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Preface

This research monograph is motivated by problems in mathematical physics that
involve fractional kinetic equations. These equations describe transport dynamics in
complex systems which are governed by anomalous diffusion and non-exponential
relaxation patterns. Such fractional equations are usually derived asymptotically
from basic random walk models; among them we quote the fractional Brownian
motion, the continuous-time random walk, the Lévy flight, the Schneider-Grey
Brownian motion, and, more generally, random walk models based on evolution
equations of single and distributed fractional order in time and/or in space (see
Appendix C, for a description of the literature). Although there exists some
mathematical theory about the solvability of nonlinear parabolic fractional kinetic
equations, of the kind introduced in the monograph, none of the known results
could be used to prove global existence and global regularity of solutions for these
systems in a unifying and systematic fashion. In this situation, we gave proofs
under quite transparent conditions on the nonlinearities involved, for a large class
of unbounded operators that typically arise in the applications (see Chap. 1, for a
complete overview). Afterwards, it turns out that these methods can be generalized
and applied to reaction—diffusion systems of fractional kinetic equations. Among
them, we have considered the fractional Volterra—Lotka model and the fractional
nuclear model, as canonical examples that arise in population dynamics and nuclear
dynamics. For the time being, the subject is clearly still open with many issues that
remain still unresolved (see Sect. 1.3 and Chap. 5, for further discussions).

The reader is assumed to be familiar with the elementary theory of differential
equations (such as the application of fixed-point theorems to parabolic problems)
and have some basic understanding of the Lebesgue integration theory. A working
knowledge of nonlinear PDE theory may be helpful, but it is not absolutely required.
In this regard, the monograph may be used as a first graduate course on fractional
differential equations for students in the mathematical and physical sciences. The
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stimulation of additional work by researchers in all scientific disciplines is also one
of our other objectives.

Miami, FL, USA Ciprian G. Gal
Fairfax, VA, USA Mahamadi Warma
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About This Book

We consider fractional kinetic equations characterized by the presence of a nonlinear
time-dependent source, generally of arbitrary growth in the unknown function,
a time derivative in the sense of Caputo, and the presence of a large class of
diffusion operators. Besides classical examples involving the Laplace operator,
subject to standard (namely Dirichlet, Neumann, Robin, dynamic/Wentzell, and
Steklov) boundary conditions, our framework includes also nonstandard diffusion
operators of “fractional” type subject to appropriate boundary conditions. We aim
to give a unified scheme and analysis for the existence and uniqueness of strong and
mild solutions and then deal separately with the global regularity problem. Then
we extend the analysis to systems of fractional kinetic equations that include prey—
predator models of Volterra—Lotka type and chemical reactions models, all of them
containing possibly some fractional kinetics.
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Chapter 1 )
Introduction Check for

In this monograph we address some topics related to the well-posedness problem
(in the sense of Hadamard) of nonlocal partial differential equations, which, in the
context of mathematical physics, are also often referred to as fractional in time
parabolic equations. These are known to possess solutions that exhibit anomalous
behaviors [27, 28].

The nonlocal in time problem may be formulated roughly as follows. Consider
an evolving nonlinear system, either described in terms of a partial or ordinary
nonlocal differential equation, containing possibly some fractional kinetics. In
brief, fractional kinetic equations occur often in the description of transport
dynamics in complex systems which are governed by anomalous diffusion and/or
non-exponential relaxation patterns. These equations are generally derived asymp-
totically from basic random walk models by various approaches in probability
theory (see Appendix C). Given a time interval 0 < r < T, and an initial state uy,
the goal is to determine whether the corresponding initial-boundary value problem
(or initial-exterior value problem) can be solved globally and uniquely for any time
T > 0. More precisely, the problem reads! for0 <o <1,

u=Au+ f(x,t,u) inX x (0, T], u(-,0) =upin X. (1.0.1)

Here X stands for an appropriate physical domain and f is a nonlinear, possibly
time-dependent source, that is generally of arbitrary growth in the unknown function
u. The precise assumptions regarding the operator A and the space X shall be stated
precisely in Chap. 2. More concrete examples of operators and spaces X that enter
in our framework will be given in Sect. 2.3. Finally, we shall introduce the classes
of admissible nonlinearities f in Sect. 3.1. A preliminary discussion regarding the
nonlinearity f will be done in Sect. 1.2.

I The fractional derivative 9/ is meant in a generalized Caputo sense, see Sect. 2.1.
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2 1 Introduction
1.1 Historical Remarks

This is a classical problem in the theory of differential equations for « = 1 and
the scientific literature on its global solvability is quite large when o = 1. We refer
for instance to the book of Henry [19], Arendt et al. [5], Engel and Nagel [17] and
Cholewa and Dlotko [10] for an introduction to this topic. There has been intensive
research in this area for the ordinary problem when o € (0, 1) and A = 0 in the last
two decades (see Agarwal et al. [1], Kilbas et al. [21], Kiryakova [22]). The survey
paper [1] collects a sufficiently large number of results established up to 2008, that
give sufficient conditions for the (local) solvability of the ordinary problem subject
also to local, nonlocal and integral initial conditions. Multivalued versions of these
problems, that include fractional-in-time ordinary differential inclusions, are also
considered. In the specific context of partial differential equations for (1.0.1), when
A is an unbounded operator and o € (0, 1), there has been only little success to
address the global solvability problem in a satisfactory manner in view of the many
applications that this important area holds (see Appendix C).

In this monograph, it is our main goal to focus on this latter, more difficult cases
and aim to place this theory on solid footing by devising a unified approach and by
giving a complete solution to the above global solvability problem as well as the
global regularity problem. However, one still has to recall some pertinent literature
and describe any attempts at giving a successful solution to the solvability problem,
in various special cases for the nonlocal problem (1.0.1). The nonautonomous
problem (f = f (¢)) with a second-order differential (possibly quasilinear) operator
A in divergence form and a Riemann-Liouville fractional derivative Df has been
considered by Bazhlekova [6]. Among the most important results of [6] are maximal
regularity results based on two distinct approaches; one that is based on the L” (L9)-
regularity for the corresponding linear problem and, another that exploits the
theory of sums of accretive operators in a Hilbert space setting. We should point
out that one distinctive disadvantage of considering a parabolic equation with a
Riemann-Liouville fractional derivative is that it needs to consider unpleasant initial
conditions that are generally nonlocal in nature (see also [7]). The nonautonomous
problem (1.0.1) (f = f (¢)) when A is roughly the Laplacian, but with a Caputo-like
derivative 9/, is also considered by Eidelman and Kochubei [16]. They construct a
fundamental solution and then investigate its various asymptotic properties. The
latter become important, for instance, to establish the optimal (namely, polynomial)
decay properties of solutions to problem (1.0.1), when A = A and f = 0
(see Kemppainen et al. [20] and Vergara and Zacher [35]). Mostly for the same
operator but with a semilinear f = f (u), the problem of blow-up in finite time
of some solutions and some criteria of stability-instability are developed further in
Vergara and Zacher [36], whereas some a priori bounds for some related singular
evolutionary partial integro-differential equations are given in Vergara and Zacher
[34]. Besides, a more general approach to the nonautonomous problem ( f = f (¢)),
that is based instead on sesquilinear forms a (¢, -, -) , to which a certain diffusion
operator A can be associated with, is also used by Zacher [40] to prove existence
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and uniqueness of weak solutions in an appropriate regularity solution class. In
addition, Zacher [41] provides interior Holder regularity estimates for (1.0.1) in
the case when A = A and f = f (¢), in the spirit of the classical De Giorgi-Nash
regularity theorem.

Some further progress for the abstract problem (1.0.1) has also been made by
Clement et al. [11], assuming f = f (1) and o € (0, 2), and by analyzing (1.0.1)
in continuous spaces BUC1—, ([0, T];Y), u € (0, 1). This approach allows solu-
tions to have a prescribed singularity at the origin in the sense that 1 w0l y =
0, as t — OT. The local existence of smooth solutions is established via maximal
regularity results for the linear equation associated with (1.0.1), by assuming that
a+p > 1, for u € (0,1) and ¢ € (0,2). However, these results rely too
heavily on interpolation results and abstract conditions on (A, f) (see [11, Theorem
13 and (46)-(47)]) that renders their application to specific situations difficult,
if not impossible. This is valid especially in those instances when the diffusion
operator A turns out to be of “fractional” type. Indeed, due to the well recognized
role of fractional operators in the presence of anomalous transport behaviors in
some physical phenomena (see Appendix C), it is clearly important to investigate
the global solvability and regularity problems for (1.0.1) in those cases. This is
for instance, the case of fractional Laplace operators (—A)}, s € (0,1) (see
Sect. 2.3), which as we shall see, turn out to have quite different properties than
the classical Laplacian. In particular, such operators are known to generally lack,
with the exception of some special cases, an explicit characterization in terms of
(Sobolev) function spaces for any fractional powers Yy := D((—A)?), 6 € (0, 1).
For this reason, the application of the results of [11] seems then best suited in those
situations when A is a “local” operator, say a second-order quasilinear operator
in divergence form (see the example of [11, Section 9]). Unfortunately, this is
also the point taken by Andrade, Carvalho et al. [13] and Guswanto and Suzuki
[18], who establish a local theory of mild solutions for problem (1.0.1), when
f = f(u) and A is a sectorial (nonpositive) operator, using the concept of the
so-called 8-regular maps (see also Neto [14, Chapter 3]). The latter means that the
nonlinearity f is locally Lipschitz as a mapping from Y149 to Yy ), for some
y (@) € (0,1), a choice which turns out to be useful in the treatment of the
problem (1.0.1) with nonlinearities of critical and subcritical polynomial growth.
Here criticality is meant in the sense that there exist some critical exponent g,
given by some well-known continuous embedding results in Sobolev theory, that
controls the polynomial growth of the function f (1) as |u| — oo. However, these
techniques also suffer from several drawbacks: first, they are not well suited to
deal with nonlinearities that are also x-dependent (f = f (x, u)), and secondly,
such Lipschitz conditions lack any transparency and simplicity since once again
they strongly rely on the explicit characterization of Yy in terms of known Sobolev
spaces. Indeed, most of the applications of these techniques seem to be found only
in the case of classical operators, such as, when A = A (cf. [13, 18]). Notably,
other works by Liu and Liu [25, 26], Ouahab [29], Zhang and Liu [42], Wang and
Zhou [37] and Wang et al. [38] (and the references there in), have obtained similar
comparable results on the local existence of mild solutions, but with conditions



4 1 Introduction

on the nonlinearity which are also too strong; namely, by assuming either that
f = f (u) is a globally Lipschitz function, or locally Lipschitz with a sufficiently
small Lipschitz constant and/or a sufficiently small growth as a function of u. In
the case when A is related to a fractional operator, in particular, A = (—A)},
s € (0, 1), for a compact Riemannian manifold X (without boundary), some local
existence results for (1.0.1) with f = f (u) assuming some polynomial growth,
are also contained in the lecture notes by Taylor [33]. Holder continuity for the
problem (1.0.1) assuming f = f (¢) and an operator A that is related to the
fractional Laplacian, has been established by Allen, Caffarelli et al. [3], when 9
is meant as a (one-sided) nonlocal derivative in the sense of Marchaud.? Some
related nonlocal ordinary differential equations associated with a Marchaud type
of fractional derivative are also investigated in [8] and [24], with the latter also
providing an extensive comparison between the Marchaud, Riemann-Liouville and
Caputo fractional derivatives, respectively. Further applications of the framework
from [24] to nonlinear time fractional PDEs are also given in [23]. Most recently,
the case 1 < o < 2 is further investigated in [4], where the existence of weak and
strong (energy-like) solutions in various settings are among the central results. The
work in [4] offers a new and fresh alternative from the contribution in [11] in the
sense that the assumptions imposed on the operator A, as well as the nonlinearity
f, are once again more natural and transparent than the conditions imposed by
[11]. It is worth emphasizing that fractional kinetic equations typically exhibit a
variety of behaviors which are completely different from the classical case, while in
fact solutions of fractional equations can sometimes be “arbitrarily” complicated, as
shown in [9, 15].

1.2 On Overview of Main Results and Applications

But none of these theories address the global regularity problem for the full semilin-
ear problem (1.0.1) in a meaningful way for practical applications. Furthermore,
these theories are far from being applicable to reaction—diffusion systems with
vectorial quantities # € R™, m > 1, which contain some fractional kinetics, but
which draw their breath from important applications in biology, chemistry and
finance. This is particularly relevant in the context of biological systems where
the mechanism is necessarily more involved and complex due to a richer structure
associated to the corresponding couplings under consideration (especially when
different nonlocal derivatives 8;" i, withe; € (0,1],i € {1,...,m} are involved).
As a matter of fact, understanding the connections between the right fractional
parameter in concrete biological settings, also in relation to the environment, seem
to be an important topic in optimization, see e.g. [32]. Interesting applications also
arise in neuroscience and in neural networks, see e.g. [31]. As one knows, there is

2See Sect. 2.1, for further details.
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an extensive literature on the topic of reaction—diffusion systems when 9, = 9,,
foralli € {1,...,m} (see, for instance, Yagi [39]). Although, the techniques and
methodologies developed in this monograph for the scalar equation (1.0.1) shall
prove quite useful, the problem of global solvability and regularity for m-systems
needs to be addressed directly and independently. The main tools are borrowed
essentially from the methodology that deals with the scalar equation. But let us
first mention our unified approach and the type of results one can obtain for the
scalar equation (1.0.1), in a successful manner that also covers the existing theory
for (1.0.1) when ¢ = 1 and/or A is a uniformly elliptic (second-order) operator.
Although we cannot give a complete review of the literature for the problem (1.0.1)
when @ = 1 and A = A, the lecture notes of Rothe [30] give a good account of
the main developments concerning the global existence of solutions for semilinear
parabolic equations in that case.

The present work is concerned with some fundamental questions for the initial-
boundary (or initial-exterior) value problem (1.0.1), namely,

* the global existence of non-regular (mild) solutions;

» the existence of sufficiently smooth (strong) solutions, for which the nonlocal
equation is satisfied pointwise in time;

* the global regularity problem, to establish sufficient conditions and uniform a
priori bounds in such a way that each non-regular solution becomes a global
smooth solution on (0, co), and

» what happens to any global solution of (1.0.1) as ¢ — 1?

These aspects are studied in a unified framework for the scalar equation (1.0.1) in
a first part, and then for general nonlocal reaction—diffusion m-systems, and some
of their applications, in the second part. Of course, in this part only some non-
trivial examples, which are motivated by applications in mathematical biology and
chemistry, will be investigated thoroughly. But the general setting developed here
allows to derive similar results for other important nonlocal reaction—diffusion -
systems which can be handled by the same techniques.

In our unified framework, the essential assumption about the semigroup S (¢),
associated with the diffusion operator A, is an ultracontractivity estimate of the form

g (1_1
||S(t)||_£(Lp(X),Lq(X)) <Ct ﬂA(p q), vVt > 0, (1.2.1)

for1 < p < g < o0, and some positive constant C = C (p, g, X) > 0. The constant
Ba > 01is assumed independent of p, g; it plays the role of capturing the degree of
“smoothness” of the fundamental solution associated with the diffusion operator
A. For symmetric semigroups, it is well-known that (1.2.1) is also connected to
optimal Sobolev inequalities (see, for instance, Davies [12]). For instance, when
A = A is subject to classical boundary conditions and X C R¥ is a smooth
bounded domain, it holds 4 = N/2, while for A = (_A)jY’ s € (0,1), we
have B4 = N/2s. Condition (1.2.1) constitutes the main assumption upon which
our general theory is built on. Indeed, it allows to consider a general family of
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diffusion operators, including the classical ones as well as ones of “fractional”
type, in addition to other non-standard examples of diffusion. We refer the reader to
Sect. 2.3 for many examples of operators that are covered by our framework. Next,
our main assumption on the nonlinearity f = f (x, ¢, ) is quite transparent and
easy to verify in applications; in addition to other basic conditions (which imply
that f is locally Lipschitz as a function of u, with the same ¢, Q; see (F4)), it is
simply measurable and satisfies (as |u| — 00) a growth condition of the form

|f (x,t,u)] <c(x,t) Q(u), forallu € R,a.e (x,t) € X x (0, 00), (1.2.2)

for some (nonnegative) integrable function® ¢ € Lyig» 1 < q1,q20 < 00. Of
course, the real-valued (positive) function Q generally captures the growth of the
nonlinearity as |u| — oo. In some cases, we will allow it to behave polynomially in
the sense that

Q )~ ul”, y =1, as |u| — cc. (1.2.3)

In this monograph, we look for complete results regarding the solvability of
problem (1.0.1) in such a way that also the case @ = 1 is automatically included. To
this end, let us define a number W = W (e, f, po, 91, g2, Q) € R, by

n 1 n
W= + + -1 , n:=psx, ae(0,1],
q1 q2 Po

as the essential range for problem (1.0.1) for which (at least local) well-posedness
can be established. Theorem 3.1.4 establishes the existence of (locally-defined) mild
solutions for (1.0.1) for non-regular initial data ug € LP° (X), 1 < pg < 0o, in the
following cases:

(1) W < «a, under the assumptions (1.2.2)—(1.2.3) for some y € [1, o0) and pg €
[1, c0).

(ii)) When ;1 + qlz < o, po = o0 and Q is an arbitrary positive function.

The critical case, defined by the equality W = « in case (i), is included; this
range turns out to be also optimal in the sense that for some py € [1, oo] and
y > 1 that satisfy W > «, there are no locally-defined mild solutions for certain
initial data ug € LP° (X) (see Chap. 5, Remark 5.0.2). In the above cases (i)—
(i1), Theorem 3.1.10 proves the existence of mild solutions on a maximal interval
of existence (0, Tmax), such that (non-regular) mild solutions are always locally
bounded, namely, u € L ((0, Tmax); L™ (X)). As usual the time Tpax > 0 is
such that, either Tiax = 00 or Trpax < 00 with ||u (t)||LoQ(X) — ooast — T
In other words, knowledge of the a priori bound u € L*° ((0, T); L* (X)), for any
(fixed) time T > O, is essential for both the global solvability problem and the

3See Sect. 3.1, for the precise definition of Ly
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global regularity problem, as we shall see in what follows. It is worth stressing out
that we recover the essential range for local solvability in the case when f4 = N/2
and o = 1 (see Rothe [30]).

A major development in the monograph is a unified theory of strong solutions
that contains the case o = 1 as a particular case. Denote by A, the generator
of the semigroup S () on L?(X) so that A, = A. Our next goal is to show
that any maximally-defined mild solution can become, under natural conditions,
a strong bounded solution on (0, Tyy,x); the latter is by definition a sufficiently
smooth solution of the abstract equation (1.0.1) in some Banach space. In particular,
Theorem 3.2.2 proves the aforementioned statement in the space L?(X), 1 < p <
00, for an initial datum ug € D (Ap), p € (B4, 00) N (1, 00), under either one of
the following two alternatives:

(a) if p > q1, assume f satisfies (1.2.2) and a locally Lipschitz-Ho6lder condition
(see (F4)—-(F5)) with g2 € (1/a, 00l and 6 € (B4/p, 1) satisfying

1 1 1
a(l—60)—n — >
q1 P q2
(b) if p < q1, assume f satisfies (1.2.2) and a locally Lipschitz-Holder condition
(see (F4)-(F5)) with g2 € (1/a, 00] and 8 € (B4/p, 1) satisfying

1
a(l—-06)>
92

The conditions (F4)—(F5) are generally satisfied in practical applications, as it
can be observed in the context of specific examples, and there are situations when
(FS5) can be even entirely dropped, especially when f = f (x, u). Besides, we show
in Theorem 3.2.6 that every bounded (maximally-defined) mild solution constructed
in case (ii), becomes indeed a strong solution on (0, Tiax). The techniques exploited
in Sect. 3.2 provide several important developments among which we can mention
the fact that the same a priori bound u € L* ((0, T'); L™ (X)), for the maximal
strong solution, suffices for its global regularity. We refer the reader to Sect. 3.2 for
further details and more precise statements of the above regularity results. Finally,
in Sect. 3.3 we obtain some results on the differentiability properties of strong
solutions in the case @ € (0, 1) (the case ¢ = 1 is well known, see e.g., [17, 19]).
Such results are necessary in order to estimate the error in numerical approximations
of the solution of (1.0.1). They turn out to be also important in existence proofs of
certain energy inequalities that are used to derive the long term behavior for such
solutions as time goes to infinity (see, for instance, the discussion in Sect. 3.4).

Perhaps then the next important point is the construction of uniform a priori
bounds that imply the aforementioned bound in u € L ((0, T); L*> (X)), which is
necessary to completely solve the global regularity problem. This problem may be
formulated roughly as follows. Restricting to a smooth initial datum ug € D (A p) ,
consider the corresponding (unique) strong solution of (1.0.1) whose existence is
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assured by one of the previous statements. The main idea is to take a weak bound
of the formu € L™ ((0, T); L™ (X)), that is known to be satisfied a priori for some
1 < r1,r < o0, and to convert this information into an explicit bound for the
strong solution in L*° ((0, T); L*° (X)), for any T > 0. This goal will be achieved
by two essentially different methods. On one hand, we shall employ and extend a
“feedback” argument used by Rothe [30] in the case 4 = N/2 and o = 1, to
provide such a statement in Theorem 3.4.1. This method has the advantage that it
employs only elementary inequalities and bootstrapping arguments involving only
space and time integrals. The second method we use to derive such a priori estimates
is based on an iterative Moser procedure that was exploited by Alikakos [2] once
again in the case B4 = N/2 and « = 1. We extend this procedure in our general
setting when « € (0, 1] and A is a “properly-behaved” diffusion operator that covers
many of the examples we have in mind (see Sect. 2.3); one advantage of this scheme
is that the estimates remain uniform as the order « of the fractional in time derivative
df approaches 1. Although, the precise statements of these global estimates are
somewhat more complicated to state here, we refer the reader to Sect. 3.4 for the
corresponding results. Furthermore, taking into account the above developments,
we do mention that we can finally address the important issue of convergence as
a — 1 for problem (1.0.1) under quite natural conditions on (A, f). The statement
of Theorem 3.5.1 (in Sect. 3.5) shows in particular that for nonlinearities that satisfy
f G t,wyu < co(x,t) (14 u?), for some ¢y € Loo,oo, any globally bounded mild
solution u = u,, of the abstract problem (1.0.1) converges in the sense that

lim sup |lug (r) —uy (t)||LoQ(X) =0, forany 7 > O, (1.2.4)
a=1lte0,1)

to a bounded mild solution u# of problem (1.0.1) in the case when « = 1. Finally,
one further important application of these results is that they guarantee the global
solvability and regularity of solutions to a fractional in time Fischer-KPP like
equation (see Sect. 3.7), for a large class of interesting diffusion operators A, as
well as the aforementioned convergence result (1.2.4) holds.

1.3 Results on Nonlocal Reaction-Diffusion Systems

The setting in the first part of the monograph, which deals solely with the scalar
equation (1.0.1), can be extended and applied to reaction—diffusion systems for an
unknown vectorial quantity # = (u1,...,u,) € R", m € N. Letd; = 0 for
i=1,...,randd; > Ofori =r+1, ..., m. We also allow the case r = 0 to occur
sothatalld; > Ofori =1,...,m.Next,let D = diag (di, ..., dy) be the diagonal
matrix of diffusion coefficients and assume that ug = (ugq, ..., uon) (x) € R™,
for x € X, models the initial data. Let f = (f1,..., fm) (X, t, U1, ..., Unm)
be a nonlinear function that models possible interactions between the various
quantities u; (i = 1,...,m). After that we can set the diagonal (matrix) operator
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A = diag (A4, ..., An), where each A; is a proper diffusion operator, and then
introduce the following notation 9%u = (3" uy, ..., 3" um) € R™, where each
nonlocal derivative 9;"u; € R is understood in the generalized sense of Caputo (see
Sect. 2.1) for a; € (0, 1), whereas for o; = 1, 8,1 =0, =d/dt.

Consider then the following nonlocal reaction—diffusion system

0fu=DAu+ f (x,t,u), (x,1) € X x (0,00), u;=0 = ug in X. (1.3.1)

Of course, the above framework allows a general study of (1.3.1) when diffusion
can be also completely ignored in some of the components of u. In this case, we
are looking for sufficiently general conditions on (A, f) such that it possesses
maximally-defined bounded (mild) solutions as well as strong solutions. For ug €
L% (X, R™), Theorem 4.1.2 proves the existence of (maximal) bounded mild
solutions under natural assumptions on f and analogous conditions on the operators
A;, as in the scalar case (1.0.1). The conditions on the nonlinearity roughly imply
that f is locally Lipschitz-Holder in bounded subsets B of X x [0,00) x R™
(see (SF1)—(SF2)). For more regular initial data ug, Theorem 4.1.3 even shows
the existence of (maximal) unique strong solutions; these are sufficiently smooth
solutions satisfying (1.3.1) pointwise in time on the maximal interval of existence.
In Chap. 4, we shall introduce the classes of diagonal matrix operators A and matrix
diffusion coefficients D, and give the class of admissible nonlinearities that enter in
the framework of the system (1.3.1).

As it was pointed out at the beginning of the introduction, the issues of global
solvability and regularity for (1.3.1) must be instead addressed independently for
problems that are suggested by a practical application. To this end, our main
focus now turns onto some nonlocal systems that arise in population dynamics
(see Sect. 4.2) and nuclear dynamics (see Sect. 4.3). The first one is a nonlocal
model of Volterra—Lotka type and consists of a coupled system for two nonlocal
partial differential equations, with the “nonlocality” being expressed in both space
and time, in one of the equations. The second systems consists of a coupled
system similar to the first one, but one of the components satisfies instead a
nonlocal ordinary differential equation (namely, diffusion is totally ignored for that
component). The results developed for the scalar equation (1.0.1) in the first part
of the monograph, are crucial to the investigation of global solvability and global
regularity for these specialized systems. They allow to prove sharper results by
applying the corresponding theorems in the first part, to the diffusion equations for
each individual component u; of u, and by treating the other remaining components
uj, j # i, in the nonlinearity f;, as part of a special “weight” function ¢ (x, 7).
The advantage of this approach is that only very little information, such as some
a priori Ly, 4,-bound is required for ¢ (x, 1), to deduce global information on that
component ;. Then these arguments can be repeated for each component of u, one
by one, until the entire range of i € {1, ..., m} is exhausted. We refer the reader to
Chap. 4 for the precise statements of these results and further details.

Finally, as we said above, the coverage of particular cases of nonlocal reaction—
diffusion systems in this monograph is necessarily limited. But their successful
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treatment proves to be considerable progress in this area especially when such feats
do not seem to have been attempted before. Nevertheless, we emphasize that other
(more complicated) nonlocal systems can be included and treated within the above
framework; we hope that their investigation might be of interest for other researchers
in this area.

The content of this monograph is as follows. In Chap. 2 we make a complete
study in the context of linear nonhomogeneous equations. Chapters 3 and 4 are
devoted to the main results related to the global solvability and global regularity
problems for the scalar equation (1.0.1) and reaction—diffusion system (1.3.1),
respectively. Chapter 5 is devoted to some open problems and future directions
of research. Three different appendices are included. Appendix A includes a
number of supportive technical tools. Appendix B contains a complete discussion
of the properties of the regional fractional Laplace operator in a bounded domain.
Appendix C gives a full account of the physical literature on fractional kinetic
equations and several applications involving evolution equations of single and
distributed fractional order in time and/or in space.
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Chapter 2 )
The Functional Framework Chack for

We first introduce some background. Let Y, Z be two Banach spaces endowed with
norms ||-||y and ||-||z, respectively. We denote by Y — Z if Y € Z and there exists
a constant C > O such that ||u]l; < C |lu|ly, foru € Y C Z. In particular, this

means that the injection of Y into Z is continuous. In addition, if Y is dense in Z,

d
then we denote by Y < Z, and finally if the injection is also compact we shall

denote it by Y <% Z. We denote by L(Y, Z) the space of all continuous (bounded)
operators from Y to Z. If Y = Z, we let L(Y, Z) = L(Y). By the dual Y* of Y, we
think of Y* as the set of all (continuous) linear functionals on Y. When equipped
with the operator norm ||-||y«, Y™* is also a Banach space. Let also X be a (relatively)
compact Hausdorff space and m a Radon measure on X such that m is supported on
X. By X arelatively compact Hausdorff space, we mean that there exists a metric
space X such that X C X and the closure X (in X) of X is a compact set. We denote
by (-, -) the inner product in L% (X) = L*(X, m) and consider L”(X) = LP? (X, m)
to be the corresponding Banach space for p # 2, with norm ||-||; (X) -

2.1 The Fractional-in-Time Linear Cauchy Problem

Before introducing the mentioned Cauchy problem, we recall the definition and
some useful properties of convolutions that will be frequently used throughout
the monograph. Given two measurable functions # and v defined on (0, co), the
convolution of # and v, denoted by u * v, is the function defined on (0, co) and
given by

t
(uxv)(t) = / u(t —tyv(r)ydr, t >0,
0
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whenever the integral exists. If v € C([0, 00)) and (u * v')(¢) is well defined for
t > 0, then for every t > 0,

d
it [(u % v) ()] = u(@)v(0) + (u * v")(1).

In general, let k € N. If u € CK=1((0, 00)), v € CK~1([0, 00)) and (u * v®)(r) is
well defined for ¢ > 0, then for every ¢ > 0,

k—1

k
ddtk [ v) (0] =Y u*"D @D 0) + @+ v®)().
j=0

We refer to the monograph [11, Section 1.3] for more and precise properties of
convolutions.

We next recall the notion of fractional-in-time derivative in the sense of Caputo.
Let« € (0, 1) and define

a—1
8u (1) = { I'(a) it >0, (2.1.1)

0 ifr <0,

where I is the usual Gamma function.

Definition 2.1.1 Let Y be a Banach space, T > 0O and let f € C ([0, T]; Y), with
gl—a * f € WHL((0, T); Y) . The Riemann-Liouville fractional derivative of order
a € (0, 1) is given by

t

d d
Dif W= (s1-ax f))=" /O §1-a (1 =) [ (),

for almost all ¢+ € (0, T']. We define the fractional derivative of order «, of Caputo-
type, as follows:

98 F (1) == DY (f (1) — £ (0)), ae.t € (0, T]. (2.1.2)

We notice that (2.1.2) in Definition 2.1.1 gives a weaker notion of (Caputo)
fractional derivative compared to the original definition introduced by Caputo in the
late 1960s (see [22]). In particular, (2.1.2) does not require f to be differentiable.
In addition we have that 9/ (¢) = 0, for any constant c. For this reason, (2.1.2)
offers a better alternative than the classical notion of Caputo derivative. Refer to, for
instance, [28, Proposition 2.34], which shows the two notions coincide when f is
smooth enough, namely,

3 f =g1axd f. for feC ([0,T];Y). (2.1.3)
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For such smooth f, one may use also integration by parts in the Caputo defini-
tion (2.1.3) to show the equivalent formula

H—f(Q@ L f@)—
8¢ F (1) = f@ f()Jr o f@® f(f)dt

I —o) 1 Frd—a) o -1t
If in addition we set f () = f(0) for t < 0, then we also get the following
equivalent formulation

o - f@

Frdl—aw) J o @¢—1)!t®

(1) = dr, (2.1.4)

which is known as a (one-sided) nonlocal derivative in the sense of Marchaud [56,
Section 5.4]. Clearly, both generalizations of the classical Caputo derivative have the
advantage of working with “less than Cl-smooth” functions f (see, for instance,
[46], for a more extensive comparison of these notions). Indeed, assuming C 1
regularity may place some severe restrictions on the problem [59]. Note that the
integral (2.1.4) is well-defined for bounded functions that satisfy a local Holder
condition, f € co-* ((0,T); Y) with A > « (also this may be weakened to A = «,
if a bounded f belongs to a kind of Holder space H* ™%, a > 1, that consists
of functions satisfying a Holder condition with a logarithmic “correction”, see [56,
Definition 1.7]). The integral definition in (2.1.2) seems to be more natural for the
treatment of the nonlinear problem (see Chap. 3). Furthermore, (2.1.2) also appears
as a more suitable notion to establish some compactness criteria and time regularity
estimates for nonlinear time fractional PDEs; some examples involve time fractional
compressible Navier—Stokes equations and time fractional Keller-Segel equations
(see [45]). Finally, in the classical case when o = 1, we let 8,1 :=d/dt (= 0;).

Remark 2.1.2 1t is worth mentioning the following facts.

(a) Firstly, we notice that if f(0) = 0, then (2.1.3) holds without the cl-
regularity assumption on f. Secondly, we mention that if the Banach space
Y has the Radon-Nikodym property, then (2.1.3) holds for every function
f € AC([0,T]; Y) (that is, the space of all absolutely continuous functions
on [0, T'] with values in Y). The latter space coincides with the classical vector-
valued Sobolev space w10, T); Y). More emphasis on this topic will be
given in Chap. 3 (after Remark 3.3.3).

(b) If one considers Eq. (1.0.1) with the classical Caputo fractional derivative, that
is,

8l-aq ¥ 0w =Au+ f(x,t,u) inX x (0, T], u(-,0) =up in X, (2.1.5)

then Egs. (1.0.1) and (2.1.5) will have the same mild solutions given by the
integral representation in Definition 3.1.1. In addition, far away from ¢ = 0,
they will enjoy the same regularity. The main difference between solutions of
the mentioned equations is their behavior when the time ¢ is close to 0. We also
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mention that strong solutions of (1.0.1) and (2.1.5) coincide provided that some
assumptions on the nonlinearity are satisfied (see Theorem 3.3.4).

For 0 < o < 1 we consider first the following nonhomogeneous linear Cauchy
problem

9%u (1) = Au () + f (1), t€(0,T), u(0)= uo. (2.1.6)

Here, A is a closed linear operator with domain D(A) in a Banach space Y,
f : [0, 00) — Y isagiven function and u is a given vector in Y. The system (2.1.6)
reduces to the classical parabolic equation when ¢ = 1. Our main goal is to
investigate the problem of well-posedness for (2.1.6) in an unifying fashion, in all
cases 0 < a < I; this requires us to eventually introduce a suitable representation of
solutions for (2.1.6). This will be done by means of the mild solution theory using
integral solutions which we investigate subsequently. Thus, we need first to discuss
the operators involved in such integral solutions.

Firstly, recall the definition of the Wright type function [37, Formula (28)] (see
also [52, 56, 67]) is

e¢]

(=2)"
Do (2) == , 1, . 2.1.7
(2) nX:(:)n!l"(—om—i—l—a) 0O<a<l1, zeC (2.1.7)

This is also sometimes called the Mainardi function. Following [14, p.14] (see also
[37]), @y (¢) is a probability density function, namely,

o
O,() =0, t>0; / Oy (H)dt = 1.
0

Furthermore, ®,(0) = 1/TI" (1 — «) and the following formula on the moments of
the Wright function is well-known (see [37]),

'(p+1)

. p>—1, O<a<1. (2.1.8)
Tap+1)

(o)
/ P, (Hdt =
0

For more details on the Wright type functions, we refer the reader to [14, 37, 48, 67]
and the references therein. We note that the Wright functions have been used by
Bochner to construct fractional powers of semigroup generators [68, Chapter IX].

Secondly, assume that the operator A generates a strongly continuous semigroup
S = (S))>0onY.Fort > 0 we define the two operators

Sut) 1Y = Y, Pu(t): Y — Y
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as follows. For v € Y, we set

Sy (v 1= /00 Dy (7)S(tt%)vd,
0
(2.1.9)
Py (v := at*"! / T®o (1)S(11%)vdT.
0

The operators Sy and P, are known in the literature as resolvent families. In addition
one does not need that A generates a semigroup in order to define resolvent families
associated with A. The notion of resolvent families, their fine properties and their
relations to abstract Cauchy and/or Volterra kind of equations have been introduced
and intensively studied by Priiss in the monograph [53]. These notions have been
used and extended by several authors. We refer for example to [4, 14, 47] and their
references. The representation of resolvent families given in (2.1.9) also known
as the principle of subordination has been introduced and studied for example in
[14, 42—44] and their references. Finally, both formulas for the operators Sy, Py
in (2.1.9) can be recasted in terms of Mittag-Leffler functions (see, for instance,
[28, Theorem 4.2]), but this further connection is not essential in our subsequent
analysis.

We note that the semigroup property does not hold for the operators S,, Py,
namely, Sy (f +5) # Sq (¢) S (5), for all £, s > 0 (and the same is valid for P,)
unless o = 1. Moreover, by definition the operator S, is strongly continuous, that
is,

lim [|Sa (1) v — v]ly =0 (2.1.10)
t—0t

provided that v € Y but this is not the case for Py unless « = 1. Namely for
0 < a < 1, we have that lim; o4 [|! ™ P, (1)v — T'(a)v|y = O forevery v € Y.
With these definitions, we have the following properties.

Proposition 2.1.3 Let A with domain D(A) be a closed and linear operator on
the Banach space Y. Assume that A generates a strongly continuous and bounded
semigroup (S(t)):=0 on Y, that is, there exists a constant M > 0 such that for all
t>0and f €Y, we have

IS@ flly = M| flly.
Then there exists a constant C > 0 such that for allt > 0 and f € Y we have
12 @) flly < Cllflly and /'~ Po@) flly < ClIflly- (2.1.11)

Proof The proposition follows by a simple application of the representation (2.1.9).
O
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Finally, in the remainder part of this subsection, we consider the solvability of the
linear problem (2.1.6). We use the following notion of smooth solution for (2.1.6).

Definition 2.1.4 Let0 < 77 < T» < T. We say that u is a strong solution for (2.1.6)
on the interval I = [0, T], if the following conditions are satisfied:

(i) (The case a = 1). The functionu € C ([0, T); Y) such that u (0) = ug, u (¢) €
D (A), forallt € [T1,T>] C I, and d;u € C ([T1, T»]; Y). Moreover, the
differential equation d;u (t) = Au (t) + f (¢) is satisfied on [T, T»] C I.

(ii) (The case a € (0, 1)). The function u € C([0, T), Y) such that u (0) = uy,
u((t) € D(A)fort € [Ty, T»], and

d
ou= (gl,a * (1 — u (0))) e C(T1, ] Y). 2.1.12)

The differential equation 97u (t) = Au (t) + f (¢) is satisfied on [T, T2] .

Remark 2.1.5 Let « € (0,1). Observe that (2.1.12) implies that u €
co« ([T1, T2]; Y) but not vice-versa, see, for instance, [24]. To the best of our
knowledge, our notion of strong solutions has not been studied in the literature.
For fractional in time Cauchy problems when o € (0, 1), the notion of mild and
classical solutions have been intensively studied. In this case, several authors have
also investigated the asymptotic behavior of mild and classical solutions of (2.1.6).
We refer the reader to the following references [4, 14, 25, 36, 42—44, 60] for further
details. Our notion of strong solutions does not enjoy all the required regularity
properties of classical solutions. For problem (2.1.6), a comparable notion of strong
solutions that is similar to our kind has only been investigated in the reference [60]
under the assumption that the operator A is quasi-sectorial on a Banach space Y,
which also guarantees that A generates an analytic semigroup on Y. However, we
emphasize that the linear problem (2.1.6) is not the only concern of the present
paper. This constitutes only an appetizer that aims to give us some useful tools
to investigate the semi-linear problem which is our main objective in subsequent
chapters.

The existence of a strong solution in the sense of Definition 2.1.4, for prob-
lem (2.1.6) in the case @ = 1, is well known when A is a sectorial operator in Y
and f is a suitable Holder-continuous function (cf. [41, Theorem 3.2.2]). In what
follows, we aim to deduce the corresponding result in the case « € (0, 1) under
similar conditions on A and f. Since the corresponding operators S,, Py are no
longer semigroups when o € (0, 1), the existence result requires a non-trivial proof;
this extends the classical result (¢« = 1) due to Henry [41, Theorem 3.2.2] to the
non-standard case @ € (0, 1) . But first, we need the following result.
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To
Lemma 2.1.6 Let « € (0,1) and g € (1/a, 00) such that/ ||f(t)||(§dt <
0

oo, for some Ty > 0. In addition, assume that A is sectorial in Y and [ €
C%A((0,T); Y) for some B > 0. For0 <t < T, we define

t
F(t) = / P,(t — 1) f(7)ds. (2.1.13)
0

Then F € C([0,T);Y) N C%"((0,T);Y), for some y > 0and F(O) = 0. In
addition, we have (g1—q*(F —F(0)) € Cl((O, T);Y),F(@)eDAforO<t<T
and

F(t)=AF@t)+ f@), 0<t<T.

Proof We prove the lemma in several steps.

Step 1 First we claim that ' € C([0, T); Y) and F (0) = 0. Define for a sufficiently
small real number p > 0,

I=p
Py(t —s)f(s)ds, fort >
S RIS /
0, fort < p

(and also set f (s) = 0, for s < 0 and s > T). We then notice that there exists a
constant C, > 0 depending only on « such that (by using (2.1.11))

t
|Fo )= F®], < ca/ 1Pt = Olly ILf (D)lly de (2.1.14)

t—p

t
< ca/ (= O Iflly de
t—p

t 1/p t 1/q
<Cq ( f i - r)”"‘—“dr) ( f ||f(r)||‘§dr) ,
t—p t—p

where p (1 — 1/g) = 1 and we have used the Holder inequality for the last estimate.
Since g > é and hence, p < lla’ clearly & := p (@ — 1) + 1 > 0. Obviously,

t pscx
/ (t—1)P@ Vg = —0asp— 0,
I—p

Ea

so that the right-hand side of (2.1.14) tends to zero as p — 0T, uniformly in 0 <
t < Tp with Ty < T. Namely, F is the uniform limit as p — 0 of the sequence F),.
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Analogously, for ¢ € (0, Tp), we have

t
I1F@lly S/O 1P (t = DIy I f (Dlly dr

t 1/p t 1/q
<Cq ( f (t—r)P‘““dr) ( f ||f<r>||‘;dr)
0 0

To 1/q
< Co pt (/0 ||f(r)||qydr) ,

which tends to zero as ¢ — 07; the latter estimate proves the continuity of F at t =
0. To show that F' is continuous on [0, T'), it suffices to show that F), is continuous
on [0, T') since F is the uniform limit (as o — 0) of F},. We thus need to look at the
difference

Fo(t+h)—F, (1) (2.1.15)

t+h—p

e
=/ p(Pa(t—l—h—‘L')—Pa(t—l’)) f(r)dt—}—f P,(t+h—1)f (v)dr,
0 t

—p

forO <t <t+h < Ty < T. In a similar fashion, we can estimate the second
summand in (2.1.15), for any p > 0,

t+h—p
/ P,t+h—1)f(T)ds
t

—p

Y

t+h—p 1/q t+h—p 1/p
< Ca ( / I @I dr) ( / (4 h— T)p(a—nd,)
t—p t—p

< Cap( (0 +hy = p*) ( / o

—p

1/q
If @I df)

which once again tends to zero as & — 0 since &, > 0. For the first summand
in (2.1.15), it is clear that

Jim | (Po(t +h —7) = Po(t = 1)) f&)lly = 0. (2.1.16)

In addition, by assumption (indeed, since A is sectorial, we infer from (2.1.9) that
Py is analytic for t > 0, and t1= || P, (t)”L(Y,Y) < Cy), the following estimate
holds:

| (Pot+h—1)—Pet — 1) fDlly < I1Pat+h—1)f(Olly + 1Pt — ) f(Dlly

=C(@+n—o ™+ =) I/ @Iy

<2C,(t — O M f@ly. (2.1.17)
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Since

t=p t—p p , pt—p 1/q
/0 (t—r)“‘lllf(r)llydrs(/o (t—r)““‘”dr) (fo ||f<r>||‘§dr)

o t—p 1/q
<Copt—p)r (fo ||f(f)||?/df>
< 00, (2.1.18)

it follows from the Lebesgue dominated convergence theorem (by using (2.1.16)—
(2.1.18)) that

t_
/ ’ | (Pa(t+h —1) = Po(t — 7)) f(T)llydt — 0 as h — 0.
0

We have shown that F,, € C([0,T);Y) and the claim that F € C([0,T);Y) is
immediate. Next, we check that F € C%Y ((0, T); Y) for some 0 < y < 1. Indeed,
let 0 < t1 < tp < T and observe that

1 B
F(tz)—F(t1)=fO Pa(r)(f(tz—r)—f(n—r))df+f Po(1) f(82 — T)dT

3|
n nh—n
_ fo Po() (f(12 — 7) — f(t — 1) dT + fo Po(tz — 1) f(D)d.

For the second summand, using the Holder inequality we get that there exists a
constant C = C («, p) > 0 such that

h—h

h—h
/0 [ Pa(ry — ) f(Dllydr =Cq /0 (= M f(@lyde

1 1
h—1 P I—1 q
<Cq4 </ (ty — )P D dr) < / ||f(r>||‘§dr)
0 0
<Cap (1 ﬁ“)’l’(ftz_“ 1F @1 )‘;
= s - T T .
a,p\°2 1 0 Y

Using the mean value theorem and the fact that the mapping ¢ > ?@~D is
decreasing on [#1, 2], we get that

£ & (a—1)
5 — 1" < eqt] (t — 11).
This together with the previous estimate give

h—h

1
||f(r)||qydr>q .
(2.1.19)

h—1 1
/ 1Pa(ts = ) f(DllydT < Captf 12 — 11| 7 </
0 0
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For the first summand, we use the fact that f € Co’ﬁ((O, T); Y), to estimate
n
/ | Po(7) (f (2 —7) — f(t1 — 7)) llydT (2.1.20)
0
1
<G [ s -0 - fn - Dl
0

141

< CoMyltr —t1|ﬂ/ A
0

< CoMyt |ty — 111P,

where My denotes the Holder constant of f. Letting y := min{1/p, B}, it follows
from (2.1.19) and (2.1.20) that |F(z) — F(t1)|ly = O(lt, — t1]7). Hence, F €
COr((0,T); Y).

Step 2 We show that F (1) € D(A) for all 0 < ¢ < T. We use the fact that A is
a sectorial operator in Y, namely, ||AS (t)||£(Y) < Ct7!, fort € (0, T). We can

exploit the formula (2.1.9) for Py, to find that |t!~* AP, (1) ||£(Y) < Cut@, and so

IAPy () £y < Cat™", fort e (0,T). (2.1.21)

In particular, this implies that as 0 < t < rand f(r) € Y, P, (t — 1) f (7) €
D (A), and the Riemann sums for F, (¢) (t > p),namely Y_, _, _, Po (t — ;) f (7))
Atj, also belongs to D (A) . Moreover,

lim A )" Py(t—1)f (1) At

AT—0 AlrIEO Z Afa (1 =7) f (D) At

T<t—p T<t—p
t—p
=/ APy(t — 1) f(7)dT.
0

This yields F,(t) € D (A) since A is closed. On the other hand, we have

1—p

AF,(t) = / APy(t — 1) f(T)dT (2.1.22)
0
t—p
=/0 APyt —T) (f(r) — f (1)) dT + (Su (p) — Sa (1)) f (1)

Thus owing to (2.1.22), as p — 07, it holds

t
AF, (t) - /0 AP, —1)(f@m)—f@)dt+U —=Sa ) f (). (2.1.23)
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Indeed, the second summand in (2.1.23) follows from (2.1.22) in view of the
continuity of S, (p) as p — O0T. For the first summand, it is a consequence
of the following estimate and (2.1.21). More precisely, using by assumption that
If @ = f 0]y = 0(r — t|P), for some § > 0,

t
/ APt —7) (f (©) — f (D)) dr
t—p

(2.1.21) t
= Ca/ (t— t)ﬂ_l dt = Ca,ﬂpﬂy
Y t—p

and this tends to zero as p — 0F. Hence, the claim in (2.1.23) is immediate; since A
is closed, AF, (t) — AF (1) as p — 0%, from which we infer that F (t) € D (A)
forO0 <t <T.

Step 3 We finally claim that g1_, * (F — F(0)) € C'((0, T); Y) and F satisfies a

proper differential equation. Since F(0) = 0, we have

(81-a * (F = F(0)(®) = (81-a * F)(1) = (81-a * Po * [)(1) = (Sa * f)(1).

The operator S, (¢) is analytic for ¢+ > 0, so that the mapping s = (Sq * f)(?) is
differentiable and

d d t t ,
Sl o] =" fo Sult = ) f(D)dT = Sy O) f (1) + /0 Sut =) f(D)dr
(2.1.24)

t t
=f(t)~|—/APa(t—r)f(r)dr =f(t)+A/ Py (t — 1) f(v)dr.
0 0

This also shows in particular that F' is Riemann-Liouville (as well as Caputo)

differentiable of order « and DFF(t) = 07F(t) forall 0 < ¢t < T. Since

A 1is sectorial, Py(#)u, Sq(t)u € D(A) for every u € Y and for every t >

0. In addition we have that the mapping t +— Sy (#)u is differentiable with
t

jt (Sa (t)u) = AP,(t)u. Let now G(t) := /0 So(t — 1) f(r)dt. Then by (2.1.24),

G is differentiable with G’(t) = f(t) + AF (¢). On the other hand, we clearly have
G(t) = (g1—a * Py * f) (¢). This implies that

d
G0y = (81-a % Pux £) (1) = DY (Pux )0) = DYF (1) = 0 F(2).
in view of the fact that F(0) = 0. We have shown that
WFt)=AF)+ f@), 0<t<T.

The proof of lemma is finished. O

We can then conclude with the following existence result for problem (2.1.6).
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Theorem 2.1.7 Assume A is sectorial in Y and let ug € Y. Consider the following
two cases.

(a) (The case « = 1). Let f € C%P(0,T);Y), B > 0 and assume
fOTO I f®llydt < oo, for some Ty > 0.

(b) (The case o € (0,1)). Let g € (1/a, 00) such that fOTO I fOI%dt < oo for
some Ty > 0 and f € C%P((0,T); Y), for some B > 0.

Then there exists a unique strong solution of problem (2.1.6) in the sense of
Definition 2.1.4. This strong solution is given by

t
u(t) = S@)uop + / St —1)f(r)dr
0

in the first case (a), and by

t
u(t) = Sa(Duo + / Po(t — 1) f(1)dT
0

in the second case (b), respectively.

Proof Case (a) is proved in [41, Theorem 3.2.2]. We complete the proof of the
second case exploiting the conclusions of Lemma 2.1.6. Let v(t) := Sq(f)up =
(81—« * Py)(t)up. Since A generates an analytic semigroup on Y, the mapping ¢ +—
S« (t)ug is differentiable for any ¢ > 0. In addition, forall0 < < T,

t

t
3 v(r) :/ gi—a(t — T)S,, (T)updt = / 81—a(t — T)APy(Dupdrt (2.1.25)
0 0
t
=A/ 81—t — T)Py(Dupdt = Av(t).
0

Let w(r) := fé Py(t — t) f(r)dt. Then Lemma 2.1.6 yields o w(t) = Aw(t) +
f@), forall0 < ¢t < T. Clearly, u = v + w is the desired solution of (2.1.6).
Uniqueness is easy to see and the proof is finished. O

Remark 2.1.8 In the second statement of Theorem 2.1.7 when o € (0, 1), the
assumption that A generates an analytic semigroup on Y is actually not required.
This is only necessary for the case @ = 1 as treated in the monograph [41]. In the
case @ € (0, 1), it has been shown in [14, Theorem 3.4] that if A generates a strongly
continuous semigroup (that is not necessarily analytic in Y'), then the operators S, (¢)
and P, () are automatically analytic for every ¢ > (. Notice that these properties
were the only required ingredients in the proof of the second alternative (b).

One has additional smoothness for the strong solution of (2.1.6) if f is smooth
enough. The result can prove quite useful in those instances when the multiplication
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of (2.1.6) by the test function d;u is required in order to perform additional estimates
for the corresponding solutions of (2.1.6).

Proposition 2.1.9 Ler f € Wh9 ((0,T); Y) for some q € (1/a, 0o] and assume
that A generates a strongly continuous semigroup. Let u be a strong solution in
the sense of Definition 2.1.4 in the case when o € (0, 1). Then it also holds that
ueC (0, 7):;Y).

Proof This follows directly by exploiting the formula for the integral solution owing
to the fact that

t

U (t) = S, (1)ug + Pu(t) £(0) + f Pyt — ) f (1)dx. (2.1.26)
0

In view of Remark 2.1.8, the families Sy (¢) and P, (¢) are both analytic as functions
of t > 0; in particular, S:x (t) = APy (¢), for all + > 0. Obviously since f €
W4 ((0,T); Y), the value f (0) € Y is well-defined. Both the first two summands
in (2.1.26) belong to C ((0, T); Y); for the last summand, one argues exactly as
in the proof of Lemma 2.1.6 to show that P, * f/ e C([0,T);Y). The proof is
finished. O

2.2 Ultracontractivity and Resolvent Families

In this subsection we assume that our Banach space ¥ = L?(X) and that the operator
A generates a strongly continuous semigroup (S(¢));>0 on L*(X).

Proposition 2.2.1 Assume that the semigroup S is submarkovian in the sense that
it is positive and L*°-contractive, that is,

S@®u >0 forall t >0, whenever 0 <u € L2(X),
and
ISO Floxy < 1ok, forall feLPX)NL(X), pell,ool.  (22.1)

Then Sy (1) and Py(t) are positive and for all f € LP(X) N L*(X), p € [1, ool, we
have

||Sa(t)f||Lp(X) = ||f||Lp(X) and ||F(05)tl_apoz(t)f||L17(X) = ”f”Lp(X)-
(2.2.2)

Proof Since S(t) is a positive operator, it follows from (2.1.9) that S, (¢) and Py ()
are also positive. Let f € LP(X)NL? (X) for p € [1, oo]. Since IS £rxy=1
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for all # > 0, it follows from (2.1.9) that
o0
150 Fll o) < /O Po(D)IST1) [0y

o
< fo So (TN fll ooty = 1 £l

Similarly it follows from (2.1.9) and (2.1.8) that

(0.¢]
IT @)t = Pu () f Nl o ) Sar‘(a)to‘_ltl_“/o o ()T Il o X

Q)
=a1"(a) F(C{ + 1) ”f”Lp(X) = ”f”LP(X)‘

We have shown (2.2.2) and the proof is finished. O

Proposition 2.2.2 Assume that the semigroup S is ultracontractive in the sense that
forevery 1 < p < q < oo, the operator S(t) maps LP(X) into L1(X) and there
exist two constants C > 0, B4 > 0 such that for allt > 0,

a (11
ISON g0t 20y < €070, (223

Here the constant B4 is assumed independent of p, q. Then the following assertions

hold.
(a) If Ba (p_1 - q_l) < 1, then there exists C > O such that for all t > 0,

a1 _1
||Sa(t)||L(Lp(X),Lq(X)) <Ct ﬁA(” "). (2.2.4)

(b) If Ba (p_1 - q_l) < 2, then there exists C > 0 such that for all t > 0,

- 11
16" Po (Ol o0 X100 < C1 apa(;=4). (2.2.5)

Proof Letl < p <g <ooand f € LP(X).

(a) Assume that 84 (p~! —¢~') < 1. Using (2.1.9), (2.2.3) and (2.1.8) we deduce
that

IS0y < [ a@ISE e

oo _ 1_1) _ 1_1
sC/O ey P G0) 7 q)uflle(X)df
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— _1 o0 B L
= Il €t " q)/o Dy (1)T pa(; q)dt

_ A TA=Ba(p =q7") —apa(}-1)
=10 - apy (p! —q‘l))”f””(X)t s

(b) Now assume that 84 (p_1 — q_l) < 2. Then using (2.1.9), (2.2.3) and (2.1.8)
we obtain

&)
1174 Pa ) fll sa/o T Qo (DIS@") fllLax)dT

[ee] 1_1 1_1
505Cf @a(r)rl"s/*(P_q)t_“’s/*(”_q)||f||Lp(x)dT
0

1 1_1

I hpregaer () /OO outryr (0 g
0

IA

_ el -a™) an(3-)
N F(l + o —aﬁA (p—l _q_l)) (C”f”Lp(X))[

The proofis finished. O

Remark 2.2.3 The explicit constant in (2.1.8) allows us to see that all the constants
C = C (@) > 0 involved in the estimates of Propositions 2.2.1, 2.2.2 are bounded
as « — 1. In particular, all constants involved in subsequent estimates are also
bounded as @ — 1. In particular, these features allow us to recover the results in the
case « = 1 in a natural way.

d
Next, let V and H be Hilbert spaces such that V < H. Recall that in that case
we have the Gelfand triple

d d _ .
VeH—V"

Let&E: V x V — R be a bilinear and symmetric form. Throughout the rest of the
paper we will use the following terminology.

e We shall say that & is closed if {u,},eny C V is such that

lim [S(Ltn — U, Uy — Up) + Uy — um”%—l:l =0,

n,m— 00

then there exists u € V such that lim,_, » [S(un —u,up—u)+|lu, —u ||H] =0.
*  We will say that it is continuous if there exists M > 0 such that

&, v)| < Mlullv vy forall u,veV.
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* We will say that & is H-elliptic, if there exist constant C > 0 and v € R such
that

E(u,u) +vllully, = Cllul}, YuelV.
» Finally, & will be said coercive, if there exists C > 0 such that
E(u,u) > Cllu|3 forall u e V.

It is clear that if & is coercive, then it is H-elliptic.

Remark 2.2.4 Now assume that & is closed, symmetric, continuous and H -elliptic.
Define the operator

AV -V by (Au,v)y+y =8, v), Yu,veV. (2.2.6)

Let A be the part of the operator A in H in the sense that
DA)={ueV: Aue H}, Au= Au. 2.2.7)

It is easy to show that

D(A):iue V:3we Hand 8(u,v)=(w,v)HVveV}, Au=w.
(2.2.8)

In addition we have that the operator A := —A generates a strongly continuous and
analytic semigroup (e’4);>0 on H.

We give a general abstract setting that will imply ultracontractivity with the
precise constant. A complete proof of this result and a more general version can
be found in [51, Chapters 3, 4 and 6] (see also [27, Chapters 1 and 2]). Here and
below we set w A 1 := min {1, w} for any w > 0.

Theorem 2.2.5 Let V be a Hilbert space such that V i) L%(X). Let & with
domain V be a symmetric, closed, continuous and L*(X)-elliptic bilinear form on
L%(X). Let A be the self-adjoint operator on L*(X, m) associated with & in the
sense of Remark 2.2.4 and let (e’A),Zo be the strongly continuous semigroup on
L*(X) generated by A. Assume in addition that the semigroup is submarkovian in
the sense that it is positive and L*°(X)-contractive. Then the following assertions
are equivalent.

(a) There exists a constant C > 0 such that for allu € V,

||u||2 2w < C&E(u,u) forsome pu > 2. (2.2.9)

L2 (X)

(b) The semigroup is ultracontractive with constant Bs = 5.
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Remark 2.2.6 Let V, & and A be as in Theorem 2.2.5. The following situations are
well known (see e.g. [27, 32, 51]).

(i) The semigroup (e'4),>¢ is positive if and only if for every u € V we have that
ut =max {u, 0}, u~ = max {—u,0} € V and

8(u+, u- ) <0.

(i) Assume that the semigroup (e’ A),Zo is positive. Then it is L°°(X)-contractive
if and only if forevery 0 < u € V, we have thatu A1 € V and

Eunl,unl)<&Qu,u).

In what follows, our main working assumption is that (S (¢));>0 is ultracontrac-
tive and submarkovian in the aforementioned sense. For instance, we note that the
submarkovian property implies from [27, Theorem 1.4.1] that (S (¢));>0 can then be
extended to contraction semigroups S, (¢) on L”(X) forevery p € [1, oo], and each
semigroup is strongly continuous if p € [1, co) and bounded analytic if p € (1, 00).
Denote by A, the generator of the semigroup on L”(X) so that A = A. In that case
if p € (2, 00), then we have that A, is the part of A = Az in L?(X) — L%(X) in
the sense that

D(A,) = ’u e DA)NLP(X): Aue LP(X)}, Apu = Au. (2.2.10)

The operator Ao is defined as (A — Aog) ™! = [(A — A1) 7!]" forall A > 0.If A is
an unbounded operator then the semigroup on L*°(X) is not strongly continuous or
equivalently D(Ao) is not dense in L°°(X). In any case we shall set

LX) = D(Ag)"" .

We mention that in most situations we shall have
C(X) C L%X) C L*®(X).

For more details on this topic we refer to the monograph [27, Chapter 1]. For
p € (1,2), a description of A, exactly as in (2.2.10) is in general not an easy
task. However, by [51, Theorem 3.9], for every p € (1,00),if u € D(A)), then

ulul’~' € D(E) = V and

4(p

_1 N
2 )8(u|u|127*1,u|u|12*1) < (—Apu, |u|pflsgnu)

L2(X)

528(u|u|§—1,u|u|’z’—1). 2.2.11)
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We also mention that the semigroups are also consistent in the sense that for all
t>0,8, @) f =S8, ) f forallt > 0 whenever f € LP(X)NL?(X)and A; € A,
forany g > p; namely, D (A;) € D (A,) and A, f = A, f, forall f € D(A).
Since L? (X) € L' (X) (recall that X is a relatively compact Hausdorff space) and
Sp () € S1(¢) for all p € [1, o0], we can drop the index p and merely write S
for the semigroup, for the sake of notational simplicity. We shall also apply this
convention to the operators Sy, Py from (2.1.9). Clearly by (2.2.3), S () defines a
bounded (linear) operator from L?(X) into L?(X) for 1 < p < g < oo. For the
sake of brevity, in what follows we may write (and define) its operator norm

1ISOlgpi=sup (ISO flux))-
171, <1

Of course, we have || S (¢) f||Lq(X) < |IS(¥) ||q,p||f||Lp(X), forallr > Oand f €
L?(X), and

_ 11
”S(t) ”q,p <Ct ﬂA(‘D q), forall r > O.

Therefore, on account of (2.2.4) and (2.2.5), we also see for all r > 0,

_ 1_1 _ 1_1
1S (1) llg,p < Ct pac(y=4) and ||t 7Y Py (1) l4.p < Ct paa(}=) (2.2.12)

provided that B4 (p~' —¢~') < 1and B4 (p~' —¢~') < 2, respectively, for any
(fixed) 1 < p < g < o0.
The following continuity result will be used in Sect. 3.

Proposition 2.2.7 Let (2.2.3) be satisfied by the semigroup S. Let 6 € (0, 1] and
p € (1, 00) such that 0p > Ba. Then D((—A,)?) < L® (X).

Proof 1t suffices to show that the operator (I —A p)79 maps L? (X) into L™ (X)
continuously. The assertion follows from the ultracontractivity estimate (2.2.3) and
the well-known formula

—60

(1-A,)" = 1“19) /Oooﬁ—le—'sa)dt.

The proofis finished. O

2.3 Examples of Sectorial Operators

In this section, we give a sufficiently large number of examples of “diffusion”
operators that satisfy the assumptions of the previous section (in particular, the
statements of Propositions 2.2.1, 2.2.2). Many classical operators, that include
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uniformly (second-order) elliptic operators with sufficiently smooth coefficients
defined on a smooth domain ¢ R and subject to classical Dirichlet, Neumann
or/and Robin boundary conditions, can be considered already by this analysis
(see, for instance, [55]). However, the classical mathematical literature does not
place much emphasis on the regularity of the domain and its immediate affect on
the ultracontractivity estimates, although this kind of issues have been considered
only recently (see, for instance, [9, 10, 63]; cf. also [34] and references therein).
Most of our “diffusion” operators below take also into account a weaker regularity
assumption on the domain, by allowing €2 to be non-smooth, as well as, we aim to
present a number of recent examples that involve diffusion operators of “fractional”
type; our goal is also to place more emphasis on the later kind. Nevertheless, we
point out once again that the mapping assumptions we are going to employ out of
Sect. 2.1 are more general, and as a result do not require any specific form of the
diffusion operator. Such an abstraction allows us to represent a much larger family
of fractional kinetic models that have not been explicitly studied in detail so far to
the best of our knowledge.

But first, we need to introduce some general classes of Sobolev spaces. Let Q2 C
RY be an arbitrary bounded open set. Let

wi2(Q) = !u € LX(Q): / \Vu|2dx < oo}
Q

be the first order Sobolev space endowed with the norm defined by

5
||u||W1.z(Q)=</ |u|2dx—|—/ |Vu|2dx) )
Q Q

We also let

1,2
wl2@) = o@" ",

where D(£2) denotes the space of all infinitely continuous differentiable functions
with compact support in 2. It is well-known that

Wl @) <& L1@), 2.3.1)
with

l<g<2V if N>2,
l<g<oo if N=2, (2.3.2)
l<g<oo if N=1.
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Remark 2.3.1 Tf © has the W' 2-extension property, that is, for every u € W12(Q),
there exists U € Wl’z(RN) such that U|g = u a.e. on €2, then

wh2(Q) <5 L9(Q) (2.3.3)

with g as in (2.3.2).

Next, let

W= {u e W@ NC@): / u2do < oo},

Q2

where o denotes the restriction to <2 of the (N — 1)-dimensional Hausdorff measure
HN=!. The Maz’ya space W21’2(Q, 0€2) is defined to be the completion of W with
respect to the norm

1

2
Netll 1.2 ey neor 2= <[ |Vu|2dx+/ |u|2do~)
Wy (2,09) Q 0

W, %(2,89) C LY(Q), (2.3.4)

We have that

with

2N
l<gs [ ifN>ladl<g<ooif N=1. (2.3.5)

Remark 2.3.2 Firstly, we notice that the inclusion (2.3.4) is continuous but is not

always an injection. The latter property requires a regularity of the open set. For this
d

reason, in (2.3.4) we did not use the notation W21’2(Q, 0R2) — L49(R2). Secondly,

if @ has a Lipschitz continuous boundary, then W21’2(Q, Q) = W'2(Q) and
hence, (2.3.4) holds with g as in (2.3.2).

We refer to [17, 18, 49, 50] for a complete description of the Maz’ya type spaces.
Finally for 0 < s < 1, we introduce the fractional order Sobolev space

lu(x) —u(y)?
lx — N2

WS2(Q) = !u € L3(Q): f

dxdy < oo}
QJa

endowed with the norm

1

lu(x) — u(y)|? 2

Nl || yys.2 =</ |u|2dx+/ Ddxdy) .
We2(Q) o oo x =y
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8,2
We let Wg’z(Q) = Z)(Q)W (Q), and

WoA(Q) = {u e WS2@RY): u=0 on RY \Q],
and
775,2 . . 5,2
W2(Q) = {um. wew (sz)}.
Here also we have that

Wo (@), Wo (@) = LY(Q).

with
l<qg< M, if N>2s,
l<g<oo if N=2s
l<g=<oo if N <2s.
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(2.3.6)

(2.3.7)

Remark 2.3.3 Tf  has the W*-2-extension property, that is, for every u € W*2(Q),
there exists U € W%2(R"N) such that U|g = u a.e. on €, then (2.3.6) holds with

W2 (2) replaced with W*2(R2).

We also observe the following facts.

Remark 2.3.4 Let @ C RY be a bounded domain. Then we have the following

situations.

(a) D(Q) C Wg’z(Q) but is not always a dense subspace. If 2 has a continuous
boundary, then D(2) is dense in Wg’z(Q). As a direct consequence, we have
that D(R2) C WS’Z(Q) and is dense under the assumption that 2 has a

continuous boundary.
(b) The spaces Wg’z(Q) and WS’Z(Q) do not always coincide.

(c) Assume that € has a Lipschitz continuous boundary 9€2. Then, by [38,

Corollary 1.4.4.10] forevery 0 < s < 1,

W@ = {uew?@: ;’ e 2@},

(2.3.8)

where §(x) := dist(x, 92), x € Q. By [38, Corollary 1.4.4.5] if s # é, then
Wg’z(Q) = Wg’z(Q). Butif s = é, then Wg’z(Q) is a proper subspace of

1
Woz’z(Q). Notice also that Wg’z(Q) = W52(Q) for every 0 < s < ;

We refer to [2, 29, 38, 63] for a complete description and further properties of

fractional order Sobolev spaces.
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Our first example is the Laplace operator with various boundary conditions.

Example 2.3.5 (The Laplace Operator with Various Boundary Conditions) Let
Q C RY be an arbitrary bounded open set. All the considered bilinear forms are
symmetric, closed, continuous and elliptic.

(a)

(b)

The Dirichlet boundary condition. Let Ep with D(Ep) := W(}’z(Q) be given
by

Ep(u,v) = / Vu - Vodx. (2.3.9)
Q

Let Ap be the self-adjoint operator on L2(Q) associated with Ep. Then Ap is
a realization in L2(2) of —A with the Dirichlet boundary condition. Using an
integrating by parts argument, it is classical to show that

D(Ap) = {u e WIA(Q), Aue LZ(Q)], Apu = —Au.

It follows from the coercivity of the form (2.3.9) and the embedding (2.3.1) with
the value of g given in (2.3.2) that Ep satisfies the estimate (2.2.9) with u = N
if N > 2 and i > 2 an arbitrary real number if N < 2. Then Propositions 2.2.1
and 2.2.2 hold with A = —Ap and in that case 84 = 2’ if N >2and B4 > 1
arbitrary if N < 2. We also have that

LX) =Co(2) :={uecC(Q): u=0 on 9Q},

if and only if €2 is regular in the sense of Wiener. If €2 is not Wiener regular,
then we have that Co(2) & L°°(2) & L*°(2). We refer to [5, 6, 16] and their
references for more details on this topic.

The Neumann boundary conditions. Assume that 2 has the W!-2-extension
property in the sense of Remark 2.3.1. Let Epy with D(Epy) = wh2(Q) be
defined by

Enu, v) = / Vu - Vvdx. (2.3.10)
Q

Let Ay be the self-adjoint operator on L%(Q) associated with & A in the
sense of (2.2.7). Then A p/ is a realization in L%(Q) of —A with the Neumann
boundary conditions. Using (2.3.3), we get that En/+ (-, ) 12 satisfies (2.2.9)
with u = Nif N > 2 and p > 2 arbitrary if N < 2. Hence, Propositions 2.2.1
and 2.2.2 hold with A = —A s, — I in which case 4 = IZ if N > 2 and
Ba > 1 arbitrary if N < 2. If Q has a Lipschtiz continuous boundary, then an
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integration by parts argument gives that

D(Ap) ={u e W'(Q): Aue L*(Q) and d,u =0 on 9Q},
ANu = —Au,

where d,u := Vu - v denotes the normal derivative of u. In addition, in that case
we have that £>°(2) = C(2) (see e.g. [61] and the references therein).
The Robin boundary conditions. Let 8 € L*°(9€2) satisfy S(x) > Bo > 0 for
o-a.e. x € 082 and let Eg be the bilinear and symmetric form defined by

Ep(u, v) =/ Vu-Vudx + | B@x)uvdo, u,ve WH(Q) N C(Q).
Q R

It is clear that Eg is not closed and by [9, 10] it is also not always closable, but
it always has a closable part. Let Eg be the closure of the closable part of Eg. It
has been shown in [9, 10] that there exists a relatively closed set I' C 92 such
that

D(Eg) = {u eW'2(Q): iie LZ(F)}

and

Er(u,v) :=/ Vu - Vudx ~|—/ B(x)uvdo. (2.3.11)
Q r

1,2

Here W12(Q) = W12(Q) N C(Q)W @ and # denotes the relatively quasi-
continuous representative (with respect to the capacity defined on subsets
of  with the regular Dirichlet space VT/LZ(Q)) of the function u. We also
have that D(Eg) — L9(R2) with g as in (2.3.5) if 2 is arbitrary and as in
Remark 2.3.2 if 2 has a Lipschitz continuous boundary. In addition &g is
closed, symmetric, continuous and coercive. Let A g be the self-adjoint operator
on L%(Q) associated with E in the sense of (2.2.7). Then A is a realization
in L>(Q) of —A with the Robin boundary conditions. If Q is an arbitrary
bounded open set, then it follows from the coercivity of the form (2.3.11) and
the embedding (2.3.4) that Eg satisfies (2.2.9) with 4 = 2N if N > 1 and
u > 2 arbitrary if N = 1. In that case, Propositions 2.2.1 and 2.2.2 hold with
A= —Agrand B4 = Nif N > 1 and B4 > 1 arbitrary if N = 1. If Q has
a Lipschitz continuous boundary, then D(Eg) = W12(Q) (see Remark 2.3.2)
and

Er(u,v) = / Vu - Vvdx ~|—/ B(x)uv do.
Q aQ
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Therefore, by (2.3.3), we have that Er satisfies (2.2.9) with u = Nif N > 2
and p > 2 arbitrary if N < 2. Hence, Propositions 2.2.1 and 2.2.2 hold with
A =—Apand 4 = 1;’ if N > 2and B4 > 1 arbitrary if N < 2. In addition
we have that

D(AR) ={u e Wh(Q): Aue L*(Q) and d,u + Bu =0 on I},
Agpu = —Au.
Furthermore (always under the assumption that 2 has a Lipschitz continuous
boundary) it has been shown in [61] that £L°°(Q2) = C(2). We refer to [9, 10,
17, 18, 26] for more details.
The Wentzell boundary conditions. Assume that 2 has a Lipschitz continuous
boundary. Let 8 € L°°(92) be as in part (¢), § € {0, 1} and
W2(Q) = {U = (u,ulpe) : u € W'2(Q) and Sulyq € W1’2(89)],

be endowed with the norm

1
2 .
(IIullﬁvl,z(Q) + ||u||3v1,2(m)) if §=1
1

”u”Wl,S,Z(Q) = ) R ! .
<||u||W1.2(m + ||u||W%,2(m)> i 520,

Then
W02(Q) — L1(Q) x LI1(3RQ), (2.3.12)

with
1§q§2(]f]v__21) if N>2andl1<g<oo if N<2, (2.3.13)

and
Wh12(Q) — L1(Q) x L1(0Q), (2.3.14)

with
15q5N2T2 if N>2andl<g<oo if N<2. (2.3.15)

Let Es.w with D(Es.w) := W92(Q) be given by

EswU,V):= / Vu - Vudx ~|—8/ Vru - Vrvdo +/ B(x)uvdo.
Q 9 02

(2.3.16)

Q
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Let As w be the self-adjoint operator in LZ(Q) X L2(8 2) associated with Es w
in the sense of (2.2.7). Then Ajw is a realization in L?(Q) x L*(3K2) of

( — A, —Ar) with the generalized Wentzell boundary conditions. More
precisely, we have that

D(Asw) = {(u, ulr) € WH2(Q) - Au e L2(Q) and
— bArGulyg) + By + plulae) € LXGD).
and
Aol ulr) = (= Au, —SAr(ulag) + duu + Blulag)).

We notice that for 1 < g < oo, the space L9(2) x L9(92) endowed with the
norm

1/q .
(110 + I8lEaey) — if 1=q < oo,

max{||l fllLe (@), gllLe (@) if g =o0,

ICfs @ lLa@yxLapa =

can be identified with L4(2, m) where the measure m on 2 is defined for a
measurable set A C Q2 by m(A) = | N A| + o022 N A). It follows from
the coercivity of the form (2.3.16) and the embeddings (2.3.12) and (2.3.14)
with ¢ given in (2.3.13) and (2.3.15) that &g, w and &1 w satisfy (2.2.9) with
w=2(N—-1if N >2, u>2arbitraryif N <2,and withu = Nif N > 2,
u > 2 arbitrary if N < 2, respectively. We have shown that Propositions 2.2.1
and 2.2.2 hold with A = —A¢,w and with A = —A1 . In addition we have
that in both cases LX(Q) = {U = (u, ulyq) : u € C()} = C(L2). For more
details we refer to [61] and the references therein.

In all cases described by Example 2.3.5 one may replace the Laplace operator
— A by a general second order elliptic operator L of the form

N
Lu=— Z D; (a;j(x)Dju), (2.3.17)
i,j=1
where the coefficients a;; € L>®(Q), ajj(x) = ajj(x) foralli, j =1,2,..., N and

ae.x € Q,and

N
Z a;jj(x)&&; > v|§|2, Ve RY and for some constant v > 0.
i,j=1
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All the above results remain true when —A is replaced by L with the appropriate
modifications.

Next we consider realizations of the fractional Laplace operator with various
boundary conditions. For 0 < s < 1,

ue LyRY) = !u :RY — R measurable and /]RN (1 _:L;)(CT))ILHA X < oo},
and ¢ > 0 we let
(-t i=Cus [ L0y e RN,
{(yERY: |x—y|>¢} lx — yl $

and we define the fractional Laplace operator (—A)*u as the following singular
integral

u(x) —u(y)
N |x _ y|N+2s

(=AY ’u(x) = CN,SP.V./ dy = liil(}(—A)éu(x), x e RV,
R &

(2.3.18)

provided that the limit exists for a.e. x € RY, where the normalization constant
Cn s is given by

_ $25T (g’ —|—s)

N,s ‘= N .
T2l (1 —s)
If, for a given function u, (—A)*u € Lz(RN), then we can let

s 1 *° dt
(—=A)Yu := I(—s) /0 (etAu — u) ks

where I'(—s) = — F(ls_s) and (e’A),Zo is the semigroup on L2(RM) generated by
A. That is, we can define (—A)* as the fractional s-power of the classical Laplace
operator —A. Furthermore, (—A)® can be also defined as the pseudo-differential
operator with symbol |&|> by using Fourier transforms.
Throughout the following we shall write (—A)u € L?() if the limit in (2.3.18)
exists almost everywhere, and the function x — (—A)*u(x) belongs to L%(Q).

Let 2 C RY be a bounded open set. For u € £;(2) and ¢ > 0, we let

u(x) —u(y)
y|N+2sdy, x € Q.

(—AY, pu(x) = Cis f

(e [x—y|>¢) |x —
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We set

u(x) —u(y)

(~guts) = k. [ 1 Iy —tim-a)g . 5 e 2,

(2.3.19)

provided that the limit exists for a.e. x € €2, which is called the regional fractional
Laplace operator. We notice that £ (R") and £ (2) are the right spaces on which
(=A)ju(x)and (—A)?zy U (x) exist forevery & > 0, respectively, and are continuous
at the continuity points of u (see e.g. [19, 39, 40, 64] and their references).

Let us notice that even on the space D(£2) of test functions, the operator (—A)*
and (—A)yg, are different. More precisely, a simple calculation shows that for u €
D(2) we have

(=A)u(x) = (=A)gu(x) + k(u(x), x € Q,

where the function « is given by

1
K (x) :=/ dy, xeQ.
rV\Q [x — y|NF2s

For more details we refer to the above references.

Example 2.3.6 (Fractional Laplace Operator with Various Exterior Conditions)
Let @ C RY be an arbitrary bounded open set. Here also all the bilinear forms
that we will consider are symmetric, closed, continuous and elliptic.

(a) The fractional Laplacian with Dirichlet exterior condition. Before given our
operator, let us first recall the following integration by parts formula. Let u €
Wy2(R) be such that (—A)u € L*(R). Then, for every v € Wy(Q) the
identity

[ (A dx = Cn.s [ @x) —u@)(x) — v(y))dxdy
Q 2 Jry Jry

v — N2
(2.3.20)
holds.
Next, we consider the following Dirichlet exterior value problem:
(-A)'u=7f inQ u=0 inRV\Q. (2.3.21)

Let f € L3(R). By a weak solution of (2.3.21) we mean a function u €
Wy (Q) such that

CN,s (u(x) — u(y))(v(x) _ U(y)) B
2 /]RN /]RN |x — y|N+2s dXdY—/QfU dx
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for all v € Wg’z(Q). Using the well-know Lax-Milgram theorem, it is
straightforward to show that the Dirichlet problem (2.3.21) has a unique weak
solution.

Letu € WS’2(Q) be a weak solution of the Dirichlet problem (2.3.21). We have
the following situation.

* We do not know if u is a strong solution of (2.3.21) in the sense that
(—=A)’u (as defined in (2.3.19)) is well-defined almost everywhere and that
(—=A)’u = f a.e.in Q. Such a result always holds in the classical case of the
Laplace operator.

* Here we just know that u € WI%Z’Z(Q) (see e.g. [15]). But this maximal
inner regularity result is not enough to show that weak and strong solutions
coincide. Let us notice that strong solutions are always weak solutions (this
follows directly from the integration by parts formula (2.3.20)) as in the
classical case s = 1. For this reason the operators we shall define are
selfadjoint realizations of the fractional Laplace operator.

Let & p with D(&;,p) := W)*(%2) be given by

8S,D(ua U) =

Cn.s / (up(x) —up(y))(vp(x) — vD(y))d
xdy,
RN JRN

2 |x_y|N+2s

where for a function w € L?(2) we have denoted

w in Q
wp =
0 inRV\Q,

and we recall that
375,2 . . 5,2
W2(Q) = {u|9. uew (Q)}.

Let (—A)SD be the selfadjoint operator on L2(Q) associated with &; p in the
sense of (2.2.8). It has been shown in [23] that

D((=A)}p) = {u € VT/S’Z(Q) : 3 f € L3(Q) such that up is a weak solution
of (2.3.21) with right hand side f],
(=A)u = f.

Then (—A)j, is the realization in L2(2) of (—A)* with the Dirichlet exterior
condition up = 0 on RV \ Q2. It follows from (2.3.6) with g given in (2.3.7) that
&, p satisfies (2.2.9) with u = 1:/ if N > 2s and u > 2 arbitrary if N < 2s.
Hence, Propositions 2.2.1 and 2.2.2 hold with A = —(—A)}, in which case
Ba = Y if N > 2s and B4 > 1 arbitrary if N < 2s. If Q is of class C!1,
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then using the regularity results obtained in [54] one can show that £ (Q2) =
Cp(£2). Let us mention that differently from the classical case, the fractional
Laplacian also naturally admits boundary explosive solution, see e.g. [1, 31, 66].
The fractional Laplacian with nonlocal Neumann exterior condition. Let
©Q C RY be a bounded open set with Lipschitz continuous boundary. For 0 <
s < 1 we define the Hilbert space (see [30, Proposition 3.1] for the proof)

Wgsz’2 = lu :RY - R measurable and lullyys2 < oo},
Q

where

2
) , lu(x) — u(y)|

ullt 5o i=llu + dxdy,
lulfyez =l / /R e |t — ylNiz 45

and
RPV\VRY\ 22 =@ x U@ x R\ Q)U@RN\Qx Q).
Foru € Wé’z we define the nonlocal fractional normal derivative of u as

u(x) —u(y)

Nsu(x) :=Cn.s
S () N,A Q|x—y|N+2Y

dy, x e RV\ Q, (2.3.22)

provided that the integral exists.

We have the following integration by parts formula. Let u € WS‘;’z be such that
(—A)u € L*() and Nyu € L>(RY \ Q). Then for every v € W;‘f NL>(RN\
2) the identity

s _Cnys (u(x) —u(y)(vx) —v(y))
/S'ZU(_A) ude = 2 //RZN\(RN\Q)2 |x — y|N+2s dxdy
_ / Nt dax (23.23)
RV\Q

holds. For a function u € L?(2), we define it extension uy on RV as follows

u(x) if x € Q,

uy (o) =1 1 u(y) . N
dy if xeRN\Q.
p(x) Jo Ix — y|N+2s

where

1
o(x) ;:/Q Vs dy, x e RV\ Q. (2.3.24)
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Since we have assumed that €2 is bounded, using the Holder inequality, we have
that for every u € L>(Q) and a.e. x € RV \ ,

lullz1 () 1

vl = p(x)  (dist(x, Q)N

Thus, uy is well-defined for every u € L?(2). It follows from the definition of
uy, that Nyuy = 0in RV \ Q.

Next, for f € L?(Q) we consider the following Neumann exterior value
problem:

(—AYu=f inQ, Nu=0 inRV\Q. (2.3.25)

Let f € L2(Q). By a weak solution of (2.3.25) we mean a function u € WS‘;’2
such that

CN,S// () = HONOL) =20 g :/ !
) RZN\(RN\Q)Z |x_y|N+2s xay va X

(2.3.26)

forall v € Wssz’z. Using the Lax-Milgram theorem, it is easy to see that the
Neumann problem (2.3.25) has a weak solution.

Letu € Wgz’z be a weak solution of the Neumann problem (2.3.25). Here also
we do not know if u is a strong solution of (2.3.25) in the sense described above.
We just know that the exterior condition is satisfied a.e. in RV \ 2. Indeed, taking
v e DRN \ ) as a test function in (2.3.26) and calculation we get that (notice
that v = 01in Q)

Cn.s // @) —u()x) —vy))
0= dxd
2 R2V\ (RV\©)2 |x — y|N+2s e

=CN,S// (M(X)—M(Y))(U(X)v(y))dxdy
Q JRN\Q

v — y| N2

_ u(x) —u(y)
=N /RN\Q V) (fsz |x — y N2 dx) a

=/ v(Nsu(y) dy.
RM\Q

Since v € D(RN \ ) was arbitrary, we can deduce that Nyu = 0 a.e. in
RN \ . In addition, contrarily to the Dirichlet case, here we even do not know
if weak solutions belong to Wl%)i’2(Q). As in the Dirichlet case, here also strong
solutions are always weak solutions. This also follows from the integration by
parts formula (2.3.23).
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Now let & s be the form on LZ(Q) with domain

D&, N) i=1{u € LX(Q) : uy € W)

and given by

_Cnys (un(x) —un(y)(nx) —vn(y))
& N, v) == ) //Rz/v\(RN\Q)z = y|N42s dxdy.

Let us notice that it has been shown in [23] that

DE, N = [ula: uewy’|
and

& nn 1) = infié)(v, 0 vle=u ve Wgé’z},

where for v, w € Wssz’z, we have set

__ Cnys (V) —v(y)(wx) —w(y))
Sl w)= //RZN\(RN\Q>2 |x — y|N+2s ddy.

Itis easy to see that D(SS’ N) = W*-2(2). Hence, it follows from Remark 2.3.3
that D(SS,N) — L9(2) with ¢ as in (2.3.7). Let (—A)jv be the selfadjoint

operator on L2(2) associated with 8& N in the sense of (2.2.8). It has been
shown in [23] (see also [30, Section 3]) that

D((~AYy) = {u €LXQ): uy e WP 3 f € LX) suchthatuy is a
weak solution of (2.3.25) with right hand side f ]
(=D = f.

Then (—A)jv is the realization in L%(2) of (—A)* with the nonlocal fractional

Neumann exterior condition Nsuy = 0 on RY \ 2. Notice that the form 8& NS
not coercive since the constant function 1 € D(SS’ A and clearly 8& N D) =
0. Instead we have that 8& N+ (5 ) 2@ 1s coercive and hence, satisfies (2.2.9)
with u = 12’ if N > 2s and ¢ > 2 arbitrary if N < 2s. This implies that
Propositioné 2.2.1 and 2.2.2 hold with A = —(—A)jv — I in which case 4 =

évs if N > 2s and B4 > 1 arbitrary if N < 2s. Since we do not know if weak and
strong solutions of the Neumann problem (2.3.25) coincide, we cannot deduce
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that (—A)jvu = (—A)’up)|q for every u € D((—A)jv). For more details
on the operator (—A)%, and the nonlocal fractional normal derivative given
in (2.3.22) we refer the interested reader to [23, 30] and their references.

The fractional Laplacian with nonlocal Robin exterior condition. Let Q C
RY be a bounded open set with Lipschitz continuous boundary and let 0 < s <
1.Let B € L'(RN \ Q) be a non-negative function. We define the fractional
order Sobolev type space

Wi = lu e Wi / Blul? dx < oo}
’ RN\Q

and we endow it with the norm given by

1
2
2 2
52 = s d
el (nuuwg,z + /RN\Qﬁlul x)

It has been shown in [30, Proposition 3.1] that Wgé is a Hilbert space.
Next we consider the following Robin exterior value problem:

(=AYu=f inQ, Nu+pu=0 inRV\Q. (2.3.27)

Let f € Lz(Q). By a weak solution of (2.3.27) we mean a function u € Wgé
such that

Cn.s // (u(x) —u(y)(vx) —v(y)) /
dxd d
2 R2V\ (RN \Q)2 |x — y|N+2s v RN\Qﬂuv g

- / fudx (2.3.28)
Q

forall v € Wy Q Here also using the Lax-Milgram theorem, it is straightfor-
ward to see that the Robin problem (2.3.27) has a unique weak solution.

Letu € W/3 o be a weak solution of the Robin problem (2.3.27). We do not
know if u is a strong solution of (2.3.27) in the sense described above, and if
u belongs to Wﬁfo 2(Q). As in the Neumann case we just know that the exterior

condition in (2.3.27) is satisfied a.e. in RV \ . Indeed, taking v € DRN \ Q)
as a test function in (2.3.28) and calculation we get that (notice that v = 0 in €2)

_Cns () — u() ) — v(y)
= 2 /AZN\(RN\Q)z |x_ |N+2s dxdy-i—/RN\Q ﬁuv dy

—CNY// (u(x)—u(y))j\(lljr(;f)v(y))d dy~|—/ Buv dy
RM\Q lx =yl RM\Q
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u(x) —u(y) ) /
=Cy. dx | dy + d
N /RN\Q v (/Q e — y N2 ) RM\Q Puvdy

_ / V() (Nst () + BOIu(»)) dy.
RNM\Q

Since v € D(RY \ Q) was arbitrary, we can deduce that Nyu + fu = 0 a.e. in
RV \ Q.
Next, for a function u € L2(Q), we define its extension ug on RY as follows:

u(x) ifx € Q,

= C
ur(x) u() Ldy ifx e RV\Q,
Crsp(x)+ B(x) Jo |x — y|ntss

where we recall that p(x) is given by (2.3.24). As in the Neumann case, we
have that ug is well-defined for every u € L?(2). It has been shown in [23]
that for every u € Wé’z, we have the equality.

Nour(x) + B(x)ur(x) =0, x e RV \ Q. (2.3.29)
We call (2.3.29) the nonlocal Robin exterior condition.

Now we introduce the realization in L2(§2) of (—A)* with the nonlocal Robin
exterior condition. Let

D(ER) = {u e LX(Q): ug e W5? and / B3 () dx < oo]
RN\Q

and &; g : D(Es r) X D(Es,r) — R given by

_Cnys (ur(x) —ur(y))(vr(x) — vr(y))
Ee.R0¥) = 2 //RM\(RN\Q)Z |x — y[NF2s ddy

+/ B@X)ug(x)vg(x) dx.
RM\Q

Then & g is a closed, symmetric and densely defined bilinear form on LZ(Q).
The selfadjoint operator (—A)}, associated with E; g (in the sense of (2.2.8)) is
given by

D(=A)) = [u e L3(@): ur € Wy, 3 f € L3(R) such thatug is a
weak solution of (2.3.27) with right hand side f }
(—A)ju = f.
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It is easy to see that D((—A)‘}Q) — Ws’z(Q). Hence, it follows from
Remark 2.3.3 that D((—A)‘}Q) — L9(2) with g as in (2.3.7). We notice
that if 8 # 0 ae. in RN \ €2, then the form &, r is in addition coercive.
We mention that as in the Neumann case, since we do not know if weak and
strong solutions of the Robin problem (2.3.27) coincide, we cannot conclude
that (—A)jyu = (=A)*ug)|q for every u € D((—A)%). For more details we
refer to [3, 23].

The regional fractional Laplacian with Dirichlet boundary condition. Let
Eq.s.p with D(Eq 5. p) = W(‘;’Z(Q) be defined by

Eas i, v) = Cn.s / / (u(x) —u(y))(v(X) v(y))dxdy. (2.3.30)

|N+2Y

Let (_A)iz, p be the self-adjoint operator on L2(2) associated with Eq.s.D
Here also an integration by parts argument gives that

DU~V p) = [u e W@ 1 (=A)gu e L@}, (~A)5 put = (~A)ju.

The operator (— A)Q p 18 the realization in L2() of (— A)g, with the Dirichlet
boundary condition # = 0 on 9€2. It follows from (2.3.6) with g given in (2.3.7)
that Eq 5, p satisfies (2.2.9) with u = NifN >2sand pu > 2 arbitrary if
N < 2s. Hence, Propositions 2.2.1 and 2.2.2 hold with A = _(_A)E,D in
which case 84 = é\i if N > 2s and B4 > 1 arbitrary if N < 2s. If Q is of
class C1! and é < s < 1, then it follows from the results obtained in [39] that
L2(Q2) = Co().

The regional fractional Laplacian with Neumann boundary conditions.
Assume that €2 has a Lipschitz continuous boundary. Let ; <s <land& | n

with D(E, ; o) = W**(R) be given by

B N V) = NA// (M(X)—u(y))(v(X) v(y))dxdy. 2.331)

|N+2Y

Let (— A)Y N be the self-adjoint operator on L?(2) associated with SQ’ s N It
has been shown in [35, 62] by using the Green formula (B.0.7) that

D((=D)g p) = {u € WS2(Q) : (—A)5u € LA(Q) and N*"%u =0on 9Q},
(=8)g gt = (=A)qu,

where N2725y denotes the fractional normal derivative of u in the sense
of Definition B.0.7 (see Appendix B below). The operator (—A)z2 N is the

realization in L2(§2) of (—A)g, with the fractional Neumann type boundary
conditions. Using Remark 2.3.3 we get that Eq, | Ar+ (-, -) 12(q) satisfies (2.2.9)
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with p = 1:’ if N > 2s and n > 2 arbitrary if N < 2s. This implies that
Propositions 2.2.1 and 2.2.2 hold with A = —(—A)?2 N I in which case

Ba = é\i if N > 2s and 4 > 1 arbitrary if N < 2s. We notice that the

assumption that ; < s < 1is not a restriction. In fact, if 0 < s < é, since
Wg’z(Q) = W2(Q) (by Remark 2.3.4), we have that the forms Eq ¢ p and
SQ’ s N given in (2.3.30) and (2.3.31), respectively, coincide. Thus, in this case
Dirichlet and Neumann boundary conditions are the same.

The regional fractional Laplacian with Robin boundary conditions.
Assume that © has a Lipschitz continuous boundary and let 8 € L*°(3)
satisfy (x) > Bo > 0. Let é < s < land Eq s g With D(Eq s.R) 1= WS*Z(Q)
be given by

o k1, v) = C;’,s /Q/Q (u(x) —u(y)(vx) — U(y))dxdy +/mﬁ(x)uvdo.

|x _y|N+2s

Let (—=A)g g be the self-adjoint operator on L?(2) associated with EQ.s.R-
Using again the Green formula (B.0.7), it follows from [35] that

D((—=A)g p) = {u € WHA(Q) 1 (=A)ju € LA(Q)
and C;N? "2 u + Bu =0on IS},
(=A)g gt = (=A)gu,

where Cs is a normalization constant depending only on s (see Appendix B
below). The operator (_A)fz, g is the realization in L3() of (—A)g, with the
fractional Robin type boundary conditions. Here also &g s g satisfies (2.2.9)
with u = 1;’ if N > 2s and o > 2 arbitrary if N < 2s and this implies that
Propositions 2.2.1 and 2.2.2 hold with A = —(—A)&R in which case 84 = é\i
if N > 2s and B4 > 1 arbitrary if N < 2s. As above, here also, the assumption
é < s < 1l is not a restriction.

The regional fractional Laplacian with general Wentzell boundary condi-
tions. Let 8, s and Q2 be as in part (e). Let § € {0, 1} and

W2(Q) = {U = (u, ulyo) : u € WHHRQ) and Sulq € W“(asz)},

be endowed with the norm

1
2 .
(Nl gy + 112 ) it s=1

”u”WSﬁ,Z(Q) = ) 5 ; .
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Then
W02(Q) < LI(Q) x L1(dQ), (2.3.32)
with
2(N—-1) . .
1<g< if N>2s and1 <g <oo if N <2s, (2.3.33)
N —2s
and
Ws’l’z(Q) — L1(Q) x L1(3R), (2.3.34)
with
N . .
lquN ) if N>2s and1 <gqg <oo if N <2s. (2.3.35)
—2s

Let &5, w with D(Es.w) := W% 2(Q) be given by

Evsw (U, V) ::C;/,x fQ/Q (u(x) —u(y)(v(x) — v(y))dxdy N fmﬂ(x)uvdo

|x _y|N+2s

+34

Cn-1s / x) —u(y)(x)— v(y))d
oxdoy.
IQ JIQ

2 |x_y|N—1+25

Let (—A)g w be the self-adjoint operator on L?(©) x L*(3) associated with
&s.s,w inthe sense of (2.2.7). Then (_A)E,W is a realization in L2(2) x L2(32)

of ((— A, 8(— A)il) with the generalized Wentzell boundary conditions. Here

by (—A)} we mean the operator defined formally for

lv(x)]

ve L5(0Q) = {v : 92 — R measurable and o (1 [x|)N-1+2s

doy <oo},

by

v(x) —v(y)

doy, x € 0Q2.
_ ¢ y
Q |x—y|N 1425

(—A)jpv:= CN,LSP.V./
3
More precisely, we have that

D((—A)§ ) = ’U = (u, ulr) € W2(Q) : (=A)5u € L*(Q)

and (= A)-wlog) + CAN~2u + Blulae) € L2OD) ],
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and
(— 803 wU = (= A)au, 8(= M) (wlag) + CN"2u + Blulse) ).

Using (2.3.32) with ¢ given in (2.3.33) and (2.3.34) with ¢g given in (2.3.35),
we get that & 0w and & 1w satisfy (2.2.9) with u = “" -V If N > 2s,
@ > 2 arbitrary if N < 2s, and pu = ];/ if N > 2s, u > 2 arbitrary if
N < 2s, respectively. We have shown that Propositions 2.2.1 and 2.2.2 hold
with A = —(—A)} ,, in which case B4 = )~} if N > 25, B4 > 1 arbitrary if
N < 2s,and with A = _(_A)‘i,w in which case 84 = g if N >2s,84>1
arbitrary if N < 2s. We refer to [33] for more details on this topic.

For the cases (b), (c), (e), (f) and (g) in Example 2.3.6, there is no regularity result
available in the literature that can be used to characterize the corresponding space

L%°(2) or L=().
We mention that in Example 2.3.6 parts (a) and (d), one may replace the kernel
|x — y|~N=2 by a general symmetric kernel K : RN x RY — [0, 0o) satisfying

Ci < K@, »lx—y"*» <,

for ae. x,y € RY and for some constants 0 < C; < Cs. In that case our
corresponding operators (2.3.18) and (2.3.19) are given by

A'u(x) = Cy.PV. fR K ) — u()dy
and
ASu(x) = Cy.sPV. /Q K (e, y)@(x) — u(y)dy,

respectively.
Next, we consider some Dirichlet-to-Neumann type operators.

Example 2.3.7 Throughout this example we assume that @ C R is a bounded
open set with a Lipschitz continuous boundary 9€2.

(a) The classical Dirichlet-to-Neumann operator. Recall that the operator Ap
defined in Example 2.3.5(a) has a compact resolvent and its eigenvalues form
a sequence of real numbers 0 < AID < Ag < ... < A,? --- satisfying
lim;, s o )\nD = 00. We denote its spectrum by o(Ap). Let A € R\o(Ap),
g€ L?(32) and let u € W2(2) be the weak solution of the Dirichlet problem

—Au=Xtu in 2, ulpg=2g. (2.3.36)
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The classical Dirichlet to Neumann map is the operator D ; on L*(3R2) with
domain

DDy ;) = !g € L>0Q) : Ju € WH(Q) solution of (2.3.36)
and d,u exists in L2(8Q)],
and given by
D108 = dvu.
It is well known that one has the following orthogonal decomposition
whAQ) = Wy (@) @ H' (@),
where
HH@) = fu e W), —Au=rul,

and by —Au = lu we mean that

/ Vu - Vudx =A/ uvdx, ¥ v e Wy ().
Q Q

Let
W22(5Q) = [mm Cue Wl’z(Q)]

be the trace space. Since A € R\o(Ap), we have that the trace operator
restricted to 7{“(9), that is, the mapping u € 7{1’)‘(9) — ulgq € W§’2(89),
is linear and bijective. Letting

||M|aQ||W5v2(aQ) = ”””(HI‘*(Q)’
then W22 (0€2) becomes a Hilbert space. By the closed graph theorem, different
choice of A € R\o (Ap) leads to an equivalent norm on W 2 2(3€2). Moreover,

d
we have that W22(3Q) <> L2(3R) and W2-2(3Q) <> L2(3S). In addition
we have the continuous embedding

W22(0Q) < LI(IQ) (2.3.37)
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with

Lo, 22N =D

<g="  ifN>2adls<q<ooif N2 (2.3.38)

It has been shown in [7] that D , is the self-adjoint operator on L2(8Q)
associated with the bilinear, symmetric and continuous form &; ; with domain

Wé’z(BQ) given by
E1alp, ¥) = / Vu - Vodx — A/ uvdx,
Q Q

where ¢, ¥ € W;’z(E)Q) and u,v € 7{“(9) are such that u|3q = ¢ and
vlpe = . The operator —ID; ; generates a strongly continuous and analytic
semigroup on L2(92) which is also submarkovian if 4 < 0. If 4 < 0 we also
have that &, is coercive. In that case (by using (2.3.37) and (2.3.38)) we get
that &, satisfies (2.2.9) with X = 92 and the constant u =2(N — 1) if N > 2
and p > 2 arbitrary if N < 2. Hence, Propositions 2.2.1 and 2.2.2 hold with
A = —Dy , inwhichcase g = N—1if N > 2 and B4 > 1 arbitrary if N < 2.
In addition we have that £L°°(0Q) = C(02). We refer to [7, 8, 12] and their
references for more details on this topic.
The fractional Dirichlet-to-Neumann operator. Let ; < s < 1. We notice
that the operator (— A)z‘?’ p defined in Example 2.3.6(b) has a compact resolvent
and its eigenvalues form a sequence of real numbers 0 < )fi’D < )\;’D <
- < ASP .. satisfying limy— oo ASP = 00. We denote its spectrum by
o((—A)é‘}’D). Let A € R\ o((—A)é‘lD) be a real number, g € L*(3S2) and
let u € W*2(R) be the weak solution of the following Dirichlet problem

(=A)qu =2u in Q, ulpe =g (2.3.39)

The fractional Dirichlet-to-Neumann map is the operator ID; ; on L?(32) with
domain

D(Dy;) = !g € L2(0Q) : Ju € WH2(Q) solution of (2.3.39)
and N* "%y exists in Lz(BQ)},
and given by

Dy 28 = CsN* ",
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where C; is a normalized constant depending only on s (see Appendix B). One
has the following orthogonal decomposition

WH2(Q) = Wi () @ HH(Q),
where
HHQ) = ’u e WHHQ), (—A)ou = Au],

and by (—A)5u = Au we mean that

CN,S// () —u(y)kx) —vy))
2 Jala

dxy =i | uvdx, Y ve Ws(Q).
[x = y |V = [ o

Let
WS=22(3Q) = {um, e W"2(Q)}

be the trace space. Since A € ]R\(T((—A)‘E2 p)» we have that the trace
operator restricted to H**(S2), that is, the mapping u € H**(Q) > ulsg €
Ws_%’z(ﬁ 2), is linear and bijective. Letting

lulo@ll 1200 = Ml gpo g

then Ws’é’z(aﬂ) becomes a Hilbert space. By the closed graph theorem,
different choice of A € R\a((—A)é‘l p) leads to an equivalent norm on

d
WS_E’Z(BQ). Moreover, W‘Y_é’z(BQ) < L2(32) and one has the continuous
embedding

WS 220Q) — LI1(09) (2.3.40)

- 2(N-1

1<g=< if N>2s and 1 <g <oo if N <2s. (2.3.41)
N —2s

By [62], Dy, is the self-adjoint operator associated with the closed and

symmetric form &; ) with domain W*~ : 2(3Q2) and given by

Eor(@ ) = Cz;,s /Q/Q (u(x) —u(y)(vx) — U(y))dxdy _)L/qudm

v — y| N2
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where ¢, ¥ € Ws_é’z(BQ) and u, v € H**(Q) are such that ulpo = ¢ and
v|yq = V¥, and the operator —Dj ; generates a strongly continuous and analytic
semigroup on L2(8 2) which is also submarkovianif A < 0.If A < 0, then &; 3
is also coercive. In that case we have that &, satisfies (2.2.9) with X = 92
and the constant u = 2(21;’:11) if N > 2s and u > 2 arbitrary if N < 2s. This
implies that Propositions 2.2.1 and 2.2.2 hold with A = —D; ; in which case
Ba = évv :11 if N > 2s and B4 > 1 arbitrary if N < 2s. There is no regularity
results available in the literature that can help to characterize the space £°°(3%2).

We refer to [62, 65] for more details on this topic.

We conclude this section by considering fractional powers of operators. Before
giving some concrete examples we introduce a general abstract theory. Let V and

d
H be Hilbert spaces such that V < H. Recall that in that case we have the Gelfand
triple
d d
Ve H< V*

Let & : V x V — R be a symmetric, bilinear, continuous and coercive form. Let
A : V. — V* be the operator given by (Au, v)y+ v = E(u, v) forallu,v e V.
Next we consider functions defined from (0, 0o) into X where X = V, H or V*.

d
In general if X and Y are Hilbert spaces such that X — Y and 0 < s <1, we define
the space

Wo (X, ¥) = {U € Lige((0,00): ¥) : U € Lo ((0, 00 X),

(t > tW/(t)) c1? ((o, 00): Y, df) and (t > z“u’(z)) cL? ((0, 00): X, d;)

——

In order to avoid clutter we write t* for the functionz +— . It is clear that W, (X, Y)
endowed with the norm

1
2

IUllw,x,v) = (fo (||fu(t)||2Y + ||ﬂ/(t)||§> tszt>

is a Hilbert space.
An s-harmonic function with respect to & is a function U € Wi_;(H, V) such
that '%%U’ € W, (V*, H) and

!
- (rl—zm’) +1"BAU=0 in V* forae. 1 € (0,00). (2.3.42)
We notice that (2.3.42) is equivalent to the following equation

U@t + ! _tzsfu’(t) —AUG) =0, 1€ (0,00).
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It has been shown in [13, Theorem 3.4], that given u € [H, V] (the complex
interpolation space), there exists a unique s-harmonic function U such that Z(0) =
u. In addition, given v € [V*, H]1—y = ([H, V],)*, there exists a unique s-
harmonic function U such that — lim, o 17259 (1) = v. Now define the operator
Ds : [H,V]y — ([H,V]s)* as follows. Let u € [H, V], and let U be the
unique s-harmonic function satisfying U(0) = u. Then we set Dsu = v where
v = —lim, wzl*%‘fu’(z) in V*. We call D, the Dirichlet-to-Neumann operator
with respect to &. Notice that

d d
[H,V]y — H < ([H,V])*.
Now let Dy be the part of the operator Ds in H, that is,
D(Dy) = lu e[H,V]y: Due H], Dyu = Dyu.

Let also A be the part of the operator A in H and denote by A* the fractional power
of A. By [13, Theorem 4.1] we have that c; Dy = A’ where ¢ := 22s—1 rlgl(i)s)' In
addition the operator —A* generates a strongly continuous semigroup on H.

In the case where H = L2(RN), V. = WL2RN),
E(u,v) = / Vu - Vvdx,
RN

that is A = —A (the Laplace operator on the whole space R"), the above
construction of A* is known as the Caffarelli-Silvestre extension [20] and in that
case one has that A’ = (—A)*. The extension of this construction to the case where
A is a self-adjoint operator with compact resolvent has been done first by Stinga and
Torrea [58] and later by several other authors. The description given above is taken
from [13] where general operators associated to sesquilinear and continuous (both
coercive and non-coercive) forms have been considered.

Next, assume that H = L*(X), H*(X) := [L*(X), V], (the complex interpola-
tion space) and that the strongly continuous semigroup generated by the associated
operator —A°® is submarkovian and ultracontractive. The latter is equivalent to the
continuous embedding H* (X) := [L%(X), V]; < L9(X) for some ¢ > 2. Then
our Propositions (2.2.1) and (2.2.2) hold in this abstract setting. Now we give some
concrete examples.

Example 2.3.8 Throughout this example we assume that @ C R” is a bounded
open set with Lipschitz continuous boundary 9€2.

(a) The spectral fractional Dirichlet operator. Let L be the uniformly elliptic
operator introduced in (2.3.17). Let & p with D(Er p) = Wé’z(Q) be given
by

N

Er.p,v) = E /aij(x)DiuDjvdx.
L Q
i,j=1



2.3 Examples of Sectorial Operators 55

Let Lp be the self-adjoint operator associated with &, p and denote by
(e_’LD),zo the strongly continuous semigroup generated by —£Lp. Since Lp
has a compact resolvent (this follows from the compact embedding W(} ’Z(Q) <
L%(2)) and &r.p is coercive, we have that its eigenvalues form a non-
decreasing sequence 0 < AlD < Af < ... < )»nD < ... of real numbers
satisfying lim, 00 AP = co. We denote by ¢ the orthonormal eigenfunction
associated with AP,

For any s > 0, we also introduce the following fractional order Sobolev
space:

o0 o0
HE(Q) = {u = Zungo,? e LX) : ||u||§ﬂ6(m = Z()\,?)Suﬁ <oot,

n=1 n=1

where u, = (u,q)nD)Lz(Q) =/ u(p,? dx.If0 <s < 1, then
Q

WS2(Q) = Wi(Q)  if 0<s <)

27
. 1
Hy(@) = { w2 (@) if =1, (2.3.43)
W (Q) if }<s<1,
where
| (x)]?

WO%’z(Q) = {u e W2(Q) : /

o (dist(x, 02" = °°]'

In fact we have that

H (Q) = [W(}’z(sz), LZ(Q)]H.

It follows from (2.3.43) that (2.3.6) holds with Wg’z(Q) replaced by H{(£2).

Let 0 < s < 1 and let (Lp)* denote the fractional s-power of the
operator L p. We describe three different ways to define (£p)®. But all the three
definitions coincide.

(i) The spectral fractional s power of Lp is defined on the space HI})(£2) by

o0
(Lp)'u = Z()\,?)Sungo,? with u, =/ upPdx.
Q

n=1
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(ii) The operator (Lp)® can be also defined by using the semigroup
(e”LD)tzo as follows: for u e Hj(£2) we set

‘ 1o d
(Lp)ulx) = F(—s)/o (cLruw —uw) 1y, @344

where I'(1 — 5) = —sI"(—s).

(iii) Finally we have that (£p)® = c; Dy where Dj is the Dirichlet-to-Neumann
operator associated with &g, p, as constructed before the beginning of this
example.

The operator (Lp)*® is unbounded, densely defined and with bounded inverse
(£Lp)~* in L2(2). But it can also be viewed as a bounded operator from HI} (£2)
into its dual (H(2))*. The following integral representation of (Lp)* given in
[21, Theorem 2.3] will be useful. For every u, v € HB(Q), we have that

(L)t V) sz ey 55(@) = /Q /Q (00 = u ) (v6) = v() ) Ko (x, y)dxdy

~|—/ Ks(xX)u(x)v(x)dx, (2.3.45)
Q
where
S e WD(ta-xa y)
0< K,(x,y) = @ dt, x,y e,
— S(-x y) F(l_s)/o t1+s X y
and

0 <ks(x)= F(ls_ N /0 (1 _ g"LDl(x)) tfl—is’ x € Q.

Here, Wé) is the heat kernel associated to the semigroup (e_’LD)tzo, that is,

o0
_ D
WE(tx.y) =) e pPx)el (). >0, x,yeQ.
n=1
We mention that even if in the case a; ; = §;;, thatis, L = —A, the operator

(Lp)* is different from the operators (—A)j, and (_A)é, p introduced in
Example 2.3.6 (a) and (d), respectively. For more details on this topic we refer
to [57] and their references.
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Firstly, we notice that it follows from (2.3.45) that (£Lp)® is associated with the
closed, bilinear, symmetric, continuous and coercive form 8}‘) with D(SSD) =
HI(€2) and given by

&) = [ [ (w60 =) (400 = v ) Kutr ) dady
QJQ
~|—/ Ks(xX)u(x)v(x)dx.
Q

Secondly, let u € H{(S2). Proceeding as in [63, Lemma 2.7] we get that
ut, u= € H}(Q) and E,(ut,u™) < 0. This shows that the semigroup
(e! (LD)S),ZO generated by the operator —(Lp)* is positive. Let 0 < u €
H(2). Using [63, Lemma 2.7] again we get that u A 1 € Hp(R2) and
Epu A l,u A1) < E}(u,u). By Remark 2.2.6(ii) (see also e.g. [32, p.5])
this implies that the semigroup is submarkovian.

Thirdly, since Hj(£2) satisfies the embedding (2.3.6) with g given by (2.3.7),
we have that the semigroup is ultracontractive.

In summary, we have shown that &}, satisfies (2.2.9) with pu = 1:’ if N > 2s
and p > 2 arbitrary if N < 2s. Hence, Propositions 2.2.1 and 2.2.2 hold with
A = —(Lp)® in which case 84 = évv if N > 2s and 84 > 1 arbitrary if
N < 2s. In addition one can show that £>°(Q2) = Cy(L2).

The spectral fractional Neumann operator. Let L be as in (2.3.17) and let
b € L®(£2) be such that there exists a constant by satisfying b(x) > by > 0 a.e.
on Q. Let &, pywith D(EL n) = W12(Q) be given by

N
& N, v) = Z /Qaij(x)D,-uDjvdx~|—/Qb(x)uvdx.

i,j=1
Let Lps be the self-adjoint operator associated with &; as and denote by
(e_ILN ):>0 the strongly continuous semigroup generated by —L 5. Since £/

has a compact resolvent (this follows from the compact embedding W12 () <
L2(2)) and the form is coercive, it follows that its eigenvalues form a non-
decreasing sequence 0 < A{V < )\év < ... < A,/,\/ < ... of real numbers

N

satisfying lim;,_, o AnN = 00. Denoting by ¢;" the orthonormal eigenfunction
associated with AnN , then for 0 < s < 1, the fractional s power (£ N)S of
the operator L, can be defined exactly as in parts (i), (ii) or (iii) above. In
addition one also has the corresponding representation (2.3.45). Proceeding as
in part (a) we get that Propositions 2.2.1 and 2.2.2 hold with A = —(Lx))* in
which case 84 = évv if N > 2s and B4 > 1 arbitrary if N < 2s. In addition

L2(Q) = C(Q).
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The spectral fractional Robin operator. Let L be as in (2.3.17) and let 8 €
L (092) satisty B(x) > Bo > 0 o-a.e. on 9S2, for some constant By. Let E, r
with D(E1.g) = W2(Q) be given by

N
Er.r(u,v) = Z / aij(x)DiuDjvdx—i—/ B(x)uvdo.
Q R

ij=1

Let Lr be the self-adjoint operator associated with &, g and denote by
(e”LR),Zo the strongly continuous semigroup generated by —Lr. Since Lr

has a compact resolvent (this follows from the compact embedding W12 () <
L2(2)) and the form is coercive, we have that its eigenvalues form a non-
decreasing sequence 0 < AR < AK < ... < AR < ... of real numbers
satisfying lim,_, oo AR = oo. Denote by ¢X the orthonormal eigenfunction
associated with A,’f . Then for 0 < s < 1, we define the fractional s power
(LRr)* of Lg as in parts (i), (ii) or (iii) above. In addition one also has the
corresponding representation (2.3.45). Here also, proceeding as in part (a) we
get that Propositions 2.2.1 and 2.2.2 hold with A = —(Lg)’ in which case
Ba = é\i if N > 2s and B4 > 1 arbitrary if N < 2s. In addition we have that

L2(Q) = C(Q).

We conclude this section with the following remark.

Remark 2.3.9 We mention the following facts.

(a)

(b)

In our definition of the ultracontractivity, we have assumed that the esti-
mate (2.2.3) holds for every + > 0. Usually if the estimate also holds for all
0 <t < 1, or more precisely,

B 11
ISON£err). 100y < CUA D) (=a) viso, (2.3.46)

then the semigroup is also ultracontractive. As we have seen in Theorem 2.2.5,
the estimate (2.2.3) implies that the associated bilinear form is in particular
coercive. Instead, (2.3.46) does not requires the form to be coercive.

In all the above examples the bilinear forms associated with the considered
operators are coercive. This is due to the fact that we would like to have the
estimate (2.2.3). But we notice that this is not a restriction. Recall that we would
like to investigate the existence and regularity of solutions to the system (1.0.1).
If the bilinear form associated with the operator A is not coercive, then we write
our system as

8t°‘u=Au—u~|—f(x,t,u)+u=Ku~|—f(x,t,u) in X x (0, T],
u(,0) =up in X,
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for some given 7' > 0, where Au = Au —u and f(x, t,u) = f(x,t,u)+u.In
that case the bilinear form associated with the operator A will be coercive and
our new nonlinearity f will also satisfy the same assumptions as f.

From the above observations one can also consider that the semigroup S satisfies

the estimate (2.3.46) which is more general than (2.2.3). Also in all the above
Neumann type boundary conditions one does not need to consider a perturbation
of the classical operator with the identity mapping.
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Chapter 3 )
The Semilinear Parabolic Problem Chack for

In the present chapter, we rely on the crucial results of Chap. 2 to develop well-
posedness results in the same spirit of Rothe [22] where second order elliptic
operators in divergence form have been considered for the classical parabolic
problem (o = 1). In fact, we aim to extend parts of the theory in [22] not only to the
case o € (0, 1) but also by considering a larger class of operators A, beyond the case
of second order elliptic operators, as well as to impose more general assumptions
on the nonlinearity.

3.1 Maximal Mild Solution Theory

To this end, we need to introduce some further notations and basic definitions. Let
T > 0 be fixed but otherwise arbitrary, p € [1, o0] and § € [0, co). We begin with
defining the Banach space

EpsT ::{u : X x (0, T] > R measurable and u (-,t) € L? (X) fora.et € (0,T]

and lullg, s, = lulllpsr == sup (6 ADP flu (.0l x) < 00
1e(0,T]

We also introduce the Banach space

Ly, po.T = {u : X x (0, T] - R measurable, ||u||Lp1 T = lullpy,po,7 < oo} ,
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where

" P2 ’712
lellpy. o7 = sup (/ ||u(~,r)||m(x)dr) :

t1,1€[0,T],0<t,—1 <1

for p1, p2» € [1, 00), with the obvious modifications when p; = py = oo. Also
denote

L[J]ypz = Lplvpz,oo and ”.”[’11172 = ”'”pl,pz,oo .

In this case, for 1 € D (A) we can conveniently rewrite problem (1.0.1) as
follows:

u=Au+ f(x,t,u) inX x (0, T], u(-,0) = up in X. (3.1.1)

Our main goal in this section is to state sufficiently general conditions on f for
which we can infer the existence of properly-defined solutions for (3.1.1). Once
again, let T € (0, oo) and denote by / a time interval of the form [0, T'], [0, T) or
[0, 00).

Definition 3.1.1 By a mild solution of (3.1.1) on the interval /, we mean that the
measurable function u has the following properties:

@) wu(-, 1) e L' (X),forallt € I\ {0}.
®) f(C.t,u(,1) e L (X), foralmostall t € I\ {0}.
t

© / IIf(-,t,u(-,t))IlLl(X)dr<oo,fora11te].
0

t
@@ uc, ) = Sa(t)uo—i—/ P,(t—1)f(,t,u(,1))dr, for all t € I\{0},

0
where the integral is an absolutely converging Bochner integral in the space
L'(X).
(e) The initial datum u is assumed in the following sense:

im0 = uoll o x) = 0.
L2

for ug € LP°(X), if pg € [1,00), and ug € L=(X) := D(Ax)
Po = 00.

For simpler notation we define the functions
ut)y:xeXu@®)x)=u@x,t)eR
and

Fau@):xeX> ft,u@) @)= f(x t,ux1)eR;
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denote the superposition operator
Fi@tv)el0,00) x LX) > f(t,0) = f(,1,v() € L' (X)

on its natural domain of definition provided that the L' (X)-norm of f (-, ¢, v (-)) is
finite. Thus, after dropping the “~”, condition (d) can be written more simply as

t
u(t) = Sy () uo +/ Py(t— 1) f (t,u (1)) dr. (3.1.2)
0

Of course, in the case ¢ = 1, both operators Sy (t) , Py (¢) in (3.1.2) are simply
replaced by the semigroup S (¢) .

Remark 3.1.2 We recall that both operators S, S are strongly continuous on
LPo (X)), if pg € [1, 00); the semigroup S (7) is not strongly continuous on L°°(X).
However, by definition we also have that S is strongly continuous on £%°(X). For
simplicity of notation, in what follows for py € [1, oo], we also denote

LX) = LP(X) if po € [1, 00).
Thus for every pg € [1, oo] and ug € LP°(X), we have
Tim 1S (1) uo — uoll o () = 0.
We observe that condition (e) of Definition 3.1.1 holds if and only if
B& 1Ser (@) o — w G-, Dl Lo (x) = O- (3.1.3)

However, in view of this remark (3.1.3), we can introduce a more general version
of mild solutions in the case when ug € L (X). The difference between the
following mild solution and the one introduced above in Definition 3.1.1 is only
in what sense the initial datum is satisfied.

Definition 3.1.3 Let ugp € L* (X). If a mild solution satisfies all conditions (a)—
(d) of Definition 3.1.1, and (e) is replaced by (3.1.3) in the case pg = oo, then we
call this solution a quasi-mild solution on the interval /. In other words, the initial
datum u( for the nonlinear problem (3.1.1) is assumed to be “as good as” for the
corresponding linear problem with f = 0.

We aim to establish the existence of locally defined mild solutions under some
suitable assumptions on the nonlinear function f. Let y € [1, 00), q1, g2 € [1, 00]
and a function ¢ = ¢ (x,?) > 0 such that ¢ € Ly, 4,. These assumptions are as
follows.
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(F1) f (x,t,-): R — Ris ameasurable function such that

| f(x,t,8)] <c(x,t)(1+|&])Y, forall £ eR, ae. (x,1) € X x (0, 00).
(F2) For all £, n € R, assume the local Lipschitz condition

If 0, 8) = f (et < e (e, 1) (I EL+ InD)Y 7 E —nl, ae. (x,1) € Xx(0,00).
(F3) There exists a positive increasing function Q : Ry — R such that

|f (x,t,8)] <c(x,t) Q(&]), forall £ e R, ae. (x,t) € X x (0,00).

(F4) For all £, n € R, assume the local Lipschitz condition

[f G, t,8) = fxt,ml <c(x, ) QUEI+ InD 1€ —nl, ae. (x,1) € Xx(0,00).

We notice that conditions (F3) and (F4) are more general alternatives to (F1)
and (F2), respectively, since precise growth conditions (as |£], [n| — o0) are not
imposed for the nonlinearity f. Our main assumption on the operator A is the
following.

(HA) The closed operator A generates a strongly continuous semigroup (S (£));>¢
on L?(X) that satisfies all the assumptions of Propositions 2.2.1 and 2.2.2.

In particular, assumption (HA) implies all the estimates of (2.2.12); these
estimates become crucial in our subsequent analysis. We employ a contraction
argument in the Banach space E, 57, p € [1,00], p > po, (with a singularity
at t = 0) to construct a solution u locally in time. In what follows, let 84 be the
constant mentioned in Proposition 2.2.2 and set

n:=faa >0, where 4 > 1, 0 <a < 1. (3.1.4)

Our first result is concerned with the existence of locally defined mild solutions
under suitable assumptions on the parameters pg, ¥, g1 and g2.
Theorem 3.1.4 (Local Existence) Assume (HA) and either one of the following.

(a) Assume (F1)-(F2) for some y € [1, 00), q1 € [1, 00]N(Ba, 0], q2 € (1/a, 0]
and let ug € LP0 (X)), for some pg € [1, 00) such that

n 1 n

+ +y-1 <a.

q1 92 Po

(b) Assume (F3)-(F4) for some q1 € [1,00] N (B4, 0], g2 € (1/a, 00] such that
n 1

+ <«
q1 92

and let ug € L (X) C L* (X).
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(c) Assume (F1)-(F2)for somey € (1,00), q1 € [1, 00]N(Ba, 0], g2 € (1/a, 0]
and let ug € LP° (X)), for some pgy € (1, 00), satisfy

n 1 n

+ +-D =«
qa 92 Po

Then there exists a time T > 0 (depending on ug) such that the initial value
problem (3.1.1) has a unique mild solution in the sense of Definition 3.1.1 on the
interval [0, T .

The assertions of Theorem 3.1.4 will follow after we prove the following three
lemmas.

Lemma 3.1.5 Assume that hypothesis (a) of Theorem 3.1.4 is satisfied. Then the
assertion of Theorem 3.1.4 holds. Furthermore, u € Ej, 5 1, for some p > po and
u is unique in this space.

Proof The proof is developed using the crucial ultracontractivity estimates of
Proposition 2.2.2 (see also (2.2.12)). In this proof and elsewhere, the constant C > 0
is independent of the times ¢, t, T. We shall explicitly state its further dependence
on other parameters whenever necessary. Let now p € [1, oo] such that p > pg
with g1 € [1, 00] N (Ba, o], g2 € (1/a, 0], y € [1, 00) satisfy

+ 7 <1,
q p
1
+y8 <1,
q2
(3.1.5)

1 n n
+ +@-DHO+ )te<a
q2  qi 14

n n
0<§:= - <a,
Po

for a sufficiently small ¢ > 0. We note that if pp > max (B4, 1) we automatically
have § € [0, @), for arbitrary p € [po, 0o] while for po < Ba this holds provided
that po < p < po/ (1 — po/Ba). Having the restriction § € [0, «) is required
only in the case a € (0, 1) due to (2.2.12). When o = 1, such a restriction can
be eliminated and we require instead that § > 0. The conditions (3.1.5) are then
sought for such p. We also remark that the third condition of (3.1.5) is an immediate
consequence of the main condition in the statement of the theorem (see part (a), from
which we can infer the existence of such a small ). The proof exploits a Picard
iteration argument. To this end, let T € (0, 1) and fix an elementu; € E, s 7 which
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is otherwise arbitrary. We define a sequence

t
Um+1 (1) = So (1) uo +/ Py (t =7) f (T, um (-, 7))dT, 1 € (0, T],  (3.1.6)
0

for all m € N. We first show by induction that u,, € Ep 5.1, for all m € N. To this
end, let s; € [1, oo] be such that

1 y 1 n 1 n
4+ < and + +y-Dé+e<a+ , 3.1.7)
q P S1 St 92 4

and suppose that u,, € Ep 5 7 is already known. The bound (F1) and the Holder
inequality with exponents (s, s1/ (s — 1)) yield

@A D umsr Ol o(x) (3.1.8)
<A [Sa @ uoll o) + @ A D /O 1Pa (0 = D)l sy 1 (Tt ¢ O () dT
< @A D 1Sa Ollp,py loll oo (x)

+@Al’ /0 1Pa (1 = D)l g, lle (Dl ar () (@ A DT x

x [@ A (11 + e Dl ) ||

where we have also used that g; > s1 and p > ys1. The first term on the right-hand
side of (3.1.8) can be estimated owing to (2.2.12) for p > po and the definition
of 6 = n/py —n/p, n := Baa. For the second term we apply Lemma A.0.1 (see
Appendix) with r (7) = [lc (-, D)l X) (note that py, (r) = ||c||q1’q2), 0 = vyé
and sp = g2 € (1/a, oo], whose assumptions are satisfied, owing to (3.1.5)—(3.1.7),
since

1 1
+yd<l, +yd+e<a+sd

92 92

and

1

n n 1 n
- +l—-a<l-—- | + +ydt+te<a+ +56.
st p q2 St 92 P

n

In the space E s 7, from (3.1.8) and using (2.2.12) we get

Wm1lll 5,7 (3.1.9)

=C lluoll Lro(x)

1
+ sup [(ml)‘s / 1Pa (1 = D)llp 5 (7 ATl r)qul(X)dr}x
te(0,T] 0
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1+ Lt 117 5.7
=<C (ol gy + T A1 lellgy g 111+ laml 1175 7)

for some constant C > 0 independent of ¢ and u,,, ug. Henceforth, u,, 41 € Ep 5,7
and the claim is proved. Analogously, exploiting the Lipschitz condition (F2), the
Holder inequality together with the application of Lemma A.0.1 as above, we also
find the uniform estimate

Memsr — umlll 5.7 (3.1.10)
y—1
<C(TA1F ”C”ql,qz 1T+ lum| + |”m71||||p,5,r [um — umfllllp,S,T )

forallm > 2and T € (0, 1). Define U := [|{u1lll 5,7 + 2 [lluz — u1lll, 5,7 and
choose a small enough time 7, € (0, 1] such that

1
CT.AD (1+20) ! < . (3.1.11)

By induction, it follows from (3.1.10) and (3.1.11) that

< >
{ w57, < U. forallm = 1, (3.1.12)

1
tmr =l 5.z, < 5 Wit — tm—1 1l 5.7, . forallm = 2.

Thus, by iteration in (3.1.12), the sequence {u, },,cn 18 Cauchy in the Banach space
Ep s 1,. Thus, ithas alimitu € E, s 7, such that

tim |[[um — ulll 5.7, = 0. (3.1.13)
m—00

It now remains to show that the limit # has all the required properties of Defi-
nition 3.1.1, (a)—(e) on the time interval [0, Ti]. Property (a) is immediate since
u € E, s 1,. By ignoring the factor || Py (f — s)||,,,s1 in (3.1.9), (b) and (c) follow
from the estimate

T
1/l 5/0 17w ol ) A e
T« 5 S 14
< / @AD" lle )l x) [(r ADIT + Ju (., r)llle(X)] dt
0
C(q2) 1—ys— ! 4
T. a2 1+ ’
=5 qlz (Ty) llellgy.qo L+ Tullll}, 5 7,

owing to the bound (F1), the Holder inequality, the fact that 0 < 7, < 1 and
0< qlz + y8 < 1. Similar reasoning, using the Lipschitz bound (F2), the properties
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of P, (t) and the Holder inequality once more, yields for all ¢ € (0, Tx],

t
H[O Py (t—1) (f (T, tim (7)) — f (T, 1 (-, r)))dt (3.1.15)

LY(X)

t
< 07 Gt 0 = F ol
t 5 .
< [ @A) bl ) 4TI+ Lt 4 a5, Wit =l .7
0
1—ys— ! y—1
< LT T el g g 1L+ i+ 125 7 i = a7,

which converges to zero as m — 00, by (3.1.13). Both (3.1.13) and (3.1.15) allow
us to take the limit in L' (X)-norm as m — oo in the integral equation (3.1.6) in
order to deduce the integral equation in Definition 3.1.1, (d). For the last property
(e), by Remark 3.1.2 it suffices to check that

Tim e (1) = Sa(Ouoll o x) = 0.

To this end, let sg € [1, 00) be such that

1 1 n 1 n
+y§< and + +ydt+e<a+
q2 S0 S0 g2 po

for some ¢ € (0, «—1/g>]. The subsequent computation is similar to (3.1.9) but now
we apply the statement of Lemma A.0.1 (see Appendix) with the choices p := py,
51 == 50, 52 = q2 € (1/a,00], 8 := y§, 5 := 0 and ¢ := & (note again that
r(t) = |c(, r)||qu(X) and py, (r) = llcllg, 4,)- Of course, if so > po is arbitrary
we have once again that n/so —n/po € [0, 2e) is trivially satisfied, while if 5o < po
one may choose s sufficiently close to pg € [1, co) such that 1/sop < 2/84 4+ 1/ po.
Note that the assumptions of Lemma A.0.1 are satisfied with the above choices of
38,1, 82, p, €, 0, since

1 1

+y8§ <1, +e+yd<a
q2 q2

and

n

n 1
+ <o+ and + H4e<a+ .
q2 Po

S0 92 Po S0
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Indeed, the bound (F1) and by virtue of Holder’s inequality, for all # € (0, Ti] we
have

llee G-, £) = Sattoll o () (3.1.16)

t
< ([ 1Pa (0 = Dll sy @ A D2l (Dl (x) dr) 1T+ 1l 5 7.
0
< CU A llellgyqn 11T+ 1l 5 7.

which implies the desired assertion (e) of Definition 3.1.1.

The uniqueness of the mild solution follows from a similar computation which
resembles (3.1.10). Indeed, let T € (0, Ty] and let uy, uz € E, 5,7 be any two mild
solutions of (3.1.1) corresponding to the same initial datum ug. As in (3.1.10), we
get

-1
Hur —ualllp 5.7 < C(T A lcllg g 1T+ lur] + qullllﬁ,m Iy —ualllp o7 -
(3.1.17)

forall T € (0, Tx]. Hence, there exists a small time T e 0, Ty] such thatu; (-, 1) =
us (-, t) fort € [0, f] and uniqueness over the whole interval [0, 7] follows by a
continuation argument (see Theorem 3.1.10 below for more details). The proof is
finished. |

Next, we derive the corresponding result in the case (c) of Theorem 3.1.4.

Lemma 3.1.6 Assume that the hypothesis (c) of Theorem 3.1.4 is satisfied for some
y € (1,00) and py € (1, 00) . Then the assertion of Theorem 3.1.4 holds. The mild
solution is unique in the space Ey p s 1 C Ep 5.1, for some p > pg (see (3.1.19)
below for the definition of Ey, p 5,1).

Proof Choose a value p € (1, oo] such that p > pg and g1 € [1, c0] N (B4, o],
q2 € (1/a, 00], y € [1, 00) satisfy

1
+ 7 <,
q P
1
+yé < 1,
q2
(3.1.18)
1 n n
+ +-D06G+ )=«
q2  q1 p
O§8=n—n<a.

Po
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We may apply the whole statement of Lemma A.0.2 (see Appendix) with the
following choices p := po, ¢ := p and the (singleton) IT := {ug} C LP (X).
Consider the functions g, w constructed in Lemma A.0.2 and recall that (w (1)) ™% =
g @A )%, The proof is in the same spirit of [22, Lemma 8] where in the proof
of previous Lemma 3.1.5, we perform the uniform estimates in a new (weighted)
Banach space Ey, p 5,7 C Ep s 1 given by

Eupsri={u € Eps lullypsri= sup (@) e 0lLagx)) < o).
te(0,T]

(3.1.19)

As we mentioned already, the proof is based on the same iteration argument
performed for the sequence (3.1.6) taking place now in the space Ey p s, 7. First, to
show that u,, € Ey p s, 1 is well-defined for all m € N, we again apply an induction
argument. Suppose that u; € Ey p 5 7 is arbitrary and assume that u,, € Ey ps,17
is already proved. Next choose s; € [1, oo] such that the equality

n n n 1 n
o e s+ (3.1.20)
q1 4 S1 q2 p

holds. The bound (F1), the estimate (A.0.6) (see Lemma A.0.2),
1Sa @)l . py < Cw () > =Cg (1) (t A1)

and the Holder inequality give

i1, ps. = € (0ll o () + 0 DY I+ Ll 57 )

where

t
9(T) = sup w®) | 1Pt = Dllps, @) lle (Ol (xyde (3.1.21)
te(0,T] 0

t
= @@ sup (AL [ 1Pt =DK@ ADT e (Dl x) dT
te(0,T] 0

The second factor on the right-hand side of (3.1.21) can be estimated by application
of Lemma A.0.1 with the choices p := p, 51 := 51, 820 (= ¢q2,0 = y4§,8 :=§
and ¢ := 0 (as well as 7 (s) = |lc(-, 9 (X) - where py, (r) = ”C”ql,qz)-
Then one has ¢ (T) < C(g (T))’ ! licllg, 4, and limy—0 ¢ (T) = 0. Henceforth,
Umy1 € Ey psr, for all m € N and the claim is proved. The rest of the proof
goes exactly as in the proof of Lemma 3.1.5. We briefly mention the (modified)
estimates without giving the full details. In view of the Lipschitz condition (F2) and
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the Holder inequality, we get

[um+1 — um”w,p,a,T
-1
< @ D+ ] + ltmt 11775 7 Wit = st 11y s

for all m > 2. As usual, defining U := ||u1||w’p’5,T + 2 |lup — ”l”w,p,s,T and
choosing a small enough time 7, € (0, 1]suchthat Co (Ty) (1 + 2U)V_l ”C”ql,qz <

1/2, we obtain the analogue of (3.1.12) in the space Ey p 5.1, instead of E 5, 1,.
Therefore, we deduce again the existence of a limit pointu € Ey, p 5,7, such that

mh%n;o [tm — MHW,P,&T* =0.

The estimates (3.1.14) and (3.1.15) concerning the nonlinearity f are proved
exactly as in Lemma 3.1.5. The estimate (3.1.16) concerning the initial datum ug
reads

it (1) = Sa@uoll oo x) = C@ O llellgy g T+ ullE, 57 (3:1.22)

for all t € [0, Ti]. We now recall that lim,_,¢ g (f) = 0 by Lemma A.0.2 (b) (see
Appendix). Thus, u is a mild solution of (3.1.1) in the sense of Definition 3.1.1 on
the time interval [0, Ti] . The uniqueness of the mild solution in the space Ey, 5,7,
follows from an argument that is similar to the computation (3.1.17); we omit the
details. |

Remark 3.1.7 If the set of initial data IT C L7 (X) is bounded and the set

k(IT) := [u(-,z)||u(-,z)||21}((\,): u(, 1) € LP(X), t €10, Tmax), lluC, Hllox) #0}

is precompact in L? (X), then the function w = w (¢) as well as the numbers U, T
can be chosen independent of ug € II.

We conclude the proof of Theorem 3.1.4 by verifying the following statement.

Lemma 3.1.8 Assume (F3)—(F4) for some q1 € (B4, 00] N[1,00], g2 € (1/a, 00]
and let ug € L% (X) C L*° (X) . Then the assertion of Theorem 3.1.4 is satisfied.
Furthermore, u € Ex 0,7 and u is unique in this space.

Proof In this case § = 0, po = p = 00; we choose some ¢ € (0, — 1/¢3) such
that

1
"y he<a (3.1.23)
q1 92

and let ug € L (X). The proof exploits a Picard iteration argument for the
sequence (3.1.6) in the space Ex 0,7, for some T < 1. As in the previous lemma,
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begin with T € (0, 1) and fix an element u| € E« 0,7 Which is otherwise arbitrary.
We first show by induction that u,, € Es,0,7, for all m € N. Assume that
Um € Eso 0,7 1s already known, and proceed with an estimate for u,,41, using
the bound (F3) and the contractivity estimates of Proposition 2.2.1. We deduce that

letm1 (Ol oo x) (3.1.24)

t
< luoll oo ) + © (lltmllc.0.7) (fo 1P (6 = Dllocg, lle Ol ar ) dr)

since || Sy (f)]loo < 1. Owing also to the fact that n/q, < 2« (i.e., g1 > Ba/2), we
infer by (2.2.12),

Htl_"‘Pa (t) Hooql < Cl(a,q)t o, forallt e (0, T). (3.1.25)

We now apply Lemma A.0.1 with 7 (t) = [lc (-, D)l q (X)» P = 00, 81 1= q1,
s2:=¢q2, 0 :=0,8 :=0, ¢ :== ¢. Assumptions of Lemma A.0.1 with these choices
of p, s1, 52,0, 8, ¢ are satisfied owing to (3.1.23). Therefore, we get

it lle.0.7 = € (N0l e ) + T Ny, g5 @ (Nitmlllo0.7) )

which proves that u,, 1 € Es,0,7. By a similar argument, using the local Lipschitz
condition (F4) and the Holder inequality, we get that

Mitms1 — wmllloo.0.7 (3.1.26)

< CT*llellgy.qr @ (Ntmllso,0.7 + Netm—11llo0,0,7) Httm — ttm—11llog 0,7 -

forallm € N\ {1}. Let U := [||u1llls0,0,7 +2 [llu2 — u1ll|0o,0,7 and choose a small
enough time 7 € (0, 1] such that

1
CT{ llclly,.q, Q QU) < 5
It follows from (3.1.26) by induction that

{ Wt lso0.7, < U, forallm =1, 53} »9y

1
ttm1 = tmlllo0.7, < 3 Wit = ttm—1lllsc,0.7, » for all m > 2.

Thus, by iteration in (3.1.27), the sequence {u, },,cn 18 Cauchy in the Banach space
E,0,1,- Thus, it has a limit u € Ex 0,7, such that

Jim i —wlloo 0.7, = 0.
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The latter convergence and the local Lipschitz condition (F4) then implies
im 11 Cottm) = f G007, = 0.

Hence, as usual we can take the limit in the iteration (3.1.6) in the norm of E 0,7,
More precisely, we see that u satisfies the integral equation and is indeed a mild
solution on the interval [0, T,]. For the uniqueness argument, we let uj, uy €
Ex.0,7 be two mild solutions for any 7 € (0, 7.] with the same initial data ug.
Similarly to (3.1.26), we get

et = walllso,0,7

< CT* llcllg,.q, © (Nu1llloo,0,7 + 2lllo,0.7) w1t — u2llloc0.7 -
and therefore, u; = uy on [0, Ty] for some Ty € (0, T]. Now uniqueness on the
whole interval [0, ;] follows by a continuation argument (see Theorem 3.1.10
below for more details).

Finally, it remains to check that the solution satisfies the initial condition (see

Definition 3.1.1, (e)). We let ug € L% (X) and estimate using the bound (F3) as
follows:

lu (- 1) — Sot(t)MOHLoo(X)

1
< 0 (lllulllso0.7) (/0 1Po (t = Dllow gy lle Dl a1 (x) dr) :
All the same arguments leading to the proof of (3.1.26), then give
lu 1) = Sa(@oll e ) = €1 llellgy gy @ (tllloco.7) (3.128)

for all ¢ € (0, Ty]. This implies the desired claim in view of Remark 3.1.2, which
then implies that

il (1) = woll () = 0.

The proof of lemma is finished. O

We also conclude that the mild solution is also locally bounded in time in the
space L (X) for as long as it exists.

Theorem 3.1.9 (Local Boundedness) Let the assumptions of Theorem 3.1.4 be
satisfied. Then the mild solution of problem (3.1.1) on the interval [0, T'] satisfies

sup |lu (., t)||L°O(X) < 00, forall Ty € (0, T]. (3.1.29)
te[To,T]
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Proof 1t suffices to check (3.1.29) on (0, T], where T > 0 is the existence
time defined in the statement of Theorem 3.1.4. Obviously, the case pg = o0 is
already contained in the proof of Theorem 3.1.4 (part (b)), so it suffices to take
po < oo. Consider the two sequences {p;}, {5;} as constructed by Lemma A.0.3
(see Appendix) such that§; € (0,),i =1,..,k,and pp < p1 < ... < pp = 0.
One can now inductively apply for eachi = 1, .., k, the statements of Lemma 3.1.5
(in the case (a)) and Lemma 3.1.6 (in the case (c)), to show

sup ||l/l ('7t)||LPi(X) < CT(),Ts i = 11 .. ~7k- (3130)
te[Ty,T]

We start the argument by applying the statements of Lemmas 3.1.5, 3.1.6 with the
following choices pg := po, p := p1, § := &1 and initial data ug € LP° (X). More
precisely, there exist a time 7 > 0 and a mild solution « on [0, T'] in the sense of
Definition 3.1.1. The mild solution satisfies (3.1.30) for i = 1 since u € Ej, 5, 7.
We now use an induction argument; assume that (3.1.30) is already known for some
i = j—1(j = 2)and prove that it also holds fori = j. Let Ty € (0, T'] be arbitrary.
For all T € [Ty, T'] we apply once again Lemma 3.1.5 with the choices pg := p;_1,
p = pj, 6 := §; and use ug := u(r) as an initial datum. Hence there exist a
time T; € (0, 1] (independent of t since (3.1.30) holds with i = j — 1) and mild
solutions u’ associated with initial data u (t) on the time interval ['C, T+ Tj] , for
all t € [Ty, T]. Furthermore, u; (,t+-) € Epj,(sj,Tj is also unique in this space.
Hence, by uniqueness we infer that u; ) =u@)forallt e (r,t+T;) N (O, T].
Besides the conclusion of Lemma 3.1.5 (as well as Lemma 3.1.6, in the case (c) of
Theorem 3.1.4) gives

T

u; < 00,

pj-8;.Tj

sup_||
t€[Ty,T]

and since Ty € (0, T'] is chosen arbitrary, the latter implies the statement (3.1.30)
for i = j. This concludes the induction argument. We can now apply it inductively
to get (3.1.30) for i = k (and so px = o0), which is also the desired claim (3.1.29)
of the theorem. O

We can now conclude with the result on the existence of (maximally-defined)
mild solutions.

Theorem 3.1.10 (Existence of Maximal Mild Solutions) Let the assumptions of
Theorem 3.1.4 be satisfied. Then the mild solution of problem (3.1.1) has a maximal
time interval of existence [0, Tmax) and either Tpax = 00, or 0 < Tmax < 00 and

im0 ) = 00 (3.1.31)

max
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In the case (c) of Theorem 3.1.4, (3.1.31) only holds under the additional assumption
that the set

k (I) := {u o t) Jlu ., t)”ZII’O(X) cu (1) € LP(X), and,

t €10, Tmax), llu (., t)”LPo(X) # O}
is precompact in LP° (X). Finally, every mild solution satisfies

sup lu (., t)||L°O(X) < 00, forall Ty, T € (0, Tmax) - (3.1.32)
te[Th, 2]

Proof A local mild solution on the interval (0, T'] for some initial datum uy €
LP(X), po € [1,00] was constructed in Theorem 3.1.4. This solution can be
extended to a global one on [0, Tinax) With the aforementioned properties (3.1.31)—
(3.1.32). This follows from a continuation argument, owing to the conclusions
of Lemmas 3.1.5, 3.1.6, 3.1.8 and 3.1.9, and another constructive argument that
is given below (see Step I-II). For the sake of convenience, we outline these
arguments in the second case (b) of the theorem. In order to extend the local solution
to a global one, one employs a simple inductive procedure. Similar procedures are
applied also in the other two cases (a), (c) of Theorem 3.1.4.

To this end, define an increasing sequence {7},} and let u,, be the mild solution
for the initial datum uq on the intervals [0, T, ], for all m € N, defined as follows:

e Let 71 = T and u; be the local mild solution for initial datum uq on the interval
[0, T], furnished by the statement of Theorem 3.1.9.
* Assume that the mild solution u,, on the interval [0, T}, ] is already defined, as

t
Up (1) = Sq (t) uo ~|—/ Py (t—5) f(s,um(s))ds,
0

and apply the Step II provided below (at the end of the proof) to construct an
extension vy, of u,,. Then there exist T;, < T;;+1 and a mild solution v,, for
the problem on the interval [0, 7;;,+1] . The sequence of mild solutions u,+1 is
naturally defined as

um (1) 5 1 € (0, Tl

et (1) = {vm (). 1 € (T, Ty .

In particular, u,,+1 is a mild solution of (2.1.6) on the time interval [0, T},41].
Clearly, 11 € Eco,0,7,,,, and [lu;, (Tm)||L°0(X) < U < o0, form > 1 (see the
proof of Lemma 3.1.8).

¢ The maximal time Tj,x > 0 is defined as lim,;,— o0 T = Tax-
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Step 1. The mild solution « (¢) for the initial datum ug on the interval [0, Tax)
is defined as u (t) = u,, (t), forall t € (0, T,,,], m € N. Since by Lemma 3.1.8 and
Theorem 3.1.9, we have

sup  lu ()]l oo (xy < 00, forallm € N
IE[Tm,TwH,l]

and sup, (g, 7,7 lu (t)||LoQ(X) < oo, for all Ty € (0, T1], it follows that the mild
solution u satisfies (3.1.32). It remains to prove that if Tiax < oo, then

limsup ||u (t)||L°O(X) = 00. (3.1.33)
m—oQ0

One argues by contradiction by assuming that if (3.1.33) does not hold, then Tip,x <
oo and

IE[TIHITlmx [|lu (t)”LOO(X) =U < oo. (3.1.34)
As one can see from the arguments provided below in Step II, the length of the
interval [Ty, Tyn+1] of the extension vy, depends only on g1, g2, llclly, 4, the func-
tion Q from the assumptions of the function f, and also non-increasingly in terms of
{E77 (Tm)||LoQ(X) (and so on U). Then (3.1.34) implies that sup,,,cy (Trn+1 — Tin) =
t > 0, which contradicts the fact that lim,, .o T, = Tmax < 0. Therefore,
(3.1.33) must hold and the proof of Step I is finished.

Finally, in the final Step II, we provide the constructive details for the extension
v € Ky, for some t € (0, 1]. More precisely, the set K; is defined as the set of all
functions that satisfy v,, (t) = u, (¢), forall ¢t € [0, T;,], and such that

lvm (£) — um (Tm)||L°O(X) <R, forallt € [T, T, + 7].

Next, we define the mapping

t
@ (vm (1)) = Sa (1) uo +[ Py (1 =5) f (s, vm (5)) ds.
0

Our goal is to show that ® : K; — K; is a contraction, for some appropriately
chosen 7, R > 0. Notice that, for all ¢ € [0, T,,,] , we have ® (v, (1)) = vy, (¢) , and
so there is nothing to prove since u,, is already the unique fixed point of ® (v,,) =
® (uy,). Fort € [Ty, T,y + t], we first notice that

@ (Vi (1)) — um (Tn)

t
— Su ()10 — Sa (Tm>uo+f Po(t —$) f (5. vm () ds
T

—T,
— Su ()10 — Sa (Tm>uo+f Pult — Ty —5) £ (5 + Tons vm (5 + T)) ds.
0
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It follows (owing to || Sy (f)||oo < 1, for any ¢t > 0, and estimates (3.1.24)—(3.1.25);
also set [Wlloo,r = SUPserz;,, 75,471 1 (Dl Lo (X)) that

1D (v () — tm (Tm)”LOO(X)

<2 ”uO”Loo(X)

t—Tn
+0 (||vm||oo,f)f0 1P (¢ = T = loc.gy lle G 9)ll s (0 d
=< 2uoll oo ) + 7 lellgrgr @ (1mlloo.z)
< 2fuoll e x) + 7 lelly, g, @ (U + B,

since |uy, (Tm)||L°°(X) < U. Choosing now R > 4 ||u0||LoQ(X) and a sufficiently
small T € (0, 1] such that

R
°lcllgg QU + R) < . (3.1.35)

shows that @ is well defined mapping from K; to K;. A similar argument shows
that, for any vy,, w,, € K¢, and ¢t € [T, T, + 7],

19 (W (1)) = @ (i (D] )

<0 (”Um”oo,r + ”wm”oo,r) lvm — wm”oo,r

(T,

X / | Po, (¢t — Tin _S)”oo,ql ||C(-,S)||qu(X) ds
0

< CT° el gp © CR +2U) v — wllo.r

for some positive constant C independent of t, T;,,. Thus, ® is a contraction on K;
provided that T € (0, 1] satisfies (3.1.35) and

1
Ctllellgy.q @ @R +2U) < .

Therefore, we may conclude that ® has a unique fixed point v,, € K;. This
completes the proof of the final Step II (and, of the theorem). O

In addition, we can conclude with the following.
Corollary 3.1.11 Let ug € L*°(X) and assume (F3)-(F4) for some q; €
(Ba, ool N[1,00], g2 € (1/a, o] such that

n 1
+ < .

q1 492
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Then there exists a unique quasi-mild solution on [0, Tmax) in the sense of
Definition 3.1.3, such that either Tmax = 00, or Tmax < 00 and (3.1.31) is satisfied
with pg = oo. Furthermore, it holds (3.1.32).

3.2 Maximal Strong Solution Theory

We are next concerned with further regularity properties for the mild solution
of (3.1.1). To this end, we introduce the notion of strong solution for the semilinear
problem (3.1.1).

Definition 3.2.1 Let p € (1, 00) and @ € (0, 1]. By a strong solution « of (3.1.1)
on the time interval I = (0, T') we mean

(a) u is a mild solution in the sense of Definition 3.1.3 (with pp = o00), where the
initial datum u (0) = ug is meant in the following sense:

i (1) = woll oo ) = 0. (3.2.1)

(b) u € CO% (I; L™ (X)), for some k > 0.

(¢) u(-,t)ye D(Ap),forallt € I and 9f'u € C (I; L (X)).

(d) 3 u(,t)=Apu (-, 1)+ f (-, t,u (-, 1)) is satisfied for r € I.

Theorem 3.2.2 (Strong Solutions on (0, Tax)) Let g1 € (Ba,00]N[1,00], 0 <
a <landuy € D (Ap) for some p € (Ba, 00) N (1, 00). Consider the following
alternatives:

(a) If p = q1, assume f obeys conditions (F3)—(F4) with qg» € (1/a, oco] and
0 € (Ba/p, 1) satisfying

1 1 1
a(l—0) —n( — ) > . (3.2.2)
q p q2

(b) If p < q1, assume f obeys conditions (F3)—(F4) with qg» € (1/a, oco] and
0 € (Ba/p, 1) satisfying

a(l1—6)> L (3.2.3)
e

Suppose either (a) or (b) is satisfied and consider the following assumption:
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(F5) Forallt,s > 0, for almost' all x € X and max {|€|,|n]} < M € Ry, there
exists d = dy; (x) € L? (X) such that

|f(tv-xv‘§>:)_f(ssxsn)| Sd(lt_s|y+|§_n|p)s

for some v, p > 0.

Then there exists a unique strong solution of (3.1.1) in the sense of Defini-
tion 3.2.1 on the time interval (0, Tyax), such that either Tyax = 00, or Tpax < 00
and (3.1.31) is satisfied with py = o0o. This strong solution also satisfies

u & C* (10, Tmax); D((=Ap)") N C(O, Tnax); D(A))). (3.2.4)

for some real number k > 0.

Proof For p € (84, 00),letn € (Ba/p, 1) such that n < 0, and a sufficiently small
uw e 0,1), n+ wu = 6. By Proposition 2.2.7, uyp € D (Ap) — D ((—Ap)e) —
L (X). Notice that (3.2.2) implies that we are in the assumptions of Theorem 3.1.4
since « —n/qy—1/q, > a6 +n/p > 0 (recall n = B 4a). Hence, by application
of Theorem 3.1.10 (or Corollary 3.1.11) there exists a (unique) mild solution u €
Esx0.7, T € (0, Tmax), that is given by an integral solution (see Definition 3.1.1-
(d)) that also satisfies (3.1.32) on [0, Timax). When (3.2.3) is in full force and instead
p < g1 we obtain the same conclusion. Next, in view of assumption (HA) for the
operator A, we also recall from [17, p. 26] (since the semigroup S is analytic) that
forall t > 0,

H(—Ap)’(l”) (S(t)—1I) H,, = Cpt' 7, forall T € (0, 1) (3.2.5)

and
|(=ap™s®|, , < Cpr™". forallz € [0, 1]. (3.2.6)
In all the estimates that follow, we let 0 < ¢t < t 4+ h < T < Tmax such that

h e[0, T —t] (wl.o.g, we assume that 2 < 1). We observe preliminarily that since
n < 6 and g2 € (1/a, oo], the first alternative (a) yields

a(l—n)—n<1 — 1)— ! (3'5'2)0 (3.2.7)
q1 p q2

"Here and everywhere else, by the statement “for almost all x € X” it is understood that x € X\,
where m () = 0.
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and

1 n 11 1 1)\ (322
+ <o, n+Bal - ) <o0+Ba - 71 (328)
@ q @ P @ p

On the other hand, from assumption (b) of the theorem we infer that

1 3.23)
a(l—n) — =70 (3.2.9)
7@

as well as the first of (3.2.8) holds once again.

Step 1 (Uniform estimates for Sy, Py, « € (0, 1)). Based on definition (2.1.9),
we have

Po (20)1/*) = o (21) @D/ /oo 1do(1)S(21t)dT,
0

for all + > 0. The semigroup property S (2t¢) = S(¢tt)S(fr) and the
ultracontractivity estimate for S (see (2.2.3)) imply that

et [ (a0

(3.2.10)
P.q1

- /0 10 (1) [ (=A)"S@D ], IS @)l g, dT
G2 oo las) f T (a ) oy (ryar
0

a1 _1
<C(p,n, Ba,q)t 1 ﬂA(‘Il p),

since the last integral in (3.2.10) is finite owing to the second of (3.2.8) (see
once again (2.1.8)). The constant C = C (p, n, B4, q1) is bounded as ¢ — 1.
Rescaling 7 — 1% /2 in this estimate, we derive

_ _ 1 _ 1
<ct ™ ﬁAa(‘“ 1’), whenever p > q;.

1 =A@, <
(3.2.11)

On the other hand, when p < g1 we have ||S ()], 5, < IS @)Il,,, < C. Arguing

in a similar fashion to estimate (3.2.10), the analogue of (3.2.11) then reads

| (A Py (1) ||Ml < Ct™™, whenever p < qj. (3.2.12)
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Let us now recall & € (Ba/p,1). The analytic estimates (3.2.5)—(3.2.6) also
imply the following estimates for all 7 > 0,

H (—Ap) (S () = 1) H < -6 (3.2.13)
p.p
and
A P 0], , < CI (3.2.14)

they follow easily owing to the definition (2.1.9) for the operators Sy, Py, @ €
0, 1).

Step 2 (Regularity properties for the mild solution).  Since every mild solution is
an integral solution, we have

t+h
ut—+nh)—u(t)=(S (t+h)—5a(t))uo+/ Py(t+h—71)f(r,u(r))dr
t
(3.2.15)

t
+/ (Py(t+h—1)—Py(t — 1)) f(r,u(r))dr.
0

We now check that the initial condition is satisfied at least in the sense of (3.2.1).
By virtue of the bound u € L% ((0,T); L*° (X)) with T < Tpax (indeed,
Supre(o,7] ”””LOO(X) < U, u € Ex,0,r) and assumption (F3), we deduce for
t e[0,1],

llu () = uoll oo x) (3.2.16)

<C H(—A,,f’ (u (1) = uo) HLP(X)

=C[[=4p)" (Su 0y t9 = o))

Lr(X)
t
¢ [eapra—n] 0 @@ de

<C H(—Ap)f(lfe) (Se (1) = 1)”1;,1; | 4puoll o x)

t
6
+ C/(‘) H(_Ap) Py (t — t)H[J,ql le .0l ar (xg) dTQ (U)

(32.13) t ;
< e gl pa,) + Q) <f0 |4, Pa (t—r)Hiqldr>qC||cnql,q2,

by Hoélder’s inequality where ¢ (1 — 1/g2) = 1. The first summand on the right-
hand side of (3.2.16) clearly tends to zero as t — 0. For the second summand,
we argue slightly differently according to the cases whether p > g1 or p < ¢,



84 3 The Semilinear Parabolic Problem

respectively. Let us first assume p > g; andset x ;= o — 1 — 6o — Bac (qll - [1))

By virtue of the estimate (3.2.11) we have then

! 1
Neapra—ol, ar) sc( [ a-oetrteiela=i)g)’
P P
0 ’ 0

Ctx+1/4

= — 0, (3.2.17)
(xg + D'

ast — 07, since x +1/q > 0 & x —1/q2 > —1, where the latter is also equivalent

to assumption (3.2.2). In the other case p < g1, we set x := a — 1 — O« and exploit

the estimate (3.2.12) instead. Namely, we get

' 1/q ' .
(fo [(=An" Pt =D, dt) <C (/0 (t — 7)X4 dr) (3.2.18)

Ccxt1/4
= , =0, ast — 0%,

(xg +1a

since x +1/g > 04 o (1 —6) > 1/g2, which is satisfied by (3.2.3). We thus
conclude that the mild solution satisfies (3.2.1) (as well as lim;_, o+ u (f) = ug in
the D ((—Ap)?)-norm) for every ug € D (A,), with p € (B4, 00).

We claim next that u € C%¥ ((0, T); L™ (X)), for some x > 0. We consider « €
(0, 1) since the case o = 1 follows with minor (and straight-forward) modifications.
More precisely, in that case we can further take advantage of the fact that S is also a
semigroup, as well as of the simple identity

h
u(t+h)—u(t)=(S(h)—I)S(t)u0+/ Sth—1)f¢t+7,ul+1))dr.
0

Let us recall that n,6 € (Ba/p, 1) and n < 6 = n + w. In particular, it still holds
D ((—Ap)”) < L% (X). We now estimate the first summand in (3.2.15), based on
the definition for the operator S,

GO (f))MOHLw(X) (3.2.19)

< [ (=A,)" (Sq (t + h) — Sq (1)) MOHLP(X)

dt

< [ @uo [ (s (e m) = 5 w1 Juo] o,

< [Toam|ap(seane - e 1) 1A ) ol g dr
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(325 oo o a\ M 0 o
= epom A (o) (v (4 0 = 20" [(=A)"S (%) uo] ) 7

< C(p, i, 0)||Apuo

LX) (A (Da(r)r"dr> (Crh*’*)

< C(p, 1,0, T) lluoll p(a,y H*°,

for some 1/s < o; here, we have also exploited the D (A p)-contractivity of the
operator S and the application of Lemma A.0.4-(i) with ¢ := «. In the second
inequality we have also used the semigroup property

ST +mn*)=S(tt*)=8S(t ¢ +mn* —11*) S (x1*) = S (x1%)  (3.2.20)

(S (z (¢t + ) —10%) — 1) S (z17).

We deal now with the second summand in (3.2.15). Assume the first alternative (a)
(when p > g1) and recall (3.2.7)—(3.2.8) hold. By assumption (F3), we have

t+h
/ P,(t+h—1)f(r,u(r))dr (3.2.21)
13

D(Ap)

t+h
< [ A P = D] 1S G @Dl
t

t+h
= [ lea Pt h =0, e ¢ ol 40 @)
t

1

3.2.11 t+h
( < ) CO V) </ (t+h— .C)(Ol(l—'})—l—ﬂAol(l/‘h—1/[’))‘1 d-,;)q ”C”ql,qz ,
t

by Holder’s inequality where ¢ (1 — 1/g2) = 1. Notice that for

E=a(l—n—1=paa(l/q1 =1/p),

we have thatég +1 > 0 & £ — 1/g> > —1, in light of (3.2.7). Therefore, since
D ((—Ap)”) — L% (X) from (3.2.21) we immediately deduce

Chétl/a

U .
i) = (0 W) licllyy.40) (g + 1)V

(3.2.22)

t+h
f Pu(t+h—1) f (t.u(0)de
t

When the second alternative (b) holds with p < g, we employ the estimate (3.2.12)
instead of (3.2.11). Similarly to the derivation of (3.2.22), with a different value



86 3 The Semilinear Parabolic Problem

E:=a(l—n)—1(suchthat £g + 1 > 0 < condition (3.2.9)), we arrive at the
estimate

t+h
f Py(t+h—1)f(t,u(r)de (3.2.23)
t

LX)
t+h 1/q
SQ(U)</ C(t+h—r>(°‘“‘">‘”qdr) llellgy.qn
t
Chétl/a

< (Q W) llelyy.q) g+ DV

Finally, we estimate the last and most difficult summand in (3.2.15). We begin with
the following identity which holds in light of the definition (2.1.9) for the operator
P,:

Py(t+h—1)—Py(t —1) (3.2.24)

=a(t+h— t)“_lfooacba @) (S(ct+h—1))=S(c@t—1)%)do
0

+a ((r +h—D) - — r)“*l) /Ooa@a @) S (o (t —1)%) do
0
=Ly, )+ K, 7).

Arguing in a similar fashion as we did in the estimate (3.2.19), taking advan-
tage of the semigroup property (3.2.20) and the fact that H(—A PS8 (1) ||p o =
thrlfﬁA(l/qlfl/p), we get

[(=Ap)"Ly (2, D) (3.2.25)

p.q1

< Ca (1-+h—1)2 ) (1—p)—en—Bac(l/q1=1/p) (/”al+u—0—m(1/ql—1/p)¢a (a)d0>
0

x((t+h—1)% =@ -1

(Lemmaé&.o.‘l-(l)) CT (l‘ Th ‘L')ail (l‘ _ T)*“’)*ﬂAa(l/lU*l/P) h,U«/TO’

for some 1/79p < «, provided that we are in the assumptions of the first alternative
(a). With the second alternative (b), the corresponding estimate reads

[(=Ap"Ly (t, z)||M1 <Crt+h—o)* @ —1)y mpHo, (3.2.26)
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Let us set @w () := —an — Baa(1/q1 —1/p) < 0if p > g and w () :=
—an < 01if p < g1. By virtue of the uniform estimates (3.2.25)—(3.2.26) we find
for t € (0, 1] (the proof of the case t > 1 can be reduced to the case ¢ € (0, 1], by
choosing k € N such that k < ¢ < k + 1 and by arguing exactly as in the proof of

Lemma A.0.1),

t
H f Ly (t.7) f (tou (1) de
0

D(Ap

t
< [ A L0 1F ot Ol
: ;
< QW) liclg, g ( /0 |=ap"Lu @O, dr)

1
t
< Cph#/® ( / (t+h -0 D¢ )74 dr)q QW) liclyy.qn -
0

where once again g (1 — 1/¢2) = 1. Since (r + h — 1)@ D9 < (t — 1)@=D4  for
0<7t<t<t+h<T, the previous estimate then implies that

(3.2.27)

t
H/ Ly(t,7) f(r,u(r))dr
0

D((=4p)")

1
t

< Cri*™Q (W) liely, 4, ( / (t — o) dr) q
0

1
< Cr (@, Ba . q1. pY R Q (U) llellyy 4o T 2.

We observe that o 4+@ () —1/g2 > 0 in both cases of (a)—(b) due to (3.2.7)—(3.2.9).
Concerning the second summand in (3.2.24) with the same value @ = @ () < 0
as above, we find

[(—=Ap)" Ky (2, 1) (3.2.28)

p-q1

<a ‘(r Fh—n) ! =)o ‘ /0 0@, (0) | (=4S (0 1 = 1)), do

<C@t-1)7 </OO o7, (o) da> ((r — 0 (4 h— r)“*l)
0

<C@,a)(t—1)7 ((r o 4 h— r)“—l) .
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In view of this estimate and the Holder inequality with ¢ (1 —1/g2) = 1,
r» (1 —1/r;) = 1, we obtain

Hft Ku(t,7) f (r,u (x))dt (3.2.29)
0

D((=Ap)")

1
t
< QW) llellgy g0 (/O ca—o (-0 —a+h-o) dr)q

1
t qr|
= Q (U) ”C”ql,qz <[) C (t - T)qul d'L') X

1
¢ r qr
_oya—1 +h— a—1 4 2d ) 2

X (/O ((t 7) (t 7) ) T

r

t q
< QW) llellgy g ( /O C(t—t)mq"dr> X

1
t ’ ,
=) '~ +h-— “_1q2d )qz.
X(/o (( g ( g ) i

Notice that by (3.2.7)—(3.2.9), there exists a sufficiently small ¢ € (0, — 1/¢2)
such that o + @ — 1/g2 > ¢ > 0. To this end, select r{ < oo such that 1/ (gr1) =
a—1/gp—¢ > 0;clearly 1/(gr2) = 1l —a+¢e > 0and (¢ —1)grp +1 =
e/ (1 —a +¢) > 0. By application of Lemma A.0.4-(ii), we get fort < T,

1 1

' ; ' . ;

(/ C(t—r)w‘mdt)ql (/ ((t—t)"‘1—(t+h—r)“1)q2dt)q2
0 0

(3.2.30)
1

! L
< C(g,r1,r2, @) TV (/ (t =)@ D12 — (¢ 4 p— )@ Din df)q 2
0
< C (g, ., @) T7HN (—t“*”l/‘l’z R g h)a71+1/qr2)
<C(q,r1,r,w)T? /" (ha71+1/qr2 +h1/°~‘> 7

for some 1/5 < o — 1 4+ 1/qr» = ¢, owing also to the application of Lemma A.0.4-
(i). Inserting (3.2.30) into the estimate (3.2.29), we infer that

t
H/ Ky (t,7) f(r,u(r))dr
0

D((=4p)")

<cT™H+/an (h“*l“/‘ﬂz + hl/?‘) QW) llely.q, - (3.2.31)
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Collecting all the uniform estimates (3.2.19), (3.2.27) and (3.2.31) and recalling the
identity (3.2.15), we obtain

lu (t 4 ) = )l oo ) < CrQ U) llcllgy g, h*,
for k := min (u/s, & + 1/g, 1/5) > 0, which gives the desired regularity
u e CO ([0, T1; L™ (X)) (3.2.32)

Step 3 (Final argument). We are now ready to conclude the proof. For any mild
solution of Problem (3.1.1), we define H (-,¢) : [0, T] — L? (X),as H (-, 1) :=
f (@, -,u(-,t)) where we recall that the locally Lipschitz function f obeys
the assumptions (F3)—(F4). By the additional assumption (F5) of the theorem,
we then have H (-,1) € C%% ((0, T); L? (X)), for some o > 0, by means
of (3.2.32). Note that the (mild) integral solution can be also written as

t
W t) = S (t)uo-i-/ Palt —7)H (1) d, @ € (0, 1)
0
and
t
u(-,t)=S(t>uo+/ S -1 H(1)dr, a=1,
0

forallt € [0, T], T < Tmax. Hence, in view of this formula and the application
of Theorem 2.1.7 with the choice Y = L” (X), we can infer the remaining
properties (c¢), (d) of Definition 3.2.1. We have verified that u is a strong solution
in the sense of Definition 3.2.1. The proof of the theorem is finished. O

The additional assumption (F5) of Theorem 3.2.2 can be essentially dropped in
some special (albeit interesting) cases provided that f (¢, x, §) is independent of ¢.

Corollary 3.2.3 Let ug € D (Ap) for some p € (Ba,00) N (1,00) and assume
that f = f (x,&) satisfies conditions (F3)—(F4) for some function ¢ = c (x) €
L? (X). Then there exists a unique strong solution to Problem (3.1.1) in the sense of
Definition 3.2.1 on the time interval (0, Tmax), such that either Tax = 00, or Tax <
oo and (3.1.31) is satisfied with po = oo. The strong solution also satisfies (3.2.4).

Proof Indeed, observe that ¢ = ¢ (x) € Lp 0, With g1 1= p, g2 := 00, and the
second alternative (b) of Theorem 3.2.2 is automatically satisfied. By assumption
(F4) together with the regularity property (3.2.32) we can then infer once again that
H(G,t) = f(¢u(,1) e C% (0,T); L? (X)), for some o > 0. By following
the same argument from Step 3 in the proof of Theorem 3.2.2, we easily arrive at
the desired conclusion. m|

We view the regularity property (b) of Definition 3.2.1 as “minimally smooth”,
that our strong solution possesses under the general assumption (HA). When more
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detailed information is a priori known on the operator A, such smoothness can be
essentially improved beyond the L*° (X)-spatial regularity.

Remark 3.2.4 Indeed, let X =  C R" be an open set having a boundary of class
C?, and A is a sectorial operator in ¥ = LP (Q), p € (1,00) with D (A,) C
W2P (Q) and B4 = N/2. In particular, all the operators defined previously in
Example 2.3.5 (see (a)—(d)) satisfy these assumptions. By Proposition 2.2.7, there
exists a small v > 0 such that 6 > v/2 4+ N/ (2p). It follows from [17, Theorem
1.6.1] that D ((—A,)?) < €%’ (Q) and then by virtue of Theorem 3.2.2, that
every strong solution also satisfies

u e COx ([0, T]: OV (Q)) , forsome i, v > 0 (3.2.33)
and
weC ((0, T): WP (Q)), (3.2.34)

where T < Tiax.
Remark 3.2.5 We also mention the following.

(a) For the operators A defined in Example 2.3.8 (a)—(c) we have the following
situation. Recall that A = A, = —(—B)® where B is as in Remark 3.2.4 above
and 0 < s < 1. In that case (always under the assumption that €2 is smooth and
the coefficients of the initial operator are also smooth) we have that D(A,) C
W25-P () for every p € (1, 00) (see e.g. [23, Theorem 7.1] or [16]) and B4 =
évs. Let 6 > 0. Since (—A)? = (—B)*, it follows from Proposition 2.2.7 that
there exists a small vy > O such that 6 > v;/2 + N/ (2sp). Hence, by [17,
Theorem 1.6.1] we have that D ((—Ap)?) < C%" () and then by virtue of
Theorem 3.2.2, it follows that every strong solution also satisfies

ue ™ (10, T); €™ (@), for some k. vy > 0 (3.2.35)
and
ueC ((0, T]: WP (sz)) , (3.2.36)

where T < Tiax.

(b) For the operators given in Example 2.3.6, even if assuming that 2 is smooth,
there is no global regularity results as the ones in part (a) available. In fact it
is even known that in that case D(A),) ¢ W?25-P(Q). But most recently a local
regularity result has been obtained in [2, 3] where the authors have shown that
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if p € [2,00) then D(A,) C Wzs’p(Q) andif 1 < p < 2, then D(A,) C

loc
(B;’z)loc(Q). Therefore in those cases we will have that

uec (1w (Q)) if 2 < p < oo,

loc

ue (O Th By (@) ifl<p=2,

where T < Tiax. Here B‘; Z(RN ) denotes the Besov space.

We shall not pursue the issue of spatial regularity any further under the general
assumption (HA). Nevertheless, we wanted to emphasize that such an additional
regularity for the strong solution, like in (3.2.33)—(3.2.36), can be expected in more
specific situations as a consequence of (3.2.4).

Finally, we conclude that every (maximal) bounded mild solution constructed
by Theorem 3.1.10 (or any quasi-mild solution, as given by Corollary 3.1.11)
regularizes to a strong solution for all positive times provided that g1, g2 and f
satisfy the assumptions of Theorem 3.2.2.

Theorem 3.2.6 (Global Regularity of the Bounded Mild Solution) Let u be the
corresponding mild solution in the sense of Definition 3.1.1 (or Definition 3.1.3) on
the interval I = [0, T] or I = [0, 00) and let M := sup,¢; |lu (-, t)”LOO(X) < 0.
Consider either alternative (a) or (b) of Theorem 3.2.2, along with assumption (F5)
forthe nonlinearity f = f (¢, x, &) (when f is independent of t, assume instead that
f = f(x, &) satisfies conditions (F3)—(F4) for some function ¢ = ¢ (x) € L? (X),
p € (Ba, 00) N (1,00)). Then for all Ty € I\ {0}, u is a strong solution on the time
interval Iy := [Ty, T] (or Iy =: [To, 00)) in the sense of Definition 3.2.1 (namely,
(b)—(d) are satisfied for any p € (B4, 00) N (1, 00)).

Proof For 6 € (Ba/p, 1), with p € (84, 00) N (1, 00), the formula for the integral
solution allows to get the estimate

[(=Ap u 1)l

Lr(X) (3.2.37)
t
<[ Ap)"Sa @ uo]l o x) + Q (M) fo |=Ap'P =0, e Ol x)de
<[ =4p)"sa 0], , luoll(x)
t ; g 1/q
+0 (M) (/0 |(=4p) P(r—r)H,,,qldr> ey g, »

where g (1 — 1/g2) = 1, for all t € [Ty, T]. Exploiting the estimate (3.2.6) and
recalling (3.2.17)—(3.2.18), we infer from (3.2.37) that

|40 D gy = €T3 ™ luoll oy + © (M) lely, g (CT*1/7),
(3.2.38)
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where x +1/qg > 0, forall Ty <t < T. Consider next the integral formula (3.2.15),
whichholdsforall To <t <t+h < T.Letn <6 = n+usuchthatn € (Ba/p, 1)
and argue verbatim as in the proof of Theorem 3.2.2 (see Step 2, estimates (3.2.19)—
(3.2.31)) with the exception of the first summand

[ (AP S 4 = S @) 0] L x)
(3.2.5) 0
< C( u)fo o (1) (7 (0 + W) = 71*)" |(=Ap)"S (1) o], x) dT

(e.¢]
<C(p ™™ ( / %(r)r‘”dr) (Crh?)
0
<C(p. 1,0, T) Ty " hH%,
where 1/s < . We once again derive

[(=Ap)" (ot +h)—u, t))HLp(X) (3.2.39)

<[ (=Ap)" (Sa (t +h) = Se (1)) uo||Lp(X)

lf(z,u (T))”qu({\’) dt

t+h
[ leanrsn-ol,,
t

1
+ /0 |[(=Ap)" (Po (¢ +h —7) = Py (t =T, , I1f (0.0 ()l s (x) AT

= (@) licly, g + CrTy ™) ",

with the same value « > 0, see (3.2.32). The embedding D((—A,)") — L (X)
yields from estimate (3.2.39) the desired claim that u# is x-Holder continuous
on [Ty, T] with respect to the L (X)-norm. Thus we may conclude the thesis
exploiting the same step employed at the end of the proof of Theorem 3.2.2, on
any time interval [Ty, T'] C 1. The proof is finished. O

3.3 Differentiability Properties in the Case 0 < o < 1

The problem of determining some additional smoothness for the strong solutions
of the semilinear problem (3.1.1) is rather a complex one. Indeed in the case
a € (0, 1), by Definition 3.2.1 and Theorem 3.2.2 each (maximally-defined) strong
solution has the property

3u € C((0,T1; LP (X)), u € C** ([0, T1; L (X)), forsome 0 < « < I,
(3.3.1)
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for any T < Tpax- By Remark 2.1.5, the first of (3.3.1) implies that u €
C% ((0, T]; L? (X)) but u is not generally known to be in C' ((0, T]; L? (X)).
This is automatically true in the standard case when o = 1. The existence of
singularities in the derivative W (t) att = 0 is immediately apparent from the
notion of integral solution in (3.1.2); such singularities are present through the
operator Py, (t) which now becomes unbounded as t — 07 (in the case a = 1,
Py (t) = S(t) = e is no longer singular as t — 07). In the linear case (2.1.6),
when the source f = f (x,¢) is independent of the variable u, the C Lin time
regularity can be found in the result of Proposition 2.1.9.

Our aim is to address the issue of C'-regularity for the full semilinear prob-
lem (3.1.1) provided that f = f (x, ¢, u) is smooth enough as a function in (¢, u).
We consider again the integral solution (3.1.2) and first compute its formal derivative

u (1) = S, (t)uo + Py (1) f (0, u (0)) (3.3.2)

t
[ Pe-o[os @u@+as i @)
0

We also recall that S, (t) ug = Py (t) (Apug) for ug € D(A,). We can rewrite
Eq. (3.3.2) in the form

t
V() =v(t) +/ Pyt —0)duf (r,u (@) V () dt (3.3.3)
0

where we have set V (r) = u (t) and

t

v (1) := S, (t) uo+ Py (1) £ (0, u (0))+/ Pot—7) 0 f (t,u(x))dr. (33.4)
0

In the sequel, we will need some additional hypotheses on the nonlinear function f.
But first, a preliminary lemma is required.

Lemma 3.3.1 Let p € (1,00)and T > 0 be fixed but otherwise arbitrary. Consider
the following pair of nonlinear equations

t
w; (t) = F;j (t)+/0 Py (t —5) fj (s, wj (5)) ds,

for some Fj € L' ((0, T); L” (X)) and assume thatw; € L' ((0, T) ; L? (X)) exist
a.e.in (0, T) x X, for j = 1,2. In addition assume the following:

(i) For almost all x € X, the functions f1(t,&)(x) = f1(x,t,&) and
H @, &) (x)= fo(x,t,§) are continuousin (t,§) € [0, T] x R.

(ii) Foralmostallx € Xandallt € [0, T], f1 (x,t,§&) is Lipschitz continuous in &
with Lipschitz constant L > 0, independent of t and & .
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Define

t
0w =R® -~ F0+ [ Pt =0 (i rowr ) = o (0) )dr,
Then for all t € (0, T] one has the estimate
lw (1) — w2 (Ol Ly (x) (3.3.5)
t
<@ (f)”Lp(X) + C/o t— 0" " Eqq (ct—0) 10 (T)||Lp()() d,
for some C, ¢ > 0 independent of t and w;.
Proof Define z := w; — wy, F := F| — F> and the function
Sit, wi () = fi (¢, w2 (@) .
G (1) = Z(t) 12 #0,
0, if z(#) =0.

< L, ae. on (0,T), by

Then G € L% ((0,T); L* (X)) and |G (I)HLOO(X)
assumption (ii). Based on the definition of w;, we have

t
dt)=F @)+ /O Po(t = 1) (i (t. w2 (1)) — fo (. wn (1)) de
t
+ fo Po(t = 7) (fi (. w1 (1)) — fi (1. w2 (2))) d

t
= Q(t)+/ Pyt —1)G (D) z(s)dt
0

which then yields

t
Iz )l oy < 1Q Oll o) + fo 1Pa (6 = D)l 1G (Ol ) 12 (Ol Lo x) 4
(3.3.6)

=10 Wlxy + (Cp - L)fo (t =1 2@l ) .

owing to the bound || P, (¢) ||,,’,, < C,,t"‘_l, for all # > 0. The final estimate (3.3.5)
follows as an application of the (Gronwall) Lemma A.0.9 and (3.3.6). This
concludes the proof of the lemma. O

We have the following result for each strong solution on [0, 7] (with T < Tpax
and p € (B4, 00) N (1, 00)) that is given by (3.1.2).
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Theorem 3.3.2 Let the assumptions of Theorem 3.2.2 be satisfied and assume the
following hypotheses:

(a) Foralmostall x € Xandallt € [0, T], the function [ (¢t,&) (x) = f (x,t,&)
is continuously differentiable in (t,&) € [0, T] x [—M, M], for some M > 0;
moreover, for a.e. x € X and (tj,é) € [0, T] x [-M,M] (j = 1,2), the
estimate holds

100 f (x, 10, ) = 0 f (x, 12, 6)| < dw (¥) |11 — 12, (3.3.7)

for some B > 0 and dy € L (X).
(b) Foralmostall x € X andt € [0, T], the function 0 f (¢t,§) (x) = 9 f (x,1,&)
satisfies for all &1, & € [-M, M],

|0s f (x,t,81) — 3 f (x.1,8)| < em,1 (x) &1 — &, (3.3.8)

for some ey, 7 € LP (X).

Let V be a solution of (3.3.3) with v given by (3.3.4). Then the strong solution
of Theorem 3.2.2 belongs to C' ((0, T1; LP (X)) and u (t) = V (t) on the interval
0<r<T.

Proof Let § € (0,T/3) be an arbitrarily small number and consider the right-
difference

Z@h) =h"w@+h) —u@®), forhe©,8]and0 <t <T — 8.

Notice that Z (t+ — h, h) coincides with the left-difference. Moreover, since each
strong solution is bounded, namely, u € L ((0, T); L* (X)), without loss of
generality we may set

M = ||u||Loo((o,T);L°0(X)) = o0

It follows that f (¢, &) (x), o; f (¢, &) (x) and 9, f (¢, &) (x) are all bounded (con-
tinuous) functions on [0, T] x [—M, M], as functions in L? (X), as well as
oy f (t,&) (x) is globally Lipschitz continuous in § € [—M,M] on account
of (3.3.8). In particular, let K > 0 be a bound for the following quantities

sup ([0 f (x, £, Wl Ly (x) < 00,
1€[0,T7]

o (I 0l + 15 ) <
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We recall once again that every strong solution # has the regularity (3.3.1). Since

u (1) also satisfies the integral equation (3.1.2), Z (¢, h) satisfies an equation of the
form

t
Z(@, h) =R, h) —1—/ P,t—1)ouf (‘C, u* (r)) Z (t,h)dr, 3.3.9)
0
where u* (t) is between u (¢) and u (t + h) and 0 (h) € (0, h), where
R(t,h):=h"" (Sq (t +h) — Sy (1)) uo

t+h
+h*1/ Pu(@ ft+h—tult+h—7)dr
t

t
+/ P, f@+0Mh) —t,u(t—r1))dr.
0

We now apply the Gronwall Lemma 3.3.1 to the difference Z (¢, h) — V (¢) . For
every0 <t <T —§, we find

1Z (1) =V Ol oy < 10 (o) (3.3.10)
+C /0 (=0 B (e = 07) 1 (2. 1)y

where
Q1. h) = R(t,h) —v (D) + fo Po (t =) (0 f (v.0” (0) = 0 f (r.u (x)) d7
(3.3.11)

The foregoing equation can be further split up into four distinct terms, as follows:

So (t +h) — Sq (2)

t o — S, () uo, (3.3.12)

1(t,h) =

t+h
II(t, h) .= Ifl/ Po(n)ft+h—tu(t+h—1))dt— Py () f(0,u(0)),
t
(3.3.13)

t
111 (t, h) ::/ Po,(t)@rf(t+60h)—t,u(t—1)—0f(t —7,u(—r1))dr,
0
(3.3.14)

t
1V (1, h) ::/ Py (t — 1) (3 f (v, ™ (v)) — 0u f (. u (1)) dr. (3.3.15)
0
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To prove the claim of the theorem, we need to check first the following two steps:

G 1o (, h)||L,,(X) — 0 in the limit of # — 07, uniformly fort € [§, T — §].

Ko, K1 > 0 independent of ¢, .

@) 10 (=, h)||L,,(X) < Ko+ K1t*7!, forall 0 < t < r, for some constants

For (i), we have ||I (z, h)IILp(X) — 0ash — O uniformly in¢ € [§, T — §]

since S,, (f) is analytic fort > 8 > 0 and S, (1) ug = Py (1) (Apuo) . uo € D (Ay).
We use assumption (a) via the inequality (3.3.7), to estimate the third term:

1T x) (33.16)
t
5/0 1 Pa @y p 100 (40 () =70 (1 =) = 80 f (6 =7 (¢ = D)l x) dT

t
< Cylldull 0 ) [
< CT%0 (WP,

which also goes to zero as h — 0% (and so  (h) — 0), uniformly for t €
[6, T — 8]. We estimate the fourth term, owing to assumption (b) and (3.3.1),

IV (& )l e (x) (3.3.17)
1
< [ 0P = 0y 00 (5o ©) = 80 f (5 )] iy
t
= CP/O t—o)*! ”eMsT”LP(X) |u* (2) —u (T)”LOO(X)dT

1
= Cp llem.r o) /0 (t =0 0+ ) = u (D)l x) T
< CT“h".

This also converges to zero, as & — 0%, uniformly for ¢ € [§, T — §]. Finally, in
order to estimate the summand /17 (¢, k), we note that wo := f (0, u (0)) € L? (X)
(on account of the fact u9 = u(0) € D (A,,) C L% (X)) and that Py (¢) is
continuously differentiable for all #+ > §, which then yields

dt — 0, ash — 0T, (3.3.18)

t+h
/ P, () wods — Py (1) wo
r Lr(X)

h



98 3 The Semilinear Parabolic Problem

uniformly for all + € [, T —§]. Let ¢ > 0 be given. We can pick a sufficiently
small hg < §, such that for 0 < i < hg, it holds

LT, m)lLr(x)

<

t+h
/ Po (t) w0 — Py (1) wod
t

L7 (X)

1
+

t+h
b / PoO)(ft+h—1t,ut+h—1)— fO,u0)))dr
t

Lr(X)

t+h
58+C,,h—1/ r"“l[(t+h—r)+||u(t+h—r)—u(O)llLoo(X)]df
t
t+h
swc,,,m*lf b= [+ b0
13

t+h
<e+Cprs (1 4 TH) h! / (t+h—1)dt
t

Cp,T,5 (Tl_K + l)hK

<e+
Kk+1

< 2e,

owing once again to the second of (3.3.1). Here the constant Cp 7 s ~ 821 occurs
as the maximum of the function 7 > %! over [8, T]. Collecting all these previous
estimates, we have completed the proof of (i).

We next give a proof of (ii). Recall the definition of Q (z, &) from (3.3.11). We
begin with the basic estimate for 0 < 7 < ¢,

I @l < | So @uol o + 1P @ FOUOD Iy (B319)

"X)
+f0 1P (5 = §)llpp 130 F .1 (€D () S

= Cptail (HAPMOHLP(X) + ”wO”Lp(X)) + K- Cp‘L'a
a—1

<Cpr,x ()T ",

for some constant Cp, 7, ¢ > 0 independent of 4, T and ¢. Clearly, whenever 0 <
h<hpand0 <71 <t,

WIS (T + 1) = Su (D) uoll Lp(x) < 1+ (3.3.20)

Sl

=1+C) ”APMOHLP(X) LA
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Moreover, it follows that

T+h

T+h
h—1/ 1P (S)f(S-I—h—S,u(f—l—h—g))””((\,)dgSh—lcqu/ so-lge.

with a function on the right hand side that equals C ((t + h)* — %) h~!, for some
constant C > 0 depending only on C, x and . We have (v + h)* — 1% < hro~!
forall &, T > 0 (indeed set r := h/t and notice that (1 +r)* < 14r,foranyr > 0
anda € (0,1)). Thenforall0 < 7t < ¢,

<cr* . (3321
Lr(X)

T+h
h*/ Po®) f (t+h—E u(c+h—&)de

Next, it is also obvious that

de < Cp-Kt*™'. (3322
Lr(X)

H/O Pu(€)d,f (x40 (h) —E.u(c — )

Combining all the estimates from (3.3.19)—(3.3.22), we can write a bound in the
form

IR (r,h) — v (D)l Lrx) < Ko+ K17%7!, for0 < 7 < 1. (3.3.23)

Finally, for the summand 7V (z, k) in (3.3.15), whenever 0 < 7 <t < T, we have
T

IV (@ W)l (x) < 2K - c,,/ (r — &) de < Cc*. (3.3.24)
0

Collecting the foregoing inequalities (3.3.23)—(3.3.24), we have thus concluded the
estimate for Q (t, k) in (ii).

We now finalize the proof of the theorem. Set { := ¢T*Ey q+1 (cT%) for the
same constant ¢ > 0 from (3.3.10) and observe also that by (A.0.19), we have that

T
/ " Ey (ct*)dr =¢.
0

Let K, > 0 be a bound for the function ¢ Ct“’lEa,a (ct¥)Yovers <t <T — 6.
Given ¢ > 0, pick n € (0, 8] sufficiently small so that

n
/ K> (Ko + Klr‘H) dt <e2+0)7 L.
0

Now pick Ay so small such that whenever 0 < h < ho, ||Q (t,h)||Lp(X) <

e 2+ {)_1 , uniformly in the range § < t < T — §. Then for all & € (0, ho]
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andr € [§, T — 4] one has from (3.3.10) that
1Z () =V Ollox) (3325)

=2 @ Ml x)

n
+ C/O (t— ":)a_l Eya (C (t— ":)a) 10 (z, h)”Lp(X) dr
t
+C / (t =0 Eaa (¢t =) 1Q (2. Dl () d
n
<e2+0)7! +/n K> (Ko + Klto‘_l)dt
0
t
+s(2+;y4/‘a-—rﬁflEma@(p—rW)dr
n

T
<22+ '+e+0)7! / t“ilEa,a (cr"‘) dt
0

< 2e +eQR+0)c=¢
T2+4¢ -

Since & > 0 is arbitrary, (3.3.25) shows that Z (t,h) — V(1) as h — 0T
uniformly in § <t < T — §. But § > 0 is also arbitrary so that this argument
also gives that V (¢) is the continuous right derivative of u (f) on the interval
t € (0, T). Since the convergence Z (¢, h) — V (t) is also uniform on any interval
of the form [8, T — 8], the set {Z (-, h) : 0 < h < &} of L? (X)-valued functions is
equicontinuous. Therefore,

lim Z(t,h)= lim Z(t —h,h) =V (¢) (3.3.26)
h—0t

h—0t

uniformly on any interval ¢t € [§, T — §] (the second limit in (3.3.26) shows that
V (¢) is also the continuous left derivative of u (¢) on [6, T — §]). But since § > 0
was arbitrary, it follows that u (t) = V() forallt € (0, T). Finally, arguing in a
similar fashion as above, we also deduce that V (T') is the left-derivative of u (¢) at
t = T, and therefore, the conclusion of the theorem follows. O

Remark 3.3.3 More involved arguments should also give that u is C* ((0, T];
L? (X)) for any integer k > 1, provided that the nonlinear function f is sufficiently
smooth (see Chap. 5, Problem 4).

We conclude the section by formulating the following fundamental question.

Under what conditions can we say that the notions of generalized Caputo
derivative (see Definition 2.1.1) and the classical Caputo derivative g1—q * 0t f
are equivalent for a solution of problem (3.1.1)?
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A classical result states this equivalency, for every ¢ € [0, T'], for functions u :
[0, T] — Y that are differentiable everywhere on [0, T'] (see (2.1.3)). However, any
strong solutionu : [0, T] — Y = L? (X), of Eq. (3.1.1), even in the homogeneous
linear case of (2.1.6), is not differentiable at ¢+ = 0, no matter how smooth the
initial condition is.> It turns out that a more general result that does not require
(classical) differentiability at #+ = O can hold based on [8, Theorem 3.1], namely,
fu (1) = (81—« * 0;u) (t), for almost all t € (0, T], for as long as the function
ue AC([0,T]; Y)and Y is Gelfand (i.e., Y has the Radon-Nikodym property with
respect to the Lebesgue measure on the Borel sets of [0, T']). Here AC ([0, T]; Y)
denotes the space of all absolutely continuous functions on [0, 7] with values in the
Banach space Y, namely, for each ¢ > 0 there exists a § > 0 such that if (a,, b,) is
a sequence of disjoint subintervals of [0, T], with >, (b, —a,) < 8, then

D Ml (ba) —u(@lly <e.

The space Y = L? (X), 1 < p < oo, is an example of such a Gelfand-space (see
[7, Chapter IV, Section 3 and Chapter V]). In this case, it also follows directly from
the Radon-Nikodym theorem (see again [7]) that

AC ([0, T1; LP (X)) = Wh ([0, T1; L? (X)),

provided that X satisfies all the assumptions of Chap. 2.
The next result provided us with the first concrete evidence of the validity of the
equivalency problem for any strong solution of problem (3.1.1).

Theorem 3.3.4 Let the assumptions of Theorem 3.3.2 be satisfied. Then every
strong solution on [0, T] (with T < Tmax), of problem (3.1.1), also satisfies the
initial value problem

8l—q * 0w = Au+ f (x,t,u), foralmostall X x (0, T], u(-,0) = ug in X.
(3.3.27)

Proof The proof is an immediate consequence of the proof of Theorem 3.3.2; it is
an easy exercise since

ue (O, TT; LP (X)) N C* ([0, T1; L® (X)), 0 <« < 1.

Indeed, it follows that || 9;u (t)||Lp(X) < Cp,Tt"‘_l, forallt € (0, T], and therefore,
it holds

we Whi([0,T]; L? (X)) € Wh' ([0, T1; LP (X)),
forany 1 < g < 1/ (1 —«). Based on the prior statements above, the proof then

follows. m]

2This is in contrast to the case o = 1.
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3.4 Global A Priori Estimates

Our goal in this subsection is to derive an explicit uniform L°°-estimate from some
given L"-estimate of the mild (or quasi-mild) solution. Indeed, according to previous
results, the L°°-bound is crucial for the global regularity problem as well as it is
essential in the investigation of the long-time behavior as time goes to infinity (see,
for instance, [11-13]). In what follows we shall implicitly make use of the fact that
every mild solution constructed in this section is in fact a strong solution on some
maximal interval of existence. In the case ug € £ (X), this statement is already
a consequence of Theorem 3.2.6 and the local boundedness of the mild solution
(see Theorem 3.1.9). In the case when ug € LP° (X), po € [1, 0o) the arguments
below can still be made rigorous by employing a regularization procedure in which
upj € D(A,) C L®(X), for p > po with p € (Ba.,o0) N (1,00), such that
ugj — ugin L? (X) (since D (Ap) is dense in L? (X)). This is no serious drawback
since the corresponding mild solutions associated with the initial datum ug; are
indeed strong solutions and every mild solution associated with the initial datum ug
is locally bounded (see again Theorem 3.1.9).

We shall present two methods which are of different nature. First, we appeal
to a method exploited in [22] for classical systems of parabolic equations (¢ =
1) with standard diffusion A, and which is based on ‘“feedback” and some
bootstrap arguments. The advantage of the “feedback” argument is that it uses only
elementary inequalities. The next theorem generalizes the “feedback” argument to
nonlocal problems with a fractional-in-time Caputo derivative and a larger class of
“diffusion” operators A, possibly also nonlocal (see Sect. 2.3). Besides, it also has
direct application in the theory dealing with nonlinear systems of fractional kinetic
equations. We refer the reader to Chap. 4 below and the corresponding sections.

As before, we recall that g1 € (84, c0] N [1, o0] and g2 € (1/«, 00], and

n n
n:=Pfaa >0 0<46:= - <«
Po

where 84 > 0,0 <« <1, forall p € [pg, 00] . Let

Y () = {ta, %ft € (0, 1]
t, iftr>1.

We note that if po > max(Ba, 1) we automatically have § € [0,«), for
arbitrary p € [pg, oo] while for po < Ba this holds provided that po < p <
po/ (1 — po/Ba). Having the restriction § € [0, ) is required only in the case
o € (0, 1) due to (2.2.12). When o = 1, such a restriction can be eliminated and it
suffices to ask instead that 5 > 0. Further conditions on p € [pg, oo] will be sought
in the proofs of the supporting lemmatas below.
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Theorem 3.4.1 (Global A Priori Estimate) Letri,r € [1,00], q1,q2 and y €
[1, co) satisfy

n 1 n 1 1 y —1 .
+ +y-1 + <aand + <1, ifri <oo. (34.1)
q1 q2 n r q1 r

Let po € [1,00] be arbitrary and assume f obeys the conditions (F1)-(F2) for

some y € [1,00) and q1, q3 satisfying (3.4.1). Let now ug € LP° (X) C LP0 (X)
(po € [1, oo]) for which the corresponding mild solution satisfies

el o7 = Lol o)) (3.4.2)

on any time interval [0, T], for some positive increasing function L (independent
of u, ug) but which depends on the LP° (X)-norm of ug. Then Problem (3.1.1) has
a unique global mild (or quasi-mild, if po = 00) solution on [0, c0) in the sense
of Definition 3.1.1 (and Definition 3.1.3, respectively). In particular, there exist
numbers p > 0 and € > 0 such that the mild solution u satisfies the estimates:

sup (t A 1)5 llu (-, t)||L,,(X) < 00, forall p € [pg, <] (3.4.3)
te(0,00)
and
I GOl < CUAD T (ol mpy + X O (2 +07)]. (344

where & = @ (lluollngxy) = (1+L (luollngxy)) 0+ llclly, g,)- Esti-
mate (3.4.4) holds with p = y if one assumes that

n
q1

1 n 1 1 y
+ +y + <aand + ° <1.

92 re. n q 1

The proof of this theorem is based on some subsequent lemmas. Note that the
next lemma does not use the Lipschitz condition (F2).

Lemma 3.4.2 Let pg € [1,00], ri,rp € [1,00], ¥y € [1,00), b € [0,1], ¢ €
(0, @) and p € [pg, oo] such that

n 1 n 1 n
+ ~|—)/(1—b)< + ><a—|—(1—yb) — ¢,
q1 q2 n r2 p
1 1->) b
q t+v - +7/p51,
1 1
| a2 p (3.4.5)
+y +ybd <a —s¢,
q92 ) n n
yb <1, withé = — €0, ).
po P
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Let f obey the condition (F1) for some y € [1, 00) satisfying (3.4.5). Let the mild
solution u for Problem (3.1.1) with an initial datum uy € LP°(X) C L0 (X)
satisfy the a priori estimate ||u|,, ,, 7 < 00, for any T > 0. Furthermore assume
[lulll 5,7 < oo and for b > 0 define

. (1-b)
U= 11+ 120 el g -

Then there exists a constant Cy > 0 independent of ug, u, U,t and T such that
elllps.7 = Ce[lutoll oy + T () (U + UM ] (3.4.6)

Proof We shall exploit again the integral formulation for the mild solution (see
Definition 3.1.1). By (3.4.5), there exist s1, s € [1, oo] such that

1
T <at e (3.4.7)
S1 52 P
1

+ybd<a—e<1-—c¢g, (3.4.8)
$
1 1—b b1

qra=on v 1 (3.4.9)
q1 r P S1
1 1—b) 1

prad=on_-1 (3.4.10)
o r 5

We have
t
Ol Xy < 1Sa @l po ol oo (x) + /0 | Poc (t=D) | posy I (2,0 O o x) 4T

We use (F1), to split the nonlinear term into several terms. First, by (3.4.9) and the
Holder inequality we get for all £ > 0,

@A D e G0l o(xy (3.4.11)
<t A DY ISall g 0] oo )

t
+ (A 1)5/0 1P (0 = D)l e C Dl ) 11+ e @I ) @A DT dr

b
x (N1l 1 ).

The first summand on the right-hand side of (3.4.11) can be estimated using the
ultracontractivity property (2.2.12) for S, (¢) as a bounded operator from L?0 (X)
into L? (X). For the second summand we apply Lemma A.0.1 with the choice
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p.s1,52,8, 8 as above, 6:=ybs and r (7) :=llc (- T)ll o () 114+ Iut (-, r)|||zf}(”;
Hence from (3.4.11), we deduce
Wulllps,7r < C IIMOIILpo( X)+ CY (T) ps, () 1111+ IMIIIIM T (3.4.12)

The function py, (r) can be estimated from the same Lemma A.0.1 using
the Holder inequality on account of (3.4.10). It follows that py, (r) <

lellg,.q 11+ lel12)-% = U. Therefore, (3.4.12) implies that

ulllps.7 = Clluollpro(xy) + CY (T UL + IMIIIIM T (3.4.13)

Observe now that (3.4.13) is already the assertion (3.4.6) when b = 0. In order
to show the estimate in the case when b > 0, we apply a “feedback” argument
to (3.4.13) by employing the “feedback” inequality of Lemma A.0.6 with the
following choices

yi=lulllps.7+ 20 = C (Iuoll o) + T (TIU), 21:= CY (T U

with o := yb < 1. Indeed, (3.4.13) yields that y < zo + z1y° and therefore, we
obtain

1

20 —0
+ le .
o

<
y=,

The foregoing inequality yields (3.4.6) with constant C, = C/(1 —yb) +
cl/a-yb).

Next, we can also check in what sense the initial datum is satisfied. By the
integral formula and the bound (F1) we have

ll (-, 1) — Se (2) uolleo(X)

t
< f 1Poc (6 = D)l g5, lle G D x 11+l € r>|||{£f( ”; I+ Ju (-, r>|||{i’l( d
0
on which we can once again apply Lemma A.0.1 with the same s;, s and choice
of function r (s) as above, and § := 0, p := po, 0 := ybd and ¢ := ¢. By (3.4.7)
and (3.4.8), we can easily verify that the assumptions of Lemma A.0.1 are indeed
verified. We get

lu (-, 1) — Sq (2) MOHLP()( X) = <CY @) ps, M1+ |u||||p 8. T (3.4.14)

=CTOUIIN+ IuIII|p5 T
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forall ¢ € (0, T]. Notice that Y (1) — 0 as t — 0. Finally, it is also easy to check
that || f (s, u (s))Il},1,7 < 00, forany T > 0 for which u satisfies (3.4.6). Indeed,
we get

b (3.46)
If Gl r =CT+TT)UINL+ullll, 57 <00 .

The proofis finished. O

Note also that the next supporting result does not use the Lipschitz condition
(F2).

Lemma 3.4.3 Let q1,qo, andri,rp € [1,00], y € [1,00), b € [0, 1], ¢ € (0, )
satisfy

1 1
"4 —i—y(l—b)(n—i- ><a—€, (3.4.15)
q1 q2 r rn
1 1—b
Lrd=n_ (3.4.16)
q1 r
vb < 1. (3.4.17)

Let pgy € [1, 00] be arbitrary and let f satisfy condition (F1) for some y € [1, 00)
that obeys (3.4.15)—-(3.4.17). Let the mild solution u for problem (3.1.1) with an
initial datum ugy € LP°(X) satisfy U < oo for any T > 0, where U is
defined in the statement of Lemma 3.4.2. Furthermore for b > 0 assume that
SUP;e(0, 7] llu (-, t)”LOO(X) < 00. Then there exists a constant Cy > 0 independent
ofug,u, U, t and T such that

It GOl ey < Co (6 A D70 [l oy + T ) (U + 007D
(3.4.18)

forallt € (0, T].

Remark 3.4.4 1In the case b > 0 the a priori information sup, ¢ 71 llu (-, 1) ||L°°(X)
< oo is essential to deduce the explicit estimate (3.4.18) with a constant independent
of time and of any 7 > 0. Otherwise, no conclusion can be drawn from the
“feedback” argument. On the other hand since every mild solution of Theorem 3.1.4
is locally bounded by Theorem 3.1.9 on (0, Thax), we can infer from (3.4.18) that
Tmax = oo for as long as U is finite on any time interval [0, T'] .

Proof (Proof of Lemma 3.4.3) First, we observe that when pp = oo or b = 0, the
assumptions (3.4.5) of Lemma 3.4.2 are satisfied with p := 00,6 :=0and rq, 12, ¥
as above in (3.4.15)—(3.4.17). In this case, the assertion (3.4.18) is equivalent to
the estimate (3.4.6) of Lemma 3.4.2. Thus, we may assume that pg € [1, oo) and
b € (0, 1]. We apply an inductive argument with help from Lemmas 3.4.2 and A.0.5
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in the appendix. To this end, consider the finite sequences {p;} with py < p; <

. < pk =00, and {§;} € (0,«) fori =1, .., k as given by Lemma A.0.5. We then
apply Lemma 3.4.2 with the choices pg := pi_1, p := pi, § := §;, the exponents
r1,72, Y, b as above in (3.4.15)—(3.4.17), and initial datum u¢ := u (¢) for arbitrary
t € (0, T]. It follows that (3.4.6) of Lemma 3.4.2 yields for all 2 € (0, T — ¢],
i=1,.,k,

1 A+ 1 g, = Ci [l G0l )+ () (U + 0O ],
(3.4.19)

The choice t = ih — h in (3.4.19) then gives
(A DY fle i) ) (3.4.20)
<G [Ilu Coih =)l iy x) + T () (U + U1/<1—V”>)] :

foralli = 1,..,kand h € (0,T/i], for some C; < oo. An induction argument
in (3.4.20)fori =1, ..., k implies

wAWW*WWhth&fGUwhm&+TwNU+w“W®]
(3.4.21)

Since §; = n/p;—1 —n/p;, we readily have §1 + ...+ 8 =n/po —n/pr =n/po
and (3.4.21) with i = k, gives no other than the required estimate (3.4.18). This
completes the proof of the lemma. O

Remark 3.4.5 The statements of Lemmas 3.4.2 and 3.4.3 reduce exactly to those
of [22, Lemma 19 and Lemma 20] in the case « = 1 and A = A (with
Ba = N/2). Finally, we also observe that when up > 0 and u > O, the
assumption (F1) in these lemmas can be replaced by the weaker one-sided bound
fx,t,u) < c(x,t) (1 +u?). Indeed, since both families {S, (¢)}, {Py (¢)} are
positive by Proposition 2.2.1, the following pointwise estimate holds

t
0<u(@) <v():=S4 @) u0+/ Pyt —1)(c(C,7) (L+u” (v)))dr,
0

and the whole arguments of Lemmas 3.4.2 and 3.4.3 can be instead applied to the
integral family v.

Before we can finish the proof of Theorem 3.4.1 we also need the following
continuous dependence estimate. This result uses the Lipschitz condition (F2) in a
crucial way.



108 3 The Semilinear Parabolic Problem

Lemma 3.4.6 Let pg € [1,00], r1,rp € [1,00], € € (0,a), p € [po, o0] and
assume (F2) for some y € [1, 00), q1, g2 that satisfy

n 1 n 1

+ 4+ @w-D + <o-—e¢, (3.4.22)

1 92 . n

1 y—1 1

+ + <1, (3.4.23)
q1 r p
1 y —1

+ +6<a—c¢, (3.4.24)
q2 )

and the a priori estimate (3.4.2). Let u; be any two mild solutions in the sense of
Definition 3.1.1 for any two initial data ug; € LP° (X) C LP° (X),i = 1,2. Then
there exists a constant C > 0 independent of ui, t, T and ug;, such that

Wy —ualllp 5.7 =C lluor — uozll oo (X (3.4.25)
-1
+ CY (D) 11+ lur] + lullly, ., 7 Ny — u2lllp 5.7

forallt € (0, T].

Proof The argument follows in a similar fashion to the computation (3.4.12)—
(3.4.13) using the local Lipschitz condition (F2). Choose s1, 52 € [1, 0o] such that

1 y—-1 1 1 1 y—-1 1

+ + =< + <
q1 rn p S1 q2 r $2
and
n 1 n 1
+ - +4e<a, +5<a-—e¢.
S1 kY p 52

By the integral solution representation for each u;, by the Holder inequality and
(F2) we have

(1 —u2) G Olppx) (3.4.26)
< Sa Ol p, py o1 = uo2llzro(x)
+ uy —ualllp 5,7

13
x/o 1 Pa (t = ©)ll sy lle (Dl () 1+ Tt )+ Juz (DI 7 oy (7 A D7

The first term at the right hand side of (3.4.26) can be estimated as before using the
ultracontractivity estimate for Sy (7). For the second summand in (3.4.26), we apply
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Lemma A.0.1 (whose assumptions are satisfied) with the choices

r @ = lle GOl 1T+l GOl + e GOl

and p, s1, 52, € as above, and 6 := §. The foregoing inequality then yields

w1 —wu2lllps,7 < C lluor — uozIILpo(X) + CY(T) ps, (r) lllur —u2lllp 5,7 -
(3.4.27)

The functional py, () can be estimated exploiting Lemma A.0.1 once more to find

—1
Psy (1) < lllgy go 11+ | + Ll I < o0,
which is finite by virtue of the assumption (3.4.2). Thus, (3.4.27) implies the desired
assertion (3.4.25) of Lemma 3.4.6. |

Proof (Proof of Theorem 3.4.1) Let up € L”°(X) and consider a sequence
{uoj}jen C D (A,,) C L% (X) for p > po, p € (Ba, 00), such that

Jim_Juoj — o] o) =0 (3.4.28)

(recall that D (A,) is dense in £ (X)). By Theorem 3.1.4 there exists a unique
mild solution u; for problem (3.1.1), which is also smooth by Theorem 3.2.2, on
the time interval [0, T;), where T; > 0 is the maximal existence time. We can show
that T; = oo, for all j € N. The assumption (3.4.1) of Theorem 3.4.1 implies that
there exist numbers ¢ € (0, @) and b € [0, 1/y) such that the assumptions (3.4.15)—
(3.4.17) of Lemma 3.4.3 are satisfied. Then we can infer from the estimate (3.4.18)
that

Jitj 0 ey = Co 6 AT [0l ) + T ) (U + U2
(3.4.29)

forall j € N,and ¢ € (0, Tj) . The constant Cy > 0 is clearly independent of j.
The assertion (3.1.31) together with (3.4.29) and the fact that

U= s_up{||c||ql’q2 (Hl + |”J||1/1(1rsz)) : T € (0, oo)} < 00
jeN
uniformly in j, owing to condition (3.4.2), shows that T; = oo for all j € N.
The final goal of the proof is to show, along a proper subsequence (still denoted
by) {u j} , that u; converges to a function u on any interval (0, T] C (0, 00).
To this end, we also observe that due to the uniform estimate (3.4.29) and the
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assumption (3.4.2), we have

—1
V= ]frblgN{llcllql,qz (Hl + |uj| + |um|}fl’,2’T) LT e (0, oo)] (3.4.30)

< lellyan (1422 (ol mgy)) -

We choose the initial time i/ for an arbitrary 7 € (0,00) andi € Ny := N U
{0}. The continuous dependence estimate (3.4.25) yields in light of the uniform
bound (3.4.30) that

[(uj = wi) Gh 4], 5., (3.4.31)
< C [ =) Cim)|| ey + €T )V ||| = ) G+,

forall j,I € N,andi € Np and 4 > 0. Choosing & < 1 small enough such that
CY (h)V =Ch®*V < 1/2, from (3.4.31) we get for all i € Ny that

s =) G = € s = 0) G-

In particular, owing to (3.4.28) and a continuation argument, we obtain that {u j }j N
is a Cauchy sequence in the Banach space E, s 7, for all T € (0, oo). Therefore
there exists a functionu € Ep 5.1, forany T € (0, 00), such that

lim |||uj —ul||, =0, forall T € (0, 00). (3.4.32)

j—o0 p,ﬁ,T
Fixing now a time t € (0,7] C (0,00) and recalling that X is relatively
compact and Hausdorff, (3.4.32) also yields that u; (x,#) — u (x,?) (at least for
a subsequence) for almost all x € X; we conclude that (3.4.29) also holds for
u (-, t) (as well as the estimate (3.4.3) is verified). Thus, u is well-defined globally on
(0, 00). In order to show that the limit solution u is also a mild solution in the sense
of Definition 3.1.1, we argue exactly as in the proof of Theorem 3.1.4, by taking
advantage of the strong convergence (3.4.32) to pass to the limit in the integral
solution representation for u ;. We leave the simple details to the interested reader.
O

As a consequence of Theorem 3.4.1 we have the following.

Corollary 3.4.7 Under the assumptions of Theorems 3.1.4 and 3.4.1, every mild
(globally-defined) solution of Problem (3.1.1) with initial datum ug € LP°(X),
po € [1, 00], is also a strong solution on [Ty, 00), for any Ty > 0 in the sense of
Definition 3.2.1.

A second method to derive global a priori L°°-estimate is based on an iterative
Moser procedure used by Alikakos to treat semilinear parabolic problems with
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diffusion operators that are uniformly elliptic and second-order (see [1]). In this
method, the diffusion equation (3.1.1) for « = 1 is tested by powers of the
solution. Then, estimates of the norms | u|| [ 2k, are given for k € N, successively
at each step. In [1], each step uses the Gagliardo-Nirenberg inequality but this is
not always required (cf. [11-13]). One can cut down on the use of interpolation
inequalities by employing instead some Poincaré-Young inequality associated with
the corresponding diffusion operator. The latter turns out to be of advantage in
the treatment of reaction—diffusion equations (¢ = 1) with “rough” data [12],
containing possibly some fractional kinetics [11, 13] (cf. also [10]), when no such
interpolation inequalities are in fact available.

Our final goal in this section is to generalize the Moser-Alikakos procedure for
the reaction—diffusion equation (3.1.1) in the case & € (0, 1), that contain all the
above studied cases and much more. It is worth mentioning that a priori L°°-bounds
were also recently obtained in [24] for a special case of (3.1.1) with o € (0, 1), that
include quasilinear equations of second order, by exploiting the De Giorgi’s iteration
technique and suitable truncated energy estimates for weak solutions. Although
more general kernels were used, we note that the a priori L*° ((0, T) x X)-estimates
(as obtained by [24]) are weaker than the ones contained here, due to the nature of
assumptions contained therein, as well as the following basic observation.

Remark 3.4.8 We have L% ((0,T); L* (X)) ; L* (0, T) x X) with strict

inclusion (see [9, Chapter 12, Section 2]); the latter space is equipped with norm
SUP(; 1y (0.1)x X |1 (x, )| Note that the Moser procedure always produces a bound
in L ((0, T); L* (X)) , which is equipped with norm sup, ¢ 7 Ilu (t)||LoQ(X).

We first recall an important L”-norm inequality for the fractional-order derivative
a7, which has been established recently in [18] (cf. also [25]).

Proposition 3.4.9 Let the assumptions of Theorem 3.2.6 be satisfied and let H €
C! (R) be a convex function. Then, for any bounded mild (or quasi-mild) solution
of problem (3.1.1), the following inequality holds:

, d
H (u (1)) 07 u(t) = 97 (H (u (1)) = dr (g1fa *[H (u (1)) — H (uo)]) ),

forallt € (0, Tmax) and almost all x € X. In particular, for H (y) = (1/p) |y|?,
we have for all t € (0, Tmax) and almost all x € X,

d
Pl 1P @) 3 (1) = 0 (Ju 017) = (81000 [l” = uol?] ) ).

forany p € [2, 00).

Proof By Theorem 3.2.6, any bounded mild solution is a strong solution on [f, T],
forany 0 <t < T < Tpax, namely,

we €O (It T1: L% (X)) 3fu € C (1. T1: L (X)
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and
ueC(t,T];D(A,)).

The statement is then a consequence of the proof of [18, Corollary 6.1] and a
standard approximation argument (see [18, pg. 973]) that allows to replace the
singular kernel g;_, by its Yosida regularization g1—o,, € wll [0,T]. a

Remark 3.4.10 We note that alternatively the result of Proposition 3.4.9 is also a
consequence of [20, Proposition 2.18] provided that u € C!((0,T); L? (X)) N
C ([0, T); L? (X)). Such regularity is in fact readily available for the strong
solution of (3.1.1) provided that some natural additional conditions are satisfied by
the source f = f (x,t, &) (see Sect. 3.3).

Let T € (0, 0o) be given and set co := SUP;c(0,7) lle ¢, t)”LOO(X) > (0. We thus
assume that

(F6) f(x,1,6)& <c(x,t)(1+&%), forallé € R, ae. (x,1) € X x (0, 00).

This additional assumption on f is quite natural in the classical theory for
reaction—diffusion equations (see [1]). We note that (F6) is not an assumption
about the growth of the nonlinearity as |§| — oo, but rather it is a coercivity
condition since it allows for a large class of (dissipative) polynomial nonlinearities.
In particular, the following example of

n—1

fa ) =—crlEl"E+ civ1 (x, 0 EIE +co(x, 1),

i=0

for some cy > 0, ¢; € Rand n € N, is frequently encountered in applications
dealing with the (large time) asymptotic behavior of solutions for (3.1.1) when o =
1 (see, for instance, [11-13], and the references therein).

Theorem 3.4.11 (Global L°°-Estimate) Let the assumptions of Theorem 3.2.6 be

satisfied. Suppose that the operator A = A (as given by (2.2.7)) has D (§) =V Ci
L?> (X)and V < L?1 (X), for some q == qa > 1. Under the assumption (F6), any
maximal mild (or quasi-mild) solution of Problem (3.1.1), « € (0, 1), is globally
bounded on (0, o) , namely, Tmax = 0. In particular, the following estimate holds

sup i (0 () = € (I0ll o) + CoEart (CoT?) + T*Eaa (CoT?)).

1€(0,T)
(3.4.33)
for some C = C (o) > 0 and Cy > 0, both independent of t, T, ug and u. The
constant C = C («) is bounded as « — 1~ and Cy is independent of «.

Proof By the first hypothesis of the theorem, any mild solution is a strong solution
on [t,T], forall 0 <t < T < Tmax, and therefore, it satisfies the differential
equation in (3.1.1), pointwise in time and for almost all x € X. Thus, we can



3.4 Global A Priori Estimates 113

multiply the equation by p [u|” =2 u, p € [2, oo) and integrate the resulting identity
over X. Applying the inequality on the left of (2.2.11), namely,

—1 »
A7 (el ) < p (A i)

we derive by virtue of Proposition 3.4.9, the following inequality:
4(p—1 p_ p_
P 1 1 P
Al ) + ) dWPJMz)ﬂW@WHWMW)
(3.4.34)

We note that (3.4.34) is the key in proving the desired estimate (3.4.33).
Step 1 (The iterative procedure). To this end, setting p (= pr) = 2%, k > 1, and

xi () 1=/ ) dm, k=1,
X
and having established (3.4.34), we obtain

Pk

8% xy o+ _18(|u(t)|(1’k*2>/2u(t),|u(t)|(1’k*2>/2u(t)) (3.4.35)
P

< Cpyxi (t) + Cpi, ¥Vt = 0,

for some C = C (cg, m (X)) > 0. As usual, our goal is to derive a recursive
inequality for x; using (3.4.35). In order to do so, for ¢ > 1 fixed such that
V < L% (), we define

pk—pk—1 1 q—1

= 1, =1 =2 .
Pk <L 4 Dk 2 — 1

T apk—pe1 2q—1
We aim to estimate the x-term on the right-hand side of (3.4.35) in terms of xj_1.
Next, the Holder inequality, the Sobolev inequality D (§) = V < L7 (Q) together

with the Poincaré inequality [10, Proposition 2.1], namely, for every n € (0, 1),
there exists m > 0 such that

Il < 08 .v) + 07" ol x, (3.4.36)

yield

Pk qk
xk=/ Iulp"dmg(/ |u|1’kqdm> (/ Mk dm) (3.4.37)
X X X
27 %% 9k
<cC 8(|u|(p"_2)/2u, |u|(p"_2)/2u)~|—(/ Jua| P41 dm) (/ |ua|PH=1 dm) :
X X
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Here, sk = piq = q/ (2q — 1) € (0, 1) (also note that pi/2 = pix—1). Here, note
that we have also used that

8(|u|[’k—l ; |u|171<71) — 8(|u|([7k—2)/2u’ |u|([7k—2)/2 u) , for px = 2k’ k> 1,

which holds as a consequence of the fact that |u|P*!sgn (1) = |u|Px=2/%y.
Applying Young’s inequality on the right-hand side of (3.4.37), we get for every
n>0,

2
i [t e < & (1l 7D D) ( = dm)

(3.4.38)
2
+ Oy (Pi) (/Xlul”“ dm) .

for some function Q; (-) : Ry — R, independent of k, owing to the fact that
2k := q/ (1 — sx) = 2 (indeed, O, (y) = Cyy*% = C,y??4=D/=b for some
constant C;; > 0). Therefore, inserting (3.4.38) into the inequality (3.4.35), choosing
a sufficiently small n € (0, 1), independent of k, we obtain for r > 0,

3% (1) + & (|u 1P 4 (1) [ (1) P12y (t)) (3.4.39)
k 2 k
= 0y (2°) (ot 02 + €2
By application of (3.4.36) once more, we infer that

2
lulP* dp —n~" </ Jue| P dm)
Jx .

(3.4.40)

v

n& <|u|(pk—z>/2u, |u|(pk—2>/2u)

xe— 0" (1),

for some m > 0 independent of u, k. We can now combine (3.4.40) with (3.4.39) to
deduce

8% (1) +x (1) < Oy (2’<) (e 1)? + C25, Vi > 0. (3.4.41)

The foregoing inequality together with the application of Lemma A.0.8, gives

x¢ < C (&) max {/X luo2* dm, 0, (2") sup (i1 1) + €2V (3.4.42)

t>0



3.4 Global A Priori Estimates 115

for all k& > 1. On the other hand, let us observe that there exists a positive
constant Coo = Coo(||u0||LoQ(X)) > 1, independent of k, such that ||M0||L2k(X) <

Co. Taking the 2f-th root on both sides of (3.4.42), and defining My :=
sup;=q llu (D1 2 g, - We easily arrive at

2(2—1)

2k
M < C (@) max { Coo, (C,] (2") o ) My + 227" forallk > 1.
(3.4.43)

We can now iterate in a standard way in (3.4.43) (see, for instance, [5, Lemma
9.3.1]), to finally obtain

sup flu (Dllpo(x) < lim My (3.4.44)

t>0

< C (@) max (Coo, sup [lu ()l 2(x) + 1) :

>0

for some C () > 0 which is bounded as « — 1 but is independent of # > 0.

Step 2 (The L>®L2-estimate). In this final step, we derive the required
L>((0, T); L? (X))-bound, forany T > 0; this combined together with (3.4.44)
gives the desired inequality (3.4.33). The latter also shows in particular that one
can take Tpnax = 0o. Taking k = 1 into (3.4.41), we deduce

0 (lu 12 = Co (Il @1, +1) . Vi =0,

for some Cy > 0 independent of time and «. Consider now the linear problem,
givenby 97z =Co(z+ 1), z(0) = ””0”22(,\’) > 0, and observe that its unique

solution (see the proof of Lemma A.0.8 and (A.0.19)) is given by

2(t) = Eq,1 (Cot®) 2(0) + Cy /1% Eg 41 (Cot®) , £ > 0.

The comparison principle in Lemma A.0.7 then gives

e 172 x) = Eat (Cor®) ol )+ Co /1% Eaar (Cor®)

for any ¢+ > 0. Hence, the smoothing property (3.4.44) immediately entails the
assertion of the theorem since Ey o+1 (t) < (1/a) Eq o (7) for v > 0. a

We can improve the previous result so that the bound is also uniform with respect
to the final time 7" > 0.
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Corollary 3.4.12 Let the assumptions of Theorem 3.4.11 be satisfied and assume
that co < A where A1 = info (—A) > 0 is the first eigenvalue of —A. Then the
mild (or quasi-mild) solution is bounded in L*° ((0, T); L*° (X)), also uniformly
with respectto T > 0.

Proof By (3.4.34) with p = 2, we have
8 (2 ) + 26 () = 20 (m (X) + ]2 )
which yields, for dyp :=2 (A1 — ¢p) > O,
el x)) + do ull o ) < 2eom (X) . for s € (0.7).
The application of Lemma A.0.8 then gives

2com (X)
e l12x) =< 2€ @) max{uuouiz(x), e }

0

Inserting this once again into (3.4.44), we immediately get the desired claim. O

Corollary 3.4.13 The conclusions of Theorem 3.4.11 as well as of Corollary 3.4.12
are valid for the entire class of diffusion operators A, as given in Sect. 2.3.

Remark 3.4.14 Note that in the limit of « — 1, we recover the global estimate
stated in Corollary 3.4.13 for the classical diffusion problem (1.0.1) with o = 1.
This result can be seen as a generalization of a number of similar results proven
recently in [11-15].

3.5 Limiting Behavior asa — 1

We conclude this section with a convergence result as « — 17, which in light of the
previous two results, is now possible due to the uniform L{° L°-bound. For the sake
of convenience and to simplify any further technicalities, we also take ¢ € Lo o0 In
assumptions (F3)—(F4) (i.e., g1 = g2 = 00), and elsewhere in the assumptions of
the corresponding theorems. Let 7 > 0 be given, but otherwise arbitrary.

Theorem 3.5.1 Let the assumptions of Theorem 3.4.11 be satisfied and let uy €
L% (X). Let v be the bounded mild solution for

v =Av+ f(x,t,v), (x,1) e X x (0, T], vy=0 = uo
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and let u = uy be the corresponding bounded mild solution of (3.1.1) when o €
(0, 1) . Then the following convergence holds:

limi sup |lug (t) — v (t)||L°O(X) =0, (3.5.1)
a—>171¢[Ty,T]

forany0 < Ty < T < oo.

Proof We first recall that

t
Uy (1) = Sy (t) ug ~|—/ Py (t—5) f(s,uq(s))ds
0
and
t
v(t) = S(t)uo—i—/ S —s) f(s,v(s))ds.
0

By [6, Theorem 2.42], we have Sy (1) = Eq.1 (t“A) and P, (¢) = t"‘_lEa,a (t*A),
a € (0, 1), where both operators Ey 1 (t“A) and E, o (1% A) have a Cauchy integral
representation over a proper Hankel path, see [6, Theorem 2.41]. Application of
[6, Lemma 3.12] then yields, for all ug € L (X), Sy () ugp — S (¢)ug and
P, (t)ug — S(t)up, as « — 17; these convergences are also uniform on
bounded subsets of £°°(X) and on intervals [Ty, T], for any Top > 0. Since
Ug,v € L*®((0,T); L* (X)) uniformly with respect to « — 17, we obtain on
account of the Lebesgue dominated convergence theorem, that

t
lim H/ (Py(t—5)—S(t—9) f(s,v(s))ds =0. (3.5.2)
a—1" 0 Loo(X)
Taking the difference between u, and v, we then see that
lue (£) — v (t)”Loo(X) 3.5.3)
t
<Ay () + Hf Py (t =) (f (s,ua () — f (s,v(s))ds )
0 LX)
where
Aq (1) = 11Sa (1) 0 = S (1) ol ) (3.5.4)
t
—i—H/ (Py(t—5)—S(t—9)) f(s,v(s))ds .
0 1 (X)

Note that Aq (#f) — 0 as o« — 17 in light of (3.5.2) and the fact that
So (t)up — S (¢) up. Since f is also locally Lipschitz owing to (F4), we further
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derive from (3.5.3) that

Q (M)

t
T () [) (r— S)a_l llug (s) —v (9)”[,00()() ds,

(3.5.5)

ltee (1) = 0 ()]l oo ) = A (O +

forall t € (0, T), where Q (M) > 0 is independent of « — 1. Here, we have set
M :=sup,;¢(, 1) max{||uy (I)HLOO(X) , v (t)”LOO(X)}- We infer from (3.5.5) and the
application of the Gronwall lemma (see Lemma A.0.9), that

luta (6 = v Ol oo x) (3.5.6)

1
<A+ Q (M)/ (t =) Eqa (Q (M) (t — )¥) Ag (5) ds.
0

The right-hand side of (3.5.6) converges to zero as « — 17, by virtue of (3.5.4) and
the Lebesgue dominated convergence theorem (for the last summand). The proof is
finished. O

3.6 Nonnegativity of Mild Solutions

We show that each mild solution constructed in Sect. 3.1 is nonnegative on its
maximal interval of existence. We shall take advantage of their strong regularity
proven in Sect. 3.2.

Theorem 3.6.1 Let the assumptions of Theorem 3.1.10 be satisfied and assume that
f(x,t,0)>0, fora.e. (x,t) € X x (0,00).

If up > 0 then the mild solution of problem (3.1.1) satisfies u > 0 on (0, Tax) -
Proof

Step 1.  We first prove the claim for a (quasi) mild solution on [0, T'], T < Tax,
associated with an initial datum ug € L°° (X). We need to mollify both the
nonlinearinity f and the function ¢ = ¢ (x, t) . This can be done by following
a similar procedure as in the construction exploited in the proof of [22, Lemma
10, pg. 43]. Thus we may infer the existence of families { i} C Loo co, 7 and
{ck} C Loo,0o,T, such that:

e Forae. (x,7) e X x (0,00) and &, € R,
[fi (.1, 8)] < ek (x, 1) Q (1)),

|fk (-xv Z, g) - fk ()C, z, 77)| = ¢k (-xvt) Q (|‘$;:| + |77|) |§ - 77| ) (361)
Je (x,2,0) > 0.
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» The functions fy : § € [-U,U] — fi(-,-,&) € Ly, 4,,7 are uniformly
bounded and equicontinuous for all k € N,

Jim sup 1 = ) G Ol g =0 (3.6.2)

* The functions ¢k satisfy supcy llcklly, .7 < C llclly, g,,7> for some C > 0
independent of k, t and 7.

These properties then imply that each bounded (quasi) mild solution u; associ-
ated with the nonlinearity f, given by

t
ug (t) = Sq (¢) uo ~|—/ Py (t —7) fi (v, uk (v)) dr, (3.6.3)
0

satisfies supyn |luklll0o.0.7 < U (see the proof of Lemma 3.1.8). Moreover, uy is

a strong solution on (0, Trax) in the sense of Definition 3.2.1 (namely, (b)—(d) are
satisfied for a sufficiently large p € (Ba, 00) N [2, 00)) by Theorem 3.2.6.

Let H € C' (R) be given by H (y) = (1/2) y> for y € (=00, 0) and H (y) = 0
for y > 0, and notice that H is convex and H (y) = min{y,0} < Oforall y € R.
Since uy is a strong solution, it pointwise satisfies the equation

3 ur = Aug + fi (-, -, ux) . (3.6.4)

Multiplying (3.6.4) by H / (ux) and integrating over X, we immediately find
fX H' (up) 8%ugdm + (—Auk, H (uk)>L2(X) (3.6.5)
= | H (o) fic ¢ ug) dm,
J;

Setnow ¥ () = fX H (uy (t)) dm and observe that

(1) = /XH/ (ug (1)) Opup (1) dm (3.6.6)

when @« = 1 (see [26, (1.100), pg. 52]), while in the case « € (0, 1), by
Proposition 3.4.9 it holds

/X H' (ug (1)) 9%ug (£) dm > 9% (1) . (3.6.7)
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On the other hand, since S () is positive by assumption (HA), application of
Remark 2.2.6-(i) gives

(—Auk, H (uk)>L2(X) - a(uk, H (uk)) >0 (3.6.8)
since H' (up) = —u, . For the term on the right-hand side of (3.6.5), we argue as
follows:

fX H' () fi (x. 1, ux) dm (3.6.9)

_ /X H () i (6. 1, 10) — fic (x.1,0)) dm + fXH’ W) fi (v, 1,0)dm

(3.6.1) ,
< /XH (i) (fe (x, t,up) — fi (x,1,0))dm

(3.6.1) ,
< fE

<21H @) @ V) lleklloaoo.r -

k| ek lloo,00,7 Q (lukl) dm

Putting the estimates (3.6.6)—(3.6.9) together into Eq. (3.6.5), we obtain

Y @) =x¥ ®, x =20 W) lckllco,00.T >

for all ¥ € [0,T], T < Tmax- Application of the comparison principle (see
Lemma A.0.7) in the case @ € (0, 1), together with the Gronwall inequality when
o = 1, yields?

V(1) <Y (0) Eq1 (x1%),

forall t € [0, T] and & € (0, 1]. Hence, since u; (0) = ug > 0, ¥ (0) = 0 implies
that ¢ () = 0, namely, uy (¢) > Oforallz € [0, T].

Step 2 (The limit procedure). We take the limit as k — oo in the integral
solution (3.6.3) by arguing exactly as in the proof of Lemma 3.1.8. We observe
that

t
U —u =/0 Po (t = 7) (f (r,u (7)) = f (T, ux (1)) dt

t
+ fo Po(t =) (f (€. uk (1)) — fi (¢, ug (2))) d.

3The Mittag-Leffler function E1 1 (x) = e*.
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Next, as in the proof of Lemma 3.1.8, choose a sufficiently small time T € (0, 1]
such that

1
CT; llclly, 4, Q RU) < 5 (3.6.10)

Analogously to arguments leading up to the estimate (3.1.26), by virtue of (3.6.1)
and the assumptions on f, we arrive at
Nuk — ullloc.0.7, < CT{ Nclly, g @ QU) luk — ullloc 0,7, (3.6.11)

+C sup ”(f - fk) (.7 ) u)”ql,qz,T* )
ue[-U,U]

for some C > 0 independent of k, t and T. In particular, (3.6.10) and (3.6.2)
yield

lim [llux — ullloo,0,7, = 0.
k— 00

Now uy > Oon [0, T,] implies thatu > 0 on [0, T,], and a standard continuation
argument allows us to extend this property on [0, T], with T < Tax.

Step 3 (The extension). We extend the above argument to a local mild solution
associated with an initial datum ug € LP° (X), with pg € [1, 00), satisfying
all the assumptions of Theorem 3.1.4-(a). We choose a sequence ug, € L™ (X)
such that ||ug, — uo||Lp0(X) — 0asn — oo, with ug, > 0 and ||uon||Lp0(X) <

luoll; po (X)’ for all n € N. We then infer from Lemma 3.1.5 the existence T €

(0, 11and U < oo and a (quasi) mild bounded solution u,, € E, s, 7 for the initial
datum ug;,, on the interval [0, T'], such that

sup [lunll 5,7 < U. (3.6.12)

neN

Then similarly to estimates (3.1.10)—(3.1.12), we derive that

ttn = ull] 5,7 <C llton = woll o)
-1
+ CT* lellgy g, 1111+ lian ] + Ll 5 ity = w1157

for a time T < 1 that satisfies
& -1 1
CT®* (1+2U0)7 < 5
Therefore, (3.6.12) yields

itn = lll 5.7 < C lliton = uoll LX) -
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Since u, > Oforall n € N by Step 2, passing to the limit as n — oo in the foregoing
inequality gives that u > 0 on [0, T']. In the case when 0 < up € L0 (X)\ {0},
with pg € (1, co) satisfying the assumptions of Theorem 3.1.4-(c), we can choose
a sequence ug, € L (X) such that IT := {ug, ug, : n € N} € LP° (X)\ {0}. Then
one argues instead in the space E, , 5 7 by means of the proof of Lemma 3.1.6.
Since the details remain the same as above but for some minor modifications, we
may omit them completely and thus conclude the proof of the theorem. O

3.7 An Application: The Fractional Fisher-KPP Equation

As one straight-forward application of our abstract results in the previous sections,
we may consider the Fisher-KPP equation with fractional-in-time derivative

9%u = Au+ f (u) in Q x (0,00), uy—o = uo in 2, (3.7.1)

and a diffusion operator A that satisfies the assumption (HA). The nonlinearity f €
C [0, 1] is such that

f>0o0n (0,1) with £ (0) = f (1) = 0. (3.7.2)

The basic instructive example is f () = u (1 — u). Here, Q2 denotes a bounded
domain with sufficiently smooth boundary. An important example is A = A (see
Example 2.3.5) but also the fractional Laplacian (—A)yg,, we refer to Example 2.3.6
in Sect. 2.3. For the latter example, in the case o = 1, the existence of a unique
bounded mild solution was recently obtained in [4], where the large time behavior
of front solutions has also been investigated. We mention that the problem (3.7.1)—
(3.7.2) has been also considered in [19] in the case where A is the discrete
fractional Laplace operator. We point out that the occurrence of an exponent
o € (0,1) in (3.7.1), other than the classical one @« = 1, is a consequence of
physical phenomena in reactive systems (such as, plasma, flames and chaotic phase-
transitions) whose diffusive behavior is anomalous (see [21]). We refer the reader to
Appendix C for a complete description of models that contain fractional kinetics. In
the context of phase-transitions for binary materials, Eq. (3.7.1) for @ = 1 is usually
referred as the Allen-Cahn equation, where u denotes the atom concentration of one
of the material components (see, for instance, [13]).

Our first result is on the existence of global strong solutions for (3.7.1). We
conveniently extend f by continuity to the whole of R such that f < 0 on
(=00,0) U (1, 00). We recall once again that A, stands for the generator of the
associated semigroup S (¢) on L?(£2). For p > 2, such generator possesses even an
explicit characterization (2.2.10).

Theorem 3.7.1 Let (3.7.2) be satisfied and assume 0 < ug < 1, ug € D (A,,)for
p € (Ba,o0)N (1, 00). Then problem (3.7.1), a € (0, 1], admits a unique globally-
defined strong solution in the sense of Definition 3.2.1 such that0 < u < 1.
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Proof Application of Corollary 3.2.3 and Theorem 3.6.1 yields the existence of a
strong solution # on a maximal interval (0, Tinax) and # > 0 on (0, Tinax). The time
Tmax > 0 is such that either Tinax = 00 or Tiax < 00 and limy— 7, [lu () || Loy =
00. In order to show that Tiax = 00, it then suffices to show that u < 1 forall ¢+ > 0.
To this end, define H (y) = ; (y— 1)2, for y > 1l,and H (y) = 0, for y € [0, 1]
and observe that H € C 2[0, 00) is convex. As in the proof of Theorem 3.6.1 (see
Step 1, (3.6.7)—(3.6.8)), setting ¥ (¢) = fQ H (u (1)) dx and then testing (3.7.1) with

H (u), gives
Bf‘H(u)f/ f @ @m—1)dx <0.
{xeQu>1}

The comparison principle (Lemma A.0.7) yields H (u (1)) < H (up) = 0 and
therefore, u < 1 pointwise in time. This concludes the proof. m]

For rough initial datum, we deduce the following well-posedness result.

Theorem 3.7.2 Letug € L () such that ug € [0, 1]. Then Problem (3.7.1) has a
unique global and bounded quasi-mild solution in the sense of Definition 3.1.3 such
that 0 < u < 1. This solution also satisfies

lim |lu (t) — uollzr@) =0, Vp € [1, 00),
t—0

such that p = oo, if we additionally assume that ug € L°°(2). Furthermore, this
mild solution is also a strong solution on [Ty, 00), for every Ty > 0.

Proof The proof follows from Theorem 3.7.1 and an approximation procedure
similar to Step 2 of Theorem 3.6.1. The last statement of the theorem is a
consequence of Theorem 3.2.6. O

We can conclude with a basic comparison between solutions of (3.7.1) in the
cases when o € (0, 1) and o = 1, respectively. Indeed, by Theorem 3.5.1 it follows

Corollary 3.7.3 Every bounded mild solution u = uy of (3.7.1) converges strongly
as o — 1 in the sense of (3.5.1) on the interval (0, 00), to a bounded mild solution
of problem (3.7.1) with @ = 1.
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Chapter 4 )
Systems of Fractional Kinetic Equations Shethie

In this chapter, we consider some general classes of reaction—diffusion systems
that contain some fractional kinetics occurring in applications (cf. Appendix C
below), and then investigate their local and global existence of solutions in detail.
In a preliminary step, we derive results that allow for the existence of sufficiently
smooth solutions which are needed in order to rigorously justify other precise
and explicit calculations (namely, maximum principles, energy estimates and
comparison arguments) which will be performed on more specific models in the
sequel. It turns out that the techniques employed for the scalar equation (3.1.1) in
the previous chapter will prove quite useful in the analysis.

4.1 Nonlinear Fractional Reaction-Diffusion Systems

Let m € Nand u = (uy1,...,u;,) € R" where each u; (i = 1,...,m) is
a measurable physical quantity. Let d; = Ofori = 1,...,r and d; > O for
i =r+1,...,m. We allow the case r = 0 to occur so that all d; > 0 for
i = 1,...,m in some cases. Next, let D = diag(dy, ..., d;) be the diagonal
matrix of diffusion coefficients and assume that ug = (uo1, ..., uom) (x) € R™,
for x € X, models the initial data. Let f = (f1,..., fin) (x, ¢, u1, ..., uy) with

f:(x,t,u) € X x[0,00) x R" — f(x,t,u) € R™,

be a nonlinear function that models possible interactions between the various
quantities u; (i =1, ..., m). Finally, consider a family of closed operators (A;)]",
that satisfies the assumptions of Propositions 2.2.1, 2.2.2. Namely, we assume that
each A; satisfies assumption (HA) with a possible different value B4, > O for

i =1,...,m. In particular, let (S; (t))/_, be the corresponding family of analytic
semigroups associated with A;, each S; (i = 1,...,m) can be extended to a
© Springer Nature Switzerland AG 2020 125
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contraction semigroup S; p; (t) on L7 (X), p; € [1, c0], whose generator is A; p,
such that A;» = A;. For any «; € (0, 1), the corresponding operators (2.1.9)
associated with these semigroups S; can also be defined analogously, to give the
families of operators (Sal. (z‘));":l and (Pa,- (t));":l, satisfying the ultracontractivity
estimates of (2.2.12), after setting B4 := B4,, @ := «;. Finally, we set the diagonal
(matrix) operator A = diag(Ay, ..., A;) and introduce the following notion of
Caputo-fractional derivative

O u = (0"ur, ..., " um) €R",

where each 9;u; € R is understood in the sense of Definition 2.1.1 for o; € (0, 1).
As usual, wheno; = 1, 8} =0, =d/dt.

Our problem is to look for solutions u = (uy,...,un)(x,t) € R™ of the
following system

9u =DAu+ f (x,t,u), (x,1) € X x (0,00), (4.1.1)
subject to the initial condition
Ujp=0 = UQ in X. (4.1.2)

Note that components which do not diffuse as well as different kinds of “diffusion”
operators for the diffusing components may occur in (4.1.1)—(4.1.2). Our goal is
to construct bounded mild solutions for this initial-value problem and then turn to
strong solutions. To this end, our assumptions on the nonlinearity f, from Sect. 3,
are adapted to our new case, as follows.

(SF1) f (x,t,-) : R" — R™ is a measurable function for all (x,?) € X x (0, c0)
such that, for every bounded set B C X% [0, co) xR, there exists a constant
L = L (B) > 0 such that

|f (x,t,&) <L(B), forall (x,t,€) € B
and
|f(x,t,£j)—f(x,t, 77)' SL(B) |%‘_n|7 forall (x,t,éj),(x,t, 77) € B.

(SF2) For every bounded B C X x [0, co) x R™, there exists a constant L (B) > 0
such that, for all (x, ¢, &), (x,s,n) € B,

|f(x1tv‘i:)_f(xsss 77)| SL(B) (|I_S|y+|§_n|),

for some y > 0.

As in Chap. 3, the assumption (SF2) will only be needed when the nonlinear
source f is also time dependent; when f = f (x, &) this condition is no longer
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necessary for the existence of strong solutions, we refer the reader to the proof of
Corollary 3.2.3 (and Theorem 4.1.3 below).

First, we consider the initial-value problem (4.1.1)—(4.1.2) with f = 0 and let
ug € L* (X, R™). The solution u = u (x, t) of the linear system for bounded initial
datum u defines a formal solution operator in the space L*° (X, R™) by setting

u (x, 1) = (Sq (1) uo) (x) = (Se,1 (1) uo1 (X, - -, Sam (1) hom (%)) ,

forall x € X, t € [0, 00). The linear system is decoupled, the operator S, () acts
componentwise; namely, for all ¢ € [0, co), we set

Sai (1) =8 1) =1, fori =1,...,r (whend; = 0),
Sa,i ) = Sy, (dit)|L°0(X)’ fori =r+1,...,m (whend; > 0).

Of course, r = 0 is still allowed. In view of Remark 3.1.2, S, (¢) is not strongly
continuous in the Banach space L™ (X, R™), which we equip with the canonical
sup-norm

u = max ||U; .
” ”oo 1<i<m ” ’”LOQ(X)

However, owing to the statement of Proposition 2.2.1, we have ||Sy (f) o]0 <
luolloo » for all ug € L (X,R™) and t € [0, 00). In order to deal with the full
nonlinear system, we also define the operator (P, (¢) f), for f = (f1,..., fm) €
R™, also acting componentwise:

Pa (t)f = (Pa,l (t) flv ---vPa,m (t) fm) s

where, fori =r +1,...,m,
o0
Poi (1) fi = Po; (dit) fi = ait""'_lfo Ty, (1) i (r (di)™) fidt

and Py ; () fi = (gal. * ﬁ) (), fori = 1,...,r, in the case of non-diffusing
components. Of course, we keep the convention that when some o; = 1 for
i=r+1,....,m,weletSy, =S;and Py, = §;.

Our notion of mild solution for (4.1.1)—(4.1.2) is stronger than the notion of mild
solution from Definition 3.1.3. For the sake of notational convenience, we again let

u@=u(C,t)and f(t,u@®)=f(,t,u(,t)).

Definition 4.1.1 Let T > 0 be given, but otherwise arbitrary (and, possibly, T =
00) and let ug € L™ (X,R™). We say u € Ex 0.7 is a mild solution of problem
(4.1.1)—(4.1.2) on the time interval [0, T') if:
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(a) u : (x,t) € X x (0,T) = u(x,t) € R™ is measurable and u (-,t) €
L (X, R™) such that

sup |lu (-, 8)|leo =: U < o0, forallt € (0,7).
5€(0,1)

t
(b) u(t) =Sy (@) uo+ / Py (t — 1) f (v ,u(r))dr, forallt € (0, T), where the
0
integral is an absolutely converging Bochner integral in L*° (X, R™).
(c) u satisfies the initial condition in the following sense:

IEI(I)I+ llu (t) — Sy (2) u()”oo =0.

‘We have the first result of this section.

Theorem 4.1.2 (Existence of Maximal Bounded Mild Solutions) Ler assump-
tion (HA) be verified for each operator A; (i = 1,...,m) and the conditions of
(SF1) for the nonlinearity f. For any given ug € L™ (X,R™), there exists a time
T € (0, oo] such that the initial-value problem (4.1.1)-(4.1.2) possesses a unique
mild solution in the sense of Definition 4.1.1 on the interval [0, T). Furthermore,
the existence time T € (0, oo] can be chosen maximal (i.e., the previous statement
does not hold for a larger time). In that case, T = Tmax and

Iim |lu (t)|loe = 00, if Tmax < 00.

I— I'max

Proof Consider the following

Casel :alla; =1,i=1,...,m.
Case2 : atleastonew; € (0,1),i =1,...,m.

Let Uy € [0, 00) be such that ||uglloo < Up. Choose U > Uy, Ty € (0, 1]
arbitrarily and define the bounded set B := X x [0, Tp] x [-U, U]™ .Let L (B) > 0
be the constant from assumption (SF1) and choose T € (0, Tp] such that

Uo+6(T) < U, (4.1.3)
where the function 8 is defined as follows:

(1) = eL®1 _ 1, in case 1,

4.1.4
F(amO)L(B)t ( )

9~(t) = Eay,1 ( F(awg) “’"0> — 1, in case 2.

Here, we have set o, := minj<j<, (o) € (0, 1) and apy, := maxi<j<y (o) €
(0, 11, and we recall that E, g (z) (k¢ > 0, B € C) is the generalized Mittag-Leffler
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function

oo Zn
Ecp@) =) Fen 4y KEOD-

n=0

For initial data ug € £ (X, R™) with |lug|ls < Uo, we define the sequence u®
in L® (X x [0, T], R™), by

uD (1) = Sq (1) uo,

w D (1) = Sq (D uo + fy P (t —5) f (5.u? () ds,

for! e Nandt € [0, T]. We claim by induction that the following (4.1.5)-(4.1.9)
are satisfied for all r € [0, T], and all [ € N. We have the estimates:

H (uU“) - u(l)) ) H (4.1.5)
o0
1 ! a;—1
et (@ _ -1
< L(B) max F(Oli)/() (t — 1) H (u u )(r)Hoodr
and
H (u(l'H) - u(l)) (t)H = max ¢/ (1) <6, (1), (4.1.6)
00 1<i<m
where
0 (1) 1= (L(f!)’)l, in case 1,
o o\ 4.1.7)
o 1 U, m .
O () = 114, 41) ( Plag) | 0) » In case 2.
Also, we have
Hu”) ) H <U (4.1.8)
o0
and
3 ‘(W‘“) —u(j)) (t)H <70, (4.1.9)
o0

l=j=<l
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We can easily check these claims for / = 1 on account of the definition for 1",
the properties of Sy (¢) , Py (¢) and the conditions of (SF1). For instance,

H”“) ) Hoo = [ISe (1) uolloo = lluolloe < U;

since || Py, (1) ||L°°(X) <t~ 1/T (o), fort € (0, T], we also get

R
< / NPw =0l | 5 (s <f>)HLoo(x> dr

ai—1
—m,)/ (=0 dr <6, ().

Indeed, the Gamma function I' (x) > O is non-increasing on (0, ©] and non-
decreasing on [, 00), for some . € (1, 2) (in fact, © = 1.46163..). This yields that
I (crpy) < T (i) < T (am,) in the second case, as well as maxj <j<p 1% < %70,
fort € [0, T] C [0, 1]; henceforth, we deduce

[«? @ —uV 0| = max g} (1) < 61 (1)

Suppose now (4.1.5)—(4.1.9) are already known for some / — 1 € N. We have to
prove these assertions for / € N. Inequality (4.1.5) is immediate owing to the second
condition of (SF1), while the assertions (4.1.6) and (4.1.9) are also immediate in the
first case by merely performing explicit integration and recalling the series for the
exponential function. We now show the same assertions in the second case when at
least one of «; € (0, 1). By the second condition of (SF1), and a change of variable
rt = s we have

t
/ - U] N (-1
q; () < [) “ Pozi (t S)”oo,oo Hf (S, u (S)) f (S, u (s))HLOO(X) ds
(4.1.10)
L (B) / (t _ s)al 191 l(s) ds
O{M0
_ [ L(B) r (OémO)171 i H{U=Damg |
_<F(aMo)> (0= Damy +1) B (o (= Dy +1)),
where

1
B(x,y) = / (1- r))‘_1 P dr
0
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is the standard (symmetric) Beta function. Since
B (o, (0= D ety +1) = B(cmgs (1 = Dty +1)

and

L(=Doam, +1)

B (emo: (0= Dy +1) =T (am) (lotmy + 1)
mo

we deduce from (4.1.10) that
g @) <6, foralli =1,...,m,

forallt € [0, T] < [0, 1]. This proves (4.1.6) for any / € N; (4.1.9) follows from
the series of the Mittag-Leffler function Epy.1- It remains to show (4.1.8). Using

the definition of the sequence u®, we get

[« o], = ol + 2 @) o]
1<j<l

<Up+6()<U,

owing to (4.1.3). Therefore, (4.1.5)—(4.1.9) holds for all / € N. It follows that there
exists a function u € L (X x [0, T]; R™) such that

[0 -0l 2 B [t o

tel0,T]

as [ — oo. It is now straightforward to show that the limit « is a solution of our
initial-value problem (4.1.1)-(4.1.2) on the time interval [0, T]. Since this interval
is determined uniformly for all ug € L% (X; R™) such that ||ug|lo, < Up, we also
have

inf{T (o) : ug € L= (X; R’”), luolloo < Uo} > 0, (4.1.11)

for all Uy € [0, 0o). We prove the second part in the statement of the theorem. We
argue by contradiction. Suppose now that there exists Up € (0, 00) and a sequence
t, > 0 such that

lim #;, = Tmax < 00 and sup ||u ()]l < Up.
n—od VLEN

Hence by (4.1.11), there exists a number T € (0, co) and mild solutions v, : (x,t) €
X X [ty, th + T) > v, (x,t) € R" of problem (4.1.1) for an initial datum u (#,) on
the interval [#,,t, + 7). Hence by uniqueness, we get a mild solution u for the
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initial datum u¢ on the larger interval [0, Tryax + T), which is a contradiction. This
completes the proof. O

If the initial datum is sufficiently regular, the mild solution becomes a strong one
on any time interval [Ty, Tnax), for any Ty > 0.

Theorem 4.1.3 (Existence of Maximal Strong Solutions) Let assumption (HA)
for each operator A; (i = 1,...,m) and the conditions of (SF1)—(SF2) for the
nonlinearity f be satisfied. Assume ug; € L (X) fori = 1,...,r (of course,
r = 0 is allowed) and ug; € D (Ai,pi) C L™ (X) with p; € (,BAl., oo) N (1, o) for
i=r+1,...,m. Then every bounded mild solution of Theorem 4.1.2 satisfies

u € C% ([0, Tmax); L™ (X, R™)) (4.1.12)
and

gl—oz,- * (ui - ui (O)) € Cl’y ([Oa Tmax) 7 LOO (X))a l = 1a LI ) ra (4113)
8la; * (Ui —u; (0) € CH((0, Tyax) : LX (X)), i =r +1,....m,  (4.1.14)
ui € C((0, Tmax); D(Aip)), i =r+1,....,m, (4.1.15)

for some k,y > 0. The bounded mild solution also satisfies the initial-value

problem (4.1.1)-(4.1.2) in a strong sense, namely, all equations are satisfied for
t € (0, Tmax) and almost all x € X, and

,E%L lu () — ”0||L°°(X) =0. (4.1.16)
Proof We define for i = 1,...,m, v (x,t) = Sgi @) uoi, Gi (x,t) =
fi(x,t,u(x,t)) € R, for (x,t) € X x (0, Tnax). The integral solution for the
mild solution can be written, with the usual convention, fori =1, ..., m,

t

u; (t) =v; (1) +/ Py, (t —5)Gi (s)ds, fort € (0, Tmax) .
0

We argue separately for the diffusing and nondiffusing components. Let i = r +
1,...,m, and recall that each A; generates an analytic semigroup S; (: Si, ,,,.) in
the space L? (X). Let T € [To, Tmax) be arbitrary for any Ty > 0 and let 0 < Tp <
t <t + h < T in the estimates below. We first show in what sense the initial datum
is satisfied. We first have

lu (6) = Sa () tolloo = max [Jui (1) = Sei (1) woi | o ) (4.1.17)
t
< max fo [ Pa (¢ = )| oo 1 520 (5D llog s
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1 t
< L (U) max f (t — )% Vds
0

1<i<m I' (o)

1%

< L (U) max — 0,
1<i<m I' (o) o

as 1 — 0%, Next, choose 6; > n;, 6;,n; € (Ba;/pi. 1) such that 6; = n; + p;.
Recall that we have (by Step 2 of the proof of Theorem 3.2.2),

tlfai H (—Ai,pi)m Pai ) Hp’oo < Cjr M
as well as

H (_Ai’pi)*(lfni) (Sai (1) — 1) H < Citai(lfni).
Di,Di

Thus, we can argue as in Step 2 of the proof of Theorem 3.2.2 (see, in particu-
lar (3.2.16)—(3.2.18) by lettingg = 1, x + 1/g = «; (1 — 6;)) to deduce

lui (2) = woill ooy < € [[(=Aip)™ (i (0) = o) | 11y (x) (4.1.18)
= C 0 (Jugillp(a, ) + L O)).
for some C > 0, independent of ¢, which clearly shows (4.1.16) for the diffusing
components. We also need to prove that u; is continuous with respect to the time
variable. As in the proof of Theorem 3.2.2 (p := p;, Ap 1= A; p;, 1 = g2 = 00,
and so forth), see (3.2.19)—(3.2.31), we get
i (¢ + 1) = i Ol ooy < CrL UV, i =7 +1,...m,

for some « > 0 which depends on «;, B4,, n;. This yields (4.1.12) for the diffusing
components, namely

ui € C ([0, Tma); L (X)), i =r +1,...,m. (4.1.19)

Now we consider the non-diffusing components. Let w = (u1, ..., u,) be the vector
of non-diffusing components and define

H: (x,t,w) € Xx[0, Tmax) XR" > H (x,t,w) = f (X, £, W, Up41,...,Uy) €ER"

with f = (f1,..., fr). The componentsi = 1, ..., r, of the integral solution for
the mild solution then yields

13
w; (x, 1) = we; (x) +/ 8a; (t — ) Hi (x,s,w(x,s))ds. (4.1.20)
0
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The assumption (SF2) together with (4.1.19) implies that
|H (x,1,6) = H (x,s,m| < Lt (U) (It =sI” + 15 = nl), (4.1.21)

forall (x,t,&), (x,s,n) € X x[0,T] x [-U, U]" (the existence of U > 0 follows
by construction of the mild solution «). Then we deduce fort > t > Qandi =
1,...,r,

”wi (x, 1) — w; (x, T)”LOO(X)

< Lt (U) /’ (t — 5)% ' ds = Lt (U)(t—1)™
() Jo I +1)

and so w; € C%% ([0, Tymax); L% (X)), which together with (4.1.19)
yields (4.1.12). The foregoing inequality also implies that

;E%L llwi (1) = woill ooy =0, i =1,..., 7.

Recalling once again (4.1.19) and the Holder-Lipschitz condition (4.1.21), we easily
infer that H; € €OV ([0, Thmax) ; L*° (X)),i =1, ..., r, forsome y > 0. Hence, for
i=1,...,r by (4.1.20) and the fact that g1_y * g4 = 1, it follows that

Oy w; (t) = H; (-, t, w) € C%7 ([0, Tiax) ; L= (X)). (4.1.22)

We finally get the first of (4.1.13). To prove (4.1.14)—(4.1.15) and the remaining
part of the statement of the theorem, we argue in a similar fashion as in Step 3 of
the proof of Theorem 3.2.2. Thus, the theorem is proved. O

4.2 The Fractional Volterra—Lotka Model

We assume €2 is a bounded domain with Lipschitz continuous boundary 92 and
consider a predator-prey model which assumes a fractional version of the mass
action law for the interaction of the two species, predator and prey. As usual, denote
the density of prey by u = u (x, t) and of the predator by v = v (x, t). The dynamics
of the prey-predator interaction is governed by the following system of reaction—
diffusion equations

0fu+ Dy(=MNqu =u(f —bv), (x,1)€Qx(0,00),

421
qv+ Dy(=A)ov =v(—g+au), (x,1)€Qx(0,00), @21
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subject to the following set of boundary conditions
N2 = N272y = 0 0n 0Q x (0, 00), 4.2.2)
and initial conditions
(u, V) ;=0 = (u0, vo) in Q. 4.2.3)

We refer to Appendix B below for a complete description of the boundary operator
appearing in (4.2.2). In general a, b, f, g are assumed to be positive constants.
Following a discussion in [10], a more general situation can be considered such
as, an inhomogeneous environment, symbiosis and saturation can be included by
letting the sources f, g depends on x and u, v. We shall consider this situation in
a forthcoming article. We assume diffusion rates D,, D, € (0, c0) and consider
the case s,/ € (1/2,1) since the boundary conditions (4.2.2) makes sense only
in this case. Indeed, following an accumulation of evidence from a variety of
experimental, theoretical, and field studies [6, 9] we observe that both diffusion
operators (—A)g, (—A)lQ offer a better foraging mechanism, than the classical
counterpart of Laplacian A, for the movement of animals around their natural
habitat (cf. also Appendix C, part I). When s,/ € (0, 1/2] and/or s,/ € {1}, the
subsequent results also hold with some minor modifications and different boundary
conditions than in (4.2.2) (see Sect. 2.3, for many other possible examples of
diffusion operators). The boundary conditions (4.2.2) play a similar role as in the
case of no-flux Neumann boundary conditions in that both populations of predator
and prey cannot penetrate the boundary 9€2. Indeed, we recall that each unforced
equation of (4.2.1)—(4.2.2) corresponds to a reflected Lévy process forced to stay
inside €2 (see, for instance, [1-3, 5, 7, 8, 12] for the probabilistic point of view). The
possible occurrence of a nonlocal derivative 9, o € (0, 1] in the first equation
of (4.2.1) accounts for possible effects due to processes with time delay (i.e.,
“trapping” due environmental and/or predatory effects) in the population of prey
(see, for instance, Appendix C.1).
Let A; > and A; > be the operators on L2(Q) associated with the closed forms

Ch.s - -
Ee(p. ) = TV Du// (p(x) w(y))(?i](j;)s ¢(y))dxdy, 0. b€ WD),
2 olJo lx — vl
and
_ Cny (p(x) — (M) (Px) —P(¥) 12
8[((pa¢)_ 2 Dl)\/g\z\/s\2 |X—y|N+2l dXd)’a (P,¢€ W (Q)a

respectively. Using the Green formula (B.0.7) we can show that A, > and A; > are
realizations in L2(2) of Dy (—=A)g and Dv(—A)lQ with the fractional Neumann
boundary conditions N>~>¢ = 0 on 9Q and N*>?¢ = 0 on 9, respectively.
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More precisely we have that

D(As2) = !(p e WH2(Q) 1 Dy(=A)%he € L2(R2), N*u =0 on 3Q},
A9 = Dy(=A)go.

and

D(A12) = {p € W'2(Q), Dy(—A)he € LA(Q), N7 u =0 on 3Q},
Aj29 = Dy(—A)ho.

It follows from [4] (cf. also Sect. 2.3) that the operators A; = As2 = —Ag2
and A; := A2 = Ay satisfy the assumption (HA). Throughout the following
for p € [1, oo] we shall denote by Ay , and A; , the generator of the associated
semigroup on L?(2). For p > 2, each such generator possesses in fact the explicit
characterization (2.2.10). In addition we shall let

L) L*°(2)

LIE(Q) = D(Ay,00) and L7°(Q) := D(A},00)
We have the following existence result of global strong solutions in the sense
introduced in the previous section (see Theorem 4.1.3).

Theorem 4.2.1 Let 1/2 < s, < 1, Ba, := N/(Q2s) and Ba, = N/Q2l). Take
initial data uy € D(Ag p,) C L®(R), vo € D(A;p) C L*®(RQ) for some ps €
(Ba,, 00) N (1,00), pr € (Ba,, 00) N (1, 00) such that ug > 0, vg > 0. Then the
system (4.2.1)~(4.2.3) has a unique global strong solution u > 0, v > 0 on the time
interval (0, 00) satisfying

lim [Ju(t) — ugllpo@) =0, (4.2.4)
t—0
lim [lv(t) — vollL=@) = 0. 4.2.5)
t—0

In addition for every T € (0, 00) the following estimates hold:

sup flu(®) L) < 00, (4.2.6)
O<t<T

sup flv(@®)|l L) < 00. 4.2.7)
O<t<T

Proof Let ug and vg be as in the statement of the theorem. Recall that the operator
A2 and A 5 satisfy the assumption (HA). Define the function F : Q x [0, 00) X
R? — R2 by F(x,1, (&, 1)) := (g(f —bn),n(—g + aéj)). Then F satisfies the
assumptions (SF1) and (SF2) with y = 1. It follows from Theorem 4.1.3 that
the system (4.2.1)—(4.2.3) has a strong solution (u#, v) on some maximal interval
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[0, Tmax)- The strong solution is given by the integral representation
t
u(t) = Sua(Huo +f0 Puo(t — 1) (u(f — bv)) (v)dr, (4.2.8)
t
v(1) = Sy(t)vo +/ Su(t — 1) (V(=g +auw)) (1)dz, (4.2.9)
0

where S, o (¢), Sy(¢) denote the resolvent family and semigroup on L2(Q) generated
by the operators A 7 and A 7, respectively. Here we have also defined

o0 o0
Sua @) w:= f Oy (1)S, (11*)wdt, Pyo(t)w = at®™! f T®y(1)S, (Tt wdT
0 0

and set P, 1(¢) = Sy.1 (¢) := S, (¢). Recall that up > 0 and vp > 0 on 2 and define
the functions k, 2 : Q x (0,00) x R — R by k(x,t,&) = &§(f — bv(x,t)) and
h(x,t, &) = &(—g + au(x,t)). Since k(x,t,0) = h(x,t,0) = 0, it follows from
Theorem 3.6.1 that u(x,t) > 0 and v(x,t) > O fora.e. (x,7) € Q x [0, Thax)-

Note that each component of F satisfies the assumption (F6) for u > 0, v > 0.
Applying Theorem 3.4.11, we get that there exist two constants C, Cp > 0 such that
forevery0 < T < oo,

sup [lu@)llze) < C (luollizo@) + Ea,1 (CoT) + T Eq,1 (CoT) f)
0<t<T
(4.2.10)

and we have shown (4.2.6) for any o € (0, 1]. Next we consider (4.2.9) and let
p(x,t,&) = (—g + au). Since g is a positive constant and u > 0, we have

h(x,1,6)E = p(x, 1,88 = (—g + auw)&? < au(x, NE>.

It follows from (4.2.10) that co := sup,¢(, 1) llau(x, 1)llLe@) < oo. We have
shown that & also satisfies the assumption (F6). Then applying Theorem 3.4.11
once again and recalling Corollary 3.4.14, we get that there there exist two constants
C, Cp > Osuch that forevery 0 < T < oo,

sup [lv(@)[l 1> < C (||v0||Loo(Q) e (T+1) eCOT) . “2.11)
te(0,T)

We have shown (4.2.7). Together with (4.2.6) we can conclude that T, = 00 (see
Sect. 4.1). For (4.2.4)—(4.2.5), we refer once again to the proof of Theorem 4.1.3
(see (4.1.18), (4.1.17) and set oy = «, ap = 1, in which case Py, = Pyq,
Py, = Sy); they easily follow now on the account of (4.2.10)—(4.2.11). The proof is
finished. O

We recall from (3.1.4) that ng := B4, 0, o € (0, 1] and ny := By,.
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Theorem 4.2.2 Let po,qo € [1, oo] such that Ba,/po < 1 and consider initial
data 0 < ug € LP0(R2), 0 < vg € L9 (Q). Then the fractional Lotka-Volterra
system (4.2.1)—(4.2.3) has a unique global mild solution u > 0, v > 0 on the time
interval [0, 00), given by (4.2.8)—(4.2.9), which is also a strong solution on (0, 00).
Moreover, the pair (u, v) satisfies

lim ||u(t) —u =0, lim |lv() —v =0, fork €1, qo),
P llue (2) 0”L1(Q) P v () 0||Lk(Q) Je [1, g0)

(4.2.12)
and the following estimates, for any T € (0, 00):
sup (t A D> Jlu (1)l o) < 00, p € [po, 001, (4.2.13)
te(0,7)
sup (1 A DY v (1)l o) < 09, g € [90.00]. (4.2.14)
te(0,7T)

where

5, = Ny (1_ [70)’
o p
n

5 = ‘(1—%).
90 q

The proof of the theorem follows from a series of propositions and lemmas that
we subsequently give. In what follows one can start with more regular initial data
due to the statement of Theorem 4.2.1 and then deduce all the required estimates
with less regular initial data by exploiting a standard approximation argument.

Proposition 4.2.3 Every nonnegative solution (u, v) satisfies the following esti-
1
mate

1
It )20 < Nuoll gy (Eat (£17)) " (4:2.15)
forallt € (0,00) anda € (0, 1], po € [1, 00).

Proof We derive the estimate in case py € (1, 00), the cases py € {1, oo} follow
directly from a limit argument in (4.2.15). Multiply the first equation of (4.2.1) by
pouP®~!, integrate the resulting identity over €, then exploit the first inequality of
Proposition 3.4.9 if o € (0, 1) and use the fact that u, v > 0. We find that

0 (I 1oy ) = £ Nt O

The Mittag-Leffler function Ej | (x) = e*.
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for all + > 0. The comparison principle of Lemma A.0.7 then immediately yields
the result since the unique solution of 9%y = fyisy =y (0) Eq1 (f1%). O

Lemma 4.2.4 Let py € [1,00] such that Ba,/po < 1 and assume sufficiently
smooth data (uo, vo). Then for every T € (0, 00) there exists a constant M =
M(T,2,a,b, f,g) € (0,00) such that

sup (¢t A D> [lu ()l rqy < M, p € [po, o0]. (4.2.16)
te(0,7T)

Proof We apply Lemma 3.4.3 to the equation in u and use the one-sided version due
to Remark 3.4.5 since u,v > 0. The weight function c (x,t) = f is constant, we
have g1 = q2 =1 =00, 11 = poand y = 1 and we can find a number b € [0, 1)
satisfying (1 - I;) ﬂ’;}i)a < a — ¢, for some ¢ € (0,a). Note that Ba,/po < 1 is
equivalent to Ba,a/po = ns/po < a. The assertion (3.4.18) of Lemma 3.4.3 then
implies the existence of a constant Cy > 0 independent of ug,u,U,t and T such

that

It (- )l ooy < Cu (¢ AT 70 |:||M0||Lvo(9) Y0 (U + U”(l"’)ﬂ ,
(4.2.17)

forallt € (0, T]. This yields (4.2.16) for p = o0 since by the definition of U, ¢
and (4.2.15), we have

1-b
U=7rI1+ IuIII( )T < 00.

P0,00,

In case p = po, estimate (4.2.16) is just the a priori estimate (4.2.15), namely, it
follows that

sup llu ()l o) < Mi (T, f) < oe. (4.2.18)
te(0,7)

Since both LP° () and L™ (Q2)-estimates are now readily available by (4.2.18)
and (4.2.17), we can use the interpolation inequality

1—
lulloy < Nl lull <) . p € [po, ool (4.2.19)
to derive the desired estimate in (4.2.16) for arbitrary p. O

Lemma 4.2.5 Under the assumptions of Lemma 4.2.4, every nonnegative solution
v of (4.2.1)-(4.2.3) satisfies

sup [|lv (D) llpe0@) < o0, forqo € [1, 00]. (4.2.20)
1€(0,T)
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Proof Consider the weight function ¢ (x, ) = —g +au (x, t) and notice that v > 0
is a solution of

v 4+ Ay 2v = cv, v (0) = vo.

Multiply this equation by gv?~! and integrate the resulting identity over . Since

(Az,zv, v‘“) >0
L@

by (2.2.11), we find

3 llv DNl T4y < g v DN T4 () lle ¢, ) lio) »

forall ¢ € [0, T']. This inequality implies that

O lvOlliza) < lv®OllLa) lle @ )l

and the application of Gronwall’s inequality yields
1o ()l o) < ol o) ebleCINex@ds, (4.221)

for any g € [1, 00). Notice that in view of (4.2.17), |lc (¢, )| Loy ~ t~"s/Po for
t € (0,1) and [lc (¢, ) p=@) < Cr fort > 1; thus we have |c (¢, )l L) €
L' (0, T) since ns/po < o < 1 by assumption. In particular, we infer from (4.2.21)
and (4.2.17) the existence of a constant M = M(T, po,ns, &, a, f,ug) > 0,
independent of g, such that

lv@llLay < Mllvollpay, t €10, T],

which is exactly the primary estimate (4.2.20) for ¢ = go € [1, 00). Passing to the
limit as ¢ — oo in the previous inequality, we also get the estimate (4.2.20) for
qo = 00. We thus conclude the proof. O

We can now show that v satisfies the smoothing property (4.2.14).

Lemma 4.2.6 Under the assumptions of Lemma 4.2.4, for every T € (0, 00) there
exists a constant M = M (T, 2, a, b, f, g) € (0, 00) such that

sup (t A DY v (D)l ey < M, g € [qo, o0]. (4.2.22)
te(0,7T)

Proof We first notice that estimate (4.2.16) with p = oo implies that [|u || o <M,
for some ¢ € (1,1/8), 8§ := ng/po < a < 1. This time we apply Lemma 3.4.3
to the equation in v with the weight function ¢ (x, t) = —g + au (x, t) which now
satisfies ||c||oo’q2 < Mj,and set g1 = rp = 00, q2 = q2 € (1,1/8), r1 = qo
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and y = 1. The constant M € (0, 0o) depends on the final time 7 > 0 but is
independent of ¢. Indeed, we can find a new number b € [0, 1), sufficiently close to
1, satisfying

1 ~
+(1—b) RS Py
0 4

for some ¢ € (0, 1). It follows from the assertion (3.4.18) of Lemma 3.4.3 that there
exists a constant Cy > 0 independent of vg, v, V and ¢ such that

10 )l gy < Co (6 A 1) 0 [uuonm(m +Y @) (v + vl/(l";))} ,
(4.2.23)

forall t € (0, T]. Here, V < oo is defined as

(1)

V= 1+ lllgy o0 7 el -

This yields estimate (4.2.22) for g = oco. Next, recall that v also satisfies (4.2.20);
this allows us to exploit an interpolation similar to (4.2.19) in the spaces L™ (R2) C
L7 (2) C L% (). Thus we arrive at the desired estimate (4.2.14) for an arbitrary
q € [q0, oo] and we conclude the proof. O

Proposition 4.2.7 Assume po, qo € [1, 0o] are such that Ba,/po < 1. Then the
following assertions hold.

(a) There exists a constant M > 0 such that for every t € (0, 1), we have

lu @) = Su.a @) o] pag ) < M1°, NIV (&) = Sy (1) voll Loy < M1°,
(4.2.24)

for some ¢ > 0, for po, qo € [1, 00).

(b) Fori = 1,2, let (uj, v;) be a solution of (4.2.1)—(4.2.3) corresponding to an
initial datum (uo;, voi) . Then for every T € (0, 00), there exists a constant
C =C(T) € (0, ), independent of (u;, v;), such that

Ny — uzllloo.s. 7 + lllvr — v2lllgg.0.7 (4.2.25)
< C (lluor — uozll rocg) + llvor — vo2ll oo (g)) -

Proof By the integral formula (4.2.8) and estimate (4.2.13) with p = oo and
8 = ng/po, fort € (0,1) we have as in (3.1.16) (with so := g0, po = qo,
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g2 = 00, q1 := q0),

t
lu @) = Sua @) ]| Lo gy = cfo (T ADdr (llulllos,1) (14 Hvllg0.1)
< Mr*,

for some ¢ > 0. The same argument applied to the difference v (t) — Sy (¢) vo
in (4.2.9) gives the required estimate in (4.2.24).

In order to show (4.2.25), we take € := 1 — & > 0, where § = ng/po. Subtracting
the integral equations (4.2.8) corresponding to each i = 1, 2 and u;, we obtain

luy (1) — w2 )l oy < | Sua O, luor — uo2llLroq) (4.2.26)

00, Po

+ A (ui, vi) fot C P (t = 5)] i gy (5 A 1)~ ds,
where
A (i, vp) o= llur = uallloss,7 (1 + i lllge.0,7) (4.2.27)
+ (1 +u2llloo,s,7) Hlor = v2lllgg.0.7 -
We can apply Lemma A.0.1 to the second summand in (4.2.26) and exploit the
global bounds (4.2.13)—(4.2.14) to estimate the corresponding norms for u, and v;.

We deduce

Wt — uzllloo,s.s (4.2.28)
< Clluor — uoz2llro(q)

+CrY (@) (Ilur — u2llloos.7 + o1 = v2lllgg0.7) -

for all + € (0,T], for some C > 0 independent of ¢. Arguing similarly for the
v-component, we find

i () —v2 W)l Lo @) = IS0 (49,40 IV01 — V021l L90(02)
t
+ CrA (u;, v,-)/ (s AP ds
0
which yields

Mlvi — v2lllgg,0,r = C llvor — vo2llLao (@) (4.2.29)

+CrY () (Hller — uallloo 5.7 + o1 = v2lge.0.7) -
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for all + € (0, T]. Choose now a small enough 7 > 0 such that C7Y (h) < 1/2
into (4.2.28)—(4.2.29). We obtain

w1 —uzllloo,s,n + w1 —v2lllgp.0,0 < M (T) (Iluo1— w02l Lro () + o1 — vo2ll a0 (g)) -
(4.2.30)

With the same proof, we can also infer that

W@t —u2) ¢, 10 + )llloo,s,n + (01 —v2) ¢, 70 + )llgo.0,n (4.2.31)
<M (T) (w1 — u2) (o)l Lro(gy + (w1 — v2) (t0) I L0 () »

for all #p € [0, T). We can now apply the estimate (4.2.31) successively for j =
0,1,2,..., with initial data (u, v) (top + jh). Then the assertion (4.2.25) follows by
induction on j and we finish the proof of the proposition. O

Proof (Proof of Theorem 4.2.2) The proof follows now by a simple procedure
where we approximate any rough nonnegative initial data (ug, vo) € L0 (2) X
L9 (£2) by a sequence of nonnegative functions (uo,, von) € D(Ay, p,) X D(A; p)
(for some sufficiently large p; € (Ba,,0), pr € (Ba;, 00) and ps, p; > 2) such
that

luon — wollLro(@y = 0, llvon — vollpgo(@) — 0, asn — oo
with
luonllLro@) < llwollLroc)y» Nlvonllzeo) < llvollzewo ) -

The above lemmata and propositions then hold with the constants M, M1, C, Cy >
0 independent of n for the sequence of strong solutions (u,, v,). Thus, asser-
tion (4.2.25) of Proposition 4.2.7 implies that the sequence (u,, v,) converges to
(u,v)in Ex 5,7 X Egy0,7,and all the a priori estimates derived in this section also
hold for the limit solution (u, v). It is then straightforward to show from (4.2.8)—
(4.2.9) that (u, v) is also the mild solution of system (4.2.1)-(4.2.3) for an initial
datum (ug, vo) € LP° (2) x L9 (2) (see Chap. 3 and Sect. 4.1). In particular every
such mild solution (u, v) is global and bounded on [Ty, co) for every Ty > 0, and
one can use arguments as in the proofs of Theorems 4.1.3 and 3.2.6, respectively,
to show that (u, v) is also a strong solution on [27p, c0). The continuity properties
in (4.2.12) follow also immediately by virtue of (4.2.24) and Remark 3.1.2. |
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4.3 A Fractional Nuclear Reactor Model

Let @ C R" be a bounded domain with Lipschitz continuous boundary 92 and
consider the following parabolic system as a prototype for a nuclear reactor model
that we believe has a more realistic physical interpretation than the classical one (see
Appendix C). Let u = u (x, t) represent the fast neutron density and v = v (x, t)
be the fuel temperature at any point x € 2 and for any time ¢ > 0. The system for
(u, v) reads

fu+ (—Aqu=u@ —bv), (x,1) € Q x (0,00), @31
v =—cv+au, (x,1) € Q2 x (0, 0), >
subject to the following set of boundary and initial conditions:
N2 =00ndQ x (0,00), (u, )= = (uo, vo) in Q. (4.3.2)

Here s € (1/2,1),a,8 € (0, 1) and X, a, b, c are positive constants in the model
equations (4.3.1)—(4.3.2) and (— A)g, is the regional fractional Laplace operator in
(see (2.3.19)) and N>~ denotes the corresponding fractional Neumann derivative
(see Sect. 2.3). The first (unforced) equation of (4.3.1) may be derived from a
continuous-time random walk with temporal memory (see Appendix C.3), while
incorporating avalanche-like transport effects in the neutron density and the second
equation can be analogously derived on similar principles as those considered in
Appendix C, by ignoring any diffusion effects in the fluid temperature v. We note
that the case s = @ = B = 1 has been treated by Rothe [10] in some detail as a
simple reactor model proposed in [11].

Note that the first equation of (4.3.1) is structurally the same as the equation
for prey in the fractional Lotka-Volterra model investigated in Sect. 4.2. Thus the
arguments appear to be even more simple than in that case provided that we can
derive suitable a priori estimates for the fluid temperature in (4.3.1). Let S, (¢)
denote the semigroup on L?(2) generated by the operator A 5.2, as given previously.
Consider a sufficiently smooth initial datum (u, vp) and its corresponding solution.

Proposition 4.3.1 The fluid temperature v satisfies the following estimate

1/g—1
1/q €
sup [lv(H)llpae < C /¥max ] llvollLe(g) sup |lu (D)L ( »
1€(0,T) @ @ (Ceq)'/?4 1e0.1) @

(4.3.3)

for some & > 0 depending only on a, c, and some constants C, C, > 0 independent
ofq € [1, 00].
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Proof By application of Proposition 3.4.9 into the second equation of (4.3.1), we
get

o (I Olfa@) +ea v Ol q,

-1
<aqlv (t)”Lq(Q) llu (t)”LOO(Q)

q
saslq( sup ||u<r)||Loc(m) +ag(g—1) v Ol gq
te(0,7)

for all + > 0. This inequality implies for a sufficiently small ¢ € (0, ca/2] and
Ce = c¢/2, that

o (10 Ol0)) + Cet 0 Ol o

q
<M:=a (sl/q_l sup |lu (t)llLoo(Q)) :
te(0,7T)

We infer by Lemma A.0.8 the existence of a constant C > 0, independent of g, such
that

q
a
o (O11%,.q < Cmax { lvoll, o » e/ sup lu (1)l =g -
Lay AN (oL 1e(0.T) @

Taking the 1/g-root on both sides, this inequality gives the desired assertion
in (4.3.3) for every g € [1, 00). Since the constants C, C; involved in (4.3.3) are
independent of ¢, we also recover the estimate in case ¢ = 00, by passing to the
limit as ¢ — oo in (4.3.3). |

In view of the simple estimate of Proposition 4.3.1, we can derive the existence
of unique global strong solution in the sense of Theorem 4.1.3.

Theorem 4.3.2 Let 1/2 < s < 1 and Ba, := N/(2s). Take initial data ug €
D(As,p,) C L*®(R2), vo € L*®(R) for some ps € (Ba,,00) N (1, 00) such that
ug > 0, vg > 0. Then the system (4.3.1)—(4.3.2) has a unique global strong solution
u > 0,v > 0 on the time interval (0, 00) satisfying

tim [u(t) = ol = 0. lim [[v(1) = vollz(@) = 0. (4.3.4)
In addition for every T € (0, 00) the following estimates hold:

sup [[u(®)llro@) <00, sup [lv(t)llL>~@) < oo. (4.3.5)
O<t<T O0<t<T
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Proof Let ug and vy be as in the statement of the theorem. We can infer the existence
of a maximally defined strong solution by Theorem 4.1.3, given as

t
u(t) = Sy, o()uo + / Puot — 1) (u(X —bv)) (v)dr, (4.3.6)
0

t

v(t) = vo + / gp (t — 1) (—cv +au) (r)dx, (4.3.7)
0

fort € (0, Tmax). A similar argument to the proof of Theorem 4.2.1 successively
yields that u(x,7) > 0 and then v(x,#) > O for a.e. (x,7) € Q x [0, Tpax) since
g (,0) = au > 0 (for g (u, v) := —cv + au). Moreover, the first bound of (4.3.5)
is satisfied by the same arguments of Theorem 4.2.1. Consequently, so is the second
bound of (4.3.5) on account of (4.3.3) in case ¢ = oo. The continuity properties
in (4.3.4) follow also by similar arguments on account of (4.3.5) with the exception
that for the integral solution v we have a more direct estimate from (4.3.7). The
proof is finished. O

As a consequence of Proposition 4.2.3 and Lemma 4.2.4 we immediately have
the following estimate since the equation for u is the same as for the fractional
system (4.2.1)—(4.2.2).

Proposition 4.3.3 Let po € [1, 0o] such that Ba,/po < 1 and assume a sufficiently
smooth datum ug. Then for every T € (0,00) there exists a constant M =
M (T, 2, b, ) € (0,00) such that

sup (¢t A D> |lu (®)ll Loy < M. p € [po, o0l, (4.3.8)
te(0,T)

where §s > 0 is as in the statement of Theorem 4.2.2.

We now derive some uniform a priori L7 -estimate for the temperature. Of course,
there is no smoothing effect in the component v other than the one implied by «. In
other words, v turns out to be as regular as # but no more. Since u, v > 0, we have
by (4.3.7) that pointwise in time,

13
v(t) <v(t) :=v9+ a/ gt —tyu(r)dr 4.3.9)
0

and so it suffices to derive the required estimate for v.
Proposition 4.3.4 Under the assumptions of Proposition 4.3.3, it holds for any vy €
L9 (2), g < pwith p € [pg, 0] and T € (0, 00), the estimate

sup lv (D)lle@) < 00 if B = 5
te(0,T)
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and

sup (1 A D> v ()l o) < 00 if B < 8.
te(0,7T)

Proof We have

t

v DllLa@) < llvollLa(e) ~I—a/0 gp (t = 1) lu(0)|Le(e) dT (4.3.10)

< llvoll ey + C( sup (¢t A D [lu (t)IILp(sz))
te(0,7T)

t
x/ ggt—1) (T A dr.
0

A basic change of variable s = 7/t gives fort < 1,

t 1
f gt — 1) (T A D) dt = CprP% / s (1 —s)fldr,
0 0

where the latter integral is convergent since § > 0 and §; = ;3 (1 - ’;") <

o (1 — ’;") < a < 1. When ¢t > 1 we argue as in the proof of Lemma A.0.1 to
split the integral over intervals k < ¢ < k + 1, such that

t 1 2 k—1 1—1 t
/=/+/+...+/ +/ +/.
0 0 1 k=2 k—1 r—1
It follows that

t
f ggt—1) (T A dr < C(k+1) <2Ct,
0

for some constant C > 0 independent of 7, T. We then infer the existence of a
positive constant My, = My (M, 2, a, T, vp) € (0, 00) such that

sup (t A D v ()llpe < Ma, if B <8
te(0,7)

and

sup [lv(Dllpe@) < M2, if B > &s.
1€(0,T)

We may now conclude using (4.3.9). O
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Proposition 4.3.5 Let the assumptions of Proposition 4.3.3 be satisfied and let q( €
[1, po] such that vy € L () . Then the following estimate holds:

sup [lv (D) lreo@) < llvollLoo) + Cr, (4.3.11)
1€(0,T)

for some constant Ct € (0, 00) that depends only on the LP° (Q2)-norm of ug, T
and the other physical parameters of the problem.

Proof Let T € (0, 0o) be arbitrary. The Holder inequality on the bounded interval
[0, T'] yields in (4.3.11), owing to the fact that gg € L 0, 7),

sup [lv (a0 @) < llvollzao @) + Cr lullpooo,7:r0 () »
te(0,7T)

for some Cr = C (a, 2, T, B) > 0 independent of ¢. Application of (4.3.8) with
p = po then gives the desired estimate in (4.3.11) since §g = 0 and v < v. O

Proposition 4.3.6 Assume pg € [1, oo] such that Bs,/po < 1 (& ng/po < o) and
qo € [1, pol N (Ba,, ool. Then the following assertions hold.

(a) There exists a constant M > 0 such that for every t € (0, 1), we have
[ 1) = S 10| oy < M1, 0 @) = voll ooy < MIP, (4.3.12)

for some small ¢ > 0.

(b) Fori = 1,2, let (uj, v;) be a solution of (4.3.1)—(4.3.2) corresponding to an
initial datum (uo;, vo;) . Then for every t € (0, T), there exists a constant C =
C (T) € (0, 00), independent of (u;, v;), such that

et = walll pg,0,0 + v = v2lllgg 0.0 (4.3.13)

< C (lluor — uozll rocg) + llvor — vo2ll Lao(g)) -

Proof We first prove (4.3.12) by following a similar argument that we employed in
the proof of Lemma 3.1.5 (see (3.1.16)) by viewing ¢ (x, ) := A —bv, f (x,t,u) =
c(x,t)u, with g1 := qo, g2 := oco. Tothisend,let T € (0,1),0 <t < T and
recall the uniform estimates (4.3.8), (4.3.11), which imply that

Hlellge,0,r = CUITAvlllgg0,r = Nioo llullllps,,7 < Na. (4.3.14)

Then let sg € [1, 0o) be such that

1 Ng n
O < and 4+, t+e<a+
S0 S0 Po

for a sufficiently small ¢ € (0, o] such that € + §; < o. We subsequently apply the
statement of Lemma A.0.1 with the choices p := pg, s1 := Sg, 52 := 00, 0 := &,
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8 := 0 and ¢ := ¢ (note again that r () = |c (-, t)||Lq0(X) and py, (r) = ||c||q’oo).
Once again if 59 > po is arbitrary we have that ng/so — ns/po € [0, 2w) is trivially
satisfied, while if so < po one may choose sg sufficiently close to pg € [1, o0) such
that 1/so < 2/Ba, + 1/po. Note that the assumptions of Lemma A.0.1 are satisfied
with the above choices of §, 51, 52, p, €,60,since 0 < 6, <o < land e + 65 < «,
and

n n
5<oc~|— 5.
S0 Po

Indeed, by virtue of Holder’s inequality, for all # € (0, T'] C (0, 1) we have

||M ('1 t) - SM,O[MOHLP()(Q) (4315)

t
< (/O [ Pu =),y @A DT I = bVl Lo (x) dr) el 5,7

= CHIT+vlllgg,0,7 2% ullllp 5,7

< CN|Nyt?

owing once again to (4.3.14). This gives the first of the assertion (4.3.12). For the
second estimate, by (4.3.7) we have for every 1 < g < qo,

t
10 (@) = oll o) < /O 95 (1 — D) [ (—cv +aw) lpagydr  (@.3.16)

t

< C(””v””qo,o,T+||||”||||p0,O,T)/O gp(t—1)dr
< C(Ni+ Ny 1P,
foralO0<t<T < 1.

Next, we prove the continuous dependence estimate (4.3.13). By virtue
of (4.3.14), from (4.2.27) we have the uniform bound

A (i, vi) < |llur = u2lll pg,0, 1+ N1+ (1 + N2) [llvr = v2lllgg0,

so that the same argument exploited in (4.3.15) in the integral formulation (4.3.6)
for the difference u, yields for r € (0, 1),

My = uzllllpy.0,0 < C lluor — uo2llpro(y + Ct* [Illvr — vallllgg0, - (4.3.17)
By (4.3.7), we obtain as in (4.3.16), for g < gp < po, that

lvr (1) —v2 Wl La(e) (4.3.18)
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t

<llvor — vozllza(e) +/o gp t — ) [(—cv+au) (D)lpeq) dt
=<llvor —vozllpe(q) + ct? (w1 = v2llllge,0, + Heer — w2lll]pg.0.¢) -

Define p := min {g, 8} > 0 and the function

¥ (1) = lllvr = v2llllgg,0,¢ + HHur = uallll pg,0,¢ -

By the estimates (4.3.17)—(4.3.18), for a sufficiently small # < 1, it holds

¥ (1) < C (luor — uozllrocey + llvor — vo2ll ao(g)) + Ct7¥ (1) (4.3.19)

for some constant C > 0 independent of ¢. Further choose #y < 1 such that Ctg <
1/2 and observe that (4.3.19) also implies

¥ (1) < 2C (lluor — uo2llLrogy + llvor — vo2ll oo g)) » (4.3.20)

for all + € (0, tp]. Finally, we can employ (4.3.20) successively with initial data
(u,v) (t +irg), fori =0,1,2,..., since by (4.3.8) and (4.3.11),

sup ([lu (z + it0) | Lro(e) + lv (¢ +it0)ll a0 (@) < N3.
ieN

Indeed, for the same step size f(, the assertion (4.3.20) yields the estimate

sup (Illvr = v2llllge,0.¢ + Hur = u2lll] .0.) (43.21)
telto+ity,to+(+1tg]

< C (1 —u2) (o + ito)ll Lro (e + 1(v1 — v2) (o + it0) |l a0 () -

foralli € {0,1,2,....}. Then the assertion (4.3.13) on the whole interval (0, T)
follows by an induction procedure on i, applied successively in (4.3.21). Thus, the
proposition is proved. O

We conclude the section with the second result concerning the well-posed
problem of mild solutions.

Theorem 4.3.7 Assume py € [1, 00] such that Ba,/po < 1 and qo € [1, pol N
(Ba,,00l, and let 0 < up € LP°(2), 0 < v € L9 (Q) be such that ug > 0
and vog > 0 a.e. on Q. If po = o0, in addition assume ug € L°(2). Then the
fractional system (4.3.1)—(4.3.2) has a unique global mild solution u > 0,v >
0 on the time interval [0, 00), given by (4.3.6)—(4.3.7), which hold as absolutely
convergent Bochner integrals in L' (Q). Moreover; the pair (u, v) satisfies

lim |[u (t) — uollpro@y =0, lim [[v () —vollpeo) =0 (4.3.22)
t—0t t—0t

and the uniform estimates stated in Propositions 4.3.3 and 4.3.5.
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Proof The proof follows by a standard approximation procedure. The initial datum
(up, vo) € LP0(R2) x L9 (2) can be approximated by a convenient sequence of
regular initial data (uq,, von), according to the statement of Theorem 4.3.2. In
particular, this sequence may be chosen such that

lim [””On —uollLroq) + llvon — UO”L%(Q)] =0 (4.3.23)
n—o00
and

lonll Lrocoy < lluollrroy> NNvonllLeo @) < llvollLeo () (4.3.24)

for all n € N. Let now (uy, v,) be the global strong solution for an initial datum
(4on, vor ). All the constants occurring in Propositions 4.3.3—4.3.5 can be chosen
independent of n € N, owing to (4.3.24). Furthermore, the assertion (4.3.13)
of Proposition 4.3.6, together with (4.3.23), implies that the sequence (u,, v,)
converges to (u, v) € Epy s, 7 X Egy0,7, in the sense that

e = vllllge.0.¢ + [Hlun — ullll py.0.0 = 0, asn — oo,

forall t € (0, T) . Besides, all the estimates of Propositions 4.3.3—4.3.5 hold for the
limit solution (u, v) as well. By the same arguments as in the proof of Lemma 3.1.5,
it is now straightforward to show that (u, v) is indeed the mild solution of the
system (4.3.1)—(4.3.2), for any initial datum (g, vg) . The conclusion (4.3.22) is
also a consequence of Proposition 4.3.6 and Remark 3.1.2. O

Corollary 4.3.8 The mild solution (u, v) of (4.3.1)—(4.3.2) is also regularizing in
the sense that its first component u becomes a global strong solution on [Ty, 00),
for every Ty > 0, as well as, the second component v € L* ([Ty, 00); L™ (2)).
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Chapter 5 )
Final Remarks and Open Problems Shethie

In this monograph, we first consider a semilinear fractional kinetic equation that is
characterized by the presence of a nonlinear time-dependent source f = f (x, ¢, u),
a generalized time derivative 9 in the sense of Caputo and the presence of a large
class of diffusion operators A. Many examples of diffusion operators that satisfy
our assumptions are given in Sect. 2.3. We give a unified analysis, using tools
in semigroups theory and the theory of partial differential equations (Sects. 2.1
and 2.2), in order to obtain sharp results for the well-posedness problem of mild and
strong solutions (Sects. 3.1 and 3.2), as well as for the global regularity problem
in Sect. 3.4. Further properties, such as nonnegativity of the mild (and/or strong)
solutions and their limiting behavior as « — 1, are also provided in Sects. 3.6
and 3.5, respectively. Finally, in Sect. 3.7 an application of these results is given.
The framework we develop for the scalar equation in Chap. 3 is then extended
in the second part of the monograph (Chap. 4) to nonlinear systems of fractional
kinetic equations. Here, we first develop a general scheme that allows to establish
sharp results for the well-posedness problem of (locally-defined) mild and strong
solutions associated with such general systems (Sect. 4.1). We then combine this
analysis with that of the previous chapters to derive well-posedness results in terms
of globally defined mild and strong solutions, for a fractional prey-predator model
(Sect. 4.2) and a simple fractional nuclear reaction model (Sect. 4.3). In addition,
we provide a number of important technical tools in Appendix A, in support of the
analysis developed in this monograph; this appendix is followed by Appendix B,
which contains several results concerning the regional fractional Laplace operator
associated with fractional Neumann and/or Robin boundary conditions. Finally, in
Appendix C, we recall the current scientific literature for different kinds of fractional
kinetic equations that are suggested by concrete problems in mathematical physics,
probability and finance, and which fully motivated the analysis in this monograph.
We give next a number of final comments and discuss possible open problems.
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Remark 5.0.1 Our main working hypothesis in this monograph is that the underly-
ing physical space X is a (relatively) compact Hausdorff space. However, we note
that this assumption has been placed just for the sake of technical convenience.
Much of the results developed in Chap. 3 are true for instance when X is only
locally compact (say when X is replaced by either RV, or half-space Rﬁ or an
unbounded open set 2 C RV ). Indeed, all the supporting technical results given
in Appendix A, with the exception of Lemma A.0.2, are still valid when X is
only locally compact. In particular, it means that the results on well-posedness
of (locally-defined) mild and strong solutions are still true in that case, with the
exception of case (c) of Theorem 3.1.4; we recall that this case uses Lemma A.0.2 in
a crucial way. Moreover, one may obtain the same global bounds derived in Sect. 3.4
by making proper modifications in the proofs when X is only locally compact.

Problem 1 Prove the analogue of Lemma A.0.2 when X is only locally compact.

Remark 5.0.2 Let us consider the semilinear parabolic problem (3.1.1) with the
nonlinearity f (x,f,u) = c(x,t) lu]” ' u, for some ¢ € Ly, .4, - We note that
the critical exponent y, as stated by Theorem 3.1.4,

1
" h o) " <a = faa ac 1], (5.0.1)
q1 q2 Po

is in fact optimal in the sense that there are always locally-defined mild solutions
for some up € LP° (X). When instead y > 1 and pp > 1 satisfy the inequality

n 1 n
+ +@—-D > a, (5.0.2)
1 92 Po

we conjecture that problem (3.1.1) does not have any locally-defined mild solution
for certain initial data ug € L0 (X). Indeed, this was already discovered by Weissler
[12, 13] for the classical problem wheno = 1, 84 = N/2and g1 = g2 = 00; (5.0.2)
recovers the super-critical range (y — 1) 21[\)7 NS 1 in that case.

Problem 2 Prove the above conjecture in the super-critical case (5.0.2).

Problem 3 Consider the problem (3.1.1) in the subcritical and limiting cases as
defined by (5.0.1). Several further open problems can be considered:

(a) Under the same assumptions of Chap. 3, investigate the long-term behavior
of (3.1.1) in terms of global attractors and w-limit sets.

(b) Under proper conditions on the nonlinearity and the diffusion operator A, show
that each globally defined solution converges to a unique steady state u, as time
goes to infinity, where u, is a proper solution of the corresponding stationary
problem.

(c) Investigate the blow-up phenomenon for Problem (3.1.1) for various diffusion
operators. We refer the reader to [11] when A = A.
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(d) Give a further refined regularity analysis to show the (Holder) continuity
of solutions for the abstract problem (3.1.1) for a large class of diffusion
operators A. We recall that such result has already been proven in [1] for the
corresponding problem with f = f (x, ¢) and A is given by Example 2.3.6(a).
When A = A or a second-order operator in divergence form, this has been
proven in [14].

Problem 4 The current framework can be extended to accommodate more general
transmission problems than the ones considered in [4, 5].

Problem 5§ The framework in Sect. 3.3 can be further developed to show higher-
order differentiability properties for the strong solution under additional assump-
tions of the nonlinear function f.

Remark 5.0.3 The framework developed in this monograph can be exploited to
obtain global existence of solutions to other interesting reaction—diffusion systems
that contain some fractional kinetics. Among them, one can consider more general
systems based on ecological interactions and physical models based on chemical
reactions with anomalous diffusion that may occur in spatially inhomogeneous
media (cf. Appendix C). Among such interesting systems, one may mention the
fractional Brusselator for reaction kinetics [9] which was considered in [6] as a
physical model for activator-inhibitor dynamics that exhibits anomalous behavior.

Problem 6 Consider the fractional Brusselator discussed by Henry and Wearne [6]
and prove the existence of globally-defined strong and mild solutions. This is an
open problem in light of the difficulties that arise from the nature of the coupling in
the system and the corresponding nonlinear terms. We refer the reader to the survey
paper of Pierre [8] for more information regarding the classical reaction—diffusion
problem wheno; = 1,i € {1,...,m}.

Problem 7 Investigate the long-term behavior of solutions, as time goes to infinity,
to the fractional Volterra—Lotka and nuclear reactor systems introduced in Sects. 4.2
and 4.3, respectively.

Remark 5.0.4 The contribution [7] contains an analogue of the classical Aubin-
Lion compactness lemma in order to obtain existence of weak solutions to some
nonlinear systems that involve a fractional Caputo derivative. This approach can be
also applied to the semilinear problem (1.0.1) in order to develop a well-defined
L2-theory. However, our approach doesn’t require any compactness arguments and
is of more general interest since it is developed in the L”-setting. Moreover, our
theory can be also extended for problems (1.0.1) with notions other than the Caputo
fractional derivative for as long as one can provide a formula for the solution similar
to (3.1.2). This is in particular very useful in those situations where the integral
kernel in the Caputo derivative is slightly more general than g, (see (2.1.1)).
These issues shall be addressed in future contributions.
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To conclude this section we list some open problems regarding the exterior value
elliptic problems (Egs. (2.3.21), (2.3.25) and (2.3.27)) for the fractional Laplace
operator. We refer to [3] for more details.

Problem 8 Let u € Wg’z(Q) be a weak solution of the Dirichlet exterior value
problem (2.3.21). Prove or disprove that u is a strong solution of (2.3.21).

Remark 5.0.5 Assume that Q@  R¥ is a bounded domain of class C!-!. Let (@n)n>0
be the eigenfunctions of the operator (—A)7, (see Example 2.3.6(a)). It has been
shown in [2, Section 5] (see also [10] for the case N = 1) that for every n > 1,
¢n € CO5(Q) and ¢, & COV(Q) forany y > s.

Problem9 Let u € Wé’z be a weak solution of the Neumann exterior value

problem (2.3.25). Prove that u € C (RN and ulg € Wl%)SC’Z(Q). Prove or disprove
that u is a strong solution of (2.3.25).

Problem 10 Assume that Q@ C RY is a bounded domain of class C"!. Let (Yn)n>0
be the eigenfunctions of the operator (—A)jv (see Example 2.3.6(b)). Prove that for

everyn > 1, ¥, € C®(Q) and ¥, & C*7(Q) forany y > s.

Problem 11 Let u € W;?z be a weak solution of the Robin exterior value

problem (2.3.27). Prove that u|g € W2S’2(Q). Prove or disprove that u is a strong

loc

solution of (2.3.27). Assume that 8 € L'(RM \ Q) N L®®RN \ Q). Prove that
u € CRM).

Problem 12 Assume that © C R" is a bounded domain of class C*! and that
B e Ccl. RN\ Q). Let (#n)n=0 be the eigenfunctions of the operator (—A)% (see
Example 2.3.6(c)). Prove that for every n > 1, ¢, € C%%() and ¢, & C%7 (Q) for
any y > s.
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Appendix A
Some Supporting Technical Tools

We first state a result that gives an estimate on time convolution integrals involving
the ultra-contractive bounded operator P, (t), o € (0, 1].

Lemma A.0.1 Define n = faa > 0. Let p,s1 € [1,00] such that
n(l/s;1 —1/p) <2aandsy € (1/a,00],60 >0,¢ € [0,a),§ € [0, c0) satisfy
n 1 n n 1 n
+ <o+ + 4+b0+e<a+ +96 (A.0.)
S1 52 p S1 52 p
and
1 1
+6 <1, +0+e<a-+d. (A.0.2)
52 52

Letr : [0,00) — r (t) € R be a measurable function such that

1
1) s
Ds, (r) = sup </ Ir ()]*2 dt) ’ < 0.
n

t1,12€[0,00),0<1r—11 <1

Define the function

13
g():=(@A 1)‘*/ 1Po (t = D)l s, (t AT r () dT, V12 0.
0
Then there exists a constant C > 0 independent of t such that

lg (O] < C @ AD py, (r), foranyt € (0, 1]
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and

lg )| <tCpy, (r), foranyt > 1.

Proof The idea is to combine the proof of [44, Lemma 6] with the new ultracon-
tractivity estimate of Proposition 2.2.2 (see (b)). To this end, we define s € [1, o0]
such that 1/s + 1/sp = 1. In what follows, if p < s1 we let 8 = 0; otherwise if
p > s1, we choose 8 € (0, 1/s + « — 1) such that

1
"M _Band 4 B+0+e<ats. (A.0.3)
P 52

S1

Note that 8 € (0,1/s +a — 1) is equivalent to B € (0, — 1/s2), where we
recall that s € (1/a, oo]. Also notice that (A.0.3) can be achieved owing to the
assumption (A.0.1). By Proposition 2.2.2, part (b), there exists a constant C > 0,
independent of ¢, such that

I Pl psy < C(t A1) n(s ) "< anhret

for all ¥ > 0. We divide the proof into two cases according to whether r < 1 or
t > 1.In the first case (f A 1 = t), we have by the Holder inequality with exponents
(s,52),

t
g ()] =1 /0 1Pu 6 — D)l 5, 7 (2) d (A.0.4)
t
< Ct‘S/ (t — r)f(ﬂH*“)r*er (t)drt
0

t 1/s
< Cla (/ (t — ‘[)(ﬂJrla)SrgsdT) Psy (r).
0

Now, by a basic change of variable s = 7/¢, we have

t 1/s
< / (r — r)(/?““)sr“dr) (A.0.5)
0

1 1/s
= (/5= (B+1-a)—0 (/ (1 - s)—(ﬂ-i-l—a)ss—esds)
0

< Ctl/s_(ﬂ‘i‘l—a)—@’

where the last integral on the right-hand side converges provided that s < 1 (&
0<1-— slz) and B+1—oa < 1/s = 1—1/s>. Note that the first condition coincides
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with the first assumption of (A.0.2). Therefore, from (A.0.4) we deduce
lg ()] < Ci!PmPHIZO=0R 0 (r) < Ci*py, (1), fort < 1,

where we have noticed once again the second of (A.0.3). The proof of the case t > 1
can be reduced to the first case by choosing k € N such thatk <t < k41 (i.e,,
t A1 = 1). Indeed, we can separate the integral in the definition of g (¢) into a sum

t 1 2 k—1 t—1 t
[=[+[ e[ ]+
0 0 1 k=2 k—1 t—1

and then apply the Holder inequality to each summand separately. Observe that this
decomposition allows the restriction 1 — #; < 1 in the definition of py, (r). By a
similar reasoning to (A.0.5), we get

1/s
Ig (1) < Cps, (r) Z (/(: _ t)(ﬁﬂa)stesdT)

1 1/s t
< Cps, (r) ((/O r“”dr) +1+...+1+/ l(t—r)—(ﬂ“—“”dr)
i

= Cps () (k+1)
= 2(Ct) ps, (),
Here we have majorized all the intermediate summands by the value one since on

each of the corresponding intervals the integrands are bounded above by 1. This
completes the proof of the lemma. O

The ultracontractivity property of the operator S, (see (2.2.12)) allows us to also
deduce the following lemma.

Lemma A.0.2 Let p,q € [1,00] suchthat p < q andset$ :=n/p—n/q € (0, ®).
Given a subset T1 C L? (X), assume that the set

i () = {u ||u||zp1(x) cuell, u ;AO}

is precompact in LP (X). Then there exists a continuous and nondecreasing function
g : [0, 00) — [0, 1], depending only on p, q, § and the set I1 such that the following
assertions hold.

(a) Forallt > 0andu € T],

1Sa (®) ull o) < Cg @) ¢ AD Nlull () - (A.0.6)
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(b) We have lim;_, g+ g (t) = 0. The function w = w (t) defined by
WP =g®@AD™
has the properties
lim w () =0and (1 A1) Sw (D) < (A 2.

Proof The proof of this statement is similar to that of [44, Lemma 4] but requires
some nontrivial modifications since S, is not a semigroup for « € (0, 1). By
assumption, the set « (IT) is precompact in L? (X). Since p < oo and X is a
relatively compact (Hausdorff) space, LY (X) C L? (X) is a dense subset of L” (X).
Hence, for any ¢ > 0, there exists a finite set {vy, ..., vy} C L7 (X) \ {0} such that

<e, forallu e I1, u #0. (A.0.7)

- ~1
min u\\u — U
l<sm=M : ”L‘D(X) " Lr(X)

Define now the function % : (¢, u) € (0, 00) x IT\ {0} — & (t,u) € [0, 1], by
Bt u) = 1Sa D ull oy Co 17l x)

where Co(= C) > 0 is the constant from the ultracontractivity estimate (2.2.4) for
the operator S, . We observe that for all v,, € L (X)\ {0}, m =1, ..., M, we have
owing to the fact that [|So (1)1l , < 1,

0= k(e vm) = 1S O vl Logx) Co ' 1 loml 5

= Co ' omll x) o) -

Therefore, since § > 0 it holds

lim A (t,vy) =0, forallv, € LY (X)\{0}, m=1,..., M. (A.0.8)

t—0t

Clearly, by (A.0.7) we also have ||v, ||LP(X) < (1 + ¢). Next, we estimate for a
suitably chosen m € {1, .., M},

—1.6 -1
CO t° || Sy ) u || ”LP(X) HLq(X) (A.0.9)
< Co 't |Su (1) (u el ) = vm) o +Co 118w (1) vmll o )

=

+Co 10 180 (1) vl o)

il oy = O

Lr(X)
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<&+ Cq 1 1Su (1) Vml g )
<e+{A+e)h(t, v,

where in the first term we have applied the ultracontractivity estimate for S, . Also,
in the estimate we have recalled (A.0.7) and the fact that, by definition,

B (1 vm) ol o) = 1Se () vmll L) C 1.
Consequently, (A.0.9) then yields
h(t,u)<e+{A+e)h(t,vy), forallu e 1, u # 0. (A.0.10)
Define now a new function & (t) = sup {h (s, u) : s € [0, ¢], u € IT\ {0}}. By virtue

of (A.0.8) and estimate (A.0.10), we have that 0 < & < 1 and lim,_, o+ & (¢) = 0.
The definitions of & and /& allow one to get, for r > 0,

1Se (1) 2l (xy < Coh (1) 1™ Nl p(x) - forall u € T\ {0}

Setting g (1) = sup ih @®,n 1)‘3/ 2} , all the assertions (a)—(b) of the lemma are
fulfilled by the operator S,. The proof is complete. O

Lemma A.0.3 Consider the following cases:

(a) Let pg,y € [1,00), g1 € [1,00] N (Ba, o], q2 € (1/a, 00] satisfy
n 1 n
+ 4+@y-1D <o (A.0.11)
1 q2 pPo
(b) Let po,y € (1,00), q1 € [1,00]N (B4, 0], g2 € (1/a, 00] satisfy
n 1 n
+ +@-1 =a
q1 q2 Po

Then there exist ¢ € (0,a), k € N and finite sequences {p;}, {8i} such that
6 € 0O,)and pp < p1 < ... < px = 00, fori = 1,.., k. In addition, the
following are satisfied:

q12+;1 + =D+ p)+e<a fori=1, ..k i# lincase ().
1

+ V< fori=1,..k.
6111 Pi

+yéi <1, fori=1,.., k.
75 "

— =:4;, fori=1,., k.

Pi—1 Pi

(A.0.12)
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Proof The proof is similar to that of [44, Lemma 12]. We include the details for
the proof of (a) for the sake of completeness. The case (b) is similar. The crucial
point is to choose p; € [1, oo] such that the first and second of (A.0.12) hold with
81 € (0, @) given by the fourth condition for i = 1. These conditions can be written
more clearly as follows:

n n n n
ym_rn v (A.0.13)
Po P1 P1 q1
and
1
F T (A.0.14)
q2 Po P1

It turns out that there exists a value p; € [1, oo] such that (A.0.13)—(A.0.14) are
satisfied if and only if the following hold:

1 1 1 1 n n 1
> 0, <1, <a < 1and + +@ -1 <a+n(l-— .
q2 q1 Po Po

Po q1 q92
(A.0.15)
But the assumed condition (A.0.11) (which also coincides with the first of (A.0.12)
fori = 1) automatically implies the last of (A.0.15); the other conditions of (A.0.15)
are also satisfied since g1 € [1, co] N (B4, 0], g2 € (1/w, 0o]. Thus, there exist p;
and §; satisfying (A.0.12) for i = 1. Next choose p» < p3 < ... < px = oo and

6 =n/pi—1 —n/p;j,fori =2,...,k,suchthat§; < &y fori =2,...,k. Then all
the assertions of the lemma are obviously satisfied. O
We have used the following simple estimates repeatedly in Chap. 3.
Lemma A.0.4 The following assertions hold.
(i) Lete € (0,1]and 0 <t <t +h < T. Then there exists ¢ > 1/¢ > 1 such that
Gthf - <9 Dy,
eq — 1

(ii) Fora > b > 0and q > 1, the following inequality holds:
(a—b) <a?—-0p1.
Proof
(i) The case ¢ = 1 is obvious. Let p > 1 such that p (1 — 1/g) = 1. We estimate

1/p

t+h t+h
t+h)?—1° = 8/ sflds <e (/ S(S_l)pds) n'/a
! 1
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&
1 h (871)1)‘1‘1 hl/q

e—1p+1 (¢ +h)

<f@=Drrlue

— oeqg—1

since (¢ —1) p > —1 owing to g¢ > 1. To prove the second claim (ii), we
first notice that equality holds when » = 0 and a > 0 or ¢ = 1. Thus we
may assume that b > 0, ¢ > 1 and denote by x = a/b > 1. The inequality
we need to prove is equivalent to (x — 1) < x? — 1, for all x > 1. Set then
h(x)=x%9—1—(x —1)4, and notice that i (x) = gx9 ' —g (x — )9~ >0,
duetog > 1 and x > 1. Hence, i (x) > h (1) = 0 and the claim follows. O

Lemma A.0.5 Let 0 < a < 1. Let pg € [1, o0] be arbitrary and q1 € (B4, 0] N
[1,00], g2 € (1/a, 00], r1, 12 € (0, 00], y € [1,00), b € [0, 1] such that

1 1 1 1-b
by +V(1—b)<n+ ><06, ~|—y( )flandybfl.
q1 q2 n r2 q1 r

Then there exist ¢ € (0, ), k € N and finite sequences {p;}, {8;} such that §; €
O,a)and po < p1 <...< px =00, fori = 1, .., k. In addition, the following are
satisfied:

1 — b
+)/ +V Sla .forizla“ak;
q1 r Pi
1 1-b .
+y +ybéi <a—e¢, fori =1, .. k.
q2 r
n n
S5 = -, fori=1,., k.
Pi—1 Di

Proof The proof follows closely that of [44, Lemma 16] with some minor (inessen-
tial) modifications; we leave it to the interested reader. m]

The following basic “feedback” inequality is taken from [44, Lemma 18].

Lemma A.0.6 Lety, zp,z1 € [0,00) and o € (0, 1) be such that y < zo + z1y°.
Then

1

20 —
+ le .
o

<
y=,

We next state a simple comparison principle for some ordinary differential
equation associated with 9;*.

Lemma A.0.7 Let y; € C[0,T] such that g1_o * yi € C' (0, T), fori = 1,2
andleta € R, f € L'[0, T]. Assume that y; satisfy the following inequalities, for
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almostallt € (0, T],

{a;’yl ) +ayi () < f (@),
v (1) +ay (1) = f (1),

and y1 (0) < y2(0). Then y; (t) < y2 (t) on [0, T].

Proof Let us set u := y; — y2, and subtract the second equation from the first
equation. We obtain the inequality

O u () +au ) <0, u(0) =y (0)—y2(0) <0.

Observe that the unique solution of 9z (1) +az (t) = 0, with z (0) = uo, is given by
2 (t) = Eq,1 (—at®) zo (see, for instance, [5, Corollary 2.39]). By the comparison
principle for linear fractional differential equations (see [19]), we then deduce that
u(t) <z(),t e [0,T]. Since z(0) = zo < 0, it follows that u (t) < z(¢) < 0,
which is the desired claim. O

We now state an important inequality that allows one to deduce uniform bounds
with respect to time and with respect to the parameter « — 1.

Lemma A.0.8 Let T € (0, oo] be given. Let y € C [0, T] such that g1—o *y €
C'(0,T)andleta > 0,0 < f € C[0,T) such that sup,ero.y S (1) = M > 0.
Suppose that (a nonnegative) y satisfies the inequality

3y @) +ay@) < f@), aeon (0,T),

such that y (0) = yo > 0. Then

M
sup [y (#)] < C max {yo, 1a } , (A.0.16)
t€[0.T) a

for some C = C (a) > O (independent of t, T, yo and y), which is bounded as
o — 17. Furthermore, if T = 0o, we have

. M
limsup [y (1)] < C

b
t—00 all«

ae(1). (A.0.17)

Proof By assumption, f is bounded on [0, T'). Let z > 0 be the corresponding
(unique) solution for the problem

{a,“z(t)+az(t) =f(@),te(,T),
z(0)=y(@©0) =y =0.
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This solution is given by

() = yoEa (- /(t Y Ega (—a (i —9)%) f()ds.  (A0.18)

see, for instance, [5, Chapter 3]. We know that for any x < 0, 81 € (0,2) and
B2 > 0,

E ( )<
X B
/31’,32 1 |x|

for some C = C (B, B2) > 0 (see [41]). Furthermore, we have the following
formula (cf. [34, Chapter 2]) for any £ > O and b € R,

£
f $“VEq o (bs*)ds = bEEq a1 (bEY). (A.0.19)
0

It follows from (A.0.18) that

z(t)5y01+ ta f(t )* ! Eqq (—a (t —5)%)ds (A.0.20)
—yoli(Z:aJr Ma /dl/at.xalEa,a (—x?) dx
S B
<0, M@,

< 2C () max {yo, Mcfl/“] ,

for all + € (0,T). The constant C (&) > 0 is bounded as ¢« — 1. Finally,
estimate (A.0.20) together with the comparison principle (see Lemma A.0.7), which
yields that y (#) < z (¢) on [0, T), gives (A.0.16). |

We recall the following version of Gronwall lemma [26, Lemma 7.1.1] (cf. also
[5, Theorem 2.19] for a proof).

Lemma A.0.9 Givenb > 0and0 <l,w € Llloc Ry), satisfying

t
0®) <1()+ r’(’a)/o (t — 9% w(s)ds,
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it holds
t
() <L) +b / (t =) Eqa (bt —))1 () ds.
0

forallt € [0,T].



Appendix B
Integration by Parts Formula
for the Regional Fractional Laplacian

The main objective of this appendix is to give an integration by parts formula
for the regional fractional Laplace which can be used to define the fractional
Neumann and/or Robin boundary conditions. To do this we first introduce a notion
of fractional normal derivative that we have mentioned in the previous chapters. We
assume first that @ € RV is a bounded open set with boundary of class C!-!. We
will also use the following notations:

p(x) =dist(x, 0Q2) = inf{ly — x| : y € 9}, Vx € Q,
Qs={xeQ: 0<pk)<4d}, § >0 isareal number,

v(z) = the outer normal vector of 92 at the point z € 9€2.

The following definition is taken from [20, Definition 2.1] (see also [22,
Definition 7.1] for the one-dimensional case).

Definition B.0.1 Foru € C'(Q),z € 9Q and 0 < « < 2, we define the boundary
operator N* by

du(z +v(2)t) o

, B.0.1
dt (B.0.1)

N¥u(z) = lim
110

whenever the limit exists.

Remark B.0.2 Let 0 < o < 2 and let N¥ be the boundary operator defined
in (B.0.1).

(a) Itis easy to see thatif u € C'(£) N C(R) then for every z € 012,

u(z +1v(z)) —u(z)

N* =1l
u(z) 110 (251

© Springer Nature Switzerland AG 2020 169
C. G. Gal, M. Warma, Fractional-in-Time Semilinear Parabolic Equations

and Applications, Mathématiques et Applications 84,

https://doi.org/10.1007/978-3-030-45043-4


https://doi.org/10.1007/978-3-030-45043-4

170 B Integration by Parts Formula for the Regional Fractional Laplacian

(b) If o = 0, then Nu(z) = Vu - v(z) = "4 forevery u € C'() and z € 9.
(c) If0 < o < 2, then N*u(z) = 0 forevery u € CY(Q)and z € Q2.

For B8 > 0 we define the space
@) = !u D u(x) = f@)p)P +g(x), YxeQ, forsome f.g e 02(9)}.

When g > 1, we always assume that u € Cé (£2) is defined on 2 by continuous
extension. The following explicit representation of the operator A is taken from
[54, Lemma 5.3].

Lemma B.0.3 Ler1 < B <2andu € Cé (R2). Then the following assertions hold.
(a) If B € (1,2), then for 7 € 0%,

NPuz)y =1 -p) Jim . ”fgx;ﬂbf(f) ) (B.0.2)

(b) If B = 2, then for 7 € 02,

Nu(z) = — lim ”(x)p(_x)”(Z). (B.0.3)

Next, for é < 5,1, welet

Cl,s 00 |'L' _ 1|1—2S _ ('L' V. 1)1—2S

= drt.
2525 — 1) Jo 22 f

N
One can show that lims41 Cy = 1. For more details on this topic we refer to [15, 53—
55] and their references.
We have the following fractional Green type formula for the regional fractional
Laplace operator.

Theorem B.0.4 Let é < s < 1. Then, for every u € C%S (Q) and v € WS2(Q) we
have that

s Cns (u(x) —u(y))(vx) —v(y))
/Qv(x)(—A)Qu(x)dx =, /Q/Q i y|N+2s dxdy
(B.0.4)

—CS/ N Hudo.
a0

We mention that the identity (B.0.4) has been first obtained in [20, Theorem
3.3] under the assumption that v also belongs to C%S(Q). Its validity for every v €
W$2(Q2) has been proved in [54, Theorem 5.7] by using a density argument (see
also [55] for a more general operator).
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Definition B.0.5 For ; <s<landu € C%Y(Q), we call the function CsN> > u
the strong fractional normal derivative of u in direction of the outer normal vector.

We make some comments about the fractional normal derivative introduced
above.

Remark B.0.6 Tt is worth to observe the following facts.

(a) The nonlocal normal derivative, has been introduced in [8, 23] (see also [7])
for functions u defined on R™. More precisely, recall that for 0 < « < 1 and
ue! (RM), the non-local normal derivative is defined by

u(x) —u(y) N
= y|Nee dy, x e RN\Q, (B.0.5)

Neu(x) = CN,S
provided that the integral exists. The definition of N,u in (B.0.5) requires that
the function is defined on all R This is different from the fractional Normal
derivative N®u given in (B.0.1) where the function u is defined only on .
Starting with a function defined only on €2, it seems impossible to deal with
Ngu. For example if u € W*2(Q) and letting ii € W*2(R") be an extension
to all RY, then the relation (B.0.5) can make sense but the definition cannot be
independent of the extension, except in the case where there is only one such
possible extension. This shows that the expression Nyu cannot be used in the
case of the fractional Laplace operator where one considers functions defined a
priori only on €2. It has been shown in [7, Proposition 5.1] (see also [8, 23]) that
if @ ¢ RV is a bounded domain with Lipschitz continuous boundary 92, then
forevery u, v € Cg(RN),

d
lim vNyudx = / “ vdo.
atl JrV\@ aQ OV

(b) As we have seen in Remark B.0.2, the fractional normal derivative N%u is
continuous with respect to «, so that for every u € C%(Q) = C1(Q) we have

that N'u = 33 , 1.e., the classical normal derivative of u in direction of the outer
normal vector v.

Next, we introduce a weak formulation on non-smooth domains of a fractional
normal derivative.

Definition B.0.7 Let é < s < 1and @ c RY a bounded domain with Lipschitz
continuous boundary 9€2.

(a) Letu € W*2(Q). We say that (—A)Lu € L*(Q) if there exists w € L*(Q)
such that

Cn.s / / (v(x) —v(y)(u(x) _u(y))dxdy :/ wodx
2 Jala

lx — y| N2 Q

forall v € WS’Z(Q). In that case we write (—A)Gu = w.
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(b) Letu € Ws’z(Q) such that (—A)Gu € L2(Q). We say that « has a fractional
normal derivative in L2(8 Q) if there exists g € L2(8 2) such that

s Cn.s W) —v(M)(ux) —uly))
/Qv(—A)Qudx = 5 fg[g x = y|N42s dxdy — /‘;Q gudo

for all v € W*2(Q). In that case, the function g is uniquely determined
by (B.0.6), we write CsN* 2y = g and call g the weak fractional normal
derivative of u.

Using Definition B.0.7 and an approximation argument we get the following
more general Green’s type formula for the regional fractional Laplace operator.

Theorem B.0.8 Let é < s < landlet @ C RN be a bounded open set with
Lipschitz continuous boundary. Then for all v € W**(2) the identity

/ V(=AY dx :Cg,s / / (v(x) —v(y)(ux) — u(y))dxdy (B.0.7)
Q QJe

|x _ y|N+2s

—C / N udo,
Q2

holds, whenever u € W52 (), (—A)qu € L%(2) and N*~*u exists in L*(32).

We mention that if € is a bounded open set of class C Land u e C%S(Q),
then by [20, 54], N*"%u € L*(3R), (—A)%u € L*() and in that case weak and
strong fractional normal derivatives of u coincide in the sense that they are equal
everywhere on 9€2.



Appendix C
A Zoo of Fractional Kinetic Equations

Fractional kinetic equations involving diffusion and/or diffusion-advection provide
a useful approach for the description of transport dynamics in complex systems
which are governed by anomalous diffusion and non-exponential relaxation pat-
terns. Such fractional equations are usually derived asymptotically from basic
random walk models [36]; among them we quote the fractional Brownian motion,
the continuous time random walk, the Lévy flight, the Schneider-Grey Brownian
motion and, more generally, random walk models based on evolution equations of
single and distributed fractional order in time and/or in space [9, 25, 33, 47, 51].
Indeed, in mathematical physics it is often more convenient to have a deterministic
equation for the probability density function of a process, given as the analogue of
the classical heat equation, to be solved under given initial and boundary conditions.

C.1 Fractional Equation with Nonlocality in Space

We present next a diffusion equation that is generated by Lévy statistics, and can
be also derived asymptotically from a simple exclusion process with long-range
random jumps [29]. From the probabilistic point of view, the best way to understand
Lévy statistics when compared to Brownian statistics is the random walk formalism.
In the latter, particles make only small steps with finite probability such that the
interaction between close neighbors is always short-ranged while in the former,
particles are also allowed to take “arbitrarily” large steps (up to the system size)
with a small finite probability for each such step, and so the interaction between
particles is long-ranged. Physical phenomena that exhibit deviations from normal
diffusion is usually dubbed as anomalous diffusion and seems to be inherent in
dynamical systems far from equilibrium [39, 49, 52]. Let K : RN — [0, 00) be an
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even function such that

> Kk = 1. (C.1.1)

kezN

Given a small &1 > 0, we consider a random walk on the lattice hZ". We suppose
that at any unit time 7 (which may depend on %) a particle jumps from any point of
hZN to any other point. The probability for which a particle jumps from a point ik €
hZN to the point hk is taken to be K(k — k) = K(k — k). Note that, differently from
the standard random walk, in this process the particle may experience arbitrarily
long jumps, though with small probability. Let u(x, ) be the probability that our
particle lies at x € hZN at time t € tZ. Then u(x,t + 7) is the sum of all the
probabilities of the possible positions x + Ak at time ¢ weighted by the probability
of jumping from x + hk to x. That is,

u(e, t+7) =Y Ku(x + hk, 1).
kezN

Using (C.1.1) we have the evolution law:

ux,t+1t)—ux,t)= Z K(k) [u(x + hk,t) —u(x,t)]. (C.1.2)
kezN
In particular, in the case when t = h? and K is homogeneous (i.e., K(y) =

[y|~N+25) for y £ 0, K(0) = 0, and 0 < s < 1), (C.1.1) holds and K(k)/T =
hNK(hk). Therefore, we can rewrite (C.1.2) as follows:

u(x,t+7t)—ulx,t)

=hN Y Khk) [ux + hk. ) — u(x, 0] (C.1.3)
T

kezN

Notice that the term on the right-hand side of (C.1.3) is just the approximating
Riemann sum of

f Ky [ux 4y, 1) —ulx,0)]dy.
RN

Thus letting T = h** — 0% in (C.1.3), we obtain

w(x +y, 1) — u(x, 1)
oru(x,t) = /}RN |y|N+2s dy. (C.14)

The integral on the right-hand side of (C.1.4) has a singularity at y = 0. However
when 0 < s < 1 and u is smooth and bounded, such integral is well defined as a
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principal value, that is,

u(x+y,t) —u(x,t)

lim |y|N+2s

£J0 JRN\ B(0,¢)

. u(z,t) —u(x,t)
= lim N42s dz
el0 JRM\B(x,e) |z — x|V

= —(Cny) " (=AY ulx, 1),

dy (C.1.5)

for a proper normalizing constant Cy s > 0 (see (C.1.6) below and Sect. 2.3). This
shows that a simple random walk with possibly long jumps produces at the limit a
singular integral with a homogeneous kernel. For more details on this topic we refer
to [51]. In the case when in (C.1.5), R is replaced by an arbitrary open set G C RY
and the integral kernel is restricted only to the open set, we formally obtain the so-
called regional fractional Laplacian —(—A)SG (cf. [1, 3, 20-22]). More precisely,
for

u e Li (G) = {u : G — R measurable, /G (1 leb;)(cT))I[/Hv x < oo],

and ¢ > 0, we let

‘ ux) —u(y)

(=AY u(x) = Cy. / dy,

G ’ {(yeG,|y—x|>¢) |x — leJrzA

with
25 [ N+2s
25T ( Jg Y)
Cys = (C.1.6)

N 9
m2I'(1 —s)
where I" denotes the usual Gamma function. Define

u(x) —u(y)

B —
(—A)su(x) = Cy 4 PV. kg Ve

dy =lim(—=A)y; u(x), x € G,
el0 ’

provided that the limit exists. With the latter definition, the evolution law
dhu+ (=A)zu=0 (C.1.7)

corresponds to a kind of “censored” stable process in G C RY, which is a Lévy
motion forced to stay inside G. It is interesting to note that the fractional heat
equation (C.1.4) also emerges as the hydrodynamic limit of interacting particle
systems that are superdiffusive in nature, that is, the limit of systems on which
particles may perform long jumps in the context of Lévy processes [29]. Such
“restricted” Lévy motions show up an important models in both applied mathemat-
ics and applied probability [1, 3,9, 25, 29, 35, 46] (cf. also [13—15, 18], on fractional
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semilinear parabolic equations), as well as in ecological contexts to model the
foraging patterns of a variety of organisms (such as, fruit flies, sharks, etc.) [27, 43].
Lévy processes are also well suited to describe turbulent diffusion in rotating flows
[48], chaotic phase-transitions in binary systems [10-12], nonlocal transmission
phenomena subject to fractional diffusion [16, 17, 32], micelle dynamics and vortex
dynamics, and image processing [31].

C.2 Fractional Equation with Nonlocality in Time

Such equations are commonly found in continuum mechanics in the theory of
viscoelastic materials [42, Chapter 5], and the theory of heat flows in homogeneous
isotropic conductors with fading memory developed between 1960s and 1970s
by Coleman, Gurtin, Pipkin and Nunziato (see, for instance, [4, 24, 40]). Let
u = u(x,t) denote the (relative) temperature in a rigid body G c RV, at time
t > 0 and position x € G and let e = e (x, t) denote the density of internal energy,
q = q (x, t) the heat flux, and r = r (x, ¢t) is the external heat supply. According to
[4, 24, 40] the balance of energy reads

ore +div(qg) =, (C.2.1)

and we consider the following constitutive relations
(0.¢]
e= / e¢g(t—1t)u(r)dr, g = —d ) Vu. (C.2.2)
0

Here d = d (u) is a positive smooth function and eg € L' (Ry) is an internal
energy relaxation function that is also assumed sufficiently smooth. Without loss
of generality assume eg (0) = 0. An interesting family of models is obtained in
the case of heat flows with fading memory of “power-type” when eg = g1 for
a € (0, 1), gy is given by (2.1.1). The second equation of (C.2.2) can be recognized
as the classical Fourier law for heat flow in G. Let us now further assume that
u(t,x) =ug(x), forallx € G andt < 0. We then observe that (C.2.1)-(C.2.2) is
equivalent to an equation with a fractional-in-time derivative, of the form

87u —div (d (u) Vu) =r. (C.2.3)

This easily follows from Definition 2.1.1 in view of the basic computation
o
dre (x,t) = 0 (gl_a * U +/ gl—a (Du(t—r1) dr)
t

=0 <g1—a * U+ uop (X)/ 8l-« (f)df>
t
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=0 (g1—a*xu) —ug(x) g1—a ()
=0 (81—a * (U —ug)) (x,1).

Equation (C.2.3) is usually prescribed with a boundary condition for the temperature
on the boundary of G, and an initial condition u (0, x) = ug (x). Among classical
boundary conditions one can take either Dirichlet or Neumann boundary conditions
for u. Nonlocal equations of the form (C.2.3) also occur in fluid flows through
porous media when the fluid reacts chemically with the medium enlarging the pores
and/or obstructing some of the pores. Such problems are of intrinsic interest to
geothermic theory. Caputo [2] has proposed to modify the classical empirical law of
Darcy by introducing a memory formalism represented by a derivative of fractional
order simulating the effect of a decrease of the permeability in time. In this context,
the function u has the meaning of fluid pressure and ¢ is related to the fluid mass
flow rate per unit volume/area, and d = d () stands for the permeability of the
porous medium. The classical mass conservation equation of the infiltrating pore
fluid is assumed to be

du + div (q) = h. (C.2.4)

Instead of the classical form of Darcy’s law for the mass ¢, one assumes instead that
qi=—dl"® (d () w), @€ 1), (C.2.5)

in order to account for any memory effects present during geothermal flows
(see [2]). In view of these considerations, (C.2.4)—(C.2.5) then becomes once
again (C.2.3) assuming that r := Bf‘*lh. The fractional kinetic equation (C.2.3)
is also dubbed as the equation of fractional Brownian motion and arises in various
important classes of problems in economics, the study of fluctuations in solids and
water flows in hydrology (see [33]; cf. also [37]).

C.3 Space-Time Fractional Nonlocal Equation

Firstly, let us also mention that fractional diffusion equations can be derived from
the Continuous-Time Random Walk (CTRW). In fact, a CTRW is a random walk
that permits intervals between successive walks to be independent and identically
distributed. In this process, the walker starts at the point zero at time 7o = 0 and
waits until time 77 when he makes a jump of size xj, which is not necessarily
positive. He then waits until time 7> and makes another jump of size x», and so
on. The jump sizes x; are assumed to be independent and identically distributed.
The intervals t; = T; — T;—1,i = 1,2, ..., are called the waiting times and are
assumed to be independent and identically distributed. Let 7 denote the waiting
time and X the jump size. Let fx(x) and f7(¢) denote the PDF of X and the PDF
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of T, respectively. Let u(x, ¢) denote the probability that the position of the walker
at time 7 is x, given that it was in position O at time # = 0; that is,

u(x,t) = P[X(t) = x|X(0) = 0].

Let Rr(t) := P[T > t] be the survival probability, which is the probability that the
waiting time, when the process is in a given state, is greater that ¢. If f7(t) = e ™
(t > 0), then Ry (t) = e~ and satisfies the ODE:

R;(t) = —ARr(1), >0, Rr(07) =1. (C3.D

A generalization of (C.3.1) that gives rise to anomalous relaxation and power-law
tails in the waiting time PDF can be written as

(81— * R7) (1) = —AR7(1), t>0, O<a<l1, Rp(O0") =1,

where we recall that g1_q * R’T is the classical Caputo fractional derivative of Rr.
In that case R7(t) = Ey,1(—At%) and the corresponding PDF of the waiting time
is fr(t) = t""lEa,a(—M"‘). If one assumes that both fx(x) and f7(¢) exhibit
algebraic tails such as fx (x) ~ |x|"0*B) and fr(r) ~ =79 then we can derive
a space-time fractional diffusion equation for the dynamics u(x, ¢) as follows:

Pu(x, 1)
gima . 0) = Cap o 0o
where Cy g is a diffusion coefficient. For more details on this topic we refer to the
monograph [28, Section 10.7.1].

Secondly, the fractional kinetic equations (C.1.7) and (C.2.3) can be viewed as
different limit cases of a more general family of fractional equations, with the first
limit being related to Lévy processes (see Appendix C.1) and the second to the
problem of fractional Brownian motion assuming that d = dy > 0 is constant (see
Appendix C.2). Both of these two limit cases can be also derived asymptotically
from continuous time random walks [36] and can be unified by the following
fractional kinetic equation

0%u + (Cns) " (=AYu=0,5€(,1), (C3.2)

where as before in Appendix C.1, u(x, t) is the probability that our particle lies at
x € RV at time 1. Equation (C.3.2) is derived by Montroll-Weiss in [38] using an
integral equation, the so-called generalized master equation, for processes with time
delay that may account for possible trapping of the particles in certain regions before
returning to their initial point. It turns out that an equivalence between such master
equations and continuous-time random walks (CRWs) can be established (see [30])
by means of an explicit relationship between the (pausing) time distribution function
¥ (¢) in the theory of CRWs and a memory function ¢ that shows up in the kernel of
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the master equation. On the basis of the latter equation, there is another probability
function K(x —x) = K(x — x) used by the particle to make a step from the position
at x € RY to the point x € RV, Some explicit examples of 1/, ¢ and a transition
density K are presented, for instance, in [45, Section IV], leading to the fractional
equation (C.3.2) (cf. also [50], for a more general discussion). Fractional equations
of the form

fu + (—Agu = f, (C.3.3)

where f = f(x,f,u) is a source, arise as macroscopic transport models for
the probability density function of tracer particles in turbulent plasmas [6], which
incorporate in a unified way space-time nonlocality. The fractional derivative 97
accounts for the trapping of tracer particles in turbulent eddies while the diffusion
operator (—A)y; is responsible for anomalous transport of the tracer particles.
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