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Abstract. In our paper, we consider functioning in dynamics (with discrete
time) of logistics network including set of suppliers, set of manufacturers and set
of points of destination of finished product. The optimization problem is for-
mulated for determination of supply, production and transportation joint plans. It
is assumed that total demand at destinations either is given over the planning
horizon or is random with given probability densities. The objective function is
total logistic cost along the whole network.
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1 Introduction

It is well-known that most part of real logistic systems may be described as a network
with inventory of material or product at each node. Therefore, it is natural to use for
modeling, optimization, and analysis of logistic systems (or supply chains) the results
of inventory control and optimization theories. The book (Zipkin 2000), for example,
covers many recent developments related to or impacting inventory such as ERP
systems, supply chain management, JIT, etc. It covers also a wide spectrum of
stochastic inventory models. Now a number of different models are developed in
logistics describing many different real situations in industry and business (Bramel and
Simchi-Levi 1997; Shapiro 2001; Postan 2006; Brandimarte and Zotteri 2007; Smith
and Tan 2013). At the same time the inventories in logistic systems have been con-
trolled by some specific for logistical management rules and methods. The most
important among them is the “demand driven principle”, that is, management taking
into account the feedback between real volumes of finished product sale and its
manufacturing. Note also that main goal of any logistical system functioning is material
flows movement along the whole supply chain from one supply chain to another one or

© The Editor(s) (if applicable) and The Author(s), under exclusive license
to Springer Nature Switzerland AG 2020
M. Freitag et al. (Eds.): LDIC 2020, LNLO, pp. 331–340, 2020.
https://doi.org/10.1007/978-3-030-44783-0_32

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-44783-0_32&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-44783-0_32&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-44783-0_32&amp;domain=pdf
https://doi.org/10.1007/978-3-030-44783-0_32


to end consumer with the minimum total cost (Christopher 2011). These and some
other peculiarities of logistical management do not allow to apply immediately the
“ready” models from inventory control theory in logistics practices.

The most part of existing applications of inventory control theory for logistic
systems modeling and optimization takes into account one type of inventory only, e.g.
raw material (Bramel and Simchi-Levi 1997; Shapiro 2001; Postan 2006). In the
articles (Morozova et al. 2013; Postan et al. 2014) the multi-echelon logistic systems
were under consideration with two types of inventory: raw materials and finished
product. The corresponding models were based on generalization of the Wagner-
Whitin dynamic model from inventory control theory. Besides, in the cited works the
transportation problem was included in model for the purpose of joint optimization of
supply, production and finished product transportation plans of integrated supply chain.

Our paper is devoted to further development of the approach to modeling and
optimization of logistical networks initiated in the works (Morozova et al. 2013; Postan
et al. 2014).

2 Problem Statement

Let us consider logistic network including the S enterprises-suppliers manufacturing
different complete set for further manufacturing the finished products by M enterprises-
manufacturers, transportation network, and set of points of finished product delivery.

Each enterprise-supplier purchases the raw materials and/or complete set from the
vendors. We make the following assumptions and simplifications:

* The market of raw materials is unlimited.
* All ordering of materials, complete set, and delivering the finished products

occurs at the start of each period.
* The lead time is zero: that is, an order arrives as soon as it is placed.
* The production equipment of all enterprises is absolutely reliable.
* The capacities of production lines of all enterprises are limited only by

capacities of warehouses’ for storage of raw materials and finished products.

The sth enterprise-supplier manufactures the Ls kinds of complete set from the Rs

kinds of raw materials and other industrial resources. For manufacturing by the sth
enterprise-supplier the lth kind of complete set’s unit it is needed to use the rth kind of

raw materials in the amount of að1Þsrl ; s ¼ 1; 2; . . .; S; l ¼ 1; 2; . . .; Ls; r ¼ 1; 2; . . .;Rs.
The initial inventory level of the rth kind of raw material at the sth supplier’s

warehouse is qð1Þsr . It is assumed that
PRs

r¼1
qð1Þsr �W1s; where W1s is the warehouse’s

capacity, s = 1,2,…, S. The capacity of warehouse for storage of produced complete set
by the sth supplier is W2s and initial inventory level of complete set is

qð2Þsl ;
PLs
l¼1

qð2Þsl �W2s.

The complete set manufactured by enterprises-suppliers are purchased by the
mth enterprise-manufacturer for manufacturing the Km types of finished products.
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The capacity of warehouse for storage of the complete set at the mth enterprise-
manufacturer is denoted by W3m and initial inventory level of each kind of complete set

is qð3Þslm. It is naturally to assume that following constraint is valid

XS
s¼1

XLs
l¼1

qð3Þslm �W3m;m ¼ 1; 2; . . .;M:

Let að2Þslmk be the amount of the lth of complete set manufactured by the sth supplier
needed for manufacturing the kth type of finished product’s unit in the mth enterprise-
manufacturer, s ¼ 1; 2; . . .; S; l ¼ 1; 2; . . .; Ls; k ¼ 1; 2; . . .;Km; m ¼ 1; 2; . . .;M. The
finished products of the mth enterprise-manufacturer come to the warehouse with the
capacity W4m from which they must be delivered at the N points of destination (or finite
consumption). The initial inventory level of the kth type of finished product at ware-

house of the mth enterprise-manufacturer is qð4Þmk ;
PKm

k¼1
qð4Þmk �W4m;m ¼ 1; 2; . . .;M.

Let dmkn be the total demand for the kth type of finished product produced by the
mth manufacturer at the nth destination over the planning horizon T. To avoid the
trivial situation, we will assume that following conditions hold true

qð4Þmk\
X
n2Bmk

dmkn;

where Bmk ¼ njdmkn [ 0; n ¼ 1; 2; . . .;Nf g; k ¼ 1; 2; . . .;Km. Note that the values dmkn
may be determined as a result of market research and demand forecasting at points of
destination of finished product.

Let us introduce the control variables and corresponding variables describing the
inventory levels fluctuation over the planning horizon T:

* Let xð1Þsrt be the amount of the rth kind of material ordered and purchased by the sth
enterprise-supplier in period t, for t = 1,2,…,T.

* Let xð2Þslt be the lth kind of complete set which the sth enterprise plans for output at
the end of period t, for t = 1,2,…, T.

* Let xð3Þslmt be the lth kind of complete set produced by the sth supplier purchased by
the mth enterprise-manufacturer at the end of period t, for t = 1,2,…,T.

* Let ymkt be the amount of the kth type of finished product planned for output by the
mth enterprise-manufacturer at the end of period t, for t = 1,2,…,T.

* Let zmknt be the amount of the kth type of finished product produced by the mth
enterprise-manufacturer which is planned for delivery from warehouse to the nth
destination at the end of period t, for t = 1,2,…,T.

* Let Ið1Þsrt be the inventory level of the rth kind of material at the warehouse of the sth
supplier at the end of period t, for t = 1,2,…,T.

* Let Ið2Þslt be the inventory level of the lth kind of complete set manufactured by the
sth supplier at the end of period t, for t = 1,2,…,T.
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* Let Ið3Þslmt be the inventory level of the lth kind of complete set produced by the sth
supplier at the warehouse of the mth manufacturer at the end of period t, for
t = 1,2,…,T.

* Let Ið4Þmkt be the inventory level of the kth type of finished product manufactured by
the mth manufacturer at the end of period t, for t = 1,2,…,T.

To describe the economic effectiveness of supply, production and delivery plans we
need the additional initial parameters, namely:

* Let cð1Þsrt be the per unit order cost and Kð1Þ
srt be the fixed order cost for the rth kind of

material ordered by the sth enterprise-supplier in period t, for t = 1,2,…,T.

* Let eð1Þslt be the per unit production cost of the lth type of complete set produced by
the sth supplier in period t, for t = 1,2,…,T.

* Let cð2Þslmt be the per unit order cost and K
ð2Þ
slmt be the fixed order cost for the lth kind of

complete set produced by the sth supplier ordered by the mth enterprise-
manufacturer in period t, for t = 1,2,…,T.

* Let hð1Þsrt , h
ð2Þ
slt be the holding cost per unit of the rth kind of material and the lth kind

of produced complete set of the sth enterprise-supplier correspondingly in period t,
for t = 1,2,…,T.

* Let hð3Þslmt; h
ð4Þ
mkt be the holding cost per unit of the lth kind of complete set produced

by the sth supplier at warehouse of the mth manufacturer and the kth finished
product of the mth manufacturer correspondingly in period t, for t = 1,2,…,T.

* Let cð2Þslt be the per unit production cost of the lth kind of complete set manufactured
by the sth supplier in period t, for t = 1,2,…,T.

* Let cð3Þslmt be the per unit cost for purchasing the lth kind of complete set by the mth
manufacturer in period t, for t = 1, 2,…,T.

* Let eð2Þmkt be the per unit production cost of the kth type of finished product produced
by the mth manufacturer in period t, for t = 1,2,…,T.

* Let cð5Þmknt be the cost of transportation of the unit of the kth type of finished product
from the mth manufacturer to the nth destination in period t, for t = 1,2,…,T.

It is obvious that the following inventory-balanced equations are valid:

Ið1Þsrt ¼ Ið1Þsr;t�1 þ xð1Þsrt �
XLs
l¼1

að1Þslr x
ð2Þ
slt ; s ¼ 1; 2; . . .; S; r ¼ 1; 2; . . .;Rs; ð1Þ

Ið2Þslt ¼ Ið2Þsl;t�1 þ xð2Þslt �
XM
m¼1

xð3Þslmt; s ¼ 1; 2; . . .; S; l ¼ 1; 2; . . .; Ls; ð2Þ

Ið3Þslmt ¼ Ið3Þslm;t�1 þ xð3Þslmt �
XKm

k¼1

að2Þslmkymkt;

1; 2; . . .; S; l ¼ 1; 2; . . .; Ls; m ¼ 1; 2; . . .;M;

ð3Þ
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Ið4Þmkt ¼ Ið4Þmk;t�1 þ ymkt �
X
n2Bmk

zmknt;

k ¼ 1; 2; . . .;Km; m ¼ 1; 2; . . .;M; t ¼ 1; 2; . . .; T ;
ð4Þ

where Ið1Þsr0 ¼ qð1Þsr ; I
ð2Þ
sl0 ¼ qð2Þsl ; I

ð3Þ
slm0 ¼ qð3Þslm; I

ð4Þ
km0 ¼ qð4Þkm .

The Eqs. (1)–(4) describe the dynamics of inventory levels in warehouses in each
period of time.

After solving the difference Eqs. (1)–(4), we obtain

Ið1Þsrt ¼ qð1Þsr þ
Xt

j¼1

xð1Þsrj �
Xt

j¼1

XLs
l¼1

að1Þslr x
ð2Þ
slj ;

s ¼ 1; 2; . . .; S; r ¼ 1; 2; . . .;Rs;

ð5Þ

Ið2Þslt ¼ qð2Þsl þ
Xt

j¼1

xð2Þslj �
Xt

j¼1

XM
m¼1

xð3Þslmj;

s ¼ 1; 2; . . .; S; l ¼ 1; 2; . . .; Ls;

ð6Þ

Ið3Þslmt ¼ qð3Þslm þ
Xt

j¼1

xð3Þslmj �
XKm

k¼1

Xt

j¼1

að2Þslmkymkj;

m ¼ 1; 2; . . .;M; s ¼ 1; 2; . . .; S; l ¼ 1; 2; . . .; Ls;

ð7Þ

Ið4Þmkt ¼ qð4Þmk þ
Xt

j¼1

ymkj �
Xt

j¼1

X
n2Bmk

zmknj;

k ¼ 1; 2; ::;Km; t ¼ 1; 2; . . .; T:

ð8Þ

Since the total inventory levels

XRs

r¼1

Ið1Þsrt ;
XLs
l¼1

Ið2Þslt ;
XS
s¼1

XLs
l¼1

Ið3Þslmt;
XKm

k¼1

Ið4Þmkt

for any t can’t exceed the values W1s, W2s, W3m, W4m correspondingly, from (5)–(8), it
follows

XRs

r¼1

qð1Þsr þ
Xt

j¼1

XRs

r¼1

xð1Þsrj

�
Xt

j¼1

XLs
l¼1

XRs

r¼1

að1Þslr x
ð2Þ
slj �W1s; s ¼ 1; 2; . . .; S; t ¼ 1; 2; . . .; T;

ð9Þ
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XLs
l¼1

qð2Þsl þ
Xt

j¼1

XLs
l¼1

xð2Þslj

�
Xt

j¼1

XM
m¼1

xð3Þslmj �W2s; s ¼ 1; 2; . . .; S; t ¼ 1; 2; . . .; T ;

ð10Þ

XS
s¼1

XLs
l¼1

qð3Þslm þ
Xt

j¼1

XS
s¼1

XLs
l¼1

xð3Þslmj

�
Xt

j¼1

XS
s¼1

XLs
l¼1

XKm

k¼1

að2Þslmkymkj �W3m;m ¼ 1; 2; . . .;M; t ¼ 1; 2; . . .; T ;

ð11Þ

XK
k¼1

qð4Þmk þ
Xt

j¼1

XKm

k¼1

ymkj �
Xt

j¼1

X
n2Bmk

XKm

k¼1

zmknj �W4m;

m ¼ 1; 2; . . .;M; t ¼ 1; 2; . . .; T:

ð12Þ

XRs

r¼1

qð1Þsr þ
Xt

j¼1

XRs

r¼1

xð1Þsrj

�
Xt

j¼1

XLs
l¼1

XRs

r¼1

að1Þslr x
ð2Þ
slj �W1s; s ¼ 1; 2; . . .; S; t ¼ 1; 2; . . .; T;

On the other hand, the enterprises-suppliers for complete set manufacturing in
period t can use only inventories of materials which are in warehouses in the end of
period t − 1, that is

XLs
l¼1

að1Þslr x
ð2Þ
slt � Ið1Þsr;t�1; s ¼ 1; 2; . . .; S; r ¼ 1; 2; . . .;Rs; t ¼ 1; 2; . . .; T: ð13Þ

Further, the all manufacturers in period t can use only inventories of complete set of
the sth supplier, which are at warehouse in the end of period t − 1, therefore

XM
m¼1

xð3Þslmt � Ið2Þsl;t�1; s ¼ 1; 2. . .; S; l ¼ 1; 2; . . .; Ls; t ¼ 1; 2; . . .; T : ð14Þ

Similarly, for the mth enterprise-manufacturer the following restrictions must be
fulfilled

XKm

k¼1

að2Þslmkymkt � Ið3Þslm;t�1; s ¼ 1; 2; . . .; S; l ¼ 1; 2; . . .; Ls; t ¼ 1; 2; . . .; T;

m ¼ 1; 2; . . .;M:

ð15Þ
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In period t it can’t be delivered the kth type of finished product at the all desti-

nations in amount more than inventory level in period t − 1, that is Ið4Þmk;t�1. Therefore

XN
n¼1

zmknt � Ið4Þmk;t�1; k ¼ 1; 2; . . .;Km;m ¼ 1; 2; . . .;M; t ¼ 1; 2; . . .; T: ð16Þ

At last, the kth finished product must be delivered at the nth destination in amount
dmkn over the planning horizon, i.e.

XT
t¼1

zmknt ¼ dmkn; k ¼ 1; 2; . . .;Km; n ¼ 1; 2; . . .;N;m ¼ 1; 2; . . .;M: ð17Þ

From (13)–(16), taking into account the relations (5)–(8), we obtain the following
constraints

XLs
l¼1

Xt

j¼1

að1Þslr x
ð2Þ
slj � qð1Þsr þ

Xt�1

j¼1

xð1Þsrj ; s ¼ 1; 2; . . .; S; r ¼ 1; 2; . . .;Rs; ð18Þ

Xt

j¼1

XM
m¼1

xð3Þslmj � qð2Þsl þ
Xt�1

j¼1

xð2Þslj ; s ¼ 1; 2; . . .; S; l ¼ 1; 2; . . .; Ls; ð19Þ

Xt

j¼1

XKm

k¼1

að2Þslmkymkj � qð3Þslm þ
Xt�1

j¼1

xð3Þslmj; s ¼ 1; 2; . . .; S; l ¼ 1; 2; . . .; Ls; ð20Þ

Xt

j¼1

X
n2Bmk

zmknj � qð4Þmk þ
Xt�1

j¼1

ymkj;m ¼ 1; 2; . . .;M; k ¼ 1; 2; . . .;Km;

t ¼ 1; 2; . . .; T :

ð21Þ

The following conditions of non-negativity of control parameters must be added to
the constraints (9)–(12), (16)–(19)

xð1Þsrt ; x
ð2Þ
slt ; x

ð3Þ
slmt; ymkt; zmknt � 0; 8s; r; l;m; k; n; t: ð22Þ

As an objective function, we choose the total logistic cost for the whole supply
chain under consideration over the planning horizon. Taking into account the desig-
nations introduced previously, the expression for this total cost takes the form
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C ¼
XT
t¼1

f
XS
s¼1

XRs

r¼1

½cð1Þsrt x
ð1Þ
srt þKð1Þ

srt dðxð1Þsrt Þþ hð1Þsrt ðqð1Þsr þ
Xt

j¼1

xð1Þsrt

�
Xt

j¼1

XLs
l¼1

að1Þslr x
ð2Þ
slt Þ� þ

XS
s¼1

XLs
l¼1

½eð1Þsl x
ð2Þ
slt þ hð2Þslt ðqð2Þsl þ

Xt

j¼1

xð2Þslj �
Xt

j¼1

XM
m¼1

xð3ÞslmjÞ�

þ
XM
m¼1

XS
s¼1

XLs
l¼1

½cð2Þslmtx
ð3Þ
slmt þKð2Þ

slt dðxð3ÞslmtÞ

þ hð3Þslmtðqð3Þslm þ
Xt

j¼1

xð3Þslmj �
Xt

j¼1

XKm

k¼1

að2ÞslmkymkjÞ�

þ
XM
m¼1

XKm

k¼1

½eð2Þmktymkt þ hð4Þmktðqð4Þmk þ
Xt

j¼1

ymkj �
Xt

j¼1

X
n2Bmk

zmknjÞ�

þ
XM
m¼1

XKm

k¼1

X
n2Bmk

cð3Þmkntzmkntg;

ð23Þ

Where dðxÞ ¼ 1 if x[ 0; dð0Þ ¼ 0.
Thus, we can formulate the following optimization problem: it is needed to find out

the variables xð1Þsrt ; x
ð2Þ
slt ; x

ð3Þ
slmt; ymkt; zmknt satisfying the constraints (9)–(12), (17)–(23) and

minimizing the function (23). This optimization problem may be solved, for example,
by dynamic programming algorithm or by the method based on reduction of our
optimization model to partly integer linear programming problem.

3 Optimization Model for Random Demand Over Planning
Horizon

Now we will assume that values dmknðxÞ are the continuous mutually independent
random variables with the given probability densities umknðdÞ. Here we will apply the
approach proposed in the work (Williams, 1963). Put

umkn ¼
XT
t¼1

zmknt;

where umkn is total amount of the kth finished product planned for delivery to the nth
destination before realization of random demand dmknðxÞ. In result of its realization,
one of two risks may occur:

1. umkn\dmknðxÞ, i.e. demand will not be met;
2. umkn [ dmknðxÞ, i.e. there is necessity of storage of the kth finished product’s sur-

plus at the nth destination.
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We assume that both risks belong to the destinations, i.e. the all manufactured
finished products will be sold. Let pmkn be the penalty for the kth finished product’s
deficit at the nth destination, and hmkn be the holding cost for storage per unit of the kth
product at the nth destination. Then average total logistic cost over the planning
horizon is

�C ¼ Cþ
XM
m¼1

XKm

k¼1

XN
n¼1

fpmkn
Zumkn

0

ðumkn � wÞumknðwÞdw

þ hmkn

Z1

umkn

ðw� umknÞumknðwÞdwg;
ð24Þ

where C is defined by (23). The function �C is concave in respect to the variables ukn.
Taking second derivative of �C with respect to ukn and applying the Leibnitz rule, we
obtain

@2

@u2mkn
�C ¼ �ðpik þ hknÞuknðumknÞ:

Since pkn þ hkn [ 0 by definition, the expression on the right-hand side of the last
equality is non-positive. Hence, function (24) is concave.

4 Conclusion

Our paper contributes to the deepening of the knowledge on the recent application of
the inventory control theory in the logistics networks analyses and optimal planning. It
focuses on a problem of optimization of logistics practices by simultaneously con-
sidering the supply, production and transportation plans of two types of inventories:
raw materials and finished products to arrive at a cost total logistics minimum. For this
purpose, the approach has been developed to modeling and optimization of logistic
network on the basis of inventory control theory. The classical Wagner-Whitin model
is generalized for the case of final set of suppliers, manufacturers, and points of des-
tination. Our approach allows to realize the optimal synergism in result of better
coordination between all participants of multi-echelon supply chain.

The further research in this direction may be focused on the following topics:

* taking into account the influence of stochastic fluctuations of demand at destinations
in each period if time;

* consideration of competition among different supply chains forming the logistic
network (Postan et al., 2017).
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