy.

These facts are relevant to our discussion because the intrinsic volumes of a
convex body form an ultra-log-concave sequence.

Fact 6.6.3 (Intrinsic Volumes are ULC) The normalized intrinsic volumes of a
nonempty convex body in R" compose a ULC probability distribution supported on
{0,1,2,...,n}.
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This statement is a consequence of the Alexandrov—Fenchel inequalities [32,
Sec. 7.3]; see the papers of Chevet [10] and McMullen [26].

6.6.2 Proof of Theorem 6.1.13

With this information at hand, we quickly establish the main result of the section.
Recall that Q,, denotes the unit-volume cube in R”. Let K C R” be a nonempty
convex body. Define the number p € [0, 1) by the relation pn = A(K). According
to Corollary 6.5.6, the scaled cube sQ;, satisfies

A(sQ,) = pn=AK) when s= | P
-P

Fact 6.6.3 ensures that the normalized intrinsic volume sequence of the convex body

K is a ULC probability distribution supported on {0, 1, 2, ..., n}. Since E Zx =

A(K) = pn, Fact 6.6.2 now delivers

IntEnt(K) = Ent[Zk] < Ent[BIN(p, n)] = Ent[Z;q,] = IntEnt(sQ,,).

We have used Corollary 6.5.6 again to see that Z;q, ~ BIN(p, n). The remaining
identities are simply the definition of the intrinsic entropy. In other words, the scaled
cube has the maximum intrinsic entropy among all convex bodies that share the
same central intrinsic volume.

It remains to show that the unit-volume cube has maximum intrinsic entropy
among all convex bodies. Continuing the analysis in the last display, we find that

IntEnt(K) < Ent[BIN(p, n)] < Ent[BIN(1/2, n)] = Ent[Zq, ] = IntEnt(Q,).

Indeed, among the binomial distributions BIN(p, n) for p € [0, 1], the maximum
entropy distribution is BIN(1/2, n). But this is the distribution of Zq,, the intrinsic
volume random variable of the unit cube Q. This observation implies the remaining
claim in Theorem 6.1.13.
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Power Inequalities

Mokshay Madiman, Piotr Nayar, and Tomasz Tkocz

Abstract This note contributes to the understanding of generalized entropy power
inequalities. Our main goal is to construct a counter-example regarding monotonic-
ity and entropy comparison of weighted sums of independent identically distributed
log-concave random variables. We also present a complex analogue of a recent
dependent entropy power inequality of Hao and Jog, and give a very simple
proof.
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7.1 Introduction

The differential entropy of a random vector X with density f (with respect to
Lebesgue measure on RY) is defined as

ho = [ floes
]Rd

provided that this integral exists. When the variance of a real-valued random
variable X is kept fixed, it is a long known fact [11] that the differential entropy
is maximized by taking X to be Gaussian. A related functional is the entropy power

of X, defined by N(X) = eth(iX) . As is usual, we abuse notation and write 2(X) and
N(X), even though these are functionals depending only on the density of X and
not on its random realization.

The entropy power inequality is a fundamental inequality in both Information
Theory and Probability, stated first by Shannon [34] and proved by Stam [36]. It
states that for any two independent random vectors X and Y in RY such that the
entropies of X, Y and X + Y exist,

N(X +7Y)=NX)+NT).

In fact, it holds without even assuming the existence of entropies as long as we set
an entropy power to 0 whenever the corresponding entropy does not exist, as noted
by Bobkov and Chistyakov [6]. One reason for the importance of this inequality in
Probability Theory comes from its close connection to the Central Limit Theorem
(see, e.g., [21, 25]). It is also closely related to the Brunn—Minkowski inequality,
and thereby to results in Convex Geometry and Geometric Functional Analysis (see,

e.g., [7,31].
An immediate consequence of the above formulation of the entropy power
inequality is its extension to n summands: if X1, ..., X, are independent random

vectors, then N(X1+---+X,) > Y ', N(X;). Suppose the random vectors X; are
not merely independent but also identically distributed, and that S,, = jn Yo Xis
these are the normalized partial sums that appear in the vanilla version of the Central
Limit Theorem. Then one concludes from the entropy power inequality together
with the scaling property N(aX) = a’N(X) that N(S,) > N(S}), or equivalently
that

h(Sn) = h(Sp). (7.1)

There are several refinements or generalizations of the inequality (7.1) that
one may consider. In 2004, Artstein et al. [2] proved (see [13, 26, 35, 38] for
simpler proofs and [27, 28] for extensions) that in fact, one has monotonicity of
entropy along the Central Limit Theorem, i.e., 2(S;,) is a monotonically increasing
sequence. If N (0, 1) is the standard normal distribution, Barron [4] had proved
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much earlier that 4(S,) — h(N(0, 1)) as long as X1 has mean 0, variance 1, and
h(X1) > —oo. Thus one has the monotone convergence of i(S,) to the Gaussian
entropy, which is the maximum entropy possible under the moment constraints.
By standard arguments, the convergence of entropies is equivalent to the relative
entropy between the distribution of S, and the standard Gaussian distribution
converging to 0, and this in turn implies not just convergence in distribution but
also convergence in total variation. This is the way in which entropy illuminates the
Central Limit Theorem.

A different variant of the inequality (7.1) was recently given by Hao and Jog
[20], whose paper may be consulted for motivation and proper discussion. A random
vector X = (X1, ..., X,) in R" is called unconditional if for every choice of signs
N, ..., 0n € {—1, +1}, the vector (1 X1, ..., N, X,) has the same distribution as
X. Hao and Jog [20] proved that if X is an unconditional random vector in R",

then }lh X) <h (X ‘+\'/';1+X”). If X has independent and identically distributed

components instead of being unconditional, this is precisely A(S,) > h(S;) for real-
valued random variables X; (i.e., in dimension d = 1).

The goal of this note is to shed further light on both of these generalized entropy
power inequalities. We now explain precisely how we do so.

To motivate our first result, we first recall the notion of Schur-concavity. One
vector a = (ay, ..., ay) in [0, 00)" is majorised by another one b = (by, ..., by),
usually denoted a < b, if the nonincreasing rearrangements aj > ... > a, and

by > ... > b} of a and b satisfy the inequalities Z];:I a; < Z];:I b foreach 1 <
k<n—1and 27:1 aj = 27:1 b;. For instance, any vector a with nonnegative
coordinates adding up to 1 is majorised by the vector (1, 0, ..., 0) and majorises the
vector(}l, ,11, R ,11).Let<I>: A, —> R,where A, ={ac[0,11":a1+ - +a, =
1} is the standard simplex. We say that ® is Schur-concave if ®(a) > ®(b) when
a < b. Clearly, if ® is Schur-concave, then one has CD(,ll, ,11, e, ,11) > ®d(a) >
®(1,0,...,0) foranya € A,,.

Suppose X1, ..., X, are i.i.d. copies of a random variable X with finite entropy,
and we define

®(a)=h (Z \/a,-X,-> (7.2)

for a € A,. Then the inequality (7.1) simply says that CI>(,11, ,11,..., ,11) >
®(1,0,...,0), while the monotonicity of entropy in the Central Limit Theorem
says that @(}l, rll, R ,11) > @(nil, R nil , 0). Both these properties would be
implied by (but in themselves are strictly weaker than) Schur-concavity. Thus one
is led to the natural question: Is the function ® defined in (7.2) a Schur-concave
function? For n = 2, this would imply in particular that A(v/AX| + +/1 — AX>)
is maximized over A € [0, 1] when A = ; The question on the Schur-concavity
of ® had been floating around for at least a decade, until [3] constructed a
counterexample showing that ® cannot be Schur-concave even for n = 2. It was

conjectured in [3], however, that for n = 2, the Schur-concavity should hold
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if the random variable X has a log-concave distribution, i.e., if X; and X, are
independent, identically distributed, log-concave random variables, the function

A h(VAX 1 ++/1 — A X> ) should be nondecreasing on [0, 1]. More generally,
g 2 g Y.

one may ask: if X1,..., X, are n i.i.d. copies of a log-concave random variable
X, is it true that h (Z a,-Xi) > h (Z b,-X,-) when (a%, e, a%) < (B%,..., b,%)?
Equivalently, is ® Schur-concave when X is log-concave?

Our first result implies that the answer to this question is negative. The way we
show this is the following: since (1 Lo hy<qa, Lo, nil,O), if Schur-

9 n? b n1 n b n71 b
concavity held, then the sequence A (X 1+ XZJF‘;‘/J;X”“) would be nondecreasing.

If we moreover establish convergence of this sequence to h (X1 + G), where G is
an independent Gaussian random variable with the same variance as X1, we would

have in particular that 4 (X 1+ Xﬁ”\‘/;x”“ ) < h (X1 4+ G). We construct examples

where the opposite holds.

Theorem 7.1 There exists a symmetric log-concave random variable X with
variance 1 such that if Xo, X1, . .. are its independent copies and n is large enough,
we have

X 4+..-+ X
h(Xo—i— 1+\/n+ ">>h(X0+Z),

where Z is a standard Gaussian random variable, independent of the X;. Moreover,
the left hand side of the above inequality converges to h(Xo + Z) as n tends
to infinity. Consequently, even if X is drawn from a symmetric, log-concave
distribution, the function ® defined in (7.2) is not always Schur-concave.

Here by a symmetric distribution, we mean one whose density f satisfies
f(=x) = f(x) foreach x € R.

In contrast to Theorem 7.1, ® does turn out to be Schur-concave if the
distribution of X is a symmetric Gaussian mixture, as recently shown in [15]. We
suspect that Schur-concavity also holds for uniform distributions on intervals (cf.
(1D.

Theorem 7.1 can be compared with the afore-mentioned monotonicity of entropy
property of the Central Limit Theorem. It also provides an example of two
independent symmetric log-concave random variables X and Y with the same
variance such that & (X + Y) > h (X 4+ Z), where Z is a Gaussian random variable
with the same variance as X and Y, independent of them, which is again in contrast
to symmetric Gaussian mixtures (see [15]). The interesting question posed in [15]
of whether, for two i.i.d. summands, swapping one for a Gaussian with the same
variance increases entropy, remains open.

Our proof of Theorem 7.1 is based on sophisticated and remarkable Edgeworth
type expansions recently developed by Bobkov et al. [9] en route to obtaining
precise rates of convergence in the entropic central limit theorem, and is detailed
in Sect. 7.2.
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The second contribution of this note is an exploration of a technique to prove
inequalities akin to the entropy power inequality by using symmetries and invariance
properties of entropy. It is folklore that when X and X» are i.i.d. from a symmetric
distribution, one can deduce the inequality #(S2) > h(S1) in an extremely simple
fashion (in contrast to any full proof of the entropy power inequality, which tends to
require relatively sophisticated machinery- either going through Fisher information
or optimal transport or rearrangement theory or functional inequalities). In Sect. 7.3,
we will recall this simple proof, and also deduce some variants of the inequality
h(S2) > h(S7) by playing with this basic idea of using invariance, including
a complex analogue of a recent entropy power inequality for dependent random
variables obtained by Hao and Jog [20].

Theorem 7.2 Let X = (X1, ..., X;) be a random vector in C"* which is complex-
unconditional, that is for every complex numbers z1, . .., z, such that |zj| = 1 for
every j, the vector (z1X1, ..., zn Xy,) has the same distribution as X. Then
1 X 4+...4+ X
h(X)§h< 1+ + n>
n Jn

Our proof of Theorem 7.2, which is essentially trivial thanks to the existence of
complex Hadamard matrices, is in contrast to the proof given by Hao and Jog [20]
for the real case that proves a Fisher information inequality as an intermediary step.

We make some remarks on complementary results in the literature. Firstly, in
contrast to the failure of Schur-concavity of ® implied by Theorem 7.1, the function
E: A, — R defined by E(a) = h (Z a,~X,~) for i.i.d. copies X; of a random
variable X, is actually Schur-convex when X is log-concave [41]. This is an instance
of a reverse entropy power inequality, many more of which are discussed in [31].
Note that the weighted sums that appear in the definition of ® are relevant to the
Central Limit Theorem because they have fixed variance, unlike the weighted sums
that appear in the definition of E.

Secondly, motivated by the analogies with Convex Geometry mentioned earlier,
one may ask if the function ¥: A, — R defined by W(a) = voly (27:1 a;B),
is Schur-concave for any Borel set B C R?, where vol; denotes the Lebesgue
measure on R? and the notation for summation is overloaded as usual to also denote
Minkowski summation of sets. (Note that unless B is convex, (a; + a2)B is a
subset of, but generally not equal to, a; B + a» B.) The Brunn—Minkowski inequality
implies that W(}, 1. ..., 1y > @w(1,0,...,0). The inequality w(}, ! ..., ) >
lIJ(nll, R nil ,0), which is the geometric analogue of the monotonicity of
entropy in the Central Limit Theorem, was conjectured to hold in [8]. However,
it was shown in [16] (cf. [17]) that this inequality fails to hold, and therefore W
cannot be Schur-concave, for arbitrary Borel sets B. Note that if B is convex, W is
trivially Schur-concave, since it is a constant function equal to voly (B).

Finally, it has recently been observed in [32, 33, 40] that majorization ideas are
very useful in understanding entropy power inequalities in discrete settings, such as
on the integers or on cyclic groups of prime order.
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7.2 Failure of Schur-Concavity

Recall that a probability density f on R is said to be log-concave if it is of
the form f = e~V for a convex function V: R — R U {oo}. Log-concave
distributions emerge naturally from the interplay between information theory and
convex geometry, and have recently been a very fruitful and active topic of research
(see the recent survey [31]).

This section is devoted to a proof of Theorem 7.1, which in particular falsifies
the Schur-concavity of @ defined by (7.2) even when the distribution under
consideration is log-concave.

Let us denote

and let p, be the density of Z,, and let ¢ be the density of Z. Since X is assumed to
be log-concave, it satisfies E| X |* < oo for all s > 0. According to the Edgeworth-
type expansion described in [9, (Theorem 3.2 in Chapter 3)], we have (with any
m<s<m+1)

A+ x| (pn(x) — o (x)) = O(stgz) uniformly in x,
where
m—2
om(x) =) + Z qk(x)n_k/z.
k=1

Here the functions gy are given by

1 r *
w0 =90 Y Hisy@) (5) <(kyi+;)!> ’

where H,, are Hermite polynomials,

dn
Hy(x) = (<1)'e? | e,

and the summation runs over all nonnegative integer solutions (rq, ..., ry) to the

equation | 4+ 2ry + - - - + kry = k, and one uses the notation j = ry + - - - + r¢. The
numbers Y are the cumulants of X¢, namely

k
—i—kd log Ee'!Xo
yk - dtk g t=0"
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Let us calculate ¢4. Under our assumption (symmetry of X( and EX(% = 1), we
have y3 = 0 and y4 = EXg — 3. Therefore g; = 0 and

1 1 1

1
@) - . 4 _ 3y,@
a2 =, vapHi= , vap™, pp=9¢+ -, EXG=3e™. (7.3)

We get that for any ¢ € (0, 1)

(1+ x4)(pn (x) —pa(x)) = o(n_358), uniformly in x. (7.4)

Let f be the density of X¢. Let us assume that it is of the form f = ¢ + §, where
6 is even, smooth and compactly supported (say, supported in [—2, —1] U [1, 2])
with bounded derivatives. Moreover, we assume that é(p < f < 2¢, in particular
|§] < 1/4. Multiplying é by a very small constant we can ensure that f is log-
concave.

We are going to use Theorem 1.3 from [10]. To check the assumptions of this
theorem, we first observe that for any o > 1 we have

1 8\¢
Da(zl||Z>=a_llog</<¢Z ) ¢)<oo,

since & has bounded support. We have to show that for sufficiently big o* =
there is

o
a—1

*.2
Ee! X0 < o@'1°/2, t#0.

Since X is symmetric, we can assume that # > 0. Then

00 2% 2
I / Hsyde <243 L / 15(0)ldx
k; (2Kk)! Z (2k)! -2
00 2k S 2k 2k
2t t 2t
<et2/2+z( )': +Z<k' ( ) )
= (2k)! 2Kk (2k)!

0 2k 2 00 2k 42k
<1+Z<t (2t) )Szt 4 _ 6

| k! | ’
k! ! Pt k!

where we have used the fact that [ §(x)dx = 0, § has a bounded support contained
n [—2, 2] and |§| < 1/4. We conclude that

C
|pn(x) — @(x)] < noe—xz/f"‘ (1.5)
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for some constant Cy independent of n. (In this proof, Co, Cq, . . . denote sufficiently
large constants that may depend on the distribution of X¢.) Thus

C
pn(x) < @(x) + noe‘x2/64 < Cre /%, (7.6)
Another consequence of (7.5) is the inequality
1
pn(x) > 10 for |x| <1 (7.7

and large enough n.

‘We now prove the convergence part of the theorem. From (7.5) we get that p,, —
¢ pointwise. Moreover, from (7.6) and from the inequality f < 2¢ we get, by using
Lebesgue’s dominated convergence theorem, that f % p, — f % ¢. In order to show
that [ f xp, log f*p, — [ f*¢@log f*g itis enough to bound f * p,|log f * py|
by some integrable function m( independent of n and use Lebesgue’s dominated
convergence theorem. To this end we observe that by (7.6) we have

2C
(f % p)(x) < 2(9 % pp)(x) < wl f e 2= (DY B4y < 0y /06,
JT
(7.8)

Moreover, by (7.7)

1

1 1 1
(f #pn)(x) Z (9% pa)(x) = 20/_ gl —ndr = Jelxl+1). (7.9)

1
Combining (7.8) with (7.9) we get

1
[log(f * pn)(x)| < maX{|10g2C1I, 1ol togelxl+ 1)I} < Co(1 +x7).

(7.10)

From (7.10) and (7.8) we see that the function mo(x) = 2C;Coe™*/66(1 + x2) is
the required majorant.

Let us define h,, = p,, — @4. Note that by (7.3) we have ¢4 = ¢ + ‘n' (p(4), where
c1 = 4 (EX3 —3). We have

C1
[ ropitogsem= [ (£ro+ S reo® s frn)iogssp,

_ 1 o)
= f*sologf*pn+n S x@ ™ log f * pn
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~|—/f>khnlogf*pn
=hL+Db+ 1.

We first bound /3. Note that using (7.4) with ¢ = 1/2 we get

I % h) ()] < 2(g # hal) (@) < Can~ f e

1
d
14 (x —y)*

177

(7.11)

for sufficiently large n. Assuming without loss of generality that x > 0, we have

1 1
/ o2 LAy < / o2 L0
1+ ()C - Y) ye[éx,Zx] I+ ()C - Y)

2
—l—/ e /2 dy
v x,2x] 1+ (x —y)*

< / e*xz/gdy
ye[éx,2x]

1

+ / ey
L+ jox* Jygrlaan

< ;xe—xz/8 + \/27[

Combining this with (7.11) one gets for large n

|(f % h) (0] = C3Can ™ e

Inequalities (7.12) and (7.10) give for large n,

14 x2

L] < C3C4C —5/4/
[13] < C3C4Con |4 x4

We now take care of I by showing that

Cl Cl —
b= [ ree®oesp="" [ froDt0es o+t

dx < 5C3C4Can™>/%,

Cy

< .
1+ Lat 7 1+t

(7.12)

(7.13)

(7.14)

To this end it suffices to show that [ f * ¢@log f * p, — [ f % oW log f *
¢. As we already observed f * p, — f * ¢ pointwise. Taking into account the
bound (7.10), to find a majorant m1 of f % @™ log f * p,, it suffices to observe that
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lp®(1)] < Cse*/* and thus

If 0@ (x) < 2(p * [9@ ] (x) < 2C5 / o021 A4y < 8Cse™ /6,

One can then take 11 (x) = 8CsCre™*/6(1 + x2).
By Jensen’s inequality,

11=[f*<plogf*pnsffwlogf*<p=—h<xo+2>. (7.15)
Putting (7.15), (7.14) and (7.13) together we get
C1 _
/f*pnlogf*pn < /f*sologf*so+ . /(f*so)(4)10g(f*s0)+o(n D.
This is
L1 4 4 -1
h(Xo+ Z) < h(Xo+ Zy) + . 4,(1EX0 =3) [ (fxe)log(f x¢@) +o(n ).
It is therefore enough to construct X (satisfying all previous conditions) such that
Ex§ =3 [(7 50 P 10(s x9) <0

It actually suffices to construct a smooth compactly supported even function g
such that [ g = [ gx? = [ gx* = 0 and the function f = ¢ + &g satisfies

/(f x0) P log(f *¢) >0

for some fixed small ¢. We then perturb g a bit to get ]EXg < 3 instead of EXg =3.
This can be done without affecting log-concavity.

Let o2(x) = (p *x @)(x) = 2\1/7167XZ/4. Note that go§4)(x) = (pz(x)(i - sz +
116x4). We have

/ (f x9)Plog(f * @) = / (92 + e * )P log(pr + 69 * g)

*
= / (2 +epx )™ <10g(§02) + sg"mg

1 2
— & (w*g) + re(x) | dx.
2 @2
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We shall show that f (g2 +e@ % )| |re| < Cgle]’. To justify this we first observe
that by Taylor’s formula with the Lagrange reminder, we have

lal®

s la| < 1. (7.16)

1
log(1 — 20 <
|log(1+a)—a+a”/ |_3(1

Due to the fact that g is bounded and compactly supported, we have

Co
(o8l = Co [ gt = 0t = 2C3p((1x] = Co)a) = 2C3e -0,
_C6
Thus
lo * gl (x) < 42X e~ HI=CoR/2 < ¢y,
$2(x)

Using (7.16) with a = 8‘”(;2‘? and |g| < 2é7 (in which case |a| < 1/2) we get

3
el s

1 2
log(l—l—s(p*g)—e(p*g—l— 82<<p*g) < 5 e
2 3 (1—,)?3

lre(x)| =
‘ 2 2 2

Thus
) 8 3.3 4) 1 4) 3
(2 +epxg) " |lre| < 3C7|8| 1%} |+2C7</9*|g [] < Cglel”.
Therefore

f (f x@)Plog(f * ) = f (02 +epx )@ (log(cpz) + 8¢:2g

2
— 182 (‘/) *g) ) +0(€2).
2 ©2

Integrating by parts we see that the leading term in the above equation is

@ @ L
/‘/)2 10g¢2=/<ﬂ2 (X)10g<2\/ne x/)dx

=- f o3P () (log(Zx/n) + ixz) dx

1 A®
= —/f/)z(X) <10g(2~/71) + 4x2) dx = 0.
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The term in front of & vanishes. Indeed, | (p§4) “Z‘zg = f(i - 3x2~|— 116x4) (p*g) which

can be seen to vanish after using Fubini’s theorem thanks to g being orthogonal to
1,x,...,x* Moreover, [(¢p* )@ log(¢p2) = [(¢ * g)(log zjn - ’22)(4) = 0. The

term in front of &2 is equal to

’ ) =Ji— .

4
JZ/(¢*g)(4>(¢*g)_1/¢§>(¢*g>2
(%) ©;

The first integral is equal to

1 ,
I = / / / 2¢nex2/4g<4>(s)g(t)2 e~ 0=92/24=(=02 4 dgdy .
T

Now,

Zeé (—s2+4st—t2)

24 1 2 2
’ x2/4 —(x=9)%/2,= (=124 —
/ Vet e ¢ * V3

Therefore,
2 L (—s2+4s1—1%) (4
J1=\/3 e\ T g (s)g(t)dsdr.

If we integrate the first integral four times by parts we get

Ji = 8133 / / o6 (=57 st =1%) [27 + 5% — 853t — 72¢%

+ 161* — 851(—9 + 412) + 652(=3 + 4t2)] g(5)g(t)dsdr
Since q)§4)/(p§ = ‘/8” (12 — 12x% + x4)ex2/4, we get

1 !
Jr = /// \1/;[ (12 — 12x% + )C“)e’cz/“g(s)g(t)2 e~ =9%/20= (=024 dsds
T

Since

VT (12 — 1222 4 x*)e¥ /4 U tmsr2 - 0224,
16 27

1

_ L(—s2+4s1—1%) 2 2
= e6 274+ (s +)“ (=18 + (s + ¢ ,
a1/ 27+ G+ D18+ (s + 1Y)
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we arrive at
1
5= // e 6 (s Fasi—1?) [27 T4+ D2(—184 (s + t)z)] g(s)g(t)dsdr.
814/3
Thus J = J; — J» becomes
1 1,2 2
J=J(g) = //86(_S Hst—t >[27 +s* —20s%r — 126¢% 4+ 311%
8 81/3
1 652(=3 +71%) + s(180f — 68t3)]g(s)g(t)dsdt.

The function

7280 5 11025 , 49000 7875
= — — 1
g(s) ( 69 || 93 + 60 |s| 3 ) r,210IsD

is compactly supported and it satisfies [ g = [gx?> = [gx* = 0. Numerical
computations show that for this g we have J(g) > 0.003. However, this function is
not smooth. To make it smooth it is enough to consider g, = g * il//‘(- /€) where ¢
is smooth, compactly supported and integrates to 1. Then for any ¢ > 0 the function
g is smooth, compactly supported and satisfies [ g = [ gex? = [ gex* = 0. To
see this denote for simplicity & = il//‘(- /€) and observe that, e.g.,

/gg(x)x4dx = /g(t)h(s)(s + t)4dsdt
= /g(t)h(s)(s4 + 453t + 65212 + 451 + tH)drds = 0,

since the integral with respect to ¢ vanishes because of the properties of g. Taking
e — 0%, the corresponding functional J(g;) converges to J(g) due to the
convergence of g, to g is L1 and uniform boundedness of g.. As a consequence,
for small ¢ > 0 we have J(g,) > 0.001. It suffices to pick one particular ¢ with this
property.

O

7.3 Entropy Power Inequalities Under Symmetries

The heart of the folklore proof of A(S2) > h(S1) for symmetric distributions (see,
e.g., [39]) is that for possibly dependent random variables X and X», the SL(n, R)-
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invariance of differential entropy combined with subadditivity imply that

X X2 X1—X
h(Xl,X2)=h< 1+ X2 X1 2)

V22
X X X —X
- h( 1+ 2) n h< 1 2)'
V2 V2
If the distribution of (X1, X») is the same as that of (X, —X»), we deduce that

h<X1+X2> - h(X1, XZ)‘ (7.17)

V2o )T 2

If, furthermore, X and X, are i.i.d., then 2(X1, X2) = 2h(Xy), yielding h(S2) >
h(S1). Note that under the i.i.d. assumption, the requirement that the distributions of
(X1, X2) and (X1, —X») coincide is equivalent to the requirement that X (or X»)
has a symmetric distribution.

Without assuming symmetry but assuming independence, we can use the fact
from [23] that h(X — Y) < 3h(X +Y) — h(X) — h(Y) for independent random
variables X, Y to deduce 1[i(X1) + h(X2)] < h(X'j;Q) + 1log?2. In the i.id.
case, the improved bound A(X — Y) < 2h(X + Y) — h(X) holds [29], which
implies h(X1) < h(X ljz)(z) + é log 2. These bounds are, however, not particularly
interesting since they are weaker than the classical entropy power inequality; if they
had recovered it, these ideas would have represented by far its most elementary
proof.

Hao and Jog [20] generalized the inequality (7.17) to the case where one
has n random variables, under a natural n-variable extension of the distributional
requirement, namely unconditionality. However, they used a proof that goes through
Fisher information inequalities, similar to the original Stam proof of the full entropy
power inequality. The main observation of this section is simply that under certain
circumstances, one can give a direct and simple proof of the Hao—Jog inequality, as
well as others like it, akin to the 2-line proof of the inequality (7.17) given above.
The “certain circumstances” have to do with the existence of appropriate linear
transformations that respect certain symmetries— specifically Hadamard matrices.

Let us first outline how this works in the real case. Suppose n is a dimension for
which there exists a Hadamard matrix— namely, a n X n matrix with all its entries
being 1 or —1, and its rows forming an orthogonal set of vectors. Dividing each row
by its length /n results in an orthogonal matrix O, all of whose entries are :i:\}n.
By unconditionality, each coordinate of the vector O X has the same distribution as
X lt‘/‘jx" . Hence

" X4+ Xy
h(X):h(OX)th((OX)j)znh( ! n )

j=1
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where the inequality follows from subadditivity of entropy. This is exactly the Hao-
Jog inequality for those dimensions where a Hadamard matrix exists. It would be
interesting to find a way around the dimensional restriction, but we do not currently
have a way of doing so.

As is well known, other than the dimensions 1 and 2, Hadamard matrices may
only exist for dimensions that are multiples of 4. As of this date, Hadamard matrices
are known to exist for all multiples of 4 up to 664 [22], and it is a major open
problem whether they in fact exist for all multiples of 4. (Incidentally, we note that
the question of existence of Hadamard matrices can actually be formulated in the
entropy language. Indeed, Hadamard matrices are precisely those that saturate the
obvious bound for the entropy of an orthogonal matrix [19].)

In contrast, complex Hadamard matrices exist in every dimension. A complex
Hadamard matrix of order n is a n x n matrix with complex entries all of which
have modulus 1, and whose rows form an orthogonal set of vectors in C". To
see that complex Hadamard matrices always exist, we merely exhibit the Fourier
matrices, which are a well known example of them: these are defined by the entries
Hj; = exp{zm(jfnl)(kfl)}, for j,k = 1,...,n, and are related to the discrete
Fourier transform (DFT) matrices. Complex Hadamard matrices play an important
role in quantum information theory [37]. They also yield Theorem 7.2.

Proof of Theorem 7.2 Take any n x n unitary matrix U which all entries are
complex numbers of the same modulus jn; such matrices are easily constructed

by multiplying a complex Hadamard matrix by n~'/2. (For instance, one could take

U= \/1” [e2ikl/ "]t.1.) By complex-unconditionality, each coordinate of the vector

U X has the same distribution, the same as X 'U:X” . Therefore, by subadditivity,

h(X)=hUX) <Y h(UX);) =nh<

X1+---+Xn)
j=1

Jn

which finishes the proof. O

Let us mention that the invariance idea above also very simply yields the
inequality

1
D(X) = , [h(Xy + X2) — h(X) = X3)].

where D(X) denotes the relative entropy of the distribution of X from the closest
Gaussian (which is the one with matching mean and covariance matrix), and X1, X»
are independent copies of a random vector X in R". First observed in [30, Theorem
10], this fact quantifies the distance from Gaussianity of a random vector in terms
of how different the entropies of the sum and difference of i.i.d. copies of it are.
Finally, we mention that the idea of considering two i.i.d. copies and using
invariance (sometimes called the “doubling trick”) has been used in sophisticated
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ways as a key tool to study both functional inequalities [5, 12, 24] and problems in
network information theory (see, e.g., [14, 18]).
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Chapter 8 )
On the Geometry of Random Polytopes Shethie

Shahar Mendelson

Abstract We present a simple proof to a fact recently established in Guédon et
al. (Commun Contemp Math (to appear, 2018). arXiv:1811.12007): let £ be a
symmetric random variable that has variance 1, let I' = (§;;) be an N x n random
matrix whose entries are independent copies of &, and set X1, ..., Xy to be the
rows of I'. Then under minimal assumptions on £ and as long as N > cn, with
high probability

c2(B, N y/log(eN/n)BY) C absconv(X1, ..., Xy).

8.1 Introduction

Let £ be a symmetric random variable that has variance 1 and let X = (§1,...,&,)
be the random vector whose coordinates are independent copies of £. Consider a
random matrix I' whose rows X1, ..., Xy are independent copies of X. In this note
we explore the geometry of the random polytope

K = absconv(X1, ..., Xy) = I*BY;
specifically, we study whether K is likely to contain a large canonical convex body.

One of the first results in this direction is from [4], where it is shown that if £ is
the standard Gaussian random variable, 0 < o« < 1 and N > co()n, then

cl(a)\/log(eN/n)Bg C absconv(X1, ..., XnN) (8.1.1)
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with probability at least 1 —2 exp(—coN'~*n%). It should be noted that this estimate
cannot be improved—up to the dependence of the constants on « (see, for example,
the discussion in Section 4 of [9]).

The proof of (8.1.1) relies heavily on the tail behaviour of the Gaussian random
variable. It is therefore natural to try and extend (8.1.1) beyond the Gaussian case,
to random polytopes generated by more general random variables that still have
‘well-behaved’ tails. The problem was studied in [3] where X was assumed to be
uniformly distributed in {—1, 1}"* and it was shown that if N > nlog® n then with
high probability

(B2 N y/log(eN/n)BY) C absconv(X1, ..., Xn). (8.1.2)

Remark 8.1.1 Note that here, the body that absconv(Xy, ..., Xy) contains is
slightly smaller than in (8.1.1), as one has to intersect the Euclidean ball from (8.1.1)
with the unit cube.

The optimal sub-Gaussian estimate was established in [9]:

Theorem 8.1.2 Let & be a mean-zero random variable that has variance 1 and is
L-sub-Gaussian." Let 0 < a < 1 and set N > co(a)n. Then with probability at
least 1 — 2exp(—ci N1 %n®)

(o) (Bgo N \/log(eN/n)BE') C absconv(X1, ..., Xn), (8.1.3)

where co and cy are constants that depend on « and c1 is an absolute constant.

While Theorem 8.1.2 resolves the problem when & is sub-Gaussian, the situation
is less clear when £ is heavy-tailed. That naturally leads to the following question:

Question 8.1.3 Under what conditions on & one still has that for N > cn,
(B N \/log(eN/n)Bf) C absconv(X1q, ..., Xn) (8.1.4)

with high probability?

Following the progress in [7], where Question 8.1.3 had been studied under
milder moment assumptions on & than in Theorem 8.1.2, Question 8.1.3 was
answered in [5] under a minimal small-ball condition on &.

Definition 8.1.4 A mean-zero random variable £ satisfies a small-ball condition
with constants « and § if

Pr(l¢] = k) = 6. (8.1.5)

1A centred random variable is L-sub-Gaussian if for every p > 2, ||§||LP <LJpléllL,.
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Theorem 8.1.5 ([S]) Let & be a symmetric, variance 1 random variable that
satisfies (8.1.5) with constants k and 6. For 0 < o < 1 there are constants c1, c2
and c3 that depend on k, § and o for which the following holds. If N > cin then
with probability at least 1 — 2 exp(—caN'~*n®),

c3(B% N y/log(eN/n)By) C absconv(X1, ..., Xy).

Remark 8.1.6 In [5] the random variables (&;;) are only assumed to be independent,
symmetric and variance 1, with each one of the &;;’s satisfying (8.1.5) with the
same constants ¥ and §. In what follows we consider only the case in which §;; are
independent copies of a single random variable &, though extending the presentation
to the independent case is straightforward.

The original proof of Theorem 8.1.5 is based on the construction of a well-
chosen net, and that construction is rather involved. Here we present a much simpler
argument that is based on the small-ball method (see, e.g., [10-12]). As an added
value, the method presented here gives more information than the assertion of
Theorem 8.1.5, as is explained in what follows.

The starting point of the proof of Theorem 8.1.5 is straightforward: let

K = absconv(X1, ..., X,) = I‘*B{V
and set
L = B", N \/log(eN/n)B.
By comparing the support functions of L and of K, one has to show that with
the wanted probability, for every z € R", hy(z) < hcg(2). And, since h.x (z) =

¢|IT'z|loo, Theorem 8.1.5 can be established by showing that for suitable constants
co and cq,

Pr(3z € 3L° |ITzlloo < c0) < 2exp(—ci N "%n%). (8.1.6)

What we actually show is a stronger statement than (8.1.6): not only is there a
high probability event on which

inf [I'zlloo > co,
zedl°

but in fact, on that “good event”, for each z € 9L°, I'z has ~ Nl-ap large
coordinates, with each one of these coordinates satisfying that | (z, X;) | > co. Thus,
the fact that |I"z||c > co is exhibited by many coordinates and not just by a single
one.
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Proving that indeed, with high probability the smallest cardinality

. . s
Zéralgol{l 2z, Xi) | = co}l

is large is carried out in two steps:

Controlling a Single Point—See Corollary 8.2.4 For 0 < o < 1 and a well
chosen cyp = co(a) one establishes an individual estimate: that for every fixed z €
aL°,

Pr((zX) 12 2e0) 24 ()

In particular, if X1, ..., Xn are independent copies of X then with probability at
least 1 — 2exp(—C2N1’°‘n°‘),

[{i 1z, Xi) | = 2co}| = 2N'~*n®. (8.1.7)

From a Single Function to Uniform Control Thanks to the high probability
estimate with which (8.1.7) holds, it is possible to control uniformly any subset of
dL° whose cardinality is at most exp(c N'~*n/2). Let T be a minimal p-cover of
dL° with respect to the £ norm, and of the allowed cardinality. For every z € 9.L°,
let 7z € T that satisfies ||z — wz||2 < p. The wanted uniform control is achieved by
showing that

sup [{i | (z — 7z, Xi) | = co}| < N'~n®
zedL°

with probability at least 1 — 2 exp(—c3(a) N1 ~*n®).

Indeed, combining the two estimates it follows that with probability at least
1 — 2exp(—c(a@)N'"*n®),
for every z € dL°, one has that
[{i : |z, Xi) | = 2c0}] = 2N'"*n®
and
(i 1z =72, Xi) | = co}| < N'7on®.

Hence, on that event, for every z € dL° there is J; C {1, ..., n} of cardinality at
least N'=%n®, and for every j € J.,

[{z, X)) | = | (w2, Xi) | — |z — 7z, Xi) | = co,
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implying that

inf
z€dL°

{i :1(z. Xi) | = co}| = N'"“n®;

in particular, inf,c570 ||I'z]|co > co as required.
In the next section this line of reasoning is used to prove Theorem 8.1.5.

8.2 Proof of Theorem 8.1.5

Before we begin the proof, let us introduce some notation. Throughout, absolute
constant are denoted by ¢, ¢y, ¢’ etc. Unless specified otherwise, the value of these
constants may change from line to line. Constants that depend on some parameter
« are denoted by c(«). We write a < b if there is an absolute constant ¢ such that
a < cb;a <y bimplies thata < c(a)b; anda ~ b if botha < band b < a.

The required estimate for a single point follows very closely ideas from [13],
which had been developed for obtaining lower estimates on the tails of marginals of

the Rademacher vector (g; l’f:l, that is, on

n
Pr(1) eizil > 1)

i=1

as a function of the ‘location’ in R" of (z;)7_;.

Fix 1 < r < n and consider the interpolation body L, = BJ, N7 Bg and its dual
Ly = conv(By U (1/ Jr)Bé’). The key estimate one needs to establish the wanted
individual control is:

Theorem 8.2.1 There exist constants ¢’ and ¢” that depend only on the small-ball
constants of & (k and 8) such that if z € 0L} then
Pr(l{z, X)| = ¢’) = 2exp(—"r).
Just as in [13], the proof of Theorem 8.2.1 is based on some well-known facts on
the interpolation norm || [|e.

Lemma 8.2.2 There exists an absolute constant co such that for every z € R",

.
lzlze < >z + (> eH)'? < collzlie.
i=1

i>r

*

where (z})7_, is the nonincreasing rearrangement of (|z;|)}_,.
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Moreover, for very z € R" there is a partition of {1, ..., n} to r disjoint blocks
I, ..., I suchthat

el _ &
3; <S00 DY <z,

j=1 i€l;

The first part of Lemma 8.2.2 is due to Holmstedt (see Theorem 4.1 in [6]) and it
gives useful intuition on the nature of the norm || |[ze. The second part is Lemma 2
from [13] and it plays an essential role in what follows.

Before proving Theorem 8.2.1, we require an additional observation that is based
on the small-ball condition satisfies by &.

Lemma8.2.3 Let J C{l,...,n}andsetY =3} ;z;j for z = (z;)i_,. Then

ElY| > ck.8)(} 2"

jeJ
where c(k, 8) < 1 is a constant the depends only on &’s small-ball constants k and
8.

Proof Let (g;) jes be independent, symmetric, {—1, 1}-valued random variables
that are also independent of (§;);c,. Recall that & is symmetric and therefore
(§j) jes has the same distribution as (¢;&;)jes. By Khintchine’s inequality it is
straightforward to verify that

EIY| = Bele |y ejz;65] 2 Be () 2367) 2.

jeJ jeJ

For j € J let nj = Iy, |>«}; thus, the n;’s are iid {0, 1}-valued random variables
whose mean is at least §, and point-wise

1/2 1/2
(o) = e (Poniz) "
jeJ jelJ
Hence, all that is left to complete the proof is to show that
E() 17]‘15)1/2 >c®() 23)1/2.
jet jel

Leta; = Z;/(Zjej z?) and in particular, |[(a;)jesIl1 = 1. Assume without loss
of generality that J = {1, ..., £} and that the a;’s are non-increasing, let y > 0 be
a parameter to be specified in what follows, and set p = En; > 6.
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Consider two cases:

e If a; > yp then with probability at least p, Z] (nja;j = ai > yp.Inthat case

L
E(Y njaj)'? = yyp¥? = gy
=1

» Alternatively, a; < yp, implying that
¢ ¢
A=Y zaY e <
Jj=1 Jj=1

¢
because ||(aj)j=1||1 =1

By Bernstein’s inequality,

e ——

1
<Zexp(-c1/y) <,
provided that y is a small-enough absolute constant. Using, once again, that

||(aj)§.:1 |l = litis evident that with probability at least 1/2, Zﬁ.:l nja; > (1/2)p
and therefore

- 4 T 47

4
(a2 VP =

Thus, setting c(k, §) ~ «83/2 one has that

J2 L
E(Y. 260" = ce, (33"
j=1 j=1

as claimed. |

Proof of Theorem 8.2.1 Fix z € 0L; and recall that by Lemma 8.2.2 there is a
decomposition of {1, ..., n} to disjoint blocks (I/~)§:1 such that

d n1/2 1
YO ) Z@' (8.2.1)

j=1 iel;



194 S. Mendelson

LetY; = Zle I z;&;; observe that Y1, . .., ¥, are independent random variables and
that by Lemma 8.2.3,

ElY;| > cte,8)(D22)"?

i€l

for a constant 0 < c(k, §) < 1.
At the same time,

Esz = Zz?E&f = Zzlz

iEIj iEIj
Therefore, by the Paley-Zygmund inequality (see, e.g., [2]), forany 0 < 6 < 1,

(ElY;))?

Pr(|Y;| > OE|Y;]) > (1 — 6>
(1Y;| = OE|Y;]) = ( ) EY/.Z

Setting 6 = 1/2,

Pr<|Yj| > C(K (> z )1/2) > icz(/c, 5),

i€l

and since Y; is a symmetric random variable (because the &;’s are symmetric), it
follows that

Pr(Y;z C(K (> z )”2) Ak, 8) = c1(x, 8).

i€l

Forl <j <rlet

B; _’Y > c(/c (> z )1/2]

i€l

which are independent events. Hence,

r

Pr(Se 2 peted LD ) =pr(L ) 2 e 0 (T )

j=1 i€l; j=1 j=1 i€l;

> [] PrB)) = ¢, 9.

j=1
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Thus, by (8.2.1), if ¢/ = ic(/c, ) and ¢” = log(1/c1(k, 8)) > 0, one has

n
Pr(z &zi = ') = exp(—c"r).
i=1

|
From here on, the constants ¢’ and ¢” denote the constants from Theorem 8.2.1.

Corollary 8.2.4 For 0 < o < 1, « and § there are constants cy and c| that
depend on a, k and 8, and an absolute constant c for which the following holds.
If N > con, r < cilog(eN/n) and z € OL; then with probability at least
1 —2exp(—ca N1 —%n®),

[{i: [z, Xi) | = ¢}| = 2N""n".
Proof Letz € 9Ly, and invoking Theorem 8.2.1,
Pr(l(z, X)| = ¢') = exp(—c"r)

where ¢’ and ¢” depend only on « and 8.

Set ro = ¢ log(eN/n) such that exp(—c”rg) > 4(n/N)%; thus, ¢; = ci(«, &, ).
If r < ro, X1,..., Xy are independent copied of X and n; = 1y x,)|>¢), then
En; > 4(n/N)*. Hence, by a standard concentration argument (e.g. Bernstein’s
inequality), with probability at least 1 — 2 exp(—ca N1 ™%n),

i :1(z, Xi) | = ¢}| = 2N""*n®,

where ¢, is an absolute constant. |

Thanks to the high probability estimate with which Corollary 8.2.4 holds,
one can control uniformly all the elements of a set 7 C 9dL? as long as
|T] < exp(coN I=ap@) for a suitable absolute constant co, and as long as r <
c(a, k,8)log(eN/n). In that case, there is an event of probability at least 1 —
2 exp(—ci N'=%n®) such that for every z € T,

i1z, Xi) | = ¢/} = 2N ~*n, (82.2)

The natural choice of a set 7 is a minimal p-cover of dL; with respect to the £»

norm. Note that Ly = conv(B{ U r’l/zBf) C BY, and so there is a p-cover of the
allowed cardinality for

p < Sexp(—ca(N/n)! ™),

where ¢ is an absolute constant.
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Clearly, {z —mz : z € 0Ly} C pBJ, and as was explained in the introduction, to
complete the proof of Theorem 8.1.5 it suffices to prove the following lemma:

Lemma 8.2.5 Using the above notation, with probability at least 1 —
2 exp(—C3N1*°‘n°‘), one has

Q= sup |{i:|(u X;)|>c/2}] < N'"*n (8.2.3)

uepBy

Proof Observe that Q is the supremum of an empirical process indexed by a class
of binary valued functions

F={f: =1z 12 € pBy|;
in particular, for every f, € F,

20z X) L, _ 20

I felliL, = Pri2( (e, X) | = ¢'/2) < p ,

T c
= c4(k, 8) exp(—c2(N/n)' =),

By Talagrand’s concentration inequality for bounded empirical processes ([14], see
also [1, Chapter 12]), with probability at least 1 — 2 exp(—t¢),

0 SEQ + VivV/N sup |l follL, +1 sup [ 2l
feF f€F

<EQ + \/t\/NC4(K, 8) exp(—02(N/n)17°‘) 4+t
=)+ @)+ O3).

Let us show that for the right choice of # and N large enough, Q@ < N!=*n®,
The required estimate on (2) and (3) clearly holds as long as

t ks N'=3% and N 2o N

As for EQ, note that point-wise

2 N
sup [{i:| (. Xi) | = c//2}] < 7 sup Y | u. Xi) .

uepBy uepBy ;|

Let (si)lN: | be independent, symmetric, {—1, 1}-valued random variables that are
independent of (X;) lN: |- The Giné-Zinn symmetrization theorem (see, for example,
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[15, Chapter 2.3]) implies that

N N
B sup [ 30(1 Xi) I =Bl X;) 1) | < 2B sup | 3 eil w, Xi) |

uepBE‘ i=1 MEPBS i=1

3

and since ¢ (¢) = |t] is a 1-Lipschitz function that satisfies ¢ (0) = 0, it follows from
the contraction inequality for Bernoulli processes (see, e.g., [8, Chapter 4]) that

N N
E sup | Y eil (. Xi) | ‘ <2E sup |3 e fu, X)|.
uepBy ' =i uepBy =
Therefore,
) N
EQ <" E sup Y |(u,X;)|
€ uepBy D
N
4 2N
< E sup [l X ||+ 7 sup Bl w. X))
uepBy ;i 4 uepBy
N
8 2N
< /E sup ZsiXi,u + ,p
¢ uepBy \i2 ¢
Sp 1—«
< ) (WNn+N) Sy Nexp(—e2(N/m)' ™),
which is sufficiently small as long as N 24 .5 7. ]

8.3 Concluding Remarks

This proof of Theorem 8.1.5 is based on the small-ball method and follows an
almost identical path to previous results that use the method: first, one obtains an
individual estimate that implies that for each v in a fine-enough net, many of the
values (] (X;, v) |);_, are in the ‘right range’; and then, that the ‘oscillation vector’
(| (Xi,z —v) |)lN: | does not spoil too many coordinates when v is ‘close enough’ to
z. Thus, with high probability and uniformly in z, many of the values (| (X;, z) |)f.V: |
are in the right range.

Having said that, there is one substantial difference between this proof and other
instances in which the small-ball method had been used. Previously, individual
estimates had been obtained in the small-ball regime; here the necessary regime
is different: one requires a lower estimate on the tails of marginals of X = (§)_,.
And indeed, the core of the proof is the individual estimate from Theorem 8.2.1,
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ere one shows that if & satisfies a small-ball condition and X has iid coordinates

distributed as & then its marginals exhibit a ‘super-Gaussian’ behaviour at the right
level.
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Chapter 9 )
Reciprocals and Flowers in Convexity Shethie

Emanuel Milman, Vitali Milman, and Liran Rotem

Abstract We study new classes of convex bodies and star bodies with unusual
properties. First we define the class of reciprocal bodies, which may be viewed
as convex bodies of the form “1/K”. The map K — K’ sending a body to its
reciprocal is a duality on the class of reciprocal bodies, and we study its properties.

To connect this new map with the classic polarity we use another construction,
associating to each convex body K a star body which we call its flower and denote
by K*. The mapping K — K* is a bijection between the class K of convex bodies
and the class 7" of flowers. Even though flowers are in general not convex, their
study is very useful to the study of convex geometry. For example, we show that
the polarity map o : K — Kfj decomposes into two separate bijections: First our
flower map & : K — F", followed by a slight modification ® of the spherical
inversion which maps F" back to Kj. Each of these maps has its own properties,
which combine to create the various properties of the polarity map.

We study the various relations between the four maps /, o, & and @ and use these
relations to derive some of their properties. For example, we show that a convex
body K is a reciprocal body if and only if its flower K* is convex.

We show that the class F”" has a very rich structure, and is closed under many
operations, including the Minkowski addition. This structure has corollaries for the
other maps which we study. For example, we show that if K and T are reciprocal
bodies so is their “harmonic sum” (K° + 7°)°. We also show that the volume

‘(Zl A K ,-)"‘ is a homogeneous polynomial in the A;’s, whose coefficients can be
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called “&-type mixed volumes”. These mixed volumes satisfy natural geometric
inequalities, such as an elliptic Alexandrov—Fenchel inequality. More geometric
inequalities are also derived.

9.1 Introduction

In this paper we study new classes of convex bodies and star bodies in R" with
some unusual properties. We will provide precise definitions below, but let us first
describe the general program of what will follow.

One of our new classes, “reciprocal” bodies, may be viewed as bodies of the
form “ Il( ” for a convex body K. They appear as the image of a new “quasi-duality”
operation on the class K of convex bodies. We denote this new map by K +
K’. This operation reverses order (with respect to inclusions) and has the property
K" = K’. Hence the map ’ is indeed a duality on its image.

This new operation is connected to the classical operation of polarity o : K +—
K° via another construction, which we call simply the “flower” of a body K and
denote by & : K > K*. We provide the definition of K* in Definition 9.3 below,
but an equivalent description which sheds light on the “flower” nomenclature is

K":U{B(;,';'):xeK}

(see Proposition 9.19). Here B(y, r) is the Euclidean ball with center y € R" and
radius » > 0. In other words, K* is the union of all balls having diameter [0, x]
withx € K.

In general, K* is a star body which is not necessarily convex. The flower of
a convex body was previously studied for very different reasons in the field of
stochastic geometry—see Remark 9.7. We show that our new map ’ is precisely
K = (K"')o. We also show that K belongs to the image of /, i.e. K is a reciprocal
body, if and only if K* is convex. This means that such reciprocal bodies are in
some sense ‘“‘more convex’ than other convex bodies, and can also be called “doubly
convex” bodies.

Interestingly, the flower map & is also connected to the n-dimensional spherical
inversion @ when applied to star bodies (® is defined by applying the pointwise
map Z(x) = | ;“2 and taking set complement—see Definition 9.11). We describe the

class of convex bodies on which ® preserves convexity.

The method of study of these questions looks novel and some of the results are
not intuitive. Just as an example, we show that if ®(A) and ©(B) are convex (for
some star bodies A and B) then ®(A + B) is convex as well, where A + B is the
Minkowski addition (see Corollary 9.37).

The family 7" of flowers should play a central role in the study of convexity. It
has a very rich structure. For example, it is closed under the Minkowski addition, and
is also preserved by orthogonal projections and sections. “Flower mixed volumes”
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also exist and, perhaps most interestingly, we have a decomposition of the classical
polarity operation as

@
Ko i)}'" — K§.

Here the maps & and ® are 1-1 and onto, and we have o = ®& in the sense that
K° =@ (K*) forall K € K.

The class of reciprocal bodies also looks interesting. No polytope belongs to
this class, and no centrally symmetric ellipsoids (besides Euclidean balls centered
at 0). At the same time this class is clearly important, as seen from its properties
and the fact that it coincides with the “doubly convex” bodies. We provide several
two-dimensional pictures to help create some intuition about this class of reciprocal
bodies and about the class of flowers.

To make the above claims more precise, let us now give some basic definitions
and fix our notation. The reader may consult [14] for more information. By a convex
body in R" we mean a set K € R” which is closed and convex. We will always
assume further that 0 € K, but we do not assume that K is compact or has non-
empty interior. We denote the set of all such bodies by K. The support function of
K is the function hg : S*~' — [0, co] defined by hg(0) = sup,cx (x,0). Here
§"=1 = {# e R" : |9| = 1} is the unit Euclidean sphere, and (-, -) is the standard
scalar product on R”. The function % g uniquely defines the body K.

The Minkowski sum of two convex bodies is defined by

K+T={x+y:xeK, yeT}

(the closure is not needed if K or T is compact). The homothety operation is defined
by ALK = {iAx : x € K}. These operations are related to the support function by the
identity hyx+1 = Ahg + hr.

We say that A € R” is a star set if A is non-empty and x € A implies that
Ax € Aforall 0 < A < 1. The radial function ry : sl s [0, oo] of A is defined
by ra(@) = sup{r > 0: A0 € A}. For us, a star body is simply a star set which is
radially closed, in the sense that 74 ()6 € A for all directions 6 € §"~! satisfying
r4(0) < oo. For such bodies r4 uniquely defines A.

The polarity map o : Kij — Ky maps every body K to its polar

K°={yeR": (x,y) < 1forallx € K}. 9.1.1)

1 .

Ko

e Itis order reversing: If K € T then K° 2 T°.

e Itis an involution: K°° = K forall K € K (if A is only a star body, then A°° is
the closed convex hull of A).

It follows that hx = . The polarity map is a duality in the following sense:
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In fact, it was proved in [1] that the polarity map is essentially the only duality on K
(see also [15] which proves a strengthening of this fact). Similar results on different
classes of convex bodies were proved earlier in [6] and [3].

The structure of a set equipped with a duality relation is common in mathematics.
A basic example is the set [0, co] equipped with the inversion x — x~! (we set of
course 07! = oo and co~! = 0). Following this analogy, one may think of K° as
a certain inverse “K ~!”. This point of view can indeed be useful—see for example
[12] and [9].

However, in recent works ([10, 11]), the authors discussed the application of
functions such as x > x* (0 < o < 1) and x — log x to convex bodies. Applying
the same idea to the inversion x +— i, we obtain a new notion of the reciprocal
body “K —1» Recall that given a function g : sl [0, o0], its Alexandrov body,
or Wulff shape, is defined by

Alg] = {x €R": (x,6) < g() forall 0 e S”_l}.

In other words, A [g] is the biggest convex body such that 4[] < g. In particular,
for every convex body K we have K = A [hk]. We may now define:

Definition 9.1 Given K € K, the reciprocal body K’ € Ky is defined by K’ =

A[th].

More explicitly, we have

K'= H’(@,hK(Q)’l),

pesn—1

where H=(0,c) ={x e R" : (x,0) <c}.

The idea of constructing new interesting convex bodies as Alexandrov bodies
is not new. As one important recent example, Boroczky, Lutwak, Yang and Zhang

consider in [4] the body A [h}{)‘h)i], which they call the A-logarithmic mean of K
and L.

Figure 9.1 depicts some simple convex bodies in R? and their reciprocal. Some
basic properties of the reciprocal map K +> K’ are immediate from the definition:

Proposition 9.2 Forall K, T € Kj we have:

1. K' € K°, with an equality if and only if K is a Euclidean ball.
2. IfK DT then K' C T

3. K" 2K.

4. K" =K'

Proof For (1), note that for every & € §"~! we have 1 = (6,0) < hg(0)hg-(0).

Hence K° = A[hgo] > A [th] = K’. An equality K’ = K° implies that hgo =

1

g OF equivalently rx = h}(O = hg. This implies that K is a ball.
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Fig. 9.1 Convex bodies (solid) and their reciprocals (dashed)

Property (2) is obvious from the definition.

For property (3), we know that hg < hlk soK"=A [h}(/] >A[hg] =K.

Finally, (4) is a formal consequence of (2) and (3): We know that K” 2 K, so
K" C K’. On the other hand applying (3) to K’ gives K" 2 K'. i

Let us write
R'={K': K e Kj}.

Note that properties (2) and (4) above imply that’ is a duality on the class R". Also
note that K € R" if and only if K" = K.

Our next goal is to give an alternative description of the reciprocal body K'.
Towards this goal we define:

Definition 9.3

1. For a convex body K € Kjj we denote by K * the star body with radial function
Fga = hK.

2. We say that a star body A € R" is a flower if A = |J,.c B ()2‘, |)2“), where
C < R" is some closed set. The class of all flowers in R” is denoted by F".

The two parts of the definition are related by the following:

Theorem 9.4 For every K € Kij we have K* € F". Moreover; the map & : K§ —
F™ is a bijection. Equivalently, every flower A is of the form A = K* for a unique
K € Kij; We have A = | J,.x B ()2‘, l;' ), and we simply say that A is the flower of
K.

This theorem is a combination of Proposition 9.17(2), Proposition 9.19, and
Remark 9.21.

As we will see flowers play an important role in connecting the reciprocity map
to the polarity map. Note that in general K* is not convex. Figure 9.2 depicts the
flowers of some convex bodies in RZ. Another example that will be important in the
sequel is the following:
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Fig. 9.2 Convex bodies (solid) and their flowers (dashed)

Example 9.5 For x € R" write [0,x] = {Ax: 0 <A < 1}. Also denote the
Euclidean ball with center x and radius r > 0 by B(x,r), and write B, =

B (’5, |)2C|). Then [0, x]"' = By. Indeed, a direct computation gives
hio.x1(0) = rp, (0) = max {(x, 6),0}.

The identity [0, x]* = B, is also a classical theorem in geometry sometimes
referred to as Thales’s theorem: If an interval [a, b] € R" is a diameter of a ball
B, then 9 B is precisely the set of points y such that Layb = 90°.

The polarity map, the reciprocal map and the flower are all related via the following
formula:

Proposition 9.6 For every K € K we have (K*)° = K'.

Note that even though in general K* ¢ K, we may still compute its polar using
(9.1.1).

Proof By definition x € (K*)° if and only if (x,y) < I forall y € K*. Itis
obviously enough to check this for y € 3K*,ie. y = rxa(0)0 = hg(0)0 for some
6 es.

Hence x € (K*) if and only if for all & € $"~! we have (x, hx(9)6) < 1, or

(x,0) < hK1(0)~ This means that x € A [hlk] =K’ ]

Remark 9.7 The flower of a convex body was studied in stochastic geometry under
the name “Voronoi Flower” (see e.g. [16]). The reason for the name is the following

relation to Voronoi tessellations: For a discrete set of points P C R”, consider the
(open) Voronoi cell

Z:{xeR”: [x = 0] < |x —y| forallyeP}.
Then for any convex body K we have Z 2 K if and only if P N (2K*) = 0. It

follows that if for example P is chosen according to a homogeneous Poisson point
process, then the probability that Z D K is computable from the volume of K*.
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In Sect. 9.2 we discuss basic properties of the flower map & and prove representation
formulas for both K* and K’. We also study the pre-images of a body K € R"
under the reciprocity map. Since / is not a duality on all of K}, the set of pre-images

{Aeky: A=K}

may in general contain more than one body. We study this set, and prove the
following results:

Theorem 9.8

1. If K € R" is a smooth convex body then K = A’ for a unique A € K.
2. Fora general K € R", the set {A eky: A= K} is a convex subset of K.

The main goal of Sect. 9.3 is to prove the following theorem, characterizing the class
R" of reciprocal bodies:

Theorem 9.9 K € R" if and only if K* is convex.
As a corollary we obtain:

Corollary 9.10 For every K € R" and every subspace E < R" one has
(Proj K )/ = Projy K', where Proj denotes the orthogonal projection onto E.

As we will see, this corollary is false without the assumption that K € R". We
will prove Theorem 9.9 by connecting the various maps we constructed so far with
another duality on the class of star-bodies:

Definition 9.11
1. Let Z : R\ {0} — R"™\ {0} denote the spherical inversion Z(x) = *

2"
2. Given a star body A, we denote by ®(A) the star body with radial function
1
reA) = ra

The map A +— ®(A) is obviously a duality on the class of star bodies. It is
sometimes called star duality and denoted by A* (see [13]), but we will prefer the
notation ®(A). Note that ® is “essentially the same” as the pointwise map Z in the
sense that 0®(A) = Z (dA), but Z maps the interior of A to the exterior of ®(A)
and vice versa. Here by the boundary d A of a star body A we mean

0A = {rA(Q)Q : 0 e 8" ! suchthat 0 < ra(0) < 00] :

One interesting relation between @ and our previous definitions is the following (see
Propositions 9.28(2) and 9.33):
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Theorem 9.12 & is a bijection between Kfy and F". Moreover, the polarity map
decomposes as

» o}
o: Ky — F' — Kj,

in the sense that ® (K“) = K° forall K € K.

In Sect. 9.4 we use the results of Sect. 9.3 to further study the class of flowers, with
applications to the study of reciprocity and the map &. First we understand when
the map @ preserves convexity. By Theorem 9.12, as @ is an involution, we know
that ®(A) is convex if and only if A is a flower. When A is in addition convex, we
have:

Theorem 9.13 If K € Kj then ®(K) is convex if and only if K° € R".
(See Proposition 9.33). We then show that the class F"* has a lot of structure:

Theorem 9.14 Fix A, B € F" and a linear subspace E C R". Then A + B and
conv A are flowers in R", and A N E and Projg A are flowers in E.

(See Propositions 9.35, 9.39 and 9.40). As corollaries we obtain:
Corollary 9.15

1. IfK, T € R" then (K° + T°)° € R".
2. If K, T are convex bodies then ® (®(K) + ®(T)) is also convex.

As another corollary we construct a new addition @ on K such that the class
R™ is closed under @. Moreover, when restricted to R”, this new addition has all
properties one may expect: it is associative, commutative and monotone, it has {0}
as an identity element, and it satisfies AK @& uK = (A + ) K.

The final Sect. 9.5 is devoted to the study of inequalities. We begin by showing
that the maps &, @ and s are all convex in appropriate senses. We also study
the functional K +— |K *| where |-| denotes the volume. We prove results that
are analogous to Minkowski’s theorem of polynomiality of volume and to the
Alexandrov—Fenchel inequality:

Theorem 9.16 Fix K1, K>, ..., K,y € Kfj. Then

m
(MK +x21<2+--~+xm1<m)*\= D VAK Kip o Ki)  highiy e A

1,02, in=1

where the coefficients are given by

VAK1, Ka, ... Kn) = | BY - fs K Ohiy () -, (0)do (9)
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(Here Bé’ denotes the unit Euclidean ball). Moreover, for every K1, K2, ..., K, €
K we have

VK1, K2, K3, ..., Kn)? < V* (K1, K1, K3, ... Kn)-V* (K2, K2, K3, ..., Kp) .

These results and their proofs are similar in spirit to the dual Brunn—Minkowski
theory which was developed by Lutwak in [8]. We also prove a Kubota type formula
for the new &-quermassintegrals, and use it to compare them with the classical
definition.

9.2 Properties of Reciprocity and Flowers

We begin this section with some basic properties of flowers:
Proposition 9.17

1. For every K € K we have K* D K, with equality if and only if K is an
Euclidean ball.

2. IfK*=T*forK,T € K thenK =T.

3. Let {K;i};c be a family of convex bodies. Then (conv (|, ¢, K,'))" =Ujer Kl"

4. For every K € Ky and every subspace E C R" we have (ProjE K)"' =K*NE
(where the & on the left hand side is taken inside the subspace E).

Proof For (1) we have rga = hg > rg. The equality case is the same as in
Proposition 9.2(1).

(2) is obvious since hg uniquely defines K. For (3), write A = conv (Uie[ Ki)
and B = Kl.‘". Then

iel

Fpse = hA = maxhKI. = maer.; =7rpB,
iel iel i

so A* = B.
Finally, for (4), since both bodies are inside E it is enough to check that their
radial functions coincide in E. Butif § € §"~! N E then

" (Proj K)as(@) = hproj, k (0) = hg (0) = rga(0) = rganp(0),

proving the claim. O



208 E. Milman et al.

We will also need the following computation:

Lemma 9.18 Let B, = B (2, "5‘) be the ball with center % and radius |;|. Let P,
be the paraboloid,

1 .2
P, = {y eR": (y,x)<1-— 4 x|? |Pr0]xly| },

where Proj. 1 denotes the orthogonal projection to the hyperplane orthogonal to x.
Then B] = P;.

Proof 1t is enough to prove the result for x = ¢, = (0,0, ..., 0, 1). Indeed, we can

a write x = A - u(e,,) for some orthogonal matrix # and some A > 0, and then

o 1 1
(Bo)® = (h-u(By)) = -u(By)=, -u(P,)=Pr

Write a general pointy €e R" as y = (z, 1) € R”~! x R. Since B, = [0, x]* we
know that

rB,, (2,1) = hjo,e,1(z, 1) = max {z, 0} .
Hence we have
hp,, (z,1) = max ((z 1),rp, (0)0)= max ((z,1), (u,s)) max{s, 0}
e (u,s)eSn—1
t
= max <<Z’ Z> TS max {s, 0}) .
(u,5)eR=1xR \ |u|* + 52

It is obviously enough to maximize over s > 0, and by homogeneity we may take
s = L. It is also clear that the maximum is attained when u = r - é | for some r.
Therefore

rlzl+t
h ,1) =m .
By (2:1) rax<r2+1)

r|Z\+t

We see that (z,7) € B; if and only if for all » we have 1 = 1,orr2 —|z|r +

1 — ¢ > 0. This happens exactly when |z|2 —4(1 -1 < 0, ort <1-— ‘Zf. Hence
B; = P, like we wanted. |

Hence we obtain the following descriptions of K* and K’

Proposition 9.19 For every K € Kjj we have K* = Uyex Bx, and K' =
mxeK Px'
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Proof Since K = conv (U,cx[0. x1), Proposition 9.17(3) implies that K* =
U, ex Bx. Hence

K = (K*>°: ﬂ BS = ﬂ P,.

xekK xekK

O

Remark 9.20 If K is compact, the same proof shows that it is enough to consider
only x € dK. In fact we can do a bit more: recall that x € dK is an extremal point
for K if any representation x = (1 — A)y + Az for0 < A < land y,z € K
implies that y = z = x. Denote the set of extremal points by Ext(K). By the Krein—

Milman theorem' we have K = conv (Uerxt(K)[O, x]), 50 K* = U, cexk) Br

and K’ = (), gy Pr- In particular if K is a polytope then K* is the union of
finitely many balls and K’ is the intersection of finitely many paraboloids.

Remark 9.21 The formulas of Proposition 9.19 can be used to define K* and K’ for
non-convex sets (say compact). However, it turns out that under such definitions we
have K* = (convK)* and K’ = (conv K)’, so essentially nothing new is gained.
To see that K* = (convK)*® note that by the remark above

cowkK)*= | ] B.c|B.=k*

xeExt(conv K) xek

Let us now give one application of Proposition 9.19. We say that K € K is smooth
if K is compact, 0 € intK, and at every point x € JK there exists a unique
supporting hyperplane to K. We say that K € K is strictly convex if K is compact,
0 € int K and Ext(K) = 0K. It is a standard fact in convexity that K is smooth if
and only if its polar K° is strictly convex (see, e.g. Proposition 1.e.2 of [7]).

Theorem 9.22 Assume K € Ky is compact and 0 € intK. Then K’ is strictly
convex.

Ideologically, the theorem follows from the fact that for every 0 < r < R < oo the
family

{PcNB@O,R): r <|x| <R}

is “uniformly convex”, i.e. has a uniform lower bound on its modulus of convexity.
It then follows that an arbitrary intersection of such bodies will be strictly
convex as well. In particular, since for R > 0 large enough we have K/ =
MNyeax (Px N B(0, R)), it follows that K’ is strictly convex. Since filling in the

n the finite dimensional case the Krein-Milman theorem was first proved by Minkowski. See
[14] and in particular the first note of Section 1.4.
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computational details is tedious and not very illuminating, we will omit the formal
proof.

Instead, let us now fix a reciprocal body K € R", and discuss the class of
“pre-reciprocals” {A eky: A=K } It is obvious that such pre-reciprocals are
in general not unique. For example, if A ¢ R" then A and A” are two different
pre-reciprocals of A’.

However, sometimes it is true that the pre-reciprocal is unique:

Proposition 9.23 Let K be a smooth convex body. Then there exists at most one
body A such that A’ = K.

Proof Assume A’ = B’ = K. Then (A"')O = (B"‘)O = K, which implies that
conv (A"‘) = conv (B"') = K°.
Since conv (A"') = K° we have A* D Ext(K°). Since K is smooth its polar is

strictly convex, so A* D dK°. But A* is a star body, so we must have A* = K°.
Similarly B* = K°, and since A* = B* we conclude that A = B. o

When K is not smooth it may have many pre-reciprocals, but something can still be
said: The set D(K) = {A € K} : A’ = K} is a convex subset of Kf}.

Theorem 9.24

1. Fix K € K such that 0 € intK. If A, B € D(K) then L\ A + (1 — M) B € D(K)
forall0 < X\ < 1.
2. If K € K and D(K) # ) then K’ is the largest body in D(K).

For the proof we need the following lemma:

Lemma 9.25 Let X,Y € R”" be compact sets such that convX = convY = T.
Thenconv(X NY)=conv(XUY)=T.

Proof For the union this is trivial: On the one hand conv(X UY) D convX = T.
On the otherhand X UY € T and T is convex,soconv(X UY) C T.
For the intersection, the inclusion conv (X NY) € T is again obvious. Con-

versely, since convX = convY = T it follows that X,Y 2O Ext(T), so
X NY D ExtT. It follows from the Krein--Milman theorem that conv(X NY) 2
conv(ExtT)=T. m|

Proof of Theorem 9.24 For (1), fix A, B € D(K). Since A’ = B’ = K we have
conv (A"‘) = conv (B"‘) = K°. Since 0 € int K we know that K° is compact, and

hence A* and B* are compact as well.
Write C = LA + (1 — 1) B. We have

rca =hc =Ahg + (1 —Xhp <max{ha, hp} = max {rAq., VB.'.} =T aUBs.
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Hence C* € A* U B*, and similarly C* D A* N B*. It follows that
K° = conv (A"' N B") C conv C* C conv (A"‘ U B"‘) =K°,

s0C' = (C*)°=K>* =K.

For (2), D(K) # @ exactly means that K € R",s0o K” = K and K’ € D(K).
For any other A € D(K) we have A C A” = K’ so K’ is indeed the largest body in
D(K). O

Note that Theorem 9.24 gives us a partition of the family of compact convex bodies
in R" into convex sub-families, where A and B belong to the same sub-family if and
onlyif A’ = B’.

We conclude this section by turning our attention to Theorem 9.9. For the full
proof we will need some new ideas, presented in the next section. But the ideas
we developed so far suffice to give a simple geometric proof of the theorem in
some cases. We find it worthwhile, as the proof of Sect. 9.3 is not intuitive, and the
following proof shows why convexity of K* plays a role. Let us show the following:

Proposition 9.26 Assume that K € R" is smooth. Then K* is convex.

Proof Assume by contradiction that K* is not convex. Then we can choose a point
x € 9K* Nint (conv K*) . Write £ = |§|. Since

hi (£) = rga (£) = Ix],

we conclude that the hyperplane Hy, = {z: (z —x,x) =0} is a supporting
hyperplane for K. Fix a pointy € 0K N H,.

Since y € K we know that [0, y] € K, so B, = [0, y]"’ C K*. We claim that
By NoK * — (x}. Indeed, by elementary geometry (see Example 9.5) we know that
w € 9By if and only if LOwy = 90°,i.e. (w, y — w) = 0. This is also easy to check
algebraically. Since y € H, we know that (y — x, x) =0,s0x € By.

Conversely, if w € B, NdK*theny € H, = {z: (z — w, w) = 0}. Again since
w € dK* we conclude that H,, is a supporting hyperplane for K. Since H, and H,,
are two supporting hyperplanes passing through y, and since K is smooth, we must
have H, = Hy,, so x = w. This proves the claim.

It follows in particular that By < int(conv K*). Since B, is compact and
int (conv K "') is open, it follows that B, C int (conv K "') for all z close enough
to y. In particular one may take z = (1 + &)y for a small enough ¢ > 0. Since
yeoK,z ¢ K.

Define P = conv (K, z) = conv (K U [0, z]). Then

P* = K* U0, z]* = K* U B. C conv (K"') :

Hence conv (P*) = conv (K*),so P’ = K'.Butthen K" = P" 2 P D K, so
K ¢ R". O
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9.3 The Spherical Inversion and a Proof of Theorem 9.9

The main goal of this section is to prove Theorem 9.9: K € R" if and only if K*
is convex. For the proof we will use the maps Z and & from Definition 9.3. We will
also use the following well-known property of Z (see e.g. Theorem 5.2 of [2]):

Fact9.27 Let A € R" be a sphere or a hyperplane. Then Z (A) is a hyperplane if
0 e A,and asphereif O ¢ A.

It follows that if B is any ball such that 0 € B, then ®(B) is either a ball (if
0 € int B) or a half-space (if 0 € 9 B).

Since in this section we will compose many operations, it will be more
convenient to write them in function notation, where composition is denoted by
juxtaposition. For example, by c®&K we mean (<I> (K "‘))o. In particular oo =
conv, the (closed) convex hull operation. We have the following relations between
the different maps:

Proposition 9.28 If K € K then

1. &K = K'.
2. P&K = oK.
3. o K = &K.
4. &0 K = OK.
5. (oK) = o®K.

Proof Identity (1) is the same as Proposition 9.6.
For (2) we compare radial functions:

1 1
roaK = = = roK-
rak  hg

(3) follows from (2) by applying ® to both sides.
For (4) we apply (3) to oK instead of K and obtain

HhoK=>PooK = dK.

(5) is obtained from (4) by taking polar of both sides and applying (1). O

Note that Proposition 9.28(2) provides a decomposition of the classical duality to a
“global” part (the flower) and an “essentially pointwise” part (the map ®). Also note
that the identities (2) and (3) actually hold for all star bodies, since & A = & conv A
and oA = oconv A. The convexity of K is crucial however for identity (4), and for
general star bodies we only have & o A = ® conv A.
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We will also need to know the following construction and its properties, which
may be of independent interest:

Definition 9.29 The spherical inner hull of a convex body K is defined by
Inns K = (B x) : B(x. |x]) € K}.

Proposition 9.30 Fix K € K. Then
1. We have the identity

Inng K = ®convd®K = & 0 0dK 9.3.1)

2. Inng K € K. In other words, (9.3.1) always defines a convex subset of K.
3. Inng K is the largest star body A C K such that ®(A) is convex. In particular
Inng K = K if and only if ®(K) is convex.

Proof For (1) we should prove that ® conv®K = Inng K, or equivalently that
conv®K = & Inng K. Since & is a duality on star bodies we have

®Inng K = ﬂ {®B(x, |x|) : ®B(x, |x]) D PK}.

Since {B(x, |x]) : x € R"} is exactly the family of all balls having 0 on their
boundary, {®B(x, |x|) : x € R"} is the family of all affine half-spaces with 0 in
their interior. Hence

H is a half-space

olmns K = ({H
s ﬂ{ 0cintH and H D ®K

} =convdK

which is what we wanted to prove.
To show (2), fix x, y € Inng K and 0 < A < 1. We have x € B(a, |a|) € K and
y € B(b, |b]) C K for some a, b € R". Hence
(I =2)x + 4y e (I —2)B(a, |al) + AB(b, |b))
=B((1-Ma+rb,(1=21)|al+Alb]) C K.
Consider the ball B = B ((1 — A)a + Ab, (1 — X) |a| + A |b|). Obviously 0 € B.
We know that ®B is either a ball or a half-space. In particular it is convex, so

Inng B = ®conv®B = ®PB = B. Hence (1 — A)x + Ay € Inng B and we can
find ¢ € R” such that

(1 —Xx+xry e B(c,|c]) B CK.

It follows that (1 — A)x + Ay € Inng K and the proof of (2) is complete.
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Finally we prove (3). The inequality Inng K € K is obvious from the definition.
Since

® (Inng K) = ®P convdPK = conv &K,

we see that @ (Inng K) is convex. Next, we fix a star body A C K such that ®(A)
is convex. Then ®(A) 2 ®(K), and since ®(A) is convex it follows that ® (A) D
conv ® (K) . Hence

A=DPPA C dconvd®K = Inng K,

which is what we wanted to prove. O
Now we can finally prove Theorem 9.9:

Proof of Theorem 9.9 We start with the easy implication which does not require
Proposition 9.30: Assume &K is convex. Then by Proposition 9.28(4) we have & o
&K = PHK. Hence

K'= oo &K = ocD&®K =00 K =K,

so K € R"™.

Conversely, assume that K € R". Then K” = K, meaning that od o &K =
K. As & = ®o we have o® o o® 0 K = K. Applying & to both sides we get
SoDbPoodo K =8&K.

Since oK € Kjj, Proposition 9.30 implies that ® 0 o® o K € Kfj. Hence by
Proposition 9.28(4) we have

RoDPoodPo K =PPooPoK =00PoK =00 &K.

We showed that K = o o &K = conv (&K), so &K is convex. |
As a corollary of the theorem we have the following result about projections:

Proposition 9.31 Fix K € R" and a subspace E < R". Then (Proj g K )/ =
Projp K.

The reciprocity on the left hand side is taken of course inside the subspace E. This
identity should be compared with the standard identity

Proj; K° = (K N E)° 9.3.2)

which holds for the polarity map.
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Proof Since K € R" we know that K* is convex. By Proposition 9.17(4) and
(9.3.2) we have

(Proj K)' = ((Proi K)"')o - (K* N E) — Proj, (K*) — Proj; K.

O

Remark 9.32 Note that we only claimed the identity for reciprocal bodies. In fact,
if (Proj g K )/ = Projg K’ for all one-dimensional subspaces E, then K € R". To
see this, note K” € R" and K’ = K", so by Proposition 9.31 we have

(Proj; K)' = Projp K’ = Proj; K" = (Projz K"’ .

Since every one-dimensional convex body is a reciprocal body we deduce that
Projp K = Proj; K” for all one-dimensional subspaces E, so K = K" € R".

9.4 Structures on the Class of Flowers and Applications

In general, the map ® does not preserve convexity. We begin this section by
understanding when ®(A) is convex:

Proposition 9.33 Let A be a star body. Then ®(A) is convex if and only if A is a
flower.
Furthermore, the following are equivalent for a convex body K € Kij:

1. ®(K) is convex.
2. K° e R"
3. Inng K = K.

Proof For the first statement, note that if A = T* is a flower then ®(A4) =
) (T"‘) = T° is convex (see Proposition 9.28(2)). Conversely, Assume ®(A) =T
is convex. Then ®(A) =T = & ((T°)*), s0 A = (T°)* is a flower.

For the second statement, the equivalence between (1) and (2) is exactly
Theorem 9.9: K° € R" if and only if (K °)* = ®(K) is convex. The equivalence
between (1) and (3) was part of Proposition 9.30. O

Of course, since ® is an involution, the first statement of Proposition 9.33 means
that the image ® (ICS) is exactly the class of flowers. As for the second statement,
we remark that there are convex bodies K € R”" such that K° ¢ R", so these are
indeed different classes of convex bodies. For example, take any compact convex
body with 0 € intT and T ¢ R", and take K = T’ € R". Since K = T’ = (T”)/
but T # T” Proposition 9.23 implies that K is not smooth. Hence K° is not strictly
convex, so by Theorem 9.22 we have K° ¢ R".

We will now use Proposition 9.33 to study some structures on the class of
flowers. Recall that the radial sum AT B of two star bodies A and B is given by
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ra3p = ra + rp. It is immediate that if A and B are flowers then so is A—T—B, and
in fact

K*3T* = (K + T)*. 9.4.1)

It is less obvious that the class of flowers is also closed under the Minkowski
addition. To prove this fact we will first need:

Proposition 9.34 Let B be any Euclidean ball with 0 € B. Then B is a flower.

Proof Fact 9.27 implies that ® (B) is always convex. Proposition 9.33 finishes the
proof. O

Theorem 9.35 Assume A and B are two flowers (which are not necessarily
convex). Then A + B is also a flower, where + is the usual Minkowski sum.

Proof Write A= K*and B=T*forK,T € K- By Proposition 9.19 we have

Hence

Xty Ixl+Iyl
A—i—B:U(Bx—i-By):UB( 2, )

xek xekK
yeT yeT

Since 0 € B(*3”, ‘x‘;m) the previous proposition implies that every such
ball is a flower. Since A 4+ B is a union of such balls, the claim follows (see
Proposition 9.17(3)). |

Remark 9.36 Equation (9.4.1) shows that the radial sum of flowers corresponds
to the Minkowski sum of convex bodies. Similarly, Theorem 9.35 implies that the
Minkowski sum of flowers corresponds to an addition of convex bodies, defined
implicitly by

K*+T*=(KaT)*. (9.4.2)

The addition @ is associative, commutative, monotone and has {0} as its identity
element. However, in general it does not satisfy K @ K = 2K, and in fact K @ K
is usually not homothetic to K. The identity K & K = 2K does hold if K is a
reciprocal body. Moreover, if K, T € R" then by Theorem 9.9 K* and T* are
convex, so (K @ T)“ is convex and K @ T € R" as well. In other words, R" is
closed under &.
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Theorem 9.35 can be equivalently stated in the language of the map &:

Corollary 9.37 Let A and B be star bodies such that ®(A), ® (B) are convex. Then
®(A + B) is convex as well.

There is also a similar statement for reciprocal bodies:
Proposition 9.38 If K, T € R" then (K° + T°)° € R".

Proof Writte A = K'and B = T'.Then K = K" = A’ = (A“‘)o. Since A is
a reciprocal body A* is convex, so K° = (A“)c>c> = A*. In the same way we
have 7° = B*. Hence K° and T° are both flowers, so by the previous Proposition
K° + T° is a flower. If we write K° + T° = C* then (K° +T°)° =C' e R". 0O
A similar phenomenon holds regarding sections and projections. If A € R” is a
flower and E is a subspace of R” then we already saw in Proposition 9.17(4) that

AN E is aflower in E, and in fact (ProjE K)" = K*®* N E. 1tis less clear, but still
true, that Proj A is a flower as well:

Proposition 9.39 If A C R" is a flower and E is a subspace of R", then Projp A is
a flower in E.

Proof 1f A = K* then A = |J, ¢ Bx. and then

Projg A = |_J Projg By.
xekK

Each projection Proj; By is a Euclidean ball in E that contains the origin, so by

Proposition 9.34 is a flower. It follows that Projz A is a flower as well. O

The last operation we would like to mention which preserves the class of flowers is
the convex hull:

Proposition 9.40 If A C R" is a flower so is conv (A), and in fact conv (K*) =
(k")*.

Proof Using the notation of Sect. 9.3 we have (K”)" = &ododK. Since oK =
K’ is obviously a reciprocal body, Theorem 9.9 implies that & o &K is convex.
Hence by Proposition 9.28 parts (4) and (2) we have

(K”)“:.'.o(.'.oq.K)=c1>.'.o.p.1<=oo.p.1<=conv(1<").

O

More structure on the class of flowers can be obtained by transferring known
results about the class Kjj of convex bodies. First let us define the “inverse flower”
operation:
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Definition 9.41 The core of a flower A is defined by
A™* =[x eR": B, C A}.

In a recent paper ([17]) Zong defined the core of a convex body T to be the
Alexandrov body A [rr]. This is equivalent to our definition, though we apply it
to flowers and not to convex bodies. The core operation —d& is indeed the inverse
operation to &: For every K € Kjj we have

(K*)_*z [verr: [0 a* c k4 ={xer": (0.x1c K} =K.

Equivalently, for every flower A the set K = A™* is a convex body and K* = A.

We already referred in the introduction to a characterization of the polarity from
[1] and [15]. Essentially the same result can also be formulated in terms of order-
preserving transformations. We say that a map 7' : Kfj — K is order-preserving if
A C B if and only if T(A) € T(B). Then the theorem states that the only order-
preserving bijections 7' : Kjj — K are the (pointwise) linear maps. From here we
deduce:

Proposition 9.42 Let T : F" — F" be an order-preserving bijection on the class

of flowers. Then there exists an invertible linear map u : R" — R" such that
s

T (A) = (uA=*)".
Proof Define S : Kj — K by S(K) = (T (K"'))_*. Then S is easily seen to be
an order preserving bijection on the class Kjj. Hence by the above-mentioned result
from [1] there exists a linear map u : R" — R” such that S(K) = uK. It follows

that T (A) = (uA_‘“)* like we wanted. |

Note that even though S in the proof above is linear, the map T is in general not even
a pointwise map. In fact, it can be quite complicated—it does not preserve convexity
for example.

With the same proof one may also characterize all dualities on flowers, i.e. all
order-reversing involutions:

Proposition 9.43 Let T : F" — F" be an order-reversing involution on the class

of flowers. Then there exists an invertible symmetric linear map u : R* — R" such
&

that T (A) = (uA=*)°)".

We conclude this section with a nice example. Let B be any Euclidean ball with
0 € B. By Proposition 9.34 we know that B = K* for some body K. What is
K? It turns out that K is an ellipsoid. As (uK)* = u (K“‘) for every orthogonal
matrix u, the body K is clearly a body of revolution. Hence the problem is actually
two-dimensional and we may assume that n = 2.
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Up to rotation, every ellipse has the form

(x —x0)? (v —y0)?
E= ! 2 T,

51}§R2

fora > b > 0. Recall that (xq, y9) is the center of the ellipse. If we write ¢ =
Va2 — b2 then p1 = (x0 + ¢, yo) and p» = (x9 — ¢, yo) are the foci of E, and

E={qeR: g —pil+lg—p2l =2a].

The number e = \/ 1— bi is the eccentricity of E. Obviously every ellipse in R?
a

is uniquely determined by its center, its eccentricity and one of its focus points. We
then have:

Proposition 9.44 Let E C R? be an ellipse with center at p € R?, one focus point
at 0 and eccentricity e. Then:

1. E* is a ball with center p and radius llej‘.

. . . ~ 2 . ..
2. E'isan ellipse with center p = — lieZ . \157|2’ a focus point at 0 and eccentricity e.

Proof By rotating and scaling it is enough to assume that the center of the ellipse is
at p = (1, 0). We then have

@=D> )
E = , V) <1,
{(x ) @ a1 =

where a = ; > 1. To prove (1), consider the centered ellipse E=E-— p. For such
ellipses it is well-known that 2 (x, y) = Va2x? 4 (a® — 1)y2, and then

BEG,¥) = hg(x, ) + hiaop (6, ¥) = Ja2x2 + @ = Dy? + x

(note that we consider &g and &g not as functions on $"=1 but as 1-homogeneous
functions defined on all of R"). Therefore

(x,y)

E* = {(x,y) G S rps (
[Ce, I

)} ={@ s heey = 1P
= {(x,y) : \/azx2+ (@ -1y +x>x? +y2}

:!(x,y): (x—1)2+y25a2},
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where the last equality follows from simple algebraic manipulations. We see that
E* is indeed a ball with center p = (1, 0) and radius Pl

=a.
e ~
To prove (2), recall that E/ = (E"')o. Like before, if B = B ((0, 0), a) is the
centered ball then

hpa(x,y) =hg(x, y)+ hia,oyx, y) = a\/xz +y2+x.
Hence
E’:(E“) = {06, y): hpalx,y) <1}

= {(x,y): a\/x2~|—y2~|—x§ 1}.

Again, some algebraic manipulations will give us the (unpleasant) canonical form

L \2
(x + a271> y?

4 2
(azfl) a?—1

Hence the center of E’ is indeed at (— ! 0) = (— f2,0> =— . P

a1’ CIpP
The distance from the center to the foci is

a 2 1 _ 1 _ e?
a’—1 a?—1 a2—-1 1-—¢%

so one of the focus points is indeed the origin. Finally, the eccentricity of E’ is
indeed

E'=1(x,y):

O

This proposition also gives a nice example of the addition @ defined in (9.4.2): For
every xi, xa, ..., X, € R" the body @?;1[0» x;] is an ellipsoid. Indeed, we have

m * m m
(EB[o, x,-]> = 10,x1*=) "B,
i=1 i=1 i=1

which is a Euclidean ball, so by the last computation @]~ , [0, x;] is an ellipsoid of
revolution with one focus point at 0.
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9.5 Geometric Inequalities

In this final section we discuss several inequalities involving flowers and reciprocal
bodies. We begin by showing that the various operations constructed in this paper
are convex maps. A theorem of Firey from [5] implies that the polarity map o :
K — K is convex with respect to the Minkowski addition: For every K, T € K
and every 0 < A < 1 one has

(1=K +2T)° S (1 —\)K® + AT®.

The maps & and & are also convex with respect to the Minkowski addition on
their appropriate domains:

Theorem 9.45 The map & : Ky — F" is convex. The map ® is convex when
applied to arbitrary star bodies.

Proof For any two star bodies A and B we have ry4+p > r4 + rp. Hence for
K,T € Kjand 0 <A < 1 we have

F(1—mK+aryd =ha-nk+rr = (1 = Mhg + Ahr
=0 =Mrga +Airra ST1q_ygsp0TH-

It follows that ((1 — M) K + )\T)"' C (1 =MK* 4+ AT* so & is convex.
For the convexity of @ fix star bodies A and B and 0 < A < 1, and note that

1 1 @ 1-a A
< +

12 _ = <
PA=RAAE) ra-na+r (L —=ra+irg = ra rB

=1 —=MVrow) +Arod) < r1—1)dA)+1d(B)s

where the inequality (x) is the convexity of the map x — )1[ on (0, 00). O

Convexity of the reciprocal map is more delicate. For general convex bodies K, T €
K the inequality

(1=K +AT)Y € (1 =K' +AT’

is false. It becomes true if we further assume that K and T are reciprocal bodies: If

K € R" then K* is convex, which means that 1‘ = th is the support function of
K
a convex body. Hence hg' = ha(1/ng] = th and similarly A7 = th . Therefore we
indeed have
1 1 1—A A

h _ /S = S
A=DERTY = py _okear  (L=Mhg +2hr = hg by

= (1 =Mhg + M = hg-nk'+i1'-
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However, one cannot really say that / is a convex map on R” in the standard
sense, since the class R" is not closed with respect to the Minkowski addition. In
Eq. (9.4.2) of the previous section we defined a new addition @ which does preserve
the class R”, and the following holds:

Proposition 9.46 The reciprocal map 1 : R" — R" is convex with respect to the
addition ®.

Proof Forevery K, T € R" we have
hker =71 kgr» =Trgs 74 = Tga +rra =hg +hr = hgyr,
so K @ T 2 K + T. Hence by the convexity of o we have
(1= VK ®AT) = [((1 “ VK@ AT)*]O - ((1 —MK* AT"‘)O
c (- (K"')o A (T"')o C(1— WK @AT.

O

We now turn our attention to numerical inequalities involving flowers. To each
body K we can associate a new numerical parameter which is |K *|. the volume
of the flower of K. It was explained in Remark 9.7 why this volume is important
in stochastic geometry. We then have the following reverse Brunn-Minkowski
inequality:

1 1 1
Proposition 9.47 Forevery K, T € K one has |(K +T)*|" < |K"‘ "4 |T"' L

Proof Recall that for every star body A in R” we may integrate by polar coordinates
and deduce that [A| = |B}| - [g-174(6)"do(9). Here o denotes the uniform
probability measure on the sphere. It follows that for every K € Kj we have

‘K"“ = |By|- /S g (0)'do (). 9.5.1)

1
In other words, |[K*|" is proportional to ||h g l n(gn-1y, where L" (8" 1y is the rele-
vant L? space. Therefore the required inequality is nothing more than Minkowski’s
inequality (the triangle inequality for L?-norms, in our case for p = n). O

Similarly, we have an analogue of Minkowski’s theorem on the polynomiality of

volume. Recall that for every fixed convex bodies K1, K», ..., K,,, we have
m
MK+ 2aKa+ -+ Kl = D V(Kiy, Kiy, ooy Kiy) - iy Dy

i1,i2,...ip=1
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Where we take the coefficients V(K;,, K5, ..., K;,) to be symmetric with respect
to a permutation of the arguments. The number V (K1, K>, ..., K,) is called the
mixed volume of K1, K>, ..., K, and is fundamental to convex geometry. We then
have:

Proposition 9.48 Fix K1, K>, ..., K,, € Kij. Then for every A, A2, ..., Ay = 0
one has

m
GiKi+aaKats thnKa)* = 30 VAKG Kiys o Ki) ik

01,02, 0n=1

where the coefficients are given by
VYK, Ko, ... Ky) = | By / i @hgy0) - kg, (0)do(©). (95.2)
N

The proof is immediate from formula (9.5.1). Moreover, the new &-mixed volumes
satisfy a reverse (elliptic) Alexandrov-Fenchel type inequality:

Proposition 9.49 Forevery K1, K>, ..., K, € K we have

V*(K1, K2, K3, ..., Kn)? <V* (K1, K1, K3, ... Ky)-V* (K2, K2, K3, ..., Kn)
9.5.3)

as well as

1
) . (9.5.4)

Moreover, assume that the bodies K; are all compact and K; # {0} forall 1 <i <
n. Then equality occurs in (9.5.3) if and only if K1 and K, are homothetic, and in
(9.5.4)ifand only if K1, K2, . .., K, are all homothetic.

n
VAKL Ko, Kn) < (]‘[ x*
i=1

Proof Apply Holder’s inequality to formula (9.5.2). O

These results and their proofs are very closely related to the dual Brunn—Minkowski
theory which was developed by Lutwak in [8].

Next we would like to compare the &-mixed volume V“(K 1, K2, ..., K,) with
the classical mixed volume V (K1, K>, ..., K,). Since |T"’| > |T| forevery T €
K, one may conjecture that V* K\, K, ...,K,) > V(K1, Ko, ..., K,). This is
not true however, as the next example shows:

Example 9.50 Let {e1, ez} be the standard basis of R2. Define K = [—ej, e1] and
T = [—e2, e2]. Then |AK + uT| = 4Ap which implies that V(K, T) = 2.
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On the other hand by Formula (9.5.2) we have
1 2
VMK, T) = ‘BZZ‘ / hk O)hr (0)do(6) = - / lcos 6] |sinf]do = 1,
S1 T Jo

soV(K,T)> V™K, T).

However, in one case we can compare the &-mixed volume with the classical one.
Recall that for K € Kfj and 0 < i < n the i’th quermassintegral of K is defined by

Wi(K)=V |K,K,...,K,B}, By, ..., B}
~ -~ - < [ -
n—i times i times

Kubota’s formula then states that

B3]

2

/ |Proj; K | du(E),
G(n,i)

where G(n, i) is the set of all i-dimensional linear subspaces of R”, and u is the
Haar probability measure on G (n, i).

We define the &-quermassintegrals in the obvious way as W;"(K ) =
V“(l{, el IS, B, ..., By). We then have a Kubota-type formula:

~
n—i i

Theorem 9.51 Forevery K € ICS and every 0 <i < n we have

By|
w* (K =| 2 f
=i () 1By| Jowmi

(Proj K)*|du(E),

where [ is the Haar probability measure on G(n, i) and the flower map & on the
right hand side is taken inside the subspace E.

Proof If T C R™ then integrating in polar coordinates we have |T'| = |B§”| .
f -1 1T (6)"doy, (), where o, denotes the Haar probability measure on sm=1,
Therefore

/;;(n,i)

(Proj; K)"‘ du(E) = f K*n E‘ diu(E)

G(n,i)

/ / s (0 dog(0)du(E)
Gni) Jsg

= |B}| /SH ria(0)'do, (0)

=‘B§
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- ‘35 / hi () do,(0)
Sn—l
_ |BY) wh (K
T
O
And as a corollary we obtain:
Corollary 9.52 For every K € Kjj and 0 <i < n we have W;"(K) > W;(K).
Proof We have
|B5 | .
Woi(K) = 2 |Proj; K| du(E)
1B Joai
B3| VS e
< i (Projg K)™|du(E) = Wy . (K).
B3| Jowi
|

It is well known that W,_;(K) is (up to normalization) the mean width of K.
Hence from formula (9.5.2) we immediately have W:ﬁl(K ) = W,_1(K). The
Alexandrov-Fenchel inequality and its flower version from Proposition 9.49 then
imply that

, il 2
('Knl) S(Wl(nK)) S._S(vvn_znao) < Wt ()
18] |85 18] 8]

1 1 1
& » & n— n
_ (an”f))z o <W1 <K>> ' <|K‘|>
183] 183 185] 83|
which gives another proof of the relation W;"(K ) > Wi(K).
We conclude this paper with a remark regarding the distance of flowers and
reciprocal bodies to the Euclidean ball. We restrict ourselves to bodies which are

compact and contain O at their interior. The geometric distance between such bodies
K and T is

b
d(K,T):inf{ : aKngbK}.
a

Recall that a body K is centrally symmetric if K = —K.
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Proposition 9.53

1. If a flower A is centrally symmetric and convex, then d (A, Bg) <2
2. If K € R" is centrally symmetric, then d(K, Bg) <2.

Proof To prove the first assertion, write A = K * and let R = max,ex |x]. Since
K CR-Bjwehave AC R - Bj.

On the other hand, fix x € K with |x| = R and note that B, = [0, x]"' C K*=
A. Since K is centrally symmetric we also have —x € K, so B_, € A. Hence

R n
) - By Cconv(ByUB_;) CA,

sod (A, BE’) <2.

For the second assertion, fix a centrally symmetric reciprocal body K and define
T =K.Then K =T = (T"‘)o. Since T is a reciprocal body 7* is convex, so
d (T“, Bg) = d(K°, By) < 2. Since polarity preserves the geometric distance we
alsohave d (K, B}) < 2. ]

Note that this result is false if K is not centrally symmetric. For example, we already
saw in Proposition 9.44 that if E € R? is any ellipse with a focus point at 0 then
E € R?, and the distance d (E, 322) is obviously unbounded on this class of ellipses.
In fact, even the modified distance d(E, B22) =inf, g2 d (E + x, 322) is unbounded
on this class.
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Chapter 10 )
Moments of the Distance Between fleckir
Independent Random Vectors

Assaf Naor and Krzysztof Oleszkiewicz

Abstract We derive various sharp bounds on moments of the distance between two
independent random vectors taking values in a Banach space.

10.1 Introduction

Throughout what follows, all Banach spaces are tacitly assumed to be separable.
This assumption removes the need to discuss measurability side-issues; alternatively
one could consider throughout only the special case of finitely-supported random
variables, which captures all of the key ideas. We will also tacitly assume that all
Banach spaces are over the complex scalars C. This assumption is convenient for
the ensuing proofs, but the main statements (namely, those that do not mention
complex scalars explicitly) hold over the real scalars as well, through a standard
complexification procedure. All the notation and terminology from Banach space
theory that occurs below is basic and standard, as in e.g. [15].

Our starting point is the following question. What is the smallest C > 0 such that
for every Banach space (F, || - ||[r) and every two independent F-valued integrable
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random vectors X, Y € L1(F) we have

inf E[IX — 2l + 1Y = 2l ] < CE[IX = Y| ]? (10.1)

We will reason that (10.1) holds with C = 3, and that C = 3 is the sharp constant
here. More generally, we have the following theorem.

Theorem 10.1.1 Suppose that p > 1 and (F, || - ||r) is a Banach space. Let X, Y €
L, (F) be two independent F-valued p-integrable random vectors. Then

3P
: _ p _ p _ p
infE[IX —2If + 1Y —2IF] <, E[IX — YI£]. (10.2)

The constant 2?,: in (10.2) cannot be improved.

The Banach space F that exhibits this sharpness of (10.2) is, of course, a
subspace of £, but we do not know what is the optimal constant in (10.2) when
F = { itself. More generally, understanding the meaning of the optimal constant
in (10.2) for specific Banach spaces is an interesting question, which we investigate
in the rest of the present work for certain special classes of Banach spaces but do
not fully resolve.

10.1.1 Geometric Motivation

Our interest in (10.1) arose from investigations of [1] in the context of Rieman-
nian/Alexandrov geometry. It is well established throughout an extensive geometric
literature that a range of useful quadratic distance inequalities for a metric space
(M, dy) arise if one imposes bounds on its curvature in the sense of Alexandrov.
The term “quadratic” here indicates that these inequalities involve squares of
distances between finite point configurations in 771. A phenomenon that was
established in [1] is that any such quadratic metric inequality that holds for every
Alexandrov space of nonnegative curvature becomes valid in any metric space
whatsoever if one removes the squaring of the distances, i.e., in essence upon
“linearization” of the inequality; see [1] for a precise formulation. This led naturally
to the question whether the same phenomenon holds for Hadamard spaces (complete
simply connected spaces whose Alexandrov curvature in nonpositive); see [1] for
an extensive discussion as well as the recent negative resolution of this question
in [11]. In the context of a Hadamard space (771, dyy;), the analogue of (10.1) is that
independent finitely-supported 771-valued random variables X, Y satisfy

inf E [dm(x, 22 +dn(Y, z)z] <E [dm(x, Y)Z] . (10.3)
zeM
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See [1] for a standard derivation of (10.3), where z € 171 is an appropriate
“geometric barycenter,” namely it is obtained as the minimizer of the expected
squared distance from X to z. As explained in [1], by using (10.3) iteratively one can
obtain quadratic metric inequalities that hold in any Hadamard space and serve as
obstructions for certain geometric embeddings. The “linearized” version of (10.3),
in the case of Banach spaces and allowing for a loss of a factor C, is precisely (10.1).
So, in the spirit of [1] it is natural to ask what is the smallest C for which it holds.
This is what we address here, leading to analytic questions about Banach spaces that
are interesting in their own right from the probabilistic and geometric perspective.
We note that there are questions along these lines that [1] raises and remain open;
see e.g. [1, Question 32].

10.1.2 Probabilistic Discussion

The inequality which reverses (10.1) holds trivially as a consequence of the triangle
inequality, even when X and Y are not necessarily independent. Namely, any X, Y €
L1 (F) satisfy

E[IX - Y] < Ziglfp[E[llX —zllp + 1Y = zllp] -

So, the above discussion is about the extent to which this use of the triangle
inequality can be reversed.

Since the upper bound that we seek is in terms of the distance in L, (F) between
independent copies of X and Y, this can be further used to control from above
expressions such as E[|| X — Y| f; ] for X and Y not necessarily independent in terms
of E[|| X' — Y’||£ ], where X’ and Y’ are independent, X’ has the same distribution as
X, and Y’ has the same distribution as Y.

In order to analyse the inequality (10.2) in a specific Banach space (F, ||-||r), we
consider the following geometric moduli. Given p > 1let 6,(F, || - ||F), or simply
6, (F) if the norm is clear from the context, be the infimum over those 6 > 0 such
that every independent F'-valued random variables X, Y € L, (F) satisfy

inf E[IX =2l + 1Y = 2IF] < 6E[1X — YIE]. (10.4)

Thus, 6, (F) is precisely the best possible constant in the L ,(F)-analogue of the
aforementioned barycentric inequality (10.3). The use of the letter “6” in this
notation is in reference to the word “barycentric.” Theorem 10.1.1 asserts that
6,(F) <3r/2° —1 and that this bound cannot be improved in general.

Let mp(F, || - IIF) > 0, or simply m, (F) if the norm is clear from the context,
be the infimum over those m > 0 such that every independent F-valued random
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variables X, Y € L, (F) satisfy

p p

1 1
E |:HX — 2[E[X] — 2[E[Y]

1 1
+ HY - 2[E[X] - 2[E[Y]

} <mE[IX = YIIF].
(10.5)

F F

The use of the letter “m” in this notation is in reference to the word “mixture,”
since the left-hand side of (10.5) is equal to 2E[||Z — [E[Z]||’;], where Z € L,(F)
is distributed according to the mixture of the laws of X and Y, namely Z is the
F-valued random vector such that for every Borel set A C F,

P[Z € A] = ;IP[X € Al+ ;[FD[Y € A] (10.6)

Obviously 6, (F) < m)(F), because (10.5) corresponds to choosing z = é[E[X] +
JE[Y] € F in (10.4).

While we sometimes bound m,(F) directly, it is beneficial to refine the
considerations through the study of two further moduli that are natural in their
own right and, as we shall see later, their use can lead to better bounds. Firstly,
let zp(F, || - |IF), or simply z,(F) if the norm is clear from the context, be the
infimum over those ¢ > 0 such that every independent F-valued random variables
X, Y € L,(F) satisfy

E[IX — XlIg] +E[IlY = Y'IF] <<E[IX - Y], (10.7)

where X', Y’ are independent copies of X and Y, respectively. The use of the letter
“¢” in this notation is in reference to the word “roundness,” as we shall next explain.

Observe also that (10.7) is a purely metric condition, i.e., it involves only
distances between points. So, it makes sense to investigate (10.7) in any metric
space (1, di;), namely to study the inequality

E[dm(X, X)P] +E[dm(Y, Y)?] <:E[dm(X, Y)"]. (10.8)

One requires (10.8) to hold for 771-valued independent random variables
X, X',Y,Y' (say, finitely-supported, to avoid measurability assumptions) such
that each of the pairs X, X’ and Y, Y’ is identically distributed.

To the best of our knowledge, condition (10.8) was first studied systematically
by Enflo [10], who defined a metric space (171, dinp) to have generalized roundness
p it satisfies (10.8) with = 2. He proved that L, has generalized roundness p for
p € [1,2], and ingeniously used this notion to answer an old question of Smirnov.
See [9] for a relatively recent example of substantial impact of Enflo’s approach. By
combining [14] with [19], a metric space (171, di;;) has generalized roundness p if
and only if (171, d{;]/ 2) embeds isometrically into a Hilbert space. The case ¢ > 2
of (10.8) arose in [2] in the context of metric embeddings.
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The final geometric modulus that we consider here is a quantity Jp(E - 1F)s
or simply j,(F) if the norm is clear from the context, that is defined to be the
supremum over those j > 1 such that every independent and identically distributed
F-valued random variables Z, Z’ € L ,(F) satisfy

JE[IZ —EZ1P] <E[1Z - Z'17], (10.9)

Note that (10.9) holds with j = 1 by Jensen’s inequality, so we are asking here for
an improvement of (this use of) Jensen’s inequality by a definite factor; the letter
“J” in this notation is in reference to “Jensen.”

We have the following general bounds, which hold for every Banach space (F, || -

|lF) and every p > 1.

24, (F)

6,(F) <mp(F) < 2(/.p(F)

(10.10)

Indeed, we already observed the first inequality in (10.10), and the second inequality
in (10.10) is justified by taking independent random variables X,Y € L,(F),
considering their mixture Z € L,(F) as defined in (10.6), letting X', Y’, Z’ be
independent copies of X, Y, Z, respectively, and proceeding as follows.

E HX l[E[X] l[E[Y] ’ HY l[E[X] 1[E[Y] !
[ a 2 B 2 F * B 2 B 2 F:|

(10.6) P (10.9) 2 ' p

="2E|||Z —E[Z < El(llZ — Z

[1Z — E1Z1)2] i) [ 17]
106) 2 1 1 , 1 ,
(120 i) (2[E[||X —YIE]+ EQIX = X'UF]+ (E[NY — ¥ ||{$]>
2

< <1 + 1z (F))[E[HX— YIIF]
S \2 4t Pl

Recalling the definition (10.5) of m, (F), this implies (10.10).
Here we prove the following bounds on 6,(Ly), mp(Lg), tp(Ly), jp(Lq) for
P.q €[1,00).

Theorem 10.1.2 For every p, q € [1, 00) we have jp (Lg) = 20609 ywhere

—1
c(p,q)dzefmin{l,p—l,p,p(q )}
q q
p—1lifl<p<g<2orl<p< f) <2
-1

B plq quépéqﬁl, (10.11)
- p : q :

q if 2, <p<gq,

1 ifp> 9, >20rp>qg>2
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We also have tp(Ly) < < 2€D ywhere

p-1 i <qg<p.
P(qqf2) +11fq21 <p<q,
def
Cp.)=y2-7  ifg>2and1<p< 9, (10.12)
; ifg <2andg <p< /),
1 ifl<p<qg<2

In fact, if plil < g < pothenty(Ly) = 2r=tif qzl < p < q, thenty(Ly) =

(g —2)
2" 1 and tp(Lg) =2if1 < p < g < 2. Namely, the above bound on t,,(Lg)

is sharp in the first, second and fifth ranges in (10.12).
Furthermore, 6,(Ly) = mp(Ly) = 2277 if p < g < 2. More generally, we have
the bound

(10.13)

J2 2¢(p.q) 20 4 2
3 T 2e(p,g)+l1

. 37
6p(Ly) < mp(Ly) < min op1 (

The upper bound on 6, (L) in (10.13) improves over (10.2) when F' = L for all
values of p, g € [1, 0o). It would be interesting to find the exact value of 6,,(L,) in
the entire range p, g € [1, 00). Note that the second quantity in the minimum in the
right hand side of (10.13) corresponds to using (10.10) together with the bounds on
Jp(Lg) and 7, (Lg) that Theorem 10.1.2 provides; when, say, p = g, this quantity
is smaller than the first quantity in the minimum in the right hand side of (10.13) if
andonlyif 1 < p < 3.

Theorem 10.1.2 states that the constant C(p, g) is sharp in the first, second and
fifth ranges in (10.12). The following conjecture formulates what we expect to be
the sharp values of ¢, (L) for all p, g € [1, 00).

Conjecture 10.1.3 Forall p, g € [1, 00) we have z,(L,) = 2Con(P-9) where

-2
Copt(P> q) d=efmax{1,p —1 P(Qq ), 1}
p—1 if p>2and1<q < p,
p(qq—Z) +1ifg >2and1 < p <q, (10.14)
! if p,q €1,2].

We will prove later that ¢,(L,) > 2Copt(P-0) | g0 Conjecture (10.1.3) is about
improving our upper bounds on ¢, (L) in the remaining third and fourth ranges that
appear in (10.12).

Question 10.1.4 Below we will obtain improvements over (10.2) for other spaces
besides {L, : g € [1, 00)}, including e.g. the Schatten—von Neumann trace classes
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(see e.g. [20]) {Sq : g € (1,00)}. However, parts of Theorem 10.1.2 rely on
“commutative” properties of L, which are not valid for S, thus leading to even
better bounds in the commutative setting. It would be especially interesting to obtain
sharp bounds in noncommutative probabilistic inequalities such as the roundness
inequality (10.7) when F = Sq. In particular, we ask what is the value of z(Sy)?
At present, we know (as was already shown by Enflo [10]) that ¢; (L) = 2 while
the only bound that we have for S; is ¢1(S;) < 4. Note that 4 is a trivial upper
bound here, which holds for every Banach space. Interestingly, it follows from [7]
that £1(Sy) > 2/ 2, as explained in Remark 10.3.1 below. So, there is a genuine
difference between the commutative and noncommutative settings of L; and Sy,
respectively. As a more modest question, is 71 (S) strictly less than 4?

10.1.3 Complex Interpolation

We will use basic terminology, notation and results of complex interpolation of
Banach spaces; the relevant background appears in [4, 8]. Theorem 10.1.2 is a
special case of the following more general result about interpolation spaces. As
such, it applies also to random variables that take values in certain spaces other than
L, including, for examples, Schatten—von Neumann trace classes (see e.g. [20])
and, by an extrapolation theorem of Pisier[18], Banach lattices of nontrivial type.

Theorem 10.1.5 Fix 0 € [0, 11and ,2, < p < 2. Let (F, || - |F), (H, || - ln) be a
compatible pair of Banach spaces such that (H, || - ||g) is a Hilbert space. Then the
following estimates hold true.

ep(F, Hlg) <2007 and  j (IF, Hlg) > 27 . (10.15)

Additionally, we have

6,([F, Hlp) < mp([F, H]p) < min

3P (Jz)”e 1 420-0p
3 b

_ 6,
2r—1 2{7
(2P 2
-1\ 3 if 1—-0 <p< 6>
=) 1420-0p o2 1 (10.16)
2921) lf 2-6 < p < 1-6°

(Note that if the first range of values of p in the right hand side of (10.16) is
nonempty, then necessarily 0 < % )

The deduction of Theorem 10.1.2 from Theorem 10.1.5 appears in Sect. 10.3
below; in most cases this deduction is nothing more than a direct substitution into
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Theorem 10.1.5, but in some cases a further argument is needed. Theorem 10.1.5
itself is a special case of the following theorem.

Theorem 10.1.6 Fix 6 € [0,1] and p € [1, c0] that satisfy ,%, < p < 7. Let
(F, |l - llF), (H, || - llz) be a compatible pair of Banach spaces such that (H, | - ||li)
is a Hilbert space. Suppose that (X, u) and (Y, v) are probability spaces. Then, for
every f € L,(u x v; [F, Hlp) we have

2!+(1-0p / f ILf G I gy, A () dv ()
XxY

p
Z // / (fx.y) = fOy)dv(y) dp(x)du(x)
Xx X Y [F.Hlp
p
+ // f (f(x.y) = f(x,v)du(x) dv(y)dv(v), (10.17)
yxy Il Joe (7. Hlg

and

3 (v2\”
2r—1 ( 3 ) //xxy IS Cx, y)”[l])r’[-[]edﬂ(x)dv(}’)

1
2/ H/f(x’y)d”(y)_ 2/ SO vdu(x)dv(v)
X Y XxY

1
+/ H/ fe, y)du(x) — 2/ FOvdu()dv(v)
yllJx XY

p

du(x)
[F.Hlp

p

dv(y).
[F,H]g

(10.18)

Furthermore, if g € L,( x w; [F, Hlg), then

0
2(1-5) / fx ECRol AP IGLTCS

p

du(x). (10.19)
[F,H]g

>/ H[ (0. 20 — 800 0)dux)
X X

Proof of Theorem 10.1.5 assuming Theorem 10.1.6 Let X and Y be independent
p-integrable [ F, H Jp-valued random vectors. Due to the independence assumption,
without loss of generality there are probability spaces (X, i) and (Y, v) such that
X and Y are elements of L,(u x v; [F, H]p) that depend only on the first variable
and second variable, respectively. Then (10.17) and (10.18) appliedto f = X —Y
become

E(IX = X', ) FE[1Y = Y, ] <2776 (10X = Y,
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p
[F.H]o

and

p

[F.H]g

0
3r (V2\°
< ot ( \ ) E[1X = Y1, ]

We therefore established the first inequality in (10.15) as well as the upper bound
on my([F, H]p) that corresponds to the first term in the minimum that appears
in (10.16).

Similarly, due to the fact that X and X’ are i.i.d., without loss of generality there
is a probability space (X, ) such that X and X" are elements of L, (ux u; [F, Hp)
that depend only on the first variable and second variable, respectively. Then, (10.19)
applied to g = X — X’ simplifies to give

1 1 1 1
[E|:HX—2[E[X]—2[E[Y] ]+E|:"Y— 2[E[X]— 2[E[Y]

E[1X =X, ] = 2P E[1X — EXI 0, |-

This establishes the second inequality in (10.15), as well as the upper bound on
mp([F, H]p) that corresponds to the second term in the minimum that appears
in (10.16), due to (10.10). O

The first and third inequalities of Theorem 10.1.6 are generalizations of results
that appeared in the literature. Specifically, (10.17) generalizes Lemma 6 of [2],
and (10.19) generalizes Lemma 5 of [17], which is itself inspired by a step within
the proof of Theorem 2 of [21]. The proof of Theorem 10.1.6, which appears in
Sect. 10.3 below, differs from the proofs of [2, 17, 21], but relies on the same ideas.

10.2 Proof of Theorem 10.1.1

Let (F, || - ||r) be a Banach space. Fix p > 1. Theorem 10.1.1 asserts that 6,,(F) <
221—)1 . In fact, m,(F) < 2]3:1 , which is stronger by (10.10). To see this, let X, Y €
L, (F) be independent random vectors and observe that

)

F

2 1
(S[E[nx — EIY)IF] + LE[IEY] - E[X]n;’])

[E[HX 1rE[X] 1[E[Y]p
2 2

]—3PE["2 X —E[Y] +1 E[Y] — E[X]
= |5 X —EYD + | €Y1 - EIX])

F
3P

<
20

3P »
< E[IX = YIE].
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where the penultimate step holds due to the convexity of || - || {; and the final step
holds because, by Jensen’s inequality, both E [||X — E[Y]I|F] = E[IEy[X — Y]II¥]
and E [||[E[Y — X]||I1,3] are at most E [||X — Y||I{f]. The symmetric reasoning with X
replaced by Y now gives

]

F

’ [EHY erxy - ey
F}[ — HElX] =, ElY]

E|l|X — 1[E[X]— 1[E[Y] ’
2 2

1 1
:| +[E|:HY — 2[E[X] — 2[E[Y]

F

1 1
< 2max{[E [HX — 2[E[X] — 2[E[Y]

p“

F
3P p

< E[IX -2

2p

This shows that m, (F) < 37 It remains to prove that the bound 6, (F) < 3 s

) 2r-1 2p—1
optimal for general F.
Fix an integer n > 2 and consider
. 2n
F, & {x ec™ . Zxk = 0},
k=1
equipped with supremum norm inherited from egg. We will prove that
6,(Fy) =2 31 3" 10.20
p(n)/ 2_}1 mzp_l- ( . )

Denote by {ek}%'; | the standard coordinate basis of zgg. Define two n-element
sets A,, B, € F, by

2n
f .
A,,dé{(3n—2)ej—(n+2) E ex+ (n—2) E €k2JE{1,...,n}},
ke{l,...n}N{j} k=n+1

and

def

B, = {(n—2)28k+(3n—2)ej—(n+2) > er : je{n+1,...,2n}}.

k=1 ke{n+1,...2n)~{j}

Note that A,, and B,, are indeed subsets of F}, because 3n—2—(n—1)(n+2)+n(n—
2) = 0. Let X, Y be independent and uniformly distributed on A,, B, respectively.
One checks that ||a — blloc = 2n foranya € A, and b € B,. So, E[|X — Y||5%] =
(2n)P. The desired bound (10.20) will follow if we demonstrate that

VzeF,, E[IX —zll&% + 1Y —zl5%] = 2(3n —2)%. (10.21)
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The proof of (10.21) proceeds via symmetrization. For permutations o, p € S,
define 7, , : F, — F, by

Vx=(x1,...,x5) € Fy,
def
To,p(X) = (Xo(1)s X5 (2)s - - - » Xa(n)s Xntp(1)s Xntp(2)s - - - » Xntp(n)) -

T5, is a linear isometry of F, and the sets A, and B, are T; ,-invariant. Hence, for
any z € Fy,

E[IX —zl%] = ,)2 Y E[ITo, (%) —zII%]
o,pES,
= ,)2 Y E T,-1 1)1 5]
o,pES,
p
e x- e 2 @l
L 0,pESy,
i .tz Z1+ .tz 2n 14
e[t vl
| Z >«
L k=1 k=n+1

(10.22)

Denoting u = (z1+...4z,)/n, it follows from (10.22) that E [IIX — zllgo] > 3n—
2 — u|?, because one of the first n coordinates of any member of the support of X
equals 3n —2. The same argument with X replaced by Y gives that E[||Y — z|5] >
|3n—2+u|?, because now one of the last n coordinates of any member of the support

of Y equals 3n — 2. We conclude with the following application of the convexity of
[ 17

E[IIX —zl5% + 1Y —zl5%] = 13n =2 —ul” + 30 —2 +u|” > 23n —2)P. O

Remark 10.2.1 1t is worthwhile to examine what the above argument gives if we
take the norm on F, to be the norm inherited from Efj". One computes that |la —

blly, = (2n)!*1/4 forevery a € A, and b € B,. So,

p(g+1)

E[IX-Y]=@n) o . (10.23)
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Also, it follows from the same reasoning that led to (10.22) that for every z € Fj,,

n n
[||X—Z||q |:HX—uZek+u Z ekH::|

k=1 k=n+1
14
=(Bn—2—ul?+@n—Dn+24ul!+nln —24ul?),

and

E[IY —z07] > [HY—uZeH” > al, ]

k=n+1

= (Bn—24ul!+ (= Dn+2—u +nln —2—ul)4

Hence, using the convexity of the p’th power of the £, norm on R3, we see that

E[IX —zIf]+E[IY —z1f] >2(Bn—2) + (n — D(n +2)7 + n(n — 2)Q)5
(10.24)

By contrasting (10.23) with (10.24) we conclude that

_ p(g+D)

bp(Fus - llg) = 2(Gn =2)7 + (n = D(n +2)7 +n(n — 2)’1)5 2n) 4

In particular, if we take p = g > 2 and n = [q], then we conclude that 6, (F,, || -

lg) = 7 ( 2) for some universal constant ¢ > 0. So, there is very little potential

asymptotic gain (as ¢ — 00) if we know that the Banach space of Theorem 10.1.1
admits an isometric embedding into L,,.

Above, and in what follows, we stated that a normed space admits an isometric
embedding into L, without specifying whether the embedding is linear or not. Later
we will need such embeddings to be linear, so we recall that for any ¢ > 1, by a
classical differentiation argument (see [3, Chapter 7] for a thorough treatment of
such reductions to the linear setting), a normed space embeds isometrically into L
as a metric space if and only if it admits a linear isometric embedding into L.

Note that the phenomenon of Remark 10.2.1 is special to random variables that
have different expectations. Namely, if E[X] = E[Y], then by Jensen’s inequality
the ratio that defines 6, (F') is at most 2 rather than the aforementioned exponential
growth as ¢ — oo. The following proposition shows that if F is a subspace of L,
for g > 3, then when E[X] = E[Y] this ratio is at most 1, which is easily seen to be
best possible (consider any nontrivial symmetric random variable X, and take Y to
be identically 0).

Proposition 10.2.2 Let (F, || - ||[r) be a Banach space that admits an isometric
embedding into Ly for some q € [3,00). Then, for any pair of independent F -



10 Moments of the Distance Between Independent Random Vectors 241

valued random vectors X,Y € Ly (F) with E[X] = E[Y],
Zig};[E[IIX =zl + 1Y = zlIE] <E[IIX — ELXTIE + 1Y — ELXT04]
<E [||X — Y||I‘§] . (10.25)

Proof L, over C embeds isometrically into L, over R (indeed, complex L, is, as
a real Banach space, the same as L, (E%), so this follows from the fact that Hilbert
space is isometric to a subspace of L;). So, in Proposition 10.2.2 we may assume
that F' embeds isometrically into L, over R, and therefore by integration/Fubini
it suffices to prove (10.25) for real-valued random variables. So, our goal is to
show that if X, Y are independent mean-zero real random variables with E [|X9],
E[|Y|9] < oo, then

E[IX+Y17] > E[IX1] + E[IY|7]. (10.26)

The bound (10.25) would then follow by applying (10.26) to the mean-zero variables
X —E[X]and E[X] — Y.

Note in passing that the assumption ¢ > 3 is crucial here, i.e. (10.26) fails if
q € (0,3) ~ {2}. Indeed, if B € (0, ;) andP[X =1—-8]=P[Y =1—8]=p8and
P[X = —-B]1=P[Y =—-B]1=1— B, then E[X] = E[Y] = 0 but

E[IX 4+ Y]9] _ B22(1 — B)7 + (1 — p)22987 + 2B(1 — B)(1 — 2B)1
E[IXI4]+E[Y]] 28(1 = B)1 +2(1 - p)p4 '
(10.27)

If ¢ € (0, 2), then the right hand side of (10.27) equals 24-2 < | for B = ; If
g € (2,3), then the right hand side of (10.27) equals 1 + 297" — ¢ — 1)B + o(p),
which is less than 1 for small 8 since 29! —g — 1 < 0 forg € (2, 3).

To prove (10.26), for every s > 0 and x € R, denote ¢(x) = sign(x) - |x]|°.
Observe that

def
Vi, yeR, a(x,y) = [x+y9—|x|9—[y7 — gog-1(x)y — gxg—1(y) = 0.
(10.28)

Once (10.28) is proved, (10.26) would follow because
0<E[aX, NI =E[IX+Y[7] —E[IX'] —E[IY]7] - gE[YIE [¢g—1(X)]

— gE[X]E [pg—1 (V)]
=E[IX+ Y 7] —E[IX)?] —E[I¥|7],

where the penultimate step uses the independence of X, Y and the last step uses
E[X]=E[Y]=0.
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It suffices to prove (10.28) when g > 3; the case g = 3 follows by passing to the
limit. Once checks that

93 _ 1 5
ax23y = p(p— D(p —2)(p—3(x +y) — pp—3(x))
. 3o .
= sign (ax2ay (x, y)) = sign(y),

where the last step holds because ¢,_3 is increasing. Hence, y +> 3?’2‘ (x,y) is
decreasing for y < 0 and increasing for y > 0. One checks that gi"z‘ (x,0) = 0 for

allx € R, so gi‘ﬁ (x,y) 2 0. Thus x — «a(x, y) is convex for every fixed y € R. But

«(0,y) = g‘)’“ (0, y) = 0 for any y € R, i.e. the tangent to the graph of x — «(x, y)
at x = 0 is the x-axis. Convexity implies that the graph of x > «/(x, y) lies above
the x-axis, as required. m]

We end this section with the following simpler metric space counterpart of
Theorem 10.1.1.

Proposition 10.2.3 Fix p > 1 and let X and Y be independent finitely supported

random variables taking values in a metric space (111, diny). Then

inf E [dm(X, 2P +dm(Y, 2)P] < (27 + 1) E[dm(X, Y)?]. (10.29)
Z

The constant 2P + 1 in (10.29) is optimal.

Proof Let X’ have the same distribution as X and be independent of X and Y. The
point-wise inequality

dn(X, X)? < (dm(X,Y) +dm(Y, X))" <277 (dn(X, Y)? + dm(X', Y)P)

is a consequence of the triangle inequality and the convexity of (u > 0) > u”. By
taking expectations, we obtain E [d (X, X)?] < 27PE [dm(X, Y)P], so that

iEnT%[E [dm(X. )P +dm(Y,2)"] < E[dm(X, X)? +dm(Y, X')?]
Z
< (27 + 1) E[dm(X, Y)P].

To see that the constant 27 4- 1 is optimal, fix n € N and let 771 be the complete
bipartite graph K, ,, equipped with its shortest-path metric. Equivalently, 771 can
be partitioned into two n-point subsets L, R, and for distinct x, y € 771 we have
dm(x,y) = 2if {x,y} € L or {x,y} € R, while di(x,y) = 1 otherwise.
Let X be uniformly distributed over L and Y be uniformly distributed over R.
Then din(X,Y) = 1 point-wise. If z € L, then din(Y, z) = 1 point-wise, while
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Pldm(X,z) =21 ="." and P [dn(X, z) = 0] = . Consequently,

n

E [din(X, p dm(, p -1
[dm(X, 2)P +dm(Y,2)P1 _ n 2P 4] —— 2P 4 1,
E[dm(X, Y)P] n e

By symmetry, the same holds if 7 € R. O

10.3 Proof of Theorem 10.1.6 and Its Consequences

Here we prove Theorem 10.1.6 and deduce Theorem 10.1.2.

Proof of Theorem 10.1.6 The assumption 239 <p< g implies that | = 1;9 ~|—g
for some (unique) g € [1, co]. We will fix this value of g for the rest of the proof of
Theorem 10.1.6. All of the desired bounds (10.17)—-(10.19) hold true when 8 = 0,
namely for every Banach space (F, || - ||) and every f € Ly(u X v; F) we have

20t / / I Ce, p)IIEdp ()dv(y)
XxY

>
* //yxy

q
/U (f, ) = FOG)dv() | dux)du(x) (10.30)
F

q
dv(y)dv(v),
F

/r (fCx,y) = fx,0)du(x)

and

34
2q—1 /[xxll||f(xv WIFdue)dv(y)

-
X

1
+/ H/ [, y)du(x) — 2/ FOGvdu()dv(v)
ylJx XxY

q
du(x)
F

1
f Fe ) - f G0 0dr(OdV )
Yy XxY

q
dv(y).
F
(10.31)

Furthermore, if g € Ly (0 x u; F), then

q
2"// , IIg(x,x)Ilzd/x(X)du(x)>[ H[ (g(x, x)—g(x, 0))du(x) | du(x).
Xx X X X F
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Indeed, (10.30)-(10.32) are direct consequences of the triangle inequality in L (1 X
v; F)and Ly (1 X p; F) and Jensen’s inequality, with the appropriate interpretation
when g = oo.

By complex interpolation theory (specifically, by combining [4, Theorem 4.1.2]
and [4, Theorem 5.1.2]), Theorem 10.1.6 will follow if we prove the 8 = 1 case
of (10.17)—(10.19). To this end, as H is a Hilbert space and the inequalities in
question are quadratic, it suffices to prove them coordinate-wise (with respect to
any orthonormal basis of H), i.e., it suffices to show that for every (C-valued)

S € La(uxv)andg € La(p x p),

> f / | f (e ) Pdu(x)du(y)
XxY

2
> f f / (FGay) = £t »)dv)| du(du(x) (10.33)
xXxX 1 JY
2
+ / / f (fGx,y) = fx,0)du)| dv(y)dv(v),
YyxylJx
and
/ / |f (e, Y)Pdu(x)dv(y)
XxY
1 2
> / ‘ / Fe v - / / F O 0dRGOdV)| dute)
x| Jy xxY
1 2
+/ ‘/ FO,y)du(x) — 2/ f(x,vdu(dv(v)| dv(y),
ylJx xXxY
(10.34)
and
2
2[[ , Ig(x,x)lzdu(X)du(x)>/ ‘/ (gCx, x) — g(x, 0))du(x)| du(x).
Xx X X X
(10.35)

The following derivation of the quadratic scalar inequalities (10.33)—(10.35) is an
exercise in linear algebra.

Let {¢p; ?0:0 C La(w) and {Yi}2, S La(v) be any orthonormal bases
of Ly(u) and L(v), respectively, for which ¢9 = 1y and 9 = 1y. Then
{oj ® ’»”k}fk:()v {oj ® ‘/’k}iok:o and {Y; ® lﬁk}szo are orthonormal bases of
Lo(w x v), Lo(u x w) and Lp(v x v), respectively, where for ¢ € Ly(un) and
Y € Ly(v) one defines (as usual) ¢ ® ¢ : I x Y — C by setting ¢ @ ¥ (x,y) =
e(x)Y(y) for (x, y) € X x Y. We therefore have the following expansions, in the
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sense of convergence in Ly (u x v) and Lo (u x p), respectively.

o0 o0 o0 o0
F=)20 60 @ Vi) Lyuxn® @ Yk and g =Y > (0,0 ® Vi) Lyux)®j @ Vi
=0 k=0 =0 k=0

In particular, by Parseval we have

o0 o0
2
LI g = D D [0 @ Vi) Lagon ™ and 112117, s

j=0k=0

o0 o 2
=Y "> (80 ® Pk aux |- (10.36)

j=0 k=0

Define Ry f € Lo(n x u) by

o0 o0
def
Ryf = E (fs@j @V0)Ly(uxv)®j @ o — E (s @0j @ Y0)Ly(uxv)®0 ® ;.
j=1 j=1

So, (u x pu)-almost surely Ry f (x, x) = fy (f(x, y)—f(x, y))dv(y). Also, define
Ryf € Lr(v x v) by

o]

Ryf 000 @ Vi Laun W5 @ Y0 — D+ 00 ® Y Laguxy Yo ® V.

j=1 j=1

So, (v x v)-almost surely Ry f (y,v) = [ (f(x,y) — f(x,v))dv(x). By Parseval
in La(p X ), La(v X v), La(pu X v),

”Rxfnig(uxu) + H Ryf”iz(vxv)

%0 (1036)
Z( (fs 0 ® Yo) Lz(uxv)| + [(fo 00 @ Vi) Lyux)| ) < 20007, uxv)-

This is precisely (10.33).
Next, for every a, B € C define S9.f € La(u) and SZf € Ly(v) by

(e.¢]
def
G = (L= a)(f. 90 ® Y0) Ly(uxr) 90 + Z(f, ©j @ Vo)L (ux) ¥

j=1
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and

E =B 90 8 V) + D90 @V Laiuen V-

j=1

B
Syf

In other words, we have the following identities p-almost surely and v-almost
surely, respectively.

< f(x) = / e y)dvy) — o f f £ RGOV (W),
Y XxY
and
Spro = [ renanco=p [ roevdnooae)
X XxY

By Parseval in Lo (u), La(v), La(u x v),

sl

o
xS
La(w) La(v)

= (11— + 11 = BP) ¢, 00 ® 0 Lo |

+ 37 (1£: 05 ® Vohraguxn | + (£ 00 & ¥ 1o )
j=1

(10.36) 5 5 5
< max {1 =l + 1= BRI ISR -

Thecasea = 8 = é of this inequality is precisely (10.34). It is worthwhile to note
in passing that this reasoning (substituted into the above interpolation argument)
yields the following generalization of (10.18).

) ) po 2p(1-6) 2p(1-) 1*9217
max{(|1—a| +11- 1) ,1}((1+|a|> o (14 1B )

x / / 1LF G I gy, A () v (y)
XxY

P
> / H / o »dv(y) —a / FO VGO du)
x|l Jy XxY [F,Hl
14
+/ H[ f(x,y)du(X)—ﬁff SO vduGodv(v) dv(y).
Y X XxY [F,Hly

(10.37)
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For the justification of the remaining inequality (10.35), define Tg € La(u) by
o
g = Z 2P0 ® @) La(uxis) = (8+ P ® 0V La(uxyn)) @)

In other words, p-almost surely Tg(x) = fx (g(x, X) — g(X,x))d;L(x). By
Parseval in Lo(u), Lo (i X v),

o
2
1781700 = D (890 ® @) Lauxs) — (8- @ ® 00) Laqusn)|
j=1
> 2 2
< ZZ (|(g, 90 ® ) Louxw| + (8 2 @ 00) La(uxw| )

1

(10.36)
< 2”8”142(,”#),

~
o .
I

where in the penultimate step we used the convexity of (¢ € C) |¢|%. This is
precisely (10.35). O

We will next deduce Theorem 10.1.2 from the special case of Theorem 10.1.6
that we stated as Theorem 10.1.5.

Proof of Theorem 10.1.2 The largest 6 € [0, 1] for which 230 <p < g and also

;: 1:0 ~|—9 forsomer > 1is

def 1 11 1
Omax = Omax(p, g) = 2min I .
p P q q

Note that the quantity c(p, g) that is defined

Qmax N

We then have L, = [L,, L;]

in (10.11) is equal to & fpax.
By (10.15) with 6 = 6inax and F = L, we have j,(L,) > 2°7*9). The matching

upper bound j,(Ly) < < 2¢(P9 holds due to the following quick examples. If X is

uniformly distributed on {—1, 1}, then E[| X —E[X]||”] and E|X — X'|? = 2P~!. So,
/’,,(IR) <2l Ife e (O0,1) and P[X; = 0] =1 — ¢ and P[X, = 1] = &, then for
p>1,

E[IXe — X.lg] 2e(1 —¢)

(R) < = — 2
p® E[IIXe — E[X:11)] (1 —e)eP +e(l — )P em0r
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If n € Nand X,, is uniformly distributed over {+ey, ..., £e,}, where {ej}j‘;l is the
standard basis of £, then

E[IX, — X, 117] n—1r 1 »
Jp(Lg) < j,(Ly) < = 20 4 2P — 24,
PRRES AP B X, — E[X,]010] n " oo

If r1,...,r, are i.i.d. symmetric Bernoulli random variables viewed as elements
of Ly, e.g. they can be the coordinate functions in L, ({—1, 1}""), then let R, be
uniformly distributed over {%r, ..., £r,}. Then,

E[IR, — R —1_ran 1 @D
Jp(Lg) < [” " n”ql =" 2" + 2P 2"
E[IIR, — E[RA1IIY] n 2n° oo

This completes the proof that j,(Lg) = 2¢(P ),
Next, an application of (10.15) with 6 = O and F = L, gives ¢,(Ly) <
21+(1=ma)P T other words,

max|p—1,3—p,1+ 7@ 14220 }
2 [p P q q [E[

E[IX — X'lg] +E[IY = Y'I§] < IX = Ylg].,

(10.38)

for every p-integrable independent L,-valued random variables X, X', Y, Y’ such
that (X, Y) and (X', Y’) are identically distributed. The bound (10.38) coincides
with (10.15), where C(p, ¢) is as in (10.12), only in the first two ranges that appear
in (10.12), namely when plil < g < p or when qil < p < q. For the remaining
ranges that appear in (10.12), the bound (10.38) is inferior to (10.15), so we reason
as follows.

For every ¢, QO € [1, oo] satisfying O > ¢, by [16, Remark 5.10] (the case
O € [1,2] is an older result [6]) there exists an embedding s = 55,9 : Ly — Lo
(given by an explicit formula) such that

q
Vx,y €Ly, Is(x) —sMllg = llx — yll&- (10.39)

Apply (10.38) to the Lp-valued random vectors s(X), s(X’), s(Y), s(Y’) with ¢
replaced by Q and p replaced with qu. The resulting estimate is

E[IX — X"I§]+E[IlY — Y]

124 rQ
1939 ¢ |:||5(X) —s(X)llg } +E [Hs(Y) —s(Y)ll }

(10.38) inl 3717Q1 p(sz)1 p2—0) PO
29 a7 1A= RGO Is(X) = s(V)ll

10.39 PO _ | 3_pQ 14 P(Q-D 4 pC-0O)

(10.39) max{ 7} PR AN N e }[E[||X—Y||{,’]. (10.40)
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It is in our interest to choose Q > ¢ so as to minimize the right hand side of (10.40).
If [17 + ; < 1, then Q = q is the optimal choice in (10.40), and therefore we return
to (10.38). But, if 11) + ; >1,thenQ =1+ Z > q is the optimal choice in (10.40)
and we arrive at the following estimate which is better than (10.38) in the stated
range

]7’2

max
¥

“eqix - vie.
(10.41)

1 1
» +q >1 = E[IX-X'IJ]+E[IlY = Y'I§] <2

The bound (10.41) covers the third and fourth ranges that appear in (10.12), as well
as the case p = g € [1, 2] of the fifth range that appears in (10.12). However,
(10.41) is inferior to (10.12) when 1 < p < g < 2. When this occurs, use the
fact [12] that L, is isometric to a subspace of L, and apply the already established
case p = g to the L ,-valued random variables {(X), i(X"), i(Y), {(Y"), where { :
L, — L, is any isometric embedding.

We will next prove that ¢, (Ly) > 2Copt(P-9) where Copt(p, q) is givenin (10.14).
In particular, this will justify the second sharpness assertion of Theorem 10.1.2,
namely that (10.38) is sharp when p, g belong to the first, second or fifth ranges
that appear in (10.12). Firstly, by considering the special case of (10.7) in which
X,Y arei.i.d., we see that ), (F) > 1 for any Banach space F. Next, fix n € N
and let rq, ..., 74, P1,..., 0n € Ly be such that rq,...,7, and p1, ..., p, each
form a sequence of i.i.d. symmetric Bernoulli random variables, and the supports
of r1, ..., r, are disjoint from the supports of p1, ..., p,. For example, one could
consider them as the elements of L,({—1,1}") &, L,({—1, 1}"") that are given
by ri = (w = ;,0) and p; = (0,0 +— ;) for eachi € {1,...,n}. Let
X be uniformly distributed over {rq, ..., r,} and Y be uniformly distributed over
{p1, ..., pu}. Due to the disjointness of the supports, we have || X — Yllf; = (IIXIIZ +
Y 1d)P/4 = 2P/4 point-wise. At the same time, E[|| X — X'[|7]+ E[||Y — Y'|I7] =
2(1 — 1/n)(27/2)P/9 = (1 — 1/n)2'*+P@=D/a_By letting n — oo, this shows that
necessarily z, (Lg) < 21+plg-2)/q, Finally, if (10.7) holds, then in particular it holds
for scalar-valued random variables. By integrating, we see that ¢, (F) = tp(Lp)
for any Banach space F. But, the case p = ¢ of the above discussion gives
tp(Lp) = 217PP=2/P = 2P=1 4s required.

The bound (10.13) of Theorem 10.1.2 coincides with (10.16). When p < ¢ < 2,
we have C(p,q) = 1, c(p,q) = p — 1 and thus m,(L;) < 22-P_ Tt therefore
remains to check that 6,(L;) > 22=P when p < g < 2. Infact, 6,(F) > 22-P for
every p > 1 and every Banach space (F, || - || r). Indeed, fix distinct a, b € F. Let



250 A. Naor and K. Oleszkiewicz

X, Y be independent and uniformly distributed over {a, b}. Then

E[IX =zl + 1Y —zlf] _ lla—zllf + 116 —zlf

6,(F) > =
E[IX ~ Y] ylla = bIf
1 1 P
2|la-2-1w-2)|
> L—
ylla = bl
where the penultimate step is an application of the convexity of || - ||’;. O

Remark 10.3.1 Fix n € N. Following [7], for a = (ay, ...,as,) € C** denote
by R(a) = M(ar), ..., N(a2,)) € R and J(a) = (J(ay), ..., J(aw)) € R
the vectors of real parts and imaginary parts of the entries of a, respectively. Let
A(a) € [0, o) be the area of the parallelogram that is generated by 9i(a) and J(a),
ie.,

def

Ala) = \/Ilﬂf(a)llgllﬁ(a)llg — (@), J(a)).

By [7, Lemma 5.2] there is a linear operator C : C** — M. (C) from C>* to the
space of 2" by 2" complex matrices, such that for any a € C?" the Schatten-1 norm
of the matrix C(a) satisfies

IC@ls, = ,y/lal3 +24@ + ) /lal ~2A@. (1042)
Let e1,...,ex € C?" be the standard basis of C*" and define 2n matrices
XlseeosXnsVls---sYn € Mm(C) by xp = C(ex) and yr = C(iey4y) for k €
{1,...,n}. By (10.42) we have ||lx; — xklls, = lly; — ylls, = +/2 for distinct
J.k € {1,...,n}, while ||x; — ylls, = 1 forall j,k € {I,...,n}. Hence, if
we let X and Y be independent and distributed uniformly over {x1, ..., x,} and
{¥1, ..., v}, respectively, and X', Y’ are independent copies of X, Y, respectively,

then for every p > 1 we have

n—1 »p

P _ ana _ P _
[E[||X—Y||sl]_1 and [E[||X—X||sl]_[E[||Y—Y||Sl]_ 2k

By letting n — oo, this implies that ¢, (S1) > 25+ In particular, z1(Sy) > 2+/2.

Remark 10.3.2 Fix g > 1. Let (F, || - ||r) be a Banach space. Assume that F has a
linear subspace G C F that is isometric to L, (or the Schatten—von Neumann trace
class Sy). If X, Y € L,(G) are i.i.d. random variables taking values in G, then for
c(p, g) asin (10.11), by Theorem 10.1.2 we have

E[IX - Y|F] > 2¢P. Zig[E [1X —zIF]. (10.43)
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We note that this inequality is optimal despite the fact that the infimum is now
taken over z in the larger super-space F'. Indeed, in the proof of Theorem 10.1.2 the
random variables that established optimality of c(p, g) were symmetric when p, g
belong to the first three ranges that appear in (10.11). In these cases, by the convexity
of | - ||£, the infimum in the right had side of (10.43) is attained at z = 0 € G.
The fact that the term 2°(P>9) in the right hand side of (10.43) cannot be replaced
by any value greater than 2 needs the following separate treatment. If ¢ € (0, 1)
and P[X = v] = ¢ = 1 — P[X = 0] for some v € G with |v|f = 1, then
E [||X - Y||£] = 2¢g(1 — ¢). Next, for any z € F we have

E[IX —zI7] = A=o)lzlf+ellv—zlf = (1—o)llzllf+e (max {0, 1 — |izll; })”

= rn>in ((1 - g)rp + ¢ (max {0,1— r})[’) = 1 e 1 \pP—1’
r/O (81,,1 _I_(l _g)p—l)

where the final step follows by elementary calculus. Therefore,

1 1 14
< 2(%1 +a —s)zﬂ) — 2

=0t

E[IX - Y]
infzeF[E[”X _Z”]{z]

Remark 10.3.3 An extrapolation theorem of Pisier [18] asserts that if (F, || - ||r) is
a Banach lattice that is both p-convex with constant 1 and g-concave with constant
1, where Ly b= 1, then there exists a Banach lattice W, a Hilbert space H, and
6 € (0, ﬁ sucﬁil that F is isometric to the complex interpolation space [W, H]p.
Hence, Theorem 10.1.5 applies in this setting, implying in particular that there is
r € [1, 00), namely r = 5, such that every i.i.d. F-valued random variables X, Y €
L, (F) satisfy

E[IIX — YIIF] > 2E [ x — E[X]]].

We will conclude by discussing further bounds in the non-convex range p < 1,
as well as their limit when p — 0%. When p € (0, 1), the topological vector space
L, is not a normed space. Despite this, when we say that a normed space (F, || - [|F)
admits a linear isometric embedding into L, we mean (as usual) that there exists
a linear mapping T : FF — L, such that |Tx|[, = ||x|lr for all x € F. This of
course forces the L, quasi-norm to induce a metric on the image of 7', so the use
of the term “isometric” is not out of place here, though note that it is inconsistent
with the standard metric on L, which is given by | f — g||§ forall f,g € L.
The following proposition treats the case p € (0, 2], though later we will mainly
be interested in the non-convex range p € (0, 1). Note that the case p = 1 implies
the stated inequalities for, say, any two-dimensional normed space, since any such
space admits [5] an isometric embedding into L.



252 A. Naor and K. Oleszkiewicz

Proposition 10.3.4 Let (F, | - ||[F) be a Banach space that admits an isometric
linear embedding into L, for some p € (0,2]. Let X, X', Y,Y' € L,(F) be
independent F-valued random vectors such that X' has the same distribution as
X and Y’ has the same distribution as Y. Then,

E[|x - X1+ e[|y - v'[g] <2e[ux - viF]. (10.44)
and

inf E[IX —2lIf +EJY — 2] < m1n!2 22- P} [IX —Y|2]. (1045

The constants 2 and min {2, 22_”} in (10.44) and (10.45), respectively, cannot be
improved.

Proof By [6, 19] there is a mapping s : F — Ly such that ||s(x) —s(y)]2 = [lx —
P

ylz forall x, y € F. By the (trivial) Hilbertian case p = ¢ = 2 of Theorem 10.1.2
applied to the L;-valued random vectors s(X), s(Y),

Elx — X7 +E[|y = Y'[7] = E[[sC0 =50 3] + E[ sr) = s3]
<2 [Is00) — s | = 26 [1X - ¥I].

This substantiates (10.44). When p < 1 we cannot proceed from here to
prove (10.45) by considering the analogue of the mixture constant m(-), namely
by bounding the left hand side of (10.5) as we did in the Introduction, since the
present L, integrability assumption on X, Y does not imply that E[X] and E[Y] are
well-defined elements of F. Instead, let Z’ be independent of X, ¥ and distributed
according to the mixture of the laws of X and Y, as in (10.6). The point z € F will
be chosen randomly according to Z’, i.e.,

inf E[IX =zl + 1Y — 27 <E[|X = 2] + ¥ = Z/[;]

SEX =Xz + 1Y = ¥']+E[IX — Yilg]

(10.44)
< 2E[IX —YIF]. (10.46)

For p > 1 we have ¢,(F) < 2 by (10.44), and j,(F) = j,(Lp) = p — 1 by
Theorem 10.1.2, 50 6, (F) < 227, by (10.10).

The sharpness of (10.44) is seen by taking X and Y to be identically distributed.
When p > 1, we already saw in the proof of Theorem 10.1.2 that 6, (F) > 2277 for
any Banach space F; thus (10.45) is sharp in this range. The same reasoning as in
the proof of Theorem 10.1.2 shows that the factor 2 in (10.45) cannot be improved
in the non-convex range p € (0, 1) as well. Indeed, fix v with |jv|]|r = 1 and let
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X and Y be uniformly distributed over {0, v}. Then, E[||X — z||f +E|Y — z|}] =
lzIF + v —zlf = lzlr + lv = zllp)? = llvllf = 1 for every z € F, while
E[IX - YIF] = 3lvIf = ). O

Proposition 10.3.5 below is the limit of Proposition 10.3.4 as p — 0T. While it
is possible to deduce it formally from Proposition 10.3.4 by passing to the limit, a
justification of this fact is quite complicated due to the singularity of the logarithm
at zero. We will instead proceed via a shorter alternative approach.

Following [13], a real Banach space (F, || - ||r) is said to admit a linear isometric
embedding into Ly if there exists a probability space (2, ©) and a linear operator
T : F — Meas(R2, u), where Meas(2, i) denotes the space of (equivalence
classes of) real-valued p-measurable functions on €2, such that

Vx e F, x|l = elalog!Txldu, (10.47)

As shown in [13], every three-dimensional real normed space admits a linear
isometric embedding into L, so in particular the following proposition applies to
any such space.

Proposition 10.3.5 Let (F, | - ||F) be a real Banach space that admits a linear
isometric embedding into Lo. Let X, X', Y, Y’ be independent F-valued random
vectors such that X' has the same distribution as X and Y’ has the same distribution
as Y. Assume that E [log(l + ||X||p)] < oo and E [log(l + ||Y||p)] < 00. Then,

e[E[log(HX—X’\|F~\|Y—Y’\|F)] < eZIE[log(HX—YHF)]’ (10.48)
and

inf e[E[IOg(HX*ZHF‘HY*ZHF)] < 62[5[10g(\|X*Y\|F)]. (10.49)

zeF

The multiplicative constant 1 in both of these inequalities is optimal.

Proof (10.49) is a consequence of (10.48) by reasoning analogously to (10.46).
Due to the assumed representation (10.47), by Fubini’s theorem it suffices to
prove (10.48) for real-valued random variables.

So, suppose that X, Y are independent real-valued random variables such that
E[log(1+|X])] < oo and E[log(l+ [Y])] < oo. Note that every nonnegative
random variable W with E [log(1 + W)] < oo satisfies

E[log W] = fo T [ES[E_SW]

ds. (10.50)
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Indeed, for every a, b € [0, co) with a < b we have

0 ,—as _ efbs 00 b i ds
ds = se S dt
0 s 0 a s
b 00 s b dr
= e ds)dt = =logb —loga,
a 0 a !

so that (10.50) follows by applying this identity and the Fubini theorem separately
on each of the events {W > 1} and {W < 1}, taking advantage of the fact that
e~ — e~V is of constant sign on both events.

Let Z, Z' be independent random variables whose law is the mixture of the laws
of X, Y asin (10.6). the desired inequality (10.48) is equivalent to the assertion that
E[log(Z — Z')*] < E[log(X — Y)?]. By two applications of (10.50), once with

W = (X — Y)? and once with W = (Z — Z’)?, it suffices to prove that
Vs >0, E [e—s(Z—z’)Z] >E [e—s(X—Y)Z] .

This is so because, using the formula for the Fourier transform of the Gaussian
density, we have

E I:e—s(Z—Z’)Z:I —F I:\/l /oo eit(Z—Z’)«/Zs—’zz dt:|
2 —00

_ \/12 /oo E [einzsz] 'E [e—m/zsz’] e—’zz d
T J—o00

- e [l
SO B R R C
PRI E o B
(el e el
(10.53)

where (10.51) uses Fubini and the independence of Z and Z’, (10.52) uses the fact
that for all @, b € C we have |(a + b)/2|*> = |(a — b)/2|* + R(ab) > R(ab), the
first step of (10.53) uses the independence of X and Y, and the last step of (10.53)
uses once more the formula for the Fourier transform of the Gaussian density.

The fact that (10.48) is sharp follows by considering the case when X, Y are
i.i.d. and non-atomic. Note that when both X and Y have an atom at the same
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point, both sides of (10.49) equal 0. The example considered in the proof of
Proposition 10.3.4 when p > 0 is therefore of no use for establishing the optimality
of (10.49), due to the atomic nature of the distributions under consideration. Instead,
for an arbitrary v € F such that |[v]|r = 1, let us consider random vectors
X = (cos®)v and ¥ = (cos ®)v, where ® and @ are independent random
variables uniformly distributed on [0, 27 ].

Observe that for every o € R we have
C(O+a) . (O—«
2 sin sin
2 2
Y ACE X i Y ACEN
sin og [sin
2 g 2
=log2+2E [log |cos (~)|] , (10.54)

E [log|cos © — cosa|] = E [log

=log2 +E [log

where the last step of (10.54) holds because, by periodicity, |sin (®§°‘)| has the
same distribution as |cos ©].
The case a = 75 of (10.54) simplifies to give E [log|cos ®|] = —log2. Hence,

2
(10.54) becomes

Va € R, E [log |cos® — cosa|] = —log?2. (10.55)
Consequently,

Vi eR, [E[10g|cos®—t|] > —log?2. (10.56)

Indeed, if t € [—1, 1], then one can write t = cosa for some ¢ € R, so

that by (10.55) the inequality in (10.56) holds as equality. If || > 1, then
|[cos@ —t| > |cos@ — sign(z)| for all 6 € [0, 2], thus implying (10.56). It also
follows from (10.55) that

(1055)

E[log (I1X — Y|r)] = E[log|cos ® — cos ©'|] log 2.

Next, by the Hahn—Banach theorem, take ¢ € F* such that | ¢| p+ = 1 and ¢(v) =
lvllr =1.Forany z € F,

E[log (I1X — zllr)] = E[log (1Y — zllr)] > E[log l¢((cos ®)v — )]

(10.56)
=E [log |cos ® — (p(z)|] > —log2.

This implies the asserted sharpness of (10.49). Note that the above argument
that (10.49) cannot hold with a multiplicative constant less than 1 in the right hand
side worked for any Banach space F' whatsoever. O
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Chapter 11 )
The Alon—-Milman Theorem fleckir
for Non-symmetric Bodies

Marton Naszodi

Abstract A classical theorem of Alon and Milman states that any d dimensional

centrally symmetric convex body has a projection of dimension m > ecVInd yhich
is either close to the m-dimensional Euclidean ball or to the m-dimensional cross-
polytope. We extended this result to non-symmetric convex bodies.

11.1 Introduction

Some fundamental results from the theory of normed spaces have been shown
to hold in the more general setting of non-symmetric convex bodies. Dvoretzky’s
theorem [3, 7] was extended in [6] and [5]; Milman’s Quotient of Subspace theorem
[8] and duality of entropy results were extended in [9]. In this note, we extend the
Alon—Milman Theorem.

A convex body is a compact convex set in R¢ with non-empty interior. We denote
the orthogonal projection onto a linear subspace H or R by Py. For p = 1,2, 00,
the closed unit ball of Zf, centered at the origin is denoted by Bf,. Let K and L be

convex bodies in R? with L = —L. We define their distance as

d(K,L)y=inf{A >0: L C T(K —a) C AL forsomea € R? and T € GL(R%)}.
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By compactness, this infimum is attained, and when K = —K, it is attained with
a=0.

Alon and Milman [1] proved the following theorem in the case when K is
centrally symmetric.

Theorem 11.1 For every ¢ > 0 there is a constant C () > 0 with the property that
in any dimension d € 7, and for any convex body K in R?, at least one of the
following two statements hold:

(i) there is an m-dimensional linear subspace H of R such that d(Py (K), BY) <
1 + ¢, for some m satisfying Inlnm > é Inlnd, or

(ii) there is an m-dimensional linear subspace H such that d(Py (K), B') < 1+-¢,
for some m satisfying Inlnm > é Inlnd — C(e).

The main contribution of the present note is a way to deduce Theorem 11.1 from
the original result of Alon and Milman, that is, the centrally symmetric case. By
polarity, one immediately obtains

Corollary 11.1 Forevery ¢ > 0 there is a constant C(¢) > 0 with the property that
in any dimension d € 7., and for any convex body K in R? containing the origin
in its interior, at least one of the following two statements hold:

(i) there is an m-dimensional linear subspace H ofRd such thatd(HN K, B’2") <
1 + &, for some m satisfying Inlnm > é Inind, or

(ii) there is an m-dimensional linear subspace H suchthatd(HNK,B%) < 1+¢,
for some m satisfying Inlnm > é Inlnd — C(e).

11.2 Proof of Theorem 11.1

For a convex body K in R, we denote its polar by K* = {x € R?: (x,y) <
1 forall y € K}. The support function of K is hg (x) = sup{(x,y): y € K}. For
basic properties, see [2, 12].

First in Lemma 11.2, by a standard argument, we show that if the difference body
L — L of a convex body L is close to the Euclidean ball, then so is some linear
dimensional section of L. For this, we need Milman’s theorem whose proof (cf.
[4, 7, 10]) does not use the symmetry of K even if it is stated with that assumption.
We use S~! to denote the boundary of Bg.

Lemma 11.1 (Milman’s Theorem) For every ¢ > O there is a constant C(g) > 0
with the property that in any dimension d € 7, and for any convex body K in
R with Bg C K, there is an m-dimensional linear subspace H of R? such that
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(1—e)rBINH) C K C (1+¢)r(BY N H), for some m satisfying m > C(e)M>d,
where

M=MK)= [ llxllkdo(x),
§d—-1

_ 1
andr = e

Lemma 11.2 Let o, ¢ > 0 be given. Then there is a constant ¢ = c(«, €) with the
property that in any dimension m € 7, and for any convex body L in R™ with
d(L — L,BY) < 1+a, there is a k dimensional linear subspace F of R™ such that
d(Pr(L), Bg) < 1 + & for some k > cm.

Proof Let§ = d(L — L, BY). We may assume that éBa" C L— L C B} Thus, for
the support function of L — L, we have hy_r(x) > é for any x € S¢~!. With the
notations of Lemma 11.1, we have

1
M(L*) = / ||)C||L*dU()C)=2 / hp(x) +hp(—=x)do(x) (11.1)
§d—1 §d—1
1, R
2 / Lo 2 )02 0 L gy
Sd—l

Note that L* > (L — L)* D> B¢, thus, by Lemma 11.1 and polarity, we obtain
that L has a k dimensional projection Pr with d(PfL, B‘z" NF)y<l+eandk >
C(e) 4(1J1ra)2m. Here, C(¢) is the same as in Lemma 11.1. |

The novel geometric idea of our proof is the following. We call a convex body
T = conv (T} U{xe}) in R™ a double cone if Ty = —T) is convex set, span T;
is an (m — 1)-dimensional linear subspace, and e € R™ \ span 77. Double cones
are irreducible convex bodies, that is, for any double cone 7', if T = L — L then
L =T/2,see[11, 13]. We prove a stability version of this fact.

Lemma 11.3 (Stability of Irreducibility of Double Cones) Let L be a convex
body in R™ with m > 2, and T be a double cone of the form T = conv (T1 U {£e}).
Assume thatT € L — L C 8T for some 1 <§ < ; Then

3 1
—8)TCcL-ac (8- )T
Go)re-es(ey)

for some a € R™.
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Proof By the assumptions, e € T C L — L, thus, by translating L, we may assume
that o, e € L. Thus,

LC(L—L)N(L—L+e) C8TNEGT +e). (11.2)

We claim that
e 1
8Tﬂ(8T+e)=2+<8—2>T. (11.3)

Indeed, let H; denote the hyperplane H, = e + span7;. To prove (11.3), we
describe the sections of the right hand side and the left hand side by the hyperplanes
H,_ for all relevant values of 1. For any A € [—4, §], we have

A
8T N Hy, = 8(T N Hys) =Ae+8<1 - |5|>T1.

Forany A € [-§ + 1, + 1], we have

A—1
(5T+e)mHA:e+(5TmHA_1)=Ae+5(1—' 5 |>T1.

Thus, for any A € [—§ + 1, §], we have
1
STN@ET+e)NHy=Are+656|1— 5 max{|r|, |A — 1]} ) T.
On the other hand, for any A € [—6 + 1, §], we have

[A —1/2]
(/24 S —1/)T)NHy, = re+ (5 —1/2) <1 ~ s _1n ) Ti.

Combining these two equations yields (11.3).
Thus,

rer-i=(u-g)-(-g)e(-5)- (- )

Using the factthat T = —7,and 1 < § < 3/2, we obtain

3 e
—8)|T<L— _,
(3-3)ree-;

finishing the proof of Lemma 11.3. O
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Now, we are ready to prove Theorem 11.1. With the notations of the theorem,

let D = K — K, and apply the symmetric version of the theorem for D in place
of K. We may assume that ¢ < 1/2. In case (1), we use Lemma 11.2 and loose a
linear factor in the dimension of the almost-Euclidean projection. In case (2), we
use Lemma 11.3 with T = BT and § = 1 + &, and obtain the same dimension for
the almost-£7' projection.
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Chapter 12 )
An Interpolation Proof of Ehrhard’s Shethie
Inequality

Joe Neeman and Grigoris Paouris

Abstract We prove Ehrhard’s inequality using interpolation along the Ornstein—
Uhlenbeck semi-group. We also provide an improved Jensen inequality for Gaussian
variables that might be of independent interest.

12.1 Introduction

In [8], A. Ehrhard proved the following Brunn-Minkowski like inequality for
convex sets A, B in R":

O (u(AA+ (1= 1)B)) = 20 (ya(A) + (1 = VD (yu(B)), * € [0, 1],
(12.1)

where y;, is the standard Gaussian measure in R” (i.e. the measure with density
(2n)7"/2e’|x|2/2) and © is the Gaussian distribution function (i.e. ®(x) =
y1(=00, x)).

This is a fundamental result of Gaussian space and it is known to have numerous
applications (see, e.g., [11]). Ehrhard’s result was extended by R. Latata [10] to the
case that one of the two sets is Borel and the other is convex. Finally, C. Borell [5]
proved that it holds for all pairs of Borel sets. Ehrhard’s original proof for convex
sets used a Gaussian symmetrization technique. Borell used the heat semi-group and
a maximum principle in his proof, which has since been further developed by Barthe
and Huet [4]; very recently Ivanisvili and Volberg [9] developed this method into a
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general technique for proving convolution inequalities. Another proof was recently
found by van Handel [14] using a stochastic variational principle.

In this work we will prove Ehrhard’s inequality by constructing a quantity that is
monotonic along the Ornstein—Uhlenbeck semi-group. In recent years this approach
has been developed into a powerful tool to prove Gaussian inequalities such as
Gaussian hypercontractivity, the log-Sobolev inequality, and isoperimetry [2]. There
is no known proof of Ehrhard inequality using these techniques and the purpose of
this note is to fill this gap.

An interpolation proof of the Lebesgue version of Ehrhard’s inequality (the
Prékopa—Leindler inequality) was presented recently in [7]. This proof uses an
“improved reverse Holder” inequality for correlated Gaussian vectors that was
established in [7]. A generalization of the aforementioned inequality also appeared
recently [12, 13]. This inequality, while we call an “improved Jensen inequality”
for correlated Gaussian vectors, we present and actually also extend in the present
note. In Sect. 12.2 we briefly discuss how this inequality implies several known
inequalities in probability, convexity and harmonic analysis. Using a “restricted”
version of this inequality (Theorem 12.2.2), we will present a proof of Ehrhard’s
inequality.

The paper is organized as follows: In Sect. 12.2 we introduce the notation and
basic facts about the Ornstein—Uhlenbeck semi-group, and we present the proof of
the restricted, improved Jensen inequality. In Sect. 12.3 we use Jensen inequality to
provide a new proof of Prékopa—Leindler inequality. We will use the main ideas of
this proof as a guideline for our proof of Ehrhard’s inequality that we present in
Sect. 12.4.

12.2 An “Improved Jensen” Inequality

Fix a positive semi-definite D x D matrix A, and let X ~ N (0, A). Fort > 0, we
define the operator PtA on L1(RP, y4) by

(PtAf)(x) = Ef(e_tx + \/1 — e 2Y).

We will use the following well-known (and easily checked) facts:

 the measure y, is stationary for PtA;
e foranys,t >0, PAPA =PA,;
 if f is a continuous function having limits at infinity then P2 f converges

uniformly to PA f as s — .
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We will also use the following “diffusion” formula for PA: let ¥ : R¥ — R be a
bounded C? function. For any bounded, measurable f = (f1, ..., fi): RP — Rk,
any x € RP andany 0 < s <, PA W(PA f(x)) is differentiable in s and satisfies

k
aas PAW(PAS) =—PA > 0,0, W(HVPfi. AVPAf)). (12.2)
i,j=1
Suppose that D = Zf:l d;, where d; > 1 are integers. We decompose R? as
]_[f»‘=1 R% and write II; for the projection on the ith component. Given a k x k
matrix M, write £y, 4, (M) for the D x D matrix whose i, j entry is My ¢ if
Yoackda <i <Y ,pdaand )", _,dp < j <> ,_,dp; thatis, each entry My ¢ of
M is expanded into a di x dy block. We write ‘@’ for the element-wise product of
matrices, ‘=’ for the positive semi-definite matrix ordering, and H; for the Hessian
matrix of the function J.
Our starting point in this note is the following inequality, which may be seen as
an improved Jensen inequality for correlated Gaussian variables.

Theorem 12.2.1 Let 21, ..., Q2 be open intervals in R; let Q = ]_[f»c:l Q; and let
X ~ ya. For a bounded, C* function J : Q — R, the following are equivalent:

(2.1.a) foreveryx € Q, A®&y,,..a,(Hj(x)) =0
(2.1.b) for every k-tuple of measurable functions f; : R% — ;,

EJ(itX1), ..., iX) = JEAXD, ..., Efi(Xp)). (12.3)

We remark that the restriction that J be bounded can often be lifted. For example,
if J is a continuous but unbounded function then one can still apply Theorem 12.2.1
on bounded domains 2} C ;. If J is sufficiently nice (e.g. monotonic, or bounded
above) then one can take a limit as Q! exhausts €; (e.g. using the monotone
convergence theorem, or Fatou’s lemma).

As we have already mentioned, Theorem 12.2.1 is known to have many
consequences. However, we do not know how to obtain Ehrhard’s inequality using
only Theorem 12.2.1; we will first need to extend Theorem 12.2.1 in a few ways.
To motivate our first extension, note that the usual Jensen inequality on R extends
easily to the case where some function is convex only on a sub-level set. To be more
precise, take a C? function ¢ : RY — Randtheset B = {x € R? : ¢/(x) < 0}.If B
is connected and ¥ is convex when restricted to B, one can show that B is convex
and hence Ey(X) > ¢ (EX) for any random vector supported on B. A similar
modification may be made to Theorem 12.2.1.

Theorem 12.2.2 Take the notation and assumptions of Theorem 12.2.1, and assume
in addition that {x € Q : J(x) < 0} is homeomorphic to an open ball. Then the
following are equivalent:
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(2.1.a) forevery x € Q suchthat J(x) <0, AO &y, .. a4, (Hj(x)) =0
(2.1.b) for every k-tuple of measurable functions f; : R4 — Q; that ya-a.s. satisfy
J(f1,--os fi) <0,

EJ(fi(X1), ..., filXp) = JEf1(XD), ..., Efi(Xp).

Note that the threshold of zero in the conditions J(x) < Oand J(fi, ..., fx) <O
is arbitrary, since we may apply the theorem to the function J(-) — a forany a € R.
Of course, taking a sufficiently large recovers Theorem 12.2.1.

Proof Suppose that (2.2.a) holds. By standard approximation arguments, it suffices
to prove (2.2.b) for a more restricted class of functions f. Indeed, let F be the set
of measurable f = (f1,..., fr) satisfying J(f) < O ya-as. and let F, C F
be those functions that are continuous, converge to a limit at infinity, and satisfy
J(f) < —e€ ya-as. Now, every f € F can be approximated in L'(y4) by a
sequence ™ e Fy /n: by truncating the values of f outside of a large ball in RP
and away from the boundary of {x : J < 0}, we can approximate f € F in L'(y,)
by f satisfying the latter two conditions. To ensure continuity, we can use mollifiers:
if T g denotes the convolution of g with a smooth, compactly supported mollifier and
Fis ahomeomorphism from {J < 0} to a ball, then F L o(T(Fo f)) is a continuous
approximation of f that takes values in {J < 0}. With these approximations in
mind, it suffices to prove (2.2.b) for f € F, where € > 0 is arbitrarily small. From
now on, fix € > O and fix f = (f1,..., fk) € Fe.

Recalling that IT; : RY x ... x R% — R% is the projection onto the ith block
of coordinates, define g; = f; o I1; and G, ,(x) = P,ﬁsJ(PSAg(x)). Since f €
Fe, we have Ggo(x) < —e for every x € RP. Moreover, since f is continuous
and vanishes at infinity, PSA g — g uniformly as s — 0. Since g is bounded, J
is uniformly continuous on the range of g and so there exists § > 0 such that
|Gs.s(x) — G r(x)| < € forevery x € RP and every s —r| <.

Now, fix r > 0 and assume that G, , < —e pointwise; by the previous paragraph,
G, s < 0 pointwise for every r < s < r 4+ §. Now we apply the commutation
formula (12.2): with By = Bs(x) = A © &q,,....4; (HJ(PSAg)), we have

.....

k
9
5 O = =P, (VP{gi. BVP!g;)
ij=1

(here, we have used the observation that PSAg,- (x) depends only on IT;x, and so
VPSA gi 1s zero outside the ith block of coordinates). The assumption (2.2.a) implies
that By is positive semi-definite whenever G < 0; since G55 < O for every s €
[r, r+38], we see that for such s, aas G r+5 < Opointwise. Since G 45 is continuous
in s and G, < —e, it follows that G5 ; < —e pointwise forall s € [r, r 4 §].
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Next, note that r = O satisfies the assumption G, < —e of the previous
paragraph. By induction, it follows that G, , < —e pointwise for all » > 0. Hence,
the matrix By is positive semi-definite for all s > 0 and x € RP, which implies that
G +(x) is non-increasing in s forall t > s and x € RP. Hence,

EJ(fi(XD), ..., fil(Xk)) = lim Go,(0) = lim G;;(0) = J(ES1, ..., Efp).
—>0o0 t—0o0
This completes the proof of (2.2.b).
Now suppose that (2.2.b) holds. Choose some v € R” and some y € Q with
J(y) < 0; to prove (2.2.a), it is enough to show that

V(A O &, . a(Hi(»)))v = 0. (12.4)

Since 2 is open and J is continuous, there is some § > 0 such that y 4+ z €  and
J(y + z) < 0 whenever max; |z;| < §. For this §, define ¢ : R — R by

Y (t) = max{—§, min{$, t}}.
For € > 0, define f; . : R% — Q; by
Jie(X) = yi + ¥ (elx, ITjv)).
By (2.2.b),
EJ(f1,e(X1), ... fre(Xk)) = JES1,e(X1), .., Efi.e (X))
Since ¥ is odd, E f; ¢ (X;) = y; forall € > 0; hence,
EJ(f1,e(X1), -+, fi,e (X)) = J (). (12.5)

Taylor’s theorem implies that for any z with y + z € €,

k k 2
3.7 (y) 02 (y)
Jo+a=Jm+Y 0 Tat d o iz + e,
i1 O ij=1 ViV

where p is some function satisfying € 2p(e) — 0ase — 0. Now consider what
happens when we replace z; above with Z; = (e (X;, I1;v)) and take expectations.
One easily checks that EZ; = 0, Ep(|Z]) = 0(€?), and

EZ;Z; = € (T;v) BIX; X;1(T];v) + o(€?);
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hence,

32J(y)

D1y, (I, v) TELX; X 1(T;v) + o(€?)

k
EJ(y+2)=J()+€e >
ij=1

=J() + v (A0 &y a(Hi()))v + 0(€?).
On the other hand, EJ(y + Z) = EJ(f1.e(X1), ..., fk,e(Xk)), which is at least
J (y) according to (12.5). Taking € — 0 proves (12.4). |

12.3 A Short Proof of Prékopa-Leindler Inequality

The Prékopa—Leindler inequality states that if f, g, h : R? — [0, 0o) satisfy
hOx + (1 =0y) = fF@ g™
forall x,y € R4 and some X € (0, 1) then
Eh > (Ef)*(Eg)' ™,

where expectations are taken with respect to the standard Gaussian measure on
R<. By applying a linear transformation, the standard Gaussian measure may be
replaced by any Gaussian measure; by taking a limit over Gaussian measures with
large covariances, the expectations may also be replaced by integrals with respect to
the Lebesgue measure.

As M. Ledoux brought to our attention, the Prékopa—Leindler inequality may be
seen as a consequence of Theorem 12.2.1; we will present only the case d = 1, but
the case for general d may be done in a similar way. Alternatively, one may prove
the Prékopa—Leindler inequality for d = 1 first and then extend to arbitrary d using
induction and Fubini’s theorem.

Fix A € (0, 1), let (X, Y) ~ N(0, (; 7)) andlet Z = AX + (1 — A)Y. Let
ot = 0'2(,0, A) be the variance of Z and let A = A(p, A) be the covariance of
(X,Y,Z). Note that A is a rank-two matrix, and that it may be decomposed as
A = uu” + vvT where u and v are both orthogonal to (A, 1 — A, —DT.

For o, R € R, define Jy g : Ri — R by

Jar(x.y,2) = Py TR
Lemma 12.3.1 For any A and p, and for any a < o2, there exists R € Ry such
that A®© Hy, ; = 0.

To see how the Prékopa—Leindler inequality follows from Theorem 12.2.1 and
Lemma 12.3.1, suppose that h(Ax + (1 — 1)y) > f*(x)g'*(y) forall x,y € R.
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Then J, g (f(X), g(Y), h'/%(Z)) < 1 with probability one (because Z = AX +
(1 —A)Y with probability one). By Theorem 12.2.1, with the R from Lemma 12.3.1
we have

1> EJor(f(X), g(Y), h(Z))
= Jo.rR(Ef(X), Eg(Y), Eh(Z))

B ((Ef(X»*(Eg(Y))l—A)R
B (Eh'/(Z)) ‘

In other words, (Eh'/%(Z))* > (Ef)*(Eg)' . This holds for any p and any o <
o2. By sending p — 1, we send 02 — 1 and so we may take o — 1 also. Finally,
note that in this limit Z converges in distribution to A'(0, 1). Hence, we recover the
Prékopa—Leindler inequality for the standard Gaussian measure.

Proof of Lemma 12.3.1 By a computation,

AR(AR-1) AR(1=M)R __ AaR?
x2 Xy Xz 5
_ AR(I-=1)R (1-MR((1-M)R-1)  (1-M)aR
HJO('R - J(X,R(xa ya Z) xy y2 - yz
__ AaR? _ (1-2)aR? aR(aR+1)
Xz ¥z Z2

We would like to show that A © H; = O0; since elementwise multiplication
commutes with multiplication by diagonal matrices, it is enough to show that

A\ L[+ 00
Aaolli=x] = loi=x0]]|=0 (12.6)
R
—o 0 0 —«o

Letd = (\,1—A, —oe)T and recall that A = uu? + vo”, where u and v are both
orthogonalto (A, 1 — A — DT. Then

AOWB)Y=wowod + voo)woo)T,

where u © 6 and v © 6 are both orthogonal to (1, 1, ;)T (call this w). In particular,

A © (007) is a rank-two, positive semi-definite matrix whose null space is the span
of w.

On the other hand, A © diag(A, 1 — A, —) = diag(x, 1 — A, —aaz) (call this
D). Then w” Dw =1 — 0% /a < 0. As a consequence of the following Lemma,

1
AoTy— D>0
R

for all sufficiently large R. O
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Lemma 12.3.2 Let A be a positive semi-definite matrix and let B be a symmetric
matrix. If u” Bu > 8|u|? for all u € ker(A) and vT Av > §|v|? for all v € ker(A)*

then A+¢eB = 0forall0 <e <

2
< HBHziéHBH’ where || B|| is the operator norm of B.

Proof Any vector w may be decomposed as w = u + v with u € ker(A) and
v € ker(A)*. Then

wT(A +eB)w = ul Au+ eu” Bu + 2eu” Bv + ev” Bv
= 8lul® — el Bll|u|* — 2¢| Blul v] + €3]v]*.
Considering the above expression as a quadratic polynomial in |#| and |v|, we see
that it is non-negative whenever (§ — €||B|[)é > € | B|2. |

We remark that the preceding proof of the Prékopa—Leindler inequality may be
extended in an analogous way to prove Barthe’s inequality [3].

12.4 Proof of Ehrhard’s Inequality

The parallels between the Prékopa—Leindler and Ehrhard inequalities become
obvious when they are both written in the following form. The version of Prékopa—
Leindler that we proved above may be restated to say that

exp(R(Alog f(X)+ (1 — A1) logg(Y) —alogh(Z))) <0a.s.
implies 12.7)
exp(R(AlogEf(X) 4+ (1 — 1) logEg(Y) —alogEA(Z))) <O.

On the other hand, here we will prove that

@ (RGO /0) + (1 = W®~ @(V) = 0 @™ ((2)) = Oas
implies

@ (RGO EFC0) + (1 = MO~ Eg(¥) — 00~ EA(Z))) <0.
(12.8)

(It may not yet be clear why the « in (12.7) has become o in (12.8); this turns
out to be the right choice, as will become clear from the example in Sect. 12.4.1.)
This implies Ehrhard’s inequality in the same way that (12.7) implies the Prékopa—
Leindler inequality. In particular, our proof of (12.7) suggests a strategy for
attacking (12.8): define the function

IRy, ) = @ (ROO7' @) + (1 = 0o~ () —o @~ @).
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(We will drop the parameter R when it can be inferred from the context.) In analogy
with our proof of Prékopa—Leindler, we might then try to show that for sufficiently
large R, A © Hy, *= 0. Unfortunately, this is false.

12.4.1 An Example
Recall from the proof of Theorem 12.2.2 thatif A © H; = 0 then

Goir(x.y) = PA JR(PLF(x), Plg(y), PT h(hx + (1 = 1)y))

is non-increasing in s for every x and y. We will give an example in which G ; g
may be computed explicitly and it clearly fails to be non-increasing.

From now on, define f; = P! f, gy = P!g and hy = P;’zh. Let f(x) = 1x<a}s
g(y) = l{y<p) and h(z) = 1;<¢), where ¢ > da + (1 — A)b. A direct computation

yields
fs(x)zcb(a_e X )
V1 —e2s
b—e "y
s ( )=<I>< )
5Ly \/1—6728
c—e 'z
hs(z)=<b( >
o1 —e 2
Hence,

ra+ (1 —A)b—c)
\/1—6728 ’

If ¢ > Xa + (1 — A)b then the above quantity is increasing in s. Since it is also
independent of x and y, it remains unchanged when applying PtA_ - That is,

J(fs(x), gs(¥), hs(hx + (1 —Ay))) = @ (R

A 1—X)b—
GS,I,R=<I><R a+( ) C)

V1 —e 2

is increasing in s. On the bright side, in this example GS r R 12 is constant.
Since Theorem 12.2.1 was not built to consider such behavior, we will adapt it so
that the function J is allowed to depend on s.
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12.4.2 Allowing J to Depend on t

Recalling the notation of Sect. 12.2, we assume from now on that 2; < [0, 1] for
each i. Then A is a k x k matrix; let 012, R akz be its diagonal elements. We will
consider functions of the form J : Q2 x [0, co] — R. We write H; for the Hessian
matrix of J with respect to the variables in €2, and %{ for the partial derivative
of J with respect to the variable in [0, oo]. Let I : [0, 1] — R be the function

I(x) = ¢ (@~ (x)).

Lemma 12.4.1 With the notation above, suppose that J : Q x [0,00] — R is
bounded and C?, and take (X1,..., Xk) ~ va. Let A1, ..., Ay be non-negative
numbers with Y, A; = 1, let D(x) be the k x k diagonal matrix with Aiaiz/lz(x;)
in position i, and take some € > 0. If %{ (x,t) <0and

0J(x,t
&0 p

AQHj(x, 1) — (2019 — 1) Y =~ 0 (12.9)

forevery x € Q and t > 0 then for every k-tuple of measurable functions f; : R —
Q;,
EJ (P2 fi(X1), ..., PZ* fi(Xi), 0) = J(Efi(X1), ..., Efi(Xk), 00).  (12.10)

Note that Lemma 12.4.1 has an extra parameter ¢ > 0 compared to our
previous versions of Jensen’s inequality. This is for convenience when applying
Lemma 12.4.1: when € > 0 then the function ¢?¢*€) — 1 is bounded away from
zero, which makes (12.9) easier to check.

2
Proof Write f;  for Pff%f,' and fy = (f1.s, .., fr.s). Define

Gst =PRI (fiss s fls,S).

We differentiate in s, using the commutation formula (12.2). Compared to the proof
of Theorem 12.2.2, an extra term appears because the function J itself depends on s:

0

k
aJ
= G = Prs D0 06030 (oo DAGFL fj = Pros o (o)

i,j=1
, 3J
= Ptfsvs (A © HJ(vas))vS - Pl‘*S 9s (vas)s

where vy = V f;. Bakry and Ledoux [1] proved that |v; 5| < ai_l(ez(”e) —
D~Y21(f;5). Hence,

k 2
oi|vi., B
oI D(f)vs = Y i (Il(lff,c)|> < (26F0 _ 1,
i=1 s
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and so

d 0J
= Gor = Pioy (v{ (AO Hy(fs,s)vs — (2679 — 1) 5y s s)vSTD(fs)vs> :

Clearly, the argument of P;_ is non-negative pointwise if

aJ(x,
A Hylx,s) = (219 — 1) (ax Y )
s
for all x, s. In this case, G ; is non-increasing in s and we conclude as in the proof
of Theorem 12.2.2. |

By combining the ideas of Theorem 12.2.2 and Lemma 12.4.1, we obtain the
following combined version.

Corollary 12.4.2 With the notation of Lemma 12.4.1, suppose that J : Q X
[0, 00] = R is bounded and C?, and take (X1 ..., Xx) ~ ya. Let My, ..., A, be
non-negative numbers with y_; ,; = 1, let D(x) be the k x k diagonal matrix with
Aiaiz/lz(xi) in position i, and take some € > 0. Assume that {x € Q : J(x,0) < 0}
is homeomorphic to an open ball, that aj(g’;’t) < 0 whenever J(x,t) < 0, and that

0J(x,t
&0

AOH (x, 1) — (209 — 1) Y

3
()

for every t > 0 and every x such that J(x,t) < O Then for every k-tuple of

measurable functions f; : R — ; satisfying J(P6 fl,.. P6 fk,O) < 0 ya-
a.s.,

2 2
EJ (P fi(X0), ..y P fi(X0), 0) = TEFi(X1), ..., B fi(Xp), 00).
Proof As in the proof of Theorem 12.2.2, we can assume that f = (f1, ..., fr) is

bounded, continuous, converges to a constant near infinity, and we can strengthen
the assumption

2 2
JPEUf, . PTE £ 0) <0
to

7L P £, 0) < —
(6 fls'-'v € fkv )< n

for some fixed but arbitrarily small n > 0. As in the proof of Lemma 12.4.1, we
2
define f; s = Pfjr€ fi and

Gsi=PA T(fiss s fiss )
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The same computation as in Lemma 12.4.1 shows that 3‘1 Gs.: < Owhenever G, s =
J(fi.ss -+ fr.s»8) < 0 (the requirement that G5 ¢ < O is the only difference so far
compared to the proof of Lemma 12.4.1, in which it was shown that aas Gs: <0
unconditionally).

Now we use the argument from the proof of Theorem 12.2.2: by uniform
continuity there exists § > 0 such that |G s(x) — G, (x)| < nforevery x € R* and
|s —r| < é. Hence, if G, , < —n pointwise then G, s < 0 (and hence Gy 45 < 0)
pointwise for every s € [r,r + 8]. By the previous paragraph, G ,4s is non-
increasing in s for s € [r, r 4+ 6], and so G, 15 ,+5 < G, < —n pointwise. Since we
assumed that Gg,o < —n, it follows by induction that lim;—, o G;; < Go,0, which
is the required conclusion. O

12.4.3 The Hessian of J
Define Jg : (0, 1)> — 0 by

JR(x,y,2) = ® (R()\cb—l(x) Fa-no iy - acb—l(z)))) .

Let Hy = Hj(x,y,z) denote the 3 x 3 Hessian matrix of J; let A be the 3 x 3
covariance matrix of (X, Y, Z). In order to apply Corollary 12.4.2, we will compute
the matrix A ® Hj. First, we define some abbreviations: set

u=3=>"x) E=du+(1—-1v—ow
v=>"(y) 0=, 1—n —0o)T
w=o"'(z) T = diag(¢(u), ¢ (v), p(w))

We will use a subscript s to denote that any of the above quantities is evaluated at
(fs, gs, hy) instead of (x, y, z). Thatis ug = ®~1(fy), By = Aug+ (1 —A)vg —owy,
and so on.

Lemma 1243 H; = ¢(RE)T" (R diagGuut, (1 — M)v, —ow) — R E99T> 7!

Proof Noting that gz = 1/¢(u), the chain rule gives

d RE R?8% —u?
o(RE) = RLPEE) _ Riexp (- ).
dx ¢ (u) 2
Differentiating again,
d? ¢(RE)

p , ®(RE) = RA(u — R*EX)
X

)
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For cross-derivatives,

2 =
d ®(RE) = —R3EA(1 — 1) P(RE)
dxdy P u)p(v)

Putting these together with the analogous terms involving differentiation by z,

22 A1=2) e
@2 (u) ¢ )¢ (v) ¢ W) (w)
Hy o _ _p3g| r0-n a2 _ a-ne
=) = ¢ u)p(v) #%(v) ¢ ()¢ (w)
¢(RE) _ X0 _ (=)o o2
pwpw)  dwev)  ¢2(w)
Al
¢%(u) (1—()A)v 0
+R| O 20) 0
_ ow
0 0 $%(w)

Recalling the definition of Z and 6, this may be rearranged into the claimed form.
O

Having computed H;, we need to examine A ©® H;. Recall that A is a rank-two
matrix and so it may be decomposed as A = aa’ + bb”. Moreover, the fact that
Z = AX + (1 — A)Y means that a and b are both orthogonal to (A, 1 — A, —1)7.
Recalling the definition of 6, this implies that a © 6 and b © 8 are both orthogonal to
(1,1, 01T . This observation allows us to deal with the 667 term in Lemma 12.4.3:

AT = (aa") © 6T) + bb") © B67) = (a © )%* + (b © 6)®2.

To summarize:

Lemma 12.4.4 The matrix B := A © 007 is positive semidefinite and has rank
two. Its kernel is the span of (1, 1, GI)T.

On the other hand, the diagonal entries of A are 1, 1, and o2; hence,
A O diag(Au, (1 — A)v, —ow) = diag(Au, (1 — A)v, —o3w) =:D.
Combining this with Lemma 12.4.3, we have
AOH; = R$(REYI"(D — RPEB)T. (12.11)

Consider the expression above in the light of our earlier proof of Prékopa—
Leindler. Again, we have a sum of two matrices (D and —R? EB), one of which
is multiplied by a factor (R?) that we may take to be large. There are two important
differences. The first is that the matrix D (whose analogue was constant in the proof
of Prékopa-Leindler) cannot be controlled pointwise in terms of B. This difference
is closely related to the example in Sect. 12.4.1; we will solve it by making J depend
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on ¢ in the right way; the ‘2{ term in Corollary 12.4.2 will then cancel out part of
D’s contribution.

The second difference is that in (12.11), the term that is multiplied by a
large factor (namely, — E B) is not everywhere positive semi-definite because there
exist (x,y,z) € R3 such that E(x,y,z) > 0. This is the reason that we
consider the “restricted” formulation of Jensen’s inequality in Theorem 12.2.2 and
Corollary 12.4.2.

12.4.4 Adding the Dependence on t

Recall that X and Y have variance 1 and covariance p, that Z = AX + (1 — V)Y,
and that A is the covariance of (X, Y, Z). Recall also the notations u, v, w, E, and
their subscripted variants. For R > 0, define r(t) = RV1 — e=2—€ and

TRy, =0 (r0(07 0 + 1 - Do~ () - 0d7 @)

= O(r(H)E). (12.12)

Let E = diag(A, 1 — A, 0)/(1+071).

Lemma 12.4.5 Define Q. = [®(—1/€), ®(1/€)]3. For every p, A, and €, there
exists R > 0 such that

J

9
AQHy — (209 — 1) . I7'ET ' =0

on{(x,t) € Qe x[0,00): B(x) < —e}.

Proof We computed A © Hj in (12.11) already; applying that formula and noting
that Z~! = 0, it suffices to show that

r(g () E)D — r*(1)EB) — (2119 — 1) %‘t' E=0

whenever & < —e. (Recall that D = diag(Au, (1 — M)v, —a3w), and that B is
a rank-two positive semidefinite matrix that depends only on p and A, and whose
kernel is the span of (1, 1, ail)T). We compute

4 () B
g ST OESCOB) = L Er1E).
Now, there is some § = 5(¢) > 0 such that
20+ _
>146

e2tte _ 1 —
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for all + > 0. For this 6,

r(¢(r(EYD — r*(t)EB) — (2019 — 1) aaf E

= (0o (r(t)E)D — (14 8)EE — r’(1)EB);

Hence, it suffices to show that D — (1 4+ 8§)EE — r>(t)EB = 0. Since & < —e,
it suffices to show that r2(1)eB + D — (1 + 8)EE = 0. Now, B is a rank-two
positive semi-definite matrix depending only on A and p. Its kernel is spanned by
0=(,1,0 HT. Note that 67 D6 = E and 67 E6 = 1. Hence,

0T(D — (1 +8)EE)0 = —8E > 8¢ > 0.

Next, note that we can bound the norm of D — (1 4+ §) EE uniformly: on €,
ID|| < 1/€ and |E| < 2/e. All together, if we assume (as we may) that § < 1 then
1D+ (A+68EE| <5/e. By Lemma 12.3.2,if n > 0 is sufficiently small then

€B+n(D— (1+8)EE) = 0.

To complete the proof, choose R large enough so that R*(1 — ¢€) > 1/n; then
r2(t) > 1/n forall 1. O

Finally, we complete the proof of (12.8) by a series of simple approximations.
First, let C, denote the set of continuous functions R — [0, 1] that converge to a at
400, and note that it suffices to prove (12.8) in the case that f, g € Cp and h € Cj.
Indeed, any measurable f, g : R — [0, 1] may be approximated (pointwise at y-
almost every point) from below by functions in Cp, and any measurable 7 : R —
[0, 1] may be approximated from above by functions in Cj. If we can prove (12.8)
for these approximations, then it follows (by the dominated convergence theorem)
for the original f, g, and h.

Now consider f, g € Cop and h € Cg satisfying E(f, g, h) < 0 pointwise. For
S > 0, define

Js =@(=1/8) v f A @(1/(39))
gs = P(=1/8) v g A ®(1/(39))

(1 . 1
h(;_CI>< 35 V(@ (h)+8)/\8>.

If § > O is sufficiently small then E(fs, gs, hs) < —J pointwise; moreover, fs, gs,

and hs all take values in [®(—1/8), ©(1/5)], are continuous, and have limits at

Fo00. Since fs — f as § — 0 (and similarly for g and #), it suffices to show that
ATNESf) 4+ (1 — VD (Bgs) < 0@ (Bhs) (12.13)

for all sufficiently small § > 0.
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Since f5 has limits at £oo, it follows that P fs — f5 uniformly as ¢ — 0
(similarly for gs and hg). By taking € small enough (at least as small as §/2),

we can ensure that E(Pe1 fs, Pe1 gs, P2 2/’15) < —e pointwise. Now we apply
Corollary 12.4.2 with Q; = [®(—1/€), P(1/€)], the function J defined in (12.12),
a = j,and with (A1, A2,43) = (A, 1 — 4, 071)/(1 + 0~!). Lemma 12.4.5 implies
that the condition of Corollary 12.4.2 is satisfied. We conclude that

1
5 Z JR(Efs, Egs, Ehs, 00)
=& (RO Ef) + (1 = O™ Egy) — 00 ®hy))
which implies (12.13) and completes the proof of (12.8).

Acknowledgements We thank F. Barthe and M. Ledoux for helpful comments and for directing
us to related literature.

We would also like to thank R. van Handel for pointing out to us that (12.8) corresponds more
directly to a generalized form of Ehrhard’s inequality contained in Theorem 1.2 of [6].

The first named author is supported by a fellowship from the Alfred P. Sloan Foundation. The
second named author is supported by CAREER NSF-115171 grant and NSF grant DMS-1812240.

References

1. D. Bakry, M. Ledoux, Levy-Gromov’s isoperimetric inequality for an infinite dimensional
diffusion generator. Invent. Math. 123(1), 259-281 (1996)
2. D. Bakry, 1. Gentil, M. Ledoux, Analysis and Geometry of Markov Diffusion Operators
(Springer, Berlin, 2013)
3. F. Barthe, On a reverse form of the Brascamp-Lieb inequality. Invent. Math. 134, 335-361
(1998)
4. F. Barthe, N. Huet, On Gaussian Brunn-Minkowski inequalities. Studia Math. 191(3), 283-304
(2009)
. C. Borell, The Ehrhard inequality. C.R. Math. Acad. Sci. Paris 337(10), 663-666 (2003)
6. C. Borell, Minkowski sums and Brownian exit times. Ann. Fac. Sci. Toulouse: Math. 16(1),
37-47 (2007)
7. W.-K. Chen, N. Dafnis, G. Paouris, Improved Holder and reverse Holder inequalities for
Gaussian random vectors. Adv. Math. 280, 643-689 (2015)
. A. Ehrhard, Symétrisation dans I’espace de Gauss. Math. Scand. 53, 281-301 (1983)
9. P. Ivanisvili, A. Volberg, Bellman partial differential equation and the hill property for classical
isoperimetric problems. Preprint. arXiv:1506.03409 (2015)
10. R. Latala, A note on the Ehrhard inequality. Studia Math. 118, 169-174 (1996)
11. R. Latala, On some inequalities for Gaussian measures. Proc. ICM II, 813-822 (2002)
12. M. Ledoux, Remarks on Gaussian noise stability, Brascamp-Lieb and Slepian inequalities, in
Geometric Aspects of Functional Analysis (Springer, Berlin, 2014), pp. 309-333
13. J. Neeman, A multi-dimensional version of noise stability, Electron. Commun. Probab. 19(72),
1-10 (2014)
14. R. van Handel, The Borell-Ehrhard Game. Probab. Theory Relat. Fields 170(3—4), 555-585
(2018)

V)]

e



Chapter 13 )
Bounds on Dimension Reduction Chack for
in the Nuclear Norm

Oded Regev and Thomas Vidick

Abstract For all n > 1, we give an explicit construction of m x m matrices
A1, ..., A, with m = 2"/2] such that for any d and d x d matrices A’ ..., A/, that
satisfy

147 = Ajlls, < 14 = Ajlls, = (1+8)]14; — Aflls,

foralli, j € {1,...,n} and small enough § = O(n™°), where ¢ > 0 is a universal
constant, it must be the case that d > 2"/21=1 This stands in contrast to the metric
theory of commutative £, spaces, as it is known that for any p > 1, any n points in
£, embed exactly in Ei ford =n(n —1)/2.

Our proof is based on matrices derived from a representation of the Clifford
algebra generated by n anti-commuting Hermitian matrices that square to identity,
and borrows ideas from the analysis of nonlocal games in quantum information
theory.
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13.1 Introduction

For p > 1 let £, denote the space of real-valued sequences x € RN with finite
p-th norm ||x||, = (3_; Ix;|”)!/P_ For any n > 1 and any x1,...,x, € {> there
exist y1, ..., yn € €5 such that |lx; — xjll2 = |ly; — yjll2 foralli, j € {1,...,n}.
This is immediate from the fact that any n-dimensional subspace of Hilbert space
is isometric to Eg. In fact, there even exist such yq, ..., y, in 6371 by considering
the n — 1 vectors xp — x1, ..., x, — x1. We can equivalently describe this as saying
that any # points in ¢, can be isometrically embedded into 6371. By considering the
n-point set {0, e1,...,e,—1} C R"~1 where ¢; is the i-th canonical basis vector,
the dimension n — 1 is easily seen to be the best possible for isometric embeddings.

The Johnson-Lindenstrauss lemma [12] establishes the striking fact that if we
allow a small amount of error § > 0, a much better “dimension reduction” is

possible. Namely, for any n > 1, any points x1,...,x, € £2,andany 0 < 6 < 1,
there exist n points y1,...,y, € 6‘21 with d = 0(5’2 logn) and such that for all
i,jell,...,n},

lyi —yjill2 < llxi —xjll2 < A+llyi —yjllz. (13.1)

This can be described as saying that any n points in £, can be embedded into E‘Z"
with (bi-Lipschitz) distortion at most 1 + 5. We remark that this bound on d was
recently shown to be tight [13] for essentially all values of é for which the bound is
nontrivial.

The situation for other norms is not as well understood. Ball [4] showed that for
any p > 1 and any integer n > 1, any n points in £, embed isometrically into Ei
ford = n(n — 1)/2. He also showed that for 1 < p < 2 this is essentially the best
possible result. However, if we allow some 1+ § distortion as in (13.1), the situation
again changes considerably. Specifically, for p = 1, Talagrand [26] (improving
slightly the dependence on § in an earlier result by Schechtman [22]) showed that
forany 0 < § < 1, one can embed any n points in £; into E‘f withd < C6 %nlogn
where here and in what follows C is a universal constant that might vary at each
occurrence.! See also [6, 22, 27] for extensions to other p and more details. The
bound was improved by Newman and Rabinovich [18] to d < Cn/ 82 (see [16]),
and if we allow large enough distortion D > 1, the bound can be further reduced to
d < Cn/D [3]. In terms of lower bounds, Brinkman and Charikar [7] showed that
there exist n points in £ (in fact, in £]) such that any embedding with distortion

D > linto E‘f requires d > n¢/P * . For embeddings with distortion 1+, Andoni et
al. [2] showed abound of d > n 1=C/1og(1/3) 'See also [14, 21] for alternative proofs.

n fact, he showed that one can even embed any n-dimensional subspace of ¢ into E‘l’ with
distortion 1 + §.
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Let S; be the space of bounded linear operators on a separable Hilbert space
with finite Schatten-1 (or nuclear) norm ||Alls, = »_; 0;(A), where {0;(A)} are
the singular values of A. We also write S" for the space of linear operators acting
on an m-dimensional Hilbert space, equipped with the Schatten-1 norm. Our main
theorem shows that dimension reduction in this noncommutative analogue of ¢;
is strikingly different from that in £, spaces. Namely, there are n points that
require exponential dimension in any embedding with sufficiently low distortion.
In contrast, Ball’s result mentioned above [4] shows that in £, any n points embed
isometrically into dimension n(n — 1)/2.

Theorem 13.1 Foranyn > 1, there exist (2n +2) points in S'I", where m = 211/2],
such that any embedding into S”li with distortion 1 4+ 6 for 0 < § < Cn™¢ requires
d > 221=1 where ¢, C > 0 are universal constants.

The space S; is a major object of study in many areas of mathematics and
physics; see [17] for further details and references. One area where it plays
an especially important role is quantum mechanics, and specifically quantum
information. This area, and specifically the theory of Bell inequalities and nonlocal
games, served as an inspiration for our proof and the source of our techniques.

The best previously known bound on dimension reduction in Sy is due to Naor
et al. [17], who proved a result analogous to that of Brinkman and Charikar [7].
Namely, they showed that there exist n points in S} for which any embedding into

S”li with distortion D > 1 requires d > n®/ D?2 The set of points they use is
Brinkman-Charikar use the diamond graph. Naor et al. use Laakso graphs, which
are very similar, and they comment that the same holds also for the diamond graphs.
I therefore think it’s OK not to say “essentially”.the one used by Brinkman and
Charikar [7] through the natural identification of £} with the subspace of diagonal
matrices in S'f. The effort then goes into showing that the bound in [7], which only
applies to embeddings into diagonal matrices, also applies to arbitrary matrices.

In Lemma 13.19 we show that for any 0 < § < 1 the metric space induced by the
(2n+-2) points from Theorem 13.1 can be embedded with distortion (1+-§) in S”li for

d = n0U/8, Therefore, in order to We can still hope to prove that for § = 0.001,
our set of points requires dimension n'%. Funny how in our case there really is
a threshold, where either the dimension is exponential, or we don’t get anything.
Having something more smooth seems to require “different techniques” to bound
the dimension of e-representations of C(n) for large-ish €. obtain exponential lower
bounds with constant § one would have to use a different set of points.

Proof Overview Due to Ball’s upper bound [4], our set of points cannot be in
£1, and in particular, cannot be the set used in previous work [7, 17]. Instead, we

2Their result is actually much stronger, and incomparable to Theorem 13.1: they show that there is
no embedding into any n€/ D?_dimensional subspace of S; (and in fact, they even allow quotients

of Sy).
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introduce a new set of 2n + 2 points in SY', for m = 217/2] " and show that any
embedding with (1 + §) distortion for small enough § requires almost as large a
dimension. To achieve this we use metric conditions on the set of points to derive
algebraic relations on any operators that (approximately) satisfy the conditions. We
then conclude by applying results on the dimension of (approximate) representations
of a suitable algebra.

We now describe our construction. Let n be an even integer. For a matrix A and
an integer i, let A% denote the tensor product of i copies of A. Let

01 0 i 10
x=(15) r=(%0) e z=(3°)

Fori € {1,...,n/2}let Cai_; = X®-D@ZQId®"/2~) and Cy; = X®-Deye
1d®"/2=0) Then the matrices C 1, ..., Cyp are Hermitian operators in S9 where d =
21/2 3 Moreover, Ci2 = Idforeachi € {1,...,n}and {C;, C;} = C;C;+C;C; =0
fori #jef{l,...,n}.Fori e {l,...,n}let P, ; (resp., P; _) be the projection on
the +1 (resp., —1) eigenspace of C;. Using that P; ; and P; _ are orthogonal trace
0 projections that sum to identity, it is immediate that

Vie{l,...,n},

1 1 1 1 1
dIIPz,+|Isl = d||Id_Pi,+||Sl = dIIPz,—Ilsl = dIIId—P;,—Ilsl =,
(13.2)

and
. 1
Vie{l,...,n}, d||P,-,+ —P-ls, =1. (13.3)

Finally, using the anti-commutation property, it follows by an easy calculation that

V2

o 1
Vl#]e{l,...,n}, Ver€{+s_}s d”Pi’q_ j,r”S] = 2

(13.4)

Our main result is that (13.2)-(13.4) characterize the algebraic structure of any
operators that satisfy those metric relations, even up to distortion (1 + &) for small
enough § = O(rn~°). Using labels O and o to represent 0 and Id/d, and X; and Y;
to represent P; 1 /d and P; _ /d respectively, we show the following.

3For a construction over the reals, consider CéF ;| = C2i—1 ®Id and Céi = (Cy; ® Y. For even
values of n congruent to 4 or 6 mod 8 the doubling of the dimension is necessary [19].
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Theorem 13.2 Let n,d > 1 be integers, 0 < § < 1, and O,0 and
X1, Y1,..., Xy, Y, operators on cd satisfying that for all i € {1, ..., n},
1-8<|o—-0lg =1+3,
[Xi — Olls, + llo — Xills, =1+6,
1Yi — Olls, + llo = Yills, =1+34,
I1Xi —Yills, =14,

andforalll <i < j <n,

. V2
min {||X; — Xjlls,. 1Xi — Yjls,, 1Yi — Xjlls, IYi = Yjlls,} = (1 —=6) 5

(13.5)
Then there is a universal constant C > 0 and for i € {1,...,n} orthogonal
projections P; y and P; _ on ce for some d’ < d such that P, + + P;_ = Id
such thatif A; = P; 4+ — P; _ then
. 1 2
Vigjellonb, |4+ AjAlg, < Cn?s'/10, (13.6)

Note that the theorem does not assume that the X; and Y; are positive semidefi-
nite, nor even that they are Hermitian; our proof shows that the metric constraints are
sufficient to impose these conditions, up to a small approximation error. Similarly,
while we think of O as the zero matrix and of o as the scaled identity matrix, these
conditions are not imposed a priori and have to be derived (which is very easy in the
case of O but less so in the case of o). The proof of the theorem explicitly shows
how to construct the projections P; 1, P; _ from X;, Y;, O, and o.

Theorem 13.1 follows from Theorem 13.2 by applying known lower bounds
on the dimension of (approximate) representations of the Clifford algebra that is
generated by n Hermitian anti-commuting operators*; we give an essentially self-
contained treatment in Sect. 13.6.

The proof of Theorem 13.2 is inspired by the theory of self-testing in quantum
information theory. We interpret conditions such as (13.5) as requirements on the
trace distance (which, up to a factor 2 scaling, is the name used for the nuclear
norm in quantum information) between post-measurement states that result from
the measurement of one half of a bipartite quantum entangled state. This allows us
to draw an analogy between metric conditions such as those in Theorem 13.2 and
constraints expressed by nonlocal games such as the CHSH game. Although this
interpretation can serve as useful intuition for the proof, we give a self-contained
proof that makes no reference to quantum information. We note that the relevance

“4Note that the norm in (13.6) is the Schatten-2 norm.
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of dimension reduction for Schatten-1 spaces for quantum information has been
recognized before; e.g., Harrow et al. [10] show limitations on dimension reduction
maps that are restricted to be quantum channels (a result mostly superseded by [17]).

Open Questions We are currently not aware of any upper bound on the dimension
d required to embed any n points in S; into S‘f with, say, constant distortion.
Proving such a bound would be interesting.

Regarding possible improvements to our main theorem, our result requires the
distortion of the embedding to be sufficiently small; specifically, § needs to be at
most inverse polynomial in n. It is open whether our result can be extended to larger
distortions.

The connection with quantum information and nonlocal games suggests that
additional strong lower bounds may be achievable. For example, is it possible to
adapt the results from [11, 23] to construct a constant number of points in S; such
that any embedding with distortion (1 + &) in S‘f requires d > 2'/%° for some
constant ¢ > 07

We are not aware of results specifically addressing other Schatten spaces.
Nevertheless, here are some statements that follow easily from known results. First,
any set of n points in S, trivially embeds into San—l] by first embedding the
points isometrically into Eg_l, as discussed earlier. Second, for S, it is well known
that any n point metric isometrically embeds in £7 ! and hence also in SIS L it
is possible that this could be improved. If we allow some distortion, a result by
Matousek [15] shows that for D > 1, an arbitrary n-point metric space embeds
with distortion D in Z’go, for some k = O (Dn'/LP+D/211n ) (see also [1] for more
general trade-offs between distortion and dimension for embedding arbitrary metric
spaceinto £, 1 < p < 00).

13.2 Preliminaries

For a matrix A € C?*? we write |Alls, for the Schatten-1 norm (the sum of the
singular values). For the Schatten 2-norm (also known as the Frobenius norm) we
use || A|| F instead of || A||s,, and introduce the dimension-normalized norm || Al =
d=12||A||F. We write |Alls,, for the operator norm (the largest singular value).
We often consider terms of the form ||To /2|7 for a Hermitian matrix 7 and a
positive semidefinite matrix o'; notice that the square of this norm equals Tr(7?c).
For A, B square matrices we write [A, B] = AB — BA and {A, B} = AB + BA
for the commutator and anti-commutator respectively. We write U (d) for the set of
unitary matrices in C¢*¢. We use the term “observable” to refer to any Hermitian
operator that squares to identity, and the term “projection” to refer to an orthogonal
projection.
We will often use that for any A and B,

[ABlls, = [lAllslIBls, -
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and similarly with Schatten-1 replaced by the Frobenius norm (see, e.g., [5,
av.4o).

Lemma 13.3 (Cauchy—-Schwarz) For all matrices A, B,
IABls, < IAlFIBIF -
Proof By definition,

IABl|ls, = supTr(UAB) < sup |UA|rl|BllF = IlAllFlIBIlF
U U

where the supremum is over all unitary matrices, and the inequality follows from
the Cauchy—Schwarz inequality. O

13.3 Certifying Projections

In this section we prove Proposition 13.4, showing that metric constraints on a triple
of operators (X, Y, o), where o is assumed to be positive semidefinite of trace 1, can
be used to enforce that the pair (X, Y) is close to a “resolution of the identity,” in the
sense that there exists a pair (P, Q) of orthogonal projections such that P + Q =
Idand X ~ o!2Pcl/2 ¥ ~ 01/2Q01/2. The proposition also shows that P, Q
approximately commute with o.

Proposition 13.4 Let o be positive semidefinite with trace 1. Suppose that X, Y
satisfy the following constraints, for some 0 < § < 1:

1Xlls, + llo = Xlls, =1+3, (13.7)
IYlls, +llo = Ylls;, =146, (13.8)
IX-Yls, =21-6. (13.9)

Then there exist orthogonal projections P, Q such that P + Q = 1d and

max{”X —o2pgl/2 HY _Gl/ZQol/ZHSl] _ 0(81/8) ’ (13.10)

Is,-

max [ |(P.o" 1] . 1001 ;] = 0(6'%) . a3

For intuition regarding Proposition 13.4, consider the case where § = 0, and
where X, Y, o are one-dimensional, i.e., scalar complex numbers, X = x, Y =y,
and o = 1. Then the first two conditions (13.7) and (13.8) imply that x, y are real
and x,y € [0, 1]. The third condition (13.9) then implies that x, y € {0, 1} and
x + y = 1. The proof of Proposition 13.4 follows the same outline, adapted to
higher-dimensional operators. The main idea is to argue that the projections P, Q
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on the positive and negative eigenspace of X — Y respectively approximately block-
diagonalize X, Y, and o.

The proof is broken down into a sequence of lemmas. The first lemma shows that
X is close to its Hermitian part.

Lemma 13.5 (Hermitianity) Ler o be positive semidefinite such that Tr(c) = 1,
and X such that (13.7) holds, for some 0 < § < 1. Then | X — Xlls, < 38, where
Xp = é(X + X*) is the Hermitian part of X.

Proof By (13.7),
R(Tr(X) =1-R(Tr(c — X)) >1—|lo — Xlls, = | X|ls, =9 . (13.12)

Let X = X; + X, be the decomposition of X into Hermitian and anti-Hermitian
parts. Then R(Tr(X,)) = 0, so Tr(Xy) > [|X|ls, — 8. Let W be a unitary such
that Tr(WX,) = || X,lls,. Note that replacing W > (W — W*)/2 we may assume
that W is anti-Hermitian (of operator norm at most 1), so (i W) is Hermitian. Let
0 < o < 1 be a parameter to be determined. Then all eigenvalues of Id + « W are
in the complex interval [1 — «i, 1 + «i] and therefore U = (Id +aW)/(1 + a)l/2
has operator norm at most 1. Then

IXlls, = ITr(UX)| = R(Tr(U Xp) + Tr(U X,))

1
= (1+a2)1/2 (Tr(Xh)+a||Xa||Sl)

1
2 (14 gy (XS, =3 +alXals))

which shows that || X4 |ls, < «[|X|ls, +&/a. Choosing a = V8 and using || X|ls, <
(14 8) gives | Xalls, <3+/6. O

Lemma 13.6 Let X and Y be Hermitian matrices satisfying
IXls, +11Ylls, =146,
IX—-Yls =134,
Te(X7) <6, andTr(Y ™) <6
for some O < § < 1 where X~ denotes the negative part of X in the decomposition
X = Xt — X~ and similarly for Y. Then, if P denotes the projection on the positive
eigenspace of X — Y and Q = 1d — P, we have

Tr(PX) = [ Xlls, =48, Tr(QY) = [[Y]ls, — 43 .
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Proof We have

I=0=<[X=Y|s =Tr(P(X =Y)) —Tr(Q(X = Y))
< Tr(PX) + Tr(QY) + 28
<Tr(PX) + |Y|s, +25
<Tr(PX)+ 1438 — | X||s,,

where in the second inequality we used that Tr(PY) > —Tr(Y™) > —§, which
holds for any projection P, and similarly for Tr(Q X). As a result, we get that

Tr(PX) = || X|ls, — 46 ,

and similarly for Tr(QY). |

Lemma 13.7 Let X be a Hermitian matrix and P a projection satisfying

IXls, <1,
Tr(X™) <9, (13.13)
Tr(PX) > | X|ls, — 9, (13.14)
for some 0 < § < 1. Then,
IPXP — X||s, < O(V/3).

Proof The assumption (13.13) is equivalent to || X — X" ||, < &, which implies
that |PXP — PXtP|s, < 8. Therefore, by the triangle inequality, it suffices to
prove that

IPXTP —X*|s, < O(S9). (13.15)
Using the Cauchy—Schwarz inequality,
Iad — P)X T3, < I1ad — PYX D) 21X D27
= Tr((d — P)XF)I1X* s,
= (Tr(X*) = Te(PX) — Tre(PX )1 XTI,
=dlXls, =9,

where the second line uses that (Id— P) is a projection and the fourth uses Tr(X ) <
| Xlls, for the first term and (13.14) for the second. To conclude, use the triangle
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inequality to write
IPXTP—XT|s, < I(P=IDXT Pls, +IXTAd—P)ls, < 2[Ad—P)X"ls, .

O

Lemma 13.8 Let o, X, and Y satisfy the assumptions of Proposition 13.4 for some
0 < 8§ < 1. Then there exist orthogonal projections P, Q such that P + Q = 1d and
IX — PoPls, < 0@ and ||Y — Qo Qlls, < 0(8"%). (13.16)

Moreover, there exists a positive semidefinite p that commutes with P and Q and
that satisfies ||p — o'lls, < O(8'/%).

Proof Using Lemma 13.5, we can replace X and Y with their Hermitian parts, and
have Eqgs. (13.7)-(13.9) still hold with O (+/8) in place of §. By summing Eqgs. (13.7)
and (13.8), and noting by the triangle inequality that o — X||g, + [l — Y5, >
IX—-Yls, =1— 0(V/98), we getthat | X|g, + IYlls, <1+ O (¥/8). Moreover,

Tr(X7) = IX I, — Tr(X)
<1+ 08 —llo — X|is, — Tr(X)
<14 0(W8) —Tr(o — X) — Tr(X) = O(W9$)

and similarly for Y. We can therefore apply Lemma 13.6 and obtain that if P is the
projection on the positive eigenspace of X — Y and Q =1d — P,

Tr(PX) > | X[, — O(v/8) and Tr(QY) > Y |is, — O(V/9) .

Applying Lemma 13.7 to X (scaled by a factor at most (1 + §) so that the condition
[ Xlls, < 1is satisfied) and P, we get that

IPXP — X|ls, = 0(8"*) and |QYQ — Y ||, = O(8"/%). (13.17)

Notice that the set of constraints in Eqgs. (13.7)—(13.9) is invariant under replacing
the pair (X, Y) with (o0 — Y, 0 — X). Moreover, our assumption that X and Y are
Hermitian implies that 0 — X and o0 — Y are also Hermitian. Therefore, the exact
same argument as above applies also to 0 — X and o — Y and we conclude that

IP(c —Y)P — (0 —Y)lls, = O(5"*) and
1Q(c —X)Q — (0 — X)lls, = 0% . (13.18)



13 Bounds on Dimension Reduction in the Nuclear Norm 289

Notice that we used here the fact that (0 —Y) — (60 — X) = X — Y and therefore the
projections P and Q obtained when we apply Lemma 13.6 to X and Y are identical
to those obtained when we apply ittoo — Y and o — X.

From (13.18), and since PQ = QP = 0, we obtain that

|PoP — PXP|s, = IPQ(oc —X)QP — P(c — X)P|s,
<106 —X)Q — (0 — X)|s, = 0% .

Together with (13.17) and the triangle inequality, this proves (13.16).

To prove the last part of the lemma, let p = PX P+ Q (o —X) Q. Using again that
PQ = QP =0 and that P, Q are projections, we see that 6 commutes with P and
Q. By Egs. (13.17) and (13.18) and the triangle inequality, |5 — olls, = O(5'/%).
Finally, we define p to be the positive part of p, which due to the block diagonal
form of o still commutes with P and Q. We have |p —o|lg, = O (8'/*) since

1 1
lo = Alls, = , (I3lls, = Tr(®) = , (lolls, = Tr(o) + 0" =o0E"Y,

where the last equality uses that o is positive semidefinite. O
We conclude by giving the proof of Proposition 13.4.

Proof of Proposition 13.4 Let P, Q, and p be as guaranteed by Lemma 13.8. Using
the Powers-Stormer inequality || VR=VS|IF < IR=S| é/l 2 for positive semidefinite
R, S (see, e.g., [5, (X.7)]), it follows that

Ip'2 = 2IE < o —olig’ = 06" . (13.19)
As aresult, using the triangle inequality and Cauchy—Schwarz,
lo'2Pal’2 — pl2Pp! s, < lI0'/2 = p!/2) P! 2|,
+p' 2P = p)ls, < 0%,
where we used that [|Po'?(p < |lo'?|F = 1Land |Pp'?|F < |Ip'?|F =
1 + 0(5'*). But p commutes with P and therefore p!/2Pp!/? = PpP, and we
complete the proof of (13.10) by noting that
IPpP — PaPls, < llp—alls, = 06" .
To prove (13.11), notice that by (13.19) and the triangle inequality,
1Po!2 — o /2P|p < |Pp'2 = p'2PllF + 0"

but the latter norm is zero since P commutes with p. m|
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Fig. 13.1 Vectors satisfying U1
the metric constraints Vg us

U1

13.4 Certifying Anti-commutation

In this section we prove Proposition 13.11. The proposition shows that assum-
ing two pairs of operators (X1, Y1) and (X2, Y») satisfying the assumptions of
Proposition 13.4 satisfy additional metric constraints, the corresponding projections
(P1, Q1) and (P2, Q») are such that the operators P — Q1 and P, — Q3 have
small anti-commutator, in the appropriate norm. For intuition, consider the case of
operators in two dimensions, and o = Id. Then, Proposition 13.4 shows that we can
think of (X1, Y1) and (X2, Y2) as two pairs of orthogonal projections. Assuming that
these projections are of rank 1 (as would follow from the constraint (13.22) below),
we can think of them as two pairs of orthonormal bases (i1, v1) and (u3, v2) of C2.
Suppose we were to impose that these vectors satisfy the four Euclidean conditions

luy —uzl3 = lluy —v2ll3 = vi —u2ll3 = llvg +v2ll3 = 22
(13.20)

By expanding the squares, it is not hard to see that these conditions imply that the
bases must form an angle of 7 as shown in Fig. 13.1.° In particular, the reflection
operators A; = uiu;‘ —V; v;", i € {1, 2}, anti-commute. Proposition 13.11 adapts this
observation to the trace norm between matrices in any dimension, and small error.
We start with two technical claims.

Claim 13.9 Let A, B # 0 be such that R(Tr(A*B)) > (1 —8)[|A|| ¢ | B||r for some
0<68<1.Leta =||Allf/|IBlr.Then |A — aBllr < V28| AlF.

Proof Expand

IA —aB||3 = ||Al% + || Bl — 2aR(Tr(A*B))

IA

IAl% + o?|BII% — 20(1 — 8) | AllplI Bll F
25| All% .

5These conditions underlie the rigid properties of the famous CHSH inequality from quantum
information [25, 28].
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Claim 13.10 Let R be Hermitian and o positive semidefinite such that Tr(c) = 1.
Suppose further that ||<71/2R01/2||S1 > (1 -68)/u, where u = Tr(R20). Then

[(R? — uiaro 2] = O(VoIRIZ, ) u

Proof Let U be a unitary such that Ucs!'/?Ro'/? = |6!/>Ro!/?| as given by the
polar decomposition. Let A = Ro'/? and B = ¢'/?U, and notice that |A||p = iz
and |B||F = 1. Then

Tr(A*B) = Tr(0'/?Ro'?U) = Trlo'?Ro'?| > (1 - &)1,
by assumption. Applying Claim 13.9 it follows that
IRaY? — Juo'2U|% < 281 . (13.21)
By the triangle inequality,
IROR — uolls, < |(Ro'? — Juc'2U)a'/2R]ls,
+ o PU(/uU*e 2 — o 2R)|s,
<2V28u ,
where the second line uses the Cauchy—Schwarz inequality and (13.21). Thus
Tr((R* — uld)?0) = Tr(R*0) — 2uTr(R%0) + 1
= Tr(Rz(RaR — Ma))
< 2V25|RI 1 -

O

Proposition 13.11 Let o be positive semidefinite such that Tr(c) = 1. Let X1, Y1
and X, Y» be operators satisfying the assumptions of Proposition 13.4 for some
0 <38 <1, and Py, Q1 and P>, Q> be as in the conclusion of the proposition.
Suppose further that®

. V2
min {|IX; = Xalls,, X1 = Yalls, 11 = Xalls,, V1 = Yalls, } = (1=8) .
(13.22)

9The reason that the “+” sign in the last term in (13.20) is replaced by a “—" in (13.22) is that one
should think of X;, Y; as the projections on u;, v;.
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Fori € {1,2}let A; = P; — Q;. Then A1, Ay are observables’ such that
AL A2}o 2|, = O(s') . (13.23)
Proof Using first (13.10) and then the Cauchy—Schwarz inequality and Tr(o) = 1,

1-26

7 S IX = Xl = [0 AP - Poo R[S+ 0(5)

< Tr((Py — P»)%0) + 0(5'/%) (13.24)

and similarly for the three other pairs (X1 — Y2, Y1 — X3, and Y1 — Y2). Summing
those four inequalities, we get

2(1 —28) < Tr((Py — P2)?0) + Tr((P1 — 02)%0) + Tr((Q1 — P2)?0)
+Tr((Q1 — 02)%0) + 0(8'7%)
=2(Tr((Py — P2)*0) + Tr((Py + P> — 1d)?0)) + O(8'/?)
=2+0(s"%),
where the first equality uses Q1 — Q2 = P, — Py and Q1 — P>, = Q» — Py, and the

second uses Tr(o) = 1. Therefore all inequalities in (13.24) must be equalities, up
to 0(81/3). In particular, both

0!y = Po' Pl and TPy = PR

are within O (8'/%) of }. Applying Claim 13.10 with R = P; — P; it follows that

1
[(Pr = P)” = 1)o 2[5 = 0(5). (13.25)
and similar bounds for the three other pairs. To conclude the proof, use the triangle
inequality, Eq. (13.25), and the observation that by writing A; = 2P; — Id and
Ar=2P, —1d,

{Al, Az} = 4P P, +4P, Py — 4P — 4P, + 21d

=2((P1 — 02)* — (P1 — P»)?) .

7Recall that an observable is a Hermitian operator that squares to identity.
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13.5 Replacing o with Identity

The anti-commutation relations obtained in Proposition 13.11 involve the arbitrary
positive semidefinite operator o. In this section we show that up to a small loss of
parameters we may without loss of generality assume that o = Id. Intuitively, this
follows from the approximate commutation relation

lta. a2, = 0(s'®) . (13.26)

which follows immediately from the definition of the observable A = P — Q
and (13.11). If o has two eigenvalues with a big gap between them, then it is not
hard to see that A satisfying (13.26) must have a corresponding approximate block
structure, in which case we can restrict to one of the blocks and obtain o = Id
as desired. The difficulty is in carefully handling the general case, where some
eigenvalues of o might be closely spaced. The following lemma does this, using
an elegant argument borrowed from [24].

Lemma 13.12 Let o be a positive semidefinite matrix with trace 1, and Ty, . . ., Ty
and X1, ..., X¢ Hermitian operators such that X? =Idforall j € {l,...,£}. Let

k 4
1 1
D [ R T Bl [ OlG
i=1 j=1

Then there exists a nonzero projection R such that

1 k 2 1 ¢ 2

. Z IT:R|; = O(e)Tr(R) and . Z |1x;. R1|; = O(8"*)Te(R) .
i=1 j=1

Proof The proof relies on two simple claims. For a Hermitian matrix p and a > 0,
let x>4(p) denote the projection on the direct sum of eigenspaces of p with
eigenvalues at least a. The first claim appears as [24, Lemma 5.6].

Claim 13.13 Let p be positive semidefinite. Then

+00 5
/O X>Ja(P)da = p=.
The second is due to Connes [8, Lemma 1.2.6]. We state the claim as it appears
in [24, Lemma 5.5].
Claim 13.14 ([8], Lemma 1.2.6) Let p, p’ be positive semidefinite. Then

+oo
/0 12 ya @) = 1=y 3 da < llp = p'IFlo +llF -
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Both claims can be proven by direct calculation, writing out the spectral decom-
position of p, p’ and using Fubini’s theorem (exchanging summation indices). The
proof is given in [24].

Applying Claim 13.13 with p = o'!/2,

b 3 2 1 k 5
k/o ZHTixz\/a(gl/z)HFda = kZ”Tialﬂ”F
i=1 =

+00
g/ Tr(xs ya(0'?)) da,  (13.27)
A =

where the first equality uses ||7; XZ\/a(al/z)H%, = T1r(Tl.2 XZ\/a(al/z)) and the
second equality follows from Claim 13.13 and Tr(o) = 1. Applying Claim 13.14
with p = o'/? and p’ = onl/sz, and using that X ; is Hermitian and unitary,

1 (o d 2 1<
I e P da = Y00 P 0
j=1 Jj=1

+00
o [t i
(13.28)

where the second inequality that by the triangle inequality, [[{X;, o) <
IX;0'2|F+10'/2X|lF = 2, and Jensen’s inequality. Adding (1/¢) times (13.27)
and (1/8'/%) times (13.28), there exists an a > 0 such that both inequalities are
satisfied simultaneously (up to a multiplicative constant factor) with a nonzero
right-hand side, for that a. Then R = x. /4, (01/?) is a projection that satisfies the
conclusions of the lemma. O

Combining Proposition 13.11 and Lemma 13.12, we obtain the following.

Proposition 13.15 Let n,d > 1 be integers, 0 < & < 1, X1,Y1,..., Xn, Y
operators on C¢, and o positive semidefinite of trace 1, such that for each
i € {l,...,n}, 0,X;,Y; satisfy (13.7)-(13.9), and such that for each i F#
Jj e {l,....n}, (Xi, Y, X;,Y;) satisfy (13.22). Then there exist a d < dand
observables A/l, ..., Al on C4" such that

2

n(n —

1) Z “{A:’A/J}Hi = 0(51/16) .

1<i<j<n



13 Bounds on Dimension Reduction in the Nuclear Norm 295

Proof Applying Proposition 13.11 and (13.26) we deduce the existence of observ-
ables Ay, ..., A, on C? such that

ViZjell,....n), |(Ai A2 = 0519, (13.29)
Viell,...,n}, |lAno1]% = 0(s"). (13.30)
(Note that this uses that for each i € {l,...,n}, the projections P;, Q; used to

define A; = P; — Q; depend on X; and Y; only.) Next apply Lemma 13.12 with
T;j = {A;, Aj} and X; = A;. The lemma gives a projection R on C4 such that

2

ARl — 1/16
nn— 1) 1<§<n [tai. AR[ = 06 )Tr(R) . (13.31)
) > LRI = o5 Tr(R) . (13.32)
n
iefl,...n)

Fori € {1,...,n} let A,- = RA;R, and define the observable A; =R sgn(Ai)R.
Using the inequality (sgn(x) — x)? < (x2 — 1)? valid for all x € [—1, 1], we see
that

1A, — Aillr < |A7 — R,
= |R[Ai, R1A;R|lF
< IlAi, RlllF , (13.33)
where we used Al.2 =Id and R> = R. For any i, j, expanding
{Al Ay ={Ai, Aj) + {A] — Ai, Aj} + {A] A — A}

and using [[{A, B}||r < 2||Alls, || Bll forany A, B, and |A}lls,, <1, [4ls,, <
1, we obtain by the triangle inequality

[tAL A5 < 1A A + 247 = A + [ 45 = Aj )
< [{Ai. Aj}| - + 2(IAi. Rl + I[A;. RIIlF)

< [{Ai, AJIR| - +4(ITA:, Rl + A, Rl F) ,

where the second inequality uses (13.33), and the third uses the definition of A; and
A j. Squaring this inequality and using Cauchy—Schwarz gives

[t 45 < o(J[1ar ANRIL + LA, RIG + 1A, RIIE)
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Averaging over all pairs i # j and using (13.31) and (13.32) proves the proposition.
0

Proof of Theorem 13.2 By subtracting O from all the operators, we can assume
without loss of generality that O is zero. Let U be a unitary such that o = Ulo|,
as given by the polar decomposition. Multiplying all operators on the left by U~!,
we may further assume that o is positive semidefinite. Dividing by ||o ||s,, we may
assume that Tr(o) = 1, and § is replaced by 8’ = O (8). Equation (13.6) now follows
from Proposition 13.15. O

13.6 Dimension Bounds

The following lemma shows that pairwise approximately anti-commuting observ-
ables only exist in large dimension. The observation is not new; see, e.g., [20, 23].
We give a proof that closely follows [23]. Theorem 13.1 follows immediately
by combining the lemma with Theorem 13.2, provided §'/32 < C/n? for some
sufficiently small constant C.

Lemma 13.16 Letn > 2 and d > 1 be integers, 0 < ¢ < 1, and Ay, ..., A,
observables on C4 such that

Vi#je{l,...,n}, H{A,»,A,-}Hf <e. (13.34)

Then there are universal constants ¢, C > 0 such that if n%e < cthend > (1 -
Cne)2n/2],

Proof The idea for the proof is that if ¢ = 0, then the A; would induce a
representation of the (finite) finitely presented group

C(n) =(J,x1,...,x,, cJxi = xiJ, J? =)ci2

—1,
xixj = Jxjx; foralli # j € {1,...,n})

such that moreover, the representation maps J to —Id. Depending on the parity of n,
the group C(n) has either one or two irreducible representations such that J — —Id,
each of dimension 21"/21 implying a corresponding lower bound on the dimension
d of the A;. The goal for the proof is to extend this lower bound to & > 0. This is
done in [23] (see Lemma 3.1 and Lemma 3.4). There are two steps: first, we use
A; satistying (13.34) to define an approximate homomorphism on C(n) such that
J — —Id. Second, we use a stability theorem due to Gowers and Hatami [9] to
argue that any such approximate homomorphism is close to an exact one, and hence
must have large dimension.

The first step is given by the following claim, a slightly simplified version of [23,
Lemma 3.4].



13 Bounds on Dimension Reduction in the Nuclear Norm 297

Claim 13.17 (Lemma 3.4 in [23]) Let Aj,..., A, satisfy the conditions of
Lemma 13.16. For any x = J%;, ---x;, € C(n), where 1 < i} < --- < iy < n,
define ¢p(x) = (=1)%A;, ---A;,. Thenp isann = nze-homomorphism from C(n)
to U(d), i.e., for every x, y € C(n) it holds that ||¢ (xy) — ¢ (x)p (V) Il r < 7.

Proof Any element of C(n) has a unique representation of the form described in
the claim. Let x, y € C(n) such that x = J%;, ---x; and y = J%x;, ---x;,. To
write xy in canonical form involves at most n? application of the anti-commutation
relations to sort the {x;, x;} (together with a number of commutations of J with the
xi, that we need not count since in our representation ¢ (J) = —Id commutes with
all A;), and finally at most n application of the relations )cl.2 = 1. When considering
¢ (x) and ¢ (y), the only operation that is not exact is the anti-commutation between
different A;, A;. Using the triangle inequality, [|¢(xy) — ¢ (X)) (W)l s =< n2e, as
desired. O

The second step of the proof is given by the following lemma from [23], which
builds on [9].

Lemma 13.18 (Lemma 3.1 in [23]) Let ¢ be a map from C(n) to the set of
unitaries in d dimensions such that ¢ is an n-homomorphism for some 0 < n < 1.
Suppose furthermore that ||¢(J) — 1d|| y > 421. Thend > (1 — 4n?)21n/2],

The proof of the lemma first applies the results from [9] to argue that ¢ must
be close to an exact representation of C(n), and then concludes using that all
irreducible representations of C () that send J to (—Id) have dimension 2Ln/2]

Combining Claim 13.17 and Lemma 13.18 proves Lemma 13.16. O

We conclude this section by showing that the metric induced by the (2n + 2) points
from Theorem 13.1 can be embedded with constant distortion in a Schatten-1 space
of polynomial dimension. The construction is inspired by a result of Tsirelson [28]
in quantum information.

Lemma 13.19 For n > 1 define the metric d, (-, -) on the (2n + 2) points O, o,
Xi,eo s X, Y1, ..., Y by

dy(0,0)=1
dn(0, X;) = du(o, Xi) = dn(0,Y;) =dn(0,Y;)) =1/2
dn(Xi, Yi) =1

do(Xi, Xj) = dn(Xi, Y) = dn(Y;, Y)) = 1/3/2,

foralli # j. Then foralln > 1 and 0 < § < 1 there exists a (1 + 8) distortion
embedding of d, (-, -) into S‘f with d = n00/8).

Proof For simplicity, assume that n is even. By the Johnson-Lindenstrauss
lemma [12] there are n unit vectors xq,...,x, € R ford < Clogn/(S2 such
that the inner products |x; - x;| < §/4 for all i # j. Let Cy,...,Cy be a real



298 0. Regev and T. Vidick

representation of the Clifford algebra, i.e., real symmetric matrices such that
{Ci, Cj} = CiC;+C;C; = 268;;1d forall i, j, where §;; is the Kronecker coefficient.
As already mentioned in the introduction, there always exists such a representation
of dimension 29 ford’ < [d/2] + 1. Fori € {1,...,n} let Al = Zzzl(x,-)kck. It
is easily verified that A is symmetric such that (A;)2 = Id, and moreover

Vi#je{l...n}, (Aj—A})" = (2-2x x)4d. (13.35)

Let A] = Pl.” 4 Pl.” _ be the spectral decomposition, and X; = 2_d/Pi” Y=

274p/ . Leto =2 %Idand O = 0. Then |0 — O|ls, = 1. Using that A} has
trace 0, we also have

1
1Xi = Olls, = lIYi = Olls, = llo = Xills, = llo = Yills, =,

and || X; — Y;i|ls, = 1,foralli € {1, ..., n}. It only remains to consider the distance

between different i and j. Using that X; — X; = 27‘1,71(A; — A/j), the condition
|x; - xj| < d/4fori # j,and (13.35), it follows that

8\ /2 S\ V2
1—) <IX; — X; <(1 ) .
(1-0)% =ixi—xjls, = (1+) )

Similar bounds hold for pairs of the form (X; — Y;) and (¥; — Y;). We therefore
obtain an embedding in S‘f with distortion at most (1 4+ 8/4)(1 —8/4)~! < (1 +96).
O
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Chapter 14 )
High-Dimensional Convex Sets Arising Shethie
in Algebraic Geometry

Yanir A. Rubinstein

Dedicated to Bo Berndtsson on the occasion of his 68th birthday

Abstract We introduce an asymptotic notion of positivity in algebraic geometry
that turns out to be related to some high-dimensional convex sets. The dimension
of the convex sets grows with the number of birational operations. In the case of
complex surfaces we explain how to associate a linear program to certain sequences
of blow-ups and how to reduce verifying the asymptotic log positivity to checking
feasibility of the program.

14.1 Introduction

Convex sets have long been known to appear in algebraic geometry. A well-known
example whose origins can be traced to Newton and Minding are the convex
polytopes associated to toric varieties [0, 8, 18], also known as Delzant polytopes
in the symplectic geometry literature [3]. In recent years, this notion has been
further extended to any projective variety, the so-called Newton—Okounkov bodies
(or ‘nobodies’). In the most basic level, avoiding a formal definition, such a body is
a compact convex body (not necessarily a polytope) in R” associated to two pieces
of data: a nested sequence of subvarieties inside a projective variety of complex
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dimension n, and a line bundle over the variety. Among other things, beautiful
relations between the notion of volume in algebraic geometry and the volume of
these bodies have been proved [12, 14].

The purpose of this article, motivated by a talk in the High-dimensional Seminar
at Georgia Tech in December 2018, is to associate another type of convex bodies
to projective varieties. The main novelty is that this time the convex bodies can
have unbounded dimension while the projective variety has fixed dimension (which,
for most of the discussion, will be in fact 2 (i.e., real dimension 4)). In fact, the
asymptotic behavior of the bodies as the dimension grows (on the convex side)
corresponds to increasingly complicated birational operations such as blow-ups
(on the algebraic side). Rather than volume, we will be interested in intersection
properties of these bodies. This gives the first relation between algebraic geometry
and asymptotic convex geometry that we are aware of.

This article will be aimed at geometers on both sides of the story—convex and
algebraic. Therefore, it will aim to recall at least some elementary notions on both
sides. Clearly, a rather unsatisfactory compromise had to be made on how much
background to provide, but it is our hope that at least the gist of the ideas are
conveyed to experts on both sides of the story.

14.1.1 Organization

We start by introducing asymptotic log positivity in Sect. 14.2. It is a generalization
of the notion of positivity of divisors in algebraic geometry, and the new idea is that
it concerns pairs of divisors in a particular way. In Sect. 14.3 we associate with this
new notion of positivity a convex body, the body of ample angles. In Sect. 14.4
we explain how two previously defined classes of varieties (asymptotically log
Fano varieties and asymptotically log canonically polarized varieties) fit in with
this picture. The problem of classifying two-dimensional asymptotically log Fano
varieties has been posed in 2013 by Cheltsov and the author and is recalled
(Problem 14.4.2) as well as the progress on it so far. In Sect. 14.5 we make further
progress on this problem by making a seemingly new connection between birational
geometry and linear programming, in the process explaining how birational blow-up
operations yield convex bodies of increasingly high dimension. Our main results,
Theorems 14.5.5 and 14.5.6, first reduce the characterization of “tail blow-ups”
(Definition 14.5.3) that preserve the asymptotic log Fano property to checking the
feasibility of a certain linear program and, second, show that the linear program
can be simplified. The proof, which is the heart of this note, involves associating
a linear program to the sequence of blow-ups and characterizing when it is
feasible. The canonically polarized case will be discussed elsewhere. A much more
extensive classification of asymptotically log del Pezzo surfaces is the topic of
a forthcoming work and we refer the reader to Remark 14.5.10 for the relation
between Theorems 14.5.5 and 14.5.6 and that work.
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This note is dedicated to Bo Berndtsson, whose contributions to the modern
understanding and applications of convexity and positivity on the one hand, and
whose generosity, passion, curiosity, and wisdom on the other hand, have had a
lasting and profound influence on the author over the years.

14.2 Asymptotic Log Positivity

The key new algebraic notion that gives birth to the convex bodies alluded to above
is asymptotic log positivity. Before introducing this notion let us first pause to
explain the classical notion of positivity, absolutely central to algebraic geometry,
on which entire books have been written [13].

14.2.1 Positivity

Consider a projective manifold X, i.e., a smooth complex manifold that can be
embedded in some complex projective space PV. In algebraic geometry, one is
often interested in notions of positivity. Incidentally, these notions are complex
generalizations/analogues of notions of convexity. In discussing these notions one
interchangeably switches between line bundles, divisors, and cohomology classes. !
Complex codimension 1 submanifolds of X are locally defined by a single equation.
Formal sums (with coefficients in Z) of such submanifolds is a divisor (when
the formal sums are taken with coefficients in Q or R this is called a Q-divisor
or a R-divisor). By the Poincaré duality between homology and cohomology, a
(homology class of a) divisor D gives rise to a cohomology class [D] in H (M, TF)
with F € {Z, Q, R}. On the other hand a line bundle is, roughly, a way to patch
up local holomorphic functions on X to a global object (a ‘holomorphic section’
of the bundle). The zero locus of such a section is then a formal sum of complex
hypersurfaces, a divisor. E.g., the holomorphic sections of the hyperplane bundle
in PV are linear equations in the projective coordinates [zg : ... : zy], whose
associated divisors are the hyperplanes PN~! < PV. The associated cohomology
class, denoted [H], is the generator of H (PN, 7) = 7. The anticanonical bundle
of PV, on the other hand, is represented by [(N + 1) H] and its holomorphic sections
are homogeneous polynomials of degree N + 1 in zo, ..., zy. Either way, both of
these bundles are prototypes of positive ones, a notion we turn to describe.

Now perhaps the simplest way to define positivity, at least for a differential
geometer, is to consider the cohomology class part of the story. A class Q in
H*(X,7Z) admits a representative w (written Q = [w]), a real 2-form, that can

1A great place to read about this trinity is the cult classic text of Griffiths—Harris [7, §1.1] that was
written when the latter was a graduate student of the former.
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be written locally as +/—1 27 j=18; ]rdzi A dzJ with [g; ]f] a positive Hermitian
matrix, and z1, . . ., Z, are local holomorphic coordinates on X. Since a cohomology
class can be associated to both line bundles and divisors, this gives a definition of
positivity for all three. As a matter of terminology one usually speaks of a divisor
being ‘ample’, while a cohomology class is referred to as “positive’. For line bundles
one may use either word. A line bundle is called negative (the divisor ‘anti-ample’)
if its dual is positive.

The beauty of positivity is that it can be defined in many equivalent ways. Starting
instead with the line bundle L, we say L is positive if it admits a smooth Hermitian
metric & with positive curvature 2-form —/—18dlogh =: c¢|(L, h). By Chern—
Weil theory the cohomology class ¢1(L) = [c1(L, k)] is independent of 4.

14.2.2 Asymptotic Log Positivity

We define asymptotic log positivity/negativity similarly, but now we will consider
pairs (L, D) and allow for asymptotic corrections along a divisor D (in algebraic
geometry the word log usually refers to considering the extra data of a divisor). Let
D = Dy + ...+ D, be adivisor on X. We say that (L, D = D1 + ...+ D,) is
asymptotically log positive/negative if L —Y";_, (1 — B;) D; is positive/negative for
all B = (B1,...,Br) € U C (0,1) with 0 € U. For the record, let us give a precise
definition as well as two slight variants.

Definition 14.2.1 Let L be a line bundle over a normal projective variety X, and
let D = Dy + ...+ D, be adivisor, where D;,i = 1, ..., r are distinct Q-Cartier
prime Weil divisors on X.

e Wecall (L, D) asymptotically log positive/negative if c¢1 (L) — Zle (1—=8)IDi]
is positive/negative for all 8 = (81, ..., B8-) € U C (0, 1)" with0 € U.

* We say (L, D) is strongly asymptotically log positive/negative if ci(L) —
Zle(l — Bi)[Di] is positive/negative for all 8 = (B1,...,8;) € (0,¢€)" for
some € > 0.

* Wessay (L, D) is log positive/negative if ¢1(L) — [D] is positive/negative.

Note that log positivity implies strong asymptotic log positivity which implies
asymptotic log positivity (ALP). None of the reverse implications hold, in general.

The usual notion of positivity can be recovered (by openness of the positivity
property) if one required the §; to be close to 1. By requiring the 8; to hover instead
near 0 we obtain a notion that is rather different, but more flexible and still recovers
positivity. Indeed, asymptotic log positivity generalizes positivity, as L is positive if
and only if (L, Dy) is asymptotically log positive where D is a divisor associated
to L. However, the ALP property allows us to ‘break’ L into pieces and then put
different weights along them, so that (L, D) could be ALP even if L itself is not
positive. Let us give a simple example.
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Example 14.2.2 Let X be the blow-up of P? at a point p € P?. Let f be a
hyperplane containing p and let 7 ~!(f) denote the total transform (i.e., the pull-
back), the union of two curves: the exceptional curve Z; C X and another curve
F C X (such that 7 (Z1) = p,n(F) = f). Downstairs f is ample, but nfl(f)
fails to be positive along the exceptional curve Z;. However, (! (f), Z}) is ALP.

This example is not quite illustrative, though, since it is really encoded in a
classical object in algebraic geometric called the Seshadri constant. In fact in the
example above one does not need to take B small, rather it is really 1 — g that is the
‘small parameter’ (and, actually, any 8 € (0, 1) works, reflecting that the Seshadri
constant is 1 here).

A better example is as follows.

Example 14.2.3 Let X = T, be the n-th Hirzebruch surface, n € N. Let —Kx be
the anticanonical bundle. It is positive if and only if n = 0, 1. In general, — Ky is
linearly equivalent to the divisor 2Z, 4 (n + 2) F where Z, is the unique —n-curve
on X (i.e., Z,2, = —n) and F is a fiber (i.e., F? = 0). A divisor of the formaZ,, +bF
is ample if and only if b > na. Thus (—Kx, Z,) is ALP precisely for g € (0, i).

14.3 The Body of Ample Angles

The one-dimensional convex body (0, 5) of Example 14.2.3 is the simplest that
occurs in our theory. Let us define the bodies that are the topic of the present note.
Let D =Y !_, D;, and denote

Lgp:=L—Y (1—-p)D;. (14.3.1)
i=1

The problem of determining whether a given pair (L, D = Y ;_, D;) is ALP
amounts to determining whether the set

AAL(X,L,D):={B=(B1,...,B:) €(0,1)" : £Lg p is ample} (14.3.2)
satisfies
0e AAL(X,L, D).

Thus, this set is a fundamental object in the study of asymptotic log positivity.
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Definition 14.3.1 We call AA; (X, L, D) the body of ample angles of (X, L, D),
and AA_(X, L, D) the body of anti-ample angles of (X, L, D).

Remark 14.3.2 The body of ample angles encodes both asymptotic log positivity
and the classical notion of nefness. Indeed, if (1,...,1) € AAL(X,L, D)
then +L is numerically effective (nef). Moreover, one can define a variant of
Definitions 14.2.1 and Definitions 14.3.1 where a given (1, ...,1) € R" is the
asymptotic limit instead of the origin (and this could be useful in some situations,
e.g., ‘wall-crossing’ for pairs (P", d H), but observe that just amounts to studying
the asymptotic log positivity of (L + oD, D).

Lemma 14.3.3 When nonempty, AAL(X, L, D) is an open convex body in R".

Proof Suppose AAL (X, L, D) is nonempty. Openness is clear since positivity (and,
hence, ampleness) is an open condition on H*(X, R). For convexity, suppose that
B,y € AAL(X, L, D) C R". Then, forany ¢ € (0, 1),

.
Ligya-nyp =L =Y (1 —tB — (1 = )y)D;
i=1

=@+1-0DL—=) (t+1—1t—1p — (1 —Dy)D;
i=1

=t[L =) (1= p)Di]+ 1 =0[L =Y (1—y)Di]
i=1

i=1

is positive since the positive cone within H%(X,R) is convex. If B,y «€
AA_(X,L, D) C R" we get

—Ligr(—ny,p =1t(=Lg,p) + (1 —=1)(=Ly p),

so by the same reasoning 8 + (1 — )y € AA_(X, L, D). |

Remark 14.3.4 One may wonder why we require AA(X,L,D) to be contained in the
unit cube. Indeed, that is not an absolute must. However, we are most interested
in the “small angle limit” as 8 — 0 € R’. Still, we require the coordinates to be
positive (and not, say, limit to 0 from any orthant) since, geometrically, the §; can
sometimes be interpreted as the cone angle associated to a certain class of Kéhler
edge metrics. One could in principle allow the whole positive orthant, still. But in
this article we restrict to the cube for practical reasons.

There are many interesting questions one can ask about these convex bodies.
For instance, how do they transform under birational operations? We now turn to
describe a special, but important, situation where we will be able to use tools of
convex optimization to say something about this question.



14 High-Dimensional Convex Sets Arising in Algebraic Geometry 307

14.4 Asymptotically Log Fano/Canonically Polarized
Varieties

Perhaps the most important line bundles in algebraic geometry are the canonical
bundle of X, denoted Ky, and its dual, the anticanonical bundle, denoted —Kx.
These two bundles give rise to two extremely important classes of varieties:

* Fano varieties are those for which — Ky is positive [5, 10],

* Canonically polarized (general type; minimal) varieties are those for which Ky
is positive [16] (big; nef). Traditionally, algebraic geometers have been trying to
classify varieties with positivity properties of — Ky and to characterize varieties
with positivity properties of K x. The subtle difference in terminology here stems
from the fact that positivity properties of —Kx (think ‘positive Ricci curvature”)
are rare and can sometimes be classified into a list in any given dimension,
while positivity or bigness of Ky is much more common, and hence a complete
list is impossible, although one can characterize such X sometimes in terms of
certain traits. Be it as it may, the importance of these two classes of varieties
stems from the fact that, in some very rough sense, the Minimal Model Program
stipulates that all projective varieties can be built from minimal/general type and
Fano pieces. Put differently, given a projective variety Ky might not have a sign,
but one should be able to perform algebraic surgeries (referred to as birational
operations or birational maps) on it to eliminate the ‘bad regions’ of X where
Kx is not well-behaved. Typically, these birational maps will make Ky more
positive (in some sense the common case, hence the terminology ‘general type’),
except in some rare cases when Ky is essentially negative to begin with.

14.4.1 Asymptotic Logarithmic Positivity Associated to
(Anti)Canonical Divisors

Thus, given the classical importance of positivity of £Kx, one may try to extend
this to the logarithmic setting.
One may pose the following question:

Question 14.4.1 What are all triples (X, D, B) such that 8 € AA+(X, —Kx, D)?

It turns out that the negative case of this question is too vast to classify, and
even the positive case is out of reach unless we make some further assumptions.
We now try to at least give some feeling for why this may be so, referring to [19,
Question 8.1] for some further discussion. At the end of the day, we will distill from
Question 14.4.1, Problem 14.4.6 which we will then take up in the rest of this article.
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First, without some restrictions on the parameter 8 Question 14.4.1 becomes
too vast of a generalization which does not seem to be extremely useful. For this
reason,” we concentrate on the asymptotic logarithmic regime, where g is required
to be arbitrarily close to the origin.

Definition 14.4.2 ([1, Definition 1.1],[19, Definition 8.13]) (X, D) is (strongly)
asymptotically log Fano/canonically polarized if (—Kx, D) is (strongly) asymptot-
ically log positive/negative.

Remark 14.4.3 Definition 14.4.2 is a special case, but, in fact, the main motivation
for Definition 14.2.1. The first, when L = —Kx, was introduced by Cheltsov and
the author [1]. The second, when L = Ky, was introduced by the author [19].

Remark 14.4.4 When (—Kx, D) is log positive one says (X, D) is log Fano, a
definition due to Maeda [15]. By openness, log Fano is the most restrictive class,
a subset of strongly asymptotically log Fano (ALF), itself a subset of ALF.

Remark 14.4.5 There is a beautiful differential geometric interpretation of Defini-
tion 14.4.2 in terms of Ricci curvature: (X, D) is asymptotically log Fano/general
type if and only if X admits a Kéhler metric with edge singularities of arbitrarily
small angle B; along each component D; of the complex ‘hypersurface’ D, and
moreover the Ricci curvature of this Kéhler metric is positive/negative elsewhere.
The only if part is an easy consequence of the definition [4, Proposition 2.2], the
if part is a generalization of the Calabi—Yau theorem conjectured by Tian [20] and
provedin [11, Theorem 2] when D = Dy, see also [9] for a different approach in the
general case (cf. [17]). When (X, D) is asymptotically log canonically polarized the
statement can even be improved to the existence of a Kihler-Einstein edge metric.
We refer to [19] for exposition and a survey of these and other results.

Thus, the most basic first step to understand Question 14.4.1 becomes the
following, posed in [1].

Problem 14.4.6 Classify all ALF pairs (X, D) with dimX = 2 and D having
simple normal crossings.

Asymptotically log Fano varieties in dimension 2 are often referred to as asymp-
totically log del Pezzo surfaces. The simple normal crossings (snc) assumption is
a standard one in birational geometry and is also the case that is of interest for the
study of Kéhler edge metrics.

2 Another important reason is that the asymptotic logarithmic regime is closely related to under-
standing differential-geometric limits, as § — 0, towards Calabi—Yau fibrations as conjectured in
[1, 19].
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14.4.2 Relation to the Body of Ample Angles

The problem of determining whether a given pair (X,D = Y ;_, D;) is ALF
amounts to determining whether the set AA; (X, —Kx, D) satisfies

0 € AA (X, —Kx, D).

Thus, the body of ample angles is a fundamental object in the theory of asymp-
totically log Fano varieties. This can also be rephrased in terms of intersection
properties: there exists eg > 0 such that AAL (X, —Kx, D) N B(0,¢€) # @ for
all € € (0, €9), where B(0, €) is the ball of radius € centered at the origin in R".

If one replaces “ALF” by “strongly ALF” in Problem 14.4.6 the problem has
been solved [1, Theorems 2.1,3.1]. However, it turns out that in the strong regime
AAL(X,—Kx,D) C R*[1, Corollary 1.3]. In sum, the general case is out of reach
using only the methods of [1]: in fact, in this note we will exhibit ALF pairs (which
are necessarily not strongly ALF) for which AAL (X, —Kx, D) has arbitrary large
dimension and outline a strategy for classifying all ALF pairs.

Before describing our approach to Problem 14.4.6, let us pause to state an open
problem concerning these bodies (for X of any dimension).

Problem 14.4.7 How does AA+ (X, —Kx, D) behave under birational maps of X?

14.5 Convex Optimization and Classification in Algebraic
Geometry

We finally get to the heart of this note where we show how birational operations on
X lead to high-dimensional convex bodies.

To emphasize that we are in dimension 2, from now on we use the notation (S, C)
instead of (X, D). Also, since we are in the ‘Fano regime’ we will drop the subscript
‘+’ and simply denote the body of ample angles

AA(S, C).
We denote the twisted canonical class by (recall (14.3.1))
r
Kgs.c:=Ks+Y (1-pB)Ci.
i=1
The Nakai—-Moishezon criterion stipulates that 8 € AA(S, C) if and only if

K% s.c > 0and Kg 5 c.Z < 0 for every irreducible algebraic curve Z in X.
(14.5.1)



310 Y. A. Rubinstein

The first is a single quadratic equation in 8 while the second is a possibly infinite
system of linear equations in . We aim to reduce both of these to a finite system of
linear equations.

To that end let us fix some ALF surface (S, C), i.e., suppose 0 € AA(S, C). We
now ask:

Question 14.5.1 What are all ALF pairs that can be obtained as blow-ups of (S, C)?

It turns out that there are infinitely-many such pairs; the complete analysis is
quite involved. In this article we will exhibit a particular type of (infinitely-many)
such blow-ups that yields bodies of ample angles of arbitrary dimension.

14.5.1 Tail Blow-Ups

A snc divisor ¢ in a surface is called a chainifc = c¢; +...+ ¢, withcj.co = ... =
¢r—1.¢r = 1 and otherwise ¢;.c; = 0 forall i # j. In our examples each ¢; will be a
smooth P!. The singular points of ¢ are the » — 1 intersection points; all other points
on c are called its smooth points.

Definition 14.5.2 We say that (S, C) is a single tail blow-up of (s, ¢) if S is the
blow-up of s at a smooth point of ¢; U ¢, and C = 771 (¢).

Note that C has r 4+ 1 components, the ‘new’ component being the exceptional
curve E = 7~ !(p) where p € ¢1 U c,. If, without loss of generality, p € ¢, then
E.C; =8y, SO

is still a chain.

As a very concrete example, we could take S = [, and C = Z, + F (recall
Example 14.2.3; when n = 0 this is simply § = P! xP! and C = {p}xP'+P! x{q},
the snc divisor (with intersection point (p, g))). There are two possible single tail
blow-ups: blowing-up a smooth point either on Z, or on F.

14.5.2 Towards a Classification of Nested “Tail”’ Blow-Ups

In the notation of the previous paragraph, if (S, C) is still ALF we could perform
another tail blow-up, blowing up a point on ¢ U E, and potentially repeat the process
any number of times. We formalize this in a definition.

Definition 14.5.3 We say that (S, C) is an ALF tail blow-up of an ALF pair (s, c)
if (S, C) is ALF and is obtained from (s, ¢) as an iterated sequence of single tail
blow-ups that result in ALF pairs in all intermediate steps.
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In other words, an ALF tail blow-up is a sequence of single tail blow-ups that
preserve asymptotic log positivity.

Problem 14.5.4 Classify all ALF tail blow-ups of ALF surfaces (F,, ¢).

The following result reduces the characterization of ALF tail blow-ups to the
feasibility of a certain linear program.
Define

LP(S,C) :=={B: € 0, )™ : Kp.5.¢.Z <0
forevery Z C Ssuchthat 7 (Z) C sisa
curve intersecting ¢ at finitely-many points
and passing through the blow-up locus, and

K/SX’S’C.C[<O’ i=15"'7r+x-}
(14.5.2)

Theorem 14.5.5 Let (s, c¢) be an ALF pair. An iterated sequence of x single tail
blow-ups w : S — s of (s, ¢) is an ALF tail blow-up if only if (i) x < (Ky + ¢)?,
and (ii) 0 € LP(S, C).

In fact, we will also show the following complementary result that shows that
(essentially) the only obstacle to completely characterizing tail blow-ups are the
(possibly) singular curves Z passing through the blow-up locus in the definition of
LP(S, C).

Define

LP(S,C) == {Br € (0, 1) : Kg 5.¢.Ci <0, i=1,...,r +x}.
(14.5.3)

Theorem 14.5.6 One always has 0 € LP(S, C).
Before we embark on the proofs, a few remarks are in place.

Remark 14.5.7 Observe that (K, + ¢)? > 0. Indeed, since (s, ¢) is ALF —K; — ¢ is
nef (as a limit of ample divisors), so (K + ¢)? > 0.

Remark 14.5.8 The proof will demonstrate that one can drop “that result in ALF
pairs in all intermediate steps” from Definition 14.5.3, since it follows from the fact
that both (s, ¢) and (S, C) are ALF (a sort of ‘interpolation’ property).

Remark 14.5.9 We may assume that c is a connected chain of Pl’s. Indeed, when
(s, ¢) is ALF, c is either a cycle or a union of disjoint chains [ 1, Lemma 3.5] and each
component is a P! [1, Lemmas 3.2]. The former is irrelevant for us since there are
no tails. For the latter, we may assume that ¢ is connected (i.e., one chain) since the
only disconnected case, according to the classification results [1, Theorems 2.1,3.1],
is (F,, c1 +c2) withey = Z, and ¢ € |Z,, +nF| and then (KF, + ¢ —i—cz)2 =0so0
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no tail blow-ups are allowed by Remark 14.5.16. To see that, let c; € |[aZ, + bF|
and ¢y € |AZ, + BF]|. Since c1, c; are effective, b > na, B > nA. By assumption
citNcp=0s00=ci.co = —naA+aB+bA,ie.,bA = a(nA — B). Since the
right hand side is nonpositive and the left hand side is nonnegative they must both
be zero, leadingto b = 0, B = nA (A = 0 is impossible since it would force B = 0,
and a = 0 is excluded by b = 0). Thus we see c1 € |aZ,|,c2 € |A(Z, + nF)|.
There are no smooth irreducible representatives of |a Z,| unless @ = 1 and similarly
for |A(Z,, + nF)| unless A = 1.

Remark 14.5.10 Theorems 14.5.5 and 14.5.6 are mainly given for illustrative
reasons, i.e., to explicitly show how tools of convex programming can be used
in this context. As we show in a forthcoming extensive, but unfortunately long
and tedious, classification work the case of tail blow-ups is in fact the “worst” in
terms of preserving asymptotic log positivity. We will give there a classification of
asymptotically log del Pezzo surfaces that completely avoids tail blow-ups since
condition (ii) in Theorem 14.5.5 is difficult to control, in general. Thus, the present
note and are somewhat complementary. It is still an interesting open problem to
classify all ALF tail blow-ups.

14.5.3 The Set-Up

We start with an ALF pair (s,c = ¢1 + ... + ¢;) and perform v + & single tail
blow-ups of which

h (‘hogra’) tail blow-ups on the “right tail” ¢, (14.5.4)

with associated blow-down map

Ty =T 00 (14.5.5)
and exceptional curves
exc(m;) = H; i=1,...,h, (14.5.6)
and of which
v (‘vénster’) tail blow-ups on the “left tail” ¢ (14.5.7)

with blow-down map

Ty = TTh4+1 O+ O TMh4y (14.5.8)
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and exceptional curves
exc(mpp )=V, i=1,...,v, (14.5.9)
with new angles 1 € (0, 1) and v € (0, 1)?, respectively. Finally, we set
no := Br, Vo := Pi1. (14.5.10)
An induction argument shows:

Lemma 14.5.11 With the notation (14.5.4)-(14.5.10), if v, h > 0,

—Kgv.n).5.(gomy)~1(0)
h
= —nynyKps.c— Z(l —ni +ni-DIYT, - ‘7T,'+1Hz
i=1

v
—2(1—u,+vj_1)n,j+v---n;+l+jv,. (14.5.11)
j=1
Ifv=0,
h
— Kigg.sasio = —n5Kgs.c — Z(l —ni + i)y - w H
i=1
(14.5.12)
Ifh =0,
v
_K — —n1¥nt K _Zl_ v * % Vi
Baw).Sayle) = TTVIHR B (I =vj +vj- )y 14 Vi
j=1
(14.5.13)

Before giving the proof, let us recall two elementary facts about blow-ups. Let
m : S5 — S be the blow-up at a smooth point p on a surface Sj. Then,

Ks, =n*Ks, + E, (14.5.14)
where E = n’l(p) [7, p. 187], and for every divisor F C S,

- *F if p & F,
F={" itp ¢ (14.5.15)
n*F — E, otherwise.
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Proof Using (14.5.14), if v = 0,

Ks =it (miy (- (2] (Kot HO+Ha) .o+ Hyoa)+ Hyot )+ Hy (14.5.16)
Similarly, if & = 0,

Ks =5 (o (- (e (Ko VD V2) 4.4 Vo) Vot ) 4 Ve (145.17)

Ifv,h >0,
Ks=m5 (”:Jrhl(' " (”;fﬂ(”/;k(' - (7} (Ks + Hi) + Ha)

+...~|—)~|—Hh)+V1)+...+Vv—2> +Vv—1> + Vu.
(14.5.18)

Using (14.5.15) and (14.5.10), if v = 0,

r+h r—1
- pCi =3 (= Bmfyei + (1 = By 75 (e, — Hy)
i=1 i=1

+ A =) wi(myHy— H) + ...
+ (1 — np—1)(jyHp—1 — Hp) + (1 — np) Hy,

r h
=Y (1= Bomfci+ Y i1 —nmy - -wfy Hy, (14.5.19)

i=1 i=1
if h =0,
r+v r
Y A= pCi= (1= BOm)y, T = V) + Y (1= Bmhe;
i=1 i=2

+ (1 — Ul)ﬂ:+h"‘ﬂ;l(+2(ﬂlf+lvl - V2) +...
+ (1 - Vv—l)(ﬁ;k+hvv—l Vo) +d—-v)V,

r v
= Z(l — Bmyci + Z(Vi—l -y - Vi,
i=1 i=1
(14.5.20)
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andifv, h > 0,

r+v+h
D A =B)Ci == BOmyy T (T e — Vi)

i=1
r—1
+Y (= Bompmgei + (1= Bmpmy -+ w3 (wfe, — Hy)
=2

+ (= n)mym, -y ey Hy — Ho) + ...

+ (1 = np—1)my (7 Hh—1 — Hp) + (1 — np)7y Hy,
+ (L —vDmy V= Vo) + ..

+ (1= vy )y, Vo1 = Vo) + (1 =)V,

r h
=Y (= Bmpmpei+ Y (ot —n)wymy -l Hi
i=1 i=1

v
+Y i =g Vi
i=1
(14.5.21)
Thus, (14.5.18) and (14.5.21) imply (14.5.11), (14.5.16) and (14.5.19) imply
(14.5.12), and (14.5.17) and (14.5.20) imply (14.5.13). 0

Remark 14.5.12 1In principle, as we will see below, the blow-ups on the left and on
the right do not interact.

14.5.4 The Easy Direction and the Sub-critical Case

We start with a simple observation. The easy direction of Theorem 14.5.5 is
contained in the next lemma:

Lemma 14.5.13 Let (s, ¢) be an ALF pair. Let (S, C) be obtained from (s, c¢) via
an iterated sequence of x single tail blow-ups of (s, ¢). Then (S, C) is not ALF if
x> (Ksy+ c)z.

Proof If ¢ does not contain a tail, there is nothing to prove. By Remark 14.5.16, we
may assume that c is a single chain. Let 7 : § — s denote the blow-up of a point
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on a tail ¢, with exceptional curve E =: C,1. Then,

,
K pros.cre=—1"Kg—E =Y (1-B)& — (1= Br41)E
i=1
r—1
="K, —E— Y (1—B)r*c
i=1
— (1 =B)T"c; —E) — (1 = Bry1)E
= —JT*Kﬂ,S,C — (48— B+1E.

: : 2 _ 2 )
In particular, since E~ = —1, K(O’O)’S’CJFE = Ko,s,c

using Lemma 14.5.11) thus shows that (Kg + C)? = (K, + ¢)* — x, which shows
that —Kg — C cannot be nef if x > (Ks + ¢)?, so (S, C) cannot be ALF, by
Remark 14.5.7. |

— 1. An induction (or directly

14.5.5 Dealing with the Quadratic Constraint and the Critical
Case

Let

Bx =B, Bre1s .-y Brax) € R+,

The proof of Lemma 14.5.13 also shows that
K/%xss,c = Ké,s,c - X + f(ﬁx)v

where f : R"** — R is a quadratic polynomial with no constant term and whose
coefficients are integers bounded by a constant depending only on r 4 x. Thus, we
also obtain some information regarding the converse to Lemma 14.5.13:

Corollary 14.5.14 Let (s, c) be an ALF pair. Let (S, C) be obtained from (s, c)
via an iterated sequence of x single tail blow-ups of (s, c). Then K;,S,C > 0 for
all sufficiently small (depending only on r, x, hence only on r,s,c) By € R' if
x < (Ksg+ c)2.

This corollary is useful since it implies the quadratic inequality in (14.5.1) can
be completely ignored except, perhaps, in the borderline case x = (K + ¢).
The next result treats precisely that borderline case:

Proposition 14.5.15 Let (s, ¢) be an ALF pair. Let (S, C) be obtained from (s, c)
via an iterated sequence of x := (K + ¢)? single tail blow-ups of (s, ¢). Then

Kisc= (B0, (14.5.22)
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where f : R™™ — R is a quadratic polynomial with no constant term and
whose coefficients are integers bounded by a constant depending only on r 4 x, and
moreover it contains linear terms with positive coefficients and no linear terms with
negative coefficients. In particular, K/E%,S,C > 0 for all sufficiently small (depending

onlyonr, x, hence only onr, s, c) By € (0, 1),

Remark 14.5.16 The key for later will be (14.5.22) rather than the conclusion about
Ké’ s.c > 0 for all sufficiently small angles. In fact, the latter conclusion (at the
end of Proposition 14.5.15) is not precise enough to conclude that the quadratic
inequality in (14.5.1) can be ignored as one needs that it holds simultaneously with
the intersection inequalities of (14.5.1). The exact form of (14.5.22) implies that
(14.5.22) can be satisfied together with any linear constraints on By, which will be
the key, and the reason that, ultimately, the quadratic inequality in (14.5.1) can be
ignored.

Proof We use the notation of Sect. 14.5.3. We wish to show that

0, forsome small (8,3, y) € (0, 1)/ th+v
(14.5.23)

2
Kb.5.0).5.cnom) 10 >
(recall x = h 4+ v = (K, + ¢)?). We compute,

h v

K(zﬂ,a,y),s,(ﬂﬁoﬂv)fl(C) = Kﬁ,s,c - Z(l - 5i + 81'71)2 - Z(l - yj + yj*1)2
i=1 j=1

=(Ki+0)?=2) pici(Ks+o)+ Y B}

i=1 i=1

h h v v
—hH2Y 8 =2 i —vH2) v —2) v
i=1 i=1 j=1 j=1
h v
=G =)= (v —vi)?
i=1 j=l1

,
= -2 Bici.(Ks +0) +28, — 2B,
i=1

+ 2y, — 281 — 0(B2, 8%, v?)
=281 + 2B, + 28, — 2B, + 2yu — 2B1 — O(B, 8%, y?)

=20, + 2y, — O(B% 82, y2),
(14.5.24)
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since, by Remark 14.5.9, all ¢; are smooth rational curves and c is a single chain, so
by adjunction

¢i.(Ks+c¢)

i (Ky+ci)+ciciy+cicip=—2+1+1=0, ifi=2,...,r—1,
=3¢.(Ks+c¢)+tercrm1=—24+1=-—1, ifi =r,
c1.(Kg+c1))+crcp=-24+1=-1, ifi =1.
(14.5.25)

This is clearly positive for (8,6, y) = €(1, ..., 1) for € small enough. This proves
the Proposition. O

Remark 14.5.17 As alluded to in the remark preceding the proof, one indeed can
make 26, + 2y, — 0(,32, 82, yz) positive under any linear constraints on 8, 8, y
without imposing any new linear constraints as the coefficients of the only non-zero
linear terms are positive.

14.5.6 Proof of Theorem 14.5.5

First, suppose either (i) or (ii) does not hold. If (i) fails then Lemma 14.5.13 shows
that (S, C) is not ALF. If (ii) fails then (S, C) is not ALF by Definition 14.4.2.

Second, if both (i) and (ii) hold then Corollary 14.5.14, Proposition 14.5.15, and
the Nakai—-Moishezon criterion show that (S, C) is ALF if and only if Kg, s,c.Z <
0 for every irreducible curve Z C S. Naturally, we distinguish between three types
of curves Z:

(a) m(Z) does not pass through the blow-up locus,
(b) 7 (Z) is contained in the blow-up locus,
(c) m(Z) is a curve passing through the blow-up locus.

Curves of type (a) can be ignored: Indeed, then m(Z) is a curve in s and
Z = nw*n(Z) (hence, does not intersect any of the exceptional curves) so by
Lemma 14.5.11,
Kpgs.c.Z=m"K,,. p)s.c T(Z)=Kp. . g)s.c7(Z).
As (s, ¢) is ALPF, this intersection number is negative.
Next, curves of type (c) are covered by condition (ii) by the definition of

LP(S, C). Finally, since curves of type (b) are, by definition of the tail blow-up,
components of the new boundary C, hence there are at most x + 2 (i.e., finitely-
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many) of them, certainly contained in the finitely-many inequalities:
Kp.s.c.Ci <0, i=1,....,r+x, (14.5.26)

which are once again covered by the definition of LP(S, C). This concludes the
proof of Theorem 14.5.5.

14.5.7 Reduction of the Linear Intersection Constraints

In this subsection we explain how to essentially further reduce the linear intersection
constraints, i.e., we prove Theorem 14.5.6. To that purpose, we show that curves
of type (b) can be handled directly. This shows that the only potential loss of
asymptotic logarithmic positivity occurs from curves of type (c) (observe that as
in the previous subsection, curves of type (a) can be ignored).

Proof of Theorem 14.5.6 1t suffices to check that the system of 2r + 2x inequalities

Kg.sc.Ci<0, i=1,...,r+x,
(14.5.27)
Bi>0, i=1,...,r+x,

admit a solution along some ray emanating from the origin in R"*,
Let us first write these inequalities carefully and by doing so eliminate some
unnecessary ones.
Using Lemma 14.5.11 we compute, starting with the tails, which turn out to pose
no constraints, to wit,
—Kpsp.s.amonyio Vo =1 =10 +yv-1>0,
*
—Kips.9).5.apomy-10 Ty Hi = 1= 85 + 81 > 0.

Next, we intersect with the other new boundary curves (if 4, v > 0 there are h+v—2
such, if 4 = O there are v — 1 such, if v = 0 there are 4 — 1 such),

K (.6.9).5.cerom) 1@ Tho Tt jt e Viet = Vi)
=(0-yi1+yi—2)—A—-y;+vj-1
=y —2yj-1+Vvj—2 J=2,...,v.
K (p.5.9).5.Grom) 1) TV Th - T (0 Himt — Hi)
=1 —-68-1+68-2—0—-6+3d-1)
=68 —28i—1+6i—2, =2,...,h. (14.5.28)
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Finally, we intersect with the two ‘old tails’ (or only one if min{4, v} = 0), and
use (14.5.25),

—K(g.5.).5.(twony) 1@ Thtv ** Th2(Thpamrcr — Vi)
= —Kpscct = L=y + )
=1+ gicf = (L =y + B1)
=y + (¢ — DB,
—K (6.6,9).5,ryomy) =10 TV, -+ T (i er — H)
= —Kgs.c.cr — (1 =381+ Br)
=14 Brc; — (1 =81+ )
=81+~ Dpr. (14.5.29)

Equations (14.5.28)-(14.5.29) are i 4 v linear equations that together with the r +
h + v constraints

By = (B, 8, y) e RV
can be encoded by a (r + h + v)-by-(r + 2k 4 2v) matrix inequality:
(B, 8, y)LP(S, (s o 7ty) ™' (¢)) > 0, (14.5.30)

where the inequality symbol means that each component of the vector is positive
(typical notation in linear optimization, see, e.g., [2]) with

(v, v T I,+h+v) ith,v>0,
LP(S, (e o 7y) ™ @) = 1 (0r T L) ith>0,v=0,
(v1 T 1,+v) ifh=0v>0,
where
r—1 h—1 v
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T, T
T Opy—1 | € Matyipqv ntv—2, ifh,v >0
Ov,hfl Tv
T = T,
") eMat, 4y 4o, ifh>0,v=0
Ty
T,
") e Mat,yy 1, ifh=0,v>0
Ty
with
00...0 10...0
o . 00...0
L=\ " EMatr,h_l, n=].. . eN[atr,v—la
00...0 Tl
10...0 00...0
21 0 -2 1 0
1 -2 0 1 -2 0
0 1 0 0 1 0
Ti=|: i |eMapa, Ty=| 1 1 1 [eMat,,
0 ...0 1 0 ...0 1
0 0 ...=-2 0 0 ...=-2
0 .0 1 0 ... 0 1

(here, we use the convention that 7, and 7}, are the empty matrix if # < 2 and
similarly for 771 and T, if v < 2).

By Gordan’s Theorem [2, p. 136], the inequalities (14.5.30) hold if and only if
the only solution y € RTZ}H’ZU to

LP(S, (i o 7ty) "' (0)y =0
isy=0¢ szthz”. We treat first the (easy) cases
(h,v) € {(1,0), (0, 1), (2,0),(0,2), (1, 1), (2, 1), (1, 2)}
separately.
The case (1, 0) imposes only the inequality 61 + (cf —1)B, > 0 which is feasible.
Similarly, the case (0, 1) imposes only y; + (cf —1)B1 > 0. The case (1, 1) imposes

both of these inequalities, but they are independent, hence feasible.
The case (2, 0) imposes the inequalities

S14 (2 —1DB. >0, 8 —28+pB >0, (14.5.31)
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which are equivalent via a Fourier—-Motzkin elimination [2, §4.4] to §2 + B, >
2(1 — ) By, ie., 8 > (1 — 2¢2)B,, which is feasible. The case (0, 2) is handled
similarly. The case (2, 2) is feasible for the same reasons: both sets of inequalities
are feasible and independent. The case (2, 1) (and similarly (1, 2)) also follows
since it imposes the inequalities (14.5.31) in addition to the independent inequality
Y1+ (c% — 1)B1 > 0, thus these are feasible. This idea of independence will also be
useful in the general case below.

Let us turn to the general case, i.e., suppose h, v > 2. First, the r + h-th row of
LP(S, (mg o my) " (c)) is

h v—14+r+h—1

v
~ =N =~ =

©,...,0,1, 0,...,0 ,1,0,...,0).

This implies yy+1 = Yr42n+v—1 = 0. If h = 2 this implies y; = y,4op4v—2 = 0; if
h > 3 this implies y;, = y,42n+2v—2 = 0 (the —2 in the (h + 1)-th spot in that row is
taken care of by the fact y,41 = 0 from the previous step), and inductively we obtain
Yhtl—i = Yr2n+2v—i = 0, i = 1,...,h — 2, and finally y; = y,4n420+1 = 0.
Altogether, we have shown 2/ of the y;’s are zero.

Second, the r + h + v-th (last) row is

This implies yj+v = Yr+2n+20 = 0. If v > 2 this implies yy+v—1 = Yri2n420-1 =
0, and inductively we obtain yy4y—i = Yr42n+20—i = 0, i = 1,...,v — 2, and
finally y» = yr42n+v+1 = 0. In this step we have shown 2v of the y;’s are zero.

So far we have shown 2/ 4 2v of the y;’s are zero using the last 2/ 4 2v rows.

Finally, we consider the first r rows. There are two special rows with possibly
positive coefficients cf —1land c% — 1, however the corresponding y; and y; are zero,
so as we have the full rank and identity matrix / (with nonnegative coefficients)
in LP(S, (ty o my) " 1(c)) it follows that the remaining r variables y; are zero,
concluding the proof of Theorem 14.5.6. O
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Chapter 15 )
Polylog Dimensional Subspaces of Kévo Shethie

Gideon Schechtman and Nicole Tomczak-Jaegermann

In memory of Jean Bourgain, the brightest mathematical mind
we have ever encountered

Abstract We show that a subspace of £X of dimension n > (log N loglog N )?
contains 2-isomorphic copies of e{;o where k tends to infinity with n/(log N log
log N)2. More precisely, for every n > 0, we show that any subspace of eN of
dimension n contains a subspace of dimension m = c(n)+/n/(log N loglog N) of
distance at most 1 + 1 from £7.

15.1 Introduction

The dichotomy problem of Pisier asks whether a Banach space X either contains,
for every n, a subspace K-isomorphic to £, for some (equivalently all) K > 1,
or, for every n, every n-dimensional subspace of X 2-embeds in EIOVO only if N is
exponential in n. This is equivalent to the question of whether for some (equivalently
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all) absolute K > 1 and any sequence ny < N with ny/logN — oo when
N — 00, every subspace of £ of dimension ny contains a subspace of dimension
mpy K-isomorphic to 2% where my — oo when N — 0.

We remark in passing that the equivalence between the two versions of the
problem (“some K > 1” versus “all K > 17) is due to the fact proved by R.C.
James that, forall 1 < ¥ < K < 00, aspace whichis K isomorphic to £7 contains a
subspace « isomorphic to £2, where m — oo as n — 0o. (James proof is essentially
included in [5]. A somewhat more precise statement and proof, still due to James,
can be read e.g. in [8, p. 283].)

As is exposed in [7], Maurey proved that if X* has non-trivial type (Equivalently
does not contain uniformly isomorphic copies of £7-s. This is a condition stronger
than X has non-trivial cotype; equivalently, does not contain uniformly isomorphic
copies of £ -s), then we get the required conclusion: For every n, every n-
dimensional subspace of X 2-embeds in £X only if N is exponential in n.

Another partial result was obtained by Bourgain in [1] where he showed in
particular that the conclusion holds if ny > (log N)*.

Here we show some improvement over this result of Bourgain: The conclusion
holds if ny/(log N loglog N)? tends to co.

Theorem 15.1 Let n, and N be integers such that n > (log N loglog N)?. Then,
for some absolute constant ¢ > 0 and for every 0 < n < 1, any subspace of EIOVO
of dimension n contains a subspace of dimension m = cn?y/n/(log N loglog N) of
distance at most 1 + n from £

Note that we get some specific estimates for the dimension of the contained
subspace (1 + n)-isomorphic to an £, space of its dimension. Although we are
interested in small n-s, the result gives some estimate in the whole range. This is
also the case in Bourgain’s result: He proved that if n > N? than any subspace of
EIOVO of dimension n contains a subspace (1 + n)-isomorphic to an £+, of dimension
m > cn>8%/n/log(1/8). Comparing the two, our result gives better estimates for m
whenn < e M1og N and worse when n is larger. Recall also that for n proportional
to N, Figiel and Johnson [3] proved earlier that m can be taken of order VN (and
no better). This is not recovered by our result.

The general idea of the proof of Theorem 15.1 is the same as in [1] but the
technical details are somewhat different. At the end of this note we also speculate
that, up to the (loglog N)? factor, our result may be best possible.

Our result was essentially achieved a long time ago, circa 1990. Since several
people showed interest in it lately we decided to write it up with the hope that more
modern methods (and younger minds) may be able to improve it farther.

15.2 Proofs

The main technical tool in the proof of Theorem 15.1 is the following proposition
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Proposition 15.1 Let n, and N be integers such thatn > (log N)3/?loglog N. Let
[ai(j)] be an n x N matrix with a;(j) > Ofori =1,...,nand j = 1,..., N.
Assume that

n
Zai(j)zflfor j=1,...,N

i=1

and

n
Zai(j)f?a\/logN for j=1,...,N.

i=1

Moreover, assume that, for some y > 0, for every i = 1,...,n there exists
1 < j < N such that a;(j) > y. Denote by a; the i-th row of the matrix.
Then, for some positive constants, c(y), K(y) depending only on y and for every
0 < n < 1, there are disjoint subsets oy, ...,0n of {1,...,n} with m >
c(y)n’n/(log N)3/?1loglog N, Such that

122D ailloo/ min 11} Zailloo < (1+ K ()n).

r=1lieco, L€oy

We first show how to deduce Theorem 15.1 from the proposition above.

Proof of Theorem 15.1 Let X be an n dimensional subspace of EJOVO. The 72 norm of
the identity on X is equal to </n [4, 9] and by the main theorem of [10] (see [11]
for the constant +/2) this quantity can be computed, up to constant /2 on n vectors.
This means that there are n vectors a; = (a;(1),...,a;(N)),i = 1,...,n,in X
satisfying

n
Y ai()* <1, forall j=1,....N
i=1

and
n
> llaill, = n/2.
i=1

The first condition implies in particular that ||a; ||gQ < 1 for each i so necessarily for
asubseto’ of {1, ..., n} of cardinality at least n/4, ||a;|lco > 1/2foralli € o’. The
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existence of a subset o’ of {1, ..., n} of cardinality at least n/4 satisfying the two
conditions

X:ai(j)2 <1, forall j=1,...,N, and ||aj|lco > 1/2 forall i € o’
ieo’

(15.1)

is all that we shall use from now on. In Remark 15.1 below we’ll show another way
to obtain this.

Next we would like to choose a subset o of o’ of cardinality of order /nlog N
such that the matrix [|a;(j)|],i € o, j = 1,..., N, will satisfy the assumptions
of Proposition 15.1. So let &, i € o', be independent {0, 1} valued random
variables with Prob(§; = 1) = \/(log N)/n. Since for all j Zueg, la; (j)| < +/n,
EY o lai())I& < /log N. By the most basic concentration inequality, using the
fact that Y, a; (j)* < 1, forall j,

ieo
Prob( )~ lai(j)l& > 3/log N)
iceo’

< Prob() |ai(j)l(& — B&) > 2\/logN) < e 2N = 1/N?.

ieo’
It follows that with probability larger than 1 — 1/N

> lai(j)l& < 3y/logN

i€o’

for all j. Since by a similar argument also Y,/ & > Vn {%gN with probability

tending to 1 when N — oo we get a subset o of cardinality n’ > Vn i%gN satisfying
Zlai(j)l <3/logN forall j=1,...,N.
ieo

Note that the condition n > 256(log N loglog N)? implies that

n' > (log N)3/?loglog N. It follows that the matrix [|¢;(j)|l,i €0/, j=1,...,N
satisfies the conditions of Proposition 15.1 with n’ replacing n and y = 1/2. We
thus get that, for some absolute positive constants ¢, K, there are disjoint subsets
ol,...,0n of {1,...,n} with

m > 16¢n°n’ /(log N)*/? loglog N > ¢n®+/n/log N loglog N,

such that

m
1222 laillloo/ min 3 laillloc < (14 Kn).

r=1ieo, i€o,
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Rescaling, we may assume that minj<,<m || }_;c,, l@illloo = 1. Let j- denote the
label of (one of) the largest coordinates of ) ;. |a;|. Assume as we may that n <
1/K. Then no two r’s can share the same j,.. Changing the labelling we can also
assume j, =r.

Put x, = Ziea, sign(ai(r))a;. Then for all r, ||x;lcc = 1 and for all j =
1,...,N,

m
Y (Dl < 1+ K. (15.2)
r=1

So the sequence x,,r =1, ..., m, is (1 + Kn)-dominated by the £7, basis; i.e.,

m
< m
1 erxrlloo < (1+ Kn) maxa| forall (e},

r=1

The lower estimate is achieved similarly: Assume maxi<,<u || = |ay,| and note
that

m

> Y laito)llleo < K.

r=1,r#roico,

Then,

m m
I Zar-xr”oo > | Zarxr(r())|
r=1 r=1
m

> Jargl D lairo)l = Y ol Y lai(ro)]

iEUrO r=1,r#rg i€oy

> (1 — Ky) max |o.
1<r<m

We have thus found a subspace of x of dimension m > cn./n/(log N loglog N)
whose distance to £7 is at most (1 + Kn)/(1 — Kn). Changing the last quantity to
1 + n, paying by changing c to another absolute constant, is standard.

In the proof of Proposition 15.1 we shall use the following Lemma which follows
immediately from Lemma 2 in [2] (but, following the proof of that lemma from [2],
is a bit easier to conclude).
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Lemma 15.1 Let&;,i € {1,...,n}, beindependent {0, 1} valued random variables
with Prob(§; = 1) = §. Then forall g > 1,

EO &Y < C6n +q).

i=1
C is a universal constant.

We now pass to the

Proof of Proposition 15.1 We shall assume as we may that n < y. We first deal
with the small a; (j)-s. Fix ¢ > 0 to be defined later. Let

o Jai(j) ifai(j) <e
bi(j) = )
0 otherwise.

We will show that for any § > 0, and with high probability for a random subset
o C{l,...,n} of cardinality |o| ~ én

Zb,(j)fC(S\/logN—l—slogN) for j=1,..., N, (15.3)
ieo

where C is an absolute constant.
Indeed, set p = log N. Fix § > 0 and let &; denote selectors with mean § as in
Lemma 15.1. By Chebyshev inequality, (15.3) follows from the estimate

n 1/p
sup (IE(Z 3 (a))bi(j))p) < C(8y/logN + elog N). (15.4)
J

i=1

Indeed,

1/p

N n
EY O &@bi(j)"

j=1 i=1

n I/p
< N1tV sup (E(Z £ (w)bi (j))f’) <eC@/logN +elogN).
J i=1

Now apply Chebyshev’s inequality.
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Fix 1 < j < N and denote (b;(j)); € R" by b. Considering the level sets of b
we may assume without loss of generality that b is of the form

o]

b= 3 2y,
k=21log(1/¢)

(log is log,) where the sets Dy C {1, ..., n} are mutually disjoint and xp, denotes
the characteristic function of the set Dy, for k = 21log(1/¢), .. .. Thus,
I/p

E(Y & (@)bi ()"

j=1
0 1/p
< Y 27 ECQC &)
k=21log(1/¢) jeDy
(0.¢]

<C Z 27kK/2 (8| D] + p)) by Lemma 15.1
k=2log(1/¢)

oo oo

<cs Y 2Fp+cp YD 27 (15.5)
k=21log(1/¢) k=21log(1/¢)

To estimate the first term in (15.5) note that

o
> 27Dy = bl < 3/logN.
k=21log(1/¢)

The second term is clearly smaller than an absolute constant times ¢p.
Combining the latter two estimates with (15.5) we get (15.4) and hence
also (15.3).
To deal with the large coordinates, set, for j = 1,..., N,
Aj={l <i<n;a(j)=>e}
Since Y7, a;(j) < 34/1ogN,
|Aj| <3y/logN/e for j=1,...,N. (15.6)

An argument similar to the one that proved (15.4) also shows that a random set
o C{l,...,n} of cardinality |o| ~ én satisfies

lo NAj| < C(8y/log N/e +log N). (15.7)
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Indeed, this follows easily by applying the following inequality with p = log N,

Jl0ogN/e py\ 1/p
El Y & < C(8y/1og N /e + log N).
i=1
Moreover, Chebyshev’s inequality implies that we can find aseto C {1, ..., n} of

cardinality at least é(Sn which satisfies (15.3) and (15.7) simultaneously (say, with
the same absolute constant C).

Choose now § = 2n/+/logN and ¢ = n/logN. Then we get a set ¢ C
{1, ..., n} of cardinality at least nn/+/log N. such that

Zb,-(j)g?,cn for j=1,...,N, (15.8)
ico
and
loNAj| <3ClogN for j=1,...,N. (15.9)

Define j; € {1, ..., N} and 51 by

si= Y. a(y=max Y a()).

iconA;, ! ieona;

Forr > 1define §, 1 =0 \(A;; U---UAj _,) and j, and s, by

ss= Yy a4y =max Y a()).

€S, 1NA;, ! ies,ina,

By rearranging the columns we may assume j, = r for all r. Now, (15.9) implies
. n
that |S,| > |o| — 3Crlog N so S, is notempty for 1 <r < 3CU0g N2 Also,
y <s <3\/10gN<310gN for 1 <r < m
- = - = T 3C(ogN)3/?’
The sequence s, is non-increasing, divide it into (log((3log N)/y))/log(l + n)
intervals such that in each interval maxs,/ mins, is at most 1 + 5. There is an

2
interval R with |R| > (log(1+m)nn n

3C(0gN) 2 1og(BlogN)/y) = 6C(ogN)¥2 log((3logN)/y) SUCh
that

max s,/ mins, < 1+ n.
rerR rerR
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Put o, = S,_1 N A,. Since min,cg s, > ¥y > n we are done in view of (15.8) and
the fact that s, > 3 g 4 ai(s) forr <s.

15.3 Remarks

Remark 15.1 Here is an alternative way to get (15.1):

Let X be an n-dimensional normed space which, without loss of generality we
assume is in John’s position, i.e., the maximal volume ellipsoid inscribed in the
unit ball of X is the canonical sphere S"~!. A weak form of the Dvoretzky—Rogers
lemma asserts that there are orthonormal vectors xi, ..., x, such that ||x;||x > ¢
for some universal positive constant c. This is proved by a simple volume argument,
see for example Theorem 3.4 in [6]. (There it is shown that there are [n/2] such
vectors. This is enough for us but it’s also easy and well known how to use these
n/2 orthonormal vectors to get n orthonormal vectors with a somewhat worse lower
bound on their norms.)
The map T : ¢35 — X defined by Te; = x; is norm one. Note that

1=|T|= sup (Z(x @iNH'2.

Ix*llx=<1 ;4

When X is isometric to a subspace of Kévo there are N elements x* € Byx such that,
forall x € X, ||x|| = maxj<j<n x;‘(x). From this it is easy to deduce that

sup () (x*(x) H2=n max (Z(x @i)H'2

¥l x <1

Denoting a; (j) = x}‘(xi) we get (15.1).

Remark 15.2 Here we would like to suggest an approach toward showing that the
dichotomy conjecture fails and maybe even that one can’t get below the estimate
n > (log N)? in Theorem 15.1.

Let X and Y be two ! dimensional normed spaces. Putn =% and N = 36. Let

{x,} , be a 1/2 netin the sphere of X and {y} } , be a 1/2 net in the sphere of Y*.
Note that forevery T : X — Y,

max y; (Tx]) <|T| <4 max yl (Tx])
1<i,j<6! I<i,j=

Consequently, B(X, Y), the space of operators from X to Y with the operator norm,
4-embeds into €Y. Note that dim(B(X, Y)) = n ~ (log N)>.
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(Un)fortunately, B(X, Y) cannot serve as a negative example since it always
contains {s-s with dimension going to infinity with N. This was pointed out to
us by Bill Johnson. Indeed, by Dvoretzky’s theorem, K’; 2-embeds into Y and into
X*, for some k tending to infinity with n. Let I denote the first embedding and Q
be the adjoint of the second embedding. It is then easy to see that T — IT Q is
a 4-embedding of Bk, Z’g) into B(X, Y). Finally, Bk, Z’g) contains isometrically
k..

However, to get a negative answer to the dichotomy problem, it is enough to find
n dimensional X and Y and a subspace Z of B(X, Y) of dimension m with m/n
tending to infinity with n which has good cotype, i.e., if Z contains a 2-isomorph of
z’;o then & is bounded by a universal constant. If one can find such an example with
m > cn? for some universal positive constant ¢ then it will even show that one can’t
get below the estimate n > (log N)? in Theorem 15.1.
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Chapter 16 )
On a Formula for the Volume Chack for
of Polytopes

Rolf Schneider

Abstract We carry out an elementary proof of a formula for the volume of
polytopes, due to A. Esterov, from which it follows that the mixed volume of
polytopes depends only on the product of their support functions.

16.1 Introduction

Esterov [1] has proved the surprising fact that the mixed volume of n convex
polytopes in R" depends only on the product of their support functions. That an
extension of this result to general convex bodies is not true, was pointed out by
Kazarnovskii [3, Remark 2]. Esterov deduced his result from a new formula for the
volume of a polytope in terms of the nth power of its support function. It is the
purpose of this note to carry out an elementary proof of this formula. A motivation
will be given after we have stated this formula, in the next section.

16.2 Formulation of the Result

First we fix some terminology. We work in n-dimensional Euclidean space R”
with scalar product (-, -). Its unit sphere is denoted by S"~!. Polytopes are always
nonempty, compact, and convex. The volume of a polytope P is denoted by V,,(P).
A polyhedral cone is the intersection of a finite family of closed halfspaces with
the origin o in their boundaries; equivalently, it is the positive hull of a finite set
of vectors. The positive hull of a set {vy, ..., vk} of linearly independent vectors
of R" is a simplicial cone and is denoted by < vy, ..., vgx >; this cone is said to
be generated by vy, ..., vk. A fan in R" is a finite family F of polyhedral cones
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with the following properties: every face of a cone in F is a cone in F, and the
intersection of two cones in F is a face of both. A fan is called simplicial if all
its cones are simplicial. A fan F’ is a refinement of the fan F if every cone of F’
is contained in a cone of F. Every fan has a simplicial refinement. This is easily
seen by induction with respect to the dimension, taking positive hulls with suitable
additional rays (or see [2, Thm. 2.6]). For a polytope P and a (nonempty) face F
of P, we denote by N(P, F) the normal cone of P at F. The family of all normal
cones of P at its faces is a fan, called the normal fan of P (see, e.g., Ziegler [5, p.
193], or Ewald [2, p. 17], where it is simply called the ‘fan’ of P).

If (v, ..., vy) is an ordered basis of R”, we denote by (vll, R an) its Gram—
Schmidt orthonormalization. This means that (vll, R vnl) is orthonormal, the set
{vll, R v,ﬂ-} spans the same subspace as {vy, ..., vr}, and (v, vkl) > 0, fork =
1,...,n.

The following is a special case of a more general result of Esterov [1] (with a
corrected factor).

Theorem 16.1 (Esterov) Let P C R" be a polytope, and let the fan T" be a
simplicial refinement of the normal fan of P. Let B(I") be the set of all ordered
n-tuples of unit vectors generating cones of I'. For each n-dimensional cone C € T,
let fc be the restriction of the nth power of the support function of P to the interior
of C. Then

1 Z 8”f<v1 ,,,,, vp> v (P) (16 1)
h? 1. . .9, — TV .
() (V1,...,un)€B) dvy v,

Esterov writes about his result: “We ...represent it as a specialization of the
isomorphism between two well known combinatorial models of the cohomology of
toric varieties.” He also gives a brief sketch of an elementary proof, however, for
the polytope A under consideration, “assuming for simplicity that the orthogonal
complement to the affine span of every (relatively open) face B C A intersects B”.
This is too much of a simplification, since the construction becomes non-trivial if
this assumption is not satisfied. Moreover, the statement about the subdivision into
“simplices that are in one to one correspondence with the terms of the sum” (the sum
in (16.1) is meant) is not correct, since the simplices depend only on the polytope
P, whereas the sum gets more terms if the fan I' is refined. That these extra terms
(which are in general not zero) add up to zero, requires an additional argument.
The author’s statement, “Independence of subdivisions of I" and linearity follow by
definition, seems unjustified.

Since Esterov’s surprising result has never been observed in the development of
the classical theory of mixed volumes, it might be desirable to have a complete proof
along classical lines. Therefore, in the following we carry out Esterov’s brief sketch
with the necessary details.
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16.3 Proof of Theorem 16.1

In the following, we use the common notations lin, pos, aff, conv for, respectively,
the linear, positive, affine, or convex hull of a set of vectors or points in R". Further,
vert P denotes the set of vertices of a polytope P.

First we recall the notion of an orthoscheme A in R". Given a base point z
(which will later be the origin, but is needed in greater generality for an induction
argument), an ordered orthonormal basis (ui,...,u,) of R", and a sequence
(aiy, ..., ay,) of real numbers, it is defined by

k
A :=conv{z, Z1,...,Zn}, 2k ::z—i—Zaiui fork=1,...,n.
i=1

This is a simplex, but it may be degenerate, since a; = 0 is allowed.

Let P C R" be a polytope with interior points. Under the special assumption
in Esterov’s proof sketch quoted above, P can be decomposed into orthoschemes.
Without this assumption, one has to decompose the indicator function of P into the
indicator functions of signed orthoschemes.

To prepare this, we denote by H (Q, u) the supporting hyperplane of a polytope
O C R" with outer normal vector u € R" \ {0} (for notions from convex geometry
that are not explained here, we refer to [4]). By H~(Q, u), H"(Q, u) we denote
the two closed halfspaces bounded by H(Q, u), where H™ (Q, u) contains Q. In
the following, for a point p € R" and a hyperplane H C R”, we denote by p|H the
image of p under orthogonal projection to H.

Let (vi,...,v,) be a basis of R” such that v, ...,v, € N(P,{y}) for some
vertex y of P. Let (vf-, ey v,Jl-) be the Gram—Schmidt orthonormalization of
(vi, ..., vy). We define

Si:=PNH(P,v{), Sp:=SINH(S1L,vY), ..., Sp:=S_1NH(Su_1,v}).

Then dim Sy < n — k, so that S, = {y} for the vertex y of P, and Sy O Sk for
k = 1,...,n — 1 (equality may hold). We say that (51, ..., Sy) is generated by
(v1,...,vp). Asequence (S, ..., Sy) of faces of P is called a complete tower of P
ifS1OD8%D---D8,anddimSy =n —kfork=1,...,n.

Now we define the required orthoschemes. Let z € R". Given (vy, ..., v,) as
above and its generated sequence (Si,...,S,) (so that S, = {y}), we define a
sequence of points by

21 =zlH(P,vi), z2:=z1lH(S1,v3), ..., zn:=2zZa_1lH(Sp—1,v0).

We also define a sequence (ay, . .., a,) of numbers by

L 1 L
Z1=z+avy, 2:=21+avy, ..., Zn=2ZIn—-1+anv, .
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Here z, = y and hence y = z + alvf- + -4 anvf;. Therefore,

ai = (y — z,vH). (16.2)
We define the orthoscheme
A :=conv{z, 21, ..., Zn}-
Its volume is given by
Va(A) = i, lay - - - an|. (16.3)

We denote by § € {—1,0, 1} the sign of a; - - - a, and call the pair (A, §) a signed
orthoscheme. 1t is said to be induced by (vy, ..., v,) (if P and z are given).

We apply this construction from two different starting points. First, we start from
the n-dimensional polytope P and associate a signed orthoscheme with each of its
complete towers. Let (S1, ..., S,;) be a complete tower of P. Then there is a unique
ordered orthonormal basis (u1, ..., u,) of R” such that

S1:=PNHP,uy), SHL:=8S1NH(S1,u2), ... S :=8-1NH(S—1,upn).
(16.4)

We call (uq,...,u,) the orthonormal basis associated with the complete tower
(S1,...,8y) of P.Let (A, §) be the signed orthoscheme induced by (i1, ..., uy).
It is also said to be the signed orthoscheme induced by the complete tower
(S15 -5 8n)-

Definition For given P and z, we denote by O(P,z) the set of all signed
orthoschemes induced by complete towers of P.

Let U be the union of the affine hulls of the facets of all orthoschemes A, for
(A, 8) € O(P, z). Denoting the indicator function of a set A C R” by 14, we state
the following

Proposition 16.1

> 8lax)=1p(x) forallx eR"\ U. (16.5)
(A,8)eO(P,z2)

Proof We set

gn(P.z,x):i= Y 81a(x)

(A,8)eO(P,2)
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and prove (16.5) by induction with respect to the dimension. The case n = 1 is clear.
We assume that n > 2 and that the assertion has been proved in smaller dimensions,
for all polytopes and base points. Let P be an n-polytope and z a point in R". Let
(A, 8) € O(P, z). Then (A, §) is induced by some complete tower (S1, ..., S;) of
P.If Fy, ..., F, are the facets of P, then S = F; for somei € {1,...,m}, and
(82, ...,8,) is a complete tower of F;. We have A = conv(A’ U {z}) with some
(A, 8" € O(F;, z|aff F;) and § = 8’0 (F;, z), where we define, for a facet F of P
with outer unit normal vector u,

1ifz eint H (P, u),
o(F,z):= Oifz € H(P,u),
—1lifz eint HY (P, u).

For x € R" \ {z} we define the ray
R(z,x) ={x+XA(x —2): 2 >0}.

Letx € R"\ U. Then x # z. We define g (x, F;) as the intersection point of R(z, x)
and aff F; if R(z, x) meets aff F;, and as the point x otherwise. Clearly,

X € A & R(z, x) meets aff F; and g (x, F;) € A
and thus 1A (x) = La/(g(x, F;)). This gives

gn(P.z,x)= Y Sla(v)

(A,8)eO(P,2)

=Y o(F.2) > LENICIEN D)
i=1

(A,8)eO(Fj z|aff F)

m
= 0(Fi,2)gn1(Fi, z[aff Fi, g (x, F;))

i=1
= Za(ﬂ-,z)l{q(x, F;) € Fi},
i=1

where the induction hypothesis was applied to g,—1 (F;, -, -). This is possible, since
the point g (x, F;) is not contained in the union of the affine hulls of the (n —2)-faces
of the orthoschemes A’, (A',8") € O(F;, z|aff F}),i =1, ..., m.

If x € P (recall that x ¢ U), there is exactly one index i € {1, ..., m} with
q(x, F;) € F;, and we have o (F;, z) = 1. Therefore, g,(P,z,x) = 1.If x ¢ P
and some point g(F;, x) € F; exists, then precisely one other index j exists with
q(Fj,x) € Fj, and we have o (F;, z) = —o (Fj, z). This gives g, (P, z,x) = 0. We
have proved Eq. (16.5). O
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Integrating (16.5) with respect to Lebesgue measure, we obtain

V,(P) = Z SVa(A). (16.6)

(A,8)eO(P,2)

Our second starting point for constructing signed orthoschemes is the fan I'.
Let (A, d) be the signed orthoscheme induced by (vi,...,v,) € B(I'), where
< Vl,...,U0, >C N(P,{y}) for a vertex y of P. To express the volume of A
in a suitable way, we note that the restriction of the support function of P to
<v1,...,Up>1s given by u — (y, u), hence

n

S<vi,v> ) = (y, u) foru € int<vy, ..., v,> .

Writing

u:alvf‘+~-~+anvj‘,

we have

=nl(vi, y) - (uE, y) = nlay - -a, = ()?8Va(A) (16.7)

by (16.3), where the numbers a1, .. ., a, are those defined by (16.2) with z = o.
To utilize this, we need to know which (vi,...,v,) € B(I') induce signed
orthoschemes from O(P, 0). We introduce the following definition.

Definition Let (vq, ..., v,) be an ordered basis of R"” such that vy, ..., v, are
contained in a polyhedral cone C. Then (vy, ..., v,) is called adapted to C if
there is a sequence 71 C T» C --- C T, where T} is a k-face of C and vy € T1,
vk € Ty \ Ty—1 fork =2, ..., n.

An ordered basis (vi,...,v,) € B(I') is called tidy if it is adapted to the
normal cone N(P,{y}) containing vy, ..., v,. The set of all tidy ordered bases
(v1,...,vy) € B(') is denoted by T, and we set B(I") \ T =: U.

From now on, the point z € R" chosen earlier is the origin o.

Proposition 16.2 The signed orthoscheme induced by (vi,...,v,) € B(D)
belongs to O(P,o0) if and only if (vi,...,v,) is tidy. Moreover, every signed
orthoscheme from O(P, o) is induced by a unique element of B(I").

Proof We assume first that (vq, ..., v,) € B(I') induces the signed orthoscheme
that is induced by the complete tower (Si,..., S,) of P, with S, = {y}. Then
the Gram—Schmidt orthonormalization of (v, ..., v,) is equal to the ordered basis
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(u1,...,u,) associated with the complete tower (Si,...,S,) (that is, defined
by (16.4)). By the definition of the Gram—Schmidt orthonormalization, this implies
that vi € N(P,S1) and vy € N(P, Sk) \ N(P, Sx—1) for k = 2,...,n. The
normal cone N (P, Si) is a k-face of the normal cone N(P, {y}) (see, e.g., [4,
Sect. 2.4], also for the facts on normal cones used below). Thus, (v, ..., v,) is
adapted to N(P, {y}), and hence (vy,...,v,) is tidy. Conversely, suppose that
(1, ...,vy) € B(I') is tidy, say that vy € T} and vy € Ty \ Tj—y fork =2,...,n,
where Ty C T, C --- C T, are faces of N(P, {y}) (for some vertex y of P) with
dim Ty = k. Then there is a complete tower (S, ..., S,) of P with N(P, Sx) = Ti
for k = 1,...,n. The signed orthoscheme induced by this tower is induced by
(i, ..., vy).

A given signed orthoscheme (A, §) € O(P, o) is induced by a unique complete
tower (S1,...,S,) of P, say with S, = {y}. Then T := N(P, Si) is a k-face of
NP, {y})) and T C T, C --- C T,. Since N(P,{y}) is the union of simplicial
cones from T', there is a unique cone C = <vy, ..., v,> € I" which has k-faces Fy,
k=1,...,n, satisfying Fy € Tj. With a suitable (unique) ordering, we then have
v € Fyand vy € Fy \ Fx—1 fork = 2, ..., n. This element (vy, ..., v,) € B(I')
induces (A, §), and it is the only one with this property. This completes the proof of
Proposition 16.2. O

We now see from (16.6) and (16.7) that

To complete the proof of (16.1), it remains to show that

an
> fvrv> _ o (16.8)

L. gyt
(v1,...,vp)eld avl avn

To prove (16.8), we state a more general version, which can be proved by induction.

Proposition 16.3 Let C C R" be an n-dimensional polyhedral cone, and let T'c be
a simplicial fan such that C is the union of its cones. Let B(I'c) be the set of all
ordered n-tuples of unit vectors generating cones of I'c, and let Uc be the subset
of ordered n-tuples that are not adapted to C. Let y € R" and f(u) := (y, u)" for
u e C.Then

a}’l
> Ji<”1""*”"> =0. (16.9)
v .- vt
(v1,...,vp)eUc 1 n
Proof We abbreviate
1 8nf<v| ,,,,, >

for (vq, ..., v) € B(I'c),
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then

Df(v1,...,v) = (i, y)--- (v, y), (16.10)

by (16.7).

We proceed by induction with respect to the dimension, starting with n = 2. Let
the data be as in the proposition, with n = 2. Let (vq, v2) € Uc. Then vy € intC,
since otherwise (vi, v2) would be adapted to C. Therefore, there exists precisely
one cone < vy, wy > € ['¢ with wy independent from v;. The Gram—Schmidt
orthonormalizations of (v1, v2), (v1, wy) are, respectively, (vf-, vj-) and (vf-, —vj-).
It follows from (16.10) that

Df (v1, v2) + Df (v, wp) = 0.

Thus, the elements (vy, v2) of Uc can be grouped into pairs for which the
expressions Df (v1, v2) sum to 0. Therefore, (16.9) holds for n = 2.

Now we assume that n > 3 and that Proposition 16.3 has been proved in
smaller dimensions. Let the data be as in the proposition. We consider two classes
of elements (vy, ..., v,) € Uc.

Class 1 contains the tuples (vy, ..., v,) € Uc with pos{vy, ..., v,—1} NintC #
@. For (vi,...,v,) in this class, pos{vi,...,v,—1} is an (n — 1)-dimensional
face of the cone < vy,...,v, >¢€ I'c that meets int C and hence is a face of
precisely one other cone < vy, ..., v,—1, w, >€ ['c. Let (vf-, R v,Jl-) be the
Gram-Schmidt orthonormalization of (v, ..., v,), and let (vf-, R vi;l, w,Jl-) be
the Gram—-Schmidt orthonormalization of (v, ..., v,—1, wy). Since v, and w, lie
in different halfspaces bounded by lin{vy, ..., v,—1} = lin{vf-, R vi;l}, we have

vl = —wj. It follows from (16.10) that

n
Df(i,...,vp) + Df(v1,..., vp—1, wy) =0.

Thus, the elements (v1, ..., v,) of Uc in class 1 can be grouped into pairs for which
the expressions Df (vy, ..., vy) sumto 0.

Class 2 contains the tuples (vy, ..., v,) € Uc with pos{vy, ..., v,—1} NintC =
@. Let (vq, ..., v,) be in this class. Then the cone pos{vy, ..., v,—1} is contained
in an (n — 1)-dimensional face F; of the cone C. We have v, € C \ linF;,
since v1, ..., v, are linearly independent. If the (n — 1)-tuple (vy, ..., vy,—1) were
adapted to the cone F;, then the n-tuple (v, ..., v,) were adapted to the cone C,
a contradiction. Thus, (v1, ..., v,—1) is not adapted to F;. We can now apply the
inductional hypothesis to the cone F; and the simplicial fan induced in F; by I'c.
This yields

S oy y) =0, (16.11)

(v1,...,Up) € class 2;
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where class 2; contains the tuples (v1, ..., v,) € Uc with pos{vy, ..., vy—1} C F;.
For each (vq, ..., v,) € class2;, we have
lin{vi', ..., v |} =linf{v, ..., v,_1} = lin F;,

and v, is contained in the open halfspace bounded by lin F; whose closure
contains C. Therefore, vj- is the same vector for all (vy,...,v,) € class2;.

Multiplying (16.11) by (vj-, y), we obtain

> Df(vi,...,v,) = 0.

(v1,...,up)€Eclass 2;

Summing this over i = 1,...,m, where Fi,..., F, are the facets of C, we
complete the induction and thus the proof of Proposition 16.3. O

To prove (16.8), we now apply Proposition 16.3 to the normal cone of each vertex
of P and sum over the vertices. This completes the proof of (16.1).

Formula (16.1) is useful if one has to consider a common simplicial refinement of
several normal fans, as in the next section. In a volume formula for a single polytope,
the superfluous terms may well be omitted. We state an appropriate reformulation
of the above result. Let (S, ..., S,) be a complete tower of the n-polytope P. We
say that it ends at the vertex y if S, = {y}. The orthonormal basis (u1, ..., u,)
associated with the complete tower (Si, ..., S,;) (defined by (16.4)) is also the
unique orthonormal basis defined by

up € N(P, S1), uz € linfu }+N(P, S2), ..., u, € lin{uy, ..., uy—1}+N(P, S,).

For each vertex y of P, we denote by B(y) the set of all orthonormal bases
associated with all complete towers of P ending at y. With these notations, the
volume formula obtained from (16.6) and (16.7) can also be written in the form

1
AGCESEDS Y Gy (unn y). (16.12)

" yevertP (uy,...,un)€B(y)

Note that (u1, y)--- (u,, y) is the product of the coordinates of the vertex y with
respect to the orthonormal basis (u1, ..., u,).

16.4 Mixed Volumes

For the extension of Theorem 16.1 to mixed volumes V (-, ..., -), it is crucial that
the normal fans of finitely many polytopes have a common simplicial refinement.
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Theorem 16.2 Let Py, ..., P, C R” be polytopes, and let the fan I" be a simplicial
refinement of the normal fans of P, ..., Py. Let B(I') be the set of all ordered n-
tuples of unit vectors generating cones of I'. For each n-dimensional cone C € T,
let gc be the restriction of the product of the support functions of P1, ..., P, to the
interior of C. Then

1 8ng<v1 e Up>
T V(P Py). 16.13
(n!)? Z Gk ... gyt (P n) ( )
(CIPR vp)eB() 1 n
Proof Let C € T. To eachi € {1,...,n}, there is a vertex y; of P; such that

the support function of P; on C is given by (-, y;). Let A1,..., A, > Oand P =
AP1 +-- -+ A, P, with polytopes Py, ..., P, C R". The support function of P on
Cisgivenby (-, A1y1 + -+ + Ay yn). With fc defined as in Theorem 16.1 for the
polytope P, we have

n
Y ki ki, V(P Py = Va(P)

1yeees n=

1 anf<v1 ,,,,, Up>
B (n!)z( Z vt - dut

Vlev)eB@) CO1 00
Here
Fevrvg= @) = (U, Miy1 + -+ Ayyn)"  foru € pos{vy, ..., vn},
hence
3”f<v1,...,v,,> | 1 1
=nl{vr, Ayt +- -+ Aaya) v, Ay + oo+ A )
vl .. 9vd
1 n

n

=nl Y A ki, 0 i) (0 i)

i],ensin=
By comparison we get, in particular,

1

1 1
V(Pl,,Pn)zn' Z <U1’y1>...(vn’yn>
(v1,...,u)EBT)

= 1 Z ang<ul,m,u,,>
C ()? L. . gpl’
() (V1,...,vn)€B) vy v,

which completes the proof. O
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I thank the referee for correcting an inaccuracy and for several suggestions that
improved the presentation.
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