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Abstract. In our paper, we consider functioning in dynamics (with discrete
time) of logistics network including set of suppliers, set of manufacturers and set
of points of destination of finished product. The optimization problem is for-
mulated for determination of supply, production and transportation joint plans. It
is assumed that total demand at destinations either is given over the planning
horizon or is random with given probability densities. The objective function is
total logistic cost along the whole network.
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1 Introduction

It is well-known that most part of real logistic systems may be described as a network
with inventory of material or product at each node. Therefore, it is natural to use for
modeling, optimization, and analysis of logistic systems (or supply chains) the results
of inventory control and optimization theories. The book (Zipkin 2000), for example,
covers many recent developments related to or impacting inventory such as ERP
systems, supply chain management, JIT, etc. It covers also a wide spectrum of
stochastic inventory models. Now a number of different models are developed in
logistics describing many different real situations in industry and business (Bramel and
Simchi-Levi 1997; Shapiro 2001; Postan 2006; Brandimarte and Zotteri 2007; Smith
and Tan 2013). At the same time the inventories in logistic systems have been con-
trolled by some specific for logistical management rules and methods. The most
important among them is the “demand driven principle”, that is, management taking
into account the feedback between real volumes of finished product sale and its
manufacturing. Note also that main goal of any logistical system functioning is material
flows movement along the whole supply chain from one supply chain to another one or

© The Editor(s) (if applicable) and The Author(s), under exclusive license
to Springer Nature Switzerland AG 2020

M. Freitag et al. (Eds.): LDIC 2020, LNLO, pp. 331-340, 2020.
https://doi.org/10.1007/978-3-030-44783-0_32


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-44783-0_32&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-44783-0_32&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-44783-0_32&amp;domain=pdf
https://doi.org/10.1007/978-3-030-44783-0_32

332 M. Ya. Postan et al.

to end consumer with the minimum total cost (Christopher 2011). These and some
other peculiarities of logistical management do not allow to apply immediately the
“ready” models from inventory control theory in logistics practices.

The most part of existing applications of inventory control theory for logistic
systems modeling and optimization takes into account one type of inventory only, e.g.
raw material (Bramel and Simchi-Levi 1997; Shapiro 2001; Postan 2006). In the
articles (Morozova et al. 2013; Postan et al. 2014) the multi-echelon logistic systems
were under consideration with two types of inventory: raw materials and finished
product. The corresponding models were based on generalization of the Wagner-
Whitin dynamic model from inventory control theory. Besides, in the cited works the
transportation problem was included in model for the purpose of joint optimization of
supply, production and finished product transportation plans of integrated supply chain.

Our paper is devoted to further development of the approach to modeling and
optimization of logistical networks initiated in the works (Morozova et al. 2013; Postan
et al. 2014).

2 Problem Statement

Let us consider logistic network including the S enterprises-suppliers manufacturing
different complete set for further manufacturing the finished products by M enterprises-
manufacturers, transportation network, and set of points of finished product delivery.

Each enterprise-supplier purchases the raw materials and/or complete set from the
vendors. We make the following assumptions and simplifications:

* The market of raw materials is unlimited.

* All ordering of materials, complete set, and delivering the finished products
occurs at the start of each period.

* The lead time is zero: that is, an order arrives as soon as it is placed.

* The production equipment of all enterprises is absolutely reliable.

* The capacities of production lines of all enterprises are limited only by
capacities of warehouses’ for storage of raw materials and finished products.

The sth enterprise-supplier manufactures the L, kinds of complete set from the R,
kinds of raw materials and other industrial resources. For manufacturing by the sth
enterprise-supplier the /th kind of complete set’s unit it is needed to use the rth kind of
raw materials in the amount of aﬁil),s =1,2,...8l=1,2,..,Lgr=1,2,.. ,R,.

The initial inventory level of the rth kind of raw material at the sth supplier’s

(1)

Ry
warehouse is qsi . It is assumed that qgi) < Wy, where W, is the warehouse’s

r=1
capacity, s = 1,2,..., S. The capacity of warehouse for storage of produced complete set
by the sth supplier is W, and initial inventory level of complete set is

L
2 - 2
qu):; q.gl) < Wa,.
=1

The complete set manufactured by enterprises-suppliers are purchased by the
mth enterprise-manufacturer for manufacturing the K,, types of finished products.
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The capacity of warehouse for storage of the complete set at the mth enterprise-
manufacturer is denoted by W3, and initial inventory level of each kind of complete set
is qEZL It is naturally to assume that following constraint is valid

Ly

S
SN ) <Wam=1,2,..,M
s=1 I=1

Let aEfn)lk be the amount of the Ith of complete set manufactured by the sth supplier
needed for manufacturing the kth type of finished product’s unit in the mth enterprise-
manufacturer, s = 1,2,...,5; I=1,2,.. Ly k=1,2,.. . K,; m=1,2,...,M. The
finished products of the mth enterprise-manufacturer come to the warehouse with the
capacity Wy, from which they must be delivered at the N points of destination (or finite
consumption). The initial inventory level of the kth type of finished product at ware-

Ky,

house of the mth enterprise-manufacturer is qu, Z qu <Wyp,m=1,2,.

Let dy, be the total demand for the kth type of finished product produced by the
mth manufacturer at the nth destination over the planning horizon 7. To avoid the
trivial situation, we will assume that following conditions hold true

q;(jk) < Z dmkm

nEBy

where By = {n|dum > 0,n=1,2,... N}k =1,2,...,K,. Note that the values d,,
may be determined as a result of market research and demand forecasting at points of
destination of finished product.

Let us introduce the control variables and corresponding variables describing the
inventory levels fluctuation over the planning horizon T:

* Let xﬁjﬁ be the amount of the rth kind of material ordered and purchased by the sth
enterprise-supplier in period ¢, for r = 1,2,...,T.

* Let xf,lz,) be the /th kind of complete set which the sth enterprise plans for output at
the end of period ¢, for t = 1,2,.

* Let xﬁl,j" be the I/th kind of complete set produced by the sth supplier purchased by
the mth enterprise-manufacturer at the end of period ¢, for r = 1,2,...,T

*  Let yu be the amount of the kth type of finished product planned for output by the
mth enterprise-manufacturer at the end of period ¢, for t = 1,2,...,T.

* Let zum be the amount of the kth type of finished product produced by the mth
enterprise-manufacturer which is planned for delivery from warehouse to the nth

destination at the end of period ¢, for r = 1,2,...,T.

* Let I‘Y(,lt> be the inventory level of the rth kind of material at the warehouse of the sth
supplier at the end of period ¢, for t = 1,2,...,T

* Let Is(lzt) be the inventory level of the /th kind of complete set manufactured by the
sth supplier at the end of period ¢, for r = 1,2,...,T.
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* Let Ib(lnzt be the inventory level of the /th kind of complete set produced by the sth
supplier at the warehouse of the mth manufacturer at the end of period ¢, for
=12,

* Let In(dc), be the inventory level of the kth type of finished product manufactured by

the mth manufacturer at the end of period ¢, for r = 1,2,...,T.

To describe the economic effectiveness of supply, production and delivery plans we
need the additional initial parameters, namely:

* Let c§r2 be the per unit order cost and K, f,, be the fixed order cost for the rth kind of
material ordered by the sth enterprise-supplier in period ¢, for r = 1,2,.

* Let egh) be the per unit production cost of the Ith type of complete set produced by

the sth supplier in period ¢, for r = 1,2,.

* Let cﬁln)“ be the per unit order cost and Xln)” be the fixed order cost for the /th kind of
complete set produced by the sth supplier ordered by the mth enterprise-

manufacturer in period ¢, for t = 1,2,...,T.
* Let hgi,) , 1% be the holding cost per unit of the rth kind of material and the /th kind

slt
of produced complete set of the sth enterprise-supplier correspondingly in period ¢,

for t = 1,2,.
* Let hY) h( be the holding cost per unit of the Ith kind of complete set produced

slmt> " “mkt

by the sth supplier at warehouse of the mth manufacturer and the kth finished
product of the mth manufacturer correspondingly in period ¢, for t = 1,2,...,T.

* Let ci,zf be the per unit production cost of the lth kind of complete set manufactured
by the sth supplier in period ¢, for # = 1,2,.

* Let Cgm)n be the per unit cost for purchasmg the Ith kind of complete set by the mth

manufacturer in period ¢, for r = 1, 2,.

* Let efn,zt be the per unit production cost of the kth type of finished product produced

by the mth manufacturer in period ¢, for t = 1,2,...,T.
* Let cfnlzm be the cost of transportation of the unit of the kth type of finished product

from the mth manufacturer to the nth destination in period ¢, for t = 1,2,....T.

It is obvious that the following inventory-balanced equations are valid:

IY(}): vrt 1+ th Zavlr Xt » §= 1’2""7S; r= 1727~--7RS7 (1)
2 3
Is(lt) = vlt 1+ vlt nglrzu’ = 727"'75; = 1727“-7[«?’ (2)
3 _ 0 6 NS0
Isimt = Isim,tfl +xsimt - Z AsimiYmkt s (3)
k=1

1,2,...,8 1=1,2,....,L; m=1,2,....M,
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In(jk)t = Ir(nkt 1t Ymke — Z Zmknt s
NEB (4)

k=1,2,.. Ky m=1,2,...M; t=12,...T,

1 ), 2) 43 3) (4 4
where 1o = b Lo = 4,1’ Lo = 4 Jo = i

The Egs. (1)—-(4) describe the dynamics of inventory levels in warehouses in each
period of time.
After solving the difference Egs. (1)—(4), we obtain

srt - qsi) + Zxar/ Z Zaslr Al] (5)

s=1,2,...,8 r=1,2,.. R,

13 t M
2 2 2 3
19 =40+ ngl]) - Z ngzn)w (©)
=

j=1 m=1

vlmt - vlm + Z xvlm] Z Z avlmkymk/’ (7)

m= 1,2,...,M; s=1,2,...,8 1=1,2,... L

1}53{[ qu + Zymk] Z Z Zmknjy

Jj=1 n€By (8)
k=1,2,.,K,; t=1,2,...,T
Since the total inventory levels
R, L /0 s ) "
ZIS” ’ slt ’ Z Islmt’ Imkt

=1 =1 s=1 I=1 k=1

for any # can’t exceed the values Wy, W, Ws,,,, W, correspondingly, from (5)—(8), it
follows

Dl <w s =1,2,0,8 1=1,2,..,T,
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Lg t L
; ay + ]:Zl [Z Xy

(10)
- szs,m]_wgé, s=1,2,...8 t=1,2,...,T,
j=1 m=
S L t S L )
DD dimt DD D
s=1 I=1 j=1 s=1 I=1 ll)
t S Ly K, . (
SIS g < Wawm = 1,2, M5t =1,2,.. T,
j=1 s=1 I=1 k=1
K 4 t Kn
Z QEnk) + Ymkj — Z Z szknj < Wy,
=1 =1 k=1 =1 n€By k= (12)
m=12,.. . M;t=1,2,...,T
Ry t R W
Sy
r=1 j=1 r=1
t Ly Ry
— ag}))x£2)<le, s=1,2,...8,t=1,2,...,T,
j=1 I=1 r=1

On the other hand, the enterprises-suppliers for complete set manufacturing in
period ¢ can use only inventories of materials which are in warehouses in the end of
period ¢t — 1, that is

Zaw X < m bos=1,2,..,8 r=12.. R;t=12,...T. (13)

Further, the all manufacturers in period 7 can use only inventories of complete set of
the sth supplier, which are at warehouse in the end of period ¢ — 1, therefore

valm,_ Ls=12...81=12,.. ,L;t=1.2,..,T. (14)

Similarly, for the mth enterprise-manufacturer the following restrictions must be
fulfilled

Zalmkymkt_ et S =12, 8Si1=1,2, . L5t=12,..T;
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In period ¢ it can’t be delivered the kth type of finished product at the all desti-

nations in amount more than inventory level in period ¢ — 1, that is Ifn,c) ,_1- Therefore
szkn,_ > k=12, Kym=12. Mjt=12...T (16

At last, the kth finished product must be delivered at the nth destination in amount
duin over the planning horizon, i.e.

T
> tww = dwin, k=12, Kyin=1,2,.. ,Nym=12,... .M. (17)

From (13)—(16), taking into account the relations (5)—(8), we obtain the following
constraints

L,
ZZamxle <qh 4 Z A s =128 =1,2,..,R;; (18)

1= j=1

M
inElm]_qél + me, s=1,2,...,8 1=1,2,..., L, (19)

j=1 m=1

r Ky

almkymk]—qsll71+ Zxalmﬁ = 1727"'5S; l: 1727---aLs; (20)
j=1 k=1 j=1

~

t—1
Tk S Ao+ Y migm = 1,2, Mk = 1,2, K
J=1 By =1 (21)

The following conditions of non-negativity of control parameters must be added to
the constraints (9)—(12), (16)-(19)
2) .3
x.gll‘t)7x§ll>7x§ly2«,[7 ymkta Zmknt 2 07 VS, r, lv m, k7 n, L. (22)
As an objective function, we choose the total logistic cost for the whole supply
chain under consideration over the planning horizon. Taking into account the desig-
nations introduced previously, the expression for this total cost takes the form
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=

1 1
Yrt grt) +K§,,)5( grt)) +h<vrt qu + me
1 j=1
Ly S L

ailrxslt + Z Z esl xslt +hslt qsl + szlj Z szlmj
Jj=1

j=1 I=1 s=1 [=1 j=1 m=

M-

c=3

=1 s

Il
_

r

~

~

‘s

M S
+ Z ZZ slmt SlWlt +K( )5( fvlnlz)

n=1 s=1 [=1

+ hslmt qslm + E :xslmj § : § :aslmkymkj

j=1 k=1

3
©

M K,
+ et + i (d +
ConkeYmkt ‘mkt qu y mkj — ka"]
m=1 k=1 J=1 n€Byy
M Ky 3)
3
+ § : § : kanthkm}7
m=1 k=1 ne€B

(23)

Where 6(x) =1 if x > 0,6(0) =0

Thus, we can formulate the following optimization problem: it is needed to find out
the variables x\!), X xB) 'y 2 satisfying the constraints (9)~(12), (17)~(23) and
minimizing the function (23). This optimization problem may be solved, for example,
by dynamic programming algorithm or by the method based on reduction of our
optimization model to partly integer linear programming problem.

3 Optimization Model for Random Demand Over Planning
Horizon

Now we will assume that values d,,(w) are the continuous mutually independent
random variables with the given probability densities ¢, (d). Here we will apply the
approach proposed in the work (Williams, 1963). Put

T
Umkn = § Zmknt 5
=1

where u,, is total amount of the kth finished product planned for delivery to the nth
destination before realization of random demand d,(®). In result of its realization,
one of two risks may occur:

L. thyin <dppn (), i.e. demand will not be met;
2. Upmpn > A (), 1.e. there is necessity of storage of the kth finished product’s sur-
plus at the nth destination.
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We assume that both risks belong to the destinations, i.e. the all manufactured
finished products will be sold. Let 7, be the penalty for the kth finished product’s
deficit at the nth destination, and &,,, be the holding cost for storage per unit of the kth
product at the nth destination. Then average total logistic cost over the planning
horizon is

) M K, N Upmkn
C=C+ Z Z {Tfmkn / (umkn - W)(pmkn(w)dw
m=1 k=1 n=1 0
N (24)
+ hmkn / (W - um]a’l)qomkn (W)dW},
Umkn

where C is defined by (23). The function C is concave in respect to the variables uy,.
Taking second derivative of C with respect to u, and applying the Leibnitz rule, we
obtain

82
Ou?

mkn

C = _(Tcik + hkn)(pkn (umkn)-

Since my, + hy, > 0 by definition, the expression on the right-hand side of the last
equality is non-positive. Hence, function (24) is concave.

4 Conclusion

Our paper contributes to the deepening of the knowledge on the recent application of
the inventory control theory in the logistics networks analyses and optimal planning. It
focuses on a problem of optimization of logistics practices by simultaneously con-
sidering the supply, production and transportation plans of two types of inventories:
raw materials and finished products to arrive at a cost total logistics minimum. For this
purpose, the approach has been developed to modeling and optimization of logistic
network on the basis of inventory control theory. The classical Wagner-Whitin model
is generalized for the case of final set of suppliers, manufacturers, and points of des-
tination. Our approach allows to realize the optimal synergism in result of better
coordination between all participants of multi-echelon supply chain.
The further research in this direction may be focused on the following topics:

* taking into account the influence of stochastic fluctuations of demand at destinations
in each period if time;

* consideration of competition among different supply chains forming the logistic
network (Postan et al., 2017).
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