Chapter 4 )
Systems of Fractional Kinetic Equations e

In this chapter, we consider some general classes of reaction—diffusion systems
that contain some fractional kinetics occurring in applications (cf. Appendix C
below), and then investigate their local and global existence of solutions in detail.
In a preliminary step, we derive results that allow for the existence of sufficiently
smooth solutions which are needed in order to rigorously justify other precise
and explicit calculations (namely, maximum principles, energy estimates and
comparison arguments) which will be performed on more specific models in the
sequel. It turns out that the techniques employed for the scalar equation (3.1.1) in
the previous chapter will prove quite useful in the analysis.

4.1 Nonlinear Fractional Reaction-Diffusion Systems

Letm € Nand u = (uy,...,u,) € R™ where each u; (i = 1,...,m) is
a measurable physical quantity. Let d; = O fori = 1,...,r and d; > 0 for
i =r+1,...,m. We allow the case r = 0 to occur so that all d; > 0 for
i = 1,...,m in some cases. Next, let D = diag(d, ..., d;) be the diagonal
matrix of diffusion coefficients and assume that ug = (ugq, ..., uom) (x) € R™,
for x € X, models the initial data. Let f = (f1, ..., fi) (x,t,uy, ..., uy) with

f:(x,t,u) € X x[0,00) x R" — f(x,t,u) € R",

be a nonlinear function that models possible interactions between the various
quantities u; (i =1, ..., m). Finally, consider a family of closed operators (A;)]"
that satisfies the assumptions of Propositions 2.2.1, 2.2.2. Namely, we assume that
each A; satisfies assumption (HA) with a possible different value 84, > 0 for

i =1,...,m. In particular, let (S; (t))_, be the corresponding family of analytic
semigroups associated with A;, each S; i = 1,...,m) can be extended to a
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126 4 Systems of Fractional Kinetic Equations

contraction semigroup S; ,, (1) on LP(X), p; € [1, o], whose generator is A; p,
such that A;» = A;. For any o; € (0, 1), the corresponding operators (2.1.9)
associated with these semigroups S; can also be defined analogously, to give the
families of operators (So,,. (t));n:1 and (Pa,. (t))z.":l, satisfying the ultracontractivity
estimates of (2.2.12), after setting B4 := B4,;, & = «;. Finally, we set the diagonal
(matrix) operator A = diag (Ay, ..., A;;) and introduce the following notion of

Caputo-fractional derivative
9 u = (Bla‘ul, 8;"’”14,,1) e R"™,

where each 9;u; € R is understood in the sense of Definition 2.1.1 for o; € (0, 1).
As usual, when o; = 1, 8) =0, =d/dt.

Our problem is to look for solutions u = (uy,...,uy,) (x,r) € R™ of the
following system

9'u =DAu+ f (x,t,u), (x,t) € X x (0,00), 4.1.1)
subject to the initial condition
Ujp=0 = UQ in X. (4.1.2)

Note that components which do not diffuse as well as different kinds of “diffusion”
operators for the diffusing components may occur in (4.1.1)—(4.1.2). Our goal is
to construct bounded mild solutions for this initial-value problem and then turn to
strong solutions. To this end, our assumptions on the nonlinearity f, from Sect. 3,
are adapted to our new case, as follows.

(SF1) f(x,t,-) : R" — R™ is a measurable function for all (x, ) € X x (0, o)
such that, for every bounded set B C X x [0, co) x R, there exists a constant
L = L (B) > 0 such that
|f (x,t,8) < L(B), forall (x,7,§) € B

and

|f('x’t7§)_f(x7ta 7))| SL(B) |€_77|, forall (.x,t,é),(.x,t, 77) € B

(SF2) For every bounded B C X x [0, 00) x R™, there exists a constant L (B) > 0
such that, for all (x, 1, &), (x,s,n) € B,

|f 0,8 = f,s,ml < L(B) (It —sI” +16 —nl),

for some y > 0.

As in Chap. 3, the assumption (SF2) will only be needed when the nonlinear
source f is also time dependent; when f = f (x, &) this condition is no longer
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necessary for the existence of strong solutions, we refer the reader to the proof of
Corollary 3.2.3 (and Theorem 4.1.3 below).

First, we consider the initial-value problem (4.1.1)—(4.1.2) with f = 0 and let
ug € L* (X, R™). The solution u = u (x, t) of the linear system for bounded initial
datum u( defines a formal solution operator in the space L*° (X, R™) by setting

u(x,1) = (Sa () u) (x) = (Se,1 () uor (x), ..., Sa,m (@) ttom (x))

forall x € X, t € [0, 00). The linear system is decoupled, the operator S, (¢) acts
componentwise; namely, for all # € [0, 00), we set

Sa,i (1) =S, 1) =1, fori =1,...,r (whend; = 0),
Se,i ) = Sy, (dit)|L°©(X) ,fori=r+1,...,m (whend; > 0).

Of course, r = 0 is still allowed. In view of Remark 3.1.2, S, (¢) is not strongly
continuous in the Banach space L*° (X, R™), which we equip with the canonical
sup-norm

lulloo = max fluill oo x)

However, owing to the statement of Proposition 2.2.1, we have ||Sy () uoll0e <
lluoll oo » for all ug € L (X,R™) and t € [0, 0o0). In order to deal with the full
nonlinear system, we also define the operator (P, (¢) f), for f = (f1,..., fm) €
R™, also acting componentwise:

Pa (t) f = (Pa,l (t) fl’ v vPa,m (t) fm) s

where, fori =r+1,...,m,
o0
Py (1) fi = Py, (dit) fi = c;r® ! fo T®y, (7)Si(t (di)*) fidt

and Py (1) f; = (8o, * fi) (1), for i = 1,...,r, in the case of non-diffusing
components. Of course, we keep the convention that when some «; = 1 for
i=r+1,...,m,weletSy, =S and Py, = §;.

Our notion of mild solution for (4.1.1)—(4.1.2) is stronger than the notion of mild
solution from Definition 3.1.3. For the sake of notational convenience, we again let

u@)=u(C,t)and f (t,u@)=f(,t,u(-,1)).

Definition 4.1.1 Let 7 > 0 be given, but otherwise arbitrary (and, possibly, T =
oo) and let ug € L (X,R™). We say u € E 0,7 is a mild solution of problem
(4.1.1)—(4.1.2) on the time interval [0, T') if:
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(a) u : (x,t) € X x (0, T) — u(x,t) € R™ is measurable and u (-,¢) €
L (X, R™) such that

sup lu (-, 8)|loo =: U < 00, forallt € (0, 7).
5€(0,1)

t
(b) u(t) =Sy (t)ug+ / Py (t — 1) f (t,u(t))dr, forall t € (0, T), where the
0
integral is an absolutely converging Bochner integral in L* (X, R™).
(c) u satisfies the initial condition in the following sense:

li 1) — Sy (¢ =0.
t_l)r(r)1+||u() o (1) uollso

We have the first result of this section.

Theorem 4.1.2 (Existence of Maximal Bounded Mild Solutions) Ler assump-
tion (HA) be verified for each operator A; (i = 1,...,m) and the conditions of
(SF1) for the nonlinearity f. For any given ug € L* (X, R™), there exists a time
T € (0, oo] such that the initial-value problem (4.1.1)—(4.1.2) possesses a unique
mild solution in the sense of Definition 4.1.1 on the interval [0, T'). Furthermore,
the existence time T € (0, oo] can be chosen maximal (i.e., the previous statement
does not hold for a larger time). In that case, T = Tmax and

lim lu ()]loo = 00, if Tiax < 00.

t—> Imax
Proof Consider the following

Casel :allo; =1,i=1,...,m.
Case2 : atleastonew; € (0,1),i =1, ...,m.

Let Uy € [0, co) be such that ||uplls = Up. Choose U > Uy, Ty € (0,1]
arbitrarily and define the bounded set B := X x [0, To] x [-U, U]" .Let L (B) > 0
be the constant from assumption (SF1) and choose T € (0, Tp] such that

Up+6(T) < U, (4.1.3)
where the function @ is defined as follows:

(1) := eL®1 _ 1, in case 1,

4.1.4)

) L(B
amg)L(B)

(1) = Eq,,.1 (F(F(aMO """0> — 1, in case 2.

Here, we have set a,,, := minj<;<s (o) € (0, 1) and oy, := maxi<j<m (o) €
(0, 11, and we recall that E, g (z) (¢ > 0, B € C) is the generalized Mittag-Leffler
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function
Ecp(2) = ———, ke (0,1).
= I'kn+ B)

For initial data ug € £ (X, R™) with ||ug|loc < Up, we define the sequence u®
in L* (X x [0, T],R™), by

uD (1) = S¢ (t) uo,

ul*D (1) = Sq (Y uo + [y P (t —5) f (5, u? (5)) ds,

for/ € Nand ¢ € [0, T]. We claim by induction that the following (4.1.5)—-(4.1.9)
are satisfied for all ¢ € [0, T], and all / € N. We have the estimates:

” <u(l+1) - u(”) ) Hoo 4.15)

1 t
<L(B _ el H W _ ,a-1 H
< L(B) max oo fo =0 —u ") @ _ar

and

‘ (u(l'H) — u(l)) (t)” = max ¢/ (1) <6 (), (4.1.6)

00 1<i<m

where

6 (t) := W, in case 1,

; 4.1.7)
. 1 (@) L(B) g, .
0 (1) := g +1) ( Maw) t“mo ), in case 2.

Also, we have
Hu(l) ) Hoo <U (4.1.8)

and

Y |

1<j<l

(u<f+1> - u(j)> (r)HOO <70, (4.1.9)
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We can easily check these claims for / = 1 on account of the definition for u®,
the properties of Sy (¢) , Py, (¢) and the conditions of (SF1). For instance,

”um (t)Hoo = [|S¢ () t0lloo < lltolloo < U;

since || Py, (t)”LOO(X) < 1% 1T (o), fort € (0, T], we also get

a0 = a0 - 0|

t
= [P -0l
0

_ LB
“I'(o)

fi (” uth (’)) HLoo(X) de

t
/ t—1)% dr <6, ().
0

Indeed, the Gamma function I' (x) > O is non-increasing on (0, 1] and non-
decreasing on [u, 00), for some . € (1, 2) (in fact, u = 1.46163..). This yields that
I (crpy) < T () < T (amo) in the second case, as well as maxj <j<p 1% < %70,
fort € [0, T] C [0, 1]; henceforth, we deduce

@0 - W] = max g <61 0).

Suppose now (4.1.5)—(4.1.9) are already known for some / — 1 € N. We have to
prove these assertions for / € N. Inequality (4.1.5) is immediate owing to the second
condition of (SF1), while the assertions (4.1.6) and (4.1.9) are also immediate in the
first case by merely performing explicit integration and recalling the series for the
exponential function. We now show the same assertions in the second case when at
least one of «; € (0, 1). By the second condition of (SF1), and a change of variable
rt = s we have

IA

g /0 NPu =9l |7 (560 ©) = 7 (s ) | @

(4.1.10)

L(B) / (t — )" Gy (s)ds
OlM0

_( L(B) ) F(amo)[_l tai+(17])0(mo

\T(amy)) T(0=1Dam,+1)

B(a,-,(l— 1)am0+1),
where

1
B(x,y) = / (1-— r)"—1 P dr
0
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is the standard (symmetric) Beta function. Since
B (o, (= Dty +1) = B(ctmgs (= Dty +1)

and

r ((l — Doy + 1)
r (lo{m0 + 1)

B(amo, (=1 om, + 1) =T (ctmy)

we deduce from (4.1.10) that
gl (1) <0 (1), foralli =1,...,m,

forall t € [0, T] C [0, 1]. This proves (4.1.6) for any [ € N; (4.1.9) follows from
the series of the Mittag-Leffler function E,, . It remains to show (4.1.8). Using

the definition of the sequence u®, we get

[ o] =@ o]+ X [0 -u?)o]
1<j<l

<Up+0(r)<U,

owing to (4.1.3). Therefore, (4.1.5)—(4.1.9) holds for all / € N. It follows that there
exists a function u € L* (X x [0, T]; R™) such that

0 _ G+h _ ()
an 6ol = 5 ()] o

t€[0,T]

as [ — oo. It is now straightforward to show that the limit « is a solution of our
initial-value problem (4.1.1)-(4.1.2) on the time interval [0, T']. Since this interval
is determined uniformly for all ug € L% (X; R™) such that ||ug|lo, < Up, we also
have

inf {T (uo) : up € L (X;R™), lluollew < Uo} > 0, 4.1.11)

for all Uy € [0, 00). We prove the second part in the statement of the theorem. We
argue by contradiction. Suppose now that there exists Up € (0, 00) and a sequence
t, > 0 such that

lim #, = Thhax < o0 and sup |lu (#,;)]ls0 < Up.
n—o0 }’ZGN

Hence by (4.1.11), there exists a number 7 € (0, co) and mild solutions v, : (x,t) €
X X [ty, ty + T) > vy, (x, 1) € R™ of problem (4.1.1) for an initial datum u (#,) on
the interval [#,,t, + 7). Hence by uniqueness, we get a mild solution u for the
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initial datum u¢ on the larger interval [0, Thax + T), which is a contradiction. This
completes the proof. O

If the initial datum is sufficiently regular, the mild solution becomes a strong one
on any time interval [T, Tmax), for any Ty > 0.

Theorem 4.1.3 (Existence of Maximal Strong Solutions) Let assumption (HA)
for each operator A; (i = 1,...,m) and the conditions of (SF1)—(SF2) for the
nonlinearity f be satisfied. Assume ug; € L (X) fori = 1,...,r (of course,
r = 0 is allowed) and ug; € D (Ai,p,.) C L™ (X) with p; € (,BA,-, oo) N (1, oo) for
i=r—+1,...,m. Then every bounded mild solution of Theorem 4.1.2 satisfies

u € CO¥ ([0, Tmax); L (X, R™)) (4.1.12)
and

8l—q; * (u; —u; (0)) € C ([0, Tiax) ; L (X)), i =1,....7, (4.1.13)
Qoo * (Ui —u; (0)) € C' (0, Tma) ; LX (X)), i =7+ 1,...,m, 4.1.14)
u; € C((0, Trax); D(Ai,pi)), i=r+1,...,m, (4.1.15)

for some k,y > 0. The bounded mild solution also satisfies the initial-value

problem (4.1.1)—(4.1.2) in a strong sense, namely, all equations are satisfied for
t € (0, Tiax) and almost all x € X, and

tglgl+ |l (2) — ”0||L°°(X) =0. (4.1.16)
Proof We define for i = 1,...,m, vi(x,t) = Su; @) uei, Gi(x,1) =
filx,t,u(x,t)) € R, for (x,t) € X x (0, Tmax). The integral solution for the
mild solution can be written, with the usual convention, fori =1, ..., m,

t

ui (1) = v; (z)+/ Py, (t —5) G (s)ds, fort € (0, Tpax) -
0

We argue separately for the diffusing and nondiffusing components. Let i = r +
1,...,m, and recall that each A; generates an analytic semigroup S; (: Si, p,-) in
the space L? (X). Let T € [To, Tmax) be arbitrary for any Ty > 0 and let 0 < Tp <
t <t + h < T in the estimates below. We first show in what sense the initial datum
is satisfied. We first have

I 1) = S (o llog = max s (1) = S i (4.117)
t
< max fo [ Pay (¢ = )| oo oo 1 52 10 (5D llog s
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1 t
< L (U) max / (t — )% ds
1<izm I' (@) Jo

%
<LU) max —— — 0,
1<i<m I' (o) o

as t — 07. Next, choose 6; > n;, 6;,n; € (,BAl./pi, 1) such that 6; = n; + u;.
Recall that we have (by Step 2 of the proof of Theorem 3.2.2),

(e |}(_Ai7pi)77i Py, (1) ”p’oo < G
as well as

< C,'ta’(l_”i).

Thus, we can argue as in Step 2 of the proof of Theorem 3.2.2 (see, in particu-
lar (3.2.16)—(3.2.18) by lettingg = 1, x + 1/g = «; (1 — 6;)) to deduce

lui (6) = uoi ll oo (X) = C [ (=As.p)™ i (1) = 0D i ) (4.1.18)
< i (1=6) (||M0i”D(A,',pi) +L (U)) ,
for some C > 0, independent of 7, which clearly shows (4.1.16) for the diffusing
components. We also need to prove that u; is continuous with respect to the time
variable. As in the proof of Theorem 3.2.2 (p := p;, Ap 1= A; p;, 1 = g2 = 00,
and so forth), see (3.2.19)—(3.2.31), we get
i (¢ + 1) = i @)l ooy < CTL WK, i =r+1,...,m,

for some « > 0 which depends on «;, B4,, n;. This yields (4.1.12) for the diffusing
components, namely

i € CO ([0, Tiax); L (X)), i =r +1,...,m. (4.1.19)

Now we consider the non-diffusing components. Let w = (u1, ..., u,) be the vector
of non-diffusing components and define

H: (x,t,w) € Xx[0, Tmax) XR" > H (x,t,w) = f (X, t, W, Ups1,...,Uy) €R

with f = (f1,..., fr). The components i = 1, ..., r, of the integral solution for
the mild solution then yields

t
w; (x, 1) = wo; (x) +/ 8a; (t — ) Hi (x,5,w (x,s))ds. (4.1.20)
0
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The assumption (SF2) together with (4.1.19) implies that
|H (x,1,6) — H (x,s,m| < Lt (U) (It =sI” + 15 —nl), (4.1.21)

forall (x,1,&), (x,s,n) € X x [0, T] x [—U, U]" (the existence of U > 0 follows
by construction of the mild solution ). Then we deduce fort > v > Oand i =
1,...,r,

lwi (x, 1) — w; (x, T)”LOO(X)

cLr <U>/ (= sy gg = Lr @@ -0
F(O‘l F(O{l )

and so w; € C%% ([0, Tymax); L (X)), which together with (4.1.19)
yields (4.1.12). The foregoing inequality also implies that

IE%L llwi (1) = woill ooy =0, i =1,....r

Recalling once again (4.1.19) and the Holder-Lipschitz condition (4.1.21), we easily
infer that H; € COY (10, Tmax) ; L*®° (X)), i =1, ..., r, for some y > 0. Hence, for
i=1,...,r by (4.1.20) and the fact that g;_y * g, = 1, it follows that

O w; (1) = H; (-, t, w) € C%7 ([0, Tnax) ; L= (X)). (4.1.22)

We finally get the first of (4.1.13). To prove (4.1.14)—(4.1.15) and the remaining
part of the statement of the theorem, we argue in a similar fashion as in Step 3 of
the proof of Theorem 3.2.2. Thus, the theorem is proved. m]

4.2 The Fractional Volterra—Lotka Model

We assume 2 is a bounded domain with Lipschitz continuous boundary 92 and
consider a predator-prey model which assumes a fractional version of the mass
action law for the interaction of the two species, predator and prey. As usual, denote
the density of prey by u = u (x, t) and of the predator by v = v (x, t). The dynamics
of the prey-predator interaction is governed by the following system of reaction—
diffusion equations

0fu+ Dy(=Aqu =u(f —bv), (x,1) €Qx(0,00),

4.2.1
v+ Dy(=A)v =v(—g+au), (x,1)€Qx(0,00), @20



4.2 The Fractional Volterra—Lotka Model 135

subject to the following set of boundary conditions
N2 = N272y = 0 0on 92 x (0, 00), (4.2.2)
and initial conditions
(u, v)|;=0 = (1o, vo) in Q. (4.2.3)

We refer to Appendix B below for a complete description of the boundary operator
appearing in (4.2.2). In general a, b, f, g are assumed to be positive constants.
Following a discussion in [10], a more general situation can be considered such
as, an inhomogeneous environment, symbiosis and saturation can be included by
letting the sources f, g depends on x and u, v. We shall consider this situation in
a forthcoming article. We assume diffusion rates D,, D, € (0, co) and consider
the case s,/ € (1/2,1) since the boundary conditions (4.2.2) makes sense only
in this case. Indeed, following an accumulation of evidence from a variety of
experimental, theoretical, and field studies [6, 9] we observe that both diffusion
operators (—A)g,, (—A)lQ offer a better foraging mechanism, than the classical
counterpart of Laplacian A, for the movement of animals around their natural
habitat (cf. also Appendix C, part I). When s,/ € (0, 1/2] and/or s,/ € {1}, the
subsequent results also hold with some minor modifications and different boundary
conditions than in (4.2.2) (see Sect. 2.3, for many other possible examples of
diffusion operators). The boundary conditions (4.2.2) play a similar role as in the
case of no-flux Neumann boundary conditions in that both populations of predator
and prey cannot penetrate the boundary 9€2. Indeed, we recall that each unforced
equation of (4.2.1)—(4.2.2) corresponds to a reflected Lévy process forced to stay
inside €2 (see, for instance, [1-3, 5, 7, 8, 12] for the probabilistic point of view). The
possible occurrence of a nonlocal derivative 0%, o € (0, 1] in the first equation
of (4.2.1) accounts for possible effects due to processes with time delay (i.e.,
“trapping” due environmental and/or predatory effects) in the population of prey
(see, for instance, Appendix C.1).
Let A; 2 and A; » be the operators on LZ(Q) associated with the closed forms

&p.9) = 2D, / / e _ffc(y ))y(@(:;)s—f/)(y Dixdy, 0.6 e w2,
QJIQ -
and
C - _
610,01 = i, /Q /Q (0(x) i(y_))y(ﬁvg SO gt op e WA,

respectively. Using the Green formula (B.0.7) we can show that A > and A; > are
realizations in L2($2) of Dy, (=A)g, and DU(—A)IQ with the fractional Neumann
boundary conditions A>~>¢ = 0 on 92 and N2_2lg0 = 0 on 02, respectively.
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More precisely we have that

D(hy2) = [ € W@ : Du(-A)pp € LAQ), N 2u=0 on 42),
Asop = Du(_A)§z¢~

and

{D(Az,z) ={p € W'2(Q), Dy(—A)5hp € LXQ), N*2u =0 on Q},
Arpp = Dy(—A)he.

It follows from [4] (cf. also Sect. 2.3) that the operators A; = As2 = —Ag»
and A; := A;p = Ay satisfy the assumption (HA). Throughout the following
for p € [1, oo] we shall denote by Ay , and A; , the generator of the associated
semigroup on L?(2). For p > 2, each such generator possesses in fact the explicit
characterization (2.2.10). In addition we shall let

L®() L°(2)

L () := D(As.00) and L;°(Q) := D(A},»0)
We have the following existence result of global strong solutions in the sense
introduced in the previous section (see Theorem 4.1.3).

Theorem 4.2.1 Let 1/2 < 5,1 < 1, Ba, := N/(2s) and Ba, = N/(Q2l). Take
initial data uy € D(As,p,) C L®(R), vo € D(A1p) C L*®(RQ) for some ps €
(Ba,, 00) N (1,00), pr € (Ba,, 00) N (1, 00) such that ug > 0, vo > 0. Then the
system (4.2.1)—(4.2.3) has a unique global strong solution u > 0, v > 0 on the time
interval (0, 00) satisfying

lim [u(?) — uollLe) = 0, 4.2.4)
t—0
lim [lv(#) — vollLo() = 0. (4.2.5)
t—0

In addition for every T € (0, 00) the following estimates hold:

sup |lu(®)|lLe(@) < 00, (4.2.6)
O<t<T

sup [lv(®)llL=(@) < 0o. 4.2.7)
O<t<T

Proof Let ug and vg be as in the statement of the theorem. Recall that the operator
A2 and A satisfy the assumption (HA). Define the function F : € x [0, 00) X

R?> — R2 by F(x,1, (&, 1)) := (E(f —bn), n(—g + as)). Then F satisfies the

assumptions (SF1) and (SF2) with y = 1. It follows from Theorem 4.1.3 that
the system (4.2.1)—(4.2.3) has a strong solution (u#, v) on some maximal interval
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[0, Timax)- The strong solution is given by the integral representation
t
) = SO + [ Pualt =) (= bo) (01, (428)
t
v(1) = Sy()vo +/ So(t — 1) (v(=g +au)) (v)dr, (4.2.9)
0

where S,  (t), Sy (¢) denote the resolvent family and semigroup on LZ(Q) generated
by the operators As 2 and A; 2, respectively. Here we have also defined

[o¢] oo
Sua () w:= f Dy (1)S, (1N wdt, Pyot)w = ar®! / T, (1)S, (Tt wdT
0 0

and set P, 1(t) = S,.1 (¢) := S, (¢). Recall that ug > 0 and vp > 0 on 2 and define
the functions k, 2 : Q x (0,00) x R — R by k(x,1,&) = &(f — bv(x, 1)) and
hix,t, &) = &(—g + au(x,t)). Since k(x,t,0) = h(x,t,0) = 0, it follows from
Theorem 3.6.1 that u(x, t) > 0 and v(x,t) > Oforae. (x,1) € Q2 X [0, Trax)-

Note that each component of F satisfies the assumption (F6) for u > 0, v > 0.
Applying Theorem 3.4.11, we get that there exist two constants C, Cp > 0 such that
forevery0 < T < oo,

sup [lu@llze) < C (luollizo@) + Ea,1 (CoT) + T Eq,1 (CoT) f)
O<t<T

(4.2.10)

and we have shown (4.2.6) for any o € (0, 1]. Next we consider (4.2.9) and let
p(x,t,&) = (—g + au). Since g is a positive constant and u > 0, we have

h(x,t,6)€ = p(x,1,6)E* = (=g +au)&* < au(x, HE>.

It follows from (4.2.10) that co := sup,¢o 7) lau(x, t)llL=@) < oo. We have
shown that & also satisfies the assumption (F6). Then applying Theorem 3.4.11
once again and recalling Corollary 3.4.14, we get that there there exist two constants
C, Co > O such that forevery 0 < T < o0,

sup |v(0)ll (@) = € (ol +co (T + 1) e@T). (4.2.11)
te(0,7T)

We have shown (4.2.7). Together with (4.2.6) we can conclude that T, = 00 (see
Sect. 4.1). For (4.2.4)—(4.2.5), we refer once again to the proof of Theorem 4.1.3
(see (4.1.18), (4.1.17) and set oy = «, ap = 1, in which case Py, = Pyq,
Py, = Sy); they easily follow now on the account of (4.2.10)—(4.2.11). The proof is
finished. |

We recall from (3.1.4) that ng := B4, 0, o € (0, 1] and ny := By,.
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Theorem 4.2.2 Let po, g0 € [1, 00] such that Ba,/po < 1 and consider initial
data 0 < ug € LP0 (), 0 < vg € L (Q). Then the fractional Lotka-Volterra
system (4.2.1)—(4.2.3) has a unique global mild solution u > 0, v > 0 on the time
interval [0, 00), given by (4.2.8)—(4.2.9), which is also a strong solution on (0, 00).
Moreover, the pair (u, v) satisfies

Iim |ju(t) —u =0, lim ||v(t) —v =0, fork €1, ,
v llu (7) 0||L1(Q) vt v () 0||Lk(sz) fe (1, q0)

(4.2.12)
and the following estimates, for any T € (0, 00):
sup (t A DY Jlu ()l o) < 00, p € [po, 001, (4.2.13)
te(0,T)
sup (t A DY v ()l e < 0. ¢ € [q0, 0], (4.2.14)
te(0,T)

where

The proof of the theorem follows from a series of propositions and lemmas that
we subsequently give. In what follows one can start with more regular initial data
due to the statement of Theorem 4.2.1 and then deduce all the required estimates
with less regular initial data by exploiting a standard approximation argument.

Proposition 4.2.3 Every nonnegative solution (u, v) satisfies the following esti-
1
mate

1

e )o@y < ol (Eat (£1)) (4:2.15)

forallt € (0,00) and a € (0, 1], po € [1, 00).

Proof We derive the estimate in case pg € (1, 00), the cases py € {1, oo} follow
directly from a limit argument in (4.2.15). Multiply the first equation of (4.2.1) by
pouPo~!, integrate the resulting identity over €2, then exploit the first inequality of
Proposition 3.4.9 if o € (0, 1) and use the fact that u, v > 0. We find that

07 (I O g)) = £ 1 O

IThe Mittag-Leffler function E; ; (x) = e*.
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for all + > 0. The comparison principle of Lemma A.0.7 then immediately yields
the result since the unique solution of 37y = fy is y = y (0) Eq,1 (ft%). O

Lemma 4.2.4 Let py € [1, 00] such that Ba,/po < 1 and assume sufficiently
smooth data (ug, vo). Then for every T € (0, 00) there exists a constant M =
M (T,2,a,b, f,g) € (0,00) such that

sup (¢t A D> [lu ()l Lry < M, p € [po, o0]. (4.2.16)
te(0,T)

Proof We apply Lemma 3.4.3 to the equation in u and use the one-sided version due
to Remark 3.4.5 since u,v > 0. The weight function c (x,t) = f is constant, we
have q1 = q2 =1y =00, r1 = poand y = 1 and we can find a number b € [0, 1)
satisfying (1 - I;) ﬁ;—;a < o — ¢, for some ¢ € (0,a). Note that Bs,;/po < 1 is
equivalent to Ba o/ po = ns/po < a. The assertion (3.4.18) of Lemma 3.4.3 then
implies the existence of a constant Cy > 0 independent of ug, u, U,t and T such
that

—ns 1/(1-b
lu (- D)l gy < Cx(t AT) 70 |:||“0||LPO(Q) + Y (1) <U +U /( )>j| ,
4.2.17)

forallt € (0, T). This yields (4.2.16) for p = oo since by the definition of U, ¢
and (4.2.15), we have

(1-7)
U= f I+ lulllyy g < 00

In case p = po, estimate (4.2.16) is just the a priori estimate (4.2.15), namely, it
follows that

sup |lu (Dlizroy = M1 (T, f) < o0. (4.2.18)
1€(0,T)

Since both LP0 () and L*° (Q2)-estimates are now readily available by (4.2.18)
and (4.2.17), we can use the interpolation inequality

1—
lull oy < Nl Tl 2P . p € [po. ool (42.19)

to derive the desired estimate in (4.2.16) for arbitrary p. O
Lemma 4.2.5 Under the assumptions of Lemma 4.2.4, every nonnegative solution
v of (4.2.1)-(4.2.3) satisfies

sup [[v (1)l Loy < 00, for qo € [1, 00]. (4.2.20)
te(0,7T)
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Proof Consider the weight function ¢ (x, 1) = —g +au (x, t) and notice that v > 0
is a solution of

v+ Ay 2v = cv, v (0) = vo.

Multiply this equation by gv?~! and integrate the resulting identity over Q. Since

(AI,ZU» Uq_l) >0
L2(Q)

by (2.2.11), we find

o gy < gV Oy lle )

for all ¢ € [0, T']. This inequality implies that

O lv O llza) < lv@Ollzae) lle @ L)

and the application of Gronwall’s inequality yields
1o ()l < ol Lagy eloleCMix@ds, (4.2.21)

for any g € [1, 00). Notice that in view of (4.2.17), |lc (¢, )| Loo(q) ~ t~1s/Po for
t € (0,1) and [[c (¢, ) pw(@) < Cr fort > 1; thus we have |[c (¢, )L~ ) €
L' (0, T) since ns /po < o < 1 by assumption. In particular, we infer from (4.2.21)
and (4.2.17) the existence of a constant M = M(T, po,ns, &, a, f,ug) > 0,
independent of g, such that

lv@llLay < M llvollpeqy, t €10, T1,

which is exactly the primary estimate (4.2.20) for ¢ = go € [1, 00). Passing to the
limit as ¢ — oo in the previous inequality, we also get the estimate (4.2.20) for
qo = 00. We thus conclude the proof. O

We can now show that v satisfies the smoothing property (4.2.14).

Lemma 4.2.6 Under the assumptions of Lemma 4.2.4, for every T € (0, 00) there
exists a constant M = M (T, 2, a, b, f, g) € (0, 0o) such that

sup (t A DY v (D)l ey < M, g € [q0, 0]. (4.2.22)
te(0,7)

Proof We first notice that estimate (4.2.16) with p = oo implies that ||u o 4, < M,
for some g € (1,1/8), 8 := ngs/po < o < 1. This time we apply Lemma 3.4.3
to the equation in v with the weight function c (x, t) = —g + au (x, t) which now
satisfies llelloo,q, < My, and set gy = r2 = 00, q2 := q2 € (1, 1/8), r1 = qo
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and y = 1. The constant M € (0, co) depends on the final time 7 > 0 but is
independent of ¢. Indeed, we can find a new number b € [0, 1), sufficiently close to
1, satisfying

1 -
—+<1—b)ﬂ<l—8,
q2 q0

for some ¢ € (0, 1). It follows from the assertion (3.4.18) of Lemma 3.4.3 that there
exists a constant C > 0 independent of vy, v, V and ¢ such that

1o (. D)l ey < Cot A D™D |:||M0||L<10(Q) +Y @) (v + v”(l‘”))] ,
(4.2.23)

forall# € (0, T]. Here, V < o0 is defined as

(1)

V= 11+ lllgy o0 7 lelocs -

This yields estimate (4.2.22) for ¢ = oo. Next, recall that v also satisfies (4.2.20);
this allows us to exploit an interpolation similar to (4.2.19) in the spaces L*° (R2) C
L7 (2) C L9 (R2). Thus we arrive at the desired estimate (4.2.14) for an arbitrary
q € [qo0, 0o] and we conclude the proof. O

Proposition 4.2.7 Assume po, qo € [1, 0o] are such that Ba,/po < 1. Then the
following assertions hold.

(a) There exists a constant M > 0 such that for every t € (0, 1), we have

[ (1) — Sue () uo ||qu(9) < Mt%, v (@) = Sy (1) voll oo () < Mt°,
(4.2.24)

for some ¢ > 0, for po, qo € [1, 00).

(b) Fori = 1,2, let (ui, v;) be a solution of (4.2.1)—(4.2.3) corresponding to an
initial datum (up;, vo;) . Then for every T € (0, 00), there exists a constant
C =C(T) € (0, c0), independent of (u;, v;), such that

Mur — uzllloo,s,7 + lllvi — v2lllgy.0,7 (4.2.25)
< C (luor — uo2llLro ey + llvor — vozll oo ) -

Proof By the integral formula (4.2.8) and estimate (4.2.13) with p = oo and
8 = ng/po, fort € (0,1) we have as in (3.1.16) (with so := go, po := qo,
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g2 = 00, 41 := q0),

t
|l @) = Sua @) w0 Lao gy = C/O @A D™ dr (lullloos,1) (14 v lgg0,1)
< Mt,

for some ¢ > 0. The same argument applied to the difference v (r) — S, (¢) vo
in (4.2.9) gives the required estimate in (4.2.24).

In order to show (4.2.25), we take ¢ := 1 —§ > 0, where § = ng/pg. Subtracting
the integral equations (4.2.8) corresponding to each i = 1, 2 and u;, we obtain

lluy (1) = uz (Dl ooy < || Sue @O luor — uo2llLro(e) (4.2.26)

9, Po

! s
F A [ P9, 6 A1 ds,

0 .

where

A (i, vp) = [llur = uallloes,7 (1 + Hv1lllg0,0,7) (4.2.27)
+ (14 u2llloos.7) o1 = v2llge.0,7 -
We can apply Lemma A.0.1 to the second summand in (4.2.26) and exploit the

global bounds (4.2.13)—(4.2.14) to estimate the corresponding norms for u#> and v.
We deduce

Hur — uzllloo,s.s (4.2.28)
< Cluor — uoz2llLro(q)

+CrY (@) (ley = w2llloo 5.7 + 1 = v2lllge.0.7) -

for all + € (0, T], for some C > 0 independent of ¢. Arguing similarly for the
v-component, we find

lvr (1) — v2 @)l Lo @) = I1Sv (Dl49,40 IV01 — V021l L90 (02
t
+ Cr A (u;, vi)/ (s AD)7ds
0
which yields

lllvr = v2lllgg.0.0 = C llvor — vo2llLao () (4.2.29)

+ CrY (@) ([lur — u2llloos. 7 + llvr = v2lllg0.0.7) »
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for all + € (0, T]. Choose now a small enough # > 0 such that C7Y (h) < 1/2
into (4.2.28)—(4.2.29). We obtain

et —uzllloo,s.n + 1= v2llg9.0.n < M (T) (o1 — uo2ll Lro () + llvo1 — vo2ll Lao (g2)) -
(4.2.30)

With the same proof, we can also infer that

M@ —u2) Gy 10+ Illoo,s,n + 101 = v2) ¢ 20 + )lllgo,0n (4.2.31)
<M (T) (Il(u1 — u2) (10) | o) + (V1 — v2) (t0) |l L90 () »

for all 7o € [0, T). We can now apply the estimate (4.2.31) successively for j =
0,1,2,..., with initial data (u, v) (f9 + jh). Then the assertion (4.2.25) follows by
induction on j and we finish the proof of the proposition. O

Proof (Proof of Theorem 4.2.2) The proof follows now by a simple procedure
where we approximate any rough nonnegative initial data (ug, vg) € LP° (Q2) X
L9 (L2) by a sequence of nonnegative functions (1o, von) € D(Ay p,) X D(A; p)
(for some sufficiently large p; € (Ba,,0), pr € (Ba;» 00) and py, p; > 2) such
that

luon — uollLro@y = 0, llvon — vollLg0 (@) — 0, asn — oo
with
luonllLro@) < llwollLrocy» NvonllLao) < llvollLewo ) -

The above lemmata and propositions then hold with the constants M, My, C, Cy >
0 independent of n for the sequence of strong solutions (u,, v,). Thus, asser-
tion (4.2.25) of Proposition 4.2.7 implies that the sequence (u,, v,) converges to
(u,v)in Exo 5,7 X Egy0,7,and all the a priori estimates derived in this section also
hold for the limit solution (u, v). It is then straightforward to show from (4.2.8)—
(4.2.9) that (u, v) is also the mild solution of system (4.2.1)—(4.2.3) for an initial
datum (ug, vg) € LP° (2) x L9 (2) (see Chap. 3 and Sect. 4.1). In particular every
such mild solution (u, v) is global and bounded on [Ty, co) for every Ty > 0, and
one can use arguments as in the proofs of Theorems 4.1.3 and 3.2.6, respectively,
to show that (u, v) is also a strong solution on [27), c0). The continuity properties
in (4.2.12) follow also immediately by virtue of (4.2.24) and Remark 3.1.2. |
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4.3 A Fractional Nuclear Reactor Model

Let @ C RY be a bounded domain with Lipschitz continuous boundary 9 and
consider the following parabolic system as a prototype for a nuclear reactor model
that we believe has a more realistic physical interpretation than the classical one (see
Appendix C). Let u = u (x, t) represent the fast neutron density and v = v (x, ¢)
be the fuel temperature at any point x € Q2 and for any time ¢ > 0. The system for
(u, v) reads

0fu+ (—Ayqu=u@ —bv), (x,1) € Q x (0,00),

s (4.3.1)
0, v=—cv+au, (x,t) € 2 x (0, 00),
subject to the following set of boundary and initial conditions:
N*25 = 00n 8% x (0,00), (u, v)— = (o, vo) in . (4.3.2)

Here s € (1/2,1), o, 8 € (0, 1) and X, a, b, ¢ are positive constants in the model
equations (4.3.1)-(4.3.2) and (—A)g, is the regional fractional Laplace operator in 2
(see (2.3.19)) and N>~2% denotes the corresponding fractional Neumann derivative
(see Sect. 2.3). The first (unforced) equation of (4.3.1) may be derived from a
continuous-time random walk with temporal memory (see Appendix C.3), while
incorporating avalanche-like transport effects in the neutron density and the second
equation can be analogously derived on similar principles as those considered in
Appendix C, by ignoring any diffusion effects in the fluid temperature v. We note
that the case s = o = B = 1 has been treated by Rothe [10] in some detail as a
simple reactor model proposed in [11].

Note that the first equation of (4.3.1) is structurally the same as the equation
for prey in the fractional Lotka-Volterra model investigated in Sect. 4.2. Thus the
arguments appear to be even more simple than in that case provided that we can
derive suitable a priori estimates for the fluid temperature in (4.3.1). Let S, (¢)
denote the semigroup on L2(2) generated by the operator A 5.2, as given previously.
Consider a sufficiently smooth initial datum (i, vo) and its corresponding solution.

Proposition 4.3.1 The fluid temperature v satisfies the following estimate

1/g—1
sup lu ()l Lo f »
)

1
sup v (D)l a() < €' max{”m”“(m T (Ceq) T et
& )

1e(0,T)
(4.3.3)

for some ¢ > 0 depending only on a, ¢, and some constants C, Cg > 0 independent
ofq € [1,00].
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Proof By application of Proposition 3.4.9 into the second equation of (4.3.1), we
get

o (I0 O1a)) + a0 Ol g,

-1
< aq v (Ol 4 lu OllL=@)

q
saslq( sup ||u<r)||mg>> +ae (g — 1) v O)llyq -
te(0,7T)

for all + > 0. This inequality implies for a sufficiently small ¢ € (0, ca/2] and
Ce = c¢/2, that

of (I Olfug) + Ceallv Ol

q
<M:=a (sl/q_l sup |lu (t)||L°C(Q)) .
1€(0,T)

We infer by Lemma A.0.8 the existence of a constant C > 0, independent of ¢, such
that

q
a
o (ON1%,.q) < Cmax { lvollLy s —= (797" sup [lu ()]l o -
L4(S) L4(S) (ng)l/q re(0.T) ()

Taking the 1/g-root on both sides, this inequality gives the desired assertion
in (4.3.3) for every g € [1, 00). Since the constants C, C, involved in (4.3.3) are
independent of g, we also recover the estimate in case ¢ = 00, by passing to the
limit as ¢ — oo in (4.3.3). m|

In view of the simple estimate of Proposition 4.3.1, we can derive the existence
of unique global strong solution in the sense of Theorem 4.1.3.

Theorem 4.3.2 Let 1/2 < s < 1 and Ba, = N/(2s). Take initial data ugy €
D(As,p,) C L*®(R), vg € L*®(RQ) for some ps; € (Ba,,00) N (1, 00) such that
ug > 0, vg > 0. Then the system (4.3.1)—(4.3.2) has a unique global strong solution
u > 0,v > 0 on the time interval (0, 00) satisfying

lim [|u() — uollLe@) =0, lim [|[v(#) — vollLeo(e) = 0. (4.3.4)
t—0 t—0

In addition for every T € (0, 00) the following estimates hold:

sup flu(®)llLe@y <00, sup [[v(#)|lLe(q) < 0. (4.3.5)
0<t<T 0<t<T
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Proof Letug and vy be as in the statement of the theorem. We can infer the existence
of a maximally defined strong solution by Theorem 4.1.3, given as

t
u(t) = Sy.o(t)uo + / Pyo — 1) (u(X —bv)) (r)dr, (4.3.6)
0

t
v(t) = vo + / gp (t — 1) (—cv +au) (t)dr, 4.3.7)
0

for ¢t € (0, Tmax). A similar argument to the proof of Theorem 4.2.1 successively
yields that u(x, ) > 0 and then v(x,#) > O for a.e. (x,1) € Q x [0, Tnax) since
g (m,0) = au > 0 (for g (u, v) := —cv + au). Moreover, the first bound of (4.3.5)
is satisfied by the same arguments of Theorem 4.2.1. Consequently, so is the second
bound of (4.3.5) on account of (4.3.3) in case ¢ = oo. The continuity properties
in (4.3.4) follow also by similar arguments on account of (4.3.5) with the exception
that for the integral solution v we have a more direct estimate from (4.3.7). The
proof is finished. O

As a consequence of Proposition 4.2.3 and Lemma 4.2.4 we immediately have
the following estimate since the equation for u is the same as for the fractional
system (4.2.1)—(4.2.2).

Proposition 4.3.3 Let pg € [1, oo] such that B4,/ po < 1 and assume a sufficiently
smooth datum ug. Then for every T € (0,00) there exists a constant M =
M (T, 2, b, \) € (0, 00) such that

sup (1 A D% Jlu ()l o) < M, p € [po, ool (4.3.8)
te(0,7T)

where §; > 0 is as in the statement of Theorem 4.2.2.

We now derive some uniform a priori L?-estimate for the temperature. Of course,
there is no smoothing effect in the component v other than the one implied by «. In
other words, v turns out to be as regular as « but no more. Since u, v > 0, we have
by (4.3.7) that pointwise in time,

t
v(t) <v(t) :=v9+ a/ gt —tu(r)dr 4.3.9)
0
and so it suffices to derive the required estimate for v.
Proposition 4.3.4 Under the assumptions of Proposition 4.3.3, it holds for any vy €

L9 (2), g < pwith p € [pg, 0] and T € (0, 00), the estimate

sup [[v ()llpa@) < o0 if B = ds
te(0,T)
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and

sup (1 A D> P v (Ol o) < 00 if B < 8.
t€(0,T)

Proof We have

t

v DllLa@) < llvollLe(e) +a/0 gp (t = 1) lu(D)llLe (@) dT (4.3.10)

< llvolle¢@) +C ( sup (t A D Jlu (t)”LP(Q))
te(0,7T)

t
X / gpt—1)(T A )% dr.
0

A basic change of variable s = 7/t gives fort < 1,
t 1
/ gt — 1) (T A dr = CptP / 57 (1 —s)fldr,
0 0

where the latter integral is convergent since 8 > 0 and 6 = % (1 - %) <

o <1 — %) < o < 1. When r > 1 we argue as in the proof of Lemma A.0.1 to
split the integral over intervals k < ¢ < k + 1, such that

t 1 2 k—1 -1 t
/=/+/+...+/ +/ +/.
0 0 1 k=2 k—1 1—1
It follows that

t
/ 8B t—1) (T AD)Sdr<Ck+1)<2Ct,
0

for some constant C > 0 independent of ¢, T. We then infer the existence of a
positive constant My = My (M, 2, a, T, vy) € (0, 00) such that

sup (t A D> PO ()l o) < Ma, if B < 6
te(0,7)

and

sup V(D) llpa@) < Ma, if B > 6.
1€(0.T)

We may now conclude using (4.3.9). O
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Proposition 4.3.5 Let the assumptions of Proposition 4.3.3 be satisfied and let q €
[1, po] such that vy € L (2) . Then the following estimate holds:

sup lv (D) llza0 @) < llvollzao @) + Crs (4.3.11)
1€(0.T)

for some constant Ct € (0, 00) that depends only on the LP° (2)-norm of ug, T
and the other physical parameters of the problem.

Proof Let T € (0, co) be arbitrary. The Holder inequality on the bounded interval
[0, T'] yields in (4.3.11), owing to the fact that gg € L', T),

sup [0 () llzao @) < llvollzao(@) + Cr llullpooo, 7:Lr0 () »
te(0,7T)

for some Cr = C (a, 2, T, B) > 0 independent of . Application of (4.3.8) with
p = po then gives the desired estimate in (4.3.11) since §; = 0 and v < V. |

Proposition 4.3.6 Assume pg € [1, oo] such that Ba,/po < 1 (& ns/po < ) and
qo € [1, pol N (Ba,, oc]. Then the following assertions hold.

(a) There exists a constant M > 0 such that for every t € (0, 1), we have
|t @) = Sua @ w0 oy = ME%, v (@) = vollLao (@) < M, (43.12)

for some small ¢ > 0.

(b) Fori = 1,2, let (uj, v;) be a solution of (4.3.1)—(4.3.2) corresponding to an
initial datum (uo;, vo;) . Then for every t € (0, T), there exists a constant C =
C (T) € (0, 00), independent of (u;, v;), such that

Wy — w2l pg.0.0 + 1lvr = v2lllg.0.r (4.3.13)

< C (luor — uo2llLro ey + llvor — vozll oo gy) -

Proof We first prove (4.3.12) by following a similar argument that we employed in
the proof of Lemma 3.1.5 (see (3.1.16)) by viewing ¢ (x, t) := A —bv, f (x,t,u) =
c(x,t)u, with g1 := qo, g2 := oo. Tothisend,let T € (0,1),0 <t < T and
recall the uniform estimates (4.3.8), (4.3.11), which imply that

lelllge,0r = C NI+ vlllgg0.r < Ni, [Hlullllp s, 7 < No. (4.3.14)
Then let s¢g € [1, oo) be such that

n

1 Ng
6 < —and — 4+, + e < a +
50 Po

S0

for a sufficiently small ¢ € (0, o] such that ¢ + 6; < . We subsequently apply the
statement of Lemma A.0.1 with the choices p := pg, s1 := S0, 52 := 00, 0 := &,
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8 := 0 and ¢ := ¢ (note again that r () = |c (-, t)||LqO(X) and ps, (r) = llclly,00)-
Once again if 59 > po is arbitrary we have that ng/so — ns/po € [0, 2w) is trivially
satisfied, while if 5o < po one may choose s¢ sufficiently close to pg € [1, 0o0) such
that 1/s9 < 2/B4, + 1/po. Note that the assumptions of Lemma A.0.1 are satisfied
with the above choices of &, s1, 52, p, €,60,since 0 < 6, <o < land ¢ + &5 < «,
and

Ng Ng
— <o+ —.
50 Po

Indeed, by virtue of Holder’s inequality, for all ¢+ € (0, T'] C (0, 1) we have

Ju ¢ 1) = Suatio] oo g (4.3.15)

t
< (fo [ P (¢ = D) iy & A D™ 1= Bl ) dr) 1l 1,7

= CHI +vlllgg,0,7 2" Mullllp 5,7

< CN|Njt®

owing once again to (4.3.14). This gives the first of the assertion (4.3.12). For the
second estimate, by (4.3.7) we have for every 1 < g < qo,

t

10 () = voll oo < /O g5 (1 — D) | (—cv +aw) Ol peeydr  (4.3.16)

t

< C(||||v||||qo,0,T+||||u||||,,0,o,T)f gp (1 — 1) dt
0
< C (N1 + N,
foral0<r<T < 1.
Next, we prove the continuous dependence estimate (4.3.13). By virtue
of (4.3.14), from (4.2.27) we have the uniform bound
A (i, vi) < [llur —uzlllpg.0,r (14 N1i) + (I + N2 [[lvr — v2lllgg.0.¢

so that the same argument exploited in (4.3.15) in the integral formulation (4.3.6)
for the difference u, yields for ¢t € (0, 1),

w1 — u2llll py.0.e < C llwor — uo2llroy + Ct* llllvr — vallllgg 0, - (4.3.17)
By (4.3.7), we obtain as in (4.3.16), for ¢ < go < po, that

lvi (1) — v2 (Dl e (@) (4.3.18)
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t

< llvor — voz2llLa(g) +/ gp (t — 1) [(—cv +au) (t) e dt
0
<llvor — vozll gy + €17 (Illvi = vallllgy.0.0 + N1 — w2l pg.0.) -

Define p := min {g, 8} > 0 and the function

¥ (2) = llllvr = vallllgg,0,0 + HHur = uallll pg 0,6 -

By the estimates (4.3.17)—(4.3.18), for a sufficiently small # < 1, it holds

¥ (1) < C (luor — uozll oy + llvor — vozll o)) + Ct2°% (1), (4.3.19)

for some constant C > 0 independent of ¢. Further choose fy < 1 such that C té) <
1/2 and observe that (4.3.19) also implies

¥ (1) < 2C (luor — uozllLro ey + llvor — vozllLao(g)) - (4.3.20)

for all + € (0, tp]. Finally, we can employ (4.3.20) successively with initial data
(u,v) (t +ityg), fori =0,1,2,...,since by (4.3.8) and (4.3.11),

sup ([lu (z + ito) | Lro () + lv (¢ +it0)ll a0 (@)) < N3
ieN

Indeed, for the same step size f, the assertion (4.3.20) yields the estimate

sup  (11l1vr = vallllgg.00 + 1 = w2llll g,0.) (4.3.21)
telto+ito,to+(i+1)10]

< C (1 — u2) (o + ito) I Lro (e + 1(v1 — v2) (o + it0) I Lo (@) -

forall i € {0, 1,2,....}. Then the assertion (4.3.13) on the whole interval (0, T')
follows by an induction procedure on i, applied successively in (4.3.21). Thus, the
proposition is proved. O

We conclude the section with the second result concerning the well-posed
problem of mild solutions.

Theorem 4.3.7 Assume po € [1, 0o] such that Ba,/po < 1 and qo € [1, po]l N
(Ba,,o0l, and let 0 < up € LP°(2), 0 < v € L9 (Q) be such that up > 0
and vo > 0 a.e. on Q. If po = oo, in addition assume ug € L°(2). Then the
fractional system (4.3.1)—(4.3.2) has a unique global mild solution u > 0,v >
0 on the time interval [0, 00), given by (4.3.6)—(4.3.7), which hold as absolutely
convergent Bochner integrals in L' (Q). Moreover, the pair (u, v) satisfies

lim [[u (1) — uollpro@) =0, lim |lv () — vollLe0 @) =0 (4.3.22)
t—>0t t—>0t

and the uniform estimates stated in Propositions 4.3.3 and 4.3.5.
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Proof The proof follows by a standard approximation procedure. The initial datum
(ug, vo) € LP0(Q2) x L9 (Q2) can be approximated by a convenient sequence of
regular initial data (uq,, vo,), according to the statement of Theorem 4.3.2. In
particular, this sequence may be chosen such that

lim [||M0n — uollLro(@) + llvon — UO“L‘IO(Q):I =0 (4.3.23)
n— oo
and

luonllzro) < lluollLroy > lvonllzgo @) < llvolleo () » (4.3.24)

for all n € N. Let now (u,, v,) be the global strong solution for an initial datum
(uon, von)- All the constants occurring in Propositions 4.3.3—4.3.5 can be chosen
independent of n € N, owing to (4.3.24). Furthermore, the assertion (4.3.13)
of Proposition 4.3.6, together with (4.3.23), implies that the sequence (u,, v,)
converges to (u, v) € Epy s, 7 X Egy 0,7, in the sense that

Hvn = vllllge.0.6 + [lun — ullll py.0.0 = 0, asn — oo,

forall # € (0, T') . Besides, all the estimates of Propositions 4.3.3—4.3.5 hold for the
limit solution (u, v) as well. By the same arguments as in the proof of Lemma 3.1.5,
it is now straightforward to show that (u, v) is indeed the mild solution of the
system (4.3.1)—(4.3.2), for any initial datum (uq, vg) . The conclusion (4.3.22) is
also a consequence of Proposition 4.3.6 and Remark 3.1.2. O

Corollary 4.3.8 The mild solution (u, v) of (4.3.1)—(4.3.2) is also regularizing in
the sense that its first component u becomes a global strong solution on [Ty, 00),
for every Ty > 0, as well as, the second component v € L™ ([Ty, 00); L™ (2)).
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